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Introduction

Among fluid dynamics phenomena, wakes stand out as crucial in many engineering and
scientific domains: wind farms and energy production, air-traffic management, aircraft
and helicopter design, bio-locomotion, are a few examples of devices and applications
that produce and/or exploit wake phenomena. When looking at Nature, they are several
examples of energy harvesting through wake exploitation. Birds flying in formation
or fish swimming in schools are constantly moving and deforming their bodies to gain
energy from the ambient fluid and from the wakes generated by others. In order to
replicate such techniques and then to adapt them in our engineered devices, we have
to understand, predict and control such phenomenon.

The wake is the flow region impacted by the interaction between an object and
the ambient fluid. It carries the signature of the force exchange happening through
very fine flow phenomena, at the interface between the fluid and the immersed object.
A faithful prediction of the wake thus depends upon the accurate capture of the flow
physics around the body; this is even more critical for the so-called Fluid-Structure
Interaction (FSI) problems where the object is moving and deforming due to the forces
exerted by the flow.

For an accurate study and prediction of wakes, the recourse to Computational Fluid
Dynamics (CFD) is inescapable and it relies on rapidly growing resources. The com-
putational power of supercomputers is constantly increasing and boosted by the use
of accelerators, such as GPU’s. As an example, the world top supercomputer, Sum-
mit (USA), is made of 2397 824 cores and able to perform, theoretically, more than
200 10'® floating point operations per second (flops)?-3. Even if these resources may

2 A floating point operation is the simplest operation between two numbers: +, —, *
3Data from the top 500 list issued in November 2018



2 Introduction

seem enormous, they are still finite and it is difficult to design a simulation tool able
to use them efficiently together and for a single purpose. In the case of Summit, the
maximum performance achieved on this cluster (using the LINPACK test) is 143 1016
flops, which is ~ 70% of the peak performance. We would like to stress that in prac-
tice such peak performances are almost impossible to reach due to a communication
overhead inescapable in realistic applications. These two limitations, the non-infinite
computational power and the performance loss inherent to massively distributed pro-
cessing, currently bounds the size and the complexity of the problems tackled in the
computational fluid dynamics community. Alternatively, one may also want to make
the most of smaller computational units. Therefore, there is a constant effort to in-
crease the accuracy and the efficiency of the algorithms used, which in turn reduces
the computational cost and pushes further the boundaries of the possible applications.

Context and equations

We here consider an incompressible flow, a typical assumption in wake studies and
external aerodynamics. The incompressible flow dynamics are governed by the Navier-
Stokes equations, given in the velocity-pressure formulation as

Ju Du )
— +@-V)u=—=-VP+vV-u , 1
o (u-V)u D vV u 1)
where % stands for the Lagrangian derivative, u denotes the velocity, v = u/p is the
kinematic viscosity and P = £ is the reduced pressure, defined from the pressure p.
Equivalently, a vorticity-velocity formulation can be obtained by taking the curl of (1)
as ) D

@ [0} 2
—+@W@-VyYo=—=vWo+(®-V)u , 2

T+ Vo= @-V) @)
where and @ = V A u denotes the vorticity. The velocity is related to the vorticity
through its Helmholtz decomposition, based on the stream and potential functions, ¥
and @ respectively,

u=U_+VA¥Y+VD . )

where
VW = —e VZd=V-u. 4

This last condition is null due to the incompressibility of the flow. In fluid mechanics,
any flow configuration is characterized by its Reynolds number, defined as the ratio
between the inertial and the viscous forces,

U,D
Re = , 5)
v




where D is the characteristic size of the flow. If the Reynolds number is small, Re < 1,
the flow is dominated by the diffusion and hence the advection can be neglected. If the
Reynolds number is moderate, 1 < Re < 103, the flow is laminar, i.e. driven by the
advection and stabilized by the diffusion. For larger Reynolds numbers, Re > 103, the
flow becomes turbulent as the advection phenomenon is dominant at the larger scales.
For such high Reynolds number flows, the Direct Numerical Simulation (DNS) ap-
proach captures both the larger and the smaller scales. The computational resources of
this approach have been shown to scale* as Re?. To reduce this tremendous computa-
tional cost, one has to discard the smallest scales and model their influence on the larger
ones. This is the so-called the “Large Eddy Simulation" (LES) approach. Another al-
ternative, the Reynolds Averaged Navier-Stokes (RANS), considers the averaged flow
behavior and hence reduces the computational cost. In this work, we consider moder-
ate Reynolds number; the DNS approach is thus adequate.

The Vortex Particle-Mesh method

Vortex methods discretize the vorticity field by means of particles, characterized by a

position x,,, a volume V), and a strength @, = fV @dV . One can integrate Eq. (2) over
4

p’
a particle volume through a mid-point quadrature with the assumption of the particle
discretization and then finds a set of ordinary differential equations for the particle

position and strength (see [2, 3] for a detailed analysis of particle discretization)

dx

d_tp = u(xp) (6a)
d
e / @ V)u+ W26 dx (6b)
Ve
= [(@- Vu+vWie] V, . (6¢)

where we identify the role of the velocity field in the advection of the particles, and
the role of the stretching and diffusion terms for the evolution of vorticity.

Among vortex methods, the purely particle-based approaches, such as the Vor-
tex Particles (VP) method or Smoothed Particle Hydrodynamics (SPH) [4], promise a
straightforward implementation of Egs. (6) and robust adaptivity. A closer inspection
will show that the latter comes at the price of accuracy [5, 6], as particles deplete re-
gions of the flow or cluster in others. Several remedies have been proposed at the price
of artificial bulk and shear viscosities [7].

4As detailed by Thiry [1, p.5], the total simulation cost, N, Ny N, N,, scales as (L/n)4 o« Re3.
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Another way to prevent particles depletion and clustering, used by many [3, 8—10]
in the context of the vortex particle method, is the use of a procedure called remesh-
ing or redistribution, which consists in the periodic regularization of the particle set
onto a mesh using high order interpolation formulas [11-13]. One predicts that such
a technique will introduce dissipation and dispersion; the interpolation kernel used in
this work for instance, M 4 [11, 12], adds to leading order a hyper-viscous type term,
which was quantified to behave as

4
N v, ™)
NredistrAt

where h is the mesh spacing, At the time step and N,

rediste the redistribution period

in number of time steps [3]. This behavior was more formally quantified by Marichal
[14], both in terms of dispersion and dissipation. These results indicate that a particle
method with a too frequent redistribution performs essentially like a Eulerian method;
if one wants to preserve its intrinsic qualities, redistribution has to be used as seldom
as possible (through monitoring of the deformation in the particle arrangement for
instance). Within this work, this frequency was chosen between 5 and 10 time-steps.

The remeshing procedure, coupled with a combination of the Lagrangian and the
Eulerian formulations, is at the heart of the most recent vortex method variant, called
the Vortex Particle-Mesh (VPM) or Vortex in Cell (VIC) approach. In this class of
methods, the presence of a Cartesian mesh is also exploited to improve the compu-
tational efficiency, by the use of finite differences to evaluate the right hand side of
Eq. (6b), i.e. to evaluate the velocity, the diffusion and the stretching term. The Poisson
problem of Eq. (4), typically an unbounded problem, can also be solved on the mesh
using a Fast Fourier Transform (FFT) based approach [15-17] or from a source/target
particles point of view using a Fast Multipole Method (FMM) [18-23] or using a com-
bination of both approaches [24]. The right hand side is then interpolated back to the
particles location and particles evolve according to Egs. (6).

There are several advantages that come with the use of a vortex method, compared
to other classical formulations (finite-volume, finite elements formulations, for exam-
ple). Among others, we note the low numerical errors, the relaxed stability constraint
for advection dominated flows and the use of a structured grid for the Poisson equa-
tion. As a result, vortex methods have gained popularity through several fundamental
and/or applied contributions. As a non-exhaustive list, let us mention the lifting line
theory applied to the VPM framework [25], the coupling of the VPM framework with
wall dedicated approaches [14, 24, 26-29], the study of bluff body flows [30-35], the
massively parallel architecture implementation of the vortex methods [36] and its ap-



plications to the wake dynamics [37-39], to the wind energy production [40, 41], to
the energy harvesting in biolocomotion [42—44], to biological flows [45], etc.

Immersed boundaries

Taking an immersed obstacle into account in the vorticity formulation of the Navier-
Stokes equations, Eq. (2), is not straightforward as the wall value is not readily acces-
sible. Indeed, it corresponds to the gradient of the velocity at the wall which is driven
by the body motion and the flow behavior in the very close vicinity of the interface.
Considering the case of an interface matching with the Cartesian grid points, Thom
and Ingram [46] proposed a first order boundary condition for the vorticity, relying on
the stream function. Over the years, many variants of the Thom’s formula have been
proposed and among them two are particularly famous: the Briley’s formula [47], a
third order generalization of the Thom’s approach based on the stream function; and
the Wood’s formula [48], which reaches a second order accuracy by considering the
vorticity field in addition to the stream function. We refer the reader to Weinan and
Liu [49], Napolitano et al. [50] and references therein for further details.

The use of a Cartesian mesh to take arbitrary solid obstacles into account increases
the complexity of the immersed boundary treatment, as the obstacle will intersect the
grid in arbitrary locations. It still constitutes an open challenge in the vorticity-based
methods, and especially in the VPM framework which relies on such a grid. Many
techniques have been proposed in the structured mesh framework and, following Mittal
and Iaccarino [51], they are usually classified into two categories: the “continuous
forcing" and the “discrete forcing" approaches.

Continuous forcing approach

The continuous forcing approach relies on the addition of a mathematical artifact inside
the Navier-Stokes equations to impose the boundary condition. This artificial source
term, f;, represents the force on the fluid exerted by the body. As an example, in the
vorticity formulation, the momentum equation Eq. (2) is modified as

%:vvza)+(m-V)u+V/\fb . ®)

There are two well-known formulations for this additional source term: the Immersed
Boundary method and the penalization approach.

The first and widely used method in this category is the Immersed Boundary (IB)
approach, initially proposed in the pioneering work of Peskin [52] and renowned for
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its proven robustness [53, 54]. The IB method discretizes the singular forcing term
due to the immersed body surface, f;, on several grid points using regularized Dirac
functions, hence mollifying the inner interface. The second approach in this class of
methods is the Brinkman penalization, which uses a Lagrangian relaxation of the body
constraint [55, 56] to impose the inner boundary condition. This type of method has
been transposed to the Vortex Particle-Mesh method and is widely used throughout the
works of Mimeau et al. [32], Verma et al. [44], Coquerelle and Cottet [57], Gazzola
et al. [58], van Rees [59]. Still in the VPM framework, some more recent works have
proposed to iterate on the penalization constraint to improve its enforcement inside the
body, see Hejlesen et al. [60], Gillis et al. [61]. However, this approach is only first
order at the boundary and, in the case of the iterative penalization, implies multiple
resolutions of the Poisson equation in the computational domain and inside the inner
body.

Discrete forcing approach

The second class of methods, the discrete forcing approach, rather modifies the dis-
cretization of the Navier-Stokes equations in order to take an immersed body into ac-
count. Hence, no additional source term is added to the Navier-Stokes equation but the
changes made to the discretization usually increase the implementation complexity.

In this category, let us first mention the Ghost-Cell Method, that uses ghost cells
to extend the fields inside the body by means of a polynomial extrapolation, see [51]
and references therein. We also refer to the Ghost-Fluid approach, which uses the
combination of the Neumann and the Dirichlet boundary conditions to build a field
extension inside the body, see [62] and references therein.

Still in the discrete forcing approach, the Boundary Element Method (BEM), also
called panel method, has been coupled with the Vortex Particle framework, see e.g.
[10, 63]. In this approach, the convection and diffusion of the vorticity field are first
handled discarding the generation of vorticity at the wall. Then, following Lighthill
[64], the vortex sheet associated with the residual slip velocity is diffused into the flow,
this is the so-called “viscous splitting" approach.

Let us also mention the work of Cottet and Poncet [26] that proposes a similar
diffusion splitting method, applied to body-fitted grids and immersed boundary tech-
nique. Finally, we mention the Immersed Interface method, introduced by Leveque and
Li [65] and Wiegmann and Bube [66], which has been widely applied to grid-based
approaches, see Linnick and Fasel [67], Mayo and Greenbaum [68], Hosseinverdi and
Fasel [69], for example.



The improvement of the treatment of immersed boundaries in the Vortex Particle-
Mesh methods is precisely the central goal envisioned of this work. This challenge has
been first tackled in two dimensions in the work of Marichal [14]. Indeed, the author
presented a first version of the Immersed Interface Vortex Particle-Mesh method, suf-
fering from two main drawbacks. First, the Poisson solver was costly and difficult to
extend to three dimensions. Second, the splitting approach of the diffusion operation
limited the time convergence to O (At).

These two drawbacks constitute the starting point of our work, which aims to pro-
pose a fully scalable and efficient Immersed Interface treatment for the Vortex Particle-
Mesh method.

Outline

In Chapter 1, we first present the different algorithms and methods used throughout
this work: the Hockney-Eastwood algorithm, the Lattice Green’s Function and the
Immersed Interface method. This chapter is meant to propose a concise, yet complete
description of the main computational techniques in order to help the reader when
going through this document.

The first part of this work, in Chapter 2, focuses on the iterative penalization
method, a non sharp, yet non-intrusive way to take an inner obstacle into account.
This approach suffers from the requirement of solving a large number of Poisson equa-
tions in the iterative procedure. To reduce the computational cost and preserve the
quality of the solution, we propose to recycle previously computed solutions through
the use of a deflated BiCGStab linear solver. We demonstrate the computational gain
and assess its performance on well known benchmarks such as the impulsively started
flows past a cylinder and past a plate.

In the next chapter, Chapter 3, we present an efficient Poisson solver in the
Immersed Interface framework. Our approach, based on the Sherman-Morrison-
Woodbury formula, decomposes the problem into two sub-problems. The first one
is a bulk Poisson equation, that can be solved using a standard Poisson solver (multi-
grid, FMM, FFT). The second problem is a very localized and smaller compared to
the first one. This second problem is then solved only in the vicinity of the immersed
surface based on the recycling approach proposed in Chapter 2.

In Chapter 4, we develop the two dimensional version of the Immersed Interface
approach applied to the Vortex Particle-Mesh method. This proof-of-concept is a
preparatory work to the three dimensional work. In this chapter, we propose an ap-
proach which relies on the computation of the wall vorticity using a boundary condition
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similar to the Woods boundary condition. Hence we eliminate the splitting problem
and retrieve the expected order in time convergence. We also generalize the Hamilton-
Jacobi extension to the Immersed Interface framework, which is used to compute ghost
particles required by the particle-mesh interpolation procedure.

This work in 2D lays the foundations for the three dimensional Immersed Interface
method proposed in Chapter 5. It generalizes the work done in Chapter 4 and extends
it to handle new challenges, such as the stretching term computation and the solenoidal
reprojection technique. In this chapter, we also analyze and discuss the performance
of the proposed approach, compared to the iterative penalization approach proposed in
Chapter 2, using the benchmark of the flow past a sphere at Re, = 300. We also detail
the way to evaluate surface integrals around the surface and assess its convergence on
the Stokes flow past a sphere.

Finally, in Chapter 6, we present a preparatory study of a two dimensional Poisson
solver in a multiresolution framework, using a wavelet approach. This solver is de-
signed for the Immersed Interface application and makes an extensive use of the level
to level interpolation provided by the wavelet framework. We finally demonstrate the
convergence of the proposed approach.



CHAPTER ].

Methodological context

1.1 Introduction

The aim of this chapter is to summarize the methods and algorithms used throughout
this work, the unbounded Poisson solvers, the lattice Green’s function and the Im-
mersed Interface method information, in order to facilitate the reading of this docu-
ment. The applications of these methods can be found in the following chapters.

First, we present the Hockney-Eastwood algorithm in §1.3 and its Fourier anal-
ysis. In §1.2, we present the lattice Green’s function, initially introduced in 2D by
Martinsson [70] and Gillman and Martinsson [22].Finally, we introduce the Immersed
Interface method, originally proposed by Leveque and Li [65] and further improved
by Linnick and Fasel [67] and Li and Kazufumi [71].

1.2 The Lattice Green’s Function

In this section, we present the Lattice Green’s Function, introduced by Martinsson [70].
We first focus our approach on the 2D case, as proposed by Gillman and Martinsson
[22] and then we extend the development to 3D, as done by Liska and Colonius [72].
Let us first consider a Poisson equation and its associated Green’s function, G, defined
as

ViG=56 . (1.1

The straightforward inversion of the V2 operator is challenging and computationally
intensive [73—76]. In its analytical form, the Green’s function has a singularity atx = 0,
which requires an infinite series of wavenumbers. When considering a discretized
domain with a grid spacing given by A, the maximum wavenumber representable on
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the grid is k = z/h. The way to treat this issue and therefore to regularize the problem
is crucial to obtain the desired convergence behavior.
A first solution is to regularize the Green’s function analytically, typically using
a Gaussian filter [16, 17, 23]. The number of moments conserved by the filter deter-
mines the degree of convergence of the global Poisson solver. This approach is widely
used and studied throughout the literature in other contexts such as the vortex particle
method [77] or the regularized Stokeslets method [78]. Here, we use another tech-
nique which considers the discretized version of Eq. (1.1) and therefore eliminates the
singularity issue,
ViG, =46 . (1.2)

where Vi stands for the Laplacian operator expressed using a finite difference stencil.
Without loss of generality, we will consider the Green’s function associated with
the standard second order stencil.

2D Lattice Green’s Function

In 2D, as proposed by Gillman and Martinsson [22], the Poisson equation Eq. (1.2)
expressed in wave space, k = (kx ; ky) € [—n/h ; n'/h]z, becomes

% [4sin* (k,h/2) +4sin* (k,h/2)| G, 2 6 (kh) G, =1 . (1.3)

The associated Lattice Green’s Function (LGF) is given by the unbounded inverse
Fourier transform! of 1/ (6 (kh)) [22], see Eq. (B.6b),

exp (i X, k)
// dk . (1.4)
Qr)? M =z/n 4sin? k h/2) + 4 sin? (kyh/2)

The LGF can also be expressed, with respect to m = % = {mx ; my} only, as

G // exp(im- §) dE (1.5)
(%) (27r)2 —x 4sin? (£,/2) +4sin’ (&,/2) ’ '

with & = kh. For small |[m|, we evaluate this integral numerically, while for [m| suffi-

A
Gh m=

ciently large (in practice, |m| > 32), Eq. (1.5) is replaced by the following expansion

I'We here note that the convention used by [22, 79, 80] defines the inverse Fourier transform using
exp (—i X, k). Since the Green function is real, the two conventions are equivalent.
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[79] (given with more terms in Appendix C, Eq. (C.7))
log (8)]

Gy (x,) :i [log (m) +y +
__

247 |m|®
+..+0(1//m|"?) (1.6)

2
4 4 2.2
[mx+ y—6mxmy]

3D Lattice Green’s Function

The 3D case is a generalization of the 2D development. As proposed by Liska and
Colonius [72], the body-free Poisson equation, Eq. (1.2), expressed in wave space,
k=(ke; ky; k;) € [~x/h; x/h]’, becomes

k.h kyh k,h\1 .
% [4sin2 <%> + 4 sin? (%) + 4 sin? <%>] G,26knG,=1, (1.7)

The associated Lattice Green’s Function is given by the unbounded inverse Fourier
transform of 1/ (6 (kh)), see Eq. (B.6b):

z/h h? exp(ix, -k
G () === [l — el
@ry’ M —x/n 4sin” (k h/2) +4sin” (k,h/2) +4sin* (k,h/2)
(1.8)
The LGF can also be expressed, with respect to m = % = {mx ;my mz} only, as

1 r exp(im- &)
G = d& , (1.9
# (3n) Q@n)’ h ///_,, 4sin’ (&,/2) +4sin® (£,/2) + 4sin® (£,/2) £ 02

with & = kh. For small |m|, we evaluate this integral, while for |m| sufficiently large,

Eq. (1.9) is replaced by the following expansion (given with more terms in Appendix C,
Eq. (C.10)),

1
47 |m)|

Gy, (xm) h=

4 4 4_ 2.2 .2 2.2 2 o 2 2
[mx+my+mZ 3mxmy ?amxm‘Z 3mymz]

16z|m]|7

+..+0(1/m|%) (1.10)

Using this LGF, we express the application of the inverse of V%l as an unbounded
convolution,

u= [V}_zzf]ij:ZGh (Xkl_xij)f(xk[> ) (1.11)
kl
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which is computed using the Hockney-Eastwood algorithm (see §1.3) or the KiFMM
algorithm as in Gillman and Martinsson [22].

1.3 The Hockney-Eastwood algorithm

In this section, we present the Hockney and Eastwood algorithm, first from a schematic
point of view, then from the Fourier point of view. A short reminder of the Fourier
transforms and of some helpful properties is given in Appendix B.

1.3.1 Real space analysis

The goal of the Hockney-Eastwood approach is to elude the periodicity imposed by the
Fourier transform in order to compute the unbounded convolution between a kernel,
G, and a source term with a compact support fully included inside the computational
domain. We then aim at replacing the unbounded convolution by a bounded sum over
the domain. In order to do that, we will consider a doubled domain where the Green’s
function is made periodic, G,, and the source term is extended using a zero-padding
f.» see Figure 1.1. Then, one performs a periodic convolution on the doubled domain,
[0; 2L]. This convolution is accelerated using the Fourier transform on the doubled
domain. The result of this convolution is exactly the result of the unbounded convolu-
tion in the domain [0 ; L] and has no meaning in the domain extension, from [L ; 2L].
Therefore, we then discard the solution in the domain extension and only consider the
original computational domain.

The total cost of the method is then @ (2N log (2N)), neglecting the memory over-
head and the communication between processors if any. In order to reduce the compu-
tational cost, two improvements can be applied to the presented algorithm. Although
we have not used them in this work, we present them for the sake of completeness.
First, one could use a DCT instead of a domain doubling to compute the Green’s func-
tion. Considering the convention used in the FFTW library, a DCT of type 1 could
be used in the example in Figure 1.1. Second, the zero padding of the sources and the
associated Fourier transform on the extended domain may be avoided. Indeed, the zero
padding of the source is an interpolation in the Fourier space. The zero-padded DFT
is given by, see Eq. (B.5a),

A 1 2
f (k)= N Z f(x;)exp (—1 ki xj> , (1.12)
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Figure 1.1: The Hockney-Eastwood algorithm illustrated.

where we distinguish two cases, whether k is even or odd, respectively,

When k is even,

N-1
1 . T
N j;o [f (xj) exp (—1 5T xj)] (1.13a)
N-1
1 . (k=1D2x
N Z [f (xj) exp (—1 — xj> exp (—1 A xj>] ,
(1.13b)

the Fourier transform can be computed using a standard real to com-

plex DFT on a domain [0 ; L]. When k is odd, we first need to evaluate

.2
f (xj) exp (—1 ﬁ xj> (1.14)

before computing the complex to complex DFT. In practice, the cost of this double
DFT is O (2N log (N)) instead of O (2N log (2N)), which represents a cost saving of
O (2N log (2)). In terms of memory saving, there is no advantage since we still need

to keep 2N values.
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1.3.2 Fourier analysis

Given the unbounded discrete Green’s function, G, and its Fourier Transform, G, the
Hockney-Eastwood algorithm is decomposed as follows:

1. It windows the Green’s function G on the doubled computational domain (from
—L to L). This operation implies a convolution with the Fourier transform of
the window function, W,

G, (x,) =G (x,) W(x,) ©G,(k)=Ghk) W (k) , (1.15)
withn={-o00; ...; —1;0; 1; ...; +oo}and k = [—ﬂ/h; 71'//’1].
2. It periodizes the function G, on the doubled computational domain, which is
equivalent to sample the Fourier function, Gw, with a frequency of k, = ;—Z =
T
L R R
G, (nks) =G, (k) S(k—nks) . (1.16)

The Green’s function actually used in the Hockney-Eastwood algorithm is then
given by

G, (nky) = [G (k) * W (k)] 6 (k —nky) . (1.17)

E

LS

would have obtained by taking a standard DFT on the computational domain (0 to

Let us stress that the sampling frequency, k, = =, is half the sampling frequency we
L), iy Therefore, while computing the source term using Fourier series, it has to be
interpolated at that half frequency. This Fourier space interpolation is performed by a
zero-padding of the sources to the real domain.

As indicated by Eq. (1.17), the Fourier spectrum of the equivalent Green’s func-
tion, obtained through the Hockney-Eastwood algorithm, is not equivalent to a sam-
pling of the analytical Fourier representation of the unbounded Green’s function. As
a counter-example, let us apply the Hockney-Eastwood algorithm to the second order
regularization function, proposed by Hejlesen et al. [17],

1 1 p?
GG—Z[log(r)+§E1 <3>] , (118)

where p = i, with ¢ = 2h. First, we assume that the real form is known and given
by Eq. (1.18). The Hockney-Eastwood algorithm windows the Green’s function and
doubles its domain, as shown in Figure 1.2. If the Fourier transform of the kernel is
sampled without any windowing operation, it results in an “aliasing" phenomenon in
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Figure 1.2: Regularized Green function for the Hockney-Eastwood algorithm Periodized Green’s
function from the sampling theorem applied in the Fourier domain (—); its evaluation with windowing, as
performed by the Hockney-Eastwood algorithm (<> ); equivalent Green’s function obtained when sampling
the Fourier transform and discarding the windowing (—) and its Hockney-Eastwood evaluation ( O ).

the real space if the sampling frequency is not small enough, illustrated in Figure 1.2.
In this example, we have used a highly inadequate sampling frequency to highlight the
different phenomena at play.

1.4 The Immersed Interface method

We here provide a brief presentation of the Immersed Interface Method (IIM), as ap-
plied in this work. For a more detailed information, we refer to [65, 67, 71, 76, 81, 82]
and the references therein. We start with a general presentation of the method in 1D
and then detail its application in 2D and 3D.

General considerations

The IIM relies on the handling of discontinuities in finite difference stencils. The
discontinuities are incorporated into the stencil using a jump-corrected Taylor se-
ries. As an example, let us consider a one-dimensional function u (x) = u©® (x) €
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c® (IR \ {xa}) and describe the IIM for the evaluation of the second derivative (re-
quired for the Laplacian evaluation in two and three dimensions), with second order
accuracy. As shown in Figure 1.3, the function u (x) and its derivatives, () (x), may

body  FrrtTE Aow

Figure 1.3: 1D Immersed interface scheme The standard 3-point stencil (O ) intersects the interface and
generates a control point ( % ), discontinuity affected points ( O ) and primary interpolation points ( @ ).

be discontinuous at the interface, x, € ]xi ;X +1]. Using a generalized Taylor series,
we write a modified finite difference scheme at x; and x; | for the second derivative,
u®, still valid across the interface (x,),

u? (xi) = % [u (x,-_l) —2u (x,-) + (u (x,-+1) - J:)] +0 (hz) (1.19a)

1 -
U@ (x14) = e [(u(x;) +J7) = 2u(xi41) +u(xi00) | +O(R*)  (1.19b)
where we define the jumps as

)’ nt)’
TEEO] + ’I—T [u®D], + % [u®], + % [uP], +0(h*) (1202

_ h (h)
o 2 WO, + 37 WV, + = [P,

<h-)'3
o @], + 0O (r*) (1.20b)

with A* = (xi+1 - xa) positive, A~ = (xi - xa) negative and the jumps in the kth
derivative:
(9] 2 u®) (x,0) —u® (x,-) . (121

Without loss of generality, we assume that x < x, represents the immersed obstacle,
Q. Inside Q,, all derivatives are supposed to be known since we know the desired
solution inside the obstacle, for instance a null field as in Figure 1.3. Outside €2, the
evaluation of the value and the derivatives at the wall, required by Eq. (1.21), uses one-
sided interpolation schemes and eventually the boundary condition (in this example, a
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Dirichlet boundary condition: u, = u (x})),
u® (xa+) = S;‘ua + S{‘u (x,-+2) + Sé‘u (x,-+3) + S;‘u (x,-+4) +0 (h4_k) , (1.22)

which is in agreement with the global accuracy needed by the corrected scheme and
the second derivative evaluation. The intersection between the mesh and the body
surface is called “intersection point" (or “control point"), the points x; and x,,; are
called “discontinuity affected points" (or “biased points") and the mesh-points needed
by Eq. (1.22) are called “primary interpolation points".

Other variants of the presented methodology are also used in this work when we
evaluate first degree operators, (V-) or (VA) for example, or when we do not have
any boundary condition to impose. To evaluate first degree operators with second
order accuracy, the number of derivatives in the jumps evaluation, Eq. (1.20), can be

reduced,
2
+

+ _ [0 h* 1 a ()" o 3

F= O], + )+ L), vo ) . a2
and only two primary interpolation points are needed for the evaluation of the wall
derivatives:

u® (xpr) = Skuy + SFu (x145) + Sku (x,45) + O (PP7F) (1.24)

for k = 1,2, with S, the interpolation coefficients satisfying the needed accuracy.
Following the same approach, when no boundary condition is provided, we rather ex-
trapolate the value of the field up to the boundary, leading to another evaluation of the
wall derivatives,

u® (xa+) = leu (x,-+2) + Tzku (xi+3) + T3ku (x,-+4) +0 (h3_k) , (1.25)

with T, the extrapolation coefficient satisfying the needed accuracy.

The Immersed Interface tool is applicable to a wide variety of boundary conditions.
While we only presented three of them, one can quickly realize that a large number of
combinations are available.

Generalization to higher dimensions

When considering higher dimensions, we use the dimension splitting approach, i.e.
we apply, dimension by dimension, a 1D jump correction to standard 2D stencils, as
proposed by Linnick and Fasel [67] and Marichal et al. [76].

Let us first consider a 2D intersection between the body and the mesh, and define
the current local direction, &, as the direction of the grid line intersecting with the body
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and the transverse local direction, 7, see Figure 1.4. Following these definitions and as-
suming a Dirichlet boundary condition, the derivatives needed in the jump evaluation,
Eqgs. (1.20), are then expressed, using the notation of Figure 1.4 with §;, < £, < &, as

ok > -
EZ « S ug+ Z S u (&) + O (A7) (1.262)
i=1
) 3
P =St ur TS ulen) 1O a2
=1

for k = 0,...,3 and the missing values in the # direction are interpolated from the
neighbors,

4
u (Geny) = X R u (& o) + O () (1.27)
i=1

where Sy, is a shift variable, computed for each level (see below). Following the no-
tation in 1D, the grid points involved in Egs. (1.26) are called “primary interpolation
points", while the points required in Eq. (1.27) are called “secondary interpolation
points". Finally, let us also note that Eq. (1.26a) is a generalization to higher dimen-

sions of Eq. (1.22).

3

n

m

X—0

! Mo
£ & L& & & &

(a) Approach proposed by Marichal [14] and (b) Approach used in Chapters 4 and 5.
used in Chapter 3.

Figure 1.4: 2D Immersed Interface scheme - The mesh intersects the interface and generates one control
point ( X ), two discontinuity affected points (or biased points) (O ) and primary interpolation points in the
current direction, &, and in the transverse direction, # (represented as ® and O, respectively). Primary
interpolation points in the # direction are computed as a polynomial interpolated values using secondary
interpolation points (M and O).

The choice of the secondary interpolation points, i.e. the value of the shift coeffi-
cient s, in Eq. (1.27), varies from one approach to another. Marichal [14] recommend
to use the most centered scheme possible to reduce the interpolation error in Eq. (1.27).
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We use this approach in Chapter 3 and discard any point inside the body and shift the
interpolation stencil in the bulk when it crosses the boundary, see Figure 1.4 on the
left side. In Chapters 4 and 5, we keep one point in the body when the secondary in-
terpolation stencil crosses the inner boundary, in order to improve the consistency at
the interface and reduce the number of the secondary interpolation points in the flow.
The value of the inner point is computed by extrapolation in the ¢ direction, using the
jumps, Eq. (1.26a), at the interface, as it would have been computed when consider-
ing primary interpolation in the & direction at that level. Following the example in
Figure 1.4, the point u (&,7,) is computed using Egs. (1.20) and (1.26a), evaluated
at level #;. With this choice, we aim at reducing the interpolation error and still con-
sider the best possible information. Still following the example in Figure 1.4, the shift
variables are then Sp, = 1, Sy, = 0 and Spy = 0.

Neumann boundary condition in higher dimensions

While the generalization of the Dirichlet boundary condition to higher dimensions
is straightforward, see Eq. (1.27), imposing a 2D (or, equivalently a 3D) Neumann
boundary condition increases the complexity. Indeed the dimensions are linked by the
imposed boundary expression but are splitted in the IIM. To solve that problem in a
coherent way, Marichal [14] proposed to use the so-called “compatible interpolation
scheme". We refer to Marichal [14] for the 2D scheme, as we here present its extension
to 3D. First, we introduce a second direction to the local system of axes, defined at the
intersection between the grid line and the body boundary, x = x,, as shown in 2D in
Figure 1.4. We name the current direction, £ and the two transverse directions, #; and
n,. Following the 2D case, the values at grid points aligned with the current direction
are given by U p, while values aligned with the transverse directions, Uy, p» are not
necessarily associated with grid points. The compatible interpolation scheme consists
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of the following interpolation relations, formulated at the intersection,

3
d
Uy = Sf:oaz, + Z S,;’O” (§1+17 1,05 ’12,0) +0 (h4) (1.28a)
L= O (&40 10) + O () (1.28b)
a= SZZ’OSTM Snz u (&g gomay) + O (h*) (1.28¢)
2
ou ou du ou

—=n—+n, — +n, — 1.28d

on S0 om T ™om (1250
where S50, §71:9 and S0 are the interpolation coefficients of Eq. (1.22) associated
with the direction &, 7y, #,, respectively. In order to make the notation more compact,
we define the following abbreviations,

sE0 2 Zsé 5z+1,'110 '120) (1.292)
smo & Z ST éga"71p’72 0) (1.29b)
j=1
3
0
gm0 & Z 572 u(Eptigotny) - (1.29¢)
j=1

Using this notation and solving the compatible interpolation system, formed by
Egs. (1.28), leads to an expression for u

o8’
ou 0 1.0 0u 0 0
kel D [ '71 '72 an <an1 ng +nrl2S"11| >S§,0
+m, SEOSm0 4 n, 105 (1.30)

where D is the determinant of the system,

D =n,5/""sP° +n, SEO5P20 0, SEOSTO (1.31)

m~a

The values aligned with the transverse directions, u (ia, nj» ;12’0) and u (ia, M.0- M1 ) ,
are retrieved by interpolation, using secondary interpolation points (see Figure 1.4),
similarly to the two dimensional approach.
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When considering a Neumann boundary condition, the jumps are then computed
using Eqs. (1.20), (1.21) and the derivative of u at the interface in the & direction from
Eq. (1.30),

ok F)
g: S u| +ZS u (&1, M0 Mmy) + O (h*F) (1.32a)

Evaluation of first degree differential operators

As already mentioned in 1D, there is a large number of combinations between the
needed accuracy and type of boundary condition. We here present two of them in a 2D
framework: the evaluation of a first degree operator and the extrapolation of the field
when no information is available from the boundary condition. Following the same
approach as in 1D, when evaluating first degree operators, we use a degraded version
of the presented method: only two primary interpolation points are needed and the
wall derivatives are then expressed as

oku

2 e = S u, +Zsf" (Eisro1a) + O (B37F) (1.33a)
ak
# = 51 u, +ZS”" (&pmj) + O (BP7F) (1.33b)
with
3
u (&) = Z <5i_z+s,,j,nj)+(9(h3) : (1.34)

Again, Sy, is chosen such that the interpolation error is reduced.
When no information is available from the boundary condition, the field is extrap-
olated up to the wall using the following formula,

05" 2 T z+1 ’7()) +(9(h3 k) (1.35a)
otu < k 3-k
okl = 2T u () +0 () (1.35b)

i=1

and Eq. (1.34). The way we compute the interpolation/extrapolation weights (S, R, T,
S, R, T) is detailed in Appendix D.1 along with a detailed description of the different
Immersed Interface stencils used in Appendix D.2 (in 2D).
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Computational overhead

The computation cost of the construction of the stencil is small compared to an oper-
ation in the whole computation domain. Indeed, let us consider an obstacle of length
D (in the case of a sphere, D = 2R) and an associated grid-resolution N = D/h (the
computation domain has a global resolution of N¢ where d = 2 or d = 3 in 2D or
3D respectively. For a 2D problem, in each direction, the interface will cross the grid
2D/h times. It will then generate 4D /h control points and 8 D/h biased points. For
a 3D problem, we have to consider 2D/ slices in Z direction and each one of them
will contain up to 4D/h control points, in the X and Y directions. We then slice the
domain in the X direction to obtain 2D/h slices containing 2D /h intersections in Z
direction. We will then have up to 12D /h? control points and 24 D? / h* biased points,
in the worst case. For each biased point, the interpolation weights are computed locally
by solving a few small linear systems (4 X 4 matrices).

The global computational overhead, then scales as O (N (d_l)). This is relatively
small compared to the cost of evaluating a source term O (N d) or to the cost of a Pois-
son solver (O (N%log (N“))). The real challenge in the Immersed Interface lies in
the implementation on massively distributed architectures as the load balancing is not
trivial and the communications may be expensive. The lack of a dedicated treatment
of this issue can result in a high penalty as only a few processors would be concerned
by the IIM jumps computations and its application.



CHAPTER 2

An efficient iterative penalization
method using recycled Krylov
subspaces and its application to
impulsively started flows

This chapter is based on the published article An efficient iterative pe-
nalization method using recycled Krylov subspaces and its application
to impulsively started flows, T. Gillis, G. Winckelmans, P. Chatelain,
Journal of Computational Physics 347 (2017) 490-505.

2.1 Introduction

Vortex methods use the vorticity-velocity formulation of the incompressible Navier-
Stokes equations. Re-meshed vortex particle (VP) methods have been shown to
efficiently and accurately simulate complex viscous vortex flows [2, 3, 10, 30, 63].
The Lagrangian treatment of the convection term, combined with the re-meshing
operation leads to a method with accurate treatment of the convection. The re-
meshed and hybrid approach, as in [2, 3, 24, 26, 36, 83, 84], here called the Vortex
Particle-Mesh (VPM) method, sometimes also called the Vortex-In-Cell (VIC)
method, combines the advantage of a particle method with those of a mesh-based
approach. Several techniques have been proposed for embedding solid bodies with
arbitrary geometries in VPM methods [10, 30]. Most recent efforts use Immersed
Interface method (IIM) [76, 81] or penalization techniques [32, 55, 56]. For the

23
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latter, an iterative penalization method has been proposed by Hejlesen et al. [34],
in order to improve the accuracy at the boundary, avoid diffusion errors [85] and
keep the time-step sufficiently large. However, this iterative procedure is highly
expensive since, at each iteration, one needs to recover velocity from vorticity by
solving a Poisson equation. When considering unbounded problems, this can be
carried out on a small sub-domain around the body; yet it still remains the bottleneck
operation of such method. Moreover, in a parallel computing context, this domain
change implies some important data mappings in order to maintain acceptable
load balancing within the penalization sub-problem. In this work, we propose
to formulate the penalization problem as a linear system and to use advanced it-
erative methods to reduce the number of iterations needed by the penalization sub-step.

Iterative methods for generic linear systems as Ax = b are widespread. When
the matrix A is Hermitian, one of the prominent algorithms, the conjugate gradient
method (CG) [86] uses short 3-term recurrences to build the solution iteratively. This
implies that the storage overhead is low enough to be used in CFD applications.
To solve more general systems, one usually uses the GMRes algorithm [86, 87].
Since this method is based on the construction of an orthogonal basis of the Krylov
subspace at each iteration, the cost in memory and orthogonalization increases with
the number of iterations. Therefore, another approach has also been proposed in the
literature: transform short recurrences from the CG algorithm to make it suitable
for arbitrary matrices. Two generalizations of CG based on bi-orthogonalization
were proposed: BiCG and QMR. BiCG, however, requires two matrix - vector
products involving A and A”. To overcome this limitation, Sonneveld [88] proposed
a transpose-free variant: the conjugate gradient squared algorithm (CGS) which
improves the convergence by using the “wasted" matrix AT - vector multiplication.
Yet, this variation can exhibit a build-up of rounding errors and erratic convergence.
An improved version has then been proposed by van der Vorst [89], BiCGStab, which
stabilizes the convergence behavior. This method rapidly became famous due to its
low computational cost and simplicity.

The integration of time-dependent PDEs very often involves a linear system
solution at each time step; this can be due to either an elliptic sub-problem (as in the
present fluid mechanics problem) or the use of implicit time integration. Linear solvers
are thus ubiquitous in computational science and constitute a focal point of research
in applied mathematics. When using an iterative solver, the computational cost will
be directly governed by the number of iterations needed to converge. In the context
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of a time-dependent problem, this motivates the recycling of the Krylov subspaces
obtained during the previous solution. Generalized conjugate residual method with
inner orthogonalization (GCRO) [90], GMRes and BiCGStab with deflated restarting
[91-94] and GCRO with optimal truncation (GCROT) [95] are as many examples of
such algorithms. Assuming a continuous behavior of the PDE and its solution in time,
Amiritkar et al. [96] proposed a recycling solver based on the combination of both
GMRes with deflated restarting and recycling BiCGStab and applied it to standard
CFD problems such as turbulent channel flows and flows through porous media. We
further extend this latter work to the penalization method in the vorticity formulation
of the incompressible Navier-Stokes equations. The computational gains are assessed
on the salient and enduring challenge of taking complex geometries into account with
VPM methods in an efficient and flexible manner.

In this paper, we present the transposition of the recycling BiCGStab to the penal-
ization in VPM methods to reduce the number of iterations needed in order to converge.
We assess its computational gains on benchmark problems: the number of calls to the
Poisson solver, the convergence and the memory overhead. We first briefly recall the
Vortex Particle-Mesh (VPM) method and the relevant algorithmic techniques, then we
detail the proposed penalization algorithm in Section 2.2. In §2.3 and §2.4, we present
an assessment of the computational efficiency of our method. We close this paper in
Section 2.5 with a conclusion and perspectives for future work.

2.2 Methodology

2.2.1 Vortex Particle-Mesh (VPM) method and Brinkman penalization

We briefly present Vortex Particle-Mesh methods, the use of penalization techniques
and the way the penalization step is solved using iterative methods. Particle-mesh
methods are well suited for solving advection dominated problems. The VPM method
is a prime example; it solves the vorticity formulation of the incompressible Navier-
Stokes equations [2, 3, 24, 34, 36]. In 2D, we only have the out-of-plane vorticity,
® = we,, and b 5
w @ 2
E=E+u-Vw=vVa), 2.1

where u is the velocity which has to be recovered through the Poisson problem,

VZu=-VAw® . (2.2)
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The vorticity field, w, is discretized by means of particles with positions x,, material
surfaces S, and integral of vorticity I', = f s, @ dx 2 w, S,. The mesh is used to
carry out operations such as the solution of Eq. (2.2) and operator computations [2, 24],
while the time integration is carried out on the particles. The 2D VPM method then
solves the following set of equations

da % _ u
dt la)p] h lv Vzw] ’ 2.3)
p

As a consequence, particle-mesh methods need to interpolate the vorticity field and
the right-hand sides of (2.3) between the particles and the mesh.

Brinkman penalization methods [34, 56] embed the object in the fluid domain and
enforce the velocity inside the obstacle, €2, to be u = u,, where u, is the desired ve-
locity inside the immersed body. It adds this constraint to the Navier-Stokes problem
using an additional penalization term, which will behave as a relaxation of any spuri-
ous velocity inside the object. Since the constraint is imposed on the velocity, these
methods are naturally applied to pressure-velocity formulation of the Navier-Stokes

equations
?3—';+u-Vu=—VP+vV2u+A;((ub—u) , (2.4)
where A is the Lagrange multiplier and y is the mask function taken as being
1 if x € Q,
= 2.5
2 () { 0 otherwise. 25

Applying the curl operator to Eq. (2.4) leads to the vorticity formulation. In 2D,
one then obtains the penalized form of the Navier-Stokes equations [57]:

aa_‘;’+u.Vw=vv2a)+,1V/\[;((ub—u)] . 2.6)

For each particle, we then solve the following set of equations

d | X u

dt Lo[;] B [v Vo + AV A [y (u,—u)] ) ' 7
These ordinary time-differential equations are typically time-integrated using a second
or higher order scheme (possibly using the first order Euler scheme for the diffusion
part) and the velocity field is recovered by solving Eq. (2.2). Solving this Poisson
problem is the bottleneck of such methods. For the unbounded domain considered
in this chapter, this is handled by using the Hockney-Eastwood algorithm which
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works on the Fourier transform of the zero-padded doubled-domain source field, see
Chapter 1.

The time integration of Eq. (2.7) is carried out through a splitting approach [42].
Given u”, @" and At, one goes through the following substeps:

1. Convection of the particles and interpolation of the vorticity onto the mesh (or
remeshing).

2. Diffusion on the mesh (here presented using the Euler scheme)

" = 0" + At [v V2a)"] . 2.8)

3. Computation of the unpenalized velocity field, on the mesh, by solving

Vot = —v A"t . (2.9)

4. Computation of the correction vorticity, on the mesh
so =T (u,a"") | (2.10)
where F is a function that varies from one penalization technique to another.

5. Update of the vorticity

" =" 4 5w (2.11)

and interpolate on the particles.

The function F effectively produces the vortex sheet, 6w, that cancels the velocity field
inside the body. This leads to the observation that penalization is very similar to the
problem solved using boundary elements methods (BEM) [10, 30, 63], as such BEM
method also computes the vortex sheet required at each time step in order to cancel
the slip velocity at the interface [30]. Both methods aim to capture the generation of
the same vortex sheet but through different formulations and discretizations (explicitly,
with panels or on a grid).

In the following, we give a short overview of all the penalization approaches pro-
posed in the literature. Without loss of generality, let us consider the penalization
subproblem in vorticity formulation,

dw

E=/1V/\[)( (u,—u)| . (2.12)



28 Chapter 2. Iterative Penalization

The numerical integration of Eq. (2.12) will drive the accuracy of the flow around and
inside the body. Due to the stability constraint, an explicit integration will bound the
value of AAt, hence leading to very small time steps to ensure accuracy. Therefore, the
implicit integration of Eq. (2.12), given by

"™ =" =50 = (A1) VA [y (w, —u")] (2.13)

with an unconstrained value of AAt, will be considered as a better choice. The velocity
u"t! is associated with the unknown vorticity, @"*!, through the Poisson equation
and is then also part of the unknowns. This formulation is therefore not usable in
practice. Many alternative techniques have been proposed to circumvent this issue. A
first widespread approach [32, 42, 57, 97] approximates Eq. (2.13) by the following

function
" + (1A1) yu,

1+ (AAY) y

which comes from an implicit Euler integration of the penalization sub-problem in

F (u,,0"™') =V A —amh (2.14)

velocity formulation,
%=l;{ (uy—u) . (2.15)
Because the implicit Euler scheme is unconditionally stable, one can use an arbitrary

high value for (AAt). One also verifies that this formulation is equivalent to

@+ (AADV A (yuy)

o' =
(1 +(AAD) )
+[1+GAN V] A (@ + (A1) zuy) (2.162)
= "+ (AN [VA (yu,) = x VA ()]
+[1+GAN V] A (@ + AAtzu,) (2.16b)

The mathematical error associated to this integration scheme, with respect to the per-
fect correction Eq. (2.13) is then given by

(VO Au™* 4 [1+ 480 (V )] A (07 + AAtpu,) 2.17)

As claimed by Rasmussen et al. [85], this error term generates substantial diffusion.
Let us mention another approximation which neglects the term (V y) A (u”“) and
leads to an an implicit integration of the penalization equation Eq. (2.12), with an
unconstrained value of (1Af),

"+ (AA1) V A (yuy)

~n+1) _ _ ~n+l
F (u, 0™ = T+ GAD) "l (2.18)
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As explained by Hejlesen et al. [34], both approaches do not provide a global relation
between vorticity and velocity which leads to a dramatically decreasing time step in
order to provide accurate results.

Since getting the correct vortex sheet, i.e. the correct pair (u”Jrl ; o'l ) ,is crucial
for capturing unsteady behaviors such as the added mass effects of accelerated objects,
Hejlesen et al. [34] proposed another way to evaluate F (ub,fl"+1). It is proposed
to solve the following problem: at time step n, given a non-penalized vorticity field,
@"t!, (and an associated non-penalized velocity field, @"*t1); the iterative penalization
method aims at finding the vorticity correction, 6w, which generates the velocity cor-
rection, éu, such that @"*! + 6u = u"*! = u, in Q,. The method proposed by Hejlesen
et al. [34] iterates on this vorticity correction to converge to consistent vorticity and
velocity fields (see algorithm 1). We rather formulate this problem as a linear system

AG®) =V Ay (u, -] (2.19)
where 6w = dwe, and the linear operator A is composed as
A s = VA [rou] = VA 2 (V) (-Vasey))] . 2.20)

We notice that this operator is non-symmetric because of the y function. If we pursue
the above analogy with the corresponding boundary integral equation in two dimen-
sions, we expect the operator A to have a non-void kernel. The uniqueness of the
solution is therefore not ensured. Indeed, the solution of Eq. (2.19) is defined up to
a constant which sets the circulation around the object. Nevertheless, as reported by
various authors [34, 42, 57, 85, 97] and observed here, one does not need to impose
the vorticity integral explicitly.

Within this framework, the iterative method proposed by Hejlesen et al. [34] can
be reinterpreted as an over-relaxed Jacobi iteration. The stability constraint reported
by the authors is in fact the well known stability constraint for this kind of method
0<a=(AAN<2.

Crucially, a single matrix-vector product, A é w,, is expensive: therein lies the
solution of a Poisson equation, as shown in Eq. (2.20). Because each iteration of the
penalization involves such an expensive component, this potentially makes the bound-
ary condition enforcement the bottleneck of the global algorithm. To reduce the cost,
Hejlesen et al. [34] proposed to reduce the computational domain of the penalization
method. When using a FFT-based Poisson solver, this domain restriction can only be
performed in the unbounded direction. Still, it reduces the computational and mem-
ory overheads due to the penalization. Nevertheless, a crucial issue remains: a Jacobi
method will require more iterations compared to more advanced algorithms, making
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Given: i"t!, @',

Set: 6wy = 0; 6uy =0
Compute: b=V A [y (u, —&"*")]; rg=b
fork=1,2,...do
o, =1—-a)éw,_1+ar_,
V2 (Suy) = =V A by,
re=VA[r(w- (8" +6u))]
end
o™ = & 4 S0

Algorithm 1: Penalization algorithm - Jacobi(a) from Hejlesen et al. [34].

its cost significant with respect to the rest of the time-step. One needs then to reduce
the number of iterations needed to reach convergence and hence, there is a strong mo-
tivation to reduce the number of iterations.

2.2.2 Krylov-based iterative methods

In this section, we briefly present the BiCGStab algorithm and the way to recycle
Krylov subspaces with this method. We refer to [86] for the fundamentals on this
class of methods.

We consider a non-Hermitian matrix, A € R™". One of the most famous algo-
rithm for such matrices is GMRes. It consists in computing iteratively an orthogonal
basis, V, of K (A)!, such that, at each iteration,

VIAV=H  where Vv =1 (2.21)

and where H is a Hessenberg matrix (i.e H;; = 0if i > j 4+ 1) . Alternatively, there
is the BiCGStab method. It is a member of the bi-conjugated algorithm family which
replaces the Hessenberg matrix, H, by a tridiagonal one using bi-orthogonalization.
In other words, we bi-orthogonalize A

wly =1
WTAV =T  where AV =VT (2.22)
ATwW=wTT

1x(A) = span {b LAY, A% (b), A3(D), ... } denotes the Krylov subspace of the operator A.
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where T is the tridiagonal matrix. One of the first bi-orthogonalized variants of
the Conjugated Gradients (CG) method has been proposed by Lanczos [98]: Bi-
Conjugated Gradients (BCG). This method iteratively computes a solution of the sys-
tem A x = b using 4 vectors r, rz, Py, and pz, defined as

r = by (A)rg re =y (A7) 1}

*

N T s (2.23)
P =7 (A)rg p, =7 (A )ro

where ¢, is a certain polynomial of degree k which satisfies ¢, (0) = 1 and = is
another polynomial of degree k. The series of ¢ and # polynomials are initialized
as ¢y = my = 1. This algorithm then iteratively computes the solutions using short
recurrences [86]

(Ao pi(AT)r5)

(Amp(A)ry . 7 (AT) rh)

a =

¢k+1(x) = d’k(x) — Qi X ”k(x)
(¢k+1(A)"o ’ ¢k+1(AT) r?;)
(dx(A)rrg , b (AT)ry)

Tpg1 () = g1 (X) + By ()

The drawback of this method is to use 2 matrix-vector products (one with A and one
with AT) at each iteration to compute a; and f,. To take advantage of this wasted

(2.24)

=

matrix-vector product, Sonneveld [88] proposed the Conjugated Gradient Squared
(CGS) algorithm which is based on the observation that a;, can be rewritten as
e A)rg . 1y
o = (. ) (2.25)

(Axi(A)rg, r;)

Therefore it seeks for a residual defined by
re = Ay . (2.26)

However, this method shows poor convergence behavior. To stabilize CGS, van der
Vorst [89] introduced BiCGStab, a stabilized version where the residual is defined as

re = wi(A) g (A)rg (2.27)

where y; (A) is a polynomial assembled iteratively and chosen to smooth the conver-
gence. This new y polynomial avoids the use of the squared ¢, which damages the
convergence behavior. It endows the method with an improved convergence behavior
but, its convergence is not guaranteed to be monotonic anymore.
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2.2.3 Recycling methods

The recycling of information from one solution attempt to the next, on a perturbed
system, has become a much pursued area of research in linear algebra. All recycling
methods use the same framework: they first compute the best solution within a known
space and then solve the remaining part of the system [92, 94, 96]. In order to do so,
they rely on 2 subspaces: U, and C, both of dimension /, related by A : U" — C.
Recycling methods store 2 bases which span those 2 subspaces: U € R™ and C €
R respectively. Given those two bases, an initial solution, x_; and its associated
residual, r_; = b — Ax_,, recycling methods first seek for the best initial guess, x, =
x_; + Uy, where y € R/, that verifies

Xy = argmin [rof, (2.28)
subject to the constraints
AU=C and C'C=1. (2.29)
This problem becomes
Yo = arg myin |lr_; — AUY|, = arg myin [r_y = Cyll, = CTr_l . (2.30)

The optimal solution, X, and its residual are then given by the following expressions
[91]
x0=x_1+UCTr_1 r0=r_1—CCTr_l . (231)

The original problem Ax = b has then become
Alxg+l)=b =  Al=r, (2.32)

which we still have to solve. This is done using widespread algorithms like BiCGStab.
However, since x, is the best solution in V", we know that ry € C 1. To enforce this
on Eq. (2.32) and inside the iterative solver, we orthogonalize the remaining problem
with respect to C and solve the modified problem

Al =[I-CCT| AL =F5=r, . (233)

Since we solved Eq. (2.33) instead of Eq. (2.32) we have to recover { from E, which is
done using
x=xg+{=xo+[[-UCTA|¢ , (2.34)

as presented in [91].
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2.2.4 Recycling for the iterative penalization method

Instead of using a Jacobi iteration to solve the penalization part of Eq. (2.6), we propose
to use the rBiCGStab algorithm of Section 2.2.3, that recycles solutions from previous
time steps. We observe that the solution of the penalization problem, Eq. (2.19), does
not change much from one time step to another and therefore previous solutions are
accurate initial guesses. This rBiCGStab(/) algorithm will then store up to / previous
solutions and use them to compute the best initial iterate possible (Algorithm 2). What
might seem like an expensive memory overhead is actually limited as the support of
the corrective vorticity consists in the body and its direct surroundings. Additionally,
for an unbounded flow, we can also reduce the computational domain, as done in [34].

Algorithm 2 has two major advantages. First, the memory cost is constant with
the number of iterations, which is not the case for a GMRes-like method. Second,
performing the small orthogonalization is cheaper than solving a Poisson equation (
O (I n) versus O (n logn) where [ is chosen such that / << n). Furthermore, in this
version of the algorithm, the orthogonalization is carried out using a modified Gram-
Schmidt algorithm.

We note some drawbacks, however. First, it uses two matrix vector products per
iteration which makes it more expensive than the Jacobi method per iterate. Still, the
number of iterations needed to reach convergence will be much lower. Second, the
residual does not converge monotically as with a GMRes-like method. This is a well-
known behavior of this method and it is due to the use of bi-orthogonalization [86].

2.2.5 Convergence criterion for the iterative penalization method

Every iterative method needs a stopping criterion. We recall that the stopping crite-
rion should be an estimator of the solution quality. In Hejlesen et al. [34] the authors
propose a way to compute the error at each iteration as the correction vorticity field
first moment integral (i.e. the impulse). This stopping criterion is however not general
as it allows spurious solutions, which are even-symmetric with respect to the inflow
direction. For these reasons, we rather use a dimensionless penalization residual. At a
given iteration, k, we compute it as follows

1 1

k _ 2

By () = - 5 el (2.35)
where @,, = Uy /Lg,, Sq, is the obstacle reference surface, Lq is the obsta-

cle reference length and the 2 norm is taken as ||a||§ =2 j al.zjh2 and rp, = VA
[x (0, = (8" + 6u, ))].
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Given: @"!, "', U e R™, € € R™ such that AU = Cand CTC =T
Set: k=0; p,u=p=0
Compute:
b=Vx[r(w,—-a")]: & =-[CT8]: rg=b-C& B =lrl
Choose: 7 =r,

fork=1,2,...do
=T

p=rry
if p == 0 then Breakdown occurred. exit
if i == 0 then
| P=Tg
else
__ra
Pola @
p=ri+p(p—owv)
end
v = Ap; n:CTv; v=v—-Cv
a=
Ty
k1 = & T an; Xgy1 = X +ap; Fit1 =Tk —av

if E’;Jr1 < tol then exit; else k = k + 1

t=Arg n=C't t=t—Cp
tTrk
T
k1 = &k + oom; Xjp1 = Xg + @Fy; Fry1 =g — 0t
Polda =P
if Eszrl < tol then exit; else k = k + 1

end
bw=x; —Ug

end

if 6w # U, then

Cp.y =[Gy b—’kem,] ; U=|[Uy, b0"]
Ci.,=0R
Uy, =UR"! C. =0

end

wn+l — a~)n+1 + 6w

Algorithm 2: Penalization algorithm - rBiCGStab(/).
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2.2.6 Force computation

To compute the force exerted by the fluid on the immersed body, we use the momentum
formulation from Noca et al. [99], as proposed by Mimeau et al. [32]: considering a
control volume, €, that contains the obstacle, we have that

F:—i/ udx+/ y -ndx , (2.36)
dt Jo, 00,

where n is normal to .S = 6€, and

S T
Yy = 2|u| I Nl_lu(x/\((;)li+ _auco(x/\u)
N1 [(’“E)I_XE] (2.37)
+ [x-(V-DI-x(V-T)]+T.

N -1

in which N is the spatial dimension (2 or 3), I is the unit tensor and T is the viscous
stress tensor, given by T = pu [Vu + (Vu)T]. In our case, Q, is a rectangular box
containing the body, Q.

2.3 Validation and analysis

In this section, we use the flow past a cylinder at low Reynolds number (Re = 550)
to validate our approach and analyze its behavior. We use an adaptive time step, well
suited for the impulsively started flow considered here. The time step, A, is constrained
by the following accuracy conditions:

At||D|, < LCFL,, and  Af|o|, <LCFL, , (2.38)

where D = % [Vu + (Vu)T] is the strain tensor and LCFL, ~ LCFL,, ~ 0.15 ... 0.25
are typical values. Throughout this work, we consider a cylinder of diameter D in
an computational domain of size [SD X 5D] and we use the following dimensionless
variables:

. tU,, DU F-e,

Cl)D 00
o = — = — Re = Cp= . (2.39)
Uy, D % %PUEOD

Furthermore, we compute the penalization residual as being

K _D 4 2
Ey () = v\ 702 lrells (2.40)
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2.3.1 Flow past a cylinder at Re = 550

For this validation, we consider that the iterative procedure reached convergence when
Eé‘ < 107*. To put this convergence criterion in perspective, one should keep in mind
that, following the Falkner-Skan theory, the momentum thickness of the boundary layer
near the stagnation point is given by /D ~ 0.1462/ \/R_e. Using this thickness in-
stead of D in the scaling coefficient % would give a new convergence criterion of

< 6.23 1077, which is more representative of the physical interpretation behind the
residual, but it requires to have a priori information about the flow solution. The res-
1

olution of the full domain is % = Tom and the subdomain used for the penalization

problem, [%D ; ‘S—lD] , is centered on the cylinder. The time step coefficients are taken
as LCFL,, = LCFL = 0.25. We compare our drag coefficient to three references in
the literature: Koumoutsakos and Leonard [63] (KL), Ploumhans and Winckelmans
[10] (PW) and Marichal et al.[76, 81] (M). An analytic solution valid for short times
also exists [100] and is given by

L \? 15 1
Cp=4(=) +2”<9_ﬁ>R_e' @41

Figure 2.1 shows the evolution of the drag coefficient, defined at Eq. (2.39), for

short times.

As expected, we underestimate C, at the very early times (the theoretical behavior
is singular at # = 0%, corresponding to an infinitely thin boundary layer). Soon after,
our simulation is well-resolved and the Cp, curve falls back onto the theoretical curve,
(momentarily though, as this curve is only valid for short times). Our results also
compare favorably with all the references results of PW [10], KL [63] and M [76, 81].
The present method also shows a good agreement with the IIM Vortex Method of
Marichal et al. [76], which performs the highest order treatment of the wall boundary
condition among the reference results. It is important to note that our results are not
filtered and still exhibits a very low noise signal, unlike those of PW [10] who used
filtering (visible in the zoom ¢* € [0.15 ; 0.25]).

2.3.2 Analysis of the computational cost

In this section, we compare the computational costs required by Jacobi(1.9) and
rBiCGStab. The resolution of the full domain is % = ﬁ,

domain and the time step coefficients are as in §2.3.1. The error allowed inside the

the penalization sub-

body (and therefore the norm of the residual) will lead to an incorrect vorticity flux at
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.1

Figure 2.1: Impulsively started cylinder at Re = 550: Cj, penalization rBiCGStab(4) ( -@— ), KL
[63] (%), PW [10] ((J), M [76, 81] and PhD thesis [14] (/\) and Eq. (2.41) (= =). The first time step is
At =1076.

the wall and therefore will potentially pollute the flow solution outside the body. Fol-
lowing Eq. (2.35) and given a fixed time ¢*, we compute the so-called “external error"
as

= D 4 5 * 2
EY (m,1) = U \/E" (a)’ (m,l)—w;ef)u -0l%, (2.42)

where m is the number of matrix-vector products, / is the dimension of the recycled

subspace and a)fe is the reference solution at the given time #*. We chose a)f; as the

solution obtainedfby iterating till breakdown or convergence to a tolerance 0{ 10710,
Breakdown refers to a situation where the algorithm finds itself stuck: such a condi-
tion arises when the residual r is aligned with the conjugated residual 7. In the test
performed for this case, breakdown solutions are still well converged (E, < 107%).
However, this could be easily solved by restarting the algorithm and therefore picking

another 7. Since we are interested only in starting times, we define the “short-time total
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DO
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Figure 2.2: Impulsively started cylinder at Re = 550: EE"’ as a function of the memory overhead.

external error" as being

10
EXmi= Y ES mn)  with AF =001 . 2.43)
n=0

Influence of the number of iterations performed on the flow accuracy

The CPU-cost is directly driven by the number of matrix-vector (matvec) products
computed in the iterative process. In Fig. 2.3, we further analyze the relationship be-
tween the computational cost invested in the penalization step and the error level in
the flow, as defined by Eq. (2.42). The convergence slopes for EO, E(z)‘l and E;"’ are
shown in Table 2.1. There are several notable differences between the behaviors of
Jacobi and rBiCGStab-based methods. First we observe that the slopes of Jacobi are
~ (.7, while the slopes for rBiCGStab are ~ 1.1, highlighting a real computational
gain for rBiCGStab (cfr Table 2.1). We also notice, on the left part of Figure 2.3, that
the recycled subspace is very useful since it allows to reduce the mean error in the
flow with non-CPU overhead. Of course, storing additional solutions on the subdo-
main slightly increases the memory footprint, an overhead quite acceptable in view
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10° 10°
10-!3

10! b 4 1072 ‘\ \

1072 ¢ 110t
1075 ¢

1073 2‘ 4‘1 é 16 3‘2 6‘4 10_60 0.62 0.64 0.66 0.68 0.1

CPU cost (# of matvec) t*
Figure 2.3:  Impulsively started cylinder at Re = 550: (left) E;”’ as a function of the CPU cost

(which is directly proportional to the number of matvecs). (Right) E~; as a function of time for Jacobi
and rBiCGStab(2). Jacobi(1.9) ( -F ), rBiCGStab(0) ( <>~ ) and rBiCGStab(2) ( —0-).

Jacobi(a) rBiCGStab(/)

a=19 [ I=0[I=1[1=2]1=47]1=8
EC" | -068 | -116 | -1.16 | —1.16 | —1.16 | —1.16
EY 1 -080 | —-1.21 | —1.02 | —1.14 | —0.89 | —0.41
EX' | -071 | =119 | -1.09 | —1.17 | -1.17 | —1.14

Table 2.1:  Impulsively started cylinder at Re = 550: convergence slopes for different algorithms based
on the E~§ error defined by Eq. (2.42) and the E;‘” error defined by Eq. (2.43).

of the accuracy and CPU gains. Second, we observe, on the right part of Figure 2.3,
that reusing subspaces and using rBiCGStab can lead to non monotonic convergence
behavior (which, we recall, is inherent to the bi-conjugated methods). However, the
error is still lower that the error performed by Jacobi. As expected, we also see that the
gain in accuracy is more important at the very beginning of the simulation than when
the flow is more developed.
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Influence of the memory overhead on the recycled solution

The next parameter of interest is the dimension of the subspace to recycle, as pre-
sented on Figure 2.2. We see that the advantage of taking / previous solutions into
account quickly decreases with /. In the present case, choosing a value of / = 2 puts
us in the plateau area and guarantees that we are not involved in the non-monotonic
behavior of BiCGStab. We conclude that, even when using a “large" time-step (i.e.
C, = C, = 0.25), two previous solutions are enough for computational acceleration
and do not imply a large memory overhead. However, this conclusion needs to be putin
perspective since we consider very early times with a marked unsteadiness at ¢ = 0%.
After this strong transient however, the flow development is smoother and therefore
easily captured by the previous solution.

2.4 Results on impulsively started flows

2.4.1 Flow past a cylinder at Re = 9500

Vortex methods are well suited for moderately high Reynolds flows. In this section, we
present results for the flow past a cylinder at Re = 9500 and assess the computational
gain. We consider the algorithms Jacobi(1.9) and rBiCGStab(2). The resolution of the
full domain is % = ﬁ. The penalization subdomain stays the same as in §2.3.1 and
the time step coefficients satisfies Eq. (2.38) with the same coefficients as in §2.3.1.
We consider that both methods have to reach an error of E, < 1072, as defined by

Eq. (2.40), which allows a relatively converged flow solution at reasonable CPU-cost.

Figure 2.4 compares the flow obtained for the two methods considered. The drag
coefficients, Cp, shown on Figure 2.5, both exhibit a non-smooth behavior, typical
of the method we used to compute the drag force (see §2.2.6). One way to increase
the smoothness consists in performing more iterations, thereby decreasing the residual
error within the object. Furthermore, one notes that our results compare favorably with
those of the references [34, 63].

Fig. 2.6 shows the number of matrix-vector products needed to converge the solu-
tion down to the chosen tolerance. We observe that using rBiCGStab(2) reduces the
average number of iteration needed by a factor of ~ 48 (~ 22.6 for Jacobi(1.9) and
=~ (.47 for rBiCGStab(2)). Recycling solutions is therefore very effective at speeding
up the computation, even for high Reynolds number flows.
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A

(@) *=0.5 (b) r* =1

(c)t*=15 @ =2

Figure 2.4: Impulsively started cylinder at Re = 9500: (up) vorticity obtained with rBiCGStab(2);
(down) vorticity contour obtained with rBiCGStab(2) (- =) and Jacobi(1.9) (—), both with tolerance 1072,

2.4.2 Flow past a thin plate at Re = 1000

In this section, we assess the computational gains on a challenging benchmark charac-
terized by sharp corners and non-negligeable acceleration effects, due to impulsively
start, that, typically, can pose problems to a penalization method. The resolution of the

full domain is 22 = L

ST = 00 where L is the height of the plate; the penalization subdo-
main is (32h X 1024h); the time step coefficients are taken as LCFL, = LCFLp =
0.15 and the flat plate thickness is T = 8h, as in [34] (L/T = 512/5 ~ 100). The flat
plate constitutes a stiff problem to solve, especially at early times. It is indeed challeng-
ing for the penalization method to respond to the very important temporal variations of
this flow, when, furthermore, the penalization term support is a thin region: Hejlesen
et al. [34] reported that more than 100 iterations are needed in order to converge. Al-

though this convergence criterion is based on the drag coefficient (the iteration stops
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Figure 2.5: Impulsively started cylinder at Re = 9500: Cj, Jacobi(- - ), rBiCGStab(2) (—), Hejlesen
et al. [34] (= =) and Koumoutsakos and Leonard [63] (—).
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Figure 2.6: Impulsively started cylinder at Re = 9500: comparison of the number of matvec needed
to converge to a tolerance of 0.01 for Jacobi(1.9) (- =) and rBiCGStab(2) (—). The first time step of
Jacobi(1.9) needs 279 matvecs.

when the increment of the drag coefficient is less than 0.001 of the drag itself), one
could argue that this is too computationally expensive to make it usable within a real-
istic framework. In our case, we define the error Eé‘ , as

k _ L /1 2
E2 (rk) = U—oo ﬁ"rk"2 . (244)

The tolerance on this error for both rBiCGStab(2) and Jacobi(1.9) is 10~2. The

LU
Reynolds number is defined as Re = = =1000.
v
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The large scales of the flow are shown in Figure 2.7 for both solvers, while Figure 2.8
shows the evolution of the unfiltered drag coefficient, Cp,.

At early times, the use of the rBiCGStab method leads to drag coefficient results
that are a bit more spread than those obtained using the Jacobi method. Let us recall that
this problem is very stiff and especially at t = 0*. We observe that iterating through
the penalization method (and therefore performing more matrix-vector products, like
the Jacobi method does) helps to smooth the drag coefficient behavior. Furthermore,
one notes that our results for both methods compare favorably with the reference [34],
except at early times, where we observe a faster-decreasing drag than Hejlesen et al.
[34].

Moreover, one must keep in mind that the drag coefficient is obtained through a
control volume integration, which involves the first moment of vorticity. If the edges
of the penalized vorticity, which actually are in the control volume, oscillate (which
is very likely in the present very stiff problem), we expect to observe noise within the
drag behavior at early times.

As shown in Figure 2.9, the computational costs are noticeably different between
the two approaches: Jacobi(1.9) uses ~ 70 matrix-vector products on average while
rBiCGStab rapidly falls to an average of 0.55 matrix-vector products on average af-
ter the transient (tol = 1072). rBiCGStab only needs a relatively large number of
iterations during the first few time steps, which cover the early times of the impul-
sive start. Yet, we note that this number remains one order of magnitude below that
needed by Jacobi(1.9). The computational gain is thus significant and comes at the
cost of a moderate memory overhead. It is indeed here quite limited due to the uses of
a penalization-specific subdomain and of the small dimension of the recycled subspace
(I =2).

A closer inspection of the solutions inside the body reveals some differences be-
tween the two solvers. Figure 2.10 shows the solutions in the vicinity of a plate tip.
Both solvers exhibit a spurious vorticity within the plate thickness (which only cov-
ers 8 grid points). Yet this spurious vorticity is clearly more intense in the case of
Jacobi(1.9); it also gets dampened more slowly.

In other tests (not shown here) performed with a larger time-step (i.e. C; =
C, = 0.25), we observe oscillations in the drag coefficient results obtained using the
rBiCGStab method. These oscillations indicate that the recycling method is then sen-
sitive to the Lagrangian deformation of the particles which is large due to the corners
of the plate, especially at early times. For such stiff test-cases, the time-step should
therefore be wisely chosen, or a minimum number of iterations (i.e. resolutions of the
Poisson equation) should be enforced to damp any spurious oscillation. Nevertheless,
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(@) *=0.25 (b) t* =0.5

© =1 d =15

Figure 2.7: Impulsively started flat plate at Re = 1000: (up) vorticity obtained with rBiCGStab(2);
(down) vorticity contour obtained with rBiCGStab(2) (- =) and Jacobi(1.9) (—), both with tolerance 1072,

the flat plate problem indicates that sharp geometrical features and important unsteady
effects exacerbate the differences between the two solvers, leading to even higher com-

putational gains.
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Figure 2.8: Impulsively started flat plate at Re = 1000: Cp, rBiCGStab(2) ( ® ) and Jacobi(1.9) (—)
both with tolerance 102, For comparison purpose, we also represent, on the zoom, the drag curve from

[34] (L/T =~ 100) (—).
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Figure 2.9: Impulsively started flat plate at Re = 1000: CPU cost to converge to a tolerance of 1072,
Jacobi(1.9) (- =) and rBiCGStab(2) (—).
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(a) * =0.02 (b) t* =0.04 (c) t* =0.06 (d) " =0.08

Figure 2.10: Impulsively started flat plate at Re = 1000: tip vorticity obtained with tBiCGStab(2) (up)
and Jacobi(1.9) (down) both with tolerance 1072.
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2.5 Conclusions

Penalization methods in vortex methods are very well suited for the use of recycling
iterative solvers. The unknown penalization vorticity is restricted to the boundaries of
the body, thus keeping the storage of previous solutions affordable. Solving for this pe-
nalization step is also potentially expensive as it entails an elliptic problem: velocities
induced by the correction vorticity have to be obtained, which amounts to solving a
Poisson equation. Because the right-hand side changes only slightly between two time
steps, previous solutions can be efficiently recycled. We developed the approach and
motivated the adoption of the rBiCGStab (recycled Bi-Conjugate Gradient Stabilized)
as the underlying solver for this application.

The resulting algorithm was assessed on benchmark problems: the flow past an
impulsively started cylinder at low and moderate Reynolds numbers and the flow past
an impulsively started flat plate. The convergence with respect to the external error is
found to be twice as fast as that of the competing approach [34]. Recycling previous
solutions also saves many iterations: it divides the cost of iterative penalization by
a factor of ~ 50 for the case of the cylinder (Re = 9500) and ~ 120 for the case
of the flat plate (Re = 1000). Furthermore, two previous solutions are found to be
sufficient in order to maximize the computational gain and keep the memory overhead
low enough to be usable for large problems. However, the higher computational costs
encountered during the early phases of the impulsive start hint at the possible revision
of this conclusion for flows with strong unsteadiness and/or fast body deformations:
more stored previous solutions might be useful to reduce the cost.

In a directly related work, one could consider to study the use of a preconditioner,
analyse the reason for a breakdown or take advantage of the recycling of eigenvectors
in order to further improve the convergence. We could also develop a criterion in order
to use an adaptative recycled subspace’s dimension or transport the recycled solution
to address accelerating problems. Finally, we note that the generalization of this work
to 3D is relatively straightforward since the method considers the domain fields as one
dimensional vectors. This is a topic of ongoing work.
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CHAPTER 3

Fast Immersed Interface Poisson
solver for 3D unbounded
problems around arbitrary
geometries

This chapter is based on the published article Fast immersed interface
Poisson solver for 3D unbounded problems around arbitrary geome-
tries, T. Gillis, G. Winckelmans, P. Chatelain, Journal of Computational
Physics 354 (2018), 403-416.

3.1 Introduction

Solving the Poisson equation is ubiquitous in many computational disciplines such
as electromagnetism, fluid mechanics and theoretical physics. Therefore, the problem
has been deeply studied and is a recurrent subject within the literature. Still, two major
challenges remain: solving the problem in an unbounded framework, and taking into
account the presence of a body within the computational domain. These two remaining
challenges are widespread and often coupled in many applications, such as computa-
tional fluid dynamics applied to the simulation of flows past bodies, like blades and
wings.

One may solve the first challenge, i.e. computing unbounded solutions, using
two classes of methods. The first kind, based on James [73] and Lackner [74] ideas,
solves two problems to determine coherent outer boundary conditions, as proposed

49
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by Marichal et al. [76, 81], McCorquodale et al. [101]. This kind of approach is not
very convenient and has an extra cost due to the undetermined boundary condition.
In this work, we use a second type of method based on the convolution of a Green’s
function, sometimes also called kernel function. This convolution is performed using
fast summation algorithms: Fast Multipole Methods (FMM) [18-23]), Fast Fourier
transforms (Hockney-Eastwood technique) [15-17, 102], or a combination of both
[54, 72, 80]. The major drawback of this approach is to handle the singularity of the an-
alytical Green’s function at the origin. Two commonly approaches are usually consid-
ered: the kernel function is either built through a regularization of the Green’s function
[16, 17, 23], or by using the Lattice Green’s Function (LGF) [21, 22, 54, 72, 79, 80],
which take advantage of the mesh to avoid the singularity. This two approaches have
already been extensively studied and in this work, we chose the second one for its
compatibility with the Immersed Interface Method, see Chapter 1 for more details.
The second challenge, i.e. taking immersed bodies into account within an arbitrary
grid, can be solved using several methods: Immersed Boundary methods (IB) [52-
54, 103], Boundary Element Methods (BEM) [10, 30] or Immersed Interface Methods
(IIM) [65, 67, 69, 71, 76]. As in Hosseinverdi and Fasel [69], we choose to take the
body into account using the Immersed Interface Method, that offers a proven high or-
der treatment of the boundaries and does not require the introduction of a mollification.
Originally developed in a multidimensional way [65] but subject to stability issues, it
has been modified to work with one-dimensional dimension splitting [67, 71] and re-
cently applied to 2D problems [67, 76].

Within a regular grid framework, coupling a fast summation based and unbounded
solver and immersed bodies is still an open challenge. The BEM already performs such
a coupling of the FMM solvers with panel methods in order to compute the additional
sources. Let us also mention the work of Hosseinverdi and Fasel [69] that coupled
the Immersed Interface Method with a multi-grid Poisson solver (Multi-Scale Multi-
Grid, MSMG approach). They also extended the IIM to stretched grid but they are
still limited by the determination of the computational domain boundary condition,
due to the multi-grid solver. However, none of the above techniques achieves a fast,
grid-based solution of the unbounded Poisson problem around a body. For example,
the Miller iteration [75], applied by Marichal et al. [76] to the [IM framework, needs
to compute the outer boundary conditions iteratively, together with the inner boundary
conditions: this tends to increase dramatically the computation cost. Furthermore, fast
convolution solvers based on the Lattice Green’s Functions [72] were never applied
together with the Immersed Interface Method.
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This work focuses on coupling the Immersed Interface method with a Lattice
Green’s Function solver, in order to solve unbounded Poisson problems around bod-
ies. The coupling is performed in an efficient manner through the use of the Sherman-
Morrison-Woodbury formula [104-106]. In this chapter, we first present the three
different used technologies and further explain how to couple them together (§3.2).
Second, we assess the second order of convergence on two benchmarked potential
flow applications, and we analyze further the convergence behavior (§3.3). Finally, we
close this work by a short conclusion and perspectives for future work.

3.2 Methodology

We consider the unbounded 3D scalar Poisson problem around a body, €2,:

Vaux)= f(x), supp(f)€Q\Q, , 3.1

where x € R3, Q is the computational domain which encapsulates the body and the
support of the source term, f (x), and the unbounded solution, u (x), decays at least as
1/|x| at infinity. Without loss of generality we assume a Neumann boundary condition
on 0Q,. Using a standard 3-point grid discretization for the Laplacian operator, V2,
we aim at a second order solver, which uses IIM in order to take the inner boundary
condition into account.

We decompose the problem (3.1) into two sub-problems. The first one is the body-
free problem, expressed by the unbounded elliptic operator, Vi. The second one is
the boundary problem, the perturbation of this operator by the body contribution, ex-
pressed as an additional source term, f;. In this section we successively address these
two problems and the method used to couple them.

3.2.1 A second order unbounded, body-free, 3D Poisson solver

The straightforward inversion of V%l operator is challenging and computationally in-
tensive [73-75, 107]. For the sake of efficiency, we rather follow an approach of grid-
based fast convolution of the Green’s function with the source term. Because the [IM
tools, discussed in Chapter 1, consist in finite differences modifications, we use the
lattice Green’s function (LGF) associated with the standard second order cross stencil
(3 x 3 x 3). We refer the reader to Chapter 1, and especially §1.2, for a detailed
explanation of the Lattice Green’s Function.

We use a Hockney-Eastwood FFT-based fast convolution technique [15, 16] to
evaluate the unbounded convolution, since it requires the evaluation of the LGF only
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once on the domain (it only depends of the size of the domain). We note that a FMM-
based approach could also have been used, as proposed in [72].

3.2.2 A second order Immersed Interface method

We here follow the approach and notations as describe in Chapter 1, Linnick and Fasel
[67] and Marichal et al. [76, 81]. We invite the reader to refer especially to §1.4 for
more information in the second order Immersed Interface Method (IIM) we have used
in this work.

However, for the sake of clarity of this section, we recall that the correction brought
by the Immersed Interface method rewrites as

Viu- %JQ w)=f o Viu=f+f, , (3.2)

where u is the unknown field, f is the source field and the jump coefficient, J, =
JF 4+ J*, depends on the solution itself, see Eqs. (1.20), u and can be interpreted
as an additional source term, f}, (1), for the body-free equation. From an operators
perspective, one can also identify the IIM as a low-rank perturbation of the body-free
Laplacian Vfl since it only affects mesh points in the vicinity of the body interface.

3.2.3 The combined problem

The IIM scheme, that accounts for inner boundaries, can be considered as a low
rank perturbation of the discretized second order Laplacian operator (see §1.4), Vfl.
We propose to couple the body-free problem and the IIM perturbation through the
Sherman-Morrison-Woodbury (SMW) formula, that precisely allows to exploit the
low-dimensionality of the perturbation. This kind of approach has already been pro-
posed in the context of hybrid grid-particle methods and penalization, by Chatelin and
Poncet [45]. The SMW formula [104-106] expresses the inverse of a low-rank per-
turbed matrix as the exact following decomposition

[A+UV] ! =a"'-ATU 1+ VA‘lU]_l VATl . (3.3)

We note a slight difference Considering this formula in our particular application,
one can associate the unperturbed matrix A to the unbounded and body-free Laplace
operator, A = V2, while the low rank perturbation is matched to the IIM jumps. To
do so, we define the following linear operators

e E, € R™ka is a mapping matrix from the small subspace of discontinuity-
affected points (the external vicinity of the body, i.e. the k, nodes concerned by
the IIM corrections) to the global domain of size n = N, X N, X N,



3.2. Methodology 53

e E; € R™*i is a mapping matrix from the primary and secondary interpolation
points to the global space,

e C € Rka*ki js the matrix that transforms the interpolation points values and the
inner boundary condition into IIM jumps, i.e. the Eqgs. (1.20) expressed as a
linear operator.

Using this definitions, we obtain the following linear system to solve,
(V2 +E,CENu=f . (3.4)

Applying the SMW formula, Eq. (3.3), to the Immersed Interface unbounded Poisson
equation, Eq. (3.4), we obtain two different possible decompositions

- _ -1 _
w=V;2{1,- EC[1,+ EIV;?E,C] EIV;2 ) f (3.52)

w=V;2 {1, - E,[1,+ CE[V;?E] " CEIV;?} 1 (3.5b)
where I, € R™", I, € Rk*ki and 1, € Rke*kal This allows us to identify two
associated boundary problems (and their solutions, x;, and y;,) as the low-rank linear
systems to solve,

[I, + E] V,?E,C| x, = E'V,* f (3.7a)
[I,+ CE'V,?E,| y, = CETV,*f . (3.7b)

At this point, let us note that both problems, Eq. (3.7a) and Eq. (3.7b), are equiva-
lent but the number of unknowns is smaller when considering the problem Eq. (3.7b)?.
However, in this work, we considered the first formulation Eq. (3.7a), while both de-
compositions could have been applied. One of the two linear systems Eq. (3.7) is then
solved to compute the additional source term due to the body, f, = E,Cx, = E,y,.
A GMRes algorithm [86] is typically used for this resolution, since it is a non-
symmetric problem, as the [IM operator generates sources, using the interpolation data,

'We note that our decomposition is slighty different from the one proposed in Chatelin and Poncet [45].
Indeed, they rather use

_ — - -1 -
u=v;2{1,- B [c + ETV,2E| T ETV;2 L r (3.6)

Our formulation corresponds to solving the system [I i+ EI.TVZZEGC] x = b and then considering E,Cx,
while the other formulation is equivalent to solving the system [C -y E,.TVZZEQ] X = b and considering
E_x. The equivalence between both approaches is obtained by considering X = Cx. Nevertheless, we prefer
our approach as it does not involve the inverse of the matrix C.

2We acknowledge the private communication with James Gabbard (MIT) for the second decomposition.
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at discontinuity-affected points and not at interpolation points. In practice, a non-zero
boundary condition is usually applied at the body surface, i.e. the linear operator C is
then affine. In other words, the IIM jumps are given by

[E,CE]|u=[E,CE[u+ E,Cy| , (3.8)

with C € RK*i the contribution of the interpolation points and C,, € RKeX! the
boundary condition contribution. The Poisson problem to solve then becomes

(Vi +E,CE")u=f-EC,, . (3.9)

The SMW decomposition can be exploited towards computational efficiency. In-
deed, the resolution of the boundary problem, restricted to the primary and secondary
interpolation points, is more affordable and faster to perform than a resolution of the
global problem. Nevertheless, it still involves the body-free problem, which is solved
using a fast convolution solver (see §1.2). Rather than using the full-field solver (FFT)
used in this work, one might use a sparse solver (FMM) for additional efficiency (thus
avoiding the computation of the unused locations). Finally, it is interesting to observe
that, unlike many other methods, the decomposition in Eq. (3.7a) works from the per-
spective of the solution rather than that of the source.

To perform the computations, we use the highly distributed “PPM" library [36,
108]. The Fourier solver is based on 3D FFT’s [16] where data transfers are performed
using the PPM library provided mappings. The data movements involved in the IIM
interpolation rely on the ghost particles functionality of the PPM library in order to
transfer the information from one process to another.

3.3 Validation: potential flows past a body

This section validates our approach and assesses its performance on the solution of the
potential flow past a body, Q,. As in Poncet [109], we use the Helmholtz decomposi-
tion of the velocity,

u=U_+VXxy+V® with V-y=0, (3.10)

where U = U, e, represents the free-stream velocity, y is the stream function of
the velocity induced by the bulk vorticity (V> = —®) and ® represents the potential
required to satisfy the boundary condition u - n = 0 on 092, where n is the outgoing
normal to 0€2,.
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To compute the velocity field, one first computes the bulk stream function, ne-
glecting the presence of the body, by solving V2w = —@ in the whole computational
domain. Then, the body is taken into account by solving the second problem,

0D

Vo =0 a—n——[Uoo+V><q/]-non0Qb. (3.11)

In the context of the present potential flows validation, the bulk vorticity is nil, hence
w = 0, without loss of generality. Therefore, we are left with the following problem

o0 _
on

VZd=0  with —[Ug] -nonoQ, . (3.12)

For our application, we define the local residual for the boundary problem, Eq. (3.7a),
as
ry=EI'V.? [foo — E.Cye| = [I; + ETV,2E,C] x, (3.13)

where x,, is the solution of the boundary problem, whose support is limited to the
vicinity of the body I, i.e. the primary and secondary interpolation points. The global
residual is then taken, in dimensionless form, as

L 1 / 223
rb—m %lrbl h N (314)

with L the length of the computational domain and h the spatial step of the mesh. The
tolerance on 7, is chosen to be 10~'* in order to avoid any influence of a non-fully
converged solution of the boundary problem.

Furthermore, we define the local error as e (X) = ¢ (X) — ¢, ,; (X), in the bulk, and
the associated dimensionless 2-norm and infinite norm, respectively as,

1 1
E=—1+— e2(x) h3 and E,=—— max|e(x)| . (3.15)
2T U LS Q%b UL 20,

We finally define the local convergence orders, r, and r, as
[rQ]i = log([Eq]i/ [Eq]i—l) /log (Ni.1/N;) (3.16)

with ¢ = oo and g = 2, respectively and i, the resolution level (here, h; = % and

i
Ni+l = 2Nl)'
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3.3.1 Potential flow past a sphere

We first consider the problem of the potential flow past a sphere. The analytical solu-
tion of this flow is given by

(3.17)

where R is the radius. Weuseabox [L X L X L],with L =2.5 Rand N grid points
in each direction (in total N3 unknowns). The global and local convergence slopes are
given in Table 3.1 and Figure 3.1, while the solution is visualized in Figure 3.3 in terms
of streamlines, i.e. tangent lines to U, + V¢.

Our method achieves the expected second order convergence for both the 2-norm
and the infinite norm. We stress that the velocity inside the body remains nil, as im-
posed by the IIM, without any a posteriori modification. Therefore, there is no need to
cancel it and no spurious flow appears across the boundary. Figure 3.2 also shows the
number of iterations performed while solving the boundary problem using the GMRes
algorithm. We observe that increasing the number of points does not require many
additional iterations since we already resolve the body boundary accurately, even with
N =128 (R/h =[51.2, 102.4, 204.8 , 409.6] for N = [128, 256, 512, 1024],
respectively).

Figure 3.4 shows the distribution of the time spent in each part of the key steps: ini-
tialization, Poisson equation and other operations (communication and memory move-
ments). We observe that we spend a non-negligible time to initialize the solver. This
time is used to detect the intersections with the level set function and pre-compute the
interpolation coefficients, i.e. the C matrix from Eq. (3.5a). The remaining time is
mostly spent in the body-free Poisson solver. One also notices on Figure 3.4 that the
percentage of time spent in communication is decreasing with the size of the prob-
lem. This is the expected behavior of such a method when one subjects it to a strong
scalability test. We use a constant number of CPU’s (1024 Intel Haswell’s) and in-
crease the computational domain size: each processing entity thus has a decreasing
communication load, in relation to the computational work.

3.3.2 Potential flow past an ellipsoid

Following the same approach as before, we now consider the potential flow around an
ellipsoid of semi-axes [a, b, c]. The analytical solution of such a problem is given
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Figure 3.1: Potential flow past a sphere: Grid

convergence of the solution to the analytic expres-
sion, E; (O), E, (%) and O (h?) (- -).
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Figure 3.2: Potential flow past a sphere: Number
of iteration needed to solve the boundary problem,
Eq. (3.7a), up to the chosen tolerance, 10714 with
R/h = [51.2,102.4, 204.8, 409.6] ( &, —0—,

, —0—).
R/h E, I E, ry | tis] |ty (8] | 1, [8]
51.2 | 2.68e —05 4.07¢ — 06
1024 | 6.22¢e—06 | 2.11 | 1.04e—06 | 1.96 | 0.83 4.50 1.63
204.8 | 1.50e —06 | 2.05 | 2.67e—07 | 1.97 | 4.82 26.81 2.18
409.6 | 3.84e—07 | 1.97 | 6.77¢e —08 | 1.98 | 61.76 | 239.26 | 4.86

Table 3.1: Potential flow past a sphere: convergence rate for E, and E, and time spent for initialization
(t;), body-free problem (z, f) and other operations (,) in seconds while using 1024 Intel Haswell CPU’s.

by

abc U z
D

RD(€—1,€—k2,€) (3.18)

exact —

3 —abc Ry (az,bz,cz)

(c2 - a2)3/2



58 Chapter 3. Immersed Interface Poisson solver

Figure 3.3: Potential flow past a sphere: Streamlines view colored by the norm of the velocity, V& +U
(N =512).
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Figure 3.4: Potential flow past a sphere: % of the computational time elapsed in initialization ( M ),
Poisson solver ( M) and communication (¥ ); timings for R/h = [102.4 , 204.8 , 409.6].

with €, k and Ry, defined in Appendix A.3, where we present this analytical solution.
We choose the computational domain to be [L X L X L] with an ellipsoid given by
[a=02L, b=0.3L, ¢ =0.4L] and a tolerance for the boundary problem of 10714,
Since a < b < ¢, the smallest radius of curvature, on the surface of the ellipsoid is
Ryin = a_z =0.1L.

The gonvergence slope of this study case is given in Figure 3.5 and Table 3.2,
while the solution is shown in Figure 3.7. We conclude that our method achieves again
the expected second order convergence both for the 2-norm and infinite norm. The
number of iterations to perform in order to converge to the chosen tolerance is almost
constant (see Figure 3.6). Again, this is due to the fact that the problem is already well
resolved (R,,;,/h = [12.8, 25.6, 51.2, 102.4] for N = [128, 256, 512, 1024],
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respectively). In §3.3.3, we further investigate the evolution of the number of iterations

with respect to the resolution of the obstacle boundary.
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Potential flow past an ellipsoid:

Number of iteration needed to solve the boundary
problem, Eq. (3.7a), up to the chosen tolerance,
10~1% with R/h = [51.2, 102.4, 204.8, 409.6] (

-, 0,

,—0—).

Figure 3.8 shows the time spent in each part of the key steps. Again, the time spent

in the body-free problem is prevailing, which is the expected behavior of the method.

3.3.3 Sensitivity analysis: R,;,/h

The number of iterations and the evolution of the error varies with the number of points

used to represent the shape and its finer scales in particular. We now consider an el-

lipsoid of semi-axes [a=f L, b=03 L, ¢ =0.4 L] and keep the computational

domain constant. Figure 3.9 shows the evolution of the error and the number of it-



60 Chapter 3. Immersed Interface Poisson solver

Figure 3.7: Potential flow past an ellipsoid: Streamlines view colored by the norm of the velocity,
VO + U, (R,,;,/h=512).

min

0 20 40 60 80 100

Figure 3.8: Potential flow past an ellipsoid: % of the computational time elapsed in initialization (M),
Poisson solver (M) and communication (¥ ); timings for R,,;,/h = [25.6, 51.2, 102.4].

Rmin/h Eoo Fso E2 r ti [S] tbf [S] to [S]
12.8 9.82e — 05 4.62e — 06
25.6 1.80e — 05 | 2.45 | 8.86e —07 | 2.38 | 0.81 4.21 1.45
51.2 340e—06 | 240 | 1.99¢—-07 | 2.15 | 522 2477 | 2.07
1024 | 8.90e —07 | 1.94 | 496e —08 | 2.01 | 58.65 | 218.38 | 5.19

Table 3.2: Potential flow past an ellipsoid: convergence rate for E,, and E, and time spent for initial-
ization (1;), body-free problem (7, ) and other operations (7,) in seconds while using 1024 Intel Haswell
CPU’s.

erations to perform (tol = 10~!4) for various R,,;,/h = é’%%, where f varies and h
remains constant.

We identity three different behaviors in Figure 3.9. When the geometry is over-
resolved (R,,;,/h > 30), the 2-norm exhibits a plateau. However, the decreasing infi-
nite norm shows that an increasing resolution still improves the solution at the tip of
the ellipsoid.
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For a well-resolved geometry (30 > R,,;,/h > 10), both errors are decreasing
when one increases the resolution. Furthermore, the number of iterations to perform
stays constant (~ 20). At coarser resolutions, the tip of the ellipsoid is not well-
captured, this affects the conditioning of the system and the number of iterations re-
quested to converge increases as the resolution decreases.

10—7 L L L 1 1
0 10 20 30 40 50 60

Rmin/h

Figure 3.9: Potential flow past an ellipsoid: Analysis of the sensibility for various R,,;,/h coefficients
(with constant 4): the 2-norm ( —@— ), infinite norm ( —®— ) and the number of iterations required to reach
tol = 10714 (—m-).

3.3.4 Sensitivity analysis of the boundary problem tolerance

A tolerance parameter has to be chosen for the GMRes iterations when solving the
boundary problem. In this section, we study its influence to the expected second order
convergence of the solution, as shown on Table 3.3. It shows that one should iterate
enough to solve the boundary problem, Eq. (3.7a), to guarantee a converging solution.

The previous examples (§3.3.1 and §3.3.2) used a tolerance of 10714, but a toler-
ance of 10719 would have been sufficient. We also notice that, at this tolerance, the
GMRes convergence is fast and it only costs 13 to 14 iterations to converge a problem
of 10243 unknowns.
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tol R/h | Ny, Feo ry
le — 06 204.8 > non convergent | non convergent
€ 4006 | 5 vers vere

204.8 9

le — 08 1096 9 0.40 1.68
204.8 13

le—10 1096 i 1.99 1.98
204.8 17

le—12 1096 3 1.97 1.98
204.8 22

le—14 3096 3 1.97 1.98

Table 3.3: Potential flow past a sphere: Influence of the tolerance in the iterative process with respect
to the convergence behavior.

3.4 Conclusions

In this chapter, we have presented a novel way to use a fast and efficient unbounded
elliptic solver in order to take an inner obstacle into account. The method proposed is
based on a combination between a Lattice Green’s Function convolution carried out by
the Hockney-Eastwood method or an FMM-based algorithm and the Immersed Inter-
face technique. This coupling is performed through the Sherman-Morrison-Woodbury
(SMW) formula, which involves a low-rank system to solve, i.e. the boundary prob-
lem. This formulation reduces the problem to the vicinity of the body and therefore to
a boundary problem to solve instead of a volume problem. Through the SMW formula
and the boundary problem, we find the additional source term which, combined with
the unbounded source and the application of the body-free Laplacian, produces the
correct solution satisfying the boundary condition. Through the SMW formula, our
solver preserves the efficiency of the fast convolution-based algorithms and uses the
immersed interface method to achieve a second order convergence, up to the boundary.

We prove the second order accuracy of our method on two benchmark cases (the
potential flows past a sphere and an ellipsoid). We then study the robustness of our
method with respect to the resolution, R,,;,// and the number of iterations performed
/h>10
will lead to a well-resolved solution and that the boundary problem solution has to be

within the iterative process for a chosen tolerance. We show that keeping R,,;,
accurate enough to guarantee the convergence.

This work, so far limited to the Poisson equation, could be extended to the
Helmholtz problem. Moreover, we stress that our method is compatible with any solver
based on the second order standard stencil for the Laplacian. The method is applicable
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to a wide range of problems involving an elliptic equation around inner bodies, and it
goes beyond the applications in computational fluid dynamics.






CHAPTER 4

A 2D Immersed Interface Vortex
Particle-Mesh method

This chapter is based on the published article A 2D Immersed Interface
Vortex Particle-Mesh method, T. Gillis, Y. Marichal, G. Winckelmans
and P. Chatelain, Journal of Computational Physics 394 (2019).

4.1 Introduction

Vortex methods are gaining popularity for many advection-dominated simulations in
flows where the vorticity is compact such as wake studies at high Reynolds numbers
and external flow aerodynamics [36, 39, 43, 44]. However, taking the presence of a
body into account remains a challenge. The current state of the art in the treatment of
inner bodies for flow problems, on regular grids, is split between the discrete and con-
tinuous forcing approaches, a differentiation introduced by Mittal and laccarino [51].
To the best of the authors’ knowledge, none of the proposed approaches, transposed to
the VPM framework, offers a sharp and accurate treatment of the immersed boundary,
while also preserving the temporal convergence order. Indeed, the above approaches
either smear the immersed object interface, as in the iterative Brinkman penalization
technique, which degrades the spatial accuracy at the wall or they split the diffusion
operator, which limits the temporal convergence to first order, as in the VPM-BEM
approach.

Nevertheless, some recent works have extended the Immersed Interface grid-based
approach to the VPM approach. Marichal et al. [76] have developed an IIM-based
unbounded Poisson solver around complex geometries and they have extended the
particle-mesh interpolation to the Immersed Interface tool in [81]. In Chapter 3, we
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have also presented an efficient unbounded FFT-based Poisson solver for inner bound-
aries using IIM, that decomposes the problem using the Sherman-Morrison-Woodbury
formula [45, 104, 105].

These works have paved the way for an Immersed Interface Vortex Particle-Mesh
(ITVPM) solver for incompressible flows around inner bodies. Here we aim at a sharp
and second order IIVPM solver which additionally conserves the temporal convergence
order. This chapter is structured as follows: in §4.2, we first briefly recall the Vortex
Particle-Mesh method as a whole, including the specific aspects of the particle-mesh
interpolation and of the Biot-Savart law solver. Then, we introduce the Immersed
Interface techniques and we expose their use in the present context. Finally, we validate
the resulting IIVPM method in §4.3 and assess its performances on the benchmark
case of an impulsively started cylinder in §4.4. A conclusion of the presented work
and future perspectives are presented in §4.5.

4.2 Methodology

This work presents a combination of the Vortex Particle-Mesh (VPM) method with
Immersed Interface (II) tools, see Chapter 1, in order to take an immersed body into
account. Hereunder, we first briefly describe the VPM approach (§4.2.1) and then
we present the IIVPM methodology as a whole in §4.2.2 and then, step by step: the
Poisson solver in §4.2.3, the handling of the diffusion in §4.2.4 and the particle-mesh
interpolation in §4.2.5 and §4.2.6.

4.2.1 The 2D Vortex Particle-Mesh method

We briefly present the Vortex Particle-Mesh method as used in this work, based on
the velocity (u)-vorticity (@ = @ e, = V A u) formulation of the 2D Navier-Stokes
equations for an incompressible flow (V - u = 0):

D
Do _ v @.1)
Dt

where % = % + u - V denotes the Lagrangian derivative and v is the kinematic

viscosity, see [2, 3] and references therein. We here have u = U + u,, where u,, is
recovered from the vorticity field through a Poisson equation

Vi, = - u,=VA(ype,) . 4.2)

A Vortex Particle-Mesh (VPM) method discretizes the vorticity field by means

of particles, characterized by a position x,, a material surface .S, and a strength

D
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a,= / ¢ @dx. Anintegration of Eq. (4.1) over a particle surface, through a mid-point
p
quadrature with the assumption of the particle discretization, produces the following

d x| _ u,
dt lai] B lv(Vzw)p Sp] ’ @3)

In the framework of VPM methods, the right-hand side of Eq. (4.3) is evaluated on the
mesh, therefore improving the computational efficiency. The particle-mesh interpola-

system

tion typically relies on high order interpolation formulas [11, 110]. Once the particle
quantities have been interpolated onto the mesh, one can use standard finite differences
to evaluate the differential operators on the right hand side of Eq. (4.3). The Poisson
problem of Eq. (4.2) can also be solved using the mesh, by means of highly efficient
FFT-based solvers [17, 36]. Afterwards, the right hand side is interpolated back on
the particles to integrate Eq. (4.3). The time integration scheme, on the particles, is a
standard Runge-Kutta scheme; the low-storage RK3 scheme proposed by Williamson
[111] is used in this work.

The time step is first stability-constrained by the diffusion; this is embodied by
v At
<r

2 max>

the Fourier number, i.e. r = where r, .. is given by the chosen time

max
and space discretization scheme. The particle treatment of the convection imposes an
accuracy condition instead, based on the Lagrangian deformation, usually measured

using two criterions
At|D|, < LCFLp and At|le|l; < LCFL,, , 4.4)

where D = % [Vu + (Vu)"] is the strain tensor and LCFL}, ~ LCFL,, ~ 0.15 ... 0.3
are typical values. To prevent particle clustering and depletion, due to the Lagrangian
deformation, the VPM method relies on a procedure called remeshing [2, 3], which
consists in the periodic redistribution of the particle set onto the mesh. Finally, we
refer to [36] for an extensive description of the VPM method and its implementation
for large parallel architectures.

4.2.2 Time step sequence

In this section we present a global view of the successive computations to be per-
formed, for the evaluation of the right hand side of Eq. (4.3), during one time step. It
can also be seen as a sub-step when using multi-step time integration schemes (such
as Runge-Kutta schemes).
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1. Poisson - §4.2.3: Given the bulk vorticity field, wzul > We compute the no

through-flow velocity, u” = V A (y"e; ), by solving the Poisson equation
V" = —0" | 4.5)
such that u - n 50, = 0, i.e. the no-through-flow condition is satisfied.
2. Wall vorticity - §4.2.4: Given u”, we compute the a)i'u all for each control point,

imposing u,,,;; = 0, i.e we compute the vorticity value at the wall in order to
impose the no-slip condition.

3. Diffusion - §4.2.4: Given " and o"

wall’
that takes the wall vorticity into account.

we compute the diffusion term, V2"

4. Extension - §4.2.5: Given u” and V2", we extend those fields into the body
using a Hamilton-Jacobi extension.

5. M2P - §4.2.5: Given the extended fields, we perform the mesh to particles inter-
polation of the computed rhs of Eq. (4.3) and assign a value to the ghost particles
(including ghost particles).

6. Advection and diffusion: We integrate in time the system of Eq. (4.3) on the
particles.

7. P2M - §4.2.6: We perform the particle to mesh interpolation (and eventually a
redistribution of the particles, if required), and we also erase the spurious ex-
tended fields inside the body.

Again, we would like to stress that this sequence actually constitutes an evaluation of
the right hand side of Eq. (4.3). Indeed, this method is not a time splitting algorithm,
which consequently allows to reach a global order as high as the consistency of the
discretization of the right hand side, Eq. (4.3), here at third order.

4.2.3 Poisson equation

The 2D Poisson equation is solved on y = we, using the bulk vorticity @, =
®pk €, and a no-through flow condition on the body, i.e. a Dirichlet boundary con-
dition,

V2y =~y suchthat o = Vb - (4.6)
b

In 2D, this is not a simply connected domain and one needs to close the system by
imposing an additional constraint. We impose the total circulation of the flow, I, which
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sets the constant y;,. To solve the Poisson equation, Eq. (4.6), we use the efficient
Immersed Interface Poisson solver proposed in Chapter 3. It decomposes the problem
using the Sherman-Morrison-Woodbury formula [104, 105] and actually solves the
following equation,

-1
w=—(V;+ECE)" oy (4.7a)
_ _ -1 _
=-v;? {In — E,C[I, + ETV;2E,C] El.thZ} opy (47D

where E, and E; stand for the domain restriction operators to the discontinuity affected
points and primary interpolation points, respectively. I, is the identity matrix of size n
(n s the size of the set of the interpolation points) and C represents the jumps computed
using Eqgs. (1.26). This kind of approach has been initially proposed in the context of
penalization problems by Chatelin and Poncet [45] and is detailed in the context of the
Poisson solver Chapter 3.

The operator [V}] ! is applied through a FFT-based Poisson solver [16] using the
2D lattice Green’s function as a convolution kernel (for more details, see Chapter 1,
Martinsson and Rodin [79] and Gillman and Martinsson [22]). Let us also observe
that the circulation constraint, I', is actually imposed through a constraint on the IIM-
generated correction, [E aCEl.T] w, which amounts to a vortex sheet; its strength has to
respect I'y,5, = I' = I'y. The number of iterations required to solve the sub-system
is reduced thanks to the use of recycling based on the previous solutions, as proposed
by Amritkar et al. [96] and in Chapter 2, among others. Finally, the no-through flow
enforcing velocity field is obtained by differentiating the stream function and injecting
the Dirichlet boundary condition, y = y, into Eq. (1.26a).

4.2.4 Vorticity sheet treatment

The no-through flow enforcing velocity field still has a spurious slip velocity at the
wall. This will generate a vorticity sheet, not representable on the grid points since
it exists only at the body surface. Following Lighthill’s approach [64] , this vorticity
sheet is the newly created vorticity necessary to satisfy the no-slip condition at the wall
and therefore is part of the flow.

A classical way to do so, proposed by Marichal [14] in the framework of IIM and
broadly used in vortex methods [10, 63, 64], is to first compute the no-through flow
enforcing velocity field and use it to advect particles. The diffusion is performed using
a zero-flux boundary condition, hence discarding the generation of vorticity at the wall.
One then evaluates the error committed by these two operations, i.e. the spurious
residual slip velocity which corresponds to the flux of vorticity that has to enter the
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flow by another diffusion step. This methodology has two major drawbacks. First,
it splits the diffusion operation and therefore bounds the time convergence to O (At);
second, in order to ensure a high consistency in the slip velocity evaluation, it requires
the solution of two Poisson problems per substep.

The present work uses a different technique that merges the two operations previ-
ously required into a single diffusion operation, carried out with a Dirichlet boundary
condition. We compute the value of the vorticity field at the wall, using the Immersed
Interface framework, in order to impose the no-slip behavior as

duy

wall — Ox

ou,,

wall B ()_y (48)

w

wall

where the derivatives are computed by injecting u,

=u | = 0 into Egs. (1.26)
) wall Ylwall
for each control point at the body surface.

The diffusion field, V2w, is computed in the fluid domain, and corrected along the
boundary by each control point, injecting the value of the wall vorticity, ®,,,;, into

Eq. (1.26a), see Figure 4.1

4 Dyall

Figure 4.1: Wall vorticity computation - schematic view of the boundary layer region: the no-through
flow velocity field, u, ( —@— ) and the bulk vorticity, w ( =@ ). The imposition of the no-slip velocity at the
wall, ug;, = 0, generates a wall vorticity value used as a boundary condition in the vorticity evolution, e.g.
the diffusion illustrated here (™),

The proposed method differs significantly from the approach used in BEM [10,
30, 63]: it also diffuses a newly generated vorticity, obtained from the no-slip condi-
tion, into the flow. Yet, it uses the no-slip boundary condition to obtain ®,,,;, and
does the diffusion step using that value, together with the convection step. This differs
from doing the diffusion step with zero flux, together with the convection step, and
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then, afterwards, computing the vorticity flux to enforce the no-slip condition, using a
Neumann boundary condition, and diffusing it into the flow.

4.2.5 Mesh to Particle (M2P) interpolation and extension inside the
body

The mesh to particles interpolations use the M ; interpolation kernel [11, 110], which is
equivalent to a stencil of width 4A, see Figure 4.2. In the neighborhood of the interface,
one could use a decentered interpolation in order to use only the information in the flow;
or use extended field values to reproduce the effect of a decentered scheme. To keep
the interpolation process unchanged, we rather choose the second option by extending
the field inside the body, as initially proposed by Marichal et al. [81].

Figure 4.2: Hamilton-Jacobi extension - schematic view of the interface vicinity: the vorticity field, @,
( —@— ) has to be interpolated on the particle (® ). We c/ould construct a third order polynomial (- =) or
extend the field inside the body (- =), hence filling the M, kernel support ( ).

For this work, we identified two different extensions of the considered field in-
side the body, which generalizes the work proposed by Aslam [112] to the Immersed
Interface framework. For the sake of completeness, we present them below. Both ap-
proaches consider the body level-set function, ¢, i.e. a signed distance function such
that ¢ < O describes the region inside the body. For each point inside the body, we

V¢
" = g

define the inner normal
4.9



72 Chapter 4. 1IVPM 2D

and, in order to extend the field in a small band around the body interface only (since
we only need a few ghost points inside the body), the cutting function, C,

0 it ¢>0

C= 1 if ¢<0

—h )
1 +exp <103%>

where L is the characteristic length of the body and 4, is the cutting distance. The

(4.10)

extrapolated field, f, is obtained as the stationary solution of the following system

0 S nin'v -1 S _
T e [ T

where the unknowns are extended with the normal derivative of f, f ‘2 n;,-Vf. This
system is solved in pseudo time 7 until convergence of the solution, using an up-wind
scheme coupled with a RK2 integration, a classical approach in levelset methods.

The two identified approaches differs in the way they take the boundary into ac-
count and in the way they compute the normal derivative. The first approach decom-
poses the problem of the extrapolation into two steps. First, knowing a field f outside
the body, we compute its value and its normal derivative, f ‘A n;, - V£, at the bound-
ary using Egs. (1.26), as in [81]. Then, once all the needed information is known at
the boundary, we extend it from the boundary into the body using a Hamilton-Jacobi
system, coupled with the Immersed Interface technique and the pre-computed surface
information to evaluate the right hand side of Eq. (4.11). This approach has two draw-
backs: first, one needs to use the IIM to correct the evaluation at each iteration and
second, in order to use a second order up-wind discretization of the gradient, more
than one grid point on each side of the interface need to be affected by the Immersed
Interface correction.

The second approach is much simpler, as we do not have to take the interface explic-
itly into account while integrating the system Eq. (4.11). Indeed, before integrating the
Hamilton-Jacobi system, we pre-compute f and f "= n;, -V f in the fluid-side vicinity
of the wall, using centered finite differences, hence second order, and correcting the
discontinuity affected points with the Immersed Interface jumps. Since we do not want
to consider any boundary condition for the extended field, we extrapolate the value and
the derivatives (using third order extrapolation) up to the boundary, using Egs. (1.35),
which is in agreement with the global accuracy of the scheme, © (h?). This way, we
build a second order evaluation of f " and still keep the number of discontinuity affected
points to one, on each side of the interface.



4.3. Validation 73

In this work, we chose to use a linear extension in the normal direction. A higher
degree extension (e.g. using ;—T " in Eq. (4.11)) could in principle lead to an increased
accuracy. This is however not the case in practice, due to the cross derivatives not
taken into account and the use of higher order polynomials for the extrapolation, which
become poorly conditioned when considering the extension of stiff fields.

The proposed Hamilton-Jacobi extension is then used on the velocity and diffusion
fields to extend them into the body and provide enough grid-based information for a
M2P operation near the boundary.

4.2.6 P2M and ghost particles

The Particle-to-Mesh (P2M) operation follows the same approach as for the M2P oper-
ations. Ghost particles are constructed in a narrow band in the vicinity of the interface,
~ 5h, in order to provide a particle support for the standard P2M interpolation kernels
at grid points close to the interface. The way to create a ghost particle relies on the
following observation: the field that needs to be interpolated is the diffused strength
of the particles and there is no easy and cheap way to create ghost particles from the
flow particle status. Therefore, we propose to build ghost particles using the same ex-
tension of the vorticity inside the body, during the M2P operation. Ghost particles are
then advected and diffused along with the flow particles, using the extension of the
velocity, vorticity and diffusion fields (see §4.2.5).

4.3 Validation

In order to validate the spatial and temporal convergences of the proposed method, we
consider the diffusion of a Gaussian vorticity field, centered at x = X,

r 1 r?
=1  _epl-—" ), 412
@6 2D = o ) e"p< (62+4vt)) @1
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with r = |x — x.|. The velocity, u = (u, v), and diffusion, V2w, are analytically

obtained:
u:—%’% ll—exp <—ﬁ>l (4.13)
v= %r% ll —exp <—ﬁ>] (4.14)
Ug = 2L7rr ll — exp <_(0+24vt)>] 4.15)

L 2 _ _ r?

To validate the proposed method, we clip that Gaussian vorticity field, by removing
its core, r < R = o, and we replace it with a rotating cylinder. The flow lies outside, r >
R = 0, and has a vorticity field given by @ = wg. The removed core effect is ensured
by the adequate rotating velocity of the cylinder, i.e. the one that reproduces that of
the diffusing Gaussian vortex at r = R: uy .,y = Uy (r = R). The corresponding
circulation of the body is then

2
Tpogy =T ll —exp <_(52i—4w)>] . (4.17)

The analytical solution of the diffusing Gaussian vorticity thus remains unchanged and
is still valid in the fluid domain. The Reynolds number is defined using the character-
istic velocity, U = %, and the diameter, D = 2R, as

_uUD_1
1% T

Re E
%

(4.18)
Finally, we also define the dimensionless time, t* =t "/ R2.

We run three different validation tests on this benchmark, using the analytical ex-
pression of the vorticity given by Eq. (4.12), as an initial condition, and the analytical
wall velocity given by Eq. (4.13) and Eq. (4.14) at every time. The first two results
prove the third order time convergence of the diffusion alone and of the full method
(without remesh), respectively; the last one shows the second order spatial convergence
of the full method (without remesh). For every run, we use a very narrow tolerance
for the Poisson iteration, 107!4, 6 vectors in the recycling subspace and Re = 100.
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We study the convergence of the 2- and co-norms of the error. Given a field of
reference, the dimensionless norms are defined as

R ref 2 2 R2 ref
E=r Z(coj —w,.j) h Eo = max [0 —ayl . (419)
ij
Considering two successive resolutions, (A,) and (A, ), and their associated errors,
we define the local convergence rate, r, and r,, as

CllEEt) elmme)
g log [Ar/Ary] * log [Ar/Arii]

4.3.1 Temporal convergence
Diffusion

The diffusion problem presented earlier is purely axisymmetric and hence we first do
not advect the particles, in order to highlight the diffusion treatment presented in §4.2.2.
Other operations of the proposed time-step remain unchanged. This special treatment
for the advection avoids the errors produced by the particle-mesh interpolation and par-
ticle distortion. The runs are made using R/h = 51.2 (i.e. a grid of 512x 512 for a do-
main of 10R X 10R) and for three Fourier numbers: r 2 vAt/h> = {0.2 ; 0.1 ; 0.05}.
We use these runs in a self-convergence test, as the error is computed with respect to
a reference solution computed very accurately, using a much smaller Fourier num-
ber r = 0.005. Indeed, the spatial discretization produces an error much higher
than the time integration and, therefore, does not allow to compare to the analyti-
cal vorticity solution. We compare the obtained results at two dimensionless times,
Tl* = 0.2 zRe(h/ R)? ~ 0.024 and T2* = 4T1* ~ 0.096. The results of the conver-

2

1074

error
1)
&
:

Figure 4.3: Temporal convergence - diffusion: E_ (Tl* : = and T2* : ), E, (Tl* . =O— and T2*
: =0-)and O (A) (= -).
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T*
Fourier number | time step : E, oo E, )
0.2 1 4.29e-05 3.75e-06
0.1 2 2.69e-06 | 4.0 | 2.77e-07 | 3.8
0.05 4 2.46e-07 | 3.5 | 2.73e-08 | 3.3
7
Fourier number | time step E Feo E, ry
0.2 4 3.40e-05 2.53e-06
0.1 8 2.69e-06 | 3.7 | 2.14e-07 | 3.6
0.05 16 2.55e-07 | 3.4 | 2.19¢-08 | 3.3

Table 4.1: Temporal convergence - diffusion: E_, E, and the corresponding convergence order r, and
ryatT and T

gence are presented in Figure 4.3 and Table 4.1 and exhibit a third order convergence,
which validates the proposed approach for the diffusion. Indeed, the treatment of the
diffusion term on the particles does not include any splitting and hence does not affect
the third order Runge-Kutta integration scheme.

Diffusion and advection

In this section, we add the advection of the particles in order to highlight the influence
of the particle-mesh interpolation and the particles distortion on the accuracy of the
method. We then use every sub-step of the algorithm described in §4.2.2. However,
we do not remesh the particles during the simulation. We use a time-step fixed by the
Fourier number, r £ vAt? / h = {0.2; 0.1 ; 0.05} and the same mesh resolution as in
the previous section. Again, this analysis is based on a self-convergence approach as
the spatial discretization produces much higher errors than the time integration. The
results are presented in Figure 4.4 and in Table 4.4. The third order convergence is
reached for Tl*. The change in convergence rate observed for T2* is mainly due to the
Lagrangian deformation that begins to dominate. It could also be partially attributed
to the non-linear behavior of the extension methodology, which depends on both Ax
and At and hence deteriorates the self-convergence order.

4.3.2 Spatial convergence of the method

To study the spatial convergence of the method (without remesh), we use the same
Gaussian benchmark and consider this time the convergence to the analytical solu-
tion. The convergence is run at constant Fourier number, r = 0.15 and using three
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Figure 4.4: Temporal convergence - advection and diftusion: E (T’ 1* :
-0- and T} : -O-)and @ (AF) (- -).

- ande*: —D—),EZ(TI*:

T*
Fourier number | time step : E, oo E, )
0.2 1 4.73e-05 3.70e-06
0.1 2 3.30e-06 | 3.8 | 2.72e-07 | 3.8
0.05 4 3.35e-07 | 3.3 | 2.86e-08 | 3.2
7
Fourier number | time step E Feo E, ry
0.2 4 1.86e-05 1.42e-06
0.1 8 1.94e-06 | 3.3 | 1.49e-07 | 3.2
0.05 16 6.58¢-07 | 1.6 | 4.41e-08 | 1.8

Table 4.2: Temporal convergence - advection and diffusion: E,, E, and the corresponding convergence
order ro, and rp at T} and T}

T*
R/h | time step E oo E, ry
25.6 4 1.15e-03 2.66e-04
51.2 16 2.00e-04 | 2.5 | 6.47e-05 | 2.0
102.4 64 7.54e-05 | 1.4 | 1.52e-05 | 2.1

Table 4.3: Spatial convergence - E_,, E, and the corresponding convergence order r, and r, at T*.

different grid sizes R/h = [25.6; 51.2; 102.4]. We measure the convergence at
T* = 0.6 wRe (ho / R)2 ~ 0.29, when the Lagrangian deformation is still acceptable
and no remeshing operation is required. The results are shown in Figure 4.5 and they
present the expected second order convergence for both the 2- and co-norms.
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Figure 4.5: Spatial convergence - E,, (F+ ), E, (=0~ ) and O (h2) (==).

4.4 The impulsively started flow past a cylinder

To illustrate the presented approach, we present its application to the benchmark of
the impulsively started flow past a cylinder, and we compare our results to several
published works. We perform the comparison between the grid resolutions of several
runs by quantifying the resolution in the boundary layer. Therefore, the scaling con-
cerning the spatial resolution A relatively to the characteristic boundary layer thickness
¢ is here defined as

Nﬁ%: ! (%) : @.21)
VRep
with Rep, = YD and § o« —2 , for the flow near the stagnation point, as also used

v e D
in Mimeau et al. [32]. Moreover, the accuracy of numerical methods in regions with

sharp gradients is driven by the mesh Reynolds number based on the vorticity:

_ lo| #?

Vv

(4.22)

Re, ;

So, a second “figure of merit" to assess the quality, within the boundary layer, of sim-
ulations relatively to each other can be defined as

o Opan 1 Uy h? Rep 3/2 < h )2
= — = —74/R — = =R — 4.2
Q v < D €p v N52 eD D ’ ( 3)

where we have used that the wall vorticity is proportional to UT‘”, thus @,
UDO
F RCD.

We also define the following dimensionless quantities,

tU F
) Cp=—=>— o = @D ’ (4.24)
D L'pp2 Uy
) ©

*
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where F is the drag computed using a control volume approach by Noca [113], as also
proposed by Mimeau et al. [32],

F:—i/ udx+/ y -ndx , (4.25)
dt Jo, 00,

where Q, is the control volume, n is normal to 6Q, and

y=%|u|21 U X @) + ——® (XX U)
1 Ju Ju
e (S A B
e X (V- DI =X(V-T)] + T

in which N is the spatial dimension (2 or 3), I is the unit tensor and T =
u [Vu + (Vu)T] is the viscous stress tensor. This approach is well suited for the vor-
ticity formulation as it does not involve the pressure field.

Finally, we define 8 € [—x ; x[, the angle along the cylinder surface such that the
stagnation point is at 8 = 0.

To alleviate the computational cost, we use a subdomain, [N ;“b X N ;“b] that
fully includes the immersed body and where the Poisson sub-system is solved with
a relative tolerance of 107® and 6 recycling solutions. The cylinder is centered at
(0.75D ; 1.25 D) and we use the following accuracy parameters: Ccpp = 0.1,
CrLcrLe = 0.2 and r = 0.3. The remaining parameters are presented in Table 4.4.

Re | R/h N, O | L, L,

550 | 1024 873 031| 5D 25D
3000 | 2048 748 098 | 5D 25D
9500 | 8192 1681 034 | 25D 25D
9500 | 409.6 840 138 | 5D 25D

40000 | 819.2 819 298 | 25D 25D

Table 4.4: TImpulsively started flow past a cylinder - setup used for different Reynolds numbers. The
computational domain spans [Lx ; Ly].

4.4.1 Impulsively started flow past a cylinder at Re = 550

The flow around a cylinder at Re = 550 is presented in Figure 4.8. The simulation
parameters are presented in Table 4.4. The obtained drag coefficient is shown in Fig-
ure 4.6, where we match the results already obtained by Koumoutsakos and Leonard
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[63] and Marichal [14]. We also compare favorably to the theoretical drag curve [100],
valid only for short times,

15 1
Cp=4 [—Z 4o [o-—=2)— . 4.27
2= Rep 1) ( ﬁ)ReD e

In Figure 4.7, we compare the vorticity at the wall used in our method with the one ob-
tained by Koumoutsakos and Leonard [63] and the one provided by Marichal [14]. We
observe a behavior consistent with the sharp treatment of the Immersed Interface tech-
niques. We are indeed closer to the results of Marichal [14] than to those of Koumout-
sakos and Leonard [63]. Nevertheless, we predict slightly higher wall vorticity values
for 0 ~ +0.97 ~ +80° compared to the former. Finally, the small oscillations present
in the wall vorticity are due to the varying distance between the surface and the first
point in the bulk in the X and Y directions: this distance governs the computation
of the wall quantities, as described in §4.2.4. These oscillations tend to disappear at
higher resolutions, as they are driven by the Q quality criterion, see Figs. 4.7, 4.10 and
4.13.

Figure 4.6: Drag coefficient at Re;, = 550 - Present approach ( —@— ), theoretical drag curve (- -),
Koumoutsakos and Leonard [63] (O ) and Marichal [14] (O)

4.4.2 Impulsively started flow past a cylinder at Re, = 3000

The flow around a cylinder at Rej, = 3000 is presented in Figure 4.11. The simulation
parameters are presented in Table 4.4. In Figure 4.9, we compare the obtained drag
coefficient with the results of Koumoutsakos and Leonard [63]. The agreement with
the reference is excellent, in particular the capture of the peak around t* ~ 2. The
dimensionless wall vorticity is exposed in Figure 4.10 and compared with the results
from Koumoutsakos and Leonard [63]. It can be seen to have more slight oscillations
than at Rep, = 550, which are due to the fact that we kept N constant from one run
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40 . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0/n

Figure 4.7: Wall vorticity at Re;, = 550 - Present approach (t* = 1: —@—,t* = 3: ——), Koumoutsakos
and Leonard [63] (* = 1: = =) and Marichal [14] (t* = 1. —).

(a) t* = (b) t* =4
Figure 4.8: Vorticity contours at Re;, = 550

to another, hence decreasing the accuracy at the wall (as we increase the value of Q).
Moreover, we note that our approach predicts higher values around wall vorticity peaks
than the latest reference; this reflects the better sharpness of the IIVPM method at the
wall.

Cp

0 Il Il Il Il Il
0 1 2 3 4 5 6

Z*

Figure 4.9: Drag coefficient at Re;, = 3000 - Present approach ( —— ) and Koumoutsakos and Leonard
[63] ().
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Figure 4.10:  Wall vorticity at Re;, = 3000 - Present approach (+* = 1: -e—,t* =3: - )and
Koumoutsakos and Leonard [63] (t* = 1: = =).
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(a) =1 (b) =4
Figure 4.11: Vorticity contours at Re;, = 3000

=

4.4.3 Impulsively started flow past a cylinder at Re, = 9500

The flow around a cylinder at Re, = 9500 is presented in Figure 4.14. For this test
case, we have used two resolutions to highlight the accuracy of the IIVPM approach
and the influence of the accuracy parameter, Q. The coarser computation has been
performed with N5 ~ 8, while the finer used twice that resolution, N5 ~ 16 (i.e.
R/h ~ 410 and R/h ~ 820 respectively, see Table 4.4).

The obtained drag coefficient is shown in Figure 4.12, where we observe excellent
agreement between the two resolutions. It proves that, for a value of N, = 8.4 (and
O = 1.38), the drag coefficient is already quite converged, even when considering
high Reynolds number flows. This coefficient can also be seen to globally agree with
the results of Rossinelli et al. [114], obtained using an effective number of points per
radius 8 times higher (R/h ~ 3280 and N ~ 64 in their case). The more noticeable
differences lie in the drag oscillations around #* ~ 2, which appear to be sharply cap-



4.4. The impulsively started flow past a cylinder 83

tured by the present method, even at low resolution. This observation, together with
the convergence test of the previous sections, lead us to the claim that the differences
with Rossinelli et al. [114], in particular for the dynamics of the shear layer, is due to
the dissipation/damping behavior of the penalization method!. This in turn influences
the generation of the structures shed in the wake and has a noticeable impact on the
drag coefficient.

Finally, Figure 4.13 shows the wall vorticity for both resolutions. Again we observe
higher values around the peak compared to Koumoutsakos and Leonard [63] att* = 1,
which is also observable in the drag coefficient behavior. Furthermore, the influence
of the wall accuracy parameter, Q, is noticeable as increasing the accuracy at the wall
leads to significantly smoother wall vorticity values, as expected.

Figure 4.12: Drag coefficient at Re, = 9500 - Present approach (N; = 8.4: ——, N5 = 16.8: —@—),
Koumoutsakos and Leonard [63] ( =0 ) and Rossinelli et al. [114] ( =O0-).

1000

500 A.” 1

) :§ 0= S S SR

8 500 .

~1000 - :
~1500 : : : : : : : *

Il
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0/

Figure 4.13: Wall vorticity at Re;, = 9500 - Present approach at t* = 1 (N; = 8.4: —-—, N; = 16.8:
—o—);att* =3 (Ns; =16.81: ) and Koumoutsakos and Leonard [63] at t* =1 (= =).

IThere is a factor 2 in the dimensionless time between [114] and the present work since we have used
the diameter and they have used the radius in the time definition.
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(c) t*=4 d =5
Figure 4.14: Vorticity contours at Re; = 9500

4.4.4 Impulsively started flow past a cylinder at Re;, = 40000

In order to stress our approach, the flow around a cylinder at Re , = 40000 is presented
in Figure 4.17. We decided to keep the scale N constant to a value comparable to
the one used in the previous runs, therefore degrading even more the wall accuracy
(Q =~ 3). The other simulation parameters are presented in Table 4.4.

The obtained drag coefficient is shown in Figure 4.15 and compared to that of
Rossinelli et al. [114]. We note a qualitative agreement with this reference up to
t*
0 ~ +135° in Figure 4.4.4. A zoom of the vorticity field, shown in Figure 4.18, fo-

R

1.2, which corresponds to the detachment of the vorticity patch located at

cuses on the region of successive separations; the already detached shear layer exhibits
azimuthal oscillations which lead to vortex formations, more intense pressure gradi-
ents and eventually more separations. Its behavior is extremely sensitive to resolution
effects (Vg is 16 times higher in their results than in ours), to the accuracy treatment
at the wall (Q) and to the performance of the numerical scheme, which explains the
observed difference. Finally, to stress the importance of the wall accuracy criterion, O,
we present the wall vorticity in Figure 4.16. It can be observed to present oscillations
especially in regions of vortex formation.
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Figure 4.15: Drag coefficient at Re;, = 40000 - The present approach ( —@— ) and Rossinelli et al. [114]
(=0-).
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Figure 4.16: Wall vorticity at Re;, = 40000 - The present approach (t* = 1.0: —e—,* =1.5: —e—).
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Figure 4.17: Vorticity contours at Re;, = 40000
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Figure 4.18: Vorticity contours Re;, = 40000
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4.5 Conclusions

In this chapter, we presented a sharp and accurate approach to take an inner obstacle
into account in the Vortex Particle-Mesh (VPM) framework. The proposed method
relies on the Immersed Interface tool to handle interface discontinuities on the grid
and uses ghost particles to impose the body interface from the particle point of view.
Every step of the standard VPM methodology is modified using the Immersed Interface
approach: the Poisson equation is solved using the decomposition into a global and a
local problem, as proposed in Chapter 3, while the diffusion is computed using [IM-
modified stencils along with a Dirichlet boundary condition, computed from the no-slip
condition.The diffusion and vorticity fields are then extrapolated inside the body, using
an [IM-modified Hamilton-Jacobi extrapolation, in order to ensure the accuracy of the
mesh-particle interpolation. After advection and diffusion on the particles (including
the ghost particles in the body), we interpolate them back onto the mesh. A remeshing
technique is also implemented and applied whenever required.

We prove the second order convergence of the proposed methodology, up to the
wall, and the conservation of the temporal convergence order, unlike any already pro-
posed Immersed Interface approach in the VPM framework. Moreover, the present ap-
proach only entails one Poisson equation per sub-step, unlike a flux-based (or Lighthill)
approach, which further reduces the computational cost. We assess the computational
efficiency on the impulsively started cylinder benchmark for various Reynolds num-
bers (from Re = 550 to Re = 40000) and compare favourably with other references.
We also introduce a “figure of merit" of immersed boundary methods, Q, that quan-
tifies the accuracy of treatment of an interface, and in particular the computation of

172 is not suffi-

cient to insure an equally accurate treatment of the boundary, thus a scaling with Re3/*

would be more appropriate, keeping a constant Q (typically O < 1). We finally show

the wall vorticity. We illustrate that scaling the grid resolution with Re

that the present IIVPM method is able to reproduce results from Rossinelli et al. [114],
at high Reynolds number (Re = 9500), using an eight times coarser grid resolution at
the boundary, hence highlighting the gain of accuracy brought by the sharp interface
treatment.

This work, so far, has been focused on a second-order accurate method, in the bulk
and at the wall. However, it could readily be extended to higher order by enlarging the
width of the primary and secondary interpolation layers around the interface. More-
over, the present approach is extendable to 3D without significant difficulties; this has
been already achieved for the Poisson solver in Chapter 3.



CHAPTER 5

A 3D Immersed Interface Vortex
Particle-Mesh method

5.1 Introduction

In the previous chapters, we detailed every technical aspect required for the develop-
ment of the 3D Immersed Interface Vortex Particle-Mesh method. This method is built
on several recent works that paved the way in 2D [76, 81], and it includes many of the
tools presented here: the efficient Poisson solver from Chapter 3, the recycling solver
from Chapter 2 and the 2D Immersed Interface Vortex Particle-Mesh (IIVPM) method
presented in Chapter 4.

In this chapter, we first present the extension of the IVPM method from 2D to
3D, including the specific aspect of the treatment of the divergence of the vorticity
field, see §5.2. Second, in §5.3, we validate the IVPM3D method, and especially
the evaluation of wall quantities and analyse their behaviors on the benchmark of an
impulsively started flow past a sphere at moderate Reynolds number (Re = 300). Then,
we assess the method using a longer time simulation on the same benchmark and we
compare our results and their computational cost with those of the iterative penalization
method, as presented in Chapter 2. In §5.5, we present the impulsively started flow past
an ellipsoid with an angle of attack. Finally, a conclusion of our approach is presented
in §5.6, together with future perspectives.

89
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5.2 Methodology

In this section, we shortly describe the extension to 3D of the IIVPM method. The
method is mostly identical to what was proposed in 2D, except for the Poisson solver
and the reprojection operation (which was not needed in 2D). Throughout this chap-
ter, we consider the computational domain, €, enclosing an immersed body, €, and
its surface, 0Q,. In this chapter, we will consider a fixed, non-rotating and simply
connected immersed body.

5.2.1 Poisson solver

As proposed in Chapter 3 and by Poncet [109], we use the Helmholtz decomposition
of the velocity to compute it from ¥ and ®:

u=(U,+VAY)+VD , (5.1)

where U, + VAW = u,, represents the bulk contribution, which is solved first, using
a bulk Poisson solver. The body contribution is then obtained from the potential, ®,
with a no-through flow boundary condition,

V20 =0 such that ?)2 =-u,-n on 02 . (5.2)
n

Implementation

From an implementation point of view, we sequentially solve the following equations,

V¥ = —0 (5.3a)
[V24+ U@ =0 (5.3b)
where Eq. (5.3b) is solved using the Sherman-Morrison-Woodbury (SMW) approach

[45, 104, 105] and the Lattice Green’s Function (LGF) convolution kernel [80], as
proposed in Chapter 3,

b= Vi - Vi2EC 1+ ETV;2E,Cl EIV;2 1 (5.4)

where E, is the restriction operator to the biased points, E; is the restriction operator
to the interpolation points and C is the Immersed Interface jumps computation. Let
us note that, in the present context, the source term is null (f = 0) and that the [IM
application is an affine linear application, due to the non-zero boundary condition,

[E,CE"| x = [E,CE] x+ E,C,,] . (5.5)
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The potential function, @, is then computed as
[I, + EI'V,?E,C] x = —E] V,?E,C,, (5.6a)
®=-[V,?E,Cx+ E,C,| . (5.6b)

The Poisson solver for Eq. (5.3a) is an inflow/outflow solver [16], in order to handle
the vorticity leaving the domain. Such a solver can be used in two outflow configura-
tions: the “no-lift" and the “no-drag" configurations. The no-drag condition, typical
of lifting bodies, allows normal vorticity at the outflow (d,w, = 0 and @, = 0). The
no-lift condition, typical for dragging bodies, imposes a zero normal vorticity at the
outflow (w, = 0 and J,®, = 0).

When considering the Poisson solver in Egs. (5.6a) and (5.6b), the source term is
compact and located in the vicinity of the body surface, and therefore a fully unbounded
Poisson solver is used. The system in Eq. (5.6a) is solved using a recycling GMRes (see
Fischer [115] and Chapter 2) and a subdomain in order to reduce the computational cost
associated to the iterations. Finally, Eq. (5.6b) is solved in the whole computational
domain, using an unbounded Poisson solver.

Let us note that the mismatch between the boundary conditions of the different
Poisson solvers is the major disadvantage of the subdomain approach. However, it
amounts to a very small error, as it is limited to the inflow and outflow regions, usu-
ally located far from the body, and it will therefore have a very limited impact on the
solution. The computational cost associated with this Poisson step is

40 (yy: 108 [1ye] ) + Nyer © (322 log [n;’;”z] ). .7

where Ny, is the number of iteration required to solve Eq. (5.6a), n,,,,

number of unknowns associated to the full domain and the subdomain, respectively.

and n%® is the
xXyz

5.2.2 Wall vorticity

As in 2D, the no-through flow condition will induce a spurious slip velocity, which
will in turn generate a vortex sheet at the wall. The wall vorticity is then computed as
the sum of the normal vorticity and the planar one, respectively given by

1
®.  =2W.n (5.8)
Ju
Q)Z)a” =nA (a) s (59)

where W is the angular velocity of the body. In this work, we consider non-moving
and non-rotating bodies (W = 0). The wall vorticity is then obtained as

ou
D ypa)) = (D’;}a” =nA <$> . (5.10)
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From an implementation point of view, by using three bulk values of the velocity
and the boundary condition, we are able to recover the wall vorticity at © (h*). How-
ever, in practice, when the wall is poorly resolved, an evaluation of the wall vorticity
at O (hz), hence using two bulk values and the boundary condition, is more robust.

5.2.3 Diffusion and stretching

The wall vorticity is used to compute the diffusion term, V2@, and the stretching term,
(® - V) u. The diffusion term is evaluated using standard second order finite differences
and the Immersed Interface jumps based on the boundary condition, ®,,,;;, compatible
with the second order accuracy of the finite difference stencil. As already mentioned,
a second order evaluation of the wall vorticity is more robust than a third order eval-
uation, and it has been observed to be sufficient to ensure a second order convergence
in the bulk, see Chapter 4.
The stretching term is here considered in its conservative form,

V0w =2 (no)) 5.11)
J

which is evaluated using a standard second order finite differences and the Immersed
Interface jumps, with a zero Dirichlet boundary condition on (@wu), compatible with
the global accuracy of the scheme.

5.2.4 Particle-Mesh Interpolation

As in Chapter 4, the field is extended using a second order Hamilton-Jacobi extension
in the body. Following §4.2.5, the extension of a field f is computed as the stationary
solution, in pseudo-time 7, of the following system,

0 S nin'v -1 b _
o]yt [0 e

where C is the smoothing function (see Chapter 4, in order to take into account only a
thin layer around the interface, n;, the ingoing normal to the body defined as

Vo
== , 5.13
nl}’l Ivd)l ( )
with ¢ the levelset representation of the body and f " the normal derivative of the field,

!/

fl=n,-Vf . (5.14)
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For the same reason as in 2D, we first compute the field f and f " in the bulk, using the
IIM with an extrapolated boundary condition, and then extend them inside the body.

Ghost particles are computed at the beginning of each (sub) time step, using the
extended field computed by solving Eq. (5.12). Those particles will have the same evo-
lution as the bulk particles, i.e. they evolve according to the velocity, to the diffusion
and to the stretching term.

5.2.5 Reprojection

Due to the advection and Lagrangian deformation, particles will eventually generate
a non divergence-free field, @. To counteract this phenomenon, we use a Helmholtz-
Dodge decomposition that decomposes the vorticity on the mesh into a divergence-free
and a curl-free component. This approach is usually also referred to as the solenoidal
reprojection method. The divergence-free vorticity field, w, is then computed as

w=d+VA , (5.15)

where A is a scalar field that satisfies the Poisson equation,

VZA=—yV-@®  such that 941 , (5.16)
on 109,
with y, a “relaxation mask", defined as
0 if  ¢x)<h,
p(x)—h
z=13sin( Z (P —he) if  h, <$p(x)<2h, . (5.17)
2 h,
1 if 2k, < $(x)

This masking function is typically added to neglect the divergence source term in the
regions close to where the vorticity is generated.

Implementation

From an implementation point of view, we use finite differences for the computation of
the divergence in Eq. (5.16) and the gradient in Eq. (5.15). They are then corrected by
Immersed Interface jumps if no masking function is used, which costs an extra Poisson
solver to compute an up-to-date wall vorticity. The Poisson problem, Eq. (5.16), is
solved using a FFT-based solver, similar to the one used to compute the velocities, see
§5.2.1. The FFT type is chosen to impose an anti-symmetry condition at the outflow for
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a no-lift boundary condition (d,A = 0) and a symmetry condition in the case of a no-
drag outflow condition (A = 0). In the other directions, we impose an anti-symmetry
boundary condition. In order to ensure a perfect compatibility with the Immersed
Interface jumps used to take the inner boundary into account, the convolution kernel
used is, expressed in the Fourier space,

1

k. h k,h k.h
-2 X -2 y -2 z
4[s1n (—2 >+s1n <—2 >+s1n < > >]

Since the problem is no longer unbounded, no subdomain can be used. Finally, let us

Gh=

(5.18)

note that, due to the non-staggered grid employed here, the divergence will decrease,
yet it will not be canceled exactly. Using this approach, we then impose an “almost
divergence-free" vorticity every Ny noida = 20 time steps.

For the IIVPM application, based on our experience, the generation of the di-
vergence is very strong at the wall and especially when considering a body surface
poorly resolved. Moreover, the jumps used in the divergence evaluation will also in-
crease the mismatch due to the non-staggered approach. Therefore, when the wall is
poorly resolved, we recommend to discard the divergence and the vorticity correction
in the boundary layer in order to not corrupt the near-wall vorticity (using typically
h, =~ (4-8)h).

5.2.6 Force computation

First, let us recall some basics from continuum mechanics (we here use the notation
and definitions from Wu et al. [116]). The strain rate tensor, the rotation rate tensor
(also called the vorticity tensor) and the surface deformation rate tensor are defined
respectively as

D=2 (Vu+vu') (5.192)
Q= % (Vu—vu') (5.19b)
B=60I-Vul . (5.19¢)

where & = tr (D) = V - u denotes the dilatation. They are linked by the following
relations,
D=01+Q-B (5.20a)
Vu=601+2Q-B , (5.20b)
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which come from the triple decomposition of D and Vu [116, p.50]. The stress tensor,
T, is then given as
T=(-p+10)1+2uD |, 5.21)

with p the pressure. A first decomposition is obtained using the deviator of the strain
rate tensor, D=D- %tr (D)=D - %9,

T=[—p+<A+%§>4I+2yﬁ==pp+cml+2yb, (5.22)

2
where § = (A + ?ﬂ> denotes the bulk viscosity. Another decomposition, proposed

by Wuet al. [116, p.52], uses Eq. (5.20a), to obtain a triple decomposition of the stress
tensor,
T=-TI1+2uQ-2uB , (5.23)

where IT = p — (4 + 2u) 0 consist of the pressure and a viscous contribution of dilata-
tion. Let us note that since B is trace-free, the surface deformation process does not
affect the surface force integrated over a closed boundary [116, p.52]. Therefore, we
introduce the reduced stress tensor,

T=-NI+2uQ , (5.24)

which can be used in the force integrations over a closed surface.
Still following Wu et al. [116] notation, we consider a surface and its outgoing
normal, n, and we obtain that

n-B=r,n+W An , (5.25)

ou, - . .
where ry =V, -u=0- % is the rate of change of this surface area and with W
the angular velocity. The surface stress is defined as t = n - T. Similarly to the stress
tensor, since B is trace-free, we introduce the reduced surface stress,

t=n-T=-IIn+uwAn . (5.26)

From a more general point of view, the surface stress is also given by t = t + t, where
t,=—2un-B=-2u (rsn +W A n). Combining those equations, we finally obtain
that the expression for the surface stress,

t=n-T=-MI+7 , (5.27)

with IT = (p— A0 —2u %’) and 7 = pw, An = p(®w —2W) A n, the skin friction
stress.
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In this work, we use two ways to compute the force acting on the immersed body.
First, we apply the control volume approach proposed by Noca [113, Eq. (81)] which
relies exclusively on bulk quantities, here in 3D,

F=—14 X/\a)dV+/ uAwdV (5.282)
2dt Joyo, Q+Q,
+i/ udV+17§ n,-oxAu) dS (5.28b)
—%f*ns-(u—us)(x/\a)) ds (5.28¢)
+%?§ XA [ngA(V-T)] dS+7{ n -TdS . (5.28d)

Second, we can also recover the force using wall quantities, where it is decomposed
into the pressure and the viscous contribution [116, Eq. (2.71)],

F=7§ n-TdS:}{ n-TdS=F,+F, , (5.29)
0Q, 0Q,
with
F,= 7{ —pn dS (5.30a)
0,
FV=7§ rdS=y}l{ oAndS (5.30b)
0Q, 0,

Pressure Force

The pressure integral is computed using the Burgatti formula [113, p8],
?{ xA(n/\Vp)dS:—(N—l)/VpdV+/xA(V/\Vp)dV. (5.31)
oQ, Q Q

The last term vanishes since VAV (-) = 0 and, using the Green’s theorem, this equality
becomes

j{ XAMAVD) dS=—(N=1) | VpdV=—(N-1)¢d pndS . (532
0, Q 0,

The pressure term of the force can then be computed as

1
F =}l{ —pndSz—jl{ XA(MAVp)dS . (5.33)
P Jag, (N -1 Jogq,
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To evaluate the term n A Vp, we use the momentum equation

pna|tvp = - 2% _ v e (5.34)
p Dt
Du
(nAVp):—pn/\E—yn/\(V/\a)) (5.35)

Here, we assume that the velocity at the body surface is known, u = u,. We finally
obtain the following relation for the pressure gradient, at the wall,

Du,
> "
Several techniques are available to evaluate the term n A (V A @);q, . Hereunder, we
present two different approaches.

mAVp)=—pnA yn/\(V/\a))lagb . (5.36)

The standard decomposition

We use the following property

Von-o)=m-Vo+(@ - V)n+nA(VA®)+o®A(VAD) , (5.37)
to obtain
NnA(VA®o)=[Vn- o) -m-V)o—(®-V)n—-oA(VAND)] . (5.38)

Since n = V¢, where ¢ is the body levelset function, we have that (V An) = 0 and
n-® = 2W -nis known at the boundary. Finally, we obtain the following relation,
linking the pressure and the vorticity field, at the wall:

Du

Ltu @ Vo+@ VIn-Vm- o)y, - (539

AVp)=-— A
(n A Vp) pOA—

Du
For a fixed and non-rotating 3D body (Ttb = 0and W = 0), the pressure component
of the force is then given by

Fp=ﬁ7§ XA V)o+(@-V)nldsS . (5.40)
2 Joa,

The divergence decomposition

Another approach, proposed by Wu et al. [116, p140], highlights the contribution of
the divergence of the vorticity. Similarly to the first approach, one obtains that

-nAVA®d)=(m-V)o—MmAV)A® (5.41)

=m:-V)o-[(Vo) - n—n(V - o)] (5.42)

=m-V)o—- (Vo) -n+n(V- o) (5.43)
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So, the force component due to the pressure is also given by

szg% xAm- Vo - (Vo) -n+n((V-w)]dS . (5.44)
0,
Let us note that in our case, the divergence of the vorticity should be zero, while in
practice, this is not exactly the case, see §5.2.5.

These two formulations are very close one to the other; yet they give different

results in practice, especially for a poorly resolved body interface.

5.2.7 Numerical evaluation of surface integrals

In this section, we present a technique to evaluate surface integrals on the immersed
surface. This approach, which uses only the level set function, is based on the work
proposed by Tornberg et al. [117] and generalized to the Immersed Interface framework
by Smereka [118]. It relies on the computation of an equivalent surface, AS,,, for each
intersection point, such that

. £ (x)dS ~ zk: AS, <xak> , (5.45)

0

hence the body surface is obtained as

Sio = D AS, . (5.46)
k

As proposed by Smereka [118], this equivalent surface is defined as
Alz— | % 3
AS,, 2[5 +65 |0 (5.47)

where S;k/ * represents the density contribution of the left and right biased point to the
Dirac function associated with the intersection point,

[5— + 5+]
% 25, . (5.48)

In other words, 5;,(/ * is the representation on the grid of 6, . A given biased point will
have a contribution in each intersection direction, 6,;, £ 6% + &, + 6Z. This Dirac
function satisfies the discretized equation of the associated Green’s function, G,

V3G, =5

hta a

(5.49)
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where Vi stands for the standard second order finite difference Laplacian. It is well
known that this problem is equivalent to a Laplace equation, in the bulk domain, i.e.
for x & Q,,

ViG, =0, (5.50)

such that [Ga] = 0 and [05"’

face, this Laplace equation then becomes

] = 1 on the interface, 0€2,. Using the Immersed Inter-

1
ViGo =5 |7 (Ga) + 7 (G,) + I2 (G)] =0 (5.51)
with
. 0G,]  (h*)’ [02G,]
+ _ §x _ 3+ a 3 3
JE=68=h _dx_a+ 5 _ax2_a+0(h) (5.52a)
) 0G| (h*)’ [0%G,]
+* _ Sy _ p* o a 3
JE=8)=h _ay_,,+ > oy +0 (h*) (5.52b)

Ja
[0G,|  (h%)" [9°G,)
| 0z | 2 | 0z2

H+
Il
Oy

nN
Il
=

+

J

+0O (k) . (5.52¢)

N
|

da

where we have used the boundary condition G, , = 0 and [-], is the jump across the
interface x,. In the Immersed Interface framework, the contribution of a biased point
to the body surface is then given by

Sijk = [in (Go) + 5 (G,) + I (Ga)] : (5.53)

Without loss of generality, we now consider the x direction only, since the extension

to y and z directions is straightforward. Using the boundary condition a;“ =1, we
obtain that

G 0
[ ] ny = [_¢] , (5.54)
ox |, ox |,
where ¢ is the levelset function (such that |[V¢| = 1). Therefore, the jump expression
becomes 5
- ap|  (n*)" [o*G
S =ht|—=| + 2+ 0o (R . 5.55
e R e R

Second derivative in two dimensions

In the following, we use the simplified notation: 0, (-) = % (and V, () =(t- V) (),
where t is a tangent vector. For the evaluation of the second derivative, we use the
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Laplace equation (V%lGa = (), together with the two other relations (6,2 G, = ()tztGa =

n
0), derived from the boundary conditions. In two dimensions, the system then becomes

Iene tng+tn, fn, 6§xGa
2 21,1, 2 |[05,Ga|=|-n-(Vit)] . (5.56)
1 0 1 |9;,G, 0

and its solution is given by,

[a)%xGa]a = % [n- (Vtt)] (5.57a)
sign (n
[aina]a = —¥ [n- (Vit)] (5.57b)

with
net,—n,t
D=(t2+1?) M ) (5.58)
(nx t,+n, tx)
Using the fact that |t|? = (tx2 + tyz) =1land n At = —e_, we finally obtain
[02.G,], = —sign (n,) (n,t,+n,t,) [n- (V1) (5.5%)
[aina]a = sign (n,) (nct, +n,1,) [n- (V,t)] (5.59b)
Finally, we can link the development done by Marichal [14] and the method pro-
posed by Smereka [118]. Indeed, using t = e, A n, we obtain that

n-(ot)=n-[0,(e;An)] =n-[e, A (n)]
= (om) - (nAe,)=—t-(on) (5.60)

While we also know that, since [t| = 1,

Vi¢=V-n=e,(d,n)+e (dn) =—[n-(91t)] . (5.61)
In two dimensions, the approach of Marichal [14] and Smereka [118] are then equiv-
alent.
Second derivative in three dimensions
In three dimensions, we use the Laplacian (ViGa = 0) and the derivatives (afnGa =

afnGa = dftGa = dsta = a,%Ga = 0), where s = (—ny;nx +ng; —ny)T and t are the

two tangent vectors, such that n A’ s = t. The system is a straightforward extension of
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the two case, so is the solution. In Smereka [118], they propose to solve the system
using a gaussian elimination but a symbolic expression could be faster to evaluate and
easily generated. The system to solve is given by

02 G, 0
92,G, 0
A a%ZG“ _| (VY (5.62)
9,G, | |-n-(V,s)
2G| |-n-(Vat)
_aizGa_ L 0 _
with
Syfy Syn,+Syn. S hp+Sn SR, SR+ SR, S n;
A= t.n, txny + tynx t.n, +t,n, tyny tynz + tzny t,n, (5.63)
Syl Sylyt syt Syl + st syf, st + st sl
1 0 0 1 0 1

Similarly to the two dimensional approach, the solution is a linear combination of three
terms (n - (i)st), n- (055) and n - (0,t)), which can be rewritten, using n A s = t and
nAt=-s,

n-(ot) =-t-(on) (5.64a)
n-(o;t) =—t- (o;n) (5.64b)
n-(os)=-s-(on) . (5.64¢)

Considering a sphere body, let us note that n - (ast) = 0. However, it is interesting to
note that the Laplacian of the level set can be rewriten as

Vip=V-n=e,dn+edn+edn=—[n-(t)+n-(ds)| , (5.65)

For bodies without warping (n - (ast) = 0), a sphere or an ellipsoid for example, the
Laplacian contains all the required information. Therefore, we could envision an ap-
proach similar to Marichal [14]. However, when the body is warped, the Laplacian of
the levelset does not contain enough information and will then fail to retrieve the cor-
rect surface. In order to stay most general, we choose to apply the approach proposed
by Smereka [118].

5.3 Validation of the wall quantities

In this section, we validate the approach proposed above. We consider a sphere of
radius R (D = 2R), with a stream velocity u, = (0 ;0 Uoo). The notation conven-
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tion of the spherical coordinates used is detailed in Figure 5.1, where 8 € [—7x ; x]
and ¢ € [—% ; %]

Figure 5.1:  Spherical coordinates notation with e, as stream direction.

5.3.1 Stokes flow past a sphere

First, we consider the Stokes flow past a sphere, which has an analytical solution for the
velocity field, the vorticity field and the drag coefficient. The solution is axisymmetric,
therefore, for any plane IT going through the center of the sphere, the solution, in the
plane’s coordinates (see Figure 5.1), is given as

u,=Ug [1—%<§>+%<§ 3] cos (HH) (5.66a)

P [1 - 2 (?) - % (%)3] sin (6y) (5.66b)

Yoo 3 (B)in (o) (5.660)

3—‘: = a—‘r“ = —3:2‘” <§)3 sin (6r,) (5.66d)
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The drag coefficient can be decomposed into the pressure and the viscous contribution.
They are related to the Reynolds number (Rep, < 1) as follow,

2ruU_ R
Cp, = ZHU=R) _ 8 5.67)

(%ononR2> Rep

4zpuU R
Cp, = M _ 16 ) (5.67b)

1 R
(so0mre) o0

Hereunder, we use this analytical solution with Re = 1073, in order to validate our
computation of the wall quantities (wall vorticity, pressure component of the drag and
viscous component of the drag).

Surface of the sphere

The surface of the sphere can be approximated using Eq. (5.46). The error of this
approximation is defined as

S - (47rR2)

error (S) £ (0 R)

(5.68)
Itis seen in Figure 5.2 to reach a second order convergence. Let us note that this result,
already obtained by Smereka [118] and in 2D by Marichal [14], is a key advantage of
the ITVPM method, which proposes a way to compute an equivalent surface associated
with each biased point, independently of the other intersections and regardless of any
solution field.

Wall vorticity, wall vorticity flux and drag coefficient

The wall vorticity is computed using Eq. (5.10). We define the 2-norm and co-norm
of the error on the wall vorticity as

1 2

errory (@,q) 2 U—\/ D (@ars — @) b2 (5.692)
max (|®,,,;,; — @9

error g, (@) 2 9w ~ @i’V (5.69b)

U./R



104 Chapter 5. 1IVPM 3D

1072

1073 1
@
5 1074 F 1
=
o)

1075 ¢ ]

10—6 1 1 1 1 1

48 96 192 384 768
D/h

Figure 5.2:  Surface convergence - Error on the surface evaluation using Eq. (5.46) ( - ); O (hz)
convergence (- =).

)
. on
their error norms are defined as

The vorticity fluxes, = 0, ®, are also computed using the Immersed Interface tool;

1 2
errory (0,0,q) = U_/R \/Z (0, @01 — 0,0°34 )" B2 (5.70a)
(o8]
. max (10,0, — 0,075 )

errory, (0,@,,.;) = wall 7 (5.70b)

U, /R

In Figure 5.3, we show the convergence of the wall vorticity and the normal wall
derivative using these definitions. We note that, unlike the evaluation of the diffusion in
the bulk or the stretching term, the order of convergence of the wall vorticity flux, d,®,
is heavily impacted by the order of accuracy of the wall vorticity evaluation. The wall
vorticity needs to be evaluated at third order to obtain a second order convergence in
the wall vorticity flux. As highlighted later, this observation is valid when the vorticity
field is smooth enough on the grid (i.e. is well resolved) and thus the third order does
not exhibit a very stiff behavior.
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1 0(]
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Figure 5.3: Wall vorticity convergence - error ((owa,,): 2-norm ( =+ ) and oco-norm ( O~ );

error (g—i;) 2-norm ( <= ) and co-norm ( % ); @ (hz) ==)0 (h3) (==).

The same analysis can be performed for the drag coefficient (pressure and viscous
components). The errors are defined as

ICp, —8/Rep |l

error (CD’p) = I;VT (5.71a)
ICp, —16/Rep |

error (Cp ) = V16 TRe, , (5.71b)

where the coefficients are computed using Eq. (5.30b) for the viscous component and
Egs. (5.40) and (5.44) for the pressure component. As expected, the pressure and
viscous component of the force are recovered with a second order accuracy, as shown
in Figure 5.4. We also note that both approaches, the standard decomposition and the
divergence decomposition of the wall pressure, produce the same results. Again, this
conclusion is only valid when the vorticity field is smooth enough. In practice, the
standard decomposition gives slightly better results, when the vorticity field is stiff.
Finally we observe that the error in the viscous drag coefficient is mainly driven by
the error on the surface computation, while the error of the pressure drag coefficient is
driven by the error on the evaluation of the vorticity flux.
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107!
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Figure 5.4: Drag coefficient - Cp,, with Eq. (5.40) (@,,; « O (h?): 0= and @, « O (h%):
-0-); Cp, with Eq. (5.44) (@, O (R?): 0= and @, « O (k}): ¢ ); Cp, with Eq. (5.30b)
(@ x O (h?): <= and @, «x O (B3): 2); O(h) (==); O (h?) (= =).

5.3.2 Impulsively started flow past a sphere at Re, = 300

In this section, we investigate the behavior of the IIVPM method on a widely studied
benchmark, the impulsively flow past a sphere at Re, = 300. We examine the impact
of the resolution, D/h, on the quality of various diagnostics, including the drag coef-
ficient and the evaluation of wall quantities. We consider a fixed sphere of diameter
D = 2R and the domain dimensions are 2D X 2D X 8D, where the z direction is the
stream direction. The center of the sphere is located at (0, 0, 0).

The position of the inflow plane relatively to the sphere is determined from the
potential flow theory. Without loss of generality, we consider the plane y = 0, where
the transverse component of the velocity, u, is

u R3 /—3xz
L\ , 5.72
U 2 < rd ) ( )

[Se]

with r = 4/x2 + y2 + z2. This allows to estimate the blocking effect due to the inflow
condition. We put the inflow plane at z = —2.5D, in order to maintain the perpendicu-
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lar velocity under 0.2% of U,. The simulations are performed until t* =t U /D =5,
and we use a relative tolerance of 10° in the GMRes iterative solver for Eq. (5.6a).

We remesh every N,.,,..., = 5 time steps and the reprojection step is not performed
in this section, as it will not influence much the flow since we have a fairly well-resolved
wake. A comparative study between the non-reprojected and reprojected fields is pre-
sented in §5.4.

Similarly to Chapter 4, we use an adaptive time-step, chosen such that the accuracy
criteria, Eq. (4.4), are satisfied

At|D|; < LCFL,, and  Af|o|, <LCFL, , (5.73)

with LCFL = 0.31, LCFL, = 0.4, r = 0.4. The drag and lift coefficients are taken

as

F
Cpp=—2b | (5.74)

% pUgo TR2
while their top-hat filtering, with a length of 30 time steps, is noted as C_D and C_L,
respectively.
In Table 5.1, we summarize the different accuracy coefficients, N4 and Q, for the
three considered resolution. We also give the value of Cp, computed using Eq. (5.28).

D/h N5 Q Cp C, c, c,
Noca | Eq. (5.30b) | Eq. (5.44) Eq. (5.40)

t*=0.25

64 370 1.27 | 0.938 0.645 1.593 1.877

96 554 0.56 | 0.890 0.604 0.810 1.075

128 7.39 0.32 | 0916 0.597 0.662 0.924
t* =0.50

64 370 127 | 0.813 0.485 1.166 1.373

96 554 0.56 | 0.782 0.458 0.690 0.889

128 7.39 0.32 | 0.796 0.454 0.595 0.793
t*=0.75

64 370 1.27 | 0.796 0.427 1.101 1.281

9% 554 0.56 | 0.770 0.404 0.699 0.874

128 7.39 0.32 | 0.780 0.401 0.611 0.786

Table 5.1: Impulsively started flow past a sphere at Re = 300 - Influence of the resolution on the drag
and lift coefficient computed using Noca’s formula and using the integration of wall quantities (Eq. (5.30b),
Eq. (5.40) and Eq. (5.44)).

IThe D tensor has been computed using Immersed Interface modified stencils



108 Chapter 5. 1IVPM 3D

This is compared to the pressure coefficient, Fp obtained through the standard decom-
position, Eq. (5.40) and the divergence decomposition, Eq. (5.44) and the viscous coef-
ficient, C_V, obtained through Eq. (5.30b). In Figure 5.5, we present the different terms
and the various ways to compute the drag coefficient. From now on, we only show the
drag computed using Noca’s formula for the highest resolution of D/h = 128.

0.6 -

02F 4

0 0.25 0.5 0.75 1
t*

Figure 5.5: Flow past a sphere at Re = 300 - C_D using Noca’s formula ( —@— ); Fp using the standard
decomposition, Eq. (5.40), D/h = [64 ; 96 ; 128] (—O0—, —O—, ); C_p using the divergence decompo-
sition, Eq. (5.44), D/h = [64 ; 96 ; 128] (<>—, <, ); Fvusing Eq. (5.30b) D/h = [64 ; 96 ; 128]
(4o, O+, ); C_D = C_p+C_V using the divergence decomposition Eq. (5.44) D/h = [64 ; 128] (—&—
, -, )-

We note, in Figure 5.5, that the viscous drag coefficient values no longer change
when going from D/h = 96 to D/h = 128. This is expected because it is computed
from the wall vorticity and the quality of the evaluation of this wall quantity is the key
ingredient of our approach. However, the pressure coefficient is still quite different,
hence a very large number of points is required to obtain a drag coefficient close to
that computed using Noca’s formula.

This observation highlights the main difficulty of any approach which relies on
evaluating with high accuracy the wall vorticity derivatives. Here we so far rely on
the evaluation of the directional derivatives, i.e. using n - Ve, while the vorticity flux
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is driven by the normal derivative, not necessarily aligned with one mesh direction.
Improving the method will likely rely on a better way, still in the [IM framework, of
evaluating the wall normal vorticity derivative. Finally, we also note that removing
explicitly the divergence part of the wall integral, as done in the divergence decom-
position, Eq. (5.44), improves the integral evaluation as is produces a lower pressure
drag coefficient.

5.4 Long time simulation of a flow past a sphere at Re,, = 300

In this section, we consider the flow past a sphere at Re = 300 for longer times. The
domain consider is a mixed inflow/outflow and unbounded domain, with a size of 4D X
4Dx16D. The resolution of the mesh is chosen to be similar to that used by Ploumhans
et al. [30], D/h = 64. In order to trigger the expected oscillations, we perturb the
transverse velocity at the Strouhal frequency,

4 _0.1sin lZn’ u] , (5.75)
U T,

oo

where 7 is the start-time, T, the Strouhal characteristic time and 7} + T, the end time.
In practice, we used #; = 1 and an a-priori Strouhal value of S, = fD/U,, = 0.135
[32].

In this section, we consider two approaches. The first simulation does not use
the reprojection. Indeed the Reynolds number considered here is relatively limited
and the grid resolution is sufficient to have a limited divergence in the wake vorticity
field. The second simulation performs the reprojection, using a masking function with
h. = 4. The masking function is required as the relatively poor resolution near the
wall generates strong divergence, which leads to an erroneous reprojected vorticity
field, with a spurious radial mode. We also attribute this spurious divergence produced
near the interface to the field extension inside the body, through the Hamilton-Jacobi
procedure.

The relative GMRes tolerance for the Poisson solver is taken as 10~ and the co-
efficient for the adaptive time-step are taken as LCFL,, = 0.12, LCFL, = 0.2 and
r = 0.4. For the reprojection, we impose a stronger tolerance, as the GMRes is solved
with a relative tolerance of 10710,

2The D tensor has not been computed using Immersed Interface tool
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5.4.1 Drag and lift coefficients

For the non-reprojected approach, the filtered drag coefficient, C_D is shown in Fig-
ure 5.6, while the filtered lift coefficient, C_L is shown in Figure 5.7. A shorter time
comparison between the non-reprojected and the reprojected approaches is shown in
Figure 5.8. Both approaches produce essentially the same evolution of the drag and the
lift coefficients, and the same final Strouhal number, .St = 0.134, which are in good
agreement with the results obtained by Ploumhans et al. [30] and Mimeau et al. [33].

0.69

0.685

S 068

0.675 - h

20 40 60 80 100 120
t*

Figure 5.6: Flow past a sphere at Re = 300 - Drag coefficient C_D: non-reprojected method (—);
Cp mean from Ploumhans et al. [30] (== and Cp 0, from Mimeau et al. [33] (= =).

0 20 40 60 80 100 120

1*

Figure 5.7:  Flow past a sphere at Re = 300 - Lift coefficient C_L: non-reprojected method (—);
Cromean(= =) and Cp 00, = ACy (++++) from Ploumhans et al. [30].
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Figure 5.8: Flow past a sphere at Re = 300 - Drag coefficient (left) and lift coefficient (right): non-
reprojected method (—) and reprojected method (—).

The high frequency oscillations of the C; and Cp, curves is due to the numerical
evaluation of the first term in Eq. (5.28a),

d

— xAwdV |, (5.76)
dt Jasq,

which oscillates with a period of N,,,..,At, due to the periodic reset of the vortex
particles (here N,,,.., = 5). We also observe that a smaller time-step reduces these
oscillations. Moreover, the highest vorticity values are located at the body interface,
where the resolution is relatively poor, as compared to the quality factors defined in
Chapter 4 (N = 3.7 and Q = 1.27). This also affects the quality of the evaluation
of the integral. Finally, this evaluation could likely be improved in the vicinity of the
interface by considering the boundary points as truncated integration volumes.

5.4.2 Computational time and GMRes iterations

The computational time elapsed in each major step of the simulation is shown in Fig-
ure 5.9. We notice that the time spent in the Poisson solver (the bulk solver, the GM-
Res iterations and the final Poisson solver) represents around 70% of the computational
time. The iterated Poisson solver (i.e. the GMRes linear solver) represents only 10%
of the total computational time, thanks to the use of the subdomain. We also note that
most of the time is spent in the bulk solver, i.e. solving Eq. (5.3a) and in the final
Poisson solver, i.e. solving Eq. (5.6b). These timings highlight the importance of hav-
ing a very efficient and fast bulk Poisson solver. Finally, the effect of the recycling,
which reduces the computational cost, is especially noticeable at the early times of the
simulation.
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Figure 5.9: Flow past a sphere at Re = 300 - Total run time per time step for each operation of the
approach with reprojection.

The number of iterations is shown in Figure 5.10 for both the reprojected and non-
reprojected methods. As expected, we reduce the number of iterations through the
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Figure 5.10: Flow past a sphere at Re = 300 - Filtered number of iterations required by the Immersed
Interface Poisson solver: non-reprojected approach (—) and reprojected approach (—).

use of recycling [61, 115], which provides a mean number of iterations less than 1
for the non-reprojected approach. We also note that the reprojected approach requires
more iterations due to the periodic imposition of the divergence-free vorticity (here
Nyemesh = 45 Nyoproj = 20). Let us stress that Figure 5.10 shows the number of
iterations for the whole time-step, i.e. the sum of the iterations required for all sub-

steps of the third order Runge-Kutta scheme used here.
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5.4.3 Comparison with the Iterative Penalization VPM method
Extension of the Iterative Penalization VPM method to higher dimensions

We here briefly describe the generalization of the Iterative Penalization Vortex
Particle-Mesh method (IPenVPM) to three dimensions. There is no major change to
the methodology already presented in two dimensions and we here summarize its ex-
tension, for the sake of clarity of the manuscript.

Given the vorticity distribution on the particles, a)Z, we first compute the particle
to mesh interpolation to get the non-corrected vorticity field, @", and its corresponding
velocity ", This vorticity field is then corrected by a vorticity increment, 6@, which
is computed as the solution of the following linear system,

A@Bo)=VA(ysw)=VA|y(u-a")| , (5.77)

where du is the correction in velocity corresponding to the vorticity correction 6 ®.
The Eq. (5.77) is solved using a recycling GMRes method [115], as for the Immersed
Interface Poisson problem. Let us note, that, at convergence of the GMRes procedure,
the corrected vorticity,

o"=&"+6m , (5.78)

is such that the induced velocity is given by u”* = " + éu and
VA[x(u,—0"-6u)| =0=>u"=&"-su=u] . (5.79)

Here we have a fixed body, hence u;, = 0.

We then correct the vorticity on the mesh and on the particles. We also correct
the velocity on the mesh. Then, the right hand side of Eq. (6), i.e. the diffusion and
stretching terms, is evaluated and interpolated back on the particles in a classical way,
considering these corrected fields.

Drag coefficient comparison

We here compare the drag coefficient and the computational cost of both approaches.
We used the same setup, the same relative tolerance for the GMRes, 107, and the same
subdomain. In other words, we here use the same tools and the same computational
resources and compare the accuracy and the cost per time-step of both approaches.
The different drag coefficients obtained using both approaches are shown in Fig-
ure 5.11. We notice a small mismatch between the mean values. The drag coefficient
obtained using the iterative penalization approach is closer to the values obtained by
Mimeau et al. [33], while that obtained using the Immersed Interface approach is closer
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Figure 5.11: Flow past a sphere at Re = 300 - Comparison of the filtered drag coefficient obtained using
the ITVPM method (—) and using the Iterative Penalization VPM method (—), Cp ¢4y, from Ploumhans
etal. [30] (-=) and Cp ,,,,, from Mimeau et al. [33] (- ).

to that obtained by Ploumhans et al. [30]. This is expected since the method used by
Ploumbhans et al. [30] and the Immersed Interface approach are sharp at the wall, while
both penalization methods correspond to a smearing of the interface, and are thus less
accurate (yet also more robust/forgiving on the resolution required).

Cost comparison

The computational cost per time-step required by the two methodologies applied is
compared in Figure 5.12. The Immersed Interface approach is around 1.5 times
cheaper, while involving more operations for the computation of the diffusion and
stretching terms. The iterative penalization approach indeed requires more iterations
to converge toward the solution as it needs to produce a flip-flopping solution inside
the body, see Figure 5.13. This highly oscillating mode is very slow to converge, yet
mandatory to reach the desired condition, that V A [ x (uy—1" — 6u)] = 0. The
unknowns inside the body limit the convergence of the iterative penalization VPM
method, which is not the case for the Immersed Interface VPM method as it iterates
on the interface unknowns only.

Field comparison

In Figure 5.13, we here propose a comparison of the vorticity, (a)y D/U, ) , around the
sphere in the plane y = 0, at t* = 25. The Immersed Interface VPM method produces
a sharp vorticity at the boundary, while the penalization approach, as already shown
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Figure 5.12: Flow past a sphere at Re = 300 - Comparison of the computational cost obtained using the
Immersed Interface Vortex Particle-Mesh method (—) and using the Iterative Penalization Vortex Particle-
Mesh method (—).

in Chapter 2, produces a vorticity smeared around the interface and with a strong flip-
flopping vorticity inside the sphere, and actually stronger near the body surface.

30

25

0.75

x/D

Figure 5.13: Flow past a sphere at Re = 300 - Comparison, at * = 25, of the vorticity field w, D/U,:
(left) slice in the field w,, D/U,, at y/ D = 0 for the iterative penalization VPM method (up) and the ITVPM
method (down); (right) cut in that slice at various z/D = [—0.35; 0; 0.35] for the iterative penalization VPM
method (= =) and the IIVPM method (—).
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Flow visualization

We here propose a few flow visualizations for the non-reprojected Immersed Interface
approach. Among others, there are typically two criteria to define and visualize a
complex vortex structures: the A, and the Q criteria [119, 120]. The Q-criterion is
defined as .

0=3 [Q,Q,;-D;;D;|>0 . (5.80)

The Q-criterion defines a vortex as the region where the rotation rate tensor, Q is
greater than the strain rate tensor, D, i.e. Q > 0. The second criterion, the 4,-criterion,
is defined as the second eigenvalue, A; > A, > A5 of the tensor

(D2 + Q%) = (D Dy, + 9, %) - (5.81)

As proposed by Jeong and Hussain [119], a vortex structure is the region with two
negatives eigenvalues, thus defined as 4, < 0. Finally, let us note that both 4, and Q
criteria have the dimension of 1/5s2.

In Figs. 5.15 and 5.16, we show the dimensionless A,-criterion (4, D?/ Uozo) for
different times over one period. The asymmetry of the A, field is the signature of a
non-zero mean lift coefficient, as shown in Figure 5.7. The same oscillation can be
retrieved in the wall vorticity, (|@,,,,1 D/U., ), shown in Figure 5.14. As expected, the
minimum wall vorticity is found in & > 0, which is also a consequence of the non-zero
lift coefficient. Finally, in Figure 5.17, we present some visualization of the magnitude
of the vorticity field for various times.
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(c) t* =104 (d) t* =106

Figure 5.14: Flow past a sphere at Re = 300 - wall vorticity magnitude (( |@ 011 |D) /U), when looking
at the back of the sphere (i.e. in the —z direction), at various times, for the non-reprojected IIVPM method.
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Figure 5.15: Flow past a sphere at Re = 300 - Side view of 4, = —0.001 criterion at various times over
a period, for the non-reprojected IIVPM method.
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Figure 5.16: Flow past a sphere at Re = 300 - Bottom view of 1, = —0.001 criterion at various times
over a period, for the non-reprojected IIVPM method.
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(a) r* =50 (b) t* =60 (c) t* =70

Figure 5.17:  Flow past a sphere at Re = 300 - iso-surface of vorticity magnitudes, (|@|D/U,), at
various times for the non-reprojected approach.
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5.5 Impulsively started flow past an ellipsoid at Re, = 300

Finally, we consider the application of the proposed approach to the impulsively started
flow past an ellipsoid with an angle of attack of 10deg. The ellipsoid is taken with a
span b, a chord ¢ = b/2 and a thickness t = b/8. The Reynolds number is

_cU

Re = =300 (5.82)
v

c

and the computational domain is 35 X 2b X 12b, while the resolution is b/h = 192,
thus t/h = 24. This is thus “quite challenging" simulation as we only have 24 grid
points where the thickness is minimum. The radius of curvature of the leading edge

2
at the ellipsoid center is R;, = b— Using that radius, we obtain the following quality
c
criteria: N = 0.346 and Q = 144.34.
The drag and lift coefficients are taken as

F
Cpp=—2t . (5.83)

L 12
Eonoﬂ'bC

while their filtered values are noted as C_D and C_L, respectively. We run the simulation
until convergence of the drag and lift coefficients: at t* = tU, /b = 4, we obtain
C_D =0.316 and C_L = 0.223, see Figure 5.18. As the resolution at the body surface is
quite poor, the early time evolution of C_D and C_L is likely unphysical. We also present
some flow visualizations at various times in Figure 5.19.
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Figure 5.18: Flow past an ellipsoid at Re, = 300 - filtered lift coefficient C_L (—) and filtered drag
coefficient Cp (= =).
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Figure 5.19: Flow past an ellipsoid at Re, = 600 - iso-surface of vorticity magnitude, |@|b/U,, at
various times using the non-reprojected IIVPM method.
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5.6 Conclusions

In this chapter, we present an extension to 3D of the method introduced in Chapter 4.
This Immersed Interface Vortex Particle-Mesh approach relies on the evaluation of
the wall vorticity, using the Immersed Interface jumps. This wall quantity is used
afterwards as a boundary condition in the evaluation of the diffusion and stretching
term during the time step. Using the Immersed Interface tool, we are also able to
compute wall quantities and therefore the pressure and viscous drag coefficients. The
surface integrals are computed as a sum, over the biased points, of a small equivalent
surface, as proposed by Smereka [118]. This approach is very convenient as it does
not depend on the neighbouring intersections neither on any solution field.

We validate this approach using a Stokes flow past a sphere and we prove the con-
vergence at the expected order to the desired quantities: body surface, wall vorticity
and wall vorticity fluxes, pressure and viscous drag coefficient. We also validate the
whole Immersed Interface VPM method on the benchmark of the impulsively started
flow past a sphere at Re = 300 for long times. We retrieve the lift and drag coefficient
already obtained by Ploumhans et al. [30] and show a small offset with the results
obtained using a penalization approach [33].

Using the same numerical setup and the same computational resources, we also
compare the computational cost per time-step of the proposed method to the cost re-
quired by the iterative penalization technique. We highlight the computational gain
obtained (1.5 times cheaper) and the smoothness of the vorticity field at the boundary
compared to the latest. Finally, we were also able to perform some more challenging
simulation as the impulsively started flow past an ellipsoid at Re, = 300.

This work also highlights two inherent problems of our approach. First, it shows
a lack of accuracy while computing wall derivatives and especially while evaluating
the force exchange at the boundary, using wall quantities. The viscous contribution
to the drag coefficient is easily captured as it relies on the wall vorticity. An accurate
pressure drag coefficient, however, comes at a much higher resolution. This is also a
perfect example of the limitation of the uniform grid approach. Indeed the resolution
required to reach an accurate wall quantities computation is high and difficult to achieve
in a uniform grid framework. Second, a non-physical and very strong divergence is
produced at the wall. We attribute this high divergence value to the extrapolation of
the vorticity inside the body. Indeed, the Hamilton-Jacobi approach we use does not
offer any warranty about the divergence. We ambition to solve these two drawbacks in
a future work, by using a multiresolution framework and by adding physics and body
dynamics information to the Immersed Interface jump computation.



CHAPTER 6

A Multiresolution Poisson Solver
for Immersed Interface
Applications

This chapter is based on the results obtained during a research stay at
ETH Ziirich - CSE Lab, under the supervision of Pr. Siddhartha Verma

and Pr. Petros Koumoutsakos.
6.1 Introduction

The Poisson equation is an ubiquitous and deeply investigated topic in computational
physics. Still, as highlighted in Chapters 4 and 5, taking an immersed obstacle into ac-
count requires a very fine grid at the interface compared to the bulk requirements, hence
overwhelming the computational cost associated to the Poisson solver. In Chapter 3,
we presented an efficient formulation of the Poisson problem around arbitrary geome-
tries using a uniform grid. This approach relies on the Sherman-Morrison-Woodbury
formula to decompose the Poisson problem into a global Poisson equation to be solved
in the entire domain and a local Poisson problem to be solved in the vicinity of the
interface only. In this chapter, we propose a “body-free" unbounded multiresolution
Poisson solver to be used as a global Poisson solver within this SMW approach.
There are multiple ways to solve an unbounded problem, typically divided into two
families of methods: the FFT-based and the FMM-based approaches. Among them,
we mention the Hockney and Eastwood [15] FFT-based approach, which doubles the
computational domain and its recent applications, see Chapter 1 for more details. The
complexity of this family of methods is Cppr O (N)log (N), where Crpr is a constant

123
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driven by the implementation. The FFT-based algorithms are well-suited for uniform
and dense domains, i.e. the source distribution fulfils the whole computational domain.
On the other hand, the Fast Multipole Method-based (FMM) family, compresses the
source terms of far away targets points. We here allude to the standard FMM [121—
123] as well to the kernel independent version [124] that recycles the method orig-
inally proposed by Anderson [125]. This family of methods achieves a complexity
of Crpp O (N), where Cpppyy is an implementation-driven constant. This type of
method is well-suited for non-uniform and sparse domains, i.e. when the sources do
not fill the whole computational domain. Moreover, let us note that, in practice, we
have Crpr << Cppy- We refer to the work of Gholami et al. [126] for a detailed
comparison between FMM and FFT-based methods.

A work by Hejlesen [127] presents a multiresolution Poisson solver using FFT-
based approach, hence considering only one rectangular patch per level. This approach,
well suited for a continuous forcing approach, e.g. the iterative penalization approach
[60, 61], has not been tailor-made for discrete forcing approaches, such as the Im-
mersed Interface method. Indeed, the local problem solved during the Immersed In-
terface Poisson equation contains unknowns along the immersed surface only and does
not treat the interior of the body.

In this work, we propose a 2D multiresolution Poisson solver which allows multiple
patches at a given level. This solver takes inspiration from the wavelet framework and
the fast multipole approach. In §6.2 we present the proposed method and validate
its convergence in §6.3. We then close this chapter by a conclusion on the proposed
approach.

6.2 Methodology

In this section we describe the proposed Poisson solver to solve an unbounded problem

Viu=7 ©.1)

using a wavelet-based multiresolution structured grid. We refer the reader to Ap-
pendix E for more details on the wavelet approach. Since the goal of this chapter is to
propose an Immersed Interface compatible Poisson solver, we consider the 2D stan-
dard 3-point stencil of Laplacian, V%l and the associated LGF, as presented in Chapter 1.
Let us stress that the presented approach is directly extendable to 3D and to any other
Green’s function.

We consider a block-structured grid, composed of blocks, Bf, at different levels
le [lm,-,, ; lmax] (see Figure 6.1). We separate the blocks per level and write the part
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of the domain spanned by the blocks of a same level / by B/ 2 UiBf . Let us note

that the computational domain is then defined by U, /3’ and B! n B* = @ for I # k.

Additionally, we use the Deslauriers and Dubuc [128] wavelet interpolation of order

p
I-1+1
level. The interpolation operator through several levels is obtained by a successive

p, noted by the operator 1 (+), to interpolate a grid’s level, /, to a finer/coarser
application of the operator on itself. For example, the interpolation operator from / to
I —31is given by
p — 7P p p
L =T (11—1->1—2 (Iz—>1—1 ('))) : 6.2)
For the sake of compactness, we slightly abuse the notation and denote le_) jai () DY
[-1/> where we neglect the p index and the level of origin as they can be easily deduced
from the context of application. Finally, considering a level /, we note all the finer levels
as I and all the coarser levels will be noted /™.
The algorithm we propose is composed of two steps: the downward pass, that goes

from / to!

max (0 Lyin (from the finest to the coarsest level) and the upward pass that goes the

opposite direction. For a given level (and therefore a given cell size h), we have to take
into account three different source contributions: the sources that are on the coarser
levels, f;-, the sources at the same level, f;, and the sources that are represented at the
finer levels, f+.

1. The downward pass works in a recursive way starting from the finest level, /,,,,.,.,
as presented in Figure 6.2. For each level, /, it will compute the interpolation of
the source term, fj, to the next coarser level: [f,]l_l where f; = f, + [fl+1]1~
The interpolated source term is decomposed into two parts: the sources that
are interpolated from a finer level, [f,,], and the sources which belong to the
current level, f;. After the end of the downward pass, every source term is
present at the coarsest level, /,,;,, in a compressed version: f;mm = [ fl+] L T

f,m’_n, see Figure 6.3.

2. The upward pass effectively solves the problem, starting at the coarsest level,
see Figure 6.4. For a given level, it will first interpolate the solution from its
previous level, [u,_l] ;- This interpolated solution contains the contribution of
the sources at the coarser level fj_; = [f],_, + fi_i, where the term [7],_,.
already taken into account in the solution, is a compressed version of the original
f,. Therefore, we need to correct it by adding its details, 6f,, not already taken
into account by the coarser level. We identified two different ways to do it. First,
we could compare the sources terms and define the increment as

ofy = fi= 1Al =7 =171l 63)
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where [ f,_l] , is not taken into account since f;_; & B'. Second, we could

use the representation at the current level of the sources effectively solved by the

; 2 .

coarser level, i.e. Vh, [”1—1]1-
F_ 7 2

= 11—V, [w_1], (6.4)

where £ is the resolution associated to the considered level.

We prefer the second, more general, approach as it takes into account the fact
that the kernel may depend on the resolution. Let us for example consider the
application of this method to the lattice Green’s function, G, that depends on
the resolution of the considered level. We associate the cell size  to the level /
and 2h to [ — 1. The coarser level solution, interpolated on /, has been resolved
using G,;,. However, the solution will be corrected with another LGF, G, If we
consider the first approach, we get the following relation,

up =Gy * 8fj+ [Gy % 171—111 (6.5)
=G, x (fi- [fl—l]l) + [GZh * fl—l], (6.6)
=Gy * fi+|Gop * fi_1], = Gux [fi1], > (6.7)

which is equal to G, * f; if [Gop, * fi_y]|, = G, * [fi_1],» which is not
the case for LGF kernels. Indeed, let us consider the case where f;_; = §: the
equality is not verified since [G2h] ,m) =Gy (m/2) # G}, (m) for small [m|.

The last missing piece of the method is the computation, at each level, of the un-
bounded convolution between the source term and the chosen kernel. The two usually
considered algorithms are the FFT-based convolution and the FMM methods. In this
work, we recommend a combination of the two methods: FFT-based accelerated con-
volution for dense levels (the root level, is dense, by definition) and FMM-based com-
pression for sparser levels, e.g. the local solver for Immersed Interface applications.
Indeed the FFT-based approach will be more efficient if the level is dense (highly con-
nected and “rectangular-like" support, as in Hejlesen [127]). On the contrary, when
considering very sparse source distributions, it will consider many useless unknowns
and null sources. In that configuration we recommend the use of the (Ki)FMM, which
will take advantage of the source compression. Nevertheless, the final choice is left
to the reader as it is driven by the domain configuration considered in the envisioned
application.
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fr {AHEL]

Figure 6.2: Example: downward pass through
the grid, the source terms are interpolated from
a level to a coarser one.

Figure 6.1: Example: initial state of the
sources on the grid, every source term f; € B'.

fo :+ [f1 + [fa]i]o)

Figure 6.4: Example: upward pass through the
grid, we compute the increment of sources from
one level to another and solve the unbounded
Poisson problem associated.

Figure 6.3: Example: upward pass, the lowest
level contains a compression of the sources from
every level.

6.3 Validation: 2D unbounded Gaussian source-term

In this section, we present convergence results on an analytical benchmark of multiple
Gaussian source. We consider a computational domain [0; L] X [0; L] with the
source term defined as @ = 2?:0 w; and

r, o
w; = 7w exp ~5.3 (6.8)

2 2
withe = 0.05L, r, = \/(x - xc'_> + (y - yci> and [xcl ; ycl] =[03L; 05L],

%, 5 v | = 1071305 LI [xe, 3 3| = 104375 L3 05625 L, |, 5 ve,| =
[0.5625 L; 0.4375 L]. To ensure a zero-circulation we consider I' = -I'; =T, =
—I'; =T (see figure 6.5).

We solve the unbounded Poisson equation,

Viv=-o0, (6.9)
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Figure 6.5: Validation - source: (left) considered benchmark source term; (right) contour and representa-
tion of the source at different levels (/ = 0, / = 1, / = 2) shifted upward for better visualisation.

where the analytical solution is know

4

T.
Vexaer = 2, 2 log (o7) + E1 (7)) . (6.10)
i=0

with p; =r, /0.

Figure 6.6: Validation - solution: (left) considered benchmark solution; (right) contour and representation
of the solution at different levels (I = 0, I = 1, I = 2) shifted upward for better visualisation.

To solve this equation, we use a three level grid represented in Figure 6.5 and
Figure 6.6. Furthermore, we define the local error as e (X) = y (X) — W, (X), in the
bulk, and the associated dimensionless 2-norm and infinite norm, respectively as,

1 1
E,=— e? (x) h? and E,=— max|e(x)]| . 6.11)
rrs Xg;, ® TL? xeB

In addition, we define N, the global resolution of a mesh configuration as N =

maxpg hi and finally, define the local convergence orders, r, and r, as
!

[rq]i = IOg([Eq]i/ [Eq]i_1) /log (Ni—l/Ni) ’ (6.12)
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with ¢ = o0 and g = 2, respectively. The convergence results for the proposed method
using the FFT and KiFMM solvers (at each level, including the coarsest level) are
shown in Figs. 6.7 and 6.8, respectively.
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Figure 6.7: Convergence study using FFT unbounded solver at each level for E, (O ) and E, (O ):
interpolation order 2 (= =), 4 (= =), 6 (- -); Uniform resolution (FFT) (- -) and convergence O (hz) (==).

We first notice that the use of a second order wavelet interpolation leads to a first
order convergence rate. We explain this behavior by an inconsistency between the
wavelet interpolation and the LGF used to solve the Poisson equation at each level.
Using a fourth order or sixth order interpolation wavelet does not influence the conver-
gence anymore and provides the same level of error. More interestingly, we observe
a clear difference, between the behavior of the FFT-based method and the KiFMM
convolution. In the case of the FFT-based solver, the convergence is maintained for a
large number of unknowns. In the case of the KiFMM-based method, the convergence
reaches a plateau. This saturation is due to the error inherent to the KiFMM algorithm,
which truncates the singular value decomposition while solving the inverse problem
(referenced as L2M in [124]). In this method, we reinforce this truncation error while
computing the increment of source & f using the Laplacian expression as in Eq. (6.4).
The whole convergence procedure may also be compared to the same benchmark run
with a uniform resolution. The latter is of course more accurate but uses much more
computational resources.
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Figure 6.8: Convergence study using KiFMM solver at each level for E, (O ) and E (O ): interpolation
order 2 (- =), 4 (- =), 6 (- -); Uniform resolution (FFT) (- -) and convergence © (hz) (==).

6.4 Conclusions

In this chapter, we introduced a way to compute the unbounded convolution in a multi-
resolution framework, which is a generalization of the work proposed by [102] to ar-
bitrary convolution kernels (LGF in our application) and to FMM-based solvers. It
uses first generation interpolating wavelets approach to interpolate the Poisson solu-
tion from one level to another and computes the final solution on each level as the sum
of the solution on the underlying levels. We proved the expected second order con-
vergence of the method on an analytical benchmark, using a lattice Green’s function
approach.

This work, so far, has been focused on the targeted application: an Immersed Inter-
face body, hence using the LGF methodology. However, it could easily be extended to
other convolution kernels: the regularized kernels or the Helmholtz Green’s function.
The extension of the proposed methodology to other applications is straightforward as
it only involves FMM and FFT’s, two well-known 3D algorithms Finally, this approach
could be applied to a broader range of elliptic problems, as the Helmholtz problems
for example.
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Conclusions

The Vortex Particle-Mesh (VPM) method has been developed for advection domi-
nated flow simulations, such as wake analysis, relying on the particle discretization
of the Navier-Stokes equations. The way to handle inner boundaries is crucial for such
studies as the wake is the signature of the force exchange that happens at the fluid-
structure interface through very fine flow phenomena. Yet, taking an immersed object
into account in the VPM framework still remains an open challenge due to non-body-
conforming mesh and the vorticity formulation, both inherent to the method. The first
proposed approach, the coupling of the BEM and the VPM framework [30, 63], relies
on a splitting in the diffusion operation, bounding the time convergence of this tech-
nique. Another widely used method is the penalization approach [32, 34, 55], which
relies on an inaccurate representation of the body, leading to bounded spatial conver-
gence behavior in the vicinity of the wall. Therefore there is a need for a flexible,
accurate and efficient treatment of inner boundaries.

In this work we investigate such a treatment based on the Immersed Interface tool
applied to the VPM framework. A first work in that direction has been proposed by
Marichal [14], while three still open questions have drawn our attention: the compu-
tational cost of the Poisson solver, the splitting approach in the diffusion operation
bounding the time convergence and the implementation of the proposed approach in
3D. In addition to these challenges we also address three other questions: the use of re-
cycling techniques to decrease the computational cost associated to linear systems, the
computation of wall quantities for fluid-structure interaction problems and the early de-
velopment of a multiresolution approach to dedicate computational ressources where
it is most needed.
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Contributions

In Chapter 3 we address the problem of the computational cost associated to the
Poisson solver. We decompose the problem into two Poisson subproblems using the
Sherman-Morrison-Woodbury (SMW) formula: the first one is associated with the
bulk sources inside the whole computational domain and the second one is associated
with the unknown Immersed Interface source term, i.e. in a smaller domain. The un-
known Immersed Interface source term is first computed through a linear system to
solve, typically using a GMRes iterative solver where every iteration comes at the cost
of one Poisson equation to solve in the vicinity of the body surface. Finally, the contri-
bution of this additional source term is evaluated in the whole computational domain.
This approach is very convenient as it decomposes the Immersed Interface problem,
initially embedded into the bulk problem, into two different source contributions, both
solved using already existing fast Poisson solvers (FMM or FFT based approaches).

Since the Poisson problem has to be solved several times per time step and for
thousands of time steps, we further also use a recycling technique in order to reduce
the number of matrix-vector multiplications required and hence the associated com-
putational cost. Introduced in the context of the iterative penalization technique in
Chapter 2, the recycling approach uses previously computed solutions and residuals to
deduce the best initial guess. This recycling approach heavily reduces the number of
required iterations and hence it enables the resolution of such linear systems in realis-
tic applications without overwhelming the computational cost. Let us note that it can
easily be extended to any linear system to solved a large number of times, in a wide
range of computational problems. Together with the ability to use highly efficient and
well studied linear algebra tools, recycling is one of the main advantage to formulate
any iterative process as a linear system to solve.

The next challenge we address is the diffusion splitting problem that bounds the
time convergence. In Chapter 4, we propose to compute the diffusion term alike any
other operation on the grid. Taking advantage of the Immersed Interface tool, we first
compute the wall vorticity relying on the no-slip boundary condition and then we use
it as a boundary condition when evolving the vorticity field. Hence, we avoid splitting
the diffusion term computation and we reach the expected order for time convergence,
unlike the BEM treatment proposed by Marichal [14]. The Immersed Interface tool
enables the accurate and sharp imposition of the body boundary directly into the dif-
fusion computation, hence dispensing with the BEM approach to impose the no-slip
boundary condition. We notice that our approach also matches well the idea behind
hybrid Eulerian-Lagrangian methods: the use of the structured grid to improve the
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computational efficiency when computing the velocity, the diffusion and the stretching
term.

Regarding the particles point of view, the interpolation operators rely on an exten-
sion of the field inside the body to avoid the use of a decentered interpolation scheme.
This extrapolation is performed using a PDE-based approach, the Hamilton-Jacobi ex-
tension, well known in the field of levelset methods. Still in Chapter 4 we extend this
technique to the Immersed Interface framework and we use it to build ghost particles
and ghost points. This extension does not have any physical meaning, yet is enables the
use of centered and well-studied interpolation kernels (M:1 or M 2 [11, 12]). Moreover,
unlike the fast marching method [129], this type of extensions is easily implemented,
especially on highly distributed architectures.

In Chapter 5, we put all these tools together and we present the 3D Immersed Inter-
face Vortex Particle-Mesh (ITVPM) method. This method is validated on the bench-
mark of the impulsively started flow past a sphere for short and long times and is shown
to be as fast as the widely used iterative penalization approach, yet much sharper and
more accurate. We also detail the way to evaluate wall quantities and surface integrals
using local information only and show how to retrieve the viscous and the pressure
drag coefficients. These informations are especially required for fluid-structure in-
teraction problems like deforming obstacles and moving objects. In this chapter, we
also highlight the drawbacks of the methodology we propose, as the need for a mul-
tiresolution approach in order to provide higher accuracy in the vicinity of the body
surface. Finally, let us note that, despite the heavy implementation overhead required
by the Immersed Interface implementation, we consider that this method is particularly
well suited for future developments and especially for moving and deforming objects.
Nevertheless, handling the zero divergence of the vorticity field in the vicinity of the
interface remains one of the open challenges. Indeed, the Immersed Interface treat-
ment appears to create divergence in the computed vorticity field and the influence of
the Hamilton-Jacobi on that is still not clear.

Finally, based on the observation that a multiresolution framework would be more
appropriate to the Immersed Interface approach, a preliminary work on a multiresolu-
tion Poisson solver is presented in Chapter 6. We use an interpolating wavelet-based
structured grid and we decompose the problem into subproblems using a forward and
a backward pass. Finally, we sum the contribution of every level and compute the fi-
nal solution in the whole computational domain. This exploratory work, exploits the
wavelet approach to gain from a formalised multiresolution analysis and propose an
associated Poisson solver. Nevertheless this work still needs improvement on the im-
plementation efficiency and the characterisation of the error induced by this approach.



136 Conclusions

Perspectives

The Immersed Interface Vortex Particle-Mesh method still suffers from some open
questions and drawbacks.

First, as already mentioned in this work, the Immersed Interface is a methodology
well-suited for sparse Poisson solvers. In this work, we rely on a FFT-based Poisson
solver inside a subdomain using the lattice Green function (LGF) convolution ker-
nel. This FFT-based method is faster than a FMM technique, yet in some cases the
latter would be better as it exploits the sparsity of the source term and of the target
locations. For such an approach, the standard FMM has to be replaced by a kernel
independent FMM approach in order to properly treat the LGF kernel. The KiFMM
method introduces additional errors though, especially through the use of the singular
value decomposition in order to compress the kernel for far field interactions. Both the
FFT-based and the KiFMM-based approaches come at the price of the evaluation of
the LGF, which is computed as a highly oscillating integral and stored in memory to
decrease the computational cost associated with the evaluation of the integral. Another
option could be to use a multi-grid approach, as some progress have been reported by
Hosseinverdi and Fasel [69] in this direction.

Second, for the moment, the IIVPM method has been developed in a uniform reso-
lution framework. However, as noticed in Chapter 4 and Chapter 5, the grid resolution
needs to be important near the boundary and especially to evaluate the pressure and the
viscous drag coefficient. This resolution is not required in the bulk, where the support
of the vorticity is broader and the gradients are smoother. This suggests the use of a
multiresolution framework in order to dedicate computational effort where it is most
needed, in the vicinity of the interface where the Immersed Interface tool modifies the
bulk operations. However, this approach comes with two major challenges. The first
one is the Poisson solver, since a FFT-based approach is not valid anymore as such, see
Chapter 6. Using a FMM-based approach or a multi-grid approach would constitutes a
wiser choice, as already discussed. The second is the load balancing, as each level has
to be distributed among every processor in order to ensure an optimal load-balancing
on very large scale architectures. Nevertheless, the multiresolution approach can also
be seen as a potential solution to the load balancing issue caused by the local stencil
modification required by the Immersed Interface approach. Such considerations are
crucial in the development of an Immersed Interface solver capable of tackling ambi-
tious challenges on very large scale architectures.

Third, the way to extend the field inside the body, using the Hamilton-Jacobi exten-
sion, produces spurious divergence of the vorticity field near the body surface. We also
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note that, when the curvature is high, the spurious divergence is more important. We
think that a modification of the Hamilton-Jacobi extension by adding some diffusion
may help to reduce its generation.

Additionally to the three mentioned improvements, we envision two directions for
future research using the Immersed Interface Method.

The ITVPM approach has been developed for fixed bodies. In order to tackle more
challenging problems, we need to extend it to moving and deforming bodies. We do
not foresee significant differences between both frameworks, as soon as the level-set
is available for the Immersed Interface stencil computation. The actual challenge is
located in the levelset advection and computation rather than in the extension of the
IIVPM method.

Finally, in order to reach significant Reynolds numbers, we will need to use a Large
Eddy Simulation (LES) approach to model the influence of the smallest structures, not
captured by the grid, on the resolved larger structures. This kind of approach will be
crucial and we will have to couple the Immersed Interface method to a wall-modelling
approach in order to reduce the number of unknowns required to capture sufficiently
well the turbulent boundary layer effects without resolving it. These wall-model devel-
opments will thus constitutes a key step before tackling high Reynolds number simula-
tion. The Immersed Interface should be particularly well-suited for such an approach,
as it directly uses the velocity at the wall, which could be obtained through these wall
models.
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APPENDIX A

Analytical formulations

A.1 Signed Distance Function of a sphere

The levelset function of a sphere is given by

d(x,y,2)=Vx2+)2+22-R> . (A1)

The normal is given by V¢ /| V|, and in this case,

qu:n:;[x y z] , (A2)

VX2 +y? + 22

since |V¢| = 1. The second derivative of the levelset is given by

on; 1 (y2 + 22) (—xy) (—xz)
F 7| o (P+22) () | (A3)
xj o (x2+y2+22) (—xz) (—yz) (x2+)7)

A.2 Signed distance function of an ellipsoid

The levelset function of an ellipsoid is given by

G(x,y,2)= \/(§)2+ (%>2+ (f)z—Rz : (A.4)

The normal, i.e. the derivative of the levelset, of an ellipsoid, is given by

Vo = [12 22 iZ]T. (A5)

a? b2 c2
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The norm of V¢ is not constant, so the normal is defined asn = V¢/|V¢| and is given
by

1 x2 2 2217
<x2 ¥ Zz>‘/2[“_2 ¥ 0_2] ' (A0

at b+

The normal derivative is then given by

(P, 2 S _xz )]
a’bt  a?ct a’bt act
on; 2 2
o _ 1 _y Xz _z . (A7)
oy, D b2a* bZa*  b2c4 b2ct
_xz oz x2 v
c2a* c2b* c2a*  c2pt
with

3/2
X2y 22
D=<E+E+c—4 . (A.8)

A.3 Analytical solution of the potential flow past an ellipsoid

The analytical expression of the potential flow past an ellipsoid is given by [130, page
152]. We have that the solution of the potential flow aligned with z, around an ellipsoid,

2 2 2
x- .y z5
§+ﬁ+c_2_l’ (A.9)
with a < b < ¢, is given by
b= za_bcyo Uz A (@+4)"2 @+ (E+ )7 an, (A0
with
vo = abe / @+ (52 + )7 (2 +4) 7 A = abe % Rp (%, 0%,%)
0
(A.11)
and where A is the higher absolute value root of the third order polynomial
2 2 2
a Y z (A.12)

210 Rio are
In other words, for every point in space, one has to find A by finding the roots of
63
+6? (a2+b2+cz—x2—y2—zz)
+6 (azb2 + b2 4 c?a® — x? (b2 + c2) —y? (a2 + c2) - 72 (a2 + bz))
+ ((12b2c2 — x2b2%c? — y2a%c? - zzazbz) =0

, (A.13)
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which can be solved using exact formula [131, §1.11(iii)]. The remaining integral, I,
© o, —1/2 /5 —1/2 , 5 -3/2
I= (@®+4) T (b*+4) T(F+A) Tda. (A.14)
A

can also been expressed as (see [132])

2
I=—=—3D(. K . (A.15)

(- @)

where D is the Legendre integral defined in [131, §19.2(ii)] and

2_ 2 2_ 2

. c“—a c“—b
sin{ =5 = k=14 ———— . A.16
E=n c2+ A ch—a2 ( )

Using the definition of R, given in [131, §19.25(i)], we finally get

2/3

— 2
I_WRD(e—l,e—k €) (A.17)
(2 —a?)
. 1 1 .. .
with € = =5 Finally, the potential is expressed as
sin“{ 7
bc U Rple—1,e—k?, ¢
p= T o A (A.18)
3 —abc Rp (a%, b2, c?) (Cz_a2)3/2

which is evaluated using [133].






APPENDIX B

The Fourier transform

B.1 Definitions

In this section, we first briefly recall the Fourier transform and some helpful properties
The Fourier transform is different depending on the boundary conditions of the real
space and the Fourier space. The possible combinations are driven by two rules:

o If one of the domain is periodic, the other one will be discrete
e If one of the domain is continuous, the other one is unbounded.

There is therefore four different different Fourier Transform, presented below. We
use the denomination proposed in the book of Haykin and Veen [134].

Periodic and continuous domain - Fourier Series

A periodic function f(x) with x € [0 ; L] has the following Fourier transforms:

L
Flf(x)] = flkl= % /0 f(x) ek gx (B.1)
U@ =rm= ) F@) ek (B.2)
k=—00

where o = 2T” is called the fundamental frequency and k € Z.
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Unbounded and continuous domain - Fourier Transform

An unbounded function f(x) with x € ]—oo0 ; oo[ has the following Fourier trans-
forms:

Flf(0)]=fk)= / f(x) e > dx (B.3)
F L] =fx)= i / f (k) e** dk (B.4)
where the frequency k € ]—o0 ; ool.

Periodic and discrete domain - Discrete Space Fourier Series (DFT)

A periodic and discrete function f(x) with x ;= j% with j € [0 ; N — 1] is defined
by

N-1
Ff(x)] =/lkl= % D f(x;) etk (B.52)
Jj=0
N/2 ‘
F' Al =7 (x)= D, feekns (B.5b)
k=—N/2

where o, = 2T” is the fundamental frequency.

Unbounded and discrete domain - Discrete Space Fourier Transform

The Fourier transform for an unbounded and discrete function, f(x) with x = ih where
h is the grid spacing and i € Z, is defined by

Flrepl =7 = 2 f(x;) e (B.62)
Jj=—c0
. 1 z/h . o
F' /0] =f(x;) = > f (k) €**i dik (B.6b)
T J-x/h

ith k € [—E; z .
wi W



B.2. Properties 159

B.2 Properties

Derivative in the real domain

If the function is continuous, a space derivative is equivalent to multiplying by ik:
d ikx
—f=—— [/ f k) e dk] B.7)

=§/(®ﬂ@ﬂ& (B.8)

When a function is discreet, there is no such equivalence. However, one can get an
approximation of it using finite differences.

Fourier transform of real data

If the data are real, the negative Fourier numbers k, are conjugate to the positive ones:

fk)=f(k) . (B.9)

Therefore, one can simply the FT by using DCT/DST. Their periodicity conditions
are given by even and odd periodicity. When taking the derivative of a field, an even
periodicity becomes odd one and inversely.

Shift in the real domain

A shift in the real domain is equivalent to a factor multiplication in the Fourier domain.
Considering the cas of an unbounded continuous domain,

Ff (x—xp)| =e* f(k) . (B.10)

Windowing

Windowing a signal in the real space is equivalent to a multiplication with its window
function. In the Fourier space, it will be equivalent to a convolution with the associated
Fourier transform. Considering the case of an unbounded continuous function and a
sharp window, we then obtain:

Ff(x) W)= f(k*xW(k) . (B.11)

For a continuous rectangular window, from —L to L,

W@:iﬂgﬂ. (B.12)
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The zeros of this functions are located in k; = i%, while the maximum/minimum
values are located in k; = (i + 1/2) % For a discrete rectangular window, from —M

to M: h
sin [7 QM + 1)]

sin (ﬁ >
2
2r p

Let us note that this function has several zeros, given by k, = 7 m

(B.13)

W (k) =



APPENDIX C

Lattice Green’'s Function
computation

C.1 Two dimensions Lattice Green’s function

The 2D Green’s function is defined as (see Chapter 1)

exp(im-¢&)
Gy (m) = // dé . (C.1)
@n)* J -z 4sin® (£,/2) + 4sin? (&,/2)

In practice, to avoid the singularity in (0, 0) we shift the Green’s function and rather

compute G, (m) — G, (0, 0). The real part of the integral then becomes

cos mé +m é )
G, (m) = // de . (C2)
@n)* Wz 4sin® (£,/2) + 4sin? (gy/z)

Another formulation, equivalent to Eq. (C.1) can also been developed by first, taking

the real part of this integral,

cos X§X+my§y)
Gy (m) = > // ¢ . (C.3)
Qn)* W=z 4sin® (£,/2) +4sin? (&,/2)

Then, using the symmetry of the problem, we obtain the expression, already obtained

by many in the literature, see Koster and Slater [135] for example,

cos (m,&,) cos (m,&,)
G dé . C4
n () = //o 4 —2cos (&) —2cos (&) ¢ €4
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162 Appendix C. Lattice Green’s Function computation

Following the development proposed by [135] and using the definition of the modified
Bessel function [131],

1,(z) = %'/0 exp (zcos @) cos (nf)do , (C.5)

we obtain the following expressions,

G, = % /Ooo//ofr cos (m,&,) cos (m,&,) exp (2t cos (&) + 2t cos (&,) — 4t) dédt
= /00 exp (—41) Imx @2nl1, 2ndt (C.6)
0 ¥y

For small |m|, we evaluate the integral; for |m| sufficiently large (in practice, |m| >
8 or [m| > 32 ), the integral is replaced by the following expansion [79]

1| log (8)
®@m)=— |1
(m) = 5= [log@m) +7+ = ] 24,,|m|6

[ +m? —6mx y]
I S
4807 |m|!2

! [ 12 10,2 8 4
016 T 609 m,? — 24234 m\"m} + 109935 mim)

6.6 4.8 210 12
~160524 m®mS + 109935 m*m® — 24234 m2m!° + 609 m! ]

743 mi -772 mgmi + 1570 mimi - 772 mimg +43 mi]

1

- 16 _ 14,2 12,4
28807 [m|? [63139 m,”> — 4467336 m “m, + 38334996 m “m

10,6 8 8 6 .10
— 98512568 m\0m$ + 122747922 mm’ — 98512568 mom.!
+38334996 mym,* — 4467336 m,m* + 63139 mﬂ

+0(1/Im|"%) . (C.7)

C.2 Three dimensions Lattice Green’s function

The 3D Green’s function is defined as (see Chapter 1)
N exp(im- &)
G £ dé (C.8
h Xm 8m3h ///;r 4 sin® (6./2) + 4 sin’ (fy/Z) + 4sin® (¢./2) ¢ (G5
/// cos (m,&,) cos (myéy) cos (m,&,) i (C5b)
ﬂ3h 0o 6— 2005 éx) 2 cos (fy) —2cos (.fz) .

where the second expression is obtained using the same development as in 2D.
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In order to evaluate this integral, two main approaches are possible. The first one
relies on recurrences, as proposed by Morita [136] and Horiguchi and Morita [137].
The second method is the generalization of the 2D approach. It relies on the evaluation
of the equivalent unbounded integral, as proposed by Koster and Slater [135], Cserti
[138] and used by Liska and Colonius [72].

O (m) = —% /0 ” e, ()1, ()1, (t)dt (C.92)
=_ / " 1, (201, )1, 2ndt (C.9b)
0

where I, (x) is the modified Bessel function of the first kind of order n! For larger |m|,
we use an expansion to avoid heavy computations. The way to derive the expansion
for large m’s is given by Martinsson and Rodin [79]. We here present the expansion
as used in our work:

IThis integral is solved using the quadgk Matlab function between 0 and co with 12 significant digits
and the scaled Bessel function from Matlab besseli(v, z, 1).
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1
0 -
m) = im]
1 4, 4, 4 2.2 2.2 2 2
+ W [ m] + my, +m; — 3mxmy —3m m; — 3mymz]
1 8§, 8., 8
4+ — 123 (m +m’ +m )
1287 |m|!13 [ x Y z
—244( (m +m )+m (mi+m§)+m (m +mi>>
—228 mimim?lml2 + 621 (mimi + m;‘} + m4m4)]
1 12
+—[2588(m +m!? 4 m! )
20487 |m|!°

— 65676 <m)160mj2/ + m)zcm}l)0 + m)lcomg + mimio + m, 10, + m mm)

4.8

+ 426144 (s + i + w4 o+ S+ )

mt
m,
6 6,6 6,6
— 712884 <m my +mom; + mymz>
- 62892 (m¥m
6 4 2 6.2 4 46
- 297876 <mxmymZ + momm, + m mym

26,4 2.4 6 4.2 6
+mxmymz+mxmymz+mxmymz)

+2507340 <m4m4m4>] +0 <L> . (C.10)
m

xy"z

As in 2D, we evaluate the integral for small |m| < 32 and we evaluate the expansion
for |m| > 32.



APPENDIX D

Immersed Interface stencils

D.1 Polynomial interpolation

The Immersed Interface tool relies on interpolation coefficients to extrapo-
late/interpolate information from the flow up to the boundary. We here present the
polynomial reconstruction of the information, as used in the present work.

Let us consider a general example with a set of 3 points (x;, x, and x3) with cor-
responding value (U;, U, and U;) and a boundary condition of degree k, U(ik), located
at x,. For our application, we look for the linear combination of U;k), Uy, Uy and U,
to obtain the value of the dth derivative of the field, at x,,. We then build the following

system using Taylor series and A; = x; — x,,

3

Z (c,-Ul-) + caU;k) =u, [cl +cy+ce3+ 60kca] (D.1)
i=1
+ull [e) (A)) + 281 + 34  +8y4¢,] (D.2)
2 2 2
A A A
+Ll512) [Cl ( 21) + Cz ( 22) + C3 ( 23) + 52kca] (D3)

(a))° ()’ (43)°
+Ll((13) [Cl 6 + Cz 6 + C3 6

+ 53kca] . (D4)

165



166

Appendix D. Immersed Interface stencils

The accuracy of such a scheme is given by O (h*~7).

coefficient, one solves the following system

(600 1 1 1]

S (A1) (A2)  (A3) ||ea
(A1)2 (A2)2 (A3)2 |

0ok c?

2 3 2 3 2 3 %

(A1) (4)7 (43)" [l

031

| 6 6 6

To obtain the interpolation

=[] . (D.5)

As an example, we detail the computation of the interpolation coefficients, Sl.q, with

k = 0, as used in the IIVPM method. For each derivative, ¢, the coefficients are the

solution of the following system:

1

=)

1 1

1

(A1)2 (Az)z (A3)2

(A1) (4)7 (A3)
2 3 2 3 2 3

(A1) (4)"  (A3)
6 6 6

=[] . (D.6)

D.2 Summary of the Immersed Interface stencil used in 2D

In this section, we list all the encountered cases and the interpolation that we use for

every sub-step of the Immersed Interface method:

e First derivative - Dirichlet boundary condition: wall vorticity

oku

i u, +ZS“5" (Eiv1omo) + O (BP75) (D.7)
ou = Sk y +ZS”" (&) + O (R3F) (D.8)
ank a’ ’71 *
£,0 3
u (&) Z 150 (Eias, oy ) + O (1) (D.9)
e Second derivative - Dirichlet boundary condition: Poisson , diffusion
oku 4k
3F e = Ku, +25 (Eip15m0) + O (R*F) (D.10)
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U]

mn

m

T Mo
& b L& & & &

Figure D.1: IIM stencils - wall vorticity. The mesh intersects the interface and generates one control
point ( X ), two discontinuity affected points (or biased points) (O ) and primary interpolation points in the
current direction, &, and in the transverse direction, # (represented as ® and O, respectively). Primary
interpolation points in the # direction are computed as a polynomial interpolated values using secondary
interpolation points (M and 0O).

& h o &L & & &

Figure D.2: IIM stencils - Poisson and diffusion. The mesh intersects the interface and generates one
control point ( %), two discontinuity affected points (or biased points) (O ) and primary interpolation points
in the current direction, &, and in the transverse direction, 7 (represented as ® and O, respectively). Primary
interpolation points in the # direction are computed as a polynomial interpolated values using secondary
interpolation points (M and O).

e First derivative - no boundary condition: Hamilton - Jacobi

oku

3
9kl S u (Earomo) + O (R77F) (D.11)
=1

i=
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m

M

m

T "o

& S Su b = & &

Figure D.3: IIM stencils - Hamilton-Jacobi. The mesh intersects the interface and generates one control
point ( X ), two discontinuity affected points (or biased points) (O ) and primary interpolation points in the
current direction, &, and in the transverse direction, # (represented as ® and O, respectively). Primary
interpolation points in the # direction are computed as a polynomial interpolated values using secondary
interpolation points (M and 0O0).



APPENDIX E

Wavelet theory and
multiresolution analysis

E.1 Multiresolution analysis

We here give a concise description of the multiresolution analysis, as introduced by
Mallat [139] and presented in van Rees [59]. We refer the reader to the work of
Daubechies [140], Sweldens [141] and references therein for the underlying theory
and more details.

The multiresolution theory is based on a decomposition of the space L, (R)! as a
collection of closed spaces, VJ with j € Z such that

V,CVig - (E.1)

The vector space V; can be interpreted as the set of all possible approximations at res-
olution 2/ of the functions in L, (R). The causality property, Eq. (E.1), ensures that
the resolution 2/*! contains all the necessary information to approximate the same
function at a lower resolution, 2/. The union U ;V; is dense in L, (R) and their inter-
section is empty, N;czV; = @. This collection of subspaces also satisfies the dilatation
property,

FEV, & f2x)EV;y; - (E.2)
Finally, there exists a unique function, ¢ (x) € L, (R), called the scaling function,
such that if we define, for each j € Z, the family of function

b= V2 b (Fx—k) . (E3)

1L, (R) denotes the vector space of the measurable, square-integrable one dimensional functions f (x)
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is an orthonormal basis of V; [139].
The difference between Vj and Vj +1 1s characterized by a new subspace, VVJ such
that
W, LV, and V,, =V,®&W, . (E.4)

Alike the subspace V;, the family of function
v =V2y (ij - k) , (E.5)

is an orthonormal basis of W; and y (x) is called the orthogonal wavelet. This basis
functions are linked one to each other by the refinement relation [139], which gives to
the following identities,

$=V2 Y hp2x—h) (E.62)
k=—o0
vE=V2 Y g d@x-0 (E.6b)
k=—o00
where the filters 4 and g defined as?
he = {($(0) , V2 @2x =) (E.72)
g =W, V2¢@2x-k) . (E.7b)

Finally, let us note that since y and ¢ are orthogonal, (¥ (x), ¢ (x)) = 0, we have that
gm)=(=D"h( - n).

E.2 Wavelet Decomposition

Using the approach mentioned above, we can reproject any function f (x) into V; using,

0= D (F ). by - (E.8)

k=—c0

Using the properties of V;, ¥, and W;, we also obtain

fj+1 x)= Z (f (X),¢j+1,k> ¢j+1,k (E.9a)
k=—00
= D Af@. g bt w0 wk - (E.9b)
k=—00 k=—00

2We here follow the notation of van Rees [59], which is not the same as the one proposed by Sweldens
[141]. The filter coefficients referenced in both works linked by 71;(’”" Rees — o hf el
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The wavelet decomposition of the function f (x) is then given with respect to a refer-
ence resolution J as,

[e5]

FO= Y g+ Y DY Ay, (E.10)

k=—0co j=J k=—co
where the coefficients c,{ and d]i are called the scaling and the detail coefficient, re-
spectively. They are given by
e =(f (). by (E.11a)
) = (f (). y; ) (E.11b)
The scaling and detail coefficient are obtained using a recursive relation, obtained by

combining Eq. (E.11) and Eq. (E.6),
/=Y Ry o cit! (E.12a)

dl = g, o . (E.12b)
n

This operation is referred to as the Fast Wavelet Transform (FWT) and is related to a
downsampling. The inverse Fast Wavelet Transform is obtained as

Cj_'_l = Z (hk_2nC£ + gk_znd{;) . (E13)

E.3 Bi-orthogonal wavelets

The restriction on the orthogonal wavelets has been alleviate by the introduction of the
bi-orthogonality in the wavelet basis for V; and W; [142]. The bi-orthogonality of the
basis introduces dual spaces, V; and their associated basis, ¢ so that (p,d(x—k)) =
0. As in the orthogonal case, the basis functions are linked by the following scaling

relations,
b (x) = \/Eki he (2x — k) (E.142)
é(x) = \/Eki By b (2x — k) (E.14b)
v (x) = \fzki g ¢ (2x — k) (E.14c)
P0=VE Y & de-b . (E.14d)

k=—c0
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The orthogonality conditions require that
g(m)=(=1"h(l —n) and gmy=C=D"h(1=n) . (E.15)

Using bi-orthogonal functions, the wavelet decomposition is equivalently given by
(591,

FO= Y ¢l @@+ Y dl i, (x) (E.16a)
k=—c0 j=J k=—oo
= Z & brp )+ Z Z dl oy, (x) (E.16b)
k=—0o j=J k=—c0
with
e = {f (). ¢s) (E.17a)
& =(f (), by (E.17b)
di = (f (). wjx) (E.17¢)
d, = (f (), ¥ (E.17d)
The Fast Wavelet Transform is finally given by
/= hyp (E.18a)
n
d = g o (E.18b)
n

while the inverse Fast Wavelet Transform is obtained as

=3 (ygue) + Brand]) (E.19)

n

E.4 Interpolating wavelets

Interpolating wavelets take their origin in the work of Deslauriers and Dubuc [128]
where they propose a recursive way to interpolate a function on a grid: Given a func-
tion, fik = f (x;) withi =0, ..., 2, we are looking for the value of that function on
a finer mesh, i.e.

f;‘“ =f(x;) with j=0, .., 2K . (E.20)

For every new point j, such that mod (j,2) # 0 at level k + 1, we construct a d
polynomial interpolant, ﬂ'Z satisfying p = d + 1 relations:

T pgam =70 (XUjagem)  With m=[=p/2+1:p/2] . (E.21)
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k | —4 -3 -2 -1 0 1 2 3
4

Y 1

g 1

g —-1/2 1 —-1/2

52

h2 1/2 1 1/2

g | 1/16 0 -9/16 1 -9/16 0 1/16

R -1/16 0 9/16 1 9/16 0  —1/16

Table E.1: Interpolating bi-orthogonal wavelet filter coefficients for a p — 1 order polynomial. We refer
to [141] for the coefficients value for higher order polynomials.

Finally, we use that polynomial to interpolate the value at level k + 1: f;‘“ =
7 (x;4m). Applying this procedure recursively to f (x;) = §; leads to an interpo-
lation kernel, defined by the degree of the polynomial used in the recursion, ¢,, see
[143]. The recursive application from one resolution 2/ to another has been shown
to be equivalent to an FWT-like approach [143]. The equivalence is not strict as this
transform is defined only on point value rather than integrals. However, most of the
properties remain valid, such as the use of 4 bi-orthogonal filters to describe the recur-
sion, see van Rees [59] for an examples of the filters obtained for ¢;.

In the case of interpolating wavelets, one may build the Fast Wavelet Transform by
considering the interpolation from one resolution, j + 1 to a coarser one, j. The detail
coefficient at the coarser level is the same as the scaling coefficient at the finer level,

, A ol
¢ = Z hn_chﬁ“ = céz . (E.22)
n

The detail coefficient is the difference between the finer scaling coefficient and the
value created by interpolation from a coarser level using a third order polynomial,

di = guc) =it - <_1_16C2k—4 + %Cé;ﬂz + %Cézl - %Czkn)

! (E.23)

Using a third order polynomial interpolation is equivalent to apply the filter coefficient
to the scaling and detail coefficient, see Table E.1

Finally, we would like to mention two other interpolating approach presented in
the literature. The first one is the interpolating wavelet on the interval, which replaces
a decentered interpolation and avoids very large ghost value computations. This pro-
cedure, is detailed by Donoho [144], Sweldens [145]. The second is the lifted scheme,
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proposed by Sweldens [141, 145], which can be used to obtain the second generation
interpolation wavelets which satisfy the moment conservation.
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