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Abstract

Myerson (1984b)’s extension of the A-transfer value to cooperative
games with incomplete information focus among other things on the
strength of the incentive constraints at the solution for determining
the power of coalitions. We construct an intuitive three-player game
where the player whose only contribution is to partly release the two
other players from the incentive constraints they face when they co-
operate, receives a zero payoff, according to Myerson’s solution. On
the contrary, the random order arrival procedure attributes a strictly
positive payoff to him. Our example is thus an analog of the banker
game of Owen (1972) that was designed for evaluating the A-transfer
value under complete information. Asymmetric information now takes
up the role that was formerly attributed to the lack of transferability
of utilities.
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Introduction Shapley (1969) designed the fictitious transfer procedure in order
to extend the value he introduced in 1953, to the class of NTU games. The per-
tinence of the so-defined A-transfer value, was tested afterwards in many different
ways. In particular, the banker game of Owen (1972) appeared to be a very con-
structive example. Two players generate some surplus by cooperating (e.g. via the
provision of a public good, or via mutually beneficial exchanges), but are limited
in their ability to share this surplus. The third player (the “banker”) can only
release them from this restriction, but creates no real additional surplus. In this
context, should the banker receive a strictly positive payoff or not? According to
the A-transfer value, the answer is no. Other fairness criteria, such as the random
order arrival procedure (cf. Maschler and Owen (1989)), imply a positive answer
to the question.

Myerson (1984b) generalized the fictitious transfer procedure in order to ex-
tend Shapley (1953)’s value, to the class of cooperative games with incomplete
information. The so-defined M-solution focus among other things on the strength
of the incentive constraints at the solution for determining the power of coalitions.
Starting from the bargaining problem studied in section 10 of Myerson (1984a),
we add a third player whose only contribution is to partly release the two original
players from the incentive constraints they face when they cooperate. Some may
consider this contribution important enough for giving a strictly positive payoff to
player 3 in any fair solution. The random order arrival procedure appears to abide
to this principle, while Myerson (1984b)’s solution does not.

The Example Let us consider the following cooperative game with incom-
plete information: (using concepts and notations introduced in section 2 of My-
erson (1984b)) N = {1,2,3}, Th = {L,H}, To = T3 = {x}, Prob(L) = 0.2,
Dy = {d1}, Doy = {da}, D3y = {ds}, Dy13y = {[d1, ds]}, Dya3y = {[d2,ds]},
Dyigy = {ld1,d2],d12,d1}, Dpipgy = {ld1,da,ds], [dr2,ds], [d21, d3], do1s, ds12},
and

[di,da,ds] [di2,d3] [do1,d3] d213  dsi2
(L) 0 30 60 0 0
wi (., H) 0 90 0 0 0
us(., L) 0 0 90 30 0
us(., H) 0 0 90 90 0
us(., L) 0 0 0 0 30
s (., H) 0 0 0 0 90




We observe that the game has orthogonal coalitions (cf. section 6 of Myerson
(1984b)).

Let S be a coalition. A mechanism for S is a function mg : Tg — A(Dg).
When S is different from {1,2} or {1,2,3}, there exists only one mechanism,
as Dg then corresponds to a singleton. Let S be the coalition {1,2} or the
grand coalition and let mg be a mechanism. Then, mg is incentive compatible
if > geps ms(dlt)ui(d,t) > > 4ep, ms(dlt)ui(d,t), for each t € {L, H} and each
t' € {L,H}\ {t}. In other words, mg is incentive compatible if and only if player
1 does not have a strict interest to lie when he has to report his type.

We may interpret the game as follows. Players 1 and 2 face a bilateral trade

problem with incomplete information. Player 2 owns one unit of a good that has
no value for himself, but that has some value for player 1. This value can be
relatively low (30%), with probability 0.2, or relatively high (90%), with probability
0.8. Decision [dj,ds] represents the no-exchange alternative. Decision dja (resp.
da1) represents the situation where player 1 receives the good from player 2 for free
(resp. in exchange of 90$). Any other transfer of money from player 1 to player
2 (between 0% and 90%) can be represented by a lottery defined on {di2,do}.
Although utilities are transferable ex-post, the two players are limited in their
abilities to share the cooperative gains at the interim stage. Indeed, the mechanism
(%dm + %dgl, d21) that is needed in order to give the entire surplus to player 2 in
both states, is not incentive compatible.
Player 3 does not generate any surplus ex-post. Nor does he help players 1 and 2
for transfering utility between themselves, as it was the case for the banker game.
Nevertheless, his participation allows to partly release them from the incentive
constraints they face when they cooperate. Indeed, the collective actions ds13 and
d312 are added to Dy 9y X Dys) in the definition of Dyy 5 3y. Decision dai3 (resp.
d312) amounts to give the whole surplus to player 2 (resp. 3) in both states of
the world. Putting some positive weight on dsis allows to reward player 3 for his
services.

Before analyzing the game, let us introduce some additional notations and
concepts. Let m and m’ be two mechanisms for the grand coalition. Then,
m’ interim Pareto dominates m if ui(m’(L),L) > ui(m(L), L), ua(m/(H),H) >
ur(m(H), H), 0.2ug(m/(L), L)+0.8us(m/(H), H) > 0.2us(m(L), L)4+0.8uz(m(H), H),
0.2usz(m/(L), L) + 0.8us(m/(H), H) > 0.2ug(m(L), L) + 0.8us(m(H), H), with at
least one of the four inequalities being strict. The mechanism m is interim in-
centive efficient if it is incentive compatible and there does not exist any other
incentive compatible mechanism that interim Pareto dominates it.

A TU-game is a function v : P(N) — IR. Shapley (1953)’s value is denoted Sh.
In what follows, we assume that it appropriately represents fairness for TU-games
with complete information.



Myerson (1984b)’s solution is an extension of the A-transfer value (cf. Shapley
(1969)), defined for cooperative games with incomplete information. The virtual
utilities used in order to express interpersonal comparisons of utilities, do not only
involve a possible rescaling of the individual utilities, but also some adjustment
associated to the presence of incentive constraints. For our game, a mechanism m
for the grand coalition is an M-solution if it is incentive compatible and there exist
a vector (A1, Ai.i; A2; A3) € RY, and a vector (a(L|H),a(H|L)) € R? such that

MM+ M+ +A3=3

(2) vi(m(L), L, \, ) = Shy(v(L, A, a))

(3) n(m(H), H, A, @) = Sh (o(H, ), )

(4) 0.2v2(m(L), L, A\, ) + 0.8v3(m ( ), H, A, o) = 0.25ha(v(L, A\, ) + 0.8Sha(v(H, A, o))
(5) 0.2vs(m(L), L, A\, ) + 0.8vs(m(H), H, A\, o)) = 0.2Sh3(v(L, A, &) + 0.8Shs(v(H, A, o))
(6) a(H|L)(ur(m(L), L) — ur(m(H), L)) = 0

(7) (L|H)(us(m(H), H) — u1(m(L), H)) = 0

vi(d, L, A, @) = %2[(& L+ a(H[L)ui(d, L) — a(L|H)u(d, H)]
vi(d, H, A, ) = g5[(Aw + o(LIH))ui(d, H) — a(H|L)ui(d, L)]
U2 (d, L, )\, Oé) = )\Q’U,Q (d, L)

’l)g(d, H, )\701) = )\2U2(d7 H)

(%] (d, L, )\, Oé) = )\3U3 (d7 L)

Ug(d, H,)\,Oé) = /\3U3(d, H)

and, for each t € {L,H}, v(t,\, «) is the TU-game whose value is zero for each
coalition different from {1,2} and {1,2,3}. When S equals {1,2} or {1,2,3}, then!

v(S,t, N, ) = 52%}; Zvi(d,t, A ).
€S

Condition (1) amounts to a simple normalization of the vector A. On the other
hand, conditions (6) and (7) are traditional complementary slackness conditions.
Given A and «, the number v;(d, t, A, @) is the virtual utility of decision d in state ¢
for player i. It amounts to a rescaling of u;(d, t) that is then adjusted by the utility
received for d by the other types of player i. The vector « influences the virtual util-
ity for player 1 only if some incentive constraint is binding at the solution. It can be
shown that any M-solution is interim incentive efficient, that the vector A support-
ing it, is orthogonal to the set of utility profiles achievable by incentive compati-
ble mechanisms at the utility profile (ui(m(L), L), u1(m(H), H);0.2ua(m(L), L) +
0.8ug(m(H), H);0.2ug(m(L), L) + 0.8us(m(H), H)), and that the vector « corre-
sponds to a list of dual variables associated to the incentive constraints involved

!The expression is well-defined, even in the case where S = {1,2}, as the game has
orthogonal coalitions.



in this linear programming problem. The warrant equations (2)-(5) can be inter-
preted as follows. Considering that, in (A, «)-virtual utilities, types are verifiable
and utilities are transferable, the players should agree on a mechanism that gen-
erates the (A, a)-virtual utility profile (Shy(v(L,\, «)), Shy(v(H, X\, «));
0.25ha(v(L, A\, a)) + 0.8Sha(v(H, A, «));0.25hs(v(L, A\, ) + 0.8Shg(v(H, A, a))).
Following Shapley (1969)’s philosophy, the vector (A, «) specifying the relevant
virtual utility scales, is then determined endogenously in order to obtain the fea-
sibility of the corresponding (A, a)-virtually fair utility profile.

It can be shown that (15,45;39;0) (which is simply the interim evaluation
of the Shapley values of the ex-post games) is the only utility profile that can be
supported by an M-solution in our three-player game. For instance, the mechanism
(%dlg + %dzlg, %dlg + %dmg) is an M-solution for A = (0.2,0.8;1;1) and a = (0, 0)
(virtual and real utilities then coincide). It is natural to take a(L|H) = o(H|L) =
0, as the mechanism is ex-post optimal, which means that the incentive constraints
are not essential.

We observe that player 3 is considered de facto as a null player according to
the M-solution. This is due to the fact that the virtual value of coalition {1,2}
is computed while using the vector (A, «) as specified for the grand coalition.
By doing so, we act as if incentive constraints don’t matter in coalition {1,2},
although they do. Even though it is true that player 3 does not create any surplus
per se, it could look fair to give him some positive payoff, as players 1 and 2 have
to rely on him in order to weaken the incentive constraints they face when they
cooperate. As it was the case for the banker game under complete information,
the random order arrival procedure generates an interesting alternative to the M-
solution in our example. This procedure could also be considered as being the
natural generalization of the random dictatorship approach proposed by Myerson
(1984a) to games involving more than two players. We formalize explicitely the
procedure via a Bayesian game in extensive form, in order to take asymmetric
information correctly into account.

After player 1 has learned his type, nature chooses a specific ordering o of
the three players, according to a uniform probability distribution. Afterwards,
player o(3) proposes a mechanism m for the grand coalition. Player o(2) then
chooses wether to accept player o(3)’s proposal. If he accepts, then player o(1)
chooses wether to accept m. If both players accepted m, then it is implemented. If
player o(2) rejects m, then he proposes a mechanism m’ for coalition {o(1),0(2)}
and player o(3) is left alone, having to choose d3. Player o(1) chooses wether to
accept player o(2)’s proposal. If he accepts, then m’ is implemented. Whenever
player o(1) rejects some proposition, there is no cooperation, and the outcome is
[d1,da,ds).

In the following table, we record the six possible enumeration of the three



players, and we indicate the unique utility profile that is supported by some weak
perfect Bayesian equilibrium in the corresponding subgame.

MW (o)
)| (0,0;72;6)
) | (0,0;78;0)
) | (30,90;0;0)
) | (30,90;0;0)
)

)

(0,0;78;0)
(30,90; 0; 0)

In the first enumeration, player 2 proposes the mechanism ([d1,d2],d21) to
player 1. This amounts to solve a simple screening game. Given the associated
reservation utilities (0, 0; 72) for players 1 and 2, player 3 obtains an expected pay-
off of 6 in equilibrium by proposing, for instance, the mechanism (dsj2, d213).
When player 2 is the first mover, he obtains an expected payoff of 78 in equilibrium
by proposing, for instance, the mechanism (dz;3, d213), which satisfies the interim
individual rationality constraints of players 1 and 3.

When player 1 is the first mover, matters could be more complicated as we have to
solve a signalling game. Nevertheless, in our case, the mechanism ([d12, ds], [d12, d3])
is the most prefered by both types of player 1 and it satisfies the ex-post individual
rationality constraints of players 2 and 3 (it is a strong solution in the sense of
Myerson (1983)). In equilibrium, player 1 of type L (resp. H), obtains a payoff of
30 (resp. 90).

Similarly, for the enumeration (2,1, 3), player 1 and 2 “agree” on the mechanism
(di2,d12), so that there are no more surplus left for player 3 who has to distribute
the reservation utilities (30,90;0) to players 1 and 2.

The unique utility profile that can be supported by some weak perfect Bayesian
equilibrium in the previously defined game in extensive form, is the mean of the six
vectors appearing in the right column of the table, which is equal to (15, 45;38;1).
As this utility profile is interim incentive efficient, it could be considered as a fair
solution in the utility space.

Comparing this solution with the utility profile that is supported by the M-
solution, it is as if player 2 was paying 1$ to player 3 in exchange of his services.
This looks reasonable, as only player 2 needs the help of player 3 in order to extract
the cooperative surplus in both states.

Concluding Comment Under complete information, examples such as the
banker game, stimulated further research that increased our understanding of the
concept of fairness for NTU games. We consider the following related contributions



as fundamental. Aumann (1985) axiomatized the A-transfer value, Maschler and
Owen (1989-1992) proposed an attractive alternative value based on the random
order arrival procedure, and Hart and Mas-Collel (1996) studied explicit bargain-
ing procedures in order to support the consistent Shapley value of Maschler and
Owen (1992).

In this context, the present note should not be considered at all as a criticism
against Myerson (1984b)’s solution. Instead, it is aimed at stimulating further
research on the topic of values for cooperative games with incomplete information.
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