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Abstract

When a liquid is in contact with a solid surface, physico-chemical phenomena occur at
the interface, leading to the formation of the electrical double layer. Inside the liquid,
the electrical double layer comprises the Stern layer corresponding to a thin region
adjacent to the solid/liquid interface, and the diffuse layer, whose the concentration of
free ions decreases away from the Stern layer. Accordingly, flow electrification takes
place when a flowing liquid, in contact with a solid, transports electric-charge carriers
(ions) from the diffuse layer towards the bulk of the flow domain. This motion, in
turn, generates a streaming current that is deemed responsible of major electrostatic
accidents in the petrochemical industrial sector. Although studied extensively during
the last 50 years, this phenomenon is currently not well understood, notably because of
the inherent complexity of flow turbulence. Indeed, conclusive studies about the role
of turbulence and the underpinning mechanisms of turbulent flow electrification are
still lacking. Therefore, this thesis studies in detail the phenomenon of electrification
of flowing dielectrics liquids, notably in turbulent channel flows.

To this end, we present in Chapter 2 the governing equations for the flow of interest,
which consists of the incompressible Navier-Stokes equations (supplemented with a
volumetric electric force) and the conservation equation for the electric charge density.
Additionally, we detail the numerical algorithm employed to solve these equations.

In Chapter 3, we elaborate on the structure of the diffuse layer and its properties.
First, we derive a closed-form solution for the electric charge density in a fully devel-
oped diffuse layer, when the liquid is at rest. On the basis of this solution, we then
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develop a suitable expression for the thickness of the diffuse layer, which is related to
the Debye length (which in turn is a material property of the dielectric liquid). Then,
we show that the charge-density distribution is not affected by a laminar flow. Accord-
ingly, we derive a closed-form expression for the streaming current in laminar channel
flow which is inevitably generated by the motion of the liquid along the solid surface.
Subsequently, we perform simulations in the turbulent regime.

In Chapter 4, we report on Direct Numerical Simulations (DNS) of electrification
in turbulent channel flow of liquid dielectrics. As expected from earlier observations,
electric-charge carriers are transported by the turbulent structures of the flow, from the
diffuse layer towards the bulk of the channel. Due to this transport, the streaming cur-
rent in the liquid increases considerably with the turbulence intensity of the flow. Also,
we describe the various stages of turbulent flow electrification. In particular, the elec-
trification rate increases with the turbulence intensity. For the last (stationary) stage,
in which the process of electrification has been completed, we analyze the statistical
properties of the electric charge density. According to our analysis, the charge-density
distribution consists of three zones. In the first one, adjacent to the wall, the dominant
mechanism is via ionic diffusion. Whereas in the second one the dominant mecha-
nisms are convective and conductive currents. In the third zone, which corresponds
to the bulk of the channel, the electric charge density remains almost constant. Fur-
ther, we analyze the budget of the charge-density variance. Based on this analysis,
molecular transport counter-balances molecular dissipation at the walls, and produc-
tion counter-balances turbulent transport away from them. On another note, our sim-
ulations predict that the ohmic resistance counter-acts the convective currents, while
the diffusive term plays a role only in the first zone of the charge-density distribution.
Furthermore, we provide a closed-form expression for the mean charge-density profile
based on the gradient assumption which agrees well with our DNS results.

In Chapter 5, we derive the filtered governing equations for the problem of interest.
Then, we present four possible subgrid-scale eddy-diffusivity models. Subsequently,
upon validation, we carry out Large Eddy Simulations (LES) at higher turbulence in-
tensities with the most accurate model, which is based on the gradient assumption and
on the introduction of the subgrid-scale electric Schmidt number. Accordingly, our
LES predict the same properties and structure of the charge-density distribution as the
ones predicted by our DNS at lower Reynolds numbers.
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CHAPTER 1

Introduction

Context

We live in a world surrounded by petrochemicals. Vehicles, clothing, electronics, con-
sumer products, food, and healthcare products contain petrochemicals. Therefore, it
would be difficult, or impossible, to design a world without them. Although paradox-
ically, many people are unfamiliar with certain aspects of the petrochemical industry.
In the aftermath of World War II, the consumption of petrochemicals increased dra-
matically. Unfortunately, as this sector expanded, accidents occurred more frequently.
Various factors can explain these accidents, including gas leaks, but not only. In par-
ticular, handling petrochemicals in refineries and tankers caused many fires and explo-
sions over the past 80 years.

Certain of these accidents were due to an electrokinetic effect, unknown at the time,
called flow electrification. In order to avoid further disastrous consequences, this phe-
nomenon has been extensively observed and studied by several authors since its discov-
ery, namely in the 1940s. Nevertheless, despite the efforts of the scientific community,
fundamental questions concerning the underlying mechanisms of flow electrification
remain unanswered. This is mainly due to the complexity of turbulence, whether math-
ematical or numerical.

Nowadays, the design of advanced flow solvers and the ever-increasing power of
modern computers have made it possible to study turbulent flows via numerical sim-
ulations. Accordingly, this thesis consists of an in-depth study of flow electrification
in the case of low-conductivity (or, equivalently, dielectric) liquids, such as liquid hy-

1
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drocarbons. More specifically, we use theoretical and numerical results to gain phys-
ical insight into the phenomenon of flow electrification in laminar and turbulent flow
regimes.

In this first chapter, we provide the framework and the appropriate background
knowledge of flow electrification. To this end, we first present an overview of the
petrochemical industrial sector, i.e., the sector in which this phenomenon is most likely
to occur. Then, we describe the phenomenon of flow electrification through a detailed
review of the relevant literature. Finally, we state the objectives of this thesis and
outline its contents.

1.1 The petrochemical industrial sector

The occurrence of accidents in the petrochemical industrial sector combined with pre-
conceived ideas, primarily due to a lack of information, may harm its image. As
pointed out by Jarvis [1], transparency in the petrochemical and nuclear sectors is fun-
damental in ensuring the effective use of natural resources, thus restoring the reputa-
tion of these industries. In this context, we succinctly present the operating mode and
history of the petrochemical industrial sector.

1.1.1 Types of petrochemicals

Petrochemicals are typically divided into three generations: feedstocks, intermediates,
and finished products.

1. Earth naturally provides the feedstocks. Most of them emanate from natural gas
and crude oils. However, there should be no underestimation of the significance
of coal and biomass as feedstocks [2]. Natural gas is a combustible mixture of
hydrocarbon (made entirely of carbon and hydrogen) and non-hydrocarbon com-
pounds [3]. It consists primarily of methane (CH4), while the non-hydrocarbon
constituents include helium, nitrogen, and carbon dioxide (CO2) [4]. Figure 1.1
illustrates the composition of natural gas from [4]. This circular diagram helps
to appreciate the importance of each constituent. Nevertheless, it is worth point-
ing out that the composition of natural gas depends on its origin [5]. Similarly,
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Carbon dioxide
Hydrogen sulfide
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Helium

Figure 1.1: Composition of natural gas, obtained from [4].

hydrocarbons comprise most of the constituents of crude oils, followed by non-
hydrocarbons and metallic compounds such as sodium, magnesium, and nickel.

2. Different chemical processes, such as steam and fluid catalytic crackings, pro-
duce second-generation petrochemicals; see, for example, [6, 7]. Herein, we
only describe hydrocarbons since they constitute most of the intermediates.
However, natural gas and crude oils can also produce non-hydrocarbon com-
pounds, such as hydrogen, sulfur, carbon black, and synthesis gas [6]. Hydro-
carbons are divided into aromatic and aliphatic compounds, described below.

Benzene

CH3

Toluene Naphthalene

Figure 1.2: Molecular structures of benzene, toluene, and naphthalene.
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Aromatic compounds are defined as hydrocarbons that contain the so-called aro-
matic ring, which corresponds to a circular chain of six carbon atoms with al-
ternating double and single carbon-carbon bonds. Benzene (C6H6) is known
to be both the simplest and most widely employed aromatic hydrocarbon [8].
Aside from certain molecules (e.g., pyrrole, pyridine, ferrocene, chlorophyll a
and b), nearly all aromatic hydrocarbons are derived from benzene [9]. For ex-
ample, Figure 1.2 shows the molecular structures of benzene and two deriva-
tives, namely toluene and naphthalene. According to it, we identify one and two
benzene rings for toluene and naphthalene, respectively.

H C

H

H

H

Methane

C

H

H

C

H

H

Ethylene

H C C H

Acetylene

Figure 1.3: Molecular structures of methane, ethylene, and acetylene.

Aliphatic compounds are all the non-aromatic compounds. In particular, its
molecular structure is either linear (acyclic) or cyclic but without a benzene ring.
Additionally, aliphatic hydrocarbons are divided into several categories depend-
ing on their molecular structure. Alkanes have single carbon-carbon bonds, and
their structure is serial, not cyclic; see the molecular structure of methane (CH4)
in Figure 1.3. Alkenes (respectively, alkynes), on the other hand, are aliphatic
hydrocarbons in which at least one double (respectively, triple) bond links two
carbon atoms. For visualization purposes, we provide in Figure 1.3 the molecu-
lar structures of ethylene (C2H4) and acetylene (C2H2), which are, respectively,
the simplest alkane and alkyne.

3. Third-generation petrochemicals are derived from hydrocarbon intermediates.
The different processes to produce them are numerous [6]. One can cite alky-
lation, chlorination, hydrogenation, nitration, and oxidation for benzene; cf. [6]
and references therein. These finished (commercial) products include plastics,
adhesives, soaps, explosives, foams, synthetic rubber, dyes, and others.
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Figure 1.4: Simplified flowchart of petrochemicals, divided into three generations:
feedstocks, intermediates, and finished products.

To summarize, Figure 1.4 illustrates a simplified petrochemical flowchart with the
three generations described above. Please note that, in reality, the overall process is
much more complex; see, for example, [6, 10, 11]. However, Figure 1.4 has the ad-
vantage of being simple while including the necessary details for understanding the
operating mode of the petrochemical industrial sector.

1.1.2 Historical perspective

In the past, petrochemicals had not played such an essential role in the economy and
society as they do today. The first chemistry-related event most likely occurred when
Paleolithic people from France exploited coal as fuel [13]. Other archaeological evi-
dence suggests the use of coal in olden times, notably in China [14] andGreece [15, 16].
However, it was only after the industrial revolution that coal became widely employed
around the world, especially with the invention of steam engines by James Watt in
1776. At that time, coal, along with whale oil, overshadowed petroleum. Neverthe-



6 Chapter 1. Introduction

 0

 50

 100

 150

 200

 250

 300

 350

 400

 1950  1960  1970  1980  1990  2000  2010

G
lo

b
al

 p
la

st
ic

 p
ro

d
u
ct

io
n
 (

m
il

li
o
n
 t

o
n
n
es

)

Year

Figure 1.5: Evolution of the global plastic production from 1950 to 2015. The data are
obtained from Geyer’s work [12].

less, the latter gained popularity in the 19th century after the discovery of lamp oil,
extracted from crude oils (petroleum) and used as a heating and lighting fuel. Soon
afterwards, people built a variety of products other than fuels from petroleum, thus
resulting in the emergence of the petrochemical industrial sector [17–20]. With time,
petroleum and natural gas became more readily available. However, coal were exten-
sively employed during World War II, especially by the nazi regime. According to
Gillingham [21], in 1939, more than nine-tenths of the energy consumption in Ger-
many came from coal. By contrast, at that time, in the United States, less than half of
the energy consumption came from coal. Since the second half of the 20th century,
petroleum has taken over coal as the principal source of chemicals. In particular, the
steel crisis of 1973 exacerbated this trend [22]. Further, mass consumerism has char-
acterized the second half of the 20th century, notably through the explosive growth of
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plastics; see Figure 1.5. Subsequently, the petrochemical industry became the largest
of the industrial chemical sectors [23].

In all likelihood, this trend will continue in the next few years. It is, therefore,
necessary for the sector of the petrochemical industry to embrace a more sustainable
environment. According to the International Energy Agency (IEA) [24], the industry
has made several improvements, including mitigating air/water pollution and the water
demand associated with primary chemical production. However, the most critical area
of improvement in the petrochemical industrial sector concerns safety hazards. When
the risks are not well assessed, handling petrochemicals can cause numerous accidents,
such as fires and explosions. These accidents, in turn, release large quantities of pol-
lutants into the environment. As Chen et al. [25] suggested, this can have disastrous
effects on the local environment and health of the local human population. For exam-
ple, during the Deepwater Horizon oil spill of 2010, over 200 million gallons of crude
oil were released in the Gulf of Mexico [26].

In this context, prior research investigated in detail different methods concern-
ing the identification, classification, and assessment of environmental risk sources;
see [25, 27, 28] and references therein. Overall, these efforts helped different indus-
tries such as the petrochemical sector to correctly define the safety requirements and
straightforwardly identify reference accident scenarios, as explained by Debray and
Salvi [29]. These methods require reliable data, such as accident frequency rate, and a
physical understanding of the phenomenon of interest. In this manner, one can deter-
mine critical factors influencing environmental risk.

1.1.3 Hazards and accidents due to flow electrification

The transport and storage of dielectric liquids can cause numerous accidents in the
petrochemical industrial sector. In the 1950s, the origin of certain of these accidents
was unknown. Consequently, identical accidents occurred in a short period. For ex-
ample, in 1954, fires started in a Shell refinery at Pernis (Holland) 40 minutes after a
liquid hydrocarbon (naphtha) blending operation. The following day, under the same
conditions, fires started again [30]. These accidents were due to a phenomenon called
flow electrification. A simple explanation is the following. During handling opera-
tions of dielectric liquids, electric-charge carriers accumulate and cause sparks in the
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Figure 1.6: Static spark explosion of a chemical facility at Valley Center (Kansas,
USA) in 2007 during a tank filling operation [34].

flowing liquid. These sparks may, in turn, generate fires and explosions, as illustrated,
for example, in Figure 1.6. Since then, numerous accidents in the petrochemical in-
dustrial sector involving accumulation of charges in dielectric liquids were reported;
see, for example, [31–33].

Hazards due to flow electrification do not necessarily involve fires and explosions.
For example, flow electrification is deemed responsible for power transformer failures
in the petrochemical industrial and nuclear sectors; see, for example, [35]. Although
less dangerous for the local population than fires, the economic impact that power
transformer failures have on the industrial sector is considerable.

Nowadays, althoughwell-known by the principal actors in the petrochemical indus-
trial sector, accidents due to flow electrification remain relatively unpredictable. This
is primarily due to the lack of conclusive studies concerning the underlying mecha-
nisms of this phenomenon. Hence, this thesis aims at filling this gap. To this end, in
what follows, we provide some basic notions regarding flow electrification. Then, we
detail earlier works and findings concerning this phenomenon.
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1.2 Basic notions and earlier works

In this section, we list the principal types of electrokinetic phenomena and introduce
some fundamental notions with regards to flow electrification, namely, the streaming
current, the electrical double layer, and the Debye length. Then, we summarize the
main results achieved by different authors in the past 80 years, corresponding to the
discovery of the phenomenon of flow electrification.

1.2.1 Electrokinetic phenomena

Electrokinetic phenomena refer to the relative motion of two phases along their inter-
face [36]. These two phases are, in general, solids and liquids containing impurities.
Electrokinetic phenomena fall into four main groups, listed below.

1. Electro-osmosis. This phenomenon refers to the motion of a liquid along the
charged solid surface induced by an externally applied electric field [37]. The
main application for electro-osmosis consists of dewatering soils, sediments, and
sludge. In this manner, it allows the remediation of hazardous waste contami-
nated soils [38, 39].

2. Electrophoresis. This concerns the movement of solid particles containing ions
in the fluid caused by an electric field [37]. In a similar manner to chromatogra-
phy, this phenomenon allows the identification of a mixture via the separation of
particles. For example, electrophoresis is employed in genetics to separate and
analyze nucleic acids [40].

3. The sedimentation potential. This phenomenon, also known as the Dorn effect,
occurs when gravity or centrifugation results in the motion of sedimenting solid
particles in the solution, thus generating an electric field [41]. Similar to elec-
trophoresis, a well-known application of this phenomenon concerns particle size
analysis via a separation technique called Sedimentation Field Flow Fractiona-
tion (SFFF) [42].

4. Streaming potential/current. The streaming potential/current is an electric cur-
rent that is generated when a liquid moves along a flat surface [43]. Areas of
application are typically the control of the coagulation process in wastewater
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treatment plants [44, 45]. More specifically, the streaming potential measure
the degree of coagulation of raw water.

Additionally, secondary groups complete the family of electrokinetic phenomena,
namely, capillary osmosis, colloid vibration, diffusiophoresis, and electric sonic am-
plitude; see [46] and references therein.

1.2.2 Electrical double layer

Although they are different in nature, all electrokinetic effects stem from a common
source: the electrical double layer (EDL). It consists of a region located at the interface
of two phases (liquid/solid). The development and structure of the EDL has been the
topic of several studies in the past. These studies resulted in the development of a
number of theories of the EDL of different levels of complexity and precision.

Initially, Helmholtz [47] assumed the existence of two layers of opposite polarity
at the interface. However, Helmholtz’s model did not consider certain critical factors,
such as the diffusion and mixing of ions in the solution. Subsequently, Gouy [48] and
Chapman [49] introduced a diffuse model for the EDL. In particular, from Maxwell-
Boltzmann statistics, it is possible to measure the electric potential in the diffuse layer.
Afterwards, Stern [50] proposed a theory that combined elements of the previous two
models.

In Stern’s theory, the EDL consists of two parallel charge layers. The first layer,
located on the side of the solid, is called the surface charge. Inside, ions share the
same sign (positive or negative); see bottom of Figure 1.7. The second layer is on the
liquid side and consists of two sublayers: the Stern and diffuse layers; see the colored
part in Figure 1.7. In the Stern layer, ions have the opposite sign to those located in
the surface charge. The thickness of this sublayer is so thin that inside, ions are not
affected by the flow. More specifically, the electrical properties of the Stern layer are
constant with time, such as the concentration of ions and their signs. On the other
hand, the concentration of ions decreases away from the solid surface, as illustrated in
Figure 1.7.

Since then, several theories have emerged to extend Stern’s model [51–55]. One
of the most significant advancements concerning the EDL is that of Marcus [56] for
its explanation of the rates of electron transfer reactions. Marcus [56] was awarded the
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1992 Nobel Prize in Chemistry for the development of his EDL theory. For a general
description of the Marcus model, the interested reader is referred to his Nobel-Prize
lecture [56]. More recently, Wang and Wang [57] introduced the notion of the hybrid
EDL. Wangs’ theory, in contrast to previous models, proposes the transfer of electrons
at the interface, which has been verified experimentally by Lin et al. [58] and Nie et al.
[59]. For visualization purposes, we have plotted in Figure 1.7 the representation of
the EDL from Wangs’ model. We observe the presence of electrons in the surface
charge while the configuration of ions in both Stern and diffuse layers follow Stern’s
model, described above. As explained by Wang and Wang [57], the formation of the
EDL consists of two steps. First, the transfer of electrons at the interface leads to the
development of ions on the solid surface. These ions cause the migration of opposite
ions in the solution towards the interface. Then, the electrostatic interactions result in
the formation of the EDL.

Figure 1.7: Representation of the EDL through Wang’s model [57].
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1.2.3 Flow electrification

Flow electrification occurs when a flowing liquid, in contact with a solid, transports
electric-charge carriers (ions) from the diffuse layer towards the bulk of the flow do-
main. Generally, in the petrochemical industrial sector and most laboratories, the ions
originate almost exclusively from impurities. There can be many different sources of
impurities: during the production of the liquid, during its initial storage, and so on. In
particular, according to Touchard [60], additives can be put intentionally to reduce the
liquid conductivity. Consequently, an accurate characterization of these impurities is
not readily available, as suggested by Abedian and Sonin [61]. Further, flow electri-
fication falls into the last category of electrokinetic phenomena described in section
1.2.1. More specifically, the motion of the liquid, in contact with the solid, generates
a streaming current in the liquid. The latter measures the concentration of electric-
charge carriers convected by the flow. On another note, this convection of charge in
the liquid is deemed responsible for several major electrostatic accidents. For example,
Klinkenberg’s report [30] includes graphic descriptions of explosions of tanks filled
with petroleum products. More recently, Ohsawa [62] presented a statistical analysis
of fires and explosions in Japanese refineries from 1960 to 2010.

Several parameters influence the streaming current, including the thickness of the
electrical double layer and the initial concentration of impurities in the liquid. On the
one hand, the thickness of the Stern layer corresponds to a few Angstroms, i.e., an
ionic radius. Concerning the diffuse layer, its thickness relies on a quantity called De-
bye length, based on the electrical properties of the medium [63]. Notably, the Debye
length is proportional to the square root of the electrical resistivity of the liquid. In
general, the order of magnitude of the Debye length corresponds to a few microns for
aqueous solutions. However, certain fluids of particular importance to the petrochem-
ical industrial sector have high electrical resistivity. Typical examples include liquid
hydrocarbons such as benzene, heptane, or toluene. In other words, the diffuse layer’s
thickness may be significant for these liquids. Therefore, it is expected that flow elec-
trification primarily occurs in handling operations of low-conductivity liquids (i.e., di-
electric liquids) such as tanks filled with hydrocarbons. Please note that, for chemically
pure dielectric liquids, such impurities should not exist. Nonetheless, for liquid hydro-
carbons in the petrochemical industrial sector, the concentration of these impurities is
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sufficiently large to result in the development of the diffuse layer (at the liquid/solid
interface) and the generation of a streaming current (once the liquid becomes to flow);
see, for example, [64].

1.2.4 Earlier research

Probably the earliest study of flow electrification was that of Dolezalek [65] on benzene
and ether flows in metal pipes. This phenomenon, yet unknown, has gained increasing
attention over time. More specifically, the rise of electrostatic accidents in the petro-
chemical industrial sector has spurred several authors to describe flow electrification
[30, 66–73].

Cooper [64] explained flow electrification through the classical theory of streaming
potential [47]. That author obtained an expression of the streaming current by using
the Helmholtz-Smolucowski equation for the zeta potential. The latter corresponds
to the electric potential at the interface between the diffuse layer and the bulk of the
flow domain. This formulation helped quantity laminar flow electrification of aqueous
solutions in tubes. However, the classical theory of streaming potential neglects the
influence of the liquid conductivity on the thickness of the diffuse layer of the EDL, as
pointed out by Rutgers et al. [73]. Notably, the Helmholtz-Smolucowski equation is
not valid in the case of diffuse layers involving hydrocarbons because these substances
have large Debye lengths. Additionally, classical EDL theories predict a discontinu-
ous charge-density profile, contradicting earlier observations [74]. Consequently, the
theories based on the classical Helmholtz-Gouy model (i.e., by using the Helmholtz-
Smolucowski equation) fail to explain flow electrification of liquid dielectrics. To rem-
edy this, two theories have been proposed and described below.

Theory 1: from Gavis and Koszman [74] to Abedian and Sonin [61]

Gavis and Koszman [74, 75] studied turbulent flow electrification of low-conductivity
liquids in metallic tubes. They based their theory on conservation equations for anions
and cations. These equations consider the transport of ions by conduction, diffusion,
and convection. Further, their theoretical development was based on several hypothe-
ses. These are the following.



14 Chapter 1. Introduction

H1. The valence of each ion, defined by Parkin [76] as “ the number of electrons that
an atom uses in bonding”, is set equal to unity.

H2. The electrical conductivity of the liquid is constant and non-zero.
H3. The diffusion coefficients of cations and anions are equal.
H4. The concentration of ions at the wall is constant.
H5. The time-averaged equation for the electric charge density is approximated

through a “gradient assumption”. This assumption accounts for the loss of turbu-
lent effects (due to the averaging) by introducing a quantity called eddy diffusiv-
ity. The eddy diffusivity is related to the intensity of the flow and operates as an
additional diffusion process. In other words, the resulting diffusion coefficient
in the time-averaged charge-density equation corresponds to the sum between
the initial diffusion coefficient and the eddy diffusivity.

H6. The effective diffusion sublayer corresponds to a region adjacent to the wall,
where the turbulence intensity of the flow does not affect the electric charge-
density distribution. Therefore, the eddy diffusivity is negligible inside this
zone.

H7. The effective diffusion sublayer is thinner than the diffuse layer.
H8. The charge density of liquids with very low electrical conductivity is constant

in the radial direction [75].
Hypotheses H1-H3 allow the derivation of a unique conservation equation for the elec-
tric charge density. Then, by virtue of H4-H8, Gavis and Koszman [74, 75] solved the
time-averaged transport equation for the electric charge density. By multiplying the
radially uniform charge density (H8) with the averaged velocity, Gavis and Koszman
[75] derived an expression for the streaming current. Furthermore, these findings were
consistent with most experimental and observational data for turbulent liquid hydro-
carbon flows [65–70, 72, 73, 77–85]. Nonetheless, the applicability of this formulation
is limited to low-conductivity liquids in circular tubes, mainly because of H8.

Twenty years later, Abedian and Sonin [61] extended the theory of Gavis and Kosz-
man. Those authors derived a closed-form expression for the streaming current and the
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electric charge density in turbulent (circular) pipe flow. In their formulation, they did
not impose any assumptions regarding the electrical conductivity of the liquid. In fact,
Abedian and Sonin [61] presented a case study depending on three parameters: the
Debye length, the pipe radius, and the thickness of the effective diffusion sublayer. For
example, the expressions obtained by Cooper [64] for aqueous solutions and Kosz-
man and Gavis [75] for very low-conductivity liquids appear as limiting cases. In
a subsequent paper, Abedian and Sonin [86] demonstrated that their expression for
the streaming current compares favorably with available experimental data, including
those of Hampel and Luther [71] for materials with long Debye lengths.

In their analysis, Abedian and Sonin [61] assumed hypotheses H1-H6 to be valid.
Additionally, they cast the eddy diffusivity in terms of the distance from the wall. This
continuous profile depends on three regions. First, the eddy diffusivity is negligible
in the effective diffusion sublayer, as suggested by Koszman and Gavis [75] through
hypothesis H6. Then, in the second region, it increases linearly with the distance from
the wall. Finally, the eddy diffusivity becomes constant in the third zone. Nonethe-
less, it is worth adding that the value of this constant increases proportionally with the
turbulence intensity of the flow.

Further, Abedian and Sonin [61] pointed out that the derivation of the expression
of the streaming current in [75] does not require hypothesis H8. Instead, it is sufficient
to add in H7 a condition on the ratio between the Debye length, the pipe radius, and
the thickness of the diffuse sublayer. Those authors also assumed the following.
H9. The electric charge density is small inside the liquid. In particular, the difference

between anion and cation concentrations is much smaller than their sum.
H10. Outside the effective diffusion sublayer, the mean axial velocity profile is con-

stant; inside, it is linear.
The inequality in H9 constrains the conductivity of the liquid to be constant. As a re-
sult, it allows the explanation of hypothesis H2. Also, Abedian and Sonin [61] assumed
an overly simplified profile for the mean axial velocity via hypothesis H10. Indeed, the
closed-form expression for the electric charge density can only be obtained by virtue
of the above simplifying hypothesis. Due to this, those authors fell short of providing
physical insight of the underlying mechanisms of turbulent flow electrification.
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Theory 2: from Boumans [87] to Touchard [88]

Boumans [87, 89, 90, 91] described the phenomenon of flow electrification in circular
tubes through the Debye-Hückel equation for the electric potential. More specifically,
that author estimated an expression for the electric charge density and the streaming
current in the diffuse layer. Hence, the two theories initiated by Gavis and Koszman
[74, 75] and Boumans [87, 89–91] do not rely on the same equations to describe flow
electrification. Moreover, Boumans mainly focused on the diffuse layer and its pertur-
bation. Essentially, this is where the two theories diverge.

• Part I: charge-density distribution in a fully developed diffuse layer

Later on, Touchard [92] undertook Boumans’ work and expanded it. Unlike Abe-
dian and Sonin [61], the conservation equation for the electric charge density does not
consider transport of ions by convection. That author justified this by invoking the
following ad hoc hypothesis.
H11. The diffuse layer is fully developed. As a result, the total charge density in the

diffuse layer remains constant, regardless of the flow regime.
Accordingly, Touchard [92] determined a closed-form solution of the electric charge
density for a fluid at rest in the diffuse layer. Based on hypotheses H1-H4 and the
“weak space-charge density assumption”, equivalent to H9, the electric charge den-
sity is given in terms of modified Bessel functions. In the same paper, Touchard also
studied the charge distribution in the diffuse layer and the influence of the flow on it.
On the one hand, a laminar flow does not modify the electric charge density, result-
ing in a profile similar to that in a liquid at rest. Turbulent mixing, on the other hand,
homogenizes the electric charge density, except in the near-wall regions, analogous to
the effective diffusion sublayer. Touchard [92] estimated numerically the value of the
constant charge density so that the total charge in the diffuse layer remains constant,
i.e., so that H11 holds. However, this hypothesis resulted in a discontinuous charge
distribution at the point where the first zone ends and the second one begins.

Cabaleiro et al. [93] remedied the discontinuous profile by assuming that the total
charge in the diffuse layer and the streaming current increase with the turbulence in-
tensity of the flow, contradicting H11. Nevertheless, similarly to Touchard [92], those
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authors failed to consider transport of ions by convection. Instead, Cabaleiro et al. [93]
included an eddy diffusivity in the time-averaged charge-density equation. Please note
that their expression for the eddy diffusivity differs from that of Abedian and Sonin
[61]. In particular, Abedian and Sonin [61] derived a closed-form expression for the
electric charge density, in contrast to Cabaleiro et al. [93]. Further, via the numerically
computed profile of the electric charge density, Cabaleiro et al. [93] suggested that four
parameters influence the streaming current: the pipe radius, the electric charge density
at the wall, the flow velocity, and the perturbed region by turbulence.

Very recently, Touchard [88] proposed to combine the two models described above
(i.e., [92, 93]). Subsequently, that author separated the diffuse layer into two regions.
First, turbulence does not affect the charge-density distribution in the effective diffusion
sublayer, as in [92]. In the second region, Touchard [88] introduced the eddy diffusivity
in the time-averaged charge-density equation, as in [93]. Once again, the (numerical)
estimation of the electric charge density resulted in a discontinuity at the junction of
the two zones because that author assumed H11 to be valid.

In a subsequent paper, Touchard [94] compared the predictions of the three models
discussed above [88, 92, 93] with experimental data obtained by that author on cryo-
genic liquids flow electrification. In spite of the discontinuity in the charge-density
profile, the predictions of Touchard [88, 92] agree better with the experimental data
than the one Cabaleiro et al. [93] does. However, according to Touchard [94], these
data should be considered with caution due to the complex experimental facility and
protocol. Among these difficulties were preserving a constant concentration of impuri-
ties (to ensure reproducible experiments) and minimizing reactions between the liquid
and materials in contact with it. Consequently, the experimental data yielded signifi-
cantly dispersed results. This, in turn, prevented the development of a more realistic
model (i.e., without discontinuity).

• Part II: development of the diffuse layer via physico-chemical phenomena

Further, Touchard and his team also studied physico-chemical phenomena at the liq-
uid/solid interface [95–98]. More specifically, they developed a theoretical model of
the EDL development and described the influence of this evolution on flow electrifi-
cation via the streaming current. In this context, hypothesis H11 is no longer required.
Accordingly, Touchard et al. [95] presented the first physico-chemical model for hydro-
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carbon liquids flowing through circular pipes. These reactions occur at the interface via
the dissociation and recombination of additives, also known as the corroding model.
In addition to hypotheses H1-H4 and H9, the authors assumed the following.
H12. Inside the liquid, only one type of impurity (or additive) is dissociated. More-

over, the impurity exhibits a weak dissociation rate.
By virtue of H1-H4, H9, and H12, Touchard et al. [95] derived an expression for the
wall-current density. Mathematically, thewall-current density corresponds to the time-
derivative of the total charge in the diffuse layer. For example, the wall-current density
equals zero when the diffuse layer is fully developed (cf. H11). This quantity was
first introduced by Boumans [87] to correct classical EDL theories, including that of
Cooper [64], described above.

Accordingly, Touchard et al. [95] suggested that the wall-current density is propor-
tional to a coefficient, denoted by K , related to the intensity of the physico-chemical
phenomena. By virtue of H4, this coefficient is considered constant. In the same paper,
via the wall-current density, Touchard et al. [95] estimated the evolution of the electric
charge density during the development of the diffuse layer. However, Cabaleiro et al.
[96] used experimental results to highlight the limits of Touchard’s model in channel
flows. In particular, those authors indicated that the coefficient K varies linearly with
the mean flow velocity. One possible explanation for this concerns the validity of hy-
pothesis H4. More specifically, Cabaleiro et al. [96] supposed that the concentration
of cations at the interface is not constant but depends on the flow velocity. Through
a new expression for the coefficient K based on experiments with metallic capillar-
ies, Paillat et al. [97] rectified Touchard’s corroding model. Further, Leblanc et al.
[99] investigated the validity of the coefficientK for mineral oil flowing through stain-
less steel capillaries. Similarly, El-Adawy et al. [100, 101] and Ela et al. [102] studied
physico-chemical phenomena at the interface between dielectric liquids in contact with
dielectric solids.

The corroding model is one of many ways to represent physico-chemical phenom-
ena at liquid-solid interfaces. One can also mention, for instance, the adsorption model
introduced by Walmsley and Woddford [103] and taken up recently by Leblanc et al.
[98]. In this case, anions are adsorbed at the solid surface, in contrast to the corroding
model. Washabaugh and Zhan [104], on the other hand, presented a hybrid model of
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adsorption and corrosion. Later on, the validity of models for the EDL development
was tested via experimental data and measurements of the streaming current in simple
cross-sectional geometries (channel, square duct, circular pipe); see [33, 60, 85, 105–
113].

• Part III: flow electrification in other flow domains

In addition, several authors discussed the generation of electric charge in flow of
low-conductivity liquids (liquid hydrocarbons) through wire mesh screens [114, 115],
filters [116, 117], and (micro)porous media [118–120]. However, as explained by
Miaoulis et al. [114], due to the complexity of flow structures in such media, these
studies were mostly experimental. In addition, many authors studied flow electrifica-
tion in power transformers [35, 121–129], mainly because this phenomenon is deemed
responsible for power transformer failures. Consequently, a team in the laboratory of
Poitiers University developed a “capacitive sensor”. As indicated by Paillat et al. [120],
the aim of this machine is to prevent future electrostatic accidents through a measure
of flow electrification.

To summarize, flow electrification has been the subject of numerous research ef-
forts. Except for Abedian and Sonin [61], the models described above did not consider
the appropriate equation for the electric charge density based on the conduction, dif-
fusion, and convection of ions. In this manner, the numerical treatment of the elec-
tric charge-density equation is eased since there is no coupling with the Navier-Stokes
equations. Nevertheless, not including the convective term resulted in unphysical out-
comes, such as a discontinuous profile for the electric charge density in [88, 92]. With
regards to the work of Abedian and Sonin [61], the simplified profiles of the mean ax-
ial velocity and the eddy diffusivity significantly restricted the influence of small-scale
turbulent structures on flow electrification, located in the near-wall regions.

Additionally, earlier studies mostly focused on measuring flow electrification by
determining the streaming current. However, the phenomenon of flow electrification
should not be limited to this. In particular, no study has examined the transport of
charge induced by turbulence from the diffuse layer towards the bulk of the flow do-
main, nor the build-up of electric-charge carriers. Instead, all studies assumed that
flow electrification has occurred. Consequently, prior studies have failed to adequately
identify the role of turbulence in flow electrification. Notably, no investigation has
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analyzed statistical properties of the electric charge density, such as potential fluctua-
tions induced by turbulence. Accordingly, this thesis aims to fill this gap by presenting
Direct Numerical Simulations (DNS) and Large Eddy Simulations (LES) of electric
charge transport in turbulent channel flows of dielectric liquids.

1.3 Objectives and outline of the thesis

In this work, we develop a theoretical and numerical framework for flow electrification
of liquid dielectrics in channel flows that can be further extended at other geometries
(square duct, circular pipes) in a straightforward manner. Concerning the numerical
treatment, in the recent past, advancements in algorithm development have enabled
the numerical study of various problems arising in electrohydrodynamics. These algo-
rithms have two coupled components: one solver for the fluid-flow equations (typically
the Navier-Stokes equations) and another one for the governing equations of electro-
statics; see, for example, [130, 131]. Our algorirthm and the related code development
has become part of pafiX [132], which is a computational tool for the simulations of
powder and fluid-flow operations in process industries with an emphasis on phenom-
ena that represent a hazard to operational safety. Accordingly, we set the following
objectives:

1. Develop an accurate and robust algorithm for the governing equations of hydro-
dynamics and electrostatics.

2. Study the charge-density distribution in the diffuse layer in terms of the flow
regime.

3. Investigate the characteristics of turbulent flow electrification and the influence
of convection, conduction, and diffusion of electric-charge carriers on it.

4. Develop a cost-effective subgrid-scale model for the charge-density equation,
allowing a further study of flow electrification at higher turbulence intensities.

This thesis is structured as follows. Chapter 2 describes the governing equations for the
flow under study, namely the incompressible Navier-Stokes equations and the electro-
static equations. We also elaborate on the spatial and temporal discretization of these
equations. Furthermore, we identify and discuss the principal nondimensional groups
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of the governing equations. Then, we describe in detail our implementation of their nu-
merical treatment. Finally, we present the computational setup, including the material
properties of the liquid of interest, the geometry of the flow domain, and the boundary
conditions.

In Chapter 3, we examine the charge-density distribution in the diffuse layer in
terms of the flow regime. In the case of a liquid at rest and in laminar flow, we predict
the analytical expression of the electric charge density. We also present an analysis
for the thickness of the diffuse layer. Additionally, we provide the formulation of the
streaming current in the case of a laminar regime. Then, we study the influence of
turbulence on the charge-density distribution via DNS at low to moderate turbulence
intensities.

Chapter 4 presents an in-depth analysis of turbulent flow electrification via DNS.
We separate these simulations into two groups. With the first group, we investigate the
influence of the turbulence intensity in flow electrification. Through the second group,
we study the effects of the Debye length, the electrical conductivity, and the diffusion
coefficient in turbulent flow electrification. To this end, we compare fundamental sta-
tistical quantities, such as the mean and the standard deviation of the electric charge
density. It is worth pointing out that, to our knowledge, there is no reliable experimen-
tal data in the literature. Therefore, our findings serve as a reference point for future
work.

In Chapter 5, we employ the LES approach to study turbulent flow electrification
at higher turbulence intensities. Accordingly, we present different subgrid-scale eddy-
diffusivity models for the filtered charge-density equation. Then, we compare these
models with the database obtained in Chapter 4. Upon validation, we conduct LES.
Accordingly, these simulations contribute to a better understanding of the underlying
mechanisms of turbulent flow electrification.

Finally, Chapter 6 concludes and elaborates on future perspectives.





CHAPTER 2

Governing equations and

numerical modeling

2.1 Introduction

This chapter presents in a detailed manner the theoretical and numerical framework for
the problem in hand, namely flow electrification of liquid dielectrics in wall-bounded
flows. The system of governing equations consists of two different parts. The first one
concerns the motion of the fluid, regarded as a continuous medium. It includes the
mass (or continuity) and momentum equations, commonly called the Navier-Stokes
equations. The second part of the system of governing equations involves the electric
charge density in the liquid via a charge conservation equation. In addition, the equa-
tions are coupled via an extra force in the momentum equations and a convective term
in the charge conservation equation.

Since the diffuse layer is adjacent to the wall, it is expected that small-scale turbu-
lent structures near the viscous sublayer play a significant role in flow electrification.
For this reason, the predictive capacity of approaches based solely on the mean ve-
locity profile, as employed by Abedian and Sonin [61] and Touchard [88, 92], has
certain limitations. On another note, as described in section 1.3, modern computers
and advanced flow solvers have enabled numerical simulations of turbulent flows. Ac-
cordingly, these simulations consider the small-scale structures of the flow, either by
resolving them or modeling their effects.

23
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Therefore, one can provide significant new physical insight into the underlying
mechanisms of the phenomenon of interest. This approach, however, requires the de-
sign of efficient numerical algorithms for the system of governing equations. López-
Herrera et al. [130] and Roghair et al. [131] developed numerical algorithms for elec-
trohydrodynamics. Nevertheless, these algorithms do not consider mechanisms for
charge generation at solid boundaries and charge diffusion away from them.

In this chapter, we present an algorithm for computational electrohydrodynamics
that is well suited for the study of flow electrification and, more generally, for wall-
bounded flows of dielectric liquids. We implemented this algorithm in pafiX, which
is a recent computational tool developed by Grosshans [132] in the federal metrology
institute (PTB) with additional contributions from UCLouvain, including the author
of the present thesis. Notably, pafiX is available as freeware and has been developed
specifically for studying powder and fluid flows under conditions involving operational
safety hazards.

2.2 Governing equations

This section describes the governing equations of electrohydrodynamics for incom-
pressible flows. As mentioned above, this system consists of two coupled parts,
namely, the Navier-Stokes equations (supplemented with a volumetric electric force),
and the charge conservation equation.

2.2.1 Hydrodynamic equations

Throughout this thesis, we consider a fluid with constant mass density and temperature.
Accordingly, the conservation equations for mass and momentum read in dimensional
form,

∇ ⋅ u = 0 , (2.1)
)u
)t
+ (u ⋅ ()u = −1

�
(p + �∇2u + 1

�
F el , (2.2)

where u = (u, v,w), �, p, and � represent the velocity field, the (mass) density, the
dynamic pressure, and the kinematic viscosity of the fluid, respectively. The derivation
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of the Navier-Stokes equations is elaborated in standard textbooks [133–136] and is not
provided herein.

Further, F el stands for the volumetric electric force. Castellanos [137] added this
quantity to the momentum equations to improve the dielectric electrohydrodynamic
model suggested by Melcher and Taylor [138]. This force is due to the sum between a
non-homogeneous dielectric permeability and free charge, namely,

F el = −1
2
(E ⋅ E)(� + �el E , (2.3)

where E, �, and �el denote, respectively, the electric field, the electrical permittivity,
and the electric charge density. In this study, we also assume constant electric proper-
ties, which results in a simplified formulation for the volumetric electric force,

F el = �el E . (2.4)
As it stands, the contribution of this force has been proven to be negligible everywhere
in the flow domain, except at the interface between two liquids [130]. Since this study
focuses uniquely on single-phase fluid flows, it is reasonable to consider that the vol-
umetric electric force has imperceptible effects on fluid motions. As a matter of fact,
all the simulations considered herein confirmed this trend. Nonetheless, we retain this
term in the governing equations for completeness purposes.

2.2.2 Electrostatic equations

In this section, we derive the governing electrostatic equations. It consists of one equa-
tion for the electric potential � and another one for the electric charge density �el. In
the applications of interest, dynamic currents due to charge transport are insignificant,
resulting in negligible effects of electromagnetic induction [139]. Subsequently, we
simplify the laws of electrodynamics to those of electrostatics. In particular, the elec-
tric field E satisfies Gauss’ law,

∇ ⋅ E =
�el
�
. (2.5)

In the electrostatic approximation, the electric field is irrotational. Thus, we can ex-
press E in terms of the gradient of the electric potential �,

E = −∇� . (2.6)
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Accordingly, Gauss’ law reduces to the following Poisson equation,

∇2� = −
�el
�
. (2.7)

As explained in Chapter 1, our study focuses on liquid dielectrics. Theoretically and
for a perfect liquid dielectric, it is impossible to detect any electrohydrodynamic ef-
fects, hence no flow electrification. However, in practice, we observe the presence of
impurities that can dissolve in such materials. In this manner, ions participate in the
electrochemical reactions at the liquid/solid wall interface, leading to the formation of
the EDL; cf. section 1.2.2. At typical impurity concentrations, neutral electronaccep-
tor molecules trap free electrons inside the liquid [137], constraining them to be only
present at the surface charge, as illustrated in Figure 1.7. Consequently, we may con-
sider only ions (cations and anions) as impurities inside the liquid. The electric charge
density �el for the flows of interest is then given by [140],

�el =
∑

P
e0zPnP −

∑

N
e0zNnN , (2.8)

where nP and nN represent, respectively, the concentrations of cations and anions in the
liquid, while e0 corresponds to the elementary charge. In addition, zP and zN denote,
respectively, the absolute values of the valences of cations and anions. Then, we define
the electrical conductivity as [140],

� =
e20
KBT

(

DPz2PnP +DNz2NnN
)

, (2.9)

where DP and DN stand for, respectively, the diffusion coefficient of a cation and an
anion in the liquid. Further, KB represents the Boltzmann constant, while T is the
temperature of the liquid, which is assumed to be constant. The specific electric current
densities for cations and anions read [140],

J P = −e0zPDP(nP +
e20z

2
PDPnP
KBT

E + e0zPnPu , (2.10)

JN = e0zNDN(nN +
e20z

2
NDNnN
KBT

E − e0zNnNu . (2.11)

In each of equations (2.10) and (2.11), the first term on the right-hand side represents
ionic diffusion, the second term expresses ionic migration, and the third one describes
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ionic convection. Additionally, we define the total (electric) current density, J , as the
sum of the specific electric current densities for cations and anions, namely,

J =
∑

P
J P +

∑

N
JN . (2.12)

Then, the conservation equation for the electric charge density reads,
)�el
)t

+ ∇ ⋅ J = 0 . (2.13)

In order to simplify the expression for J , hence for (2.13), we introduce herein the
following assumptions:

i. The ionic valences are all equal to a specific value, often unity, denoted by z,

zP = zN = z . (2.14)

ii. The diffusion coefficients of all ionic species are equal, denoted by D,

DP = DN = D . (2.15)

iii. The sum of the concentration of cations and anions is much higher than their
difference,

∑

P
nP +

∑

N
nN >>

∑

P
nP −

∑

N
nN . (2.16)

These assumptions are commonly employed in studying flows in the presence of elec-
trostatic fields. They are deemed valid for the fluid of interest, corresponding to di-
electric liquids. Please note that in the flow of interest, the fluid is only very weakly
charged and, therefore, is not a plasma . Also, as a matter of fact, equations (2.14)-
(2.16) correspond respectively to hypotheses H1, H3, and H9, which are formulated in
section 1.2.4.

By virtue of these three assumptions, the electrical conductivity � becomes inde-
pendent of the electric charge density. In particular, the definition (2.9) of � reduces
to,

� =
e20z

2Dn0
KBT

, (2.17)
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where n0 represents the total ionic concentration in the liquid, n0 = nN + nP. Further,
by introducing (2.10) and (2.11) into (2.12), we readily obtain the following expression
for the total current density,

J = −D∇�el + �E + �elu . (2.18)

It is worth noting that Saville [139] provided a similar formulation for the total current
density by using the notion of ion mobility ! instead of the diffusion coefficient D.
More specifically, we have,

!KBT = D . (2.19)
The expression (2.18) for the total current density can be directly substituted in (2.13).
In other words, the assumptions (2.14)-(2.16) allow for the introduction of a single
conservation equation for the electric charge density (global analysis) instead of the
use of a conservation equation for each ionic species (local analysis) [139].

One crucial benefit stemming from this simplification is that it is no longer required
to determine the rates of chemical reactions such as recombination and production of
cations or anions. This feature is particularly essential in the case of liquid hydrocar-
bons because such reaction rates are not readily available for them. Also, as mentioned
in section 1.2.3, in the electrification of these substances, the dominant ionized species
are typically unknown impurities [61].

By employing the continuity equation (2.1), Gauss’ law (2.5), and the expression
(2.18) for J , the conservation equation (or, equivalently, balance law) for the electric
charge density reads,

)�el
)t

+ u ⋅ (�el = −�
�
�el + E ⋅ (� + ( ⋅

(

D(�el
)

. (2.20)

The diffusion coefficient D relies on the temperature and the ion mobility, which in
turn depends on the fluid density. Since both the temperature and the fluid density are
constant, then D is taken to be constant too.

Furthermore, the electrical conductivity of a liquid dielectric is due to impurities
only which carry ions. The concentration of the impurities is very small and cannot
be known precisely. Nonetheless, it is reasonable to assume that it remains nearly
constant in the flow domain and does not affect the physical properties of the liquid
(temperature, density, viscosisty). This has been a common assumption in previous
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studies on liquid dielectrics; see, for example, [61, 88] and references therein. There-
fore, the total ionic concentration n0 can also be approximated as constant. According
to Touchard et al. [95], this is also inferred from the hypothesis (2.15) that the dif-
ference between anion and cation concentrations is much smaller than their sum n0.
Consequently, in view of (2.17), the electrical conductivity � can be approximated to
be constant as well. This approximation is also made by necessity due to the scarcity
of data for � at different concentrations of impurities in liquid dielectrics. Then, with
these approximations, the final form of the charge balance law reads,

)�el
)t

+ u ⋅ (�el = −�
�
�el +D∇2�el . (2.21)

The above expression consists in an advection-diffusion-reaction equation. The sec-
ond term on the left-hand side of this equation describes convection of charge, i.e.,
the convective currents. The first term on the right-hand side of (2.21) represents the
conductive currents, hereinafter referred as to ohmic resistance, and acts as a counter-
weight to charge accumulation. Finally, the second term on the right-hand side ex-
presses diffusion of charge.

2.2.3 Non-dimensionalization of the governing equations

Herein, we introduce the dimensionless groups associated to the governing equations,
especially with regards to the conservation equation for the electric charge density.

Dimensionless momentum equations

The Reynolds number is defined as the ratio of inertial to viscous forces. More specif-
ically, it is given by,

Re = Uℎ
�
, (2.22)

where ℎ and U denote the hydrodynamic length scale and velocity scale, respectively.
Due to the presence of the volumetric electric force in (2.2), another dimensionless
group appears. In this work, it is denoted by Lo and reads,

Lo =
�U2

ℎ �el,0 E0
=

��U2

ℎ2 �2el,0
, (2.23)

where �el,0 and E0 represent the reference values of the electric charge density and
electric field, respectively. According to Gauss’ law (2.5), these reference values are
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related via E0 = �el,0ℎ∕�. Then, the dimensionless form of the momentum equations
reads,

)u
)t
+ (u ⋅ ∇)u = −∇p + 1

Re
∇2u + 1

Lo
F el . (2.24)

Please note that, for simplicity purposes, we use the same symbols for dimensional and
dimensionless quantities. Further, based on the remarks from section 2.2.1 concerning
the volumetric electric force, the dimensionless number Lo is most often exceedingly
large. This feature is mainly due to the hypothesis formulated in (2.16), also known
as the weak charge-density assumption. In particular, by introducing (2.8) and (2.17)
into (2.16), we readily obtain the following inequality,

�el <<
�KBT
e0D

⇒ Lo >> ��
(

e0 D U
�KBT ℎ

)2
. (2.25)

In the present work, the volumetric electric force has been evaluated to be several
orders of magnitude smaller than the other terms in the momentum equation (2.21).
In particular, the ratio Lo∕Re can increase up to 105. Therefore, for the problem of
interest, we infer that the electric charge density and its redistributions across the flow
domain do not affect the fluid motion.

Dimensionless charge conservation equation

Due to the ohmic resistance (or, equivalently, the conductive currents) in (2.21), the
behavior of the electric charge density �el is quite different from that of a passively
advected scalar (e.g., the temperature). Notably, three different electric time scales
emerge naturally from (2.21). They read,

�c =
ℎ
U
, �e =

�
�
, �D = ℎ2

D
. (2.26)

The first time scale �c is related to the convection of charge by the flow. The second time
scale �e concerns the charge relaxation. Please note that �e does not exist in passively
advected scalar and is specific to this equation. The third time scale �D, on the other
hand, is related to the diffusion of charge. Further, we introduce two dimensionless
quantities from (2.26), namely,

ReE =
�e
�c
, P e =

�d
�c
, (2.27)



2.2. Governing equations 31

where ReE and Pe denote, respectively, the electric Reynolds and Péclet numbers
[141–143]. Consequently, the conservation equation for the electric charge density
reads, in dimensionless form,

)�el
)t

+ u ⋅ (�el = − 1
ReE

�el +
1
Pe
∇2�el . (2.28)

The presence of the ohmic resistance in (2.21) also leads to a different characteristic
length scale than ℎ: the Debye length. It is denoted by �D, and is defined by,

�D =
√

�D
�
. (2.29)

Asmentioned in section 1.2.3, the Debye length is proportional to the square root of the
electrical resistivity of the liquid. Then, this quantity becomes significant for dielectric
liquids such as liquid hydrocarbons. Due to (2.29), it is possible to rewrite the equation
(2.28) through the Debye length �D instead of the hydrodynamic length scale ℎ. To
this end, we introduce another dimensionless group: the Debye numberRe�, given by,

Re� = ℎ
�D

. (2.30)
By definition, this quantity measures the importance of the Debye length over the hy-
drodynamic length scale. Subsequently, the charge conservation equation can also
read, in dimensionless form,

)�el
)t

+ u ⋅ (�el = −
Re2�
Pe

�el +
Re2�ReE
Pe2

∇2�el . (2.31)

In particular, we have the following relation between the Debye, Péclet and electric
Reynolds numbers,

Re2� = Pe
ReE

. (2.32)
From (2.24) and (2.32), we readily infer that four dimensionless quantities control
the phenomenon of flow electrification: the electric (ReE) and hydrodynamic (Re)
Reynolds numbers, the Péclet number (Pe), and the Debye number (Re�). Therefore,
we investigate the influence of each in the following chapters. Nonetheless, before
doing so, we present below the numerical modeling.
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2.3 Numerical modeling

Throughout this thesis, we have used the computational framework of pafiX and
contributed to its further development. As explained above, pafiX was designed by
Grosshans [132] and implemented in the language F95. Further, it is parallelized via
the Message Passing Interface protocol, also known as MPI. PafiX stands for Parti-
cle Flow Simulation in Explosion Protection and has been available as freeware since
2019. Initially, it was designed to study powder and fluid under conditions involving
operational safety hazards. At the same time, it aims to be as simple and understand-
able as possible while being efficient. To this end, pafiX simplifies redundant features
of classical academic code. For instance, the first version of pafiX had ten times fewer
lines of code than the previous solver employed for the study of powder and fluid; see
[144, 145]. PafiX includes, inter alia, a Navier-Stokes solver. For validation purposes,
we performed 1 DNS of duct flows and compared them with previous DNS available
in the literature [147, 148]. In what follows, we elaborate on the numerical procedure
that we use to integrate the governing system of equations, starting with an outline of
the Navier-Stokes solver and finishing with the framework of the electrostatics solver.

Obtaining numerical solutions requires the definition of a computational mesh to
discretize the geometric domain. Herein, we employ the finite difference method. Ac-
cordingly, a set of indices, denoted by (i, j, k), uniquely identifies each grid node. It
corresponds to the indices of the grid lines that intersect at it. Also, we define the
neighbor nodes by increasing or reducing one of the indices by unity. Therefore, each
node provides one algebraic (partial differential) equation. Then, we replace each term
of the partial differential equation with a finite-difference approximation at each node.
For clarity, Figure 2.1 illustrates an example of a computational grid point P and its
neighborhood. Additionally, Table 2.1 defines the compass notation employed herein.

All unknown variables, however, are not necessarily stored at the same grid points.
Herein, pafiX has been implemented in a staggered grid, introduced by Harlow and
Welch [149]. The motivations behind that are multiple; see [150]. In particular, stag-
gered grids are not prone to the well-known odd-even decoupling between the pressure
and velocity fields [151, 152]. For example, Figure 2.2 provides a staggered grid ar-

1Grosshans H., Bissinger, C., Calero, M. and Papalexandris M., The effect of electrostatic charges on
particle-laden duct flows, J. Fluid Mech. 909 (2021) A21. [146]
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rangement in the xy-plane. As exhibited in this figure, we compute the variables p,
E, and �el at the cell centers. By contrast, we evaluate the velocity field u and the
volumetric electric force F el = (Fx, Fy, Fz) at the center of the cell faces.

PW E

T

B

S

N

X

Y

Z

Figure 2.1: Representation of a computational grid point (P) and its neighborhood.

Furthermore, pafiX employs a non-uniform Cartesian grid, with refined grid mesh-
ing in the wall region, as is typically the case for simulating wall-bounded flows [150].
As a result, the discretization error is more evenly distributed over the computational
domain, leading to a better numerical solution [150]. Also, the staggered grid requires
interpolated values of the velocity field u to solve the charge conservation equation

Grid location Compass notation
i, j, k P

i − 1, j, k W
i + 1, j, k E
i, j − 1, k B
i, j + 1, k T
i, j, k − 1 S
i, j, k + 1 N

Table 2.1: Grid location and its compass notation
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i − 1∕2 i + 1∕2
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j − 1
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j + 1

i i + 1

Δxi

Δyj

Positions Variables
Center faces
Horizontal faces
Vertical faces

�el, p, E, �

u, Fx

v, Fy

Figure 2.2: Staggered grid arrangement in the xy-plane.

(2.21). Herein, we employ the bilinear interpolation, regarded as the simplest two-
dimensional interpolation [153]. For example, in (2.21), for a given computational
grid point P, we have,

ũP ∶= 1
2
(

uP + uW
)

, (2.33)
ṽP ∶= 1

2
(

vP + vB
)

, (2.34)
w̃P ∶= 1

2
(

wP +wS
)

, (2.35)

where ũP, ṽP and w̃P denote the interpolated velocity components, with the compass
notation from Table 2.1.



2.3. Numerical modeling 35

2.3.1 Hydrodynamics solver

In this section, we describe the hydrodynamics solver of pafiX, for which several im-
provements have been made in recent years; see the comparison between [146] and the
procedure below. We note the following concerning the discretization of the spatial
derivatives of the flow variables. The convective term, the pressure gradient, and the
viscous terms of the momentum equations (2.2) are discretized through second-order
central differences. In the case of a staggered grid, this second-order approximation is
the most natural because we do not need to interpolate.

Since the dynamic pressure enters the momentum equations (2.2) via its gradient,
its role is to constrain the fluid motion so that the continuity equation (2.1) is satis-
fied. Herein, we couple the continuity and momentum equations through a (sequential)
Semi-Implicit Method for Pressure-Linked Equations, commonly known as SIMPLE
[154]. This algorithm is widely employed in the field of Computational Fluid Dynam-
ics (CFD) to solve the governing equations of fluid mechanics. Please note that other
versions have been developed since then, such as SIMPLER [151], SIMPLEC [155]
or the PISO algorithm [156]. Furthermore, we integrate in time the Navier-Stokes
equations via second-order implicit scheme using a variable time step,

)u
)t

≈

(

1 + �n+
1
2

)

un+1 −
(

1 + �n+
1
2 + �n−

1
2

)

un + �n−
1
2 un−1

2�n+
1
2 Δtn+1

, (2.36)

with
�n+

1
2 = Δtn+1

Δtn+1 + Δtn
and �n−

1
2 = Δtn

Δtn + Δtn−1
, (2.37)

where the superscript n represents a label for the current time instance, tn, i.e., the most
advanced time at which the solution has been computed. Also, Δtn+1 corresponds to
the time step used to advance the solution from the n-th time level to the next one.

2.3.2 Electrostatics solver

As discussed in section 2.1, we developed in pafiX an electrostatics solver aimed at
solving the conservation equation for the electric charge density, which is strongly cou-
pled with the Navier-Stokes equations via the convective term of (2.21). Accordingly,
we describe below the main characteristics of the electrostatics solver.
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We discretize the left-hand side of the Poisson equation (2.7) for the electric poten-
tial� via second-order central differences. This discretization results in a linear system
that standard linear solvers can solve. Herein, we apply the Jacobi method, which fa-
cilitates the straightforward parallelization of the computer code. The diffusive term
of the charge conservation equation (2.21) is also discretized via second-order central
differences.

Further, we apply an upwind scheme for the convective term of (2.21), coupled
with a flux limiter. The motivations for adding a flux limiter are the following:

1. For smooth solutions, the flux limiter does not operate. The upwind scheme
is second-order accurate, thus minimizing the numerical diffusion from a first-
order upwind scheme.

2. In the case of discontinuities or sharp gradients, the flux limiter prevents the up-
wind scheme from introducing spurious oscillations due to the dispersive nature
of second-order discretizations.

3. The upwind scheme and the flux limiter preserve the positivity of the numerical
scheme. In other words, the sign of the electric charge density �el remains the
same everywhere in the liquid.

Several functions have been employed in the literature to estimate the flux limiter,
denoted by Γ; see [157–163] and references therein. For this work, we use the (sym-
metric) minmod limiter function, introduced by Roe [160]. It reads,

Γ(r+) = max (0,min (1, r+
))

, (2.38)

where r+ represents the ratio of successive gradients. By virtue of (2.38), the solution
is smooth when r+ ≥ 1, thereby resulting in a second-order upwind scheme. Con-
versely, for sharp gradients, Γ(r+) = r+ < 1. Finally, in the case of discontinuities,
the ratio of successive gradients is negative, thus Γ(r+) = 0, resulting in a first-order
upwind scheme. In order to better understand the role of the flux limiter, we provide
below the approximation of )�el

)y
at a given computational grid point P (i, j, l).
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We denote by UP and UB the first-order upwind scheme approximation (positive
velocity) of )�el

)y
at the grid points P (i, j, l) and B(i, j − 1, l), respectively. They read,

UP =
�el(i, j, l) − �el(i, j − 1, l)

Δyj
, (2.39)

UB =
�el(i, j − 1, l) − �el(i, j − 2, l)

Δyj−1
. (2.40)

For a positive interpolated velocity ṽP, the approximation of )�el
)y

is given by,

)�el
)y

(i, j, l) ≈ UP − Γ(r+)
Δyj

Δyj + Δyj−1

(

UB −UP
)

. (2.41)

On the basis of (2.41), we list below three different cases.
• Case 1: UP and UB have opposite signs.

It corresponds to the case in which we have discontinuities. Thus, the ratio of
successive gradients is negative and we have,

)�el
)y

(i, j, l) ≈ UP . (2.42)

• Case 2: UP is negative and UB is strictly negative.
For this case, we set the ratio of successive gradients to be equal to,

r+ =
UP
UB

. (2.43)

In particular, the solution is smooth for UP ≥ UB.
• Case 3: UP is positive and UB is strictly positive.

This case bears similarities with the previous one, except that we inverse the
ratio of successive gradients, namely,

r+ =
UB
UP

. (2.44)

Consequently, the solution is smooth when UB ≥ UP.
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To summarize, the final value of r+ reads,

r+ = max
(

0,
min (0,UP

)

UB
+

max (0,UB
)

UP

)

. (2.45)

Finally, the charge conservation equation (2.21) is integrated in time by an explicit
second-order Runge-Kutta method. In what follows, we present the steps required to
advance the solution from a time tn to the next time step tn+1. As explained in section
2.3.2, the superscript n denotes a label for the current time instance.

1. The intermediate electric charge density �∗el is calculated by using the interpo-
lated value of un and �nel,

(

��el
)n = −un ⋅ (�nel −

�
�
�nel +D∇

2�nel , (2.46)
�∗el = �nel +

1
2
(

��el
)n Δtn . (2.47)

2. The electric potential �∗ is computed by solving the Poisson equation (2.7), the
right-hand side of which involves the value of �∗el that was determined in Step 1.

3. The electric field E∗ is evaluated from (2.6).
4. The value of the volumetric electric force F ∗el is updated from (2.4).
5. The new values of the velocity field un+1 and the pressure pn+1 are computed

through the SIMPLE algorithm.
6. The new electric charge density �n+1el is calculated via the interpolated value of
un+1 and �∗el,

(

��el
)* = −un+1 ⋅ (�∗el −

�
�
�*el +D∇

2�∗el , (2.48)
�n+1el = �∗el +

1
2
(

��el
)∗ Δtn+1 . (2.49)

2.4 Computational setup

In this section, we provide the main information concerning the computational setup
of all the numerical simulations conducted throughout this thesis. It includes the liquid
employed alongside its material properties, the geometry of the flow domain, and the
boundary conditions.
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2.4.1 Properties of benzene

In the present study, we select benzene as the working medium. As mentioned in
section 1.1.1, benzene is one of the most important hydrocarbons in the petrochemi-
cal industrial sector. Due to its low conductivity, benzene is ideal for studying flow
electrification. Moreover, the value of the liquid conductivity, or equivalently the con-
centration of impurities inside the liquid, is large enough to have only ionic carriers,
hence no free electrons. Indeed, according to Castellanos [143], there are no free elec-
trons inside a given dielectric liquid if � > 10−14 S/m, corresponding to a high level
of saturation on impurities. From Table 2.2, we readily infer that our value of � meets
the requirement. Therefore, the hypothesis of the absence of free electrons formulated
in section 2.2.2 applies herein.

Please note that, although we study flow electrification of benzene, the findings of
our simulations also apply to dielectric liquids in general. In particular, we investigate
in Chapter 4 the influence of the electrical conductivity, the diffusion coefficient, and
the Debye length on turbulent flow electrification. Accordingly, we list in Table 2.2
the material properties of benzene at 25◦C, corresponding to a standard ambient tem-
perature. Specific values have been measured experimentally, such as the mass den-
sity [164], the electrical permittivity [165], and the electrical conductivity of benzene
[166]. The remaining quantities, on the other hand, have been determined empirically.

Reid et al. [7] provided a four-parameter exponential correlation for the dynamic
viscosity � = ��, which reads,

� = A1 exp
(

A2
T
+ A3T + A4T 2

)

, (2.50)

where A1, A2, A3, and A4 vary in terms of the liquid and the temperature; see, for
example, [7]. Herein, we obtain approximately � = 6.07 × 10−4 Kg/ms, leading to a
value of � = 6.95×10−7 m2/s. Further, we employ the Einstein-Stokes law to compute
the diffusion coefficient D. It reads,

D =
KBT
6��r

, (2.51)

where r denotes the ionic radius, set equal to r = 2 nm [167]. Thus, we obtain a value
of D = 1.80 × 10−10 m2/s. Finally, we estimate the Debye length from definition
(2.29), which corresponds approximately to �D = 5.73 × 10−5 m.
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Symbol Quantity Value
� Mass density [164] 8.74 × 102 Kg/m3

� Kinematic viscosity [7] 6.95 × 10−7 m2/s
� Electrical permittivity [165] 2.01 × 10−11 F/m
� Electrical conductivity [166] 1.10 × 10−12 S/m
D Diffusion coefficient [167] 1.80 × 10−10 m2/s
�D Debye length 5.73 × 10−5 m

Table 2.2: Material properties of benzene at standard ambient temperature.

Please note that the measurement of the electrical conductivity (and, by extension,
the Debye length) in dielectric liquids depends on the concentration of impurities, as
mentioned in section 2.2.2. Therefore, the estimation obtained in Table 2.2 may be
subject to discussion. However, these values are in good agreement with the data
collected in the literature when measuring the Debye length of dielectric liquids. For
example, Cabaleiro et al. [125] obtained a value of �D = 3.95 × 10−5 m for a 25◦ C
mineral oil. Similarly, Touchard et al. [95] determined the Debye length of a liquid
heptane at room temperature, corresponding to �D = 7.95 × 10−5 m.

2.4.2 Channel flow

In this thesis, we are concerned with flow electrification in channels. This choice of
flow domain was motivated by the following factors. First, most results involving flow
electrification are based on circular pipes. As suggested by Cabaleiro et al. [112],
there is an increasing number of applications concerning flow electrification in chan-
nels. Hence, through this study, we aim to fill this gap. Second, channel flow is one
of the simplest wall-bounded flows and plays a significant role in turbulent flow stud-
ies. Accordingly, many results concerning turbulence are readily available; see, for
example, [168, 169] and references therein.

The computational domain consists of a periodic channel in the streamwise and
spanwise directions, x and z, respectively. The half-width of the channel is denoted
by ℎ and set at ℎ = 0.5 cm. As is typically the case in channel flow, we employ ℎ as
the hydrodynamic length scale. Also, the midplane of the channel is assumed to be
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located at y = 0. The length of the channel is 4�ℎ (streamwise direction x), its width
is 2ℎ (cross-stream direction y), and its depth is 2�ℎ (spanwise direction z); see Figure
2.3. Further, the grid spacing is uniform in the x and z directions. In the y direction,
the mesh is refined in the near-wall regions in a fashion similar to that of Kim et al.
[170]. More specifically, the y coordinates of the edges of the computational cells are
given by the general formula,

yj = ℎ cos
(

j − 1
Ny − 1

�
)

, j = 1,…Ny , (2.52)

whereNy represents the total number of grid cells in the cross-stream direction.

2ℎ

4�ℎ

2�
ℎ

Figure 2.3: Schematic representation and dimensions of the flow domain.

2.4.3 Boundary conditions

In the streamwise x and spanwise z directions, periodic boundary conditions are ap-
plied for all the variables considered herein, namely, u, p, �el, �, E, and F el. For this
study, we prescribe at the solid-wall boundaries the no-slip condition for the velocity
field, i.e., all velocity components are zero. In addition, the solid-wall boundaries are
located at the Stern layer. Hence, we note the following:

1. The Stern layer is not resolved numerically because its thickness is at the order
of the ion size (nanometer).

2. Since the Stern layer represents the wall, we do not consider in this study the
behavior of electrons and ions at the surface of the solid wall; see Figure 1.7 for
visualization purposes.
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3. The Stern layer is assumed to be unaffected by the flow and the liquid/solid
interface. This is because significant electrostatic forces (e.g., the adsorption
force) between ions in the Stern layer and electrons in the surface charge prevent
any transfer. The ions in the Stern layer are, in particular, incapable of diffusing
in the surface charge nor inside the liquid, regardless of the turbulence intensity
of the flow; see, for example, [46, 171, 172].

By virtue of the third point, equivalent to H4 in section 1.2.4, we prescribe a non-zero
Dirichlet condition for the electric charge density �el at the solid-wall boundaries. In
other words, the electric charge density remains constant in the Stern layer. Further,
the selection of this constant is determined such as it respects the weak charge-density
assumption (2.16); i.e.,

�w <
KBT�
e0D

, (2.53)
where �w represents the constant charge density at the wall. According to the parame-
ters given in Table 2.2, the right-hand side of (2.53) equals 1.57 × 10−4 C/m3. There-
fore, for this study, the electric charge density at the wall (Stern layer) corresponds to
�w = 10−4 C/m3. In particular, the Stern layer solely consists of cations, as illustrated
in Figure 1.7. It is worth adding that this value is in good agreement with data from
previous literature. For example, Paillat et al. [97] used a charge density at the wall
ranging between 2.60 and 3.46 (10−4 C/m3). More interestingly, Cabaleiro et al. [125]
employed a value of 8.24 × 10−4 C/m3 when the right-hand side of (2.53) was set to
3.15 × 10−4 C/m3. Therefore, those authors did not consider the weak charge-density
assumption.

Furthermore, the sign of the constant charge density at the wall does not restrict
our study. This pattern is due to the configuration of the conservation equation for the
electric charge density (2.21). More specifically, the governing equations for �el and
its opposite −�el are identical. Similarly, the value of �w does not influence the overall
behavior ot the electric charge density. Indeed, by virtue of (2.21), the ratio �el∕�w is
independent of the charge density at the wall. Please note that this property is valid as
long as the volumetric electric force does not influence the fluid motion, which is the
case in this work; see section 2.2.1.

Finally, we apply a zero-Neumann condition for the electric potential at the solid-
wall boundaries. The use of (� = 0 implies that the overall charge (including the
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liquid and the solid boundaries) remains zero. Alternatively, one could specify the
value of the electric potential at the walls, i.e., assign a Dirichlet boundary condition
for �. However, this value can seldom be estimated in a reliable manner. Further,
numerical experiments conducted in the context of this study showed that the use of
theDirichlet boundary condition for the potential has negligible effects on the evolution
of the charge-density distribution. Accordingly, by virtue of equations (2.6) and (2.4),
both the electric field E and the volumetric electric force F el equal zero at the solid-
wall boundaries.

2.5 Concluding remarks

In this chapter, we introduced the governing equations for the motion of flow under
study: the incompressible Navier-Stokes equations and the conservation equation for
the electric charge density. Then, we presented the discretizationmethods used to solve
the governing equations. In particular, we paid special attention to developing an accu-
rate and robust algorithm for the resolution of the electric charge density. Finally, we
elaborated on the computational setup employed for all simulations conducted through-
out this thesis.





CHAPTER 3

Diffuse layer: properties and

structure

3.1 Introduction

Flow electrification occurs in the presence of the EDL, composed of both the Stern
and diffuse layers (cf. section 1.2.2). As mentioned in section 2.4.3, the Stern layer
represents in our study the wall of the channel and is, therefore, not resolved numer-
ically due to its negligible thickness (which is equal to a few ion-diameters). On the
other hand, the thickness of the diffuse layer is not negligible. Hence, its properties
and structure can be studied theoretically and/or numerically. Therefore, this chapter
presents an in-depth study of the properties and structure of the diffuse layer. This
study considers three flow regimes: liquid at rest, laminar, and turbulent flows. In
this context, we introduce below several quantities related to the investigation of the
charge-density profile in the diffuse layer.

First, we denote the thickness of the diffuse layer by 
 . For this work, we demon-
strate below (see section 3.2.3) that the thickness 
 is thinner than the half-width ℎ of
the channel. In other words, in the cross-stream direction of the channel, the charge-
density distribution is divided into two distinct regions: the diffuse layer and the rest
of the channel, hereinafter referred to as the bulk of the channel. This feature has

A part of the results reported herein have been published in: Calero, M., Grosshans H., and Papalexan-
dris M., A computational framework for electrification of liquid flows, J. Loss Prevent. Proc. 74 (2022)
104637. [173]
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the advantage of allowing us to study the phenomenon of flow electrification in the
diffuse layer, which corresponds to the aim of this chapter. At the same time, we can
also investigate the transport of electric-charge carriers outside the diffuse layer, which
corresponds to the aim of Chapter 4.

Further,Q and I denote, respectively, the total charge and the streaming current in
the liquid. For a channel flow of dimensions 4�ℎ × 2ℎ × 2�ℎ, they read,

Q ∶= 2∫

4�ℎ

0 ∫

0

−ℎ ∫

2�ℎ

0
�el(x, y, z) dz dy dx , (3.1)

I ∶= ∫

4�ℎ

0 ∫

0

−ℎ ∫

2�ℎ

0

�el(x, y, z) u (x, y, z)
ℎ

dz dy dx , (3.2)

where u corresponds to the streamwise velocity component. Q quantifies the total ac-
cumulation of electric-charge carriers, namely ions, in the liquid. On the other hand,
the total streaming current I quantifies the convection (or, equivalently, advection) of
ions by the flow parallel to the wall, which has been studied extensively in the litera-
ture, as reported in section 1.2.3. Similarly, we define the amount of charge and the
streaming current in the diffuse layer by QDL and IDL, respectively. They read,

QDL ∶= 2∫

4�ℎ

0 ∫

−ℎ+


−ℎ ∫

2�ℎ

0
�el(x, y, z) dz dy dx , (3.3)

IDL ∶= ∫

4�ℎ

0 ∫

−ℎ+


−ℎ ∫

2�ℎ

0

�el(x, y, z) u (x, y, z)



dz dy dx . (3.4)

From (3.1)-(3.2) and (3.3)-(3.4), two dimensionless numbers emerge naturally:
Q∕QDL and I∕IDL. These two ratios have a twofold purpose: first, Q∕QDL helps de-
termining an approximation for the thickness of the diffuse layer 
 (cf. section 3.2.3).
Additionally, these quantities provide insight into the significance of the diffuse layer
with regards to flow electrification; see Chapter 4.

3.2 Diffuse layer in a liquid at rest

This section examines the properties of the diffuse layer when the liquid is at rest, i.e.,
u = 0. Then, the conservation equation for the electric charge density (2.21) reads in
dimensional form,

)�el
)t

= −�
�
�el +D∇2�el . (3.5)
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3.2.1 Development of the diffuse layer via ionic diffusion

In the literature, certain authors (e.g., López-Herrera et al. [130], Castellanos [137])
neglected the diffusive term due to relatively small values compared to the convective
and conductive terms of (2.21). Accordingly, we highlight below the influence of this
term on the diffuse-layer development. To this end, let us assume no diffusion of ions.
In other words, the diffusion coefficient D is set equal to 0. Then, the electric charge
density for a fluid at rest is given by,

�el(t) = �0el exp
(

−�
�
t
)

, (3.6)

where �0el corresponds to the initial charge density in the liquid. According to this
solution, the impurities in the liquid are not allowed to move. Instead, the initial charge
density decays exponentially with time. In particular, the charge-relaxation time �e =
�∕�, defined in (2.26), characterizes this decay. For aqueous solutions, the charge-
relaxation time is very low. For example, �e ≈ 10−5 s for deionized water [130].
By contrast, for liquid hydrocarbons, the charge-relaxation time is significant. For
instance, �e corresponds to �e ≈ 18 s for benzene; see Table 2.2. Additionally, as can
be seen from Figure 3.1, the phenomenon of charge relaxation is uniquely observable
(in a human frametime) for dielectric liquids, such as benzene.

Further, from (3.6), we infer that the diffusive term controls the phenomenon of
charge diffusion off the wall for a fluid at rest. More specifically, this term plays a
major role in the development of the diffuse layer. By neglecting it, the electrical
double layer would consist uniquely of the surface charge (solid) and the Stern layer
(liquid), as suggested by Helmholtz [47]. This simple model has been proven to be
inaccurate (cf. section 1.2.2). Moreover, through Helmholtz’s model, the phenomenon
of flow electrification cannot be explained since, in the liquid, there are no charges to
transport. Therefore, it is fundamental to consider in this thesis the process of charge
diffusion, although the diffusive term is several orders of magnitude smaller than both
the convective and conductive terms of (2.21).

3.2.2 Charge-density distribution in a liquid at rest

By virtue of equation (3.5) and the boundary condition �el = �w (see section 2.4.3),
we derive a unique analytical (closed-form) solution for the electric charge density,
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Figure 3.1: Comparison of the phenomenon of charge relaxation between a dielectric
liquid (benzene) and an aqueous solution (deionized water).

denoted as �el. In the case of a channel, periodic in the streamwise x and spanwise z
directions (see section 2.4.2), this solution reads,

�el (y) = �w
sinh

(

ℎ−y
�D

)

+ sinh
(

ℎ+y
�D

)

sinh
(

2ℎ
�D

) , for y ∈ [−ℎ, ℎ] . (3.7)

According to the above expression (3.7), the electric charge density �el has the follow-
ing properties.

1. In contrast to (3.6), the electric charge density is time-independent but does vary
in terms of the cross-stream direction y. Thus, based on the expression (3.7), ions
are diffused away from the Stern layer. Moreover, this diffusion depends on four
parameters: the Debye length �D, the electric charge density at the wall �w, the
half-width of the channel ℎ, and the distance from the wall.
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2. The electric charge density is symmetric in the cross-stream direction, i.e.,
�el (y) = �el (−y). We attribute this feature to the fact that we consider the same
constant charge density at the top and bottom walls. This assumption has the
advantage of simplifying the evaluation of integrals, such as for the total charge
Q and the streaming current I , defined in equations (3.1) and (3.2), respectively.

3. The solution reaches its maximum at the walls (y = ±ℎ) and its minimum at the
midplane (y = 0). Further, these extrema are respectively equal to,

�el(±ℎ) = �w and �el(0) =
�w

cosh (ℎ∕�D
) . (3.8)

On the basis of (3.8), we deduce that the electric charge density at the wall acts
as an upper limit for the electric charge density in the liquid and must satisfy the
inequality (2.25) for the weak charge-density assumption to hold, as discussed in
section 2.4.3. In addition, for high values of the Debye number, defined asRe� =
ℎ∕�D (cf. (2.30)), the electric charge density at the midplane is negligible. In
other words, the process of charge diffusion is restricted to a specific zone inside
the liquid and close to the wall. By definition, this zone corresponds to the
diffuse layer.

4. Due to symmetry, the solution is increasing for positive values of y and de-
creasing for negative values of y. More specifically, the electric charge density
decreases in terms of the distance from the wall (or, equivalently, from the Stern
layer). It is worth noting that this property is consistent with the formal definition
of the diffuse layer; see [46] and references therein.

5. At high values of the Debye number, namely Re� >> 4, the solution (3.7) can
be approximated by,

�el (y) = �wexp
(

−
ℎ − |y|
�D

)

, for y ∈ [−ℎ, ℎ] . (3.9)

As mentioned above, the solution obtained in (3.7) is time-independent. In this case,
the diffuse layer is said to be fully developed, as mentioned in section 1.2.4. In par-
ticular, it is assumed that physico-chemical phenomena no longer take place at the
interface because a chemical equilibrium has been reached; see, for example, [95, 98].
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Figure 3.2: Charge-density distribution for a liquid at rest in a channel at various Re�,when the diffuse layer is fully developed.

This configuration is the starting point of our numerical study of flow electrification.
Notably, all the numerical simulations conducted throughout this thesis employ the
expression obtained in (3.7) as the initial profile for the electric charge density.

Further, we have plotted in Figure 3.2 the charge-density distribution for a liquid
at rest in a channel (when the diffuse layer is fully developed), at various Re�. Due to
symmetry, we provide only the profile for negative values of y. From these plots,
we readily confirm that the electric charge density in the liquid decreases strongly
with respect to Re�. More specifically, for very low values of Re�, the electric charge
density tends to be uniform and equal to �w. The explanation is the following. When
the dimension of the channel is very small, as is the case in microfluidics, the Stern
layer extends over a significant part of the channel. Hence, the value of the electric
charge density in the liquid is close to that at the wall (Stern layer). Conversely, for
large values of the Debye number, the diffuse layer is relatively thin compared to the
half-width of the channel.
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3.2.3 Thickness of the diffuse layer

In what follows, we investigate the thickness of the diffuse layer 
 . The main purpose
is to obtain a relation between 
 and the Debye length �D, which is typically employed
as the characteristic length scale of the EDL (cf. section 1.2.3). The analysis consists
of two steps. First, we compute the total charge in the liquid Q and in the diffuse layer
QDL with the solution obtained in (3.7). Then, we determine 
 so that the ratioQDL∕Q
is sufficiently close to 1. By virtue of (3.1), (3.3), and the solution (3.7), we have,

Q = 16(�ℎ)2�D�wtanh(ℎ∕�D) ,

QDL = 16(�ℎ)2�D�w
sinh(ℎ∕�D) + sinh((−ℎ + 
)∕�D)

cosh(ℎ∕�D) . (3.10)
Then, the ratio QDL∕Q equals,

QDL
Q

= 1 −
sinh

(

ℎ − 

�D

)

sinh
(

ℎ
�D

) . (3.11)

From (3.11), we deduce that the ratio QDL∕Q depends on two quantities: the Debye
number and the ratio between the thickness of the diffuse layer and the Debye length.
Accordingly, we have plotted in Figure 3.3 four profiles of QDL∕Q in terms of Re�.
These profiles correspond to cases for which the thickness of the diffuse layer equals
one, two, three, and four times the Debye length �D, respectively. According to it, for
high values of the Debye number, 
 can be approximated by 
 ≈ 4�D with an error
of 1.8%; see Figure 3.3d. We assume it is sufficiently close to zero for the purposes
of this study. As a result, we consider herein that the thickness of the diffuse layer
corresponds to four times the Debye length.

Further, Paillat et al. [106] suggested that 87% (respectively, 95%) of the charge
in the diffuse layer is located between the Stern layer and two times the Debye length
(respectively, three times). Figures 3.3b and 3.3c indicate that these values are in ex-
cellent agreement. However, the statement made by Paillat et al. [106] holds solely for
relatively high Debye numbers, i.e., Re� ≥ 6. By contrast, for 4 < Re� < 6, the corre-
sponding adequate thickness is determined by referring to Figure 3.3. Please note that
this situation does not correspond to our problem in hand since Re� ≈ 87; see Table
2.2. For visualization purposes, this case corresponds to the black line in Figure 3.2.
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Figure 3.3: Variation of the ratio QDL∕Q in terms of the Debye number Re�.

3.3 Charge-density distribution in laminar channel flow

In this section, we investigate the influence that laminar channel flow has on the charge-
density distribution in the diffuse layer. Hence, we consider a liquid (benzene) in
motion, in contrast to section 3.2. In this context, only the streamwise velocity u is
non-zero. It reads [168],

u(y) =
3um

(

ℎ2 − y2
)

2ℎ2
, for y ∈ [−ℎ, ℎ] , (3.12)

where um represents the mean velocity, while � denotes the kinematic viscosity, the
value of which is provided in Table 2.2. It is worth adding that the expression (3.12)
for the velocity field in Poiseuille flow is well known and is valid herein since the
volumetric electric force in the momentum equations is assumed to be negligible, as
mentioned in section 2.2.3 through the inequality (2.25).
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According to (3.12), the velocity field is normal to the initial charge-density gra-
dient of (3.7). This, in turn, implies that the convective term u ⋅ (�el of (2.21) equals
zero. Therefore, the charge-density profile is the same as for a fluid at rest, given by
(3.7). More specifically, laminar flow electrification does not occur in channels in the
sense that the liquid motion does not result in transport of electric-charge carriers away
from the diffuse layer. Please note that is is also the case in circular pipes, as indicated
by Touchard [92]. Nonetheless, the flowing liquid generates a streaming current (cf.
section 1.2.3). It reads,

I = 8�2ℎ∫

0

−ℎ
�el(y) u (y) dy , (3.13)

where �el corresponds to the time-asymptotic solution (3.7). Due to (3.7) and (3.12),
the streaming current in laminar channel flow reads,

I = 24�2�w�2Dum
(

1 −
�D
ℎ
tanh(ℎ∕�D)

)

. (3.14)
By virtue of the aforementioned expression, the streaming current in laminar channel
flow depends on four parameters: the charge density at the wall �w, the Debye length
�D, the half-width of the channel ℎ, and the mean velocity um. More specifically, we
have the following properties.

1. The streaming current depends linearly on the mean velocity. This property is in
excellent agreement with experimental measurements of the streaming current
in both laminar pipe and rectangular channel flows; see [92, 96, 101, 106, 111],
and references therein.

2. The streaming current is proportional to the constant charge density at the wall.
This result stems from the specific relation between �el and �w. From (2.21),
we infer that the ratio �el∕�w is independent of the value of the electric charge
density at the wall, as discussed in section 2.4.3.

3. For high values of the Debye number, i.e., Re� >> 4, the streaming current can
be approximated by,

I = 24�2�w�2Dum . (3.15)
Based on (3.15), the streaming current has a quadratic growth with regards to
the Debye length. Thus, the streaming current has higher values when the liquid
conductivity is low, as is the case in liquid hydrocarbons such as benzene.
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As examined in section 1.2.4, the value of the electric charge density at the wall �w
depends on the initial concentration of impurities in the liquid. In particular, for lower
values of �, we expect a decrease of �w (cf. (2.17)). From the two last points described
above, it is not straightforward to determine with precision how different concentra-
tion of impurities influence the streaming current. Nonetheless, due to the relation
between the Debye length and the diffuse layer, increasing the concentration of impu-
rities (hence the electrical conductivity) results in a thinner diffuse layer.

Further, from (3.15), we infer that the streaming current in laminar channel flow
cannot exceed a certain value, denoted by Imax. We estimate Imax via the expression
(3.15), the weak-charge density assumption (2.53), and the inequality concerning the
mean Reynolds number Rem in a laminar regime [168],

Rem ∶=
2umℎ
�

≤ 1.35 × 103 . (3.16)

Then, we have the following inequality for the streaming current in laminar channel
flow,

I < Imax ∶=
1.62 × 104�2�KBT �

e0 ℎ
. (3.17)

In our specific case of benzene flowing within a channel of dimensions 4�ℎ×2ℎ×2�ℎ,
the maximum value for the streaming current corresponds to Imax = 1.14 × 10−11A.

3.4 Perturbations of the charge-density distribution

In turbulent channel flows, the convective term u⋅(�el of (2.21) has a nonzero value, in
contrast to a fluid at rest (or in a laminar regime). The existence of this term implies that
the solution (3.7) is no longer valid in turbulent channel flows. For this very reason, as
reported in section 1.2.4, it has been proposed by several authors that flow turbulence
plays a significant role in the phenomenon of flow electrification. Accordingly, we
present in this section a numerical study of the perturbations of the charge-density
distribution in the diffuse layer by turbulence. To this end, we describe below the grid
resolution requirements.
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3.4.1 Grid resolution requirements

For this study, we employ the friction Reynolds number Re� = u�ℎ∕� to measure the
turbulence intensity of the flow field. The friction velocity u� is defined by [168],

u� =
√

�w
�

and �w = �
d⟨u⟩t
dy

|

|

|ỹ=0
, (3.18)

where �w denotes the wall shear stress. Further, ⟨u⟩t stands for the time-averaged
streamwise velocity, while ỹ represents the distance from the wall. Also, it is well-
known that other relevant Reynolds numbers exist, such as the centerline and mean
Reynolds numbers. Their differences stem from the selection of the hydrodynamic
velocity scale. Nonetheless, for turbulent channel flows, semi-empirical correlations
have been provided between the various Reynolds numbers [168]. Therefore, the par-
ticular choice of the Reynolds number is not restrictive.

In this section, we carry out six DNS for friction Reynolds numbers set equal to
Re� = 80, 100, 120, 150, 180, and 210. DNS is the most accurate approach for the
numerical treatment of turbulent flows. For this reason, they are widely employed for
the simulations of flows at low to moderate Reynolds numbers, as is the case herein.
DNS, on the other hand, requires very fine grids. In particular, to perform DNS, we
must meet two basic criteria [150]. First, the largest turbulence scales need to be in-
cluded in the computational domain (a channel in our study). Additionally, the extent
of the domain in the periodic directions has to be large so as to avoid spurious in-
teractions between the largest structures. In other words, this approach requires to
have a relatively large computational domain, as the one used in our study, namely
4�ℎ × 2ℎ × 2�ℎ (cf. section 2.4.2). The second criterion concerns the grid resolu-
tion. It must be fine enough to capture the smallest turbulence structures, represented
through the Kolmogorov microscale, �, defined by,

� =
(

�3

E

)1∕4
, (3.19)

where E denotes the average rate of dissipation of the turbulent kinetic energy, the
definition of which is given in section 4.3.2. In addition, based on the work of Kim
et al. [170], we provide below a sufficient requirement for DNS of turbulent channel
flows:
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• In the periodic directions, the streamwise and spanwise grid spacingmust satisfy,

Δx ≤ 12 ℎ
Re�

and Δz ≤ 7 ℎ
Re�

. (3.20)

• In the cross-stream direction, the relative distances between the wall and the
third grid point (Δy3), and between the wall and the tenth grid point (Δy10)
must follow,

Δy3 ≤ ℎ
Re�

and Δy10 ≤ 10 ℎ
Re�

. (3.21)

• In the cross-stream direction, the largest grid spacing (Δymax), located at the
midplane y = 0 (see section 2.4.2), must satisfy,

Δymax ≤ 10 ℎ
Re�

. (3.22)

In the field of computational fluid dynamics (CFD), it is common practice to measure
a distance via the wall unit y+. This dimensionless quantity determines the relative im-
portance of viscous and turbulent processes. In particular, the distance Δ of a generic
quantity can be measured in wall units by,

Δ+ = Δ
Re�
ℎ

. (3.23)

Further, the computational mesh consists of 192×129×160 grid cells for Re� ≤ 180.
ForRe� = 210, we employ a finer grid consisting of 280×181×225 grid cells. For the
sake of completeness, Table 3.1 reports the values of the grid spacing in the x, y, and
z directions for the DNS considered in this study. According to it, we readily conclude
that the above requirements (3.20)-(3.22) for DNS have been satisfied. Additionally,
Figure 3.4 presents an a posteriori comparison between the Kolmogorov length scale
�+ and the grid spacing Δy+ in terms of the distance from the wall, measured in wall
units. For Re� ≤ 120, the Kolmogorov length scale is always larger than the grid
spacing; see Figure 3.4(c). Otherwise, the curve of �+ is above the one of Δy+ only
close to the wall. As expected from Table 3.1, the biggest gap between Δy+ and �+
corresponds to the case Re� = 180; see Figure 3.4(e). In particular, the grid spacing
is one wall unit larger than the Kolmogorov length scale at y = ±0.5. As a result, the
grid employed for the case Re� = 180 may be formally too coarse for DNS. However,
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Re� Δx+ Δz+ Δy+3 Δy+10 Δy+max
80 5.23 3.13 0.46 2.37 3.86
100 6.54 3.92 0.58 2.95 4.83
120 7.85 4.70 0.69 3.56 5.79
150 9.81 5.88 0.87 4.45 7.24
180 11.77 7.05 1.04 5.33 8.69
210 9.4 5.84 0.30 3.17 3.64

Table 3.1: Summary of the grid spacing for the DNS considered herein.

as demonstrated by Kim et al. [170], the turbulent structures that are not resolved carry
an insignificant amount of kinetic energy.

Initially, we perform a preliminary simulation of turbulent channel flow in absence
of electric charge. Once the flow becomes fully developed, we apply the initial profile
for the electric charge density (see Figure 3.5) and start solving for the coupled system
of equations of electrohydrodynamics. Further, the initial profile has been computed
numerically from the charge conservation equation for a liquid at rest. According to
Figure 3.5, our numerical solution is in excellent agreement with the closed-form ex-
pression obtained in (3.7). Additionally, this figure allows us to identify the position of
each numerical grid point in the diffuse layer. In the cross-stream direction, the coarser
mesh (for Re� ≤ 180) consists of thirteen grid points within the diffuse layer, corre-
sponding to approximately 20% of the total grid points in this direction. The last point
is located at y∕ℎ = −0.954 so that the diffuse layer thickness 
 is set equal to 4�D.
In particular, as described in section 3.2.3, 98.2% of the total charge is concentrated
in this zone. Finally, we determine for all simulations considered herein the time step
via the Courant-Friedrich-Levy (CFL) condition with a constant Courant number set
to 0.25.

3.4.2 The law of the wall in turbulent channel flows

Before proceeding further, we present in this section some general characteristics of
turbulence in channel flow, which are deemed needed for the understanding of tur-
bulent flow electrification. Accordingly, we employ certain well-known definitions
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(a) Re� = 80.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

-1 -0.8 -0.6 -0.4 -0.2  0

R
ef

er
en

ce
 l

en
g

th
 i

n
 w

al
l 

u
n

it
s

y/h

η
+

∆y
+

(b) Re� = 100.
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(c) Re� = 120.

 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

-1 -0.8 -0.6 -0.4 -0.2  0

R
ef

er
en

ce
 l

en
g

th
 i

n
 w

al
l 

u
n

it
s

y/h

η
+

∆y
+

(d) Re� = 150.
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(e) Re� = 180.
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(f) Re� = 210.
Figure 3.4: Comparison of the Kolmogorov microscale �+ and the grid spacing Δy+,
measured in wall units, for friction Reynolds number Re� ranging from 80 to 210.
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Figure 3.5: Analytical and numerical solutions of the charge-density distribution for
a liquid at rest in the diffuse layer. It corresponds to the initial profile of the electric
charge density for all the numerical simulations considered herein.

and notions regarding channel flows that can be found in standard textbooks; see, for
example, [168, 169].

In turbulent flows, we can separate a generic quantity  into two parts: its mean
⟨ ⟩ and its fluctuation  ′ ,

 = ⟨ ⟩ +  
′
. (3.24)

A fully developed channel flow is considered statistically one-dimensional, with ve-
locity statistics depending only on the cross-stream direction y,

⟨u⟩ = (⟨u⟩(y), 0, 0) . (3.25)
The behavior of the velocity field strongly depends on the position regarding the dis-
tance from the wall. As described in section 3.4.1, we measure this distance via the
wall unit y+, defined by [168],

y+ =
(ℎ − y)Re�

ℎ
, for y ∈ [−ℎ, ℎ] . (3.26)
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Figure 3.6: Comparison of the mean charge-density profiles with the log-law estima-
tion for the DNS considered herein.
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Typically, the channel is divided into two main zones: the viscous wall region corre-
sponding to y+ < 50 and the outer layer corresponding to y+ > 50. This separation is
of particular importance since we consider a flow to be laminar if Re� ≤ 45 [168]. In
other words, in laminar channel flows, the fluid is restricted to the viscous wall region.
Inside it, there is a zone called viscous or laminar sublayer, corresponding to y+ < 5,
in which the turbulent fluctuations are exceedingly small due to the proximity of this
region with regards to the wall. In particular, the mean streamwise velocity consists of
a linear profile regarding the wall unit [168],

⟨u+⟩ = y+ for y+ < 5 . (3.27)

Inside the outer layer, and more specifically in the log-law region, corresponding to
y+ < 30, the mean streamwise velocity is approximated via the following log law
[168],

⟨u+⟩ = 1
0.41

ln (y+) + 5.2 . (3.28)
From the plots of Figure 3.6, we can confirm that our profiles of ⟨u⟩ agree very well
with the log-law estimation (3.28). The only exceptions concern cases Re� = 80 and
Re� = 100. Indeed, Patel and Head [174] observed transitional laminar/turbulent
effects between Re� = 50 and Re� = 100. Therefore, conducting DNS at Re� = 80
and Re� = 100 allows the investigation of the phenomenon of flow electrification in
transitional flows.

In this work, the viscous sublayer entirely covers the diffuse layer for Re� ≤ 110.
By contrast, it covers approximately half of the diffuse layer for Re� = 210. Accord-
ingly, it is expected that the contribution of the velocity in the diffuse layer via the
convective term u ⋅(�el may not be as significant as in the bulk of the channel, or may
even be negligible. We address this particular issue in the following section.

3.4.3 Evolution of the electric charge density

The fully developed diffuse layer is perturbed as soon as the flow becomes turbulent.
Accordingly, we present in Figure 3.7 the evolution of the charge-density distribution
in the diffuse layer for the Reynolds numbers considered herein. From Figure 3.7, we
observe certain similarities between the different plots, regardless of Re� . First, the
electric charge density in the diffuse layer tends progressively towards an equilibrium
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Figure 3.7: Evolution of the charge-density distribution in the diffuse layer for the
friction Reynolds numbers considered herein.
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value. During this (last) stage of electrification, hereinafter referred to as the stationary
stage, the profile of the electric charge density varies very little with time. In this man-
ner, during the stationary stage, the total charge in the diffuse layer can be considered
as constant.

As soon as the liquid is in contact with the solid, a small percentage of impurities
in the liquid dissociate in anions and cations. On the one hand, the anions react with
cations from the solid. Whereas, the cations (in the liquid) form a double layer with
the electrons of the solid. Please note that these electrons are inevitably generated to
compensate the formation of cations from the solid since initially, the surface charge
is electrically neutral. Then, these physico-chemical phenomena stop when the con-
centrations of anions (in the liquid) and cations (from the solid) reach a specific value,
i.e., so that the reaction between anions and cations is at equilibrium; see, for exam-
ple, [95, 96, 98] and references therein. Accordingly, at equilibrium (i.e., for a fully
developed diffuse layer), the EDL is electrically neutral. More specifically, the surface
charge is charged negatively (due to the presence of electrons at the interface), while
the liquid is charged positively (only cations in the Stern layer and mostly cations in
the diffuse layer).

However, when turbulence takes ions (mostly cations) away from the diffuse layer,
our simulations suggest that the charge imbalance triggers further dissociation of the
impurities located in the liquid, thus resulting in a significant increase of the concen-
tration of cations in the liquid, and not only in the diffuse layer (due to the turbulent
convection). As is commonly assumed, the solid can provide an “endless supply” of
cations. In other words, the anions (in the liquid) are the limiting reagents, see [95, 98].
In this manner, the overall system (consisting of the solid surface and the liquid) re-
mains electrically neutral but there is a flux of cations from the diffuse layer until a
new equilibrium state is reached, which corresponds to the stationary stage.

Then, our simulations, on the basis of Figure 3.7, predict two chemical equilibria
for the EDL. The first one is when the liquid is at rest or in laminar flow, which cor-
responds to the fully developed diffuse layer. The second equilibrium is during the
stationary stage when the flow is turbulent. In such case and for the purpose of this
study, the diffuse layer is said to be fully perturbed. We employ this notation mainly
to distinguish it from the notion of fully developed diffuse layer whose the latter is no
longer appropriate for turbulent flows.
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Additionally, the value of the (constant) total charge in the diffuse layer during the
stationary stage, which depends on the turbulence intensity of the flow (cf. section
3.4.4), is higher than that for a fluid at rest (or, equivalently, in laminar flow). This,
in turn, implies that it would not be accurate to assume that the total charge in the
diffuse layer is independent of the flow regime, as suggested by Touchard [88, 92] when
investigating the charge-density profile in the diffuse layer of a circular pipe. According
to that author and as mentioned in section 1.2.4, this hypothesis (referred as H11) is
due to the fact that, when the diffuse layer is fully developed, further physico-chemical
reactions can no longer take place, which is in contradiction with our predictions.

Further, as suggested by Touchard [88, 92], there is a region adjacent to the wall in
which turbulence does not affect the profile of the electric charge density: the effective
diffusion sublayer. We delimit approximately this zone by the vertical dashed line in
Figure 3.7. Please note that a further investigation regarding the effective diffusion sub-
layer is provided in Chapter 4. Accordingly, the evolution of the diffuse-layer profiles
varies dramatically with regards to the turbulence intensity of the flow. In particular,
we observe the emergence of three different patterns.

1. Higher turbulence intensities result in a reduction of the duration required to
reach the stationary stage. In other words, they result in faster electrification.
For instance, the process of flow electrification for Re� = 180 (see Figure 3.7e)
lasts approximately half as long as for the case Re� = 120 (see Figure 3.7c).

2. During the stationary stage, the electric charge density in the (fully perturbed)
diffuse layer significantly increases with the turbulence intensity. This phe-
nomenon is evenmore pronounced in transitional laminar/turbulent flows, corre-
sponding to friction Reynolds numbers ranging approximately between Re� =
50 and Re� = 100 [168, 174]. For example, the overall value of the electric
charge density is almost two times higher for Re� = 100 than for Re� = 80,
while it is also two times higher for Re� = 180 than for Re� = 100. In addition,
at higher turbulence intensities, our simulations suggest that the electric charge
density increases with a lower rate than for small values of the friction Reynolds
number.

3. The thickness of the unaffected region, i.e., the effective diffusion sublayer, be-
comes thinner with regards to the turbulence intensity of the flow. For instance,
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we denote a ratio of approximately 17 between cases Re� = 80 and Re� = 180;
see Figures 3.7a and 3.7e.

According to the above observations, it is therefore expected that turbulence also
strongly affects the streaming current IDL and the amount of chargeQDL in the diffuse
layer.

3.4.4 Convection and accumulation of electric-charge carriers

As reported in section 3.3, for laminar channel flows (i.e., Re� ≤ 45), the streaming
current in the diffuse layer IDL scales with the square of the friction Reynolds number.
With regards to the amount of charge in the diffuse layer, it is constant, the value
of which is given in (3.10) and is denoted as Q0DL. In turbulent channel flows, our
simulations predicted that the behaviors of the streaming current IDL and the amount
of charge QDL are radically different.

We have plotted in Figure 3.8 the variation of the streaming current in the diffuse
layer in terms of the Reynolds number. For Re� ≤ 50, the values of IDL have been
obtained via the laminar estimation of (3.14). Whereas, for 80 ≤ Re� ≤ 210, the values
of the streaming current have been computed via DNS. In the same figure, we also
have juxtaposed a fit of this quantity, by using the nonlinear least-squares Marquardt-
Levenberg algorithm. It reads, for Re� ≥ 50,

I(Re� ) = C1Re
2
� + C2Re� + C3 , (3.29)

where C1 = 8.11 × 10−13, C2 = −7.86 × 10−11, and C3 = 1.86 × 10−9 are constants
and have dimensions of current (Ampere). Based on the aforementioned expression,
it is expected that the growth of IDL with respect to Re� is accentuated as the turbu-
lence intensity of the flow increases. This can also be deduced from the fact that the
streaming current is related directly to the streamwise velocity u (hence the turbulence
intensity of the flow) through its definition (3.4). Therefore, turbulence increases dra-
matically the streaming current in the diffuse layer. By comparison, the values of the
streaming current in laminar flow become exceedingly small; see Figure 3.8.

Further, we have plotted in Figure 3.9 the variation of the ratioQDL∕Q0DL in terms
of the Reynolds number. According to it, QDL∕Q0DL increases with Re� but at a lower
rate to that for the streaming current. This is because, contrary to IDL, the streamwise
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Figure 3.8: Variation of the streaming current in the diffuse layer IDL with Re� . Theblue curve corresponds to a fit for the streaming current, defined in (3.29). The black
circles "∙" represent the values of IDL, obtained via DNS when Re� ≥ 50.

velocity does not appear in the definition of QDL; cf. definition (3.3). Also, due to
this particularity, it is expected that the amount of charge in the diffuse layer cannot
exceed a specific threshold value. More specifically, this limit can be predicted by as-
suming that, at infinitely large turbulence intensities (i.e., when the viscous sublayer is
exceedingly thin, thus resulting in many eddies in the diffuse layer), the electric charge
density becomes exceedingly close to its value at the wall �w. Then, by replacing �el
by �w in equations (3.1) and (3.3), the limit reads,

QDL
Q0DL

= 4
cosh(ℎ∕�D)

sinh(ℎ∕�D) + sinh((−ℎ + 4�D)∕�D) ≈ 3.92 . (3.30)

The aforementioned expression corresponds to the theoretical limit of an infinite
Reynolds number with zero charge relaxation (i.e., � = 0). However, please note
that due to the presence of the ohmic resistance in the conservation equation (2.21),
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Figure 3.9: Variation of the ratio QDL∕Q0DL with Re� . The black circles "∙" represent
the values of QDL∕Q0DL, computed via DNS when Re� ≥ 50.

the electric charge density �el cannot be everywhere equal to �w, regardless of the
turbulence intensity of the flow.

As shown in Figure 3.7, inside the unaffected region, the charge-density profile
is similar to that in a fluid at rest. In particular, in this zone, �el differs from �w.
Nonetheless, our numerical results concerning the streaming current and the amount
of charge predict that flow electrification increases significantly with the turbulence
intensity of the flow, thereby increasing the risk of electrostatic hazards. As reported by
Klinkenberg and van derMinne [30], these risks include ignitions, fires, and explosions
of liquid hydrocarbons such as benzene.

3.5 Concluding remarks

In this chapter we presented the charge-density distribution in the diffuse layer and the
influence of the flow on it. First, we observed that the process of charge diffusion is
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fundamental for the development of the diffuse layer. Otherwise, it simply results in
charge relaxation, hence no electrification. For a fluid at rest, we derived an analytical
expression for the electric charge density. Further, we estimated the thickness of the
diffuse layer through the Debye length. This confirmed the importance of the Debye
length in flow electrification. In particular, this phenomenon is more likely to occur
when handling dielectric liquids such as benzene.

For laminar channel flow, we highlighted that the transport of charge from the
diffuse layer towards the bulk of the channel does not occur. As a result, the electric
charge density has the same profile as if the fluid was at rest. However, the flowing
liquid generates a streaming current in the diffuse layer, which consists of ions advected
by the flow parallel to the wall. We established that this quantity increases linearly in
terms of the mean velocity, as in laminar pipes and rectangular duct flows.

Further, our simulations predicted that the induction of a turbulent channel flow
dramatically modifies the charge-density distribution in the diffuse layer. In particular,
further physico-chemical phenomena take place in the EDL until the charge imbalance
caused by the turbulent structures of the flow is stopped. Therefore, two chemical equi-
libria exists in the EDL. The first equilibrium occurs when the liquid is at rest (or in
laminar flow), corresponding to the notion of fully developed diffuse layer. Whereas,
the second equilibrium solely occurs in turbulent flows during the last stage of electri-
fication, called stationary stage.

Additionally, our simulations predicted that in a region adjacent to the wall, called
effective diffusion sublayer, the charge-density profile remains the same with time.
However, the thickness of this region decreases with the turbulence intensity of the
flow. Accordingly, at high turbulence intensity, the streaming current becomes ex-
ceedingly large. Notably, this increase is much more important than in the case of a
laminar channel flow.

All the results presented through this chapter lead us to believe that the phe-
nomenon of turbulent flow electrification goes beyond the diffuse layer, namely in
the whole channel. In particular, it is expected that, in turbulent channel flows, the
charge-density distribution is also affected in the bulk of the flow domain. Therefore,
the understanding of this phenomenon requires deeper investigations, which are the
subject of the next chapter.



CHAPTER 4

Direct numerical simulations of

turbulent flow electrification

4.1 Introduction

In Chapter 3, we have investigated the charge-density distribution in the diffuse layer
in terms of the flow regime. In a similar manner, we examine in this chapter the trans-
port of electric-charge carriers in the bulk of the channel. For most applications in
the process industries, except in microfluidics, this region is considerably thicker than
the diffuse layer. In particular, the analysis of the phenomenon of flow electrification
should not be restricted uniquely to the diffuse layer, as is common practice. When the
flow is laminar, investigating the charge-density distribution in the bulk of the chan-
nel is irrelevant since there are no electric-charge carriers, as demonstrated in section
3.3. On the other hand, according to the numerical results obtained in section 3.4, it is
expected that a turbulent flow induces a transport of electric-charge carriers from the
diffuse layer towards the bulk of the channel.

The phenomenon of charge convection may, in turn, considerably modify the to-
tal charge and streaming current in the liquid. Subsequently, we address this issue in
Section 2. In addition, we conduct in Section 3 a thorough analysis of turbulent flow
electrification via first- and second-order statistics concerning the electric charge den-

A part of the results reported herein have been published in: M. Calero, H. Grosshans, M. Papalexan-
dris, Electrification in turbulent channel flows of liquid dielectrics, Phys. Fluids 35 (4) (2023) 045119. doi:
10.1063/5.013842510 [175]
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Case Re� ReE Pe Re�
A1 80 4.06 × 101 3.09 × 105 8.72 × 101

A2 100 5.08 × 101 3.86 × 105 8.72 × 101

A3 120 6.10 × 101 4.63 × 105 8.72 × 101

A4 150 7.60 × 101 5.79 × 105 8.72 × 101

A5 180 9.14 × 101 6.95 × 105 8.72 × 101

A6 210 1.06 × 102 8.10 × 105 8.72 × 101

B1 180 9.14 × 101 9.01 × 104 2.61 × 102

B2 180 9.60 × 102 6.95 × 105 2.61 × 102

B3 180 9.14 × 101 7.29 × 106 2.90 × 101

B4 180 1.18 × 101 6.95 × 105 2.90 × 101

Table 4.1: Summary of the dimensionless parameters for the DNS considered in our
study.

sity. In particular, we introduce the notion of fluctuating charge-density variance. By
analyzing its budget, we can explain the relative contributions of physical processes
that govern the motion of the electric charge density. Finally, we derive in Section
4 an expression for the mean charge-density profile via different assumptions. More
specifically, this closed-form profile extends the procedure of Abedian and Sonin [61]
for our specific case of turbulent channel flows.

To our knowledge, this is the first numerical study of the process of flow electri-
fication in turbulent flows. Additionally, this study accesses for the first time in detail
the role of flow turbulence. In what follows, we provide the values of the physical
parameters for the various cases considered herein and define several quantities for the
statistical analysis of the phenomenon of turbulent flow electrification.

4.1.1 Description of the flow cases

Tables 4.1 and 4.2 summarize the dimensionless and dimensional parameters for the
DNS considered in this study. In particular, Table 4.1 includes four dimensionless pa-
rameters: the friction (Re� ) and electric (ReE) Reynolds numbers, the Péclet number
(Pe), and the Debye number (Re�). Whereas, Table 4.2 presents four (dimensional)
quantities: the friction velocity (u� ), the electrical conductivity (�), the diffusion coef-
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Case u� [m/s] � [S/m] D [m2/s] �D [m]
A1 1.11 × 10−2 1.10 × 10−12 1.80 × 10−10 5.73 × 10−5

A2 1.39 × 10−2 1.10 × 10−12 1.80 × 10−10 5.73 × 10−5

A3 1.67 × 10−2 1.10 × 10−12 1.80 × 10−10 5.73 × 10−5

A4 2.08 × 10−2 1.10 × 10−12 1.80 × 10−10 5.73 × 10−5

A5 2.50 × 10−2 1.10 × 10−12 1.80 × 10−10 5.73 × 10−5

A6 2.92 × 10−2 1.10 × 10−12 1.80 × 10−10 5.73 × 10−5

B1 2.50 × 10−2 1.10 × 10−12 1.62 × 10−9 1.72 × 10−4

B2 2.50 × 10−2 1.22 × 10−13 1.80 × 10−10 1.72 × 10−4

B3 2.50 × 10−2 1.10 × 10−12 2.00 × 10−11 1.91 × 10−5

B4 2.50 × 10−2 9.90 × 10−12 1.80 × 10−10 1.91 × 10−5

Table 4.2: Summary of the dimensional parameters for the DNS considered in our
study.

ficient (D), and the Debye length (�D). Please note that these two tables are related via
the expressions derived in section 2.2.3. For this work, we separate our simulations
into two groups: one for the variations of the turbulence intensity of the flow; and one
for the variations of the Debye length.

Group A: variation of the turbulence intensity of the flow (Cases A1-A6)

The first group consists of six DNS corresponding to those presented in section 3.4.1.
Hence, we employ the same grids and we use the values of the material properties of
benzene listed in Table 2.2. In this group, the friction Reynolds number ranges from
Re� = 80 (A1) to Re� = 210 (A6); see Table 4.1. Accordingly, comparisons between
simulations of cases in Group A assess the role of the turbulence intensity on flow
electrification.

Group B: variation of the Debye length (Cases B1-B4)

The second group consists of DNS of four cases at Re� = 180 but with different
Debye lengths. For this reason, the computational mesh consists of 192 × 129 × 160
grid cells, corresponding to the mesh used when conducting DNS with Case A5 (cf.
section 3.4.1). In these simulations, we employ an artificially modified Debye length.
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More specifically, we increase �D by a factor of three in Case B1 viaD and in Case B2
via �. On the other hand, we decrease �D by the same factor in Cases B3 (decreased
diffusion) and B4 (increased conductivity).

For comparison purposes, the DNS results obtained with Case A5, corresponding
toRe� = 180with an unmodified Debye length, are also provided when comparing the
different cases of Group B. The objective of the simulations of the cases of this group is
to determine the effects of the electrical conductivity, the diffusion coefficient, and the
Debye length in turbulent flow electrification. In an equivalent manner, these simula-
tions help to assess the role of the three dimensionless parameters mentioned in section
2.2.3. These are the electric Reynolds number ReE (the effect of which is assessed via
comparisons between Cases A5, B2, and B4), the Péclet number Pe (comparisons
between Cases A5, B1, and B3), and the Debye number Re� (comparisons between
Cases A5 and B1-B4). Furthermore, it is worth adding that the mass density �, the
electrical permittivity �, the kinematic viscosity �, and the half-width of the domain
ℎ remain unchanged throughout this study; the values of which are reported in Table
2.2.

Initial profile of the electric charge density

In line with section 3.4.1, a preliminary simulation of turbulent channel flow in absence
of electric charge is performed initially. When the flow becomes fully developed, an
initial profile for the electric charge density is applied. As illustrated in Figure 4.1, the
initial profile of �el depends on the value of the Debye length. More specifically, the
initial thickness of the diffuse layer is thicker for Cases B1-B2 (
 = 6.45 × 10−4 m)
than for Cases A1-A6 (
 = 2.15× 10−4 m). By contrast, it is thinner for Cases B3-B4,
namely 
 = 7.17×10−5m. From Figure 4.1, we observe that the electrical conductivity
� and the diffusion coefficientD act only via the Debye length. In other words, initially,
profiles of Cases B1 (increased diffusion) and B2 (decreased conductivity) are similar;
as well as Cases B3 (decreased diffusion) and B4 (increased conductivity). As will
be established later, as soon as the turbulent flow is induced, this feature no longer
applies. In particular, the ohmic resistance (conductive currents) and the diffusive
term of (2.21) play different roles in turbulent flow electrification.
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Figure 4.1: Initial profiles of the electric charge density for all cases considered herein.

Parallelization and cost simulations

The preliminary simulations for the cases examined herein lasted between 50 and 80
flow-through times, where a flow-through time is equal to 4�ℎ∕um. As an example,
for simulations of cases in Group B (Re� = 180), the computational time for one flow-
through time corresponds approximately to 160 minutes. As mentioned in section 2.3,
pafiX is parallelized via the MPI protocol. Further, pafiX employs a parallel domain
decomposition in the streamwise x direction, which ensures a load balance between
processors [146]. As a result, the number of processors is limited by the number of
grid points used in the streamwise direction. For all the DNS considered herein, 48
processors (AMD Epyc Rome) were employed.

The computational cost to simulate the process of flow electrification depends on
the specific case examined. For example, in Case A1 (Re� = 80), 135 flow-through
times were required to reach the stationary stage. Whereas, it required 95 flow-through
times to reach the stationary stage in Case A6 (Re� = 210). Once the stationary
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Distance Time Velocity Charge density

Group A ℎ �e =
�
�

ℎ
�e

= ℎ �
�

�w

Group B ℎ �c = ℎ
u�

ℎ
�c

= u� �w

Table 4.3: Reference values (distance, time, velocity, and charge density) for all sim-
ulations considered herein.

stage is reached, in each simulation, the period of averaging lasted approximately 80
flow-through times. Thus, in general, the cost for simulating the process of charge
generation and taking statistics is approximately two times higher than performing the
preliminary simulations, i.e., obtaining a fully developed turbulent channel flow in
absence of charges.

4.1.2 Notation

The time and area (at the xz-plane) average of a generic quantity  is denoted by ⟨ ⟩.
We indicate the time average of  by ⟨ ⟩t, while area averaging is denoted by ⟨ ⟩xz.
Further,  ′ stands for the fluctuating component of  ; see (3.24). Finally, we denote
the root-mean-square (r.m.s) of the fluctuating component  ′ by  rms. It reads,

 rms = ⟨ ′ ′⟩1∕2 . (4.1)
The turbulent kinetic energy (TKE) is defined as [168, 169],

k = 1
2
⟨u

′
u
′
+ v

′
v
′
+w

′
w
′
⟩t . (4.2)

In a similar manner, one can introduce below the notion of fluctuating charge-density
variance (FCV). It corresponds to an equivalent of the turbulent kinetic energy for the
electric charge density. Let us define kel by,

kel =
1
2
�
′

el�
′

el . (4.3)
Then, the fluctuating charge-density variance (FCV) equals,

FCV = 2⟨kel⟩t = ⟨�
′

el�
′

el⟩t . (4.4)
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With regards to non-dimensionalization, we note the following. All the figures pre-
sented in Section 3 show results of dimensionless quantities. Accordingly, we employ
the half-width of the channel ℎ as the reference length scale. However, on certain
occasions (explicitly mentioned), we measure distances in wall units. The reference
charge density is the prescribed value at the walls �w. Moreover, the reference time
scale corresponds to �e for simulations of cases in Group A (variation of Re� ). It is
�c for simulations of cases in Group B (variation of �D). Then, the reference velocity
scale is respectively equal to ℎ�∕� and u� for simulations of cases in Groups A and B.
We summarize these modifications in Table 4.3. For simplicity of notation, we do not
use different symbols for dimensionless quantities because it seems straightforward to
determine if a given variable is provided in dimensionless or dimensional formwithout
loss of clarity.

4.2 Convection of charge towards the bulk of the flow domain

This section describes the transport of electric-charge carriers (ions) from the diffuse
layer towards the bulk of the channel. As mentioned in section 4.1, this phenomenon
takes place only for turbulent flows. Accordingly, we present below numerical results
concerning the electrification rate, the streaming current in the liquid, and the spatial
variation of the electric charge density. In our study, the electrification rate is defined
as the rate of change of the area-averaged electric charge ⟨�el⟩xz at the midplane of the
flow domain.

4.2.1 Electrification rate

In Figure 4.2, we present plots of the evolution of ⟨�el⟩xz located at the midplane for
simulations of cases in Group A. According to this figure, we identify three stages of
electrification, regardless of the turbulence intensity of the flow. The first one is charac-
terized by a rapid and almost linear buildup of charge, i.e., at a high and almost constant
electrification rate. In the second stage, the electrification rate decreases, implying that
the ohmic resistance becomes progressively more significant and counter-acts the con-
vective transport of charge. In general, the duration of the first stage is approximately
half of the duration of the second one. For example, in Case A3 (Re� = 120), the
first stage terminates at t∕�e ≈ 0.5 while the second one lasts from t∕�e ≈ 0.5 until
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Figure 4.2: Evolution of the area-averaged charge density ⟨�el⟩xz at the midplane (y =
0) for simulations of cases in Group A.

t∕�e ≈ 1.5. Finally, in the third stage, ⟨�el⟩xz becomes statistically stationary. As men-
tioned in section 3.4.3, this period corresponds to the stationary stage, i.e., when the
diffuse layer is considered fully perturbed. During the stationary stage, the convective
transport of charge in the bulk is counter-balanced by the ohmic resistance. Accord-
ingly, the overall charge has reached its peak value, as is the case in the diffuse layer;
cf. section 3.4.

Upon inspection of the slopes of ⟨�el⟩xz at the midplane, as illustrated in Figure
4.2, we readily infer that the electrification rate increases excessively in terms of Re� .
For instance, with Re� = 180 (A5), the electrification rate is approximately two times
higher than in Case A3, for which Re� = 120. Further, the required time for the total
charge to reach its final value scales inversely. For example, in Case A3, the combined
duration of the first two stages is approximately 1.5�e. In contrast, in Case A5, it is only
0.5�e. The final value of ⟨�el⟩xz at the midplane also increases with the turbulence in-
tensity of the flow. Nonetheless, the resulting gap between two peaks reduces withRe� .
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For Re� = 180 (A5), the peak is approximately 15% higher than that for Re� = 150
(A4). Between Re� = 210 (A6) and Re� = 180, it is approximately 5%. During
the stationary stage, the electric charge density continues to oscillate weakly with
time. These oscillations become significant for transitional laminar/turbulent flows
(i.e., Re� ≤ 100), whereas they substantially reduce at higher turbulence intensities;
see, for instance, a comparison between Cases A1 and A6 in Figure 4.2.
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Figure 4.3: Evolution of the area-averaged charge density ⟨�el⟩xz at the midplane for
simulations of cases in Group B.

Similarly, we have plotted in Figure 4.3 the evolution of the area-averaged charge
density ⟨�el⟩xz at the midplane for simulations of cases in Group B. A comparison of
the results between Cases B2, B4, and A5 indicates that the effect of the electrical con-
ductivity � (hence �e; see (2.26)) on the electrification rate is significant. For example,
in Case B4, the liquid (benzene) gets electrified approximately three times faster than
in Case A5. Whereas in Case B2, the time to reach the stationary stage is longer than
in Case A5. Additionally, � has a noticeable effect on the electric charge’s final value.
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According to our simulations, when � increases by a factor of 9 (B4), the peak value
of the midplane charge-density ⟨�el⟩xz decreases by approximately 76%.

Further, increasing the conductivity results in a mild increase of the fluctuations.
However, the oscillation amplitude is low compared to transitional laminar/turbulent
flows; see comparisons between Cases A1 and B4. By comparing the results for Cases
B1, B3, and A5, we readily infer that the electrification rate also depends on the diffu-
sion coefficient (hence �d; see (2.26)). The diffusion process affects flow electrification
since the electric charge density increases with Re� . Nonetheless, the influence of the
electrical conductivity � (or, equivalently, �e) on both the electrification rate and the
final value of ⟨�el⟩xz is more significant than the diffusion coefficient D (or, equiva-
lently, �d). Our simulations also predict that, during the first stage of electrification
(rapid buildup of charge), the profile of the electric charge density ⟨�el⟩xz is almost
identical for Cases B1-B2 (t∕�c < 10), and for Cases B3-B4 (t∕�c < 3). In other
words, during this stage, the Debye length controls the electrification rate.

Concerning the influence of the dimensionless parameters presented in Table 4.1
(i.e., Re� , Ree, Pe, and Re�), we note the following. The electrification rate and the
peak value of the electric charge density increase with respect to the electric Reynolds
numberRee. This rise is due to two distinct factors. The first one concerns the charge-
relaxation time scale �e via the electrical conductivity �. The second one concerns
the convection time scale �c via the friction velocity u� . According to Figures 4.2 and
4.3, the convection time scale �c has a stronger influence than the charge-relaxation
time scale �e. For example, a comparison between Cases A1 and B4 suggests that
the final value of ⟨�el⟩xz is almost the same. On the one hand, it required an increase
by a factor of 9 for �e, while the convection time scale �c only decreased by a factor
of 2.25. Similarly, one can also observe that the charge diffusion time scale �d has a
weaker influence than the charge-relaxation time scale �e (hence �c). In other words,
the Péclet number is of less significance compared to both the electric and friction
Reynolds numbers. This is directly inferred upon comparisons between Cases B1-B2
or B3-B4. Finally, by comparing the plots of ⟨�el⟩xz at the midplane in Figures 4.2 and
4.3, we observe that the oscillations during the stationary stage are primarily caused by
the turbulent convective term of (2.21). In particular, these oscillations are significant
only in transitional flows. This is explained by the fact that as the turbulence inten-
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sity increases, the mixing of electric-charge carriers becomes more efficient, thereby
reducing the fluctuations of �el.
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Figure 4.4: Evolution of the area-averaged charge density ⟨�el⟩xz at y = ±ℎ∕2 for
simulations of cases in Groups A and B.

For the sake of completeness, we have plotted in Figure 4.4 the evolution of ⟨�el⟩xz,
located at y = ±ℎ∕2 for simulations of cases in Groups A and B. Accordingly, regard-
less of the case, the profiles of ⟨�el⟩xz at y = 0 and y = ±ℎ∕2 are nearly identical. This
implies that, for a given Reynolds number, the evolution of the electric charge density
in the bulk of the channel is almost the same.

4.2.2 Spatial variation of the electric charge density

As discussed in section 3.4.2, the fully developed channel flow is statistically one-
dimensional. However, at any given instance, the velocity field u varies with respect
to the streamwise x and spanwise z directions, via its fluctuation u′. In what follows,
we investigate if this pattern is also present for the electric charge density.

In Figures 4.5 and 4.6, we present contour plots for �el and u at the xy- and yz-
planes, respectively. These plots correspond to Case A5 (Re� = 180) at t∕�e = 3, i.e.,
when the charge-density distribution is statistically stationary. According to them, the
contour plots of the instantaneous electric charge density and the streamwise velocity
bear certain similarities. More specifically, we observe in both figures the same turbu-
lent structures located at the same positions between these two quantities. Further, this
pattern is not restricted to a specific zone, such as the diffuse layer, but applies every-
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Figure 4.5: Instantaneous contour plots of �el (top) and u (bottom) at the xy-plane
during the statistically stationary stage. Top: the electric charge density contains 400
contours of equally spaced contour-levels. Bottom: the streamwise velocity contains
100 contours of equally spaced contour-levels.

where in the flow domain. Consequently, our findings concerning the electrification
rate and the spatial variation of the electric charge density impel us to consider that
turbulent flow electrification takes place everywhere in the flow domain. In particular,
it is essential to compute numerically the streaming current and the total charge every-
where in the liquid, and not only in the diffuse layer as is common practice; see, for
example, [88, 92, 93, 98, 106] and references therein.

4.2.3 Accumulation of electric-charge carriers in the bulk

As described in section 3.4.3, in the diffuse layer, turbulence results in a monotonically
increasing streaming current while the total charge reaches a plateau, corresponding to
3.92Q0DL in our study; cf. (3.30). Similarly, our simulations indicate that the stream-
ing current I and the total chargeQ follow, respectively, the same behavior as IDL and
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Figure 4.6: Instantaneous contour plots of �el (top) and u (bottom) at the yz-plane
during the statistically stationary stage. Top: the electric charge density contains 400
contours of equally spaced contour-levels. Bottom: the streamwise velocity contains
100 contours of equally spaced contour-levels.

QDL; see Figures 4.7a and 4.8a. Further, we present in Figure 4.7b the ratio between
the total streaming current I and the streaming current in the diffuse layer IDL. As can
be seen from this figure, I∕IDL decreases withRe� . In other words, at high turbulence
intensity, the convection of charge in the diffuse layer becomes significant so as to be
comparable with the convection of charge in the bulk of the channel. Indeed, as men-
tioned in section 3.4, the viscous sublayer covers only a small portion of the diffuse
layer at high values of Re� . Therefore, the velocity becomes more and more consid-
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Figure 4.7: Numerical estimation of the total streaming current I (a) and the ratio
I∕IDL (b) in terms of the friction Reynolds numbers considered herein.
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Figure 4.8: Numerical estimation of the total charge Q (a) and the ratio Q∕QDL (b) in
terms of the friction Reynolds numbers considered herein.

erable in this region, resulting in a decrease of I∕IDL with respect to the turbulence
intensity of the flow.

In addition, we have plotted in Figure 4.8b the ratio between the total charge Q
and the amount of charge in the diffuse layer QDL. According to it, the ratio Q∕QDL
and the accumulation of electric carriers increase as Re� increases. As a result, the
amount of electric-charge is significantly larger in the bulk of the channel than in the
diffuse layer. We attribute this to the fact that the thickness of the diffuse layer is
thin compared to the bulk of the channel: only 1.11% of the channel is covered by
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the diffuse layer. More specifically, via definitions (3.1) and (3.3), it is expected that
Q∕QDL converges towards ℎ∕4�D. Thus, a thicker diffuse layer implies a lower value
for the ratio Q∕QDL.

Globally, our simulations show that the electrification rate, the spatial variations,
the total charge, and the streaming current increase considerably with the turbulence
intensity of the flow. These patterns are predictable since, as suggested above, the
thickness of the viscous sublayer decreases with Re� . Therefore, the number of turbu-
lent structures inside the diffuse layer increases.

4.3 Charge-density statistics

In this section, we present first- and second-order statistics for the electric charge den-
sity during the third stage of electrification. These statistics allow a better understand-
ing of the phenomenon of turbulent flow electrification.

4.3.1 First- and second-order statistics

The convective (or advective) term �elu is fundamental for estimating flow electrifi-
cation since it directly appears in the definition (3.2) of the total streaming current I .
Accordingly, we have plotted respectively in Figures 4.9 and 4.10 the mean profiles
of �elu and u for simulations of cases in Group A. In general terms, we observe from
these figures that the profiles of the convective term bear certain similarities with the
mean streamwise velocity ⟨u⟩. More specifically, the profile of ⟨�elu⟩ can be approxi-
mated by a logarithmic growth away from the wall, as is the case for ⟨u⟩ at y+ > 30;
cf. section 3.4.2. Further, this trend accentuates at higher turbulence intensities. Ac-
cording to Figure 4.11, ⟨�elu⟩ increases almost linearly with the wall unit y+ inside the
viscous sublayer, i.e., y+ < 5, as is the case for ⟨u⟩; see, for example, Case A5. In
other words, for large values of Re� , the convective term ⟨�elu⟩ can be approximated
by ⟨�elu⟩ ≈ ⟨�el⟩⟨u⟩. Additionally, our simulations suggest that both the electrical con-
ductivity and the diffusion coefficient affect ⟨�elu⟩. According to Figure 4.12, there is
a symmetry between the profiles of Cases B1 and B3 with respect to Case A5. Con-
sequently, increasing or decreasing D by the same factor (9 in this study) results in
an opposite effect with the same magnitude. Based on the DNS results with Cases
B2 and B4 in Figure 4.12, we deduce that this feature does not apply to the electrical
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Figure 4.9: Profiles of the mean streamwise velocity ⟨u⟩ for the friction Reynolds num-
bers considered herein.

conductivity. Further, as was the case for the electrification rate, � (or, equivalently,
�e) is more influential than D (or, equivalently, �d). More specifically, compared to
the ohmic resistance, the influence that the process of charge diffusion has on the total
charge accumulated in the bulk of the channel may be regarded as insignificant.

Another relevant term for a better understanding of flow electrification is the span-
wise turbulent flux ⟨�elv⟩ since it appears directly in the mean charge-density equa-
tion. This equation is obtained by applying the time and area averaging operator, ⟨ ⟩,
in (2.21). It reads,

d
dy ⟨�elv⟩ = −�

�
⟨�el⟩ +D

d2
dy2 ⟨�el⟩ . (4.5)

Please note that, since ⟨v⟩ = 0 [168], we have,
⟨�elv⟩ = ⟨�

′

elv
′
⟩ . (4.6)

Next, we provide plots of the spanwise turbulent flux in Figures 4.13 and 4.14 for the
simulations of the cases of Groups A and B, respectively. First of all, we note that the
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Figure 4.10: Profiles of ⟨�elu⟩ for simulations of cases in Group A.

profiles of ⟨�elv⟩ are anti-symmetric with respect to the midplane, in contrast to ⟨�elu⟩.
We can explain this feature from (4.5). Due to the symmetry of ⟨�el⟩ and its second-
order derivative, the right-hand side of (4.5) is symmetric. This, in turn, implies that
the derivative of ⟨�elv⟩ is symmetric. Thus, by definition, ⟨�elv⟩ is anti-symmetric.

As indicated in Figures 4.13 and 4.14, the maxima of ⟨�elv⟩ are located at approx-
imately y∕ℎ = ∓0.5, i.e., midway between the channel walls and the midplane. In
particular, our simulations predict that the location of the peak and the shape of ⟨�elv⟩
are independent of dimensionless quantities such as the Péclet number, the friction,
and the electric Reynolds numbers. Also, according to Figure 4.13, the effect of the
turbulence intensity of the flow on the value of ⟨�elv⟩ is much less pronounced than
for ⟨�elu⟩: an increase of Re� results in a mild increase of the spanwise turbulent flux.
Moreover, the influence of the electrical conductivity � is stronger; see comparisons
between Cases B2, B4, and A5 in Figure 4.14. Again, modifying the diffusion coeffi-
cient D has little impact; see Cases B1 and B3 in Figure 4.14.
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Figure 4.11: Profiles of ⟨�elu⟩ inside the sublayer (y+ < 5) for simulations of cases in
Group A.

It is worth adding that the values of the spanwise turbulent flux ⟨�elv⟩ are sev-
eral orders smaller (104) than ⟨�elu⟩. A possible explanation for this might be the
aprroximation of ⟨�elv⟩ by ⟨�el⟩⟨v⟩ = 0. The purpose of this approximation is only
to explain the difference in magnitude between ⟨�elu⟩ and ⟨�elv⟩. However, supposing
that ⟨�elv⟩ may be equal to zero leads to misconceptions about turbulent flow electri-
fication. Indeed, on the basis of (4.5), a zero spanwise turbulent flux implies that the
mean charge-density profile is the same as if the fluid was at rest, which contradicts
the results obtained until now.
As illustrated by the plots of Figure 4.16, the root-mean-square (r.m.s) values of the
electric charge density across the channel drop with increasing Re� . In other words,
the fluctuations of �el decrease with the turbulence intensity of the flow. As mentioned
in section 4.2.1, as the turbulence intensity increases, the mixing of electric-charge
carriers becomes more efficient, thereby reducing its fluctuations. The same trend is
also observed in passively advected scalars in turbulent flows. For example, in free
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Figure 4.12: Profiles of ⟨�elu⟩ for simulations of cases in Group B.

convection, the r.m.s of the (normalized) temperature decreases as the turbulent flow
becomes more intense [176, 177]. In summary, increasing the turbulence intensity
results in higher and faster flow electrification and less fluctuating charge. Further,
the location of the peak of the r.m.s values varies very slightly in terms of the friction
Reynolds number, in contrast to the streamwise velocity u; see Figure 4.15. For in-
stance, only two grid points separate the peak of �el,rms between Re� = 80 (A1) and
Re� = 180 (A5). On the contrary, there is a gap of eight grid points for the peak of
urms; see Figure 4.15.

Additionally, the plots presented in Figure 4.17 indicate that the ohmic resistance
has the opposite effect to the charge-density fluctuations. As the electrical conduc-
tivity � increases (respectively, decreases), the r.m.s values of �el across the channel
increase (respectively, decrease). In other words, the ohmic resistance reduces the ef-
ficiency of turbulent mixing of ions in the liquid. Also, we point out from Figure 4.17
that the profiles of Cases B1, B3, and A5 are identical away from the wall. This, in
turn, implies that the charge-diffusion process does not influence the fluctuations of
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Figure 4.13: Profiles of the spanwise turbulent flux ⟨�elv⟩ for simulations of cases in
Group A.

the electric charge density in this region. However, near the wall, the diffusive term
appears to slightly modify the values of the r.m.s of the electric charge density. Most
notably, the diffusion process shifts the location of the peak, in contrast to the electrical
conductivity; see comparisons between Cases B1, B3 and A5 in the bottom of Figure
4.17.

4.3.2 Budget of the fluctuating charge-density variance

Below, we derive the fluctuating charge-density variance (FCV) equation. Further, we
elaborate on the FCV budget during the statistically stationary stage. Then, we present
numerical results of this budget for Cases A4 (Re� = 150), A5 (Re� = 180), B1
(increased diffusion), and B4 (increased conductivity). These four cases help assess
the influence of the turbulence intensity, the diffusion coefficient, and the electrical
conductivity on the FCV budget. In particular, to avoid redundancy, we assume that
there is no need to provide a budget for the remaining six cases. The procedure for



4.3. Charge-density statistics 89

 0

 4

 8

 12

 16

-1 -0.8 -0.6 -0.4 -0.2  0

<
ρ

e
l 
v

 >
 (

x
1

0
-9

)

y

Case A5

Case B1

Case B2

Case B3

Case B4

Figure 4.14: Profiles of the spanwise turbulent flux ⟨�elv⟩ for simulations of cases in
Group B.

deriving the transport equation for ⟨kel⟩ is standard and consists of three steps. First,
we multiply every term of (2.21) with �el and then average the result,

⟨u ⋅ (�2el⟩t = −2�
�
⟨�2el⟩t +D

(

∇2⟨�2el⟩t − 2⟨
(

)�el
)xj

)2
⟩t

)

. (4.7)

In the second step, we take the average of (2.21) and multiply the result with ⟨�el⟩t,

⟨�el⟩t⟨u ⋅ (�el⟩t = −2�
�
⟨�el⟩2t +D

(

∇2⟨�el⟩2t − 2
(

)⟨�el⟩t
)xj

)2
)

. (4.8)

Then, we subtract equation (4.7) from (4.8). Consequently, the FCV equation reads,
−⟨u⟩t ⋅ ∇⟨kel⟩t
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

Ae

−⟨�
′

elu
′
⟩t ⋅ ∇⟨�el⟩t

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
Pe

−⟨u′ ⋅ ∇kel⟩t
⏟⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏟

Te

+ D∇2⟨kel⟩t
⏟⏞⏞⏟⏞⏞⏟

De

−D⟨∇�
′

el ⋅ ∇�
′

el⟩t
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

Ee

−2�
�
⟨kel⟩t

⏟⏞⏞⏞⏟⏞⏞⏞⏟
Fe

= 0 . (4.9)
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Figure 4.15: Root-mean-square profiles of the streamwise velocity u for the friction
Reynolds numbers considered in our study. Top: profiles of urms across half of thechannel. Bottom: zoom of the profiles in the near-wall region.

In the above equation,Ae,Pe, andTe describe the advection, production, and turbulent
transport of the fluctuating charge-density variance. The terms De and Ee stand for
molecular transport and dissipation. Finally,Fe corresponds to a sink term for the FCV
due to the ohmic resistance. In the case of a channel flow with periodic streamwise
and spanwise directions, one can additionally perform area averaging. In this manner,
the advection term Ae vanishes and the budget equation (4.9) assumes the following
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Figure 4.16: Root-mean-square profiles of the electric charge density �el for simula-
tions of cases in Group A. Top: profiles of �el,rms across half of the channel. Bottom:
zoom of the profiles in the near-wall region.

simplified form,

−⟨�
′

elv
′
⟩

d
dy ⟨�el⟩

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟
Pe

− d
dy ⟨v

′kel⟩
⏟⏞⏞⏞⏟⏞⏞⏞⏟

Te

+D d2
dy2 ⟨kel⟩

⏟⏞⏞⏞⏟⏞⏞⏞⏟
De

−D⟨∇�
′

el ⋅ ∇�
′

el⟩
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏟

Ee

−2�
�
⟨kel⟩

⏟⏞⏞⏟⏞⏞⏟
Fe

= 0. (4.10)



92 Chapter 4. Direct numerical simulations of turbulent flow electrification

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  20  40  60  80  100

<
ρ

e
l>

x
z

t

Case A5

Case B1

Case B2

Case B3

Case B4

 0

 1

 2

 3

 4

 5

-1 -0.8 -0.6 -0.4 -0.2  0

ρ
e
l,

rm
s 

(x
 1

0
2
)

y

 0

 1

 2

 3

 4

 5

-1 -0.98 -0.96 -0.94 -0.92 -0.9

ρ
e
l,

rm
s 

(x
 1

0
2
)

y

Figure 4.17: Root-mean square profiles of the electric charge density �el for simulations
of cases in Group B. Top: profiles of �el,rms across half of the channel. Bottom: zoom
of the profiles in the near-wall region.

One can perform a similar procedure concerning the derivation of the (area-averaged)
turbulent kinetic energy equation; see, for example, [168]. Accordingly, the area-
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averaged TKE equation reads,

−⟨u
′

iv
′
⟩

d
dy ⟨ui⟩

⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟
P

−1
2
⟨

)
)xi

u′ju
′
ju
′
i⟩

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
T

+ � d2
dy2 k

⏟⏟⏟
D

−�⟨∇u
′

i ⋅ ∇u
′

i⟩
⏟⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏟

E

−1
�
⟨

)u′ip
′

)xi
⟩

⏟⏞⏞⏞⏟⏞⏞⏞⏟
C

= 0 , (4.11)

where C represents the pressure diffusion. Please note that we do not incorporate the
term associated with the volumetric electric force. Since this force does not affect
the motion of the fluid (cf. section 2.2.2), the term associated with the TKE equation
equals zero and is then assumed negligible, as predicted by our simulations.

In the analysis of the FCV budget, the various terms of (4.9) were area-averaged
(along the periodic x and z directions) and time-averaged during the statistically sta-
tionary stage of the electrification process. In each simulation, the period of averag-
ing T lasted more than 80 flow-through times, where a flow-through time is equal to
4�ℎ∕um. Hence, we have,

T ≥ 103ℎ
um

. (4.12)
In this manner, the sum of the terms on the left-hand side of (4.10) was smaller than
1% of the amplitude of the largest term, which is deemed sufficiently close to zero for
this study.
We present respectively in Figures 4.18 and 4.19 the budget terms of the FCV equation
for Cases A4 (Re� = 150) and A5 (Re� = 180). According to these plots, adjacent
to the wall, the molecular transport De is counter-balanced by the dissipation term
Ee, while all other terms practically vanish. In the near-wall regions (−0.99ℎ < |y| <-
0.95h), productionPe and turbulent transportTe are dominant and balance out one an-
other; cf. bottom of Figures 4.18 and 4.19. The peaks of these terms are located closed
to the wall, corresponding to |y| ≈ 0.988ℎ. Away from the location of these peaks,
bothPe andTe decrease substantially in amplitude but are still the dominant terms in
the FCV budget. Away from the wall, all terms have a small amplitude. Nonetheless,
Pe and Te are still the largest terms and compensate each other out. Also, it is worth
pointing out that the amplitude of Fe, related to the ohmic resistance, appears negli-
gible compared to all other terms across the channel. Globally, a comparison between
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Figure 4.18: Profiles of the area-averaged terms in the fluctuating charge variance
(FCV) budget. Top: budget of the FCV for Case A4 (Re� = 150). Bottom: zoom of
the profiles in the near-wall region.

Figures 4.18 and 4.19 indicates that the values of all the terms in the FCV budget de-
crease as the turbulence intensity of the flow increases. In other words, the fluctuations
of the electric charge density are reduced when Re� increases, as predicted in section
4.3.1 via the r.m.s profiles of �el. As a matter of fact, according to our simulations, this
is the only noticeable difference. Therefore, the influence that the turbulence intensity
of the flow has on the terms in the FCV budget is radically different to that on the
terms in the TKE budget. For visualization purposes, we have plotted in Figure 4.20
the area-averaged terms in the TKE budget for Re� = 150 (A4) and Re� = 180 (A5).
Please note that similar analyses on the TKE have been performed extensively in the
past and are available in standard textbooks; see, for example, [168]. By virtue of the
plots presented in Figures 4.18, 4.19, and 4.20, we note the following.
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Figure 4.19: Profiles of the area-averaged terms in the fluctuating charge variance
(FCV) budget. Top: budget of the FCV for Case A5 (Re� = 180). Bottom: zoom of
the profiles in the near-wall region.

• The values of the terms in the FCV budget are several orders of magnitude
smaller than the terms in the TKE budget. Moreover, in the FCV budget, these
values decrease with Re� ; whereas they increase in the TKE budget.

• In the FCV budget, the dissipation term Ee is non-negligible only at the wall.
On the contrary, the dissipation termE in the TKE budget counter-balances the
production termP away from the wall.

• The terms in the FCV budget vanish at a distance Δ from the wall far closer to
those in the TKE budget: Δ ≈ 0.2ℎ in the TKE budget. Whereas, it corresponds
to Δ ≈ 0.05ℎ in the FCV budget.

The aforementioned second point has major consequences concerning the presence of
microscales in the electric charge density. According to Tennekes and Lunley [169],
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Figure 4.20: Profiles of the area-averaged terms in the turbulent kinetic energy (TKE)
budget. Top: budget of the TKE for Case A4 (Re� = 150). Bottom: budget of the
TKE for Case A5 (Re� = 180).

the Taylor microscale � of a generic passive scalar  is defined by,

⟨

(

) ′

)xj

)2
⟩ = 2

⟨

(

 ′
)2
⟩

�2 
. (4.13)

As suggested by Tennekes and Lunley [169], the estimation of � is based on the
equality between the production term and the dissipation term of the corresponding
governing equation for the passive-scalar fluctuations (such as temperature). However,
for the problem of interest, the production termEe of (4.10) essentially compensates
the turbulent transport Te, not the dissipation term; see Figures 4.18 and 4.19. In
particular, we have,

⟨�
′

elv
′
⟩

d
dy ⟨�el⟩ ≈ −1

2
d
dy ⟨v

′�
′

el�
′

el⟩ . (4.14)

This equation implies that the introduction of a corresponding Taylor microscale for
the electric charge density may not be feasible.
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Figure 4.21: Profiles of the area-averaged terms in the fluctuating charge variance
(FCV) budget. Top: budget of the FCV for Case B4 (� increased). Bottom: zoom of
the profiles in the near-wall region.

Additionally, for a given Reynolds number (Re� = 180), our simulations indicate
that each term of the FCV equation increases (respectively, decreases) in terms of the
electrical conductivity. More specifically, the fluctuations of �el increase with respect
to �, as highlighted in section 4.3.1. As a result, at higher values of �, the influence of
the sink termFe cannot be considered negligible anymore, especially close to the wall,
namely 0.98ℎ < |y| < ℎ; see Figure 4.21. Further, we readily infer that the location of
the peak (attributed to the production) is not modified by the electrical conductivity, in
contrast to the diffusion coefficient. In fact, as indicated in Figure 4.22, an increase of
D (Case B1) results in higher values for the dissipation and molecular transport in the
near-wall regions, which corresponds to the zone of influence of the diffusive term.

Please note that the main features concerning the FCV budget, i.e., the location of
the peak and the magnitude of each term, are in excellent agreement with regards to
the findings presented in section 4.3.1.
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Figure 4.22: Profiles of the area-averaged terms in the fluctuating charge variance
(FCV) budget. Top: budget of the FCV for Case B1 (D increased). Bottom: zoom of
the profiles in the near-wall region.

4.4 Mean charge-density profile

In this section, we consider the mean charge-density equation (4.5) and derive an ap-
proximate solution of it that is close to our numerical predictions. The primary purpose
of derivating closed-form expressions for the mean charge-density profiles is to pro-
vide insight into potential scaling laws for the problem in hand. It also helps for the
development of turbulence models in the context of Reynolds-Averaged Navier-Stokes
(RANS) and Large Eddy Simulations (LES); cf. Chapter 5. The mean charge-density
profile for flows in circular pipes has been studied before by Abedian and Sonin [61],
and earlier studies [178–180]. Herein we perform an analogous analysis in channel
flows. The basic idea behind the derivation of a closed-form solution for the mean
charge-density is to replace the product ⟨�′elv′⟩ (or, equivalently, ⟨�elv⟩) in (4.5) by a
gradient term so that the left-hand side becomes a linear elliptic operator. In the context
of turbulence modeling, this is referred to as the gradient assumption; see, for example,
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Figure 4.23: Profiles of the mean charge density ⟨�el⟩ for the DNS considered herein.
Globally, three distinct zones can be discerned. The vertical dashed line marks, ap-
proximately, the end of the second zone and the start of the third one.

[181]. LetDt denote the turbulent eddy diffusivity of the electric charge density. Then,
the spanwise turbulent flux ⟨�′elv′⟩ is approximated as,

⟨�′elv
′
⟩ ≈ −Dt

d
dy ⟨�el⟩ . (4.15)

By introducing (4.15) into (4.5), we obtain,

−�
�
⟨�el⟩ +

d
dy

(

(D +Dt)
d
dy ⟨�el⟩

)

= 0 . (4.16)

As explained in section 1.2.4, the eddy diffusivity operates as an additional diffusion
process to account for the loss of turbulent effects when averaging. To determine a
closed-form solution of (4.16), Dt must be approximated. To this end, we propose
below to evaluate the turbulent eddy diffusivity in two different manners. In the first
model, we draw on the procedure of Abedian and Sonin [61] for our specific case
of turbulent channel flows. On the other hand, the second model make use of our
numerical results concerning the spanwise turbulent flux ⟨�′elv

′
⟩ and the production

termPe of the FCV equation (4.10).
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4.4.1 First model: separation of Dt into three zones

Abedian and Sonin [61] proposed a simplified expression for the turbulent eddy dif-
fusivity. It consists of the separation of Dt into three zones. Inside the first zone, Dt
is much smaller than the diffusion coefficient D. As a result, the turbulent eddy dif-
fusivity is approximated by zero. In the second zone, Dt increases linearly with the
distance from the wall and the friction velocity. Finally, in the third zone, Dt is equal
to a constant, the value of which is determined by requiring that the resulting mean
charge-density profile be continuous. Although this model is simplistic, it is reason-
able to try to apply it for the problem in hand. Indeed, on the basis of the shapes of the
predicted profiles for the mean charge density, we can distinguish three different zones
of charge distribution; cf. Figure 4.23. We describe below these three zones.

Zone I: effective diffusion sublayer (h− � ≤ |y| ≤ h)

The first zone is the effective diffusion sublayer, which has been identified in section
3.4.3 when investigating the charge-density distribution in the diffuse layer (in turbu-
lent channel flows). In the present study, its thickness is denoted by �. By definition,
this zone is adjacent to the wall and inside both the viscous sublayer and the diffuse
layer (i.e., � < 
). Inside this zone, ions are only transported via diffusion, which im-
plies that the turbulent eddy diffusivity Dt is negligible with regards to D. Therefore,
in this zone, the profile of the mean charge density is similar to that for a fluid at rest,
as observed in section 3.4.3. More specifically, we have,

⟨�el⟩ (y) = �w
sinh

(

ℎ−y
�D

)

+ sinh
(

ℎ+y
�D

)

sinh
(

2ℎ
�D

) , for ℎ − � ≤ |y| ≤ ℎ . (4.17)

To estimate numerically the thickness of the effective diffusion sublayer, we have plot-
ted in Figures 4.24 and 4.25 the charge-density distribution for a fully perturbed diffuse
layer and for a liquid at rest (i.e., when ⟨�el⟩ is determined by the expression (4.17)), for
simulations of cases in Groups A and B, respectively. According to Figure 4.24 and as
predicted in section 3.4.3, � decreases as Re� increases. In particular, for Re� ≥ 150
(Cases A4, A5, and A6), the effective diffusion sublayer is located between the wall
and the first grid point; cf. Figure 4.24. Therefore, the thickness of this zone is ex-
ceedingly thin. Also, from the plots of Figure 4.25, it is expected that � increases with



4.4. Mean charge-density profile 101

 0.2

 0.4

 0.6

 0.8

 1

-1 -0.995 -0.99 -0.985 -0.98

<
ρ

e
l>

y

(a) Case A1.

 0.6

 0.7

 0.8

 0.9

 1

-1 -0.998 -0.996 -0.994

<
ρ

e
l>

y

(b) Case A2.

 0.8

 0.85

 0.9

 0.95

 1

-1 -0.9995 -0.999 -0.9985 -0.998

<
ρ

e
l>

y

(c) Case A3.

 0.85

 0.9

 0.95

 1

-1 -0.9995 -0.999 -0.9985 -0.998

<
ρ

e
l>

y

(d) Case A4.

 0.9

 0.92

 0.94

 0.96

 0.98

 1

-1 -0.9996 -0.9992

<
ρ

e
l>

y

(e) Case A5.

 0.9

 0.92

 0.94

 0.96

 0.98

 1

-1 -0.9996 -0.9992

<
ρ

e
l>

y

(f) Case A6.
Figure 4.24: Plots of the mean charge density ⟨�el⟩ in the near-wall zone. The black
squares "▪" denote the charge-density distribution for a fully perturbed diffuse layer,
computed via DNS of the six cases of Group A. Whereas, the blue line represents the
initial charge-density distribution.

D and with �. These results are in excellent agreement with our previous observa-
tions: inside the effective diffusion sublayer, the transport of charge is due to diffusion.
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Figure 4.25: Plots of the mean charge density ⟨�el⟩ in the near-wall zone. The black
squares "▪" denote the charge-density distribution for a fully perturbed diffuse layer,
computed via DNS of the four cases of Group B. Whereas, the blue line represents the
initial charge-density distribution.

However, at higher turbulence intensities, the convective transport of charge becomes
more and more efficient, thus reducing the zone of influence of the diffusive term, i.e.,
reducing �. Also, when increasing �, the efficiency of the turbulent mixing is reduced,
thereby resulting in an increase of �.

Zone II: transition zone (0.9h ≤ |y| ≤ h− �)

In the second zone, hereinafter referred to as the transition zone, the convective trans-
port of charge becomes important since turbulent eddies displace electric-charge car-
riers away from the diffuse layer and towards the bulk of the channel. Therefore, the
competing mechanisms in this zone are the convective and conductive currents. By
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virtue of Figure 4.23, we infer that inside this zone, the mean electric charge density
decreases away from the walls but at a lower rate than in the effective diffusion sublayer
(first zone). In the cases examined herein, the transition zone terminates approximately
at 0.1 unit length from the wall, namely |y| ≈ 0.9ℎ. This location corresponds to the
moment in which the root-mean-square values of the electric charge density are almost
constant and minimal; cf. Figures 4.16 and 4.17. It also corresponds to the moment
for which the budget terms of the FCV vanish; see Figures 4.18-4.21. As assumed by
Abedian and Sonin [61], we consider that inside this zone, Dt increases linearly with
respect to the distance from the wall. Thus, the solution of (4.16) is given in terms of
modified Bessel functions and reads, for 0.9ℎ ≤ |y| ≤ ℎ − �,

⟨�el⟩ (y) = C1I0

(

2
√

�
��
(ℎ − |y|)

)

+ C2K0

(

2
√

�
��
(ℎ − |y|)

)

, (4.18)

where I0 and K0 denote the zeroth-order modified Bessel functions of the first and
second kind, respectively. Also, � is a quantity that has dimensions of velocity and
corresponds to the proportionality coefficient for the turbulent eddy diffusivity, i.e.,

Dt = � (ℎ − |y|) . (4.19)

Abedian and Sonin [61] obtained a value of � = 0.4u� . In accordance with those
authors, our simulations suggest that � must depend on the friction velocity. However,
for the specific case of channel flows, � is approximated by � = 4u� . Then, the eddy
diffusivity reads, for 0.9ℎ ≤ |y| ≤ ℎ − �,

Dt = 4u� (ℎ − |y|) . (4.20)

Finally, the terms C1 and C2 of (4.18) are integration constants. More specifically, the
values of C1 and C2 are determined via the following boundary conditions,

⟨�el⟩||±(ℎ−�) = C1I0

(

2
√

�
��
�
)

+ C2K0

(

2
√

�
��
�
)

, (4.21)

⟨�el⟩||±0.9ℎ = C1I0

(

2
√

�
10��

)

+ C2K0

(

2
√

�
10��

�
)

. (4.22)
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Then, C1 and C2 read,

C1 =
⟨�el⟩||±(ℎ−�)K0

(

2
√

�
10��

�
)

− ⟨�el⟩||±0.9ℎK0
(

2
√

�
��
�
)

I0

(

2
√

�
��
�
)

K0

(

2
√

�
10��

�
)

− I0

(

2
√

�
10��

)

K0

(

2
√

�
��
�
)
,

C2 =
⟨�el⟩||±(ℎ−�) I0

(

2
√

�
10��

�
)

− ⟨�el⟩||±0.9ℎ I0
(

2
√

�
��
�
)

I0

(

2
√

�
10��

)

K0

(

2
√

�
��
�
)

− I0

(

2
√

�
��
�
)

K0

(

2
√

�
10��

�
)
.

Zone III: core zone (0 ≤ |y| ≤ 0.9h)

The third zone, hereinafter referred to as the core zone, is characterized by a very
slow decrease of the electric charge density away from the walls. Therein, ⟨�el⟩ and
the degree of electrification increases considerably with the turbulence intensity of the
flow, as described in section 4.2.3. In this zone, as assumed byAbedian and Sonin [61],
we consider the eddy diffusivity to be uniform, hence constant. To ensure a continuous
profile for the mean charge density, the value of this constant equals the value ofDt at
the boundary of the transition zone, i.e.,

Dt =
2u�ℎ
5

. (4.23)
Next, the solution of (4.16) in the core zone is given by an analogous relation to that
in the effective diffusion sublayer. It reads, for 0 ≤ |y| ≤ 0.9ℎ,

⟨�el⟩ (y) =
⟨�el⟩||0.9ℎ sinh

(

|y|
�̃

)

+ ⟨�el⟩||0 sinh
(

0.9ℎ−|y|
�̃

)

sinh
(

0.9ℎ
�̃

) , (4.24)

where �̃ is a modified Debye length which reads,

�̃ ∶=
√

�Dt
�

=

√

2�u�
5�

. (4.25)
Please note that we do not take into account the diffusion coefficientD in the definition
(4.25) of the modified Debye length. As discussed above, in this zone, its influence is
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Figure 4.26: Plots of the mean charge density ⟨�el⟩ along the y axis. The blue line
denotes the profiles obtained via DNS of the six cases of Group A. Whereas, the black
squares "▪" represent the closed-form solution of (4.5).

assumed to be negligible. Indeed, by virtue of (4.23),D is several orders of magnitude
smaller than the turbulent eddy diffusivity. For the simulations considered throughout
this thesis, the ratioDt∕D varies between 3.1×104 (Case B1) and 2.5×106 (Case B3).
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Figure 4.27: Plots of the mean charge density ⟨�el⟩ along the y axis. The blue line
denotes the profiles obtained via DNS of the four cases of Group B. Whereas, the
black squares "▪" represent the closed-form solution of (4.5).

To summarize, the turbulent eddy diffusivity has the following parametrization,

Dt =

⎧

⎪

⎪

⎨

⎪

⎪

⎩

<< D for ℎ − � < |y| < ℎ,

4u� (ℎ − |y|) for 0.9ℎ < |y| < ℎ − � ,

2u�ℎ
5

for 0 ≤ |y| ≤ 0.9ℎ .

(4.26)

Accordingly, we present in Figures 4.26 and 4.27 plots of the closed-form profiles of
⟨�el⟩, obtained from (4.16) and (4.26), for simulations of cases in Groups A and B, re-
spectively. These plots are juxtaposed with the corresponding results of our DNS. We
observe that the closed-form approximate solution agrees reasonably well with the nu-
merical results in the first and third zones. On the other hand, it slightly overestimates
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the numerical results in the second zone (transition region), which can be attributed to
the errors in the presumed simplified form (4.26) of Dt.

4.4.2 Second model: numerical estimation of DT
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Figure 4.28: Plots of the turbulent eddy diffusivity DT (normalized by D) between
y = −ℎ and y = −0.5ℎ. The blue line denotes the approximation (4.27) obtained via
DNS of Cases A4, A5, B1, and B4. Whereas, the black squares "▪" represent the fit of
the (normalized) turbulent eddy diffusivity DT, defined in (4.28).

In reality, the turbulent eddy-diffusivity profile is far more complex than the one pre-
sented in (4.26). It can be evaluated from numerical results for the spanwise turbulent
flux ⟨�elv⟩ and the production term Pe in the FCV budget. In particular, under the
approximation (4.15), we have,

Dt = −
⟨�elv⟩2
Pe

. (4.27)
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Accordingly, we present in Figure 4.28 profiles of the turbulent eddy diffusivity for
Cases A4 (Re� = 150), A5 (Re� = 180), B1 (increased diffusion), and B4 (in-
creased conductivity). In this figure, DT is evaluated via the expression (4.27), for
0 < |y| < 0.5ℎ. Additionally, we have juxtaposed in each plot a fit for the turbulent
eddy diffusivity, which reads,

Dt =
3�Re�
40

(

1 − exp
(

−
y+

13

))5
. (4.28)

According to Figure 4.28, Dt increases with respect to the distance from the wall,
until it reaches a plateau. Moreover, due to (4.28), we infer that the turbulent eddy
diffusivity does not depends linearly on the friction velocity u� (or, equivalently, Re� ),
as suggested by Abedian and Sonin [61]. However, the main drawback of this fit is
that a closed-form solution is not readily available, in contrast to the first model. It is
for this particular reason that Abedian and Sonin [61] considered an overly simplified
expression for the turbulent eddy diffusivity.

4.5 Concluding remarks

In this chapter, we studied electrification in turbulent channel flows by conducting
DNS. As expected from earlier observations, turbulence results in transport of electric-
charge carriers from the diffuse layer towards the bulk of the channel. According to
our numerical results, the electrification rate and the total charge transferred to the
liquid increase dramatically with the turbulence intensity of the flow. As a result, the
values of the total streaming current become exceedingly large. This, in turn, explains
observations of numerous electrokinetic accidents that occurred over the last 70 years
when handling petrochemicals such as benzene.

As the turbulence intensity increases, the thickness of the inner layer becomes
comparable to that of the diffuse layer, which enhances the convective transport of
electric-charge carriers. Then, the electric charge is built up rapidly in the bulk of the
flow domain until it reaches a plateau. Accordingly, the charge-density distribution
becomes statistically stationary everywhere in the liquid. A comparison of root-mean
square-values revealed that turbulence reduces the fluctuations of the electric charge
density. Further, our analysis of the FCV budget indicated that, inside the effective dif-
fusion sublayer, diffusion and dissipation dominate and counter-balance one another.
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Whereas, in the bulk of the channel, the dominant mechanisms are production and
turbulent transport.

Additionally, we derived an expression for the mean charge-density profile based
on the gradient assumption. To that end, we considered that the mean charge density
consists of three zones. The first one is the effective diffusion sublayer. The second
zone is a transition between the first and third regions. Inside, convective transport
becomes significant due to the turbulent motions of the fluid. Then, the third zone
extends throughout the bulk of the channel. Therein, the charge is almost constant.
Accordingly, the closed-form profile agrees well with the numerical data for the limited
range of DNS considered herein, except in the second region. For this purpose, we
proposed a more complex profile for the eddy diffusivity that can be useful in the
context of turbulence modeling.

Throughout this chapter, we also analyzed the role of the ohmic resistance and
the diffusion of charge in turbulent flow electrification. On the one hand, the process
of charge diffusion is restricted to the effective diffusion sublayer, whose thickness is
very thin compared to the width of the channel. Nevertheless, this zone is of partic-
ular importance since it corresponds to the region in which gradients of the charge
concentration are steep. Therefore, although limited to a specific zone (adjacent to
the wall), the mechanism of charge diffusion in turbulent flow electrification should
not be neglected. On the other hand, the ohmic resistance acts as a counter-balance
for the convective term. This term is responsible of, inter alia, the decrease of the
electrification rate and the variations of the electric charge density.





CHAPTER 5

Large eddy simulations of

turbulent flow electrification

5.1 Introduction

The most accurate approach to treat numerically wall-bounded turbulent flows, such
as pipes and channels, is via DNS. For this reason, we opted to perform DNS to study
turbulent flow electrification in Chapters 3 and 4. As discussed in section 3.4.1, all
flow scales are resolved in DNS, including very small vortical structures (eddies) in
turbulent flows. Thus, DNS requires very fine grids, such as the ones employed in
our study. On another note, the overall process of turbulent flow electrification is
particularly slow. As demonstrated in Chapter 4, this phenomenon consists of three
stages: a rapid buildup of charge, a transition phase, and a stationary stage in which
taking statistics are required for analyzing turbulent flow electrification. As a result,
our computational resources allow to perform DNS only at weak and moderate turbu-
lence intensities (Re� not much higher than 250). Accordingly, the objectives of this
chapter are i) to provide a subgrid-scale model for the electric charge density and ii) to
conduct LES at higher Reynolds numbers.

Aside from DNS, the RANS and LES approaches are commonly employed in the
field of CFD. In RANS, the turbulent structures are not resolved, thereby reducing
considerably the computational cost. The LES approach, on the other hand, consists
of filtering the governing equations spatially. In this manner, the grid directly resolves

111
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the largest turbulent structures, which contain most of the turbulent kinetic energy.
Consequently, in LES, only the smallest structures need to be modeled. Historically,
LES is the most recent approach and is a compromise between computational cost and
numerical accuracy. In particular, LES is less accurate than DNS but more accurate
than RANS.

It is worth adding that several variants of RANS and LES are available in the litera-
ture. One canmention Unsteady Reynolds-Averaged Navier-Stokes models (URANS),
Differential Second-Moment (DSM), Algebraic Stress Models (ASM), Implicit Large
Eddy Simulations (ILES), Detached Eddy Simulations (DES), and so forth. Various
factors influence the selection of a model, such as the geometries complexity and the
application domain (academic or industrial). For further details about these different
models and their recent advances, the interested reader is referred to [182].

The chapter is structured as follows. Section 2 describes the filtered governing
equations for the fluid (Navier-Stokes) and the electric charge density. Section 3 dis-
cusses turbulence closure modeling: after validating the subgrid-scale eddy-viscosity
model, we present four subgrid-scale eddy-diffusivity models for the filtered charge-
density equation. We compare them with the DNS database at Re� = 180 and
Re� = 210, presented in Chapter 4. Then, in Section 4, we carry out LES of turbulent
flow electrification at higher Reynolds numbers, namely Re� = 300 and Re� = 395.
Finally, Section 5 concludes.

5.2 Turbulence modeling

As mentioned above, the LES approach employs spatial filtering. We provide its defi-
nition as follows. The corresponding filtered field of a generic quantity  reads,

 ̃(x, t) = ∫  (x′, t)G(x − x′, t)dx′ , (5.1)

where G represents the filter kernel associated with the cutoff scales in space. Three
different filter kernels are widely employed in LES: Gaussian, box, and cutoff filters.
As its name suggests, the first one has a Gaussian shape, while the box filter (or, equiv-
alently, implicit filter) consists of a simple local average. The cutoff filter, on the other
hand, eliminates all Fourier coefficients belonging to wavenumbers above a cutoff; see
[150] for further details. For this study, we opt for the box filter because it can di-
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rectly filter out the unresolved scales via the computational mesh. In particular, we
can decompose  in a resolved and an unresolved part,  ̃ and  ′, respectively,

 =  ̃ +  ′ . (5.2)

Turbulent kinetic energy cascades from the largest (resolved) structures to the smallest
ones (unresolved). In order to have an accurate computation of the resolved eddies, we
must provide closure models for the filtered equations since these models account for
the energy transfer to the unresolved scales. Thus, although the small scales are unre-
solved in LES, their effect on the resolved scales is taken into account. Accordingly,
we present below the filtered governing equations (hydrodynamics and electrostatics
equations) and appropriate subgrid-scale models (SGS).

5.2.1 Filtered Navier-Stokes equations

The filtered version of the governing equations for the fluid reads,

∇ ⋅ ũ = 0 , (5.3)
)ũ
)t
+
(

ũ ⋅ (
)

ũ = − 1
�
∇p̃ + �∇2ũ − ( ⋅ � , (5.4)

where the residual stress tensor � ∶= (

� ij
) represents the unclosed terms of the filtered

Navier-Stokes equations and is given by,

� ij = ũiuj − ũiũj . (5.5)

Typically, the eddy-viscosity approach is employed to model the stress tensor [150,
168, 183]. This method considers � ij as an additional dissipative mechanism. Then,
we have,

� ij −
1
3
�kk�ij = −2�sS̃ij , (5.6)

where �ij and �s represent the Kronecker delta and the subgrid-scale eddy viscosity,
respectively. Further, S̃ ∶=

(

S̃ij
)

stands for the filtered strain-rate tensor. It reads,

S̃ = 1
2

(

∇ũ +
(

∇ũ
)⊤
)

. (5.7)
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Then, the filtered Navier-Stokes equations reads,

∇ ⋅ ũ = 0 , (5.8)
)ũ
)t
+
(

ũ ⋅ (
)

ũ = − 1
�
∇p̃ + ∇ ⋅

(

2
(

� + �s
)

S̃
)

. (5.9)

We deduce from the above equation that it remains to determine the subgrid-scale eddy
viscosity. As is common practice, we model �s via,

�s =
(

CS Δ
)2

|S̃| , (5.10)

where CS stands for the Smagorinsky coefficient and Δ denotes the nominal filter
width. It is worth noting that the literature on SGS modeling is vast; see, for example,
[150, 168, 183] and references therein. In this work, we define Δ as,

Δ = (ΔxΔyΔz)1∕3 . (5.11)

At first, previous authors employed static approaches to compute the Smagorinsky
coefficient, consisting of taking CS constant. However, these approaches resulted in
certain inaccuracies, especially in the near-wall regions. This can be easily understood
since, in this zone, it is expected that the molecular viscosity dominates due to friction
with the wall. In particular, the subgrid-scale eddy viscosity �s must tend to zero as
approaching the wall.

Subsequently, dynamic approaches were proposed. The first dynamic model (and
the most popular one) was presented by Germano et al. [184] according to which CS
is computed dynamically (in space and time) based on the local properties of the flow
field. As a consequence, the dynamic approach is computationally costlier than the
static one but regarded as more accurate. The Germano’s model is adequate when the
turbulent flow has homogenous directions (e.g., in channel flow) but is not as accurate
in nonhomogeneous flow. To this end, several extensions have been presented in the
literature; see, for example, [185, 186]. Notably, the Lagrangianmethod ofMenneveau
and Sreenivasan [186] remedies this inaccuracy by performing the computations in the
Lagrangian frame of reference.

For the sake of simplicity and reduction of computational cost, we use in this work
a constant Smagorinsky coefficient set equal toCS = 0.17, which is the value proposed
by Lilly [187]. As is well known, CS is not a universal constant but depends on the
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flow domain; see, for example [188]. Hence, different values for the Smagorinsky
coefficient are available in the literature. Typically, CS ranges between 0.1 and 0.2;
see [168, 183, 188, 189] and references therein. Further, to correct the behavior of the
eddy viscosity in the near-wall regions, we also add in (5.10) the van Driest damping
function, as is common practice [168]. Therefore, the subgrid-scale eddy viscosity
reads,

�s =
(

0.17Δ
(

1 − e−y+∕25
))2

|S| , (5.12)
where y+ denotes the distance from the wall measured in wall units; cf. (3.23).

5.2.2 Filtered charge-density equation

The filtered charge-density equation is given by,
)�̃el
)t

+ ũ ⋅ (�̃el = −�
�
�̃el +D∇2�̃el − ∇ ⋅ � , (5.13)

where � ∶= (

�j
) represents the first-order tensor (i.e., vector) corresponding to the

unclosed terms of the filtered charge-density equation. It reads,

�j = �̃eluj − �̃elũj . (5.14)

Similarly to the derivation of the stress tensor � ij in (5.6), we consider that the unclosed
terms �j of the first-order tensor � operate as an additional dissipative mechanism in
(5.13). Then, we have,

� = −Ds(�̃el , (5.15)
where Ds denotes the subgrid-scale eddy diffusivity. Subsequently, the final form of
the filtered charge-density equation reads,

)�̃el
)t

+ ũ ⋅ (�̃el = −�
�
�̃el + ∇ ⋅

((

D +Ds
)

∇�̃el
)

. (5.16)

5.3 Grid resolution requirements

For comparison purposes, the computational setup proposed in this chapter is almost
identical to that presented in section 2.4. These similarities include the geometry of
the domain (channel flow), the material properties of benzene (cf. Table 2.2), and the
boundary conditions. The only change concerns the size of the domain, reduced by half
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Re� Lx Lz Nx ×Ny ×Nz Δx+ Δz+ Δy+max
180 4�ℎ 2�ℎ 96 × 65 × 80 23.56 14.14 8.71
210 4�ℎ 2�ℎ 96 × 65 × 80 27.48 16.49 10.16
300 2�ℎ �ℎ 96 × 65 × 96 19.63 9.81 14.49
395 2�ℎ �ℎ 128 × 96 × 128 19.38 9.70 12.92

Table 5.1: Summary of the parameters for the four LES considered herein. Δymaxcorresponds to the resolution in the center of the channel, considered as the largest grid
spacing in the cross-stream y direction. Further,Nx ×Ny ×Nz denotes the number of
grid points in each direction. Finally, Lx and Lz stand for the length and depth of the
channel, respectively.

in each direction, for Re� = 300 and Re� = 395. The computational mesh consists
of 96 × 65 × 80 grid cells for Re� = 180 and Re� = 210. In this manner, the grid
employed for LES at Re� = 180 is 8 times finer than the one used for DNS. Whereas,
it is 23 times finer for LES at Re� = 210; see section 3.4.1.

Wu and Kasagi [190, 191, 192] and Moser et al. [193] conducted DNS of turbulent
channel flow forRe� = 300 andRe� = 395, respectively. We use their findings for the
validation of LES carried out herein. ForRe� = 300, we employ a mesh of 96×65×96
grid points; while forRe� = 395, the grid consists of 128×96×128 cells. Thus, these
grids contain respectively, 16 and 8 times fewer points than the computational mesh
employed by Moser et al. [193] and Wu and Kasagi [190]. For clarity purposes, Table
5.1 summarizes the parameters employed for the four LES considered in this chapter.
Please note that the width of the channel remains the same and is equal to Ly = 2ℎ;
cf. section 2.4.2.

5.4 Presentation of subgrid-scale eddy-diffusivity models

For this study, we present four different models for the subgrid-scale eddy diffusivity.
As specified above, no closure model has been presented in the literature forDs, to the
best of our knowledge. Consequently, we compare the performance of the four models
and this comparison can also be used as a baseline in future research.
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5.4.1 Model 1: unresolved smallest turbulent structures (no model)

In Model 1, we assume that Ds = 0. In other words, it is a no-model approach. In
the past, some authors advocated this approach for the eddy viscosity �s, commonly
known as Monotonically Integrated LES (MILES); see, for example, [194, 195]. The
underlying idea of no modeling the smallest turbulent structures is that the numerical
dissipation is expected to be a sufficient additional diffusivity mechanism. Then, the
filtered charge-density equation reads,

)�̃el
)t

+ ũ ⋅ (�̃el = −�
�
�̃el +D∇2�̃el . (5.17)

By ignoring the subgrid fluctuations, this approach may introduce numerical errors but
their magnitude is to be assessed via numerical tests. Also, this case is of particular
interest for the present study since it can serve as a reference point for the other models.

5.4.2 Model 2: uniform subgrid-scale eddy diffusivity

In the second model, we employ a constant value for Ds: the additional diffusion due
the subgrid-scale eddy diffusivity is uniform inside the whole channel. Hence, we
have,

)�̃el
)t

+ ũ ⋅ (�̃el = −�
�
�̃el +

(

D +Ds
)

∇2�̃el . (5.18)
The major drawback of employing an uniform eddy-diffusivity may concern the esti-
mation of the unclosed terms (5.15) in the near-wall regions. In particular, it is expected
that Ds tends to zero as approaching the wall, as is the case for �s via the van Driest
damping function.

Via an a posteriori analysis for the value of Ds, conducted in the framework of
this study, the constant value was chosen to be Ds = 10−9 m2∕s. Please note that, like
the Smagorinsky coefficient CS, the value of this constant should not be considered as
universal. Instead, it should depend on the material properties of the liquid of interest
but also on the flow domain.

5.4.3 Model 3: estimation of Ds via a damping function

In the third model, we consider that the contribution of the SGS eddy diffusivity in
the filtered charge-density equation is negligible at the wall, in contrast to the second
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model. To this end, Ds is estimated via a damping function. The latter stems from
the approximative expression for the turbulent eddy diffusivity Dt that was derived in
section 4.4.2. In particular, we assume that with regards to the distance from the wall,
the behavior of Dt is identical to that of Ds. Then, we have,

Ds = K
(

1 − exp
(

−
y+

13

))5
, (5.19)

where K denotes a constant, the value of which has been determined in this study to
be K = 7 × 10−6 m2∕s. By virtue of (5.19) we infer that, at a given distance from the
wall, the subgrid-scale eddy diffusivity converges towards the constant value K as the
turbulent flow becomes more intense.

5.4.4 Model 4: computation of Ds via the subgrid Schmidt number

For a passive scalar in turbulent flow, LES approaches generally introduce the notion
of subgrid Schmidt number. It consists of correlating the eddy viscosity with the eddy
diffusivity of the passive scalar; see [196, 197] and references therein. In Model 4,
we employ an analogous approach for the electric charge density. More specifically,
we associate the eddy diffusivity with the eddy viscosity by introducing the (electric)
subgrid Schmidt number, defined as,

Scs =
�s
Ds

. (5.20)

On the basis of (5.12) and (5.20), the subgrid-scale eddy diffusivity Ds is thus negli-
gible at the wall, as is the case in Model 3.

In the specific context of turbulent heat transfer, the subgrid Prandtl number is
more used instead of the subgrid Schmidt number since it enters the diffusive term
in the temperature equation. Typically, the subgrid Prandtl number is at the order of
unity (often less than one) when modeling convective heat transfer in turbulent channel
flows [198–202]. For example, Georgiou and Papalexandris [201] obtained a value of
0.9 for forced convection in channels and T-junctions, while Hay and Papalexandris
[202] determined the subgrid Prandtl number to equal 0.4 for natural convection.

However, to the best of our knowledge, no values for the electric subgrid Schmidt
number are available in the literature. Accordingly, we have conducted an a posteriori
analysis to determine, for the problem of interest, an appropriate estimation of the
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(electric) subgrid Schmidt number. For the purpose of this study, we assume that
Scs = 4. In particular, the (electric) subgrid Schmidt number is higher than one,
whereas the subgrid Prandtl and Schmidt numbers are usually taken to be less than
unity.

5.5 Validation of turbulence modeling

In this section, we provide a validation of turbulence modeling for the problem in hand.
First, this validation involves the LES modeling for the Navier-Stokes equations with-
out flow electrification. Then, we discuss the validity of the four SGS eddy-diffusivity
models presented above.

5.5.1 SGS eddy-viscosity model

The validation of subgrid-scale models typically involves comparisons between DNS
and LES results of fundamental quantities associated with the problem of interest.
Herein, they correspond to the mean profile of the velocity field (i.e., ⟨u⟩, ⟨v⟩, and
⟨w⟩) and the diagonal components of the Reynolds stress tensor, namely, urms, vrms,
andwrms. Accordingly, we provide below these comparisons forRe� = 180, 210, 300,
and 395. We utilize our DNS database for Re� = 180 and Re� = 210. On the other
hand, as discussed in section 5.3, we employ the DNS database of Wu and Kasagi
[190] and Moser et al. [193] for Re� = 300 and Re� = 395, respectively.

Overall, our simulations show that the SGS eddy-viscosity model (5.12) approx-
imates well the residual stress tensor, represented by � ij . In particular, the DNS and
LES profiles of the mean streamwise velocity are in excellent agreement forRe� = 300
and Re� = 395, as illustrated in Figures 5.1c and 5.1d. However, the SGS eddy-
viscosity model results in a slight overestimation of ⟨u⟩ for Re� = 180. Conversely,
it results in a slight underestimation of ⟨u⟩ for Re� = 210; cf. Figures 5.1a and 5.1b.
Additionally, we note that the difference of profiles for the mean streamwise velocity
between DNS and LES is relatively more significant for Re� = 180 than Re� = 210.

Further, we observe the same trend when comparing profiles of the r.m.s velocity,
regardless of the direction (streamwise, cross-stream, and spanwise). Globally, our
LES results for Re� = 300 and Re� = 395 agree well with the DNS database, as
depicted in Figures 5.2, 5.3, and 5.4. For Re� = 180 and Re� = 210, our simulations
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(d) Re� = 395.
Figure 5.1: Comparison between DNS and LES profiles of the mean streamwise veloc-
ity ⟨u⟩. Our DNS database is used forRe� = 180 andRe� = 210. Whereas, we employ
the DNS database of Wu and Kasagi [190] and Moser et al. [193] for Re� = 300 and
Re� = 395, respectively.

suggest that the SGS eddy-viscosity model generates slight overestimations of urms
(cf. Figure 5.2) and underestimations of both vrms and wrms; see Figures 5.3 and 5.4.
This can be explained by the fact that LES models are typically less accurate in the
prediction of high-order statistics.

In general terms, the SGS eddy-viscosity model gives satisfactorily accurate results
in the range ofRe� tested in this study. In particular, the differences in profiles between
DNS and LES, depicted in Figures 5.1-5.4, are sufficiently small to be acceptable. Un-
doubtedly, other subgrid-scale models may result in a more accurate approximation of
the unclosed terms � ij in the filtered Navier-Stokes equations. As mentioned above,
the related literature is vast. However, this chapter focuses primarily on the develop-
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(b) Re� = 210.
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(c) Re� = 300.
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(d) Re� = 395.
Figure 5.2: Comparison between DNS and LES profiles of the streamwise root-mean-
square velocity urms. Our DNS database is used for Re� = 180 and Re� = 210.
Whereas, we employ the DNS database of Wu and Kasagi [190] and Moser et al. [193]
for Re� = 300 and Re� = 395, respectively.

ment of a cost-effective subgrid-scale model for the charge-density equation. In this
context, we provide below a validation of the SGS eddy-diffusivity models.

5.5.2 SGS eddy-diffusivity models

Herein, we discuss the validity of the four SGS eddy-diffusivity models presented in
section 5.4. For validation purposes, we compare these models with our DNS database
for Re� = 180 and Re� = 210. According to the findings obtained in Chapter 4, the
validation of a subgrid-scale eddy-diffusivity model is conducted on the basis of three
fundamental quantities: the electrification rate, i.e., the rate of change of ⟨�el⟩xz at the
midplane, the mean and the r.m.s of the electric charge density.
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(b) Re� = 210.
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(c) Re� = 300.
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Figure 5.3: Comparison betweenDNS and LES profiles of the cross-stream root-mean-
square velocity vrms. Our DNS database is used for Re� = 180 and Re� = 210.
Whereas, we employ the DNS database of Wu and Kasagi [190] and Moser et al. [193]
for Re� = 300 and Re� = 395, respectively.

We have plotted in Figure 5.5 the evolution of the area-averaged charge density
⟨�el⟩xz at the midplane, y = 0. First, we notice certain differences between DNS
results and LES predictions with regards to Model 1. In particular, for Re� = 180, the
peak value of ⟨�el⟩xz, computed by using Model 1, is approximately 7.6% lower than
the one estimated by our DNS; see Figure 5.5a. In addition, the area-averaged electric
charge density, computed with Model 1, exhibits spurious oscillations during the third
stage of electrification for both Re� (180 and 210).

These oscillations also exist when conducting LES with Model 2, and have practi-
cally the same amplitude as those predicted by using Model 1. As a matter of fact, we
calibrated the constant value for Ds (in Model 2) so that, during the stationary stage,
the value of the area-averaged charge density at the midplane for Re� = 180 oscil-
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(b) Re� = 210.
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(c) Re� = 300.
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(d) Re� = 395.
Figure 5.4: Comparison between DNS and LES profiles of the spanwise root-mean-
square velocity wrms. Our DNS database is used for Re� = 180 and Re� = 210.
Whereas, we employ the DNS database of Wu and Kasagi [190] and Moser et al. [193]
for Re� = 300 and Re� = 395, respectively.

lates around the peak of ⟨�el⟩xz, determined by DNS; cf. Figure 5.5a. Nonetheless, for
Re� = 210, we observe in Figure 5.5b that the final value of ⟨�el⟩xz at the midplane,
obtained via LES with Model 2, is 5.3% higher than the one predicted by DNS.

During the stationary stage, the final value of ⟨�el⟩xz at the midplane predicted by
LES with Model 3 is very close to that predicted by our DNS for Re� = 180; see
Figure 5.5a. On the other hand, for Re� = 210, compared to DNS, the peak value of
⟨�el⟩xz is 1.97% higher when carrying out LESwithModel 3. Also, during the first and
second stages of electrification, the electrification rate predicted by LES with Model 3
is moderately higher than the one estimated by DNS, for both Re� (180 and 210).

Conversely, during the first and second stages of electrification, compared to DNS,
the electrification rate predicted via LES with Model 4 is slightly lower for both Re� .
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Figure 5.5: Comparison between DNS and LES profiles of the evolution of the area-
averaged charge density ⟨�el⟩xz at the midplane (y = 0).

Further, as is the case in DNS, the fluctuations of ⟨�el⟩xz at the midplane during the
stationary stage are significantly reduced when conducting LES with Model 4, for
both Re� . At this stage of electrification, the final value of ⟨�el⟩xz, predicted by LES
with Model 4, coincides with the value computed by DNS of Re� = 180. Whereas
for Re� = 210, our simulations with Model 4 indicate that the final value of ⟨�el⟩xz
is 2.34% higher to that predicted by our DNS; cf. Figure 5.5b. However, from the
plots in Figure 5.5 for Re� = 180 and Re� = 210, the results of our simulations for
the electrification rate and the peak value of the area-averaged charge density at the
midplane suggest that Model 4 is more accurate than Model 3, which in turn is more
accurate than Models 1 and 2.

Additionally, we have plotted in Figures 5.6 and 5.7 the profiles of the mean charge
density ⟨�el⟩ for Re� = 180 and Re� = 210. According to these figures, we observe
globally the same trend to that discussed above for the evolution of ⟨�el⟩xz. First, the
profile of ⟨�el⟩ in the bulk of the channel, obtained by conducting LES with Model
1, is below the profile of ⟨�el⟩ estimated by our DNS, especially for Re� = 180; see
Figure 5.6a. Whereas forRe� = 210, this difference is less significant; see Figure 5.6b.
Further, adjacent to the wall, i.e., in the effective diffusion sublayer, our simulations
indicate that the profile of ⟨�el⟩, computed by using LES with Model 1, is in excellent
agreement with the DNS database, for both Re� (180 and 210); see Figure 5.7.

By contrast, carrying out LES with Model 2 leads to inaccuracies for ⟨�el⟩ in the
effective diffusion sublayer due to the non-zero value of DS at the wall; cf. (5.18).



5.5. Validation of turbulence modeling 125

 0.7

 0.75

 0.8

 0.85

 0.9

 0.95

 1

-1 -0.8 -0.6 -0.4 -0.2  0

<
ρ

e
l>

y

DNS

Model 1

Model 2

Model 3

Model 4

(a) Re� = 180.

 0.75

 0.8

 0.85

 0.9

 0.95

 1

-1 -0.8 -0.6 -0.4 -0.2  0

<
ρ

e
l>

y

DNS

Model 1

Model 2

Model 3

Model 4

(b) Re� = 210.

Figure 5.6: Comparison between DNS and LES profiles of the mean charge density
⟨�el⟩ along the y-axis.
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Figure 5.7: Comparison between DNS and LES profiles of the mean charge density
⟨�el⟩ in the effective diffusion sublayer (first zone) and in the transition (second) zone.

Further, this trend is accentuated for Re� = 210; see Figure 5.6b. As a matter of
fact, only the value of ⟨�el⟩ in the bulk of the channel for Re� = 180 is close to the
one computed by using DNS. As mentioned above, this result was expected since we
determined the constant value of DS accordingly.

The profiles of ⟨�el⟩ with Model 3 agree well with the DNS predictions away from
the wall (i.e., in the bulk of the channel), especially for Re� = 180; see Figure 5.6a.
Additionally, our simulations suggest that the transition zone, corresponding approx-
imately to −0.99ℎ ≤ |y| ≤ −0.9ℎ, is the region where the difference of profiles for
⟨�el⟩ is the most significant. As elaborated in Chapter 4, the predictions of the electric
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charge density become particularly strenuous inside the transition zone. This char-
acteristic can be readily confirmed from the plots of Figure 5.7. Also, for both Re� ,
Model 3 induces an overestimation, albeit moderate, of ⟨�el⟩.

A similar analysis can be made for the LES results obtained with Model 4. More
specifically, we observe from Figures 5.6 and 5.7 that the profiles of ⟨�el⟩, predicted
by carrying out LES with Models 3 and 4, are almost identical, at both Re� (180 and
210). A notable exception concerns the value of ⟨�el⟩ in the effective diffusion sublayer.
Inside this zone, the predictions with Model 3 are slightly more accurate than those
with Model 4.

Furthermore, we have plotted in Figures 5.8 and 5.9 the r.m.s profiles of the electric
charge density forRe� = 180 andRe� = 210. Overall, our simulations indicate a larger
difference between DNS results and LES predictions for �el,rms than for ⟨�el⟩. More
specifically, the r.m.s profile obtained from Model 1 differs considerably to that from
DNS. For example, the peak value of �el,rms obtained by simulating LES with Model
1, located in the near-wall regions, is approximately 37% higher to that obtained via
DNS, for both Re� = 180 and Re� = 210; see Figure 5.9.

In line with the plots of ⟨�el⟩, we observe that, at the wall, the profile of �el,rms with
Model 2 differs significantly to the one predicted with DNS at Re� = 180; see Figure
5.9a. Away from the wall and for both Re� , the r.m.s profiles of �el,rms obtained by
using LES with Models 1 and 2 are practically the same; see Figure 5.8.

For Models 3 and 4, our simulations predict that, with the exception of the effective
diffusion sublayer, the fluctuations of the electric charge density are more intense than
those evaluated via DNS. However, from Figures 5.8 and 5.9 and for the two Reynolds
numbers considered herein, it is expected that conducting LESwithModel 4may result
to less inaccuracies than when conducting LES with Model 3.

To summarize, carrying out LES with Models 1 and 2 results in significant inaccu-
racies. By contrast, our simulations suggest that, globally, Models 3 and 4 approximate
well the effect of the small-scale turbulent eddies in the filtered charge-density equa-
tion. Although the LES predictions of these two models bear similarities, we assume
that Model 4 is more advantageous thanModel 3. On another note, via the introduction
of the subgrid Schmidt number, the fourth model takes into account the contribution of
the eddy viscosity in the resolution of the smallest turbulent structures, in contrast to
Model 3. In particular, by increasing the resolution of the computational grid, the LES
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approach based on Model 4 can converge towards the DNS approach, on the contrary
of the LES approach based on Model 3.
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Figure 5.8: Comparison between DNS and LES profiles of the r.m.s values of the
electric charge density along the y-axis.
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Figure 5.9: Comparison between DNS and LES profiles of the r.m.s values of the elec-
tric charge density in the effective diffusion sublayer (first zone) and in the transition
(second) zone.

5.6 Turbulent flow electrification at higher Reynolds numbers

In this section, we present four LES of turbulent flow electrification in a channel at
Re� = 180, 210, 300, and 395. On the basis of the above comparison of the four
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subgrid-scale eddy-diffusivity models, we conduct these LES by using Model 4. In
addition, we employ the notation reported in section 4.1.2 for the sake of consistency.

5.6.1 Transport and accumulation of electric-charge carriers
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Figure 5.10: Evolution of the area-averaged charge density ⟨�el⟩xz at the midplane
(y = 0) for the friction Reynolds numbers considered herein.

Our simulations of turbulent flow electrification at higher Reynolds numbers confirm
all the predictions regarding the charge-density distribution that were made in low
Re� DNS of Chapter 4. First, a more intense turbulent flow facilitates the transport
of electric-charge carriers from the diffuse layer towards the bulk of the channel. We
observe this phenomenon via the evolution of the area-averaged charge density ⟨�el⟩xz
at the midplane, illustrated in Figure 5.10. As described in Chapter 4, there are three
stages of electrification: a rapid buildup of charge (high electrification rate), a transi-
tion phase (lower electrification rate), and the stationary stage in which the process of
electrification has been completed. According to Figure 5.10, the electrification rate
increases dramatically with Re� . For example, when Re� = 395, the liquid of inter-
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est (benzene) reaches the third stage of electrification approximately three times faster
than when Re� = 180.

By increasing the turbulence intensity of the flow, the peak value of the electric
charge density also increases, but at a lower rate. For instance, between Re� = 210
andRe� = 300, the final value of ⟨�el⟩xz at the midplane increases by 12.3%; it is 2.7%
between Re� = 300 and Re� = 395. As expected, during the stationary stage, the
fluctuations of the area-averaged charge density ⟨�el⟩xz become negligible for Re� ≥
300.
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Figure 5.11: Numerical estimation of the total streaming current I (a) and the ratio
I∕IDL (b) in terms of the friction Reynolds number. The last two points, corresponding
toRe� = 300 andRe� = 395, are from LES. Whereas, the other points are from DNS.

As elaborated in Chapter 4, the streaming current increases with the turbulence
intensity of the flow. For example, between Re� = 180 and Re� = 395, the total
streaming current, I , has a threefold increase, as indicated in Figure 5.11a. In the
same figure, we have juxtaposed a fit of the streaming current, by using the nonlinear
least-squares Marquardt-Levenberg algorithm. Accordingly, it reads,

I
(

Re�
)

≈ C1Re� + C2 , for Re� ≥ 100 . (5.21)

where C1 = 5.5 × 10−10 and C2 = −4.2 × 10−8 are constants and have dimensions of
current (Ampere).

Additionally, we have plotted respectively in Figures 5.12a and 5.12b the variations
of the total charge Q and its ratio Q∕QDL in terms of the turbulence intensity of the
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Figure 5.12: Numerical estimation of the total charge Q (a) and the ratio Q∕QDL (b)
in terms of the friction Reynolds number. The last two points, corresponding toRe� =
300 and Re� = 395, are from LES. Whereas, the other points are from DNS. Further,
the dashed lines represent the predicted asymptotic profiles for Q, corresponding to
Q = 1.97 [nC] (a), and for Q∕QDL, corresponding to Q∕QDL = ℎ∕4�D (b).

flow. Our simulations indicate that there is an asymptotic profile for Q and Q∕QDL,
which is almost reached at Re� = 395. These asymptotes are determined by replacing
�el by �w in definitions (3.1) and (3.3). For the present study, they correspond to Q =
1.97 [nC] and Q∕QDL = ℎ∕4�D. However, as mentioned in section 3.4.4, it is worth
noting that the electric charge density cannot be everywhere equal to its value at the
wall because of the ohmic resistance; cf. equation (2.21).

5.6.2 Charge-density statistics

Further, we have plotted in Figure 5.13 the profiles of the mean charge density ⟨�el⟩
along the y axis and in the near-wall regions, namely 0.9ℎ ≤ |y| ≤ ℎ. According to it,
we can identify the same three zones as in lower Re� , which in turn implies that this
separation into three zones is valid even at large turbulence intensities. As mentioned
in section 4.4.1, these zones are the effective diffusion sublayer, the transition zone,
and the core of the channel. As expected, when Re� increases, the overall value of
the mean charge density also increases. Moreover, our simulations confirm that the
thickness of the effective diffusion sublayer and transition zone decreases at higher
turbulence intensities. Please note that this trend is common to all boundary layers
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Figure 5.13: Plots of the mean charge density along the y-axis (Top) for the friction
Reynolds numbers considered herein. Bottom: zoom of ⟨�el⟩ in the near-wall zone.

in turbulent flows: their thickness is reduced when increasing turbulence intensities.
Therefore, the presumed thickness of the transition zone estimated in section 4.4.1,
namely 0.9ℎ − �, where � corresponds to the thickness of the first zone, is no longer
valid for Re� = 300 and Re� = 395; see profiles of ⟨�el⟩ in Figure 5.13.

From the plots shown in Figures 5.12 and 5.13, we infer that, for the problem in
hand, the efficiency of the transport of electric-charge carriers almost reaches its peak at
Re� = 395. At such turbulence intensity, the thickness of the first and second zones be-
comes very small, thus resulting in a uniformization of the charge-density distribution



132 Chapter 5. Large eddy simulations of turbulent flow electrification

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  0.2  0.4  0.6  0.8  1

<
ρ

e
l>

x
z

t

Re
τ
 = 180 (LES)

Re
τ
 = 210 (LES)

Re
τ
 = 300 (LES)

Re
τ
 = 395 (LES)

 0

 0.3

 0.6

 0.9

 1.2

 1.5

 1.8

-1 -0.8 -0.6 -0.4 -0.2  0

ρ
e
l,

rm
s 

(x
 1

0
2
)

y

 0

 0.3

 0.6

 0.9

 1.2

 1.5

 1.8

-1 -0.98 -0.96 -0.94 -0.92 -0.9

ρ
e
l,

rm
s 

(x
 1

0
2
)

y

Figure 5.14: Plots of the root-mean-square charge density along the y-axis (Top) for the
friction Reynolds numbers considered herein. Bottom: zoom of �el,rms in the near-wallzone.

in the bulk of the channel, as shown in Figure 5.13. This phenomenon of uniformiza-
tion has already been observed and discussed in Chapter 3 via the time-asymptotic
profile of the charge-density distribution for a liquid at rest; cf. Figure 3.2. By com-
paring the plots of Figures 3.2 and 5.13, we readily infer that increasing the turbulence
intensity of the flow results in an analogous effect on the charge-density distribution as
increasing the Debye length. Please note that the profiles of ⟨�el⟩, obtained from our
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LES, show the same trend as the profiles resulting from the approximate closed-form
solution of the mean-charge density equation (4.5); cf. section 4.4.

The uniformization of the electric charge density in the bulk of the channel implies
a significant reduction of its variations with regards to Re� . We confirm this trend
from the plots of the r.m.s values of ⟨�el⟩, provided in Figure 5.14. For example, the
peak of �el,rms is five times higher for Re� = 180 than for Re� = 395. Furthermore, as
predicted by our low Re� DNS of Chapter 4, the intensity of the turbulent flow seems
to affect slightly the position of the peak. For instance, the peaks for Re� = 180 and
Re� = 395 are located approximately at |y| = 0.985ℎ and |y| = 0.994ℎ, respectively;
see bottom of Figure 5.14.

5.7 Concluding remarks

In this chapter we studied the phenomenon of flow electrification in turbulent channel
flows via LES. First, we derived the filtered governing equations for the problem in
hand and presented four subgrid-scale eddy-diffusivity models. Accordingly, we in-
troduced the notion of subgrid-scale (electric) Schmidt number. Then, we tested the
validity of the subgrid-scale eddy-viscositymodel. It corresponds to the constant Lilly-
Smagorinsky approach, in which we added the van Driest damping function. Subse-
quently, we tested the validity of the four subgrid-scale eddy-diffusivity models. Ac-
cording to our simulations, the fourth model is more appropriate to approximate the
unresolved turbulent eddies in the filtered charge-density equation.

Additionally, we carried out LES of turbulent flow electrification at higher
Reynolds numbers. These simulations confirmed the main conclusions of the pre-
vious chapter, with regards to the electrification rate, the streaming current, the mean
charge-density profile, and the fluctuations of the electric charge density. In particular,
we predicted a linear dependence of the total streaming current with regards to the fric-
tion Reynolds number. Further, we demonstrated that the thickness of the third zone,
corresponding to the core of the channel, increases in terms of the Reynolds number.
At sufficiently high turbulence intensity, the thickness of the first and second zones
becomes exceedingly small. Therefore, the electric charge density in the whole chan-
nel becomes very close to its constant value at the wall. This, in turn, implies that the
efficiency of the transport and accumulation of electric-charge carriers reaches almost
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its peak. According to it, at such turbulence intensity, a substantial risk of electrostatic
hazards is expected. In this case, petrochemicals such as benzene must be handled with
care.



CHAPTER 6

Conclusions and future

perspectives

In this final chapter, we provide concluding remarks with regards to all the findings
obtained throughout this thesis. Then, we discuss future perspectives for which an
emphasis is placed on potential extensions of this study.

6.1 Concluding remarks

Throughout this thesis, we have investigated in detail the phenomenon of electrification
of flowing dielectric liquids. Flow electrification occurs when ions (in the form of
unknown impurities) are transported by a flowing liquid, in contact with a solid, from
the diffuse layer towards the bulk of the flow domain. The diffuse layer, alongside
the Stern layer, compose the electrical double layer which is formed at the interface
between the flowing liquid and the solid, due to physico-chemical phenomena.

In the first part of our study, we elaborated on the development of an algorithm for
computational electrohydrodynamics that is well suited for the study of flow electri-
fication and, more generally, for wall-bounded flows of dielectric liquids. It has been
implemented in our recently developed computational tool pafiX for simulations of
flows that involve an operational hazard. Via this algorithm, we have been able to con-
duct numerical studies that helped assess the role of turbulence and the underpinning
mechanisms of turbulent flow electrification, which had not been investigated before.

135
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To determine the conditions in which flow electrification can take place, we exam-
ined in the second part of our study the charge-density distribution in the diffuse layer.
When the fluid is at rest or the flow is laminar, the electric charge density decreases
exponentially away from the wall. In this configuration, the diffuse layer is said to be
fully developed. Accordingly, the total charge increases with the thickness of the dif-
fuse layer, which is determined by the Debye length. In particular, when the electrical
conductivity of the liquid is low (e.g., liquid hydrocarbons), the Debye length becomes
large. Further, the transport of ions from the diffuse layer towards the bulk of the flow
does not occur in laminar channel flows. Hence, from this perspective, flow electri-
fication cannot take place in this regime. However, the motion of the fluid generates
a streaming current inside the diffuse layer. In laminar channel flow, the streaming
current increases linearly in terms of the mean velocity, as in laminar pipes and rectan-
gular duct flows. Moreover, the streaming current has a quadratic growth with respect
to the Debye length (or, equivalently, the thickness of the diffuse layer).

On the other hand, when the flow is turbulent, the charge-density distribution in
the diffuse layer is considerably modified. Unlike laminar flow, turbulence results in
transport of electric-charge carriers from the diffuse layer towards the bulk of the chan-
nel. Thus, in channels, flow electrification solely occurs when the flow is turbulent.
Accordingly, in the third part of our study, we investigated electrification in turbulent
channel flows via DNS at weak/moderate turbulence intensities. As the turbulence in-
tensity increases, the thickness of the inner layer becomes comparable to that of the
diffuse layer, which enhances the convective transport of charge. Consequently, the to-
tal streaming current in the liquid becomes quite large. In turbulent flow of dielectric
liquids, the electric charge is built up rapidly in the bulk of the channel until it reaches
a plateau. During this stage of electrification, the charge-density distribution becomes
statistically stationary. On another note, it corresponds also to the period in which the
diffuse layer is said to be fully perturbed.

Further, the mean charge-density profile consists of three zones. The first zone cor-
responds to the effective diffusion sublayer which is inside both the diffuse layer and
viscous sublayer. Inside this region, ions are transported via diffusion. The thickness
of the effective diffusion sublayer increases with the diffusion coefficient and decreases
with the velocity of the flow field. In the second zone, the convection of electric-charge
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carriers becomes significant since ions move away from the wall (and the viscous sub-
layer). Whereas, in the third zone, the charge-density distribution is almost constant.

In addition, a more intense turbulent flow reduces the fluctuations of the electric
charge density during the stationary stage. On the contrary, by increasing the electrical
conductivity of the liquid, the fluctuations of the electric charge density increase. This
is due to the ohmic resistance (i.e. conductive currents) which counter-balances the
convective currents, thereby reducing the efficiency of turbulent mixing of electric-
charge carriers in the liquid.

In the last part of this study, we investigated electrification in turbulent channel
flows via LES at higher turbulence intensities. When the turbulence intensity is in-
creased, the thickness of the first and second zones of the charge-density distribution
becomes exceedingly small. This implies that the difference of concentration between
anions and cations in the liquid becomes close to that in the Stern layer. Therefore, the
convection and accumulation of ions (or, equivalently, impurities) in the liquid increase
considerably.

6.2 Future perspectives

In this last section, we present four different suggestions to further extend the present
study. They concern i) the geometry of the flow domain, ii) DNS at higher turbulence
intensities, iii) LES at higher turbulence intensities, and iv) experimental studies.

In the past, several authors investigated turbulent flow electrification in different ge-
ometries, especially in circular pipes. Nonetheless, there is no such equivalent analysis
of this phenomenon similar to that presented throughout this thesis for channel flows.
Therefore, future studies could aim at reproducing the present work in other flow do-
mains such as in circular pipes and square ducts (simple cross-sectional geometries).
These studies will contribute to a better global understanding of the role of turbulence
in flow electrification, regardless of the geometry of the domain. In particular, it would
be interesting to assess the potential effects that the geometry of the flow domain has
on fundamental quantities such as the thickness of the effective diffusion sublayer or
the streaming current. On another note, the present study can be extended to dielec-
tric liquids flowing through microporous media, filters, and screeens. However, due to
their complex microstructure, a numerical analysis can be arduous.



138 Chapter 6. Conclusions and future perspectives

Further, depending on the computational resources at disposal, future research
should consider carrying out DNS at higher turbulence intensities to provide more
insight into the phenomenon of turbulent flow electrification. Additionally, these DNS
can serve as a database in the context of turbulence modeling. On another note and
from an academic perspective, it would be interesting to conduct DNS at lower tur-
bulence intensities, corresponding to Reynolds numbers ranging between 50 and 80.
Please note that conducting DNS for this range of Reynolds numbers may be regarded
as challenging due to the phenomenon of “numerical laminarization” of the flow. These
simulations will help evaluating the convective transport of ions in the bulk of the flow
domain for very low turbulence intensities. In particular, according to our numerical
simulations, it is expected that the fluctuations of the electric charge density should be
maximal for this range of Reynolds numbers. Indeed, at such low turbulence intensity,
the efficiency of the turbulent transport is considerably reduced.

Another future direction would be to conduct LES at higher turbulence intensities,
notably those that typically encountered in the process industries during the transport
of dielectric liquids. This would require more investigation on the eddy-diffusivity
modeling, possibly with the introduction of a dynamic approach for the computation
of the subgrid-scale electric Schmidt number. It is worth adding that, due to the signif-
icance of the wall regions for the problem of interest, it is more appropriate to perform
wall-resolved LES instead of wall-modeled LES.

Finally, our findings could be compared and validated through new experimental
tests. As mentioned in the introduction, a team in the laboratory of Poitiers Univer-
sity developed a machine deemed capable of measuring the intensity of the streaming
current. It would therefore be interesting to collaborate in the near future. The final
purpose of this partnership will thus consist of deriving guidelines to improve safety
when handling liquid hydrocarbons in the petrochemical industrial sector.
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