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Abstract

We use mollification to regularize the problem of deconvolution of random variables. This
regularization method offers a unifying and generalizing framework in order to compare the
benefits of various filter-type techniques like deconvolution kernels, Tikhonov or spectral cut-
off methods. In particular, the mollifier approach allows to relax some restrictive assumptions
required for the deconvolution kernels, and has better stabilizing properties compared to spec-
tral cutoff or Tikhonov. We show that this approach achieves optimal rates of convergence
both for finitely and infinitely smoothing convolution operators under Besov and Sobolev
smoothness assumptions on the unknown probability density. The qualification can be arbi-
trarily high depending on the choice of the mollifier function. We propose an adaptive choice of
the regularization parameter using the Lepskil method and we provide simulations to compare
the finite sample properties of our estimator with respect to the well-known regularization
methods.

Keywords: deconvolution; nonparametric estimation; inverse problems; regularization,

mollification.



1 Introduction

Deconvolution is a very classical issue in statistics and econometrics and is well-known to
be an ill-posed problem. Various methods have been studied to regularize it, among which
the seminal deconvolution kernels (see Stefanski and Carroll (1990); Fan (1991a,b); Carroll
and Hall (1988); Devroye (1989) among others), the Tikhonov regularization (as in Carrasco
et al. (2007)), and the spectral cutoff (see Mair and Ruymgaart (1996); Johannes (2009)).
Projection-based methods have also been investigated (as in Comte et al. (2006, 2007), or
in Van Rooij and Ruymgaart (1991); Efromovich (1997); Pensky and Vidakovic (1999) among
others).

Optimal rates of convergence have been achieved for these estimators for various smooth-
ness combinations between noise and density of interest (Fan (1991b), Butucea (2004), Bu-
tucea and Tsybakov (2008)), and also in multidimensional anisotropic setting (Comte and
Lacour (2013), Rebelles (2016), Lepskii and Willer (2017), Lepskil and Willer (2019)). Among
the classical assumptions required to proceed, authors often impose the noise density function
to be strictly positive, although this assumption has been relaxed in Carrasco and Florens
(2011) where the density may have isolated zeros or in Hall and Meister (2007), Trong and
Phuong (2015) Delaigle and Meister (2011)). Note also that an important stream of the liter-
ature has been devoted to unknown density error, as in Delaigle et al. (2008) Johannes (2009)
or Delaigle and Hall (2016).

In this paper, we propose a different method to regularize the deconvolution problem,
which uses a regularization principle introduced in the deterministic setting, and has been
applied in several fields of signal and image processing such as deconvolution of images in
astronomy, computerized tomography (as in Maréchal et al. (2000)). To the best of our
knowledge, this regularization principle has never been applied in the stochastic setting. We
refer to it as the regularization by mollification, or merely as the mollification.

Mollification method belongs to variational methods, like Tikhonov regularization, and
has also some commonalities with Deconvolution Kernels. We provide in this paper a concep-
tual framework that facilitates comparisons, from both theoretical and practical viewpoints,
between mollification and competitors also defined as filter-type estimators, such as decon-
volution kernels, Tikhonov or spectral cut-off. In this framework, mollification appears to
provide a better compromise between stability of the estimator and fidelity to the data simul-
taneously over the whole frequency range. This fact can be seen using both the variational
definition of the regularization method and the filter-type definition of the estimator. It is
illustrated later in the paper through simulations using a stability index tool.

We consider a multidimensional setting with known isotropic error density and we provide
rates of convergence for our mollified estimator in the general Besov spaces setting, for ordinary
smooth and supersmooth error cases and we show that the obtained rates correspond to
optimal rates found in the literature. We also propose an empirical rule for the smoothing

parameter selection based on the Lepskii method and prove the convergence of the adaptive



estimator.

The paper is organized as follows: in Section 2, we present the general setting of deconvo-
lution, introduce the mollification method and define our regularized estimator; in Sections 3
and 4, we study the convergence properties of our estimator under a-priori parameter selection
rule and also using the Lepskii method as a-posteriori parameter selection rule. In Section 5,
we provide a framework for comparison with classical regularization methods and we show
in particular that mollification allows to relax some restrictive assumptions required by the
deconvolution kernels, while having better stabilizing properties than the Tikhonov regular-
ization, and better morphological properties than the spectral cutoff. At last, in Section 6,
we provide simulations to compare the finite sample properties of our estimator with respect

to the well-known methods.

2 Setting and the mollification approach

2.1 The deconvolution problem

Consider the equation ¥ = X + ¢ in which Y is the observed random vector, X is the
latent random vector, and ¢ is a random noise vector. Throughout, we make the following

assumptions:

(A1) the random vectors X and e are independent;

(A2) all random vectors Y, X and ¢ have densities with respect to the Lebesgue measure,

denoted respectively by g, f and ~;
(A3) both f and g belong to L*(R%) N L*(RY).

We are mostly interested here in the case where « is known, either from modeling or
from empirical observations. In this case, the density of X satisfies the equation T f = g in
which T is the convolution operator

T,: L*(R) — L*(R)

(1)
f — T, f:=fx*xn.

The density g is usually not known, but estimated from the statistical sample Y1, ..., Y,. The
unknown density g is then replaced by a nonparametric estimator g, using, for example, a

kernel approach.

Notation 1. In this paper, estimated quantities are indexed with the sample size n, while the
hat is reserved for the Fourier transform. The Fourier transform of an integrable function A
on R? is defined by h(¢) = [e ™ (@8 h(z)dz, and the corresponding Fourier-Plancherel
operator on L?(R?) is denoted by U.

Recall the basic inequality ||f*~| < | f||l|¥|l,, in which ||| denotes (and will denote

throughout) the L?-norm. Under the mild assumption that the set {£ e RY| 4(¢) = O} has




Lebesgue measure zero, the operator T, is injective. As a matter of fact, Tyf = 0 &
fxy =0« f’y =0< f = 0 & f = 0, where equality in L*(R?) (that is, almost
everywhere) is meant. The dark side of things is that the pseudoinverse TWT of T, is un-
bounded, which makes the problem ill-posed. As a matter of fact, we have inf ;j2_; T 1117 =
inf) g2y IUY - Uf||*> = 0. Here, the first equality follows by the Plancherel theorem. As
for the second equality, it is easily obtained from the Riemann-Lebesgue lemma, which
says that U~ is continuous and vanishes at infinity, by observing that, for every a € R?,
U (e () f(2)) (€) = Uf(€ — @),

Remark 2. In the one-dimensional case, the assumption that {£ € R| 4(£) = 0} has Lebesgue
measure zero is much less stringent than imposing that |§(€)| > 0 for all £ in R, as it is as-
sumed in Stefanski and Carroll (1990) or Johannes (2009). The strict positivivity assumption
of 4 was obviously related to the shape of the kernel or spectral cut-off estimator and has
been later generalized by Hall and Meister (2007), Delaigle et al. (2008), Trong and Phuong
(2015) and also by Carrasco and Florens (2011) to allow for many isolated zeros. As we will
see later, as soon as we consider variational regularization methods, the estimator can be

defined in much more general settings. =

2.2 Mollification

In this section, we recall the historical roots of mollification and present the variational ap-

proach to mollification.

2.2.1 Historical background

Mollifiers were introduced in the field of partial differential equations by K.O. Friedrichs (see
Wikipedia contributors (2020); Friedrichs (1944)). To the best of our knowledge, the term
mollification has been used in the field of inverse problems since the eighties. In the original
works on the subject, mollifiers were used to smooth the data prior to inversion, whenever an
explicit inversion formula was available. In his book, Murio (2011) presents this approach and
its application to some classical inverse problems, and gives a rich bibliography on the subject.
Let us mention in particular Hao (1994), in which a sequence of "mollification operators” maps
the improper data into well-posedness classes of the problem, which provides a wide framework
for the mollification approach. Louis and Maass (1990) proposed an alternative approach,
based on inner product duality, and subsequently referred to as the method of approximate
inverses (see Schuster (2007)). Their paper opened the way to application of the concept
to inverse problems in which the operator has no explicit inverse, but the adjoint equation
has explicit solutions. A third approach, based on a variational formulation, also appeared
in the same period of time. Lannes et al. (1987) give such a formulation while studying
the problems of Fourier synthesis and deconvolution. To the best of our knowledge, this

variational formulation was not studied further until the papers by Alibaud et al. (2009) and



by Bonnefond and Maréchal (2009), in which the convergence of the variational formulation

was explored.

2.2.2 The mollification approach

We now present the mollification method and situate it among the various methodologies

currently used for our deconvolution problem.

Redefining the target object The mollification approach to solving ill-posed equations
such as deconvolution problem consists in redefining the target object by means of a convo-
lution operator. Given an integrable function ¢ such that [¢ = 1, one defines the family
of functions (yg)sc(0,1] by letting pg(z) = ﬁ—ldap (%), z € R The corresponding family
of operators (Cpg)ge(0,1], where Cg: f +— g * f, is then called an approximate identity. A
standard approximation theorem states that, for every f € L?(R%), Csf — f in L*(R?) as
B} 0. Although great generality can be reached in the above definition, it is customary to
choose a function ¢ that is smooth, isotropic, positive, and sometimes compactly supported

(see Wikipedia contributors (2020)).

Mollification as a filter-type method The operator T, can be written as T}, =
U* 4] U, in which [9] denotes the operator of multiplication by 4, and U and U* denote the
Fourier-Plancherel operator and its adjoint, respectively. Recall that U is unitary, that is, that
U~! = U*, and that [¢] is a well-defined bounded operator from L?(R¢) into L?*(R®) when-
ever ¢ € L>°(R%). The inverse of 7, : L?*(R?) — ranT, is then given by T, = U~! [%] U.
The unboundedness of 1/4 yields that of 7, (and T%}). We call filter-type method any regu-
larization methods which acts explicitly in the Fourier domain by bounding the multiplication
operation. The corresponding regularized solution frrc is defined by frec = Ut [®]Uyg or,
equivalently, by fREG = ® . g, in which the filter ® depends on regularization parameters.
The mollification solution to our deconvolution problem is defined by
-1

or, equivalently, by fuo s(€) = W(E)ﬁ% g(&). We observe right away that, whenever ¢
is even, the solution is well-defined for every positive value of the regularization parameter 3.
As a matter of fact, in this case, the denominator of the filter in (2) remains bounded away
from zero, as a consequence of the Riemann-Lebesgue lemma and of the fact that the real

function & — 1 — $g(&) vanishes only at £ = 0.

Mollification as a variational method It is readily seen that the above mollification

solution is also the minimizer of the functional

F() = 5 1Csg — T fIP + 5 (7~ Ca) I 3)



in which Cj denotes the operator of convolution with ¢g. From this angle of view, the rationale
for considering % is as follows. In the tautological decomposition f = Csf + (I — Cs)f,
(I — Cp)f is the undesired component, and it appears natural to choose ||(I — Cjp)f||?® as
the penalty term. As for the fit term, the residual squared norm ||Cgg — T, f||*> promotes
adequacy to the mollified data, that is, the data corresponding to the target object, since
T,Cp = CpTy.

Let us stress, at this point, that a major advantage of the variational approach is that
additional restrictions can be introduced as constraints in the optimization problem. Since
we are looking for a density, one may wish to search for minimizers over some closed convex
subset of L?, such as the subset of nonnegative functions. Such constraints can be handled
by means of a projection gradient method, even in infinite dimensional Hilbert spaces. See
for example McCormick and Tapia (1972), an early reference on this subject. In the finite
dimensional implementation, projection onto the positive orthant is, of course, explicit, and
convergent numerical schemes can be used. Such methods have a long history, and the inter-
ested reader may consult Bauschke et al. (2011) for a general purpose book on constrained
optimization in general Hilbert spaces. However, we stress that adding constraints makes the

convergence analysis considerably more difficult.

Remark 3. The above design of the fit term relies on the observation that convolution
operators commute, giving rise to the simple intertwining relationship T,Cg = CgT,. In a
simpler version of mollification, one may merely require adequacy to the original data, yielding

the solution

- Bl
fams =U"" {f] Ug.» (4)
1512 + 1 — ¢s)?

Well-posedness Clearly, fmo,s and fuwm,s depend continuously on g. As a matter of

fact, the Fourier-Plancherel operator is an isometry and the multiplication operators by the

bounded filter functions ® in (2) and (4) have finite norms (see Proposition 25 in Appendix A).

2.2.3 Estimation

The definition of the mollification given in (2) assumes the knowledge of the density g, while
in practice g can only be estimated from a random iid sample (Y7, ...,Y5). In this formula,
Ug may be replaced by the empirical estimator
N 1 —2inle.y;
(€)= = 3 e2mEm), (5)
j=1
but then the variational interpretation would no longer hold, for §, does not belong to L*(R?).

By the way, it is the Fourier transform of the distribution

1 n
gn ‘= E Z 5Yj7 (6)
j=1



not that of a density. However, the formula (2) can be turned into a kernel-type estimator by

rewriting it as

ﬁ/ :|U( _ 71|: ’A)/ :| - ~
T2, 14~ 12 (pﬁ*g)*U T2 . .~ 2| ¥8°9
912 + |1 — ¢s]? 1912 + |1 — ¢p)?

in which § can now be replaced by the empirical estimator (5). Note that, under the mild

fuops=U"" [

additional constraint that ¢ € L*(R%), the function £ — @5(€)-§,(€) is also in L?(R?) so that,
in this case, the estimator corresponding to fao,s is nothing but the estimator corresponding
to fumu,s applied to a kernel estimation of g with the same bandwidth 87!. In what follows,

we denote this estimator by:
=yt __ v U 7
fon = 3 — | Ulps * gn). (7
1917 + 11 — &
Remark 4. We stress here that the variational interpretation of the estimator corresponding
to fur,p is possible only if preceded by an estimator g, of g such that Ug, € L*(R). For
example, a kernel estimator of Ug of the form £ — (ZBB/(f) -gn (&), in which ¢ is a kernel function
and 3 > 0 is the bandwidth parameter, may be considered. In this case, the corresponding
estimator of f would depend on the two parameters 3 and ', and would take the form
_ 3 n ~ — Fdg ~ . .
Ut | ——— pg = U 2 . A natural choice, which we make from
Lmull—@ﬁf} G {w2+|1—¢a|2 I ’
now on, is a kernel estimator with kernel ¢g, i.e. Czgn.n

3 Convergence analysis

3.1 Consistency

In this subsection, we present a general consistency result where g, can be any consistent
estimator of the true unknown density g. Optimal rates of convergence will be be derived in

the next subsections with g, defined as in Equation (6).

Theorem 5. Assume that g, is a consistent nonparametric estimator of g, that is to say, that
E(|lgn — gHQ) — 0 as n goes to infinity. Let f, 3 denote the mollified solution corresponding to

data gn. There then exists a sequence (3, | 0 such that
E\|fgpm —fI° >0 as n— oco.

The proof of the theorem relies on the following simple lemma:

Lemma 6. Let c: (0,1] — R4 be any function and let (a,) be any sequence of positive numbers

which converges to zero. Then, there exists a sequence (8,) such that
(1) Bl 0asn— oo;
(2) ¢(Bn)an — 0 asn — oo.

Proor. Let (3%)) e (0,1]N be strictly decreasing, converging to zero. Since () con-

verges to zero, for every k € IN*, there exists ny € IN* such that c(ﬁ(k))an < %™ for all



n > ng. Clearly, we can choose (ny) to be strictly increasing. Define (8,) € (0,1]N by
Bn=1ifn < niand, for k> 1, 8, = 8% if njy < n < ngy1. Then (Br) has the desired

properties. »

Proof of Theorem 5. Consider the classical decomposition: fsz,, — f = fg,n — fmo,s +

Mo, — f. Let us first control the size of the deterministic part. By Parseval’s theorem,
B y

Mos = JIF = (@7 + (1= Co)' (1 = Ca)) 50T — |

151° ¢s ) ; /
H(|ﬁ|2+ll—¢sl2

Since the integrand is dominated by the integrable function & — |f(£)|?, and since it converges

2

de.

f

A~ ~ 2
WPes
~12 ~ 2
1917 + 11 — ¢l

pointwise to zero as 8 | 0 (recall that ¢g(§) = ¢(BE)), Lebesgue’s dominated convergence
theorem shows that ||fvo,s — f|° — 0 as B — 0. Let us now deal with the stochastic
term. Using again Parseval’s theorem, we have:

2

Ellfon = fuosl® = E|(T3Ty + (1= Co)"(I = C3)) 7T Calgn — 9)
= EH (L) (9n —9)
A1 + 11 — @)

o 2
in which ¢(8) := sup; (%) . Using the Riemann-Lebesgue lemma, it is easy

to see that, for every fixed 8 > 0, the function inside the supremum takes the value 1 at

2
= c(B)E|lgn —gl*,

& = 0, vanishes at infinity, and is continuous. Consequently, the supremum is always finite
(and greater than or equal to 1). Now, applying Lemma 6 with a,, = E ||gn — g||* yields the

desired result. =

Remark 7. Note that this result mentions the existence of a sequence (3,, but does not spec-
ify the condition it should satisfy jointly with E ||g, — g|°>. Indeed, one must ensure that
c(Bn)E ||gn — g|I* goes to 0 as n — oo, which requires some conditions on the smoothing pa-
rameter defining the nonparametric estimator g,. The factor ¢(8) will be considered hereafter,

where it will be proved that optimal rates can be reached with suitably chosen mollifier. u

We now proceed to analyse the convergence rates of mollification. Let f denote the exact
solution, and let fs, denote the mollified estimated solution in (7).

In the sequel, we first consider the convergence rates in the case of power-type or exponen-
tial decay of 7, combined with Besov-smoothness condition for f (see subsections 3.3 and 3.4,
respectively). Throughout, we assume that the mollifier function ¢ enjoys the following prop-

erties:

Assumption 8. There exists a strictly decreasing differentiable function ®: [0, c0) — R such

that
vEERY, $(€) = o(l¢)) (8)



(in which |¢| denotes the Euclidean norm of §) and positive constants s, Ce < oo with the

following properties:

v e [0, 1], % <a() <1 (8a)
Vte[0,1], Cz't® <1—®(t) < Cot® (8b)
vte[0,1], |®'(t)] < Cot® ! (8¢)
/Ooo d(t)*t* 1 dt < 0. (8d)

Let us discuss these assumptions. A function ® with the property (8) exists if and only if ¢
is isotropic, i.e. ¢(z) depends on |z| only. In this case, ¢ is isotropic as well and real-valued.
Note that ®(0) = 1 if and only if [¢(z)dz = 1. The first inequality in (8a) is a scaling
condition on ¢ with respect to dilation. From Condition (8b), the integer part of s, denoted
|s], is the order of the root of 1 — ® at 0. Any density whose moments of order < |s] — 1
vanish satisfies this condition. Finally, (8d) is equivalent to ¢ € L?(R%). Notice that the
Levy kernels, defined by ®(t) = exp(—t°), satisfy Assumption 8 and are positive whenever
s € (0,2]. Note also that Assumptions (8a) and (8b) are the same as in Fan (1991b).

Remark 9. For the sake of simplicity, we confined ourselves to isotropic deconvolution.
This choice is by no mean necessary algorithmically, and probably also our analysis could be
extended to anisotropic kernels as in Comte and Lacour (2013), Rebelles (2016), Lepskil and
Willer (2019). =

3.2 Besov-Nikolskii spaces

We will describe the smoothness of f in terms of the scale of Besov-Nikolskil spaces. These
spaces will turn out to be the largest sets on which the bias of the MO and MM estima-
tors converge at a given rate. For readers not familiar with these spaces, we will recall the

definition, collect a few basic properties and provide some background in the following.

2
Definition 10. For a function f € L?*(R?) let ef(t) := f\€\>t ﬂ (&)de, t > 0. We define
the Besov-Nikolskii space Bé"oo(]Rd) of smoothness index u > 0 as the set of all f € L?(R?)

for which

1/2
2u
1fllsg = (sup<1+t> ef<t>)
’ t>0
is finite.

It can be shown that By . (R?) equipped with the norm [fllBy . is a Banach space.
For a concise introduction to more general Besov spaces B;,‘,q(]Rd) with p,q € [1,00] and
a discussion of properties relevant for statistics we refer to the monograph Giné and Nickl
(2021), in particular sections 4.3.1 and 4.3.6.

Besov-Nikolskil spaces were introduced and analyzed by Nikol’skii (1951) in 1951 several
years before the introduction of SobolevSlobodeckij spaces in 1958 and general Besov spaces
in 1959. It was shown by Kerkyacharian and Picard (1993) that these are the largest sets

in which density estimators by kernels or wavelets converge at given power-type rate. More



recently, it was demonstrated in Hohage and Weidling (2017) that these spaces also charac-
terize convergence rates of most spectral regularization methods for many important inverse
problems. Note that anisotropic Besov spaces can also be defined (see Triebel (2006)).

Let us compare the Besov spaces B;,oo(]Rd) to the more commonly used Sobolev spaces

H"(R?) of functions f € L*(R%) for which the norm

Ml (/ 1+ |5|>2“I<Uf><s>|2d£)1/2

is finite. Under assumptions that will be introduced below they coincide with spectral source
sets (T*T)”(L*(R%)), and the estimation of the bias in these spaces can conveniently be
reduced to the estimation of the supremum norm of certain real-valued functions.

The Sobolev space H*(RR?) is a subspace of By . (R?) since

(1+8)*"es(t) S/ L+ EN* (U NI dE < |1l

[€1>t
An example of a function which belongs to BS/2 (R), but not to H?(R) is f(z) := exp(—x)

2,00
for z > 0, f(z) := 0 for z < 0 with Fourier transform (U f)(§) = and e;(t) = O(t™")

-1
2mig+1
as t — oco. By translation and superposition any piecewise smooth function with a finite
number of jumps and sufficient decay at infinity belongs to the difference set Bj/2 (R) \

2,00

HY?(R). Analogously, 33/020 (R) \ H**(R) contains piecewise smooth functions with kinks.
By estimating the bias in Besov-Nikolskii rather than Sobolev spaces, we can show optimal
rates for such important classes of functions. Moreover, we show that these function spaces

cannot be further increased.

3.3 Convergence rates under power-type decay

In this section, we assume that the density v of ¢ satisfies the following ordinary smoothness
condition:

CTHAHENT" S HEI<C+IEh™, EeR 9)
for some a > 0 and C > 1. In this case, the problem is mildly ill-posed. A classical example
of density function v satisfying Condition (9) are symmetrized chi-square densities with a
degrees of freedom. Another example for a = 2 is the Laplace distribution®.

Note that with Condition (9), we impose strict positivity of 4. We stress that such an
assumption is only used for the purpose of deriving convergence rates. Note also that some
papers have proposed modified versions of this condition to relax strict positivity, as in Hall
and Meister (2007), Delaigle et al. (2008).

We formulate below necessary and sufficient conditions for power-type convergence rates

of the bias as the parameter § tends to 0.

Theorem 11 (Approximation rates of MM). Suppose Assumption 8 and Condition (9) are

satisfied. Then for 0 < u < 2s + 2a the following statements are equivalent for f € L*(R%):

f € B} (RY) (10a)

INote that, in the anisotropic setting, this assumption could be adapted as in Comte and Lacour (2013).

10



sup B ste || f — fum,pl| < oco. (10b)
0<B<1

Moreover, ||f — funm,gll = O(8*) as 81 0 if f € H*T27(RY).

Theorem 12 (Approximation rates of MO). Suppose Assumption 8 and Condition (9) are

satisfied. Then for 0 < u < s + a the following statements are equivalent for f € L?(R%):
f € B3 oo(R") (11a)

sup B4 || f — fuo,sl| < oco. (11b)
0<B<1

f— fuosll =0(8°) as BLOf f € HT*(RY).

Moreover, |

Note that in our proofs, we use both sides of the inequality in Condition (9), although
the first inequality might be enough. Note also that the rates of MO and MM agree for
smoothness parameters u < s + a, but for MO the best rate is O(8°) for u = s + a, whereas
MM can achieve rates up to O(3>%) for higher smoothness of the solution f. This indicates
that MM converges faster than MO for smooth solutions in a deterministic setting where
both methods can be applied to the noisy data g. (Since the final aim is usually a rate of
convergence as the deterministic data noise level tends to 0, a deterministic analysis of the
propagated data error and a balancing of both error terms by a proper choice of 8 would be
required to complete the picture.)

This discussion is substantiated by the following proposition asserting that the maximal
rates O($%°) and O(B°) in Theorems 11 and 12, cannot be improved except for the trivial
solution. This is the so-called ”saturation effect” detailed below. Note however that the
saturation bound can be increased arbitrarily by increasing the regularity of the mollifier.

This result is a clear advantage of mollification over Tikhonov.
Proposition 13 (saturation). Suppose Assumption 8 holds true.
1. If ||f — famv, | = 0(B%), then f = 0.

2. If [|f = fmo.sll = o(B°), then f = 0.

PRrROOF. 1. Suppose that ||f — famv ]| = o(6%), i.e.
—2s 1= )2 2
0=1lim 8~ f - 2= / B =20 N g a

EHL%B Hf fMM,BH Bli% R |»$/|2 +(1 7‘/3,8)2 | fl 3

the unitarity of the Fourier transform. Then by Fatou’s lemma and (8b)
—2s501 _ 2 2 \ 2 —25 1—2 25\ 2
0= [ lmint (M) UsfFag> [ timint (M) U2 de,
re A0\ Y2+ (1 - ¢p)? re A0\ A2+ (1 - ¢p)?

Therefore, the integrand on the right hand side vanishes almost everywhere. Since the first

factor is positive almost everywhere, it follows that f = 0.

2. We have

~A12
Uf — Ufuops — (1 ol )Uf — (05 + gpuwp) US

,@ _
PR+ (1 - ¢p)?

11



(1-¢5)?

RP+a=25)"" The proof now follows along the lines of the first

with vg := 1 — ¢g and wg :=
part by showing that
liinf 57 (03(6) + @a(@ws(€) = T inf[5~"0a(&)] + L[5 $a(O)] i inf(5~**wa(e)]

Ca'B(BIEN) +0=Cg '€ w

\Y

Remark 14. Along the lines of the proof of Proposition 13 one can also show that ||f —
fun, gl = O(6%) implies f € H***2(R?) in Theorem 11 as

Cy /R S IUNEF e < lminf B7f — fuana slI” < oo.

Similarly, one can show that ||f — fmo,s|| = O(8%) implies f € H*"*(R?) in Theorem 12. In
other words, in the MO-limit case © = s 4 a the Besov smoothness f € Béfoo(IRd) is no longer
sufficient for the rate ||f — fuo.s|| = O(85+4 ), but we need the stronger Sobolev smoothness
f € H*(RY). =

To obtain error bounds for observed data in terms of the sample size n, the bounds on the

bias need to be complemented by bounds on the variance term.

Proposition 15 (bound on variance term). With @%O = = —— we have

—&8)
2 2 2MO 2
E (Ilfs.n = frto,sl") < =957 |22
In particular, if Assumption 8 and Condition (9) hold true and 4s > d — 2a, then

+a

E (Ilfs.n — frtosl?) = O (%gf“‘iﬂl) .

ProOOF. We compute

E (Ifsn = fuosl®) = E(IUfsn —EUfsn)lI") = E (H@?fo(gn -9)

:/Rd

and in view of the independence of Y1,...Y, we have Var (§n(£)) = < Var (e—m(g,yl)) <2

)

YO (©)] Var (4u(¢)) d,

This implies the first inequality, and the second follows from Lemma 30.

Now we can show the main result of this section, an order optimal bound on the mean
integrated square error in terms of the sample size. Here and in the following we write

Y1(x) ~ P2(z) as x — xo for two positive functions ¢1 and o if liminf, 4, i;—gg > 0 and
Y1 (=)

o (@)

limsup,_, < oo.

Theorem 16 (convergence rate). Suppose that Assumption 8 and Condition (9) hold true, that
4s > d — 2a and that f € BY . (R?) for some 0 < u < s +a or f € H*™*(R?) for u = s + a.

____sta . .
Then for 8 ~ n 2suts(d+2a) we obtain the optimal rate

E(”fﬁ,n*fHQ) :O(n7”+“id/2) as n — oo. (12)

12



PrOOF. Using the bias-variance decomposition, E (fs,n) = fmo,s, Proposition 15 and

Theorem 12, we obtain

E (Ifs.n — fuo.sl”) + | fuo.s — £I1?
1 _ s(d+2a) su _ u

O <_6 s+a +/Bs+a) :O(TL u+a+d/2)..
n

E (Ifs.n — fII%)

The rates we obtain are optimal in a minimax sense, i.e. they cannot be improved by any
other method. In fact, it has been shown that even on smaller smoothness classes no better
error bounds can be achieved, e.g. on univariate Holder classes (Fan (1991b)) or multivari-
ate Sobolev classes (Johannes (2009)) or multivariate Holder classes (see Comte and Lacour

(2013), which also treats Sobolev spaces and anisotropic smoothness classes).

3.4 Convergence rates under exponential decay

In this section, we assume that the density 7 of ¢ satisfies the following super-smoothness

condition. More precisely, we assume that there exist constants a,x > 0 and C' > 1 such that
Clexp(—r€]") <P < Cexp(-rlg"), ¢eR™ (13)

In this case, the problem is severely ill-posed. Note that a = 2 corresponds to Gaussian errors
€ and a = 1 to Cauchy errors.

Note that with Condition (13), as for Condition (9), we impose strict positivity of 4.
This condition could be relaxed as in Hall and Meister (2007) and adapted to the anisotropic
setting (as in Comte and Lacour (2013)).

When 4 satisfies Condition (13) we only obtain logarithmic convergence rates for the bias

under finite smoothness assumptions on f. And, no saturation effects occur in this setting.

Theorem 17 (approximation rates). Suppose that Assumption 8 and Condition (13) hold true

with s > % Then the following statements are equivalent for u > 0:

f € By (RY), (14a)

sup (—Inp)"*||f — fan,sll < o0, (14b)
0<p<1

sup (—Inp)"*||f — fuo,sll < 0. (14c)
0<pB<1

Note that, as for Condition (9), we again use in the proofs both sides of Condition (13),
although the first inequality might be enough. For the variance term a rather coarse estimate

is sufficient:

Proposition 18 (bound on variance term). If Condition (13) holds true, then for any b > 4s

the statistical error satisfies

B (s~ B (s =0 (567).

n
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PRrROOF. Due to Proposition 15 we can reduce the proof to showing that

2 4 2 9¢ — Y wi =
/R I @OFIBa(OF dg = 0(3™) with G(6) 1=

Due to assumption (8d) it suffices to show that

ISalloe = O(B7"). (15)
On the one hand, we have

[€163] 1
50 = BVRE)]

and on the other hand, using the monotonicity of ® and (8b) we have

1G(6)] 8" 8"
5 = T— 0@ EN)E = (1—8(F2)?

As b > 4s, these bounds imply (15). =

<copd exp(k3?) if €] <,

< OB if ¢ > B

Combining these results yields the following logarithmic convergence rates with respect to

the sample size:

Theorem 19 (convergence rates). Suppose that Assumption 8 and Condition (13) hold true

with s > 1. Let f € BY . (R?) for some u > 0 and let 8 = 1. Then

E(If5.n = fIP) = O ((nm) /") asn— oo,

ProoF. This follows from the bias-variance decomposition

E (5. — fII*) = E (Ifs.n — fumo.511%) + llfmo,5 — fII°
using fmo,s = fmo,s, Theorem 17, and Proposition 18. »

The rates in Theorem 19 are again minimax, and similar to Fan (1991b) or Comte and
Lacour (2013) (for the multidimensional setting assuming isotropy), but only logarithmic.

To achieve faster than logarithmic rates for smooth noise distributions satisfying (13) one
would have to assume that f belongs to smoothness classes consisting of infinitely differentiable
or even analytic functions, see Pensky and Vidakovic (1999), Butucea (2004), Butucea and
Tsybakov (2008).

4 Regularization parameter selection

In this section, we propose fully data-driven choice of the regularization parameter and show
that it achieves a bias-variance compromise. This empirical method will be implemented in

the simulation section.

14



4.1 The Lepskil balancing principle

In the previous convergence results, the choice of the regularization parameter 8 requires the
a priori knowledge of the smoothness of the unknown function f. To adapt to the unknown
smoothness of f, we need to use an a posteriori parameter choice rule. In what follows, we
present the Lepskil principle, developed in Lepskil (1991), Lepskil (1992), Lepskil (1993), and
simplified in the context of inverse problems in Mathé and Pereverzev (2003) or Mathé (2006).

The method starts with the well-known error decomposition

a0 = FIl < 1 fsn — frio,8ll + [ fmo,s — fll, forall B> 0. (16)

We seek to choose § such that the right hand side of (16) is minimal. The main issue is
that the bias ||fmo,s — f||, which is increasing in £, is typically unknown whereas for the
variance term E (|| fs,n — fMo”gHQ), which is decreasing in 3, we have established a bound
in Proposition 15. We confine 8 to a finite equidistant grid on a logarithmic scale given by
B, = {Boqj :j =0,...,Jn} for some 0 < ¢ < 1 and some By > 0 and J, is chosen as the
smallest integer such that 1/2/n||®NQ . || > 1. The Lepskif principle attempts to balance
the two terms on the right hand side of (16) by determining the largest B € B, such that all
differences fz — f5 for B € By with 8 < B are dominated in norm by the noise bound from

Proposition 15:

2v/20

8* := max {B € But ||fom — ]| < 2= H@ H for all B € By with 8 < B} (17)

for some parameter 6 > 0.

4.2 Convergence result

To prove error bounds for the Lepskii balancing principle we need a large deviation inequality

for the variance term:

Proposition 20. Let Cvo be the constant from Lemma 30 and let C. ‘/;t/:? VB34S Then for

all p > 1 and for all n € N we have

s(a+d/2) p2\/§CMo < p )
P| su 5+a n o, >———<exp|—— ). 18
o<5550ﬂ I fa,n — fuo,5] |l Tn rl-¢ (18)

With this we can prove order optimal rates up to a logarithmic factor:

Theorem 21. Under the assumptions of Theorem 16 the expected error for the reqularization

parameter 3% determined by the Lepskii balancing principle (17) with 6 > 2 satisfies

E (IIfs+n *f||2) =0 <<lnTZ> u+a+d/2> as n — oo.

8(a+d/ )
Proor. We define an event good event A, that supy.s<5, 8~ *7* [ fs.n — fmo,sll <

Cc(Inn)2v2CM0
vn

. Then by Proposition 20 with p = p(n) = CcInn its complement Ay, i.e. the
bad event has probability P [45] < L

15



Note that at least for sufficiently large n the minimum of the right hand side of (16) is
attained at a parameter § in [min By, max By]. Therefore, the deterministic oracle inequality

in (Mathé, 2006, Cor. 1) shows that in the event A, the error is bounded by

Inn\ wFatass
Wform—fl =0 <(ﬁ) )

where the logarithm appears in comparison to Theorem 16 since in the noise bound 1/y/n is
replaced by Inn/+/n compared to Proposition 15 due to our choice of p(n).
Using (18) it is easy to see that

Inn, . —s(a+d/2)
E (Hfmln Bp,mn — fI\AO,min By, ||’A$L) < C%(mln Bn) stea < Cl Inn

where the definition of B,, was used in the second inequality. Using the error decomposition

(16) and the monotonicity of the error components we finally obtain

E (Hfmin B,,n — fMO,min By, H)

E (Hfmian,n - fMO,mian|||An) P [An] +E (Hfmian,n - fMO,mian”) ‘AZP [Afy,]

1 wFardrz , 1 1 “Fardrz
0 ((%) ) + (o0 = f+C'lan) 2 = 0 <(%) )

IN

5 Framework for comparison

The purpose of this section is to put the various approaches (mollification, Tikhonov, deconvo-
lution kernels, spectral cut-off) in a unified framework and, by doing so, to derive theoretical

and numerical tools for their comparison and assessment.

5.1 The filtering viewpoint

Deconvolution kernels. The deconvolution kernels were introduced by Stefanski and
Carroll Stefanski and Carroll (1990) in the late eighties, in the case d = 1. In essence, the
deconvolution kernel estimator stabilizes the reconstruction by bounding the function 1/4.
More precisely, using our notation system, and ignoring (temporarily) the discrete aspects

carried by the estimation process, the reconstructed density can be written as

fox = U™ [“’7 } Ug (19)
or, equivalently, by
o) = E8a(6) = 2 gc), (20)

where ¢, is defined as ¢n(z) := +¢ (%) with h > 0. Here, ¢ is the deconvolution kernel
(denoted by K in the original paper by Stefanski and Carroll (1990) and in the subsequent
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literature) and h is the regularization parameter. The corresponding filter ® is here defined
by: ®(&) = @n(€)/5(€). We see right away that, for the solution to be well-defined and stable,

it is necessary that
(a) the function 4 does not vanish, and
(b) for every h > 0, the function £ — @(hE)/4(§) is bounded.

Notice that, whenever ~ is symmetric, 4 is real, hence Condition (a) entails strict positivity
of 4. As a matter of fact, the Riemann-Lebesgue lemma tells us that 4 is continuous and
vanishes at infinity (and of course 4(0) = 1). At all events, the above assumptions are

somewhat restrictive, obviously, and constitute a serious limitation of the methodology.

Remark 22. In the original paper by Stefanski and Carroll (1990), it was also requested that,

for every h > 0, [

i,h(g) ‘ d¢ < co. This assumption ensures that the function (¢ (£)/4(€))§(€)
in Equation (20) is integrable, allowing for application of the inverse Fourier integral trans-
form. But the latter function is square integrable anyways, allowing for the application of the

inverse Fourier-Plancherel operator. This is why this assumption can be relaxed. =

Remark 23. The deconvolution kernels can be regarded as a particular instance of the ap-
proximate inverses, a regularization method that was introduced, in the deterministic setting,

in Louis and Maass (1990), and gave rise to a large amount of developments. See Appendix B.

Spectral cutoff. In the spectral cutoff method, usually designed for the case d = 1 (see
e.g. Johannes (2009) and the references therein), the Fourier transform of the reconstructed
density is merely truncated whenever 4(€) falls below a threshold a > 0, which plays the role
of the regularization parameter. The spectral cutoff may be regarded as a special case of the
deconvolution kernels, in which the regularization parameter is indexed on the convolution

kernel v: the solution is defined as
14
fse=UT" {%} Ug

. 1,5
or, equivalently, as fsc(§) = %5}(5) g

set S, that is, the function which takes the value 1 if the argument belongs to S and zero

(£). Here, 15 denotes the indicator function of the

otherwise. Therefore, the spectral cutoff is also a filter-type regularization method, with

_ L)
(I

The spectral cutoff produces a solution that belongs to the class of band-limited functions.

o(¢)

The inverse Fourier transform of the kernel 1525 ,; is not a density function and its behavior
is similar to the well-known sinc function. We will see in Section 6 that this specific choice
introduces additional perturbations (a Gibbs-like phenomenon) in the reconstruction. Note
that the numerator of the filter ® could be replaced by a smooth cut-off that smoothly goes
to zero beyond a. That would remove the Gibbs phenomena and place us back into the

framework of kernel methods.
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Tikhonov regularization. The Tikhonov regularization (see Tikhonov and Arsenin
(1977)) has been applied and studied in the context of econometrics in Carrasco et al.
(2007) and in Carrasco and Florens (2011). The Tikhonov solution is defined by frk =
(T5Ty + oI )_1 T g or, equivalently, by

R
Jrk =U [WQ +a] Ug.

Expressed in the Fourier domain, we get fTK & = % §(€). The solution is well-defined
for every positive value of the regularization parameter a. Therefore, the Tikhonov method
can be regarded as a filter-type technique (for deconvolution), with
. 3©

YOI + o

Note that Carrasco and Florens (2011) define their solution in weighted L?-spaces in order to

o(¢)

recover the compactness of the operator T, which we do not need in our context.

5.2 The variational viewpoint

For simplicity of the notation, T, is now denoted by T'. Consider the generic functional
1 «
F(f) = 5 1Py~ TfIP + S I,

in which P and H are bounded operators. By specifying the operators P and H as well
as the parameter a, we can retrieve the aforementioned methods. Recall first that, under
the following complementation condition (see Morozov (1984), also mentioned in Engl et al.
(1996)): 3u > 0: Yf € F, |TfI*> + |QfII* > w||f]I?, the operator T*T + H*H admits a

bounded inverse, and that, consequently, the unique minimizer of %, namely

F=(T"T+aH"H) 'T"Py.

depends continuously on g. Since T = U~ [§] U, it is readily seen that T* = U~* [’y] U and
T™*"T=U"" [|§/|2} U. Therefore,

(1) letting H = P = I obviously yields the Tikhonov functional;

(2) the choice H = I — Cs, P = Cs = U ' [pp]U and a = 1 yields the mollification

functional;

(3) letting o = 0 and P = C, (where C}, denotes the operator of convolution with ) yields

the functional .Z(f) = ||Crg — T'f||* /2, whose unique minimizer is
T'Chg = (T"T) ' T*Crg=U"" [%} Ug,

which turns out to be the deconvolution kernel solution fpk.

(4) letting @ = 0 and P be the convolution by U_lllmzztl yields the spectral cutoff solu-

tion fsc .
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Notice first that the convolution kernels corresponding to the above three filters need not
be real (if v is not symmetric) or even positive, in case they are real. Notice also that, in
the Tikhonov case, ®(0) = (1 + a)~"' # 1, which implies the additional drawback that the
integral of the reconstructed function will not be equal to one, as one should expect from a
density. We may then consider the modified Tikhonov filter

ae) = (T3

B +a
In this modified version, we merely let P = [(1 + «)1] instead of P = I = [1], in which 1
denotes the function identically equal to 1. As for the mollification approach, it would also
make sense to consider a version with P = I, letting the regularization be operated by
H =1 — Cp only. The corresponding filter is easily shown to be
_ 3(¢)

AOP + 11— @s©)*

and we shall refer to the corresponding method as the modified mollification. Finally, notice

®(¢)

that the particular kernel corresponding to the spectral cutoff method is the inverse Fourier
transform of the function 1y525,,/4, and that the regularization parameter is now a > 0.

Table 1 gives an overview of the functionals and filters associated with each regularization

method.

Functional 7 Filter ®

TK Sllg = FIP + S 171 m%

MT S +a)g —y = 71 + S 11 %f—f)j

MO | Zllgsrg—vnfIP+ g IS — s 1P mjﬁ

MM %||9—’7*f|\2+%||f—§0ﬂ*f”2 m

DK Sllon g~y £IP =

SC %Hﬂw?za} *Q*V*J"H2 @

Table 1: Overview of regularization methods for the deconvolution problem: TK stands for

Tikhonov, MT for modified Tikhonov, MO for mollification, MM for modified mollification, DK

for the deconvolution kernels and SC for the spectral cutoff.
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5.3 Comparisons

We have seen that mollification reaches optimal convergence rates, along with its competitors:
the deconvolution kernels, the spectral cutoff and the Tikhonov regularization. The purpose

of this section is to compare mollification to the other approaches from other viewpoints.

Deconvolution kernels versus mollification. We emphasize that, obviously, the
regularization parameters h and § have the same interpretation. The first obvious limitation
of the deconvolution kernels is the restriction imposed by the decrease of 4 and its strict
positivity. For example, if v is Gaussian, the decrease of ¢ at infinity should be faster, which
discards many deconvolution kernels. An even more extreme example is provided by the

convolution kernel v(z) = sinc?(wz). Its Fourier transform is the triangle function

E+1  if£e[-1,0),
'3/(6) = _f + 1 1f€ € [07 1)7

0 elsewhere.

Here, the convolution operator T’ fails to be injective, as a consequence of the fact that the
support of 4 is the interval [—1,1], and the deconvolution kernel solution cannot be defined.
By contrast, the mollification solution is defined for any even mollifier ¢ € L'(R) and any
positive value of 3. Moreover, in the variational formulation of the deconvolution kernels, the
regularization appears only in the fit term, so that the optimization problem remains ill-posed.
This may be an obstacle to the introduction of additional constraints, such as the positivity
of the reconstruction, since such a constraint can be introduced only in the variational form.
On the contrary, the variational form of the mollification approach is stable, thanks to the
regularization term, and such a constraint may therefore be safely introduced. The only
price to be paid would then be a different numerical strategy (based on optimization). We
emphasize here that deconvolution kernels and mollification both aim at reconstructing an
explicit object, which we refer to as the target object, namely, @g * f. This is why both
estimators depend on one smoothing parameter only. In addition, as it will be illustrated in
Section 6, whenever the deconvolution kernels regularization is well-defined, the performance
of both the deconvolution kernels and the mollification approach are similar, in terms of the

tradeoff between fidelity and stability.

Spectral cutoff versus mollification. Unlike the case of deconvolution kernels, the
spectral cutoff solution remains defined when 4 vanishes. The target object, in the sense
defined above, is ¥4 * f, with ¥, = U_lIl{Wz >q}- The function ta can be regarded as a target
impulse response of the reconstruction. Its definition relies not only on the regularization
parameter a, but also on the shape of 4. We stress here that, as the inverse Fourier transform
of some indicator function, this impulse response may have poor morphological properties,
and may induce Gibbs-like oscillations in the reconstructed density. These oscillations may

incidentally produce significant negative parts, which is a serious drawback for probability
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densities. By contrast, the mollification approach enables to choose an apodized target im-
pulse response, by avoiding sharp edges in the Fourier domain. This will be illustrated in
Section 6. Notice at last that, as in the case of the deconvolution kernels, the variational
form of the spectral cutoff has no regularization term. Again, this may be an obstacle to the
introduction of additional constraints, such as the positivity of the reconstruction (see the

discussion in the previous paragraph).

Tikhonov versus mollification. Unlike deconvolution kernels, spectral cutoff and mol-
lification, Tikhonov regularization does not appeal to any target object, which is a conceptual
drawback. The regularization is uniformly exercised in the Fourier domain, as can be seen
from the variational formulation. As a matter of fact, using the well-known fact that the
Fourier-Plancherel operator is an isometry, the Tikhonov solution is readily seen to be the

minimizer of Frk (f) = 1

112 12 R
sI19—7- fH +3 HfH . The penalty term attracts f towards zero ev-

erywhere. This contradicts the action of the fit term in the low frequency domain, where both
g and 4 are not expected to be close to zero. This opposition between the fit and regularization
terms may induce an unfavorable tradeoff between stability and fidelity to the model. The
mollification approach avoids this pitfall by introducing a smooth disjunction of the realms of
action of the fit and regularization terms, as can be seen from the transposition of the mol-
T 3 H(l - @B)fHQA

The resulting improvement in the tradeoff between stability and fidelity to the initial model

lification functional in the Fourier domain: Zy0(f) = 3 H(,ZJ,B g-4-f

equation will be illustrated by means of simulations in Section 6. A nice aspect of Tikhonov,
that is shared with mollification, is that, unlike the deconvolution kernels and the spectral
cutoff, the variational formulation is stabilized, which opens the way to the introduction of

the positivity constraint.

Remark 24. Hybrid kernel ridge regularization have been considered in Hall and Meister
(2007), Delaigle et al. (2008), Trong and Phuong (2015) so as to relax strict positivity of the
error density. In particular, in Delaigle et al. (2008), the corresponding estimator combines the
deconvolution kernel approach with a Tikhonov-type estimator. This hybrid method entails
the choice of two regularization parameters. In the variational approach of mollification as
defined in Equation (3), the two parts of the functional to be minimized contribute to the
same objective: that of reconstructing a smoothed version of the object of interest. As a

result, Mollification has only one regularization parameter.

6 Simulations

Having derived, in the previous section, a common framework for all reconstruction methods
under consideration, we now proceed to develop tools for their assessment and comparison,
in terms of the tradeoff between stability and fidelity. In all cases, free = U -1 [®]Uyg, in

which the filter ® depends on regularization parameters. If g is replaced by its estimation gy,
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the corresponding reconstruction is denoted by freag,,. Otherwise expressed, frec,n =
U™ @] Ugn.
6.1 Assessment of the various regularization methods

We now define the quantities to be use for the assessment of the various regularization meth-

ods. Concerning the fidelity, a meaningful quantity is the reconstruction error
frecn —f = (feec.n — frec) + (frec — f)

U [®|U(gn — g) + (frec — f). (21)

In the right hand side, the first and second terms will be respectively called the statisti-
cal error and regularization error. The L?-norm of the reconstruction error, referred to as
the reconstruction-RISE (Root Integrated Square Error), will be one important indicator to
compare the performances of the main four regularization methods: deconvolution kernels,
spectral cutoff, Tikhonov regularization and mollification.

Obviously the reconstruction-RISE depends on the value of the regularization parameter
of the considered regularization method (either h, a, @ or 8) and their range of variations as
well as their impact on the solution (through the chosen regularization method) may not be
easily comparable. That is why we have also introduced a common object to evaluate the
stability of the reconstruction, that we define below.

In our setting, the reconstructed density depends linearly on the data g, and the error on
the data g, — g is potentially amplified by the action of the reconstruction operator U~* [®] U
by a factor equal to its operator norm (see Equation (21) as an illustration). Since U is
unitary, the operator norm of the reconstruction operator U ~! [®] U is equal to the L°°-norm
of @ (see Proposition 25 in Appendix A). The stability of the reconstruction can then be
estimated via the computation of ||®||, as a function of the regularization parameters. We
may refer to | ®||_ as an instability index.

Therefore, in Subsection 6.2, we study the performance of the regularization methods
by comparing the variation of the reconstruction-RISE with respect to the instability inder,
whose level can be arbitrarily fixed for all regularization methods. To any fixed level of
the instability index corresponds a fixed value of the regularization parameter. Notice that
the reconstruction error depends on the true value f, unobserved in practice. The residual
gn — T fREG,» may then serve the purpose of evaluating the fidelity to the original model.
Some additional plots to evaluate the performance of the regularization methods are provided
using the residual RISE with respect to the instability index.

We also provide in Subsection 6.3 a comparison using the optimal oracle choice of the reg-
ularization parameter for each method, which correspond to the setting where the estimators
should perform the best. Under this oracle framework, we perform Monte Carlo simulations
and check that, on average, our estimator still outperforms the other methods. We also check

that our empirical selection rule for the regularization parameter is working well in practice.
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6.2 Comparison using the instability index

We illustrate the comparison between the various regularization approaches with an example.
The signal f is a Beta(3,2) density function, rescaled for having the support [—2, 2] (note that
its standard deviation is oy = 0.8) . The sample size is n = 500, the noise +y is a Cauchy(0, o)
where o is the scale, i.e. Cauchy(0,0) = ot(;) where t(;) is a student-t with one degree of
freedom?. Since the standard deviation does not exist, we choose the scale ¢ = 0.20 such that
this Cauchy has an IQR equal to 0.40.

We choose for the Mollification (MOL) and the Deconvolution Kernel (DK) techniques
a normal density with regularization parameter 5 and h respectively. So, in this case, the
four approaches described above can be used, we expect a quite similar behavior between
the MOL and the DK approaches. Figure 1 shows how the instability index vary with the
regularization parameter in the four methods. In all the cases, as it should, the methods are

more stable when increasing the regularization parameter.

MOL TIK
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[} [}
o o
S 4t c a4yt
2 2
Q2 |2t
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Figure 1: The instability index as a function of the regularization parameters.

One way to compare the performances of the four approaches is to plot the various com-
ponents of the RISE and the residual RISE versus the reached instability index. The results

are shown in Figure 2. Note that the top-left panel allows to find for each method the opti-

2Note that other cases have been implemented, for example when noise « is a N(0,02) where o = 0.5 xop = 0.40.

Since the results were similar, and in order to save space, we do not present these additional results in the paper.
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mal instability index minimizing the reconstruction RISE and is only available in a simulated
data framework (the true f is known) whereas, the bottom-right panel with the residuals is
available in a real data framework and could be used to find the optimal method for a given

level of the instability index.
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Figure 2: Various components of the RISE and the corresponding values of the residual RISE as a

function of the instability index.

6.3 Comparison using oracle regularization parameter choice

The Root Integrated Squared Errors (RISE) of the total error has a minimum for an optimal
oracle value of the parameters. This oracle choice for the regularization parameters is obvi-
ously not reachable in practice since the Root Integrated Squared Errors (RISE) depends on
the true unknown function f. So, in practice, it is mandatory to use a empirical selection
rule, such as the Lepskil method proposed in Section 4. In what follows, we use this oracle
framework as another way to assess the various regularization methods.

First, direct and precise calculations for this particular sample of size n = 500 gives the
values shown in Table 2. We observe that the best performance is achieved by the mollification

approach. For this particular sample of size n = 500 it is also interesting to show how the
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function f can be reconstructed in the various approaches (with the optimal oracle values of
the regularization parameters). This is shown in Figure 3 where the various estimates are
displayed along with the true value of the density f. We see how irregular is the estimate in
the Tikhonov approach and the Gibbs effect of the cutoff approach for values of |z| greater
than 2. Again, we see that the Mollification and the Kernel Deconvolution approaches give

very similar and good results.

Method  Parameter  Rec-RISE
MOL 8 =0.30346  0.042010
TIK a=0.12912  0.109681
KER h=0.37571 0.043268
cuT a =0.36546 0.077186

Table 2: Reconstruction-RISE for the 4 methods and values of optimal regularization parameter.
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Figure 3: Different estimates of the signal f and its true value.

Then, for the case illustrated previously, we perform a Monte-Carlo experiment by sim-
ulating a large number of times, say M, a sample of size n and compare the performance
of the different approaches by recording the achieved minimal reconstruction RISE for each
approach, and then averaging over the M simulated samples. The results are displayed in
Table 3. The table provide the Monte-Carlo estimator of the average optimal RISE for the
reconstruction error of the signal f, defined in (21), computed over M = 1000 simulated
samples, i.e. ARISE = ﬁ Zi\le | fREG,n,m — ||, where frEG,n,m Is the reconstruction ob-
tained with the sample m of size n computed with the optimal regularization parameter

obtained by minimizing the reconstruction RISE. To appreciate if the differences are signifi-
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cant we also provide the Monte-Carlo standard deviation of this estimator, i.e. Stdarisg =

\/m SM_ (I frecmm — fll — ARISE)Q, which corresponds to the standard-deviation
formulae of the average estimator ARISE (which requires to divide by v/M). The table also
gives for each case the average of the M optimal values of the regularization parameters. At
last, in addition to the results obtained for the optimal values o the regularization parameters,
we also compute values using the Lepskii method approach for the mollification in order to
check that the results obtained were close to the optimal setting. More specifically, we fix
g = 0.99, J, = 500 and By = 10, and # = 0.75. Although our analysis, which is based on a
deterministic argument, only covers the case § > 2, it is well known (see Bauer and Lukas

(2011)) that for stochastic errors better results can be achieved for smaller values of 6.

Method: MOL(Lepskir) MOL TIK KER cuT
n = 100

ARISE 0.195860 0.100038  0.209369 0.106937  0.105383

StdARISE 0.001213 0.000941  0.000898 0.000952 0.000813

(REGPAR) 0.810334 0.358822  0.238026 0.460649  0.373794

n = 500
ARISE 0.114902 0.064398 0.134029 0.070904 0.068135
StdARISE 0.000637 0.000470  0.000543 0.000481  0.000450

(REGPAR) 0.524592 0.257730  0.124067 0.344160  0.272226

n = 1000
ARISE 0.091830 0.052165 0.108078  0.058255  0.055289
StdaRisk 0.000417 0.000355 0.000426  0.000366  0.000359

(REGPAR) 0.444509 0.221208 0.094325 0.303763  0.225243

Table 3: Monte-Carlo (MC) performances of the 4 methods over M = 1000 replications of samples
of size n = 100, 500 and 1000, respectively. The quantity ARISE is the Monte-Carlo average of
the reached optimal reconstruction RISE, Stdagrisg is its Monte-Carlo standard deviation, and
(REGPAR) is the mean of the respective optimal values of the regularization parameters, except

for the first colum where the regularization parameter is chosen using the Lepskii method.

From the table we see that for each method, as expected, the RISE decreases when the
sample size increases. The MOL approach provides better results than the other regularization
techniques, and the difference is significant (compared with the respective standard errors).
The cutoff method seems to be better than the Deconvolution kernel (when available) and
than the Tikhonov which appears to be the less reliable method. Of course these general
comments apply only for the chosen scenario, but added with the theoretical comparisons
made above, this Monte-Carlo exercise seems to advocate for using Mollification techniques

in deconvolution problems.
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7 Conclusion

We have introduced the mollification approach to the deconvolution of probability densities.
We have established the consistency of the corresponding estimator. By placing mollification
in the framework of filter-type methods, we have compared it, both theoretically and nu-
merically, with various other methods, namely the deconvolution kernels, the spectral cutoff
and the Tikhonov regularization. This comparison reveals notably that the mollification en-
ables to substantially extend the domain of applicability of the deconvolution kernels, while
providing better performances than all methods under consideration in terms of the tradeoft
between fidelity and stability of the reconstruction. Mollification inherits from advantages
of both the deconvolution kernels (in particular a target object is clearly defined) and the
Tikhonov regularization (in particular the flexibility brought by the variational formulation).

We have studied the convergence rates of mollification for the problem of deconvolution of
probability densities. It has been shown that optimal rates are reached by mollification both in
the power decay and exponential decay settings under general Besov regularity assumptions.
There is a saturation effect in the case of power decay, but this saturation bound can be made
as large as desired by suitable choice of the mollifier. This is a definite advantage compared to
Tikhonov regularization and explains our computational result. There is no saturation effect
in the case of exponential decay. Hence, both our theoretical and our computational results
suggest that mollification is a very promising regularization method for the deconvolution of

probability densities.

A Proofs of the results in Sections 3.3, 3.4 and 4.2

We start this section by a result on the operator norm of the multiplication operator, that

will be useful later in the proofs.

Proposition 25. Let ¢ be in L®(R) and let M: L?*(R) — L?*(R) be the multiplication
operator defined by M f = ¢ - f. Then, | M| = ||¢||
of M.

w In which || M|| denotes the operator norm

PrOOF. We can assume without loss of generality that |||, > 0. Let X denote the
Lebesgue measure on R. Clearly, [ o f|* dX\ < |lo|l% [ 1> dX = [l@l, I £]I?, so that || M| <
lloll.- In order to obtain the opposite inequality, let € > 0 be fixed. The Lebesgue measure
being o-finite, one can find A C R measurable such that

(i) 0 < A(A4) < A(R) = o0
(ii) for every x € A, ¢(z) > ||¢|l —e-
As a matter of fact, let A, := {x € R| |¢(z)| > |l¢ll., —€}. Then A(Ao) > 0 (for otherwise

one would have ||¢| < ¢l —¢€)- If AM(As) < oo, then just take A = A,. Otherwise,

consider an increasing sequence (By) such that A(By) > 0 for all n and U,B, = R. The
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sequence (Ao N By) is increasing, with limit A.. For n. sufficiently large, A(A. N Br,) > 0,
since A(Ao N By) — A(Ao) > 0. Thus take A = A, N By, in this case.
Now, let f = 14/y/A(A). Then f € L*(R) and || f||, = 1, so that

1 2
012 > v g1 = [lef ax= o [ e axz (el - <)%
(4) Ja
Since € can be chosen arbitrarily small, we have shown that ||M]| > |l¢||,,. = The follow-

ing lemma shows that bounding the regularization error over Sobolev balls coincides with

bounding the supremum norm of certain functions:

Lemma 26. For any u > 0 we have

| (1= $a(€)2(1 + Je)~
- = |T8,ul|cc h 754 == =
i N = fanaspll = s alloe - with 7o.0(8) = 22 T e

PrROOF. Note that

Uf =Ufwum,p = (1 ¥y (1— @B(&))Q Uf.

e R e
Further recall that ||f||g« = [Jw| with w(§) = (1 + [£))*Uf(§). This together with the
unitarity of the Fourier transform implies supy ¢, <1 [lf — fann, sl = supj <1 17,0 - wl| =
|78, |0 since that operator norm of a multiplication operator in L? is given by the supremum

norm of the multiplier function (see Proposition 25) . =

Lemma 27 (asymptotic properties of intersection points). Let I',®: Ry — R} be strictly

decreasing functions that go to zero at infinity, and let C' > 0. Then, for every 3 > 0, the equation
CT(t) = B(0) — o(81) (22)
has a unique solution t5 which satisfies t; — oo and gtz —0 as B |0.

PrOOF. Without loss of generality, assume that I'(0) = 1, so that I is a decreasing bijection
from R4 to (0,1] and its inverse I™* is a decreasing bijection from (0,1] to R4. Similarly
®(0) — ® is an increasing bijection from R4 onto [0, ®(0)), and its inverse ($(0) — &)~ ' is an
increasing bijection from [0, ®(0)) onto R4. It is then easy to see that

P (a,00) — R}
-1
b ()= (8(0) — @) (CT(),
with a := """ (C~"'®(0)) is a decreasing bijection. Then the solution to Equation (22) coincide
with the solution to the equation 8t = 1 (t). Now existence and uniqueness of t} follows from

strict monotonicity of ¢t — St — ¢(¢) and the intermediate value theorem. Also the desired

limits follow immediately from the above fixed point characterization of ¢j. =

Lemma 28 (approximation error of mollifier). If f € B;’M(Rd) and Assumption 8 holds true,
there exists a constant M independent of f such that ||f — Csf|| < M ||f]lgu B™™™ for all
2,00

[ sufficiently small.
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Proor. We have

If = Csfll”

[ a-e@ienz|fof a = ["a-a@?-de o)

= /OOO ef(t)d (1 — ®(Bt))° dt

In order to estimate the integral, we treat the sub-intervals (O, 671) and (,371, oo) separately.

For the first interval we use Assumption 8 to obtain

/OE er(t)d (1 — (L) dt = 25/: er(t) (1 — ®(Bt)) (—2'(Bt)) dt

E —Zau S S—
203 1715 [ (107830 a

1 1
203 |1 fII5y _ ™ < / 27 dt + / " +t>2“t2“dt>
e 0 1
I£115y O (8> +8*).

IA

IA

On the second interval we estimate

A\

[T estman—e@nya < o (%) 10— (8
< Nfly (= 2(8))% |4y B @

wl
A

Under Assumptions 8 and Condition (9) we have

L

305.(1E) < 75.u(6) < POl with ©,,(1) = 2PN LED

(1+1t)=2e 4 (1 — ®(Bt))?

for all £ € R?®. For the proof of Theorem 11 we need the following bound on these functions,

which is equivalent to convergence rate in Sobolev balls:

Proposition 29 (bias bounds in Sobolev balls). Suppose that Assumption 8 and Condition

(9) hold true and let 75, be defined as in Lemma 26. Then

TB,ulloco ™~ : Ss‘g’l’ as
5, mln( 23) 0

In particular, supy .. <1 If — fumsll ~ 5"‘“‘( 2
ProoF. By Lemma 27, the equation
(146" =1—(8) (23)

has a unique solution #g which satisfies 3 — oo and ffzg — 0 as S | 0. Therefore,
(141t5) %~ (t3)"* and 1—®(Btg) ~ (Btg)°® as B 0. We deduce that (t3)"* ~ (Btg)°,
or

fg~pB T as B0 (24)

Omitting the smaller of the two terms in the denominator of ©g,,(t) yields the upper bound

Bnalt) L @ (1) <Bpu(t) with Bpu(t) = 4 CE LHDTE 0SS,

’ ’

(1417, t>1p.
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Case u € [0,2a]: In this case g, is increasing for ¢t < Iz and decreasing for ¢t > f5, and

therefore,

su

I178,ulloe ~ 188 ,ullec ~ 1Bp.ulloc = Opulfs) = (1+15) " ~ o+

Case u > 2a: In this case we need further work to bound ©g ., on the interval [0,%3]. Using

Assumption (8b) and the inequalities we obtain

1 1 1
2 max(1,t) S 1+t < max(1,t)
3222704, (t) < Opu(t) < C20p.(t) for 0<t<1is

with

(Bt)*, 0 <t < min(1,1g),

ﬂ2st2s+2a—u7 1<t S t_B'

Since © is continuous, positive, and decreasing on (fz, 00), we have

1€s.ullLeo.e)y = 1©sullLeqozsn ~ 1Os,ullLoe(0.25))
6}3#({3) ~ B5ta, u < 2s+ 2a,
6/3#(1) ~ B2, u > 2s + 2a.

This completes the proof. =

Proof of Theorem 11. The last statement on the limit case u = 2a + 2s follows from
Proposition 29.

(10a)=- (10b): Note that Uf — U fum,s = %Uﬁ Therefore, estimating the
square of the fraction by

. (1— @(Bt))? ’
)= (ot 625y %)
with ® from Assumption 8, we obtain with C from Condition (9) that
o T N I (I GRE
= [ Tmdcen® = [ eano (26)
0 0

In the third line we have used partial integration and the fact that r5(0) = 0 and lim; o ef(t) =
0. For the numbers #5 defined by (23) we have f5 ~ B~ 5+ (see (24)) and

ra(fs) = (27)

for all 8 € (0,1]. We split the integral on the right hand side of (26) into two parts:

N = hnal < [ es®dra0+ [ eswans(o

0 s
As ey is decreasing and lim oo 78 (t) = 1, the second integral is bounded by

2su

113y L+ B) > < G IfI%, g3

e~ w

/ T ep(t) dra(t) < es(E) (1 — ra(fs)) <
]



for some C, independent of f and g sufficiently small. For the first integral we introduce

some [ € (ML%’ 1) and estimate

te 2 ‘e —2u
| eswany < i [Casoan

= Wiy [0+ 0 (o)

?“B(t)’“‘_

2 —2u/p wo[te 1
< Wligy sup [+~ )] [ s

)
F \1—n pn—1
_ 2 2 Ta(ts) 200 || p12 2eu 4
= WMllsy 196w/l ==—— < G Ifllsy 875 7—

where C2 := supgp<; B Fau 1©8,u/ulloo is finite for u < 2a 4 2s by Proposition 29. Putting

drg (t)

these estimates together shows that

2#—1 su
_ n sta
If = fama sl <€ (Cl +0 = u) 1fllsy , BZFe-

(10b)=-(10a): It follows from (26) and (27) that

oo _ oo 1 _

PN = fansl > [ s d(=en)@) 2 ralEs) [ d-en)®) = festin).  (@9)
ip tp

If M denotes the value of the supremum in (10b), this shows that ef(fg) < ZL(C’M)QL?SZiiif1 <

03552“ for some C3 > 0. As limgots = oo and ef(0) = ||f||* < oo, this shows that

IfllBg ., <oo. =

Proof of Theorem 12. The last statement on the limit case u = a + s follows from the
triangle inequality
Ilf = fmosll < Nf = Cafll +1Csf — fmo,8ll (29)
If = Cafll +ICall IIf — Sl

IN

along with Lemma 28 and Proposition 29.

(11a)=-(11b): We use again the triangle inequality (29). The second term on the right
hand side is of order O (ﬂs%a) by Theorem 11. By Lemma 28, the first term is of order
O (,Bmi“(“’s)), which is of higher order o (,BSS‘F_HG) as long as u < s + a.

(11b)=-(11a): We have

lfmo,s = fIl = llfyo,s — Cafll = ICsf — [
|Csfram,s — Cafll = ICsf — fll.-

As in (28) we can show that

C? |ICs s — Cafll* > r5(s) > ®(BEs) es(ts) = i‘I’(/BEB)Qef(EB)-

As limg_,o Btg = 0, this together with (11b) and Lemma 28 yields
. 4c?

er(ts) < AL ICs fann,s — Cs £
< 8¢ (Ifso.8 — fIIP + 1Cs f — £11%)
IR ’

0O (/Bszi_z + 52mi“(“’s)) =0 (5521_1‘:) =0 (f5"),
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and we conclude that f € Béﬁoo(IRd).-

Lemma 30. Under the assumptions of Proposition 15 there exists a constant Cvio for all 5o > 0

s(at+d/2)
such that [|BYC| < Crof™ e forall B € (0, o).

PROOF. Due to Assumption 8 and Condition (9) we have
[e’s} 2 —2a 2
oy < [T LA _2O0 e
|C=2(1+ )72 + (1 — ©(51))?|

We use the numbers 3 defined in (23) and estimate the integrand on the three sub-intervals

(0,%p), (ts, %)7 and (%7 00) separately. Using the asymptotic behavior (24) of g as 8] 0 and

Assumption 8 we obtain

/tﬁ C*(A+ 1) 2 (8)* t“rtar < ¢ /Eﬁ(1+t)2“td*1dt
0 [CT2(1+1t)=20 + (1 - ®(Bt))?| - 0

— o(my=o (s,

@

2 —2a 2 (o] —2a4d—1
C(1+t)"*2(Bt) AT Q< CQC:I;)[ Mdt

|, Tar s a s s : W (D"
_ s(d+2a)
= o5 ),

A < 4(72/ (1+t)72®(Bt)* " dt
1
B

S m 0
L IO+ 072+ (1— 230

IN

4C2ﬂ2a_d/ {—2a®(i_‘)2i_‘d—l di_‘
1

O <ﬂ2a—d) )
s(d

Since 7% < 2a — d if and only if 4s > d — 2a, this yields the desired result. =

Proof of Theorem 17. (14a)=-(14b): We proceed as in the proof of Theorem 11,

replacing the definition (25) of rg by rs(t) '_( e )2
P ) B OV TB\Y) =\ apmmt)+(1-2(0)2 )

Moreover, we define £3 := (—= In ﬂ)l/a such that exp(—xt3) = B. It is clear that {3 — oo

and Btg — 0 as 5} 0. As in the proof of Theorem 11 we estimate

C21f - fanapl® < / Testydra(o)+ [ " ep(t) dra(t).

tg

As ey is decreasing and lim; oo 78 (t) = 1, the second integral is bounded by

[ e < e s < Iy (+6)
tg >

IN

Crllflpy _ (~np)~>/

for some C; independent of f and 8 € (0,1). As in the proof of Theorem 11 we choose some
u € (0,1) and bound the first integral by

/ﬂef(t)dm(t) O ”’itf) sup [(1+0) > ra(t)]”,
0 i 0<t<tg
< iy U (G o,



where C2 = supy<g<; ((flnﬁ)ﬁ SUDg<s<7, [(1 +t)7“/“r5(t)1/2]) is finite for all © > 0.
Indeed we have, for 0 < t < tg,

e o (L= 2@n)?

ro(?) exp(—kt®)

I S 1a 1 2S/a S— s/a
< CR(BEs)exp(sf3) < C3 (—) %=1 (—In g)>*/

K

such that Co < C% (%)QS/G supg<5<1 877! (—In ﬂ)Q_aS*aiu .

As the last supremum is finite for s > 1/2, we have shown that

7 ertranso =0 (mpre).

Putting everything together shows that || f — fywm, gl = O ((f In ,B)_“/“) as 81 0. (14b)=(14c):
This follows again from (29).

(14c)=(14a): As in the proof of Theorem 12 we obtain

es(ts) < gz (Ifwo.s = £+ 1o f = £17)

Using limg_,o ftg = 0, together with (14c) and Lemma 28, this yields
es(fs) = O ((=m )~/ 4+ g™")) = 0 (= mp) /") = 0 (5;™).
This shows that f € B ., (R%). =

Proof of Proposition 20. Our proof is based on the following general large deviation

inequality due to Massart based on the seminal work by Talagrand:

Theorem[(Massart, 2000, Thm. 3)] Let F C L°(R?) be a countable family of

functions with ||¢]jec < b for all ¢ € F. Moreover, let

Z :=n sup / p(dgn — gdz) (30)
pEF |JRA
and v :=nsup,¢r f]Rd @?gdx. Then
P [Z > (14 €)EZ + \/8vE + H(G)bf] < exp(—£) (31)

for all €,€ > 0 where x(€) = 2.5 4+ 32/e.

s(atd/2) R
To apply this to Z := nfB" s+« || fs,n — fmo0,8]|, we write the estimator in the form fz =

@%O * gn with g, defined in (6) and @%/IO the inverse Fourier transforms of the functions @%/IO
in Proposition 15. Since the unit spheres of separable Hilbert spaces are separable, there
exists a sequence (Am )men which is dense in the unit sphere of L? (Rd)7 the variance term can

be written in the form (30) as follows:

[ fo,n — frto,8ll
F MO
= sup [(hm, o = fri0,5)] = SUp | (o, B 5 (g1 — 9))|
meN meN
MO, N _s(a+d/2)
= sup (QFO (=) * hm, (gn — 9>‘ =" Fe sup ¢(dgn — gdz)
meN pEFg |JRd
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sotd/2) =i
YO (=) * hpm, and we have

Here F3 := {¢m,p : m € N} and ¢y, g :=

statd/2) -_—
lema(@)] < 855 [ B0+ oW dy < 8555 03 12 < Chvo
R

by Lemma 30. Let Mg be a separable dense subset of (0, o] and set F := UﬁeMﬁ Fs. Then
b := sup{||¢|le : ¢ € F} < Cmo, and by Proposition 15 we have

s(a+d/2)
E (n[lfg.n — fao,sll) < ”(E||f6,n*fMo,6H2) < CyoV2nB™

Finally, we use that the operator Rg : g — i)}}/[o * g is a Hilbert-Schmidt from the weighted
space L?(gdz) to L?(R%) where the norm of the former space is given by ||h||yaz) = ([ |h|2gd))*/2.
Since the operator norm of an integral operator is bounded by the L?-norm of its kernel, we

obtain

2 £ MO 2 £ MO —2etd)
1Rsll 72 (gaz)—12 S/d/d |57 (x — y)[* dz g(y) dy = | @5 °||* < CRiof
R R

using Lemma 30 again. Therefore,
s(d+2a
v = nup [ Fodr < g B sup | Rk s ey < nCio.
veF JRd m :
Plugging all this into (31) with ¢ = 1 yields
2v/2Cmo0 N Chioy/8€ N 34.5Cnmo0é
Vn vn n
for all € > 0. As 2 <= — and € < ¢ for & > 1, this yields (18) with p = C.£.

NG

P sup e 2\ fon — fuio,sll > < exp(—¢€)

B The deconvolution kernels as approximate inver-
ses

Following Schuster (2007), we say that a family function vg: R? x RY — R indexed by a
parameter 3 € (0, o] is a mollifier if
(i) for every B >0 and y € R?, ¥3(-,y) € L'(RY) N L*(RY), and [, ¥s(z,y)dz = 1;
(ii) for every f € L*(R%), the function f*) defined by f® (y) = (f,4s(-,y)) converges to f
in L*(R%) as 8 . 0.

For a general bounded linear operator 7" in L?(R%), assuming the existence of a family of

functions (vs(-,y)) such that

Vﬂ > 07 Vy € Rd7 T*Uﬁ('7y) = ¢B('7y)7 (32)

we see that f7) is then given by £ (y) = (£, T"vs(-,9)) = (Tf,v5(y)) = (9:v5(-,v)) . More
generally, if ¥5(-,y) belongs to _@((T*)T) =ranT* 4 (ranT*)™*, then the minimum norm least

square solution to (32) is used instead, and denoted by vs(-,y) again. The family of mappings

Ts: L*RY — L*RY

g — (g,w(-,y))
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is then called an approximate inverse of T'. If ¥g(z,y) = ¢s(y — x) and T is the convolution

operator in (1), then the function % is a convolution of f:

19w = [ 1@y = [ ety —a)de = (os« N

The family of functions (¢g) (indexed by § in some interval of the form (0, 5.]) emulates the
Dirac distribution as S ] 0). It is referred to as an approximation of unity. The standard
way to produce such an approximation of unity is to choose an integrable function ¢ with
J ¢(x) dz = 1 and to define 3 by ps(z) := %cp (%) , = € R%. For the convolution operator
T in (1) we have (T*)™' = U* [%] U. Provided that (-, y) belongs to ranT™* for all 8 > 0
and all y € R?, Equation (32) yields

U 0)©) = |50 © = = [ puty e = e 28

Using the unitarity of U, the solution f**) is then given by

FP) = (g,vs(-,y)) = /57(&)62”“’”?(—?))% = <U* [%] Ug) (v).

Clearly, the latter estimate corresponds to the deconvolution kernel solution.
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