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Abstract

Suppose we have a location-scale regression model where the location is the con-
ditional mean and the scale is the conditional standard deviation; the response is
possibly right-censored, the covariate is fully observed and the error is independent
of the covariate. We propose new goodness-of-fit testing procedures for the con-
ditional mean and variance based on an integrated regression function technique
which uses artificial data points. We obtain the weak convergence of the result-
ing processes and study their finite sample behaviour via simulations. Finally, we

analyze a data set about unemployment in Galicia.
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1 Introduction

In this paper, we consider the following heteroscedastic regression model
Y =m(X)+o(X)e, (1.1)

where ¢ is independent of X (one-dimensional), m(X) = E[Y|X] and ¢*(X) = Var[Y|X].
Suppose also that Y is subject to random right censoring, i.e. instead of observing Y, we
only observe (Z,A), where Z = min(Y,C), A = I(Y < () and the random variable
C represents the censoring time, which is independent of Y, conditionally on X. Let
(Y, Ci, Xy, Zi, A;) (i =1,...,n) be n independent copies of (Y, C, X, Z, A).

The aim of this paper is to test the hypothesis

Hy: ¥ € M versus Hy : ¥ ¢ M, (1.2)

where M = {Uy : 9 € O} is a class of parametric functions, ¥(-) is either m(-) or ()
and © C R”.
The approach used in this paper was introduced by Stute (1997) and is based on an
estimator of the integrated function W(-),
I(z) = / U(2)dFy(2),
where Fy(z) = P(X < z). Following the lines of Stute (1997), the corresponding inte-

grated process is given by
IP(x) =n~"" Z (X5, i) =W (X)) [ (X; <), (1.3)

using the fact that I( ) = Ellix<a¥(X,Y)], where E[¢(X,Y)|X] = ¥(X). Therefore,
P(X,Y) =Y or (Y —m(X))? and may depend on a vector of parameters according to
the required test. When censored data are present, extensions of methods proposed by
Heuchenne and Laurent (2017) as well as Heuchenne and Van Keilegom (2007, 2008a) are
used to estimate the parameters of W(-) (possibly (-, -)) and replace censored v (-,-) by
artificial versions which can be considered as uncensored.

Although a number of goodness-of-fit tests exists for the regression function with
censored data, few results are obtained for the conditional variance and especially for a
function to test which is nonlinear instead of polynomial. Dette and Heuchenne (2012)
proposed a goodness-of-fit test for any scale function but not adapted to the estimation
of the conditional variance (a parametric scale function is estimated and tested but its
validation does not imply the validation of the corresponding standard deviation). Stute,
Gonzélez Manteiga and Sénchez Sellero (2000) developped a goodness-of-fit test for cen-

sored nonlinear regression but it suffers from restrictive assumptions. This is due to the
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use of the bivariate Kaplan-Meier estimator of Stute (1993). It assumes that (1) Y and
C' are independent (unconditionally on X) and that (2) P(Y < C|X,Y) = P(Y < C|Y),
which is satisfied when e.g. C' is independent of X. Both assumptions are often violated
in practice.

The paper is organized as follows. In the next section, the testing procedure is de-
scribed in detail. Section 3 summarizes the main asymptotic results, including the weak
convergence of the proposed process (the extension of I P(x) to censored data) to a Gaus-
sian process. In Section 4, we present the results of a simulation study, in which the new
procedure is compared with the method of Stute, Gonzalez Manteiga and Sanchez Sellero
(2000). Section 5 applies the proposed techniques to a study of unemployment in Gali-
cia whereas the online Supplementary Material of the paper contains the assumptions,

functions and proofs needed to obtain the main results of Section 3.

2 Notations and description of the method

The idea of the proposed method consists of first estimating the unknown functions (-, )
due to censored observations, and second comparing those so-obtained artificial functions

with a parametric estimation of W(-) via the classical process (1.3). Define
PH(X,Z,A) = PH(X,Y)A + BBH(X Y)Y > O X](1— A), k=0,1,2,

and note that E(¢*(X,Y)|X) = EW"™(X,Z,A)|X) = Uy (X), k = 0,1,2, under the
null hypothesis (U, (X) = ¥(X) if Hy is true). The index k indicates to which test
corresponds the new data point ** (X, Z, A). Indeed,

1. for k=0, ¥°(X,Y) =Y corresponding to a goodness-of-fit test for the conditional

mean m,

2. for k=1, 9" (X,Y) = (Y —my,(X))? corresponding to a goodness-of-fit test for the
conditional variance o2, assuming that the conditional mean has a known parametric

form (and the true vector of parameters is defined by 6y),

3. for k =2, v*(X,Y) = (Y — m(X))? corresponding to a goodness-of-fit test for the

2

conditional variance o, not assuming any parametric form for the conditional mean

m.

Hence, we can work in the sequel with the variable 1/**(X, Z, A) instead of ¥*(X,Y). In
order to estimate ¥**(X, Z, A) for a censored observation, we first need to introduce a

number of notations.



Let m°(-) be any location function and ¢°(-) be any scale function, meaning that
m®(z) = Q(F(-|z)) and ¢°(x) = S(F(-|z)) for some functionals @ and S that satisfy
Q(F.y(-|z)) = aQ(Fy(-]z)) + b and S(Fay4p(-|x)) = aS(Fy(-|z)), for all @ > 0 and
b € IR (here F,y 4(:|z) denotes the conditional distribution of aY + b given X = x). Let
e’ = (Y —=m°(X))/0%(X). Then, it can be easily seen that if model (1.1) holds (i.e. € is
independent of X), then €° is also independent of X.

We have for F?(y) = P(e° <y) and EY = (Z; — m°(X;))/0%(X}),i=1,...,n,

J’E‘S PR (X5, m0(X;) + 0°(Xy)y) dFY(y)
- FEO(E?)

¢k*(Xi> Zi, ;) = wk(Xi,Y;)Ai + (1-A),

k =0,1,2, for the following choices of m°® and ¢° :
1 1
mO(z) = / F\(s|2)J(s)ds, o%(z) = / F\(s])2 0 (s) ds — mP(z),  (2.1)
0 0

where F(y|z) = P(Y <y|z), F~1(s|x) = inf{y; F(y|x) > s} is the quantile function of ¥
given x and J(s) is a given score function satisfying [ J(s)ds = 1. When J(s) is chosen
appropriately (namely put to zero in the right tail, there where the quantile function
cannot be estimated in a consistent way due to the right censoring), m°(x) and o°(z)
can be estimated consistently. The distribution F(y|x) in (2.1) is replaced by the Beran
(1981) estimator, defined by (in the case of no ties) :

r Wi(xaan>
Fylz) =1~ 1— , 2.2
(wle) Z,—ggi1{ Z?:lf(zj > Zi)Wj(f’Uaan)} (2.2)
where .
Wi, a,) = nK ()X |
K (7o)

K is a kernel function and {a,} a bandwidth sequence. Therefore,
1 1
() = / F1(sla)J(s) ds and 6%(z) = / F(sla)2 T (s) ds — ™ (z)  (2.3)
0 0

estimate m°(z) and 0%(z). Next,

. 1
FPy)=1- ] (1—. ) : (2.4)
EO <y Apn=1 n—i+1
(i) =9=()

denotes the Kaplan-Meier (1958)-type estimator of F° (in the case of no ties), where
EY = (Z; — m°(X;))/6%(X;), E?i) is the i-th order statistic of E?,..., EO and Ay is

the corresponding censoring indicator. This estimator has been studied in detail by Van
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Keilegom and Akritas (1999). This leads to the following estimators for ¢*(X;,Y;)(k =
0,1):

" (Xi)
1— FO(EOAT)

~ A T A
T (X Zi, ) = Yo = VA + {mO(Xi) + / deEO(y)}(l — Ai){(2:5)

EOAT
D (X Ziy D) = (Vi = ey (X0)F = (Vi = mgy (X)) + {(°(X,) = mgy (X0)* (2.6)
+f£oAT 60 (X6 (Xa)y + 2(m°(X,) — may (X,))] dFL(y)
1 — FO(EOAT)
where myg, (-) in (2.6) is replaced by m(-) to obtain the expression of Y2 (X;, Z;, A;), T <
o, H(y) = P(E® < y) for E* = (Z—m°(X))/0o°(X), and 7p = inf{y : F(y) = 1} for any

distribution F'. Truncations by the constant 7" in the above integrals and denominators

are due to right censoring (however, when 750 < 7o, for G2(y) = P(C° < y) and
C? = (C—m°(X))/0°(X), T can be chosen arbitrarily close to 7z0). In V(X Zi N, 6o
can be replaced by its estimator obtained by the method of Heuchenne and Van Keilegom
(2008a) to obtain V¥ (X;, Z;, A;), while similarly 2 (X;, Z;, A;) can be defined with m(-)
which can be replaced by a nonparametric estimator, say mr(X;), developed, by example,
in Heuchenne and Van Keilegom (2008b, 2010). For the sake of simplicity, we therefore
use V5 (X;, Zi, A\;) to denote fully estimated quantities (with estimated 6, or m(-)) for
k=0,1,2.

Finally, the functions z[)%*(Xi,Zi,Ai) (resp \Ifﬁzk(Xi)), kE = 0,1,2, replace ¥(X;,Y;)
(resp ¥(X;)), i =1,...,n, in (1.3) for which we define

O, = argming e D[V (X;, Zi, A) — Uy, (X)), (2.7)

i=1
as estimators for the parameters describing My = {Uy, : U € O} (O is a compact
subset of IR”*, Dy, is a positive integer and Wy(-) is either my(-) or o3(-), the tested para-
metric variance), the class of parametric functions corresponding to the goodness-of-fit
test k, k =0, 1,2. Note that the estimation procedure proposed in (2.7) when k = 2 and
m(-) is estimated by the method proposed in Heuchenne and Van Keilegom (2010) has
been studied in Heuchenne and Laurent (2017). In order to focus on the primary issues,
we assume the existence of a well-defined minimizer for (2.7). Solutions for those prob-
lems can be obtained using an (iterative) procedure for nonlinear minimization problems,
like e.g. a Newton-Raphson procedure. Since ¥ (X, Z;, ;) = ¥ (X;, Z;, Ay, 9%,) =
(Y; — mﬁzo(X N, i=1,...,n, we will use in the sequel V5 (X;, Z;, Ay, 95)) = ok (9%,
k =0,1,2 (especially to develop the proofs). Therefore, we consider the following expres-

sion

ICP(z) = n—WZ 3 (0h0) = Wor (X)) (X; <), k=0,1,2. (2.8)



More precisely, we propose a Kolmogorov-Smirnov type statistic

TYKS[,]C = sup |]CPk(ZE)|

TERX

and a Cramer-von Mises type statistic

Tomre = / (IC’Pk(x))zdFX(x),

Rx

where Fix(-) is the empirical distribution of the X-values. The null hypothesis (1.2) is

rejected for large values of the test statistics.

Remark 2.1 (Test with parametric variance) In the case k = 0, we test a parametric
form for the conditional mean without assuming any parametric form for the conditional
variance. We could consider such a parametric form introducing it at the denominator
of each term of (2.8) for k£ = 0. This would be equivalent to define ¥(X,Y) = Y/0y(X)
for some 6. An estimator for the vector of parameters # could be obtained by example
using (2.7) for £ = 2 and the analytic form of the corresponding test statistics would be

straightforward.

3 Asymptotic results

We start by developing an asymptotic representation for the expression (2.8) under the
null hypothesis and where the remaining term is op(n~'/?) uniformly in 2. This will
allow us to obtain the weak convergence of the process ICPy(x), k = 0,1, 2. Finally, the
asymptotic distributions of the proposed test statistics are obtained. The assumptions,
proofs and involved functions in the results below are given in the Supplementary Material
of the paper. The index £ in the results below may be confusing since it is an additional
notation in already complicated expressions; the reader may omit it in a first step and
focus on the general issue: the idea of Theorem 3.1 hereunder is valid for a range of
functions among which the ones proposed at the beginning of Section 2. We could apply
it to other cases: for example, using another definition for m(-) and/or o(-), like, e.g., a
truncated mean or a robust measure of scale, can lead to similar artificial functions (with

some specificities).

Theorem 3.1 (i) Assume (A1)-(A10) (in the Supplementary Material of the paper).
Then, under the null hypothesis Hy,

n

n_l Z( Aéﬁ“t(ﬂgo) - \Ilﬁzk (Xl))](Xl < $) = n_l Z Xglg(X% Ziv Ai’ 957 9:) + Rn(x)7

i=1 i=1



k = 0,1,2, where sup{|R,(z)|;z € Rx} = op(n~'/?), Rx is the support of X,
XE( Xy, Ziy A, 08,01 is defined in the Supplementary Material of the paper and 0}

i Remark 3.1 hereunder.

(ii) Neat, under the same assumptions, if Y5 (0F), k= 0,1,2, follows a model such that
B[k (08| X] = Wor(X), then, under the null hypothesis Ho, the process ICP(x) =

n~U2Sr (k9T ) — Wyr (X)) I[(X; < z), © € Ry, converges weakly to a centered

gaussian process Wy (z) with covariance function

Cov(Wi(x), Wi(z') = E[x3(X, Z, A, 0L 00)\& (X, Z, A, 0T, 61).

(i1i) Finally, under the same assumptions and the null hypothesis Hy,

d
Txsre — sup |[Wi(z)l,
rERX

Ty /R W2(x)dFx (z),
X

k=0,1,2.
Remark 3.1 (Non zero mean asymptotic representation) As it is clear from the
definitions of ¢¥&:(07T), Wyr (X;) and dp;, for k = 0,1,2, expression (2.8) is actually
estimating

n

n—1/2 Z( %I?:(e(q)ﬂ) - lIJGkT (Xz))](Xz S x)ﬂ k= 07 17 27 (31)

where
b= Vi = Y {00 + 1o oo VAN B), (32)
7(05) = (Yi = mgr (Xi))7" = (Yi — mgr (X)) Ai + {(mO(Xi) — mgr (X;))? (3.3)

Jzonr 0% (Xi)ylo® (Xo)y + 2(m°(X;) — mgr (X3))] dF2(y)
* 1= F(EPAT)

b1 = A,

where 1% is obtained by replacing mgr (X;) in Vi(0F) by mp(X;), i =1,...,n (mp(-) is
the stochastic limit of my(-) when n — 00), Wor(-) = myr(-), Vor () = 03}5(')’ p=12
and 0f = (6{;,....0fp,), k=0,1,2, are the unique parameters which minimize

E[{EW5 (00)1X) — Uy, (X)}’]
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(see hypothesis (A10) in the Supplementary Material of the paper). A consequence of
those limits is that the expression n=t 37 (5 (01) — Wor(X;))I(X; < x) in the asymp-
totic representation of Theorem 3.1 has a mean different from zero. This is due to the use
of the estimator (2.4) which is inconsistent in the right tails. That can lead to errors when
testing parametric hypothesis. However, as also studied in Heuchenne and Van Keilegom
(2010), pages 443-444, the inconsistent region of (2.4) is smaller than inconsistent regions
of other distribution estimators for censored data (like, e.g., the Beran estimator). In
addition, (07 ), Wor (X), 0 can be made arbitrarily close to ¢**(X, Z, A, 6y), Vo, (X),
O, k = 0,1,2, provided 7po < 7go. Under that assumption, ¥4 (6F) — Wer(X), k=0,1,2,
can then be made arbitrarily close to a random variable with zero conditional mean (un-

der Hy).

Remark 3.2 (Local alternative hypothesis) The behaviour of the process can also
be studied under the alternative hypothesis. By example, in the conditional mean case,
a local (Pitman) alternative of the type Hy, : m(x) = myg,(z) +n~/?r(z) is considered in
the sequel. In order to keep the proportion of censoring fixed for any value of n, we use in
this context the following assumption on the censoring variable. There exists a random
variable Cp, not depending on n, such that P(C < y|X) = P(Cy + n~?r(X) < y|X).
Next, we define Yy = my,(X) + 0(X)e, Zy = Yo A Cp and assume that F[r?(X)] < oc.
We also replace E[{E(YF|X) —my,(X)}?] of the assumption (A10) in the Supplementary
Material of the paper by E[{E(Ygr|X) — mg,(X)}?], where Yy = Y7 — n~V2r(X). C,
Yo, Zy and Yy do not depend on n by construction. Theoretically, their use makes the
main parts of the asymptotic representations under Hi, independent of n and equal to
the asymptotic representations obtained under the null hypothesis.

More precisely,

n=V2Y(VE = myr (X)) [(X; < @) = 0723 (Ve = Vi) I(Xi < @)
i=1 =1

+nY2 Z( ori T n_1/27"<Xi) B m(’ér(Xi))I(Xi <)

=1

+n 723 (mgr (Xi) — mgr (X)) I(X; < z). (3.4)

i=1
The treatment of the first term on the right hand side of the above expression exactly
follows the lines the proof of Theorem 3.1 (see Lemma 1.1 and the term 2y, in the
Supplementary Material). The resulting asymptotic representation is equal to the one

that would have been constructed with replications of Yy, Cy and Z; defined above. For



the third term on the right hand side of (3.4) and especially

n [Om X,L ¢

0 vl K S NTATE )

=~ 0V

where []* denotes the transpose of a vector (or a matrix), we follow the lines of Theorems
3.1 and 3.2 in Heuchenne and Van Keilegom (2008a) to get

oo am Xz
-y = 07 0 - vy 55)
i=1
n I (X;)
07t S0 42000 — g (X)) op),
i=1

where the matrix Q = () (j,k=1,..., Do) is defined by

6m90T (X) ama[{ (X) X 327’”95 (X)
T e SR L AC oA v e T

ij ==

and ¥y is the j component of ¥y, j = 1, ..., Dy. We treat the first term on the right hand
side of (3.5) like the first term on the right hand side of (3.4), i.e., in the same way as in
Theorem 3.2 of Heuchenne and Van Keilegom (2008a). That also leads to an asymptotic
representation equal to the one that would have been obtained with replications of Yy, Cy
and Zy. Next, if we do not consider the parts involving n~'/?7(X;) in the second terms on
the right hand sides of (3.4) and (3.5), we finally obtain the asymptotic representation of
Theorem 3.1 for replications of Yy, Cy and Zy. The difference with Theorem 3.1(7) comes
therefore from the terms involving n~"/?7(X;) which, gathered, lead to the additional term

Do 8m9T X 8m9T X
b = VB OOTX < )] — 3005 B0 T g PRy <y

where ! represents the d** row of the matrix Q~!. As a consequence, we will have for
the resulting statistics under Hy,,,

Tksro N sup |[Wy(z) + b(x)|

TERX

and
Tewra % | (Wal) + b(a))*dEx (@),

To better interpret b(x) and the alternative hypotheses of the type Hf, : m(z) =
ma, (z) 4+ 1, (x), where 7,(x) tends to 0 when n tends to infinity, we end this remark with

the two following situations.



1. if r,(z) = n=%(x) with @ > 0.5, the asymptotic normality for each value of z in
Theorem 3.1 is still valid and the power of the test tends theoretically to the level
the test.

2. if r,(z) = n~%(x) with a < 0.5, the asymptotic normality for each value of z in
Theorem 3.1 is not valid anymore; the asymptotic law for each value of x is still
normal but there is a location shift defined by n'/?=%(x). If b(z) # 0, i.e., r(z) is
chosen in such a way that the resulting b(x) # 0 on some subinterval of the support

of X, the power of the test tends to 1 when n tends to infinity.

4 Practical implementation and simulations

In this section, we study the finite sample behavior of the different test statistics. We
are interested in the behavior of the percentage of simulated samples for which the null
hypothesis is rejected. The simulations are carried out for samples of size n = 100 and
the results are obtained by using 10000 simulations. We develop simulations for the three
proposed goodness-of-fit tests and the two corresponding statistics (Txsrx and Torr ks
k=0,1,2).

The problem of testing the goodness-of-fit of a parametric model for the conditional
mean, when the response variable is subject to random right censoring, was also considered

by Stute et al. (2000). They proposed the following process
WP(z)~'/? Z; Wi, (Zi — mys, (Xi)) I(X; <x),

where W, are the Kaplan-Meier weights attached to the censored sample (Z;, A;) (i =
1,...,n), S <1y (for H(y), the distribution of the observable Z) and 9%, is obtained by

n

S : 2
95, = i lzzl Win (Z; — my, (X3))". (4.1)
Again, Kolmogorov-Smirnov and Cramer-von Mises statistics can be obtained from the
process WP,
Ticsw = sup [WP(z)], Teaw = [ (WP(@))* dFx(x).

TERX

Therefore, in the regression case, we compare those methods with the ones proposed in
this paper.

First, we describe chosen characteristics of the proposed methods. For the score
function J, we recommend the choice J(s) = b7 1(0 < s < b) (0 < s < 1), where
b = minj<;<, F'(+00|X;). In this way, the region where the Beran estimators F/(-|X;), ...,

10



F(-|X,) are inconsistent is not used, and on the other hand, we exploit to a maxi-
mum the ‘consistent’ region. For K(z), we work with the Epanechnikov kernel function
K(z) = (3/4)(1 —2*)I(|z| < 1). In order to improve the behavior near the boundaries of
the covariate space, we use the reflection method to compute all kernel estimations. The
point T can be chosen larger (or equal) than the last order statistic E(On) of the estimated
residuals E, 7 = 1,...,n. In this way, all the (unconditional) Kaplan-Meier jumps in (2.5)
or (2.6) are considered. Next, for each method, equations (4.1) and (2.7) have an explicit
solution in the considered models. Finally, the last order statistic on which each global
Kaplan-Meier estimator is constructed may be censored. In this case, it is redefined as
uncensored.

In order to develop simulations for the testing procedures, two tables (for Kolmogorov-
Smirnov and Cramer-von Mises statistics) of critical values were constructed for each
method and each parametric model supposed under Hy. So, for each value of the couple
(parameter, bandwidth), test statistics were computed on 1000 samples of size 100 pro-
viding in this way estimations of their distributions under the null. Next, other samples
were simulated. For each of them, the values of the statistics were compared with the
corresponding critical values for the chosen bandwidth and for the estimated parameter.
Each of the following tables contains the percentages of rejections obtained for different
deviations from the null and different values of the bandwidth. The sample size is also
100 and each percentage of rejection is obtained from 10000 replicates.

For the goodness-of-fit test 1, the first simulated model is constructed in this way:
Y = X +a(X)+e,

C = 5X+4a(X)+1+4¢", (4.2)

where X is uniform on the interval [0, 1], ¢ and &* are standard normal, independent of
X, € is independent of €%, and a(z) is a function that indicates the deviation from the

null hypothesis which consists in the parametric model
Hy :m(z) = Yoz, (4.3)
where ¥y € IR is an unknown parameter. It is easy to see that, under this model,
P(A =0|X) = &(—1/V?2),

which is independent of X, where ® is the standard normal distribution function.
Table 1 gives the rejection percentages of null hypothesis (4.3) when the model (4.2)
has different shapes of the deviation a(z) and when different values of the bandwidth

are used. Under the null hypothesis, a(z) = 0, the level of the test, 5%, is respected
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by the four tests. Under two of the alternative models the four tests show a similar
behaviour, with the tests based on W P(x) being sligthly more powerful, while under the

third alternative model, the tests based on IC Py(z) are much more powerful.

a(x) an Txsw Toevw Trsr Towmr
0 0.20 5.00 5.12 4.76  4.78
0 0.25 5.14 5.23 470 4.67
0 0.30 5.07 5.13 4.62 4.44
x? 0.20 24.23 24.82 20.03 19.07
x? 0.25 2490 2535 20.02 19.13

x? 030 2434 2472 19.21 18.14

zrexp(r) 020 5956 57.95 46.23 42.94
wrexp(z) 025 5785 56.74 46.05 42.22
zxexp(z) 030 5850 57.80 44.74 40.47

sin(2rz) 020 51.33  47.46 90.12 85.35
sin(27x) 025 51.56 47.55 91.67 87.73
sin(2rz) 030 52.64 48.14 93.05 89.86

Table 1: Percentage of rejections of (4.3) for model (4.2) under the null hypothesis,

a(x) = 0, and under three alternatives (nominal level 5%).

Table 1 provides a number of tools for intuitive understanding of the new method. The
most important one is the fitting of the the curve under the null on the samples generated
under an alternative model. More precisely, we consider a theoretical distance between
models (hereafter abbreviated by TDM): a curve measuring the distance between the true
alternative curve and the curve under the null using the asymptotic values of the least
squares estimators obtained under the true alternative model. For example, an integral
(over a part or the entire support of X, Rx) of the absolute value of the difference between
both curves could be used. According to the alternative model, TDM is relatively small
(for the second and third models in Table 1, the line leaves its position under the null to
fit approximately well the alternative models) or larger (for the fourth model in Table 1,
the line is perturbed by the alternative samples but does not fit well the bumps of a sinus

function). So, when TDM is large, alternatives should be more easily detected. According
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to Heuchenne and Van Keilegom (2008a), Stute’s method suffers from restrictive condi-
tions leading to increases of biases and variances of resulting estimators. On the other
side, constructing new data points (2.5) using model (1.1) enables to add information
improving the fit of a curve to a data set. For each simulated sample, the obtained least
squares estimators determine the critical value we use and therefore the corresponding
distribution of the statistic. If TDM is small, we obtain slightly weaker rejected pro-
portions for the new method with respect Stute’s method because statistics constructed
with the new method often correspond to acceptance regions of distributions (small TDM
combined with well fitting method) while statistics obtained by Stute’s method more of-
ten reach tails of distributions (variable least squares estimators determining statistics
distributions for which a smaller proportion of generated samples corresponds). If TDM
is larger, the above characteristics of Stute’s method still appear while use of the model
in the new method allows to obtain less variable, well fitted least squares estimators and
therefore easier detection of alternatives. For the fourth model of Table 1, this effect is still
more pronounced if the value of the bandwidth parameter increases (since that decreases
the variances of least squares estimators). Note that this is not true if the increasing of
a, leads to samples too easily fittable by the curve under the null (see second and third
models of Table 1).

For the goodness-of-fit tests 2 and 3, the simulated model is constructed in this way:
Y = 142X +0(X)e,
C = 142X +1+0(X)e", (4.4)

where X is uniform on the interval [0, 1], € and £* are standard normal, independent of X,
¢ is independent of £*, and 0?(X) = Var[Y|X]. Different functions o(z) are considered,
one of them under the null and two under the alternative, where the null hypothesis

consists of a constant conditional variance,
Hy : o(x) = vy, (4.5)

where ¥y € IR is an unknown parameter.

Table 2 gives the rejection percentages of null hypothesis (4.5) when the model (4.4)
has different shapes of the conditional standard deviation o(x) and when different values of
the bandwidth are used. The columns headed by the caption, kK = 1, contain the rejection
percentages corresponding to the goodness-of-fit test for the constant conditional variance,
assuming that the conditional mean is linear, whereas the columns headed by the caption,
k = 2, are obtained from the test that is constructed without assuming any parametric

form for the conditional mean (in this case, the conditional mean is estimated using the
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method of Heuchenne and Van Keilegom, 2010). Under the null hypothesis, o(z) = 1 and
the level of the test, 5%, is respected by the four tests.

Under the alternative models, the test constructed assuming the parametric model,
k = 1, is more powerful than the test constructed without this assumption, which could

be expected. But it is interesting to see that the difference in power is very small.

k=1 k=2
o(x) a, Trsr Towmr Trsr Towmr
1 0.20 414 4.74 6.02 6.26
1 0.25 4.52  4.81 5.77 5.54
1 0.30 4.16  4.56 5.80 4.55

exp(z) 0.20 65.80 74.85 61.74 72.16
exp(x) 0.25 71.70 78.29 68.59 75.22
exp(x) 0.30 73.72  79.66 70.89 76.22

(1+ m)2 0.20 83.61 89.96 81.29 8&R.77
+x . . . . .

1 2025 89.28 93.03 88.19 92.12
+x . . . . .

1 2 0.30 91.72 94.03 90.39 93.08

Table 2: Percentage of rejections of (4.5) for model (4.4) under the null hypothesis and

under two alternatives (nominal level 5%).

5 Data analysis

In order to analyse the data set hereunder, the distributions of the statistics Tk s, and
Temrk, k= 0,1,2, under the null hypothesis are needed. Unfortunately, the asymptotic
distributions obtained in Theorem 3.1 are too complicated and contain too many unknow
quantities. We therefore propose a bootstrap procedure to estimate the critical values of
the tests in practical situations. This is based on a smoothed version of the 'naive boot-
strap’ described in Efron (1981) and on the method of Pardo Fernandez, Van Keilegom
and Gonzalez Manteiga (2007).

First, define E%, ... E% the standardized versions of the residuals E?, ..., E°. Note
that this standardization depends on the testing procedure. Indeed, define \; = [ edﬁf(e),
A2 = [(e=A)2J(FO(e))dFO(e) and X2 = [(e—A;)2dF0(e). We will have E® = (E%—X;)/ A
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and EO' = E9 = (E9 — \)/\s, i = 1,...,n. The boostrap procedure consists of the
following steps. For fixed Band b=1,..., B,

1. For:=1,...,n
- Let

b0 = myr (Xi) + 637{0(4&‘)5?2 for k =0,

z*b*l = mﬂfo(Xi) + 01951()() :‘}] for k =1,

2

Yipo = mr(X;) + Uﬂgz(Xi)E;b for k = 2,

where %, (Xi) = J(y — myr (X)PIF@IX)AEGIX), < = VA + aSp, Vi i
drawn from F Ok k =0,1,2, (the Kaplan-Meier estimator based on the standardized
residuals) and S; j, is a random variable with mean 0 and variance 1 which introduces
a small perturbation in the residuals (controlled by the constant a).

- Select C}j from a smoothed version of G(-|X;), the Beran (1981) estimator of the
distribution G(-|X;) = P(C < -|X;) obtained by replacing A; by 1 — A; in the
expression of F/(-|X;).

- Let 275 ), = min(Yy,., C7F) and A7 = I(Yiy, < CFF).

2. The bootstrap sample is {(X;, Z/3,, Af3,), i =1,...,n} for k=10,1or 2.

3. Let Tisrpp and Ty, be the test statistics calculated with the corresponding
bootstrap sample (k= 0,1 or 2).

Let Tisr ) be the b—th order statistic of Tisyy p, - -, Tsr e K = 0,1,2, and anal-

ogously for TCMI,(b),k- Then Tisr (1-ay1eny .k A T ((1—ayB141) 4 (Where [-] denotes the

11—«

integer part) approximate the (1 —a)—quantiles of the distributions of Tk grx and T i,
k=0,1,2.

Remark 5.1 (Parametric bootstrap) When a parametric form is assumed for the dis-
tribution F.(-) of € with E[ ] =0 and Var[e] = 1, we can avoid the smoothed bootstrap
part characterized by &} ¥ above and directly generate residuals from a parametrically
estimated version of F_( ) A classical maximum likelihood procedure involving the stan-
dardized residuals E?! can provide estimates for the parameters of F.(-). We can use
those generated residuals to construct bootstrap samples when & = 1 or 2 while we need
to divide them by the estimate of ([ e2J(F.(e))dF.(e))"/? when k = 0.

This bootstrap procedure will be applied to approximate the critical values in the

following practical situation. The survey Encuesta de Poblacidn Activa (Labour Force
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Survey) is carried out by the Spanish Institute for Statistics to collect information about
employment. About 60,000 homes in Spain are surveyed each three months. Each home
is followed for the next 18 months. Here the available information corresponds to unem-
ployment spells of married women in the region of Galicia. It is 1,009 spells in total, but
three of them were deleted after outlier detection, so the sample size will be 1,006.

If a woman is still unemployed when the follow-up ends, then a censored observation
appears. In this data set, 563 out of 1,006 observations were censored. Here a regression
model of the time of unemployment over the age when entering the unemployment stock
is studied. In particular, the goodness-of-fit of a linear model of the logarithm of the time

of unemployment over the age is tested by using the techniques proposed in this paper.

55
x x  Censored
.
LI % o o i ¥ x ¢ Observed
5+ x e x . x . x R .
x x x X X X % o X X X Linear fit
R o x ex e ex X, XX x x e < | =+ =" Nonparam. est
X X X o ¥ X ¥ X x X X ® 4 X X X X . p . .
X X X X
. .
45+ x x x x
L] X X .
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Figure 1: Logarithm of unemployment time of married women in Galicia against age:

parametric and nonparametric estimations.

Figure 1 shows a scatter plot of the unemployment data, together with a linear regres-
sion fit and a nonparametric estimation of the regression function. The horizontal axis
represents the age in years when becoming unemployed, the vertical axis represents the

natural logarithm of the time of unemployment in months, squares are used for uncensored
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observations and diamonds for censored ones, the straigth line is a linear fit obtained by
the method of Heuchenne and Van Keilegom (2008a), and the curve is a nonparametric
estimation of the regression function as described in Heuchenne and Van Keilegom (2010).
A bandwidth of nine years was used in these estimations. The goodness-of-fit of the lin-
earity was tested by using the methods proposed in this paper. The p-values were 0.005
when using the Kolmogorov-Smirnov type statistic and 0.007 when using the Cramer-von
Mises statistic. Other values of the bandwidth parameter led to similar p-values. Then,
some evidence is found against a linear model, due to a different evolution of the loga-
rithm of unemployment time in relation with the age. In particular, the unemployment

time doesn’t look monotone as function of the age.

6 Conclusion

In this paper, we propose new goodness-of-fit testing procedures for the conditional mean
and variance functions in a location-scale regression model when the response is possibly
right-censored. We obtain weak convergence of the corresponding processes under the
null hypothesis and local (Pitman) alternatives. We compare our new methods with the
one of Stute et al. (2000) and show its superiority in many situations. We finally provide
a bootstrap algorithm for the distributions of the test statistics under the null hypothesis
and apply the resulting procedures on a data set about unemployment in Galicia.

An important issue for further research stays the treatment of the right tails of non-
parametric estimators with censored data. In this paper, this problem is alleviated by
the use of the error distribution estimator F. Y(y), which can be consistent far in the right
tail with respect to a local Beran (1981) estimator, see also Heuchenne and Van Keile-
gom (2010), pages 443, 444 for a full detailed explanation of this problem. Another way
to partially circumvent this problem is to consider truncated versions of the conditional
mean and variance functions. This objective, different from this paper, is however less
practical since it leads to final estimators and tests that correspond to different location
and scale functions more difficult to interpret, compare...in applications. Such a work
can be achieved using ideas developed for example in Dette and Heuchenne (2012) and
Van Keilegom and Heuchenne (2012).
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