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1
Introduction

1.1 Context

The global energy situation has become a major concern. While fossil en-
ergy sources become scarcer, the energy demand keeps increasing, and
the environmental impact on climate becomes a growing preoccupation as
climate change leads to a rapid increase in the energy needed for cooling
purposes. According to the International Institute of Refrigeration (IIR),
the total number of refrigeration, air-conditioning, and heat pump systems
in operation worldwide was about 5 billions as of 2019 [47]. Any small
improvement in the efficiency of such devices would, therefore, have a
significant impact. In addition, the IIR estimated that around 20% of the
global warming impact of refrigeration systems is due to direct emissions
(leakage) of chlorofluorocarbons (CFCs), hydrofluorocarbons (HFCs), and
hydrochlorofluorocarbons (HCFCs) [47]. Consequently, European legis-
lation imposed restrictions on the use of refrigerants with a high ozone
depletion potential (ODP) and a global warming potential (GWP) greater
than 150. Most synthetic refrigerants, such as R11, R22, R134a, R245fa, . . . ,
do not meet these restrictions. Likewise, Canada has decided, after the
Montreal Protocol of 1987 and the Kigali Amendment of 2016, to reduce
the production and consumption of HFCs by more than 80% by 2045 [144].
Instead, so-called natural refrigerants should be used, as they have little to
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Fluid Formula Toxicity Flammability ODP GWP
R-12 CCl2F2 Nontoxic Nonflammable 1.0 10 900
R-114 C2Cl2F4 Nontoxic Nonflammable 1 10 000
Propane C3H8 Low Very high 0 3
i-Butane i-C4H10 Low Very high 0 3
n-Butane C4H10 Low Very high 0 3
i-Pentane i-C5H10 Low Very high 0 3
n-Pentane C5H12 Low Very high 0 3
R-32 CH2F2 Low Low flammable 0 675
R-134a C2H2F4 Very low Nonflammable 0 1 430
R-245fa C3H3F5 Very low Nonflammable 0 1 020
Carbon dioxide CO2 Nontoxic Nonflammable 0 1.0
Ammonia NH3 Toxic Lower 0 0
Water H2O Nontoxic Nonflammable 0 –

Table 1.1 Environmental and health properties of current and potential
future refrigerants, adapted from [45].

no impact on climate change [2].

Carbon dioxide (CO2, R744) is therefore an appropriate replacement for
conventional refrigerants. Indeed, it is seen in Table 1.1 that CO2 has a
zero ODP and a GWP of 1, which is hundreds of times less harmful than
classical refrigerants such as R134a. In addition, this refrigerant has the
advantage of being non-toxic and non-flammable. However, typical CO2
refrigeration cycles suffer from low performance compared to cycles using
classical refrigerants [52]. Because of the thermodynamic properties of car-
bon dioxide, namely, a critical temperature of 31 [°C] which is relatively
close to the ambient, CO2 refrigeration cycles must often operate at high
pressures to reach temperatures enabling heat transfers with the ambient.
Practically, this implies that, depending on the ambient conditions, the
cycle may frequently operate under transcritical operation, which character-
izes a thermodynamic cycle in which the working fluid goes through both
subcritical and supercritical states. Expansion losses are then substantial
because of the high pressure difference [79]. To illustrate this, one can refer
to Figure 1.1, which compares a classical refrigeration cycle working with
R134a, R410a, or CO2 whilst operating at the same temperatures. As visible
in Figure 1.1, the expansion part in the CO2 cycle also generates signifi-
cantly more entropy, and hence related throttling losses, than with other
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Fig. 1.1 Comparison of the transcritical CO2 refrigeration cycle to con-
ventional refrigerants cycles at an evaporator temperature of 15 [°C] and
gas cooler/condenser temperature of 35 [°C] (reproduced after [52]). The
pressure drop at the expansion valve, ∆p, is of ∆p = 3.98 [bar] with R134a,
∆p = 8.89 [bar] with R410a, and ∆p = 48.63 [bar] with CO2.

classical refrigerants. In other words, the exergy losses (losses associated
with entropy production) are greater, also leading to the fact that CO2 has a
higher potential for efficiency improvement (mechanical work recovery).
To enhance the performance of refrigeration cycles and balance out the low
performance of such systems when operating with natural refrigerants such
as CO2, one compelling strategy is to integrate an ejector within the cycle
[17, 50, 66, 91]. Ejectors are favorable devices used to suck and compress
fluids that find one of their main application in the field of refrigeration.

1.2 Fundamentals and advances in ejector technology

1.2.1 Ejector basics
As shown in Figure 1.2, ejectors are passive devices that can be broken
down into four parts: the primary nozzle, the mixing chamber, the mixing
duct (also referred to as the secondary throat), and the diffuser. Under
standard operation of the device, a motive fluid at high stagnation pressure
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Primary nozzle

Mixing chamber

Mixing duct

Diffuser

Secondary flow

Primary flow Mixed flow

Fig. 1.2 Schematics of a typical ejector [53].

is expanded in a primary nozzle, converting its pressure energy into kinetic
energy. In the case of a two-phase ejector, if the motive fluid enters the
nozzle under liquid or supercritical conditions, a flashing phenomenon
appears just after the primary nozzle throat as the fluid goes from the
liquid state to a liquid/vapor mixture. This causes a sharp decrease in
sound velocity, so that the flow becomes supersonic [26]. The two-phase
low-pressure supersonic jet at the outlet of the primary nozzle draws and
compresses a secondary fluid at low stagnation pressure by means of com-
plex exergy exchanges through a compressible and turbulent shear layer
along the ejector. Primary and secondary fluids mix in the mixing chamber
and the mixing duct to end up with an intermediate stagnation pressure
at the diffuser outlet. Complex shock wave and expansion fan patterns
may occur within the primary nozzle, mixing chamber, mixing duct, and
diffuser. The position and intensity of these phenomena depend on the
geometry and operating conditions [106]. Additionally, metastable phenom-
ena may occur depending on the primary inlet conditions [122], since in
such highly compressible flows, the phase change significantly depends
on the rate of bubble nucleation [124]. The expansion is so fast, inducing
high velocities and a low residence time, that the fluid may not have suf-
ficient time to reach equilibrium and vaporize under the usual saturation
conditions. Consequently, there is a delay before the flow returns to the
liquid-vapor equilibrium state. This practical implication results in distinct
flow topologies, thermodynamic states, and higher mass flow rates than
equilibrium conditions [40, 122].

Depending on the operating conditions, ejectors can work under different
regimes that characterize both their performance in terms of mass flow
rates and their internal flow topology. In supersonic ejectors, the primary
flow is said to be choked, in the sense that the mass flow rate is independent
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of downstream conditions [136]. Depending on the secondary inlet and
ejector outlet operating conditions, the secondary stream may be choked
as well [3]. To qualify the operating regime of the device and quantify its
performance, characteristic curves are commonly employed, that are curves
of the entrainment ratio ω = ṁs/ṁp (with ṁs and ṁp the secondary and
primary mass flow rates, respectively) versus the pressure at the outlet
of the device pout. Figure 1.3 depicts a typical characteristic curve of an
ejector. Much as for a simple nozzle, if the outlet pressure is below a critical
pressure p∗out, the entrainment ratio is maximum and independent of the
outlet pressure. Both primary and secondary flows are choked, and the
ejector is consequently said to be operating under the on-design (or double-
choking) regime. If pout > p∗out, the entrainment ratio decreases as pout
increases, and the ejector is said to be operating under the off-design (or
single-choking) regime. If pout = p∗out, the ejector is said to be operating
under critical operating conditions, in which the highest outlet pressure
with maximum entrainment ratio is obtained. Lastly, if the outlet pressure
exceeds the so-called breakdown pressure, the ejector is malfunctioning, as
part of the flow goes back into the secondary inlet.

Ejectors are known for their complex fluid dynamics and transfer phenom-
ena [15], and even though there have been significant advancements to
understand the local flow behaviors of the device [34, 83, 84], there remains
a lack of knowledge related to the specific flow features as well as the exergy
exchanges/dissipation occurring within the flashing CO2 ejector and their
relation with the operating conditions and the global cycle performance

on-design
(critical mode)

o↵-design
(sub-critical mode)

malfunction
(back-flow mode)

critical point

critical pressure breakdown pressure

poutp⇤out

!

Fig. 1.3 Typical characteristic curve of an ejector.
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[129, 142]. A better understanding of those phenomena is a necessity to
develop more reliable design methods and obtain higher ejector efficiency
and, consequently, enhanced system performance. To this end, numerical
modeling constitutes a precious tool to study and design the ejector [55, 82].
The following sections constitute a brief literature review concerning the
aspects of numerical modeling that are relevant within the context of the
present thesis: ejector thermodynamic modeling (Section 1.2.2), modeling
of ejector refrigeration systems (Section 1.2.3), computational fluid dynam-
ics of ejectors (Section 1.2.4), and challenges relating to the validation of
numerical results (Section 1.2.5).

1.2.2 Ejector thermodynamic modeling
The first one-dimensional mathematical model of an ejector was introduced
by Keenan et al. [77] in 1950. The model was based on the application
of mass, momentum, and energy conservation equations, with the use of
isentropic flow relations. This model has been used as a theoretical basis in
ejector design since then, as ejector models have progressively integrated
more physics [125]. Since such kind of model revolves around thermo-
dynamic principles and conservation laws applied between discrete cross
sections of the ejector, they are commonly referred to as thermodynamic
or 0D models [72]. Lacking information about the internal flow physics at
play, the early model of Keenan et al. [77] assumed that both primary and
secondary streams had the same pressure at the primary nozzle exit section
and was thus unable to provide information about the choking phenomena
[72]. The flow structures within the single-phase ejector have since been
well described in the literature [23, 54, 82]. Notably, Fabri and Siestrunk [54]
were among the pioneers to describe the double-choking phenomenology
within an air ejector. Based on the results of shadowgraphy techniques,

Hypothetical throat

Secondary inlet

Primary inlet

Outlet

0 t e y m N 2 d

Primary nozzle

Mixing chamber
Constant area duct Di↵user

2

Fig. 1.4 Layout of a typical ejector with discrete sections (labeled from 0
to d) used in a thermodynamic model.
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the authors theorized two choking behaviors depending on the secondary
fluid inlet pressure. If the latter is sufficiently high, the secondary stream
reaches sonic conditions and chokes at the axial position of the primary
nozzle exit as it comes into contact with the primary stream. For lower
secondary inlet pressures, the secondary stream reaches the speed of sound
and chokes at a particular section located within the mixing chamber or
mixing duct, as the primary stream expands and creates an aerodynamic
(or hypothetical) throat with the ejector wall (Fig. 1.4). This latter choking
phenomenology is referred to as the Fabri-choking and has been widely
used as an hypothesis for numerous subsequent theoretical ejector models
[6, 30, 33, 49, 74, 116, 131, 135, 143].
Yet, following the work of [54], the Fabri-choking has only been observed
and reported, to the best of the author’s knowledge, in Lamberts et al.
[84], where the authors performed Schlieren imagery within a rectangular
air ejector. According to Lamberts [82], in many studies, no apparent
sonic section is observed in the core of the secondary stream operating
under on-design regime. Building on this conclusion, Lamberts et al. [85]
described a new choking theory for perfect gas based on the early work of
Bernstein et al. [14] on the so-called compound-choking theory. This theory
describes the choking phenomenology of a multi-stream flow. Unlike in the
conventional approach of choking, that assumes that all streams must reach
sonic velocities, the compound-choking is based on the propagation of a
compound-wave and predicts that the flow may be choked even as some
streams remain subsonic [14]. Comparing the results of their model with
R141b experimental data, the entrainment ratio was found to lie within a
10% error range. However, like many other thermodynamic models [37, 74,
131, 135], the model of Lamberts et al. [85] remained limited to on-design
entrainment ratio predictions for single-phase ejectors. On the one hand,
several models were implemented to adequately handle two-phase flows
by introducing the fluid quality to compute density, enthalpy, and entropy
[6, 33, 72, 137]. As pointed out by Ameur et al. [6] the speed of sound in a
fluid with phase change is difficult to determine accurately, especially when
the phases exhibit large velocity and temperature differences. Hence, the
authors implemented a method to maximize primary and secondary mass
flow rates without the need to impose a unity Mach number at the throat.
On the other hand, next-generation models were developed to predict both
on- and off-design regimes [30, 31, 143]. The model of Chen et al. [30] was
among the first to allow the prediction of the ejector performance under all
operating regimes for real gas (including two-phase) ejectors. Their model
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assumed the presence of the hypothetical throat inside of a constant area
mixing duct for both operating regimes, and the off-design performance
was obtained by using a mixing efficiency dependent on the back-pressure
of the ejector. By combining different aspects of the models of Ameur et al.
[6], Chen et al. [30] and Lamberts et al. [85], Metsue et al. [110] introduced a
thermodynamic model of the latest generation with real-gas thermodynamic
properties retrieved from the COOLPROP library [13] and the compound-
choking theory for the predictions of double-choking. Five efficiencies were
implemented to model friction and dissipation losses, which allowed to fit
the model to accurately represent the physics. As in the model of Ameur
et al. [6], the speed of sound was not required as an input, and the authors
demonstrated that the use of the compound-choking criterion actually leads
to the maximization of the total mass flow rate within the ejector. The article
of Metsue et al. [110] is given in full length in Appendix C. While the ejector
model of Metsue et al. [110] reported accurate predictions compared to
experimental measurements, it was used as a standalone tool. However,
it should be integrated/coupled to a model of an entire refrigeration cycle
to gain more insightful knowledge. This matter is further discussed in the
following section.

1.2.3 Modeling of CO2 ejector refrigeration systems

Within the refrigeration cycle, ejectors can be used in various configura-
tions that are well described in Besagni et al. [17] and Tashtoush et al.
[141]. Of particular relevance for the present research is the transcritical
CO2 Ejector Refrigeration System (ERS), displayed in Figure 1.5. This con-
figuration was first proposed by Gay [62] in 1931, and it has since been
demonstrated to yield the highest Coefficient Of Performance (COP) and
exergy efficiency among the proposed layouts for CO2 systems [142]. In
this cycle, the high-pressure CO2 coming from the gas cooler is expanded in
the ejector. The vapor coming from the evaporator is entrained within the
device and pre-compressed through viscous shearing and suction induced
by the high-pressure stream. At the ejector outlet, the refrigerant has an
intermediate pressure, so the compressor can operate at a lower charge
compared to the classical cycle. In addition, the ejector can improve the
evaporator performance due to the consequently near-liquid feeding op-
eration [123], since liquid and vapor phases are separated in the separator.
Overall, the electrical consumption of the compressor is less for the same
cooling/heating capacity; the COP of the cycle is thus higher.

8 |



Fundamentals and advances in ejector technology | 1.2

Qev

Qgc

Wcomp

Expansion
valve

Evaporator

CompressorGas cooler

Ejector

Vapor-Liquid 
separator

•

•

•

Fig. 1.5 Layout of a typical CO2 ejector refrigeration system.

The modeling of the ERS in its entirety has been and remains to this day an
ongoing subject of research used to design the ERS, predict its performance,
and simulate its operation [4]. Kornhauser [80] performed in 1990 a first
analysis of the ERS performance through a simple in-house thermodynamic
model. The author compared the performance of a standard vapor com-
pression cycle (without ejector) with that of the ejector cycle for different
refrigerants and found potential COP improvements ranging from 12% to
30%. Using similar methods, Nehdi et al. [118] found that a maximum
COP improvement of 22% could be achieved by using an ejector in R141b
systems. Likewise, Li and Groll [87] found that the COP of the CO2 ERS
could be improved by more than 16% over the basic transcritical cycle
for typical air conditioning operation conditions. Zhang and Thian [151]
found that the total exergy losses of the transcritical CO2 ejector cycle were
reduced by about 43.0% with respect to the basic cycle. Several similar
studies have been subsequently performed to investigate and assess CO2
ERS performance [44, 58, 81, 153].

Because refrigeration cycles can be cumbersome to implement, adding to
the fact that in-house models are not very modular, some recent studies
have opted to use the Dymola commercial software as a modeling tool
[32, 67, 92, 96]. Dymola is a solver based on the Modelica language that
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can be coupled with relevant libraries to simulate a variety of systems,
including thermal systems. Metsue et al. [109] implemented their in-house
ejector model ([110]) within Dymola and investigated the influence of ejector
geometry on the performance of a transcritical CO2 ejector cycle. After
calibrating the ejector model onto the CO2 experimental data of Zhu et al.
[155], the authors found that there exists an ejector size that maximizes the
COP of the cycle and that the critical ejector pressure is not reached at this
optimum COP point. Instead, the maximum COP was found when the
ejector operated under the on-design regime, at an outlet pressure below
that of critical operation. The article of Metsue et al. [109] is given in full
length in Appendix D.
It should be noted at this stage that many studies dealing with the simula-
tion of ERSs in the open literature use a rather coarse approach towards the
modeling of the ejector itself, where often the on- and off-design regimes are
not distinguished [109]. Consequently, little knowledge can be gained about
the link between the ejector flow behavior and the performance of the ERS.
Particularly, there has been no clear association of the performance of the
cycle to the operating regime of the ejector (on- or off-design). Gaining this
knowledge would nonetheless lead to improvements in the ejector design
and the control of the ERS, both leading to a higher COP.

1.2.4 Computational fluid dynamics of ejector flows

To learn more about the internal physics at play within a supersonic ejec-
tor, Computational Fluid Dynamics (CFD) became in the early 2000’s a
compelling research tool, propelled by the development and availability
of high computational power infrastructures [11, 12, 48, 73, 128]. Several
works have then been done to characterize the flow topology with respect
to the operating conditions (e.g., [61, 84]) or to study the mixing cham-
ber geometry, shock wave formation, irreversibilities, and exergy transfers
[48, 83, 147, 148]. In particular, Lamberts et al. [83] extended the transport
tube analysis of Meyers and Meneveau [114] to exergy transport tubes in
the context of ejectors flows. This analysis allowed to determine the loca-
tions and amplitudes of the local exergy transfers and losses within the
ejector. This analysis was performed on the CFD results of a single-phase
(air) ejector, and never applied, to the author’s knowledge, to two-phase
flows. Additionally, even tough the analysis performed by Lamberts et
al. [83] highlighted that the net exergy gain of the secondary stream was
maximum when the ejector operated close to critical operation, this conclu-
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sion remains based on the study of a single characteristic curve where a
restricted number of CFD points were considered. The net exergy gain of
the secondary stream has never been studied for an ejector working within
an ERS, where its operating conditions diverge widely from the particular
ones (constant inlet conditions) considered in [83].
While work on single-phase ejector Large Eddy Simulation (LES) has al-
ready begun [25, 35, 43], a LES of a CO2 ejector has never been published
so far. Actually, the overwhelming majority of CFD papers on ejectors
was performed using Reynolds-Averaged Navier-Stokes (RANS) simula-
tions [36, 61, 63, 89, 100] (or, rarely, Favre-Averaged Navier-Stokes (FANS)
simulations in the case of density-based compressible solvers [83]), that
are statistically-averaged models that rely on a turbulence closure scheme.
As underlined by Ringstad et al. [129], accurate multiphase flow mod-
eling is generally considered the most challenging aspect of CO2 ejector
modeling. Several strategies can be adopted to model two-phase flows.
One can first distinguish pseudo-fluid models, for which the equations of
both phases are averaged into one, from proper two-fluid models, where
one set of the Navier-Stokes equations is solved for each phase [101, 129].
Note that, to the best of the author’s knowledge, there has been no at-
tempt to apply a two-fluid model to transcritical CO2 ejectors. Then, one
may differentiate between models based on whether they assume mechani-
cal (i.e., velocity and pressure) and/or thermodynamic (i.e., temperature)
equilibrium between the two phases. The most common approach, the
Homogeneous Equilibrium Model (HEM), considers both mechanical and
thermodynamic equilibria and has been extensively used to model CO2
ejector flows [57, 93, 103, 122, 129, 139] as it provides the simplest approach
toward two-phase flow modeling. This approach allows to define the state
of the vapor-liquid mixture with only two independent parameters (e.g.,
the density and specific internal energy) through the Equation of State (EoS)
[28]. In 2015, Palacz et al. [122] investigated the accuracy of the HEM de-
pending on the operating conditions of the CO2 ejector. The authors found
that the HEM could accurately predict motive and suction mass flow rates
for primary inlet conditions close to or above the critical point (i.e., for
tested conditions with pressures between 70 and 95 [bar] and temperatures
between 25 and 35 [°C]), with a relative error inferior to 10%. However, the
accuracy of the HEM quickly drops as the motive pressure decreases, reach-
ing motive mass flow rate discrepancies of 59.43% for highly subcooled
inlets. Those errors were attributed to metastability effects that were not
taken into account by the HEM.
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Building on the conclusion drawn by Palacz et al. [122], metastability effects
should be taken into account for the modeling of flashing CO2 ejectors with
low inlet temperatures. Discrepancies are mostly attributed to the thermody-
namic equilibrium hypothesis rather than mechanical equilibrium [40, 105].
Hence, more advanced two-phase models have been implemented to tackle
this issue by removing the hypothesis of thermodynamic equilibrium of the
phases [21, 70, 89, 95]. Among the proposed non-equilibrium models, the
Homogeneous Relaxation Model (HRM) is a so-called 4-equation model
[40] that was first proposed by Bilicki et al. [18]. Rather than considering
that equilibrium is instantly reached between the vapor and liquid phases,
like in the HEM, the HRM treats phase change as a relaxation process to-
ward the equilibrium vapor quality. Following their previous work [122],
Palacz et al. [121] compared, using CFD tools, the validity of the HRM
under different operating conditions of the CO2 ejector and reported errors
with the HRM that were approximately 5% lower than that of the HEM. Yet,
the accuracy of the model remained dependent on the operating conditions,
and Haida et al. [70] thus proposed optimized correlations for the relaxation
time, based on the formulation initially proposed by Downar-Zapolski et al.
[46] for flashing water and later adapted by Angielczyk et al. [8] for CO2.
Three operating ranges were defined according to the motive nozzle pres-
sure in order to minimize the discrepancy between CFD and experimental
results. Consequently, the modified HRM of Haida et al. [70] offers the
same accuracy as the HEM in the supercritical region while benefiting from
the better performance of the HRM in the sub-critical region. Recently, the
HRM was used in 1D by Log et al. [98] to study non-equilibrium effects
within the CO2 pipe depressurization with an alternative formulation for
the modeling of the relaxation time, which was defined as a function of the
relative initial entropy.
Another important aspect of any CFD simulation is the equation of state
(EoS) used to compute fluid properties at vapor, liquid, supercritical, two-
phase equilibrium, and metastable states. It has been demonstrated by
Raman and Kim [126] that the computation of these properties can strongly
influence the results of CFD simulations. However, it is essential to ensure
that the computation time for the EoS remains reasonable. De Lorenzo
et al. [41] identified three approaches to achieve this goal: using a simple
EoS, employing an iterative algorithm with an accurate EoS, or utilizing
tabulated methods. Several early attempts were made to perform CFD of
two-phase CO2 with analytical EoSs such as the perfect gas (PG) EoS [139],
the stiffened gas (SG) EoS [104, 115], or the the Peng-Robinson (PR) EoS [27].

12 |



Fundamentals and advances in ejector technology | 1.2

However, as pointed out by Fang [55], those are not suited for predicting
such complex mixtures, which contain a wide range of thermodynamic
states. It is widely accepted that the currently most accurate EoS for CO2 is
the Span-Wagner (SW) EoS [140], which is based on hundreds of parameters
that are fitted by extensive experimental data [55]. This EoS has been
implemented into the REFPROP [86] and COOLPROP [13] thermophysical
property libraries. Despite its high accuracy, the SW EoS requires high
CPU times, which is the main reason why so-called tabulated EoSs are
being preferred and have been adopted in several studies [5, 57, 59, 64,
132]. With those methods, the time-consuming iterative procedure for the
EoS is performed in pre-processing to create tables that are used during
the CFD simulation itself by interpolating the tabulated values. Notably,
Fang et al. [56] developed a lookup table for CO2 by adapting previous
work done by De Lorenzo et al. [41] for water. The tabulated method
showed good accuracy, with a maximum pressure discrepancy of 0.23%
with the original SW EoS. It was then coupled to an OpenFOAM solver to
simulate transcritical CO2 ejector flows, and a speed-up factor of about 66
compared to the original SW EoS was reported by the authors [57]. The table
of [56], despite its notable performance, is however limited to a bilinear
interpolation scheme, and of the SW EoS for CO2 only. Moreover, the
tabulated EoS is implemented as a Fortran routine, which must then be
coupled to the solver as a static library, contributing to its lack of portability.
To further reduce the CPU time of the CFD simulations, wall models are
typically used to reduce the number of grid elements required in the near
wall region and rely on simplified assumptions about flow behavior near the
wall. However, those may not accurately represent the intricate dynamics of
two-phase compressible flows [69]. To the author’s knowledge, there has not
been any record of the validation or specific implementation of a wall model
suitable for flashing CO2 flows in the open literature. However, without
thorough validation against experimental or high-fidelity numerical data, it
is difficult to ascertain the accuracy and reliability of predictions obtained
using wall models for such simulations. Yet, many CFD studies rely on
such wall models [55]. To alleviate this problem, performing wall-resolved
simulation is an appropriate alternative to the use of current wall models,
coming however at a significantly higher cost (and can even be prohibitive)
in terms of numerical resources since the mesh must be refined at the
wall in order to accurately capture the velocity gradient and shear stresses
[55]. To cope with the high CPU times, implicit time integration schemes
can be employed in FANS, which practically enable faster convergence of
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the solution than explicit schemes. Implicit schemes are, however, more
elaborate in their implementation, requiring complex derivative terms [119],
which is why most of them are not compatible to solve compressible two-
phase flows.
Because ejector flows are highly compressible, a density-based approach is
generally regarded as more suitable compared to a pressure-based one [55].
Note that a thorough analysis of this matter is, to the best of the author’s
knowledge, still lacking in the open literature. There are however reports of
a noticeable gain in speed for compressible cases with a density-based solver,
which is also less diffusive than the pressure-based one [22]. Nonetheless,
most of the CFD-HEM ejector simulations reported in the open literature
use a commercial pressure-based solver (ANSYS Fluent) [36, 61, 65, 122],
and to the best of the author’s knowledge, a density-based solver has never
been used to perform CFD-HRM simulations.

1.2.5 The challenges of experimental validation

CO2 ejectors are made of small parts that may often be difficult to manu-
facture accurately, as the typical primary nozzle throat has a diameter of
around 1 [mm] [63, 68, 120, 155, 156]. Along with this comes the problem
of accurate measurements: (i) of the actual dimensions of the device, that
should be verified after manufacturing since even a small deviation from the
reference dimensions may have a drastic impact on the actual operation and
hence on the numerical predictions; (ii) of the local pressures/temperatures.
The relatively large size that the probes or taps may have compared to
the local diameter within the ejector [90] might not allow for an accurate
measurement or may even induce additional losses. Due to the geometry
of the ejector, it is also particularly challenging to measure such quantities
within the nozzle or even in the mixing chamber, and in any case, it is
limited to wall measurements [4]. As for the inlet conditions, the probes
should ideally be placed at the very inlets/outlet of the device, matching
boundary conditions at the computational domain, which is in practice dif-
ficult to achieve, and there may well be additional head and/or heat losses
between the probes and the actual inlets/outlet. Furthermore, experimental
visualization studies of CO2 present their own challenges (e.g., seeding),
which are also aggravated by the small dimensions of the ejector compared
to more regular-sized components [90, 120].
Ejectors working with refrigerants are most often operated within a thermo-
dynamic cycle, where the refrigerant is recirculated in a closed loop. This
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is because it may not be economically or ecologically allowable to simply
discharge it within the ambiant, and because it would be difficult to control
both temperature and pressure without a cycle. This brings along another
set of challenges. The first one is the presence of lubricating oil within the
loop, which could affect both the measurement of the refrigerant mass flow
rates and the local flow features within the ejector, such as boundary/shear
layers and flow topology [39, 154]. It is expected that the lubricant dissolved
in the refrigerant CO2 builds a thin layer at the walls and that an oil mist is
present in the bulk flow [134], with droplets that are expected to decrease
the ejector efficiency [37]. Moreover, because the viscosity of the mixture
will be higher than that of the pure refrigerant, increased friction at the walls
and in the primary/secondary shear layer is expected, ultimately leading
to decreased mass flow rates. Secondly, operating the inlets/outlet of the
ejector independently for a deep analysis of the operating regime requires
more advanced conceptions of the ERS. Hence, most studies focused on the
effect of the ejector on the cycle rather than on the fine characterization of
the ejector [3, 4, 52, 141]; to study the ejector, the cycle should be designed
to serve the ejector and not the other way around. All those factors con-
sequently make the validation of the counterpart numerical results more
difficult, as they can generally not be taken into account when performing
numerical simulations of a standalone ejector or are studied separately. The
numerical simulation tool may well be quite accurate (in the sense that
it can reproduce the physics accurately), but if it cannot be compared to
some experimental measurements that are truly representative of what was
simulated (e.g., if there is oil mixed in the refrigerant), the validation of the
numerical tools may not be done in a proper way.

1.3 Positioning of the research work and objectives

From previous considerations, one may outline the fact that although CO2
ejector systems have already been commercialized, there is still some way to
go further and demonstrate that those systems can constitute a fully viable
economic solution to substitute conventional systems. The numerical mod-
eling of ejectors, whilst playing a significant role in design and performance
prediction, still requires additional work, this being especially true for two-
phase ejectors [4]. Additionally, one can note that works on ejector flows
stimulate more fundamental research into turbulent, compressible two-
phase flows with shock/boundary layer interactions and non-equilibrium
effects. In this sense, this research also contributes to the improvement of
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the tools and methods and broadens the knowledge related to those fields.
Because of the absence of validation of current wall models on transcritical
CO2 flows, performing wall-resolved simulations constitutes a preferred
approach in FANS but requires high computational resources because of
the mesh refinement near the wall, which also sets constraints on the time
step for explicit schemes. Implicit schemes do not suffer from the same con-
straints, but to the author’s knowledge, there is no record in the literature of
an open-source implicit FANS solver that may be compatible with solving
two-phase compressible flows. Moreover, most of the recent CFD ejector
simulations have been performed using the pressure-based solver of ANSYS
Fluent, even though a density-based solver is arguably more appropriate.
Furthermore, numerous studies have opted to deeply investigate the ERS
either at the system scale or at the component level, but few have chosen to
bridge the gap between these two approaches [16]. There remains a signif-
icant gap in understanding the correlation between the ejector operation
(or operating regime) and the overall cycle performance. The local exergy
transfers occurring within the flashing CO2 ejector have not been studied
thoroughly with the exergy tube analysis, as in single-phase, and have
never been associated to the performance of the ERS. Additionally, despite
the development of advanced two-phase models to account for metastable
phenomena, such as the HRM, the impact of metastability on local exergy
transfers and destruction has never been tackled, nor has its impact on cycle
performance. Understanding those dependencies is nonetheless essential
for establishing efficient design strategies at the component level and deter-
mining appropriate cycle operation strategies.

From the above concerns emanate the following research questions:

What is the impact of metastability on the performance of both the ejector and
the ejector-based refrigeration system? What should be the main ejector design
objectives and operation of the refrigeration system to achieve optimal performance?
How are the local exergy transport phenomena within the ejector linked to the
overall performance of the refrigeration system?

To answer those questions, the following objectives are set:

1. Adapt a density-based FANS CFD model to reach the same level of
maturity, using the homogeneous equilibrium hypothesis, that exists
for single-phase ejectors [82]. Such a model should be able to perform
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wall-resolved computations of a full ejector with no prohibitively large
CPU times by using an implicit time integration scheme.

2. Implement a HRM for the first time in a density-based solver to study
the effects of metastability within the transcritical/subcritical CO2
ejector. An efficient and accurate tabulated EoS, including metastable
liquid properties, should be implemented with the aim to reduce as
much as possible the CPU time associated to it.

3. Implement a numerical model of an ERS that includes an accurate
ejector thermodynamic model to predict ERS operation, study the
operating regime of the ejector, and determine what should be the
main ejector design objectives to reach an optimum COP.

4. Implement the method of exergy tube analysis for two-phase ejectors
as for the case of single-phase ejectors [83] to investigate transport
phenomena between the primary and secondary streams and deter-
mine if there is a correlation between the optimal exergy transfers
within the ejector and the performance of the ERS.

1.4 Structure of the manuscript

The following sections contain the original contributions of the present
thesis, where each chapter constitutes a journal article that has either been
published or submitted. Note that Appendix A summarizes all journal and
conference articles that have been published/submitted during this thesis.

Chapter 2 presents the first implementation of a HRM within a density-
based CFD solver. The open-source SU2 solver is chosen since it is suited to
handle non-ideal cases (i.e., the Navier-Stokes equations are implemented
without any perfect gas assumptions). A novel tabulation algorithm for the
EoS based on piecewise bi-cubic interpolation is presented, which enables
fast and accurate predictions of the standard and metastable properties. The
HRM is compared to the HEM and validated against experimental wall
pressure measurements from the literature. This chapter addresses points 1
and 2 of the objectives (Section 1.3). It represents the first mandatory step
to build and validate the numerical tool, which is later confidently used
to model the flows and associated transfers in two-phase ejectors working
with carbon dioxide. The related article is published in the International
Journal of Refrigeration.
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Chapter 3 presents the second level of modeling developed during this
thesis. A new generation reliable thermodynamic ejector model, based on
the compound-choking theory to predict double-choking operation, is cou-
pled to a CO2 ERS working in the transcritical and subcritical regimes. The
purpose of the study is to determine the allowable steady-state operation
of the ERS and the related ejector operating regime (on/off-design), and
find the ejector parameters (geometry, efficiency) that could theoretically
yield an enhanced performance of the ERS. This chapter addresses point 3
of the objectives (Section 1.3). It serves as a basis for Chapter 4, in which
both models (thermodynamic and CFD) will be combined to make the link
between the performances at the ejector and cycle levels. The related article
is under revision in International Journal of Refrigeration.

Chapter 4 presents a multi-scale approach to study the interconnections
between local transport of exergy inside of the ejector and global perfor-
mance of the ERS. To this end, previous tools are combined: the SU2 solver
developed and validated in Chapter 2 is used to perform detailed simula-
tions with access to local variables. It is also the opportunity to assess the
impact of metastability by comparing the HEM and HRM results for CO2
ejector flows, extending the comparisons for nozzle flows done in Chapter
2. The thermodynamic modeling presented in Chapter 3 is fitted onto CFD
results and used to predict the operation of the ejector/cycle. This chapter
addresses point 4 of the objectives (Section 1.3) and represents the main
outcome of this thesis. The related article is under revision in Energy.

Chapter 5 ends the manuscript with a summary and discussion about the
main findings of this thesis, followed by future perspectives.

In addition to the main sections of the thesis, Appendix B provides supple-
mentary analyses related to the contents of Chapter 4, Appendix C contains
a thorough description and validation of the ejector thermodynamic model
used in Chapters 3 and 4, and Appendix D constitutes an application of the
thermodynamic model to a real cycle using the Dymola software.
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Abstract:
Accurate prediction of the flow physics within nozzles and ejectors working
with two-phase carbon dioxide remains particularly challenging. Indeed,
the flashing phenomenon in the device often comes along with the for-
mation of the metastable phase, which can severely affect both the flow
physics and the flow rate. Due to the particular challenges associated with
building and operating two-phase carbon dioxide experimental setups,
computational fluid dynamics constitutes a compelling alternative to pre-
dict and study nozzle and ejector flows. In this work, the metastability
effects are modeled through a Homogeneous Relaxation Model for the first
time expressed in density-based formulation, within the SU2 solver. The
thermodynamic relations for the equation of state are tabulated using a
novel quadtree algorithm and directly coupled to the solver, ensuring fast
and accurate predictions. The simulation tool is then validated against
experimental nozzle pressure profiles and used to compare the commonly
used Homogeneous Equilibrium Model to the Homogeneous Relaxation
Model in terms of local flow topology and mass flow rates. Most notably, it
was found that the Homogeneous Relaxation Model was able to better fit
the experimental pressure profiles within the first part of the expansion.

2.2 Introduction

Carbon dioxide (CO2) has emerged as a suitable alternative to conventional
refrigerants owing to its minimal impact on climate change. With a notewor-
thy combination of attributes, including a zero ozone depletion potential
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(ODP) and a global warming potential GWP = 1, CO2 has garnered substan-
tial attention from the industry. Particularly in the context of refrigeration
and heat pump systems, CO2 stands out as an attractive working fluid due
to its non-toxic and non-flammable nature, adding to the fact that transition
towards CO2 utilization has been necessitated by international agreements
such as the Kyoto Protocol, which outlined phased reductions in the usage
of HydroChloroFluoroCarbons (HCFCs) by 2020-2030 and HydroFluoro-
Carbons (HFCs) by 2025-2040 [2]. More recently, the European Commission
reviewed the F-gas regulation with the intent to reduce the EU’s fluorinated
greenhouse gases emissions by two thirds by 2030.
The particular thermodynamic properties of CO2, with a critical temperature
of 31 [°C], require the operation of the cycle under transcritical conditions.
However, it introduces considerable losses in the expansion valve due to the
high pressure ratio [79] and the entropy production during the isenthalpic
expansion. Devices such as ejectors are then the subject of many researches,
as they can be used to partially recover the expansion losses into useful
mechanical work. Nonetheless, ejectors are notoriously characterized by
complex fluid dynamics, and some of the underlying mechanisms within
these devices remain insufficiently understood, impeding overall system
performance [15]. One particular aspect adding to this complexity is the
emergence of the metastable phase during the flashing of the flow within
the primary nozzle of the ejector. In such highly compressible flows, the
phase change significantly depends on the rate of bubble nucleation [124];
the decompression is so fast, inducing high velocities and low residence
time, that the fluid does not have sufficient time to reach equilibrium and
then vaporize under the usual saturation conditions. Consequently, there is
a delay before the flow returns to the liquid-vapor equilibrium state. This
practical implication results in distinct flow topologies, thermodynamic
states, and higher mass flow rates than equilibrium conditions. Addressing,
predicting and understanding these aspects is then crucial to correctly model
two-phase CO2 ejectors, as the correct modeling of the primary stream
issued from the nozzle is the key to further predict the correct entrainment
capability of the ejector.
Design of nozzles and ejectors is often achieved using numerical tools. Ther-
modynamic models are fast and allow to predict the operation of the device
for a wide range of conditions to determine the main geometric parameters.
The design can then be refined through a Computational Fluid Dynamics
(CFD) analysis that also allows access to local flow features. It enables a
deeper analysis of the influence of the geometry on the device’s operation.
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Experimental campaigns, despite being associated with challenges related
to high pressures (within the range 50 - 100 [bar]) and small dimensions of
the components (nozzle diameter of about 1 [mm]), are then necessary in or-
der to calibrate 1D models and validate the CFD results. Reynolds-Averaged
Navier-Stokes (RANS) models for incompressible (or weakly compressible)
flows and Favre-Averaged Navier-Stokes (FANS) models for compressible
flows are statistically averaged models that rely on a turbulence closure
scheme. Because of the prohibitive computation times associated to direct
or large eddy simulations, most two-phase nozzle and ejector simulations
performed up to now are based on RANS or FANS closures. Most stud-
ies that have been undertaken to perform CFD of two-phase CO2 ejectors
[63, 64, 70, 121] were done using the commercial software ANSYS Fluent
[9], using a pressure-based solver. However, as pointed out by Fang [55],
density-based flow solvers are more suitable for computing compressible
flows.
As underlined by Ringstad et al. [129], accurate multiphase flow modeling
is generally considered as the most challenging aspect and the key factor
for successful modeling of CO2 ejectors. Complex interactions take place
between the vapor and liquid phases, adding to the fact that the flow flashes
into the primary nozzle in the case of transcritical CO2 operation. There
are several model hierarchies to handle two-phase flows according to the
type of equiblibrium (mechanical, thermal, chemical) that is assumed to be
relaxed [40]. One can distinguish pseudo fluids, for which the equations of
both phases are averaged into one set of the mixture equations, from proper
two-fluid models where one set of equations is solved for each phase. The
widely adopted approach, known as the Homogeneous Equilibrium Model
(HEM), characterizes the flow as a pseudo fluid in mechanical, thermo-
dynamic and chemical equilibria. More sophisticated approaches include
the Homogeneous Relaxation Model (HRM) or the Delayed Equilibrium Model
(DEM), that are so-called 4-equation models that assume only mechanical
equilibrium [129]. The HEM has been extensively used to model CO2 ejector
flows [57, 93, 103, 122, 129, 139] as it provides a simplistic approach toward
two-phase flow modeling. This allows to define the state of the vapor-liquid
mixture with only two independent parameters. Palacz et al. [122] inves-
tigated the accuracy of the HEM depending on the operating conditions
of the CO2 ejector. It was found that the HEM could accurately predict
mass flow rates for primary nozzle conditions close or above the critical
point (i.e., for tested conditions with pressures between 70 and 95 [bar] and
temperatures between 25 and 35 [°C], roughly), with a relative error inferior
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to 10%. However, the accuracy of the HEM quickly drops as the motive
temperature decreases, reaching motive mass flow rate discrepancies up to
59.43%. Those errors were attributed to metastability effects that are not
taken into account by the HEM. Metastability effects should be most present
as the inlet temperature gets lower since the expansion path is expected to
cross the saturation curve at lower pressures, where the range of possible
metastable states is larger.
Building on the conclusion drawn by Palacz et al. [122], metastability
effects should be taken into account for the modeling of flashing ejectors
with low inlet temperatures. To do so, an additional transport equation
for the vapor fraction with a phase change model is needed [129]. As
the DEM is mostly limited to 1D simulations since it requires a 1D semi-
empirical relation to model the saturated mass fraction evolution along the
direction of the expansion, the HRM constitutes a compelling approach for
modeling metastability. Initially proposed by Bilicki et al. [18], the HRM
diverges from the instantaneous equilibrium assumption made in HEM
and treats phase change as a relaxation process towards the equilibrium
vapor quality. Downar-Zapolski et al. [46] presented a correlation for the
relaxation time and validated it in the case of flashing water. Angielczyk
et al. [8] extended the closure law for CO2. Their 1D HRM results were
compared to available experimental nozzle data [117] and a reasonable
agreement was found downstream of the throat. Haida et al. [70] later
investigated the performance of the HRM and deduced correlations for
the relaxation time for CO2 from genetic algorithm optimization, and three
operating ranges were defined according to the motive nozzle pressure, in
order for the related set of empirical coefficients to minimize the discrepancy
between CFD and experimental results. Recently, the HRM was used in
1D by Log et al. [98, 99] to study non equilibrium effects within CO2 pipe
depressurization.
Another important aspect of any CFD simulation is the equation of state
(EoS) used to compute fluid properties at vapor, liquid, supercritical, two-
phase equilibrium and metastable states. The work of Raman and Kim [126]
has demonstrated that the computation of these properties can significantly
influence CFD results. However, it is essential to ensure that the computa-
tion time for the EoS remains reasonable. De Lorenzo et al. [41] identified
three approaches to achieve this goal: using a simple EoS, employing an
iterative algorithm with an accurate EoS, or utilizing tabulated methods.
Smolka et al. [139] presented a model of the compressible transonic single-
and two-phase flow of a real fluid within an ejector. The authors validated
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their model using the perfect gas (PG) EoS, both for single-phase refrig-
erants and for two-phase CO2 even though the PG EoS is not suited for
predicting such complex mixtures [56]. Another alternative is the Peng-
Robinson (PR) EoS, used by Brown et al. [27] to simulate high pressure CO2
pipelines. Note however that the PR EoS is not suitable for the simulation
of two-phase flows such as flashing CO2 nozzles, as it is invalid under the
saturation dome since this EoS predicts negative speeds of sound in this
region [55]. The currently most accurate EoS for CO2 is the Span-Wagner
(SW) EoS [140]. It is based on hundreds of parameters fitted using extensive
experimental data. It has been implemented into thermophysical property
libraries like REFPROP [86] and COOLPROP [13]. Despite its high accuracy,
the SW EoS requires considerable computational resources, leading to the
preference for tabulated EoSs. With those methods, the time-consuming
iterative procedure for the EoS is usually performed at the beginning of
the computation to create a table that will be used in the later stages of the
simulation, by interpolating the tabulated values. Giacomelli et al. [64]
constructed lookup tables in the (specific volume - specific internal energy)
space from REFPROP using an in-house Matlab code, to perform ejector
simulations with ANSYS Fluent. The authors implemented a bi-linear in-
terpolation scheme to retrieve the adequate values of density and speed
of sound at each cell of the domain. Ameli et al. [5] later implemented
a similar lookup table in Fortran and coupled it to ANSYS CFX 17.0 to
investigate the condensation process in transcritical CO2 nozzles. Fang et al.
[56] developed a similar Fortran lookup table for CO2 by adapting the work
of [41] for water. The tabulated method used bilinear interpolation and had
a speed-up factor of about 66 compared to the original SW EoS. Later, Föll
et al. [59] developed a tabulated method based on piecewise polynomials
with adaptive refinement in the state space and coupled it to the Fortran
CFD solver FLEXI [1]. Lastly, Rubino et al. [132] developed a lookup table
based on unstructured grids with mesh refinement. Their method based
on a bilinear interpolation scheme was coupled to the non-ideal CFD SU2
solver. They found out that an unstructured interpolation grid is beneficial
in terms of computation time only when it was coarse enough.
To the best of the authors’ knowledge, none of the aforementioned 2D
RANS studies on HRM used a density-based solver though it is more ap-
propriate for highly compressible flows [55]. This is most likely because the
HRM is favorable to a pressure-based implementation, as discussed in the
following sections. Moreover, the literature often lacks of comprehensive
explanations about the computation of metastable properties, including
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limitations related to the spinodal limit, that is, the limit beyond which
the fluid becomes unstable (phase change must happen before reaching
this limit). In this study, one introduces two novel tools for CFD modeling
of compressible two-phase flows. First, a new general EoS tabulation al-
gorithm is presented. The tabulated method combines for the first time a
piecewise bicubic interpolation of the thermodynamic properties with local
refinement of the interpolation grid based on a required accuracy. Secondly,
a HRM is implemented within the SU2 solver [119] and directly coupled
to the FANS solver. This implementation represents the first instance of
expressing HRM in a density-based formulation. To validate and verify
non-equilibrium phenomena within flashing CO2 devices, good quality
(CFD-grade) local measurements are needed. However, there is a clear lack
of experimental data available for relevant cases (nozzles or ejectors with
low inlet temperatures, that should be desired in refrigeration applications).
The standard cases of Nakagawa et al. [117] despite lacking mass flow mea-
surements, constitute, to the best of the authors’ knowledge, the only set of
data that is suitable to study/validate the effects of metastability within the
flashing CO2 nozzle. In this work, wall-resolved simulations of the cases of
[117] are then performed using both the HEM and the newly implemented
HRM to investigate and compare their predictive capabilities with respect
to metastability phenomena.

2.3 Numerical methodology

In this section, all ingredients of the numerical solver are detailed. This
includes geometrical modeling, multiphase models (HEM and HRM), the
lookup table construction and interpolation methods to evaluate the ther-
modynamic properties, initial and boundary conditions, the calculation
procedures and the mesh grid.

2.3.1 Geometrical modeling and operating conditions

The present study is performed using the classical cases of Nakagawa et
al. [117], who considered the discharge of high pressure CO2 through
four different 2D (rectangular, with a width of 3 [mm]) nozzle geometries,
that differ only by the angle of the divergent section θ. The dimensions
and operating conditions of the devices are given in Table 2.1, and the
nozzle schematic along with the mesh is shown in Figure 2.1. Although four
geometries were presented in [117], the geometry with the highest diverging
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Fig. 2.1 Two-dimensional mesh for the nozzle c of [117] with relevant
notations. The related dimensions for the different geometries are given in
Table 2.1.

angle is discarded here. The reason is that, for such a configuration, the
solid phase is present in the nozzle (the pressure falls below the triple point
pressure during the CFD). Note that even though the geometry is 2D, 3D
effects are still to be expected in the experiment, which may be the cause of
some discrepancies with numerical results [82].

Nozzle
pin Tin θ Ho HT HI Lc Ld

[MPa] [°C] [°] [mm] [mm] [mm] [mm] [mm]
a 6.1 20.5 0.076 0.39 0.24 10 27.35 56.15
b 6.1 20 0.153 0.54 0.24 10 27.35 56.15
c 6.1 21.8 0.306 0.84 0.24 10 27.35 56.15

Table 2.1 Dimensions and operating conditions of the nozzles considered
by [117].

2.3.2 Numerical modeling
The FANS simulations are performed with the open-source real-gas SU2
(version 7.3.1) solver. The partial differential equations (PDEs) in SU2
are discretized using a finite volume method with a standard edge-based
structure on a dual grid with control volumes constructed using a median-
dual, vertex-based scheme. For detailed information, the interested reader
is invited to refer to [119], where the FANS equations are also presented.
The main numerical aspects of the code along with the particular setup used
in the present work are however described in this section.
As the solver is density-based, the solution variables are (ρ; ρuj; ρet) with
ρ the density and u the velocity, with the j subscript referring to the three
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spatial directions. The total energy et is defined as:

et = e +
ujuj

2
+ k, (2.1)

where the t subscript indicates total quantities and k is the turbulence kinetic
energy (TKE). The Menter Shear Stress Transport model [107] (k − ω SST) is
used, as it demonstrated good agreement with experimental measurements,
for both local and global flow quantities in the case of perfect and real gas
ejector flows [36, 84].
In the present work, the convective fluxes are integrated using the classi-
cal Roe scheme [130] with second order reconstruction. The gradients of
the flow variables required for the computation of the viscous fluxes are
calculated using a Green-Gauss method. For HEM, an implicit Euler time
integration scheme is employed, where the steady-state solver uses local
time-stepping in order to accelerate the convergence. Note that by doing so,
the intermediate results of the FANS simulation have no physical meaning,
but the converged steady-state solution does. For HRM, the explicit Euler
scheme is used for pseudo-time integration. This is because the implicit
formulation requires complex thermodynamic derivatives and complex
modifications in the solver that are beyond the scope of the current work.

2.3.3 Multiphase modeling

In the following, the Homogeneous Relaxation Model (HRM) is described
and its differences with respect to the Homogeneous Equilibrium Model
(HEM) are highlighted.
In the HEM, both mechanical and thermodynamic equilibria between
phases are assumed. Consequently, using the HEM is equivalent to consid-
ering that both phases exchange mass instantaneously (through evaporation
and condensation), or in other words, that the equilibrium of the phases
is reached instantaneously. In practice, this hypothesis may not be true
as mass exchange processes require some time to take place, and as the
flow is highly compressible, the time scale of said processes may become
of the same order of magnitude as the time scale of the expansion process.
It is then expected that a metastable phase may appear (for example, the
metastable liquid phase in a flashing nozzle), which could influence the
flow physics in a non negligible manner. As the HEM is not able to model
metastability, one may add an extra equation for the transport of the vapor
phase and model the delay to reach equilibrium as a relaxation process. This

| 27



2 | A HRM in density-based formulation

approach constitutes the basis of the HRM, that belongs to the family of
4-equation models (please refer to [40] for additional details). In the HRM,
the mechanical equilibrium of the two phases is kept (i.e., same pressure
and velocity), but the thermodynamic equilibrium is relaxed. In practice,
the fluid is then modeled as a mixture of saturated vapor and metastable
liquid, and the temperature equality of the two phases is not assumed like
in HEM. The additional equation needed to solve the saturated vapor phase
is then modeled as:

∂

∂t
(αρsv) +

∂

∂zi
(αρsvui) = Γ, (2.2)

with α the void fraction and Γ a phase source term. The above relation
can be obtained by writing the mass conservation equation for the vapor
phase over a control volume, using the definition of the void fraction α =

ρl−ρ
ρl−ρsv

= ρx
ρsv

, with the l subscript referring to the liquid phase (metastable
or saturated). Using the latter relation, Eq. (2.2) can be written in terms of
quality as:

∂

∂t
(ρx) +

∂

∂zi
(ρuix) = Γ, (2.3)

The source term Γ is then required to allow mass transfer between the two
phases, as Γ = 0 implies pure convection of the phases. For the HRM, Γ
models a relaxation process towards the equilibrium state:

Γ = −ρ
x − xeq

θ
, (2.4)

where xeq is the equilibrium quality and θ is the relaxation time. The latter
was modeled by [46] as:

θ = θ0αaΦb, (2.5)

where θ0 is the initial relaxation time, a and b are empirical coefficients and
Φ is the non-dimensional pressure difference. Angielczyk et al. [8] extended
the formulation of θ, initially validated in the case of water, to flashing CO2.
Additionally, the same authors [8] extended the definition of Φ to handle
supercritical inlet conditions by computing the latter as a function of the
inlet entropy instead of the temperature as in the work of [46]:

Φ =

∣∣∣∣ psat(sin)− p
pc − psat(sin)

∣∣∣∣ , (2.6)
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with pc the critical pressure and sin the inlet entropy. In the following,
constant θ values will be first considered to perform a parametric analysis.
Then, the correlation of [8] with (θ0 = 2.14× 10−7 [s]; a = −0.54; b = −1.76)
will be applied. Note that an alternative formulation for the relaxation time
was recently proposed in [98], but is was found that the values of θ obtained
with this method were high and could not be applied in the present case as
the spinodal limit would be reached.

As mentioned in the previous section, the HRM is favorable for a pressure-
based implementation of the RANS solver. In that case, the pressure is a
solution variable and it can be used directly to recompute the two-phase
mixture density, as per, e.g., [70, 121], using the following mixture equations:

1
ρ
=

x
ρsv(p)

+
1 − x

ρml(p, hml)
, h = xhsv(p) + (1 − x)hml , (2.7)

with the ml subscript referring to the metastable liquid phase. Although
the exact manner in which Eqs. (2.7) are used is not well described in the
literature, it is assumed that the enthalpy equation is inverted to compute
hml from solution variables (p, ui, x, ht), which is in turn used to compute
the density. Because the present solver –SU2– is density-based, the same
algorithm cannot be used to apply the HRM. Indeed, in this case, the density
is now a solution variable, which should not be re-computed as this would
lead to incoherence in the modified FANS equations. Instead, the proper
way to solve this problem is to compute the pressure and total enthalpy
as functions of the solution variables (ρ, ρui, ρx, ρet). However, because
saturation properties are computed as functions of pressure, which is to be
calculated from solution variables, one must iterate on that said pressure to
find the solution. Figure 2.2 illustrates the proposed algorithm for a density-
based solver. The procedure to compute the state begins with the input of
(ρ, e, x) that are either solution variables or easily computed from those. The
equilibrium quantities (same as HEM) are first computed, then if the state
is under the saturation dome, the HRM algorithm is used, otherwise the
pressure is equal to the equilibrium pressure, that is then used to compute
the total enthalpy. If two-phase is detected, the closure equations for the
specific energy and the density are solved by iterating on the pressure until
sufficient precision is met. In practice, a golden search-type method is used
to converge on the solution pressure, with the triple and critical pressures
of CO2 as lower and upper bounds, respectively. Once the solution pressure
is found, the remaining properties such as the metastable temperature Tml ,
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Fig. 2.2 Flowchart of the HRM algorithm in density-based formulation.

void fraction α and total specific enthalpy ht can be retrieved directly. Note
that the conduction term has then to be divided in two terms, weighted by
the void fraction, to account for the contributions from both the saturated
vapor and metastable liquid phases:

q = −(1 − α)κml
∂Tml
∂zj

− ακsv
∂Tsv

∂zj
. (2.8)

2.3.4 Tabulated method
The EoS used in the present work is provided by the REFPROP/COOLPROP
libraries which implement the SW EoS. As the SU2 solver was made suited
to handle real-gas CFD, the state is contained within a Fluid object and
the EoS is implemented in the related Fluid class. The thermodynamic
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relations required by the solver must then be implemented. In this case,
since the solver is density-based, the relation needed for closure is of the type
χ = χ(ρ, e), where χ is any relevant thermodynamic property. Depending
on the desired features of the solver, thermodynamic relations are also
required in state spaces different than (ρ − e) , e.g., in (p − T) and (h − s)
state spaces for the computation of total boundary conditions, or even in
(p − eml) to compute the metastable liquid density in HRM (Fig. 2.2).

The table is generated by a Python routine and the properties are retrieved
through the Python wrapper for COOLPROP, that offers a REFPROP in-
terface as well. By default, the properties are retrieved from REFPROP
except in the case of the thermodynamic derivatives (mostly required for
the implicit Euler integration scheme), that are only available in COOL-
PROP. These derivatives are however limited to the single-phase region and
two-phase properties must be reconstructed from the saturation properties
as done by [55].

Look-up table boundaries

Since the present lookup tables are generated with the aim of performing
CFD of transcritical CO2 nozzles, the state space boundaries are chosen
to enclose the range in which those devices should operate. However, it
is necessary to provide some margins because the numerical solver can
oscillate during the solution convergence process. Figure 2.3 displays the
p − h diagram of CO2 in which the blue area represents the range of states
that are found in the nozzle of [117] (case c, Tab. 2.1). Those states were
obtained by performing the RANS simulation in SU2 using the HEM. The
theoretical isentropic expansion curve is also plotted as a reference. For this
work, the table boundaries were represented in the p − h diagram because
it offers good readability for application in refrigeration cycles and is easy
to interpret compared to less usual diagram such as the ρ − e diagram. The
bottom/top boundaries were chosen as 0.52/50 [MPa] (the low pressure
corresponds to the triple point pressure). The left boundary is then the
enthalpy of the triple point whereas the right boundary corresponds to the
enthalpy at 800 K and the lowest pressure. Those boundaries apply for
all tables, whether the state space is ρ − e or another one. The method is
however not restricted to such kind of boundaries and the user is free to
implement new ones.
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Fig. 2.3 Range of operation (in blue) of the nozzle of Nakagawa et al. [117]
(case c, see Tab. 2.1). The saturation dome is highlighted in red with the
critical point marked with the black dot. The dashed curve is the isentropic
expansion, for reference.

Interpolation method
A bicubic interpolation scheme is implemented in the state space, as it
was found that this method allows good precision whilst requiring lim-
ited memory storage compared to more complex approximation methods,
or even the simpler bilinear interpolation. Indeed, a bicubic function re-
duces the amount of required cell elements by two orders of magnitude
while requiring only 4 times more memory per cell, compared to a bilinear
function.
The state space is discretized by a number of rectangular cells until a given
absolute interpolation precision is reached for the required thermodynamic
variable. The mesh generation algorithm in the state space is described in
the following. Figure 2.4 displays a schematic of a cell element taken from
the state space whose boundaries (xl,r, yb,t) are set as inputs by the user.
Each cell is defined by its boundaries in (x1,2, y1,2) and the values at the 16
equally spaced nodes (black dots in the figure) are evaluated to calculate
the bicubic polynomial:

F = XAY, (2.9)
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Fig. 2.4 Schematic of an individual cell taken in the state-space domain.
The thermodynamic relation is interpolated on 16 equally-spaced points
and the error is calculated at 9 locations called verification points.

where X is the 4×4 matrix where each line is of the form [1, xi, x2
i , x3

i ], with
the ith subscript ranging from 1 to 4, which corresponds to the abscissa
of the 16 passage points (Fig. 2.4). Matrix Y is reciprocally the same for
the ordinate but transposed, and Fij = f (xi, yj) is the evaluation of the
thermodynamic function. The 16 polynomial coefficients Aij can then be
retrieved by matrix inversion:

A = X−1FY−1. (2.10)

To speed up the generation process and avoid a loss in accuracy (due to
finite machine precision) for large values of (x, y), the cell boundaries are
normalized, thereby, X−1 = (Y−1)T is constant.
During the CFD simulation, the 16 coefficients of A are retrieved from the
look-up table and the thermodynamic property is computed. Note that the
coordinates in the state space (x∗, y∗) must also be normalized by the cell
dimensions, i.e.,

x∗ =
x − x1

x2 − x1
y∗ =

y − y1

y2 − y1
. (2.11)

Mesh generation algorithm
A local refinement method is implemented in the thermodynamic state
space in order to limit the storage required for the interpolated quantities.
In this way, more elements are generated where the function is strongly
non-linear, thereby ensuring a better accuracy. This also allows the user to

| 33



2 | A HRM in density-based formulation

set the required precision of the interpolation method to a desired value,
that will be applied in the whole state space.
The mesh is generated using object-oriented programming in Python, where
each cell (see Section 2.3.4) is an instance of a Cell object, that contains the
cell coordinates, polynomial interpolation coefficients and cell number as
attributes. Figure 2.5 presents a flowchart of the corresponding algorithm.
The –recursive– routine consists in creating an instance of a Cell object that
will constitute the whole grid. The constructor is called with specified cell
boundaries (which correspond, in the case of this first cell, to the state-space
domain), an absolute error tolerance for the tabulated thermodynamic prop-
erty and a cell number, by default set to 0 for this first cell. The constructor
then calculates matrix A with Eq. (2.10) and if the cell is within the validity
domain or overlapping it, an interpolation error is approximated. Note at
this stage the difference between: (i) the state space formed by the (ρ − e)
couple used to compute a third quantity, and (ii) the validity domain, that is
the space in which one ensures an interpolation up to the required accuracy
(in this work in the (p − h) space). The interpolation error is computed
by taking the maximum absolute error over 9 verification points that are
located in between the 16 passage points (see the gray dots in Fig. 2.4). If
the error is higher than the specified tolerance (chosen by the user), the cell
is subdivided into 4 sub-cells. The constructor is then called recursively on
each Cell object, and the 4 sub-cells (blue dash lines in Fig. 2.4) are instanti-
ated as attributes of the current Cell; for each of those 4 cells, the constructor
is called with a halved range, the same tolerance and a new unique cell
number. This process goes until the tolerance criterion is met, then the Cell
data is stored in an external text file. Each line of the text file corresponds to
a cell and is composed of the cell number, its x and y boundaries in the state
space, the 16 polynomial coefficients and the 4 sub-cell numbers. If the cell
is at the bottom of the tree, there are no sub-cells and -1 is stored instead,
which acts as a flag for the later reading process. This method essentially
constitutes a quad-tree algorithm, used to find the adequate cell in which
the point of interest is located (in the state space) during the actual CFD.
When the cell at the bottom of the tree is reached, the 16 bi-cubic polynomial
coefficients are retrieved and the function is calculated.

Limitations and fallback Methods

Because the thermodynamic relations provided by COOLPROP/REFPROP
are not always able to provide a solution, e.g., near the critical point, the
algorithm should be able to handle such cases without storing non-physical
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Fig. 2.5 Flowchart of the grid generation algorithm for the look-up table.
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values. The strategy adopted in the present work is twofold: (i) if no value
can be computed at any of the 16 interpolation points within the cell, this
current cell is deleted and the lookup table falls back on the upper cell,
though the precision criterion may not be met; (ii) if some values can be
computed but not for all of the 16 interpolation points, the cell is further
subdivided unless no values can be computed in one of its 4 sub-cells (i.e.,
case (i)). In addition, because there can be quite high gradients near the
saturation line, one can also choose to relax the error tolerance if the cell
dimensions are getting below a certain threshold, in order to avoid building
a prohibitively large lookup table.
Even though those strategies relax the error tolerance, the error is located
in a very small range of the state space, often located in the near vicinity
of the critical point. The actual error of the generated table is thus checked
a posteriori in the following section to ensure that it stays reasonable in
said region. In addition, note that during the CFD simulation itself, some
thermodynamic states may pass through the region of less accuracy, but
usually only during the convergence process.

2.3.5 Initial and boundary conditions and numerical procedure

Total quantities are prescribed at the inlet of the nozzle, i.e., the total inlet
pressure pin and the total inlet temperature Tin, whereas the (static) pressure
is specified at the outlet. Note that the inlet and outlet boundary conditions
are characteristic-based (non-reflective) so that spurious reflection waves do
not interfere with/impede the convergence of the solution. In practice, this
weak boundary condition allows the nozzle to become fully supersonic if the
specified outlet pressure is below the minimum outlet pressure allowable
by the physics at fixed inlet conditions. Because the experimental cases
of Nakagawa et al. [117] are fully supersonic, a low value for the outlet
pressure of 0.8 [MPa] is specified, and never achieved in practice as the flow
is supersonic a the outlet. A no-slip adiabatic (strong) boundary condition
is applied at the wall. In addition, an extra set of boundary conditions for
the quality is needed when using the HRM as Eq. (2.3) is added. For the
inlet/outlet, the characteristic-based boundary condition is applied to the
quality (ρx). Note that there is no need to impose a boundary condition at
the wall for the quality as there is no diffusion term in Eq. (2.3).
The interior of the domain (excluding the boundaries) is initialized using
pressure and density values that must be specified by the user. The inputted
density is also used with the pressure to calculate the state at the outlet
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during initialization. In addition, a Mach number is specified to initialize the
velocity field required for the momentum and compute the total quantities at
the inlet. In HRM, the quality is initialized to the equilibrium quality and the
other (solution) variables are initialized with the converged HEM solution
variables. The HRM simulation is then carried out until convergence. At
the beginning of each iteration of the solver, the tabulated EoS is used to
compute primitive variables (e.g., p, T, etc.) as a function of the density and
the specific internal energy. The solution is then moved forward in time and
the EoS is used once again in preparation for the turbulence model. Lastly,
the turbulence properties are integrated with time.
For the HEM simulations, the CFL number is set to a constant value of 50
for 30 000 iterations, then to 5 for another 20 000 iterations in order to allow
finer convergence/solution accuracy. The local time step is then computed
in each cell based on this CFL, the local mesh size and velocity. For HRM
simulations, slight modifications were made to the original implementation
of the solver to set the CFL as a linear function of the quality, that is, CFL =

0.05 if x = 0.0 and CFL = 0.5 if x ≥ 0.5. This is done because the system
of PDEs becomes stiff as the quality tends towards zero (large speed of
sound compared to advection velocity in the incompressible limit). Thus,
the solution is propagated more quickly in the regions with higher qualities,
where the relaxation process modeled by the HRM is less important. In
most of the divergent part of the nozzle (far from the throat), CFL ≈ 0.5,
which contributes to accelerate the convergence process. By doing so, it was
found that a solution could be obtained with roughly 5.106 iterations. The
convergence criterion that is used is based on the conservation of the mass
flow rate through the device; the solution is considered converged when
the relative difference of mass flow rates between inlet and outlet steadily
fell below 5.10−3.
The entirety of the computation is performed on the Digital Research Al-
liance clusters in Canada. Each case ran on a single computation node that
is comprised of 40 Intel Skylake cores operating at 2.4 GHz.

2.3.6 Mesh grid

The 2D mesh (Fig. 2.1) is generated using GMSH and refined at the wall to
ensure a maximum wall coordinate y+ ≈ 1, a prerequisite for the k − ω SST
closure. As shown in Figure 2.1, the structured mesh is also refined near the
vicinity of the throat in order to better capture the compressible phenomena.
As the simulation is 2D, a total of 163 304 quadrilateral elements is used
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for each of the three geometries and the mesh independence is verified by
comparing the simulation results of the regular mesh with the ones obtained
using a mesh with twice as many elements in the axial direction. The two
mesh grids were found to lead to indistinguishable results.

2.4 Results and discussion

In this section, the accuracy of the tabulated EoS is verified and discussed,
also with regards to the metastable properties that require special treatment.
The simulation speed is compared to a previous algorithm and the solver
is validated in HEM against nozzle pressure profiles. Lastly, the HRM
and HEM results are compared and the phenomenology of mass flow rate
increase in HRM is explained.

2.4.1 Tabulated thermodynamic relations

The most influential thermodynamic relations required by the solver are
those to find the pressure and the temperature as a function of ρ and e, in
order to close the system of PDEs. Therefore, one focuses, in this section,
on the tables generated for those quantities for analysis and validation pur-
poses. Figure 2.6 displays the grids generated for pressure and temperature
in the (ρ − e) state space. The mesh for the pressure table was generated
by imposing a maximum interpolation error of 0.1 [Pa] with relaxation to
0.1 [kPa] if the cell width (abscissa) is below 0.5 [kg/m3]. Note that only
the validity region was represented in the figure so that the region in white
is outside of said validity region. The generated grid is composed of 175
637 cells/sub-cells elements and requires roughly 35 MB of RAM during
the CFD simulation. One can notice that, as expected, the majority of the
elements are present along the saturation curve. Additional refinement
can also be noticed in the near vicinity of the critical point in the center of
the domain as the pressure gradients with respect to ρ and e are high in
that region. In addition, the pressure grid requires more elements in the
region of low energy and high density. Indeed, in this region the fluid is
in the liquid phase and the pressure varies quite strongly with both state
variables. For the temperature table, the error tolerance is set to 0.0001 [K]
with relaxation to 0.001 [K] with the same cell width threshold. Likewise,
the grid is composed of 96 589 cells/sub-cells elements and requires roughly
20 MB of RAM during the CFD simulation. As mentioned in Section 2.3.4,
the tabulation algorithm contains some fallback mechanisms in order to
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Fig. 2.6 Properties in the ρ − e state space and mesh generated by the
tabulation algorithm. The imposed precision for the tables is 0.1 [Pa] for
pressure and 0.0001 [K] for temperature.

prevent non-physical values or excessive refinement. This is why it is im-
portant to verify the interpolation error a posteriori. Figure 2.7 displays the
relative error, defined as:

Relative Error =
∣∣∣∣χinterp − χsol

χsol

∣∣∣∣ , (2.12)

for pressure and temperature. The plots were generated by taking 106

linearly spaced points in the ρ − e state space. Again, only the validity
range of the lookup table is shown. The relative error is mostly within the
range 10−5 − 10−9 for the pressure. Actually, the higher errors, of the order
of 10−3 are located in the very near vicinity of the saturation line. In practice,
it is unlikely that the solution will contain a lower precision point, adding
to the fact that said point still has a quite acceptable precision and won’t
prevent the solution from converging. Interestingly, some peculiar patterns
can be observed in Figure 2.7. Those are naturally occurring within each
generated cell and are an image of the curvature of the bi-cubic interpolation
function within that cell. Indeed, upon close attention, one can notice that
the error tends towards zero at the location of the interpolation points
(Fig. 2.4), where the error is by construction zero and curves around in
between. For HRM simulations, special care should be taken to compute the
metastable properties. As per Figure 2.2, the metastable properties required
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Fig. 2.7 Relatives errors in the ρ − e state space.

for the algorithm are ρml(p, eml) and Tml(p, eml). Metastable properties
(obtained from the REFPROP library) can be calculated in the portion of the
thermodynamic state space comprised between the saturation curve and the
spinodal limit, which is the limit beyond which a state becomes unstable. The

(a) Raw data retrieved from
REFPROP

(b) Mesh generated by the
tabulation algorithm

Fig. 2.8 Density in the ρ − e state space including the metastable region.
In Figure 2.8a, the invalid states are represented in gray, and the saturation
curve (plain curve) and the approximated spinodal limit (dashed curve) are
plotted.
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spinodal limit can be expressed as the locus of thermodynamic states such
that ∂p

∂v

∣∣∣
T
= 0. Figure 2.8a shows the raw metastable density retrieved from

the library, with the gray region indicating failure to compute said property.
The spinodal limit is then the limit of the predictable region (that is, the limit
between colored and gray regions). Because the spinodal is not sharply
defined, especially near the critical point (Fig. 2.8a), it is reconstructed
(with a safety margin in the abscissa direction) by a spline function. The
invalid (grayed) region is then set to the equilibrium value to construct the
interpolation table, as seen in Figure 2.8b. In practice (and for the results
presented here), the properties are never retrieved from the reconstructed
invalid region. Note also that only the left part (on the liquid side) of the
spinodal limit has been considered, as the HRM is used to model flashing
expansion processes only.

2.4.2 Table speed-up
To assess the performance of the novel tabulated method, the latter is com-
pared to the tabulated method of [56] for the test case of Nakagawa et
al. [117] (case c, Tab. 2.1). Figure 2.9 shows the speed-up, defined as
t(1 proc)/t(n procs), as well as the average iteration time as a function of the
number of processors for both tables. Each simulation ran for 1000 iterations
(on the converged solution) on the same cluster and the pre-processing time
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Fig. 2.9 Performance comparison between the present tabulated method
and the one of [56].
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was not taken into account. The speed-up increases more rapidly when
using the table of [56], while the average iteration time is lower when us-
ing the present table (depending on conditions and number of CPUs, the
present table is between 2 to 6 times faster). This indicates that the present
tabulation method is indeed faster than the table of [56] but that there is less
computation time gain obtained from the parallelization process (which
is also a confirmation of the efficiency of the current approach). Note that
despite the tabulated method of [56] being reported to perform roughly 66
times faster than the original Span-Wagner EoS for transcritical CO2 appli-
cations, the tabulated equation of state constitutes the bottleneck in terms
of simulation speed. The interested reader is invited to review the original
article of [56] for a thorough description of the algorithm. If the calculation
time required by the EoS is reduced, the time gain obtained/obtainable is
reduced as well (since the present algorithm performs faster, other parts of
the code, not related to the EoS, may limit the speed-up). In practice, this
means that adding more CPUs while using the table of [56] will tend to
compensate the low speed of the tabulated method, but it is not practical
due to the finite amount of computational resources that is at disposition.
Instead, the same simulations can be ran using significantly less resources
with the present table.

2.4.3 Validation and verification of the solver

As demonstrated by Palacz et al. [122] in the context of ejector flows, the
validity of the HEM decreases as the expansion occurs at lower tempera-
tures. In addition, it can be expected that the metastable liquid phase should
be more present at lower nozzle pressures since the metastable properties
range is larger at lower pressures (Fig. 2.8). Therefore, it was chosen in the
present work to study the nozzle expansion at temperatures below critical
(Tab. 2.1) from the experiments of [117]. Figure 2.10 displays the compari-
son of the present CFD-HEM results with the experimental measurements.
Note that two separate methods were used to measure the pressure: (i) by
measuring the wall temperature and deducing the pressure from saturation
properties (psat(T)); (ii) by direct pressure measurement with strain gauge
(pstrain). As reported in [117], small holes were drilled along the centerline
of both nozzle side walls, with eleven holes on one side for thermocouple
taps and four holes on the other side for the strain-gauge taps. Static tem-
peratures and pressures were simultaneously measured through the taps.
Measurements were performed when steady state was reached, which was
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Fig. 2.10 Pressure profiles along the center-line of the nozzle (CFD) and
comparison with the experimental data of Nakagawa et al. [117]. Please
refer to Table 2.1 for geometrical and inlet parameters of cases a, b and c.

determined based on the profiles of the experimental run. The interested
reader is invited to review the original paper of Nakagawa et al. [117] for
detailed information about the experimental setup. Note that discrepan-
cies between the two types of measurements may come from metastability
effects, though it is the authors’ understanding that the HRM might not
be able to model those specific effects since, as discussed in Section 2.3.5,
equilibrium conditions are expected at the wall. The measurements are
then compared to the pressure at the center line of the nozzle, obtained
from the converged HEM solution. Since the equilibrium is assumed (with
HEM), there is no difference between the pressure field and the saturation
pressure obtained from the temperature field (psat(T)). As seen in Figure
2.10, the prediction of the HEM is fairly accurate for cases a and b. For case c,
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discrepancies between the HEM and the experimental data are most visible
in the first portion of the diffuser, where the simulation under-predicts the
pressure. It was thus chosen to use case c to conduct the study on HRM and
investigate the potential improvement of said model.

2.4.4 Homogeneous equilibrium vs homogeneous relaxation
As stated, the study presented in this section is conducted on case c (Tab.
2.1). Note also that as in the experiments of [117], the nozzle is fully choked.
A parametric study is conducted to quantify and qualify the influence of the
relaxation time on the local flow features as well as the mass flow rate within
the nozzle. To this end, the results of the HEM simulation are compared to
those of the HRM simulations performed with (i) three increasing relaxation
times and (ii) the correlation of [8]. Note again that other correlations exist
for CO2 in the literature such as in the works of Haida et al. [70] or Log et
al. [98], but those correlations have been found to yield relaxation times
so high that the solution for the metastable properties is located in the
unstable region for the investigated case: this also illustrates the lack of
universality of such correlations. To the best of the authors’ understanding,
the value/correlation of θ is highly case-dependent and only the correlation
of [8] was calibrated on the cases of Nakagawa et al. [117], though on higher
inlet pressure cases of 9.1 [MPa] and never tested on the cases presented in
the present work.

Pressure and quality profiles
One can first observe the behavior of the pressure curves along the nozzle
axis as the relaxation time is varied, as shown in Figure 2.11. It is seen that
consistent variation of θ leads to consistent modification of the pressure
profile, that is, as the relaxation time is increased by steps of 5.10−6 [s],
the pressure profile in the divergent (where the flow is two phase) is lifted
by similar increments. Interestingly, it appears that a constant value of
θ = 15.10−6 [s] fits best the first half of the divergent, but leads to an
over-prediction in the second half, whereas the curve for θ = 5.10−6 [s]
fits best the second portion of the divergent. One could then argue that
varying θ from 15.10−6 [s] to 5.10−6 [s] along the expansion could yield
an optimal fitting. However, the raised pressure profile is a consequence
of the physics that takes place in the near vicinity of the throat, where
the metastability effects are most prominent and the relative difference of
quality between HEM and HRM is most pronounced. In the second half of
the divergent, the HEM and HRM pressures are actually very close to each
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Fig. 2.11 Pressure profiles obtained for case c using HEM and HRM with
different constant relaxation times and the correlation of [7], and comparison
with experimental measurements [117].

other as the variation of the quality is low in that region. Thus, lowering θ

along the divergent could not allow to recover a better fitting. In addition,
one can see that the correlation of [8] yields little difference with the HEM
solution and is not able to properly fit the experimental measurement. In
fact, the relaxation time drops to extremely small values as the pressure
gets lower (Eq. (2.6)) right after the throat location, which effectively creates
a pressure shift in that very small region. Note at this stage it is possible
that the measurements in the work of [117] could have some flaws. Indeed,
as psat(T) ≈ pstrain in the first part of the diffuser, the flow should be at
equilibrium from the experimental point of view. However, in this area, the
pressure values clearly agree with the HRM with a large relaxation time,
i.e., with a significant non-equilibrium. Inversely, there is a difference in the
measured pressures according to the two different methods in the second
half of the diffuser, meaning that a growing non-equilibrium appears in this
part. Nevertheless, the profile of psat(T) agrees well with the HEM and it is
also expected, from a physical point of view, that the non-equilibrium tends
to damp out along the pipe as HEM and HRM predictions become closer.
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In addition, the present analysis, using the HRM, also indicates that the
flow is at equilibrium at the wall (i.e., where the measurements are taken).
This is verified in Figure 2.12 by analyzing the relative difference of quality
with respect to the equilibrium ((xeq − x)/xeq) and the pressure profiles
obtained from the pressure field p directly and via the temperature field
(psat(T)). The profiles are plotted at the wall as well as at the center line for
reference, and for two different values of the relaxation time. As one can
see, the difference between quality and equilibrium quality is negligible at
the wall, and the pressures profiles obtained using both methods are equal,
indicating that the fluid is indeed at equilibrium at the wall. Moreover, one
can see when comparing Figures 2.12a and 2.12b that as θ is increased, the
difference between pcenter and psat(Tcenter) increases as well, whereas the
wall seems to remain at equilibrium pressure. Likewise, with a higher θ,
the relative difference of qualities in the centerline gets higher and extends
further into the divergent, but seems to remain somewhat negligible at the
wall. Note also that the pressure appears to be uniform at a given axial
position. As stated in Section 2.4.3, the experimental measurements are
done on the side walls, at the center line, and not at the upper/lower walls.
Nonetheless, it is still expected, by the same logic, that the fluid will be at
equilibrium at the side walls. This further encourages the authors to believe
that the experimental pressure measurement should not be used to quantify
the actual degree of non-equilibrium. The size of the holes to connect the
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Fig. 2.12 Relative difference of quality with respect to the equilibrium
and pressure profiles using different methods at the center line and at the
wall for case c.
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Fig. 2.13 Quality profiles obtained for case c using HEM and HRM with
different constant relaxation times and the correlation of [7].

pressure taps compared to the very small dimensions of the part (0.24 [mm]
at the throat) is not provided, and possible heat transfer features are not
discussed for the measurements of psat(T) in [117].
Figure 2.13 presents quality profiles along the center line of the nozzle.
The effect of the relaxation time can there be seen, as it delays flashing by
reducing the slope of the quality profile.

Local flow features and mass flow rates
In this section, the local flow fields of velocity (Fig. 2.14) and density (Fig.
2.15) are compared, which allows to describe the mechanism leading to the
increase of the mass flow rate in HRM, that is associated to two competing
phenomena. On one hand, as seen in Figure 2.14, increasing the relaxation
time reduces the velocity in the divergent, which tends to decrease the mass
flow rate. On the other hand, as shown in Figure 2.15, increasing θ also
results in the increase of the density, which increases the mass flow rate.
Note that those observations are consistent with the ones obtained by Palacz
et al. [121] using their pressure-based solver to perform HRM simulations
of ejectors. The competition of those two mechanisms, in the end, result in
the increase of the mass flow rate with θ as the density effect is dominating.
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Fig. 2.14 Fields of the mean axial velocity component obtained for case c
using HEM and HRM with different relaxation times. The geometry was
stretched X4 in the vertical direction for better readability.

Table 2.2 summarizes the mass flow rate effects of the relaxation time for
each case. The mass flow rate increase obtained with θ grows quickly to
non-negligible values. In the case that fits best the pressure profile in the
first portion of the diffuser (Fig. 2.11), i.e., θ = 15.10−6 [s], the mass flow
rate is increased by more than 18%. Although no mass flow measurements
were performed in the experiment [117], one can appreciate metastability
effects. As explained in [40], introducing instabilities generally leads to an
increase in the speed of sound, which can increase the mass flow rate under
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Fig. 2.15 Density fields obtained for case c using HEM and HRM with
different relaxation times. The geometry was stretched X4 in the vertical
direction for better readability.
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Mass flow rate [g/s] Increase w.r.t. HEM [%]
HEM 23.07 /
HRM - θ = 5.10−6 [s] 24.69 7.02
HRM - θ = 10.10−6 [s] 26.16 13.40
HRM - θ = 15.10−6 [s] 27.30 18.34
HRM - Correlation of [8] 23.19 0.52

Table 2.2 Mass flow rate and increase with respect to the HEM solution
for case c with various relaxation times and the correlation of [8].

choked conditions and modify the pressure profiles. However, as numerical
models such as the present one do not include the whole flow physics and
non-equilibria, discrepancies between numerical results and experimental
measurements may be still expected.

2.5 Conclusions

In this work, two advances were made towards wall-resolved simulations
of flashing CO2 nozzles and ejectors. Firstly, a novel general method for
the construction and interpolation of the equation of state was described.
The method is based on bi-cubic functions and a quad-tree algorithm with
local refinement of the interpolation grid in the thermodynamic state-space.
It was found that this method allows for both reasonable storage size of
the tabulated properties and fast interpolation speed during the CFD sim-
ulations. Although the method is here used in the context of CO2 only, it
can be applied without modification to generate any table linking three
thermodynamic properties for any fluid, given that the relation is obtain-
able from an external source (as in the present case, through the REFPROP
and COOLPROP libraries). The table generation method is based on a
provided absolute error tolerance, and it was verified a posteriori that the
interpolation error is indeed below the required threshold.
Secondly, a density-based formulation of the HRM was implemented for the
first time in a CFD frame and the impact of the relaxation time was studied
by employing both constant values and the correlation of Angielczyk et al.
[8] that was calibrated on similar flashing CO2 nozzle cases. The pressure
and quality profiles within the device were found to behave in a consistent
manner, also in agreement with regards to the current literature. It was
observed that as a constant relaxation time was increased, the pressure
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profiles in the fully supersonic nozzle were shifted upward and the jump in
the quality profiles was smoothed, inducing a delay in the flashing process.
In addition, the mass flow rates increased significantly, accounting for more
than 18 % when the pressure profile is best fitted by the HRM in the near-
throat region. It was also found that the best fit with constant relaxation
time in the first half of the diffuser over-predicted the pressure in the second
half, and that a lower relaxation time was best in that region.
Nonetheless, the study indicates that the metastability effects in HRM are
mostly occurring in the near vicinity of the throat (i.e., where flashing oc-
curs), and therefore the worse pressure fitting in the second half of the
diffuser was essentially a consequence of the delay in the first half of the dif-
fuser. This is confirmed by the results obtained with the correlation of Ang-
ielczyk et al. [8] for the relaxation time, where the latter takes non-negligible
values only in a very small region near the throat, leading nonetheless to
a similar rise of the pressure profile downstream. Said correlation yielded
poor results with no significant mass flow rate increase, which may indicate
that the required value of the relaxation time is highly case dependent and
that it is unlikely that one may find a universal law for the current HRM
framework. Furthermore, it is the understanding of the authors that only a
correlation including negative relaxation times would allow pressure fitting
along the entirety of the nozzle, where one would have positive (physi-
cal) relaxation times in the first portion of the diffuser, decreasing to reach
negative (non-physical) values downstream to counteract the pressure rise
induced upstream. This may indicate that some physics is missing in the
HRM. Therefore, it could be interesting, in future works, to re-introduce the
saturated-liquid phase lacking in the current HRM framework to develop
a new hybrid model. Lastly, one may point out the crucial lack of quality
experimental measurements (pressure and temperature profiles, mass flow
rates) that are needed in order to fully understand what phenomena are at
play within flashing CO2 nozzles and ejectors.
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Abstract:
Optimal operation and design of ejectors are the subject of recent concerns,
especially for the enhancement of refrigeration and heat pump cycles based
on natural refrigerants like carbon dioxide. In this study, a thermodynamic
analysis of an ejector-based refrigeration cycle is performed to determine
both what operating pressures lead to the highest physically possible per-
formance depending on the ambient conditions, and what are the main
dimensions of the ejector leading to the best performance at a given ambient
temperature. A state-of-the-art thermodynamic model for the prediction
of the ejector performance is for the first time utilized to generate reliable
operation and performance maps of the ejector cycle. Most notably, it is
found that the optimal coefficient of performance is not necessarily found
when the ejector operates at critical conditions but mostly when the device
is under off-design regime, depending on the ejector internal efficiency and
the gas cooler outlet temperature. In addition, the analysis reveals that the
performance of the cycle is not highly sensitive to the throat area ratio of the
ejector given that the latter lies within an acceptable range. Those findings
contribute to getting a better understanding of how the cycle benefits from
the ejector and define design and control strategies for the cycle.

3.2 Introduction

Ejector refrigeration systems (ERSs) are becoming a compelling alternative
to the classical refrigeration cycle since these systems can recover part of
the exergy losses that occur at the expansion level. Originally motivated
by the transition towards natural refrigerants that tend to have lesser per-
formances than fluorocarbons (CFCs, HCFCs and HFCs), the integration
and optimal operation of the ejector within the refrigeration system are
now the subject of many works (see in [17]). Carbon dioxide (CO2) has
emerged as an appealing choice for a working fluid due to its non-toxic and
non-flammable properties. Additionally, the shift towards CO2 utilization
has been driven by international agreements like the Kyoto Protocol, which
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mandates phased reductions in the use of HCFCs and HFCs within the next
two decades [2]. In Europe, the revised F-gas regulation aims at reducing
the EU’s fluorinated greenhouse gas emissions by two-thirds by 2030.
Because carbon dioxide has a critical temperature of 31 [°C], the cycle
must often operate under transcritical conditions depending on the ambient
temperature. However, operating at higher temperatures requires high
compression of the refrigerant, which quickly introduces notable losses
in the expansion valve due to the high pressure ratio [79] and the higher
entropy production of CO2 during the isenthalpic expansion compared
to classical refrigerants [52]. The design of CO2 ejectors and the optimal
operation of the CO2 ERS are therefore subject of recent concerns for the
enhancement of the performance of the refrigeration systems [15]. Yet,
ejectors are known to have intricate fluid dynamics, and it is the authors’
opinion that certain underlying mechanisms within these devices (e.g., the
double choking mechanism) remain not fully understood and often poorly
modeled, which may lead to sub-optimal ejector design and contributes to
hamper operation strategies of the ERS.
In 1931, Gay [62] first proposed the basic transcritical CO2 ejector refrig-
eration system (as shown in Figure 3.1, Section 3.3.1). This configuration
has since been demonstrated to yield the highest coefficient of performance
(COP) and exergy efficiency among the proposed layouts for CO2 systems
[142]. The high pressure supercritical CO2 coming from the gas cooler is
expanded in the ejector, thereby pre-compressing the gas CO2 coming from
the evaporator, and the refrigerant thus has an intermediate pressure at the
compressor inlet, so that the compressor can operate at a lower charge. In
addition, the ejector can improve the evaporator performance due to the
consequently near-liquid feeding operation [123]. In 1990, Kornhauser [80]
performed a first analysis of cycle performance using a simple in-house
ejector heat pump model that was implemented as a Fortran routine. The
author [80] compared the performance of a standard vapor compression
cycle and an ERS for different refrigerants and found potential COP im-
provements ranging from 12% to 30%. Nehdi et al. [118] later developed a
computer code that uses fluid properties retrieved from NIST REFPROP to
evaluate the influence of the ejector area ratios on the cycle performance.
The analysis was performed for several refrigerants and it was concluded
that a maximum COP improvement of 22% could be achieved by using
an ejector in R141b systems, which was the most favorable case. Bilir Sag
et al. [19] used a similar routine to investigate the two-phase R134a ERS
and found a similar range of potential COP improvement. In addition, the
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authors [19] noted that even if the ejector worked under off-design regime,
the cycle performance still benefited from the ejector. Several similar studies
have been subsequently performed to investigate the influence of the ejector
on the cycle performance [78, 88, 133, 152].
In 2005, Li and Groll [87] studied the influence of operating parameters on
the COP of the CO2 cycle. Most notably, the authors found that the COP of
the ERS could be improved by more than 16% over the basic transcritical
cycle, for typical air conditioning operating conditions. Several theoretical
works have later been done to assess the performance of the CO2 ERS
specifically [44, 58, 81, 151, 153]. Notably, Fangtian and Yitai [58] performed
an exergy analysis to evaluate the losses in the different parts of the cycle
and found that there exists a critical entrainment ratio, a critical gas cooler
outlet temperature and an optimal heat rejection pressure that optimize
the cycle operation. Some studies then focused on modifying the geometry
of the ejector itself to be able to match the optimal operating conditions
as closely as possible. Elbel and Hrnjak [51] found out that regulating the
high-side pressure with an ejector needle could be a way of optimizing
the cycle performance, much as for a traditional expansion valve cycle.
Alternatively, multi-ejector systems received growing interest in the recent
years and are already commercialized in the form of ejector packs that
comprise cartridges containing several ejectors of different sizes and internal
geometries. Depending on the operating conditions, some ejectors are then
activated through the action of solenoid valves [10, 138].
Some recent studies [32, 92, 93, 96] have also opted to use the Dymola com-
mercial software, that allows to perform transient operation analyses with
out-of-the-box components models available in commercial libraries. Re-
cently, Metsue et al. [109] investigated the influence of the ejector geometry
on the performance of a transcritical CO2 ejector cycle using Dymola. The
authors used their in-house ejector model [110] calibrated onto the CO2
experimental data of Zhu et al. [155] and found that there exists an ejector
size that maximizes the COP of the cycle, and that critical ejector pressure
is not reached at this optimum COP point. Rather, the ejector is operating
well under the on-design regime.
Nonetheless, the authors believe that a deep understanding of the link be-
tween ejector operating regime and overall cycle performance is still lacking.
Yet, this knowledge is fundamental to set up efficient design strategies at
the component level and determine adequate cycle operation strategies. In
this study, the classical CO2 ERS is analyzed theoretically to give insight
onto the optimal operation pressures of the cycle. To this end, a typical
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refrigeration application (e.g., air conditioning) is considered. The operation
of the ejector is predicted using the state-of-the-art ejector thermodynamic
model of Metsue et al. [110], that integrates the natural physics of the
compound-choking theory for predicting double-choking operation. This
allows to establish the domain of operation that is allowable by the physics
and determine the operating pressures that yield the highest coefficient of
performance. A parametric analysis of the secondary to primary throat area
ratio of the device is also carried out to find the optimal ejector dimensions
for specific operation temperatures and determine the sensitivity of the
COP to this geometrical parameter. The link between the cycle performance
and the operating regime of the ejector is investigated, and the effects of the
entropy-generating mixing phenomena within the device are highlighted.

3.3 Thermodynamic modeling

The numerical modeling of the ejector cycle is here described. In Section
3.3.1, the system is first solved assuming an ejector that can provide any
performance required by the cycle. In Section 3.3.2, the ejector entrainment
ratio is then calculated with the real ejector thermodynamic model to de-
termine the actual possible operation of the device (i.e., that could also be
allowed to fulfill the physical conditions).

3.3.1 Cycle modeling
As stated in the previous section, the present work focuses on the analysis of
the classical refrigeration cycle shown in Figure 3.1. The system is modeled
with the following assumptions:

• The cycle operates in steady state.

• The ambient temperature Tamb (external) is fixed. Three values of Tamb
will be considered in the following: 15, 25 and 35 [°C].

• The cooling temperature (external) is fixed to Tcool = 4 [°C].

• The pinch temperatures at the gas cooler ∆Tpinch, gc = T3 − Tamb and
at the evaporator ∆Tpinch, ev = Tcool − T10 are both assumed to be of
10 [°C] (typically the pinch temperature ranges between 5 and 10 [°C]
[38]).

• There are no pressure drops across the gas cooler and the evaporator.
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• The refrigerant is at saturated vapor state at the evaporator outlet.

• The thermodynamic transformations within the ejector, expansion
valve and separator are adiabatic.

• The thermodynamic transformation within the compressor is isen-
tropic. Note that this hypothesis is not true in practice, but this does
not constitute the subject of the present analysis for which a simple
transformation is sufficient.

1

23

4
5

6
7

8
910

Fig. 3.1 Classical ejector refrigeration system. The main locations of the
cycle have been numbered for reference within the text.

Note that the pressure at the gas cooler pgc and at the outlet of the ejector
pout are not constrained and those have thus to be imposed in order to solve
the system. Based on those hypotheses, the global energy conservation of
the system can be expressed as:

Q̇ev + Ẇcomp + Q̇gc = 0, (3.1)

where Q̇ev is the cooling power accumulated by the evaporator, Ẇcomp is
the compression mechanical power and Q̇gc is the heat power discharged
at the gas cooler. Also note that in this work the energy introduced into the
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system is chosen to be positive by convention. From the aforementioned
assumptions, Eq. (3.1) can then be re-written in terms of specific enthalpies:

ṁs(h10 − h9) + ṁp(h2 − h1) + ṁp(h3 − h2) = 0, (3.2)

with ṁp and ṁs the primary and secondary mass flow rates, respectively.
The number indices on the enthalpy terms (hi) refer to their position in
the cycle (Fig. 3.1). When dealing with ejectors, an important quantity to
monitor is the secondary to primary flow ratio, which is referred to as the
entrainment ratio, as the –secondary– flow coming from the evaporator is
entrained by the discharged –primary– flow that comes from the gas cooler.
The entrainment ratio ω = ṁs/ṁp can then be deduced from Eq. (3.2):

ω =
h1 − h3

h10 − h8
, (3.3)

where the enthalpy conservation across the expansion valve was used, i.e.,
h9 = h8. A similar expression can be found for the COP, for which the
general expression, for a cooling cycle, is given by [118]:

COP =
Q̇ev

Ẇcomp
. (3.4)

Much as for ω, the COP can be expressed as a function of the enthalpies:

COP =
ṁs

ṁp

h10 − h9

h2 − h1
= ω

h10 − h9

h2 − h1
=

h1 − h3

h2 − h1
. (3.5)

The cycle can then be fully solved on the basis of the previous assumptions,
and the mass conservation equation of the liquid phase at the separator, i.e.:

ṁs = (ṁp + ṁs)(1 − x7), (3.6)

with x the vapor quality. The quality at the inlet of the separator can
therefore be expressed as a function of the entrainment ratio only:

x7 =
ṁp

ṁp + ṁs
=

1
1 + ω

. (3.7)

As it is well known, the thermodynamic state of the working fluid is
determined by two independent state variables (pressure and temperature
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Point State variable 1 State variable 2

1 p1 = pout x1 = 1
2 p2 = pgc s2 = s1

3 p3 = pgc T3 = Tamb + Tpinch, gc
7 p7 = pout x7 = 1/(1 + ω)

8 p8 = pout x8 = 0
9 p9 = p10 h9 = h8

10 T10 = Tcool − Tpinch, ev x10 = 1

Table 3.1 Pair of state variables to solve the cycle at each relevant point.

are not independent under the saturation dome). To this end, Table 3.1
summarizes the pair of state variables that are used at each relevant point of
the cycle. Then, all other state variables can be retrieved from the equation
of state. In the present work, the latter is provided by the COOLPROP
library [13]. The cycle can then be represented in the p − h diagram, as
shown in Figure 3.2 for typical operation of the ERS. Note that points 4,
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Fig. 3.2 Classical ERS represented in the p − h diagram. Operating condi-
tions are pgc = 100 [bar], pout = 35 [bar], Tamb = 25 [°C] and Tcool = 4 [°C]
(T3 = 35 [°C], T10 = −6 [°C]). Note that the y axis is in log scale.
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5 and 6 are technically within the ejector and correspond to the primary
stream at the primary nozzle outlet, secondary stream at the primary nozzle
outlet and mixed flow at the secondary throat, respectively (Fig. 3.1). Figure
3.2 allows one to better visualize the enthalpy differences in the expressions
of ω and COP in Eqs. (3.3) and (3.5), respectively: ω = (h1 − h3)/(h10 − h8),
COP = (h1 − h3)/(h2 − h1).
It is important to mention at this stage that the value of ω predicted by
Eq. (3.3) does not account for any internal mixing phenomenon. Rather,
Eq. (3.3) constitutes the criterion for steady state operation of the cycle as
it is derived from the global conservation of energy through the system.
In other words, at each set of gas cooler and ejector outlet pressures, a
specific value of the entrainment ratio is required by the cycle (determined
by Eq. (3.3)). Therefore, this pseudo ejector model will be referred to as
the cycle requirement model in what follows. In this manner, the cycle
requirement model can predict the operation of the cycle for any set of
operating pressure. Nonetheless, and as it will be seen in Section 3.4, only
specific sets of operating pressures are allowed in an actual ejector cycle.

3.3.2 Ejector thermodynamic model

As stated previously, the thermodynamic model of Metsue et al. [110] is
used to predict the performance of the real ejector (as opposed to the cycle
requirement). This 0D model discretizes the ejector into several section, as
seen in Figure 3.3, labeled from 0 to d, and the flow is solved at those discrete
locations only. The choking of the device is modeled by the compound-
choking theory [85, 110], which constitutes the natural condition for the
choking of a multi-stream device such as the ejector, as it maximizes the
total mass flow rate within the device. The model has already been vali-
dated for transcritical CO2 applications by the authors in [109], where the

Hypothetical throat

Secondary inlet

Primary inlet
Outlet

Primary nozzle
Mixing chamber

Constant area duct Diffuser

Fig. 3.3 Schematic of the ejector model, after Metsue et al. [110].
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characteristic curves are calibrated on the experimental data of Zhu et al.
[155]. The interested reader is invited to review the article of Metsue et
al. [110] for a thorough description of the implementation/validation of
the thermodynamic model, as only a brief summary of the model assump-
tions is presented in what follows. As explained in Metsue et al. [110], the
flow within the system is considered to be one-dimensional, steady, and
adiabatic, with negligible velocities at the inlets (primary/secondary) and
outlet. To incorporate friction losses along the walls and within the shear
layer between the primary and secondary streams, isentropic efficiencies
are employed (Fig. 3.3). These efficiencies include ηp for the primary nozzle
(between sections 0 and e), ηpy for the friction losses encountered by the
primary flow within the mixing chamber (between sections e and y), ηs
for the friction losses experienced by the secondary flow within the mix-
ing chamber (between sections 0 and y), and ηd for the diffuser (between
sections 2 and d). Additionally, mixing losses between the primary and
secondary streams are factored in through a loss coefficient ηm (between
sections y and m). Furthermore, it is assumed that the primary and sec-
ondary streams remain distinct (i.e., no mixing) until they reach a specific
section within the constant area duct. At this section, both pressures are
considered to be equal, indicating the start of the mixing phenomenon. This
section is often referred to as the hypothetical throat in the literature [72]. If
the ejector operates under a double-choking regime, this section becomes
compound-choked. The boundary between single- and double-choking
operation of the ejector is then referred to as the critical operating condition
or the critical point. In between each section of the model, the mass and
total enthalpy conservation equations are applied. In addition, the equation
of state provided by COOLPROP and the isentropic efficiency relations
(for losses) are used. The momentum conservation equation is also used
to handle the mixing, i.e., between sections y and m. In the present work,
and as in [109], it is chosen to reduce the number of fitting coefficients
since some of them have redundant effects on the predicted performance
[110]. Therefore, it is chosen to set ηpy = ηs and ηm = 1, thus yielding
the set of fitting efficiencies at (ηp = 0.95, ηpy = 0.73, ηs = 0.73, ηm = 1,
ηd = 0.85), which have been calibrated on the experimental data of Zhu
et al. [155]. Figure 3.4 shows the result of the fitting of the ejector model
on the experimental characteristic curves reported in [155] for transcritical
operation. First, ηp is adjusted to fit the primary mass flow rate (the separate
values for the primary and secondary mass flow rates are provided in [155]).
Then, ηpy and ηs are adjusted to match the entrainement ratio at on-design
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Fig. 3.4 Fitting of the ejector model onto the experimental data of Zhu
et al. [155] (ηp = 0.95, ηpy = 0.73, ηs = 0.73, ηm = 1, ηd = 0.85). The
experimental data are shown with squares and the thermodynamic model
predictions in plain lines.

operation, and the position of the off-design part of the characteristic curve
is finally adjusted via ηd. In Figure 3.4, the efficiencies were tuned to obtain
a good fitting for pgc = 9.3 [MPa], and kept constant to generate the curves
at pgc = 8.7 and 9.8 [MPa], for which an acceptable fitting ability of the
model is also observed. In the following, the efficiencies will thus be kept
to those constant values. Note also that no cooling power is specified for
the analysis, therefore the size of the component is not relevant and for the
ejector, only the throat area ratio (TAR) Ay/At, with A the section area, is
necessary to solve the system. To this end, a base TAR is chosen as the one
of the ejector of Zhu et al. [155]: Ay/At = 6.25. This base TAR will be later
optimized in Section 3.4.3. Moreover, the primary nozzle of the ejector of
[155] is converging only, meaning that Ae = At. Nonetheless, the influence
of Ae/At will be discussed in Section 3.4.3 as well.

3.4 Results and discussion

In this section, it is proposed to analyze the operation of the classical ERS by
combining the approaches presented in Sections 3.3.1 and 3.3.2. This allows

| 61



3 | Performance analysis of the ERS

to both shed light onto the optimal and physically possible operating point
of the cycle, as well as to determine what ejector TAR best suits the system,
depending on the ambient temperature.

3.4.1 Entrainment ratio maps

As a first step, it is proposed to compare the entrainment ratios calculated
using the two approaches, i.e., using the cycle requirement model (Section
3.3.1) and the real ejector model (Section 3.3.2). This is done by building
maps of ω as a function of the pressure at the outlet of the ejector pout and
the pressure at the gas cooler pgc. The maps boundaries for said pressures
are set as follows:

pout ∈ [p10, pcrit] ,

pgc ∈
[
pdown, pup

]
,

(3.8)

where the crit subscript refers to the critical conditions (pcrit = 7.37 [MPa]).
The boundaries for pgc (pdown and pup) are free and are thus set as inputs.
In the present work and without additional mention, the boundaries are
set as (pdown = 5.5 [MPa], pup = 50 [MPa]), which is deemed adequate
for the present purpose. Figure 3.5 presents maps of the entrainment ratio
using the cycle requirement model (Fig. 3.5a) and the real ejector model (Fig.

Non-physical by 2nd
principle

Backflow operation

(a) ω required by the cycle (cycle
requirement model)

Backflow operation

(b) ω predicted by the real ejector model
(Ay/At = 6.25)

Fig. 3.5 Maps of the entrainment ratio ω as a function of the gas cooler
pressure pgc and the ejector outlet pressure pout for Tamb = 25 [°C] (T3 = 35
[°C], T10 = −6 [°C]). Iso-ω lines are plotted in black.
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3.5b) for an ambient temperature of 25 [°C]. As it can be seen, additional
portions of the maps have been discarded (in gray). The light gray regions
indicate that the cycle was predicted to operate under backflow mode:
under those conditions, the flow goes from point 10 to point 9 (Fig. 3.1).
The dark gray region in Figure 3.5a indicates that the second principle of
thermodynamics is not satisfied, i.e., (ṁp + ṁs) s7 < ṁp s3 + ṁs s10. From
Figure 3.5a, it appears that the entrainment ratio does not vary strongly
with pout for gas cooler pressures below 10 [MPa] (typical operation range
of ERSs). On the other hand, at constant pgc, the real ejector performance
prediction (Fig. 3.5b) indicates a constant ω plateau and a rapid decline as
the critical pressure of the ejector is exceeded. Actually, each line of the map
(i.e., varying pout at constant pgc in Figure 3.5b) corresponds to an ejector
characteristic curve (as described in [110]), since all inlet parameters are
constant.

3.4.2 Operation of the ERS

To determine the actual –allowable– operation of the ERS, one must find the
locus of operating pressures (pgc − pout) that satisfies the matching between
the entrainment ratio required by the cycle (Fig. 3.5a) and that provided
by the ejector (Fig. 3.5b). This said locus is referred to, in the present
work, as the operation curve of the cycle. Practically, the operation curve is
determined by calculating the entrainment ratio required by the cycle and
that predicted by the real ejector model within the (pgc − pout) domain, as
in Figure 3.5. Then, the difference in terms of entrainment ratio is computed
at each point of the domain in order to find the zero, that corresponds,
by definition, to the operation curve. Consequently, the operation curve is
comprised of all sets of (pgc − pout) such that ωcycle = ωejector. In this section,
the operation curves are studied for three ambient temperatures (15, 25 and
35 [°C]). Note however that in the case of Tamb = 15 [°C], the cycle is not
transcritical since the heat rejection (transformation 2 to 3, Fig. 3.2) at the hot
side takes place at a pressure below the critical pressure. Figure 3.6 shows
the COP map for the three selected ambient temperatures. The operation
curves of the cycle using the ejector model calibrated on the experiment
of [155] have been plotted in purple. The green curve corresponds to the
operation curve of the cycle obtained by setting all efficiencies of the real
ejector thermodynamic model to 1 (ηi = 1). The dots on the operation
curves represent the point of maximum COP. The dotted lines represent the
lines of critical operation of the ejector (obtained with the thermodynamic
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Non-physical by 2nd
principle

Backflow operation

(a) Tamb = 15 [°C] (T3 = 25 [°C],
T10 = −6 [°C])

Non-physical by 2nd
principle

Backflow operation

(b) Tamb = 25 [°C] (T3 = 35 [°C],
T10 = −6 [°C])

Backflow operation

Non-physical by 2nd
principle

(c) Tamb = 35 [°C] (T3 = 45 [°C],
T10 = −6 [°C])

Fig. 3.6 Map of the COP as a function of the gas cooler pressure pgc and
the ejector outlet pressure pout. The purple line is the operation curve with
the fitting for the ejector of [155] and the green line the case with all ηi = 1.
The on-/off-design limit is plotted in dotted lines and the maximum COPs
are highlighted with dots.

model), separating the on-design regime (on the left) from the off-design
regime (on the right). It can be seen that for the three ambient temperatures,
the maximum COP point on the purple curve (ejector calibrated on [155])
is found when the ejector operates under off-design regime. This indicates
that from the cycle’s perspective, it is preferable to have a slightly higher
outlet pressure (or equivalently, compression ratio p7/p10) even if it comes
at the price of having a somewhat lower entrainment ratio (Fig. 3.5a). Notice
also in Figure 3.6a that there appears to be a discontinuity at pgc = 6.43
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[MPa], which corresponds to the saturation pressure at the gas cooler outlet
temperature psat(T3) (this case is subcritical, as mentioned previously).
Thus, as T3 is fixed, for pgc > 6.43 [MPa], there is a condensation process
(transformation 2 to 3 goes through the saturation dome), but for pgc < 6.43
[MPa], there is no condensation of the hot refrigerant (point 3 is a gas),
leading to the poor performance that may be noticed in that region in
Figure 3.6a. In the case of the operation curves obtained with all ηi = 1,
the maximum COP is found under off-design operation of the ejector only
for Tamb = 15 [°C] (Fig. 3.6a). Interestingly, in Figures 3.6b and 3.6c,
the maximum COP point is found when the ejector operates at critical
conditions, which is in contradiction with the previous remark. Further
analysis then indicates that the maximum COP can be found at critical
ejector operation even when all efficiencies are not equal to unity. To this
end, Figure 3.7a shows operation curves for Tamb = 25 [°C] generated by
varying one independent efficiency at a time (by default, ηi = 1). Plain and
dashed curves indicate on-design and off-design operation, respectively. As
can be seen, the maximum COP is found at critical conditions not only in
the case where ηi = 1 but also when the expansion processes are non-ideal
in the primary nozzle. Actually, the optimal COP being located at critical

(a) Operation curves

3.5 3.6 3.7 3.8 3.9 4.0 4.1 4.2

pout [MPa]

0.0

0.2

0.4

0.6

0.8
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ω
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]

ηp = 0.8

ηs = ηpy = 0.8

ηd = 0.8

ηi = 1

(b) Ejector characteristic curves
(pgc = 9 [MPa])

Fig. 3.7 Operation curves and characteristic curves for Tamb = 25 [°C]
(T3 = 35 [°C], T10 = −6 [°C]) with different sets of efficiencies. Unless
indicated otherwise in the legend, all efficiencies are set to unity. In Fig.
3.7a, the plain and dashed curves indicate on-design and off-design regime,
respectively, and the dotted lines are iso-COPs.
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operation is mostly due to the fact that the off-design part of the ejector
characteristic curves becomes very steep as the efficiencies get close to unity.
This can be seen in Figure 3.7b, where the characteristic curves are plotted
for different configurations of the efficiencies for pgc = 9 [MPa]. The ηp
efficiency does not modify the sharpness of the transition between on- and
off-design regimes, unlike ηs, ηpy and ηd, which is why the optimal COP
for ηp = 0.8 in Figure 3.7a is found at the critical conditions as in the case
where ηi = 1. The steepness of the characteristic curves translates into a
sharp transition between the two regimes in the operation map, as there is a
strong decrease in ejector performance as soon as the device goes under off-
design. The ηs, ηpy and ηd efficiencies reduce the sharpness of this transition
(Fig. 3.7b) and thereby displace the optimal COP point to the off-design
regime of the ejector. From Figure 3.6, the highest COP in the maps are
found towards the right, at the limit of the non-physical region. Therefore,
the best ejector would be one whose operation curve can go as far right of
the map as possible (pgc has to be relatively low as well). As per Figure
3.7a, the optimal strategy is then to reduce the entropy generation (have
the ηi as high as possible) within the device, as any decrease in one of the
efficiencies shifts the operation curve to the left. As a side note, even if all
efficiencies are set to unity, entropy is still generated in the modeled mixing
process because of the shock waves, which is why the operation curves in
Figure 3.6 do not reach the limit of the non-physical region (in dark gray).
Additionally, it is important to keep in mind that a real ejector always has
ηi < 1, therefore it should be expected that the optimal COP will in practice
always be found under off-design operation of the ejector.

3.4.3 Influence of the geometry on the COP

As a second step to determine the potentially best operation of the ERS,
it is proposed to focus on the impact of the ejector geometry on the ERS
performance. To this end, several maps of the COP as a function of the gas
cooler pressure and the TAR Ay/At are generated. Note that the value of
pgc determines a single value of pout along the operation curve (Fig. 3.6),
so that the representation of the COP maps in the space (pgc – Ay/At) is
unambiguous. It is chosen to focus on the ratio of secondary to primary
throat area since it constitutes the main design parameter of the ejector. The
primary nozzle exit is first kept equal to the primary throat as in [109, 155].
Note that all maps presented in this section are done with the real ejector
model calibrated on the experiment of Zhu et al. [155]. Figure 3.8 shows the
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(a) Tamb = 15 [°C] (T3 = 25 [°C],
T10 = −6 [°C])

(b) Tamb = 25 [°C] (T3 = 35 [°C],
T10 = −6 [°C])

(c) Tamb = 35 [°C] (T3 = 45 [°C],
T10 = −6 [°C])

Fig. 3.8 Maps of the COP as a function of the gas cooler pressure and the
TAR. The dot and star indicate the locations of the maximum COP with the
original geometry of [155], and the global maximum COP, respectively.

generated maps for the three studied ambient temperatures. The maximum
COP with the original geometry of [155] (TAR = 6.25) and the global maxi-
mum COP are indicated on the different maps; the global maximum COP
being the maximum COP obtained by optimizing the original geometry
according to the TAR. The optimal geometry appears to depend on the
ambient temperature in a non negligible manner, also implying significantly
different operation pressures with respect to the base geometry. Under sub-
critical operation (Fig. 3.8a), the maximum COP is found at the saturation
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Maximum COP Tamb [°C] 15 25 35

Geom. of [155] (TAR=6.25) 6.17 3.68 2.57
O.G. for Tamb = 15 [°C] (TAR=5.83) 6.18 3.69 2.55
O.G. for Tamb = 25 [°C] (TAR=5.50) 6.17 3.70 2.53
O.G. for Tamb = 35 [°C] (TAR=7.21) 6.12 3.64 2.59

Table 3.2 Maximum COP obtainable along the operation curve for the
three studied Tamb values and for the base (Zhu et al. [155]) and optimal
geometries (O.G.) obtained for those temperatures (Fig. 3.8). Efficiencies
are calibrated on [155].

discontinuity (i.e., at pgc = 6.43 [MPa], as discussed in Section 3.4.2), which
is consistent with Figure 3.6a. In that case, it is then best for point 3 (Fig. 3.2)
to be at saturated liquid conditions (raising or lowering pgc from pgc = 6.43
[MPa] –at constant T3– deteriorates the COP).

Table 3.2 summarizes the maximum COP values indicated in Figure 3.8. To
estimate the sensitivity to the geometry, the maximum obtainable COP for
each of the three optimal geometries (depending on Tamb) for each value
of Tamb is also shown in Table 3.2. As can be seen, although there is a non
negligible difference in optimal TAR depending on the ambient temperature,
it appears that the performance gain compared to the base case, or even
with respect to the optimal geometry for a different Tamb, is marginal. For
example, if one were to operate the cycle at Tamb = 35 [°C] with the ejector
that has the optimal TAR for Tamb = 25 [°C], one would only get a decrease
in COP of about 2.4% compared to using the optimal TAR for Tamb = 35
[°C]. Note however that the TAR should nonetheless lie within a certain
acceptable range, as the performance of the ejector may quickly deteriorate
[150]. Notice that since the optimal TAR does not vary monotonously with
Tamb (Fig. 3.8), the maximum COP does not vary monotonously either with
the optimal geometries at fixed Tamb in Table 3.2.

Although the TAR seems to have little impact, it is possible that the ejector
size may play an important role. It is then proposed to determine the
ejector dimensions for a fixed cooling power Q̇ev = 30 [kW], but operating
at different ambient temperatures. Table 3.3 summarizes the primary and
secondary throat diameters (respectively, Dt and Dy) of the ejector operating
at the maximum COP point with the optimized geometry for each Tamb (the
operating points highlighted by the stars in Fig. 3.8). As can be seen, the
change in dimensions is small from case to case, as there is a difference of

68 |



Results and discussion | 3.4

Tamb = 15 [°C] Tamb = 25 [°C] Tamb = 35 [°C]
pgc [MPa] 6.44 8.56 11.4
ṁp [kg/s] 0.191 0.245 0.280
ṁs [kg/s] 0.126 0.131 0.136
ω [-] 0.660 0.534 0.483
Dt [mm] 2.74 2.76 2.39
Dy [mm] 6.62 6.47 6.42

Table 3.3 Gas cooler pressures, ejector mass flow rates and throat diam-
eters for optimal operation (Fig. 3.8) at each ambient temperature. The
ejector model is calibrated on Zhu et al. [155].

less than 0.4 [mm] in primary throat diameter between the extreme cases
Tamb = 25 [°C] and Tamb = 35 [°C]. Such small dimension differences may
not justify the implementation of multiple ejector geometries within the
ERS and a single geometry that performs relatively well for the range of
ambient temperatures of the application could be considered. However, in
most refrigeration applications, the required cooling power is not constant,
but is rather often directly dependent on the ambient. Then, significant
changes in the ejector size are to be expected. For example, if one would
operate at Tamb = 25 [°C] and the cooling power is reduced from Q̇ev = 30
[kW] to Q̇ev = 15 [kW], the primary throat diameter should, to remain
on the maximum COP operation point, be reduced from Dt = 2.76 [mm]
to Dt = 1.96 [mm]. For this reason, multi-ejector modules and needle
regulated ejectors constitute compelling control technologies. While the
first one may contain a discrete number of ejector geometries tailored for
specific operating conditions, the latter can precisely regulate the primary
mass flow rate, but the TAR is then imposed. So far, only a converging
primary nozzle has been considered. At constant secondary throat area
Ay (base geometry), Figure 3.9a then shows the COP map for Tamb = 25
[°C] as a function of the gas cooler pressure and the primary exit to throat
area ratio Ae/At, with the efficiencies calibrated on [155]. The white region
corresponds to invalid (non physical) predictions of the ejector model. As
can be seen, the COP appears to be strongly dependent on Ae/At, but this
result is actually biased because as Ae gets bigger, the expansion of the
primary stream after the throat takes place within the primary nozzle, and
ηp > ηpy as per the calibration on [155]. Figure 3.9b displays a similar COP
map but with the ηpy efficiency now set equal to ηp = 0.95. As can be
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(a) Calibration on [155] (b) Efficiency ηpy raised from 0.73 to 0.95

Fig. 3.9 Maps of the COP as a function of the gas cooler pressure and
Ae/At for Tamb = 25 [°C], Tcool = 4 [°C] (T3 = 35 [°C], T10 = −6 [°C]). The
dot and star (Fig. 3.9a) indicate the locations of the maximum COP with the
original geometry of [155], and the global maximum COP, respectively.

seen, if one has ηp = ηpy, the COP becomes strictly independent of Ae/At.
Nonetheless, the result of Figure 3.9a still contains some physical insight,
since expanding the primary within a diverging part may reduce the entropy
generation of this expanding process compared to further expanding it in
the mixing chamber, and should lead to an overall higher COP. Actually, it
is found that the maximum COP point in Figure 3.9a (indicated by the star)
is located at the limit of the non-physical region, the latter corresponding to
a re-compression of the primary stream directly after exiting the primary
nozzle, which is not handled by the thermodynamic model. This case (the
star) therefore corresponds to having a primary nozzle that can expand
the primary stream to the mixing pressure exactly. However, a thorough
analysis should be done with CFD tools and therefore exceeds the scope of
the present work.

3.4.4 Analysis of the ejector regime

In this section, it is proposed to analyze the operating regime of the ejector
for the base geometry and each of the optimal geometries for the three
ambient temperatures of interest (i.e., the same cases as shown in Table
3.2). To this end, Figure 3.10 shows the characteristic curves (ω vs pout)
for each case, where the operation points are highlighted with a diamond
marker. It can be noticed that all operation points are relatively close to
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Fig. 3.10 Maximum COP operation points (diamonds) on their character-
istic curve for each optimal geometry and for various ambient temperatures.
The case with all ηi = 1 is also shown for reference. The operation points
correspond to those in Table 3.2.

each other for each Tamb. In addition, disregarding the case with ηi = 1,
the operation points with higher compression ratios (higher pout) do not
necessarily have higher COPs (Fig. 3.10b and 3.10c). Likewise, there is
no apparent correlation between how close an operation point is to the
critical operation point of the ejector (on-/off-design limit) and the COP.
For example in Figure 3.10c, the case with the geometry optimized for
Tamb = 35 [°C] appears to be "more off-design" than the other cases, but
actually performs better. The general observation is then that all cases
seem to have relatively similar entrainment ratios. One can see in Figure
3.10a that the case with ηi = 1 is under far off-design regime, which is a
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requirement to match the entrainment ratio required by the cycle (Fig. 3.5).
Matching between cycle requirement and ejector performance is the most
important factor when designing an ERS, and this requires a non-trivial
analysis such as the present one. From this analysis, it is also clear that there
is no incentive to operate the ejector under on-design regime for applications
where the ejector is used as an expansion device in a refrigeration cycle.

3.4.5 High temperature gas cooler

So far, the present study indicated that the maximum COP is found when
the ejector operates under off-design (or possibly critical) regime. However,
it was reported in the work of Metsue et al. [109] that the optimal operation
is found under on-design operation of the ejector, which is in contradiction
with the present argument. Actually, despite the cycle configuration being
slightly different, the main difference is that the cycle presented in [109] is
operating as a heat pump to generate heat, not for refrigeration purpose.
The hot source temperature is then higher. It is therefore proposed to
analyze the operation of the present ERS with a hot source temperature of
Thot = 65 [°C] (as reported in [109]). Using the same temperature pinch at

Backflow operation

Fig. 3.11 Map of the COP as a function of the gas cooler pressure pgc and
the ejector outlet pressure pout for Tamb = 65 [°C], Tcool = 4 [°C] (T3 = 75
[°C], T10 = −6 [°C]). The purple line is the operation curve with the fitting
for the ejector of [155]. The on-/off-design limit is plotted in dotted line and
the maximum COP is highlighted with the dot.
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the gas cooler as previously, one then gets that T3 = 75 [°C] (Fig. 3.1).
Figure 3.11 shows the generated COP map with the operation curve ob-
tained using the ejector geometry of [155] (TAR = 6.25). As in Figure 3.6,
the dotted line represents the limit between on- and off-design operation
of the ejector. As can be seen, the maximum COP point along the opera-
tion curve (marked by the black dot) is found within the on-design region,
which is in agreement with the conclusions of [109]. Therefore, based on the
present observation along with the previous ones, one can deduce that as
Thot gets higher, the maximum COP point gets closer to on-design operation
of the ejector (also consistent with Figure 3.10) until being found at critical
operating conditions at a given temperature. Above said temperature, the
maximum COP is found when the ejector operates under on-design regime.
In the present configuration of the cycle (Tcool = 4 [°C] and ejector model
calibrated on [155]), it is found that the switch from on- to off-design regime
occurs at Thot ≈ 60 [°C] (T3 ≈ 70 [°C]).

3.5 Conclusions

In this work, an in-depth theoretical analysis of the operation of the classical
ERS was performed using a thermodynamic modeling approach. A state-of-
the-art ejector model was integrated within the cycle to generate COP maps
and determine both what could be the optimal operation strategy for the
cycle, and what would be the main design objectives for the ejector device.
First, it was found that there exists an operation curve, which is the locus of
the set of operating conditions that can allow steady state operation of the
ERS. This means that, all other parameters being fixed by the application,
the cycle cannot operate at any given set of gas cooler and ejector outlet
pressures. The allowable sets of pressures are determined by the cycle
requirements and the ejector internal physics. Then, the analysis showed
that for an ejector with a realistic amount of entropy generation associated
to the irreversible mixing phenomena, the maximum COP operation point
is likely to be found when the ejector works under off-design regime. As
the ambient temperature gets higher, the optimal operation point gets closer
to the on-design operation of the ejector and can eventually shift to a full
on-design operation if the temperature of heat rejection is higher than a
certain threshold.
Secondly, it was found that the main design strategy for the ejector within
the ERS is to minimize the entropy generation within the device. Indeed, it
was observed that any decrease in any of the efficiencies of the thermody-
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namic model should lead to a decrease in the maximum achievable COP of
the ERS. In addition, it was found that, as entropy generation is reduced
within the ejector, the maximum COP point gets closer to critical ejector
operation. When the entropy generation becomes sufficiently small, the
optimal operation point is found at critical operating conditions of the ejec-
tor. However, it was found that there is no benefit to operate the ejector
under on-design regime (at pressures lower than that of critical operation
regime) for refrigeration applications. In addition, optimizing the throat
area ratio of the ejector yielded only little improvement of the COP. It is
important to note that constant efficiencies were used to calibrate the ejector
model, while it is expected those efficiencies should possibly be functions
of the geometry and operating conditions. However, the authors believe
that finding such correlations for the efficiencies constitutes a whole subject
of research beyond the scope of the present work, certainly requiring the
support of machine learning techniques (as in, e.g., [145]).
From this analysis, it is the authors’ understanding that ejector design
for refrigeration application should be done by accounting for the whole
operation of the system, and not at the component level solely. Note also that
the present work is focused on cooling applications, but as established in
this paper, above a given hot source temperature threshold, the maximum
COP is found when the ejector is under on-design regime, as reported
in [109]. Therefore, a deep analysis of the cycle operating in heat pump
mode could be done in the future. Additionally, future work could be
done with CFD and machine learning tools to determine the influence of
the different 2D/3D geometrical parameters of the ejector, such as, e.g.,
the primary nozzle divergent angle. This could allow to also support the
development of correlations for the fitting efficiencies of the ejector model,
or even directly optimize the geometry to minimize the entropy generation
within the device.
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Abstract:
Ejector refrigeration systems (ERSs) operating with carbon dioxide are no-
toriously challenging from both design and operation perspectives. In
particular, the ejector itself gives rise to special attention since it directly
affects the performance of the global system. In this study, the connections
between local exergy transfers within the ejector and global cycle perfor-
mance are investigated by using a novel multi-scale numerical approach.
Computational Fluid Dynamics (CFD) is used to generate accurate predic-
tions of the ejector operation with access to the local flow and heat transfer
features. The exergy tube analysis is applied onto the simulation results,
linking local transfers within the ejector to the results at the component-
and cycle-scale. A state-of-the-art ejector thermodynamic model is then
calibrated onto the CFD results, and employed to determine the physically
possible operation of the ERS. In addition, the metastability impact on the
exergy transfers and overall system performance is investigated by com-
paring the CFD results of the classical Homogeneous Equilibrium Model
with those obtained with the Homogeneous Relaxation Model. Notably, it
is found that at fixed ejector inlet conditions, there exits an outlet pressure
that maximizes the exergy transfers from primary to secondary streams.
Interestingly, this work shows for the first time that the maximum exergy
gain of the secondary stream appears to correlate with the maximum coeffi-
cient of performance of the system, independently of the on- or off-design
operation of the ejector. Moreover, metastability generally deteriorates the
performance at both scales. The results of the present study serve to pave
the way towards better ejector design objectives.

4.2 Introduction

Research on carbon dioxide (CO2) refrigeration systems has gained substan-
tial attention in the recent years, mostly due to the shift towards natural
refrigerants that is motivated by international agreements such as the 2016
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Kigali amendment to the Montreal protocol, in which 159 countries com-
mitted to reduce the production and consumption of HFCs by more than
80% by 2045 [144]. The general safety of CO2 (non-flammability and non-
toxicity) and its low global warming potential and zero ozone depletion
potential, come however at the expense of an overall lower performance of
the refrigeration system compared to more traditional refrigerants [52]. The
relatively low critical temperature of CO2 (at 31 °[C], close to the ambient)
often leads, indeed, to the necessity to reach high (supercritical) pressures
on the heat rejection side of the cycle. Consequently, such cycles are said to
operate under transcritical regime, which leads to high expansion losses in
the expansion valve [79].

Ejectors are favorable devices used to suck and compress fluids, which
enable the use of CO2 by recovering part of the exergy losses during the
expansion. Figure 4.1 depicts the conventional ejector refrigeration cycle,
which has been proven to achieve the most favorable coefficient of perfor-
mance (COP) compared to other suggested configurations for CO2 systems
[142]. By discharging a high pressure primary fluid (coming from the gas
cooler) into a primary nozzle, the low pressure fluid at the secondary in-
let (coming from the evaporator) is entrained and compressed within the
secondary nozzle. The outlet refrigerant exits the device with intermediate
thermodynamic conditions, as a pre-compressed state, so that the compres-
sor is able to work at a lower charge to provide the same cooling power.

𝑝𝑔𝑐
𝑇𝑔𝑐

𝑝𝑒𝑣𝑎𝑝
𝑇𝑒𝑣𝑎𝑝

𝑝𝑜𝑢𝑡 1

23

4

5

67

Fig. 4.1 Classical ejector refrigeration system. The different points are
numbered for reference in the text.
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Several studies compared the conventional transcritical CO2 refrigeration
cycle to its ejector-based counterpart [51, 87, 94, 102]. The studies all pointed
out that the addition of the ejector in the cycle is favorable and exhibited
potential to increase its COP. Notably, Elbel and Hrnjak [51] found out that
the cooling capacity and the COP could be improved by up to 8% and 7%,
respectively. Similarly, Li and Groll [87] studied the influence of operating
parameters on the performance of the cycle and found that the COP of the
transcritical CO2 system could be improved by more than 16% by the addi-
tion of the ejector, for typical air conditioning operation conditions. Ejectors
are nonetheless characterized by complex fluid dynamics and exergy trans-
fer phenomena. Even though there has been significant advancements to
understand the local flow behaviors of the device [34, 83, 84], a better under-
standing of the exergy exchanges/dissipation within the device and their
relation with the global cycle performance are still required to design and
operate ERSs properly (to obtain higher ejector efficiency and consequently
enhanced system performance).
Several strategies can be adopted to study the performance and flow physics
of the ejector specifically. The simplest approach is to use a thermodynamic
(or 0D) model. Initially limited to single-phase modeling (e.g., [29, 85,
135]), advanced models able to predict real gas ejector operation under
on- and off-design, were developed [6, 110, 143]. Recently, Metsue et al.
[110] introduced the real choking phenomenology of the compound-choking
into their thermodynamic model and demonstrated its fitting capability
onto experimental data. Wang et al. [146] later proposed an alternative
analytical model relying on only five parameters. Taking into consideration
the position of the double-choking section, the authors defined three limit
states to compute the critical entrainment ratio. Despite remaining limited
to ideal gas ejectors, it was stated by the authors [146] that their model
performed better than current ones available in the literature. It should
however be noted that in [146], fitted characteristic curves reported in [110]
were compared to the results of an experimental run different from the
one used in said reference, thus showcasing a lesser performance of the
compound-choking model compared to its actual capabilities. To obtain
more detailed information about the internal flow physics, Computational
Fluid Dynamics (CFD) can be used. Several works have then been done to
characterize the flow topology with respect to the operating conditions (e.g.,
[61, 84]), or to study the mixing chamber geometry, shock wave formation
and irreversibilities [48, 83, 147, 148]. In particular, Lamberts et al. [83]
extended the transport tube analysis of Meyers and Meneveau [114] to
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exergy transport tubes, in the context of air ejectors. This analysis allowed
to determine the locations and amplitudes of the local exergy transfers and
losses within the ejector. Metsue et al. [112] later performed a similar exergy
analysis for the first time on a CO2 ejector, using this time the SU2 [119]
solver, and found that the exergy losses within the secondary stream quickly
overpower the exergy gain provided by the primary stream as the ejector
goes into the on-design regime.
In the particular case of two-phase CO2 ejectors, additional care has to be
taken with regards to the flashing phenomenon, as the latter is known to oc-
cur under thermodynamic non-equilibrium and thus introduce a metastable
phase (liquid) along the flow expansion depending on the inlet conditions;
this can severely affect both the flow topology and the flow rates [113] as the
speed of sound in a two-phase flow is strongly dependent on the mixture
composition. Indeed, as both liquid and vapor phases are present, addi-
tional assumptions and modeling are required to solve the system of partial
differential equations (PDEs). The Homogeneous Equilibrium Model (HEM)
constitutes the simplest approach, and defines the vapor/liquid mixtures as
a pseudo-state that is both in mechanical and thermodynamic equilibrium.
However, the HEM can suffer from large discrepancies with the experiment
as the primary inlet temperature becomes subcritical [122]. Those discrep-
ancies are mostly attributed to the thermodynamic equilibrium hypothesis
rather than to the mechanical one [40]. More advanced two-phase models
have been implemented [21, 70, 89, 95, 113] to tackle this issue. Among the
proposed non-equilibrium models, the Homogeneous Relaxation Model
(HRM) [18] is a 4-equation model that offers a compelling approach as it
only assumes mechanical equilibrium of the phases [129]. The HRM has
been used to simulate CO2 ejectors both in 1D [8, 98] and 2D/3D using CFD
tools [70, 121], and was for the first time adapted in a density-based CFD
solver (more adequate for highly compressible flows [56]) by Metsue et al.
[113]. Note at this stage that the majority of experimental two-phase CO2
ejector measurements documented in the open literature typically only in-
cludes mass flow rates, inlet/outlet pressures and temperatures, sometimes
with limited wall pressure measurements (e.g., [69, 63]) or visualizations
of moderate quality [90, 156]. Most studies focused indeed on the effect of
the ejector on the cycle rather than on the fine characterization of the ejector.
This consequently makes the validation of ejector numerical models difficult
and globally impedes on progress. Having access to local flow quantities
(e.g., detailed pressure profile or local velocity field) could give precious
insight onto the nature of the physical phenomena taking place depending
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on the operation of the device, leading to better numerical modeling.
Many studies have been conducted in order to assess the performance of the
Ejector Refrigeration System (ERS) at the cycle/system scale. Fangtian and
Yitai [58] conducted an exergy analysis, which identified critical parameters
such as entrainment ratio, gas cooler outlet temperature, and heat rejection
pressure, that optimize the cycle operation. Using the Dymola software,
Metsue et al. [109] analyzed the impact of the ejector geometry on the
performance of a transcritical CO2 ejector cycle, and found that the maxi-
mum COP is reached when the ejector operates under on-design regime.
Some works also involve, at some level, the internal flow physics of the
ejector with the performance of the system. Besagni et al. [16] combined
CFD results of a single ejector with a 0D model of an ejector refrigeration
cycle and studied the choice of refrigerant on the COP of the system for five
ejector geometries. The authors [16] used this approach to link the local flow
features and ejector geometry to the system performance. Later, Metsue
et al. [111] employed their ejector thermodynamic model [110] to predict
the performance of a CO2 ERS. The maximum COP was not reached when
the ejector operates at critical conditions, but mostly when the device is
under off-design regime at typical gas cooler outlet temperatures (between
25 and 45 [°C], and moving towards on-design regime (as in [109]) as said
temperature is raised).
As deduced by the present literature survey, many studies have decided
to either study the ERS at the system scale, or at the component level.
However, few attempts have been done to bridge the gap between the two
approaches and to the best of the authors’ knowledge, the global perfor-
mance of the ERS has never been associated to the local exergy transfers
within a flashing CO2 ejector. In the present work, it is then proposed to
use a multi-scale approach by combining for the first time wall-resolved
Favre-Averaged Navier-Stockes (FANS) simulations and thermodynamic
modeling to investigate the relationship between local- and global-scale
behaviors. The exergy tube analysis developed by Lamberts et al. [83] is
first applied to the numerical results of the transcritical CO2 ejector consid-
ered experimentally by Bodys et al. [20]. After calibration onto the CFD
results, the thermodynamic model of [111] is used to predict the operation
of a typical ERS for various operating pressures and temperatures. The link
between local (component or ejector scale) and global (cycle or system scale)
performance is then investigated by combining the ejector exergy analysis
of the CFD results with the COP predictions of the cycle obtained with the
thermodynamic model. Then, a similar analysis is brought to subcritical
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operations, using this time the HRM, which enables to shed light onto the
influence of metastability onto the ejector operating regime, local exergy
transfers and, for the first time, on the global performance of the ERS. This
work serves to provide a better understanding of how the cycle benefits
from the ejector at a physical level, which can pave the way towards better
ejector design objectives and operation strategies.

4.3 Numerical methodology

In this section, the general analysis procedure is first described in Section
4.3.1. The geometry, operating conditions and meshing are presented in
Section 4.3.2, followed by the description of the CFD methods, exergy
analysis tools and cycle/ejector thermodynamic modeling in Sections 4.3.3,
4.3.4 and 4.3.5, respectively.

4.3.1 General procedure
As stated previously, the current approach is based on the comparison
between CFD results on the one hand, and thermodynamic modeling on
the other. Figure 4.2 shows a schematic view of the strategy employed
in this work. Note at this stage that this work constitutes a theoretical
analysis. Given a number of ejector inlet and outlet conditions (pressure
and temperature at the inlets and pressure at the outlet (Fig. 4.1)), CFD is
performed to generate ejector characteristic curves (as described in, e.g.,
[110]). With those results as a basis, the analysis is then continued at local
and global scales. On the local –ejector– scale, the exergy tube analysis
[83] is applied to determine the conditions that lead to the optimal exergy
transfers. On the global –ERS– scale, the ejector thermodynamic model
[110] is calibrated onto the CFD characteristic curves to ensure that the
cycle operates with an ejector with the same integral behavior than the one

,

,

Fig. 4.2 Flowchart of the procedure that is applied in the present work to
determine if there is a correlation between optimal exergy transfers within
the ejector and maximum COP of the cycle (red arrow).
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used to conduct local exergy transfers analysis. The operation curve in the
(pgc − pout) domain is then obtained by using the ejector thermodynamic
model (Section 4.3.5) to find the set of gas cooler and ejector outlet operating
pressures that are achievable by the device, as thoroughly explained in [111].
It is then possible to find the conditions that lead to a maximum COP along
the operation curve, and compare them with the conditions that lead to the
optimum exergy transfers.

4.3.2 Geometrical modeling and operating conditions
A single ejector geometry provided by [20] is used and corresponds to the
experimental setup of Haida et al. [68]. In the present work, experimental
mass flow rate measurements are used for validation purposes only, as
the core of the analysis remains numerical. The main dimensions of the
axisymmetric device are given in Table 4.1. For the thermodynamic model
which incorporates the 0D ejector model, only the primary nozzle throat,
the exit area, and the cross-section area of the constant area duct are needed.
With regards to the operating conditions for CFD simulations, both sub-
critical and supercritical primary inlet conditions are considered, which
are summarized in Table 4.2. Two supercritical temperatures are tested for
four primary inlet pressures. Although the two temperatures are close to
each other (i.e., 35 and 36 [°C]), notable differences will be visible in the
following, as the operation of the ERS is quite sensitive to Tgc. For each set,
several outlet pressures are evaluated, to cover both the on- and off-design
regimes. This enables subsequent proper calibration of the thermodynamic
model. In addition, one subcritical temperature (for 4 primary pressures) is
studied, which will also be used to determine the influence of metastability
on the device and system performance. Metastability effects are mostly
expected for low nozzle inlet temperatures [122] (also implying a low gas

Parameter [Unit] Dimension
Primary nozzle inlet diameter [mm] 3.80
Primary nozzle throat diameter [mm] 1.41
Primary nozzle exit diameter [mm] 1.58
Constant area duct diameter [mm] 3.25
Constant area duct length [mm] 16.25
Diffuser angle [°] 5.00
Diffuser outlet diameter [mm] 8.40

Table 4.1 Dimensions of the ejector.
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Tgc [°C] pgc [MPa] pout [MPa]

25 6.45 6.55 6.7 6.95 2.50 2.60 ... 3.40
35 8.25 8.50 8.75 9.00 2.80 2.90 ... 3.80
36 8.50 8.75 9.00 9.25 2.80 2.90 ... 3.80

Table 4.2 Operating conditions used for the CFD simulations. The ellipses
(...) indicate intermediate values, equally spaced by 0.1 [MPa].

cooler pressure within the CO2 ERS), hence the choice of Tgc = 25 [°C]. The
secondary inlet is set at constant pressure and temperature (pevap = 2.8
[MPa], Tevap = 7.5 [°C]) since the interest is focused on the determination
of the optimal operating pressures at the compressor inlet/outlet. The sec-
ondary conditions are then assumed to be fixed by the application, here for
a typical air-conditioning purpose.

4.3.3 CFD modeling and validation
The FANS simulations are conducted using SU2 (version 7.3.1), which is
a real-gas density-based CFD solver. In SU2, the PDEs are discretized via
a finite volume approach. As reported in [119], this method employs a
standard edge-based structure on a dual grid, where control volumes are
constructed using a median-dual, vertex-based approach. The interested
reader is invited to refer to the original article of Palacios et al. [119] for
detailed information about the FANS equations and their specific imple-
mentation within SU2.
Since flashing CO2 ejectors involve the presence of a vapor/liquid mixture,
additional assumptions are required in order to solve the system of PDEs. In
what follows, both the HEM and HRM are employed. In HEM, mechanical
and thermodynamic equilibria are assumed, which leads to the well-known
definition of the vapor quality x. In HRM, only mechanical equilibrium
is assumed, as the –metastable– liquid is vaporized with a delay to reach
equilibrium, which is treated as a relaxation process.
In practice, an additional PDE has to be solved for the transport of the vapor
phase:

∂

∂t
(ρx) +

∂

∂zj

(
ρujx

)
= −ρ

x − xeq

θ
, (4.1)

with ρ the density, uj the velocity components and θ the relaxation time.
The j and eq subscripts indicate spacial coordinate and equilibrium quantity,
respectively. Specific correlations have been developed for the relaxation
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time [70, 98], but as argued in Metsue et al. [113], such correlations are
mostly case-specific with regards to both geometry and operating conditions.
Therefore, only constant relaxation times are used in the present theoretical
study, where the density-based algorithm of [113] is employed along with
their tabulated Equation of State (EoS). The latter EoS is based on a quad-
tree algorithm that combines piece-wise bicubic interpolation with local
refinement in the state space. Each HRM simulation is initialized with the
HEM solution and integrated in time until convergence. Note however that
the HRM is activated within the primary nozzle only. This is done in order
to accelerate the convergence of the solution, and based on the assumption
that metastability is mostly present within that part, near the vicinity of the
throat where the flashing process begins and the quality gradient is high.
The Menter Shear Stress Transport model [107] (k − ω SST) is used for the
turbulence closure, which is motivated by its performance in aligning with
experimental data, exhibiting good agreement for both local and global flow
characteristics for perfect and real gas ejector flows [36, 84]. The second-
order classical Roe scheme [130] is employed to integrate the convective
fluxes, and the gradients for computing the viscous fluxes are derived using
the Green-Gauss method. For HEM simulations, an Euler implicit time
integration scheme (first-order) is utilized, with local time-stepping for
faster convergence. For HRM simulations, the pseudo-time integration
relies on an Euler explicit scheme (first-order) since, as explained in [111],
the implementation of an implicit formulation is intricate as it would involve
complex thermodynamic derivative terms. For Euler implicit simulations, a
CLF number of 15 was used, whereas in Euler explicit simulations, the CFL
was limited to 0.5 to ensure stability.
Total pressures and temperatures are prescribed at primary and secondary
inlets of the ejector, whereas the static pressure is prescribed at the outlet.
In addition, both inlet and outlet boundary conditions are characteristic-
based (non-reflective), in order to inhibit the influence of spurious reflection
waves on the solution convergence. Axisymmetric simulations are here
performed. Hence a symmetry boundary condition is prescribed at the
axis of the ejector. Note that in SU2, the axisymmetric solver assumes zero
angular velocity, hence the PDEs are simplified and the third dimension,
in the angular direction, does not have to be modeled to solve the system.
For both HEM and HRM simulations, convergence is assumed when the
relative difference in total mass flow rate between the inlets and the outlet
of the ejector fell steadily below 5.10−3.
For CFD simulations, a 2D mesh (Fig. 4.3) is generated with the GMSH
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Fig. 4.3 Two-dimensional mesh of the ejector (axisymmetric view). By
convention, the zero axial coordinate is set at the primary nozzle exit.

software. The mesh is composed of roughly 287 000 quadrilateral elements
and is mostly structured, except within the mixing chamber in order to
allow consistent relaxation of the cells dimensions near the primary nozzle
tip. As shown in Figure 4.3, the mesh is refined towards the wall in order to
have a maximum wall coordinate y+ ≈ 1, which is a requirement for low-
Reynolds number turbulence closures. In addition, the mesh independence
was verified by conducting a simulation with a mesh having twice as many
elements in the êz coordinate for the case (Tgc = 35 [°C], pgc = 8.50 [MPa],
pout = 3.40 [MPa]). Note that the grid independence was verified in HEM
and that it stays valid in HRM since all computation schemes are identical
except for time integration, to which the independence of the solution was
thus verified. Figure 4.4 displays the pressure profiles at the centerline
using each mesh, where negligible difference is observed. A discrepancy
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Fig. 4.4 Pressure profiles at the centerline of the ejector obtained with
the regular and finer meshes (Tgc = 35 [°C], pgc = 8.50 [MPa], pout = 3.40
[MPa]).
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of less than 0.2% was found for both primary and secondary mass flow
rates between the two simulation results. Consequently, the original mesh
(non-refined) was used to perform all subsequent simulations.
All computations are conducted on the clusters of the Digital Research
Alliance of Canada. Each case is executed on two computation nodes,
each equipped with 40 Intel Skylake cores running at 2.4 GHz. For HEM
simulations, convergence was achieved after less than 12 hours wall time,
whereas HRM simulations required around one week. This amounts to 960
and 13 440 CPU hours for HEM and HRM simulations, respectively.
In order to validate the solver for flashing CO2 ejectors, primary and sec-
ondary mass flow rates (ṁp and ṁs, respectively) obtained through HEM
simulation are compared to the experimental data of a partial characteristic
curve gathered by Bodys et al. [20]. The validation was not performed
explicitly in HRM because it was found that for supercritical primary inlets,
a very small relaxation time should be used. Otherwise, the flow would
cross the spinodal limit (unstable limit [40]), and the physics of the HRM
would not be valid anymore [113]. Thus, as in [70], for supercritical primary
inlets, the HRM should behave like the HEM (almost identical simulation re-
sults). Both primary and secondary conditions are set to (pgc ≈ 8.61 [MPa],
Tgc ≈ 35.5 [°C]) and (pevap ≈ 2.80 [MPa], Tevap ≈ 7.5 [°C]), respectively,
with slight variation from case to case. Results are shown in Table 4.3, where
the error is defined as:

Err =
ζexp − ζHEM

ζexp
, (4.2)

with ζ the quantity of interest. It can be observed that the HEM consistently
under-predicts the primary mass flow rate by about 8%. Actually, the HEM

pout ṁp,HEM ṁp,exp Errṁp ṁs,HEM ṁs,exp Errṁs ωHEM ωexp Errω

[MPa] [g/s] [g/s] [%] [g/s] [g/s] [%] [-] [-] [%]

3.283 66.01 71.90 8.29 35.56 33.36 -6.59 0.539 0.464 -16.09
3.390 63.88 69.54 8.14 31.60 32.11 1.59 0.495 0.462 -7.10
3.477 64.08 69.98 8.43 27.70 29.76 6.92 0.432 0.425 -1.62
3.563 64.05 69.83 8.28 23.48 27.35 14.15 0.367 0.392 6.41
3.825 63.63 69.57 8.54 12.93 19.58 33.96 0.203 0.282 27.81

Table 4.3 Predictions of the primary and secondary mass flow rates and
comparison with the experimental data of [20].
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systematically under-predicts mass flow rates since it predicts the smallest
speed of sound among two-phase models [42]. Metastability phenomena
may then contribute to this deviation, as it tends to increase the mass flow
rate within the nozzle [113]. Alternatively, this discrepancy could be the
results of losses between the pressure and temperature probes and the
primary inlet. On the other hand, the secondary mass flow rate ṁs shows
relatively good agreement with the experiments, with errors ranging from
-6.5% to 34%, which is typical for transcritical CO2 ejectors. Secondary mass
flow rate discrepancies between the HEM and experimental measurements
ranging between 5% and 35% were reported in [70], and between 20% and
45% in [63], for similar operating conditions. Consequently, the entrainment
ratio ω exhibits a similar error range. It is also noteworthy that the present
solver has been already carefully validated in [113] for CO2 flashing nozzles.

4.3.4 Exergy tube method

The exergy tube analysis of Lamberts et al. [83] is used to study the exergy
fluxes between primary and secondary streams, and then assess the exergy
gain of the secondary stream. Thorough explanations regarding the deriva-
tion of the related equations can be found in the original reference [83], as
only a summary is provided here. The exergy tube is constructed by a set
of transport lines that are, at any point, tangential to the mean flow exergy
flux Fξ , which can be expressed as [83]:

Fξ,j = ρujξt +
(

qj + qt
j

)(
1 − Tref

T

)
− τijui − τt

ijui, (4.3)

where ξt = (ht − href)− Tref (s − sref) is the total specific exergy (h is the
enthalpy and s the entropy), q is the heat flux and τ is the viscous tress
tensor. The t subscript indicates total quantities, whereas the t superscript
indicates turbulent quantities. The reference state (indicated by the ref
subscript) is selected to correspond to the secondary inlet state [83]. Note
that unlike in the case of a classical stream tube (mass transport tube), there
are losses, so that the total exergy entering the tube is higher than that
exiting the tube, in virtue of the second principle. The exergy losses can
then be expressed as:

Φ = τij
∂ui
∂zj

+ τt
ij

∂ui
∂zj

−
(

qj + qt
j

) ∂T
∂zj

. (4.4)
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From Equation (4.3), the dimensionless cumulative transfer of total exergy
Iξ can be expressed as:

Iξ(z) =

∫∫
S(z) Fξ,jnjds

ṁp ξt,gc
, (4.5)

where nj is the unit normal to the dividing streamline pointing towards
the secondary stream and S(z) is the dividing surface from 0 to z (axial
direction). Figure 4.5 illustrates the relevant notations. The dividing surface
then corresponds to the surface separating the primary stream from the
secondary stream, that is, the mass transport tube emanating from the
surface between the nozzle tip and the ejector axis. In Equation (4.5), the
exergy flow is normalized by the primary inlet exergy flow (i.e., ṁp ξt,gc).
Consequently, if Iξ reaches unity, it means that all of the exergy of the
primary stream has been transferred to the secondary stream (hypothetical
case).

Similarly, the dimensionless cumulative exergy destruction in the secondary
stream Π can be expressed as:

Π(z) =
Tref

∫∫∫
V2(z)

Φ/TdV

ṁp ξt,gc
, (4.6)

with V2(z) the volume occupied by the secondary stream, between the
dividing surface and the wall, between sections 0 and z. By combining
the secondary exergy gains (Iξ) and losses (Π), one may then express the

𝑆(𝑧)

𝑉!(𝑧)
𝑧

0

n

Fig. 4.5 Two-dimensional schematic displaying the relevant sur-
faces/volumes for the exergy tube analysis (axisymmetric view). The divid-
ing streamline is plotted in red. The gray area is V2(z) and the dashed line
S(z).
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dimensionless net exergy gain of the secondary stream ∆:

∆(z) = Iξ(z)− Π(z) =
ṁs ξt,s(z)
ṁp ξt,gc

, (4.7)

where the latter equality is derived naturally from the fact that the reference
state is chosen to be that of the secondary inlet. In the present study, the
dimensional net gain of exergy of the secondary stream δ(z) = ṁp ξt,gc ∆(z)
is also used to determine the actual exergy quantity that the secondary
stream receives at a given operation point of the ERS.

4.3.5 Thermodynamic modeling
The classical CO2 ERS (Fig. 4.1) is considered in this work in order to assess
the expected performance of a refrigeration cycle. The modeling approach
is similar to that of Metsue et al. [111] and constitutes a simple theoretical
approach to the modeling of the system. Thus, only a brief description of
the cycle and ejector models is recalled here. The assumptions with regards
to the cycle are:

• The system operates at steady-state conditions. The mass conservation
for the liquid phase at the separator level therefore imposes x7 =

ṁp/(ṁp + ṁs) = 1/(1 + ω) (as per [111]).

• The temperature at the gas cooler exit Tgc is imposed by the ambient
temperature (Tab. 4.2).

• The temperature at the evaporator outlet Tevap is imposed by the
application (typical air-conditioning), and fixed to Tevap = 7.5 [°C].
The pressure at the evaporator is fixed to pevap = 2.8 [MPa].

• No pressure losses occur across the gas cooler and the evaporator.

• Thermodynamic transformations inside the separator, expansion valve
and ejector are adiabatic.

• The thermodynamic transformation within the compressor is assumed
to be isentropic (pressures are prescribed at the compressor inlet
and outlet by pout and pgc, respectively). In practice, the isentropic
efficiency of a reciprocating compressor is typically in the range of
70%–90% [76], but well defined and simple parameters are chosen
since the present analysis does not require more complexity.
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Based on those hypotheses, all states (points 1 through 7 in Figure 4.1) can
be computed from two independent state variables using the EoS (obtained
via COOLPROP [13]). Note that the pressures at the gas cooler and the
ejector outlet (pgc and pout, respectively) are kept as parameters to conduct
the forthcoming parametric analyses. Hence, those are inputs to be specified
in order to solve the system of equations. In addition, the entrainment ratio
and the COP are given by [111]:

ω =
h1 − h3

h7 − h5
, (4.8)

and
COP = ω

h7 − h5

h2 − h1
=

h1 − h3

h2 − h1
. (4.9)

Note that in this study, the cooling capacity does not need to be specified, by
construction of the model. Only the ratio of evaporator mass flow rate to gas
cooler mass flow rate (i.e., the entrainment ratio of the ejector) is required
to determine the cycle performance. In order to obtain the operation curve
of the ERS, one must then use the ejector thermodynamic model to predict
the actual performance of the ejector. As described by Metsue et al. [111],
the operation curve is defined by the set of operating conditions (here, the
set of pgc and pout) that can allow steady-state operation of the cycle. In
practice, this means that for such specific operating conditions, the ejector
must provide an entrainment ratio that matches the requirements of the
cycle. The thermodynamic model of Metsue et al. [110] is therefore used
to predict the entrainment ratio of the ejector ω. This ejector model was
thoroughly described and validated against experimental measurements
in the previous works of Metsue et al. [110, 109]. The interested reader is
invited to review these two references for further information. Its main
assumptions and features are summarized below:

• The flow is 1D steady and adiabatic. Negligible velocities are assumed
at both the inlets and the outlet.

• Isentropic efficiencies are employed to account for friction losses:
ηp within the primary nozzle (wall friction), ηpy for the primary
stream within the mixing chamber (due to shearing with the secondary
stream), ηs for the secondary stream within the mixing chamber, and
ηd for the diffuser. Additionally, a loss coefficient ηm is utilized to
address mixing losses between the primary and secondary streams.
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Please refer to [110] for detailed information.

• The primary and secondary streams are assumed to remain distinct
until they reach a specific section within the constant area duct, where
their pressures are considered equal, and at which the mixing phe-
nomenon begins.

• Mass and total enthalpy conservation equations are applied between
each section, along with the equation of state provided by COOLPROP
and isentropic efficiency relations. The momentum conservation equa-
tion is also utilized for handling the mixing process.

• The double choking of the ejector is modeled by the compound-
choking theory [14].

4.4 Results and discussion for transcritical operations

In this section, the ERS is studied under transcritical operations, implying
that the CO2 at the exit of the gas cooler is at a supercritical state. In Section
4.4.1, the thermodynamic model is used to calculate the operation curve.
Then, the exergy analysis at the local scale is conducted in Section 4.4.2,
which enables to compare the performance at both ejector and system scales.

4.4.1 Operation curves
The first step of the present analysis consists in calibrating the 0D model
onto CFD results. Note that in this section, only the HEM is employed.
As per Table 4.2, two gas cooler outlet temperatures are studied, for four
different gas cooler pressures. In addition, the four pgc values allow to cover
the range of operating conditions that can be expected in such an ERS.
Figure 4.6 shows the results of the calibration process. It can be seen that a
very good fitting is obtained. Table 4.4 gives the corresponding values of the
efficiencies for each set of primary inlet conditions. Note that it was chosen
to set ηpy = ηs as the effect of those two efficiencies on the characteristic
curve is similar [110]. The primary nozzle efficiency ηp is first calibrated to
get a match for the primary mass flow rate. Then the process is repeated for
ηpy and ηs to match the choked secondary mass flow rate. Finally, the mixing
efficiency ηm and diffuser efficiency ηd are set to fit the off-design part of the
curve. From Table 4.4, it appears that primary and secondary efficiencies
(ηp, ηpy and ηs) are decreasing as the primary pressure or temperature is
increased, which reflects on the increased friction losses due to a higher
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Fig. 4.6 Fitting of the characteristic curves (plain line) onto the CFD-HEM
results (squares). The related fitting efficiencies are given in Table 4.4.

flow acceleration along its expansion. As for ηm, it was chosen to fix this
efficiency to 0.95 as in [109]. Hence, ηd is set to properly fit the off-design
part of the curves. Notice that low values of ηd were determined, which is a
consequence of the limitation of the model to constant efficiencies for a same
characteristic curve. In practice, all efficiencies should be modified along a
same characteristic curve as pout varies and correlations for the efficiencies
should be found to enhance its prediction capability, but are beyond the
scope of the present analysis. In addition, the thermodynamic model is only
used in this study to generate a continuous operation curve and its function

Tgc [°C] pgc [MPa] ηp ηpy = ηs ηm ηd

35

8.25 0.97 0.96 0.95 0.35
8.50 0.97 0.96 0.95 0.28
8.75 0.97 0.95 0.95 0.24
9.00 0.95 0.92 0.95 0.23

36

8.50 0.97 0.96 0.95 0.32
8.75 0.97 0.95 0.95 0.28
9.00 0.96 0.93 0.95 0.26
9.25 0.94 0.91 0.95 0.26

Table 4.4 Fitting efficiencies for each set of gas cooler exit temperature
and pressure (Fig. 4.6).
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is thus limited to fit the CFD data, which is achieved properly, as per Figure
4.6.

By combining the predictions of the calibrated ejector model and that of the
cycle model, the operation curve can be determined. Since the fitting effi-
ciencies vary with the inlet conditions, the operation curves are constructed
by parts, where for each value of Tgc, said efficiencies are calculated by
linear interpolation of the values reported in Table 4.4, as a function of pgc.
Above and below the calculated gas cooler pressures, the efficiencies are
constant and equal those at the nearest fitted pgc value (e.g., at Tgc = 35
[°C] and pgc = 8 [MPa], the efficiencies are those obtained for pgc = 8.25
[MPa]). Figure 4.7 shows COP maps obtained via Equation (4.9) for both
supercritical inlet temperatures, where operation curves are plotted in plain
green lines. The dotted green curves are the on/off-design regime limits
(i.e., on-design regime on the left and off-design on the right). The location
along the operation curve where the COP reaches its maximum value is
highlighted by a star. In addition, the discrete positions in the diagram for
which CFD computations have been performed are indicated by the squares
(same colors as in Figure 4.6), for reference. Moreover, the gray portion of

(a) Tgc = 35 [°C] (COPmax = 3.41 at
pout/pevap = 1.225)

(b) Tgc = 36 [°C] (COPmax = 3.25 at
pout/pevap = 1.230)

Fig. 4.7 COP maps as a function of the gas cooler pressure pgc and the
compression ratio pout/pevap. Operation curves are plotted in plain green
line, and the on/off-design limit in dotted green line. Discrete CFD calcula-
tion points are indicated by the squares (same colors as in Figure 4.6) and
the maximum COPs along the operation curves are highlighted by stars.
Iso-COP lines are plotted in black.
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the diagram corresponds to a non-physical region (second principle not
respected or backflow operation [111]). Confirming the previous work of
Metsue et al. [111], the maximum COP is reached when the ejector operates
under off-design. In fact, the majority of the operation curve is located
within the off-design operation region. Notice that the maximum COPs
are found for pgc ≈ 8.5 [MPa] and pgc ≈ 8.75 [MPa] for Tgc = 35 [°C] and
Tgc = 36 [°C], respectively. The four gas cooler pressures that were selected
for the analysis then indeed correspond to the pressure range in which the
COP is expected to have reasonably high values.

4.4.2 Exergy transfers vs COP

As a second step, one investigates the exergy transfers from the primary
to the secondary stream within the ejector by conducting an exergy tube
analysis. Figures 4.8a and 4.8b show for Tgc = 35 [°C] and pgc = 8.5 [MPa]
the dimensionless cumulative transfer of total exergy Iξ(z) and exergy
destruction Π(z) along the axial direction, respectively. Four compression
ratios pout/pevap are plotted to make the trends apparent, with pout/pevap =

1.07 corresponding to a near critical operation case. One may then notice
that as the compression ratio decreases, there is a (positive) shift in the axial
direction at which exergy transfers and losses within the secondary stream
occur. Moreover, the trend of the curves in Figures 4.8a and 4.8b invert
depending on the compression ratio near z/L ≈ 0.5, as the exergy transfers
and losses within the secondary stream occur at different axial positions of
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Fig. 4.8 Dimensionless exergy gain and destruction along the axial direc-
tion of the ejector (Fig. 4.5) for Tgc = 35 [°C] and pgc = 8.5 [MPa].
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Fig. 4.9 Dimensionless net exergy gain of the secondary stream for Tgc =
35 [°C] and pgc = 8.5 [MPa].

the ejector. For example, at a relatively low compression ratio (pout/pevap =

1.07), the exergy transfers and exergy losses within the secondary stream
occur further downstream than in the case pout/pevap = 1.28. This behavior
may be attributed to the increased mean velocity of the flow within the
secondary throat and diffuser as the outlet pressure is lowered (i.e., lower
compression ratio), hence delaying, or pushing the transfers and losses
downstream. Consequently, the outlet values of Iξ and Π get higher as the
the compression ratio is decreased. It is then clear that there is a competition
between exergy gain and destruction, and the dimensionless net exergy
gain of the secondary stream may then be calculated to shed light onto
this phenomenon, as shown in Figure 4.9. Interestingly, it is found that
unlike reported by Lamberts et al. [83], the maximum ∆ is not found at
critical conditions, but rather under off-design regime (at pout/pevap = 1.21
in Figure 4.9).
To determine the outlet pressure that maximizes the dimensionless net
outlet exergy gain of the secondary stream ∆out (that is, the value of ∆
at the outlet of the ejector), Figure 4.10 displays ∆out as a function of the
compression ratio for both considered Tgc values. The diamonds highlight
the position of the intersection with the operation curve (green curve of
Fig. 4.7). Note also that additional CFD points have been calculated to
locate the maximum more accurately. For a same gas cooler pressure, the
exergy gain first increases, then decreases beyond a particular compression
ratio because the exergy destruction within the secondary stream decreases
more slowly than the exergy gain provided by the primary stream as the

| 95



4 | Optimal ejector exergy efficiency and COP

1.10 1.15 1.20 1.25 1.30 1.35

pout/pevap

0.04

0.06

0.08

0.10

0.12

0.14

∆
ou
t

pgc = 8.25 [MPa]

pgc = 8.50 [MPa]

pgc = 8.75 [MPa]

pgc = 9.00 [MPa]

(a) Tgc = 35 [°C]

1.10 1.15 1.20 1.25 1.30 1.35

pout/pevap

0.06

0.08

0.10

0.12

0.14

∆
ou
t

pgc = 8.50 [MPa]

pgc = 8.75 [MPa]

pgc = 9.00 [MPa]

pgc = 9.25 [MPa]

(b) Tgc = 36 [°C]

Fig. 4.10 Dimensionless net outlet exergy gains of the secondary stream
∆out as a function of the compression ratio. The diamonds indicate the
points of intersection with the operation curve.

compression ratio gets higher, as it can be observed by looking at the values
of Iξ and Π at the outlet in Figure 4.8. It is also apparent that as pgc increases,
∆out generally gets lower and its maximum is found for higher compression
ratios. However, beyond a compression ratio of about 1.3, the secondary
stream mass flow rates at high gas cooler pressures (e.g., pgc = 9 [MPa])
are higher than that at lower gas cooler pressures (e.g., pgc = 8.25 [MPa]),
as visible in Figure 6. Since, as per Equation 4.7, the secondary mass flow
rate is at the numerator, the related values of ∆out in Figure 10 reflect on
this behavior, which explains why beyond pout/pevap > 1.3, ∆out at pgc = 9
is lower than at pgc = 8.25 [MPa]. More importantly, notice that for both
Tgc, the intersection of ∆out with the operation curve at the location of the
maximum COP (e.g., at pgc ≈ 8.5 for Tgc = 35 [°C], Fig. 4.7a) is found in
the near vicinity of the maximum ∆out. This implies that for the presently
studied cases, there is a direct correlation between local- and global-scale
performances. In addition, those operation points correspond to off-design
operations of the ejector, hence with non-maximum entrainment ratios.
Thus, to optimize the ejector and improve the COP of the cycle, the objective
function should be to maximize the dimensionless net exergy gain of the
secondary stream, instead of maximizing the entrainment ratio. Note that
the results are not biased by any post-process treatment, as both approaches
(CFD and 0D modeling) are performed independently, and the fitting of the
thermodynamic model is done, as stated in Section 4.4.1, only to calculate
the cycle operation curve continuously, i.e., in between the CFD points.
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Fig. 4.11 Net outlet exergy gains of the secondary stream δout as a function
of the compression ratio. The diamonds indicate the points of intersection
with the operation curve.

Building on the previous observation, Figure 4.11 displays the dimensional
net gain of total exergy of the secondary stream δout. It is then visible that for
both Tgc values, the net gain of exergy at the operation points (diamonds)
is the highest in the near vicinity of the maximum COP point (on the red
curve at Tgc = 35 [°C] and on the blue curve at Tgc = 36 [°C]). This means
that as it could be suspected, and since the secondary inlet conditions are
fixed in this analysis, the maximum COP is theoretically reached when the
absolute total exergy flow rate of the secondary stream is the highest at the
outlet of the ejector. Indeed, even tough ∆out may be higher for operation at
lower pgc, the exergy flow of the primary stream (i.e., ṁp ξgc) is lower and
therefore less exergy content is transferred to the secondary stream.

4.5 Results and discussion for subcritical operations

In this section, the ERS is studied under subcritical operations to determine
if the conclusions of Section 4.4 are still valid. A similar analysis is therefore
conducted in Section 4.5.1. As metastability is expected for subcritical
primary inlets, HRM simulation results are also compared to HEM results
in Section 4.5.2.

4.5.1 Operation and exergy transfers at equilibrium
As in Section 4.4.1, CFD-HEM characteristic curves are used for calibrating
the thermodynamic model at Tgc = 25 [°C] and for four values of pgc
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Tgc [°C] pgc [MPa] ηp ηpy = ηs ηm ηd

25

6.45 0.99 0.93 0.95 0.30
6.55 0.99 0.93 0.95 0.29
6.70 0.99 0.93 0.95 0.28
6.95 0.99 0.93 0.95 0.26

Table 4.5 Fitting efficiencies for each gas cooler exit pressure at Tgc = 25
[°C].

indicated in Table 4.2. Table 4.5 summarizes the obtained fitting efficiencies.
Note this time that only the diffuser efficiency varies to fit the simulation
results, and that said efficiency tends to decrease as pgc increases. It is also
visible that ηp is higher than for transcritical operation (Tab. 4.4). Figure
4.12 shows the result of the calibration process, that yields significantly
less accurate predictions than in the transcritical case. The angle near the
critical point (on/off-design junction) could not be accurately fitted while
simultaneously matching primary and secondary on-design mass flow rates
(or in other words, the on-design plateau). This constitutes a limitation of
the thermodynamic ejector model, and it was thus chosen not to use it to
determine the operation curve, but rather to utilize the CFD characteristic
curves (squares with dashed lines in Figure 4.12). Figure 4.13 then shows
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Fig. 4.12 Fitting of the characteristic curves (plain line) onto the CFD-
HEM results (squares) for Tgc = 25 [°C]. The related fitting efficiencies are
given in Table 4.5.
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Fig. 4.13 Map of the COP as a function of the gas cooler pressure pgc
and the compression ratio pout/pevap. The partial operation curve is plotted
with green diamonds and dashed line. Discrete CFD calculation points are
indicated by the squares and the maximum COP along the operation curve
(COPmax = 5.28 at pout/pevap = 1.078) is highlighted by the star. Iso-COP
lines are plotted in black.

the COP map for Tgc = 25 [°C], with the operation points (i.e., (pout − pgc))
for the four pgc values considered (Tab. 4.2). One can first notice the
discontinuity of the COP map at pgc = 6.44 [MPa], which is the saturation
pressure at Tgc = 25 [°C]. To illustrate why this discontinuity occurs, Figure
4.14 shows the cycle in the p − h diagram as pgc varies. As visible, since by
construction point 3 is located on the iso-temperature (Tgc = 25 [°C]), if pgc
is below the saturation pressure at 25 [°C], there is no condensation, which
explains the poor performance of the cycle for this operation. Hence, no
CFD simulation was performed below pgc = 6.45 [MPa]. Note that it was
chosen to run the simulations at pgc = 6.45 instead of pgc = 6.44 (saturation
pressure) to ensure the numerical robustness of the primary inlet boundary
condition that is invalid for saturated states. It is then deduced from Figure
4.14 that the maximum COP is found (under the modeling hypotheses of
Section 4.3.5) under saturated liquid conditions (i.e., at the location of the
discontinuity). This is because as pgc is increased (going from point 3 to
3+), the compression work (h2 − h1) is increased while the cooling effect
(h1 − h3) does not vary by much, hence the COP decreases as pgc increases
(Eq. (4.9)). Consequently, a full operation curve is not required for the
analysis as pgc at the maximum COP point is known. In addition, note that
the on/off-design limit is not visible in Figure 4.13 because it lies outside of
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Fig. 4.14 Ejector refrigeration cycle in the p − h diagram. In red: the
saturation curve and critical point (dot); black line: iso-temperature Tgc = 25
[°C]. The cycle is represented for four pgc values including the two limit
states at the discontinuity. Point 3 is located on the iso-temperature by
construction of the model.

the axes boundaries (all states are off-design).

After repeating the previous exergy analysis procedure for the subcritical
case, Figure 4.15 displays ∆out and δout for selected gas cooler pressures.
Note that the case pgc = 6.55 [MPa] is not shown, as this case is mostly
used for the metastability analysis in the following section. As per Figure
4.15a, one can see that there is no correlation between the maximum ejector
exergy efficiency and maximum COP. Indeed, the maximum COP is found
near (pgc = 6.45 [MPa] − pout/pevap ≈ 1.075), which is marked by the
black diamond in Figure 4.15. However, the maximum ∆out and δout are
found in the near vicinity of pout/pevap ≈ 1.125. Nonetheless, as shown by
Figure 4.15, the operation point with maximum COP (black diamond) still
yields the highest net outlet exergy gain along the operating curve. Since
the present ejector (Tab. 4.1) has been designed to operate at transcritical
operating conditions, this illustrates that the current design is not suitable
for optimal operation at subcritical operation conditions. Hence, the ejector
cannot fully deliver its maximum gain to the system and is forced, by
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Fig. 4.15 Net outlet exergy gains of the secondary stream as a function of
the compression ratio for Tgc = 25 [°C]. The diamonds indicate the point of
intersection with the operation curve.

system requirements, to operate at sub-optimal conditions at the local scale,
because of ejector-cycle adaptation.

4.5.2 Impact of metastability
In this section, it is proposed to study the influence of metastability on (i)
the ejector characteristic curves and internal flow field, and (ii) on the global
operation of the ERS. To do this, HEM and HRM are compared. For the
HRM, two relaxation times are considered, that are, θ = 2.10−6 [s] and θ =

4.10−6 [s]. As reported in Metsue et al. [113], a relaxation time of 5.10−6 [s]
allowed for the best matching of the CO2 nozzle outlet pressure. However,
such a value could not be used with the present ejector as the spinodal
limit (i.e., the limit beyond which the fluid becomes unstable) would be
reached. This is likely because the present primary nozzle diverging angle
is significantly higher than in the case of [113], and the quality gradients are
consequently higher. In addition, the analysis in this section is performed at
pgc = 6.55 [MPa] instead of 6.45 [MPa] which would have been too close to
the saturation conditions at the inlet boundary. This would induce flashing
right at the primary nozzle inlet, which is not handled by the boundary
conditions.
Figure 4.16a shows the primary/secondary mass flow rates obtained using
the HEM and HRM at Tgc = 25 [°C]. As expected, the HRM predicts
higher primary mass flow rates than the HEM, with about a 5.5% and 10.4%
increase for θ = 2.10−6 [s] and θ = 4.10−6 [s], respectively. Indeed, as
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Fig. 4.16 Primary/secondary mass flow rates and entrainment ratios
using the HEM and HRM (pgc = 6.55 [MPa] and Tgc = 25 [°C]).

pointed out by De Lorenzo [40], adding non-equilibrium effects increases
the speed of sound of a two-phase mixture, which then increases the critical
mass flow rate (at choking conditions). The HEM thus provides the lowest
achievable bound of choked mass flow rate in a nozzle. As for the secondary

Pressure [MPa]
1.6 2.5 3.0 3.5 4.0 4.5 5.0  6.0

Velocity [m/s]
0.0     20 40 60 80 100 120 140 160 180 210

Fig. 4.17 Pressure and axial velocity contours obtained using the HEM
(top half) and HRM with θ = 4.10−6 [s] (bottom half) (zoom on the relevant
portion of the ejector). Results for pgc = 6.55 [MPa], Tgc = 25 [°C] and
pout/pevap = 0.96.
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flow, it is noticed that there is only a slight deviation between HEM and
HRM under the off-design regime, but a visible decrease under near-critical
and on-design operations. Figure 4.16b then displays the corresponding
characteristic curves. The metastability tends to decrease the performance
(in the sense of entrainment ratio) of the ejector. In fact, as visible in Figure
4.17, where the pressure and axial velocity contours are shown for HEM and
HRM with θ = 4.10−6 [s] at pout/pevap = 0.96, the pressure at the primary
nozzle exit is higher for the HRM case. Consequently, the shock train within
the mixing chamber and constant area duct is stronger since the nozzle is
more under-expanded than predicted by the HEM, as it is clearly visible on
the axial velocity profile. Then, as the primary stream expands more into
the mixing chamber, the secondary stream section area is reduced, thereby
decreasing the secondary mass flow rate.

As a last step of the present work, the exergy analysis is performed on
HRM cases to shed light onto how the exergy transfer phenomena are
affected by the presence of the metastable phase. Figure 4.18 shows the
dimensionless exergy gain and destruction along the axial direction of the
ejector in HEM and HRM with θ = 4.10−6 [s] and for two compression
ratios (pout/pevap = 0.96 is on-design and pout/pevap = 1.11 is off-design).
Iξ and Π are about 8% lower with the HRM than with the HEM. In other
words, the metastability introduced into the primary nozzle effectively de-
creases the exergy destruction within the secondary stream, but the exergy
transfer towards the secondary stream is also reduced. The profile of the
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Fig. 4.18 Dimensionless exergy gain and destruction terms for θ = 4.10−6

[s] (pgc = 6.55 [MPa] and Tgc = 25 [°C]).
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Fig. 4.19 Dimensionless net exergy gain of the secondary stream in HEM
and HRM with θ = 4.10−6 [s] (pgc = 6.55 [MPa] and Tgc = 25 [°C]).

dimensionless net exergy gain, as displayed in Figure 4.19, is again deter-
mined by the competition of the gains and losses of the secondary stream.
The ∆-HRM for the off-design case is lower than its ∆-HEM counterpart
whereas the opposite observation is made for the on-design case. This is
because for the on-design case, the secondary stream outlet total exergy is
negative. However, the dimensional net exergy gain profiles δ-HRM are in-
deed systematically lower than the δ-HEM ones. This behavior may mostly
be attributed to the higher primary mass flow rate (at the denominator of
Equations (4.5)-(4.7)). Overall, this indicates a lesser performance of the
ejector as thermodynamic non-equilibrium effects are introduced into the
modeling approach. To determine the physical (local) mechanisms leading
to this decreased ejector performance, a deep analysis of different sources
of exergy transfers and destruction terms should be conducted on both
primary and secondary streams. However, this goes beyond the scope of
the present work and should require additional tools such as large eddy
simulation (LES) in order to shed light onto the real physics including fluctu-
ations/fluxes and then the transport of turbulent quantities. As a final step,
it is then proposed to analyze Figure 4.20, that shows dimensionless and
dimensional net outlet exergy gains of the secondary stream, comparing
HEM and HRM results. Despite ∆out showing lower values as the relax-
ation time increases (larger metastability effects), one may see that δout is
conversely getting higher, for a same compression ratio. Again, this may
mostly be attributed to the higher mass flow rate in HRM, thereby carrying
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Fig. 4.20 Net outlet exergy gains of the secondary stream as a function
of the compression ratio with the HEM and HRM (pgc = 6.55 [MPa] and
Tgc = 25 [°C]). The diamonds indicate the point of intersection with the
operation curve.

more exergetic content. On the other hand, the operation point (diamond)
gets severely affected by metastability, as both ∆out and δout get significantly
lower, recording more than a 70% decrease of δout between HEM and HRM
with θ = 4.10−6 [s]. Lastly, one can compare the COP that could be ob-
tained from the predictions of the HRM to that of the HEM, which shows
that the operation point deduced from the prediction of the HRM (with
θ = 4.10−6 [s]) yields COP = 5.01, compared to that predicted by the HEM
with COP = 5.16. From the analysis, it is evident that despite increasing the
primary mass flow rate of the ejector, the metastability mostly accounts for
decreased performance of both the ejector and the ERS. This implies that
performing simulations in HEM does not provide conservative results but
rather optimistic ones compared to the reality, which highlights again the
need for numerical algorithms that account for metastable phenomena.

4.6 Conclusions

In this work, a multi-scale approach to study the exergy transfers within
transcritical and subcritical CO2 ejectors and their impact on the global
performance of an ERS was presented. On the CFD scale, the density-
based SU2 solver was utilized to perform wall-resolved simulations of the
ejector, enabling the access to the local flow fields. At the system scale, the
thermodynamic ejector model of Metsue et al. [110] was calibrated onto the
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CFD results and integrated into the 0D model of a typical CO2 ERS.
Firstly, the analysis under transcritical operation showed that for fixed
inlets conditions, there exists a compression ratio that maximizes the net
exergy gain of the secondary stream, which is likely to be found under
off-design regime. In addition, it was found that at the point of maximum
COP that could theoretically be obtained (according to the operation curve),
the dimensionless net exergy gain of the secondary stream is maximum
along a fixed primary inlet pressure (i.e., along the same characteristic
curve). This means that there is a direct correlation between ejector and
cycle performances. Further analysis then demonstrated that the point of
maximum COP had the overall maximum –dimensional– net exergy gain
along the operation curve.
Secondly, the analysis under subcritical operation showed that the maxi-
mum net exergy gain remained maximum at the optimal COP operating
point, but that said point did not correspond to a maximum along the same
characteristic curve. This is attributed to the fact that the ejector geometry
used for the analysis was not intended for subcritical operation conditions.
Thus, the ejector could not deliver its full capabilities as a results of its
integration into a non suitable cycle. Then, the HRM was used to highlight
the effects of metastability on the performance of the ejector and that of
the ERS. As the relaxation time of the HRM increases (i.e. accentuating
non-equilibrium effects), the ejector performance globally decreases, both
in terms of entrainment ratio and exergy transfers. Indeed, using a typical
relaxation time with the HRM showed that a more than 70% decrease of
net exergy gain could be expected compared to the predictions of the HEM,
which translated to a COP decrease of about 3%. This illustrates that HEM
calculations are not conservatives.
It is important to keep in mind that the two approaches used for the present
discussion (CFD and 0D modeling) are independent of each other. It is
also worth noting that although there is an evident correlation between
the performance at the local and global scales, there is no analytical proof
that can demonstrate this. Therefore, future work may be performed for
an increased number of operating conditions and for different ERS con-
figurations. It is also the authors’ opinion that a proper validation of the
present deductions will only be possible when compared to high quality
(CFD grade) experimental measurements, even possibly with local flow
measurements and/or visualizations, also to shed light onto the occurrence
and importance of thermodynamic non-equilibrium effects. Lastly, the
analysis of high fidelity numerical simulations are foreseen as the FANS
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simulations may not account for complex turbulent phenomena (turbulent
fluxes through the dividing streamline) that, at some level, dictate part of
the exergy transfers and losses within the ejector [35].
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Conclusions

Predicting the performance of two-phase CO2 ejectors presents a significant
challenge due to the requirement of advanced modeling techniques and the
limited availability of validation data at the time of the present research.
Numerical methods are a precious tool to study the local flow character-
istics of the device, but the accuracy of two-phase simulations is lagging
behind what is currently possible in single-phase. Consequently, the design
of ejectors for refrigeration systems remains difficult, which limits their
implementation in commercial systems. In this context, the present work
contributed to partially catching up with the maturity level that has already
been acquired in single-phase ejectors.
The study focused on the open-source density-based SU2 solver to per-
form CFD and have access to the local flow features. The solver has been
modified to make it compatible with two-phase CO2 by the coupling of a
tabulated EoS. The latter was implemented from scratch as a Python rou-
tine to generate and store the tables in pre-processing, which are accessed
by SU2 through a C++ routine. Additionally, a HRM was implemented
directly within SU2 to study the influence of metastability. Thermodynamic
modeling was used to determine the operation of the ERS, with a calibrated
ejector model that allowed the prediction of ejector performance under all
modes. The combination of the CFD and thermodynamic modeling tools
enabled to partially bridge the gap between local behavior at the ejector
level and the global performance of the ERS.
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5.1 Specific achievements

Through the implementation of the aforementioned novel simulation tools
and the extension of existing post-processing methods to the particular
case of two-phase CO2, this work has allowed to address some of the
recent concerns with regards to the performance prediction and operation
of ejector devices to be integrated into refrigeration systems. In this section,
the particular achievements of the present doctoral research project are
discussed.

5.1.1 Modification and implementation of CFD tools

Because the EoS constitutes the bottleneck of two-phase CFD in terms of
CPU time, a fast and general method for constructing and interpolating
the EoS was described. The method, based on bi-cubic functions and a
quadtree algorithm with local refinement of the interpolation grid in the
thermodynamic state-space, allows for reasonable storage size of tabulated
properties and fast interpolation speed during CFD simulations. Although
applied in the context of CO2 in this study, the method can be universally
applied to generate tables linking three thermodynamic properties for any
fluid, given that the relations are obtainable from an external source, such as
the REFPROP and COOLPROP libraries. Hence, the algorithm could readily
be utilized to generate the interpolation tables for other fluids without the
need for additional coding. The table generation method, based on an
absolute error tolerance that is specified by the user for each property,
ensures that the interpolation error is below the required threshold. For
each thermodynamic relation, a table of roughly 100 000 points is created,
requiring between 20 and 40 MB of storage. At the beginning of the CFD
simulation, each table is read and stored in the RAM using a dedicated
routine directly implemented into SU2. Compared to an older generation
tabulated EoS algorithm [56], reported to perform about 66 times faster than
the original SW EoS, the present EoS was found to yield an average solver
iteration time between 2 and 6 times lower, depending on the number of
processors.
As the Navier-Stokes equations are implemented in a general formulation
within SU2 (no assumptions are made with regards to the EoS), simulations
using the HEM could be conducted after coupling the EoS to the solver.
In addition, characteristic-based (non-reflective) boundary conditions are
readily available in the solver, ensuring that spurious reflection waves do
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not interfere with the convergence of the solution. Using the HEM, it was
found that CFL numbers up to 50 could be used with the implicit Euler time
integration scheme, significantly reducing the computation time required
to obtain a converged solution compared to explicit solvers, that are limited
to CFL numbers below unity due to stability constraints.
A density-based formulation of the HRM was implemented for the first
time in a CFD framework, and the impact of the relaxation time was studied
using both constant values and a correlation [8]. HRM and HEM wall-
resolved simulation results were compared to experimental flashing CO2
nozzle pressure profiles [117]. Mass flow rates increased with the relaxation
time, being notably more than 18% higher using a relaxation time that best
fitted pressure profiles near the throat. This increased mass flow rate is
the result of two competing phenomena: metastability reduces the flow
velocity but increases the density at the choking location. Pressure and
quality profiles within the device exhibited consistent behaviors when
the relaxation time was increased, in agreement with current literature:
rising the constant relaxation time shifts nozzle pressure profiles upward
downstream of the flashing onset location and smooths the quality profiles,
effectively delaying the flashing process. Increasing the relaxation time also
yielded a better pressure fitting in the first half of the diffuser, however
coming at the cost of an over-prediction in the second half, where lower
relaxation times were preferred. The analysis suggested that metastability
effects in HRM primarily occur near the throat. Consequently, the poorer
pressure fitting in the second half of the diffuser can be attributed to the
delay experienced in the first half of the diffuser due to these metastability
effects. The correlation of Angielczyk et al. [8] yielded poor results, with
no significant mass flow rate increase, which may indicate that relaxation
time correlations are highly case-dependent on geometry and operating
parameters.

5.1.2 ERS thermodynamic modeling

A theoretical analysis of a classical ERS operation was performed using
a thermodynamic modeling approach. The model was implemented in
Python and based on simple hypotheses regarding the cycle, such as adi-
abatic/isentropic transformations and saturated vapor conditions at the
evaporator outlet. The evaporator temperature was fixed to -6 [°C] and
three gas cooler temperatures were studied (25, 35, and 45 [°C]), with all
other cycle operation parameters fixed except for the gas cooler and ejector
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outlet pressures. For the ejector, the thermodynamic model (Appendix
C), integrating the real physics of the compound-choking to predict the
double-choking regime, was fitted through 5 efficiencies onto two-phase
CO2 experimental mass flow rate measurements.
It was discovered that an operation curve exists, constituted by the set of op-
erating conditions that allow steady-state operation of the ERS. This implies
that, with all other parameters being set by the application, the cycle cannot
operate at arbitrary gas cooler and ejector outlet pressures. The allowable
pressure sets are determined by the cycle requirements and the internal
physics of the ejector. Additionally, it was observed that for an ejector with
realistic entropy generation associated with irreversible mixing phenomena,
the maximum COP operation point tends to occur when the ejector operates
in an off-design regime. As the ambient temperature increases, the optimal
operation point approaches on-design ejector operation and can eventually
shift to full on-design operation if the heat rejection temperature goes over
a certain threshold.
It was established that the primary design strategy for the ejector within
the ERS is to minimize entropy generation within the device. A reduction
in any of the thermodynamic model efficiencies correlated with a decrease
in the maximum achievable COP of the ERS. Furthermore, as entropy
generation diminishes within the ejector, the maximum COP operation
point approaches critical ejector operation conditions. Additionally, the
analysis suggested that there is no benefit in operating the ejector under a
full on-design regime for refrigeration applications. Optimizing the throat
area ratio of the ejector only marginally improved the COP. However, it is
expected that ejector dimensions directly influence the cycle performance
as the cooling power deviates from design conditions due to changes in the
ambient temperature.

5.1.3 Multi-scale analysis of the ejector within the ERS

A multi-scale approach was introduced to examine exergy transfers within
transcritical and subcritical CO2 ejectors and their influence on the global
performance of an ERS. To this end, previously implemented tools and
approaches (Sections 5.1.1 and 5.1.2) were combined. Wall-resolved sim-
ulations of the ejector were conducted using the SU2 solver at the CFD
level, providing access to local flow quantities. The exergy analysis was
based on the exergy tube method [83], for the first time successfully ap-
plied to two-phase CO2 ejectors. At the system scale, the thermodynamic
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ejector model [110] was calibrated on CFD results and integrated into the
thermodynamic model of a typical CO2 ERS. The operation curve of the
cycle was then obtained within the COP map for fixed secondary conditions
and primary inlet temperature, aiming to identify a correlation between the
maximum achievable COP and optimal exergy transfers at the ejector scale.
Furthermore, the effects of the metastable phase were examined under the
subcritical operating regime at both scales.
Under transcritical operation, it was observed that when the theoretical
maximum COP point obtainable along the operation curve was reached, so
was the maximum dimensionless net outlet exergy gain of the secondary
stream (Appendix B), which can be seen as a measure of the exergy transfer
efficiency within the ejector. Additionally, the analysis revealed that the
compression ratio that maximizes the net exergy gain of the secondary
stream along a same characteristic curve is likely found under the off-
design regime, unlike reported for air ejectors, where the maximum was
found closer to critical operating conditions [83]. Adding to the fact that
the high COPs are found for off-design operations of the ejector, this can
indicate that from the perspective of the cycle, it may be preferable to have
a higher compression ratio rather than maximizing the mass flow rate at
the evaporator.
Under subcritical operation, the maximum net exergy gain remained high-
est at the maximum COP operating point. However, this point did not
correspond to a maximum along the same characteristic curve, which may
be attributed to the ejector geometry used in the analysis being unsuitable
for subcritical operating conditions. Consequently, the ejector could not
perform to its full potential because it was integrated into an inappropri-
ate cycle. Then, the HRM was employed to shed light on the effects of
metastability on ejector and ERS performance. It was discovered that as
the relaxation time of the HRM increased (i.e., accentuating the effect of
metastability), the global performance of the ejector decreased in terms of
entrainment ratio and exergy transfers. Specifically, using a typical relax-
ation time for the studied operating conditions with the HRM resulted in a
more than 70% decrease in net exergy gain compared to predictions of the
HEM, corresponding to a COP decrease of about 3%.

5.2 Research perspectives

This final section discusses the limitations of the research and provides path-
ways for future work. Through this contribution, progress has been made
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toward efficient modeling of two-phase CO2 ejectors and their operation
within the ERS. However, work remains to be done in order to provide
widely accessible, accurate, and fast design tools. It is the author’s opinion
that further progress should be made by combining findings at different
scales:

• Ejector thermodynamic modeling remains the primary tool to be
used for preliminary design, which is why it is important to keep
improving it. There are two main ways to do this: (i) to gain a better
understanding of the internal flow mechanisms depending on the op-
erating conditions, leading to better modeling assumptions; and (ii) to
develop methods to accurately calibrate the fitting coefficients of such
models. However, it is clear that having access to local 2D/3D flow
quantities and accurate mass flow rate predictions/measurements
through CFD or experiments is a prerequisite to conduct this work,
hence the need for the enhancement of those methods as well. Then,
one may use the local flow fields to define flow feature laws and
adapt the 0D model depending on the operation of the device (e.g.,
Fabri-choking vs. compound-choking). Additionally, correlations
for the fitting parameters could be deduced using machine learning
techniques.

• Thermodynamic ejector models should be used as part of an ERS
model to study the interactions of the ejector with the other compo-
nents. Dedicated software, such as Dymola, could thus be used to
model an ERS with more precision, but this requires a full knowledge
of all component specifications and an array of measurements for a
proper calibration of such a model. This highlights once again the
dire need to have access to a dedicated experimental test bench with
adequate measurements. One could then go further and conduct
parametric analyses of the whole ERS to construct operation maps of
the cycle depending on many parameters (such as ejector geometry,
size, ambient conditions, etc.), or explore unsteady operations of the
ERS.

• FANS modeling remains the most affordable way to have access to
local flow variables and refine the design of the ejector. Since this
work contributed to implementing tools to lower the computational
resources required for the simulation of two-phase CO2 compressible
flows, full 3D simulations are now accessible and should be compared
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to previous 2D results to quantify the part of the physics that is missed.
It should also be foreseen to implement more advanced mixture mod-
els to better account for the presence of the metastable phase, which
could be activated depending on the operating conditions. However,
this could only be done, again, by first gaining some insight from
experiments, and those advances are thus limited by the availabil-
ity of reliable experimental measurements/visualization techniques.
Additionally, at the time of writing the present thesis, DNS is not
achievable due to limited computational resources, and LES is at an
early stage. However, high-fidelity CFD is also required as a means to
obtain detailed information about the unsteady behavior of the flow
and validate turbulence models in FANS. To this end, future work
should be done to modify a LES solver to handle two-phase CO2, as it
was done for FANS.

• Ejector design should not be performed by considering solely the
local component scale but should in some way account for the system
in which it operates. Hence, it should be foreseen to define and
implement an automated design method for the design of CO2 ejectors
that integrates the different tools (at the different scales) that have
been developed/enhanced within the present work, essentially by
building an optimization loop. Starting from a known requirement
of a refrigeration system, thermodynamic modeling could be used to
determine the geometry and operating parameters of the ejector; CFD
simulations could then be performed, using the HEM, HRM, or even
an alternative mixture model depending on the forecast operation of
the cycle model, to better calibrate the thermodynamic model.

• As implied previously, the lack of experimental data can be considered
the main limiting factor for progress in ejector modeling/design. It
should be foreseen to work on an ERS test bench, allowing the oper-
ation of the ejector under all modes and ideally including an access
to visualize the internal flow topology, either through direct visual-
ization, shadowgraphy, Schlieren techniques, or even designing a PIV
setup. From the data gathered through the experiment, all previously
discussed numerical modeling techniques could be improved.
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B
Complementary Analyses on Net
Outlet Exergy Gains and COP Im-
provement Compared to the Basic
Four-Components Cycle

In this Chapter, additional analyses regarding the content of Chapter 4 are presented.
Those results are presented separately in this appendix because they could not be
integrated to the related article (Chapter 4) prior to publication.

2.1 Exergy gains required by the cycle

Since all cycle parameters can be deduced from the cycle requirements
(Table 3.1), the dimensionless net outlet exergy gain of the secondary stream,
∆out, can be fully defined from the thermodynamic modeling solely. Note
however that the CFD data are still required to determine the performance
of the ejector in terms of entrainment ratio, and hence to determine the
operation curve. In addition, the dimensional net outlet exergy gain, δout,
can be defined from the cycle requirements and a prediction of primary
mass flow rate, since δout = ṁp ξt,gc ∆out. It is then proposed to add iso-net
outlet exergy gain lines to the results of Figure 4.7. The modified COP maps
are shown for Tgc = 35 [°C] and Tgc = 36 [°C] in Figure B.1, where iso-∆out
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(a) Tgc = 35 [°C] (b) Tgc = 36 [°C]

Fig. B.1 COP maps as a function of the gas cooler pressure pgc and the
compression ratio pout/pevap. Operation curves are plotted in plain green
line, and the on/off-design limit in dotted green line. Iso-COP and iso-∆out
are plotted in plain black and dotted black, respectively. The maximum
COP (also maximum ∆out) along the operation curve is highlighted by the
star.

(a) Tgc = 35 [°C] (b) Tgc = 36 [°C]

Fig. B.2 COP maps as a function of the gas cooler pressure pgc and the
compression ratio pout/pevap. Operation curves are plotted in plain green
line, and the on/off-design limit in dotted green line. Iso-COP and iso-δout
(in [W]) are plotted in plain black and dotted black, respectively. The maxi-
mum COP and maximum δout along the operation curve are highlighted by
the black and blue stars, respectively.
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lines are added, and Figure B.2, where iso-δout are added. Note that the
primary mass flow rate to compute δout in Figure B.2 is predicted using the
calibrated thermodynamic model (Section 4.4.1).
First, it is visible in Figure B.1 that the maximum ∆out along the opera-
tion curve occurs, this time, at the point of maximum COP (highlighted
by the star). However, the point of maximum δout along the operation
curve is also changed (it is found at higher gas cooler pressures), and was
highlighted by the blue star in Figure B.2. Although the conclusions that
may be drawn from those results are somewhat different from the original
ones, presented in Chapter 4, there remains a clear correlation between the
maximum achievable COP within the cycle and the exergy efficiency at the
ejector scale. In other words, this time, the correlation is found through
∆out and not δout, which is actually a more natural correlation since ∆out is a
measure of the exergy transfer efficiency, whereas δout = ṁs ξs,out (Eq. 4.7)
is rather a measure of the exergy content of the secondary stream.
Figure B.3 shows the profiles of ∆out and δout obtained from the CFD at
the ejector outlet and the value imposed by cycle requirements along the
operation curve (here, as a function of pgc), for Tgc = 35 [°C] and Tgc = 36
[°C]. As visible, there is a large discrepancy between ejector outlet and cycle
requirements values. The discrepancy can be attributed to the fact that
primary and secondary streams are generally not fully mixed at the ejector
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(b) Tgc = 36 [°C]

Fig. B.3 Dimensional (black) and dimensionless (blue) net exergy gains
obtained from cycle requirements and values obtained at the ejector outlet.
The stars indicate the maximum of the cycle requirements curves. Results
are obtained for two gas cooler temperatures: (a) Tgc = 35 [°C] and (b)
Tgc = 36 [°C].
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Fig. B.4 Total specific exergy profile at the outlet of the ejector along the
radial direction at two different operation points (Tgc = 35 [°C]). The radial
coordinate is r and the diffuser outlet radius is rout.

outlet, depending on the operation conditions. This discrepancy increases
with the gas cooler pressure, but this phenomenon actually depends on both
the gas cooler pressure and also the compression ratio (i.e., the compression
ratio generally decreases as pgc increases along the operation curve, as
visible in Figure B.1). To illustrate that point, Figure B.4 compares the
profiles of the total specific exergy along the radial direction at the ejector
outlet obtained with the CFD solver for two operation points. Those points
correspond to those shown in Figure B.3a at pgc = 8.25 [MPa] (lower
discrepancy) and pgc = 9.00 [MPa] (higher discrepancy). Indeed, the radial
total specific exergy profile at pgc = 9.00 [MPa] is less uniform than at
pgc = 8.25 [MPa], hence the two streams are less (relatively) well mixed at
the ejector outlet. Note that, in practice, the flow should continue mixing
within the piping connecting the ejector outlet to the separator, so that the
flow entering the latter component is indeed well mixed. In the present case,
the CFD results might also indicate that the ejector was not (well) designed
to operate at the particular sets of operating conditions simulated in the
present work.

Figure B.5 shows the COP maps with iso-∆out and iso-δout lines at Tcond = 25
[°C]. Note that since this case corresponds to a subcritical operation of the
ERS, a condenser should be used, in practice, instead of a gas cooler. To
reflect on this, pcond is substituted to pgc. As explained in Chapter 4, the
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Fig. B.5 COP maps as a function of the condenser pressure pcond and
the compression ratio pout/pevap at Tgc = 25 [°C]. The operation curve is
plotted in green (diamonds and dashed line), iso-COPs are plotted in plain
black, and iso-∆out and iso-δout are plotted in dashed and dotted black,
respectively. The maximum COP and maximum δout along the operation
curve are highlighted by the black and blue stars, respectively.

fitting of the thermodynamic model onto the CFD results is unsatisfactory,
hence a continuous operation curve cannot be reconstructed and the partial
curve obtained via discrete CFD points is plotted instead. Much as in the
transcritical case, the maximum ∆out is found at the maximum COP point
and the maximum δout is found at higher values of pcond.

2.2 COP improvement compared to the basic four-components
cycle

As mentioned in Chapter 1, the addition of the ejector within the cycle is
intended to improve the COP of the classical four-components refrigeration
cycle (Fig. B.6). The COP maps presented in Section 4.4.1 are this time
expressed in terms of COP improvement ratio (ratio of the ejector cycle COP
(COPej) to the basic cycle COP (COPbasic)) in Figure B.7 for transcritical op-
eration and in Figure B.8 for subcritical operation. The same gas cooler and
evaporator pressures and outlet temperatures were used for the predictions
of both cycles. However, note that since pout does not have meaning in the
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Fig. B.6 Schematic of the classical 4-components refrigeration cycle.

case of the four-components cycle, COPbasic is independent of it.
It can be seen that under transcritical operation, the maximum COP im-
provement ratio (blue star) is found at lower gas cooler pressures than the
maximum absolute COP point of the ejector cycle (black star), along the

(a) Tgc = 35 [°C] (b) Tgc = 36 [°C]

Fig. B.7 Maps of the COP improvement ratio of the ejector cycle compared
to the classical cycle, as a function of pgc or pcond and the compression ratio
pout/pevap. Operation curves are plotted in plain green line, and the on/off-
design limit in dotted green line. Iso-COP ratios are plotted in plain black.
The maximum COP and maximum COP improvement along the operation
curve are highlighted by the black and blue stars, respectively.
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Fig. B.8 Maps of the COP improvement ratio of the ejector cycle compared
to the classical cycle, as a function of the condenser pressure pcond and the
compression ratio pout/pevap. The operation curve is plotted in plain green
(diamonds and dashed line). Iso-COP ratios are plotted in plain black.
The maximum COP and maximum COP improvement along the operation
curve (superimposed) are highlighted by the black star.

operation curve. There is however little difference in the improvement ratio
values. For example, at Tgc = 35 [°C], the maximum absolute COP point
of the ejector cycle is at COPej/COPbasic = 1.240 whereas the maximum
ratio along the operation curve is at COPej/COPbasic = 1.265. As for the
subcritical case, Figure B.8 indicates that the maximum COP improvement
ratio along the operation curve occurs when the primary inlet is at saturated
liquid conditions (refer to the explanations of Chapter 4), which coincides
with the position of the maximum COP.
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C
An Improved Thermodynamic Model
for Supersonic Real-Gas Ejectors
using the Compound-Choking Theory

The following article is largely based on research that was performed as a part of the
Master’s thesis of the candidate. The article has been written and published into
the Energy journal during the Ph.D. thesis, and corresponds to reference [110].

3.1 Introduction

Much as they may offer a compelling alternative to traditional compres-
sion devices, ejectors are nonetheless characterized by complicated fluid
dynamics, and some of the mechanisms at play within the ejector remain
insufficiently understood, which hinders the performance of the global sys-
tem [15]. Though the most straightforward approach to acquire data might
be to perform experiments, such a strategy would not be economically
advantageous as it would require too much time and material resources
[30]. Instead, numerical methods seem to be the most profitable way to
generate results. To this end, using thermodynamic models is the easiest
and fastest way to give a first rough appreciation of ejector performance
and/or to design them.
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Ejectors are passive devices used to suck and compress fluids: a primary
stream transfers a part of its energy and momentum to a secondary stream
through viscous shearing and suction into the low pressure jet, leading to
complex turbulent mixing phenomena in the mixing chamber [127]. During
this process, the flow goes through a series of oblique shock waves that
interact with the shear layer, thus re-compressing the fluid [24]. Because
ejectors are used as entrainment devices, a convenient quantity to charac-
terize their performance is their entrainment ratio ω = ṁs/ṁp. To outline
the different regimes of an ejector, it is convenient to draw its characteristic
curves, which depict the evolution of the entrainment ratio as a function of
the back-pressure. Figure C.1 depicts a typical ejector characteristic curve.
Depending on the operating conditions and on the internal geometry of
the ejector, the secondary flow might become choked as well [31]. As a
result, below a certain value of the back-pressure, the secondary flow also
becomes independent of the upstream conditions. This particular value
of the back-pressure at which, given a particular stagnation pressure ratio
pp,0/ps,0, the secondary flow becomes choked, is referred to as the critical
pressure denoted by p∗out. This phenomenon also implies that below p∗out, the
entrainment ratio becomes constant and the ejector is said to operate in the
on-design regime or critical mode. Above the critical pressure, the ejector is
influenced by the back-pressure. When the latter is increased, a shock wave
moves into the mixing chamber, interacting with the mixing and boundary
layers and hindering the secondary mass flow. The ejector is then said to
operate in the off-design regime or sub-critical mode. If the back-pressure

on-design
(critical mode)

o↵-design
(sub-critical mode)

malfunction
(back-flow mode)

critical point

critical pressure breakdown pressure

poutp⇤out

!

Fig. C.1 Typical characteristic curve of an ejector.

130 |



Introduction | 3.1

is increased above a threshold value referred to as the breakdown pressure,
the primary flow reverses back into the suction chamber. This case corre-
sponds to a malfunction of the ejector. The interested reader can refer to the
recent reviews of Besagni et al. [17], Ameur et al. [3, 4] and Grazzini et al.
[66] for more details about the applications, functioning and modeling of
supersonic ejectors.
The first one-dimensional mathematical model of an ejector was introduced
by Keenan et al. [77] in 1950. It was based on the application of mass,
momentum and energy conservation equations, with the use of isentropic
flow relations. This model has been used as a theoretical basis in ejector
design since then. They compared constant-pressure mixing and constant-
area mixing and deduced that the former performed better. However,
the model of Keenan et al. [77] was unable to provide information on the
choking phenomenon at play within a supersonic ejector [72].
Munday and Bagster [116] later proposed modifications to the model of
Keenan et al. [77]. Their theory assumed that the two streams do not mix
right away at the exit of the primary nozzle, but they rather conserve their
integrity until a particular downstream section. It was postulated that an
hypothetical throat is formed by the primary flow and the ejector wall,
and that the secondary stream reaches a sonic velocity at that particular
location (Fig. C.2). The two streams then mix at constant pressure. This
phenomenology is somewhat related to the choked secondary flow pattern that
was discovered experimentally by Fabri and Siestrunck [54] in 1958. Since
the presence of an hypothetical throat constitutes the basis of numerous
mathematical models, the choking mechanism associated with this regime
is often referred to as Fabri-choking [84].
Based on those early works, a number of first generation thermodynamic
models were proposed; Eames et al. [49] introduced in 1995 a model that
included irreversibilities due to friction losses by using isentropic efficien-
cies; Huang et al. [74] developed a model of double-choking that also took
irreversibilities into account, but for which they considered that the mix-
ing phenomenon occurred inside the constant area duct; Rogdakis and
Alexis [131] introduced a first real gas thermodynamic model with general
conservation equations. However, those models could only predict the
ejector performance at critical mode operation. In 2013, Chen et al. [29]
introduced a model to predict the ejector performance at critical and sub-
critical operational regimes. Their model was also based on the presence of
an hypothetical throat inside the constant area duct. For the sub-critical op-
erating regime, this hypothesis was conserved. The off-design performance
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was obtained by using a mixing efficiency dependant on the back-pressure
of the ejector. Perfect gas behavior was assumed and isentropic efficiencies
were used to take friction losses into account. A few years later, Chen et al.
[30] extended the model to real gas thermodynamic properties.
As pointed out by Lamberts et al. [85], the Fabri-choking is used as the
foundation of most thermodynamic ejector models, including all of the
aforementioned models [6, 30, 33, 49, 74, 116, 131, 135, 143]. However, the
Fabri-choking has only been experimentally observed once, by Lamberts et
al. [84] and characterized by signature shock-wave patterns called lambda-
shocks. Indeed, according to the same authors, in many works where
on-design ejectors are studied, no apparent sonic section in the core of the
secondary stream is observed. In addition, significant discrepancies remain
between experiments and model predictions, with on-design entrainment
ratio deviations up to 16% in [30], and a reported average deviation of
7.8% in [149] as two examples. Hence, the Fabri-choking is not necessarily
representative of the actual phenomena occurring inside of a doubly choked
ejector. In their article, Lamberts et al. [85] described a new choking theory
for perfect gas based on the early work of Bernstein et al. [14] about the
so-called compound-choking theory. This theory proposed by Lamberts et al.
[85] for perfect gas ejectors was then extended to real gas ejectors by Fang
[55] and Metsue [108] for CFD and thermodynamic modeling purposes,
respectively. Very recently, Croquer et al. [34] also validated the compound-
choking for single-phase gas refrigerants using both approaches. In the
latter study, the authors demonstrated, neglecting friction, that the mean
error on the predicted entrainment ratio was reduced to about 5% when
using the compound-choking criterion, compared to a mean error of more
than 17% when using the Fabri-choking criterion.
In the present paper, the compound-choking theory developed by Fang [55]
is used for the first time to build a real gas thermodynamic model for both
on- and off-design operating regimes. First, the ejector model is presented,
along with the solving algorithm (Section 3.2). The model of Chen et al.
[30] is modified to integrate the compound-choking theory. Then, the new
model is used to shed light on the relationship between the Fabri-choking
and compound-choking criteria. It is then calibrated on experimental data
for supersonic ejectors working with R134a and air, and the results are
discussed in details in Section 3.3. Lastly, it is demonstrated that using the
compound-choking criterion is actually equivalent to maximizing the total
mass flow rate within the ejector working with a perfect gas (Section 3.4),
which is the physical characteristic of a choked flow. The paper ends by
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some conclusions and future views in Section 3.5.

3.2 Ejector model and solving algorithm

Over the numerous thermodynamic models published in the literature, the
model of Chen et al. [30] is preferred as a basis for the present research,
with some improvements. First, the primary flow is solved by maximizing
the mass flow rate instead of imposing a Mach number M equal to unity at
the throat, which constitute the primary definition of a choked flow. Most
notably, the secondary flow is using the compound-choking theory, instead
of the Fabri-choking theory commonly adopted by thermodynamic models.

3.2.1 Assumptions
The flow within an ejector is quite complex and thus often requires the use
of assumptions in order to solve the flow swiftly, which is the essence of
thermodynamic models. The main assumptions used in the present work
are :

1. The flow is one dimensional, steady and adiabatic. The inlet (primary
and secondary) and outlet velocities are supposed to be negligible.

2. Friction losses along the walls and within the shear layer between the
primary and secondary streams are taken into account through isen-
tropic efficiencies (Fig. C.2): ηp for the primary nozzle (sections 0 → e);
ηp,y for the friction losses undertaken by the primary flow within the
mixing chamber (sections e → y); ηs for the friction losses undertaken
by the secondary flow within the mixing chamber (sections 0 → y)
and ηd for the diffuser (sections 2 → d). The mixing losses between
the primary and secondary streams are taken into account by means
of a loss coefficient ηm (sections y → m).

3. Real gas properties are retrieved from the tabulated database COOL-
PROP available in the Python library.

4. Primary and secondary streams do not start mixing up until a partic-
ular section –that will be referred to as mixing section– located inside
the constant area duct. At that location, both pressures are assumed
to be equal. The location of the particular section at which the mixing
phenomenon begins is the location of the hypothetical throat that is
well described in the literature [72]. This section is compound-choked if
the ejector is working under critical regime.
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Fig. C.2 Schematic diagram of the ejector model (top half).

A schematic of the ejector, along with the notations that will be used in
the following sections, is shown in Figure C.2. Since the primary flow
is assumed to be choked, the primary mass flow rate ṁp is constant and
does not depend on any downstream quantity (i.e., it only depends on the
primary stagnation conditions). The primary flow expands in the primary
nozzle, and then further more in the mixing chamber until it reaches section
y. The secondary flow is also –separately– expanded upon section y, and
then only the mixing process starts. In other words, the two flows are
essentially independent up until reaching section y. It is important to note
that the position of the mixing section y is assumed to lie within the constant
area section, whether or not the ejector is working in the on- or off-design
regime. Then, the two flows start to mix at constant pressure, and are
assumed to be completely mixed upon section m. If the flow is supersonic at
section m, it consequently goes through a normal shock at section N, located
in the constant area section as well. The flow thus reaches the diffuser inlet
–section 2– at a subsonic speed. It then further expands in the diffuser, where
the flow velocity is further decreased and the pressure recovered.

3.2.2 Modeling of on-design operation using the compound-choking criterion

Primary nozzle
The flow in the primary nozzle can be solved from the stagnation conditions
and the isentropic efficiency governing the flow in this part. It is conve-
nient to set the stagnation conditions with the primary pressure pp,0 and
the primary temperature Tp,0. When working with saturated fluids, it is
sometimes more relevant to define stagnation conditions with the quality
of the fluid qp,0. For the sake of simplicity, the stagnation conditions will be
defined with pp,0 and Tp,0 in the following.
First, the enthalpy and entropy of the primary flow at the inlet can be
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computed from the pressure and temperature:

hp,0 = h(pp,0, Tp,0), (C.1)

sp,0 = s(pp,0, Tp,0). (C.2)

For a given pressure pp and assuming an isentropic expansion, the enthalpy
at said pressure can be computed:

hp,is = h(pp, sp,0). (C.3)

Knowing the isentropic efficiency of the primary nozzle ηp, one can then
compute the enthalpy resulting from the non-isentropic expansion process:

hp = hp,0 − ηp (hp,0 − hp,is). (C.4)

The density along the expansion can then be computed from the pressure
and enthalpy. From the conservation of total enthalpy, one can also compute
the flow velocity:

ρp = ρ(pp, hp), (C.5)

Vp =
√

2 (hp,0 − hp). (C.6)

In order to solve the flow, the hypothesis of choked primary flow has
then to be used. The classical way to impose such a condition is to set the
Mach number to unity at the nozzle throat. Although this is the approach
taken in the model of Chen et al. [30], one prefers to impose the choking
condition by the maximization of the mass flux. This approach presents
two advantages. First, one does not require to know the speed of sound at
the throat for the computation of the primary mass flow rate, which can
sometimes be problematic for two-phase flows, as the COOLPROP library
is flawed for thermodynamic conditions close to the saturation curve. Then,
if one considers a non-isentropic expansion, the sonic section is not actually
located at the geometric throat of the nozzle, but rather at a certain distance
downstream. Imposing a Mach number equal to unity at the throat would
consequently lead to an error in the computation of the primary mass flow
rate. By rather directly maximizing the mass flow rate, this problem is
avoided and the physical definition of a choked flow is preserved. Indeed,
in the case of an isentropic nozzle flow, it can be shown that maximizing the
mass flow rate per unit area is equivalent to imposing M = 1 at the throat.
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The mass flux (i.e., the mass flow rate per unit area) is defined as :

G = ρV. (C.7)

From Eqs. (C.1) through (C.7), the expansion of the fluid in the primary
nozzle can be computed. Figure C.3 shows the typical behavior of G along
an expansion with R134a as the working fluid for various stagnation condi-
tions. One can observe that the mass flow rate per unit area has a maximum
along the expansion. Furthermore, this maximum gets higher and closer to
the stagnation pressure as the stagnation temperature gets lower, i.e. the
stagnation conditions get to the left hand side of the saturation curve. In-
deed, as the temperature gets lower, the fluid transitions from a superheated
vapour (for Tp,0 = 100 ◦C) to a denser subcooled liquid (for Tp,0 = 65 ◦C
and Tp,0 = 60 ◦C). The much higher density of a liquid explains why the
maximum of G gets higher. In addition, one can see that as Tp,0 gets lower,
the maximum of G shifts to the left (i.e., at a pressure closer to the stagnation
pressure).

For stagnation conditions where the fluid is highly subcooled, there is
actually somewhat of an angular point at the location of the maximum, as
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Fig. C.3 Variations of the mass flux G as a function of the primary flow
pressure pp for three stagnation temperatures. Results obtained for R134a
with pp,0 = 1.934 [MPa] and ηp = 0.97.
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the fluid flashes along the expansion. By doing so, the fluid looses a great
deal of density in an almost discontinuous fashion. This brings forward the
need to compute very accurately the position of the maximum, because due
to this angular point, a slight imprecision will lead to a substantial error
in the mass flow rate. To compute efficiently the maximum mass flux, it is
convenient to use the fact that G has only one maximum. Therefore, one
can proceed iteratively by computing G = f (pp) for a reduced amount
of linearly spaced pressures pp, and then narrowing the interval on pp
where the maximum is located until finding the solution with the desired
precision.

Knowing the maximum mass flow rate per unit area Gp,max and the throat
area of the nozzle At, the mass flow rate for the choked primary nozzle is
found by:

ṁp = Gp,max Ap,t. (C.8)

The throat thermodynamic state is then fully solved, as Gp,max provides the
knowledge of the throat pressure pp,t, which can later be used to find the
throat enthalpy hp,t by the use of Eqs. (C.3) and (C.4). The velocity at the
throat is then found using Eq. (C.6).

It is important to note that the COOLPROP library is faulty near the crit-
ical point, meaning that requesting the computation of a thermodynamic
quantity near said region generates an error. In order to circumvent this
issue and prevent the whole operation to stop, it was chosen to manage
this error by assuming that the thermodynamic quantities near the vicinity
of the faulty region are equal to the quantities slightly above or slightly
below the critical point. Except in the rare case where the maximum of G is
located exactly at the critical point, this procedure does not lead to any loss
of accuracy.

The nozzle exit conditions are found by further expanding the flow from
the known state at the throat. Knowing the exit section area Ap,e, the exit
state of the fluid is found by using the mass and total enthalpy conservation
equations. Indeed, the flow must satisfy :

Vp,e =
ṁp

ρp Ap,e
, (C.9)

and
Vp,e =

√
2(hp,t − hp) + V2

p,t, (C.10)

where hp and ρp can be computed along the expansion (i.e., as a function
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of pp) in the divergent of the nozzle with the use of Eqs. (C.4) and (C.5),
respectively. The solution Vp,e is found by selecting the unique value that
allows Eqs. (C.9) and (C.10) to be satisfied simultaneously. Once again, the
state at the primary nozzle exit is then fully defined, as the value of Vp,e
provides direct knowledge of ρp,e and hp,e.

Mixing chamber
The on-design conditions at section y (i.e., the mixing section) can be found
using the compound-choking criterion for real gas derived in [34], i.e.:

β = py

 Ap,y(
ρp,y V2

p,y

) (1 − M2
p,y

)
+

As,y(
ρs,y V2

s,y

) (1 − M2
s,y

) = 0,

(C.11)
where the secondary flow properties at section y are computed from the
secondary inlet conditions and using the prescribed value of py (please refer
to Croquer et al. [34] for more details). Once the value of py is found with
sufficient precision (i.e., β ≤ ϵ, with ϵ the error tolerance), all properties at
section y are known, and the secondary mass flow rate can be computed by:

ṁs = ρs,yVs,y As,y, (C.12)

which allows to determine the on-design entrainment ratio ω = ṁs/ṁp.
Figure C.4 shows the flowchart of the algorithm described here. Note that
the procedure to compute the critical back pressure will be presented in the
next section (i.e., the modeling of the sub-critical regime), as it is the same
for on- and off-design operations.

3.2.3 Modeling of off-design operation

Similarly to the previous subsection, the present model is based on the one
published by Chen et al. [30]. However, their original model suffers from
mass conservation issues between sections y and m. Indeed, because said
model assumes that the mixing process between primary and secondary
flows occurs at a constant pressure, the associated equation (i.e., py = pm)
is added to the system to solve the flow at section m. However, by doing
so, the mass conservation equation is omitted; momentum, energy and
pressure constraints are enough to solve the system, resulting in the fact
that ṁp + ṁs ̸= ρmVm Ay. To overcome this issue, the present model does
not consider that the mixing process occurs at constant pressure. Instead,
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Fig. C.4 Flowchart of the model for on-design operations using the
compound-choking criterion (Fig. C.2).

the mass conservation equation is re-introduced to solve the flow between
sections y and m.
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Unlike in on-design operation, the off-design ejector performance depends
on downstream conditions (i.e., the back pressure pout). Indeed, if the
ejector is operating in the off-design regime, information will travel from
the end of the diffuser up to the mixing section. The mixing pressure py will
consequently be higher when the ejector is operating in off-design regime
than when it is operating in on-design regime, and the secondary mass flow
rate will thereby be impacted. The entrainment ratio will thus be dependant
on the back pressure. As mentioned previously for on-design operation,
it is not required to solve the flow downstream of section y in order to
compute the entrainment ratio. This is not true if one wishes to obtain ω

for a particular back pressure. In order to determine the ejector regime and,
if necessary, compute the entrainment ratio for off-design operation, the
flow has to be solved up to the diffuser exit, i.e. section d (Fig. C.2). As a
reminder, the condition for the ejector to be in on-design regime is given by:

pout < p∗out, (C.13)

where p∗out is the critical back pressure. Hence, the critical back pressure has
to be computed to assess the operating regime. First, the thermodynamic
states and velocities of the primary and secondary flows are computed
using the on-design model, that is, using the compound-choking theory.
Then, properties are computed at section m, that is the particular section
located inside the constant area duct at which primary and secondary flows
are assumed to be completely mixed. State m therefore constitutes one
single state, without any distinction between the two flows.

As stated above, the assumption of constant mixing pressure in the original
paper of Chen et al. [30] is lifted and replaced by the mass conservation
equation. This implies that an additional term has to be added to the mo-
mentum conservation equation, to take into account the pressure difference
between sections m and y. This involves that state m has to be solved using
an iterative method, as Vm depends on the unknown pressure pm. State m is
therefore defined by four equations. First, the conservation of mass writes:

ρmVm Ay = ṁp + ṁs. (C.14)

Then, the momentum conservation equation writes:

Vm = ηm
ṁpVp,y + ṁsVs,y + (py − pm)Ay

ṁp + ṁs
. (C.15)
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Note at this point that ηm does not need to be a linear function of pout as it
was the case for the model of Chen et al. [30]. Instead ηm is assumed to be
constant. The third equation is the total enthalpy conservation equation:

hm =
ṁphp,0 + ṁshs,0

ṁp + ṁs
− V2

m
2

, (C.16)

and the last equation is the equation of state linking ρm, pm and hm:

ρm = ρ(pm, hm). (C.17)

To solve this system of equations, the pressure pm is guessed. The flow
velocity Vm is then computed from Eq. (C.15), along with the enthalpy hm
using Eq. (C.16). The flow density ρm can then be obtained from Eq. (C.17).
The pressure pm is modified until Eq. (C.14) is satisfied. Practically, the
solution is found by restraining at each iteration the solution interval on pm
until finding the minimum (or here, also the zero) of |ρmVm Ay − (ṁp + ṁs)|.

After the mixing, the flow may be or not supersonic. However, it has to
be subsonic when entering the diffuser, otherwise it would actually act as
a divergent nozzle, thereby accelerating the flow. However, the goal is to
recover the pressure at the ejector exit. For the 0-D model, if the flow is
supersonic at section m, it was chosen to re-compress it through a single
normal shock located at the end of the constant area duct (section N). Note
that sections m, N and 2 are virtually at the same location, but were drawn
separately in Figure C.2 for the sake of readability.

Because the flow may already be subsonic upon section m, it was chosen to
check the Mach number at said section and compute the normal shock only
if Mm > 1. Indeed, if the flow at section m is subsonic, it is unnecessary to
solve the equations for a normal shock. In that case, the subsonic flow at
the diffuser inlet (section 2) is indistinguishable from the flow at section m.
On the other hand, if the flow is indeed supersonic at section m, the mass,
momentum and total enthalpy conservation equations have to be solved to
compute the flow at section 2. This has to be performed using an iterative
scheme. First, the fluid density is guessed at section 2:

ρ2 = ρguess, (C.18)

with ρguess chosen higher than ρm. The flow speed is then computed from
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the conservation of mass:
V2 =

ρmVm

ρ2
, (C.19)

From the conservation of total enthalpy, the enthalpy is computed as:

h2 = hm +
V2

m
2

−
V2

2
2

, (C.20)

and the pressure at section 2 is obtained from tabulated data by:

p2 = p(ρ2, h2), (C.21)

The momentum conservation equation is then used to update the value of
ρ2 that was initially guessed:

ρ2 =

(
ρmV2

m + pm − p2
)

V2
2

. (C.22)

The latter value of ρ2 is then re-injected in Eq. (C.19) and re-computed until
convergence. State 2 being fully defined, the last step is to solve the flow
within the diffuser. To this end, one must first retrieve the entropy at section
2 from tabulated data:

s2 = s(p2, h2). (C.23)

The enthalpy at the diffuser exit (section d) for an isentropic compression
denoted hd,is may be expressed using the classical definition of the isentropic
efficiency ηd:

ηd =
hd,is − h2

hd − h2
. (C.24)

Then, applying the total enthalpy conservation equation:

hd = h2 +
V2

2
2

, (C.25)

one finally gets:

hd,is = h2 + ηd
V2

2
2

, (C.26)

where the assumption of negligible flow velocity at section d was used. The
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pressure at the diffuser exit can finally be computed by:

pd = p(hd,is, s2), (C.27)

as the end pressure for the isentropic expansion is the same as that of the
non-isentropic one. If the ejector is double-choked, the computed pressure

Choking model
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Assume
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Assume

Adjust

No

No

Adjust

Adjust
until

convergence
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until
convergence

Yes

convergence
until

convergence
until
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Fig. C.5 Flowchart of the model for off-design operation.
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pd actually corresponds to the critical back pressure p∗out, and if the ejector
is under sub-critical regime, one has that pd = pout.
For a given back pressure pc, one can now determine if the ejector works in
the on- or off-design regime. For the latter case, the pressure at the end of
the diffuser must match the back pressure, which requires to solve the flow
in an iterative way until finding the pressure py that satisfies :

|pd − pc|
pc

≤ ϵ, (C.28)

with ϵ the error tolerance. As mentioned previously, the mixing pressure py
gets higher as the back pressure gets higher when the ejector is working in
the off-design regime. Pressure py is therefore updated at each iteration until
satisfying Eq. (C.28). Figure C.5 summarizes the computation algorithm of
the new off-design model.

3.3 Validation of the thermodynamic model for single-phase
ejectors

3.3.1 Relation between Fabri-choking and compound-choking

It is now proposed to explain in more details the link between Fabri-choking
and compound-choking. To do that, the air ejector geometry of the test
bench at Université catholique de Louvain and considered by Lamberts et
al. [84, 85] is modeled for pp,0/ps,0 = 4.5 and with ηm = 0.92. All other
efficiencies are set to 1. First, one can plot the evolution of the mixing
pressure as a function of the back pressure as displayed in Figure C.6a. One
can notice that the design mixing pressure p∗y , and therefore the on-design
plateau, are higher when using the compound-choking criterion. This can
be interpreted as follows: as thoroughly discussed in [34], the compound-
choking predicts the choking of the ejector for secondary Mach numbers
lower than 1 at the aerodynamic throat (section y). Hence, the pressure at
said location must be higher than that in the case of the Fabri-choking (i.e.,
Ms,y = 1) because the secondary flow has been less expanded. In addition,
note that as the back pressure tends to the breakdown pressure, the mixing
pressure tends to reach the secondary stagnation pressure. As expected,
when py = ps,0, there is no pressure gradient to expand the secondary flow,
hence ṁs = 0 and the entrainment ratio gets to zero.
Then, Figure C.6b presents the evolution of the entrainment ratio as a
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Fig. C.6 Comparison between Fabri-choking and compound-choking for
pp,0/ps,0 = 4.5. The working fluid is air and ηm = 0.92. The positions of the
critical conditions have been highlighted on the ω-curve.

function of the mixing pressure. As a reminder, ω can be computed as a
function of the mixing pressure and the stagnation conditions only. Then,
the positions of the critical conditions can be located for both choking
criteria. Those are represented by dots on the curve. One can now clearly
see why the compound-choking criterion systematically predicts higher
entraiment ratios than the Fabri-choking criterion. Indeed, the entrainment
ratio predicted by the compound-choking is located exactly at the maximum
of the curve. This means that, if the transformations are isentropic until the
mixing section, satisfying the compound-choking criterion will lead to the
maximization of the total mass flow rate within the ejector. Indeed, since
the primary flow is choked, maximizing ω is equivalent to maximizing ṁs
and therefore ṁp + ṁs.

On the other hand, the Fabri-choking mixing pressure at the critical con-
dition p∗y is slightly lower than that of the maximum. Although not dis-
cussed in the article of Chen et al. [30], it was found, by re-implementing
their model, that because the Fabri-choking criterion does not maximize
the entrainment ratio (and thus the total mass flow rate), the near-critical
off-design part of the characteristic curve contains a spurious overshoot. In-
deed, as one gets further into the off-design part of the characteristic curves,
the mixing pressure py gets higher. Hence, starting from the Fabri-choking
critical point (Fig. C.6b) and following the curve towards the right, one
eventually reaches the maximum (i.e., the compound-choking critical point).
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By the same token, it is the authors understanding that other thermody-
namic models based on the Fabri-choking criterion and modeling off-design
operation should logically present similar overshoots, unless they have
been manually cropped. This spurious overshoot will be observed and
further discussed in the following.

3.3.2 Influence of the isentropic efficiencies on the characteristic curves
In order to efficiently calibrate the model, it is relevant to assess the indi-
vidual effect of each efficiency on the shape of the characteristic curves by
varying one of the efficiencies at a time. Figure C.7 displays the influence
of the four isentropic efficiencies (i.e., ηp, ηs, ηp,y and ηd) and the mixing
efficiency ηm. The curves for the counterpart Fabri-choking model (i.e.,
imposing Ms,y = 1) have also been displayed for comparison purposes.
Note that, if not mentioned, the isentropic efficiencies are set to 1 by default
and ηm to 0.95.
One can then observe the influence of the different isentropic efficiencies
and the results may be summarized as follows:

• When decreasing ηp, the primary mass flow rate is decreased, as the
flow velocity at the primary throat gets lower. The on-design entrain-
ment ratio therefore increases. The effect of friction in the primary
nozzle is somewhat equivalent to having a lower primary stagnation
pressure. This explains the fact that the critical back pressure gets
lower.

• When decreasing ηs, the on-design entrainment ratio gets lower, as the
secondary mass flow rate is decreased. The back pressure is closely
related to the total mass flux going through the ejector. Thus, a lower
secondary mass flow rate also results in a decrease of the critical back
pressure. Note also that the off-design curves all have the same break-
down pressure. This is explained by the fact that at the breakdown
pressure, ṁs = 0 and the secondary flow does not influence the total
flow anymore. This is not true when ηp varies, which is why the break-
down pressures in Figure C.7a are not the same. Moreover, one can
observe that the spurious overshoot that was previously discussed in
the case of the Fabri-choking curves is also present in the compound-
choking curves. This is actually due to the fact that, as explained in
Croquer et al. [34], the compound-choking criterion as expressed in
Eq. (C.11) is not rigorously correct if one considers non-isentropic
flows. Indeed, because the criterion in Eq. (C.11) was obtained with
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Fig. C.7 Influence of the different isentropic efficiencies on the character-
istic curves using the compound-choking based model. The Fabri-choking
model is also displayed for comparison purpose.
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the hypothesis of isentropic flow, when friction losses are introduced
into the model by means of the isentropic efficiencies, Eq. (C.11) is no
longer rigorously accurate, in the sense that the compound-choking
indicator β is no longer calculated in compliance with its definition,
given in [14]. If Eq. (C.11) is nonetheless utilized with non-unity ηs or
ηp,y, as it is the case for the curves in Figs. C.7b and C.7c, the spurious
overshoot will be present on the compound-choking curves as well
because Eq. (C.11) will not predict the maximum secondary mass flow
rate. However, it will actually be demonstrated in the next section that
using a corrected expression of β does maximize the secondary mass
flow rate. Therefore, when dealing with non-isentropic expansions,
the correct choking criterion should be that the total mass flow rate is
maximized, which is in concordance with Eq. (C.11), with the proper
computation of β.

• Decreasing ηp,y has a somewhat similar effect to decreasing ηs, but
to a lesser extent. However, none of the two mass fluxes are directly
hindered by this efficiency. An intuitive way to explain this is that,
as ηp,y gets lower, the primary flow is expanded less efficiently in the
mixing chamber. Thus, friction hinders the primary flow expansion
(the flow velocity is lower), so that the primary flow mixing area
Ap,y must get higher to maintain the mass flow rate. Conversely, the
secondary flow mixing area As,y gets lower, therefore decreasing the
secondary mass flow rate and hence the entrainment ratio.

• Lowering ηm does not influence the on-design entrainment ratio, as
the latter does not depend on the mixing. As ηm decreases, the critical
back pressure decreases. Indeed, the friction interactions cause a loss
of stagnation pressure, thereby lowering the back pressure. This is
comparable to a Fanno flow.

• The effect of ηd is quite similar to that of ηm. Lowering ηd tends to
decrease the critical back pressure.

At this stage, one chooses not to use the diffuser isentropic efficiency ηd
for later calibration. Indeed, this efficiency has the same influence on the
characteristic curves as ηm. Furthermore, in real ejectors, the diffuser is
usually well designed, meaning that it can reasonably be assumed that the
flow is isentropic.
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3.3.3 Fitting to R134a ejector experimental data
To calibrate the characteristic curves for ejectors working with R134a, the
experimental data of Garcia del Valle et al. [60] are used as reference. Three
different geometries were presented in the original article. However, they
differ only in shape; the areas at the sections of interest (Fig. C.2) are equal.
For this reason, only one ejector can be modeled using the present 0-D
model. The relevant ejector dimensions are thus Dt = 2.0 [mm], De = 3.0
[mm] and Dy = 4.8 [mm]. The stagnation conditions for the experiments
are (Tsat)p,0 = 84.38 ◦C and (Tsat)s,0 = 10 ◦C with a superheating of 10 ◦C.
Superheating the vapour ensures that the flow does not condense within
the ejector.
It was found that an accurate calibration could be performed by using only
three parameters, that are, ηp = 0.977, ηs = 0.89 and ηm = 0.813. The value
of ηp,y is thus maintained to 1. Note that these values appear to be plausible
for real ejectors. Indeed, the primary nozzle flow is almost isentropic and
the secondary flow slightly less due to the more complex geometry. The
most limiting factor remains the mixing efficiency.
Figure C.8 shows the results of the calibration, along with the CFD results

Fig. C.8 Characteristic curve obtained for an ejector working with R134
with (Tsat)p,0 = 84.38 ◦C, (Tsat)s,0 = 10 ◦C, ηp = 0.977, ηs = 0.89 and
ηm = 0.813. Comparison between the present numerical model, the CFD of
Croquer et al. [34] and the experimental data of Garcia del Valle et al. [60].
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Fig. C.9 Characteristic curves obtained for three ejectors working with
R134 with ηp = 0.977, ηs = 0.89 and ηm = 0.813. Comparison between the
present thermodynamic model and the experimental data of Hakkaki-Fard
et al. [71].

obtained by Croquer et al. [34]. The model fits quite well the experimental
data of Garcia del Valle et al. [60], even better than the CFD results that tend
to overestimate the entrainment ratio.
It is now proposed to plot the characteristic curves for the ejectors of
Hakkaki-Fard et al. [71] using the calibration parameters found for the
ejector of Garcia del Valle et al. [60], with the aim of determining if the
calibration stays accurate. The three ejector geometries and operating condi-
tions that were tested experimentally are summarized in Table C.1. Figure
C.9 shows the results for the three ejectors. One can observe that, although
the model does not predict the entrainment ratio as accurately as for the
ejector of Garcia del Valle et al. [60], it nevertheless gives a good approxi-
mation. The model appears to underestimate the on-design entrainment
ratio, but the off-design part of the characteristic curves seems to fit quite
nicely. More precisely, the slopes of the off-design curves are quite accurate,
and the model even overlaps the experiments for Ejector I. One could argue
that the calibration process should yield better results if it were performed
on one of the ejectors of Hakkaki-Fard et al. [71]. However, by doing so, the
predictions of the characteristic curves for the two other ejectors were found
to be quite poor, adding to the fact that the experimental curves of Hakkaki-
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Ejector I Ejector II Ejector III
Primary pressure pp,0 [kPa] 2900 2633 1934
Primary temperature Tp,0 [◦C] 106 100 86
Secondary pressure ps,0 [kPa] 265 350 415
Secondary temperature Ts,0 [◦C] 50 25 30
Primary throat diameter Dt [mm] 5.63 7.09 8.03
Primary nozzle exit diameter De [mm] 7.85 9.70 11.35
Mixing section diameter Dy [mm] 16.4 16.4 16.4

Table C.1 Geometry and operating conditions for the three experiments
of Hakkaki-Fard et al. [71].

Fard et al. [71] contain some rather unconventional double plateaus. Using
the parameters obtained for the ejector of Garcia del Valle et al. [60] yields
overall satisfactory predictions for the three ejectors of Hakkaki-Fard et al.
[71].

3.3.4 Fitting to air ejector experimental data
The model was also calibrated on new experimental data obtained using the
air ejector test bench at Université catholique de Louvain. As a reminder,
the geometry of said ejector is given in the articles of Lamberts et al. [84,
85]. Again, the calibration could be performed by means of only three
parameters, that are, ηp = 0.977, ηs = 0.75 and ηm = 0.95. As before, ηp,y is
set to 1. The relatively low value of ηs is likely to be caused by the peculiar
geometry of the air ejector, adding to the fact that the secondary flow has
to go through an angle of 90 degrees before entering the mixing chamber
(see Lamberts et al. [84] for more details about the ejector setup). On the
other hand, the quite high mixing efficiency may reflect that the mixing
process is relatively efficient. It should however be reminded that ηm is not
an isentropic efficiency, therefore the mixing process will generate entropy
even if said efficiency is set to unity.
Figure C.10 shows the fitting results obtained by calibrating the parameters
on the new experimental data gathered for pp,0/ps,0 = 3.5. Note that the
secondary stagnation conditions correspond to the atmospheric ones for
this particular ejector, so that ps,0 = 1 [bar]. In addition, the curves for
pp,0/ps,0 = 2.5 and pp,0/ps,0 = 4.5, for which the values of the efficiencies
have been kept equal to those previously mentioned, have also been dis-
played. One can see that the calibration allows the model to fit relatively
well the experimental curves for the three cases. The off-design slopes do
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Fig. C.10 Characteristic curves obtained for the air ejector test bench of
Université catholique de Louvain with ηp = 0.977, ηs = 0.75 and ηm =
0.95. Comparison between the present thermodynamic model and new
experimental data.

however not match the experimental data as well as for the case of Garcia
del Valle et al. [60] seen previously. The error remains however limited, and
the general shape of the curves is relatively close to that of the experimental
ones. The main issue with those curves is that there is a significant spurious
overshoot near the critical point.

3.4 Relation between the compound-choking criterion and
the maximization of the mass flow rate

In this section, it is proposed to perform an analytical study on the compound-
choking criterion in the frame of non-isentropic perfect gas flows. The aim
is to demonstrate the connection between the compound-choking criterion
and the maximization of the mass flow rate within an ejector, which could
be put in parallel with the definition of choking in the classical sense, i.e.
for a simple nozzle.

3.4.1 Non-isentropic nozzle flow of a perfect gas
Before going towards ejectors and multi-stream flows, one first needs to
develop the equations for non-isentropic nozzle flows for perfect gases. The
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objective is to be able to determine the links between the differentials of all
the physical quantities for such flows and the corresponding compound-
choking criterion. In order to obtain an analytical solution for this problem,
one will consider a polytropic efficiency, noted ηpol defined as:

ηpol =
dh

dhis
,

since one only deals with expansions. In the previous sections, isentropic
efficiencies were used because these are more suited for global transforma-
tions. However, these two types of efficiencies (isentropic and polytropic)
can be linked for an expansion of a perfect gas from pressure p1 to p2
through:

η =
(p2/p1)

(γ−1)ηpol
γ − 1

(p2/p1)
γ−1

γ − 1
. (C.29)

The conservation equations in a control volume can be written as:

dρ

ρ
+

dV
V

+
dA
A

= 0, (C.30)

ρVdV + dp + 4τw
dx
Dh

= 0, (C.31)

dh0 = dh + VdV = 0. (C.32)

Combining the second Gibbs equation (Tds = dh − 1
ρ dp) with Eq. (C.32),

then Eq. (C.31) gives:

ds =
1

ρT
4τw

dx
Dh

. (C.33)

The same Gibbs equation can then be used for an isentropic process to
successively get:

dhis =
1
ρ

dp, and ds =
(

ηpol − 1
) 1

ρT
dp, (C.34)

| 153



C | An improved ejector thermodynamic model

Combining Eqs. (C.33) and (C.34), one obtains:

4τw
dx
Dh

=
(

ηpol − 1
)

dp.

The momentum equation thus becomes:

ρVdV + ηpoldp = 0. (C.35)

The pressure differential can be expressed as:

dp =

(
∂p
∂ρ

)
s

dρ +

(
∂p
∂s

)
ρ

ds. (C.36)

The first partial derivative is the definition of the speed of sound squared
whereas, the second partial derivative needs more development. In the case
of an isentropic flow, the second term is obviously equal to zero. Using the
first Gibbs equation (Tds = R

γ−1 dT + pd
(

1
ρ

)
) along with the perfect gas

assumption, one can write:

ds|ρ =
R

(γ − 1)
dT
T

,

dp|ρ
p

=
dT
T

.

Using these two expressions, the second partial derivative of Eq. (C.36) can
be written as: (

∂p
∂s

)
ρ

=
p (γ − 1)

R
,

and Eq. (C.36), combined with Eq. (C.34) then becomes:

dp =
a2

1 −
(

ηpol − 1
)
(γ − 1)

dρ. (C.37)
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Combining this last expression with the momentum equation (C.35) and
the mass conservation equation (C.30), one obtains:

dV
V

1 −
(

ηpol − 1
)
(γ − 1)

ηpol
M2 − 1

 =
dA
A

, (C.38)

where the definition of the Mach number M = V
a was used. The Mach

number differential can be linked to the velocity differential by:

dV
V

(
1 +

γ − 1
2

M2
)
=

dM
M

, (C.39)

and one can finally obtain the differential equation linking the Mach number
to the cross-section area:

dM
M

1−(ηpol−1)(γ−1)
ηpol

M2 − 1

1 + γ−1
2 M2

=
dA
A

. (C.40)

The throat is defined as the location in the nozzle where dA = 0 and
this last equation shows that this will occur for a Mach number Mt =√

ηpol
ηpol+γ(1−ηpol)

which is different from unity when ηpol < 1. This means

that, as soon as the flow becomes non-isentropic, the flow does not reach
sonic conditions at the throat when it is choked but somewhere further
down the divergent. When the flow is considered to be non-isentropic, one
can thus not use the unity Mach number at the throat as choking condition.
This is in accordance with what was stated in Section 3.2.

3.4.2 Compound-choking criterion

One now considers a flow with several separate streams under the following
assumptions:

1. The flow is one dimensional, steady-state and adiabatic.

2. There is no mixing between streams.

3. The pressure is constant between streams at each cross section.

4. The transverse pressure gradient caused by the streamline curvature
is negligible.
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Using the equations developed in the previous section, one can write, for
each stream i:

dVi
Vi

M2
i

1 −
(

ηpol,i − 1
)
(γi − 1)

ηpol,i
− 1

 =
dAi
Ai

. (C.41)

The momentum equation (C.35) expressed for each stream says that:

ρiV2
i

dVi
Vi

= −ηpol,idpi,

(C.42)

⇒ −ηpol,i
dpi

ρiV2
i

Ai

M2
i

1 −
(

ηpol,i − 1
)
(γi − 1)

ηpol,i
− 1

 = dAi. (C.43)

Since one considers that the pressure and thus the pressure differential is
identical for all streams and that ∑i

dAi
dx = dA

dx , one obtains:

1
p

dp
dx ∑

i

Ai

γi M2
i

(
ηpol,i − M2

i (1 −
(

ηpol,i − 1
)
(γi − 1))

)
=

dA
dx

. (C.44)

One then defines the compound indicator β, similarly to what was done by
Bernstein et al. [14], as:

β =
dA
dx

d(ln(p))
dx

, (C.45)

= ∑
i

Ai

γi M2
i

(
ηpol,i − M2

i (1 −
(

ηpol,i − 1
)
(γi − 1))

)
, (C.46)

= ∑
i

Ai
γi

[
ηpol,i

(
1

M2
i
− 1

)
− γi(1 − ηpol,i)

]
. (C.47)

This expression can be verified to match the expression from Bernstein et
al. [14] for the case ηpol,i = 1. It can be shown through a compound wave
analysis that this indicator must be equal to 0 for the compound flow to be
choked.
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3.4.3 Mass flow rate maximization for a supersonic ejector
From the compressible flow theory, when a flow is choked, its mass flow
rate is maximized. Hence, if the compound-choking is the actual choking
mechanism, it should be equivalent to maximizing the mass flow rate within
the ejector. Since the primary mass flow rate is fixed, as the primary flow is
itself choked in the primary nozzle, maximizing the mass flow rate in the
ejector is equivalent to maximizing the secondary mass flow rate. The mass
flow rate of the secondary flow in an ejector can be computed at the mixing
section y using Eq. (C.12). Since the choking criteria (Fabri- or compound-
choking) are destined at finding the pressure at the mixing section py such
that the ejector is choked, the mass flow rate has to be maximized with
respect to this pressure. One thus has:

∂ṁs

∂py
=

ṁs

As,y

[
1

ρs,y

∂ρs,y

∂py
As,y +

1
Vs,y

∂Vs,y

∂py
As,y +

∂As,y

∂py

]
. (C.48)

The area of the secondary stream at the mixing section As,y is not known a

priori but since Ay = Ap,y + As,y, one has ∂As,y
∂py

= − ∂Ap,y
∂py

. Moreover, using
the momentum equation (C.35), Eq. (C.48) becomes:

∂ṁs

∂py
=

ṁs

As,y

[
1

ρs,y

∂ρs,y

∂py
As,y −

ηpol,s

ρs,yV2
s,y

As,y −
∂Ap,y

∂py

]
. (C.49)

Using the definition of the primary mass flow rate and the momentum
equation (C.35), the last partial derivative of the previous equation can be
written as:

∂Ap,y

∂py
= Ap,y

[
− 1

ρp,y

∂ρp,y

∂py
+

ηpol,p

ρp,yV2
p,y

]
. (C.50)

Using this last relation as well as the link between the pressure and density
differentials of Eq. (C.37), the derivative of the secondary mass flow rate
with respect to the mixing pressure becomes:

∂ṁs

∂py
=

ṁs

As,y

As,y

1 −
(

ηpol,s − 1
)
(γs − 1)

ρs,ya2
s,y

−
ηpol,s

ρs,yV2
s,y


+Ap,y

1 −
(

pol,p − 1
) (

γp − 1
)

ρp,ya2
p,y

−
ηpol,p

ρp,yV2
p,y

 , (C.51)
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=
ṁs

As,y py

[
As,y

γs

(
ηpol,s

(
1 − 1

M2
s,y

)
− γs(ηpol,s − 1)

)

+
Ap,y

γp

(
ηpol,p

(
1 − 1

M2
p,y

)
− γp(ηpol,p − 1)

)]
. (C.52)

This last expression can be compared to the expression of the compound-
choking indicator β obtained in Eq. (C.47), taken for 2 streams at section
y:

∂ṁs

∂py
= − ṁs

As,y py
β.

Thus it shows that applying the compound-choking criterion, i.e. β = 0
to an ejector is similar to maximizing the total mass flow rate within this
ejector. More fundamentally, this shows that the choking mechanism at play
in a supersonic ejector is the compound-choking. Indeed, the flow within a
device is choked if the mass flow rate is maximized. Since maximizing the
mass flow rate and applying the compound-choking criterion yield the same
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Fig. C.11 Corrected characteristic curves obtained for the air ejector test
bench at Université catholique de Louvain with ηp = 0.977, ηs = 0.71 and
ηm = 0.95. Comparison between the present thermodynamic model and
new experimental data.
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result, both must be equivalent. Building on this conclusion, it is possible to
correct the previously obtained characteristic curves, that were spoiled by
the spurious overshoot caused by the faulty application of the compound-
choking criterion when dealing with non-isentropic transformations within
the mixing chamber (Section 3.3). Figure C.11 shows the corrected version of
the characteristic curves displayed in Figure C.10. Obtaining the corrected
curves is actually rather straightforward, as one only needs to locate the
maximum of the overshoot (in this case, in Fig. C.10), which indicates the
location of the critical point and therefore of the on-design plateau. Note
however that ηs = 0.71 in Figure C.11 for a better fitting of the experimental
data.

3.5 Conclusion

In this paper, a new real gas thermodynamic model was presented. This
model can be calibrated by means of multiple efficiencies. Although the
model was only validated in the case of single-phase ejectors, it is foreseen
to use this model for two-phase ejectors as well. This will be the subject of
further studies.
First, a modified version of the model of Chen et al. [30] was implemented.
As opposed to most models that can be found in the literature, this model
uses the compound-choking criterion derived from the theory of Bernstein
et al. [14], successfully applied to explain the choking mechanism in su-
personic ejectors by Lamberts et al. [82, 85], and further developed in the
frame of real gas ejectors by Fang [55] and Metsue [108]. Rather than as-
suming constant mixing pressure and using a variable mixing efficiency
as in the model of Chen et al. [30], the mass conservation equation was
re-introduced into the mixing model. The decrease in performance in the
off-design regime is thereby modeled by pressure effects within the constant
area duct. The new model was then used to perform an analysis on the
connections between the Fabri-choking and the compound-choking. De-
spite the fact that the Fabri-choking seems to be the most straight-forward
approach to model ejector entrainment limitation, it actually does not lead
to the maximization of the mass flow rate within the device, which is in
contradiction with the definition of a choked flow.
After the determination of the individual impact of each calibration param-
eter, the model was validated for single-phase R134a (ejectors of Garcia del
Valle et al. [60] and Hakkaki-Fard et al. [71]) and air (ejector of Université
catholique de Louvain) flows. A good fitting ability was obtained for both
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fluids by using only three fitting parameters.
Lastly, an analytical study on the compound-choking criterion in the frame
of non-isentropic perfect gas ejector flows showed that the use of the
compound-choking criterion leads to the maximization of the total mass
flow rate within the ejector. This is in accordance with the definition of
choking for a simple nozzle (i.e. the maximization of the mass flow rate).
Future works include the validation of the present model for two-phase
ejector predictions, especially those working with CO2. The objective will
be then to couple it to a model for a transcritical CO2 heat pump and to
assess the benefit of integrating an ejector on the performance of the whole
cycle.
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D
Investigation on Ejector Design for
CO2 Heat Pump Applications Using
Dymola

The following work has been published in the proceedings of the 9th IIR Conference:
Ammonia and CO2 Refrigeration Technologies, and presented during the related
event. It corresponds to reference [109].

4.1 Introduction

Ejectors are passive entrainment and compression devices that have a wide
range of applications, going from desalination purposes [97] to waste heat
recovery in thermal power plants [75]. Their main application resides how-
ever in refrigeration systems, where they are used as passive compressors;
the high-pressure refrigerant is expanded into the ejector, which allows to
suck and pre-compress the low-pressure refrigerant, thereby recovering part
of the exergy losses associated with fluid expansion in a classical expansion
valve. More details about the applications, functioning and modeling of
supersonic ejectors may be found in the recent reviews of Besagni et al. [17],
Ameur et al. [3, 4] and Tashtoush et al. [141].
Proper ejector design is crucial to allow for efficient heat pump systems.
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As an example, experiments by Elbel and Hrnjak [51] showed that the
presence of an ejector improves the coefficient of performance (COP) and
the cooling capacity of the system by 7 and 8%, respectively. However,
ejector design, especially for transcritical CO2 heat pump systems, contains
many challenges: lack of experimental data due to the difficultly of making
measurements as CO2 ejectors are small, transcritical nature of the flow as
the primary flow flashes inside the primary nozzle, and difficulty to perform
quality CFD computations due to their high computational cost. While
appropriate CFDs are being developed for CO2 ejectors, simplified models
based on thermodynamic relations are often used as the main designing tool
for ejectors. In the recent years, thermodynamic models, such as the models
of Taslimi et al. [143] and Metsue et al. [110], have integrated increasingly
more physics.
Performing in-house simulations of refrigeration cycles to design compo-
nents may quickly become cumbersome, that is why modeling toolboxes
such as Modelica are becoming more and more popular for such purposes
[32, 67, 96, 92]. However, as such tools might allow one to quickly perform
simulations, the components models remain quite limited regarding the
physics they incorporate.
In this work, it is proposed to implement the state-of-the-art thermody-
namic model of Metsue et al. [110], originally developed under Python, as
a Dymola object and use it to investigate the ejector sizing influence on the
performance of a transcritical CO2 ejector heat pump cycle. First, the physi-
cal relevance of the two ejector models available in the TIL Modelica library,
that is used as a basis for this work, is assessed. Then, the implementation
of the model of Metsue et al. [110] into Modelica is shortly explained. The
model is calibrated onto the experimental CO2 data of Zhu et al. [155], and
the resulting model is used to simulate the ejector heat pump cycle. Finally,
results are discussed and the manuscript ends with the main conclusions
and perspectives.

4.2 Limitations of TIL ejector models

Two models of ejector are available in the TIL library. The first model is
based on the definition of a constant ejector efficiency ηej, as defined by Elbel
and Hrnjak [51]. The second one is based on an affinity relation between
the pressure increase from the suction inlet and the suction mass flow rate.
In order to highlight the limiting aspects of those two models, it is proposed
to generate the characteristic curves. Figure D.1 compares the performance
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Fig. D.1 Comparison of the two ejectors models in TIL with the present
model.

of the two aforementioned models, along with the in-house model at two
primary inlet pressures. This latter model will be used, at this stage, for
demonstration purposes only. Nevertheless, it has been calibrated for typi-
cal CO2 heat pump applications and will serve as a reference in the follow-
ing discussion. The operating conditions for the curves in Figure D.1 are
listed in Table D.1. Both the Efficiency model and the Affinity model have
been calibrated on the in-house model, at a primary pressure of 95 [bar].
As one may notice in Figure D.1a, the parameters of the Affinity model
have been calibrated such that the zero pressure increase point and the
breakdown pressure correspond to that of the in-house model. As for the
efficiency-based model, the constant efficiency has been set to the mean of
the ejector efficiency calculated with the in-house model. Curves presented
in Figure D.1b have been plotted by keeping those same calibration param-
eters (for the three models), so that the only difference between Figure D.1a
and Figure D.1b is the primary inlet pressure pp,0. As shown in Figure D.1,
none of the two TIL models are able to properly depict the process of dou-
ble choking, i.e., the entrainment ratio plateau at low discharge pressures,

(a): pp,0 [bar] 95 Tp,0 [°C] 35
(b): pp,0 [bar] 85 Ts,0 [°C] 20

ps,0 [bar] 35 At [m2] 5.026 ×10−7

Table D.1 Operating conditions.
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and the rapid decrease in performance under the off-design regime. The
entrainment ratio predicted by the Efficiency model reaches unrealistically
high values as the discharge pressure is lowered, and fails to ever reach
the breakdown point. This is easily explained by the fact that the ejector
efficiency as defined in Elbel and Hrnjak [51] is not supposed to be constant
with the discharge pressure. Rather, from its definition, ηej should be a
parabola-like function of the discharge pressure, equal to zero at the zero
pressure increase point and breakdown point.
The Affinity model is better at modelling the decrease in ω, but there is still
no distinction between on- and of-design regimes. In addition, note that
both TIL models lack the ability to follow the physics when the inlet condi-
tions change from nominal operation. As an example, Figure D.1b shows
the predictions of the three models when the primary pressure is lowered
by 10 [bar]. Most notably, the Affinity model then largely underestimates
the entrainment ratio.

4.3 Ejector model implementation in dymola

As discussed in the previous subsection, the TIL ejector models, albeit being
quite robust, do not include enough physics for ejector-centred and in-depth
design studies. This motivates the implementation of a more advanced
ejector model, that integrates more physics and geometrical parameters.
To this end, the thermodynamic model of Mestue et al. [110], originally
implemented in Python, is implemented into Dymola as a TIL object (i.e.,
using the VLEFluid classes and the TILMedia fluid properties provided by
the library). As a short reminder, the model of Metsue et al. [110] is based
on the maximization of the mass flow rates for single- and double-choking
conditions. The ejector is discretized into several relevant sections, and the
conservation equations, along with an isentropic efficiency equation, are

Hypothetical throat

Secondary inlet

Primary inlet

Outlet

0 t e y m N 2 d

Primary nozzle

Mixing chamber
Constant area duct Di↵user

2

Fig. D.2 Schematic of the ejector model of Metsue et al. [110].
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solved between each of those sections. Figure D.2 shows a schematic of
the ejector. The interested reader may refer to Metsue et al. [110] for more
details about the model.

Because Modelica is a modelling language, in contrast with traditional pro-
gramming languages such as Python, the implementation of the model
is not straightforward; some programming structures could not be re-
implemented in Modelica and had to be re-thought. First, one must find
the maximum mass flux G as a function of the primary pressure in order
to solve the primary nozzle flow, which is impractical in Modelica as one
cannot manipulate vectors. To solve this problem, the primary mass flux
was implemented as a function of the primary pressure, and the flow was
solved by adding Eq. D.1 to the system.

dGt

dpp
= 0. (D.1)

Indeed, since G(pp) is a continuous and smooth function with a single max-
imum, finding the latter is equivalent to finding the zero of the derivative.
For double choking operation, the same procedure has been implemented
to find the maximum secondary mass flow rate as a function of the mixing
pressure py:

dṁs

dpy
= 0. (D.2)

Lastly, in order to assess the operating regime of the ejector, one should
firstly calculate the on-design –critical– back pressure p∗out. This is easily
done in a conventional programming language, as one can compute said
pressure as a first step and then, if the back pressure is higher than that,
run the off-design part of the model. As a reminder, the ejector operates in
off-design regime if:

pout < p∗out. (D.3)

However, in Dymola, the whole system of equation must be solved at
each time step; one cannot simply choose which model to solve (on- or off-
design). Therefore, the implemented ejector model contains an on-design
ejector model within itself, which is disconnected from the main object
inlets/outlet, and is only used to compute the on-design back pressure.
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4.4 Calibration for CO2 heat pump applications

To give plausible results, the model must be calibrated onto CO2 data. As a
reminder, the model of Metsue et al. [110] uses 5 efficiencies as calibration
parameters (ηp, ηs, ηp,y, ηm, ηd). Note that the user also has to provide as
inputs the main geometrical parameters of the ejector, that are, the primary
nozzle throat and exit areas, as well as the mixing duct area.

For the present study, it was chosen to calibrate the model onto the exper-
imental data of Zhu et al. [155]. Although the efficiencies should not be
expected to be constant values, it was chosen, for the purpose of this work,
to use one single set of efficiency values for all simulations. To this end,
the model was fitted onto the experimental characteristic curve reported
in [155] for pp,0 = 93 [bar]. Note that all other inlet conditions were kept
constant, i.e., ps,0 = 36 [bar], Tp,0 = 35 [°C] and Ts,0 = 21 [°C].

Figure D.3 shows the result of the calibration process. One can see that it
was possible to obtain a very good fitting for pp,0 = 93 [bar]. Keeping the
same values for the efficiencies, the characteristic curves for pp,0 = 87 [bar]
and pp,0 = 98 [bar] are also plotted. One may see that a good fitting is still
obtained. Therefore, the set of efficiencies obtained through this calibration
process will be used in the following sections.
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Fig. D.3 Fitting of the model onto the experimental data of Zhu et al. [155].
Blue: pp,0 = 87 [bar]; Red: pp,0 = 93 [bar]; Black: pp,0 = 98 [bar].
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4.5 Investigation on ejector size

It is now proposed to investigate the influence of ejector size onto the
performance of a transcritical CO2 ejector heat pump cycle. To this end,
the cycle presented in Figure D.4 is modeled. It consists of a three pressure
levels air-water-heat pump. This kind of system is typically used to capture
heat from ambient air and transfer it to a residence heating network to
produce hot water.
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Fig. D.4 Schematic of the ejector-based heat pump cycle working with
CO2.

The present analysis stems from the hypothesis that there should exist an
ejector size that best fits the system, i.e., that leads to the optimum COP. To
verify this hypothesis, the ejector aspect ratio AR = Ay/At (Figure D.2) is
kept constant, whereas the ejector size (that is, At and Ay themselves) are
varied. Note at this stage that the primary nozzle of the ejector of Zhu et
al. [155] is convergent only, so that At = Ae. In addition, the compressor
speed is regulated to maintain a hot water temperature of 65 [°C]. The main
parameters for simulating this cycle are summarized in Table D.2. Figure
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pwater [bar] 3 pamb [bar] 1
Twater [°C] 65 Tamb [°C] 10

ṁpump [kg.s−1] 3×10−2 V̇f an [m3.s−1] 1
Dcomp [m3] 10−5 Avalve [m2] 4×10−7

Vsep [m3] 2×10−3 AR [-] 6.26

Table D.2 Main parameters for the simulation of the cycle.

D.5 shows the results as a function of the ejector size At/At,0, where At,0 is
the nominal throat area that is used in the article of Zhu et al. [155]. Note
that in order to obtain continuous curves, the ejector size was varied over
a very long period of time, namely 105 [s], so that the system of equations
becomes linear with time. As expected, there is a peak in performance for
a particular value of the ejector size of At/At,0 ≈ 0.55 (Fig. D.5). Thus, one
may actually improve the COP of the cycle by about 6.5% compared to the
cycle using the original ejector size reported in Zhu et al. [155].
One may also observe in Figure D.5 that as the ejector gets bigger, the
primary inlet pressure gets lower. Indeed, when the ejector size is increased,
the primary mass flow rate increases. Thus, to maintain the same power
transfer in the gas cooler, the density should be lower, which translates into
decreases of both primary pressure and temperature. Furthermore, one
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Fig. D.5 Ejector operating conditions and COP of the cycle as a function
of the ejector size. The dashed line delimits on- and off-design regimes.
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can observe that as the ejector size is increased, the discharge pressure gets
higher, whereas the secondary inlet pressure gets lower, as a result of the
flashing process in the expansion valve.
One might also mention the kink in the result curves for low ejector sizes.
This is most likely due to the fact that at those operating conditions, the
temperature at the CO2 outlet of the gas cooler tends to reach the ambient
temperature so that the power transfer potential from the CO2 loop to the
water loop becomes hindered by the small temperature pinch of the ex-
changer. This may be also attributed to the fact that the carbon dioxide mass
flow rate through the gas cooler also gets smaller as the ejector becomes
smaller. This translates into a shift in the cycle regime that one may observe
at At/At,0 ≈ 0.45.
Lastly, it can be observed that there is no apparent correlation between
the different performance parameters of the ejector and the cycle. This
means that optimizing the cycle by optimizing the entrainment ratio or
the compression ratio pout/ps,0 would not be the appropriate approach
to design the ejector for a cycle such as the one presented in this work.
Actually, the maximum ω point is found under off-design regime, and
the compression ratio has no maximum. Note also that the critical ejector
operation point –located at the on-off-design interface delimited by the
dashed curve in Figure D.5– does not correspond to the maximum COP
point. Instead, maximum cycle performance is found when the ejector is
working well under on-design regime. This may in fact be a limitation of
the present work, as one kept the ejector aspect ratio constant throughout
this study. It might be possible to find an ejector geometry with even
better performance –and at critical ejector operation– by varying At and Ay
separately.

4.6 Conclusions

In this work, a state-of-the-art thermodynamic model has been implemented
as a TIL object in the Dymola modeling tool. After proper calibration of said
model, a transcritical CO2 ejector heat pump system has been simulated.
The study focused on the influence of the ejector size onto the performance
of the global cycle.
First, it was found that the ready-to-use ejector models of Dymola were not
representative of the ejector physics to the extent of the in-house model,
which justifies its implementation. Then, the model was calibrated onto
the experimental data of Zhu et al. [155], and a good overall fitting was
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obtained over the range of experimental pressures.
Then, the ejector model was integrated into the heat pump system and the
ejector size was varied. It was found that there was no apparent correlation
between the ejector performance indicators and the coefficient of perfor-
mance of the global cycle. Most notably, the optimum entrainment ratio
of the ejector was found under the off-design regime, and the maximum
coefficient of performance well under the on-design regime.
This work demonstrates that one should consider the whole cycle when
performing ejector design, as an-ejector centered approach may not take
the complex component dependencies into account. In addition, it must
be noted that this study has been performed for a single ambient tempera-
ture, whereas real-life systems must obviously be regulated as the ambient
conditions evolve. The optimum ejector size previously found is thus only
valid for one operating point. Thus, it is foreseen to analyze the perfor-
mance of more complex expansion devices such as multi-ejectors, as well as
the performance with varying ambient conditions. Future work may also
include the study of complex cycles such as booster cycles with parallel
compression.
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