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Abstract

In numerous machine learning (ML) settings, complex data mining tasks
necessitate user interaction and cannot be completely automated. This
interaction can take place in the context of a data exploratory phase,

during which data visualization helps determining and refining the applica-
tion needs. Since most ML databases are nowadays high-dimensional (HD),
their visualization entails considering approaches from nonlinear dimension-
ality reduction (DR). This field aims at creating meaningful low-dimensional
(LD) versions of HD data. The advent of neighbor embedding (NE) tech-
niques impressively improved state-of-the-art DR performances.

Nevertheless, the data exploratory requirements in current ML applica-
tions involve generalizing modern NE algorithms in several aspects. Namely,
they should be robustly able to handle unconventional data types, such as
incomplete databases which are omnipresent in data analysis. Also, they
must be sufficiently fast to process very large data sets, being ubiquitous
presently. This thesis contributes to both of these aspects.

Regarding the ability to deal with incomplete data sets, common miss-
ing data imputation techniques are not suited to nonlinear DR, as they
at best enable applying a DR scheme on the expected database. Since
NE approaches are nonlinear, this differs from minimizing their expected
cost function. The thesis addresses this limitation by proposing a general
methodology to compute the LD embedding minimizing the cost function
expectation, thanks to the multiple imputation framework.

As to the development of fast NE schemes, multi-scale techniques are of
great interest among NE methods as they account for the global HD orga-
nization to define the LD space, delivering outstanding DR quality. Their
time complexity in the number of data samples however prevents tackling
large-scale databases. The thesis addresses this difficulty by presenting fast
multi-scale NE algorithms which account for the dense nature of the multi-
scale similarities, providing high quality embeddings of very big data sets.

The robust and fast NE algorithms designed in this thesis hence open
the path to enhanced HD data exploration in ML through visualization.
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M., & Lee, J. A. (2019). Class-aware t-SNE: cat-SNE. In ESANN
(pp. 409-414).

[CdBV+20]: Crecchi, F., de Bodt, C., Verleysen, M., Lee, J. A., & Bacciu,
D. (2020). Perplexity-free Parametric t-SNE. In ESANN.

[MdBB+17]: Mulders, D., de Bodt, C., Bjelland, J., Pentland, A. S., Ver-
leysen, M., & de Montjoye, Y.-A. (2017). Improving Individual Pre-
dictions using Social Networks Assortativity. In WSOM+ (pp. 127-
134). IEEE.



vii

[MdBV+17]: Mulders, D., de Bodt, C., Verleysen, M., Bjelland, J., Pent-
land, A. S., & de Montjoye, Y.-A. (2017). Improving Individual Pre-
dictions using Social Networks Assortativity. In Benelearn (pp. 134-
136).

[MdBL+19]: Mulders, D., de Bodt, C., Lejeune, N., Lee, J. A., Mouraux,
A., & Verleysen, M. (2019). Tensor factorization to extract patterns
in multimodal EEG data. In ESANN (pp. 601-606).

[MdBL+18b]: Mulders, D., de Bodt, C., Lejeune, N., Mouraux, A., &
Verleysen, M. (2018). Spatial filtering of EEG signals to identify pe-
riodic brain activity patterns. In LVA/ICA (pp. 524-533).

[MdBL+18a]: Mulders, D., de Bodt, C., Lejeune, N., Mouraux, A., & Ver-
leysen, M. (2018). Linear Periodic Discriminant Analysis of Multidi-
mensional Signals. In ICONIP (pp. 476-487, vol. 6).





Contents

Acknowledgments i

Abstract iii

Author’s publications v

Contents ix

1 Introduction 1
1.1 Dimensionality reduction . . . . . . . . . . . . . . . . . . . . 2
1.2 Robust and fast neighbor embedding . . . . . . . . . . . . . . 5

2 Neighbor embedding algorithms 9
2.1 Single-scale methods . . . . . . . . . . . . . . . . . . . . . . . 9
2.2 Multi-scale methods . . . . . . . . . . . . . . . . . . . . . . . 19

3 Nonlinear dimensionality reduction with missing data using
parametric multiple imputations 29
3.1 Gaussian mixture models for HD and incomplete data . . . . 32

3.1.1 Missing data management . . . . . . . . . . . . . . . . 32
3.1.2 Sweep inversion operator . . . . . . . . . . . . . . . . 34
3.1.3 High-dimensional extension . . . . . . . . . . . . . . . 35
3.1.4 EM algorithm time complexity . . . . . . . . . . . . . 36
3.1.5 Meta-parameter tuning . . . . . . . . . . . . . . . . . 36
3.1.6 EM initialization . . . . . . . . . . . . . . . . . . . . . 37
3.1.7 Conditional mixture model sampling . . . . . . . . . . 38

3.2 Multiple imputations for dimensionality reduction with miss-
ing data . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

3.3 Experimental results . . . . . . . . . . . . . . . . . . . . . . . 42
3.3.1 Quality assessment . . . . . . . . . . . . . . . . . . . . 45
3.3.2 Experimental setting . . . . . . . . . . . . . . . . . . . 46
3.3.3 Results . . . . . . . . . . . . . . . . . . . . . . . . . . 47

ix



x CONTENTS

3.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

4 Fast neighbor embedding 57
4.1 Accelerating single-scale neighbor embedding methods . . . . 59
4.2 Extensive quality assessment of Barnes-Hut t-SNE . . . . . . 64
4.3 Accelerating multi-scale neighbor embedding methods . . . . 78
4.4 Experimental results . . . . . . . . . . . . . . . . . . . . . . . 87

4.4.1 Comparison between fast and non-fast methods . . . . 88
4.4.2 Scalability analysis of the fast methods . . . . . . . . 100

4.5 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104

5 Conclusions 109

Bibliography 115

List of symbols and acronyms 131

Index 143



Chapter 1

Introduction

Machine learning (ML) consists in developing mathematical methods
learning from data, for instance to perform predictions on new
ones [Bis06]. Classification and regression, two important branches

of the field, have been widely studied during the last decades, in such a
way that many solutions currently exist to answer a broad range of data-
driven modeling tasks. On the other hand, it is more and more accepted
in the ML community that a complex data mining task cannot be fully
automated and that an exploratory phase, a “mining” step requiring the
user feedback, is necessary [Mun14]. The real quantitative needs are indeed
ill-defined in numerous applications and some compromises must be found
by interacting with the user [CCR+19]. Traditionally, the user typically
only observes the evaluation of the ML algorithm cost function, from which
it is very difficult to evaluate the adequacy of the performances and provide
a relevant feedback [Mun14]. This is why, in increasingly many contexts,
data visualization is embedded in the exploratory phase, to enable the user
to generate hypotheses and discover data relationships helping to refine
the application needs and modify some algorithm parameters based on the
visual feedback [DPATBEG19, ZJ20]. Since high-dimensional (HD) data
are now ubiquitous in ML tasks, visualizing them necessitates relying on
visualization techniques from ML-based nonlinear dimensionality reduction
(NLDR) [BMH+19, Pla13, KB19].

For this reason, Section 1.1 first summarizes some aspects of the field
of dimensionality reduction for data visualization. Then, Section 1.2 intro-
duces the developments conducted in this thesis, which aim at designing
robust and fast NLDR algorithms to ease HD data exploration in ML con-
texts through visualization.
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2 CHAPTER 1. INTRODUCTION

1.1 Dimensionality reduction
Dimensionality reduction (DR) aims at faithfully computing relevant low-
dimensional (LD) representations of high-dimensional data sets, mainly
for exploratory visualization or to foil the curse of dimensionality [LV07,
BBH12, CP97]. This curse encompasses the inherent difficulties to cope with
HD data and motivated the development of adequate approaches to extract
meaningful LD features [LZZ+18, ZNWL19]. In visualization context, the
relevance of a LD embedding is typically related to the HD neighborhood
preservation.

Figure 1.1 illustrates this concept using a toy example. Markers in
Fig. 1.1a stand for 3-D data points. One can notice that the circles are
distributed on a 2-D surface being half a cylinder, the triangles follow a
1-D manifold which is a spiral, the crosses form a small cluster, and the
single square appears to be an outlier, since it is isolated and far from other
data samples. As some noise can typically impact measurements in real
settings, small perturbations make the circles and triangles slightly deviate
from their respective 2-D and 1-D subspaces.

Applying a DR algorithm to data from Fig. 1.1a should reveal the dif-
ferent kinds of identified structures. Figure 1.1b achieves this objective, in
which the 2-D coordinates are derived by a neighbor embedding DR tech-
nique known as the Neighborhood Retrieval Visualizer (NeRV) [VPN+10].
In this 2-D embedding, the circles now delimit a piece of plane, meaning
that NeRV properly unrolled the half cylinder. A 1-D string correctly rep-
resents the HD spiral, a cluster of crosses can be observed, and the square
is depicted as an outlier.

Therefore, from Fig. 1.1a to Fig. 1.1b, dissimilar HD data items are
mapped far apart in the LD space, while similar HD data items are rep-
resented close one to another in the LD embedding. Such a behavior is
highly desired when applying a DR scheme to obtain faithful LD versions
of HD data, and drives the design of DR methods. One should stress that
the colors in Fig. 1.1 are employed only as visual cues to enable linking the
corresponding data points from Fig. 1.1a to Fig. 1.1b, and are not provided
to the DR algorithm.

In practice, users can face much larger data dimensions, preventing di-
rect data visualization [BMH+19, CCR+19]. In this case, analyzing a rep-
resentation such as Fig. 1.1a is impossible. This further motivates designing
DR algorithms providing LD embeddings of the data, to enable users to in-
tuitively grasp the content of HD data and get insights of the HD structures
through visualization [DPATBEG19, Pla13], similarly as in Fig. 1.1b.

Through the history of DR, different paradigms have emerged in order
to formalize the neighborhood preservation principle in terms of mappings
from HD to LD coordinates [LV07, BBH12], like the reproduction of dis-
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(a) 3-D data set.

(b) 2-D embedding.
Figure 1.1: (a) Artificial data set in 3-D. (b) 2-D representation of the data
set depicted in (a), obtained thanks to a modern DR method.



4 CHAPTER 1. INTRODUCTION

tances [BG05] or neighborhoods [Koh90, HR02]. Early linear models such
as principal component analysis (PCA) [Jol86, Jol02, Hot33] and classical
metric multidimensional scaling (MDS) [BG05] project the HD vectors by
maximizing the variance or dot product preservation.

These approaches being limited to linear mappings, nonlinear metric
MDS variants [Sam69] refine them by defining (weighted) distance preser-
vation schemes, based on either Euclidean or approximated geodesic mea-
sures [Ten98, TDSL00, LLDV00, LLV02, LLV04]. Other studies define affin-
ity matrices driving the computation of the LD embedding [BN02, RS00,
NLKC06, SSM97, SVGVDM03]. In the visualization context however, these
methods hardly outperform the older techniques [LV07, LV09, vdMH08],
possibly because they reduce to applying classical MDS in an unknown fea-
ture space [SSM98, HLMS04]. The norm concentration phenomenon indeed
particularly affects distance preserving schemes [FWV07], since it leads pair-
wise distances to become more and more similar as the dimension increases
[LV11].

In contrast, genuine neighbor embedding (NE) algorithms such as Stochas-
tic Neighbor Embedding (SNE) [HR02] and variants [vdMH08, VPN+10]
mitigate this phenomenon by defining neighbor probabilities, or similari-
ties, and confronting them between the HD and LD spaces to obtain the
LD coordinates [LV11, MHM18], leading to outstanding DR performances.
These achievements motivated the development of numerous SNE-based
techniques, for instance with alternative mixtures of divergences as cost
functions [VPN+10, VK07, BHBV12, LRB+13], heavy-tailed LD similari-
ties such as in t-SNE [vdMH08, YKXO09, GSH15], and improved optimiza-
tion procedures [CP10, BHV+11, vdM10, VCP12, PL13, VCP13, GMH12,
NJC04, YWO10, MH05, Vla19].

Originally, NE methods required the user to specify some perplexity
for the neighborhood probability distributions, resulting in a preservation
oriented towards neighborhoods of the corresponding size. The perplex-
ity is indeed a hyper-parameter which can be interpreted as a soft neigh-
borhood size. These methods may hence be viewed as single-scale, with
fixed resolution. More recently, multi-scale NE approaches were intro-
duced by combining neighborhood probabilities tuned at various data scales
[LPOV15, dBMVL18b], leading to meta-parameter-free techniques. Com-
pared to their single-scale counterparts, the multi-scale schemes preserve
neighborhoods of all sizes substantially better thanks to their ability to
consider both local and global structures while computing the LD embed-
ding. This enables for instance to reproduce small neighborhoods as well
as or better than t-SNE, while considerably improving the preservation of
larger ones [LPOV15].
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1.2 Robust and fast neighbor embedding
Despite all these important advances, facilitating HD data exploration in
current ML applications still requires to generalize modern DR schemes,
namely to allow the user to rely on visualization algorithms that are able
to deal with the actual challenging databases faced in practice nowadays.
This entails designing DR schemes with robustness and flexibility in
order to deliver meaningful and appropriate embeddings of non-traditional
types of data which are presently frequently encountered in ML tasks, such
as incomplete databases, and with sufficient speed to enable tackling large-
scale data sets in reasonable computation time, hence without preventing
data exploration. Therefore, the objective of this thesis is to develop robust
and fast neighbor embedding algorithms, leveraging the recent tremendous
achievements in DR to ultimately create new opportunities for more efficient
data exploratory phases. Besides robustness, flexibility and speed, one must
stress that it is also crucial for nonlinear DR techniques to deliver very
high quality embeddings, to faithfully and efficiently guide the exploratory
data analysis. In this line, the multi-scale NE setting seems particularly
attractive as a strong basis to frame the algorithms to design in this thesis.

Concerning robustness and flexibility, the Big Data era, despite its
name, not only entails very large databases, but overall diverse and un-
conventional types of data. For instance, incomplete data sets are nowa-
days more and more widely considered in machine learning [GLSGFVV09,
DV12, BE10]. While missing values occur for many different reasons de-
pending on the data type, any inference task on such incomplete database
should take the missing entries into account to avoid biased conclusions
[EDVL13, ELVB14]. Discarding the samples with missing features is most
often not acceptable as it drastically reduces the data set size as the pro-
portion of missing values increases [SEM+16]. Surprisingly, despite all the
recent advances in DR, the field had not yet designed methods directly able
to deal with incomplete data sets. As missing data related problems are now
ubiquitous in data analysis, such a DR methodology has been developed in
the context of this thesis [dBMVL19]. It first computes a high-dimensional
extension of parametric Gaussian mixture models of the feature space distri-
bution to account for the conditional distribution of the missing values given
the observed ones. It then finds the most faithful LD embedding on aver-
age to the complete data case, by minimizing the cost function expectation
thanks to the multiple imputation paradigm. Being applicable with any DR
scheme optimizing a cost function, it experimentally outperforms alternative
approaches, statistically significantly over the missing entries introduced in
the numerous considered data sets. Free and user-friendly implementations
are publicly available online at https://github.com/cdebodt, enabling
easy usage of the proposed approach.

https://github.com/cdebodt
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As to speed, neighbor embedding DR methods typically have a time
complexity which scales quadratically with the number of samples in the
data set [HR02]. Their application is therefore totally unaffordable on large
databases, which become omnipresent in data analysis [PTM+19]. Some
studies hence proposed fast schemes and lower-complexity approximations
for SNE-like methods [YPK13, VCP14]. As an example, the Barnes-Hut
(BH) acceleration of t-SNE approximates t-SNE gradient in almost linear
time [vdM14]. Although some works reported impressive computation time
gains over t-SNE [vdM14], surprisingly few studies analyzed its DR quality.
Thanks to recently developed neighborhood-based DR performance criteria
[LV09, LV10], the BH t-SNE quality has been examined during this thesis
on a large number of real-world and artificial data sets [dBMVL18a]. The
experimental results suggest that t-SNE and its BH acceleration perform
equally well. The usage of the BH variant can therefore only be favored,
thanks to its reduced time complexity.

Meanwhile, the approximation techniques as employed in BH t-SNE can
unfortunately only be applied in the single-scale neighbor embedding frame-
work. Indeed, the multi-scale HD similarities can be shown to be dense
[LPOV15], at the opposite of the sparse ones of t-SNE [vdM14]. On the
other hand, this non-sparsity is a key ingredient of multi-scale algorithms
and allows them to impressively outperform single-scale schemes in terms of
DR quality [LPOV15]. Indeed, while t-SNE delivers embeddings preserving
very well local neighborhoods around the data points [vdMH08, LRB+13],
multi-scale methods also account for the global structure of the HD space,
preserving larger neighborhoods as well [LPOV15]. Therefore, fast acceler-
ations of multi-scale methods have been developed in the frame of this the-
sis [dBMVL20] to enable their large-scale use, thanks to space-partitioning
trees and randomized sub-samplings of the HD data at different scales.
They run in nearly linear time with the number of data samples, with an
additional logarithmic factor standing from the multi-scale behavior of the
methods. Extensive experiments highlight that the proposed accelerated
algorithms are both faster than the original, non-accelerated multi-scale
schemes by orders of magnitude, and much better preserving the HD neigh-
borhoods than state-of-the-art single-scale techniques. These results are
statistically significant over the random HD data sub-samplings, leading to
LD embeddings exhibiting a high quality.

This thesis thus generally aims at laying out foundations and steps to-
wards improved HD data exploration, with the final goal of more tightly
connecting and bridging the gap between users and ML algorithms in data
analysis applications through visualization [Mun14, DPATBEG19]. For this
purpose, it introduces neighbor embedding DR algorithms that are both ro-
bust to missing values in databases, and fast enough to conveniently tackle
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large-scale data sets, while maintaining the faithfulness and adequacy of the
provided LD representations thanks to the multi-scale NE framework.

This thesis dissertation is structured as follows: first, Chapter 2 sum-
marizes some essential aspects of neighbor embedding DR methods by re-
viewing both single-scale (Section 2.1) and multi-scale (Section 2.2) NE
algorithms. Then, Chapter 3 presents the proposed methodology for man-
aging incomplete data set in nonlinear DR [dBMVL19]. Afterwards, Chap-
ter 4 considers fast accelerations of neighbor embedding approaches, by first
synthesizing some lower-complexity approximations for single-scale meth-
ods (Section 4.1), then experimentally studying their DR quality (Sec-
tion 4.2) [dBMVL18a], and thereafter introducing the proposed fast multi-
scale neighbor embedding schemes (Section 4.3) [dBMVL20]. Finally, Chap-
ter 5 discusses the DR algorithms designed in the context of this thesis, and
sketches perspectives for future works and challenges to further enhance HD
data exploration in machine learning visualization settings.





Chapter 2

Neighbor embedding
algorithms

Dimensionality reduction (DR) aims to compute LD representations
of HD data sets which best preserve their structures. This means
that the data points LD neighborhoods should reflect the HD ones.

Several paradigms tackled this problem, from the rigid distance preservation
methods to the successful neighbor embedding approaches [LV07]. Among
these, Stochastic Neighbor Embedding (SNE) first defined the concept of
probabilities of being neighbors [HR02], while more recent multi-scale tech-
niques refine these to yield impressive performances [LPOV15]. SNE and
some of its variants like t-SNE [vdMH08] are first reviewed in Section 2.1.
Their multi-scale extensions are then presented in Section 2.2.

2.1 Single-scale methods

Given a set Ξ = {ξi}
N
i=1 of N points lying in a Π -dimensional metric space

(HDS), let X = {xi}Ni=1 refer to its representation in a P-dimensional metric
space, termed as the LD space (LDS), with P ≤ Π . The distances between
the ith and jth points are denoted by δij and dij in the HDS and LDS re-
spectively. Starting from them, single-scale HD and LD similarities between
pairs of data points are defined by SNE [HR02] for each i ∈ I := {1, . . . ,N}

9



10 CHAPTER 2. NEIGHBOR EMBEDDING ALGORITHMS

and j ∈ I\{i},

σij? =
exp

(
−πi?δ2

ij/2
)∑

k∈I\{i} exp
(
−πi?δ2

ik/2
) > 0, σii? = 0, (2.1)

sij? =
exp

(
−pi?d2

ij/2
)∑

k∈I\{i} exp
(
−pi?d2

ik/2
) > 0, sii? = 0, (2.2)

with πi? > 0 and pi? > 0 denoting the precisions of the HD and LD Gaussian
functions, which are equal to the inverse of their variance. These precisions
are determined below in this section. The values of σii? and sii? are set
to zero because SNE is mainly focused on modeling pairwise similarities
[vdMH08]. Also, one can easily observe that, for each i ∈ I,∑

j∈I\{i}

σij? = 1, (2.3)

∑
j∈I\{i}

sij? = 1. (2.4)

Therefore, for each i ∈ I, the similarities gathered in σi? := {σij?, j ∈ I\{i}}
and si? := {sij?, j ∈ I\{i}} define distributions and can be considered as
probabilities.

The similarities (2.1) and (2.2) can be shown to remarkably enable
neighbor embedding algorithms to circumvent the distance concentration
phenomenon [LV11]. This phenomenon is a manifestation of the curse of
dimensionality [LV07], which refers to the difficulty to deal with counter-
intuitive and unexpected properties of HD spaces. In particular, the norm
concentration phenomenon arises from the influence of the HD space di-
mension Π on the statistical distribution of norms and distances [FWV07].
Indeed, as an example, one can consider HD vectors ξ1, ..., ξN in RΠ

which follow a Gaussian distribution with zero-mean and covariance matrix
$IΠ ∈ RΠ×Π , where IΠ denotes the identity matrix of order Π and $ > 0
is a strictly positive scalar. In such a case, for all i ∈ I, the Euclidean
norm ‖ξi‖2 /$ =

√
ξTi ξi /$ of ξi normalized by $, where ξTi denotes the

transpose of ξi, has a chi distribution with Π degrees of freedom. Therefore,
‖ξi‖

2
2
/
$2 follow a chi-square distribution with Π degrees of freedom. Its

mean is equal to Π , its a standard deviation to
√

2Π and its mode is situ-
ated at max (Π − 2, 0). For this reason, increasing the dimension Π shifts
this mode to larger values without sufficient thickening of the distribution
of squared Euclidean norms, since the ratio

√
2Π /Π between the standard

deviation and the mean tends to 0. This leads squared Euclidean norm to
concentrate [FWV07].
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Figure 2.1: Histograms of Euclidean distances between pairs of points in
data sets generated using uniform (left) and Gaussian (right) distributions
for their samples. The dimensions of the vectors are set to 2 (above) and
20 (below). Figure from the authors of [LV11].

Similarly, if the HD vectors ξ1, ..., ξN in RΠ independently follow a
Gaussian distribution with mean ι ∈ RΠ and covariance matrix $IΠ , then
for all i ∈ I and j ∈ I\{i},

(
ξi − ξj

)
has a Gaussian distribution with

zero-mean and covariance matrix
√

2$IΠ . Thus,
∥∥ξi − ξj∥∥2

2

/(
2$2) follow

a chi-square distribution with Π degrees of freedom. The squared Euclidean
distances between pairs of distinct elements hence also concentrate.

Numerous other data distributions depict this concentration phenomenon
[FWV07]. It can be visually observed in Fig. 2.1, which displays empirical
distributions of pairwise distances in simulated data sets, and in Fig. 2.2,
which similarly shows the histogram of pairwise distances in a real data set.

The norm concentration difficulty is an important impediment towards
faithful dimensionality reduction and prominently limits the efficiency of
distance preserving DR schemes [LV11]. Indeed, DR algorithms involving
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Figure 2.2: Histogram of squared pairwise Euclidean distances for 103 points
from the MNIST data set of handwritten digit images [LBBH98]. The
dimension of this database is equal to 784. Figure from [LV11].
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cost functions based on squared differences between HD and LD distances
[Sam69, DH97] in fact attempt to directly match distance distributions with
distinct shapes in both spaces. The irremediable difference between these
distributions, as illustrated in Fig. 2.1, hence greatly affects the perfor-
mances of these DR methods. Therefore, as the distance concentration is
related to the dimensionality, DR techniques must be designed by account-
ing for the dimensions of the HD and LD spaces. Ideally, one should con-
sider distance transformations that cancel the concentration, independently
of the space dimension [LV11].

In this view, the similarities (2.1) elegantly exhibit a shift invariance
with respect to squared distances [LV11], as

σij? = σij?
exp

(
γ2
i

)
exp

(
γ2
i

) =
exp

(
γ2
i − πi?δ

2
ij/2

)∑
k∈I\{i} exp

(
γ2
i − πi?δ

2
ik/2

) , (2.5)

where γi is a shift value. Therefore, the similarities (2.1) are not impacted
by whether squared distances δ2

ij or shifted ones δ2
ij − 2γ2

i /πi? are consid-
ered. One must hence not estimate the shift γi value before matching the
HD and LD similarities (2.1) and (2.2). This enables to conveniently em-
ploy neighbor embedding schemes regardless of the HD dimension Π , while
alleviating the norm concentration phenomenon [LV11, MHM18].

To determine the HD precision in (2.1), a binary search, also termed as
a bisection method, on πi? sets it to obtain a user-provided perplexity K? ∈
]1,N − 1[, which can be interpreted as a soft neighborhood size [LRB+13],
for the distribution σi?,

πi? s.t. log K? =
∑

j∈I\{i}

σij? log 1
σij?

=: ei? (πi?) ∈ ]0, log (N − 1)[ . (2.6)

The star index in K? is for consistency with Section 2.2. In practice, only a
finite maximum number of iterations is tolerated during the binary search,
to avoid infinite loops when it is impossible to tune πi? in order to obtain a
perplexity K? for σi?, for instance when the HD distances in {δij , j ∈ I\{i}}
are all equal. However, it can be noticed that in such a case, σij? = 1

N−1 for
all j ∈ I\{i}, independently of the value of the precision πi?, as expected
since all the HD data points in

{
ξj , j ∈ I\{i}

}
are equally similar to ξi

according to the HD distances.
On the other hand, the LD precisions pi? are fixed to 1. Actually, one

can notice that if the LD distances are Euclidean and if the LD precisions pi?
are set to the same value p? > 0 for all i ∈ I, then the actual value of p? has
no importance. Indeed in this case, as d2

ij = xTi xj with xTi referring to the
transpose of xi, the LD precisions in (2.2) only multiply all LD coordinates
by a common factor √p?, which similarly rescales all LD features. As the
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visual inspection of a LD space is insensitive to such LD zoom, the value
of p? does not matter. Furthermore, it can be noted that LD distances are
typically Euclidean in visualization setting. It indeed corresponds to the
natural distance for the visual analysis of a LD embedding.

It is noteworthy that the right-hand side of (2.6) is the “entropy” of the
HD similarities in {σij?, j ∈ I\{i}}, denoted by ei? for convenience. It is a
function of the HD precision πi?. One can show that if πi? > 0 and if the HD
distances in {δij , j ∈ I\{i}} are not all equal, then ei? is a monotonically
decreasing function of πi?, equal to log (N − 1) for πi? → 0 and to 0 for
πi? → +∞ [VCP13]. Thanks to the chain rule, the derivative of ei? with
respect to πi? can indeed be computed as

dei?
dπi?

(πi?) = −1
2
∑

j∈I\{i}

(1 + log σij?)σij?

−δ2
ij +

∑
k∈I\{i}

δ2
ikσik?

 (2.7)

= 1
2
∑

j∈I\{i}

log (σij?)σij?

δ2
ij −

∑
k∈I\{i}

δ2
ikσik?

 (2.8)

= −πi?4

 ∑
j∈I\{i}

δ4
ijσij? −

 ∑
j∈I\{i}

δ2
ijσij?

2
 (2.9)

= −πi?4
∑

j∈I\{i}

σij?

δ2
ij −

∑
k∈I\{i}

δ2
ikσik?

2

. (2.10)

Therefore, as σij? > 0 and πi? > 0, dei?
dπi? (πi?) < 0 if the HD distances in

{δij , j ∈ I\{i}} are not all equal, and dei?
dπi? (πi?) = 0 if these distances are

all equal. Thus, if the distances in {δij , j ∈ I\{i}} are not all equal, ei?
is monotonically decreasing with πi?. For this reason, the larger K?, the
smaller πi?, according to (2.6). Thanks to these observations, some studies
tackle the root-finding problem (2.6) by replacing or combining the binary
search with improved, derivative-based algorithms such as Newton’s method
[VCP13, LRB+13].

The soft Gaussian neighborhood size in (2.1) is quantified by the per-
plexity, meaning that (2.1) and (2.2) can be interpreted as probabilities for
ξj and xj to be neighbors of ξi and xi, respectively in the HD and LD
spaces [HR02]. To compute X, the sum over i ∈ I of the Kullback-Leibler
(KL) divergences between the distributions σi? and si?,

C ? =
∑

i∈I,j∈I\{i}

σij? log
(
σij?
sij?

)
, (2.11)
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HD space LD space

K

ξi
ξj

σij

xi

xj

sij
Minimize

divergence

Figure 2.3: Illustration of the main principles of the SNE algorithm.

is minimized by SNE through gradient-based optimization algorithms [HR02].
The gradient of (2.11) with respect to the LD coordinates can be expressed
as

∂C ?

∂xv
=

∑
i∈I\{v}

(pv? (σvi? − svi?) + pi? (σiv? − siv?)) (xv − xi) , (2.12)

assuming that the LD distances are Euclidean. Since these LD distances
are natural in visualization contexts, the gradients of NE cost functions are
all computed using Euclidean LD distances in this thesis dissertation. In
particular, these gradients are developed hereunder to ease the comparison
between NE algorithms at the end of this section. Figure 2.3 illustrates the
application of SNE to compute a LD representation of a HD data set.

Besides symmetrizing SNE HD similarities, t-SNE employs a Student
t-distribution with one degree of freedom in the LDS, circumventing the
crowding problem [vdMH08], which refers to the difficulty to reproduce
data similarities from large HD volumes to exponentially smaller LD ones:
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for i ∈ I, j ∈ I\{i},

τ ij? = σij? + σji?
2N , τ ii? = 0, (2.13)

tij =
(
1 + d2

ij

)−1∑
k∈I,l∈I\{k}

(
1 + d2

kl

)−1 , tii = 0. (2.14)

The t-SNE cost function remains as in SNE,

C t? =
∑

i∈I,j∈I\{i}

τ ij? log
(
τ ij?
tij

)
. (2.15)

Its gradient with respect to the LD coordinates develops as

∂C t?

∂xv
= 4

∑
i∈I\{v}

(τvi? − tvi) (xv − xi)
(
1 + d2

vi

)−1
. (2.16)

Other variants of SNE were defined by modifying its cost function using
mixtures of divergences [BHBV12], such as the Neighborhood Retrieval Vi-
sualizer (NeRV) [VPN+10] and Jensen–Shannon embedding (JSE) [LRB+13].

On the one hand, NeRV is based on the same HD similarities as SNE,
but slightly different LD ones [VPN+10]: for all i ∈ I, j ∈ I\{i},

σn
ij? = σij?, σ

n
ii? = sn

ii? = 0, (2.17)

sn
ij? =

exp
(
−πi?d2

ij/2
)∑

k∈I\{i} exp
(
−πi?d2

ik/2
) . (2.18)

The LD precisions are hence set to the HD ones. Moreover, NeRV minimizes
a mixture of KL divergences,

C n? =
∑

i∈I,j∈I\{i}

(1− κn)σn
ij? log

(
σn
ij?

sn
ij?

)
+ κnsn

ij? log
(

sn
ij?

σn
ij?

)
, (2.19)

where κn ∈ [0, 1] is a meta-parameter trading off the different terms in the
divergences. This blending of two dual KL divergences is termed as a type 1
mixture [CA10]. Mixing dual objective functions is indeed a reminiscent idea
already investigated by some DR techniques aiming to directly reproduce
pairwise distances [VK05]. The gradient of (2.19) with respect to the LD
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points can be computed as

∂C n?

∂xv
=

∑
i∈I\{v}

(xv − xi)

πv? (1− κn) (σn
vi? − sn

vi?)

 ∑
j∈I\{i}

sn
ij? log

(
sn
ij?

σn
ij?

)
+ πv?κnsn

vi? log
(
σn
vi?

sn
vi?

)

+ πv?κnsn
vi?

 ∑
j∈I\{v}

sn
vj? log

(
sn
vj?

σn
vj?

)+

πi?

[
(1− κn) (σn

iv? − sn
iv?) + κnsn

iv? log
(
σn
iv?

sn
iv?

)]

+πi?κnsn
iv?

 ∑
j∈I\{i}

sn
ij? log

(
sn
ij?

σn
ij?

) . (2.20)

Interestingly, NeRV can be interpreted as an algorithm producing an
optimal LD embedding with respect to an information retrieval task given
the LD visualization [VPN+10]. This task aims at finding similar HD data
items based on the proximity relationships observed on the LD display. The
KL divergences involved in (2.19) can respectively be related to smooth
measures of recall and precision of the retrieved LD neighborhoods around
the data points in the context of this information retrieval task [VPN+10].
The cost function (2.19) balances these two performance measures, and the
meta-parameter κn enables the user to specify the relative cost of missing
similarity relationships in the LD embedding versus depicting dissimilar HD
points close one to another in the LD space.

On the other hand, JSE relies on the HD and LD similarities of SNE,
but finds the LD coordinates by minimizing another sum of KL divergences,

C j? =
∑

i∈I,j∈I\{i}

1
1− κj

σij? log
(
σij?
zij?

)
+ 1
κj

sij? log
(

sij?
zij?

)
, (2.21)

where zij? = κjσij? + (1− κj) sij?, with κj ∈ ]0, 1[ being again a meta-
parameter weighting both terms in the divergence. The combination (2.21)
of KL divergences is termed as the type 2 symmetric KL divergence [CA10],
or the symmetric generalized Jensen-Shannon divergence [BR82, Lin91].
The gradient of (2.21) with respect to the LD points in X can be expressed
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as

∂C j?

∂xv
=

∑
i∈I\{v}

(xv − xi)

pv?svi?
κj

log
(

zvi?
svi?

)
−

∑
j∈I\{v}

svj? log
(

zvj?
svj?

)
+pi?siv?

κj

log
(

ziv?
siv?

)
−

∑
j∈I\{i}

sij? log
(

zij?
sij?

) . (2.22)

It is noteworthy that the gradient of (2.21) involves a modulation fac-
tor, equal to svi? and siv? in the terms of (2.22), which decreases as the
LD distances grow [LRB+13]. Such a factor is deemed to be desirable in
nonlinear DR methods. It indeed enables DR algorithms to tear HD man-
ifolds in LD spaces, as previously observed in the context of DR schemes
from the distance preservation paradigm [LLV04, VK06]. This property ex-
plains the superiority of Demartines’ curvilinear component analysis [DH97]
with respect to Sammon’s nonlinear mapping [Sam69]. It also justifies why
t-SNE [vdMH08] typically outperforms SNE [HR02] in practice, since the
gradient (2.16) contains a similar modulation factor at the opposite of the
gradient (2.12). The gradient (2.20) of the NeRV cost function (2.19) is
only partially modulated, by a factor which depends on the value of κn.
NeRV can hence be expected to exhibit a behavior between SNE and t-
SNE. Eventually, both t-SNE and JSE benefit from a full modulation in
their gradients.

Meanwhile, t-SNE relies on different neighborhood distributions in the
HD and LD spaces, namely, Gauss (2.13) versus Student (2.14). For very
high-dimensional data, the intuition of a crowding problem [vdMH08], re-
lated to the curse of dimensionality [LV07], motivates tails that are heavier
in LD than in HD. Mid-range to distant neighbors are then repelled further
away in the LD embedding, which compensates for the relative lack of vol-
ume in LD spaces compared to HD ones. This approach tends, however, to
over-emphasize clusters or to be too extreme for data with low intrinsic di-
mensionality [dBMVL18b]. Adapting the degrees of freedom of the Student
function (2.14) has been a possible workaround [Maa09].

In this view, JSE is superior to t-SNE as it is based on similarities with
the same distributions in both the HD and LD spaces, while involving a
modulation factor in the gradient of (2.21) with respect to the LD points.
This tends to elucidate why JSE is reported as delivering either competitive
or improved experimental performances compared to t-SNE, and that it is
efficiently applicable in a broader variety of cases [LRB+13].

To illustrate these concepts, one can consider a 3-D data set with N =
1000 points uniformly sampled from the surface of a sphere, as depicted in
Fig. 2.4a. Starting from this space with Π = 3 dimensions, embeddings
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with P = 2 dimensions are desired. It is noteworthy that the colors of the
data points in Fig. 2.4a are not employed by the DR methods; they only
enable linking corresponding samples on the 2-D embeddings and the 3-D
sphere in Fig. 2.4a. Figure 2.4b sketches the results of the PCA projection;
one can observe that the sphere is crushed, with two hemispheres that are
superimposed. A linear mapping of a sphere indeed necessarily leads to such
a superimposition, which highlights the limitations of linear DR schemes for
data visualization. One would instead wish to obtain a kind of planisphere
[LRB+13], revealing the local 2-D structure of this spherical shell manifold.

The embeddings provided by SNE, t-SNE, NeRV and JSE are presented
respectively in Fig. 2.5a, 2.5b, 2.6a and 2.6b, using a perplexity K? = 30,
κn = 0.5 and κj = 0.5. All algorithms are optimized following sugges-
tions from the literature, using gradient-based procedures from momen-
tum gradient descent [Jac88] for SNE [HR02] and t-SNE [vdMH08] to the
limited-memory version of Broyden–Fletcher–Goldfarb–Shanno (L-BFGS)
technique [BLNZ95] for NeRV [VPN+10] and JSE [LRB+13]. NeRV and
JSE appear to perform best, by cutting the sphere to unfold it from the 3-D
to the 2-D space. On the other hand, SNE seems to be unable to as nicely
tear the manifold, while t-SNE even artificially introduces clusters in the
embedding. This behavior results from the different similarity distributions
employed by t-SNE in the HD and LD spaces, as previously mentioned, and
exemplifies the inadequacy of t-SNE for data with low intrinsic dimensional-
ity, such as the sphere. Nevertheless, t-SNE reaches impressive performances
in practice on very HD data exhibiting clusters, as reported in the litera-
ture [vdMH08] and illustrated in Chapter 4. For this reason, it is extensively
used as a powerful data visualization technique [KB19, BCA+19].

It should be finally mentioned that, for all these SNE-based methods,
evaluating their cost functions or their gradient scales in O

(
N 2), since it

requires computing all N(N−1)
2 similarities. Such a time complexity prevents

directly tackling databases containing more than a few thousands samples.

2.2 Multi-scale methods
Small perplexities K? are typically used in SNE, inducing local transforma-
tions of the HD distances in (2.1). It thus mainly focuses on the preserva-
tion of small neighborhoods. Indeed, most HD similarities are close to zero,
which annihilates the influence of the associated LD similarities on the SNE
cost function. Relying on such local distance transformations may hence be
questioned as it neglects and prevents considering the average- and large-
scale interactions while designing the global structure of the embedding, K?

being most of the time arbitrary. The preservation of long-range neighbor-
hoods is therefore considerably affected. On the other hand, employing too
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(a) Sphere (3-D).

(b) PCA embedding (2-D).
Figure 2.4: (a) Data set consisting in 1000 points uniformly sampled from
the surface of a 3-D sphere. The colors associated with the data points are
ignored by the DR algorithms and enable identifying corresponding samples
between the 2-D embeddings of the sphere and its 3-D version. (b) 2-D
embedding of the data set displayed in (a) obtained using PCA.
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(a) SNE embedding (2-D, K? = 30).

(b) t-SNE embedding (2-D, K? = 30).
Figure 2.5: (a) 2-D embedding of the data set displayed in Fig. 2.4a obtained
using SNE, with a perplexity K? = 30. (b) 2-D embedding of the data set
displayed in Fig. 2.4a obtained using t-SNE, with a perplexity K? = 30.
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(a) NeRV embedding (2-D, K? = 30, κn = 0.5).

(b) JSE embedding (2-D, K? = 30, κj = 0.5).
Figure 2.6: (a) 2-D embedding of the data set displayed in Fig. 2.4a obtained
using NeRV, with a perplexity K? = 30 and κn = 0.5. (b) 2-D embedding
of the data set displayed in Fig. 2.4a obtained using JSE, with a perplexity
K? = 30 and κj = 0.5.
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large a perplexity leads to nearly-uniform HD similarities, impairing the
preservation of small neighborhoods.

However, combining several SNE similarities defined using increasing
perplexities enables to capture both local and global relationships and to
focus on various data scales at the same time. This reasoning leads to
the multi-scale SNE method [LPOV15]. By introducing an additional scale
index h, the single-scale similarities are now defined, for i ∈ I and j ∈ I\{i},
as

σijh =
exp

(
−πihδ2

ij/2
)∑

k∈I\{i} exp
(
−πihδ2

ik/2
) , σiih = 0, (2.23)

sijh =
exp

(
−pihd2

ij/2
)∑

k∈I\{i} exp
(
−pihd2

ik/2
) , siih = 0. (2.24)

Multi-scale similarities then average the single-scale ones as

σij = 1
H

H∑
h=1

σijh, sij = 1
H

H∑
h=1

sijh, (2.25)

where the considered number of scales is denoted by H .
In order to determine the precisions πih and pih for the neighborhoods

around each ξi and xi, one can rely on perplexity values covering the whole
data range from 1 to N , selected in a data-driven way without any user
intervention. As suggested in [LPOV15], indexed perplexities are introduced
as Kh = 2h−1K1, with a small base perplexity like K1 = 2 and 1 ≤ h ≤
H = blog2 (N/K1)e, where b·e represents the rounding operator. Precision
πih is then computed as in SNE, using perplexity Kh. The entropy of
the HD similarity distributions hence linearly increases across scales. On
the other hand, the LD precisions should be determined according to the
exponential evolution of the perplexities [LPOV15]. One possibility is pih =
ph = Kh

−2/P . Further details for the choice of Kh and ph can be found in
[LPOV15].

The cost function of multi-scale SNE remains as in SNE. Since the en-
tropy of the HD similarities does not depend on X, it develops as

C = −
∑

i∈I,j∈I\{i}

σij log sij . (2.26)

In comparison with Fig. 2.3, Fig. 2.7 depicts the computation of LD coor-
dinates for a bunch of HD data points using multi-scale SNE.

On the other hand, multi-scale t-SNE [dBMVL18b] minimizes

C t =
∑

i∈I,j∈I\{i}

τ ij log 1
tij
, with τ ij = σij + σji

2N . (2.27)
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HD space LD space
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Figure 2.7: Illustration of the main principles of the multi-scale SNE algo-
rithm. In this case, the number H of scales is fixed to 3.



2.2. MULTI-SCALE METHODS 25

Using such compound HD Gaussian neighborhoods with exponentially grow-
ing perplexities in t-SNE leads to multi-scale similarity distributions with
intermediate tails, between Gauss and Student [dBMVL18b].

Multi-scale NeRV and JSE can also be defined [LPOV15], by replacing
their single-scale similarities with multi-scale ones. Namely,

C n =
∑

i∈I,j∈I\{i}

(1− κn)σij log
(
σij
sij

)
+ κnsij log

(
sij
σij

)
(2.28)

is the cost function of multi-scale NeRV. As to multi-scale JSE, its cost
function develops as

C j =
∑

i∈I,j∈I\{i}

1
1− κj

σij log
(
σij
zij

)
+ 1
κj

sij log
(

sij
zij

)
, (2.29)

with zij = κjσij + (1− κj) sij .
The optimization of SNE-like methods turns out to be difficult [HR02,

VPN+10, CP10, VCP12], especially when small perplexities are considered
since they induce high-frequency oscillations in the cost functions [LPOV15].
Heuristics to attempt avoiding shallow local minima are usually helpful
and typically recommended [BCA+19]. They include early exaggeration
[vdMH08] and multi-scale optimization [LPOV15]. The latter starts the
minimization by first only employing the largest scale and then progressively
introduces the smaller ones, one at a time.

As there are O (log N ) scales, evaluating the multi-scale similarities,
hence the multi-scale NE cost functions and gradients, costs O

(
N 2 log N

)
,

which is then the time complexity of the multi-scale NE schemes. Whereas
single-scale algorithms succeed best in reproducing neighborhoods with sizes
close to or smaller than K? but poorly preserve larger ones, broader ranges of
neighborhoods are systematically spanned and retrieved by the parameter-
free multi-scale approaches. This behavior enables retaining both local and
global data structures in the data [LPOV15], while relieving the user from
adjusting the perplexity K?, which is the main meta-parameter in neighbor
embedding algorithms [dRBP19].

Figures 2.8a, 2.8b, 2.9a and 2.9b respectively present the 2-D embed-
dings of the data set displayed in Fig. 2.4a computed by multi-scale SNE,
multi-scale t-SNE, multi-scale NeRV and multi-scale JSE, with κn = κj =
0.5. Compared to the results of single-scale methods depicted in Fig. 2.5a,
2.5b, 2.6a and 2.6b, multi-scale similarities improve the planisphere repre-
sentation. In particular, they clearly attenuate the cluster magnification
behavior of t-SNE in Fig. 2.8b with respect to Fig. 2.5b.
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(a) Multi-scale SNE embedding (2-D).

(b) Multi-scale t-SNE embedding (2-D).
Figure 2.8: (a) 2-D embedding of the data set displayed in Fig. 2.4a ob-
tained using multi-scale SNE. (b) 2-D embedding of the data set displayed
in Fig. 2.4a obtained using multi-scale t-SNE.
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(a) Multi-scale NeRV embedding (2-D, κn = 0.5).

(b) Multi-scale JSE embedding (2-D, κj = 0.5).
Figure 2.9: (a) 2-D embedding of the data set displayed in Fig. 2.4a obtained
using multi-scale NeRV, with κn = 0.5. (b) 2-D embedding of the data set
displayed in Fig. 2.4a obtained using multi-scale JSE, with κj = 0.5.





Chapter 3

Nonlinear dimensionality
reduction with missing
data using parametric
multiple imputations

Incomplete databases become nowadays more and more frequently en-
countered in machine learning and data analysis [GLSGFVV09, DV12,
BE10, All02]. While missing values occur for many different reasons

depending on the data type, any inference task on such incomplete data set
should take the missing entries into account in order to avoid biased con-
clusions [EDVL13, ELVB14]. Discarding the samples with missing features
is most often not acceptable as it results in considerable information losses
and drastically reduces the data set size as the proportion of missing val-
ues increases [SEM+16]. Even more importantly in our context, removing
these examples would prevent the computation of their LD representations,
which greatly alters the SNE-based probabilities of the complete samples
and hence their LD positioning.

Quite surprisingly, despite all the recent advances in DR, the field has
not yet designed methods directly able to deal with incomplete data sets.
In this context, the cost functions optimized by nonlinear DR schemes can-
not be directly evaluated as they depend on the incomplete HD samples
coordinates. Although it has strong limitations for reasons detailed below,
a workaround is to consider a complete HD data set instead, resulting from
some imputation. The missing data management is hence considered as
a preprocessing step. The imputation may attempt to be consistent with

29
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the data distribution in the feature space [VBBGOR06]. As the features
of most data sets are not independent, the conditional distribution of the
missing features of the samples given their observed features should indeed
be considered in order to derive meaningful insights on the data relation-
ships. This can be accounted for by replacing the missing data with their
conditional mean given the observed values, provided that the data distri-
bution can be modeled [YME+13]. Nearest neighbor-based imputation is
another possibility [HHE03, VHK14, WM05]. In all these cases however,
the DR method would at best yield the LD embedding minimizing the cost
function evaluated using the expected HD data set. Denoting by Ξm a set
of incomplete HD data points and by X the set of their LD representations,
the LD embedding would be

arg min
X

C DR (X,E [Ξm]) , (3.1)

where C DR is the cost function of the DR algorithm, and where the expec-
tation is taken over the missing entries in Ξm. Missing values can indeed be
considered as random variables following the data distribution in the HD
space. In practice however, one is rather interested in obtaining the LD em-
bedding minimizing the cost function expectation, yielding the closest cost
function value on average to the one that would be obtained in the complete
data case:

arg min
X

E [C DR (X,Ξm)]. (3.2)

This strongly differs from (3.1) when C DR is nonlinear in Ξm as in most
recent, state-of-the-art, DR methods which are based on nonlinear trans-
formations of the HD samples, such as SNE similarities (2.1), etc. Rather
than (3.2), one could suggest to seek for

E
[
arg min

X
C DR (X,Ξm)

]
. (3.3)

This would however merge LD embeddings specifically designed for differ-
ent complete HD data sets. As X is subject to rotations, translations and
scaling factors, the obtained LD embedding would not reflect any kind of
expected relationship in Ξm. More interestingly, one could create an im-
puted HD data set for each mode of the conditional distribution of the
missing values given the observed data and compute their corresponding
LD embeddings. Their number would nevertheless rapidly increase with
the proportion of missing values. This would result in a huge amount of DR
results to analyze and compare for the user, which greatly complicates its
exploratory task. This chapter hence focuses on recovering a single relevant
LD embedding.

Solving (3.2) requires reliably approximating the cost function expecta-
tion on the incomplete database. Whereas considering a single imputed data



31

set would yield a biased estimate for nonlinear cost functions, a consistent
approximation can be obtained under the multiple imputation paradigm
[Rub04, LR14], as long as the conditional distribution of the missing features
given the observed ones can be modeled [End10]. Gaussian mixture models
are particularly attractive for this purpose, as they can approximate arbi-
trarily well almost any continuous density [Bis06, TSM85]. Their parame-
ters are usually derived through maximum likelihood estimation [DLR77],
which can be easily adapted when facing missing values [GJ95, HJ03]. The
fitting of Gaussian mixtures being notoriously difficult in very HD spaces,
efficient HD extensions exist [BGS07], considerably reducing their number
of parameters. Further improvements [LLH06, DCB12] also allow for the
application of these models in several fields [SWR10, BMK05, MCG98].
In particular, they are successfully used for distance estimation in numeri-
cal data sets with missing values [EDVL13, ELVB14] and adapted extreme
learning machines on incomplete data sets [YME+13, SEM+16].

This chapter proposes to process missing data in DR under the multiple
imputation paradigm [dBMVL19]. In particular, a high-dimensional exten-
sion of Gaussian mixture models is first fitted on the incomplete database.
Several imputed versions of the data set are then created by sampling the
conditional distribution of the missing features of the samples given their
observed features. Averaging the nonlinear DR cost function evaluations
on each complete data set finally approximates its expectation on the in-
complete database, enabling to optimize (3.2). This provides a meaningful
LD representation of each data point, no matter whether it contains missing
values or not. Although this chapter considers multi-scale SNE [LPOV15],
the proposed methodology is directly applicable with any other neighbor
embedding DR method, and more generally with any DR scheme optimiz-
ing some cost function. Free implementations of the presented approach are
publicly available online at https://github.com/cdebodt, enabling easy
usage of the methodology.

This chapter is structured as follows: Section 3.1 reviews Gaussian mix-
ture models and describes their missing data extension as well as a HD vari-
ant. This section is strongly inspired from [EDVL13, ELVB14, YME+13,
SEM+16]. The complete multiple imputation methodology for nonlinear
DR with missing data is derived in Section 3.2. Its application using multi-
scale SNE and other neighbor embedding DR schemes is detailed. Sec-
tion 3.3 is dedicated to experimental results comparing different methods
dealing with missing data on several data sets in which missing values are
introduced. Some conclusions are finally drawn in Section 3.4.

https://github.com/cdebodt
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3.1 Gaussian mixture models for HD and in-
complete data

A G-component Gaussian mixture model of a complete data set Ξ :=
{ξi}

N
i=1 with N independent examples ξi ∈ RΠ consists in G multivari-

ate Gaussians with mean vectors µ1, . . . ,µG ∈ RΠ , covariance matrices
Σ1, . . . ,ΣG ∈ RΠ×Π and positive weight coefficients w1 , . . . ,wG ∈ R sum-
ming to 1, which maximize the model log-likelihood

logL (ϑ) = log ` (Ξ |ϑ ) =
∑
i∈I

log
(∑
k∈G

wkN (ξi |µk,Σk )
)
, (3.4)

where I := {1, . . . ,N}, G := {1, . . . , G}, ϑ := {wk ,µk,Σk; k ∈ G} and where
N (ξi |µk,Σk ) denotes the evaluation of the probability density function
of the kth Gaussian over ξi [Bis06, DLR77]. A traditional Expectation-
Maximization (EM) algorithm allows maximizing (3.4). It is detailed below
for the sake of introducing relevant notations.

After initializing the mean vectors, covariance matrices and weight coef-
ficients, the E-step estimates the probabilities for each example to originate
from each Gaussian given the current value of ϑ: for each i ∈ I and k ∈ G,

ϕik = wkN (ξi |µk,Σk )∑
j∈G wjN

(
ξi
∣∣µj ,Σj

) , (3.5)

Nk =
∑
i∈I

ϕik. (3.6)

The M-step then updates ϑ given these probabilities:

µk = 1
Nk

∑
i∈I

ϕikξi, (3.7)

wk = Nk
N , (3.8)

Σk = 1
Nk

∑
i∈I

ϕik (ξi − µk) (ξi − µk)T . (3.9)

These two steps are iterated until convergence of (3.4) [ELVB14, SEM+16].

3.1.1 Missing data management
Different studies extended the Gaussian mixture model to manage missing
data [GJ95, HJ03]. Missing values refer to well-defined data entries, un-
available for an unknown reason [LR14]. These missing data entries are
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identified, meaning that one knows which coordinates of the samples are
observed and missing. Let Ξm = {ξi, Oi}

N
i=1 denote an incomplete data set

with N independent samples ξi ∈ RΠ , Oi ⊂ {1, . . . ,Π} indexing the ob-
served features of ξi. The complement of Oi is noted Mi, and ξOii ∈ R|Oi|

(resp. ξMi
i ∈ R|Mi|) denotes the values of the observed (resp. missing)

features of ξi. The set ΞO
m gathers ξOii for all i ∈ I.

As to the missing-data mechanism, this work considers “missing at ran-
dom” data [LR14]: given ΞO

m, the probability of a data entry to be missing
is independent from ξMi

i for all i ∈ I. This missing-data mechanism can be
shown to be ignorable [GJ95], meaning that maximum likelihood estimators
remain consistent when evaluated on the incomplete database [LR14]. The
stronger “missing completely at random” assumption, requiring the miss-
ingness probability of a data entry to also be independent of ΞO

m, is thus not
necessary. A Gaussian mixture model for Ξm then maximizes the observed
log-likelihood

log `
(
ΞO

m |ϑ
)

=
∑
i∈I

log
(∑
k∈G

wkN
(
ξOii |µk,Σk

))
(3.10)

over its parameters ϑ, where N
(
ξOii |µk,Σk

)
refers to the marginal of

N (ξi |µk,Σk ) over the observed features of ξi. The EM-algorithm de-
scribed above can be adapted to maximize (3.10), by further computing
the conditional expectations µ̃k,Mi|Oi ∈ R|Mi| and covariances Σ̃k,Mi|Oi ∈
R|Mi|×|Mi| of the missing features of each sample ξi given ξOii under each
Gaussian component k ∈ G during the E-step.

For all k ∈ G, µ̃k,Mi|Oi and Σ̃k,Mi|Oi are easily derived as the conditional
distribution of ξMi

i given ξOii remains a multivariate Gaussian when ξi is
considered as originating from a Gaussian component [Bis06]. The E-step
then develops, for k ∈ G and i ∈ I, as

ϕik =
wkN

(
ξOii |µk,Σk

)
∑
j∈G wjN

(
ξOii

∣∣µj ,Σj

) , (3.11)

Nk =
∑
i∈I

ϕik, (3.12)

µ̃k,Mi|Oi = µMi

k + ΣMOi
k

(
ΣOOi
k

)−1 (
ξOii − µ

Oi
k

)
, (3.13)

Σ̃k,Mi|Oi = ΣMMi

k −ΣMOi
k

(
ΣOOi
k

)−1
ΣOMi

k , (3.14)

where µMi

k and µOik denote the components of µk indexed by Mi and Oi re-
spectively and where ΣABi

k refers to the sub-matrix of Σk with rows indexed
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by Ai and columns by Bi.
Defining ξ̃ik ∈ RΠ with its components indexed by Oi and Mi equal to

ξOii and µ̃k,Mi|Oi , the M-step then computes, for k ∈ G,

µk = 1
Nk

∑
i∈I

ϕikξ̃ik, (3.15)

wk = Nk
N , (3.16)

Σk = 1
Nk

∑
i∈I

ϕik
(
ξ̃ik − µk

) (
ξ̃ik − µk

)T + Σ̃ik, (3.17)

where Σ̃ik ∈ RΠ×Π is defined as Σ̃MMi

ik = ϕikΣ̃k,Mi|Oi and zero elsewhere,
Σ̃MMi

ik denoting the sub-matrix of Σ̃ik with rows and columns indexed by
Mi.

3.1.2 Sweep inversion operator
One can note that the E-step requires inverting a different matrix for each
component and set of observed features, which may scale as O (GN ) in
HD data sets with many missing entries. Such data sets are indeed more
likely to present a different pattern of observed features for each sample.
As performing O (GN ) matrix inversions at each E-step has a significant
cost, some studies suggest to employ the sweep inversion operator [ELVB14,
LR14], which is used for the experiments in this chapter in Section 3.3. The
sweep operator definition along as its application to compute the E-step is
therefore described in this section.

Sweeping a symmetric matrix E ∈ RV×V on its row and column l ∈
{1, . . . ,V } results in a symmetric matrix Es = S{l} (E) ∈ RV×V where

(Es)ll = −1
(E)ll

, (3.18)

(Es)lj = (Es)jl =
(E)lj
(E)ll

if j 6= l, (3.19)

(Es)ij = (E)ij −
(E)il (E)lj

(E)ll
if i 6= l & j 6= l. (3.20)

Sweeping over a set of rows and columns can be performed in any order
as the sweep operator can be shown to be commutative [LR14, ELVB14].
Reverse sweeping E on l yields a symmetric matrix Er = S−1

{l} (E) ∈ RV×V

equal to Es except that

(Er)lj = (Er)jl = − (Es)lj if j 6= l. (3.21)
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Let us denote by µ̃ik ∈ RΠ a vector whose components indexed by Oi
(resp. Mi) are equal to µOik − ξ

Oi
i (resp. µMi

k ). It can be shown [LR14,
ELVB14] that, for i ∈ I and k ∈ G,

SOi
(

Σk µ̃ik
µ̃Tik 0

)
= S−1

Mi

(
−Σ−1

k Σ−1
k µ̃ik

µ̃TikΣ−1
k −µ̃TikΣ−1

k µ̃ik

)
(3.22)

contains Σ̃k,Mi|Oi in its rows and columns indexed by Mi, µ̃k,Mi|Oi in its
last column at the rows indexed by Mi and(

ξOii − µ
Oi
k

)T (
ΣOOi
k

)−1 (
µOik − ξ

Oi
i

)
(3.23)

in its bottom-right entry, useful to evaluate ϕik. Since Σ−1
k = QkΛ̄

−1
k QT

k

as developed in Section 3.1.3, which may be evaluated only once for all
i ∈ I, the right-hand side of (3.22) is faster to compute when |Oi| > |Mi|
[ELVB14].

3.1.3 High-dimensional extension
As the covariance matrices dimension is Π×Π , the number of parameters of
Gaussian mixture models scales in O

(
GΠ 2). This makes the fitting of such

models difficult in HD spaces, requiring much more samples than available.
However adopting low-dimensional representations of each Gaussian func-
tion circumvents this problem, leading to the family of high-dimensional
data clustering (HDDC) methods [BGS07]. The latter constrains the struc-
ture of the covariance matrices computed in the M-step to reduce the num-
ber of model parameters.

This work considers the most general HDDC model. For each component
k ∈ G, the eigenvalue decomposition (EVD) of Σk is first computed after
each M-step:

Σk = QkΛkQT
k , (3.24)

where the eigenvalues are sorted in decreasing order on the diagonal of Λk.
A new Π ×Π diagonal matrix Λ̄k is then defined as, for j ∈ {1, . . . ,Π},

(
Λ̄k

)
jj

=
{

(Λk)jj if j ≤ dk,
1

Π−dk
∑Π
l=dk+1 (Λk)ll otherwise, (3.25)

for some dk ∈ {1, . . . ,Π}. Note that tr (Λk) = tr
(
Λ̄k

)
, with tr (A) denoting

the trace of the matrix A. Covariance matrix Σk defined in (3.17) is finally
replaced with

Σ̄k = QkΛ̄kQT
k , (3.26)

with tr (Σk) = tr
(
Σ̄k

)
.
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Since the variance along an eigenvector is equal to its associated eigen-
value, the variance in the subspace spanned by the eigenvectors of the Π−dk
last eigenvalues of Σk is modeled using a single parameter [BGS07]. Hyper-
parameter dk is determined with the scree test [Cat66]: dk is set to the
smallest integer between 1 and Π such that the subsequent successive eigen-
values differences are smaller than a threshold ηk ≥ 0, for which a heuristic
derivation is detailed in Section 3.1.5. The eigenvalues are hence replaced
with their mean as soon as they become similar to each other. This ensures
that Λ̄k remains close to Λk, suggesting that the HDDC approximation
is reasonable. This motivates the use of the scree test for HDDC models
[BGS07].

3.1.4 EM algorithm time complexity
A single EM iteration includes the computation of the E- and M-steps,
as well as the application of the HDDC method. The latter entails the
derivation of the EVD of the covariance matrices, from which their inverses
are deduced. This scales in O

(
GΠ 3) time.

About the M-step, updating the covariance matrices costs O
(
GN Π 2).

As to the E-step, evaluating ϕik for a complete sample scales in O
(
Π 2).

When ξi contains missing values, the sweep inversion operator comput-
ing (3.22) costs

O
(
Π 2 min (|Oi|, |Mi|)

)
, (3.27)

which allows obtaining ϕik, µ̃k,Mi|Oi and Σ̃k,Mi|Oi in

O
(
|Oi|2|Mi|+ |Oi||Mi|2 + |Mi|2

)
(3.28)

time. As |Oi| = Π − |Mi|, performing the E-step for all samples and Gaus-
sians hence scales in

O

(
GΠ

∑
i∈I

Π max (1, |Mi|) + |Mi|2
)
. (3.29)

The time complexity of an EM iteration then expresses as

TMG := O
(
GΠ

(
Π 2 + N Π + Π

(∑
i∈I
|Mi|

)
+
∑
i∈I
|Mi|2

))
. (3.30)

3.1.5 Meta-parameter tuning
Thresholds ηk as well as the number G of components are hyper-parameters
which can be determined using the Bayesian Information Criterion (BIC)
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[SEM+16]. If the number Pϑ of parameters of the model characterized by
ϑ is smaller than N , the BIC can be expressed as [S+78]

−2logL (ϑ) + Pϑ log N . (3.31)

Otherwise, it is not defined. The numbers Pϑ of parameters of the HDDC
models are expressed in [BGS07] as a function of Π , G and dk for all k ∈ G.

The BIC is preferred to Akaike’s Information Criterion (AIC) [Aka74]
as the latter typically selects too complex models [HT89]. As mentioned in
previous studies [ELVB14, SEM+16], it is crucial to avoid considering overly
complex models, as Pϑ grows quickly with G and may rapidly become larger
than N when dealing with HD data [ELVB14]. This would yield Gaussian
mixture models particularly subject to overfitting of the observed data,
affecting the quality of the multiple imputations. This motivates employing
the BIC criterion [SEM+16], which has moreover been shown to be efficient
in the context of HDDC models [BGS07].

A simple heuristic then allows determining G [SEM+16]: first fit two
models with one and two components, then with three if the BIC decreases
from G = 1 to G = 2, and so on as long as the BIC decreases. However,
for each considered value of G, the thresholds ηk should still be determined.
Adopting a similar strategy as for G, ηk is defined as a decreasing fraction of
the covariance trace in this chapter: ηk = ζ ·tr (Σk), where ζ is first set to 0.5
and then repeatedly divided by 2 until the BIC stops decreasing. Note that
ζ is common to all Gaussian components and that when it becomes small,
dk will tend towards Π . HDDC applied to low- or average-dimensional data
is hence able to consider full covariances, when N is large enough.

3.1.6 EM initialization
The application of the EM algorithm entails the initialization of the Gaus-
sian means, covariances and weights. This work considers uniform weights
wk at the beginning of the algorithm, while the means µk are randomly se-
lected among the complete samples. If there are less than G such samples,
some incomplete ones are drawn and sample mean imputation is used to
fill their missing features [ELVB14]. The covariances Σk are all initialized
to the sample covariance of the complete examples (complete-case analysis)
when there are more than Π + 1 complete samples, and to a diagonal ma-
trix with the sample variance of the features otherwise [ELVB14]. This en-
sures the positive definiteness of Σk, which is not the case when computing
the covariances separately for all pairs of features using the available ex-
amples [EDVL13] (available-case analysis). Other initialization procedures
for the Gaussian means, covariances and weights could also be employed
[BB16], possibly leading to improved stationary points of the observed log-
likelihood (3.10).
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The EM algorithm being sensitive to the parameter initialization, several
runs should be conducted with different initializations to explore several
local maxima. In this chapter, for each considered values of G and ζ, the
algorithm is run 10 times with distinct initializations and the one yielding
the smallest BIC is kept. Each run of the algorithm stops as soon as one of
the following conditions is met: (i) the log-likelihood difference between two
EM iterations is smaller than 10−5, (ii) 400 iterations have been performed,
or (iii) one of the covariance matrices has only close-to zero eigenvalues.

3.1.7 Conditional mixture model sampling
Multiple imputation schemes require to sample the conditional distribu-
tion of the missing features of each example ξi given its observed features.
As the data set is modeled using a Gaussian mixture model, this con-
ditional distribution also follows a Gaussian mixture with G components
and with means µ̃k,Mi|Oi , covariances Σ̃k,Mi|Oi and weights ϕik [SEM+16].
The conditional mean imputation of ξMi

i then consists in replacing it with∑
k∈G ϕikµ̃k,Mi|Oi .
On the other hand, a random sample from the conditional distribution

can be obtained by first drawing a component index k from G with a ϕik
probability, then sampling a vector yik from a |Mi|-dimensional Gaussian
distribution, with zero mean and identity covariance, and finally computing
µ̃k,Mi|Oi +Cikyik, where Cik is the Cholesky factor of Σ̃k,Mi|Oi [SEM+16].

3.2 Multiple imputations for dimensionality
reduction with missing data

Given an incomplete data set Ξm with N independent examples, neighbor
embedding algorithms cannot be directly applied as the examples ξi ∈ RΠ

contain unobserved features. However, following (3.2), the expectation, over
the missing values, of their cost function may be minimized. Indeed, in the
case of multi-scale SNE, the expectation of (2.26) can be expressed as

E [C ] = −
∑

i∈I,j∈I\{i}

E [σij ] log sij . (3.32)

Only the expected HD similarities must hence be evaluated in order to
apply multi-scale SNE. This can be performed by modeling the Ξm dis-
tribution in RΠ through a Gaussian mixture model. One can then sam-
ple Ψ times the conditional distribution of the missing features of each
sample ξi given its observed features. This creates Ψ complete data sets
Ξ1, . . . ,ΞΨ. Their multi-scale HD similarities

[
σ1
ij

]N
i,j=1 , . . . ,

[
σΨ
ij

]N
i,j=1 may
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hence be computed, allowing to approximate the expectation of the multi-
scale HD similarities of Ξm:

E [σij ] ≈
1
Ψ

Ψ∑
l=1

σlij . (3.33)

This approach follows the multiple imputation paradigm for dealing with
missing data [LR14, Rub04, End10, SEM+16]. Notice that computing the
multi-scale HD similarities of the complete data set resulting from the im-
putation of the missing values of each example with their conditional means
given the observed features does not approximate the expectation of the
multi-scale HD similarities of Ξm, as they are non-linear in the HD coordi-
nates. It would yield the LDS of (3.1) instead of (3.2).

The procedure for applying multi-scale SNE to a data set Ξm with miss-
ing values is illustrated in Fig. 3.1, in comparison with the typical workflow
of a single imputation method. It can be summarized as follows:

1. Fit a Gaussian mixture model on Ξm, as detailed in Section 3.1;

2. Use this model to extract Ψ random samples of the conditional distri-
bution of the missing features of each example ξi given its observed
ones, in order to create Ψ complete data sets Ξ1, . . . ,ΞΨ;

3. Compute their multi-scale HD similarities and the expected multi-
scale HD similarities of Ξm using (3.33);

4. Use the approximation to minimize the expected multi-scale SNE cost
function (3.32) over the LD coordinates.

The expected multi-scale SNE gradient can be evaluated in the same way
as the cost function, by employing (3.33).

Computing the multi-scale HD similarities of the Ψ imputed data sets
scales in O

(
ΨN 2 log N

)
time. Their average enables to tune the LD co-

ordinates thanks to gradient-based optimization algorithm, each gradient
evaluation costing O

(
N 2 log N

)
. The total time complexity of the proce-

dure then scales in O
(
TMG + ΨN 2 log N

)
, where TMG is defined in Sec-

tion 3.1.4. The number Ψ of random samplings is set to 100 during the
experiments of this chapter, but the results are stable across variations over
this meta-parameter.

It should be stressed that, even though this work focuses on the use
of multi-scale SNE [LPOV15], the proposed methodology can be directly
applied using any other neighbor embedding method, by approximating ap-
propriate expectations. More generally, any DR scheme optimizing some
criterion can be employed, as the cost function expectation, as well as its
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Π

N
Ξm =

MI
Ξ1 =

Ξ2 =

...

ΞΨ =

HD
sim.

[
σ1

ij

]N

i,j=1

[
σ2

ij

]N

i,j=1

[
σΨ

ij

]N

i,j=1

Expected HD
sim.

[
σ̂ij = 1

Ψ

∑Ψ
l=1 σl

ij

]N

i,j=1

DR
X =

P

(a)
Π

N
Ξm =

SI

Ξ̂ =

HD

sim. [σ̂ij]
N
i,j=1

DR

X =

P

(b)

Figure 3.1: (a) Procedure to reduce the dimension of an incomplete data set
using multi-scale SNE under the multiple imputation (MI) paradigm. The
depicted data sets have one row per sample and one column per feature.
Black entries indicate missing values. (b) Illustration of a method managing
missing data during a preprocessing step, hence imputing the incomplete
data set only once. In this view, the multiple imputation paradigm more
faithfully estimates the expected multi-scale HD similarities. SI stands for
single imputation, while “sim.” abbreviates “similarities”.
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gradient, can always be estimated under the multiple imputation framework
after fitting a Gaussian mixture model on the incomplete data set. The rest
of this section details the application of the methodology with the SNE,
t-SNE, Jensen-Shannon embedding (JSE) and Neighborhood Retrieval Vi-
sualizer (NeRV) methods.

SNE can be used in the same way as multi-scale SNE, by estimating the
expectations E [σij?] for all i ∈ I and j ∈ I\{i} instead of E [σij ] and by
minimizing, over the LD positions, the expected SNE cost function

E [C ?] ∝ −
∑

i∈I,j∈I\{i}

E [σij?] log sij?, (3.34)

the entropy of the HD similarities being constant with respect to X. Con-
cerning t-SNE [vdMH08], the expectation of its cost function,

E [C t?] ∝ −
∑

i∈I,j∈I\{i}

E [τ ij?] log tij , (3.35)

can be minimized by estimating the HD similarities expectation as previ-
ously. Indeed, one can observe that

E [τ ij?] = E [σij?] + E [σji?]
2N . (3.36)

As to JSE [LRB+13], the expectation of its cost function is proportional to

E [C j?] ∝
∑

i∈I,j∈I\{i}

−1
1− κj

E [σij? log (zij?)] + 1
κj

sij? log (sij?)

− 1
κj

sij?E [log (zij?)]. (3.37)

Given some current LD coordinates, the HD similarities[
σlij?; l = 1, . . . ,Ψ

]N
i,j=1 (3.38)

of the Ψ complete data sets resulting from the multiple imputations and
defining z lij? = κjσ

l
ij? + (1− κj) sij?, the expected JSE cost function is

estimated using

E [σij? log zij?] ≈
1
Ψ

Ψ∑
l=1

σlij? log z lij?, (3.39)

E [log zij?] ≈
1
Ψ

Ψ∑
l=1

log z lij?. (3.40)
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The expected JSE gradient can be similarly approximated.
Finally, the expectation of the NeRV cost function (2.19) is proportional

to

E [C n?] ∝
∑

i∈I,j∈I\{i}

(κn − 1)E
[
σn
ij? log

(
sn
ij?

)]
+κnE

[
sn
ij? log

(
sn
ij?

σn
ij?

)]
, (3.41)

the LD similarities remaining inside the expectations as their precisions
depend on the HD ones. Given some LD positions, the expected NeRV
cost function can hence be approximated by estimating the expectations
in (3.41) using the HD similarities of the Ψ imputed data sets, as for JSE.
The NeRV gradient can be evaluated likewise. The multi-scale versions of
t-SNE, NeRV and JSE [LPOV15, dBMVL18b] can also be employed in the
same way, by replacing their single-scale similarities with multi-scale ones.

3.3 Experimental results
In order to validate the proposed methodology, several methods are exper-
imentally compared on various data sets, mainly from the UCI Machine
Learning Repository [Lic13]:

• Breast Tissue (BrTis.);

• Concrete Compressive Strength (CCS) [Yeh98];

• Connectionist Bench on Vowel Recognition and Deterding Data (ConV.);

• Concrete Slump Test (ConcSl.) [Yeh07];

• A random subset of Optical Recognition of Handwritten Digits (Dig-
its) with 50 samples per digit;

• Energy efficiency (EE) [TX12];

• Ecoli;

• Forest Fires (FFir.) [CM07];

• Fertility (Fert.) [GGDJ+12];

• Glass Identification (GlId.);

• Indian Liver Patient (ILP);
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• Ionosphere (Iono.);

• Iris;

• Istanbul Stock Exchange (IstSt.) [ABB14];

• Leaf [SMdS13];

• Parkinsons (Park.) [LMR+07];

• Planning Relax (PlRel.) [Bha12];

• Seeds;

• Servo;

• User Knowledge Modeling (UsKn.) [KSC13];

• Wholesale customers (WholC.) [Abr11];

• Wine;

• Yacht Hydrodynamics (YaHyd.);

• A 3-D artificial data set (Sphere) with 1500 dots randomly distributed
on a unit-radius sphere.

Fig. 3.6 and 3.7 indicate the number of samples N and dimension Π of each
database.

The data sets being all complete, missing values are randomly and inde-
pendently introduced during the experiments, corresponding to some fixed
proportion of the whole data set, while ensuring that each example and
feature contain at least one observed value. The completeness of the data
sets enables to quantify the quality of the methods after discarding some
data according to different criteria described in Section 3.3.1. The compared
methods are:

• Multiple imputations using a mixture of multivariate Gaussians, ab-
breviated as MIMG, which is the suggested methodology;

• Conditional mean imputation using a mixture of multivariate Gaus-
sians (IMG), which fits a Gaussian mixture model on the incomplete
data set and then impute its missing values by their conditional mean
given the observed features of their examples in order to apply multi-
scale SNE on the resulting data set;
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• Multiple imputations using a single multivariate Gaussian (MIG) and
conditional mean imputation using a single multivariate Gaussian
(IG), which are equivalent to MIMG and IMG except that they use
only one Gaussian to model the data set;

• Mean imputation (IMe), which first computes the mean of each feature
across its observed values in the data, then fills the missing data using
the estimated means of their corresponding features and finally applies
multi-scale SNE on the imputed data set;

• Incomplete-case k-nearest neighbor imputation (INN) [VHK14], which
imputes each missing feature j ∈Mi of every sample ξi by the mean of
the jth feature of its k nearest neighbors in Ξm in order to afterward
apply multi-scale SNE on the resulting data set. A data sample ξl is
eligible as a nearest neighbor if and only if Oi ⊂ Ol and j ∈ Ol. The
distances between ξi and its eligible nearest neighbors are evaluated
by only considering the features indexed in Oi. When the set of eli-
gible nearest neighbors is empty, the imputation relies on the sample
mean of the jth feature. INN improves the complete-case k-nearest
neighbor imputation [HHE03] as the latter only considers the complete
instances (i.e. Ol = {1, . . . ,Π}) as eligible nearest neighbors, which
greatly limits their number especially when dealing with large propor-
tions of missing values. The experiments in this chapter consider up
to 5 nearest neighbors, as suggested by [VHK14, ELVB14].

Comparing MIMG to IMG highlights the difference between optimizing the
expected cost function and reducing the dimension of the expected HD data
set. IG and MIG provide insights on the importance of the data set distri-
bution modeling when confronted to IMG and MIMG. IMe ignores both the
feature relationships and the evaluation of the multi-scale SNE cost func-
tion expectation, and may thus be considered as the baseline method. In
the same spirit as IG and IMG, INN aims to model the data distribution
but only considers a single imputed data set. It should be noted that, when
applied on some incomplete data set, MIMG and IMG (resp. MIG and IG)
use the same Gaussian mixture model (resp. Gaussian model).

The time complexity of IMG is similar to MIMG but with Ψ = 1, while
IG and MIG behave likewise but with G = 1. On the other hand, the
simplicity of IMe enables to reach a O

(
N Π + N 2 log N

)
time complexity.

Finally, INN must first find the eligible nearest neighbors for each sam-
ple, which costs O

(
N 2Π

)
. As the imputation is then straightforward, the

method scales in O
(
N 2Π + N 2 log N

)
time.

Multi-scale SNE is used by all methods with K1 = 2 and

H = blog2 (N/K1)e. (3.42)
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Two-dimensional embeddings are searched (P = 2), and the L-BFGS opti-
mization algorithm [BLNZ95] is employed along with multi-scale optimiza-
tion [LPOV15]. The LD embedding is initialized using an origin-centered,
isotropic Gaussian distribution with a 10−4 standard deviation [vdMH08].
Euclidean distances are used in the HD and LD spaces.

3.3.1 Quality assessment
The studied methods are evaluated both by assessing the resulting DR
performances and by quantifying the approximation quality of the “true”
(i.e. complete-case) multi-scale HD similarities [σij ]Ni,j=1 by their estimate.
These two measures can be computed thanks to the completeness of the
data sets, in which missing values are simulated.

The approximation quality of the HD similarities is quantified by the sum
of the KL divergences between the “true” and approximated HD similarities
for each data point,

QKL =
∑

i∈I,j∈I\{i}

σij log
(
σij
σ̂ij

)
, (3.43)

where σ̂ij is the approximation of σij obtained by the considered method.
In the MIMG case, it is equal to the right-hand side of (3.33).

As to the DR quality assessment, some studies developed criteria mea-
suring the HD neighborhood preservation in the LDS [LV09, LV10]. This
principle is indeed considered as driving the DR quality [VPN+10, FC07,
CB09]. The HD and LD ranks of ξj and xj with respect to ξi and xi can
first be defined as

ρij = |{k ∈ I|δik < δij or (δik = δij and k < j)}|, (3.44)
r ij = |{k ∈ I|dik < dij or (dik = dij and k < j)}|. (3.45)

The K−ary neighborhoods of ξi and xi can then be respectively expressed
as

νKi =
{
j ∈ I|1 ≤ ρij ≤ K

}
(3.46)

and
nKi = {j ∈ I|1 ≤ r ij ≤ K} . (3.47)

They index the K nearest neighbors of ξi and xi in the HDS and LDS.
Their average normalized agreement is computed as

QNX (K) = 1
N
∑
i∈I

∣∣νKi ∩ nKi
∣∣

K
∈ [0, 1] . (3.48)
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Π
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[σ̂ij ]
N
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P

[σij ]
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[ρij]
N
i,j=1

[
νK
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]N
i=1

[rij ]
N
i,j=1

[
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QKL

QNX (K) ⇒ RNX (K) ⇒ AUC

Figure 3.2: Quality assessment employed in the experiments of this chapter.
The depicted data sets have one row per sample and one column per feature.
Black entries indicate missing values. The notation “sim.” abbreviates
“similarities”.

As E [QNX (K)] equals K
N−1 for random LD points,

RNX (K) = (N − 1) QNX (K)−K
N − 1−K (3.49)

rescales QNX (K) to enable the comparison of different neighborhood sizes
[LRB+13]. The RNX (K) curves are typically displayed with a log-scale
for K as local neighborhoods usually prevail. Evaluated in O

(
N 2 log N

)
[LV10], the area under the resulting curve

AUC =
(N−2∑
K=1

K−1

)−1

·
N−2∑
K=1

RNX (K)
K

∈ [−1, 1] (3.50)

increases with the DR quality, quantified at all scales with an emphasis on
small ones [LPOV15].

Both QKL and the AUC of the computed LD embeddings are used to
evaluate the methods during the experiments. Their computation is de-
picted in Fig. 3.2. Note that for QKL, the smaller the better whereas for
the AUC, the larger the better.

3.3.2 Experimental setting
Missing values are introduced in each data set according to 30 different
proportions pm of its number N Π of entries, from 1% to 30%. For each
considered proportion pm of missing values, 200 incomplete data sets are
created and all methods are applied on each one of them. Before introduc-
ing missing values, Z-score standardization [Bis06] is applied on the data
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sets containing features with different ranges, i.e., all except Sphere and
Digits. This ensures that missing data for different features have the same
importance, which makes the repetitions for a fixed pm comparable. The
repetitions for each pm enable computing paired statistical tests assessing
whether the average performances of the methods are significantly different
according to both QKL and the AUC. For each one of these two scores, two-
tailed paired t-tests are employed if their 200 values can be considered to be
normally distributed for each pm and each method, according to D’Agostino
and Pearson’s omnibus normality test [d’A71]. Wilcoxon tests are otherwise
used. In this chapter, the level of significance is set to α = 0.01.

Comparing the performances of several methods for each pm however
consists of multiple hypothesis tests. The Holm–Bonferroni correction is
hence applied for each pm to bound by α the probability to consider as
statistically significant at least one non-significant difference [Sha95].

3.3.3 Results
Fig. 3.3 and 3.4 respectively illustrate the results on the Yacht Hydrody-
namics (N = 308, Π = 6) and Leaf (N = 340, Π = 14) data sets. On
Yacht Hydrodynamics, MIMG is consistently the best method on average
for all proportions pm of missing values, according to both criteria, except
for a very limited number of pm for most of which it is not statistically dif-
ferent from the corresponding best performing method. MIMG is moreover
nearly always statistically significantly superior to the second best method,
which is almost systematically IMG for the AUC and switches from IMG to
MIG for QKL. It is noteworthy that even though MIG approximates the
multi-scale HD similarities for the largest pm better than MIMG, MIMG still
provides better embeddings according to the AUC. This can be explained
as, although MIG has a lower QKL, MIMG may still better approximate
the HD similarity distributions around some data points which can have
a larger influence for the DR part. For large pm, the standard deviations
of the performances are not negligible, meaning that the missing values
positions in the data set strongly influence their impact: if the observed
data sufficiently well describe the distribution of the missing features given
the observed ones, which is for instance more likely with incomplete sam-
ples fairly spread in the data distribution, the distribution modeling of the
missing values is easier, enabling better performances. Otherwise, if the
missing entries exhibit specific structures, e.g. if they concentrate in some
features for some values of observed data, less information may be available
about the missing values distribution, affecting the performances. Despite
large standard deviations, most results are statistically significant; the per-
formances of the different methods hence vary consistently with respect
to the missing-data pattern. IMe and IG are unsurprisingly always out-
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performed by the other methods. The superiority of MIG over IG and of
MIMG over IMG moreover stresses the importance of optimizing the ex-
pected cost function over the missing data, in order to derive the closest
result to the complete data case on average. One can finally observe that
the number of Gaussian components chosen in the mixture-based models
tends to slightly increase with the proportion pm of missing values. The
growing uncertainty may indeed affect the quality of the BIC criterion for
model selection. As the number of observed data decreases with pm, fitting
more Gaussian components may result in slight overfitting of the observed
data. This justifies the QKL increase of MIMG and IMG for large propor-
tions of missing values. Such a phenomenon could probably be mitigated
by relying on cross-validation procedures instead of the BIC criterion for
selecting the hyper-parameters of the Gaussian mixture, at the expense of
increased computation times.

As to the Leaf data set, a similar analysis can be conducted. According
to both criteria, MIMG is either always the best method or not statistically
different from IMG. The impressive performance drop of INN with pm is
a noticeable difference with Yacht Hydronamics. The Leaf data set having
more features, increasing the proportion of missing values indeed consid-
erably affects the determination of the nearest neighbors. The number of
Gaussian components still slightly increases with pm. However, no overfit-
ting behavior is observed in this case: the performances of the Gaussian
mixture-based methods remain blatantly superior to the ones of the other
schemes. They are even more robust with respect to the missing values,
since the gap between the methods is increasing with pm. This confirms
that a DR scheme handling missing values should seek for the best possible
model of the data distribution.

Figure 3.5 further details some of the results obtained on Yacht Hydro-
dynamics. This data set contains 308 yachts with 22 different hull forms
[Lic13]. Each form is represented by 14 boats, which only differ accord-
ing to their Froude numbers. The 14 Froude numbers are linearly spaced
between two values. The embedding obtained by multi-scale SNE on the
complete data set hence reveals that the samples are distributed on 22 one-
dimensional manifolds. The 14 samples corresponding to some hull form
are depicted using the same color in Fig. 3.5a. When introducing missing
values in the data set, the RNX (K) curves in Fig. 3.5b show that missing
data mainly affect the preservation of small neighborhoods, as the curves
corresponding to the different methods are lower for small K values than
the one obtained when using the complete data set. Fig. 3.5c illustrates
the embedding obtained by MIMG on one of the 200 Yacht Hydrodynamics
data set with 5% missing values. We can observe that it tends to recover
the structure of the one-dimensional manifolds.
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Figure 3.3: (a) depicts
the AUC of each method
on the Yacht Hydrody-
namics data set as a
function of the propor-
tion pm of missing values.
The curves give the av-
erage AUC over the 200
repetitions for each pm,
while the shaded areas
delimit one standard de-
viation around the mean.
The first row of mark-
ers below the x-axis in-
dicates the best method
on average for each pm.
The second row presents,
for each pm, the best
method which is statis-
tically significantly out-
performed by the best
method on average for
the corresponding pm.
(b) is similar, but for
the sum of the KL di-
vergences between the
“true” and approximated
multi-scale HD similari-
ties. The y-axis is nor-
malized, as the abso-
lute value of QKL brings
little insights. (c) in-
dicates, for each pm,
the average number of
Gaussian components se-
lected in MIMG and
IMG when applying the
BIC-based heuristic, the
shaded area depicting
one standard deviation
around the mean.
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Figure 3.4: (a), (b)
and (c) are analogous to
Figs. 3.3a, 3.3b and 3.3c
but for the Leaf data set.
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(a) Multi-scale SNE applied on Ξ. AUC = 0.69.
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Figure 3.5: (a) depicts
the two-dimensional em-
bedding obtained when
applying multi-scale
SNE on the complete
Yacht Hydrodynamics
data set. (b) provides
the associated RNX (K)
curve, as well as the
average curves obtained
by the different meth-
ods on 200 incomplete
Yacht Hydrodynam-
ics data sets with 5%
missing values. As in
Figs. 3.3 and 3.4, the
shaded areas delimit
one standard deviation
around the mean. (c)
presents the embedding
obtained when applying
MIMG on one of the
200 data sets with 5%
missing values. The
AUC of the embedding
is provided below its
plot.
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Since an analysis such as provided in Figs. 3.3 and 3.4 cannot be pre-
sented for all data sets due to space limitations, Figs. 3.6 and 3.7 summarize
the remaining results. We can first observe that MIMG is almost systemat-
ically top or highly ranked among the different methods according to both
the AUC and QKL. Moreover, when it is (resp. is not) the best performing
method, it is often (resp. often not) statistically different from the second
best (resp. best) performing one. The few exceptions to these observations
are analyzed in more details below.

ConV. is a data set containing numerous small clusters [Lic13]. Unless
the number of available samples becomes very large, this kind of data dis-
tribution is not easily described using Gaussian mixtures. Fitting many
Gaussian components indeed requires to adjust increasingly many model
parameters, even when employing HDDC models. On the other hand, as
long as the proportion pm of missing values remains small, nearest neighbor
methods impute the missing data using cluster-specific values. The imputa-
tion then follows very well the data distribution and, although a single one is
considered, it is sufficiently close to the original data set to preserve its clus-
ters. This explains why INN outperforms MIMG for the first few pm values.
Nevertheless, as pm increases, the computed nearest neighbors are less and
less cluster-specific. This drastically reduces the quality of the single impu-
tation, causing the performances of INN to drop. Even though MIMG can
probably not model exactly each cluster, it can still model higher-order re-
lationships in the data when facing an increasing number of missing values.
This makes MIMG superior to INN for larger pm. The same kind of analysis
holds for Digits and Park., which also contain many clusters [Lic13]. The
performances of INN however decrease even more rapidly as the dimensions
of these data sets are larger, which makes the determination of the relevant
nearest neighbors much more difficult.

On Ecoli, the opposite trend is observed: INN seems to be superior to
MIMG for larger pm according to the AUC. Nevertheless, the performances
of the two methods are not statistically significantly different for most pm.
The adaptations of Fig. 3.3a and 3.3b for Ecoli indeed reveal that the dif-
ference between both methods is tiny. Concerning the evolution of QKL
with pm, MIG better estimates the HD similarities than MIMG for larger
values of pm, similarly to the results for Yacht Hydrodynamics. This is also
observed on ILP and Servo.

As to Fert. and UsKn., both multiple imputation schemes are efficient
according to QKL. The superiority of MIG over MIMG may result from
potential slight overfitting of the mixture model to the observed data. The
AUC difference between MIG and MIMG remain however small when look-
ing at the adaptation of Fig. 3.3a for these data sets. In particular for
Fert., most methods are statistically equivalent for small pm according to
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Figure 3.6: Summary
of the performances in
terms of AUC for all data
sets. The results for
each data set are dis-
played horizontally, us-
ing six rows of mark-
ers. These refer to the
same six methods as in
Figs. 3.3 and 3.4. There
is one column per pro-
portion pm of missing
values. For each data set
and pm, the six mark-
ers are sorted vertically
from the best perform-
ing method on average at
the top (i.e. largest av-
erage AUC) to the worst
average one at the bot-
tom (i.e. smallest aver-
age AUC). The averages
are computed across the
200 replications for each
pm. The markers corre-
sponding to MIMG are
linked. A grey shaded
area is displayed be-
hind a marker when the
corresponding method is
not statistically signifi-
cantly outperformed by
the best method on av-
erage for the associated
pm, except for the top
marker of the columns,
as a method can obvi-
ously not be significantly
different from itself.
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Figure 3.7: Summary
of the performances in
terms of QKL for all data
sets. The results for
each data set are dis-
played horizontally, us-
ing six rows of mark-
ers. These refer to the
same six methods as in
Figs. 3.3 and 3.4. There
is one column per pro-
portion pm of missing
values. For each data set
and pm, the six mark-
ers are sorted vertically
from the best perform-
ing method on average at
the top (i.e. smallest av-
erage QKL) to the worst
average one at the bot-
tom (i.e. largest aver-
age QKL). The averages
are computed across the
200 replications for each
pm. The markers corre-
sponding to MIMG are
linked. A grey shaded
area is displayed be-
hind a marker when the
corresponding method is
not statistically signifi-
cantly outperformed by
the best method on av-
erage for the associated
pm, except for the top
marker of the columns,
as a method can obvi-
ously not be significantly
different from itself.
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the AUC, possibly because this data set is hardly structured; the miss-
ing values management hence does not much impact the HD neighborhood
preservation.

For Iono. and the first few pm of EE, MIMG better approximates the
HD similarities than IMG from the QKL viewpoint. However, IMG is supe-
rior according to the AUC, but only with a tight margin when observing the
adaptation of Fig. 3.3a for these data sets. The tiny AUC improvement of
IMG over MIMG is probably due to a better estimation of the HD similarity
distributions around some data points which have a larger influence on the
HD neighborhood preservation.

Generally, multiple imputation schemes tend to outperform their single
imputation versions, MIMG and MIG being respectively globally superior
to IMG and IG. IMe and IG appear almost systematically as the weak-
est approaches. The performances of INN quickly drop as pm increases,
especially on data sets with larger dimensions such as Iono., Digits or Park.

3.4 Discussion
This chapter introduces the missing data processing in DR. After modeling
the incomplete data set distribution using a Gaussian mixture extension for
HD data, several imputed versions of the data set are created by sampling
the conditional distribution of the missing features of the examples given
their observed features. These complete data sets are employed to reliably
estimate the DR algorithm cost function expectation over the incomplete
database. Its minimization yields the LD embedding with the closest cost
function value on average with respect to the complete data case. This mul-
tiple imputation approach hence provides a relevant LD representation of
each, possibly incomplete, data point. Experimental results show that this
procedure outperforms alternative methods while being generally applicable
with any DR scheme optimizing some criterion.

The Gaussian mixture model as well as the multiple imputation paradigm
inevitably come up with an increase of the computation time complexity
compared to single imputation schemes. Their superior performances how-
ever justify the use of additional computing resources whenever possible. A
situation in which the proposed approach may not be most efficient is when
facing extremely HD data: Gaussian mixtures would then be difficult to fit
due to their increasing numbers of parameters, even with HDDC methods
[BGS07]. This motivates the development of alternative models of the data
distribution, such as non-parametric estimations, to study whether they
could better deal with the inherent sparsity of very HD spaces and reduce
the time complexity of the approach.





Chapter 4

Fast neighbor embedding

Despite their impressive results in terms of DR quality, single- and
multi-scale NE methods respectively have O

(
N 2) and O

(
N 2 log N

)
time complexity when employed with N data samples. Although the

logarithmic factor further induced by the multi-scale behavior has a minor
impact, the quadratic dependency is not suited to big data sets and con-
fines the use of NE methods to a few thousands data points. An obvious
workaround is to employ a NE method solely on a small random subset of
the database, enabling its visualization for exploratory analysis. However,
analyzing a reduced part of a data set often only reveals a limited fraction
of the HD data relationships [PG12]. Another option is to use the HD and
LD positions of the selected data samples to project the remaining data
points after learning a parametric function between the HD and LD spaces
[Maa09], or by using interpolation [WYY+10] or an out-of-sample extension
[CP10]. Nevertheless, learning such mappings is typically difficult since the
NE method only processes a small part of the database [vdM14], hence ig-
noring the information carried by most of the data points on the underlying
HD structures [vdMH08]. Some studies experimentally show that applying
NE methods on a subset of a database poorly generalizes as it largely ne-
glects the HD data interactions [YPK13], affecting the projection quality of
the remaining samples and altering the structure of the data. Considering
big data sets is further demonstrated to always be advantageous to tune
visualizations, regardless of whether the whole database or only a portion
needs to be analyzed [YPK13]. Therefore, some works attempt to incorpo-
rate information from the entire data structure when visualizing a part of
the samples, such as landmark t-SNE [vdMH08]. However, while preventing
to observe the whole database, this approach entails considerable running
times and memory requirements [YPK13].

For these reasons, lower-complexity approximations were introduced for

57
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single-scale methods, either relying on tree-based computations [YPK13,
vdM14], fast multipole methods (FMMs) [VCP14], negative sampling tech-
niques (NSTs) [TLZM16] or Gaussian mixture modeling approximations
[PG12]. Although they effectively reduce computation times by reach-
ing near-linear time complexity with respect to the number of data sam-
ples, Gaussian mixtures are typically difficult to tune in (very) HD spaces
[BGS07] and require to determine their number of components. A poor tun-
ing or an inadequate number of mixture components deteriorates the quality
of the HD modeling and hence of the LD embedding. On the other hand,
tree-based schemes, FMMs and NSTs achieve impressive performances in
terms of both quality and speedup, ensuing in methods with O (N log N )
and O (N ) time complexity provided that the HD neighbor probabilities
can be sparsely encoded. The tree-based algorithms and FMMs poorly
scale with the LD dimension, but the latter is typically as small as 2 or
3 for visualization purposes. However, the sparsity of the HD neighbor
probability distributions is a key ingredient of tree-based methods, FMMs
and NSTs. This fits the single-scale framework well, in which the neighbor
probability distributions remain local around the data points, but not the
multi-scale one. Indeed, multi-scale neighbor probability distributions span
much larger levels of data organization to account for both local and global
neighboring structures when tuning the LD embedding. This defines dense
neighbor probability distributions, preventing to accelerate multi-scale NE
methods as the single-scale ones.

Therefore, after reviewing and assessing tree-based accelerations of single-
scale NE techniques, this chapter focuses on developing fast multi-scale NE
schemes with O

(
N log2 N

)
time complexity instead of O

(
N 2 log N

)
, able

to manage and process large-scale databases with hundreds of thousands
data points for visualization [dBMVL20]. Appropriate neighbor sets are
first computed for all samples using vantage-point trees defined on random
sub-samplings of the data set at all scales. This enables preserving the
multi-scale behavior of the methods by accounting for global data struc-
tures in the obtained neighbor sets. The cost function of the considered
multi-scale scheme is then minimized using these sets with a Barnes-Hut
(BH) algorithm to efficiently approximate the LD data interactions and
avoid LD crushing phenomena, i.e. overlapping LD points. Simulations
on numerous data sets evidence that the proposed fast multi-scale methods
outperform state-of-the-art single-scale approaches such as t-SNE in terms
of LD embedding quality quantified using neighborhood preservation crite-
ria, while at the same time being considerably faster than non-accelerated
NE algorithms. These results are statistically significant with respect to the
random sub-samplings of the data.

This chapter is organized as follows: Section 4.1 first describes lower-
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complexity approximations for fast single-scale schemes. Section 4.2 then
extensively compares t-SNE [vdMH08] and its Barnes-Hut (BH) accelera-
tion [vdM14] using neighborhood preservation-based DR quality criteria,
to quantify the faithfulness of the approximation and study its suitability
for the multi-scale setting [dBMVL18a]. Afterwards, Section 4.3 introduces
the proposed randomized accelerations of multi-scale neighbor embedding
schemes [dBMVL20]. Section 4.4 details experimental results comparing
the performances of (single-scale) t-SNE, multi-scale SNE and multi-scale
t-SNE with their respective fast versions on several data sets, in terms of
both computation time and DR quality, for varying values of the BH algo-
rithm meta-parameter. The accelerated methods are also validated on large
databases on which it is unaffordable to employ the original, non-fast NE
algorithms. Section 4.5 discusses the obtained performances.

4.1 Accelerating single-scale neighbor embed-
ding methods

The quadratic time complexity of both single- and multi-scale NE schemes
with respect to N limits their applicability to moderate-sized data sets.
This motivated accelerating single-scale methods, by harnessing the typical
smallness of the user-defined perplexity K? with respect to N . This ob-
servation enables defining sparse HD similarities in O (N log N ) time. The
cost functions of single-scale approaches and their gradients can then be
estimated using tree-based algorithms [YPK13, vdM14] or fast multipole
methods [VCP14] in O (N log N ) and O (N ) time respectively. Although
both tree-based and fast multipole schemes cannot deal with large LD di-
mensions P, their efficiency is impressive in a visualization context, in which
P ≤ 3. This section focuses on tree-based approximations for SNE and
t-SNE, while Section 4.3 details the proposed randomized acceleration of
multi-scale methods, with O

(
N log2 N

)
time complexity. Indeed, as the

multi-scale framework relies on perplexities covering all data scales, the in-
duced dense HD similarities hinder designing lower-complexity multi-scale
techniques as in the single-scale case. In both this section and Section 4.3,
Euclidean LD distances are assumed to compute the gradients of the cost
functions.

Due to its normalized Gaussian nature, the HD similarity σij? quickly
vanishes as the HD distance δij grows [YPK13], especially for large pre-
cision πi?, which drives the decay of the exponential functions. As small
perplexities K? are typically employed in practice in the single-scale frame-
work [vdMH08], the adjusted HD precision πi? is usually large. A sparse
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approximation of σij? then consists in

σ̃ij? =


exp(−π̃i?δ2

ij/2)∑
k∈Ii?

exp(−π̃i?δ2
ik/2)

if j ∈ Ii?
0 otherwise

, (4.1)

with
π̃i? s.t. log K? = −

∑
j∈Ii?

σ̃ij? log σ̃ij?, (4.2)

where Ii? indexes the b3K?e nearest neighbors of ξi in Ξ\ {ξi} [vdM14].
The number of nearest neighbors of ξi to consider should indeed mono-
tonically increase with K?, since the entropy of σi? at the right-hand side
of (2.6) is adjusted to be equal to log (K?) and is monotonically decreasing
with πi? when the distances in {δij , j ∈ I\{i}} are not all equal [VCP13],
as developed in Section 2.1. Therefore, the greater K?, the greater the en-
tropy ei? in (2.6), the smaller πi?, the flatter the HD similarities in σi?, the
more HD neighbors of ξi lie in the bulk of the exponential functions of the
HD similarities in σi? before they vanish, and the more nearest neighbors
should hence be accounted for in (4.1) for the faithfulness of the approxi-
mation. The b3K?e number is suggested in [vdM14] as it yields impressive
DR performances, and is employed in this work to ease the comparison with
state-of-the-art literature results.

The nearest neighbor sets are exactly derived by creating a vantage-
point tree [Yia93] on Ξ and performing N depth-first searches, each yielding
the b3K?e nearest neighbors of a datum. As an advantage, vantage-point
trees only require the availability of a valid distance metric to compare HD
objects, and can be employed even when HD vector representations are not
available [vdM14]. A sparse estimate for τ ij? then develops as

τ̃ ij? = σ̃ij? + σ̃ji?
2N . (4.3)

Both matrices [σ̃ij?]i,j∈I and [τ̃ ij?]i,j∈I have O (K?N ) non-zero entries
instead of O

(
N 2) for their non-sparse versions. The tree is created in

O (N log N ) time and each search of the b3K?e nearest neighbors of a datum
costs O (K? log N ) time, hence providing Ii? for all i ∈ I in O (K?N log N )
time.

Efficiently evaluating the SNE and t-SNE cost functions and their gradi-
ents still entails cheaply estimating their remaining non-sparse, LD terms.
A Barnes-Hut (BH) algorithm [BH86] can be developed for this purpose,
leading to BH SNE [HR02, YPK13] and BH t-SNE [vdM14]. The computa-
tions are made explicit for the gradient of t-SNE cost function below, and
can be adapted to the SNE case and to estimate the cost functions.
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The gradient of C t? with respect to the LD points extends as
∂C t?

∂xv
= 4

∑
i∈I\{v}

(τvi? − tvi) (xv − xi)
(
1 + d2

vi

)−1 (4.4)

= 4
∑

i∈I\{v}

τvi?
xv − xi
1 + d2

vi︸ ︷︷ ︸
f t?
v

−

gt
v︷ ︸︸ ︷∑

i∈I\{v}

xv − xi(
1 + d2

vi

)2∑
k∈I,l∈I\{k}

(
1 + d2

kl

)−1

︸ ︷︷ ︸
gt

. (4.5)

After replacing τvi? with τ̃vi?, the sparsity of τ̃vi? enables estimating f t?
v

for all v ∈ I in O (K?N ) time.
To estimate gt

v /gt for all v ∈ I in less than O
(
N 2) time, first note that

if dij � dvi ≈ dvj , then tvi ≈ tvj [vdM14]. To benefit from this observation
and as the LD dimension P is small in visualization tasks, a Barnes-Hut
(BH) algorithm can be developed by first constructing a quad- (P = 2) or
octree (P = 3) on X in O (N ) time [vdM14], as illustrated in Fig. 4.1a.
Each node of the tree is associated with a rectangular cell in the LD space,
the root containing the whole LD embedding. Each non-leaf node has 4
(P = 2) or 8 (P = 3) children partitioning the cell into 4 or 8 equal parts
at its corners. A leaf contains at most one LD point. For each cell c, let
T c ⊂ I index the LD points inside it. In the node related to c, one can
store |T c| and the center-of-mass

mc := 1
|T c|

∑
i∈T c

xi (4.6)

of the points indexed in T c. Creating the quad- or octree consists in insert-
ing the LD points one after the other, dividing leafs as soon as they contain
two LD points, while updating |T c| and mc of the traversed nodes [vdM14].
Quadtrees can be generalized to any dimension P but are not suitable to
large ones, as the number of children per node grows exponentially with P.

Once the tree defined, a depth-first search enables estimating gt
v in

O (log N ) average time, if the splits in the tree partition the data into
roughly equal parts [YPK13]. At each node with associated cell c during
the traversal, one determines whether the terms over T c in gt

v are similar
to each other, which happens when the cell c is sufficiently small and far
enough from xv, in light of the above observation (dij � dvi ≈ dvj with i
and j in T c). The condition [BH86]

rc
dv,mc

< θ (4.7)
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(a)

(b)

(c)

Figure 4.1: (a) Quadtree
of a 2-D data set with
crosses as data points.
(b) Complete pairwise
interactions between the
square data point and
the remaining crosses.
(c) Barnes-Hut approx-
imation of the complete
pairwise interactions
with the square data
point, induced by some
threshold θ. The centers-
of-mass employed for
the approximation are
depicted as dots, linked
with dotted lines to
the crosses belonging to
their cells.
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formalizes this idea, with rc the cell diagonal length, dv,mc
the LD distance

between xv and mc, and θ ∈ [0, 1] a user-defined threshold parameter trad-
ing off accuracy and speed. Larger θ speeds up computations with rougher
approximations. The DR quality of the t-SNE acceleration remains, how-
ever, stable under variations of θ, as detailed in Section 4.2 [dBMVL18a].
One could also replace rc in (4.7) with the average distance between mc

and the LD points indexed in T c, or the diagonal of the smallest box in cell
c which contains all points in T c. These quantities can be easily derived,
respectively in O (N log N ) time and when creating the tree, and could im-
prove the trade-off between computation time and DR quality.

As soon as (4.7) holds, the depth-first search stops and the part of gt
v

over T c is estimated as

∑
i∈T c

xv − xi(
1 + d2

vi

)2 ≈ |T c| xv −mc(
1 + d2

v,mc

)2 , (4.8)

since the terms over T c are similar to each other and hence close to their
approximation using mc as representative for the LD points indexed in T c.
During the same traversal, one can also estimate the sum

gt
v :=

∑
l∈I\{v}

1
1 + d2

vl

. (4.9)

After completing N passes, approximations g̃t
v and g̃t

v of gt
v and gt

v are
available for all v ∈ I. The sum

g̃t :=
∑
v∈I

g̃t
v (4.10)

estimates gt. Since each traversal costs O (log N ) average time, g̃t and g̃t
v

for all v ∈ I are obtained in O (N log N ) average time. Assuming that K?

is small compared to N , an approximation of C t? gradient (4.4) is then
obtained in O (N log N ) average time [vdM14], and can be used in gradient-
based minimization schemes.

Figure 4.1 illustrates the computation of g̃t
v and g̃t

v. The square data
point corresponds to xv in Fig. 4.1b and 4.1c. Figure 4.1b computes gt

v

and gt
v exactly, leading to O

(
N 2) time complexity when performed for all

v ∈ I. Figure 4.1c sketches their BH approximation in O (log N ) average
time, in which the centers-of-mass of the LD points in farther cells to xv
summarize their contributions in gt

v and gt
v.
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4.2 Extensive quality assessment of Barnes-
Hut t-SNE

While the quadratic time complexity of t-SNE in the number N of sam-
ples limits its applicability to moderate-size data sets, its BH acceleration
[vdM14] approximates the gradient (4.4) in O (N log N ) time, even though
it introduces a new threshold hyper-parameter θ. Although some works re-
ported impressive computation time gains over t-SNE [vdM14], surprisingly
few studies analyzed its DR quality. Apart from depicting some data sets
LD representations, [vdM14] only measures the 1-nearest neighbor errors
of the embeddings of a single labeled data set, for several thresholds and
one perplexity. Being solely applicable to labeled data set, this measure at
best reveals the nearest HD neighbors retrieval and is at worst unrelated
to neighborhood preservation [dBMLS+19]. Thus it hardly quantifies the
HD clusters preservation in the LD embedding and the HD manifolds un-
rolling. These are instead well described by analyzing whether larger than
1-size neighborhoods are preserved as well [LV09, LV10].

Therefore, in the sake of designing fast accelerations of multi-scale NE
algorithms in Section 4.3, this section first examines the BH t-SNE quality
on numerous real-world and artificial data sets, using various perplexities
K? and BH thresholds θ, thanks to neighborhood-based DR performance
criteria [LV09]. The aim of this section is hence to assess the suitability of
the BH algorithm in the single-scale NE setting, to verify whether it can be a
suitable basis for the developments carried in Section 4.3. Since the running
time behavior of BH t-SNE with respect to t-SNE is already thoroughly re-
ported in the literature [vdM14, YPK13], this section focuses on analyzing
their differences in terms of achieved DR quality. Further performance com-
parisons in both terms of LD embedding goodness and computation times
are presented in Section 4.4. The experimental results of the current section
suggest that t-SNE and its BH version perform equally well, the latter being
sometimes slightly superior to the former, except for some extremely large
perplexities K?. As small ones are typically preferred in t-SNE, this barely
matters in practice. Moreover the DR quality is almost independent of the
BH threshold θ. These results combined with its reduced time complexity
allow the BH acceleration to outperform t-SNE in all aspects. Its usage can
hence only be encouraged.

As detailed in Section 3.3.1, DR quality is usually related to the preser-
vation of the HD neighborhoods in the LD space [VPN+10, FC07, CB09,
MLGH13, MGL+12, MGH10, MGH11, GFD16]. It can be evaluated thanks
to the RNX and AUC criteria presented in Section 3.3.1 [LV09, LV+08],
which are computed in O

(
N 2 log N

)
time [LV10]. The experiments re-

ported in this section are hence also based on these measures, to quantify



4.2. EXTENSIVE ASSESSMENT OF BH T -SNE 65

DR quality both locally and globally [LPOV15].
To study diversified public databases, the performance comparison of

t-SNE and its BH acceleration is conducted on the following data sets:

• COIL-20 (COIL) [NNM96];

• B. Frey’s images (B.Freys);

• Olivetti face images (Oliv.);

• The test set of the MNIST images of handwritten digits (MNIST)
[LBBH98];

• A 3-D artificial data set (Sph) with 3000 dots randomly distributed
on a unit-radius sphere;

• A 3-D artificial data set (Clusters) with 3000 dots randomly dis-
tributed on eight equal-size Gaussian clusters;

• A 3-D artificial data set (Torus) with 3000 dots randomly distributed
on a torus.

In addition, various UCI data sets [Lic13] are considered as well:

• Glass Identification (GlId.);

• Breast Tissue (BrTis.);

• Ecoli;

• Wine;

• Parkinsons (Park.) [LMR+07];

• Yacht Hydrodynamics (YaHyd.);

• Seeds;

• Concrete Slump Test (ConcSl.) [Yeh07];

• Servo;

• Optical Recognition of Handwritten Digits test set (Digits);

• Haberman’s Survival (Hab.);

• Iris;

• Fertility (Fert.) [GGDJ+12];
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• Planning Relax (PlRel.) [Bha12];

• Leaf [SMdS13];

• Wholesale customers (WholC.) [Abr11];

• Istanbul Stock Exchange (IstSt.) [ABB14];

• User Knowledge Modeling (UsKn.) [KSC13];

• Indian Liver Patient (ILP);

• SPECTF Heart (SPECTF);

• Concrete Compressive Strength (CCS) [Yeh98];

• Ionosphere (Iono.);

• Connectionist Bench on Vowel Recognition and Deterding Data (ConV.);

• Breast Cancer Wisconsin Diagnostic (BCW).

Figure 4.2 indicates the numbers N of samples and Π of features for all
the data sets, which are of moderate size to enable handily applying t-
SNE. Z-score standardization [Bis06] is applied to the UCI data sets when
the ranges of their features differ. Potential data labels are ignored during
the DR. The employed optimization schemes and experimental setup are
as described in [vdMH08, vdM14]: the LD dimension P is set to 2 and
momentum gradient descent with adaptive step size [Jac88] is performed
with early exaggeration. Initial LD coordinates are sampled from an origin-
centered isotropic Gaussian with 10−4 variance, with fixed random seed
to facilitate the comparison of the performances. Euclidean distances are
used in both the HD and LD spaces. The gradient descent is iterated until
the gradient infinite norm vanishes or the objective function do not evolve
anymore. The embedding achieving the smallest objective function value is
kept. Optimization parameter values are derived from [vdMH08, vdM14].

The considered values of the BH threshold θ range from 0.05 to 0.95 with
a 0.05 step. Unlike [vdMH08, vdM14], different perplexities are studied,
expressed both absolutely and relatively with respect to the number N of
samples. Absolute perplexities are usually employed in the literature, while
relative ones aim to ease comparison across data sets. All perplexities are in
any case kept above 2; whenever a relative perplexity induces on a data set
with small N a value smaller than 2, it is hence forced back to 2. Moreover
for each data set, only the absolute perplexities smaller than its number N
of samples are considered. Perplexities larger than N would indeed yield
nearly uniform HD similarities (2.13).
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Figure 4.2 displays the difference in AUC between BH t-SNE and t-SNE
for the different data sets, perplexities and BH thresholds. Positive values
hence indicates the BH scheme superiority over t-SNE. Observing the y-axis
scales of the plots and as the AUC ranges in [−1, 1], it is first noteworthy
that the BH acceleration performs extremely similarly to t-SNE, sometimes
even slightly better, except occasionally for very large perplexities compared
to N . This is, however, hardly detrimental as rather small perplexities are
employed in the literature. Second, although a larger threshold θ implies
cruder BH estimations of the gradient (4.4), the LD embedding quality is
almost independent of θ, most curves being close to horizontal except for
some large perplexities. These results suggest that one only needs to set
the BH threshold θ to a reasonable value, such as 0.5, to obtain a faithful
approximation of t-SNE.

The obtained conclusions also hold when computing the retrieval rate
QNX (1) of the nearest HD neighbors instead of the AUC in Fig. 4.3. The
QNX (1) score is a measure which is closer to the 1-nearest neighbor errors
in the LD embeddings which are evaluated in [vdM14]. Nevertheless, as
QNX (1) is limited to quantifying the very local performances of the meth-
ods, the results depicted in Fig. 4.3 are inevitably slightly less stable than
in Fig. 4.2.

The individual RNX curves and LD embeddings can also be analyzed for
each data set, perplexity and BH threshold, yielding the same conclusions
as previously observed. For conciseness, these curves and embeddings are
not displayed for all data sets but only three of them, namely the MNIST
test set (MNIST) [LBBH98], the COIL-20 data set (COIL) [NNM96] and
the B. Frey’s images (B.Freys). Figure 4.4 illustrates some samples of these
three image databases. Figure 4.5, 4.6 and 4.7 depict the difference of the
RNX curves of BH t-SNE and t-SNE as a function of the neighborhood
size K on MNIST, COIL and B.Freys. Similarly to the results of Fig. 4.2,
BH t-SNE and t-SNE deliver comparable curves. For some perplexities,
the methods slightly differ for the preservation of local neighborhoods; the
reproduction of structures at small scales is indeed likely to be more sensitive
to changes in the definitions of the algorithms. In this line, Fig. 4.8, 4.9
and 4.10 enables to more easily observe this phenomenon, while stressing
the striking similitude between BH t-SNE and t-SNE. This resemblance
is also emphasized in Fig. 4.11, as well as the appreciable stability of the
performances of BH t-SNE with respect to the threshold θ.

Finally, Fig. 4.12 and 4.13 display the 2-D embeddings respectively ob-
tained on MNIST and COIL, by t-SNE and BH t-SNE, using a perplexity
K? = 50 and a threshold θ = 0.5 for BH t-SNE. The visual inspection
of these LD representations also supports the above conclusions: the 2-
D spaces computed by t-SNE and BH t-SNE are extremely similar. One
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Figure 4.2: Difference in terms of AUC between BH t-SNE and t-SNE as a
function of the threshold θ, ranging from .05 to .95 with a .05 step, on all
data sets. Positive (negative) values show that the BH scheme out- (under-
) performs t-SNE. The legend lists all the studied perplexities K?. Each
perplexity K? is used only on the data sets with N > K?.
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Figure 4.3: Difference in terms of nearest HD neighbors retrieval rate
QNX (1) between BH t-SNE and t-SNE as a function of θ, ranging from .05
to .95 with a .05 step, on all data sets. Positive (negative) values show that
the BH scheme out- (under-) performs t-SNE. The legend lists the studied
perplexities K?. Each K? is used only on the data sets with N > K?.
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(a) MNIST.

(b) COIL.

(c) B.Freys.
Figure 4.4: (a) A few samples of the MNIST images of handwritten digits.
(b) A few samples of the COIL images of rotated objects. (c) A few samples
of the B.Freys images of facial expression of Brendan Frey.
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Figure 4.5: Difference of the RNX curves of BH t-SNE and t-SNE as a
function of the neighborhood size K on MNIST. Positive (negative) values
show that the BH scheme out- (under-) performs t-SNE. For each perplexity
K? indicated on the y-axis, the threshold θ ranges from .05 to .95 with a .05
step, yielding 19 curves. The legend depicts the colors of the curves for θ
equal to .05 and .95; the remaining curves follow a linear colormap between
these two extreme θ values.
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Figure 4.6: Difference of the RNX curves of BH t-SNE and t-SNE as a
function of the neighborhood size K on COIL. Positive (negative) values
show that the BH scheme out- (under-) performs t-SNE. For each perplexity
K? indicated on the y-axis, the threshold θ ranges from .05 to .95 with a .05
step, yielding 19 curves. The legend depicts the colors of the curves for θ
equal to .05 and .95; the remaining curves follow a linear colormap between
these two extreme θ values.
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Figure 4.7: Difference of the RNX curves of BH t-SNE and t-SNE as a
function of the neighborhood size K on B.Freys. Positive (negative) values
show that the BH scheme out- (under-) performs t-SNE. For each perplexity
K? indicated on the y-axis, the threshold θ ranges from .05 to .95 with a .05
step, yielding 19 curves. The legend depicts the colors of the curves for θ
equal to .05 and .95; the remaining curves follow a linear colormap between
these two extreme θ values.
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Figure 4.8: (a) The
RNX curves of BH t-SNE
and t-SNE as a func-
tion of the neighborhood
size K on MNIST, using
a perplexity K? = 10.
For each K, the high-
est curve determines the
method achieving the
best DR performances.
The BH threshold θ
ranges from .05 to .95
with a .05 step, yield-
ing 19 curves for BH t-
SNE. The legend depicts
the colors of the BH t-
SNE curves for θ equal to
.05 and .95; the remain-
ing BH t-SNE curves fol-
low a linear colormap be-
tween these two extreme
θ values. (b)-(c) Sim-
ilar to (a) but respec-
tively using a perplexity
K? equal to 50 and equal
to 100.
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Figure 4.9: (a) The
RNX curves of BH t-SNE
and t-SNE as a func-
tion of the neighborhood
size K on COIL, using
a perplexity K? = 10.
For each K, the high-
est curve determines the
method achieving the
best DR performances.
The BH threshold θ
ranges from .05 to .95
with a .05 step, yield-
ing 19 curves for BH t-
SNE. The legend depicts
the colors of the BH t-
SNE curves for θ equal to
.05 and .95; the remain-
ing BH t-SNE curves fol-
low a linear colormap be-
tween these two extreme
θ values. The verti-
cal dotted line highlights
the neighborhood size K
value equal to the num-
ber of images per object
in the COIL database,
which is 72. This num-
ber provides an intuition
of the size of the clusters
that can be expected in
this HD data set. (b)-(c)
Similar to (a) but respec-
tively using a perplexity
K? equal to 50 and equal
to 100.
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Figure 4.10: (a) The
RNX curves of BH t-SNE
and t-SNE as a func-
tion of the neighborhood
size K on B.Freys, using
a perplexity K? = 10.
For each K, the high-
est curve determines the
method achieving the
best DR performances.
The BH threshold θ
ranges from .05 to .95
with a .05 step, yield-
ing 19 curves for BH t-
SNE. The legend depicts
the colors of the BH t-
SNE curves for θ equal to
.05 and .95; the remain-
ing BH t-SNE curves fol-
low a linear colormap be-
tween these two extreme
θ values. (b)-(c) Sim-
ilar to (a) but respec-
tively using a perplexity
K? equal to 50 and equal
to 100.
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Figure 4.11: (a)
Heatmap of the dif-
ference in terms of AUC
between BH t-SNE and
t-SNE as a function
of the perplexity K?

and of the threshold
θ, ranging from .05 to
.95 with a .05 step,
on MNIST. Positive
(negative) values show
that the BH scheme
out- (under-) performs
t-SNE. On the x-axis,
the notation xK?

% indi-
cates that a perplexity
of max (2, bxK?

N /100e)
is employed. (b)-(c)
Similar to (a) but re-
spectively on COIL and
B.Freys.
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can notice in Fig. 4.12 that the HD clusters corresponding to the different
MNIST digits are nicely retrieved. Also, in Fig. 4.13, nearly all objects are
mapped on 1-D manifolds; such a result is relevant for the COIL database
as the HD points associated with each object are distributed on a HD ring,
since the lone degree of freedom is the rotation angle of the object images.

Besides, the investigation of these LD embeddings highlights the use-
fulness of relying on the RNX and AUC quality criteria. They indeed con-
veniently avoid confronting the t-SNE and BH t-SNE embeddings for all
perplexities, BH thresholds and data sets, while providing quantitative de-
scription of the performances instead of a qualitative one.

The neighborhood-based DR quality results of this section on numer-
ous real-world and artificial databases hence tend to show that t-SNE and
its fast BH version perform extremely similarly, suggesting the BH scheme
superiority thanks to its reduced time complexity. Indeed, the Zoutendijk
condition also further supports the above observations [Zou60]: as long
as the dot product between the true gradient (4.4) and its BH estimate
remains positive, gradient descent with adequate step sizes leads to a sta-
tionary point of the cost function (2.15). The BH method hence improves
t-SNE in all respects, and its usage can thus be preferred [dBMVL18a].
For these reasons, the BH algorithm seems to be appropriate to accelerate
neighbor embedding methods. This motivates designing fast multi-scale NE
techniques partly based on this algorithm, as presented in Section 4.3.

4.3 Accelerating multi-scale neighbor embed-
ding methods

A crucial aspect of fast single-scale methods stems from their sparse HD sim-
ilarities. These rely on nearest neighbor sets Ii? for each i ∈ I, with |Ii?| =
b3K?e. A vantage-point tree [Yia93] computes these sets in O (K?N log N )
time, which reduces to O (N log N ) if K? � N .

Multi-scale methods combine single-scale similarities tuned at several
data scales, employing exponentially growing perplexities. In particular,
K H lies in the O (N ) range, leading to neighbor sets IiH with O (N ) size
for each i ∈ I, since |IiH | = min (b3K He,N − 1). As multi-scale HD simi-
larities average the single-scale ones in (2.25), full multi-scale neighbor sets
are derived as

Ii = ∪H
h=1Iih = I\{i}, (4.11)

to gather the neighbors from all scales. Therefore, the multi-scale HD sim-
ilarity matrix determined by these neighbor sets has O

(
N 2) non-zero en-

tries. This prevents designing sparse multi-scale HD similarities as in the
single-scale framework.
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(b) BH t-SNE (K? = 50, θ = 0.5).
Figure 4.12: (a) 2-D embedding of MNIST obtained by t-SNE using a per-
plexity K? = 50. Each data point corresponds to an image of a handwritten
digit; the digit associated with an image is employed to depict its LD coor-
dinates. (b) Similar to (a) but for the 2-D embedding of MNIST obtained
by BH t-SNE using a perplexity K? = 50 and a threshold θ = 0.5.
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(a) t-SNE (K? = 50). (b) Colorbar.

(c) BH t-SNE (K? = 50, θ = 0.5).
Figure 4.13: (a) 2-D embedding of COIL obtained by t-SNE using a per-
plexity K? = 50. Each data point corresponds to an image of an object. (b)
Colorbar indicating the colors used to depict the LD representations of the
COIL objects in (a) and (c). (c) Similar to (a) but for the 2-D embedding
of COIL obtained by BH t-SNE using a perplexity K? = 50 and a threshold
θ = 0.5.



4.3. ACCELERATING MULTI-SCALE NE METHODS 81

Single-scale HD similarities with small perplexities excel at modeling
local interactions around each data point, while reducing the influence of
farther away HD objects. They indeed concentrate their probability mass
on the nearest neighbors of each datum, which can hence in turn serve as
a remarkable basis to produce sparse approximations. As local structures
often rapidly fluctuate, it is in fact crucial to consider the closest neigh-
bors to guarantee the faithfulness of the sparse estimates when processing
small scales. On the other hand, single-scale similarities based on large
perplexities capture global, large scale interactions in the data. As these
global structures emerge from average trends across important amounts of
data points, it is little convincing that their estimation requires exhaustive
consideration of all samples. Indeed, whereas local interactions are short
range and induced by very specific sets of neighbors, global ones result from
overall consensuses which can be fairly well approximated using appropriate
subsets of data points. In the cost functions of neighbor embedding meth-
ods, evaluating the divergences between probability distributions defined
on such subsets may reveal sufficient to relevantly shape the LD embedding
according to global HD properties.

However, multi-scale similarities combine both types of small and large
perplexities, respectively focusing on local and global HD characteristics.
As a consequence, to faithfully accelerate multi-scale methods, the design of
small and relevant multi-scale neighbor sets, denoted by Ĩi for i ∈ I, entails
purposely gathering data points which reasonably model the whole data
cloud, while at the same time accurately target the nearest HD neighbors of
each ξi. The computation of NE cost functions could then be restricted to
these subsets Ĩi for each i ∈ I, which would efficiently score the adequacy
of the LD coordinates xi in the multi-scale spirit, by accounting for both
global trends and local interactions in the data.

The hierarchical structure of the multi-scale HD similarities, from small
to large perplexities, suggests that the set Ĩi should gather data points lying
at different ranges of ξi. Indeed, as small scales require fine levels of details,
Ĩi must precisely contain the very close neighbors of ξi. But as the scale
index increases, only rougher HD characterization is required and a few
farther data points from ξi can be sampled, providing a higher resolution
view. Inspired by this intuition, one can first define a hierarchy {Ξh}Hh=1 of
sub-sampled HD data sets at each scale, where Ξh is a random sample of
Ξ with

⌊
21−hN

⌉
elements drawn without replacement. Note that Ξ1 = Ξ.

This collection of HD data sets is illustrated in Fig. 4.14.
For each h ∈ {1, . . . ,H}, a vantage-point tree [Yia93] can be efficiently

created on Ξh in

O
(

N
2h−1 log

(
N

2h−1

))
(4.12)
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Ξ1

Ξ2

...
ΞH

Figure 4.14: Hierarchy of HD data sets at all scales. A square refers to a
HD sample.

time. All the trees are then defined in

O

( H∑
h=1

N
2h−1 log N

2h−1

)
= O

(
N log N

H∑
h=1

1
2h

)
(4.13)

= O (N log N ) (4.14)

time. The hth tree enables computing the set Ĩih of the b3K1e nearest
neighbors of ξi in Ξh\ {ξi} in

O
(

K1 log
(

N
2h−1

))
(4.15)

time. The sets Ĩih for all i ∈ I and h ∈ {1, . . . ,H} are hence obtained in
O
(
N log2 N

)
time, as K1 = 2� N and as there are O (log N ) scales. It is

worth mentioning that, on average, Ĩih sub-samples the set Iih of the b3Khe
nearest neighbors of ξi in Ξ\ {ξi}, as Ĩih is based on Ξh which contains a
fraction

21−h = K1

Kh
(4.16)

of Ξ.
Defining Ĩi := ∪H

h=1Ĩih then follows the above intuition: the smallest
scale is represented by the exact b3K1e nearest neighbors of ξi in Ξ\ {ξi}.
But as the scale grows, Ξh more and more roughly summarizes Ξ in such a
way that the accounted neighbors Ĩih are more and more dispersed in the
data cloud in the sake of capturing its global properties. The size of the
multi-scale neighbor set Ĩi evolves as O (log N ). Note that depending on N
and K?,

∣∣∣Ĩi∣∣∣ may be smaller than |Ii?|.
The sets Ĩi can be employed to define sparse HD similarities focusing

on both local and global data relationships. At scale h ∈ {1, . . . ,H}, one
can establish, for i, j ∈ I,

σ̃ijh =


exp(−π̃ihδ2

ij/2)∑
k∈Ĩi

exp(−π̃ihδ2
ik/2)

if j ∈ Ĩi

0 otherwise
, (4.17)
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with
π̃ih s.t. log K1 = −

∑
j∈Ĩih

σ̃πijh log σ̃πijh, (4.18)

where

σ̃πijh =


exp(−π̃ihδ2

ij/2)∑
k∈Ĩih

exp(−π̃ihδ2
ik/2)

if j ∈ Ĩih

0 otherwise
. (4.19)

Precision π̃ih is hence fixed in (4.18) thanks to the neighbors Ĩih.
Sparse multi-scale HD similarities then follow as, for i, j ∈ I,

σ̃ij = 1
H

H∑
h=1

σ̃ijh, τ̃ ij = σ̃ij + σ̃ji
2N . (4.20)

Their matrices haveO (N log N ) non-zero entries, all derived inO
(
N log2 N

)
total time, since

∣∣∣Ĩi∣∣∣ scales as O (log N ).
Sparse multi-scale LD similarities could be defined in a similar way. To

match them with (4.20), they should rely on the same sets Ĩi for i ∈ I.
Therefore, for each scale h ∈ {1, . . . ,H}, i ∈ I and j ∈ I, they would
develop as

s̃ij = 1
H

H∑
h=1

s̃ijh, (4.21)

with

s̃ijh =


exp(−pihd2

ij/2)∑
k∈Ĩi

exp(−pihd2
ik/2) if j ∈ Ĩi

0 otherwise
. (4.22)

Each set Ĩi with i ∈ I could possibly be extended with O (log N ) elements
to capture the local and global properties of the LDS, similarly to the sparse
multi-scale HD similarities (4.20) which model the local and global struc-
tures of the HDS. A hierarchy {Xh}Hh=1 of sub-sampled LD data sets at
each scale would hence be defined, where Xh is a random sample of X with⌊
21−hN

⌉
elements drawn without replacement. For each h ∈ {1, . . . ,H}, a

vantage-point tree would then be created on Xh to efficiently determine, for
each i ∈ I, the b3K1e nearest neighbors of xi in Xh\ {xi}. Thus, for each
i ∈ I, the set Ĩi would be expanded withO (log N ) additional elements, con-
sisting of the b3K1e nearest neighbors of xi in Xh\ {xi} for h ∈ {1, . . . ,H}.
It is noteworthy that these O (log N ) supplementary elements should be it-
eratively updated according to the LD embedding modification after each
optimization step.
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Unfortunately, experiments revealed that minimizing the KL divergence
between (4.20) and (4.21) leads to LD crushing phenomena, meaning that
the LD coordinates tend to overlap. Indeed, the size of each set Ĩi for i ∈ I
remains limited toO (log N ), whether adding the above mentionedO (log N )
extra elements or not. Therefore, it is likely that Ĩk ∩ Ĩl = ∅ for some k,
l ∈ I. In this case, the LD similarities (4.22) based on the sets Ĩk and Ĩl
would make the LD coordinates xk and xl independent one to another, since
they would not be considered in the denominators of both their sparse HD
and LD similarities (4.17) and (4.22). The resulting lack of LD repulsive
forces between them hence enables their LD superposition. Extending this
reasoning to a potentially very large number of data point pairs leads to
crushed LD embeddings, with poor HD neighborhood preservation.

On the other hand, LD interactions can be efficiently estimated with
inspiration from the single-scale setting. This motivates defining hybrid
cost functions for fast versions of multi-scale SNE and t-SNE as

C̃ = −
∑

i∈I,j∈I\{i}

σ̃ij log sij (4.23)

and

C̃ t = −
∑

i∈I,j∈I\{i}

τ̃ ij log tij , (4.24)

which quantify the mismatch between the sparse multi-scale HD similari-
ties (4.20) and the LD ones of genuine multi-scale SNE and t-SNE. In (4.23)
and (4.24), the HD similarities are normalized only through the data points
in Ĩi for i ∈ I whereas all samples are involved in the LD similarity nor-
malization. Matching these HD and LD similarities then decreases the am-
plitude of the additional terms in the denominators of the LD similarities,
favoring LD spreading, i.e. the tendency to expand the LD space, reported
as beneficial to DR quality [vdMH08].

After computing (4.20), a Barnes-Hut (BH) algorithm [BH86] is adapted
from Section 4.1 to estimate (4.24) as well as its gradient in O (N log N )
average time. As to (4.23) and its gradient, we develop their BH approxi-
mation in O

(
N log2 N

)
average time. It is detailed below for the gradient

of (4.23), from which the BH estimation of (4.23) itself can be easily derived.
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The gradient of (4.23) with respect to the LD points writes

∂C̃
∂xv

= 1
H

∑
i∈I\{v}

( H∑
h=1

phsvih

)
︸ ︷︷ ︸

f vi

σ̃vi
svi

(xv − xi) (4.25)

− 1
H

H∑
h=1

ph

 ∑
i∈I\{v}

σ̃vi
svi

svih


︸ ︷︷ ︸

gvh

 ∑
i∈I\{v}

svih (xv − xi)


︸ ︷︷ ︸

gvh

(4.26)

+ 1
H

∑
i∈I\{v}

( H∑
h=1

phsivh

)
︸ ︷︷ ︸

f iv

σ̃iv
siv

(xv − xi) (4.27)

− 1
H

H∑
h=1

ph
∑

i∈I\{v}

sivh (xv − xi)

 ∑
j∈I\{i}

σ̃ij
sij

sijh


︸ ︷︷ ︸

gih

. (4.28)

The denominator of (2.24),

s̄ih :=
∑

k∈I\{i}

exp
(
−phd2

ik/2
)
, (4.29)

can first be estimated for all i ∈ I and h = 1, . . . ,H in O
(
N log2 N

)
average

time by extending the BH algorithm from Section 4.1. Then, f vi and svi
can be approximated for all v ∈ I and i ∈ Ĩv in O

(
N log2 N

)
time as

∣∣∣Ĩv∣∣∣
is O (log N ). Afterwards, estimating the right-hand-side of (4.25) for all
v ∈ I takes O (N log N ) time, thanks to the sparsity of σ̃vi which reduces
the sum over I\{v} to a sum over Ĩv. Similarly, (4.27) is approximated for
all v ∈ I in O (N log N ) time, and gvh for all v ∈ I and h = 1, . . . ,H in
O
(
N log2 N

)
time. On the other hand, gvh satisfies

s̄vhgvh =
∑

i∈I\{v}

exp
(
−phd2

vi/2
)

(xv − xi) , (4.30)

where the right-hand-side is estimated in O (log N ) average time thanks to
the BH algorithm. Thus, (4.26) is estimated for all v ∈ I in O

(
N log2 N

)
average time. Finally, (4.28) extends as

∑
i∈I\{v}

[ H∑
h=1

ph exp
(
−phd2

iv/2
) gih

s̄ih

]
(xv − xi) . (4.31)
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To approximate (4.31), the quadtree is extended by storing, in each cell c,
O (log N ) additional attributes consisting of

ach := 1
|T c|

∑
i∈T c

gih
s̄ih

, (4.32)

for h = 1, . . . ,H , yielding a tree with O (N log N ) memory cost [YPK13].
Depth-first searching the resulting tree enables estimating the value of (4.31)
in O

(
log2 N

)
average time, by stopping the traversal as soon as (4.7) holds

and approximating the part of (4.31) with i ∈ T c through a sum ofO (log N )
terms,

|T c|

[ H∑
h=1

ph exp
(
−phd2

v,mc
/2
)

ach

]
(xv −mc) . (4.33)

Estimating (4.28) for all v ∈ I hence takes O
(
N log2 N

)
average time,

which is the time complexity of approximating the gradient of (4.23). It is
noteworthy that the estimation entails two tree traversals for each v ∈ I, to
first approximate (4.25), (4.26), (4.27) and (4.32), and then estimate (4.28)
during the second search. One can thus expect an increased sensitivity
of the multi-scale SNE acceleration with respect to the BH threshold θ,
compared to fast single- and multi-scale t-SNE, since the estimation quality
of the first traversal affects the second one.

The overall time complexity of the presented fast multi-scale schemes
evolves asO

(
N log2 N

)
, importantly without quadratic dependence with N .

Note that in fast multi-scale t-SNE, although determining the HD similari-
ties (4.20) takes O

(
N log2 N

)
time once at initialization, only O (N log N )

average time is required to approximate the gradient of (4.24), which is
iteratively performed in gradient-based optimization.

It is noteworthy that j ∈ Ĩi does not imply i ∈ Ĩj . One may easily ex-
tend the multi-scale neighbor sets to ensure this property, but experiments
revealed that it does not influence the performances much: only tiny im-
provements in terms of DR quality were observed, at the expense of slightly
increased computation times. As multi-scale t-SNE is defined through sym-
metric similarities, its fast version extends the sets Ĩi to ensure the above
property, but not fast multi-scale SNE.

The proposed accelerations are based on the definition of multi-scale
neighbor sets Ĩi ⊂ I\{i} for all i ∈ I, with a limited number of elements
emulating the intrinsic hierarchy of the data scales. Indeed, Ĩi gathers the
closest neighbors of ξi as well as farther away HD samples, more diffused
in the data cloud. This enables accurately describing the local, quickly
fluctuating properties around ξi while providing a succinct, higher-order
summary of the global HD characteristics. The induced sparse multi-scale
HD similarities (4.20) hence model data proximities at different ranges,
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unlike their single-scale counterparts (4.1). An additional O (log N ) factor
arises in the time complexity with respect to fast single-scale approaches,
with minor impact compared to the linear dependency in N . Matching the
HD similarities (4.20) with BH estimates of the multi-scale LD similarities
enables efficiently mapping both local and global HD structures in the LDS,
while avoiding LD crushing. Similarly to multi-scale SNE and t-SNE, multi-
scale NeRV and JSE can be accelerated thanks to the multi-scale neighbor
sets along with BH approximations.

4.4 Experimental results
The performances of the presented fast multi-scale methods are studied in
the context of two main experiments, in terms of both DR quality and
computation time. First, Section 4.4.1 considers several moderate-sized
databases, with a few thousands of samples each, which enables applying the
original, non-accelerated versions of the algorithms for comparison purposes.
The assessed methods are hence multi-scale SNE (Ms SNE), multi-scale t-
SNE (Ms t-SNE) and their proposed accelerations (FMs SNE and FMs t-
SNE). For the sake of comparison, the results of the single-scale t-SNE and
of its Barnes-Hut version (BH t-SNE), detailed in Sections 2.1 and 4.1, are
also discussed. The behavior of the fast methods with respect to the BH
threshold θ is analyzed to suggest adequate values suitable across multiple
databases. Second, Section 4.4.2 deals with large-scale data sets, with tens
or hundreds of thousands samples each. The quadratic time complexity of
the non-accelerated schemes prevents their application on these databases.
Therefore, only scalability of the fast schemes is tested in this setting.

In both Section 4.4.1 and 4.4.2, HD and LD distances are Euclidean
and two-dimensional embeddings are targeted (P = 2), as typically desired
in exploratory visualization. On each database, both fast multi-scale algo-
rithms are applied 30 times, each with different random sub-samplings of
the HD data set. Average results are then reported over these replications,
along with standard deviations. Moreover, thanks to the repetitions, sta-
tistical tests allow evaluating the significance of the difference in average
performances of the methods. Paired tests are computed when FMs SNE
and FMs t-SNE are confronted to each other, and one-sample tests for the
mean otherwise. For each studied score, if their 30 values for each fast
multi-scale method are normally distributed according to D’Agostino and
Pearson’s omnibus normality test [d’A71], two-tailed t-tests are employed,
and Wilcoxon tests otherwise. In this chapter, the test significance level is
fixed to α = 0.05. As multiple hypothesis tests result from each database
analysis, the Holm–Bonferroni correction is used [Sha95]. Non-significant
differences are hence considered as statistically significant with probability
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bounded by α.
The compared single- and multi-scale algorithms are optimized as ad-

vised in their respective papers [vdMH08, vdM14, LPOV15], the proposed
fast multi-scale methods being minimized as their non-fast versions. In par-
ticular for the latter, K1 and H are respectively set to 2 and blog2 (N/K1)e,
multi-scale optimization [LPOV15] is executed and the L-BFGS algorithm is
conveniently employed [BLNZ95]. As to single-scale t-SNE and BH t-SNE,
momentum gradient descent is used along with early exageration, with pa-
rameters as described in [vdMH08, vdM14]. The perplexity K? is set to 50,
as in [vdM14]. In both single- and multi-scale settings, the iterations of the
optimization schemes are stopped as soon as (1) the gradient infinite norm is
below 10−5, or (2) the cost function relative updates are bounded by 10−8,
or (3) a maximum number is reached. The latter maximum number must,
however, be carefully defined as different data sets require, obviously, differ-
ent numbers of iterations before convergence of the LD embedding. Com-
paring converged and non-converged results of the methods across databases
may likely lead to misleading conclusions on the behavior of the algorithms,
in terms of both achievable DR quality and computation time. On the
other hand, large numbers of samples often require unaffordable amounts
of time before reaching convergence of the optimization. For these reasons,
the number of iterations of optimization algorithms is limited to 105 in Sec-
tion 4.4.1. As much fewer iterations are typically required for convergence,
this threshold is almost equivalent to an unbounded number of iterations.
Thus, in Section 4.4.1, the optimization schemes terminate according to the
first two above conditions, on the gradient norm and relative cost func-
tion updates. This ensures comparability of the performances across data
sets while maintaining affordable computation times, since moderate-sized
databases are tackled. As to Section 4.4.2, since huge numbers of samples
are considered, the maximum number of iterations is reduced to avoid deal-
ing with too long computation times, as one would proceed in a practical
context when facing large-scale databases. For BH t-SNE, 103 iterations
are performed, as suggested in [vdM14]. For FMs SNE and FMs t-SNE, as
few as 30 iterations per L-BFGS run are at most executed. All simulations
and computation times were obtained thanks to a desktop computer with
a 4-core Intel(R) Xeon(R) CPU E3-1245 v5 at 3.5 GHz, with 32 GB RAM.

4.4.1 Comparison between fast and non-fast methods
The data sets studied in this section originate from the UCI Machine Learn-
ing Repository [Lic13]:

• Anuran calls MFCCs (Anuran);

• Combined cycle power plant (Plant) [Tüf14, KTG12];
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• Musk version 2 (Musk);

• Spambase;

• Gesture phase segmentation (Gesture) [MLP13];

• Statlog landsat satellite (Satellite);

• First-order theorem proving (Theorem) [BHP14];

• The Waveform database generator version 2 (Waveform);

• Isolet;

• Madelon [GGBHD04];

• Abalone;

• Wine quality (Wine) [CCA+09].

Their numbers N and Π of samples and features are provided in Table 4.1.
Similarly to Sections 3.3.1 and 4.2, the experiments in this section also

rely on the RNX and AUC measures, to characterize DR quality by account-
ing for all scales, with a focus on smaller ones for the AUC [LPOV15].

Figures 4.15, 4.16, 4.17, 4.18 and 4.19 respectively present the results as
a function of the BH threshold θ on Anuran, Plant, Musk, Spambase and
Gesture.

Non-fast methods. On all databases, Ms SNE is consistently the best
method in terms of AUC, at the expense of long computation times. In-
deed, multi-scale HD and LD similarities enable very accurate tuning of the
LDS, with high resolution as they involve both large and small precisions.
Nevertheless, the induced LD Gaussian neighborhoods likely rapidly locally
fluctuate, making the gradient of Ms SNE sensitive to small LD variations.
Its bad scaling hence causes a slow convergence of the optimization process.
Next, the AUC of Ms t-SNE is always second to Ms SNE, except on some
databases when small BH thresholds are employed with FMs SNE and on
Spambase, on which FMs t-SNE performs better. In any case, Ms SNE and
Ms t-SNE systematically outperform single-scale t-SNE and BH t-SNE in
terms of DR quality. From the running time perspective, Ms t-SNE is much
more affordable than Ms SNE. The heavy-tailed Student t-distributed LD
similarities likely induce a more stable gradient regarding LD variations.
Ms t-SNE is even faster than single-scale t-SNE. Although the comparison
is less straightforward in this last case, since Ms t-SNE and single-scale
t-SNE rely on different optimization schemes, one may argue that account-
ing for global properties in Ms t-SNE further constrains the LDS structure,
facilitating the cost function minimization. On the other hand, as t-SNE



90 CHAPTER 4. FAST NEIGHBOR EMBEDDING

focuses on local aspects, the global LDS organization is left undetermined.
Shaping it hence probably requires additional time to fix these degrees of
freedom.

Fast methods. The AUC of BH t-SNE is stable with respect to the
BH threshold θ, in agreement with the results of Section 4.2 [dBMVL18a].
The same remarkable behavior is preserved in FMs t-SNE, which is consis-
tently and statistically significantly above BH t-SNE and t-SNE. FMs SNE is
however much more sensitive to the BH threshold: its average AUC quickly
drops with θ, with increasing standard deviation as the threshold increases.
This is due to the two successive tree traversals involved in the FMs SNE
gradient approximation: as the second traversal employs the results of the
first one, augmenting θ not only affects the estimation quality of the first
pass but also more severely deteriorates the accuracy of the second one, in
a cascading effect. The DR quality of FMs SNE thus rapidly decreases with
θ, while small BH thresholds yield high AUC since, in this case, both tree
traversals deliver precise approximations. Smaller θ nevertheless induces
larger running times for both FMs SNE and FMs t-SNE. Considering the
AUC and computation time dependence of FMs SNE with respect to θ, its
BH threshold should be carefully determined to ensure a proper balance be-
tween DR quality and running time. For this reason, a threshold θ = 0.45 is
considered for FMs SNE in the remaining experiments. On the other hand,
FMs t-SNE can accommodate with larger BH thresholds thanks to its AUC
dependence with θ, enabling to decrease computation time without suffer-
ing from significant loss in DR quality. As it can reach high DR quality
with low computation time much more easily and as it is intrinsically faster
since entailing only one tree traversal per gradient estimation instead of
two, one can state that FMs t-SNE is superior to FMs SNE. For the subse-
quent experiments, θ = 0.75 is used with FMs t-SNE. Noticeably, although
both FMs SNE and FMs t-SNE get, as expected, faster as θ increases,
BH t-SNE behaves differently. Indeed, on all data sets, the running time
of BH t-SNE first decreases with θ, reaches a minimum at around θ = 0.2
and then increases before remaining roughly stable. This intriguing phe-
nomenon may be explained as larger θ accelerates each gradient estimation
but also induces coarser approximations. These likely result in more itera-
tions before reaching convergence of the momentum gradient descent. The
L-BFGS scheme employed in FMs methods less suffers from these rougher
estimations, probably thanks to the successive Hessian approximations it
computes, which partly cancel the influence of noisy gradient estimates.
Therefore, for most BH thresholds, FMs t-SNE is statistically significantly
faster than BH t-SNE. For completeness of the comparison, three thresholds
are further employed with BH t-SNE, namely 0.2 as it minimizes running
times on Anuran, Musk, Spambase, Gesture and almost Plant, 0.5 as in
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[vdM14], and 0.75 as larger value.
Figures 4.20a and 4.20b depict the AUC and running time of the meth-

ods as a function of the number of points in sub-samples of Gesture. In
terms of AUC, Ms SNE remains the best method, followed by Ms t-SNE
and then FMs t-SNE. The last three methods are close, smaller data sets
favoring BH t-SNE and FMs SNE being superior on larger ones. Smaller BH
thresholds would improve the accuracy of FMs SNE on smaller sub-samples.
As to the computation times, FMs t-SNE is consistently and statistically
significantly the fastest method, which raises the interest for it in light of its
AUC performances. FMs SNE is second and BH t-SNE is indeed faster with
θ = 0.2. Using log-log axes as in Fig. 4.20b, the slope of linear regressions of
the method timings should reveal their time complexity. One would expect
a slope near 2 for t-SNE, above 2 for Ms SNE and Ms t-SNE, above 1 for
BH t-SNE and higher than 1 for FMs SNE and FMs t-SNE, as these meth-
ods respectively have O

(
N 2), O (N 2 log N

)
, O (N log N ) and O

(
N log2 N

)
theoretical time complexity. Such slopes are indeed experimentally observed
(larger numbers of samples would obviously yield more accurate values at
the expense of much larger running times for non-fast methods).

Table 4.1 provides performances of the methods on all databases using
specific BH thresholds. Ms SNE keeps the best AUC and slowest computa-
tion times. With more affordable running times, Ms t-SNE is always second
in AUC except on Spambase on which FMs t-SNE is superior. Ms t-SNE
is also faster than t-SNE, except on Spambase and Madelon. FMs t-SNE is
consistently and statistically significantly the fastest method and yields the
highest AUC among accelerated schemes, except on Plant and Satellite, on
which FMs SNE is superior, without statistical significance on Plant, and on
Isolet, on which BH t-SNE performs well, without being statistically differ-
ent from FMs SNE in AUC. FMs t-SNE also statistically significantly beats
t-SNE in terms of AUC, except on Waveform and Madelon. Computation
time of BH t-SNE is indeed minimized with θ = 0.2, except on Waveform
on which θ = 0.5 is slightly faster. FMs SNE is not as fast as FMs t-SNE
but still generally results in statistically significantly larger AUC than t-
SNE and BH t-SNE, in less or similar time as BH t-SNE and less time than
t-SNE and Ms t-SNE. The AUC difference between Ms SNE and FMs SNE
is always greater than between Ms t-SNE and FMs t-SNE, probably due to
the two tree traversals required for the gradient estimation.

Figure 4.21 illustrates the results of Table 4.1. The high concentration
of FMs t-SNE markers in the upper left part of the figure highlights its
superiority with respect to the other DR schemes. The performances of
FMs SNE and FMs t-SNE being reported for 30 different random sub-
samplings, one can visually observe the variability of their performances.
While FMs SNE is stable in terms of computation time but slightly less
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Figure 4.15: (a) AUC of the DR methods on Anuran as a function of the BH
threshold θ, from 0.05 to 0.95 with 0.05 step. Average performances over
30 random sub-samplings are depicted for FMs SNE and FMs t-SNE, with
shaded areas delimiting one standard deviation around the mean. Above
the figure, pairs of markers indicate schemes that are not statistically sig-
nificantly different, for instance Ms t-SNE and FMs SNE for θ = 0.25. (b)
Analogous to (a) but for the computation time. Log-scale is used for the
y-axis and s, m, h and d refer to second, minute, hour and day.
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(a) Plant. AUC (θ).
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Figure 4.16: (a) Similar to Fig. 4.15a but on Plant. (b) Analogous to (a)
but for the computation time. Log-scale is used for the y-axis and s, m, h
and d refer to second, minute, hour and day.
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Figure 4.17: (a) Similar to Fig. 4.15a but on Musk. (b) Analogous to (a)
but for the computation time. Log-scale is used for the y-axis and s, m, h
and d refer to second, minute, hour and day.
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(a) Spambase. AUC (θ).

.0 .1 .2 .3 .4 .5 .6 .7 .8 .9 1.0
Barnes-Hut threshold 

40s
1m

2m
3m
5m
7m

10m
15m
20m
30m
45m

1h
1.5h

2h
3h

Co
m

pu
ta

tio
n 

tim
e 

(lo
g.

 sc
al

e)

Ms SNE
Ms t-SNE
t-SNE

FMs SNE
FMs t-SNE
BH t-SNE

(b) Spambase. Time (θ).
Figure 4.18: (a) Similar to Fig. 4.15a but on Spambase. (b) Analogous to
(a) but for the computation time. Log-scale is used for the y-axis and s, m,
h and d refer to second, minute, hour and day.
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Figure 4.19: (a) Similar to Fig. 4.15a but on Gesture. (b) Analogous to (a)
but for the computation time. Log-scale is used for the y-axis and s, m, h
and d refer to second, minute, hour and day.



4.4. EXPERIMENTAL RESULTS 97

3k 4k 5k 6k 7k 8k 9k 9901
Number N of samples

.6
.61
.62
.63
.64
.65
.66
.67
.68
.69

.7
.71
.72
.73
.74
.75
.76
.77
.78
.79

AU
C

Ms SNE
Ms t-SNE
t-SNE
BH t-SNE [ = . 5]

FMs SNE [ = . 45]
FMs t-SNE [ = . 75]
BH t-SNE [ = . 2]
BH t-SNE [ = . 75]

(a) Gesture. AUC (N ).

3k 4k 5k 6k 7k 8k 9k
Number N of samples (log. scale)

30s
1m
2m
4m
8m

15m
30m

1h
2h
5h

10h
1d
2d
4d

Co
m

pu
ta

tio
n 

tim
e 

(lo
g.

 sc
al

e)

Ms SNE (2.69)
Ms t-SNE (2.5)
t-SNE (1.91)
BH t-SNE [ = . 5] (1.72)

FMs SNE [ = . 45] (1.56)
FMs t-SNE [ = . 75] (1.66)
BH t-SNE [ = . 2] (0.95)
BH t-SNE [ = . 75] (1.97)

(b) Gesture. Time (N ).
Figure 4.20: (a) Similar to Fig 4.19a but for sub-samples of the Gesture
data set, with fixed BH thresholds θ described in the legend. The number
N of samples varies with steps of 500 on the x-axis. (b) Analogous to (a)
but for the computation time, on the y-axis. Both axes are in log-scale and
s, m, h and d refer to second, minute, hour and day. For each DR algorithm,
the slope of a linear regression of its results in log-log scale is provided in
parentheses in the legend.
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Figure 4.21: AUC of the DR methods on moderate-sized data sets as a
function of their computation time in log-scale, with s, m, h and d referring
to second, minute, hour and day. Results of FMs SNE and FMs t-SNE are
depicted for 30 different random sub-samplings. The markers and colors re-
spectively differentiate the DR methods and data sets. The data sets names
are indicated using their associated colors to enable their identification.

in AUC for reasons detailed below, FMs t-SNE is remarkably consistent
across the random sub-samplings. All conclusions drawn from Table 4.1 are
depicted in Fig. 4.21.

Figure 4.22 depicts RNX (K) curves for Anuran, Musk and Satellite.
Both original and accelerated multi-scale methods outperform single-scale
algorithms in terms of local and global neighborhood preservation. Single-
scale schemes are only close or slightly above for neighborhood sizes near
the perplexity. Indeed, as mentioned in [LPOV15], at the expense of a
small loss around the perplexity, the multi-scale behavior uplifts the curve
for all other neighborhood sizes. FMs SNE is close to Ms SNE in terms
of global neighborhood preservation but does not reproduces local ones as
well. FMs t-SNE behaves in the opposite way when compared to Ms t-SNE.

It is noteworthy that in Fig. 4.15, 4.16, 4.17, 4.18, 4.19, 4.20, Table 4.1,
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(b) Musk.
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(c) Satellite.

Figure 4.22: (a)
RNX (K) curves of
the DR methods on
Anuran as a function
of the neighborhood
size K, using the same
BH thresholds as in
Table 4.1. Average
curves over 30 random
sub-samplings are de-
picted for FMs SNE
and FMs t-SNE, with
shaded areas delimiting
one standard deviation
around the mean, as
in Fig. 4.15, 4.16, 4.17,
4.18, 4.19 and 4.20. A
log-scale is employed for
the neighborhood size
K. (b)-(c) Similar but
respectively on Musk
and Satellite.
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Fig. 4.21 and Fig. 4.22, the standard deviations of FMs SNE are system-
atically larger than for FMs t-SNE. This indicates that FMs SNE is more
sensitive to the random sub-samplings than FMs t-SNE, yielding magnified
variations of the small neighborhood preservation in Fig. 4.22. This in-
creased sensitivity likely results from the two tree traversals of the FMs SNE
gradient estimation. Indeed, the BH algorithm is directly dependent on the
LD configuration, which is itself related to the considered HD data sub-
sampling. The larger influence of the BH algorithm on FMs SNE than on
FMs t-SNE, caused by the two tree passes performed per data point at each
iteration, then induces an increased sensitivity of FMs SNE with respect to
the HD data sub-samplings.

4.4.2 Scalability analysis of the fast methods
Non-accelerated NE schemes can manage up to a few thousands samples,
due to their quadratic time complexity. Fast methods better scale on large
data sets, with tens or hundreds of thousands samples. This section hence
studies their performances in this last context, using data sets from the UCI
Machine Learning Repository [Lic13]:

• Statlog Shuttle (Shuttle);

• Sensorless Drive Diagnosis (Sensorless);

• SGEMM GPU kernel performance (Sgemm) [NC15];

• Covertype;

• Gas sensors for home activity monitoring (Gas) [HMF+16];

Table 4.2 provides their numbers N and Π of samples and features.
To assess DR quality, the AUC is no longer suitable as its evaluation

requires O
(
N 2 log N

)
time. Nevertheless, the start of the RNX (K) curve,

with K ranging from 1 to K, can be computed in O
(
KN log N

)
time,

thanks to vantage-point trees. The area AUC of this reduced curve develops
as (3.50), but with the upper limits of the sums replaced with K. The
smallerK compared to N , the more the AUC focuses on local neighborhoods
compared to AUC. In this section, K is set to 104, to consider similar
neighborhood sizes as in Section 4.4.1.

Table 4.2 gathers the results. On Shuttle and Sensorless, both with
tens of thousands samples, FMs SNE performs best in terms of AUC, but
with the largest computation times. This is due to the O

(
N log2 N

)
time

complexity of each gradient estimation, moreover involving two tree traver-
sals per data point, whereas the optimization iterations in BH t-SNE and
FMs t-SNE only cost O (N log N ) time, with a single tree pass per sample.
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FMs t-SNE is statistically significantly the fastest scheme, also with sta-
tistically significantly greater AUC than BH t-SNE. It is noteworthy that
increasing θ decreases the running time of BH t-SNE, differently to what
is observed in Section 4.4.1. Indeed, computing 103 momentum gradient
descent steps does not guarantee LDS convergence. Therefore, larger BH
thresholds may accelerate BH t-SNE optimization when stopped after 103

iterations, as increasing θ yields cheaper BH estimates and faster iteration
evaluations.

Figure 4.23 depicts 2-D embeddings of Shuttle as computed by FMs SNE,
FMs t-SNE and BH t-SNE. This database contains unbalanced labels, 80%
of its samples belonging to a single class. Visually, both fast multi-scale
methods tend to more regroup the classes than BH t-SNE. Figure 4.23c
moreover presents cluster over-emphasis produced by BH t-SNE, which af-
fects its AUC with respect to FMs SNE and FMs t-SNE. Indeed, although
matching Gaussian similarities with heavy-tailed Student t-distributed ones
is motivated by the crowding problem to compensate for the relative loss of
volume from the HDS to the LDS [vdMH08], it typically introduces artificial
clusters in the embedding since mid-range to distant neighbors are further
repelled [dBMVL18b]. In Fig. 4.23b, FMs t-SNE is also subject to this
phenomenon but to a lesser extent, as multiple Gaussian functions with
increasing tails are averaged in the HD space, reducing the gap with the
heavy-tailed Student t distribution. In contrast, as suggested by Fig. 4.23a
and its dominant AUC, FMs SNE is more robust to cluster over-emphasis,
thanks to the multi-scale Gaussian similarities it employs in both spaces.

As to Sgemm, Covertype and Gas, the results of FMs SNE with θ = 0.45
are not reported in Table 4.2 as these databases contain hundreds of thou-
sands samples, inducing intractable computation times when applying the
method with 30 different random sub-samplings. Larger thresholds could
have been employed, but they yield unstable DR quality as suggested in
Fig. 4.15, 4.16, 4.17, 4.18 and 4.19. Although BH t-SNE is the fastest
scheme, FMs t-SNE impressively outperforms it in terms of AUC. The
poor DR quality achieved by BH t-SNE, with the same AUC for all three
thresholds, suggests that it is far from convergence, before θ starts influenc-
ing the LD positioning. On the other hand, FMs t-SNE delivers fair AUC,
for instance in 4.5 hours on average on Gas, containing almost one million
samples. The 2-D embeddings of this data set illustrate in Fig. 4.24 these
results: the LDS computed by FMs t-SNE in Fig. 4.24a indeed reveals a
structure related to the three classes of Gas. Such an organization is not
obtained by BH t-SNE in Fig. 4.24b and 4.24c, which hardly and fuzzily
arrange the data points regardless of the BH threshold θ, leading to a weak
AUC.

Figure 4.25 further depicts the results of Table 4.2. For Shuttle and
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(a) FMs SNE (θ = 0.45).

(b) FMs t-SNE (θ = 0.75).

(c) BH t-SNE (θ = 0.5).

Figure 4.23: (a) 2-
D embedding of Shut-
tle obtained by one of
the 30 applications of
FMs SNE. The classes
in the data set are de-
picted using different col-
ors. The computation
time provided in the ti-
tle of the figure is in sec-
onds. (b)-(c) Similar but
for FMs t-SNE and BH t-
SNE. The embedding of
BH t-SNE is displayed
with θ = 0.5 as it max-
imizes its AUC on Shut-
tle among {0.2, 0.5, 0.75}
in Table 4.2.
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(a) FMs t-SNE (θ = 0.75).

(b) BH t-SNE (θ = 0.2).

(c) BH t-SNE (θ = 0.75).

Figure 4.24: (a) 2-D em-
bedding of Gas obtained
by one of the 30 applica-
tions of FMs t-SNE. The
classes in the data set
are depicted using differ-
ent colors. The compu-
tation time provided in
the title of the figure is
in seconds. (b)-(c) Simi-
lar but for BH t-SNE, re-
spectively with θ = 0.2
and θ = 0.75.
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Figure 4.25: Similar to Fig. 4.21 but for the fast DR methods on large-scale
data sets, with their AUC along the y-axis.

Sensorless, FMs t-SNE indeed lies in the upper left corner of the figure,
while BH t-SNE is the fastest on Sgemm, Covertype and Gas, but with
poor AUC compared to FMs t-SNE. It is noteworthy that FMs t-SNE has
a less stable AUC on Gas across the random sub-samplings compared to all
other data sets, due to the challenging nature and large size of Gas.

4.5 Discussion
In DR, NE methods produce LD versions of HD data sets retaining HD
neighborhoods impressively well. HD structures extraction drives a lot of
attention, leading to efficient frameworks easing subsequent classification
[ZNL17, ZNL18, ZNL16] and clustering [ZNG+18]. In visualization, multi-
scale schemes outperform single-scale ones by accounting for both local and
global data interactions, improving the HD neighborhood preservation. Yet,
their O

(
N 2 log N

)
time complexity with N samples limits their applicabil-

ity to a few thousands data. To tackle larger databases, this chapter devel-
ops O

(
N log2 N

)
accelerations of the multi-scale NE methods. While fast
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single-scale methods harness the intrinsic sparsity of their HD similarities,
the proposed fast multi-scale schemes account for the dense nature of the
multi-scale HD similarities by defining neighbor sets for each datum incor-
porating samples summarizing the data cloud from different perspectives.
These sets gather the closest HD neighbors to each datum to accurately cap-
ture the locally fluctuating structures, as well as HD points sampled with
different resolutions to consider the global data cloud properties. With a
BH algorithm avoiding LD crushing, the accounted subsets of HD data in-
teractions enable relevantly scoring the LD coordinates quality. The LDS
is hence efficiently shaped to reproduce HD relationships at all scales. Al-
though the presented algorithms evolve in O

(
N log2 N

)
, it is noteworthy

that the gradient of FMs t-SNE is iteratively estimated in O (N log N ) aver-
age time. As it requires a single tree traversal per datum for each gradient
approximation, it is superior to FMs SNE, as confirmed experimentally.
Simulations highlight that fast multi-scale methods consistently and statis-
tically significantly outperform state-of-the-art single-scale schemes in DR
quality, while tremendously accelerating their non-fast versions, enabling
multi-scale visualization of large data sets.

In extremely HD spaces, the efficiency of the nearest neighbor searches
through vantage-point trees may decay, due to the curse of dimensionality
[LV07]. In such cases, one can however first reduce the dimension with
PCA towards an intermediate dimensionality while preserving most infor-
mation content [vdM14]. Another option is to employ random projection
trees combined with neighbor exploring techniques [TLZM16]. As to future
lines of work, our methods can be extended to class-aware settings [ZNL16],
inspired by recent successful works [LZN+19]. Weights could also be associ-
ated to the multi-scale sampled neighbors, proportionally to the number of
neglected interactions they represent on average. These interactions would
also influence the LDS computation, to improve DR quality. The design
of such weights should however consider both the HD and LD coordinates,
which are iteratively updated. Another perspective is to study fast multipole
methods [VCP14] and negative sampling techniques [TLZM16], to analyze
whether they yield better trade-offs between running time and DR quality.
In this line, variants of condition (4.7) will be investigated as well, by re-
placing rc with the average distance between mc and the points in cell c,
and the diagonal of the smallest box which contains all points in T c. These
refinements would ease meeting the BH approximation condition, since (4.7)
could hold as soon as all points in T c are close one to another and far from
xv, even if cell c is large, hence possibly further reducing computation time.
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Chapter 5

Conclusions

The goal of this thesis is to develop robust and fast nonlinear di-
mensionality reduction (DR) algorithms for visualization to ease
extended and efficient high-dimensional (HD) data exploration in

data analysis tasks. Such exploratory phases are crucial to help defining the
application needs, to drive the subsequent design choices and data analyses
to conduct, and to appropriately assess the relevance of the performances
of the employed machine learning (ML) methods [Pla13, CCR+19]. In this
context, whereas most ML schemes only provide the user with quantitative
indicators such as cost function values, which are difficult to interpret, data
visualization offers powerful exploration means [Mun14]. Since numerous
ML tasks nowadays deal with HD data, the sake of improving exploratory
visualization requires considering the recent progresses made in the develop-
ment of visualization tools for HD data, in the field of ML-based nonlinear
DR [LV07].

Nonlinear DR seeks at faithfully representing HD data sets into low-
dimensional (LD) spaces, mostly for exploratory visualization or to dismiss
the curse of dimensionality [CP97, BPN16, BBH12]. The relevance of an LD
embedding typically relies on the HD neighborhood preservation. Mappings
from HD to LD coordinates formalize this neighborhood preservation prin-
ciple in the context of several paradigms [LV07], such as the reproduction
of distances [BG05] or neighborhoods [Koh90, HR02].

Linear projections of the HD vectors include early principal compo-
nent analysis (PCA) [Jol86] and classical metric multidimensional scaling
(MDS) [BG05], driven by the variance or dot product preservation. Nonlin-
ear metric MDS extensions [Sam69] define (weighted) distance preservation
schemes relying on either Euclidean or approximated geodesic measures
[Ten98, TDSL00, LLV04]. Affinity matrices may also be computed to guide
the LD embedding tuning [BN02, RS00, NLKC06, SSM97, Suy08]. However,
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these approaches are hardly superior to the older methods in visualization
tasks [LV07, LV09, vdMH08], potentially because they can be expressed
as classical MDS applied in an unknown feature space [SSM98, HLMS04].
Distance-preserving schemes are indeed particularly affected by the norm
concentration phenomenon [FWV07].

On the other hand, modern neighbor embedding (NE) visualization
methods such as Stochastic Neighbor Embedding (SNE) [HR02] and vari-
ants [vdMH08, VPN+10] alleviate this phenomenon by matching neighbor
similarity or probability distributions defined in both spaces to compute the
LD points [LV11, MHM18]. The resulting outstanding DR performances en-
able accurately retrieving HD structures in the LD space (LDS) and moti-
vated developing alternative SNE-based models, with heavy-tailed distribu-
tions as in t-SNE [vdMH08, YKXO09, dBMLS+19, GSH15], mixtures of di-
vergences as cost functions [VPN+10, VK07, BHBV12, LRB+13], enhanced
optimization [CP10, BHV+11, vdM10, VCP12, PL13, VCP13, GMH12,
NJC04, YWO10, MH05], lower-complexity approximations [YPK13, vdM14,
VCP14] and multi-scale, meta-parameter-free similarity definitions [LPOV15,
dBMVL18b], revealing multiple organization levels of the data.

Notwithstanding these major achievements, enhancing HD data explo-
ration in modern visualization contexts involves developing and extending
NE algorithms in different regards, including the two following ones. First,
NE schemes need to be robust with respect to various data types that are
faced by users in practice. Such data types include databases with missing
entries, which are often tackled in machine learning [BE10, All02]. Sec-
ond, NE techniques must be fast enough to efficiently process big data sets,
without limiting data exploration with too long running times. This the-
sis studies both aspects and designs NE approaches according to these two
requirements for exploratory data visualization in current ML settings.

As to robustness to missing data, state-of-the-art NE algorithms can
unfortunately not be directly employed on incomplete data sets, which be-
come ubiquitous in machine learning [GLSGFVV09, DV12]. Discarding
samples with missing features prevents their LD coordinates computation
and deteriorates the complete samples treatment, as detailed in Chapter 3.
Common missing data imputation schemes [HHE03] are also unsuitable in
the nonlinear DR context. Indeed, even if they model the data distribu-
tion in the feature space, they can at best enable the application of a DR
scheme on the expected data set. In practice, one would instead like to ob-
tain the LD embedding with the closest cost function value on average with
respect to the complete data case. As current NE techniques are nonlinear,
the latter embedding results from minimizing the expected cost function
on the incomplete database, not from considering the expected data set.
This thesis addresses these limitations by developing a general methodology
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for nonlinear DR with missing data [dBMVL19], being directly applicable
with any DR scheme optimizing some criterion, as presented in Chapter 3.
In order to model the feature dependencies, a high-dimensional extension
of Gaussian mixture models is first fitted on the incomplete data set, as
presented in Section 3.1. It is afterwards employed under the multiple im-
putation paradigm to obtain a single relevant LD embedding, minimizing
the cost function expectation, as developed in Section 3.2. Extensive experi-
ments in Section 3.3 demonstrate the superiority of the suggested framework
over alternative approaches. Public implementations are available online at
https://github.com/cdebodt.

Concerning the design of fast NE algorithms, both single-scale and
multi-scale methods exhibit a time complexity in the number N of sam-
ples which is unaffordable for big data sets, as they evolve respectively in
O
(
N 2) [HR02, vdMH08, VPN+10, LRB+13] and O

(
N 2 log N

)
[LPOV15,

dBMVL18b] time. Single-scale methods can be accelerated by relying on
the inherent sparsity of the HD similarities they involve [YPK13, VCP14].
In particular, the Barnes-Hut (BH) approximation of t-SNE [vdM14] has a
O (N log N ) average time complexity, while essentially delivering a similar
DR quality as the original t-SNE formulation [dBMVL18a], as observed in
Section 4.2. Meanwhile, the dense structure of the multi-scale HD similari-
ties prevents developing fast multi-scale schemes in a similar way [LPOV15].
This difficulty is even more unpleasant as the single-scale or multi-scale na-
ture of NE schemes drives their HD neighborhood preservation in the LD
space; whereas single-scale methods focus on single-sized neighborhoods
through the concept of perplexity [HR02], multi-scale ones preserve neigh-
borhoods in a broader range of sizes and account for the global HD organiza-
tion to define the LD space [LPOV15]. To open the path to the deployment
of multi-scale NE approaches on very big databases, this thesis overcomes
their time complexity challenge by designing randomized accelerations of
these methods [dBMVL20], which run in O

(
N log2 N

)
average time as ex-

plained in Section 4.3. To account for all levels of interactions, the HD
data are first sub-sampled at different scales, enabling to identify small and
relevant neighbor sets for each data point thanks to vantage-point trees.
Afterwards, these sets are employed with a BH algorithm to cheaply eval-
uate the considered cost function and its gradient, enabling large-scale use
of multi-scale NE schemes. Thorough experiments in Section 4.4 demon-
strate that the proposed accelerations are, statistically significantly over
the random HD sub-samplings, both faster than the original multi-scale
methods by orders of magnitude, and better preserving the HD neighbor-
hoods than state-of-the-art single-scale schemes, leading to high-quality LD
embeddings.

This thesis hence presents robust and fast NE methods able to, on the

https://github.com/cdebodt
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one hand, deal with incomplete databases and, on the other hand, tackle
large-scale data sets in the multi-scale setting. Such developments ulti-
mately aim at facilitating HD data exploration in ML analysis tasks, by
(1) allowing users to rely on algorithms that can effectively be applied on
the data sets they encounter in practice, which frequently contain missing
entries, and by (2) ensuring that computation times remain manageable in
real exploration settings.

Among future perspectives, one can mention that, although Gaussian
mixture models efficiently capture the feature distribution and enable to
extend the applicability of NE methods to incomplete databases under
the multiple imputation paradigm as introduced in Chapter 3, their large
number of parameters limits their suitability when facing extremely HD
databases. In such cases, non-parametric estimators of the data density
could possibly better scale with the data dimension, by directly accounting
for the sparsity of these very HD spaces. In addition, these data distribution
models would also probably be more appropriate to data sets containing cat-
egorical information, which are also common in machine learning problems.
Gaussian mixtures are indeed not primarily developed to purposely consider
categorical features.

About the design of fast multi-scale NE algorithms, fast multipole meth-
ods [VCP14] can be confronted to the Barnes-Hut technique to determine
whether they could better balance computation time with DR quality. More-
over, another line of further works finds inspiration from parametric DR
mappings [BBH12, GSH15, Maa09, CdBV+20]. Such techniques are in-
deed well adapted to real-time application scenarios, as new data points
can be processed on the fly once the NLDR projection has been learned. In
this line, parametric NLDR embeddings can hence be very appropriate to
conveniently expedite the data treatment, ensuing in a more pleasant data
exploration for the user thanks to reduced running times.

In addition to robustness and speed, the current needs in HD data ex-
ploration in ML contexts challenge modern NLDR algorithms according to
other aspects as well. In particular, enhancing the interaction between users
and DR methods is key to efficiently explore the structure of large-scale
databases in diverse tasks. Indeed, enabling the user to provide relevant
feedbacks on the visualization helps to appropriately update it in an itera-
tive way to focus on different aspects of the HD data. While DR schemes
necessarily map data points by introducing some errors in the LD embed-
dings with respect to the HD structures due to the dimension reduction
from the HD to the LD space, the faithfulness of a LD representation could
be interactively depicted to the user besides the LD embedding itself. The
DR quality criteria measuring the HD neighborhood preservation in the LD
space as summarized in Section 3.3.1 would be very well suited for this pur-
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pose. The LD errors could also be individually measured and represented,
by evaluating the quality assessment criteria for each point separately. In-
teracting with the user would then help to visualize and identify the points
which are incorrectly displayed in the LD embedding. Such interaction how-
ever crucially requires developing dedicated softwares to enable its practical
deployment [Mun14]. Links between the NLDR and information visualiza-
tion communities should therefore be reinforced [KMRV15], with the ulti-
mate goal of more tightly connecting and bridging the gap between users
and ML algorithms in data analysis frameworks.
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Angélica González Arrieta, and Juan M. Corchado. Tun-
ing Database-Friendly Random Projection Matrices for Im-

http://archive.ics.uci.edu/ml


BIBLIOGRAPHY 123

proved Distance Preservation on Specific Data. Pattern
Recognition, 2020. Under review.

[LV07] John A Lee and Michel Verleysen. Nonlinear dimensionality
reduction. Springer Science & Business Media, 2007.

[LV+08] J. A. Lee, M. Verleysen, et al. Rank-based quality assess-
ment of nonlinear dimensionality reduction. In ESANN,
pages 49–54, 2008.

[LV09] John A Lee and Michel Verleysen. Quality assessment of
dimensionality reduction: Rank-based criteria. Neurocom-
puting, 72(7):1431–1443, 2009.

[LV10] John A Lee and Michel Verleysen. Scale-independent qual-
ity criteria for dimensionality reduction. Pattern Recogni-
tion Letters, 31(14):2248–2257, 2010.

[LV11] John A. Lee and Michel Verleysen. Shift-invariant similar-
ities circumvent distance concentration in stochastic neigh-
bor embedding and variants. Procedia Computer Science,
4:538–547, 2011.

[LZN+19] Yun Liu, Rui Zhang, Feiping Nie, Xuelong Li, and Chris
Ding. Supervised Dimensionality Reduction Methods via
Recursive Regression. IEEE Trans. Neural Netw. Learn.
Syst., 2019. DOI: 10.1109/TNNLS.2019.2940088.

[LZZ+18] Xuelong Li, Han Zhang, Rui Zhang, Yun Liu, and Feiping
Nie. Generalized Uncorrelated Regression with Adaptive
Graph for Unsupervised Feature Selection. IEEE Trans.
Neural Netw. Learn. Syst., 30(5):1587–1595, 2018.

[Maa09] Laurens van der Maaten. Learning a parametric embedding
by preserving local structure. In Artificial Intelligence and
Statistics, pages 384–391, 2009.

[MCG98] Andrew Morris, Martin Cooke, and Phil Green. Some so-
lution to the missing feature problem in data classification,
with application to noise robust asr. In Proc. of the IEEE
International Conference on Acoustics, Speech and Signal
Processing, 1998., volume 2, pages 737–740. IEEE, 1998.

[MdBB+17] Dounia Mulders, Cyril de Bodt, Johannes Bjelland, Alex
Pentland, Michel Verleysen, and Yves-Alexandre de Mon-
tjoye. Improving individual predictions using social net-



124 BIBLIOGRAPHY

works assortativity. In 12th International Workshop on Self-
Organizing Maps and Learning Vector Quantization, Clus-
tering and Data Visualization (WSOM+), pages 127–134.
IEEE, 2017.

[MdBB+19] Dounia Mulders, Cyril de Bodt, Johannes Bjelland,
Alex Pentland, Michel Verleysen, and Yves-Alexandre
de Montjoye. Inference of node attributes from social
network assortativity. Neural Computing and Applica-
tions, pages 1–21, 2019. doi:https://doi.org/10.1007/
s00521-018-03967-z.

[MdBL+18a] Dounia Mulders, Cyril de Bodt, Nicolas Lejeune, André
Mouraux, and Michel Verleysen. Linear periodic discrimi-
nant analysis of multidimensional signals. In International
Conference on Neural Information Processing (ICONIP),
pages 476–487. Springer, 2018.

[MdBL+18b] Dounia Mulders, Cyril de Bodt, Nicolas Lejeune, André
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g̃t Approximation of gt (p. 63)

g̃t
v Approximation of gt

v (p. 63)

g̃t
v Approximation of gt

v (p. 63)

ach Additional attribute stored in cell c of the space-partitioning tree to
approximate (4.31) (p. 86)

AUC Area under the RNX (K) curve displayed with a log-scale for K (p. 46)

θ Barnes-Hut threshold (p. 63)

|A| Cardinality of set A (p. 33)

C DR Cost function of a DR algorithm (p. 30)

C j? Cost function of single-scale JSE (p. 17)

C j Cost function of multi-scale JSE (p. 25)

C n Cost function of multi-scale NeRV (p. 25)

C Cost function of multi-scale SNE (p. 23)

C t Cost function of multi-scale t-SNE (p. 23)

C n? Cost function of single-scale NeRV (p. 16)

C̃ Cost function of fast multi-scale SNE (p. 84)

C̃ t Cost function of fast multi-scale t-SNE (p. 84)

C ? Cost function of single-scale SNE (p. 14)
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C t? Cost function of single-scale t-SNE (p. 16)

Cik Cholesky factor of Σ̃k,Mi|Oi (p. 38)

yik Vector drawn from a |Mi|-dimensional Gaussian distribution, with zero
mean and identity covariance (p. 38)

ΣABi
k Sub-matrix of Σk with rows indexed by Ai and columns by Bi (p. 33)

Σ̃k,Mi|Oi Conditional covariance of the missing features of the sample ξi
given ξOii under the component k ∈ G of a Gaussian mixture model (p. 33)

Σ̄k Matrix replacing Σk defined in (3.17) when using HDDC models (p. 35)

Σi Covariance matrix of the ith component of a Gaussian mixture model (p.
32)

Σ̃MMi

ik Sub-matrix of Σ̃ik with rows and columns indexed by Mi (p. 34)

Σ̃ik Matrix in RΠ×Π defined as Σ̃MMi

ik = ϕikΣ̃k,Mi|Oi and zero
elsewhere (p. 34)

s̄ih Denominator of sijh (p. 85)

δij HD distance between ξi and ξj (p. 9)

dk Hyper-parameter in HDDC methods, belonging to {1, . . . ,Π} (p. 35)

Π Dimension of the HD space, equal to the number of features of the HD
data set (p. 9)

P Dimension of the LD space (p. 9)

dij LD distance between xi and xj (p. 9)

dv,mc LD distance between xv and mc (p. 63)

σi? Set of the single-scale SNE HD similarities with respect to ξi, equal to
{σij?, j ∈ I\{i}} (p. 10)

si? Set of the single-scale SNE LD similarities with respect to xi, equal to
{sij?, j ∈ I\{i}} (p. 10)

‖ξi‖2 Euclidean norm of ξi (p. 10)

ei? Entropy of the single-scale SNE HD similarities in {σij?, j ∈ I\{i}} (p.
13)

E [·] Expectation operator (p. 30)
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Λ̄k Π ×Π diagonal matrix defined in (3.25) (p. 35)

Λk Diagonal matrix containing the eigenvalues of Σk sorted in decreasing
order (p. 35)

Qk Matrix containing the eigenvectors of Σk in its columns (p. 35)

ζ Scalar employed to tune ηk in Section 3.1.5 (p. 37)

f vi A term of ∂C̃
∂xv , defined in (4.25) (p. 85)

gvh A term of ∂C̃
∂xv , defined in (4.26) (p. 85)

gvh A term of ∂C̃
∂xv , defined in (4.26) (p. 85)

f t?
v Term in ∂C t?

∂xv (p. 61)

gt Term in ∂C t?
∂xv (p. 61)

gt
v Defined in (4.9) (p. 63)

gt
v Term in ∂C t?

∂xv (p. 61)

Ĩih Set of the indexes of the b3K1e nearest neighbors of ξi in Ξh\ {ξi} (p.
82)

Ii Full multi-scale neighbor set of ξi (p. 78)

Ĩi Set of the indexes of the multi-scale neighbors of ξi in Ξ\ {ξi} (p. 81)

Iih Set of the indexes of the min (b3Khe,N − 1) nearest neighbors of ξi in
Ξ\ {ξi} (p. 78)

Ii? Set of the indexes of the b3K?e nearest neighbors of ξi in Ξ\ {ξi} (p.
60)

I Set of the indexes of the data points, equal to {1, . . . ,N} (p. 9)

G Set of the indexes of the components of a Gaussian mixture model, equal
to {1, . . . , G} (p. 32)

Mi Set of the indexes of the missing features of ξi, which is a subset of
{1, . . . ,Π} (p. 33)

Oi Set of the indexes of the observed features of ξi, which is a subset of
{1, . . . ,Π} (p. 33)
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T c Set of the indexes of the LD points inside cell c of a space-partitioning
tree (p. 61)

z lij? Equal to κjσ
l
ij? + (1− κj) sij? (p. 41)

zij Equal to κjσij + (1− κj) sij (p. 25)

zij? Equal to κjσij? + (1− κj) sij? (p. 17)

νKi K−ary neighborhood of ξi, which is the set of the indexes of its K
nearest neighbors in the HD space (p. 45)

nKi K−ary neighborhood of xi, which is the set of the indexes of its K
nearest neighbors in the LD space (p. 45)

K Upper bound for K to compute the area AUC of the RNX (K) curve (p.
100)

α Level of significance of the statistical tests (p. 47)

logL (ϑ) Likelihood of a Gaussian mixture model with parameters ϑ (p. 32)

IΠ Identity matrix of order Π (p. 10)

N
(
ξOii |µk,Σk

)
Marginal of N (ξi |µk,Σk ) over the observed features of

ξi (p. 33)

N (ξi |µk,Σk ) Evaluation of the probability density function of the kth

component of a Gaussian mixture model over ξi (p. 32)

ϑ Set of the parameters of a Gaussian mixture model, equal to
{wk ,µk,Σk; k ∈ G} (p. 32)

mc Center-of-mass of the points indexed in T c (p. 61)

µ̃k,Mi|Oi Conditional expectation of the missing features of the sample ξi
given ξOii under the component k ∈ G of a Gaussian mixture model (p. 33)

µMi

k Components of µk indexed by Mi (p. 33)

µOik Components of µk indexed by Oi (p. 33)

µ̃ik Vector in RΠ whose components indexed by Oi (resp. Mi) are equal to
µOik − ξ

Oi
i (resp. µMi

k ) (p. 35)

µi Mean vector of the ith component of a Gaussian mixture model (p. 32)

N Number of data points in a data set (p. 9)
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Nk Equal to
∑
i∈I ϕik (p. 32)

G Number of components in a Gaussian mixture model (p. 32)

Ψ Number of imputations in multiple imputations techniques (p. 38)

Pϑ Number of parameters of the Gaussian mixture model characterized by
ϑ (p. 37)

H Number of scales in multi-scale methods (p. 23)

` (Ξ |ϑ ) Likelihood of a Gaussian mixture model with parameters ϑ on a
data set Ξ (p. 32)

wi Weight coefficient of the ith component of a Gaussian mixture model (p.
32)

pm Proportion of missing values introduced in a data set with respect to its
number N Π of entries (p. 46)

πi? Precision of the single-scale SNE HD similarities σij? for j ∈ I\{i} (p.
13)

πih Precision of the single-scale SNE HD similarities σijh for j ∈ I\{i} (p.
23)

ph Precision of the single-scale SNE LD similarities sijh for i ∈ I and
j ∈ I\{i} (p. 23)

pih Precision of the single-scale SNE LD similarities sijh for j ∈ I\{i} (p.
23)

p? Value of pi? for all i ∈ I (p. 13)

pi? Precision of the single-scale SNE LD similarities sij? for j ∈ I\{i} (p.
13)

K? Perplexity (p. 13)

Kh Perplexity at scale h (p. 23)

QKL Sum of the KL divergences between the “true” and approximated
HD similarities for each data point when introducing missing entries in a HD
data set (p. 45)

QNX (K) Average normalized agreement of the K nearest neighbor sets of
the data points in the HD and LD spaces (p. 45)

R Real numbers (p. 10)
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AUC Area under the RNX (K) curve for K ranging from 1 to K (p. 100)

ρij HD rank of ξj with respect to ξi (p. 45)

r ij LD rank of xj with respect to xi (p. 45)

RNX (K) Rescaled version of QNX (K) to account for the fact that
E [QNX (K)] equals K

N−1 for random LD points (p. 46)

b·e Rounding operator (p. 23)

rc Cell c diagonal length in a space-partitioning tree (p. 63)

Er Symmetric matrix resulting from reverse sweeping E on its row and
column l (p. 34)

S−1
A (E) Reverse sweep operator applied on the set of rows and columns
indexed in A of the symmetric matrix E (p. 34)

γi Shift value in (2.5) for the HD similarities σij? for j ∈ I\{i} (p. 13)

σ̂ij Approximation of σij obtained by a method managing missing values in
a data set (p. 45)

σlij Multi-scale SNE HD similarity between ξi and ξj from Ξl (p. 38)

τ ij Multi-scale t-SNE HD similarity between ξi and ξj (p. 23)

σij Multi-scale SNE HD similarity between ξi and ξj (p. 23)

σij? Single-scale SNE HD similarity between ξi and ξj using perplexity
K? (p. 10)

σlij? Single-scale SNE HD similarity between ξi and ξj from Ξl, using
perplexity K? (p. 41)

σn
ij? Single-scale NeRV HD similarity between ξi and ξj using perplexity
K? (p. 16)

τ ij? Single-scale t-SNE HD similarity between ξi and ξj using perplexity
K? (p. 16)

σijh Single-scale SNE HD similarity between ξi and ξj using perplexity
Kh (p. 23)

sijh Single-scale SNE LD similarity between xi and xj , using perplexity Kh

for σijh (p. 23)

sij Multi-scale SNE LD similarity between xi and xj (p. 23)
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sij? Single-scale SNE LD similarity between xi and xj , using perplexity K?

for σij? (p. 10)

sn
ij? Single-scale NeRV LD similarity between xi and xj , using perplexity K?

for σn
ij? (p. 16)

tij t-SNE LD similarity between xi and xj (p. 16)

π̃i? Precision of the sparse single-scale SNE HD similarities σ̃ij? for
j ∈ I\{i} (p. 60)

π̃ih Precision of the sparse single-scale SNE HD similarities σ̃ijh for
j ∈ I\{i} (p. 83)

τ̃ ij Sparse multi-scale t-SNE HD similarity between ξi and ξj (p. 83)

σ̃ij Sparse multi-scale SNE HD similarity between ξi and ξj (p. 83)

τ̃ ij? Sparse estimate for τ ij? (p. 60)

σ̃ij? Sparse approximation of σij? (p. 60)

σ̃πijh Defined in (4.19) to tune π̃ih (p. 83)

σ̃ijh Sparse approximation of σijh (p. 82)

s̃ijh Sparse approximation of sijh (p. 83)

s̃ij Sparse multi-scale SNE LD similarity between ξi and ξj (p. 83)

E Symmetric matrix (p. 34)

Es Symmetric matrix resulting from sweeping E on its row and column l (p.
34)

SA (E) Sweep operator applied on the set of rows and columns indexed in A
of the symmetric matrix E (p. 34)

TMG Time complexity of an EM iteration to fit a Gaussian mixture model on
an incomplete data set (p. 36)

ϕik Probability for the HD example ξi to originate from the kth component
of a Gaussian mixture model (p. 32)

tr (A) Trace of the matrix A (p. 35)

ηk Threshold in the scree test to tune dk (p. 36)

κj Meta-parameter trading off the terms in C j? (p. 17)
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κn Meta-parameter trading off the terms in C n? (p. 16)

Ξ Complete HD data set (p. 9)

Ξi ith imputed HD data set (p. 38)

Ξh Sub-sampled HD data set at scale h (p. 81)

Ξm Incomplete HD data set (p. 30)

ξ̃ik Vector in RΠ with its components indexed by Oi and Mi equal to ξOii
and µ̃k,Mi|Oi (p. 34)

ξMi
i Missing features of ξi (p. 33)

ΞO
m Set gathering ξOii for all i ∈ I (p. 33)

ξOii Observed features of ξi (p. 33)

ξTi Transpose of ξi (p. 10)

ξi ith HD point in a data set (p. 9)

X LD data set (p. 9)

Xh Sub-sampled LD data set at scale h (p. 83)

xTi Transpose of xi (p. 13)

xi LD representation of ξi (p. 9)

K Neighborhood size in DR quality assessment criteria (p. 45)

t-SNE Student t-distributed SNE (p. 15)

INN Incomplete-case k-nearest neighbor imputation (p. 44)

MIG Multiple imputations using a single multivariate Gaussian (p. 44)

IG Conditional mean imputation using a single multivariate Gaussian (p. 44)

MIMG Multiple imputations using a mixture of multivariate Gaussians (p.
43)

IMG Conditional mean imputation using a mixture of multivariate
Gaussians (p. 43)

IMe Mean imputation (p. 44)

AIC Akaike’s Information Criterion (p. 37)
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Anuran Anuran calls MFCCs (p. 88)

B.Freys B. Frey’s database of images (p. 65)

BCW Breast Cancer Wisconsin Diagnostic (p. 66)

BH Barnes-Hut (p. 60)

BH SNE Barnes-Hut acceleration of SNE (p. 60)

BH t-SNE Barnes-Hut t-SNE (p. 60)

BIC Bayesian Information Criterion (p. 36)

BrTis. Breast Tissue (p. 42)

CCS Concrete Compressive Strength (p. 42)

Clusters Artificial 3-D data set with 3000 dots distributed on eight equal-size
Gaussian clusters (p. 65)

COIL COIL-20 data set (p. 65)

ConcSl. Concrete Slump Test (p. 42)

ConV. Connectionist Bench on Vowel Recognition and Deterding Data (p.
42)

Digits Optical Recognition of Handwritten Digits (p. 42)

DR Dimensionality reduction (p. 2)

EE Energy efficiency (p. 42)

EM Expectation-Maximization (p. 32)

EVD Eigenvalue decomposition (p. 35)

Fert. Fertility (p. 42)

FFir. Forest Fires (p. 42)

FMMs Fast multipole methods (p. 58)

FMs t-SNE Fast multi-scale t-SNE (p. 87)

FMs SNE Fast multi-scale SNE (p. 87)

Gas Gas sensors for home activity monitoring (p. 100)

Gesture Gesture phase segmentation (p. 89)
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GlId. Glass Identification (p. 42)

Hab. Haberman’s Survival (p. 65)

HD High-dimensional (p. 1)

HDDC High-dimensional data clustering (p. 35)

HDS HD space (p. 9)

ILP Indian Liver Patient (p. 42)

Iono. Ionosphere (p. 43)

IstSt. Istanbul Stock Exchange (p. 43)

JSE Jensen–Shannon embedding (p. 16)

KL Kullback-Leibler (p. 14)

L-BFGS Limited-memory Broyden–Fletcher–Goldfarb–Shanno (p. 19)

LD Low-dimensional (p. 2)

LDS LD space (p. 9)

MDS Classical metric multidimensional scaling (p. 4)

ML Machine learning (p. 1)

MNIST The test set of the MNIST database containing images of
handwritten digits (p. 65)

Ms t-SNE Multi-scale t-SNE (p. 87)

Ms SNE Multi-scale SNE (p. 87)

Musk Musk version 2 (p. 89)

NE Neighbor embedding (p. 4)

NeRV Neighborhood Retrieval Visualizer (p. 16)

NLDR Nonlinear dimensionality reduction (p. 1)

NSTs Negative sampling techniques (p. 58)

Oliv. Olivetti database of face images (p. 65)

Park. Parkinsons (p. 43)
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PCA Principal component analysis (p. 4)

Plant Combined cycle power plant (p. 88)

PlRel. Planning Relax (p. 43)

Satellite Statlog landsat satellite (p. 89)

Sensorless Sensorless Drive Diagnosis (p. 100)

Sgemm SGEMM GPU kernel performance (p. 100)

Shuttle Statlog Shuttle (p. 100)

SNE Stochastic Neighbor Embedding (p. 9)

SPECTF SPECTF Heart (p. 66)

Sph Artificial 3-D data set with 3000 dots distributed on a unit-radius
sphere (p. 65)

Sphere Artificial 3-D data set with 1500 dots distributed on a unit-radius
sphere (p. 43)

Theorem First-order theorem proving (p. 89)

Torus Artificial 3-D data set with 3000 dots distributed on a torus (p. 65)

UsKn. User Knowledge Modeling (p. 43)

Waveform The Waveform database generator version 2 (p. 89)

WholC. Wholesale customers (p. 43)

Wine Wine quality (p. 89)

YaHyd. Yacht Hydrodynamics (p. 43)
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Neighborhood Retrieval Visualizer (NeRV),
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Octree, 61

Perplexity, 13
Perplexity-free, multi-scale t-SNE, 23

Quadtree, 61
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Scree test, 36
Shift invariance, 13
Single imputation, 29
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