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ABSTRACT: We compute the dominant QED correction to the neutrino-electron interaction
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al., and below the nominal computational uncertainties of the current benchmark value of
Ngflf\d = 3.0440 + 0.0002. We therefore conclude that aforementioned number remains to be
the state-of-the-art benchmark for NSFIF\A in the standard model of particle physics.
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1 Introduction

The effective number of neutrinos, Neg, is an important parameter in standard hot big bang
cosmology [1]. Defined as the energy density residing in free-streaming, ultra-relativistic
particle species relative to the photon energy density in the post-neutrino decoupling early
universe (i.e., at temperature 7' < 1 MeV), the primary role of Neg is to fix the universal
expansion rate at T'< 1 MeV up to the end of the radiation-domination epoch. Its observable
consequences are many — from setting the primordial light element abundances, to influencing
the correlation statistics of the cosmic microwave background (CMB) anisotropies and the
large-scale matter distribution. Coupled with the fact that many beyond-the-standard-
model scenarios predict Neg-like effects (e.g., light sterile neutrinos [2, 3|, axions [4, 5],
gravitational waves [6], hidden sectors [7, 8], etc.), pinning down its value both theoretically
and observationally has enjoyed an unwavering interest for over four decades [1, 9.
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Figure 1. The four qualitatively different QED corrections to the neutrino interaction rate correspond-
ing to (a) modification of the electron dispersion relation, (b) virtual photon exchange, (c¢) thermal
photon emission and absorption, and (d) corrections with a closed fermion loop. All diagrams are
schematic in that all time directions are possible.

From the theoretical perspective, the expected value of Nqg in the context of the standard
model (SM) of particle physics is 3 (for three generations), plus percent-level corrections due to
residual energy transfer between the quantum electrodynamic (QED) plasma and the neutrino
sector during neutrino decoupling [10-15] as well as deviations of the QED plasma itself
from an ideal gas [16-21]. Historical estimates of these corrections have ranged from 0.011
to 0.052 [12, 22-25]. Detailed modelling in recent years [26-29], however, have drastically
reduced the spread. Notably, two of us (Drewes and Wong) and collaborators reported in [29]
a prediction of NeSM = 3.0440 £+ 0.0002 from a fully momentum-dependent precision transport
calculation that accounted for (i) neutrino oscillations, (ii) finite-temperature corrections to
the QED equation of state (EoS) to O(e?), and (iii) a first estimate of finite-temperature
corrections of type (a) to the weak interaction rates depicted in figure 1 (see also table 1);
the error bars are due mainly to numerical resolution and experimental uncertainties in the
input neutrino mixing angles. More remarkably still, this result is in perfect agreement with
the independent calculation of [27, 28] modelling the same physics — to five significant digits
in the central value and with comparable error estimates. The precision computation of Nesflf\/[
appears therefore to have reached convergence, at least in a limited sense.

There are nonetheless reasons to be cautious. For one, while the general expectation
is that the physics summarised in table 1 dominate corrections to Nesév[, as yet missing is a
systematic study of possible higher-order effects that may be at least as important. Indeed,
in estimating only next-to-leading-order (NLO) effects due to diagram (a) to the weak rates
rather than the full range of corrections displayed in figure 1, one could argue that the
computations of [28, 29] are, at least conceptually, incomplete. Two recent works have taken
a first step towards filling this gap:



Standard-model corrections to Nesflf\/[ Leading-digit contribution

me /Ty correction +0.04

O(e?) FTQED correction to the QED EoS +0.01

Non-instantaneous decoupling+spectral distortion —0.006
O(e?) FTQED correction to the QED EoS —0.001
Flavour oscillations +0.0005
Type (a) FTQED corrections to the weak rates <1074
Sources of uncertainty

Numerical solution by FortEPiaNO +0.0001
Input solar neutrino mixing angle 612 40.0001

Table 1. Leading-digit contributions from various SM corrections, in order of importance, thus far
accounted that make up the final N5M — 3 = 0.0440 £+ 0.0002 [28, 29]. Table adapted from [29].

o Cielo et al. [30] took the finite-temperature rate corrections for ete™ — 477, from [31],
computed originally in the context of energy loss in a stellar plasma, and appealed to
detailed balance to estimate the corrections to collision integrals. The claimed effect of
this correction on NCSflf\4 is quite substantial — at the ~ 0.001 level. We have reservations
about this result: aside from mapping rate corrections from an incompatible energy
regime (O(1) keV < m in a stellar plasma versus O(1) MeV > m, in the early universe),
the analysis of [30] also neglected (i) corrections due to diagram (d) in figure 1 (the
“closed fermion loop”), (ii) corrections to elastic scattering reactions like v e — vqe, as
well as (iii) Pauli blocking effects of the final-state neutrinos. Of particular note is that
the neglected closed fermion loop diagram (d) contains a t-channel enhancement, which
should, at least naively, dominate the weak rate corrections.

o The more recent work of Jackson and Laine [32] considered all diagrams in figure 1 in
a first-principles calculation using the imaginary-time formalism of thermal field theory
which accounts for both vacuum and finite-temperature corrections,! along with an esti-
mate of hadronic corrections to diagram (d) following [34]. Because the imaginary-time
formalism applies only to systems in thermal equilibrium, the computation of [32] effec-
tively neglected non-equilibrium neutrino phase space distributions. Additionally, the
authors assumed a negligible electron mass by setting m. = 0, which is not necessitated
by the formalism. The final result, presented as a set of corrections to the leading-
order (LO) neutrino damping rate, confirms the expected t-channel enhancement in
diagram (d). Nevertheless, these corrections are minute — of order 0.2 to 0.3%. While
the authors of [32] did not report the corresponding change in N5M, it is clear that cor-
rections of this magnitude cannot effect a shift in Neg as sizeable as that claimed in [30].

'We note that computations of the vacuum corrections to the neutrino-electron interaction due to diagrams
(a)—(d) already appeared previously in reference [33].



The purpose of the present work is to clarify whether or not QED corrections to the
neutrino interaction rate can alter the standard-model Ngflfvl at the ~ 0.001 level as claimed
in [30]. While this correction is small relative to the anticipated sensitivity of the next-
generation CMB-S4 program to Neg, 0(Neg) ~ 0.02 — 0.03 [35], an accurate theoretical
prediction for NS&‘A at per-mille level accuracy is nonetheless desirable to justify neglecting
the theoretical uncertainty in cosmological parameter inference. In this regard, our work
shares a common motivation with Jackson and Laine [32]. However, our work also differs
from [32] in three important ways:

1. Our first-principles computation of the QED corrections uses the so-called real-time
formalism and focuses on corrections of type (d) which contain a t-channel enhancement.
Computation of the non-enhanced (and hence sub-dominant) diagrams (a)—(c) is post-
poned to a follow-up work. Like the imaginary-time formalism, the real-time formalism
also automatically takes care of both vacuum and finite-temperature corrections. While
in equilibrium situations the two formalisms are exactly equivalent [36], the latter has
the advantage that it can easily be generalised to non-equilibrium settings [37, 38].
Thus, although we shall restrict the present analysis to the same equilibrium conditions
as in [32] and hence provide an independent partial cross-check of their results, our
calculation will also pave the way for incorporating NLO effects in neutrino decoupling
codes such as FortEPianNO [26] to deliver a final verdict on NSM.

2. We retain a finite electron mass m, in our calculation, which represents a departure from
the m. = 0 approximation made in [32]. Neutrino decoupling occurs at temperatures
T ~ 1MeV, in whose vicinity the setting of m. = 0 may not be well justified. We shall
examine the validity of the approximation and its impact on Nesé\/[.

3. Finally, we use our NLO results to estimate the corresponding change in fo}\/[. This
estimate was missing in [32].

The rest of the article is organised as follows. In section 2 we describe the physical system
and sketch how stlf\A is computed. Section 3 outlines the computation of QED corrections
to the neutrino damping rate due to diagram (d) and presents our numerical estimates of
these rate corrections. The shift in NSé\d due to these corrections is presented in section 4,
and section 5 contains our conclusions. Five appendices provide details on the bosonic and
fermionic propagators at finite temperatures, explicit expressions for certain thermal integrals,
derivation of the 1PI-resummed photon propagator, parameterisation of the collision integrals,
and functions appearing in the continuity equation.

2 Preliminaries

The SM effective number of neutrinos Nesé\/[ is defined via the ratio of the energy density
contained in three generations of neutrinos and antineutrinos, p,, to the photon energy
density p, in the limit T//m. — 0,
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Here, T is the photon temperature, m. the electron mass, and the limit 7/m, — 0 is
understood to apply only to T' > m;, where m; is the largest neutrino mass.

To compute the precise value of NE&VI requires that we track the evolution of p, and
p~ simultaneously across the neutrino decoupling epoch, i.e., T ~ O(10) — O(0.01) MeV.
Assuming that at these temperatures the photons are held in a state of thermodynamic
equilibrium together with the electrons/positrons — collectively referred to as the “QED
plasma” — this is typically achieved by solving two sets of evolution equations: (i) a continuity
equation that follows the total energy density of the universe, and (ii) some form of generalised
Boltzmann equations — often referred to as the quantum kinetic equations (QKEs) — which
describe the non-equilibrium dynamics in the neutrino sector across its decoupling.

Continuity equation. In a Friedmann-Lemaitre-Robertson-Walker (FLRW) universe, the
continuity equation is given by

dptot
dt

+ 3H (ptot + Prot) = 0, (2.2)

where pior and Piot are, respectively, the total energy density and pressure, H = (1/a)(da/dt)
the Hubble expansion rate, and a is the scale factor. For the physical system at hand,
Prot = pQED + pr and Py = Pqep + P,, where pqep = py + pe subsumes the photon
and the electron/positron energy densities, and similarly for Porp. The assumption of
thermodynamic equilibrium in the QED sector in the time frame of interest means that the
standard thermodynamic relation pqep = —Pqep + 1" (0/0T)Pqrp applies. Then, the finite-
temperature corrections to the QED equation of state summarised in table 1 simply refer to
corrections to the QED partition function Zqgp and hence Porp = (7'/V) In Zqgp that alter
pqep+Pqep = T (0/0T)Pqrp from its ideal-gas expectation. Corrections to Zggp are known
to O(e3) for arbitrary m. and chemical potential p [39] and to O(e®) for m. = p = 0 [40, 41].
Their effects on N3M have been estimated in references [17, 20, 21] to O(e).

Quantum kinetic equations. State-of-the-art neutrino decoupling calculations employ
the QKEs to track simultaneously the effects of in-medium neutrino flavour oscillations and
particle scatterings on the one-particle reduced density matrix of the neutrino ensemble,
0 = o(p,t). Schematically, the QKEs take the form [42]

Oro — pHO,0 = —i[H, o] + Z]g], (2.3)

where H = H(p,t) = Hyac + V is the effective Hamiltonian incorporating vacuum flavour
oscillations Hy,e and in-medium corrections from forward scattering V,? and

1

(o] = 5((1 ~0) <=0 ) +he (2.4)

< = <(p,t)) and losses

is the collision integral encapsulating the non-unitary gains (
( > = >(p,t)) of o. In the context of a precision calculation of N5, the quantities o, H, and

2 are understood to be 3 x 3 hermitian matrices in flavour space, with the diagonal entries of

2Depending on context, these modifications to the in-medium quasiparticle dispersion relations are variously
known as thermal masses, matter potentials, or refractive indices.



o corresponding to the occupation numbers fo(p,t) = {0(p, ) }aa, for a = e, u, 7.2 We assume
a C'P-symmetric universe, which is well justified if any asymmetry in the lepton sector mirrors
the baryon asymmetry in the observable universe [43]. In practice this means it suffices to
follow only one set of QKEs for the neutrinos; the antineutrinos evolve in the same way.
For the problem at hand, the gain and loss terms < incorporate in principle all weak
scattering processes wherein at least one neutrino appears in either the initial or final state.
In the temperature window of interest, however, it suffices to consider only 2 — 2 processes
involving (i) two neutrinos and two electrons any way distributed in the initial and final
states (labelled “ve”), and (ii) neutrino-neutrino scattering (“vv”). The leading-order < for
these processes are well known, and take the form of two-dimensional momentum integrals,

l%e(pv t) o8 G%‘/dPQ dp3 Ve(p>p27p3) F;@(Q(p%t)afe(p3at)7fe(p4at))a
(2.5)

= (p.t) G%/dpz dps (P, p2,p3) Fiy(0(p2, 1), 0(p3, 1), 0(pa, 1))

Here, G g is the Fermi constant; py4 is fixed by energy-momentum conservation; .. and ,, are
scattering kernels, which are diagonal in the neutrino interaction basis; and = and Fz, are
real-time matrix products of g(pa,t) with fe(ps,t), fe(pa,t) and o(ps,t), o(p4,t), respectively.
Because o can develop non-zero off-diagonal components from neutrino oscillations, < and
hence < are generally not diagonal in the interaction basis.

The momentum integrals (2.5) are hard-coded in the purpose-built neutrino decoupling
code FortEPianNO [26, 29], which solves numerically the continuity equation (2.2) and the
three-flavour QKEs (2.3) in their entirety in precision N5 computations.

2.1 Damping approximation

We would like to compute QED corrections to =, and estimate their impact on Nesé\/l.
Ideally these corrections would take the form of corrections to the scattering kernel .,
to be incorporated into a neutrino decoupling code such as FortEPianNO. As a first pass,
however, we may work within the damping approximation, which makes the simplifying
assumption that all particle species — besides that at the momentum mode p represented by
o(p) — are in thermal equilibrium specified by a common temperature 7" equal to the photon
temperature. Then, defining 00 = 0(p) — 0eq(p), Where geq(p) = diag(fr(p), fr(p), fr(p))
and fr(p) = [exp(p/T) + 1]7! is the Fermi-Dirac distribution, the collision integral (2.4)

can be expanded to linear order in do to give

{Zlo()}ap = —{D (@, T)}as [{(p)}as — apfr(p)], (26)

where .5 is a Kronecker-d, and

DG T)os = 5[{ .T)}ae +{ 0.T)}35] (27)

3Strictly speaking, an occupation number refers to a diagonal element of g in the basis in which H is
diagonal, i.e., in the mass basis, rather than the interaction basis. This distinction is however unimportant
for the present study, and we follow the common practice of calling, e.g., {o(p,t)}ee the electron neutrino
occupation number, etc.



are the damping coefficients composed of components of the damping rate matrix
»T)= “(»T)+ ~(7T). (2.8)

Linearisation in d¢ ensures that (p,T) is diagonal in the neutrino interaction basis, and that
>(p,T) = eP»/T <(p,T) holds by detailed balance, where E, = p is the neutrino energy at
the momentum mode p of interest. This is the approximation under which we shall compute
in section 3. Details of the derivation of (2.6) can be found in, e.g., appendix B of [29].
In the following, we shall devote section 3 to evaluating QED corrections to the damping
rate { ,e(p,T)}aa due to the closed fermion loop (diagram (d) in figure 1). Our estimates
of its impact on Ngflf\A will be presented in section 4.

3 Calculation and NLO results

We compute QED corrections to the interaction rates of the weak processes voe — vye
and v, ¢ ete” within the framework of Fermi theory, whose effective Lagrangian can
be expressed as

Lyr = 4\C/J§F [TZJO/Y/LPL¢CM} [Q%JZ + gRJ}%] . (3'1)
Here, the spinors 1), represent neutrino fields of flavour o; J7 IR= Yy Py, /RVe are the left-
and right-handed electron current operators, with the chiral projectors Pp,p = %(1 F°);
the right-handed coupling reads gr = sin? @y, while the left-handed coupling g¢ = —% +
sin? Oy + 6°¢ depends on the neutrino flavor a = e, u, 7. Strictly speaking, the closed fermion
loop in figure 1 receives in principle contributions also from quarks. This interaction is also
well described by a Lagrangian of the form (3.1), with the couplings ¢¢ and gr updated
for the quarks of interest. We shall however omit the contributions from quarks in this
work: at finite temperatures these contributions are Boltzmann-suppressed at the O(1) MeV
temperatures of interest, while hadronic corrections in vacuum have been studied in [34]. As
QED is a vector-like theory, we also introduce the vector-axial couplings gy 4 = %(g% + gRr)
as an alternative notation.

3.1 Evaluation of the closed fermion loop

In order to compute the damping coefficients (2.7), we must evaluate the flavour-diagonal
entries of the neutrino damping rate matrix in the equilibrium approximation for p, i.e.,
Co(p,T) ={ ve(p,T)}aa, which is given by the sum

Lo =T5(p) +T5(p), (3.2)

where I'S are the a-flavoured neutrino production (<) and destruction (>) rates in the
equilibrium limit. In the framework of the real-time formalism of finite-temperature QED,

“The reason is that a Fierz identity has been used to bring the charged and neutral current contributions
into the common form (3.1).



Figure 2. The three-loop diagram containing the closed fermion loop. Explicitly labelled are the
external (a and b) and summed (¢ and d) real-time contour indices, the momenta (k,,p and ¢) and
particles (e and v,,).

these rates can be extracted from the Wightman self-energies %<,

s (p) = ¥2;0 Tr [pe] (3.3)

pO=Ep ’
where X< are identified with the self-energies with opposite (Keldysh) contour indices:°
< = %2 and £~ = ¥?'. In thermal equilibrium, detailed balance is established by
the fermionic Kubo-Martin-Schwinger (KMS) relation ¥~ = —e?’ /Ty, Then, the mode-

dependent damping rate can also be written as

7o T (P55 — 53]

1

Tu(p) = HE, = W Tr [pE(ﬂ

=, ’ (3.4)
where the first equality follows from the fact that I',, can be related to the discontinuity of
the retarded neutrino self-energy evaluated at the quasiparticle pole, —idiscZft = 2ImEF =
> — XY=, in accordance with the optical theorem at finite temperature. While the KMS
relation makes explicit use of the fact that ©< are computed in thermal equilibrium, the real-
time formalism used here can be generalised in a straightforward manner to non-equilibrium
situations [37].” Where there is no confusion, we shall drop the flavour index « in the following.

On general grounds the dominant QED correction to I',, can be expected from diagram (d)
in figure 1 in the regime where the photon propagator is on-shell. This expectation has been
confirmed in [32]. In the real-time formalism this process is contained in the contribution to
the Wightman self-energy shown in figure 2, where, in terms of finite-temperature cutting

5There is no term involving the plasma four-velocity U because we consider the sum over helicities. See,
e.g., appendix C of [44] in the context of heavy neutrinos.

5The idea to evaluate fields on a closed time path was already implicit in Schwinger’s seminal work [45].
Here, we follow common convention and refer to the indices marking the forward and backward contours in
the real-time formalism as Keldysh indices [46].

"Specifically, this entails replacing the equilibrium distribution in the relation (A.4) between the statistical
and the spectral propagators with a dynamical function, and modifying all other propagators accordingly. See,
e.g. [47, 48] for a discussion.



rules, diagram (d) can be recovered from a cut through one closed electron loop and the
internal neutrino line.® We shall compute only this contribution and denote the corresponding
Wightman self-energy with EbN“LO. For notational convenience, we further split ZbN“LO into
a sum X% o = D ed=12 ybacd gver the internal real-time indices ¢ and d, with the partial

Eba,cd

self-energies given by

Tr {pgba":d} _ (_1)a+b+c+d+1<ie)2 (Vi/GiF)2 (3.5)

x /l T [i82a)p(Pro? + Prom)iSt®(a+p— D" iDji(p = 1)
?q’
X T |py? PriSte (17 Pr| Tr [iSEP (k)7 Sk (k +p — D7 (PLg? + Prgr)] -

Here, we have introduced the abbreviation fp = [d*p /(27)* for loop integrals; the traces are
over the Clifford algebra; the subscripts “e” and “v,” on the fermionic propagators refer to
the associated particle; and the definitions of the propagators can be found in appendix A.

As we would like to compute 211\12LO, we set the external contour indices toa =2 and b = 1.
Then, the contributions Tr [pElml] and Tr [pElQ’u], which correspond to cutting both the
photon and neutrino lines, vanish by momentum conservation (see also footnote 8). Of the re-
maining “11” and “22” contributions, the transformation behaviour of the thermal propagators
under hermitian conjugation dictates that Tr [pEm’ll} =Tr [],7)212722] *. It then follows that

Tr [pkio] = 2Re Tr [pmt2!], (3.6)

i.e., the Wightman self-energy represented by figure 2 can be determined entirely through
the diagonal “11” contribution.

It is instructive to recast the expressions for the self-energy (3.5)—(3.6) into the form of
a standard Boltzmann collision integral commonly found in textbooks (e.g., [50]). To do
so, we first identify the 4-momenta p, [, q in figure 2 with the momenta p1, po, p3, p4 of the
external neutrinos and electrons of the underlying 2 — 2 process represented by diagram
(d) of figure 1 via

P1L=D; p2 = —I, p3=q+p—1, Ps = —q. (3.7)

Then, writing out the propagators iS,?/ I and iSiz/ 21 explicitly, the self-energy (3.5)—(3.6)

can be brought into the form
Tr [piio] = —(2r)° / (0(p2)3(ps = m)3(pi = me) F (v, p5, P Tvo:  (38)
q7

where the population factor

Fb, 95, 79) = [fr(1p8) — ©@3)] [£r(p3) — ©(-pD)] [£r(pi) - O(-pD]  (3.9)

8Resumming the photon propagator (see discussion above equation (3.13) and appendix C) opens up an

additional cut through the photon and the internal neutrino lines, corresponding to the so-called plasmon
process v — vi, even if the imaginary part of the photon self-energy is neglected. This can be seen in
equation (C.32), which exhibits an on-shell -function in the limit of vanishing width (C.34). However, the
plasmon process contributes at O(aZ,) (see appendix C in [49]), which can be understood as a phase space
suppression from m~ ~ aem?. We therefore do not consider it in this work.



contains the equilibrium phase space distributions of the three integrated external particles
and is analogous to F< in equation (2.5). The quantity Tnro plays the role of QED corrections
to the LO squared matrix element,” and can be written in terms of the one-loop photon
self-energy II' as

Taro = —16GhgPRe {Te [(p, +me)r™ (me — p)7" (92 PL + grPr))|
XTx [py3, Prpyio PL] Dy (PYIISE (P)} (3.10)

where we have introduced the photon momentum P = p; + po.
Since Tnro has the interpretation of a squared matrix element, we can split it into a
vacuum and a thermal part according to temperature dependence,

Tnro = Tvac + Ten- (3.11)

The vacuum correction 7yac has no intrinsic temperature dependence in the sense that it
makes no explicit reference to the temperature or to any phase space distribution. It is
simply the correction to the weak matrix elements arising from the interference of the closed
fermion loop diagram (d) with the LO graph in standard 7' = 0 quantum field theory, and
can be expressed in terms of the vacuum photon self-energy as

Tvac = —2'°G% aem [(95)%/ (47)] [mg(pl “p2) +2(p1 'p4)2} ReII,(P?) (3.12)

where e, is the electromagnetic fine-structure constant, and the form factor Ils is defined in
appendix C; see equation (C.7). The simplicity of the expression follows from the fact that
the integration domain is symmetric under the interchange ps <> ps. This symmetry, along
with momentum conservation, also ensures the absence of all antisymmetric terms containing
Levi-Civita symbols arising from traces of 4° with four or more y-matrices. Vacuum QED
corrections to the neutrino-electron interaction matrix element were previously computed
in reference [33].

The thermal correction 7y, on the other hand, depends explicitly on equilibrium phase
space distributions, fr or fp, of the internal particles (“F” for Fermi-Dirac; “B” for Bose-
Einstein), and can be thought of as a temperature-dependent correction to the squared matrix
element. This T-dependence originates in the thermal part of the “11” propagator, which is
proportional to §(p? — m?) fr) 5([P°]) (see appendix A) and, where it is applied, effectively
puts an internal line of the closed fermion loop diagram (d) in figure 1 on-shell. Purely
from counting, there are altogether seven possible ways to put one, two, or all three internal
lines of diagram (d) on-shell. Not all combinations contribute to Tnpo: terms proportional
to fp correspond to putting the photon line on-shell, which are forbidden for diagram (d)
for kinematic reasons [49, 51]. Similarly, putting both internal electrons on-shell leads to a
purely imaginary contribution that is irrelevant to the real part of the self-energy we wish to
compute. The only surviving two combinations correspond to putting either internal electron
line on-shell, and are proportional to fr(|k°]) and fr(]k° + P°|) respectively.

9For completeness, Tr.o = 2'G% [(g%)2 (p1-pa)® + 9% (p2 - pa)® + g¥grm? (01 -pg)]. If we were to replace
TxLo with Tro in equation (3.8), we would recover the leading-order equilibrium neutrino production rates.
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Observe that Typo contains a t-channel contribution from elastic v,e scattering (i.e.,
pJ < 0) that is logarithmically divergent for soft photon momenta. This divergence comes
from the fact that the finite-temperature photon self-energy scales not as P? like in vacuum,
but as 72 in the hard-thermal loop limit which do not compensate anymore for the 1/P?
behaviour of the photon propagator. In addition, soft photons are Bose-enhanced. To remedy
the problem, we replace the tree-level photon propagator fof, in equation (3.10) with the
fully-resummed photon propagator Dz,bj.lo Furthermore, because both D/‘Lbj and IIY7 split
into a longitudinal (“L”) and a transverse (“T"”) part, the same decomposition applies also
to Tin, i-€., Ten = TE + TL, where ﬁﬁT can be brought into the form

~L/T

Ta/" = 2G4 (g3)*Re Dy, W

(P)Rellg 70 (P) {2(171 'p4)PL1’/4T (3.13)

(1 - p2)(ayr(pr - p2) + PEE+ Pt

Here, Dy denotes the retarded resummed photon propagator; II R,T+0 is the retarded thermal
photon self-energy comprising the fr(|k°]) and fr(|k° + P°|) terms described above; we
have employed the shorthand notation Pz’fT = Pf;/prpjﬂ,; and ar 7 = (3 F1)/4 further
differentiates between the longitudinal and the transverse contribution.

Note that the imaginary part of the photon propagator, Im DILI’T, does not appear in
equation (3.13) because it is formally of higher-order in aey, and we are only interested in the
O(aem) corrections. We also only use the resummed photon propagator in the IR divergent
t-channel contribution; where the divergence is absent, i.e., in the s-channel, we set D — Dp,
where Dp is the un-resummed counterpart of Dg. The final expressions for Re Hf{? £0 and

Re DlLl/T are given in equations (C.10), (C.12) and (C.32), which can be easily mapped to
Re HII%{IIJ;AO and Re Dp via Re D]LDL/ " = Re DILI/ T and Re HIL%/ T — Re Hfl/ T, Details of their

derivation, along with the relevant thermal integrals, can be found in appendices B and C.

3.2 Numerical results for NLO neutrino interaction rate

We evaluate the self-energy correction (3.8) and hence the correction to the neutrino damping
rate (3.4) by numerically integrating over the two remaining momenta [ and ¢ in (3.8) using
the parameterisation shown in appendix D. We adopt the experimentally-determined values
given by the Particle Data Group [52] for the following input parameters:

 Fermi’s constant: G = 1.166 378 8(6) MeV 2,

Electron mass: m, = 0.510998 950 00(15) MeV,

Electromagnetic fine-structure constant: ag,!(0) = 137.035999 180(10), and

Weinberg angle: sin? Oy (0)5rg = 0.23863(5).

The renormalisation scale ur appearing in the photon self-energy of the vacuum contribution
is identified with the electron mass, ur = me.

10Tn principle, it is also necessary to replace the tree-level photon propagator in equation (3.12) with the
fully resummed one. However, since the vacuum correction is not dominated by small photon momenta, the
choice of photon propagator has in this case a negligible impact on the numerical outcome.
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Figure 3. Top: NLO contributions to the v, interaction rate from the closed fermion loop with a finite
electron mass (solid) or m, = 0 (dashed) at different temperatures for the mean neutrino momentum
p = 3.15T. For comparison we normalise all curves to the LO rate (without QED corrections), which
we always evaluate with m. # 0 to ensure a common normalisation. The total rate correction (red) is
further split into the vacuum (blue) and the thermal contribution (green). At T > m,, the green
curve flattens out as the thermal correction contains no scale besides the temperature in this region,
while the vacuum correction retains a mild dependence on the renormalisation scale ur. The lower
panel shows the LO neutrino interaction rate compared to the Hubble rate, and Ty indicates the
decoupling temperature, defined via I' (Ty(e)) = H(Tq(e)). Bottom: same as top, but for v, ..
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Figure 3 shows the closed fermion loop corrections to the damping rates I'c.(p) and
I'y+(p) at the mean momentum p = 3.157". Relative to their respective LO rates, we find
the corrections at temperatures T' ~ 1 — 3MeV to fall in the range —0.2 — +0.1% and
—0.0005 — +0.0002%, respectively, for v, and v, . We further note that:

1. At T ~ 2MeV, the vacuum and the thermal contributions to the correction are roughly
equal in magnitude (green vs blue lines in figure 3), in contrast to the findings of [30],
where finite-temperature corrections were determined to be subdominant. We note
however that a direct comparison is not possible because a different set of diagrams
was investigated in [30] — (a), (b), and (c) in figure 1 — as opposed to the type (d)
corrections considered in this work.

2. Reference [30] also found no significant flavour dependence in the rate corrections: their
I'c and I',, ; corrections differ by less than 1% in the temperature regime around neutrino
decoupling. Our corrections are on the other hand strongly flavour-dependent — by
more than two orders of magnitude — and trace their origin to the fact that electron
neutrinos experience charge current interactions while the muon- and tau-flavoured
neutrinos interact only via the neutral current with the e* thermal bath. This difference
renders the corresponding vector couplings, g¢, ~ 0.49 and g}, ~ —0.012, very roughly
two orders of magnitude apart from one another. This strong flavour dependence in
the rate corrections was also seen in reference [32].

3. We have computed the NLO contributions to the interaction rates in two different
approximations: (i) retaining the full dependence on the electron mass (solid lines in
figure 3), and (ii) in the limit m. — 0 (dashed lines). The massless calculation aims to
quantify the effect of the m, = 0 approximation used in reference [32], along with the
Hard Thermal Loop (HTL) approximation of the photon propagator.

We observe that the error from neglecting m, is relatively minor for 7" 2 3m,, but
becomes sizeable at low temperatures. In particular, in the limit 7' — 0 the ratio
I'NLO /TLO vanishes for m, > 0, but diverges for m, = 0 because of Boltzmann
suppression of the LO rates. Precision computations of Nesf}v{ track the evolution of
neutrinos down to temperatures much below m. [28, 29]. Thus, although it is commonly
understood that (electron) neutrino decoupling occurs at relativistic temperatures
T ~ (2 — 3) X me, what we assume for m, in the NLO rate computations may yet
have some impact on Neg (see section 4.2).

Figure 4 focuses on the t-channel contribution to the interaction rate, where the enhance-
ment near the photon mass-shell occurs. We show four sets of results, based on the resummed
photon propagator detailed in appendix C: (i) the complete one-loop result including a finite
m. everywhere, (ii) the complete one-loop result in the limit m, — 0, (iii) using the HTL
photon propagator (which does not depend on the electron mass), but with m. everywhere
else,!! and (iv) using the HTL photon propagator and setting m. = 0 everywhere. As

"Even though it is physically inconsistent to keep m. in the electron propagators and not in the photon
one, (iii) is nonetheless helpful as it isolates the dependence of the rate corrections to the 1PI-resummed vs
the HTL propagator.
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Figure 4. Top: the t-channel contribution (I° > 0) to the NLO electron neutrino interaction rate at the
mean momentum p = 3.157 in different approximations, namely, using 1PI-resummed (green) and HTL
(magenta) photon propagators, in each case with m. # 0 (solid lines) or m, = 0 (dashed lines) in both
electron loops of the self-energy diagram of figure 2. As in figure 3, we normalise all curves to the LO
rate, which we always evaluate with m,. # 0. The lower panel shows the ratio of the 1PI result for m, # 0
to the HTL result for m, = 0 as a function of the temperature. Bottom: same as top, but for a # e.
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expected, we observe that (ii) and (iv) match to a very good approximation. Indeed, since the
scattering rates are dominated by the kinematic region around the ¢-channel singularity where
photons are soft, the 1PI-resummed propagator is well-approximated by the HTL one when,
in addition, we set me = 0. On the other hand, visible differences can be discerned between
(i) and (iii) at 7" < 1 MeV, which can be explained by the fact that the HTL approximation
only holds for T' > m,. In the lower panel of figure 4, we highlight the impact of m. by
displaying the ratio of (i) to (iv).

3.3 NLO decoupling temperatures

The lower panels of the two plots in figure 3 show the LO electron neutrino and muon/tau
neutrino interaction rates juxtaposed with the Hubble expansion rate. The latter is given
by H*(T) = (pqep + pv)/(3M3B)), where Mp; = 2.43536 x 102! MeV is the reduced the
Planck mass, p, = 3g,(7/8)(72/30)T* is the energy density in three families of neutrinos
with ¢, = 2, and

772 4 Je & 2
pawp = g5 T+ 25 /0 dp p*E. fr(E.) (3.14)

is the energy density in the QED plasma assuming an ideal gas configuration, with g, = 2,
ge =4, and E, = \/p> + m?. By solving the equation I‘I&O(Td(a)) = H(Ty(y)) for the flavour-
dependent decoupling temperatures Tg(,), we determine the LO decoupling temperatures to be

Ty ~ 1.32058 MeV,

LO
T35 )~ 2.221 72209 MeV.

(3.15)

The first number differs from the earlier estimate of T(}(g) ~ 1.3453 MeV from reference [21],
which might be traced to different choices of input parameter values. Incorporating QED

corrections to the damping rates, the decoupling temperatures shift to

ngg)o ~ 1.321 10 MeV,

Tj}{};g) ~ 2.221 72211 MeV

(3.16)

corresponding to an increase of ~ 0.04 % for v, and of ~ 8 x 1077 % for V7. Around the

muon neutrino decoupling temperature, the vacuum and thermal contributions to the NLO
LO
1)

Given that [32] computed the NLO weak rates assuming m. = 0, it is also of interest

rates approximately cancel, explaining the smallness of the correction to Tgll\(I

to study how such an assumption modifies the decoupling temperature shifts. Using our
computations of the m, = 0 rate corrections (but with m. # 0 LO rates), we find the
corresponding NLO decoupling temperatures to be
NLO,m=0 _
Td(e) ~ 1.321 18 MeV,

Tj;gﬁ%me:o ~ 2.221 72223 MeéV,

(3.17)

ie., a0.05% and 6 x 1076 % shift for v, and V.7, respectively, relative to their corresponding
LO decoupling temperature (3.15).
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Method 5Neff/NeLffO 5N£€:0/N§HO

Entropy conservation (common decoupling) -11x107° -1.2x107°
Entropy conservation (flavour-dependent decoupling) —54x107% —6.1x1076
Boltzmann damping approximation (mean momentum) —7.8x 1076 —1.6 x 107°
Boltzmann damping approximation (full momentum) —79%x107%  —26x107°

Table 2. Estimates of the relative correction to N, Eflf\/[ due to NLO weak rate corrections, with and
without the electron mass, using different methods.

4 NLO effects on N5

Having computed the closed fermion loop correction to the damping rate 'y, we are now in
a position to estimate its effect on Nesé\/[. Within the damping approximation, two avenues
are available to us:

o Given I',, at a representative momentum, we have already estimated in equation (3.16)
the corresponding correction to the neutrino decoupling temperature T}, defined via
I'o(Ty) = H(Ty). Then, under the assumption of instantaneous neutrino decoupling,
an estimate of the change to Ngflf\/[, 0N = NgfLo — Ng“ﬁo, can be obtained via entropy

conservation arguments.

o We may also compute 6 Neg by solving directly the continuity equation (2.2) and the
QKEs (2.3) in the damping approximation (2.6) and neglecting neutrino oscillations.

We consider both approaches in the following. The corresponding estimates for d Neg are
summarised in table 2.

4.1 Entropy conservation

The entropy conservation argument posits that entropies in a comoving volume in two
decoupled sectors are separately conserved, i.e.,
s(ar)a? = s(az)as, (1)
Svq (a1)ai = sy, (az)a3,
where sy, and s = sy + Se + 2 g4 vy + -+ denote, respectively the entropy density of a
decoupled neutrino species v, and of the QED plasma plus any neutrino species vg that
may still be in equilibrium with it, and the scale factors a; 2 represent two different times
after decoupling. We take a; to correspond to the time immediately after v, decouples
instantaneously from the QED plasma, i.e., a1 = aji', where the sector temperatures satisfy
T(a1) = Ty, (a1) = Ty, while ag > a; is some later time to be specified below.

The assumption of instantaneous decoupling allows the neutrinos to maintain to an
excellent approximation an ideal-gas equilibrium phase space distribution at all times, so that
Sv. (@) o< T3 (a). It then follows simply from (4.1) that T,, (a2) = (a1/a2)T,, (a1) = (a1/az)Ty.
In the case of the QED+wvg plasma, we parameterise its entropy density as

- 272 ~

s(a) = Egs(a)Tg(a), (4.2)
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where the entropy degree of freedom parameter g is given in the ideal gas limit by

B 45 p?
Ga(a) = gy + —=Te / dpp® ( B+ L) fr(E., T(a)) + £ }:gyﬁ, (4.3)
A T 3E 8 &

with gy = 2, g. = 4, and g,, = 2. For our current purpose of estimating d Negr due to NLO
contributions to the weak rates, it suffices to use the ideal-gas gs. We do note however that
QED entropy density at Ty ~ O(1) MeV is subject in principle to a sizeable finite-temperature
correction to the QED equation of state, which needs to be included in precision Nesé\/[
calculations. See, e.g., reference [21] for details.

Then, combining the above, we find an estimate of the neutrino-to-photon tempera-
ture ratio of

T(az) gs(ag)

at the later time ao. We use this temperature ratio in the following to provide two estimates

Ty (az) _ lgs(az) ] e (4.4)

of dN.g due to the rate corrections.

Common decoupling temperature. In the first estimate, we assume all neutrino flavours
to decouple effectively at the same time, an assumption that may to some extent be justified
by the observed large mixing in the neutrino sector. We choose a; = ad to correspond
to the time immediately after v, decoupling, and set as at a time significantly after et
annihilation, where T'(ag) < me. The latter leads immediately to an entropy degree of

freedom of gs(az) = g, = 2, while for the former we have

~ 45 0 p?
= - 2 + — | fr(E,,1 . 4.
gs(ad ) 2 T 4T§(6) /0 dpp (Ee 3Ee> F( 67 d(e)) ( 5)

Then, using the temperature ratio (4.4) and the ideal-gas relations p, o ng4 and p,,
(7/8)gv. Ty, we find

4/3
Puv Pv (a2) 7 [ 2 ‘|
— = =3x = |= , (4.6)
P11 e 0 Zo; p~y(az) 8 | gs(ay)
or, equivalently in terms of Neg,
4/3
1 2
Neg =3 X | ———— (4.7)
[ 4 QS(GZD]

where the factor 4/11 corresponds to 2/gs(Ty) evaluated in the limit Tj; > me.

Using the LO and NLO electron neutrino decoupling temperatures in (3.15) and (3.16)
respectively, we find a fractional shift of § Nog /NBLHO ~ —1.1 x 10~° due to the rate corrections.
Had we instead used the m, = 0 NLO decoupling temperatures (3.17), the correspond shift
in Neg would have been 5N$e:0/NgJﬁO ~ —1.2 x 107°. Thus, while setting m. = 0 leads to a
~ 10% change in the estimate of § Nog, its ultimate impact on Ngflfvl appears to be small, at
least within the entropy conservation picture. These results are summarised in table 2.
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Flavour-dependent decoupling. In the absence of neutrino oscillations, v, and v, ,
decouple at different temperatures, Ty(.y and Ty, ) > Ty(). Then, to estimate 6 Neg requires
that we consider entropy conservation across four epochs: the time immediately after v, ,
decoupling a; = a;r(m ); immediately before v, decoupling as = a;(e); immediately after v,

+

decoupling az = af d( and a4 is a time significantly after e™ annihilation. The corresponding

e)’
entropy degrees of freedom are

~ 7
gs(a;“wj)) =2+ 7T4T4 / dpp (Ee + ) fF(E€7 Td(u,‘r)) + 89Ve7

<= 7
gs(ad(e)) =2+ 7'[%/0 dpp ( e+ 3E > fF(Ee7Td( )) + gguu (48)

_ 45 [ p?
gs(ajj“(e)) =24 71%/0 dp p? (Ee + 3176> Tr(Ee, Tye))s

and gs(aq) = 2. An estimate of the ve-to-photon energy density ratio at a4 follows straight-
forwardly from the temperature ratio (4.4) and ideal-gas temperature-energy relations:

4/3 4/3
prelas) _ 7| gslas) | _ T} 2 | (4.9)
gs(al) s (@)

p~(aa) 8 gS(GZ{(e) 8 | s (a;(e

For py, .(as)/p~(as), we note that v. decoupling at a4, introduces a discontinuity in gs,
thereby leading to a more complicated energy density ratio at ay4,

- 4/
M T [ 2 gs(ad(e)>):| 5. (4.10)

py(as) 8

Then, combining equations (4.9) and (4.10) to form p, = >, pu,, we find

4/3 Gu(as ) 4/3
9s\ Ay,
P a 142 [ e (4.11)
4 gs(age)) 9540,
for our estimate.

Evaluating (4.11) for the LO and NLO decoupling temperatures (3.15) and (3.16), we
find a fractional shift in Neg of 5Neff/NeLHO ~ —5.4 x 1076 if we use the m. # 0 corrections,
or 6N:;fe:0 /N(fﬂcO ~ —6.1 x 1075 using the m, = 0 corrections. Compared with the common-
decoupling estimates displayed in table 2, we note that the flavour-dependent decoupling
estimates of d N.g /NeLHO are generally about a factor of two smaller, in both the m, = 0
and m, # 0 cases. This difference is to be expected, as the QED corrections to the v, ,
interaction rates are negligible compared with the corrections to the v, rates. We emphasise,
however, both estimates are very crude approximations: the true shift in d Neg will probably
fall somewhere in-between.
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4.2 Solving the neutrino Boltzmann equations and the continuity equation

Following reference [20], we introduce the comoving quantities * = mca, y = ap, and
z = T a, and rewrite the continuity equation (2.2) as a differential equation for the quantity z
(corresponding to the photon-to-neutrino temperature ratio):

dz 2J(x/z) — ﬁ%ﬁ; + Gi(x/2)

de  LJ(z/2)+Y(x)2) + 22 + Gola/z)

(4.12)

where J(z/z) and Y (z/z) describe the ideal-gas behaviour of the QED plasma, while the
G1,2(7) account for deviations of the QED plasma from an idea gas. Explicit forms for these
expression to O(e?) can be found in appendix E.

Equation (4.12) also requires as input the total time derivative of the comoving neutrino
density p, = p,a*, which can generally be constructed from the neutrino density matrices via

dpu 7 7/ 32 d{o(x y }oza (4.13)

where d{o(x,y)}aa/dx corresponds in general to the QKEs (2.3). Neglecting neutrino
oscillations, the density matrices ¢ are diagonal in the flavour basis, in which case the
QKEs (2.3) simplify to a set of classical Boltzmann equations. Then, together with the
damping approximation (2.6) and in terms of the new variables, we find

d{Q(ﬂg xy)}aa ~ _1;151( )) [{o(e.1)}oa — Fr((w/=)T)]. (4.14)

Equation (4.14) can be solved together with the continuity equation (4.12) for a range
of momenta y covering the bulk of the neutrino population (a typical range would be
y € [0.01,30]). We call this the “full-momentum” approach. Alternatively, we can simplify
the equation (4.14) further by adopting the ansatz

fr(yT)
fr((y)T)’

and 'y (y) = I'a((y)). Identifying (y) with the mean momentum mode yo = 3.15 2(1), where

{0(¥)}aa = {o({y >)}ao¢ (4.15)

Tp is the photon temperature at initialisation (which is equal to the neutrino temperature),
we can rewrite equation (4.13) in this approximation as

P {o(@. oo s,
dr 120xH lzr ( Fr(y)T) ( )>] (4.16)

We call this alternative the “mean-momentum” approach.

Irrespective of whether we use the full-momentum or the mean-momentum approach.
The final Neg can be estimated from the solutions to p, and z at x — oo using the definition
of NS@A in equation (2.1), reproduced here in terms of the rescaled variables:

=3 (2" 2 8

(4.17)

T—r 00

,19,



Table 2 shows our estimates of § Neg /NgJHO due to QED corrections to the neutrino interaction
rates using both the full-momentum and the mean-momentum approaches, with or without
the electron mass in the correction.

Evidently from table 2, both the full-momentum and the mean-momentum estimates for
me # 0, ONegg /NLO =~ (7.8 — —7.9) x 1075, are broadly consistent with their counterpart
obtained in section 4.1 from entropy arguments: in fact they sit between the common-
decoupling and flavour-dependent decoupling estimates from entropy considerations. In
contrast, the estimates assuming m, = 0 differ by ~ 50% between the full-momentum
(ONTpe=C/NLO ~ —2.6 x 107°) and the mean-momentum (JN/p="/NL® ~ —1.6 x 107°)
approaches, and are furthermore ~ 30% to a factor of four larger than those from entropy
arguments. This result is consistent with expectations. As we have seen previously in figures 3
and 4, the rate correction under the m. = 0 assumption diverges as T' — 0 relative the
LO rate, whereas its m. # 0 counterpart tends to zero. Since neutrino decoupling in the
early universe is not instantaneous but extends into the e*-annihilation epoch at T' ~ m,,
any estimate of § Nog that accounts for non-instantaneous decoupling will to some extent
be sensitive to exactly what we assume for me in the T' < 3m, region. Indeed, the low-T'
effect of m. on 0 Neg /N(fﬁco is not captured by entropy conservation arguments, which are
based on one point estimate (the decoupling temperature) at 7' > me, where the m, # 0 and
me = 0 rate corrections differ by less than 10%. In contrast, the full-momentum approach,
which is sensitive to the largest range of temperatures, yields the strongest dependence of
O Neog /Ng;fo on what we assume for the electron mass. Thus, while the overall effect of the
rate corrections on Ngflf\/l is small, we conclude that neglecting m, in their computations is

strictly not a good approximation in high-precision calculations of Nesé\/[.

5 Conclusions

In this work we have computed the QED corrections to the neutrino-electron interaction
rate in the vicinity of neutrino decoupling and evaluated its impact on the standard-model
value of the effective number of neutrinos folf\/[. We have focused on diagram (d) in figure 1,
because of the expectation of a ¢-channel enhancement and hence dominance over the other
three diagrams. Similar corrections have also been recently investigated in Cielo et al. [30]
and Jackson and Laine [32], which the former analysis [30] found to lead to a significant shift
in NSM: from the benchmark value of 3.044 [28, 29] to 3.043.

Contrary [30], our first-principles calculations show that QED corrections to the neutrino
interaction rates are modest. In the temperature range T'~ 1 — 3 MeV, the corrections to
electron neutrino interaction rate fall in the range —0.2 — +0.1% relative to the LO rate,
while for the muon and tau neutrinos the effect is even more minute: —0.0005 — +0.0002%.
These results are consistent with those reported by Jackson and Laine [32], despite differences
between the formalisms (imaginary vs real-time) and some approximations (zero vs finite
m,) used. The more than two orders of magnitude difference between the relative corrections
for the v, and the v, , rates also confirms the strong flavour dependence found in [32], which
was not observed in Cielo et al. [30].

Using our QED-corrected neutrino interaction rates, we proceed to estimate the corre-
sponding shift in Nesé\/l under a variety of approximations and methods: via entropy conser-

— 20 —



vation arguments which assume instantaneous decoupling, and by solving the Boltzmann
equation in the damping approximation. Depending on the exact method/approximation used,
we find the relative change in NSM to fall in the range 0 Neg/N5 =~ (—0.5 — —1.1) x 107°.
That is, relative to the current SM benchmark of N5M = 3.0440 + 0.0002 [28, 29], QED
corrections to the neutrino interaction rates can at best shift the number in the negative
direction in the fifth decimal place, and are hence completely within the quoted uncertainties.
Thus, while we can confirm the sign of § Nog computed by Cielo et al. [30], even our most
“optimistic” estimate is a factor of 30 smaller than their claimed correction.

It is also interesting to observe that setting m. = 0 in the rate corrections can have an
O(1) impact on §Neg/NLP, even though the rate corrections themselves at T ~ 1 — 3 MeV
differ by less than 10%. This is because corrections assuming m,. = 0 deviate from their m, # 0
counterparts at T' < 3m,, and diverge relative to LO rates just as the m, # 0 corrections
vanish in the 7" — 0 limit. Since neutrino decoupling in the early universe is not instantaneous,
these T' < 3m, effects will imprint on Nfév[ despite the common understanding that neutrino
decoupling occurs at T' ~ 1 MeV. Thus, while the overall contribution from QED weak rate
corrections to fo}vl is ultimately small, we argue that neglecting m. their computations is
strictly speaking not a good approximation in high-precision NS‘%VI calculations.

In conclusion, our results strongly suggest that the SM benchmark value ]\fesf%}4 =3.0440£
0.0002 [28, 29] is correct within the quoted uncertainties. Naturally, a full numerical solution
of the QKEs by a dedicated neutrino decoupling code such as FortEPiaNO [26] — with all
NLO contributions from diagrams (a) to (d) incorporated in the collision integral — would be
highly desirable. However, short of a new and previously unaccounted-for effect, we believe
it is unlikely that a more detailed investigation of NLO effects on the neutrino interaction
rate will yield a deviation from the existing SM benchmark Nesf%v[ that is large enough to be
of any relevance for cosmological observations in the foreseeable future.
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A Bosonic and fermionic propagators at finite temperatures

For vanishing chemical potentials the free thermal propagators for fermions are given by

i(p—{-m,/,)

isy =
2 2 i
mw + 1€

p
IS = =2 (p+ my)3(p* — m) [Jr(p°l) — O(—p°))
iS5 = —2m(p+ my)3(p? — m3) [fr(p°]) — ©G°)]

— 27 (p + my)3(p® — m3) fr(p°]) = (153 T°
(A1)

while the ones for bosons are

AN = e+ 28— ) () = (1A%,
A2 = 2m5(p* — m?) | f(p°]) + O(-p")] , (A.2)

iA? = 2m5(p* — m?) [f5(p°]) + ©(0")] ,
where fp(E) = 1/(e®/T — 1) is the Bose-Einstein distribution.

For the computation of the resummed photon propagator, it is useful to write down
the advanced and retarded bosonic propagators,

IATA = i A3
! p? —m? £ isgn(pY)e’ (A.3)

as well as the statistical propagator
. i 1 _
iAT = AP+ A =7 [+ 2fp(")] 507 —m®) = 5 1+ 2/ AT, (A4

where the relation to the spectral function A~ = i(A%! — A'2) is another way of stating the
KMS relation. In terms of the scalar propagators, the tree-level photon propagator is given by

ZDZl;(p) = idul/Aab(p”m:Oa (A5)
where we have defined the polarisation tensor,

P (p) = —g" + (1 - 5>p;§”, (A.6)

for a general R¢-gauge.

B Thermal integrals

Throughout the calculations we encounter thermal integrals of the following forms

_ d'k . 6(K* —m2) fr(|k°))
KA (P) = 2e /(2@ k“(P+k)2—mg+ie’

4 2 _ m2 0
P—l—k) —mg—}—ze

(B.1)
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To evaluate them, we choose P as the reference direction with the corresponding unit
vector P, and parameterise the integration variable via

= |k|(cos UP + cos @ sinde; + sin psin dey), (B.2)

where, together, P and the two unit vectors e; and ey form a complete orthogonal basis.
The contributions from e; and e, to the spatial components of K* vanish after the
azimuthal integration, giving

o P aem
P 4w

where w = |k°| = /[k]? + mZ, and

/Oo deo [P261(w, P) + 2wPofa(w, P) — 8IK[[P] fr(w), (B.3)

P? 4 2|k||P|)? — 4Pjw?

(o) — 1| (P2 2P —age |
(P> = 2IK|[P|)” — 4R -
P* — 4(Pyw + |P||k|)? '

1 P)=1

2@, P) = I\ 5 R o = P2

arise from integration over cost. Correspondingly,
KO= em [Ty
= — wwly(w, P)fr(w) (B.5)

27|P| Jim.

is the remaining, temporal component of K*.
For K" after application of the completeness relation §% = Pipi 4 D k=12 e};ei, the
spatial components become

K9 = P'PIG) + (69 — P'PI) (I, — 1,/2), (B.6)

where we have introduced the two auxiliary functions

[, — Qem / dw [(P* + 4P3w?)1 (w, P) + AP?Pyw [>(w, P) — 8[P|[k|P?] fr(w),

8r|P
2’ I (B.7)
I = d Kk|%¢ :
= gorpy | dw ke P) r(e)
The remaining components with at least one index being zero are
K%(p) = Zem / dww? £ (
= %[P] ww” b1 (w, P) fr(w),
; (B.8)
0i _ em P

= op " dww [2Pwli(w, P) + Pa(w, P)] fr(w).

In all cases, the remaining single integral over w can, for our purposes, be evaluated numerically
efficiently.
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k—P

Figure 5. One-loop contribution to the photon self-energy.

C 1PI-resummed photon propagator

A crucial ingredient in our calculation is the resummed photon propagator used in our NLO
thermal matrix element (3.13). In this appendix, we provide an exact derivation of the photon
self-energy at the one-loop level within the real-time formalism, assuming electrons in thermal
equilibrium with zero chemical potentials. From there, we extract the resummed Feynman
propagator. While exact expressions for this resummed photon propagator have been long
known in the simplified scenarios wherein m, = 0 [53] or in the HTL approximation (see,
e.g., [54, 55]), here we remove these assumptions and derive a propagator valid for all values of
the electron mass m, and photon 4-momentum P. We note that, while the reference [49] also
studied the photon propagator without HTL approximations (and accounting for non-zero
electron chemical potentials), no explicit formulae were provided.

C.1 1-loop photon self-energy
At the one-loop level, the thermal photon self-energy, displayed in figure 5, reads!'?

4
Wy (P) = (1)t [

for general Keldysh indices a,b € {1,2}. It can always be split into a longitudinal and

Tr [P (k) iS2 (k = P)y”] (C.1)

a transverse part,
Iy = g, P + g, P, (C.2)
with the corresponding projectors [36, 56]
PP =P =P =0, PJ=-09+PP
PP (C.3)
P? T

Writing the self-energy in this form makes also manifest that II%, fulfills the Ward-Takahashi
identity P,II%) = 0. The longitudinal projector can alternatively be expressed through the heat

Pglj:g‘uy

12We only compute here the electron contribution to the photon self-energy, which is by far the dominant
contribution at the relevant temperatures for Neg. It is nonetheless straightforward to extend our results to
higher temperatures where different charged particles can also contribute.
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bath four-velocity U* = &} (in its rest frame) as P} = UFU” /U? with U* = P2U*—(U-P)P*,
prpv P;u/
P2 L -
In the following, we only highlight the derivation of II1; and Iljs, as the remaining

so that the transverse projector becomes P = gt —

self-energies can be related to the first two via the bosonic KMS relation
Iy (P) = P/ 5(P) (C.4)
and
[ge(P) = =111 (P)* (C.5)

for a general four-vector P.
Starting with II{] (IT43), its diagonal component splits into the vacuum self-energy
1 1
15" = ie? /
2 g k2 —m2 +ie (k + P)2 — m2 + e

Tr [(F+mey" (K + P +me)y”]  (C.6)

and the finite-temperature part IIY) 7. (Il 7.4). The renormalised vacuum part L (P) =
(Qem /) (P2g" — PY PM)TIy(P?) is textbook material and, in the MS-scheme, reads

I (P?) = gln(ﬂf) + g t3t % (1 + ;) \/ﬁln<\/\/§:>
(©.7)

2
— ;111(_”})2) + g for me — 0,
with 7 = 4m2/P? (see, e.g., appendix A of [57] for the derivation). In practice, we note that
the vacuum contribution to the photon self-energy is numerically irrelevant when resumming
the photon propagator, as it vanishes in the soft photon exchange limit for which P? = 0.
We can therefore safely neglect it in the resummed propagator.

In terms of the integrals K* and K*¥ computed in appendix B, the corresponding real
parts of the two diagonal components read

ReH’fiT;ﬁO = —ReH%T;ﬁO =4(—g""K - P+ 2K" + KFPY + KV P"). (C.8)
After collecting all the terms according to the projectors defined in equation (C.3), we obtain
for the longitudinal part

aemP2
P

HTL 5 P} [ Py ‘P0+ |P| } 5
~ — 11— -2 ) |1- 1 — - for Py = 1
3m;, < |P]2> 3P| n B — [P 3m;, for By =0, (C.10)

Rellfy 40 = / dw [8|k|\P| — b1 (w, P)(P? 4 40°) — 452(W,P)Pow} fr(w) (C.9)

and for the transverse one

Qem &
Rell{} p = 7ryP|3/ dw {2@@;, P)PyP%*w — 4k||P|(P} + |P|?) (C.11)

1
oy (w, P) (P|2P2 +2P2? — 2P| + 2P4)] Fo(w)

HIL 3 o P§ l1_<1_|P|2> R

_ o2 o P0—|-|P‘
2 7P F§ ) 2|P|

Py — |P|

] — 0, for Py =0 (C.12)
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with the thermal photon mass m., = e1'/3. Here, the symbol e refers to the result obtained
in the HTL approximation [58], defined through the assumption that the quantities in the
integral can be separated into hard O(7T') and soft scales O(eT'), and assuming that hard
momenta k dominate the loop integral. The external momentum P on the other hand is
defined to be soft and therefore also negligible compared to the loop momentum. More
precisely, to go from the fully momentum- and mass-dependent expression (C.9) (or (C.11))
to the HTL result (C.10) (or (C.12)), we have expanded in Py/|k| at the first step and then
in Py/|P| in the second step, using also
HrL _|P|

l(w,P) = —2m, ly(w, P) rom

Py + |P|

_— C.13
Py — |P| ( )

in the same expansion scheme. We further assume that m. < T, such that the electron
can be treated as effectively massless. This leaves us with an integral over w that can be
performed analytically using the relation [;°dkk fr(k) = 72T?/12, thereby yielding the
HTL result (C.10) (or (C.12)).

The (purely imaginary) off-diagonal component II}5, on the other hand, reads

sy = i) [ é?; 16726 (K2 = m2) (fr (k") — O(k")d ((k+ P)* — m?)

x (fr(|k”+ P°)) — ©(=k" — PO) T,

(C.14)

where the minus sign from the fermionic loop and the one from the fact that we have a
type 1 and a type 2 vertex cancel out, and

TH — — gtk . P+ 2kMEY + k¥ PH 4 kM PV, (C.15)

For the evaluation of the integrals, we make use again of the decomposition of k shown
in equation (B.2). The additional §-function here (compared to the diagonal case) fixes
then the polar angle 8 to the value

P2 +20wP,
0L = ———— C.16
0 P (€10
With that, T separates into a transverse and a longitudinal part according to
v P2 U uv 2 2 nx DUV P2 2 puv
T :7(PT +PL)_‘k’ Sin QiPT —W(P0i2W) PL’ (Cl?)

The final result then reads

1y =~ [ 37 6(1 | cos011) () ~ O (fr (K +- P~ O(—k" — P)TL".
Me +
(C.18)

where the sum runs over positive and negative energies k' = +w. In the HTL limit we find

; HTL  me?P?T3

'L 0
Oy ~ —lw@(\P!—IP ), (C.19)
HTL 7we?P?T3
I, = ZW@(lPl—\POM (C.20)

where we have used the integral [;°dk fr(k) [l — fr(k)] = T2T3/6.
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As will be explained in the subsequent section, it is convenient to compute the retarded
and advanced photon self-energy Ilg 4 in order to perform the resummation of the photon
propagator. Using the relation ImIl;; = %(ng + II9;), we can write the advanced and
retarded self-energies as

T/L
R/A =

T/L

II

/e o/t = Ren’/t & (HT/L HT/L)

12/21

C.21
= Re HT/L 1 (1 _ Po/T) HT/L ( )
- 2 e 12

)

where we have used the KMS relation (C.4) at the second equality. In particular, equa-
tion (C.21) implies that ImII® = —ImTII4. With this in mind, we can directly compare
our results for the advanced and the retarded transverse photon self-energies in the HTL
LT Re ™ 5 22114™ in the
HTL limit, our results are in agreement with [54] after carefully sending the time-ordering

limit to the results of Carrington et al. [54]. Given that II}j

parameter € to zero. In the longitudinal part we differ by a term PZ/|P|?> with respect
to [54],' but agree with [55]. We note in passing that the self-energy (C.18) leads to the
unphysical process of photon decay v — ee™ at high enough temperatures, where m., exceeds
2m. [49]. In practice, this could be resolved by resumming the electron propagator. In our
case, however, the relevant dynamics happen at temperatures much below that threshold,
such that this resummation is not necessary.

In figure 6, we display the finite-temperature contribution to the real and the imaginary
parts of the retarded transverse and longitudinal propagators, for T" = 2m, and various choices
of |P|/T. We compare the exact one-loop photon self-energy to (i) the equivalent self-energy in
the limit m. — 0, and (ii) the equivalent self-energy in the HTL limit. Similarly, in figure 7, we
examine the impact of the temperature on the photon self-energy. We observe that the effect
of the finite electron mass m., while small for large temperatures 7'//m, ~ 5, remains sizeable
for temperatures around the electron neutrino decoupling temperature where T'/m. ~ 2.

Beyond the photon self-energy, other quantities of interest are the residue of the transverse
and longitudinal photon'* propagators which are quantified by

ZT/L — im
Py—w(|P])

1+ (C.22)

OReTI /"
or2 |

where Py = w(|P]|) defines the photon dispersion relation, i.e., solutions of the equation
P? + Re HlTl/L(P) = 0, which we show for the benchmark T" = 2m, case in figure 8. The
two residues take the form

ZL:[ TPIT?’/ deo () [ty (w0, P) (40PoP?) + (o, P) (2w(3P — [P2/ Py))
L, (C23)

0 (w, P) (P* + 40%P?) + V1 (w, P) (2P? + 4w?) — 8|k||P
(. P) (P 4+ 40P P2) 1w, P) (2P 4+ 4?) =SR]

13This difference can be seen by comparing figure 7 to figure 4 in [53].
147 ongitudinal photons are also sometimes referred to as “plasmons” in the literature.
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Figure 6. Comparison between the finite-temperature part of the photon self-energy at the one-loop
level with (continuous lines) and without (dashed lines) the HTL approximation at T' = 2m, and for

various choices of |P|/T.
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Figure 7. Comparison between the finite-temperature part of the photon self-energy at the one-

loop level with (continuous lines) and without (dashed lines) the HTL approximation for different
temperatures T € {me, 2me, 5m.} at a fixed |P|/T = 0.5.
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T =2m,

2.00 ' =
—— transverse = —— m. #0 [

L75 longitudinal ---- HTL __#*

1.50 1 F

1.251

-
-
-

—=z
===

0.751
0.501
0.251
0.00+ T T . .
0.5 1.0 1.5 2.0
[P|/m,

Figure 8. Dispersion relation for transverse (blue lines) and longitudinal (orange lines) photons
at the one-loop level with (continuous lines) and without (dashed lines) the HTL approximation at
T = 2m,. The black dotted line indicates the dispersion relation at zero temperature, i.e., P = |P|2.

and

7zt =

* P / Ao fr (@) [th(w, P) (40P P?) + ba(w, P) (2(3Fy — [P|*/ Fy))

+ 64w, P) (P* + 402 P} — 4|k |P[? + 2P*|P[?) (C.24)
-1
{1 (w, P) (4w? +2P2) — 8k||P
+ 61w, P) (40 + 2P3) — 8[K]| r}PO:wGPD] ,

where we have defined the following derivatives

ol 2(P? + 2|k||P|) — 4w? 2(P? - 2|k||P]) —

Vi (w,P) = = _
1w, P) orP?  (P?2+2k||P|)2 —4P2w? (P2 - 2[k||P|)? — 4P2w?’ (C.25)
0w, P) = Ay 2P% — 8w(Pow + |Pk|]) 2P — 8w(Pw — |P|[k]|) '
2T oP? T PA—A(Pw+ [P|K|))2 P —4(Pw — [P[k|)?’
of the logarithmic functions ¢;(w, P) and ¢2(w, P) of equation (B.4).
C.2 The resummed photon propagator
The resummed photon propagator Dal; is given by the Dyson-Schwinger equation
Dab Dab + ZD(ZC Haﬂ)cdDdb (026)

c,d

The sum over the real-time labels ¢ and d can be avoided [59] by re-expressing the equation
in terms of the retarded and advanced propagators

GR = G11 - G12 = G21 - G22,

(C.27)
G4 = Gy1 — Goy = Gia — Gy,
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defined in a similar fashion to the retarded/advanced self-energies (C.21). This leads to
the compact result

nR/A A A AnR/A

DA = DE/A 4 pR/A(qef)RIADIA, (C.28)
Decomposing the resummed photon propagator using the projectors from equations (C.3),

PP,
Pz

and using equation (C.28), the corresponding longitudinal and transverse components of the

DY =d,, D" = —D{PL, — D P, — (ALY (C.29)
resummed retarded and advanced propagator take the form
PRIA _ 1
L/T — _ R/A"
(AR/A)=L 4TI

With Dy = 1 (DA + DF+2D%) and using the fact that in equilibrium, the thermal resummed
statistical photon propagator D ., is related to the retarded and advanced propagators via [54]

(C.30)

_ 1 _ _
D}, (P) = 51+ 2f5(|P)Isen(P") D, - Dy |, (C.31)
we finally arrive at
L/T Qrr . 0 0 I'rr
Dy ooz L+ 2fp(I1P]sen(PY) 55— (C.32)
U ESY P Gr+Tir
with
OFT = p? 4 RellY/7, (C.33)
1
LT _ LT _ LT

It is understood that (C.34) should be replaced by the causality-respecting e-prescription
if the imaginary part of the photon self-energy vanishes for kinematic reasons at the given
order in perturbation theory.

D Parameterisation of the collision integrals

We parameterise the momenta in the self-energy expression (3.8) as in reference [21],
= |p‘(0a 0, 1)T7
1= [1)(0,sin o, cos )7, (D.1)
= |q|(sin @ sin B, sin 6 cos 3, cos )7,

resulting in

Tt o] = [dlad 602)6(aP-m)8 (a+p—1)-m?) f(a )

dqd’l > flalp)d((g+p—1)>—m2)| | (D.2)
ANE, =, ?oii’fﬁ
4 €,7T= il Z Z— (Z+ Z) O_E?ﬁ
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where E, = /|q|? + mZ, and the function f(q,!,p) acts as a placeholder for the integrand
in equation (3.8). The last d-function fixes the angle § to
_Ipllalcos 0 + eT Ey[1] + T]1||p| — |p|[l| cos & — eEy|p| — [1]|q| cos o cos @

- D.3
cos fi [1||q|sin asin @ (D-3)

The integration limits on z = cos#,

b b\? ¢
- —— 4 — ) -, D4
= 2a <2a> a ( )
are the roots of the quadratic polynomial az? + bz + ¢, with

a=—¢p-17
b= —2(cosall| — |p|)|a|([l||p[(cos e — 7) + eEq(|p| — [17)),
¢ = (EZ(Ip| — 1I7)?) + 2¢E[1||p|(cos a — 7)(=|p| + [1|7)
+ [1*(=((cos® a)[p[?) + laf*(1 = cos® @) + 2cos a|p|*T — |p|*)

as the coefficients.
The z-integration of the vacuum and the thermal corrections can be performed analytically

2zt 2 _
| e 7 LACILY) = An (go— O g1y 3 e 4cag2>, (D.6)

z—z2_)(z24+ — 2 2a 8a?

following

where we have expanded the correction matrix 7 in powers of z according to
T=A(9°+G"%+7%:2). (D.7)
Then, for the transverse thermal part, the coefficients read
P2
GO = e [2|1|2P2 + 4lo|p| Pogo + 8lo|p|gg + 210 PoP? + 2m2|P|* + 8|p|*Piq3 / P*

— 8Ip[*q3 + 4Ip| P a0 + 41| Poct — 2/p|P2a0 + P P2 + 2Py P?q0 + 2P g

(D.8)
G = _[pllaP® [25 (Po + 2q0) + 2P2(1 + 4|p|qo/P?) — 8|plgo — P* + 2P, ]
th,T = 2|P]2 olL0 q0 0 | 0} P40 0490/ »
Gar = 2|pl*lal’,
while for the longitudinal thermal part we have
0 P2 2 272 2 2 2/ p2 2
Gih,1, = T [41306]0(13 +2[plgo) +4P71" + (P° + 4|plqo) Py + P~(P~ + 4q5)
+4lo(Po(P* +2/plao) + 4lplad) . D)
P?lq|lp '
64 = UL 1 )y (py + 200)
2|P|
gt2h,L =0,
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with the prefactor .AtLh/T = —28G2F(g{‘})2ReDlLl’TReﬂlLl’r";,,io. For the vacuum part, the

corresponding coefficients are

g\?ac = _mz(l 'p) + 2!p|2q8,
Geac = —4lalo|p|?, (D.10)
Gone = 2Ip*lqf?,

with Ave = —2'9G% aem [(97)?/ (4m)] 1.

E Functions in the continuity equation

The continuity (4.12), written in terms of the rescaled variables z,y, z, contains the functions
J(x/z), Y(z/z), and Gi2(x/z). We give the explicit forms of these functions here to
O(e?) [20],
1 [oo exp(\/w2 + 7'2)
J(1) = —2/ dww ,
= Jo [exp(\/w2 + 7‘2) +1]?

T2 ) [exp(W) + 1]2’ .
G1(r) = 2maem | 1 (B2 + 28%0) - 22— k()
+ (K’éT) - K(r)K'(1) + J’ér) + J' (1)K (1) + J(T)K’(T)) ], (E.2)
Go(T) = —8Taem (KéT) + Jg-) — %K2(7) + K(T)J(T))
+ 2T Qem (KéT) - K(n)K'(t) + JéT) +J' (1)K (1) + J(T)K’(T)) ’ (E.3)

where / denotes a derivative with respect to 7. Expressions for G 2(7) at O(e?®) can be
found in reference [21].
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