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Abstract

Wiithrich (Eur Actuar J, https://doi.org/10.1007/s13385-022-00339-9, 2023) estab-
lished that the Gini index is a consistent scoring rule in the class of autocalibrated
predictors. This note further explores performances criteria in this class. Elemen-
tary Pearson’s correlation turns out to be consistent when restricted to autocalibrated
predictors. Also, any performance measure that is minimized for predictors that are
comonotonic with the true regression model is consistent under autocalibration. This
provides a new proof of the consistency for Gini index. In addition, it is established
that the concentration curve of the true model is the lowest possible concentration
curve under autocalibration and that the same property holds true for Lorenz curve.

Keywords Gini index - Consistent loss function - Autocalibration - Concentration
curve - Comonotonicity

1 Introduction

There are many tools for model selection in machine learning. Let us mention deviance
criteria, Gini index, concentration and Lorenz curves or correlation coefficients. While
deviance is a consistent scoring rule for the mean, this is not the case in general for
the other measures listed before; see Gneiting [6]. Working with these tools for model
selection may thus lead to a wrong model choice.

Restricting the analysis to autocalibrated predictors makes several classical perfor-
mances criteria consistent. It is shown that elementary Pearson’s correlation coefficient
between the response and any autocalibrated predictor is maximum if, and only if, the
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model is correct. Wiithrich [10] shows that restricting the Gini index to the class of
autocalibrated regression models makes it a consistent scoring rule. In this note, we
generalize this result to any performance measure that is minimized for predictors
that are comonotonic with the true regression model. Moreover, we show that the
concentration curve of the true model is the lowest possible concentration curve for
an autocalibrated predictor.

2 Regression modeling and autocalibrated predictors

In regression modeling, the aim is to extract the information contained in a set of
features X1, ..., X, gathered in the vector X € & (classically, X C R”) about a
response Y in order to evaluate as accurately as possible the conditional expectation
w(X) = E[Y|X] of the response Y given the available information X. The function
x — p(x) = E[Y|X = x] is unknown and approximated by a function x — m(x)
with a simpler structure. Once fitted on the training data set using an appropriate
learning procedure, this produces estimates 7 (x) for p(x), or fitted values.

In some applications, it is essential that the sum of predictions 77 (X) matches the
sum of responses Y as closely as possible. This is the case in insurance ratemaking
where 7(X) is supposed to be used as pure premium and Y is the actual loss. The
concept of autocalibration is very useful in these situations. A predictor 7 is said
to be autocalibrated when 7 (X) = E[Y|7(X)]. Autocalibration thus ensures that
the average response in a neighborhood defined with the help of the autocalibrated
predictor matches the value of the autocalibrated predictor. We refer the reader to
Kriiger and Ziegel [7] for a general presentation of this concept. As mentioned in
Wiithrich [10], this is an important property in insurance pricing since every group
of policyholders paying the same premium 77 (X) is in average self-financing. The
premium 7 (X) exactly covers the expected loss Y of that group.

In the sequel, we assume that predictor 77 (X) under consideration, as well as the
conditional expectation w(X) are continuous random variables admitting probability
density functions. This assumption is not restrictive in insurance ratemaking pro-
vided X comprises at least one continuous feature and 77 (X) is obtained with modern
machine learning tools, like boosting, neural networks or random forests, for instance.
We denote as F5 the distribution function of 77 (X) and as F ! the associated quantile
function. Throughout the paper, we assume that all random variables admit finite first
and second moments.

3 Pearson'’s linear correlation
Correlation coefficients are often used to assess the strength of dependence within the

pair (Y, 7 (X)), with the understanding that a better model produces stronger depen-
dence. The most elementary correlation coefficient is Pearson’s linear one, defined
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as
Cov[Y, 7T (X)]
JVar[YVar[7 (X)]

The next result shows that maximum correlation identifies the true model under auto-
calibration.

r(Y,7(X)) =

Proposition 3.1 Let 7 (X) be an autocalibrated predictor. Then, r (Y, 7 (X)) is maxi-
mum if, and only if, T (X) = u(X).

Proof Since
Cov[Y, 7 (X)] = Cov[E[Y|7(X)], T (X)] = Var[7 (X)]

when 7 (X) is autocalibrated, we get

~ Var[7 (X)]
rYRX) = [

Var[Y]
Now, we know from Lemma 3.1 in Wiithrich [10] that any autocalibrated predictor
7 (X) satisfies T (X) <cx w(X) where <cx is the convex order defined as E[7 (X)] =
E[u(X)]and E[(7 (X)—1)+] < E[(u(X)—1)4]forallz > 0. The stochastic inequality
7(X) <cx w(X) implies Var[7 (X)] < Var[(X)]. Also,

_ _ _ [ Varlux)
CovlY, u(X)] = Cov[E[Y|X], /,L(X)] = Var[u(X)] and r (Y, (X)) = T[Y]'

Therefore,
r(Y, w(X)) <rY, u(X))

for any autocalibrated predictor 77 (X) and equality implies that 7 (X) and w(X) are
identically distributed (since two random variables ordered in the sense of <cx and
having the same variances must have the same distribution). The announced statement
then follows as in the last part of the proof of Lemma 3.1 in Wiithrich [10], noticing
that E[g(7(X))] = E[g(u(X))] holds for every convex function g, provided the
expectations exist (the reasoning there starts with the equality of these expectations).

O

4 Bregman loss functions revisited
The objective function used for model training is often called loss function in machine

learning. Conditional expectations can be consistently estimated only if the expected
loss is minimum for the mean response. This corresponds to the concept of consistent
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loss functions. Precisely, a loss function L(-, -) is consistent for the mean if no other
quantity leads to a lower expected loss than the mean. Bregman loss functions are of
the form

L(y,m) = £(y) — £(m) — £'(m)(y — m) for a convex function £. “.1)

The loss function L(-, -) in (4.1) is also referred to as g-loss function after Efron [5].
Savage [9] showed, subject to weak regularity conditions, that the class of Bregman
loss functions (4.1) is consistent for the (conditional) mean functional. This result is
useful in insurance studies since with ¢ defined as £(m) = 2(m9m — a(@m)) where 6,,
is the solution of a’(6,,) = m, (4.1) corresponds to Tweedie deviance with cumulant
function a(-).

Restricting the analysis to autocalibrated predictors 7 (X), we see that

E[¢'(7@X)(Y —7(X))] =E[¢'(@X))(ElY |7 (X)] - 7(X))] =0
so that
E[L(Y,7(X)] = E[¢(Y)] — E[L(7 (X))].
For autocalibrated predictors, Bregman loss thus reduces to the expected difference of

the response and predictors mapped to the scale induced by £. Since 7T(X) <cx w(X)
is known to hold true, we get

E[L(Y,7(X))] = E[L(Y, u(X))]

with equality if, and only if, 7(X) = u(X) provided ¢ is strictly convex. We thus
recover Savage’s [9] general result by this very simple argument.

Notice that comparing two autocalibrated predictors 71 (X) and 7, (X) with Breg-
man loss functions does not involve the response as

E[L(Y,72(X))] — E[L(Y, 71 (X))] = E[£(71 (X))] — E[{(7m2(X)].
The latter identity shows that 77, (X) outperforms 777 (X) for every Bregman loss func-

tion if, and only if, 71 (X) <cx 72(X). This result corresponds to Theorem 3.1 in
Kriiger and Ziegel [7] and is directly derived here by a simple reasoning.

5 Consistent performance measures under autocalibration

5.1 Comonotonicity and autocalibration

Recall that two random variables Z; and Z; are said to be comonotonic if there
exist non-decreasing functions g; and g, and a third random variable Z such that

Z; = gi(Z) holds for i € {1, 2}. Two comonotonic predictors 771 (X) and 7, (X) thus
rank policyholders in the same way, from the cheapest to the most expensive pure
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premium. See e.g. Denuit et al. [2] for a presentation of this concept with applications
to actuarial science. The next result shows that if the autocalibrated predictor 7 (X)
and the conditional mean p(X) are comonotonic then they must coincide.

Proposition 5.1 Let 7(X) be an autocalibrated predictor. If w(X) and w(X) are
comonotonic, then we necessarily have T(X) = u(X).

Proof Since 7 (X) and u(X) are comonotonic, we get E[Y |7 (X)] = E[Y|u(X)], so
that

7(X) = E[Y [T (X)]
= E[Y[n(X)]
= E[E[Y [n(X), X1|u(X)]
= pu(X).

This ends the proof. O

Notice that comonotonicity implies that (X)) is a non-decreasing function of 7 (X)
and the proof of Lemma 3.1 in Wiithrich [10] can easily be adapted to provide an
alternative proof of Proposition 5.1. Similarly, it is interesting to notice that Remark
4.3 in Denuit et al. [3] together with Property 3.1 in Denuit and Trufin [4] directly
lead to Proposition 5.1. Relating comonotonicity to ranking policyholders according
to their pure premiums, Proposition 5.1 means that any autocalibrated predictor 7 (X)
ranking policyholders as the conditional mean p(X) in fact coincides with the latter.

5.2 Gini index and ICC

The concentration curve (CC) associated with the predictor 7 (X) is defined as

E[YI[Z(X) < F;'@)]]
E[Y]

a€(0,1)— CClY,7(X); o] =

It turns out that CC is closely related to lift measuring the model’s ability to prevent
adverse selection. Precisely, lift has been introduced by Meyers and Cummings [8]
to quantify the model’s ability to charge each insured an actuarially fair rate, thereby
minimizing the potential for loosing business attracted by competitors using finer price
lists. Similarly, CC considers the subportfolio gathering a given percentage of poli-
cies with the smallest amounts of premium (i.e. those policyholders susceptible to be
targeted by a competitor due to their low-risk profile), and assesses the proportion of
premium income corresponding to this group of contracts with respect to the corre-
sponding losses. The integral of the concentration curve (ICC) over the whole interval
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[0, 1] is then given by

1
ICC[Y, 7 (X)] = / CClY, 7(X); a]da
0

E[Y fi 7 (X) < F5'(@)]da]
E[Y] '

We refer the reader to Denuit et al. [3] for more details about CC and ICC, as well
as for the connection to lift curves. As noticed in Wiithrich [10], CC is also called
cumulative accuracy profile (CAP) up to sign switches. Formally, the CAP is defined
as

E[YI[7(X) > F5'(1 — )]

a € (0,1) > CAP[Y,7T(X); a] = E[Y] ,

so that we actually have
CAP[Y,7(X);a] =1 —-CC[Y,7T(X); 1 — a].

Given the motivation of the CC in examining subportfolios gathering lowest-risk
policyholders to prevent cream skimming by competitors if over-charged, CAP exam-
ines subportfolios gathering highest-risk policyholders to prevent adverse selection if
under-charged.

The Gini index can be defined as

3 —ICClY, 7(X)]

Gini[Y, #(X)] = - ooty o
3= fo [Y,Y; o]da

5.1

As noticed by Wiithrich [10], the denominator in (5.1) does not use 77 (X) so that it has
no impact on model selection. Maximizing the Gini index thus amounts to minimizing
ICC. This means that model selection with Gini index is equivalent to model selection
with ICC.

As pointed out by Wiithrich [10], the Gini index is not in general a consistent scor-
ing rule for the mean, so neither is the ICC. In his Theorem 4.3, Wiithrich [10] proves
that the Gini index gives a consistent scoring rule within the class of autocalibrated
regression functions. We can recover this result as a direct consequence of Proposi-
tion 5.1 which applies to ICC and Gini index. As shown in Denuit et al. [3], ICC can
be expressed as

R 1 Cov[Y,T]
ICC[Y,7(X)] = = —

where T = F5 (?f(X )) is the rank induced by the predictor 7 (X). The response Y
in (5.2) can be replaced with the true model w(X) as pointed out in Denuit et al. [3]
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since
ElY i) = E[E[vTi|X] | = E [ElY1XIA] = E [COT].

Minimizing the ICC over 7 thus amounts to maximizing Cov[u(X), ﬁ] over 7. It is
well-known that Cov[u(X), ﬁ] is maximized when p(X) and I are comonotonic.
See e.g. Proposition 2.3 in Denuit and Dhaene [1]. Hence, Proposition 5.1 enables to
conclude that ICC is a consistent scoring rule under autocalibration.

6 Concentration and Lorenz curves

The concentration curve CC associated with a predictor 77 (X) cannot be written as the
expectation of a loss function. In that sense, it cannot be considered as a scoring rule
(which needs an associated loss function). The next proposition shows that the lowest
possible CC for an autocalibrated model is the one associated with the true model.

Proposition 6.1 For any autocalibrated predictor 7w (X), we have
CC[Y, 7 (X); ] = CC[Y, u(X); ] (6.1)

for any a € (0, 1), with an identity if, and only if, T(X) = u(X).

Proof Given two predictors 771 (X) and 7, (X) with the same means, we know from
Property 3.4.41 of Denuit et al. [2] that

71(X) Zcx m(X) ¢ LC[71(X); a] > LC[m2(X); o, (6.2)

where LC[7 (X); «] is the Lorenz curve associated with the predictor 77 (X) defined
as

E[f OIF(X) < F; ' (@]

a€(0,1)— LC[T(X); ] = EE(X)]

Moreover, we know from Proposition 3.1 in Denuit and Trufin [4] that
7 (X) autocalibrated = LC[7 (X); o] = CC[Y, 7 (X); ] forall @ € (0, 1).

Therefore, we directly get the announced result by Lemma 3.1 of Wiithrich [10]
which states that 7 (X) <cx w(X) holds true for any autocalibrated 77 (X). If (6.1) is
an identity then 7 (X) and u(X) are identically distributed and the announced result
follows as in the proof of Proposition 3.1. O

Notice that the result stated in Proposition 6.1 is stronger than the consistency of
the ICC in the class of autocalibrated models. Also, since the Lorenz curve coincides
with the concentration curve for autocalibrated predictors, Proposition 6.1 shows that
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the true model also has the smallest Lorenz curve. This legitimates model assessment
based on Lorenz curve under autocalibration, as it is often performed in practice.

To end with, let us mention that (6.2) links Lorenz curves to more discriminatory
premiums according to Definition 4.1 in Denuit et al. [3]. We can interpret 71 (X) <cx
72 (X) as T, (X) being more variable, better able to identify different risk profiles and
thus more informative compared to 71 (X). Given autocalibrated predictors 771 (X)
and 75 (X), 72 (X) is more discriminatory than 7; (X) if 72 (X) is more variable in the
sense of the convex order. The convex order thus appears to be an appropriate tool to
measure the degree of lift induced by a candidate premium, assessing the discrepancy
between the cheapest and costliest risk profiles identified by the model.
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