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Abstract

The monitoring of compositional data (CoDa) using control charts has become increas-
ingly important in the field of Statistical Process Control (SPC). This study introduces
two approaches for CoDa monitoring, utilizing support vector data description (SVDD)
control charts in conjunction with the multivariate exponentially weighted moving aver-
age (MEWMA) technique. The proposed approaches use two transformation methods,
the Dirichlet density transformation, and the isometric log-ratio transformation. Through
experimentation on simulated data, the effectiveness of the SVDD control charts in detect-
ing anomalies is demonstrated surpassing the performance of the MEWMA control chart
across various scenarios in monitoring CoDa. These findings contribute to the advance-
ment of SPC and offer valuable insights for practitioners involved in CoDa monitoring
across diverse applications.

Keywords: Compositional data, Control chart, Dirichlet density transformation, isometric
log-ratio, Support Vector Data Description, Statistical Process Control.

1 Introduction

In Statistical Process Control (SPC) literature, control charts are a well-established tool for
monitoring the stability and variability of process data. However, the application of control
charts to compositional data (CoDa) has been relatively limited in the literature. This may be
due to the special structure of CoDa, which represents the relative proportions of components
that make up a whole, such as the composition of minerals in a rock or the ingredients in a
product. The components of CoDa vectors are strictly positive and often represent proportions,
percentages, concentrations, or frequencies of some whole. Their applications can be found in
many domains such as chemical research, econometric and survey data analyses, and the food
industry, see Aitchison [2]. The monitoring of CoDa with control charts presents challenges
due to its special structure, which the traditional control charts, designed for continuous data,



cannot adequately address. To overcome this, the literature has seen the development of spe-
cialized control charts for monitoring CoDa. An early contribution to this field was presented
in [4]. In this study, the author proposed a chi-square control chart for monitoring CoDa based
on Dirichlet distribution. Guevara-Gonzélez et al. [9] conducted a study examining the rela-
tionship between response and predictor variables using a Dirichlet regression and evaluated
the performance of the method by plotting five different 72 control charts. Building on this,
Vives-Mestres et al. [34] investigated a T? control chart for monitoring CoDa with p = 3 and
then Vives-Mestres et al. [35] extended this work for individual observations case. Two meth-
ods for interpretations of an out-of-control signal of individual 7" control chart in case p > 3
were proposed in [36]. In [32], the authors introduced the MEWMA-CoDa control chart as a
method for monitoring CoDa with arbitrary components. This control chart has been recog-
nized for its effectiveness in identifying small to moderate shifts in processes, surpassing the
performance of its competitor (T2-CoDa chart). Later, in the studies of Nguyen et al. [23] and
Imran et al. [I3], the authors enhanced the MEWMA control chart by incorporating variable
sampling interval (VSI) and variable sample size (VSS) adaptive strategies for CoDa monitor-
ing, demonstrating their outperformance over the traditional fixed sampling interval/sample
size approaches. Imran et al. [I6] further explored the zero-state and steady-state performance
of the MEWMA-CoDa chart with VSI, revealing the influence of the number of variables and
the subgroup size on the chart’s performance. The literature has also seen the introduction
of CUSUM-CoDa charts, with the study proposed by Imran et al. [I4]. The results showed
that this chart performed better than the 72-CoDa control chart, and was comparable to the
MEWMA-CoDa chart. Besides the design of these control charts, the influence of measurement
errors on the performances of T2-CoDa, MEWMA-CoDa, MCUSIM-CoDa, and VSI T2-CoDa
were also investigated in [37], [38], [12] and [I7], respectively. Addressing the challenge of auto-
correlation in industrial processes, Zaidi et al. [40] proposed an enhanced residuals T control
chart for monitoring the autocorrelated CoDa using a time series autoregressive moving aver-
age (ARMA) model. To manage large and high-dimensional CoDa datasets, Imran et al. [15]
developed a T2-CoDa control chart based on the principal component analysis (PCA) method
to monitor CoDa explicitly. Recent advances have incorporated machine learning tools, with
Zaidi et al. [39] and Imran et al. [I8] utilizing artificial neural networks to detect abnormal
patterns and analyze out-of-control signals in monitoring CoDa. Most of the control charts in
these studies utilized the isometric log-ratio (ilr) transformation method to handle the special
structure of CoDa. This method converts CoDa into a vector in R?~! space, thereby removing
constraints before applying traditional control charts. It should be noted that the design of
these control charts assumes a restrictive assumption of multivariate normal distribution on
the Simplex space, which may not always be applicable in real-world scenarios.

In the field of SPC, there have been various attempts to overcome the limitations imposed by
the assumptions on data distribution. One approach that has received attention is the use
of distribution-free methods, specifically the use of control charts based on one-classification
algorithms. In [29], the authors proposed kernel distance-based charts, namely K-chart, using
the Support Vector Data Description (SVDD) algorithm, which was originally proposed by [31]
based on the idea of Support Vector Machines (SVM). Kernel methods are powerful tools in
computational intelligence that have many advantages since they can handle non-linear rela-
tionships by implicitly mapping data to a higher dimensional space, leading to more accurate
models without explicit transformation. This “kernel trick” can sometimes reduce computa-
tional costs associated with high-dimensional data. Furthermore, kernel methods can implicitly
learn data structure by defining a feature space that best separates data, particularly in clas-
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sification tasks. Based on the kernel methods and another type of one-classification algorithm,
Kumar et al. [19] proposed a robust K-chart that can handle the autocorrelation in the ob-
served data. In [20], the authors proposed an SVDD control chart using Mahalanobis kernels
and showed its outperformance compared with the SVDD control chart using the Gaussian
kernel and T2 control chart. Later, in the study conducted by Tang et al. [30], the authors
examined the impact of the Phase I dataset size on the efficiency of Phase II monitoring and
found that the effectiveness of the control chart based on SVDD is significantly influenced by
the quantity of Phase I sample. Recently, Ahsan et al. [I] proposed an innovative multivari-
ate control chart by integrating SVDD and kernel density estimation (KDE) to address the
challenges of network intrusion detection. The SVDD-KDE chart demonstrated enhanced per-
formance in identifying shifts and outliers within network traffic, showing superior accuracy
and lower false positive rates in both simulations and real-world datasets.

Our paper introduces two novel approaches for monitoring CoDa using SVDD control charts
combined with the MEWMA technique. We propose <11 ploying two transformation approaches,
namely the Dirichlet density transformation and the isometric log-rati ¢ ansformation to adapt
CoDa for real-world monitoring scenarios. The rest of the paper is structured as follows: Section
presents the modeling of CoDa and the isometri - g-ratio transformation. Section 3| focuses
on the Dirichlet density transformation to convert CoDa to real data. Section [4| presents
our innovative SVDD-MEWMA control charts for monitoring CoDa using the aforementioned
transformation methods. The performances of the SVDD-MEWMA charts and comparison
with the existing MEWMA control charts for CoDa monitoring under various scenarios are
presented in Section [5] An illustration example in Section [6] presents the application of these
proposed control charts in a real European plant’s industrial CoDa set. The conclusion in
Section [7] reflects on the study’s contributions and suggests some directions for future research.

2 Modeling of Compositional Data

In the literature, CoDa refers to data where components represent relative proportions of a
whole, such that its components sum to a constant value. This describes distribution where
the focus is on the relative magnitudes of the parts, rather than their absolute values. In
mathematical terms, a (row) vector, denoted as x = (x1,22,...,%,), is considered a p-part
composition when its components are strictly positive numbers and convey relative informa-
tion, see Aitchison [2], Pawlowsky-Glahn et al. [27]. The relative information here refers only

to the proportional relationship between its components, disregarding their specific numerical
p

values. The sum of these components of x, Z x;, is a constant k. For example, when k equals
i=1

1, the measurements are expressed as ratios while k = 100 corresponds to measurements in

percentages. If x,y are compositions and x = \y with A is a constant, we say that x,y are com-

positionally equivalent. Equivalently, if the closure of a p-part composition x = (21, 2, . .., )

to k > 0 is defined by

K- T K- To K-,
= 1
¢ (Zf:l i’ Z?:l ;] ’Z?:l xz) (1)

then the two p-part compositions x and y are compositionally equivalent if C(x) = C(y) for
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every positive constant k. The sample space of CoDa is the simplex &7,

p
Sp:{x:(wl,xg,...,a:p) | 2; >0,i=1,....,p; in:m} (2)
i=1

In real space, the addition and the scalar multiplication of vectors using Euclidean geometry can
be utilized to determine their properties or compute the distance between them. However, this
geometry does not apply to CoDa in the SP due to its special structure. To address this issue,
Aitchison [2] introduced Aitchison geometry, which includes two fundamental operations for
establishing a vector space structure in the simplex S”: perturbation and powering operators.
Let x and y be two compositions on S, the perturbation of x by y (denoted by @) is defined
by
Xx®y=C(r1y1,...,2TYp) €SP

and the powering of x by a constant o € R (denoted by @) is defined by
aOx=C],... 7)) €S8P

The simplex S? equipped with the perturbation and the power operations, denoted as (S, ®, ®),
constitutes a vector space.

In practice, CoDa is often transformed into vector representations in Euclidean space, rather
than being directly applied and deployed in Simplex space. This transformation process serves
the purpose of eliminating the constraints of CoDa. One widely used transformation technique
is the center log-ratio (clr) transformation, denoted as clr(x). This method is an isometry that
maps from S? to a subspace U C R?| and is defined as

clr(x) = (ln gm(x)’ln PRI ,In gm(X)> (3)
= (&,52,---:519) =£

1
p P p
1
where ¢,,(x) = (H xl) = exp (— g In x2> is the geometric mean of the composition and
5 b
=1

=1

P
Z & = 0. The inverse center log-ratio clr™'(£) recovering x from clr(x) will be
i=1

clr 1 (€) = C(exp(€)) = C(exp(£1), exp(&y), - . ., exp(&,)).

Egozcue et al. [5] demonstrated that the constraints on the components of clr(x) result in
a singular variance-covariance matrix for random compositions. To tackle this problem, they
introduced the isometric log-ratio (ilr) transformation, a new method that utilizes an orthogonal
basis in the simplex SP. This ilr transformation is an isometry from S? to RP~*, which helps to
overcome the limitations of clr transformation by directly mapping to an orthogonal coordinate
system in the Simplex space. Assuming ey, e, ..., e,_; form an orthonormal basis of the simplex
SP. any composition x € S? can be represented as

p—1

X = @xj ©e;, T = (x,€;), = (clr(x),clr(e;)) (4)

=1



where (, ), denotes the Aitchison inner product. The ilr transformation of x € S? is defined by

ilr(x) = x* = (27,25, ..., T ). (5)
Let B be a (p — 1,p) matrix with i row equal to clr(e;),s = 1,...,p — 1. This matrix is
known as a contrast matrix associated with the orthonormal basis e, es,...,e,_;. The ilr
transformation x* of composition x can be computed in form of contrast matrix B and clr(x)

as follows
x" =ilr(x) = (z7,...,2, ;) = clr(x) - BT (6)

In many potential candidates for an orthonormal basis in S”, Egozcue and Pawlowsky-Glahn
[6] proposed a sequential binary partition for constructing an orthonormal basis. In this basis,
e; is defined to be C(e;1,...,€ij,...,€ip) Where

( 1 L
ex —_— 1 1
PG+ J=

7 exp| - Jlrl) i j=it1 (7)
(3

1 otherwise

Elements e; ; are called the balancing elements of this basis. Thus, if this type of orthonormal
basis is chosen to transform x, i.e., ilr(x) = clr(x) - BT, the coordinates z are called balances
and can be obtained by
1
i <H;‘:1 xj)

x; =4/~ In
i +1 Tit1

(8)

From its ilr coordinate x*, x can be recovered by using the inverse of ilr transformation:
ilr(x*) = clr *(x*B) = C(exp(x*B)).

For more detail, see Pawlowsky-Glahn et al. [27], chapter 4.

3 Dirichlet density transformation method to transform
CoDa

According to Fan et al. [7], the marginal density ratios are highly effective in solving univariate
binary classification problems. This concept can be extended to multivariate classification
problems by applying the independent assumption between the feature variables given class
labels. Specifically, each feature is independently transformed to its corresponding marginal
density ratio and then concatenated together for training the classifier model. The decision
boundary can be described as follows

p
D= Xﬁ0+26110g Z( Z):Oa B07617"‘7BPGR
i—1 gi(x;)
where x = (z1,...,2,)7 is p—dimensional feature vector, f;, g; are class conditional densities
for class 1 and —1 of i'" feature, respectively, 3;,i = 1,...,p are coefficients used to capture

>



the correlation between the features, and (; is the model’s intercept. Building upon this, we
extend this idea to multivariate one-classification problems. We employ the marginal density
of each feature instead of using the original data and combine these marginal densities to train
the anomaly detection problem. To handle the constraints and relative information of CoDa
vectors, we implement the Dirichlet density estimation method based on the idea of the Dirichlet
feature embedding method proposed by Gu et al. [8] on CoDa to remove the constant constraint
before applying the SVDD algorithm for anomaly detection. The Dirichlet distribution is well-
defined in Simplex space and has been extensively studied in many works such as [11], [10], [22]
and [25]. Recall that, the Dirichlet distribution of order p with the parameter a = (a, . .., a,)
has the probability density function f given by:

f(x) = % TTao ©)

i=1 i=1
where x = (71, 29,...,7,) € S®,a = (ay,...,a,)" € RE is the parameter of Dirichlet distri-
p
bution, oy = Z a; and I' denotes the gamma function. Instead of directly using the original
i=1

CoDa, we will treat each CoDa feature as a whole and estimate its Dirichlet density within the
Simplex space. These estimated densities will then be concatenated and utilized for training
the model.

Let us consider a dataset X with 7 1ormal observations, denoted as X;,7 = 1,...,7. each
observation is characterized by [ CoDa vectors. Without loss of generality, we assume that the
P
constant constraint on each CoDa vector x = (21,23, ...,2,) € S is equal to 1, i.e., Z x; = 1.
i=1
Additionally, we suppose that each of these [ CoDa vectors may have a different number of
parts, denoted as py, ps,...,p;. Consequently, each X; can be represented as follows
_ |, @ 1) o .0 )
X = |z, 7 ,...,xipl,...,xﬂ,:Uﬂ,...,a:z-pl] e Syt
Here S}'7" denote the the multidimensional (pi, ..., p;)- Simplex space with dimension [, i.e.,
Sl = {[x1, X2, ...,%x) : x; € SP'}. The whole dataset can be presented as follows
1 @ (1 ! ! 0]
Ty ,xg, o ,xlp)l :L‘gl),xgz), ey Ty,
X = : : (10)
L 1) 1) o .0 0
TN TN - TNp, oo+ TN1 TNgs -5 Ty

The summary procedure for transforming CoDa data using the Dirichlet density estimation
method can be outlined as follows:

Algorithm 1: Dirichlet density transformation method

Input: An in-control multivariate CoDa set of size N with [ compositional features:
X = {Xla Xy, ..., Xy; X; € Sflv--upz}

Output: Dirichlet density transformed dataset X = {Xl, Xo, ..., Xy Xt R'}

6
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1: Estimating Dirichlet density: Using Naive Bayes Bayc«1dependence assumption
and employ the MLE method to estimate Dirichlet density for I compositional features in
X. The estimated Dirichlet density f (x,(j )) of k™ individual and ;™ compositional feature
will be 0 .

- ] F(d J ) ! y &(J)_

Fo) = ———— [T, (11)

fil F(&z ) i=1
where dgj ), i =1,...,p;, are the MLE of parameter ozgj ) of the Dirichlet distribution for
P;
the j" compositional feature, dgﬁ) = Z dgj ),
=1
2: Transforming data: Using parameters estimated in Step 1 to transform data X into
its estimated probability density (or its logarithmic version). The resulting transformed

data X is no longer constrained by the unit sum and consists of N data points with a
dimension of [

X = : : (12)

4 SVDD control charts for monitoring CoDa

In ML, SVDD is a well-known algorithm for detecting anomalies (outliers). SVDD was first
introduced by Tax and Duin [31] and widely used in anomaly detection due to its free assump-
tion about the distribution of the observed data (see, for example, [3], [26], and [41], among
many others). Although there have been many researches related to SVDD and its applica-
tions, most of them were developed for use in normal data. Due to the constraints of CoDa,
these researches can not be applied directly without handling these constraints. In this section,
we will briefly present the main idea of the SVDD algorithm and then propose SVDD control
charts for monitoring CoDa using two types of transformation: the ilr transformation in sec-
tion [2] and the Dirichlet density transformation in section [3] The control chart presented here
utilizes the weighted average of all available observed-transformed data at the current time
point, employing a memory-based approach, and will be used to detect distributional shifts.

4.1 SVDD using MEWMA-based vectors

Recall that, SVDD is a one-class classification algorithm that allows us to detect abnormal ob-
servations by modeling the normal ones. This algorithm constructs a spherical-shaped boundary
around the dataset, specified by its center a and radius R. The primary objective is to minimize
the radius R, thereby minimizing the volume of the sphere while ensuring that it contains the
majority of training objects. SVDD is widely utilized in practical applications for identifying
novel data points or outliers.

Consider an unlabeled training dataset collected over N sampling periods, where at each period
1 =1,..., N, a sample of m observations of p features is gathered. The dataset is denoted as
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S = {X1,Xo,...,Xn}, where each X; is an m x p matrix. To construct our model, we first
compute the sample mean X; of each X;. This process yields a series of mean feature vectors,
represented by S = {X;,%y,...,Xy}. We then generate the MEWMA vectors w ising the
formula:

w,=71(X—po)+ (1 —r)w;_y,i=1,2,...,N (13)
where pg is the mean vector of the whole dataset, wo = 0, r € (0,1] is a fixed smoothing

parameter. These MEWMA vectors will t ¢ be used to train the SVDD model.

The SVDD optimization problem to obtain a description of the dataset using MEWMA-based
vectors can be described by

N

. 2 )

min R +C’Zlgz (14)
subject to |w; —a||* < R*+&, i=1,...,N; &>0

where C is the trade-off parameter which is introduced to control the balance between the
volume of the sphere and the errors. Introducing two Lagrange multipliers «;,;, the dual
problem of problem ([14]) will be

N N
max Y aq(wi, W) — D iy (Wi, w) (15)
i=1

ij=1

subject to Z a; =1

0<o;<C for i=1,....N

Y

The dual problem, being convex quadratic, is significantly more tractable than the original
problem . Solving this problem and noting that the parameters +; are omitted during the
solving process, we obtain the center a and the radius R of the sphere as follows

a=Y ow, (16)
%

R? = (wy,, wy,) — 220@(\& 7i) + Z ;o (Wi, W) (17)

i=1 ij=1

where SV denotes the index set of the support vectors and wy, in formula (17)) is any object
that satisfies wy, € SV_¢, the set of support vectors having ay < C, see [31] for more details.

In general, to monitor a new sample Zq, Z,, ..., where each sample Z, consists of m obser-
vations collected at time step ¢, we first compute their sample mean vectors zi, Zs, ..., and
then transform them to the MEWMA vectors w}, wh, ..., using formula (13). Following this
transformation, we calculate the squared distance between these mean vectors and the center
a of the sphere, which can be computed as follows:

|w) — al|* = (w), w}) 2204z wh, W) + Z ;o (Wi, Wj) (18)

i,7=1
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In practice, instead of using the inner product in the above formulas, we often use the kernel
functions to obtain a more flexible data description. Vapnik [33], Smola et al. [28] proposed some
kernel functions for the Support Vector Classifier. One of the most popular kernel functions
can be mentioned is the Gaussian kernel function K(w;, w;), is defined by

Ka(wi, wy) = exp(— [lw; — wy|* /o?) (19)
where o is used to control the complexity of the SVDD boundary.

If the kernel function K(x,y) is used, the squared distance in Equation [18| can be recomputed
by replacing the inner product with the kernel function. Denote this kernel distance by D,(w’),
then

N N
Da(w)) = K(w},w}) — 2 ZO"' K(w}, w;) + Z a;a; K(w;, w;) (20)
i=1

ij=1

4.2 Support Vector Data Description control chart

To construct the SVDD control chart, Sun and Tsung [29], Maboudou-Tchao et al. [20], Tang
et al. [30], among other authors, proposed to use the kernel distance defined in Equation (20))
as the chart statistic. The radius R from Equation i candidate for the upper control
limit threshold, however, in the framework of SPC, the upper limit h based on pre-specified
in-control ARL (denoted by ARLg) is more appropriate. In this case, the control chart would
give an out-of-control signal if the kernel distance D,(w;) between the MEWMA vector w; of
the current sample mean z 21d the center a of SVDD shere is greater than h.

Since the chart statistic D, does not have a known standard distribution, obtaining an appro-
priate value of h to achieve the pre-specified ARLy is challenging. To address this problem,
Tang et al. [30], among others, suggested determining the value of h by simulation, employing
bootstrap aggregation (bagging) techniques. These bagging methods help us to find the ad-
justed control limit to assure that the probability of ARLj attaining or exceeding the desired
value is close to a high specified value (1 — €) - 100%, where € is a small specified constant, eg,
e = 0.1. In this work, we adopt the bootstrap percentile approach proposed by Tang et al.
[30] to establish the control limit for our SVDD control chart.

Consider a training data set of size N, S = {x;,Xs,...,Xxxy} C R". The procedure to obtain
the upper limit threshold A using the bagging method is summarized as follows:

Algorithm 2: Determining the upper limit threshold A for the SVDD control chart

Input: Training data set of size N, denoted as S = {x1,Xa,...,Xy}

Output: Upper limit threshold A of SVDD control chart
1: Generate M independent bootstrap samples of size N from the training set.
2: For each bootstrap sample j" wher -~ =1,..., M do

3: Execute the SVDD algorithm to determine the SVDD sphere for the bootstrap
sample.
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4: Use formula to compute N statistics D, (ng)), ., Dat (X%)) from ;" boot-
strap sample, where a”?) is the center of sphere obtained from j** bootstrap sample.

1
5% Let ARLg be the pre-specified in-control ARL and g = ARL. be the desired
0

false alarm rate. Calculate 100 x (1 — )th percentile of the set of N statistics. This
value presents the estimated limit threshold obtained from the current bootstrap sample,
denoted by hV).

6: End for

7: Determine the final control limit & by identifying the 100 x (1—e€) percentile of estimated
limit thresholds A\, j =1,..., M, where € is a small predetermined constant.

This establised limit threshold h will be used to monitor new objects. An out-of-control signal
is issued if the monitoring statistic for the new object exceeds h. This method ensures a con-
sistent approach for finding the threshold that balances sensitivity and specificity in the SVDD
model. The summary of building an SVDD control chart according to Maboudou-Tchao et al.
[20] is as follows:

Algorithm 3: SVDD-based control chart

Input: An in-control dataset (training dataset) of size N, x1,Xs,...,Xy.

Output: SVDD-based control chart.

1: Apply the SVDD algorithm on the in-control dataset to obtain the parameters «;,i =
1,..., N of the SVDD sphere.

2: Apply the bootstrap aggregating method as in Algorithm 2 on the training dataset
to find the upper limit threshold A of the control chart.

3: Monitor each new observation z by computing its distance statistic D,(z)
N N
Da(z) = K(z,2) =2 0; K(z, %) + > i K(x,%;) (21)
i=1 ij=1

An out-of-control signal is issued when D,(z) > h

4.3 SVDD-EWMA control chart for monitoring multivariate CoDa

As mentioned before, due to the special structure of the CoDa vector as its components are
non-negative and constrained by ccnstant, we can not apply the SVDD algorithm directly to
these special data. To address this, we propose utilizing the ilr and Dirichlet density transfor-
mation methods discussed in Section [2| and [3] to transform the special data into normal data.
By applying these transformations, the multivariate CoDa training set will be converted into

10
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normal data in k. Once the data is transformed, we further employ the MEWMA in equation
to convert the data into MEWMA vectors. This transformation allows us to leverage all
available observed data, both current and historical, to assess the performance of the process.
By incorporating all the data up to the current time point, we can gain a more comprehen-
sive understanding of the process and capture changes in the data more effectively \xt, we
construct SVDD control charts utilizing MEWMA-transformed vectors. The main difference
between the construction of the two proposed control charts lies in the data transformation
method. The ilr-transformation, which is straightforward and well-documented, can be found
in various works, such as Tran et al. [32], Nguyen et al_[23], [14] and Imran et al. [13]. In
this section, we delve into a detailed construction of ¢++SVDD control chart for monitoring
multivariate CoDa data via Dirichlet density transformation method.

Let’s consider an in-control multivariate CoDa set of size N, represented by X,, ..., Xy, each
X, encompasses | CoDa vectors xgl), . ,xgl) with the number of parts p1, ps, ..., p;. As detailed
in Section [3] each observation X; can be expressed as

i »ipyo ? iy

Pq
We also assume that the constraint on each CoDa vector is equal to 1, i.e., ngz) =1 for

k=1
t=1,...,Nand ¢ = 1,...,l. The procedure for designing the SVDD control chart for mon-
itoring the multivariate CoDa using the Dirichlet density_transformation method (denoted by
Spir) is given in Algorithm 4. For simplicity-*' e notatio . ve assume the sample size is equal
to 1

Algorithm 4: SVDD control chart for monitoring multivariate CoDa.

Input: An in-control multivariate CoDa dataset S (training set) of size N with [ compositional
features,
S — {Xl,Xg,. .. ,XN}

Output: Sp; control chart for monitoring multivariate CoDa data.

1: Use Algorithm 1 to estimate the Dirichlet propability densities of [ CoDa features in
S.

2: Transform each individual CoDa in S into the © ¢stimated probability densities, denote
this new transformed date 1)~ S. The data x, € S,k =1,..., N will ha: ‘trm

~

%= (FEM), FE), L fEP) eR, k=1, D

where f (Xl(j )) is the estimated Dirichlet density for the j compositional feature of the
k™ individual.

3: Transform data in S into MEWMA vectors W, using formula
Wi:T()A(i—[,L)—i-(l—T)Vvl,l, i:1,2,...,]\

where wg = 0, r is the smoothing parameter, and p is the sample mean of S. Denote
this transformed data SE.

11
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4: Apply Algorithm 3 on Sg to train the SVDD model, obtain ) rameters o and the
upper limit threshold A of the SVDD chart. The SVDD optimization problem using this
transformed data will be

N N
max Z OéiK(VAV,L', Wl) — Z Qi&jK(Wi, VAVJ) (22)
“ i=1 ij=1
N
subject to Z a; =1
=1

5: For each new multivariate CoDa observation z; obtained at time point ¢ do:

— transform z; into its estimated Dirichlet probability density z;, and then into its
MEWMA vector z;

— Compute the chart statistic D(z;)

N N
D(z) =K(z,2;) — 2> i K(zf,Wi) + > oy K(Wi, W) (23)
i=1

i,j=1

— An out-of-control signal is issued when D(z;) > h

5 Performance of the SVDD-EWMA control charts for
monitoring CoDa

In this section, we will compare the performance of the two proposed control charts for monitor-
ing multivariate CoDa f1e SVDD-MEWMA control chart using Dirichlet density transforma-
tion (denoted by Spj,), the SVDD-MEWMA control chart using ilr transformation (denoted by
Siiy) w th the traditional MEWMA «cntrol chart for monitoring CoDa proposed by Tran et al.
[32]. Our comparison is conducted through a simulation involving CoDa datasets generated
from Dirichlet distributions, assessing the charts based on the out-of-control average run length
(ARL;) while constraining on the same pre-specified in-control value (ARLy).

Previous research by Ning and Tsung [24] has indicated that the size of the Phase I data set has
a significant impact on the performance of SVDD-based control charts and it is not fchsible to
set an excessively high value for in-control average run length ARLq unless the Phase I dataset
size is sufficient. Otherwise, the substantial computation time required for the training stage
of the SVDD model is also a consideration. Thus, our study selects a Phase I dataset size of

)0 and investigates the performance of the considered control charts in case ARLy = 100 and
ARLy = 200, as it is often used in the context of SVDD-based control charts, see, Ning and
Tsung [24] and Tang et al. [30], among many others.

12


cedric
Sticky Note
the

cedric
Sticky Note
this maximization problem has already been written, it is a bit redundant

cedric
Sticky Note
, (not :)

cedric
Sticky Note
,

cedric
Underline

cedric
Sticky Note
I don't understand this sentence

cedric
Sticky Note
N=1500?

cedric
Sticky Note
Give some words about this methodology


For designing the SVDD-based chart, we will employ a Grid Search to evaluate three kernel
functions: Gaussian, linear, and polynomial. Specifically, for the Gaussian kernel, we’ll cI>ter-
mine the most effective kernel width ¢ and trade-off C'. In the case of the linear kernel, our
search will focus solely on the optimal trade-off C'; while for the polynomial kernel, we will
identifv the most suitable degree d of the polynomial and the trade-off C'. Each kernel’s param-
eter- vill be evaluated over a pre-determined range. Therefore, to construct an SVDD-based
chart, two types of parameters must be established: the control limit h and the kernel (and
its parameters). The control limit h can be determined via the bootstrap method described
in Algorithm 1, leaving the kernel (and its parameters) to be identified. However, determining
the optimal kernel and its parameters presents a complex challenge. To date, there is no estab-
lished method for efficiently selecting these parameters due to lack of information regarding the
classification error. The determination of the most effective method for identifying the kernel
and its parameters falls outside the scope of this work. To find a suitable kernel, we will execute
the Grid Search method over three kernel functions to identify the one that most accurately
represents the data, ensuring that the maximum amount of in-control data is enclosed within
the hypersphere.

5.1 Prepare the phase I data set

To utilize the concept of the SVDD algorithm and the Dirichlet transformation method in 5S¢ -
tion [3] in-constructing the Spi controlchart-formonitoring CoD:  nd to ensure its suitability in
the perspective of SPC, we adopt the following data generation approach. We begin with an
in-control dataset presumed to follow a Dirichlet distribution D(e) with ey = (1,2, 3). Each
sample, composed of three in-control observations, is combined to form a “new observation”.
These samples constitute “new observations” of dimension 9 (or dimension 3 in the context
of multivariate CoDe } i1 our training dataset. Through this process, we generate 4500 CoDa
vectors following the D(a) distribution and create new observations using this approach. The
resulting dataset consists of 1500 data points of dimension 9 (or dimension 3 in multivariate
CoDa context), which we refer to as (1500,1.] br (1500,3 -, p, dimension. We then apply
the Dirichlet transformation method from Section Bl to transtorm the data into their Dirichlet
densities. The final dataset used for training the SVDD algorithm has dimension (1500, 3).

The training sets for the S;, and MEWMA control charts are generated as follows: Each sample
of size m = 3 in the in-control dataset is grouped, and the mean of each group is considered as
a ‘new observation” in the training set. The ilr transformation is then applied to this dataset
to address the constraint issue. Consequently, the final dataset used for training the S;, and

MEWMA control charts will have a dimension of (1500, 2).

Table [1]illustrates the 20 samples of original data, their corresponding Dirichlet densities trans-
formed data, and the sample means of their ilr transformed data. The first 9 columns present 3
CoDa features x( ) (2) , and x the next three columns z;1, 259, 2;3 present their corresponding
Dirichlet den81tles Whlle the last two columns x present the mean of their ilr transform.

5.2 Comparison between control charts

When the process is out of control, we are interested in detecting the change of in-control
distribution D(ay) to D(ay). Some changes in the components of o will be considered. Note
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Table 1: Original data generated from D(ey) (the first 9 columns), their Dirichlet transforms
(the next 3 columns) and their sample mean ilr transforms (the last 2 columns)

: xgl) xf) XES) Dirichlet transformation ilr transformation
(21 Ty x3) (21 Ty x3) (21 Ty x3) Zin Zio Zi3 Ty, Efz
1 0133 04 0467 0.103 0.615 0.282 0.221 0.138 0.641 5.243 2.95 3.897  -0.571 -0.579
2 0.18 0.199 0.615 0.18 0.39 0.43 0.203 0.283 0.514 4.511 4.5321  4.486  -0.275 -0.655
3 0.147 0.578 0.275 0.059 0.266 0.675 0.358 0.356 0.286 2.616 7.264 1.7{6 -0.675 -0.5381
4 0.079 0.617 0.304 0.203 0.361 0.436 0.004 0.299 0.697 3.427 4.126 8725 -1.663 -1.05
5 0.091 0.036 0.873 0.166 0.05 0.784 0.213 0.107 0.68 1.6/ 1.856 2.97 0.663 -1.756
6 0.073 0.283 0.644 0.304 0.114 0.582 0.029 0.35 0.621 7.047 2.314 8.093 -0.674 -1.214
7 0.035 0775 0.19 0.326 0.174 0.5 0.317 0.077 0.606 1.67 2.613 1.688  -0.244 -0.609
8 0.086 0.445 0.469 0.115 0.279 0.606 0.071 0.564 0.365 5.88 6.151  4.508 -1.086 -0.734
9 0.024 0.083 0.893 0.125 0.344 0.531 0.33 0474 0.196 3.98 5.822 1.09 -0.621 -0.883
10 0.029 0.345 0.626 0.059 0.244 0.697 0.205 0.35 0.445 8.114 7121  4.157 -1.047  -1.117
11 0.231 0.634 0.135 0.532 0.073 0.395 0.159 0.228 0.613 0.696 0.686 5137  0.143 -0.222
12 0.155 0.345 0.5 0.052 0.629 0.319 0.211 0.566 0.223 5.178 883  1.691  -1.009 -0.245
13 0431 0.317 0.252 0.076 0.285 0.639 0.183 0.099 0.718 1.211 6.972 3.058 -0.092 -0.75
14 0.116 0.305 0.579 0.392 0.187 0.421 0.251 0.126 0.623 6.138 1.993 2.93 0.109 -0.768
15 0.299 0.448 0.253 0.042 0.152 0.806 0.175 0.127 0.698 1.709 5.921  3.709 -0.32 -0.946
16 0.087 0.312 0.601 0.102 0.516 0.382 0.149 0.339 0.512 6.752 4.536  5.335  -0.876 -0.716
17 0.167 0.487 0.346 0.035 0.541 0.424 0.176 0.365 0.459 3.493 5.85 4.606  -1.072 -0.521
18 0.163 0.459 0.378 0.143 0.168 0.689 0.181 0.362 0.457 3.942 4.788  4.543  -0.445 -0.652
19 0.323 0.167 0.51 0.025 0.01 0.965 0.116 0.296 0.588 2.601 0.573 6.136  0.147 -1.642
20 0.083 0.262 0.655 0.03 0.176 0.794 0.247 0.174 0.579 6.739 6.665 3.50% -0.607  -1.338

that the mean 1 and the covariance matrix 3¢ of D(ay) distribution are

0.0198 —0.0079 —0.0119
uoz(g,—,§) Yo=|-0.0079 0.0317 —0.0238 (24)
—0.0119 —0.0238 0.0357

Figure 1] illustrates the ternary diagram of four samples from different Dirichlet distributions
D(l 2 3) D(2,2,3), D(3,2,3), and D(4 2 ,3). As—can-beseen,the data—distributionisim-

rveted ) vmeter. We will test the performance of the
above SVDD based control charts when the ﬁrst component in parameter « is changed. We
considered 12 cases for «

on ~—

e {(03,2,3), (05,2,3), (0.7,2,3), (1.5,2,3), (2,2,3), (2.5,2,3), (3,2,3), (3.5,2,3),

(4,2,3), (4.5,2,3), (5,2,3)}
(25)
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The choice of the 12 a; cases are done in a deliberate approach rather than making arbi-
trary choices, to test the performance ol «cntrol charts in detecting shifts within a CoDa set
generated from a Dirichlet distribution with the initial parameters of ag = (1,2,3). The ob-
jective is to simulate a comprehensive range of scenarios, reflecting both minor and major
shifts in the relative proportions of components within the dataset. By adjusting the first
parameter of a in both directions—decreasing it to values of 0.3,0.5,0.7, and increasing it
to 1.5,2,2.5,3,3.5,4,4.5, and 5, we aim to explore the effect of reducing/increasing the first
component on the performance of the control charts. It’s important to note that changes to
this first component inherently affect the (! er-components-as-well, leading to a wide spectrum
of compositional changes. These choices of ay allow us to assess the control charts’ perfor-
mances across different levels of compositional changes, ensuring a thorough evaluation of their
performance.

&  Arithmetic Mean
Geometric Mean

&

Figure 1: Ternary diagram of samples from Dirichlet distributions D(«) with different param-
eters a: () a=(1,23); () a=(223); (0 a=(323; @ a=(423)

As stated before, the comparison between the control char{ = ill be based on the values of
out-of-control ARL; while constraining on the same in-control values of ARLy = 100 and
ARLg = 200. The smoothing parameter r in the MEWMA vector determines the weight given
to each observation, and a higher value places more emphasis on recent data points. The choice
of the smoothing parameter depends on specific objectives, the characteristics of the process,
and the level of responsiveness desired in the control chart. We will consider 6 different values
of r for each value of a, i.e,

r€{0.2, 0.3, 0.4, 0.5, 0.6, 0.7}.

Monte Carlo simulation with 10* iterations will be used to estimate the ARL; values in each
scenario. Table [2| shows the values ARL; of Spi, Sir and MEWMA control charts for monitor-
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ing CoDa in (iferent scenarios.

From this table, we can see

e When the smoothing parameter (r) increases, the performance of all three considered
control charts tends to decrease.

e In general, the S;, control chart demonstrates superior performance compared to the
Spir and MEWMA charts. However, in cases where the smallest scal <> mponent in the
CoDa vector is decreased (and the other two components are increased), the S;, chart’s
performance is slightly inferior to the MEWMA control chart.

e As the smoothing parameter (r) increases, the performance of the Sp; control chart
becomes increasingly similar to that of the MEWMA control chart. Specifically, when r
reaches values of 0.6 and 0.7 (in case ARLy = 100) and when r reaches values of 0.5, 0.6,
and 0.7 (in case ARLg = 200), the efficiency of the Sp;, chart surpasses the performance
of MEWMA control chart, particularly when the smallest component in CoDa starts to
increase.

6 Illustrative example

In this section, we demonstrate the application of the proposed Sp;. and S;j, charts for de-
tecting changes in the distribution of CoDa. To illustrate this, we will utilize a dataset that
describes the particle-size distribution (expressed as a percentage by weight) for a plant lo-
cated in Europe. This dataset has been analyzed in various studies related to CoDa, including
works by Montgomery [21], Vives-Mestres et al. [35], Tran et al. [32], Imran et al. [14], among
many others. By applying the Sp;, and Sy, control charts, we aim to detect any changes in
the particle-size distribution in that plant. According to the study conducted by Vives-Mestros
et al. [35], the dataset contained four identified out-of-control points (#1, #26, #45, and #52,
After identifying these out-of-control points, they were removed from the dataset to create the
Phase I dataset. The resulting Phase I dataset, after removing the out-of-control points, is
normalized and presented in Table [3] This table also includes their ilr transformations, their
Dirichlet densities, and the monitoring statistics D; a1d Dy which are derived using ilr and
Dirichlet density transformations of the control charts, respectively. In this example, to esti-
mate the Dirichlet dist ihtion’s parameter a of our dataset, we utilized the Python package
provided by Eric J. Suh, available at Dirichlet MLE python library 51 ecifically, we employed the
maximum likelihood estimation (MLE) method implemented within this package to estimate
the Dirichlet distribution’s parameter. The ilr-transformation x; = (z;, z},) of the dataset is
calculated using Equation , ie.,

method-
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Table 2: ARL; values of different control charts in different cases of a; and ARL,

r=20.2 r=20.3
@ ARL, = 100 ARL = 200 ARL, = 100 ARL, = 200
Spr S EWMA  Spy  Siw  EWMA  Sp, S EWMA  Spy Six  EWMA
(0.3,2,3) 258 130 130 253 133 126 311 138 130  3.68 144  1.34
(0.5,2,3) 573 263 258 579 283 234 749 301 248  10.05 3.33  2.81
(15,2,3) 1121 382 17.10 11.68 479 1122 189 536 141 3048 7.38  25.83
(2,2,3) 297 154 296 297 171 250 444 1.90 320 566 223  4.47
(25,2,3) 165 115 156 167 121 142 215 1.28 169 241 137  1.97
(3,2,3) 126 104 120 127 106 114 147 109 125 157 113 137
(35,2,3) 110 101 106 111 10l 105 122 103 110 125 104 114
(4,2,3) 104 1.003 102  1.04 1005 1.0l  1.09 1.009 103 1.3 101  1.06
(45,2,3) 1.017 1.001 1009 1015 100l 1.006 1.04 1.002 1.0l  1.06 1004  1.02
(5,2,3) 1.0l 1.0002 1003  1.01 10006 1.002 1.02 1.001 1.004 1.03 1.001  1.01
r=204 r=20.5
[e%}
S S EWMA  Spp Si;y  EWMA  Spy S EWMA  Sp, Siy  EWMA
(0.3,2,3) 364 148 137 453 157 143 399 185 144 505 196  1.54
(0.5,2,3) 9.07 367 284 125 414 330 997 644 3.8 14 734 3.67
(15,2,3) 282 743 2468 47.09 11.17 51.89 4148 847 4142 7519 13.02  92.81
(2,2,3) 626 239 526 880 294 868 953 274 905 1425 354  17.97
(25,2,3) 275 145  2.34 34 163 324 382 16 359 488 184 571
(3,2,3) 174 116 152 198 125  1.86 244 123 209 257 135  2.86
(35,2,3) 136 106 124 146 109 137 157 108 152 175 114 189
(4,2,3) 117 101 109 123 103 117 136 103 125 139 1.06  1.45
(4.5,2,3) 108 1008 104 111 10l 107 116 10l 112 121 102 123
(5,2,3) 104 1002 102  1.05 1.004 1.03 108 1.005 106 111 1.01  1.12
r=20.6 r=20.7
(&3]
Spw S EWMA  Spy  Siw  EWMA  Spp, S, EWMA  Spy  Sie  EWMA
(0.3,2,3) 435 178 152 535 18 161 558 187 158 719 198 171
(0.5,2,3) 1012 535 35 1449 615 426 1366 576 389 2031 6.69  4.73
(15,2,3) 5777 11.26 5954 113.26 18.48 142.34 61.98 14.10 80.32 121.92 24.85 197.75
(2,2,3) 1415 345 1537  23.29 4.8 3403 1704 444 2486 299  6.68  59.96
(25,2,3) 547 188 589 753 235 1124 683 232 978 1005 3.01  21.90
(3,2,3) 28 136 308 361 156 501 36 154 497 477 1.9 9.81
(35,2,3) 193 115  2.02 23 125 297 231 126 3.02 286 143 525
(4,2,3) 149 107 155 168 111 206 171 112 209 198 120  3.32
(45,2,3) 128 102 129 137 105 158 141 105 164 157 110  2.36
(5,2,3) 115 101 116 1.21  1.02 134 124 102 137 134 1.04 185
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Table 3: The normalized Phase I dataset after removing the out-of-control points from Tran
et al. [32], their corresponding ilr and Dirichlet densities transformation, and their statistics
Dilr) DDir

Dirichlet Dirichlet
i M S L Izl JE:Z Dilr DDir i M S L JE:l (E:Q Dilr DDir
density density
1 0926 0.042 0.032 2.19 1.48 212.292 27 0.836 0.09 0.074 1.58 1.07 53.748
0.0124 3.102 0.0725 67436
2 0917 0.031 0.052 24 0.96 188.172 28 0.848 0.084 0.068 1.63 1.12 99.442
3 0.869 0.096 0.035 1.56 1.72 66.359 29 0.871 0.066 0.063 1.82 1.09 253.732
0.0494  29.007 0.0676  42.629
4 0904 0.067 0.029 1.84 1.75 165.819 30 0.872 0.067 0.061 1.81 1.12 261.387
5 0.921 0.033 0.046 2.35 1.09 217.724 31 0.873 0.061 0.066 1.88 1.02 260.438
0.036  35.824 0.0725 26.634
6 0.915 0.041 0.044 2.2 121 323.485 32 0.848 0.09 0.062 1.59 1.22 89.261
7 0903 0.047 0.05 2.09 1.16 386.404 33 0.874 0.061 0.065 1.88 1.03 269.595
0.0144 21.82 0.0712 5.1
8 0.851 0.065 0.084 1.82 0.84 100.415 34 0.868 0.072 0.06 1.76 1.17 226.607
9 0.897 0.061 0.042 19 1.4 347.602 35 0.888 0.064 0.048 1.86 1.31 344.851
0.0258  48.375 0.0636  50.154
10 0925 0.037 0.038 2.28 1.29 233.181 36 0.898 0.053 0.049 2 1.22 400.23
11 0918 0.039 0.043 2.23 1.21 294.301 37 0.869 0.073 0.068 1.75 1.2 229.502
0.0359  67.436 0.0771  27.168
12 0917 0.046 0.037 2.12 1.4 305.84 38 0.838 0.09 0.072 1.58 1.09 59.302
13 0.903 0.059 0.038 1.93 1.47 322.787 39 0.892 0.052 0.056 2.01 1.1 375.7
0.0576  67.436 0.0765  54.636
14 0.945 0.029 0.026 2.46 1.51 55.261 40 0.845 0.086 0.069 1.62 1.11 85.538
15 0.945 0.028 0.027 249 1.47 553 41 0.844 0.082 0.074 1.65 1.04 84.053
0.0642 24.953 0.0868  34.537
16 0.887 0.034 0.079 2.31 0.64 106.218 42 0.843 0.068 0.089 1.78 0.81 67.236
17 0.846 0.088 0.066 1.6 1.16 86.574 43 0.898 0.02 0.082 269 04 17.861
0.0425  30.909 0.0708 41.207
18 0.907 0.053 0.04 201 1.39 358.74 44 0.904 0.029 0.067 243 0.72 116.364
19 0.902 0.073 0.025 1.78 1.9 93.631 45 0901 0.04 0.089 2.2 0.95 290.95
0.0621  40.048 0.0785 52.746
20 0.927 0.035 0.038 2.32 1.27 207.773 46 0.836 0.077 0.087 1.69 0.87 52.07
21 0915 0.057 0.028 1.96 1.71 181.211 47 0.88 0.056 0.064 1.95 1.02 301.818
0.0868  38.757 0.0849 62.972
22 0918 0.053 0.029 2.02 1.66 200.901 48 0.847 0.069 0.084 1.77 0.86 87.715
23 0906 0.061 0.033 191 1.6 249.271 49 093 0.019 0.061 275 0.78 35.526
0.074  35.443 0.0868 34.541
24 0.873 0.055 0.072 1.95 0.91 226.237 50 0.914 0.036 0.06 2.29 1.05 268.418
25 0.826 0.104 0.07 1.47 1.17 26.124 51 0.862 0.088 0.05 1.61 1.39 129.488
0.0711  44.321 0.0614 30.178
26 0.835 0.106 0.06 1.47 1.3 36.366 52 0.872 0.069 0.059 1.79 1.16 258.637

i = 67.436; by = 0.08683

charts Sp;, and Sy, denoted by hp; and hy,, respectively, have been obtained
o = (109.44,7.29,6.87) (27)

and
hpir = 67.436; hy, = 0.08683 (28)

For the Phase II dataset, a dataset with a sample size m = 2 is also conducted. The simulation
will reflect an in-control process for the first 10 samples and then be followed by a shift in
distribution between the 10th and 11th samples due to an assignable cause. Specifically, the
first 10 samples will be generated to follow a Dirichlet distribution characterized by a =
(109.44,7.29,6.87). Subsequently, the next set of 10 samples of Dirichlet distribution with
parameters

a; = (100,10, 8) (29)
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Table 4: The Phase II dataset for testing the proposed control charts

Dirichlet . Dirichlet

i M S L ’I‘Tl T:Q Dilr DDir i M S L T1*1 Lo Dilr DDir
density density

1 092 0.04 0.03 219 143 240.95 21 0.89 0.06 0.06 191 1.28 372.7

0.0204 6.43 0.0307 20.16
2 086 0.08 006 1.69 1.14 150.07 22 08 015 0.05 1.21 1.54 1.69
3 089 0.05 006 2.05 098 320.73 23 0.88 0.03 0.09 228 0.58 78.19

0.0312  34.78 0.0373  30.77
4 085 0.09 0.05 1.55 1.36 83.73 24 086 0.09 0.06 1.61 1.35 124.2
5 089 0.03 0.08 237 0.61 87.38 25 0.79 0.12 0.09 1.32 099 1.77

0.0584 30.08 0.0733 70.12
6 09 0.03 007 241 0.71 116.44 26 0.84 0.08 0.08 1.66 0.93 57.63
7 083 01 008 1.5 1.08 2825 27 0.88 0.07 0.056 1.8 1.35 299

0.0215 60.4 0.0714 36.88
§ 094 0.03 0.03 245 1.53 56.83 28 0.88 0.08 0.056 1.71 1.4 214.52
9 09 0.06 005 211 1.07 363.69 29 0.86 0.07 0.07 1.8 1.02 195.73

0.0436  43.29 0.0798 37.11
10 091 0.03 0.06 239 0.78 151.45 30 0.86 0.09 0.05 1.63 1.31 133.92
11 0.87 0.09 0.05 1.64 1.46 151.01 31 083 0.1 0.07 1.51 1.13 34.17

0.0134  9.68 0.0991  62.98
12 09 0.06 004 192 134 371.12 32 086 0.09 0.05 1.6 1.33 113.53
13 091 0.04 0.06 2.27 0.93 254.29 33 078 0.11 0.11 141 08 1.49

0.0271  34.79 0.1267 102.8
14 088 0.06 0.06 1.95 1.06 331.59 34 081 01 01 151 0.86 9.16
15 091 0.03 0.06 247 0.73 106.18 35 089 0.04 0.07 219 0.79 1954

0.0624  20.05 0.1086  77.25
16 0.86 0.05 0.09 1.96 0.71 90.65 36 087 0.07r 0.06 1.75 1.2  233.57
17 089 0.07 0.04 1.81 1.52 261.81 37 0.85 0.08 0.07 1.64 1.13 104.65

0.0322  51.75 0.1063 73.45
18 0.9 0.05 005 204 1.27 392.15 38 0.88 0.07 0.05 1.82 1.33 310.86
19 0.89 0.03 0.09 24 053 56.11 39 086 0.09 0.06 1.62 1.27 119.32

0.0351  37.55 0.1012 79.14
20 0.86 0.1 0.04 1.54 1.57 7391 40 0.88 0.05 0.06 2 0.99 309.09

hpir = 67.436; hy, = 0.08683

will reflect a change in the process. The Phase II dataset with its statistics D based on ilr and
Dirichlet transformations and Equation are given in Table .

Figure [2| shows the S, and Sp;, control charts. As can be seen from this figure, the Sp;, control
chart detects the out-of-control situation at sample point #13 where this data point surpasses
the control limit hp;, = 67.436. the S;, chart signals an out-of-control condition later at sample
point #16. In this example, the Sp;, chart demonstrates a more prompt response in detecting
anomalies, signaling the out-of-control condition earlier than the Sy, chart.

7 Conclusion

This study presents a new methodology for transforming multivariate CoDa into real vectors in
R™, namely Dirichlet density transformation, thereby eliminating inherent constraints and re-
ducing data dimensionality. Furthermore, we propose two distinct distribution-free approaches
for monitoring CoDa, utilizing a combination of SVDD control charts and the multivariate ex-
ponentially weighted moving averag: i :chnique and two transformation methods: the Dirichlet
density transformation and the isometric log-ratio transformation. A notable advantage of
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Figure 2: The Sy, (left side) and Sp;, (right side) control charts for the illustrative example of
Phase II dataset

these control charts is their ability to operate without requiring any distribution assumptions.
Through extensive simulation studies, the proposed S;, control chart consistently demonstrates
superior performance compared to the Sp; control chart and the MEWMA control chart for
monitoring CoDa in most of the scenarios.

Future research in the field of CoDa monitoring could focus on optimizing the parameters of
the SVDD sphere and the smoothing parameter in the MEWMA vector. Although the Sp;,
control chart using the Dirichlet transformation method does not surpass the S;, control chart,
it remains a noteworthy approach, particularly in scenarios where a multivariate CoDa set
with numerous components is involved. Due to the diverse applications of CoDa in real life,
SPC researchers must prioritize the development of online monitoring techniques. These efforts
can lead to improved process control, proactive interventions, and enhanced quality assurance
across industries, ensuring efficient utilization of CoDa.
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