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Abstract

The low-voltage power distribution network is considered today as a se-
rious candidate to provide residential customers with a high-speed access
to communication services such as Internet. Outdoor Power-Line Com-
munications (PLC) systems represent an alternative to the other classi-
cal ’last-mile solutions’ such as ADSL, cable modems, or wireless access
systems. The outdoor powerline channel is made of the interconnexion
of various buried or aerial multiconductor cables, providing connectivity
between the central PLC modem (installed at the medium-voltage/low-
voltage transformer) and a number of remote PLC modems (installed at
customer premises).

We developed an accurate powerline channel simulation tool based on the
Multiconductor Transmission Line theory. This tool is able to predict the
end-to-end channel responses on the basis of the multiconductor cable struc-
ture and the network topology. The obtained channel responses are strongly
frequency-selective due to the cable losses and to the various reflections at
cable derivations and unmatched terminations.

Then the issue of optimal resource allocation in a multiuser environment
was addressed in the light of the Multiuser Information Theory. Simultane-
ously active users are in competition for the limited resources that are the
power (constrained by electro-magnetic compatibility restrictions) and the
bandwidth (in the range of 1 to 10 MHz for outdoor PLC). The concept
of multiuser balanced capacity was introduced to characterize the optimal
resource allocation providing the maximum data rates with fairness con-
straints among the subscribers.

The optimal PLC system was shown to require the shaping of the signal
spectrum in the transmitters, and successive decoding in the receiver. A
generic multiple access scheme based on Filter Banks (FB) was proposed,
which offers the required spectral shaping with limited degrees of freedom.
Classical multiple-access techniques (TDMA, CDMA, OFDMA) can be ob-
tained by selecting the appropriate FB. The Minimum-Mean-Square-Error
Decision-Feedback Joint Detector was shown to approach the performance
of the optimal successive decoding receiver. Practical implementations were
discussed and compared, with a special concern about complexity issues.

Finally, the robustness of the proposed system against channel estimation
and timing synchronization errors was addressed. The problem of multiuser



timing synchronization was introduced, and practical multiuser timing error
detectors were proposed.
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Chapter 1

Introduction

1.1 Powerline communications

Digital communications over powerlines is an old idea that dates back to
the early 1920s. For some decades, the omnipresent power grid has been
used for low-speed data communications [1]. Many different standardized
or proprietary systems have been used for the transmission of control and
management signals (e.g. remote meter reading) by power supply compa-
nies. However, the powerline has largely been dismissed as being too noisy
and unpredictable to be useful as a practical high-speed communication
channel.

A significant change occurred when the last telecommunication monopo-
lies were ended by 1998. In the same time, major advances in the fields
of modulation, coding and detection enabled the design of efficient broad-
band communication systems over powerlines. The idea of exploiting the
low-voltage (LV) power grid to provide broadband Internet access to res-
idential customers has been proposed as an alternative to the other clas-
sical ’last-mile solutions’ such as ADSL, cable modems, or wireless access
systems. LV powerline communication (PLC) networks have a tree-like
topology, with a PLC modem installed at the medium-voltage/low-voltage
(MV/LV) transformer and providing connectivity to all premises in the
neighbourhood. The architecture of the LV PLC network has to be opti-
mized for the special characteristics of the distribution grid, which changes
from one geographic area to another, considering the number of households
per transformer and the distance from the transformer to the customer
premises. When larger distances are involved, as it is the case in European
topologies, intermediate repeaters are typically needed to regenerate the



2 Introduction

signal from the head-end and provide adequate coverage in every customer
outlet.

There is also growing interest in the prospects of reusing in-building pow-
erline cables to provide a broadband LAN within the home or office. The
major advantage offered by powerline-based home networks is the avail-
ability of an existing infrastructure of wires and wall outlets, so new cable
installation is not required. The user can employ home networking devices
for connecting several computers, sharing printers, or sharing a broadband
Internet connexion.

Another important field of research is the use of the MV network for com-
munication purposes. It can be used as a backbone to connect the low-
voltage transformer stations to the Internet if conventional backbone net-
works, like fiber optic cables, are missing. MV lines have their own char-
acteristics for communication: they are typically less noisy, and have fewer
branches and taps than LV lines, so the environment is less hostile for com-
munications and longer distances can be achieved. The problem with MV
lines is that special couplers are needed for injecting the signal in the line
to ensure that the mains voltage does not damage the equipment.

1.1.1 The power distribution grid

The hierarchical structure of the power distribution grid is basically the
same in every country :

e High voltage (HV, above 36 kV) powerlines, emanating from power
plants, form a wide-meshed long-distance nationwide transportation
network.

e Medium voltage (MV, ranging from 1 kV to 36 kV) powerlines, con-
stituting a finer meshed network, bring electrical power into cities,
towns, and villages.

e Low voltage (LV, below 1 kV) powerlines ensure the final distribution
to customer premises. The LV grid represents a very fine-meshed
network, precisely adapted to the density of consumer loads.

From an MV/LV transformer, power is distributed over buried or aerial
multiconductor cables to the customer premises, where they end on a panel
board, from which the indoor wiring to various appliances and wall sockets
starts.
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In the European power supply network, a given MV /LV transformer can
provide power to several hundred households. Typically, between 3 and 10
service cables emerge from one transformer substation, forming a tree-like
structure. Three phases are provided, with a voltage of 400 V from phase
to phase and 230 V from phase to neutral. The neutral conductor is usually
grounded. In most European countries, all three phases and the neutral are
brought to the customer’s panel board: thus, the service cables generally
include 4 conductors. In some countries, however, only one phase and the
neutral are supplied to the buildings.

The U.S. power supply network has a different structure. The MV dis-
tribution circuit consists of a three phase main trunk. Depending on the
load, a two-phase or one-phase tap extends into load areas. In direct neigh-
bourhood to buildings, single-phase transformers provide the LV, which is
immediately passed to the buildings’ panel board. As a consequence, the
length of the LV segment is usually less than 300 m, with 1 to about 10
customers per transformer. The secondary side of the transformer provides
240 V with a grounded center tap, and the customer receives power over
three wires with 2 x 120 V or 240 V. Standard loads are connected to the
120 feeds while large loads use the 240 V level.

1.1.2 The powerline channel

Adequate channel models (including various classes of channel frequency
responses and a complete noise scenario) are required to assess the per-
formance of a PLC system. Unfortunately, these models have not been
standardized yet, so there is no widely accepted model similar to COST
models for mobile radio channels or ANSI/ETSI models for DSL channels.

The PLC channel presents a number of technical challenges. Frequency-
dependent attenuation is caused by conductor and dielectric losses. Signals
do not propagate along a single path, but suffer from reflections caused
by impedance mismatches at line discontinuities. Hence, the PLC chan-
nel can be considered as a multipath environment with frequency-selective
attenuation. Roughly speaking the channel transfer function has a low-
pass characteristic, with deep notches at some frequencies. The degree of
branching is responsible for increasing attenuation as each tap absorbs a
certain amount of the transmitted power. Multipath reflections result in
dispersion of the time domain signal. This can be characterized by the
delay spread, which is the total time interval during which signal reflec-
tions with significant energy arrive at destination from the origin. Time
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dispersion generates intersymbol interference, which has to be handled by
adequate equalization structures in the receiver.

Furthermore, the channel frequency responses are slowly time varying, al-
though at certain moments they can change abruptly due to changes in the
load distribution on the line, typically when electric appliances are con-
nected and disconnected. As a consequence, the channel response should
be continuously monitored by the transmitter/receiver, and transmission
and/or detection parameters should be adapted to the channel change.

The most widely used model for the channel transfer function H(f) is the
multipath model proposed by Philipps [2] and Zimmermann [3] :

N
H(f) =29 e~ (aotarf¥)di =2mjfri
=1

where d; and 7; are the length and delay of the IV relevant propagation
paths, g; is the weighting factor for path i, and {ag, a1, k} are model pa-
rameters to be adjusted. The exponent k has typical values ranging from
0.5 to 1, while the number of paths N is generally in the range of 5-50.
This model was validated in the frequency range of 500 kHz to 30 MHz.
It is valid for both outdoor and indoor PLC channels. The indoor lines
are shorter, but they suffer from strong branching : the number of rel-
evant paths is then usually higher while the attenuation associated with
each path is smaller. Actually, the proposed model is the result of a top-
down approach : the various parameters need to be determined through
measurements. As such, it is not suitable for the computation a priori of
the actual transfer function of a given link. Alternative models, based on
the multiconductor transmission line theory (MTL), have been proposed
in the case of indoor [4] and outdoor [5] channels. With these bottom-up
models, it is possible to compute a priori and deterministically the transfer
function of any PLC link, on the basis of the network topology and the
cable characteristics.

In contrast to most other "well designed” communication channels, pow-
erlines do not represent additive white Gaussian noise (AWGN) channels.
The interference scenario is rather complex. The noise sources can be di-
vided into 3 classes :

e (Colored background noise is caused by common household appliances.
It has a fairly low power spectral density which, however , significantly
increases towards lower frequencies. The average PSD varies in the



1.1 Powerline communications 5

range between -140 and -125 dBm/Hz and remains stationary over
periods from minutes to hours. The resulting PSD is actually the
sum of numerous low-power noise sources.

e Narrowband noise is made of continuous wave signals with amplitude
modulation, mainly produced by ingress of broadcast stations oper-
ating in the medium and shortwave bands. The mean interference
level varies with the time of the day.

o Impulsive noise can be subdivided into three classes. Firstly, peri-
odic impulsive noise synchronous to the mains frequency are caused
by some domestic appliances such as light dimmers. They have a
repetition rate of 50 or 100 Hz (60 or 120 Hz in the U.S.) and are
of short duration (10-100 wus). Secondly, periodic impulsive noise
asynchronous to the mains frequency is caused by switching power
supplies. The spectrum repetition rate is generally in the range from
50 to 200 kHz. Finally, aperiodic and asynchronous impulsive noise
is caused by transients due to switching within the network. The
impulse duration ranges from several microseconds to a few millisec-
onds with a power spectral density than can exceed by 50 dB the
level of the background noise at some frequencies. This kind of noise
may occur at irregular intervals and contains considerable energy. It
considerably affects high-speed communication, in such a way that
complete symbols or even bursts of symbols cannot be decoded by
the receiver. This has to be taken into account in the design of a
complete and effective PLC system. Asynchronous impulsive noise is
characterized by three random variables : amplitude, impulse width,
and interarrival time. The statistical distribution of these param-
eters has been established through measurement campaigns. This
allowed the derivation of a mathematical model [6] for the synthesis
of asynchronous impulsive noise in realistic powerline channel emu-
lation systems. Fortunately, even in heavily disturbed environments,
it was found that the occurrence of the asynchronous impulsive noise
concerned less than 1 percent of the time.

1.1.3 Electromagnetic compatibility, standards and regula-
tions

Electromagnetic compatibility with respect to existing wireless services
(fixed radio services, broadcasting, amateur radio, nautical radio, mobile
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radio, etc.) is a major issue in the elaboration of a universal PLC stan-
dard. The problem is that power cables and networks have been designed
for the purpose of efficient power distribution at frequencies of 50 or 60
Hz, and certainly not for for the transmission of communication signals at
frequencies of up to 20 or 30 MHz.

The high-frequency PLC signals are injected in differential mode. Differen-
tial mode currents are equal in magnitude and flow in opposite directions
on the conductors. Balanced lines are necessary to achieve signal propaga-
tion in the desired differential mode. A lack of network or cable symmetry
(defined in terms of impedance between conductors and ground) leads to
unwanted common mode conversion. Common mode currents flow in paral-
lel on all conductors, while the return current flows into the ground. These
common mode currents are responsible for electromagnetic radiation. Ac-
tually, the powerlines operate as more-or-less efficient antennas.

Two classes of solutions can be investigated to minimize signal radiation
from PLC networks. Firstly, the symmetry of the lines used for HF signal
transmission should be exploited as far as possible, or even improved by
network conditioning. In the access segment (assuming the distribution of
three phases to the customers), a better symmetry is generally obtained
by injecting the signals between two phases rather than between a phase
and neutral. This solution is not applicable to indoor networks (two wires
plus ground protective) where the signal injection is necessarily between
phase and neutral. HF filters have also been proposed to keep HF signals
on the useful propagation paths and prevent them from entering unused
portions of the power network. Secondly, the power spectral density (PSD)
of transmitted PLC signals should be reduced. For a given total power, this
means that the signal spectrum should be spread as much as possible in
the available bandwidth. As the channel transfer function decreases rapidly
with frequency, spectrum spreading lowers the transmission efficiency. Ac-
tually, the mandatory restriction of the transmitted signal PSD represents
a fundamental limitation to the performance of practical PLC systems. Un-
intentional radiation may occur from several sources in parallel. For this
reason, the specification of a radiation limit should not be restricted to a
single PLC device.

As PLC systems can be considered as unintentional radiators, licensing (i.e.
frequency assignment through an authority) is not required, but PLC signal
emissions must be compliant with current EMC limits. On the international
level, a PLC standard (IEC 61000-3-8) [7] exists for frequencies below 525
kHz. At higher frequencies, the CISPR 22 publication [8] specifies limits
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for information technology equipments, and distinguishes between power
supply ports and telecommunication ports. The disturbance potential of
the device under test is measured through an artificial network emulating
real-world network conditions. An adaptation of this standard to the spe-
cial case of PLCs is underway. On the European level, a frequency range
from 3 to 148.5 kHz, the so-called '"CENELEC-band’ [9], is available for low
speed PLC (up to 100 kbits/s) according to standard EN50065. For higher
frequencies, a CENELEC/ETSI joint working group has been set up [10]
to develop EMC requirements for wired transmission networks, including
PLCs. This standard covers emission limits and measurement methods for
all types of communications networks to ensure that the various technolo-
gies are treated equally. Various limits of electrical field levels at a distance
of 3 meter of the network are currently proposed by different European
countries at frequencies of up to 30 MHz. In the U.S., the use of PLC is
regulated by the FCC Part 15 [11], which distinguishes between frequen-
cies below and above 490 kHz. Compared to the proposed European limits,
the American standard is highly generous for high-speed PLC. In Japan, a
national standard regulates the frequency range 10-450 kHz, while PLC is
currently not allowed at higher frequencies.

The disturbance potential of the PLC system is measured through the
impact of PLC signals on a standard AM broadcast receiver. For that pur-
pose, the emitted electromagnetic field is measured within a bandwidth of
9 kHz, which represents the usual AM radio receiver bandwidth, by means
of a standardized magnetic loop antenna placed at a specific distance of
the PLC network. The whole frequency range (from some kHz up to 30
MHz) has to be investigated. In order to determine how PLC signals sym-
metrically fed into the power supply network are converted into unwanted
radiation, the concept of decoupling factor K (f,d) was proposed. It can be
regarded as a transfer function between the communication signals on the
lines as input and the inadvertently radiated field as output, summarizing
the impact of all parameters that influence this transfer function. Typical
values of K(f,d) = 1073/m have been reported for a distance of d = 3
meter. According to [12], the maximum PSD of transmitted PLC signals
can reasonably be assumed to be in the range of -65 to -40 dBm/Hz.

Another important issue is the EM compatibility of different PLC systems.
The coexistence of both the PLC access systems and different indoor sys-
tems requires a clear frequency separation. The current proposition is to
dedicate the frequency range below 10 MHz to the access domain, and to
assign frequencies above 10 MHz with no upper limit to indoor use. The



8 Introduction

fundamental reason of this proposal is that frequencies above 10 MHz are
not usable in the access domain due to the lowpass characteristic of the
channel responses. As indoor channels are much shorter, there is sufficient
bandwidth above 10 MHz for most of the high-speed applications.

The frequency bands available for outdoor PLC transmission are not yet
standardized. Most probably they will be in the range of 500 kHz to 10
MHz. The lower frequencies are dedicated to existing low-speed services
(such as applications working in the CENELEC-band) while the higher fre-
quencies will be allocated to indoor PLC systems. A possible solution is the
’chimney approach’, which consists of allocating several narrow and not-
contiguous bands to PLC systems at frequencies that are not used inten-
sively by wireless services. Another solution is to use the whole frequency
range for PLC, but with a lower PSD. Within international bodies such as
the PLCforum (www.plcforum.org), which is a leading international asso-
ciation that represents the interests of manufacturers, energy utilities, and
research organizations active in the field of PLC, frequency band standards
have been proposed [12]: band A (0.5-20 MHz), band B (0.5-10 MHz) and
band C (equivalent to B but excluding major broadcast and amateur radio
frequencies).

1.1.4 Coding and modulation

The selection of an adequate modulation scheme for PLC must account for
four major factors :

e The frequency-selective (and slowly time-varying) nature of the chan-
nel

e The interference scenario including narrowband interference and strong
impulsive noise

e The multiuser aspect of the system, with many customers that request
an access to the same physical medium simultaneously

e Regulatory constraints with regard to EMC, that limit the transmit-
ted PSD

Three classes of modulation techniques are usually cited in the context of
broadband PLC :

e Single-carrier modulation is an attractive proposition from the com-
plexity point of view. If PLC transmission is only allowed in a small
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number of non-contiguous frequency bands, single-carrier modulation
can be used separately in each band. Powerful detection and equaliza-
tion techniques are needed to combat intersymbol interference. The
deep frequency notches present in the channel transfer function pre-
vent the use of linear equalizers. On the other hand, optimal symbol
(MAP) or sequence (Viterbi) detectors exhibit a computational com-
plexity that increases exponentially with the length of the impulse
response, which is considerable in the powerline channel. Reduced-
complexity versions of these detectors can be investigated. Another
solution is the MMSE decision-feedback equalizer. Measures should
be taken to avoid catastrophic error propagation caused by impulsive
noise, and to allow the tracking of channel parameters.

e Spread-spectrum techniques, in particular DS-CDMA, make use of a
code sequence that spreads narrowband signals over a wider band-
width. Spread-spectrum techniques are naturally robust to narrow-
band interference. Moreover, CDMA is well-suited to multiuser sys-
tems including several users possibly with different rate demands.
Like for single-carrier techniques, a robust channel equalization is re-
quired.

o Multicarrier modulation, in particular OFDM, is particularly well-
suited for PLC. The information symbols are transmitted in parallel
on many orthogonal subcarriers occupying a narrow subband. Us-
ing a cyclic-prefix extension technique, the effect of the channel on
each subcarrier is transformed into a simple complex gain which de-
pends on the channel transfer function evaluated at the subcarrier
frequency. Hence, a frequency-selective channel becomes equivalent
to a set of multiple flat-fading subchannels, and equalization of the
data simply amounts to a normalization by a complex scalar. Us-
ing multilevel modulations, the bit rates on each subcarrier can be
matched to the specific channel conditions, by the so-called bit load-
ing technique. This aspect is important in the PLC context as the
channel transfer function presents deep notches and also because of
the narrowband noise. Moreover, the PSD of the transmitted signal
can be shaped by selecting an appropriate subset of carriers, which
is important in order to comply with the EMC requirements. The
main drawback of the OFDM system is the need for the cyclic prefix
whose duration depends on the channel memory, which is quite long
in PLC channels. Time domain equalizers (TEQ) are commonly used
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in single-user OFDM systems to shorten the length of the equiva-
lent channel impulse response. A multiple access method based on
OFDM, the so-called ’OFDMA’, can be investigated, but it is not
compatible with the TEQ technique.

The multiuser aspect is generally handled by the medium access control
(MAC) layer. The channel is made available for a given customer in spe-
cific portions of the time. A better performance can be expected from
advanced multiple access techniques like CDMA or OFDMA, by which
several customers are allowed to use their channel simultaneously.

A choice should be made of either a robust solution providing a sufficient
quality for a wide range of variations of the channel parameters, or an
adaptive one. Obviously, since the characteristics of the powerline chan-
nel change over time (sometimes abruptly), a better performance can be
expected when the transmission parameters can be adapted to the chan-
nel conditions. Furthermore, the nominal channel transfer function is also
strongly dependent on the specific network topology and the position of
the customer modem, which definitely requires an adaptive system able to
provide a customized solution for a wide range of PLC configurations.

Finally, powerful coding techniques are required to ensure reliable commu-
nications in the extremely noisy PLC medium. A large range of coding and
decoding techniques have been considered in a PLC context, a review can
be found in [13].

1.1.5 The HomePlug standard

In 2001, an industrial standards organization called the HomePlug Power-
line Alliance (www.homeplug.org), originally founded by 13 major compa-
nies, announced the completion of the HomePlug 1.0 specification [14] for
a 14 Mbits/s in-home powerline networking technology based on OFDM.
HomePlug compliant products are today available on a large scale in the
consumer market. They appear as a competitive alternative to Ethernet
and Wi-Fi (IEEE 802.11x) solutions. The HomePlug Powerline Alliance is
now establishing a 100 Mbits/s class in-home powerline networking stan-
dard, called HomePlug AV, to provide distribution of data, video and audio
signals throughout the home.

The HomePlug 1.0 standard specifies the physical (PHY) and medium ac-
cess control (MAC) layers of the protocol stack. To overcome the hostile
PLC environment, adaptive OFDM with a cyclic prefix (CP) extension and
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bit loading has been adopted. The frequency band is approximately 4.3 to
20.9 MHz, that is a bandwidth of roughly 17 MHz. Actually the band from
0 to 25 MHz is divided into 128 evenly spaced carriers, of which 84 fall
within the band used. Some subcarriers are left unused in the amateur
radio bands. The tone map can be adapted to support regulatory require-
ments of different countries. Compliance with radiated power requirements
has resulted in -50 dBm/Hz of transmission PSD in the USA (FCC Part
15), and -80 dBm/Hz in the amateur radio bands. One OFDM symbol
comprises 256 IFFT samples plus 172 samples for the cyclic prefix, and
the sample rate is 50 MHz. Channel estimation is used by the transmit-
ter to detect channel conditions and adapt the transmission parameters
by avoiding poor subcarriers and by selecting an appropriate modulation
method and coding rate for the remaining subcarriers. Active modems
perform channel estimation at least once every 5 seconds. Three variants
of phase shift keying (PSK) modulation are used: coherent binary PSK,
differential BPSK, and differential quadrature PSK. Both turbo product
codes and Reed-Solomon concatenated with convolutional codes are used
for forward error correction (FEC), in conjunction with interleaving and
automatic repeat request (ARQ) techniques. The bit rate can vary from 1
Mbit /s to 14 Mbits/s practically continuously according to the number of
usable carriers, modulation methods, and coding rate. Burst transmission
is used, i.e. short frames of 20 to 160 OFDM symbols are transmitted by
the different modems. A preamble and frame control combination are used
as delimiters that start and end the frames, for the purpose of synchro-
nization and control. Only the payload portion of the frames is adapted
to channel conditions. The MAC protocol is a modified multiple access
with collision avoidance (CSMA /CA) protocol with priority signaling. The
modems communicate with each other freely, without any centralized co-
ordination. Encryption techniques are used to ensure the confidentiality of
the transmission.

1.1.6 PLC systems in the access segment

The feasibility of powerline broadband transmission in the access segment
has been demonstrated through many independent field trials. Proprietary
technologies have been deployed up to now, with a vast range of modula-
tions and system architectures. Moreover, the structure of the powerline
network itself has a strong impact on the design of appropriate PLC sys-
tems. The proposed LV access systems are sometimes extended to the MV
segment, or even into the indoor home network. Reports of specific PLC
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trials can be found in [15] (Europe) an [16] (United States), for example.

One of the leaders in the field of broadband access PLC systems is DS2
(Design of Systems on Silicon, www.ds2.es). Their products can currently
achieve speeds up to 45 Mbits/s, and a next generation of 200 Mbits/s PLC
chipsets is announced. A high-speed modem (Head End), containing the
DS2 chipset, is installed in the MV /LV transformer. Each transformer con-
tains either an Internet router or an ATM concentrator, enabling the link
with a large broadband network. A telephone operator (PTT) supplies the
broadband network. Each customer site requires a powerline modem (Cus-
tomer Premises Equipment or CPE), again containing the DS2 chipset. The
use of a gateway between the powerline modem and a LAN at the customer
premises enables several users to connect and share the high-speed connec-
tion. The selected modulation is again adaptive OFDM with cyclic prefix
extension. Multilevel quadrature amplitude modulation (QAM) is used on
the more than 1000 subcarriers. The system continuously monitors the
channel attenuation and noise level with a very high spectral resolution.
Information from these measurements is used to adapt the modulation pa-
rameters per carrier in real time in order to keep the bit error rate to the
desired level. If the signal quality falls beyond acceptable levels in a part of
the spectrum, the affected carriers are not used to send information. The
frequencies used by the system can be configured from 2 to 34 MHz, and
are adapted according to channel conditions and to the evolving standards
and regulations in place in different countries. The transmitted PSD can
be shaped with deep notches of more than 30 dB at any frequency and
with any bandwidth. Fast channel estimation and a robust timing and fre-
quency synchronization scheme are implemented. Several interrelated and
configurable FEC algorithms (including soft-decision decoding and Reed-
Solomon decoding) are used to match the quality-of-service requirements.

1.2 Outline of the thesis and contributions

In this work, a simplified communication scenario is considered, that rep-
resents some of the key aspects of the global PLC scenario, but not all of
them :

e Multiuser communications are considered. This implies that many
users (up to 20 users in this work) wish to establish a communication
with the head-end simultaneously. This aspect raises a number of
questions regarding the optimal way of sharing the resources (power,
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time, frequency) among the active users, the impairment caused by
the other-user signals to the quality of a given-user link, and the need
for a fairness control mechanism in a scenario where the quality of
the different user channels can be very heterogeneous. The head-end
is located at the MV-LV transformer while the different user modems
are physically distributed along the powerline. The uplink (commu-
nication from the user modems toward the common head-end) and
the downlink (communication from the common head-end towards
the user modems) are considered separately. A simple time-division
duplex scheme is assumed. The network structure is illustrated in
Figure 1.1.

e The channel transfer functions are frequency-selective. The frequency-
selectivity is caused by cable losses, and mainly by the multipath ef-
fect in a strongly branched network. Intersymbol interference (ISI)
results from the long impulse responses and calls for efficient equaliza-
tion techniques. In a multiuser context, multiple-access interference
(MAI) cannot be avoided and joint detection is required. Further-
more, the transmitted spectrum should be optimized according to
the channel selectivity.

e Other important hypotheses are related to the assumption that the
communication system is operated on wired channels:

— Only the lower frequencies are available for efficient transmis-
sion, due to the lowpass characteristics of the cable responses.
Baseband transmission is thus basically considered in this work.
Actually, the available frequency spectrum does not extend down
to the zero frequency, but rather in a range from Fy to Fy + B,
where B is the effective bandwidth, and Fy is much smaller than
B. The system is thus ’quasi-baseband’ and the use of a carrier
is not required. Carrierless solutions are investigated, i.e. pass-
band signals are directly produced in the digital domain before
digital-to-analog conversion.

— The power budget of the communication system is primarily
dictated by FMC restrictions. As the signal bandwidth B is ex-
tremely large as compared to that of the wireless services that
must be protected by the EMC requirements, the fundamental
power limit is put on the power spectral density of the transmit-
ted signal. As several transmitters can be active simultaneously,
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the restriction can be applied on the signal-sum rather than on
each individual signal.

— The channel transfer function is slowly time-varying. It is as-
sumed that the channel responses remain approximately con-
stant over periods of several thousands of symbols. Channel
estimation is performed during the communication setup and
channel tracking is performed periodically. Both transmitter
and receiver are assumed to have a quasi-perfect knowledge of
the channel responses. The resource allocation algorithm and
the design of an efficient joint detection structure rely on this
channel knowledge.

— Synchronization issues are restricted to the problem of multiuser
timing synchronization as the communication system is of the
carrierless type. Like for the channel estimation, the timing
parameters are assumed to be estimated at the communication
setup, and tracking is ensured during transmission with the ap-
propriate structure.

The noise scenario considered in the sequel is the simple additive white
Gaussian noise (AWGN) channel. The effects of narrowband noise and
impulsive noise are discarded. Finally, the issue of channel coding is not
considered in this work.

This thesis is structured as follows.

The first logical step is the characterization of the transmission environ-
ment, which includes the derivation of the channel transfer functions and
the identification of the noise scenario. Tools for the computation of pow-
erline channel responses are developed in chapter 2. This is actually the
only chapter of this thesis that is specifically dedicated to the powerline
scenario : the other chapters have a general scope and can be applied
to a wide range of multiuser frequency-selective channels. For the first
time, the powerline cables used in the LV access segment are modeled with
the formalism of the multiconductor transmission lines (MTL) equations.
Maxwell’s equations are firstly solved in the cross-section of some typi-
cal powerline cables, which provides the distribution of the electromagnetic
fields associated with the propagation of TEM waves in the cable structure.
From these distributions, and considering lossy conductors and dielectrics,
multidimensional lineic capacitance, lineic inductance, lineic resistance and
lineic conductance parameters are derived. The MTL equations are then
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Figure 1.1: The powerline access network: uplink and downlink trans-
mission
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solved, and their solutions are shown to correspond to a number of prop-
agation eigenmodes that are characterized by well defined distributions of
voltages and currents on the conductors, with a common propagation factor
e~ "%, The lineic attenuation, phase velocity and characteristic impedance
associated with the different eigenmodes are studied as a function of the
conductor geometry and the material properties. The impulse response
associated with a simple cable segment is derived. The analysis is then
extended to the case of complex power distribution networks including a
main distribution cable and a number of derivation cables, with specific
terminations. Adequate mathematical methods, based on the multidimen-
sional scattering matrix formalism, are derived to allow the computation
of the end-to-end transfer function associated with a given communication
link. A specific example of a 300 meter long network, with 20 derivations
and three different types of cables, is analyzed in detail. Finally, a simple
and intuitive multipath channel model is proposed. Results were published
in [5, 17].

The next logical step is the derivation of the best performance that can
be expected from the proposed channels, in terms of maximum through-
put. This problem is analyzed in the light of multiuser information theory,
which is the object of Chapter 3. The set of simultaneously achievable
data rates is known to be the capacity region, which is a convex volume
in the K-dimensional space, where K is the number of active users. An
original concept, balanced capacity, is firstly introduced as a fair method for
the distribution of individual data rates to the different users competing for
the limited resources. The optimal power allocation problem is solved in
the multiuser memoryless channel scenario. Explicit solutions for the opti-
mal sharing of a total power between K users are derived for the downlink
(broadcast channel) and the uplink (multiple access channel). An iterative
algorithm for the computation of the maximum balanced rates is derived.
The case of a multiuser frequency-selective channel is then addressed. Sev-
eral types of power constraints are proposed and the associated capacity
regions are compared. Explicit expressions of the optimal power allocations
(among the users and among the frequency spectrum) are derived. Efficient
algorithms are proposed for the computation of maximum balanced rates.
The specific case of an individual power constraint is shown to be much
more complex to handle, and an alternative suboptimal algorithm is pro-
posed, based on the Iterative Multiuser Water-Filling algorithm. Then, the
problem of FDMA capacity computation is addressed. It consists in dis-
tributing the power to the different users in mutually exclusive frequency
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bands. Results are finally presented for a 20-user powerline access network.
This study has been partly presented in [18].

In Chapter 4, practical modulation schemes are proposed. The selected
modulation has to be flexible enough in order to allow an efficient multi-
ple access. Furthermore, a generic framework is called for, that allows the
comparison of the classical modulation methods proposed in the context
of PLC: single-carrier, CDMA and OFDM. The proposed general solution
is based on the parallel modulation of a number of signature waveforms
by mutually independent sequences of QAM symbols. The signature wave-
forms are assumed to be mutually orthogonal, and constitute a paraunitary
filter bank (FB). Every user is provided with the ability to modulate any
subset of waveforms. An adequate signature allocation algorithm imple-
mented in the head-end computes the optimal signature allocation among
the users. Single-carrier, CDMA and OFDM are obtained by selecting the
appropriate FB. The effect of the frequency-selective channels on the trans-
mitted signals is analyzed, and the received signal is assumed to be sampled
at a fractional rate. IIR and FIR observation models, relating the received
sequences of samples to the transmitted symbol sequences, are derived.
The idea of CAP modulation (Carrierless Amplitude-Phase) is extended
to CAP-FB, allowing the definition of a generic FB-based passband trans-
mission scheme. Two variants are finally described. Firstly, CAP-CDMA
with long codes is a multiple access scheme where each user is allocated a
single time-varying binary signature code. With this method, the signature
allocation algorithm is not needed any more, and every user is ensured to
obtain an average performance level. Secondly, cyclic-prefixed block trans-
mission, traditionally restricted to multicarrier (OFDM), is extended to the
general FB-based transmission scheme.

Chapter 5 is dedicated to the derivation of practical joint detection struc-
tures. First of all, the effect of the selected modulation scheme on the mul-
tiuser capacity region is investigated. The matched filter bound (MFB) is
derived as an alternative upper bound on the optimal performance that can
be expected from real detectors. Infinite linear and decision-feedback (DF)
minimum mean square error (MMSE) joint detectors are presented. Their
performance is computed and compared to the multiuser capacity. Their
FIR counterparts are derived, and the computational complexity associ-
ated with the coefficient computation is analyzed. The scenario of CAP-
CDMA with long codes is analyzed separately, and reduced-complexity
algorithms for the computation of MMSE joint detectors suited to long-
code CDMA are proposed. Finally, cyclic-prefixed equalization structures
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are analyzed and performance is compared for different FBs. Original re-
sults related to multiple access and joint detection have been presented in
[19, 20, 21, 22, 23, 24, 25, 26, 27].

The previous chapter assumed a perfect channel knowledge and a perfect
timing synchronization. Actually, both parameters (channel coefficients
and sampling time) are permanently estimated and tracked. In Chapter
6, the impact of non-ideal timing synchronization and non-ideal channel
estimation on the signal-to-noise ratio at the output of the joint detectors is
analyzed. The idea of timing sensitivity is introduced, and explicit methods
for the computation of the timing sensitivity in a FB-based transmission
system are proposed. Results on this topic can be found in [28].

Finally, Chapter 7 addresses the problem of multiuser timing estimation.
The average multiuser decision-directed (DD) Cramer-Rao lower bound is
derived. Both feedforward and feedback joint timing error tracking struc-
tures are introduced. Two practical timing error detectors are adapted to
the multiuser FB-based transmission system: the early-late detector and
the symbol rate (Mueller and Miiller) detector. The associated results have
been partly presented in [29].



Chapter 2

Channel model

2.1 Introduction

The design of communication systems, the choice of modulation and coding
schemes, and the evaluation of performance require the knowledge of the
end-to-end channel response in a wide range of frequencies.

In this chapter, a theoretical framework is proposed for the modeling of
underground powerline access networks. A very important feature of the
powerline cables is their multiconductor nature. In the light of multicon-
ductor transmission lines theory [30], it appears that specific propagation
eigenmodes may be defined for each type of cable. These correspond to
specific distributions of voltages and currents that propagate with their
own phase velocity and lineic attenuation, independently from each other.
This aspect is generally ignored in the current publications related to mea-
surement results [31].

A generic simulation tool was designed, that consists of several levels of
abstraction :

e At the first level, Maxwell’s equations are applied to the cable struc-
ture, leading to finding the distribution of the EM fields in the ca-
ble cross-section, together with charges and currents on the surface
of each conductor. Conductors usually have large sections and are
rather close to each other: this leads to the so-called 'proximity ef-
fect” and an heterogeneous charge distribution along each conductor
surface. Considering an arbitrary cable geometry, the numerical res-
olution of the Laplace equation in the transverse plane provides the
relevant information.
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e At the second level, for a given class of metals and dielectrics, the
classical primary parameters R, L, C' and G are computed. Consid-
ering multi-dimensional voltages and currents, these parameters are
not simple scalars but square matrices.

e At the third level, the multi-dimensional transmission line equations
are solved, providing the definition and secondary parameters of the
cable eigenmodes. This step implies the solution of an eigenvalue
problem. With these results, a given cable segment may be modeled
by a multi-dimensional scattering matrix providing transmission and
reflection coefficients for each propagation mode.

e At the last level, the whole powerline access network is considered. It
generally consists of a main distribution cable starting at the medium-
voltage low-voltage transformer, and lying below the streets with
derivation cables providing the final connection to the various sub-
scriber buildings. Broadband modems may be connected on these
termination points, just before the power meter, and transmit and/or
receive digital signals to/from the central office. Cascading different
cable segments, modeling the various network terminations with ad-
equate multi-dimensional loads, and managing the derivation points
finally provides the desired end-to-end channel responses.

In order to offer a better intuition on the obtained channel responses, a mul-
tipath channel model is also proposed. This model provides a very close
approximation of the exact channel responses, as soon as some simplifying
hypotheses are assumed. The impulse response of a cable segment, includ-
ing dielectric losses and conductor losses, is firstly analyzed as a function
of the segment length. The network topology is then considered, and the
respective effects of derivations and terminations are analyzed to provide
a multipath description of the channels. Finally, the cable losses are com-
bined with the multipath formulation to obtain the approximated global
channel responses.

2.2 Primary parameters

2.2.1 EM fields in a multiconductor structure

We consider the general case of a transmission line with N.+1 conductors C,,
with n € [0--- N¢|, where the first conductor Cy acts as a screen surround-
ing the others. The cross-section of the line is defined in the plane (@, @)
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Figure 2.1: Multiconductor structure

whereas the longitudinal axis is aligned on #,. The dielectric medium
between the conductors is supposed to be homogeneous with a dielectric
constant k. With perfect conductors, the solution of Maxwell’s equations
leads to the definition of TEM (Transverse Electro-Magnetic) waves prop-
agating along .. We define N, wire voltages V,, with n € [1--- N.| with
the shield conductor as the common reference, and N, + 1 wire currents I,
with n € [0 - N.| such that ZnNQ I, = —1Iy. The conductors C,, voltages
V., and currents I, are illustrated in Figure 2.1.
In a so-called 'voltage-mode’, voltage V; is put to 1 while the V;’s are let to 0
with j # i. To obtain the expression of the fields in this TEM configuration,
we have to solve the static EM problem corresponding to the 2-dimensional
Laplace equation:

V2a,(z,y) = 0 (2.1)

with the boundary conditions:

1 if (z,y) € Ci, i £0

i(@,y) :{ 0 if (z,y) €Cj, j#1i (2:2)
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Once the potential function ®;(x,y) is known, the static transverse electric

and magnetic fields éﬁz) (z,y) and ﬁgl) (z,y) in the dielectric medium can be
computed as follows:

& (z,y) = —V,®i(z,y) (2.3)
7(i L, i
W (ay) = 5uz><é§)(:r,y), (2.4)

where n = \/p/e = Zp/+/k denotes the dielectric intrinsic impedance, and
Zy = 377 Q. The field phasors along the transmission line are given by
E’t(z) (x,y,2) = éﬁz) (z,y) e7* and ﬁt(z) (x,y,2) = HEZ) (z,y) eT7?.

The superficial charge and current densities & Igi) (x,y) and K,(li) (x,y) on the
surface of the n-th conductor are then given by:

Dy = @yl = -G @y et g
KD @,y) = |inx B @,y) = ve(z,y), (v,y)€Cn

where v = 1/\/e6pn = ¢/+/k is the light velocity in the dielectric and ¢ =
3.10% m/s. As the cross-section of the conductors is generally not small as
compared with the distance between them, we have to be aware that the
distribution of these charges and currents at the surface of each conductor
may be largely non-uniform. The net charges q,(f ) and currents Ir(f) on a
given conductor are obtained by integration on the contour C,:

)= ¢ & (xy)d I =¢ KD@yd  (26)
Cn Cn

Finally, the magnetic flux q5$f) through an arbitrary line joining Cy and C,
is:

, (Tn,yn)ECn s
o = | 7 i (a,y) di (2.7)
(z0,90)€Co
" 1
= E [q)i($na yn) - (I)i(an yO)] = E din (2'8)

Figure 2.1 illustrates the superficial charge and current densities defined in
(2.5), as well as the magnetic flux given by (2.8).

The different quantities (9 defined above are valid for a given voltage
mode i. More generally, the voltage distribution on the conductors will be
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arbitrary and given by the column vector V. By the superposition principle,
the corresponding quantities will be given by x = Zf\i Vi 2@

The solution of the static EM problem (2.1)-(2.2) can be obtained numer-
ically for an arbitrary configuration of the line cross-section. The com-
putation of the charge density profile &(«f) (x,y) on each conductor contour
C,, and for each voltage mode 7 is actually sufficient to derive the primary
parameters of the multiconductor transmission line. In the method pro-
posed by [32], each conductor contour is approximated by a polygon with a
large number of sides carrying a uniform charge density, and the densities
on each side have to be found in order to recover the original boundary
conditions given by (2.2). Figure 2.2 displays the charge density profiles
&n(x,y) obtained with this method, for three types of voltage configura-
tions. The multiconductor structure considered here includes 4 circular
inner conductors and 1 circular screen. The bold lines give the conductor
contours. The numbers inside each inner conductor give the wire voltage
Vy, (in volts) with respect to the external conductor. The line segments
normal to the conductor contours give the local charge (and current) densi-
ties. Segments outside the conductors correspond to positive charges while
segments inside the conductors correspond to negative charges. The three
voltage configurations used here actually correspond to the eigenmodes of
the multiconductor cable, as will be explained in Section 2.3.

2.2.2 Capacitance and external inductance

The capacitance matrix gw gives the global relation between the net charges
gn on the N, inner conductors and the wire voltages V,, :

q1 Wi
=lc] | (2.9)

qn. VN,

From the definition of the voltage modes, it clearly appears that:

; 0®i(z,y)
_ g = i
(Qw)m. =ay = 67{” o~ (2.10)

From the relations above, it can easily be shown that the voltages and
currents are related by :
vC V=I (2.11)

for any progressive wave (i.e. with a propagation factor e=7%).
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Figure 2.2: Distribution of local currents for a unit line voltage in the
different propagation modes : differential (up), phantom (middle) and

common mode (down,)

The external inductance matrix éw gives the global relation between the
magnetic fluxes ¢, and the wire currents I, :

- [éw} : (2.12)

From (2.8), it appears that ¢ = 1/vV. By (2.11), this implies the next

relation between the capacitance and inductance matrices:

1
L,C, = 5Ey =C,L (2.13)

= =w =w

where EN is the identity matrix of size N.. The counterpart of equation

—iLVe
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(2.11) is :
(2.14)

4
|
| =
Il
<

for any progressive wave.

2.2.3 Dielectric losses

Non perfect dielectrics are characterized by a complex permittivity e = &’ —
j€”. The imaginary part €” encompasses both conduction and polarization
losses. A transverse conduction current flowing between the conductors
dissipates a part of the wave power. The conduction current density in the
medium is given by j;g(:c, y) = we” €(x,y). Integrating around each inner
conductor, we obtain the net transverse current per unit length :

- 1
Iy = 7{ Ji(z,y).iidl = we”g Gn = 0qw gn (2.15)

n

where the dielectric loss angle d4 is defined as tg(dy) ~ d; = £’ /¢’. Figure
2.1 illustrates the conduction current density around conductor C;.

The conductance matrix gw gives the relation between the transverse con-
duction currents I, and the wire voltages V, :
In Vi

: = [gw} : (2.16)
Iin, VN

c

Inserting (2.15) into (2.9), it follows that the conductance matrix is given
by :
G, =dwg, (217

2.2.4 Conductor losses

In this section, we take into account the skin effect caused by the finite
conductivity of the conductors. Non perfect conductors have a finite con-
ductivity o, with n € (0--- N,). It follows that a longitudinal electric field
appears at the surface of the conductors:

& (z.y) = nu K (2,y) (z,y) € Cn (2.18)

with 7, the metal surface impedance:

J W pin . (1+7)
=\ (1+4)R p— (2.19)
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20n

On = 4/ Qw/}nan and R,,, = /%£2 are the skin depth and surface resistance

associated with the n-th conductor.

In a small perturbation approach, we assume that the transverse fields
and related quantities are unaffected by the skin effect. On the other hand,
longitudinal fields must be re-computed as they change from zero to a finite
value.

To define the resistance matrix Ew, the direct use of the longitudinal voltage
drop induced along the line by the current flow is not a valid approach as
this voltage drop is not uniquely defined. Indeed, the longitudinal fields
€:n(z,y) and current densities K, (z,y) are largely non-uniform on each
conductor contour. To keep a classical transmission line formalism, we
introduce a kind of ’mean longitudinal voltage drop’ per unit length U
such that:

U=R 1 (2.20)

—wc
where Ewc is a complex matrix. The complex power dissipated in the
conductors per unit length is given by:

L

Sl R | (2.21)
Iy

c

I'u=

To obtain a valid expression of the resistance matrix, the last quantity
has to be the same as the complex power corresponding to the transverse
component of the Poynting vector S(z,y). This can be computed as:
L g 1, o
_nn‘S(ajay) = 56l<x7y) X h:(]?,y) (222)

2
2= Sy (229)

The corresponding complex power is obtained by integrating on each con-
tour and summing the contributions of the N, + 1 conductors:

1
= 57771|Kn($7 y)

2 Ne

. 2dl :
P= 53 m ), ) (224)

This quantity must be calculated for an arbitrary voltage configuration V.
Let us introduce a matrix A whose entry (i,j) is defined as:

Ne
(é)m‘ - U4Z77"?£ & (,y) €9 (w, y) di (2.25)
n=0 n
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The complex power is now:
I [LAL, |1 (2.26)

where relation (2.14) was used. Comparing expressions (2.21) and (2.26),
we finally obtain the resistance matrix as:

R =L"AL . (2.27)

—wc —w==w

From the expression of 7, it appears that this matrix is complex with the
imaginary part equal to the real part. This matrix indeed encompasses both
the resistance matrix R corresponding to conductor losses and the internal
inductance matrix which has to be added to the external inductance matrix
éw previously calculated:

R _=0+/H)R, (2.28)

—wc

It should be observed that each of the N. + 1 conductors plays a role in
the computation of the lineic resistance matrix. Whatever the voltage con-
figuration, local currents are induced along the contour of each conductor,
which implies power dissipation, even if the mean current integrated along
the corresponding contour is zero. Consider for instance the distribution of
local currents given by the first scheme in Figure 2.2. The net currents I,
are zero for conductors C; and C3 (with wire voltages equal to 0), and for
the external conductor Cy. Local currents are generated, however, in these
three conductors, which contributes to power dissipation.

2.3 Secondary parameters

2.3.1 Multiconductor line equations
Transmission line equations may be written in matrix form:

dl _[

z- -y &=l 229

where y and z are lineic admittance and impedance matrices. The solution

to these equations is given in [33]. After derivation and elimination, these
equations transform into:

=l X[y (2.30)
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As results from electromagnetic reciprocity, y and z are symmetric matrices,
and yz and zy are the transposed of each ‘other. As a consequence, they

have the same eigenvalues. Let v2,, with m € {1,--- , M} be the M distinct
eigenvalues of yz and zy, with M < N.. Each eigenvalue 72, has an
algebraic multiplicity 7(m) with > m(m) = N, Multiple eigenvalues
generally appear when the considered transmission line presents some kind
of symmetry, which is the case for many powerline cables.

Equations (2.30) have a set of N, linearly independent solutions, the eigen-
modes, of the form:

I(z) = L, exp(£7n2) V(z) =V, exp(+ym2) (2.31)

where I, V,, and v, are solutions of the eigenvalue problems:
[Z%] L, =L, [gg] vV, =7V, (2.32)

Building a diagonal matrix [ = Diag [’y,%] with the N, eigenvalues and two
modal matrices J and U, the columns of which are the eigenvectors I,, and
V,,, respectively, the eigenvalue problems may be written:

yz|1=1r zy|u=ur (2.33)

2.3.2 Normalization

The modal matrices U and J may not be chosen independently. Actually,
using (2.29) and (2.31), they are linked by the following constraint :

JTU = Uryt=y (2:34)

<

On the other hand, the eigenvectors I, or V,, are not fully defined by the
eigenvalues problems (2.33) : each eigenvector can be individually scaled,
and the definition of a given basis in the subspace corresponding to a mul-
tiple eigenvalue is arbitrary. Additional constraints are necessary to make
the solution unique.

Using (2.33) and (2.34), it can be shown that :
U (y) U= (U")L=CL@U"D) =17 (2) (2.35)

As T is diagonal, (2.35) implies that the matrix product U”J is block-
diagonal :
U”J - Diag X | (2.36)

--m
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where each block X ~is a symmetric matrix of size 7(m). From matrix

theory, it is known (cf. [34], pp. 207) that for any symmetric matrix X .

there exists a matrix zm such that ém = zilm We define the normalized
modal matrices as follows :

U, = U Diag [Y;!] J, = Diag | Y| (2.37)

_-=m =m
The normalized eigenvectors I, and V,,, are mutually orthonormal :

Ty _—
go io - EN (2-38)

Another form of this normalization condition is given by :

T _ _ 1T
!0 zgo - £ - io %i@ (2-39)

2.3.3 Progressive and regressive waves

The general solution of the multiconductor line equations is finally given
by :

V(z) = U, [A(z) + B(2)] I(2) = 1, [A(2) — B(2)] (2.40)
with
A(z) = Diag[exp (—vn2)] A B(z) = Diag [exp (+7,,2)] B (2.41)

where A and B are two column vectors of arbitrary constants to be deter-
mined by the boundary conditions. This very compact form of the solutions
shows progressive and regressive eigenmodes with amplitudes A and B.

Let us assume for instance that the boundary conditions are such that
A, # 0, all other elements of A and all elements of B being zero. Then the
voltages and currents are given by

V(z)=A,V,, e ™ 1(z) = A, L, e >, (2.42)

The normalized eigenvectors I, and V), give the distributions of voltages
and currents for the n-th eigenmode and A,, is an amplitude factor. A given
eigenmode is thus characterized by well defined distributions of voltages and
currents, with a common propagation factor e~ for these voltages and
currents. Thanks to the normalization condition (2.38), the scalars A2 /2
and B2 /2 give the complex power carried by the progressive and regressive
waves, respectively, by the n-th eigenmode.
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The concepts of characteristic impedance Z. and admittance Y, may be
extended to the multidimensional case. Defining (V (2),1,(z)) as the pro-
gressive waves, we get :

UUT)1+(Z) = ;cl-i-(z)

QT)M-F(Z) = lcy-i-(z)

(2.43)

<

+

O
NN

2.3.4 Line voltages

In Section 2.2.1, voltages were arbitrarily defined as the wire voltages with
respect to the external screen, considered as a common reference. Cur-
rents were defined as the internal wire currents, whose sum gave rise to
an equivalent current flowing in the opposite direction inside the external
screen. These definitions correspond to a 'wire’ formulation. Actually, there
are alternative ways of defining voltages and currents in a multiconductor
structure. A ’line’ formulation may be more useful to describe the cable
behavior. For instance, for a two-wire transmission line under a screen, one
may prefer the use of the differential mode and common mode voltages and
currents, rather than the individual wire voltages and currents.

The changes of variables between the 'wire’ and the ’line’ formulations is
constrained to linear transformations of the type :

vV, =NV, 1, =N1, (2.44)

so as to maintain the power as given by P = %IZVL = %I;;Vw. It follows
from (2.29) and (2.44) that the pair (V;,I;) also obeys transmission lines
equations. The corresponding change of variables for the lineic parameters

is given by:

=Ny N (2.45)

There is an infinite number of ways to define a ’line’ formulation, as this
amounts to selecting an arbitrary matrix N. A pertinent choice leads to
the diagonalization of the previously defined matrices. Let us select the
columns of N as a set of eigenvectors V,,:

N=|ylh ... oyl (2.46)

Ow

The amplitude of each eigenvector is here chosen to get a tractable expres-
sion of the resulting line voltages. Furthermore, as shown in last section, the
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eigenvectors corresponding to a multiple eigenvalue have to be chosen ad-
equately. The resulting modal matrices Q) = Qfl EOw and J oL = QT J ow
are diagonal. This means that each line voltage and current propagates
along the cable with its own propagation factor 7,. From (2.39) and (2.43),
it follows that the corresponding matrices Y, Zp; éc I and zCL are also

diagonal. In particular:

U,, = Diag (@) J,, = Diag (\/ﬁ) (2.47)

with Z¢, =1/Ye, .

2.3.5 Application to powerline cables

In this section, the general results obtained in Sections 2.2 and 2.3 are ap-
plied to the case of low-voltage powerline cables used in the underground
power distribution network. Figure 2.3 illustrates the cross-section of typ-
ical PLC cables with 3 or 4 inner conductors. The external conductor Cy
is a circle of radius b. The internal conductors C,, are constrained inside a
circle of radius a, and are surrounded by a dielectric sheath with a thickness
A=b—a.

Section 2.2 gives the expression of the lineic impedance and admittance
matrices in the 'wire’ formulation :

2 (f) = (1+)R ()+22ct (2.48)

v2 =w
y (f) = (G+da)wC, (2.49)

=

where the lineic capacitance and resistance matrices are given by

11 €12 - CIN
C = | 2 : (2.50)
—w : -
CIN CNN
T11 r2 -+ TIN
o Bui(f) | 712 7 :
. mk 12 T22 :
N 251
s : .

TIN e TNN |}
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3 sectors 3 disks

Co
3 sectors + 1 disk

Figure 2.3: Cross-section of 4-conductor and 3-conductor symmetric
cables



2.3 Secondary parameters 33

The computation of the adimensional entries ¢;; and r;; in the last expres-
sions requires the resolution of the Laplace equation in the cable cross-
section. For example, with the classical coax cable (N, = 1) with dimen-
sions a and b, the solution is given by [35]

27 1 b
- =—(1+4+= 2.52
= log (b/a) T o < + a) (252)
For a fixed cable structure (as given by one of the schemes in Figure 2.3),
the parameters c;; and 7;; only depend on the ratio p = 3. The cable

size b has no effect on the capacitance matrix, while the entries of the
resistance matrix decrease as 1/b as suggested by equation (2.51). Taking
into account the symmetry of matrices gw and @w, ie. ¢; = ¢j and
r;j = Tji, the solution of this geometrical problem finally provides N, 24+ N,
distinct real coefficients {c;;} and {r;;}.

As explained in Section 2.3.4, the multiconductor transmission line analysis
can also be performed in a ’line’ formulation corresponding to the cable
eigenmodes. The associated resistance and capacitance matrices are known
to be diagonal. The diagonal entries can be written :

N
Comeealp) o= YT ) ) ) asy)

where the last equality is only valid if all conductors have the same surface
resistance R,,. The corresponding lineic inductances and admittances are

Gn = 2nf) 0q€ cn(p) (2.54)

In addition to the 2N, geometrical parameters ¢, and r,, N2 — N, pa-
rameters are actually needed to express the line voltages as a function of
the wire voltages, according to equation (2.46), and considering that each
eigenvector can be arbitrarily scaled. Both line and wire formulations of
the solution thus require the same amount of N2 + N, real parameters. As
soon as there is some kind of geometrical symmetry in the cross-section,
the number of relevant parameters generally decreases (examples will be
given in Section 2.3.6).

Secondary parameters provide a meaningful description of the cable behav-
ior. They are the lineic attenuation au,(f), the phase velocity v, (f) and
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the complex characteristic impedance Z¢,, (f) for each eigenmode :

FYn(f) = \/(Rn + jWLn) (Gn + ]wcn) . (2'55)
= )+ =enlf) + 25 (2.56)
Zc, (f) = \/(Rn + jWLn) / (Gn + ]wcn) (2'57)

Let us define the dielectric and conductor loss angles d; and d.,(f) as

follows:
Gn(f) Ru(f)

0a = wCy, Oen(f) = wL,

The dielectric loss angle is a specific physical property depending on the
dielectric type, while the conductor loss angle for the n-th mode is computed
as follows:

(2.58)

Ne  Rmi(f),. Ron(f) S
So (f) = b0 bk TIml ) e, = 2o 2.59
Cn (f) wlu/cn (U,l,tb T Cn \/7 ( )
where the unit-frequency conductor loss angle d., , is defined as :
s Bm(1)
= . 2.
Ocny AL (2.60)

Using these definitions, the propagation factor v, (f) and the characteristic
impedance Z,, (f) can be expressed as :

) = VG Db (26
Zo,(f) = \/?an1+‘?f:’g)+j (2.62)

It can be shown that, when the losses are small, (d4, o, (f)) < 1, the lineic
attenuation «,, the phase velocity v, and the characteristic impedance Z¢,
associated with the n-th mode are approximated by :

onlf) ~ (548, (2.63)
c 1
o(f) ~ - ] (2.64)

Zo,(f) ~ \/?Cn [<1+50"2(f)>+j CW)} (2.65)
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Figure 2.4: Lineic attenuation o (in dB/100m) vs. frequency

The phase velocity and characteristic impedance are approximately con-
stant in the useful frequency range. The lineic attenuation a,,, however,
varies quickly with the frequency. Figure 2.4 illustrates the evolution
of an(f) in dB per 100 meter of cable, in the frequency range of 1 to
30 MHz. The bold curves give the contribution of dielectric losses for
dqg = {0.003,0.01,0.02}, while the thin curves correspond to the conductor
losses with 0., = {25,50,75}. As pointed out by equation (2.63), both
contributions have to be added to obtain the global attenuation.

2.3.6 Examples
2.3.6.1 Symmetric 4-conductor cables

The first 2 schemes in Figure 2.3 give two kinds of highly symmetric cables
with N, = 4 internal conductors. Thanks to that symmetry, the derivation
of the capacitance and resistance matrices (through the Laplace equation)
involves 6 parameters {cy, c2, c3} and {r1,ro, 73} rather than N2+ N, = 20
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parameters as in the general case :

c1 —C2 —C3 —C2 T T2 T3 T2
—C2 1 —C —cC3 o T1 T2 T3

C R (2.66)
—w —C3 —C2 1 —C2 —w rTs ro 1 T2
—Cy —C3 —C2 Cc1 T T3 T2 T

The eigenmodes are the same for both cable types (4 disks or 4 sectors as
inner conductors). The line voltages are defined as follows:

/2 0 1/2 1
B 0 /2 —1/2 1
Yo = 112 00 12 1|V (2:67)
0 —1/2 -1/2 1
1 0o -1 0
0 1 0 -1
Vi = 1/2 —1/2 1/2 —1/2 Vo (2.68)
| 1/4 1/4 1/4 1/4

The first two eigenmodes are the differential modes between opposite con-
ductors, the third one is the phantom mode and the last one is the common
mode. These eigenmodes are valid as long as the internal conductors are
identical. Otherwise, the symmetry would be lost. The screen conductor,
however, can be made from a different metal without modifying the defi-
nition of the eigenmodes. For the line voltages defined in equation (2.67),
the capacitance and resistance coeflicients are given by

1
cl1 = 5(61 + 63) = C2 T = 2(7“1 + 7“3) =179 (2.69)
C3 =c1 —cC3+ 2 T3 =11 — 13+ 279 (2.70)
1
Cy = 4(61 —Cc3 — 202) Ty = Z(Tl —r3 — 27“2) (2.71)

In Figure 2.2, the selected voltage configurations actually correspond to the
3 line voltages defined here. The figures illustrate the distribution of local
currents/charges for a unit line voltage : by comparison, it can be observed
that ¢ < &3 < ¢4.

2.3.6.2 Symmetric 3-conductor cables

The third and fourth schemes in Figure 2.3 give two kinds of highly sym-
metric cables with N, = 3 internal conductors. Here, 4 parameters {c1,ca}
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and {r1, 72} are required to obtain the resistance and capacitance matrices,
rather than N2 + N, = 12 as in the general case :

i —C —C2 ry T2 T2
gw x | —ca c1 —Co R o< | r2 1 1 (2.72)
—C2 —C2 C1 rg T2 T1

The line voltages corresponding to the eigenmodes can be defined as follows:

/2 1/3 1 1 0 -1
vV, = 0 -2/3 1|V, Voy=1|1/2 -1 1/2 |V, (2.73)
-1/2 1/3 1 1/3 1/3 1/3

The first two eigenmodes correspond to the same eigenvalue. The first one is
defined as a 'phase-to-phase’ mode between conductors 1 and 3, conductor
2 being hold at zero. The second one is defined as a 'symmetric mode’ with
equal voltages for conductors 1 and 3, conductor 2 getting the opposite
polarity. The last one is the common mode. For the line voltages defined
in equation (2.73), the capacitance and resistance coefficients are given by

1
c1 = 5(01 + 02) r = 2(7“1 - 7‘2) (274)
_ 2 _ 3
Co = g(cl + CQ) To = 5(7’1 — 7’2) (275)
1
C3 = 3(01 - 262) ry = 5(7“1 + 27“2) (2.76)

The coefficients associated with the first two eigenmodes are not indepen-
dent.

2.3.6.3 Asymmetric 3-conductor cable

The last scheme of Figure 2.3 corresponds to a partly asymmetric cable.
The external conductor is obtained by the concatenation of the circular
screen and the neutral conductor in galvanic contact with the screen. The
three internal conductors are no longer interchangeable. Here, the reso-
lution of the Laplace equation finally provides 8 parameters {c1, co, c3, ¢4}
and {ry,re,r3, 74} :

€1 —C2 —C3 ry o re T3
Cw x | —co c4 —C Rw x| ro 14 1o (2.77)
—c3 —Cca r3 ro 71
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For this asymmetric configuration, the definition of the line voltages asso-
ciated with the eigenmodes actually varies with the cable geometry. They
can be expressed as follows :

/2 2 1
vV, = 0 -2 5 |V 2.78
Yw T 3 U3 2L ( )
12 2 1
1 0 -1
h 2 -
vV, = %os, sy 2w | Y (2.79)
].—172/3 172/33 1—’!72/3
2723 V23 2723

with 793 = 1 + %2(173 — 1). In the ’line voltage’ formulation, the solu-
tion is then fully defined by the 8 parameters {¢i, ¢, s}, {71, 72,73} and
{v2,73}. For a given geometrical setup (as the last scheme of Figure 2.3
for instance), those 8 parameters only depend on the ratio a/b. The first
mode is the phase-to-phase mode, the second one is a 'modified’ symmetric
mode parametrized by v2, and the last one is a 'modified’ common mode
parametrized by v3. The last two eigenmodes are the same as in the sym-
metric case for v9 = 1 and v3 = 1, respectively.

2.3.6.4 Computational results

Figures 2.5 and 2.6 give the evolution of the computed geometrical pa-
rameters with the ratio a/b, for each of the 5 types of cables proposed in
Figure 2.3 and for each line voltage as given by equations (2.67), (2.73)
and (2.79). The left part of the figures gives the product é,7, for each
eigenmode, which determines the conductor loss angle o, (f) as given by
(2.59). The right part of the figures gives the ratio Zy/é, for each eigen-
mode, which determines the characteristic impedance Z¢, (f) as given by
(2.62).

For the purpose of comparison, equivalent parameters are also represented
for a standard coax cable with dimensions a and b. The geometrical pa-
rameters ¢, and 7, are given by (2.52) for the coax cable (’line’ voltages
are equivalent to 'wire’ voltages as N, = 1).

Finally, Figure 2.7 gives the parameters vo and vs, which determine the
definition of the line voltages for the asymmetric cable as given by (2.79).
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40 : T 80
= coaxial cable
-~ 4 sectors — common mode
— 4 sectors - differential modes
35 — — - 4 sectors — phantom mode 4 70F 4
== 4 disks — common mode
— 4 disks - differential modes
- - - 4 disks — phantom mode
L L L L
8.8 0.85 0.9 0.95 8.8 0.85 0.9 0.95
p=ahb p=ab
40 80 T T
— coaxial cable
--- 3 sectors — common mode
—— 3 sectors — phase to phase mode
35 4 70| - - - 3 sectors — symmetric mode
‘== 3 disks — common mode
—— 3 disks - phase to phase mode
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5 |
L L
8.8 0.85 0.9 0.95
p=ab
Figure 2.5: 7,,¢, and Zy/¢, computed for symmetric cables with 4 and

& conductors
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2.3.7 Practical PLC cables

Table 2.1 gives the main characteristics of 5 PLC cables which are repre-
sentative of the cables used in the underground power distribution network.
The cable dimensions b and a/b are given in the table, and comparative
drawings of the cable cross-sections are displayed above the table. Cop-
per (0 = 56.10°m~1Q~1) or aluminium (¢ = 35.10°m~1Q~!) is used for
the conductors. In the case of the asymmetric cable, the composite ex-
ternal conductor is made of steel (screen) and lead (neutral conductor).
Two types of dielectric material are currently used in the PLC cables :
polyvinylchloride (PVC) with x ~ 3.3 and d4 =~ 0.03, and polyethylene
(PE) with k¥ ~ 2.3 and 04 ~ 0.003. The unit-frequency conductor loss
angle d.,, and the impedance characteristic Z., ~ i% is given for each

n

eigenmode. The first 3 types cables will be used in Section 2.5 for the
simulation of a realistic PLC access network.

2.4 Impulse response associated with a cable seg-
ment

The object of this section is to analyze the channel impulse response h(t, L)
associated with a simple cable segment of length L.

Using the cable model developed in section 2.3.5, the cable impulse response
can be expressed as the convolution of three components :

h(t,L) = 6(t — A) @ he(t, L) ® hy(t, L) (2.80)

where A £ L/v is the propagation time corresponding to a cable length L
and a wave velocity v. These components reflect specific physical mecha-
nisms :

e §(t — A) represents a simple propagation delay, it gives the channel
impulse response that would be associated with a perfect (lossless)
cable

e he(t,L) = F ' {H.(w, L)} with H.(w,L) £ e~Vi¥ VT 12 represents
the effect of conductor losses

e hy(t,L) = F' {Hy(w, L)} with Hy(w, L) £ e« %2/2 represents the
effect of dielectric losses
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2

4x10 mm 4 x 25 mm? 4 x 95 mm? 3 x 150 + 70 mm? 4 x 283 mm2
20
m 10
T 4 00 OO
ele ele
g -10
—20
20 10 0 10 20 -20 -10 O 10 20 -20 -10 O 10 20 -20 -10 O 10 20 -20 —-10 O 10 20
Name Conductors b TBE_ a Differential Phantom Common
(in/out) b dey [VHzZ) | Z: [Q] | 6c, [VHZ] | Z: [Q] | 6cy [VHZ] Z. (9]
4 % 10 Cu 5.7 0.9 69.9 39.4 67.9 15.0 81.8 8.0
4 x 25 Cu 9 0.9 44.0 39.4 42.8 15.0 41.5 8.0
4 x 95 Alu 14 0.9 48.3 21.9 44.8 8.2 58.6 4.4
4 % 150 Alu 18 0.9 38.4 21.9 35.6 8.2 46.6 4.4
3 x 150+ 70 >_c\m3&-ww 18 0.9 45.9 21.9 40.9 14.2 51.6 4.6
4 x 283 Os\>_c 25 0.9 24.0 21.9 21.9 8.2 30.0 4.4

Table 2.1: Cross-section, conductors, geometrical dimensions and computed conductor losses and character-
istic impedance of some powerline cables
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5(3a2) h(t)
A

0.5

Figure 2.8: Normalized pulses K h.(t,L) and nKgzhq(t,L)

Applying the inverse Fourier transform F~!(.) to the partial frequency
responses given above, explicit expressions of h.(t,L) and hy(t, L) can be
obtained as follows [35][36] :

he(t,L) = <1> e (2.81)

K. T

1 1
ha(t,L) = [——) 2.82
a0 = () = (2.82)
with the constant parameters K, £ %(501A)2 and K; = %, and the
normalized time variables 7. =t/ K. and 74 = t/Kj.

Figure 2.8 illustrates the normalized impulse responses K h.(t, L) and

mKqhq(t, L) in the ranges 7. € [0,5] and 74 € [—5, 5], respectively. From
the definitions given in (2.81)-(2.82), it appears that the length (resp. the
maximum) of the partial impulse responses are proportional (resp. inversely
proportional) to the squared product (d.;A)? for the conductor losses, and
to the product (64A) for the dielectric losses. This gives an indication about
how the shape of the cable impulse response varies with the cable length

L = Av.

An important remark should be made here concerning the validity of our
dielectric model. The impulse response hq(t, L) derived above is obviously
non-causal : it can not correspond to a physical process. The reason of this
lies in the extreme simplicity of the dielectric model :

e(w) =¢ — je” Vw. (2.83)
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Figure 2.9: Impulse responses for different cable lengths (6., = 48,
0g = 0.01, k = 2.3) around 100 m (up) and around 500 m (down)

This is in contradiction with the Kronig and Kramers property [37] speci-
fying that ”a dissipative material (€7 # 0) must be dispersive (¢ varies with
w), and inversely”. A valid dielectric model should include the variability
of the dielectric properties in the useful frequency range, which is not the
case here. However, the simple dielectric model proposed above offers a
good approximation, even if the causality constraint is not satisfied. In
particular, we have that hq(—A)/hq(0) ~ 65/2 < 1, which guarantees that
the non-causal part of the impulse response is negligible if the propagation
delay A is taken into account.

Figure 2.9 gives the (non-normalized) impulse responses h.(t — A, L) (thin
solid lines), hy(t — A, L) (dashed lines) and (h. ® hq)(t — A, L) (bold solid
lines) corresponding to various cable lengths around 100 meter (upper fig-
ure) and around 500 meter (lower figure). This allows the comparison of
the respective influences of conductor and dielectric losses on the shape of
the composite impulse response, as well as the evolution of this shape with
the cable length.

The surface under the impulses h.(¢, L) and hy(t, L) is independent of the
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cable length as
+oo +oo
/ he(t, L) dt = / hq(t,L)dt=1 VL. (2.84)

This unit value actually corresponds to the channel gain at a zero frequency
H.(0) or Hg(0). It should be reminded, however, that the propagation
model derived here is only valid at high frequency (i.e. when the skin
depth is small with respect to the conductor dimensions). The property
considered here is then just a consequence of the propagation model extrap-
olation to the zero-frequency, and does not reflect a physical reality. But
this approximation is acceptable in our context as the impulse responses
studied here are going to be used in relation with passband signals only.

The energy of these impulses can be computed as :

+o0 1
2
L = 2.
/_ CRDa = (2.85)
—+00 9 1
hs(t, L) dt = 2.86
/ H.L) e (2.86)

These relations show that full-band signals transmitted on the cable would
lose their energy proportionally to the cable length L (as far as the dielectric
losses are concerned) or proportionally to the square of the cable length L?
(as far as the conductor losses are concerned). The effective combined loss
would be intermediate. Actually these conclusions are only valid asymp-
totically for large values of L as the real signals that will be transmitted
on the cable have a limited bandwidth.

The effect of a cable segment of length L on a unit-energy band-limited
pulse p(t,T) of bandwidth B = % would be more informative. That is
what we propose to analyze now. Let r(t,T, L) be the signal received after
propagation over the cable segment, i.e. :

r(t,T,L) =p(t — A, T)® he(t,L) ® hq(t, L) (2.87)

The energy of the received signal is given by

0.5

£ (T.L) £ 2T / " HL(f) Ha(f)Pdf (2.89)
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Analytical results can be easily obtained by studying separately the dielec-
tric and conductor effects :

0.5

2 2
E (T, L) = 2T/ " HAPHPAF = S (1—efe)—=—e P (2.89)
0 Pe Pe
7 1
e 2or [ HinPas - (e o)
0 d
with p. £ MCTL/A and pg £ “‘SdA

Figure 2.10 (left part) gives the logarithmic energy losses (in dB) for cable
lengths in the range of 0 to 2000 meter and a baseband pulse of 10 MHz
bandwidth. The solid curves represent the dielectric losses, the conductor
losses and the combined losses as given by equations (2.90), (2.89) and
(2.88), respectively. The dashed curves (straight lines) correspond to the
asymptotic behavior for very short cables. Both types of losses are then
cumulative :

1

~pb (2.91)

2
gcd(Ta L) ~ SC(T7 L)gd(Tv L) ~1—-3 92

3Pe ™

which corresponds to a global loss of

~10 7 (2 ba 15d
B
log(10) (3,/ ) [d4B/m]

This approximation is valid for short distances (up to a few tens of meter).
The dashed-dotted curves correspond to the asymptotic behavior for long
cables. The respective losses increase then by 10 dB/decade (£4) and 20
dB/decade (&), and the global loss is dominated by the contribution of
conductor losses.

Finally, the effect of a cable segment on a passband pulse should be taken
into consideration, as the lower part of the frequency spectrum is not
available for the transmission of PLC signals. Assuming a unit-energy
passband pulse v/2p(t,T) cos(w.t) with a useful bandwidth [By, Bs] =
[0.5/T7,0.5/T%], the energy of the received signal can be obtained by

T T
T1 — T2 Tl - T2

Eed (T1, To, L) = Eea (T2, L) — Eea (T1, L) . (2.92)
The right part of Figure 2.10 gives the logarithmic energy losses (in dB) for
a passband pulse in the 1 Mhz - 10 MHz band and different combinations

of cable properties (64 = 0.003, 0.01 and 0.02, §.; = 25, 50 and 75).
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Figure 2.10: Energy loss vs. distance. Left: relative effects of dielectric
and conductor losses (6., = 50, 64 = 0.01), and asymptotic behavior,

with a baseband pulse. Right: energy loss for different combinations of
0c, and dq, with a passband pulse.
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NT, NT, NT; , NTg

d/l ds d

@ do | b |l dra ] dx

Figure 2.11: Wireline multiaccess network

2.5 Powerline access networks

Underground powerline access networks generally consist of a main distri-
bution cable starting at the medium-voltage low-voltage transformer, and
lying below the streets with derivation cables providing the final connec-
tion to the various subscriber buildings. Broadband modems (Network
Terminations or NTs) may be connected on these termination points, just
before the power meter, and tranmit and/or receive digital signals to/from
the central office (Line Termination or LT). Evaluation of the communi-
cation link performance requires the knowledge of the end-to-end channel
response. This global channel is the concatenation of several cable seg-
ments, and must take into account the presence of cable derivations and
the various loads connected to the termination points.

Figure 2.11 illustrates the general access network topology, where d; and
d;. denote the length of the different cable segments.

Many variations of the general prototype presented in Figure 2.11 could be
investigated and analyzed, leading to different classes of powerline channel
models. Many items have to be taken into consideration in the derivation
of the channel model :

e The total number of derivations K.

e The position of the K < K user modems along the distribution cable.
The K — K remaining derivations correspond to simple power delivery
points, without PLC access.

e The length of the different cable segments (dj, and dj).

e The nature of the different cables : number of conductors, definition of
the eigenmodes, propagation parameters (v, d.1,d4) and characteristic
impedance Z,. for each mode.
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e The structure of the derivation points (conductors interconnections).
e The nature of termination points (matched, open, other).

Our objective is not to give an exhaustive set of different PLC channel
models, but rather to develop a detailed analysis of a representative example
and to analyze the influence of some key parameters on the resulting channel
responses.

The selected example is depicted in Figure 2.12. The proposed access net-
work includes a 300 m distribution cable and K = 20 derivations. A cen-
tral office modem (LT) is located at the medium-voltage low-voltage trans-
former, and 5 user modems (NTs) are located at selected customer premises,
as suggested on the figure. The distribution cable is supposed to be of alu-
minium with 4 x 95 mm? sectors, and the derivation cables are supposed to
be of copper with 4 x 25 mm? or 4 x 10 mm? disks in the cross-section. The
cable segments have a length in the set {5, 10, 15, 20, 25, 30, 35} meter (the
different values can be determined unambiguously from the figure). The
main information relative to the position of the 5 NTs is summarized in
the following table :

NT | Position k Zf:_ol d; [m] | dj, [m] | Total distance [m]
1 2 15 10 25
2 ) 60 15 75
3 10 140 35 175
4 15 220 ) 225
5 20 290 20 310

Table 2.2: Position of the 5 NTs, and distance from the LT

The three types of cables used here have identical eigenmodes (differential,
phantom and common), but specific propagation parameters and character-
istic impedances. Ideal connections between the respective cable conductors
are assumed at the derivation points, which guarantees that the signals as-
sociated to each eigenmode do not mix to each other at these points. The
termination points at modem locations (LT and 5 NTs) are assumed to
be perfectly matched, simultaneously in the different eigenmodes. Finally
the 16 remaining termination points are assumed to have an intermediate
impedance, between open and matched.
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Figure 2.12: A small powerline access network
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2.6 Network analysis based on the scattering ma-
trix

2.6.1 The scattering matrix

The different elements constituting the low voltage access network may be
modeled as 2N-port modules characterized by their multidimensional scat-
tering matrix S, that links the outgoing waves (B;,A,) to the incoming
waves (A, B,). Grouping together adjacent elements of the network leads
to the cascading of the corresponding scattering matrices. A specific alge-
bra for the combination of multidimensional scattering matrices has to be
developed, taking into account the joint presence of cables with a different
number of conductors. Assuming a given scattering matrix gx with Np-fold
inputs and N»-fold outputs, to be cascaded with a given scattering matrix
§y with Ns-fold inputs and Ns-fold outputs. The building blocks of the

resulting scattering matrix S are given by :

-1
_ QT _
§11 - §11 - §$,11 + §x,12 (EM o §y,11 lsx,m) §y,11 §x,21
_ QT _ -
§12 - §21 - §:c,12 (ENQ B §y711 §z722> §y712 ) (2'93)
_ QT -
§22 - §22 - §y722 + §y,21 (ENQ N §96,22 §y,11> §00722 §y,12

On the other hand, the transfer of a size-N reflection matrix K | . through
a scattering matrix S with Nj-fold inputs and Np-fold outputs provides a
size- N7 reflection matrix Ei L s follows :

-1
Kin =8 +5, (ENQ —Kout §22) Kout a1 (2.94)

Figure 2.13 illustrates the various waves and submatrices involved in equa-
tions (2.93) and (2.94).
2.6.2 Reference basis and matrix base change

A given scattering matrix S depends on the definition of the waves A and B
as a function of the line voltages and currents V and I. Actually, any change
of variables, from the pair (V,I) to the pair (A, B) may be investigated :

V(z) = U[A(2) + B(2)] I(z) = J[A(2) - B(2)] (2.95)

where U has the dimensions of the square root of an impedance, and the
normalization condition gTi = EN is satisfied. With these conditions, the
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Figure 2.13: Cascading scattering matrices
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dimension of the waves A and B in (2.95) is the square root of a power. The
choice of modal matrices as in equation (2.40) results in the definition of
eigenmodes, where the waves propagate with their own exponential propa-
gation factor, but other choices are possible. A reference basis (U J ) may
be defined and used throughout the network. Different reference bases need
to be defined for different parts of the network if the number of conductors
varies from ones cable segment to another. It is then useful to develop equa-
tions for a base change, i.e. the relations between waves (A, B, ) defined in
a base (U ,J ), and waves (A, B,) defined in another base (Qy, iy) The
solution is expressed with a scattering matrix formalism as :

HEE T
=y = = =y
with the following submatrices :

E,)n = (€, +B 7, ~B=(E,)»

(2,)2 = (2, TE)7(,, ~E) =E, )u

(E, 2 = 2z, +B)7 LU =(Z ) (2.97)

andz =JTU U] =27 7z =JTU UT] =47 .
Zyx Zr=y—y=x Zyx’ Zxy =y —r—x =y Zxy

2.6.3 Cable segments

In the eigenbase (%, J 0) of the cable, the scattering matrix representing a

cable segment of length L is:

(2.98)

Jie2
(e

Il
5=
ol =

N
with T = Diag [exp(—v,L)].

It is useful to express the scattering matrix S, of the cable segment in
accordance with the chosen reference basis U Up: J . This is obtained by left-
and right- cascading the initial matrix §0 with the matrix base changes X E

and EO R’ respectively. The result is :

(Sp)1n = (Spl22 = (Zp )t + (Zp )12 T
-1

By~ (Cp)n T Eh)2l]  (Sp)nl(Shyla (299)
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Figure 2.14: FExzample of conductors interconnection and associated
connection matrix

(Sphiz = (8p)n = (Ep12 T

E = (Eg)22 T (Z,,)22 2} - (Z,,)21 (2.100)

2.6.4 Cable derivations

Assume a main distribution cable with N wires, a reference basis (g, ic),
and line voltages defined by N At a given point, a derivation cable with
n wires, a reference basis (gd, J d), and line voltages defined by N | is con-
nected to it. Let us define a n x N connection matrix C giving the wire
connections between the main cable and the derivation cable :

Vua=CVy, (2.101)

where the entries of C are 0’s and 1’s. Figure 2.14 gives an example of a
matrix connection with N = 4 and n = 2. By its definition, the matrix
connection satisfies the relation CCT = En. We also define a modified
connection matrix D as follows : o N

S VAR N |
D=J,N,"CN U (2.102)

—_——c—c

The derivation point actually corresponds to a 3-port network. We need to

compute the scattering matrix obtained when one of the ports is connected

to a known charge.

In figure 2.15, the charge is supposed to be connected on the derivation

side. The transmission along the main cable is given by :
5, = 5, =1

=S, = E,+

(2.103)
§12 =21

[l
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Figure 2.15: Scattering matrixz associated with a derivation (transmis-
sion along the distribution cable)
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Figure 2.16: Scattering matrixz associated with a derivation (transmis-
sion from the distribution cable to the derivation cable)

T-0" (5,-E,) [DD" (E-K,) +2(E, +K,)] D 2104

In figure 2.16, the charge is supposed to be connected on the main cable
right side. The transmission from the main cable to the derivation cable is
then given by :

_ QT _ T
8, =8}, =K, - (Ey +K ) D

[D (EN + Ec) D' + 2%] D (QN + g) (2.105)

S —8" -2 (E.+K)D’[D(E.+K )D'+2E | (2.106)
=12 T =21 =N =c)= |=\=EN  =c¢/= =n )
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_ QT _ T
§22_§22_ [D (EN+£C)2 +2En

D(Ey+K,)D"-2E | (2107)

2.6.5 Line terminations

Active and passive terminations are characterized by their multidimen-
sional impedance and e.m.f. sources. The sources can be described by the
equivalent Thevenin dipole representation:

V=£-17.1 (2.108)

where Z , is a diagonal matrix of the source impedances and £ is a column
vector giving the e.m.f. of the sources. An equivalent representation for
the waves in the reference basis (U, J ) writes:

A=G-KB (2.109)
where
-1
G=(z,+Ey) U= 3 (By ~K;) Uge (2.111)
= T Q .
and z o= J Réei R can be seen as a reduced source impedance.

Similarly, a passive load at the end of the line will be described by:
V=1,1 (2.112)

The relation between the corresponding waves is given by a reflection matrix

B=K A (2.113)
where
K, = (2, +Ey) (2, —By) = (2, ~Ey) (2, +Ey) (2.114)
and z, =JTZ J s again a reduced impedance matrix.
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2.6.6 Network analysis

A generic multidimensional network analysis tool has been developed, that
is able to handle an arbitrary network topology, with any type of cable in
the different network segments. The eigenmodes associated with each type
of cable present in the network are first computed, as well as their funda-
mental parameters (eigenbase (%,i 0), propagation factors {v,}). Simple
reference bases (U, J,) are defined for each number of conductors. The
multidimensional scattering matrices associated with each cable segment
are then generated and converted in the appropriate reference basis. Using
the scattering matrix algebra developed in the previous sections, and con-
sidering the exact nature of the various derivation and termination points,
K transfer matrices T, are finally obtained, that relate the incoming wave

vector on the k-th NT A, to the source G generated at the LT :
Ay=1,G. (2.115)

The size of each transfer matrix actually depends on the number of conduc-
tors at the LT and at the different NTs. The network analysis is performed
sequentially for all frequencies in the useful frequency range from 1 to 10
MHz.

2.7 Multipath channel model

The global network analysis method proposed in the previous section is
extremely powerful as it is able to predict the channel responses associated
with very elaborate networks including various types of cables with any
number of conductors, any type of interconnection at the derivation points,
and any type of termination load. In particular, the problem of mode mix-
ture can be put forward : signals produced at the transmitter on a given
eigenmode can be transferred to the other eigenmodes at some points of
the network (unbalanced derivations or terminations). However, the phys-
ical interpretation of the obtained end-to-end channel frequency responses
Hy(w) is not straightforward. The channel impulse responses hy(w) can
only be obtained by application of the inverse Fourier transform, which is
also rather restrictive.

In order to obtain a better intuition about the end-to-end channel responses
and the respective effects due to cable losses, derivations and terminations,
we propose to set up a simple multipath model.

Four fundamental assumptions are necessary to validate this simple model :
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. Cables with identical eigenmodes are used throughout the network.

The derivation and termination points are perfectly balanced, which
ensures that the different modes do not mix to each other. In this
scenario, the multiconductor network analysis can be reduced to the
parallel analysis of independent scalar-waves networks.

Derivation points act independently of the frequency : the 3 x 3 scat-
tering matrices associated with each eigenmode do not vary with fre-
quency. This assumption is valid if the ratio of the respective char-
acteristic impedances remains constant in the useful frequency range.
It is also valid, of course, if the derivation cables are identical to the
distribution cable.

Termination points also act independently of the frequency : they
are modeled by a simple reflection coefficient in the whole frequency
range and for each eigenmode. Ideal matched or open terminations
satisfy this hypothesis.

Finally, the propagation parameters o;(f) and v;(f) associated with
a given eigenmode are the same for all cable segments. With this as-
sumption, the channel response corresponding to a given path through
the network only depends on the total path distance, irrespectively
of the specific cable segments that belong to the considered path.

The multipath model expresses the end-to-end channel frequency response
from the LT to the k' NT as the sum :

H]ii) (w) = Zaz(i? e i (@) Lik (2.116)

where

{al(,?,le} with [ € [1, Np] are the path weights and lengths. They

only depend on the reflection and transmission coefficients related to
the derivation and termination points. A given weight al(,? generally
results from the superposition of many distinct physical paths from
the source to the destination, but all with the same total distance
L. The total number of paths N, depends on the desired accuracy
of the model. Mathematically, there is an infinite number of paths,
but practically the number of significant paths is finite. The deter-

mination of N, is a key parameter of the proposed multipath model.
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e vi(w) = f(k,dq, (551)) only depends on the propagation characteristics
of the cables.

The resulting end-to-end channel impulse responses can be obtained as
ny () = > afy) hl!) (t, L) (2.117)
=1

where the impulse response associated with a cable segment of length L;;
has been established in Section 2.4.

The computation of the path weights {a;;} and lengths {L;;} requires the
analysis of a complex network including three types of elements -

1. Two-acces ports representing the cable segments of length dj or dj,
(see Figure 2.11). We assume that all cable segments have a length
that is an integer multiple of a fundamental length Lg, i.e. dp =
niLo and dj. = n) Lo where nj and n) are positive integers. In the
example presented in Section 2.5, Ly = 5 meter. The scattering
matrix associated with a cable segment of length dj is then given by

S.(D) = < D(q)% ng > (2.118)

where the symbolic variable D represents the propagation through a
basic cable segment of length L.

2. Three-access ports representing the derivation points. Balanced and
lossless derivations result in a scattering matrix given by

e te tg
S, = te re ta (2.119)
tqg ta T4

with 72 4+ 2t2 = 1 and 72 + t2 + t3 = 1. The parameters r. and
rq represent the reflection coefficients on the side of the distribution
cable and on the side of the derivation cable, respectively. t. gives
the transmission coefficient along the distribution cable, and t4 gives
the derivation coefficient. These parameters depend on the relative
characteristic impedances of the cables. Let pz, = Z.2/Zc. be the
ratio of the derivation cable impedance (Z.2) and the distribution
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cable impedance (Z.1). The different reflection and transmission co-
efficients in (2.119) are then given by

-1 207, — 1
o= — rq = — (pZ> (2.120)
2pz, +1 2pz. +1
2 2./
L= Pz t, = 2VPZe (2.121)
2pz. +1 2pz, +1
In the special case where identical cables are used for the distribution
and the derivation (pz, = 1), these coefficients are ¢t = t; = 3 and
Te =Tq = —%. This means that, on each derivation point, % of the

incoming energy is reflected, % is derived and % is transmitted along
the distribution cable. A better transmission along the distribution
cable (higher t., lower t4, |r4| and |r|) is ensured for pz, > 1.

3. Terminations that can be represented by a single reflection coefficient
Tt.

The complex network is obtained by the interconnection of the elements
depicted in the above list. By solving the network equations, the end-to-end
transfer functions 7} (D) can be obtained explicitly. They accept a Taylor
expansion as follows :

- N, 3
T(D) =Y aj DI~ ay D7 (2.122)
j=0 =1

The path weights {a;;} can be obtained by identification with the N, first
non-zero terms of the Taylor expansion.

Let us now analyze the network corresponding to the example given in
Figure 2.12. All cable segments have a length that is an integer multiple
of Ly = 5 meter. The first path weight and length are given by (see also
Table 2.2)
k—1
ayp ="ty Ly =Y dj+dj. (2.123)
§=0

For the type of cables used here (pz, = 1.8, see Table 2.1), the transmission
and derivation coefficients are t. = 0.78 and t; = 0.58 for the differential
mode. Two successive paths are separated by a length of 2Ly = 10 meter.
Figure 2.17 gives the normalized path weights obtained when all termi-
nations are matched (r¢(k) = 0 V k). The normalization is done with
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respect to the first path weight a1x. In this scenario, the multipath effect
can be exclusively attributed to the reflections on the derivation points.
For example, the direct path from the LT to user 15 is 225 meter long and
its weight is a1,15 = t14; = 0.019. The second path is 235 meter long
and corresponds to successive reflections on derivations {2,1} and {11, 10}.
The corresponding weight is ag 15 = 27“2@1715 = 0.09a1,15. The third path
is 245 meter long and corresponds to successive reflections on derivations
{2,1,2,1}, {2,1,11,10}, {11,10,11,10}, {5,4}, {6,5} and {12,11}. The
corresponding weight is then a3 15 = (3r2 + 31"?)(11715 = 0.15a1 15. The next
paths can be generated in the same way. Obviously, the relative weight of
secondary paths increases with the user position k along the distribution
cable.

For a unit energy wideband pulse transmitted at the LT, the received energy
at each network termination is given by

NP
& =) aj <L (2.124)
=1

Considering both ends of the distribution cable as users 0 and K + 1, the
global power budget gives Z{i ng 5,3 = 1. The set of parameters {5,%}
reflects the distribution of the transmitted energy from the network head-
end towards the different users. The first part of Figure 2.18 gives the
distribution of 5,3 in dB vs. the user index k for different values of the
transmission factor t.. The energy loss increases dramatically with the
user position, especially for low values of t.. The straight lines give the
contribution of the first path weight, as given by (2.123). As expected, the
relative strength of the secondary paths increases with k& and with ¢, (as
can be observed by the divergence of the curves). The circles give the total
received energy for a transmitted passband pulse in the range of 1 MHz to
10 MHz. The second part of Figure 2.18 gives the evolution of the received
energy vs. the transmission factor . in the range of % to 0.95, for users
2, 5, 10, 15 and 20. It can be observed that the inequality of the energy
distribution can be moderated by increasing the transmission coefficient ¢..
For lower values of t., the existence of the secondary paths also moderates
the effect of energy dilution for remote users, but this gain is lost as soon
as the passband pulse is taken into account in the power budget.

The observation made here is a crucial feature of the powerline access net-
works : the total energy transmitted by the LT is delivered in very unequal
parts to the various users. The PLC network was not initially designed to
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convey high-frequency signals to the subscribers. At very low frequency
(e.g. the power frequency), what really matters is the sum of the path
weights, which can be shown to be

Np
2
=1

for identical loads at all network terminations. A balanced power distribu-
tion network can thus become very unbalanced at high frequency.

Figure 2.19 gives the normalized path weights obtained when all unused
terminations are left open (ry(k) = 1 V k ¢ {2,5,10,15,20}). In that
scenario, a high number of additional physical paths have to be taken into
account as the waves are also reflected on the open terminations. The
relative importance of the secondary paths is considerably increased, espe-
cially for the remote users : for some of them, the first path is not even the
strongest one any more. The energy distribution is less unbalanced than
in the previous scenario : one reason for this is that the total energy deliv-
ered by the LT is now dissipated in 5 termination loads instead of K + 1
as before. The last part of Figure 2.18 gives the evolution of the received
energy vs. the reflection factor r; at unused terminations in the range of 0
(matched) to 1 (open), for users 2, 5, 10 and 20.

2.8 PLC channel responses

This section is devoted to the derivation of the final end-to-end channel re-
sponses Hy(w) = F {hi(t)} associated with the network example of Figure
2.12.

The channel impulse responses hy(t) actually result from the combined
effect of :

e The multiple paths from the LT to the NTs through the multiple
reflections on cable derivations and network terminations. The path
weight distribution was analyzed in Section 2.7 in relation with the
network topology.

e The conductor and dielectric losses, which increase with the distance.
The impulse response associated with a cable segment was presented
in Section 2.4.
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pulse (left, o = 0.15), sine modulated half-root Nyquist pulse (middle,

a = 0.15) and analog filters impulse response (right)

e The analog front end of the modems. One of their functions is to
restrict the spectrum of the transmitted signals to the frequency band
authorized for the high-speed PLC application, i.e. 1 MHz to 10
MHz. It is equivalent to consider the transmission of a passband
pulse. Figure 2.20 gives three types of passband pulses (with 0.5/7, =
10 MHz).

Figure 2.21 illustrates the combination of the path weights (vertical seg-
ments) with a baseband half-root Nyquist pulse, for users 2 and 20. The
delay difference between two successive paths is here approximately 50 ns
(for 10 meter difference and a phase velocity close to 2.10% m/s), which
corresponds to the baseband pulse period : T, = 50 ns. For the network
topology chosen here, the successive paths are then only just resolvable.
The bold curves include the additional effect of cable losses. The number
of significant paths is then decreased as longer paths are more affected by
the cable attenuation.

Figure 2.22 gives the final impulse responses hy(t) for users 2, 5, 10, 15 and
20, with a passband pulse. The thin curves include a cosine-modulated half-
root Nyquist pulse while the bold curves include analog bandpass filters
(elliptic filters). The passband pulses are illustrated in Figure 2.20.
Finally, the amplitude of the end-to-end channel frequency responses | Hy(w)|?
(in dB) is given in Figure 2.23, in the frequency range of 0 to 25 MHz :

e The upper figure displays the 20 channel responses obtained with
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Figure 2.21: Combination of path weights and a baseband pulse

all-matched terminations, using the multipath model proposed in
(2.116). Only the differential propagation mode is represented. The
vertical ordering of the curves is in accordance with the channel index
k : the higher curve corresponds to Hj(w) , the lower one corresponds
to Hoo(w). Bold curves are used to highlight channels 2, 5, 10, 15 and
20. For these channels, the exact channel responses, as obtained by
the scattering matrix formalism, are also given (dashed lines). Obvi-
ously, the multipath approximation is extremely accurate.

e The lower figure displays the 5 channel responses obtained when the
unused terminations are left open. The scattering matrix formalism
was used to derive exact channel responses. Here, the 3 modes of
propagation (differential, phantom and common) are represented and
can be compared.

2.9 Conclusion

It has been demonstrated that the channel transfer functions corresponding
to practical outdoor PLC networks could be modeled analytically with the



68

Channel model

0.4r
0.2

User 2
o

-0.2
-0.4

T T T T T T T
—— Impulse response with a cosine modulated 1/2 Nyquist filter ||
— Impulse response with analog bandpass filters

0.15
0.1
0.05

User 5
o

-0.05
-0.1
-0.15

0.03
0.02
0.01

User 10
o

-0.01
-0.02
-0.03

0.015
0.01
0.005

User 15
o

-0.005
-0.01
-0.015

0.015
0.01
0.005

User 20
o

-0.005
-0.01
-0.015F

| | I I |
100 120 140 160 180
t/Tc

20 40 60 80

Figure 2.22: Final impulse responses with open terminations (differ-

ential mode)



2.9 Conclusion

69

Channel response [dB]

— Users 1t0 20
|| == Users 2,5,10,15,20 (multipath model)
- —- Users 2,5,10,15,20 (exact model)

I

2 « A
-30 = X A TR\ -
3 PENAY
N . P 7~ N\ 2N\
b A Y AN A AN Ve N 4\
3 -0 \ A%\ R/ W A\ YW M
g / \ \ L\ N
3 \ K . 7 \ \ A 7\
8 -501 R \ \ Al \ L / \\\ 7
= ‘ \ i 7
2 \ |
5] A i
-60[- p \ .
5 y A |
v 2 b PAY
| ~\
-70 F-\-
\ 4 \
\ /o
80 ! A
-90 ™ Users 2,5,10,15,20 (differential mode) B
—- Users 2,5,10,15,20 (phantom mode)
— - Users 2,5,10,15,20 (common mode)
~100 T T T | |
0 5 10 15 20 25

Frequency [MHz]

Figure 2.23: Frequency responses with matched terminations (up) and

open terminations (down)



70 Channel model

help of the multiconductor transmission line theory. The complete analysis
combines two steps : the analysis of the multiconductor cables, and the
analysis of the full network topology.

In the first step, the fundamental characteristics of the different types of
multiconductor cables are derived. This analysis requires the resolution
of an eigenvalue problem for each cable type, which leads to the defini-
tion of propagation eigenmodes, i.e. specific distributions of voltages and
currents in the different conductors, that propagate with a unique propaga-
tion factor (including phase velocity and specific attenuation), and that are
characterized by a well-defined characteristic impedance. Practical PLC
cables have been analyzed, and the propagation eigenmodes (differential
mode, common mode, phantom mode) have been derived as a function of
the cable geometry and the used materials (conductors and dielectrics). A
characteristic impedance of a few ohms (common mode) up to a few tens
of ohms (differential mode) was found. The conductor losses (skin effect)
were shown to be dependent on the propagation mode, due to the prox-
imity effect. However, the difference was found to be rather small from
one mode to another. The fundamental impulse response corresponding to
the propagation over a given cable segment of a given length was analyzed
in details. Three specific contributions were put forward : a propagation
delay, an impulse due to conductor losses, and an impulse due to dielectric
losses.

The second step combines the various cable segments (characterized by a
given length and a given set of propagation modes with their own parame-
ters) with the network discontinuities: derivations (cable interconnections)
and terminations. Progressive and regressive multi-dimensional waves (one
wave for each eigenmode) propagate along each cable segment. Multi-
dimensional transmission and reflection happen on each network transi-
tion. This can be modeled accurately with the help of multi-dimensional
scattering matrices.

The end-to-end channel transfer functions in the range of 1 to 50 MHz
were derived for a practical PLC network including a main cable of 300
m, 20 derivations, and three types of 4-conductor cables. The channel
responses associated with each eigenmode were found to be very close to
each other. In the selected example, the 4 different propagations modes are
well separated, which corresponds to 4 parallel and independent channels.
In a more complex scenario, however, the different eigenmodes could be
combined, depending on the cable interconnections and the diversity of the
cables used in the network.
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The channel losses were found to increase dramatically with the position of
the user along the main cable. The fundamental reason for this is not the
increased distance with respect to the cable headend, but rather the high
number of derivations along the main cable, with important power losses at
each derivation. The respective impacts of open and matched terminations
were also compared.

Finally, the end-to-end channel impulse responses were derived. They were
found to be a combination of a multipath channel (with a distribution of
weights and distances that depends on the network topology and cable
impedances) and the impulse responses resulting from conductor and di-
electric losses. Between 50 and 100 significant paths were found for the
selected example.

The PLC channel frequency responses derived in this Chapter will be used
in Chapter 3 to obtain the capacity region of the powerline channel.



72

Channel model




Chapter 3

Balanced capacity of
wireline multiuser channels

3.1 Introduction

The wireline multiaccess channel is an example of multiuser channel with
Inter-Symbol Interference (ISI). It provides simultaneous duplex connec-
tions between the cable head-end (access point to external services) and
a number of subscribers spatially distributed along the common physical
cable. Some practical applications are the outdoor powerline channel and
the CATV network. Functionally, it can be modeled as a multiple access
channel for the uplink and a broadcast channel for the downlink, and each
user channel can be modeled as a linear time-invariant frequency-selective
channel with Gaussian noise.

Some simple criteria are needed to characterize the performance of the
multiaccess channel. The maximum error-free transmission rate for a given
power budget is a commonly adopted criterion, although the minimum re-
quired power for a given target rate could also be investigated (see [38]).
The list of single user Shannon capacities vs. the position of the remote
modem along the cable gives thus a first idea of the channel potential. As
pointed out in Chapter 2, the network topology (number of cable deriva-
tions before and after the modem under consideration) plays a major role
in the determination of the multipath channel characteristics : the capac-
ity profile does not only depend on the physical distance w.r.t. the cable
head-end.

Single user capacities are sufficient to characterize the multiaccess channel
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when time domain multiplexing (TDM) is used in the downlink and time
domain multiple access (TDMA) or random access methods are used in the
uplink. If more elaborate multiuser signaling techniques are used (involving
parallel transmission of the different user signals), the full characterization
of the multiacces channel requires the determination of the capacity region.
Each point of the capacity region is associated with a given power alloca-
tion, and successive decoding (with a specific decoding order) is generally
necessary to obtain the corresponding data rates. The boundary of the
capacity region can be traced out by maximizing a weighted sum of the
individual data rates with variable priority coefficients ay.

All points of the capacity region, however, are not desirable working points.
For instance, many papers focus on the maximum sum-rate, but this solu-
tion does generally not guarantee a fair (or even a minimum) data rate to
each subscriber. On the opposite, the common rate strategy (meaning that
all users transmit or receive at the same rate) is not necessarily a good idea,
especially when the attenuation levels associated with the various channels
in competition are very different. As a trade-off, the idea of balanced capac-
ity is introduced, and the set of maximum balanced user rates is proposed
to characterize the performance of the multiaccess channel.

The balanced capacity of a multiuser system is defined as the distribu-
tion of maximum simultaneously achievable bit rates that are in propor-
tion with the single-user rates. It is a specific point of the boundary of
the capacity region for which the coexistence with the other users has the
same relative cost for every user.

The computation of maximum balanced rates basically involves the com-
putation of the right priority coefficients oy, associated with these balanced
rates.

The objective of this chapter is to propose practical algorithms for the
computation of the uplink/downlink balanced capacity of a multiaccess
network with K users, where K may be much larger than two. Different
types of power constraints are investigated, which will lead to distinct ca-
pacity regions. The problem of optimal duplexing is not considered here :
the multiuser channel is supposed to be operated in uplink OR downlink
at a given time.

The capacity of multiuser networks has been extensively studied in the past
few years, but the issue of a fair rate distribution was generally ignored. In
[39], a general expression for the capacity regions of multiaccess channels
with memory was obtained. In [40], this result was used to derive the
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capacity region of a two-user Gaussian multiple access channel with ISI
and the well-known single user water-filling algorithm (that provides the
optimal power allocations) was extended to the two-user case. The authors
of [41] extended these results to channels with an arbitrary number of
users in the context of multiaccess fading channels. All these papers assume
individual power constraints at the transmitters : the K user channels need
to be scaled (concept of equivalent channel), so that the multiuser water-
filling algorithm provides K power allocations that satisfy the K power
constraints simultaneously. The K scaling coefficients have to be computed
iteratively. A general algorithm is proposed in [41], while the authors of [42]
and [43] propose practical algorithms well suited to specific situations (two-
user channel and/or maximum sum rate solution). An alternative method
for the computation of the maximum sum rate solution was proposed by
[44] and basically involves the iterative application of the single user water-
filling algorithm. A detailed analysis of this method is proposed in [45]. [46]
addresses the problem of computing the FDMA capacity region (which is
useful when successive decoding is undesired at the receiver) and proposes
suboptimal algorithms for the two-user case in the context of optimal duplex
in DSL. In the general case, the optimal user rates can be achieved through
the use of multicarrier multiple access [47] [48] with appropriate coding on
each carrier.

The multiuser water-filling process is highly simplified when the individual
power constraint is relaxed and a single constraint is put on the transmission
power sum. In that case, the uplink capacity region is known to be the same
as the downlink one [49]-[50]. The capacity of Gaussian broadcast channels
is analyzed in [51] and [52]. The issue of a fair rate allocation in the uplink
was addressed in [53] with the same constraint relaxation.

This chapter is organized as follows. In Section 3.2, the wireline multiac-
cess channel model is revisited. Section 3.3 describes the notion of capacity
region and introduces the concept of balanced capacity. In Section 3.4, the
optimal power allocation associated with a given set of relative priorities
ar is analyzed in detail, for the K-user Gaussian memoryless broadcast
and multiple access channels, respectively. A simple allocation algorithm
is given, as well as explicit expressions for the optimal allocated powers
and the associated user rates. An iterative method is derived to obtain
balanced user rates. The problem of optimal spectrum allocation in mul-
tiuser frequency-selective channels is then addressed in Section 3.5. Differ-
ent types of power constraints are introduced, and the spectrum allocation
problem is analyzed in three specific situations. Practical algorithms for



76 Balanced capacity of wireline multiuser channels

the computation of balanced user rates are finally proposed. Section 3.6 ad-
dresses the issue of FDMA balanced capacity. Finally, Section 3.7 presents
detailed results obtained with a 20 user wireline access network.

3.2 Wireline multiaccess channels

The general multiaccess channel considered in this chapter (see Figure 2.11)
is composed of a main cable (the distribution cable) and K derivations (the
connection cables) whose terminations are connected to the K user modems.
The end of the distribution cable is connected to the cable head-end which
is supposed to provide a common access to the broadband services. Any
subset of K < K user modems are about to establish a duplex connection
with the cable head-end at a given time. Unlike the DSL access networks
(where each user has its own twisted pair), the physical medium has to be
shared by all the users who wish to establish a connection simultaneously.

The uplink (data transmission from the user modems to the cable head-end)
corresponds to a multiple access channel (MA), while the downlink (data
transmission from the cable head-end to the user modems) corresponds
to a broadcast channel (BC). The schemes of these two types of multiuser
channels are given in Figure 3.1. The additive noises at all receivers (n and
{n1, -+ ,nk}) are supposed to be Gaussian and white, with a double-sided
power spectral density Ny/2.

In a practical wireline communications system, constraints are put on the
bandwidth, on the powers, and on the power spectral densities (PSD) of the
transmitted signals. We assume in the sequel a transmission bandwidth
[0, B]. The power constraint P, and the PSD constraint 4 will be analyzed
separately. While in the downlink, the power constraint actually refers to
the sum of all the user signals (located in the unique downlink transmitter),
in the uplink, individual power constraints are generally associated with
each transmitter. In the sequel, the individual power constraint is relaxed
and a single power-sum constraint is considered both for the downlink and
the uplink. The obtained results are then extended to the (more complex)
individual power constraint scenario in the uplink.
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Figure 3.1: Multiple access and broadcast channels

3.3 Multiuser capacity region and balanced ca-
pacity

A multiuser capacity region is defined as the set of achievable rates { Ry}
at which the receiver(s) may decode information from the transmitter(s)
without error for a given set of (power) constraints. For the Gaussian K-
user channel, it is a convex region in the K-dimensional space. This region
reflects the trade-off among the individual data rates of the different users
competing for the limited resources. The boundary of the capacity region
can be traced out by means of a set of relative priority coefficients « with
> r ok = 1. Each boundary point of the capacity region maximizes the
linear combination of the user rates Ry = ) ;. a, Ry.

Let R* = [R],--- ,R,’;}T be the vector of maximum user rates associated
with a given vector of relative priorities o = [avy, - - - ,ak]T. Actually, the
coefficients oy, do not bring any information about the distribution of the
maximum user rates Rj. Even with a higher relative priority aj > 1/K,
a given user k with a poor channel quality could obtain a lower data rate
R; that the other users, or even a zero data rate. The only interpretation
that can be associated with the relative priorities ¢, is that dR* L «,
which means that the boundary of the capacity region is normal to the
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vector a in the neighbourhood of the point R*. In a two-user case, for
example, the maximum rate distribution (R}, R3) associated with equal
priorities @1 = a3 = 1/2 would have a local tangent with a slope of -45
degrees. The maximum rate distribution (R}, R3) associated with unequal
priorities a; = 1/3 and ag = 2/3 would have a local tangent with a slope
of arctan(—1/2) = —26.6 degrees.

To obtain a practical characterization of the access network capacity, it is
useful to put forward some specific points of the boundary :

e The single user rates R,l~C are the maximum achievable rates in the
single user communication scenario. They correspond to having only
one alpha different from 0.

e The mazimum sum rate corresponds to the setting a, = 1/K. It gen-
erally results in unfair situations where the users with the best chan-
nels have a much higher rate than the others, which is not desirable
in practical applications. It may even happen that some subscribers
do not have any bit rate at all.

e The maximum common rate [53] is such that Ry = -+ = Rg. When
the single user rates are very different, the common rate constraint
is generally a waste of resources as it forces the users with the best
channels to lower their rate dramatically to reach the level of the
weakest channels.

Rg

i Ry’

other words, all users transmit at a rate R; which is in the same

proportion w.r.t. the potential rate R}C offered by their own channel.

The relative cost implied by the coexistence with the other users is

the same for all the users.

e The maximum balanced rate is such that % = ... = In

Figure 3.2 gives an example of a convex capacity region and the correspond-
ing boundary points for K = 2. A and F give the single user rates. E gives
the maximum sum rate : it corresponds to the point where the tangent has
a -45° slope. B gives the maximum common rate and D gives the maximum
balanced rates.

As a lower bound on the balanced rates, time-domain multiplexing (TDM)

or multiple access (TDMA) can be considered, with time slots of equal
1

duration for each user. This strategy gives a set of rates Ry = % (line AGF

on Figure 3.2). Allowing simultaneous transmission of all the users, with
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Ry

Figure 3.2: Two-user capacity region and specific points of the bound-
ary

a smart power and spectrum management, offers higher balanced rates, of
course. In any case, the maximum balanced rates can be written as :

Ry
e
where g is the rate gain with respect to the TDM(A) strategy (OD/OG on
Figure 3.2). Thanks to the convexity property of the capacity region, we
know that g > 1. This gain will be referred to as the 'multiuser gain’ in
the sequel. The multiuser gain increases when the user channel frequency
responses are very different. An equivalent concept in the context of mul-
tiuser fading channels is the concept of multiuser diversity (see [54] for
example).

Rk =g (3.1)

The aim of this chapter is to propose practical algorithms allowing the
computation of the maximum balanced rates for an arbitrary
number of users, and the corresponding (downlink and uplink) power
allocations.

The derivation of these algorithms basically involves three steps :

e The computation of the maximum aggregate rate R,, for a fixed power
allocation and a fixed sequence of priority coefficients {ay}.

e The computation of the optimal power allocation (i. e. maximizing
R,) for a fixed set of priority coefficients {ay}.

e The computation of the appropriate sequence {ay} providing bal-
anced user rates.
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These three steps will firstly be analyzed in detail for the case of a mul-
tiuser memoryless channel (Section 3.4). Extensions will then be provided
for a multiuser frequency selective channel with various kinds of power
constraints (Section 3.5).

3.4 Memoryless channel

In the memoryless scenario, the channels are fully defined by the set of
attenuation factors {h%} and the AWGN variance 02 = NgB. A total
power P should be allocated among the different users. The maximum
balanced rates {R}} are here associated with a specific power allocation
{P:}, and a specific decoding order.

3.4.1 Maximum aggregate rate for a given power allocation

This section provides explicit expressions for the MA and BC maximum
aggregate rates R, associated with a fixed power allocation {Py} and a
fixed set {ay}. This allows to formulate the power allocation problem as a
constrained optimization problem.

3.4.1.1 MA channel

The capacity region for the MA channel (uplink) is known to be [41] :

{{Rk}ZRkﬁ(Z(W) \V/SC{l,"-,K}} (3.2)

keS

where C(x) £ Blog(1 + z).! This region is defined by 2% — 1 constraints,
each one corresponding to a nonempty subset S of users. It has K! vertices
in the positive quadrant. Each vertex is achievable by a successive decoding
using one of the K possible orderings of the users. In the special case K =
2, the capacity region is a pentagon whose two useful vertices correspond
to the decoding orders (1,2) and (2,1) respectively (see Figure 3.3). The
3-user capacity region is illustrated in Figure 3.4. The region is defined by
7 planes in the positive quadrant. It includes 6 useful vertices associated
with the different decoding orders. Returning to the general case K > 2,
and without loss of generality, we assume that the users are ordered in
ascending order of the priority coefficients {cy}. For the choice of priority

!The logarithm used in the analytical derivations has a natural base, but a base of 2
is used in Section 3.6 in order to obtain numerical results expressed in Mbits/s.
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coefficients {ay}, the maximum of R, is then obtained at a single vertex
that corresponds to the decoding order {1,---,K}. In other words, the
messages with the lower priorities are decoded first and subtracted from
the received signal before decoding the messages with higher priorities.
The maximum weighted rate is then given by:

K
R.MA = D ( Pl ) (3.3)

p 02 + 3 P

K
. Bh
= Z ozk—Oék 1 (Zl_§2 l l) (34)
k=1

with ag = 0.

3.4.1.2 BC channel

In the BC channel (downlink), the decoding strategy is different for each
receiver. Here the decoding order is not dictated by the user relative priori-
ties, but by the relative channel gains ([51]-[52]). A given receiver is able to
decode the messages intended for the users with lower channel gains (and
thus transmitted at a lower rate) before decoding its own message. The
remaining messages are considered as noise. For a given set of transmission
powers {Py}, the capacity region has a single vertex that maximizes the
weighted rate R, for any set {a} [52] :

Pyh?
o2+ (Shper P) 13

{(Ri}: Ry <C (3.5)

Figure 3.3 gives the capacity region (a rectangle) for the two-user case,
assuming hf > h3. Let 7 be a permutation on the set {1,---, K} such that
hw(l) h? =) for i < j. In other words, this permutation is used to sort the
users in decreasing order of their channel gains. The maximum weighted
rate is now:

R,Bc= i ()€ k(k)lhﬂ(k) : (3.6)
= o+ [21:1 Pw(l)} h2 )
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Figure 3.3: Two-user capacity regions for a fized power distribution :
multiple access channel (pentagon) and broadcast channel (rectangle)
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Figure 3.4: Three-user capacity region for a fixed power distribution
(multiple access channel)
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3.4.1.3 Formulation of the optimal power allocation problem

For a given constraint P on the total transmitted power, our objective is
now to find the optimal power distributions {P;} and {F}} that maximize
R,, for the MA and BC channels respectively:

(P} = argmax R, na ((PL)] (3.7)
(P} = argmax|R,pc ()] (38)

with constraints ), P, < P and P, > 0 Vk. In each case, the solution
satisfies the Kuhn-Tucker conditions:

(3.9)

l@Ra =u P,>0

where p is a positive Lagrange multiplier.

3.4.2 Optimal power allocation for the BC memoryless chan-
nel

(Given {ay})

The users are supposed to be sorted in decreasing order of their channel
gains through the permutation mw. Starting the allocation process with
Pr@) = 0 Vk, the marginal rate gain for each user is given by % 8‘?};&) =

Dy (1)(0) where the functions Dy (z) are defined by

aiph?/o?
D & _Fki” 3.10
S ey (3.10)
Some power Py, is firstly allocated to the user m(k1) with the maximum
2
(i) P2 )

The users with a higher hfr(k,) but a lower aw(k)hi(k) can be discarded.
Indeed, equation (3.6) ensures that, for k < k1 (i.e. for users with a higher
channel gain),

1 aRa 1 8Ra 1 9 )
Eapﬂ'(k) - E 8P7T(k1) * ; (aw(k)hﬂ(k) B aﬂ'(kl)hﬂ'(kl))
1 o
< Bom (3.11)

BOPy )’
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if
1 = 0. (3.12)
which is consistent with the Kuhn-Tucker conditions (3.9).

The marginal gain for the remaining users becomes D) (Pr(x,)) With k €
{k1,---, K}. The power P, is then increased until a second user 7(ks)
(with kg > k1) reaches a marginal gain equal to that of user 7(k1) (unless P
is reached before). As h72r(k2) < h?r(kl)’ this is only possible if o (r,) > Qr(ry)-
When this happens, the common marginal gain can be shown to be:

D) (P:(kl)) = Dr(ry) <P;(k1))

= <%<k2)h3r(k2)/ 02) Fr(er),m (k) (3.13)

where the correction factor F; ; < 1 is defined as

1—ai/aj
Fj=———17_ 3.14
1= h % (3.14)

User 7(k2) is thus selected as the one with the largest (aﬁ(k)hi(kﬂ Fre(e) (k)
on the set k € {k1 +1,---, K}. The power allocated to user m(k1) is then
fixed to

P:;(k’l) - UQGW(kl)Jr(kz) (3.15)
where , ,
A a;h; —ajhj o .
Gij = (aj — agh2h? h; (FJ - 1) : (3.16)

The users with a higher hi(k) but a lower (aﬁ(k)hi(k)> Fr(ky)x(k) can be
discarded : from (3.6), it can be checked that

1 ORy _ 1 ORy 1
BOPy) BOPry, o2

2
(arr(k) hTr(k) Fﬂ(kl)vﬂ'(k)

1 OR
2 «
_aﬂ(kz)hw(l@)Fw(kl),ﬂ(@)) < 5P " ), (3.17)
(K2

if

which is again consistent with the Kuhn-Tucker conditions (3.9).
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The rate R;"T(kl) for user w (k) is given by

2

(k)

R .y = Blog ( ! ) . (3.19)
) (ks ) P () (k)

This rate is left unaffected by the allocation of power to the other users
(with k& > k1) as those users have a lower channel gain and their signals can
be perfectly decoded and subtracted by receiver ki. If there is still some
power to allocate, then the allocation goes on with Pr,), which increases
the rate R;(,) while leaving R, ,) unchanged, until a third user m(ks)
(with a smaller hzr(k3) but a higher a,,)) reaches the same marginal gain,
and so on.

At the end of the allocation process, a subset S; = {m(k1), -+ ,7w(ks)} C
{1,--+ , K} of J < K users is obtained, who get a non-zero fraction of the
total power P. The users in this subset are sorted in decreasing order of
the channel gains hi and in increasing order of the priority coefficients .
As a consequence, the allocation algorithm can work indifferently on the
user sequence {7(1),--- ,7(K)} or on the initial sequence {1,---, K}. The
allocation rule can be stated in very simple terms : always add power to
the user with the maximum Dy(P) where P is the power already allocated.
Mathematically, we get:

J P]:l_t,_‘.._A,_PI:i
R, = BZ/ Dy, (x)dx
=17 P B

P
- B Dy (z)dz, 3.20
/0 e k(z)dx (3.20)

which provides an intuitive graphical interpretation. Figure 3.5 illustrates
the evolution of Dy and the individual powers as a function of the allocated
power P for K = 4. In this example, hf > h3 > h3 > h3 and oq < g <
a3 < ay. The optimal allocation gives J = 3 and S; = {1,2,4}. For
decreasing values of P, the subset S; can be reduced to {1,2} or {1}.
Obviously, when the power to be allocated is large enough, the last user in
the subset Sy is always the user with the highest priority ag.

Once the subset S is known, the set of optimal powers {P,;} can be
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Ry | xR} ‘ 4R}

Figure 3.5: Marginal gain and power distribution during the allocation

process (K =4)
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computed by solving the following system :

7 7
Dy, (Z P§l> = Dy, (Z P,;;) L i<J—1
=1 =1

J
b, =P (3.21)
=1

Finally, the complete allocation procedure and the corresponding user rates
are explicitly given as follows :

Algorithm 3.1 Algorithm for the selection of the user sequence receiving
a fraction of the total power P (subset Sj) :

o [nitialization (J =1) :

k1 = arg klgﬁ)}({] (akh%) . (3.22)

o While ky < K:
— Compute the next candidate :

k= h% Fioy k) - 2
arg _max  (oxhi F, 1) (3.23)

— If there is enough power :
P > 0* Gy, (3.24)

then: J=J+1, ky = k*.
— FElse: stop.

Optimal BC allocated powers P} (with k € Sy) :

P, Gy ks 0

PkQ Gk27k3 - Gk’l,kz 0

Pl:j =0’ ijvk’jﬂ - ijflvkj + 0 . (3.25)
P/:J—1 GkJ—th - ij_g,lw_l Q

PI:J _Gk‘jfl,kz‘] P
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Optimal user rates R} (with k € Sy) :

2
ozklhk1
T
akghk2Fk1,k2
;; O‘kghi2Fkl,k2
1 =
* akShkSFk2,k3
k2
T Qe .h2 Fk k.
Rt | =Blg| —lr ot . (3.26)
J kit ki1t Rk 41
*
2
kj_1 gyl Fry_oky_y
* p)
k. akJ_thFkalka

Pn?
L+ J2J Fry i kg
Algorithm 3.1 ensures that the obtained powers and rates are positive.

3.4.3 Optimal power allocation for the M A memoryless chan-
nel

(Given {ay})

The computation of the optimal allocation is very similar in the MA and
the BC channels. These two channels are known to have the same capacity
region when the constraint is put on the transmitted power sum [49]-[50].
However, the power distributions corresponding to a given boundary point
of the capacity region are distinct. In this section, the expression of the
optimal user rates (3.26) is derived again in the MA context, allowing the
computation of an explicit expression for the optimal MA power allocation

{Pe}-
The users are now sorted in increasing order of their priority coefficients
ag. For a given power allocation {Py}, we define the sequence {z;} < 1

as :
K -1

i=k

From (3.3), the marginal rate gains can be obtained iteratively as follows :

1 R, a1h?
5B - 0213:1 (3.28)
1 R, his1 (1 0R, i
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The initial marginal rate gain for each user (z; = 1 Vk) is again agh?.
The power is thus firstly allocated to user k1 with the maximum akhz.

The lower-indexed users (i.e. the users with a lower priority) are discarded:
P2 =0 for k < ki. From (3.28), it follows that :

Tp = Tp (3.29)
ORq aph? OR, _ OR,

= < , 3.30

(9Pk Oékl hil 8Pk1 (9Pk1 ( )

for k < k1, which is consistent with the Kuhn-Tucker conditions (3.9).

The marginal gains for the remaining users is again Dy, (P, ). Power is thus
allocated to user k; until Py, = O'QGkLkQ for a given user ko with

ky = h2F, 3.31
2 argke{kf&?f.,f(} (ak k kl’k) ( )

and G, i, is defined in (3.16). At that time, the power allocated to user
k1 is equal to Py , that is to say the optimal power that would be allocated
in a BC scenario (see Figure 3.5).

Now the allocation process becomes different. While in the BC channel,
any power increase dP would be fully allocated to user ko (which increases
Ry, and leaves Ry, unaffected), in the MA channel dP has to be shared by
users k1 and k. The fraction of power dPy, allocated to user kg directly
increases the rate Ry,. But this power is seen as noise by user ki (which
is decoded before user ky) : some power dPy, is then allocated to user k;
to compensate for the noise enhancement and leave Rj, unchanged. Some
power is thus allocated simultaneously to users k; and ko.

Users with an intermediate priority are discarded: P = 0 with k1 <k < k.
From (3.28), we obtain the system :

1 OR,

1
1 OR, h? h2
il - kK - 5 3.33
B 0P, hzllu"i_ (ak ak1) O_kaz ( )
1 8R., h, hi,
il = =2 — —2 = L. 3.34
B (9Pk2 hil M+ (akQ ak1) o2 Ly H ( )
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Solving this system, we get :

OR,  OR,
0P, OPy,

(1 — B (an — ay,) {(akhiFkhk)_l

—1 OR,
- (ak2hi2Fk1,k2) }) < apkla (335)

for k1 < k < ko, which is again consistent with the Kuhn-Tucker conditions
(3.9).

The optimal rate R for user ki is found to be the same as (3.19), and the
common marginal gain can be shown to be :

M:Dkz (Pk1 +f)ka)' (3'36)

The two-user allocation continues until a third user ks € {ko +1,--- , K}
reaches the same marginal gain. When this happens, we have Py, + Py, =
Py + Py, that is to say the total power allocated to users k1 and kg is the
same as the optimal power sum that would be allocated in a BC scenario
(see Figure 3.5). Power is then allocated simultaneously to users (k1, k2, k3),
and so on.

The relation (3.20) given for the BC scenario remains valid for the MA
channel. The allocation rule can be restated as : always increase the rate
of the user k; with the maximum Dy (P) while leaving the other rates un-
changed, where P is the power already allocated. This can be obtained
by allocating power simultaneously to all the users in the set {ki,- -, k;}.
The user subset S; and the optimal user rates are found to be the same as
in the BC channel (see algorithm 3.1 and equation (3.26)).

Once the subset S; is known, the set of optimal powers {PI;} can be
computed from (3.28) and (3.9). The sequence zy; is first computed as

-1
ag, h?
T = u( M ’ﬂ) (3.37)

Qe h2 -1
G+1 ki1 .
xkj+1 = K <0_2HF/€]',]€]'+1> VS {L 7‘]_1}

The optimal powers P,?j are then given by

J

P = a2h,;j2(x,;1—x,;1 ) jefl, -, -1}

Py, = o2 (ap) - 1) (3.38)
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Using the power constraint, the marginal rate is computed as

2 2
Oékjth/o-

=t 3.39
L+ Phj /o2 (3:39)

1

Finally, the optimal MA allocated powers Py (with k € S;) are given
explicitly as follows :

Py [0 ]

Py 0

o R (e,h)— | O (3.40)
i an, ny, ’ '

o 0

kj_1 o2

P’SJ L ]’Li‘] .

with vector IT (a, h) defined as :

-2 2 2 7
h ) (O‘k1hk1 — aththl’kz)

el (ko hf, Fry ks — ks hE, Fro k)
-2 2 2
I (Oé, h) _ hkj (ak]' hkijjflvkj - Oékj+1 hkj+1ij,]€j+1> (341)

-2 2 2
th,l (akalth_lemekJ—l - athkJFkath)

—2 2
th (akJ thFkJ—th)

Algorithm 3.1 also ensures that the obtained powers are positive.

3.4.4 Maximum balanced rates

The previous section explained how to compute the optimal power allo-
cation { Py} for a given set of priority coefficients {a} and a total power

P.

To obtain a specific boundary point of the capacity region such that the
corresponding user rates satisfy

Ry Ry 4
jd S =R 3.42
B B (342)
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for a predefined set of normalization coefficients {3}, the right set of pri-
ority coefficients {ay} has to be found iteratively. Computation of the
maximum balanced rates corresponds to (G = R,l67 but the idea is the
same to get any other point of the capacity region. Equation (3.42) im-
plies that every user gets a non-zero fraction of the power. Sorting the
users in decreasing order of their channel gain hZ, the solution of our
problem requires the computation of an appropriate set of priority coef-
ficients a1 < --- < ag, such that algorithm 3.1 selects the whole set of
users (J = K and Skg = {1,--- ,K}), and that the associated user rates
in (3.26) satisfy the constraint in (3.42).

Introducing the expression of the optimal user rates (3.26) into the balanced
rates constraints (3.42), we get :

9Pk R/B
A = 3.43
i (3.43)
with
)
h2 _hl
hy?
)
% a1
h2 7h1 ag—o]
as—a
. a3 —a2
-2 -2
hk+1 hk .
h 2—h 2 Qp—Qg—
_ k k—1 _ Dk X1
H= . A=| oo (3.44)
h=2_p=2 :
fg K:21 AK-1-OK-2
hKfl_hK 2 A —OK -1
Ph. AR —OK_1
1+ o_}g aK
—2
1
hl_{2
The components of the vector A have to satisfy the relation :
K [ K
> | ]JA] =1 (3.45)
=1 \i=j

There is a single target rate R producing a set of A, that fulfills equation
(3.45). The right value can be found by a simple binary search. The
drawback of this simple algorithm is that it can not be extended to the
case of multiuser frequency-selective channels.
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Actually, the problem of maximum balanced rates computation can be
modeled as a nonlinear system with K unknowns «y as follows :

F(a)

R R?
BoZ\ o
: 0
w o |- (3.46)
Bx ~ B :

A Newton-Raphson iterative search is proposed to find the solution:

Algorithm 3.2 Mazimum balanced rates for a Gaussian memoryless mul-

tiuser channel

o Start with o\®) = [1/R3, -

L U/R)T/ (1R, seti = 0.

o Compute the optimal power allocation with algorithm 3.1. Compute
the corresponding user rates { R} } and the normalized rates { R/}

e Compute the average normalized rate pr, and the standard deviation

ORg, defined by :

(1>

KRg

(1>

URB

o While UR/B/MRLB >e

— Update the set of priority coefficients as follows:

AW

oD

= (R ) (3.47)
k
\/ % > (Bi/Br— nry)” (348)
k
-1
a® 40 A0. (3.50)

— Update {R;}, {R}./Bk}, iRy and ogg,, seti =i+ 1.

where € is a tolerance parameter and the sequence \; < 1 is used to
ensure convergence in the first few iterations.
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The computation of the update direction A(()f ) requires the knowledge of the

Jacobian matrix %g—g. From (3.26), it is a symmetric tridiagonal matrix
T () with the following entries on the three main diagonals :

T, . = Qhjpr = Okjq
o (akj - akjfl)(aijfl - akj)
-1
Thjkjia O — o = Thj 1k (3.51)
41 j

where oy, = ag,,, £ (0. In particular, the Jacobian matrix is zero on the
rows and columns corresponding to users who are not in the subset S ;.
As this matrix should be invertible to allow the computation of the update
direction, it is important to choose a convenient starting vector a(o), and to
control the size of the updating step A; in order to keep a1 close to the
solution and keep the matrix inversion possible. The convexity property of
the capacity region guarantees that every user is included in the allocation
subset for the proposed a(©). Figure 3.2 illustrates the initial rates obtained
with a(® (point C) in a two-user problem. After some iterations, the
solution converges to the maximum balanced rates (point D).

To conclude this section, it should be noted that the solution proposed here
is probably not the most efficient one in the case of a multiuser memoryless
channel : however, it can be easily extended to the case of a multiuser
frequency selective channel, which is the purpose of the next section.

3.5 Frequency-selective channel

In the case of frequency-selective channels with frequency responses Hy(w),
the power allocation problem can be discretized by dividing the frequency
spectrum into a large number N of frequency bins of width df. As N
increases to infinity, a piece-wise constant channel model converges to the
actual channels. Each frequency bin n € [1, N] corresponds to a multiuser
memoryless Gaussian channel with channel gains hf, £ |Hy(wy)|? and a
bandwidth B/N. The problem is now to find the K optimal power spectra
Py, corresponding to a given boundary point of the capacity region. The
user rates Ry are computed by summing the partial rates Ry, corresponding
to the N parallel subchannels.
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3.5.1 Types of constraints

Talking about the capacity region of a multiuser channel may be confusing
as this region actually depends on the nature of the power constraints.
Various types of constraints can be considered, leading to distinct capacity
regions. The next items should be taken in consideration in the definition
of the capacity region :

e The constraints can be put on the transmitted powers or on the re-
ceived powers. The latter scenario won’t be investigated here.

e Considering a given user k, there can be one constraint on the total
transmitted power ) (Pg,) or N constraints on the power in each
frequency bin Py,. In a wired system, it is usual to impose a transmis-
sion mask on the power spectral density (PSD). This makes sense, for
example, to solve the problem of electromagnetic compatibility with
existing narrowband services (egress problem). Both constraints are
also commonly combined : in that case, a total power P has to be
distributed on the frequency axis, and the power in each frequency
bin can not go beyond a given limit ¥ with 4df > P/N. The two
types of constraints (power constraint and PSD constraint) will be
analyzed separately in the sequel.

e In a multiuser setup, the constraint can be put on the power-sum or on
the individual powers. In the uplink, the K different transmitters can
be constrained separately or considered as a single ’distributed’ entity,
with a single constraint on the power-sum or PSD-sum. This makes
sense again when the egress problem is considered, as an external
receiver gets interference from the K transmitters simultaneously. For
example, in a time-division duplex scheme, the signals are produced
alternately by the single head-end (during the downstream time slots)
and by the K user modems (during the upstream time slots). In the
downlink, the sum of the signals intended to the different receivers
will be considered as a unique power-constrained signal.

e An FDMA restriction is sometimes required to simplify the design
of the communication system and avoid the use of successive decod-
ing. In that case, each frequency bin n is exclusively allocated to a
single user. The corresponding capacity region is then reduced as an
additional constraint is added to the problem.

e A TDMA solution can also be investigated. This means that single
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user communications are established for each user in turn. The cor-
responding capacity region is a hyperplane defined by the K single
user rates vectors. The TDMA solution provides a lower bound for
the capacity region corresponding to the simultaneous transmission
of signals by the different users.

e Even in the case of simultaneous transmission, timesharing can be
used between different power allocations to reach specific points of
the capacity region. These solutions can provide useful indications
on the properties of the capacity region, but solutions corresponding
to a fixed power distribution across the users will always be considered
in the sequel.

e Finally, the upstream capacity region (MA channel) is not always
the same as the downstream capacity region (BC channel). Both are
identical in the following situations :

— When the same power (or PSD) constraint is put on the LT
transmitter (on one hand) and on the K NT transmitters con-
sidered as a single signal source (on the other hand). This was
shown in section 3.4.

— In the TDMA and FDMA scenarios, as the MA and BC channels
are then reduced to K parallel single user channels.

Let us illustrate these considerations on a qualitative example with K = 2.
Figure 3.6 gives the boundaries of various capacity regions. All these regions
are valid for both the MA and BC channels, except when the opposite is
explicitly mentioned.

PSD-constrained capacity regions :
Points A and B give the single user rates for a flat PSD : (Pln =0,P, = %)

and (Pln = %, P, = 0), respectively. The line ACB bounds the flat-PSD

TDMA capacity region : every point on this line can be obtained by time-
sharing between the single-user solutions. The line OCE is the locus of bal-
anced rates solutions. Pentagon AFGB bounds the MA capacity region for

N
Every point on the segment FG is obtained by timesharing between the

two possible decoding orders. The curve AEB gives the capacity region for
a constraint on the PSD-sum : Py, + Py, = %. Point S gives the maximum
sum rate while point E gives the maximum balanced rate. The multiuser

a flat PSD assigned to both users simultaneously : (Pln = %, P, =L
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Figure 3.6: Various capacity regions for ISI channels

gain is obtained here by the ratio % Finally, the curve ADB bounds

the MA capacity region for a constraint on the PSD-sum and a flat PSD

allocated to each user : (Pln =7, Py = % — fy). The ratio % appears

as a basic multiuser gain, which does not require channel knowledge at
the transmitters. The ratio QE gives the additional gain obtained by a
smart spectrum allocation, which requires knowledge of the channels at the

transmitters.

Power-constrained capacity regions :
Points H and I give the single user rates for (25:1 P, =P, Py, = 0) and

<P1n =0, 25:1 P, = P), respectively. These rates are of course higher

than rates A and B as the flat PSD constraint is relaxed. The line HNI
bounds the unconstrained-PSD TDMA capacity region. The locus of bal-
anced rates solutions is here given by the line ONQ. The curve HPI gives
the capacity region with a single constraint on the transmitted power sum :
>, (Pin + P2p,) = P. The multiuser gain is given here by % The curve
HLMI bounds the MA capacity region with constraints on the individual
powers : (Zivzl P, =P, Zﬁle Py, = P). Only the LM portion of the

curve is useful. The multiuser gain is here % JQVK gives the capacity



98 Balanced capacity of wireline multiuser channels

region obtained when the total power 2P can be redistributed arbitrarily
to the users : in other words, the constraint on the power sum is here
Yon (Pin+ Pop) = 2P. This curve is tangent to the HLMI capacity curve
at some point L’ where the optimal power allocation happens to share the
available power 2P in two equal parts. On the JL’ segment, the power
allocated to user 1 is lower, while on the L'K segment it is higher. Finally,
the dashed line JVK represents the same MA capacity region, but with an
additional FDMA constraint (i.e. each frequency bin is exclusively allo-
cated to one user). Both curves have a common point V with a tangent at
45 degrees : it is well known, indeed, that the maximum sum rate solution
has the FDMA property [40]. The authors of [53] proposed a method to
compute the maximum common rate of multiple access channels with that
FDMA constraint, i.e. point W in the figure.

The object of the following sections is to provide efficient algorithms to
compute the balanced rates solutions E, P (or Q) and R, as well as the
associated power allocations, for an arbitrary number of users K. Note
that these algorithms could be used to compute other boundary points of
the capacity regions.

3.5.2 Multiuser diversity

If the constraint is put on the power-sum (or PSD-sum), the multiuser
gain g defined in (3.1) is equal to 1 in the special case where all the users
have identical channel responses (Hy(w) = Hy (w) Yk, k’). In other words,
allowing simultaneous transmission by the different users does not increase
the size of the capacity region if the channels of all users are identical. For
this reason, g can be seen as a multiuser diversity gain.

If the constraint is put on the individual power, [40] showed that the ca-
pacity region is a polytope (a pentagon for K = 2) when the channels are
identical. Some gain is thus available with respect to the balanced TDMA
rates, as the users are not only allowed to transmit simultaneously, but
also with the same power as in the single-user situation : the total power
transmitted on the channel at a given time is K times higher than in the
TDMA solution. However, the multiuser gain g increases when the channel
responses are different. The origin of the multiuser gain is thus twofold :

e The gain brought by the transmission power increase. For K identical

R} (KP) Blog(K) 1
}’g}c(p) <1+ RI(D) where R (P)
stands for the maximum single-user rate with a transmitted power P.
The last inequality corresponds to the high-snr approximation.

channels, this gain is given by
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Figure 3.7: Capacity regions for identical and different two-user chan-
nels

e The multiuser diversity.

The maximum gain g is obtained when the user channels are sufficiently
different to provide single-user optimal power allocations in K mutually ex-
clusive sets of frequency bins. In that case, the users are not in competition
for the best frequencies and they can all transmit at their SU maximum
rate: Ry = R,lﬂ Vk. An upper bound for the multiuser gain is thus : ¢ < K.

Figure 3.7 illustrates these ideas for K = 2. The bound of the capacity re-
gion for channels (1,2) is given by the curve ABCDE. The total multiuser
gain is here %. The two pentagons give the capacity regions for identical
channels (channels (1,1) or channels (2,2)). The maximum balanced rates
with different channels (R;(1,2) and R2(1,2)) are higher than the corre-
sponding balanced rates with identical channels (Ri(1,1) and R2(2,2)),
which denotes the effect of multiuser diversity.

3.5.3 Maximum aggregate rate for a given power allocation

As the total rates are simply obtained by summing the partial rates in each
frequency bin, the maximum aggregate rate R, for a given power allocation
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{Pgn} is given by :

K N
Ra == Z (677 (Z R]m> (3.52)

k=1
with
(Ryon) Le Penhi (3.53)
kn)MA — A7 .
N o2+ Zlfik+1 Pinhi,
1 Py, h?
(Re)Be =  C £ kn (3.54)

o2+ (Suzenz Pn ) B2,

3.5.4 Optimal power allocation

(Given {ay})

We wish now to compute the power allocations { P} } and {P } maximiz-
ing the aggregate rate R, for the MA and BC frequency selective channels,
respectively. The general strategy used to solve this problem is made of
two steps :

1. Find the solution along the frequency axis, i.e. compute the optimal
spectral allocation of the power sum P, =), Pyy.

2. Find the solution along the multiuser axis, i.e. allocate the power P,
to the K users separately in each frequency bin n by using the results
of Section 3.4.

Let us analyze in more details the three different scenarios.

3.5.4.1 PSD-sum constraint
The constraints are : ), v (w) = J(w).

The spectrum allocation is trivially given by P, = >, Pen = ¥(wy)df. The
Kuhn-Tucker conditions are :

gaRa = pn Prp >0

(3.55)

The power allocation algorithm is then applied separately in the N fre-
quency bins. A constraint on the PSD-sum actually generates independent
constraints on the power-sum inside every frequency bin.
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3.5.4.2 Power-sum constraint
The constraint is : Y. >, Pen = P.
The Kuhn-Tucker conditions are now :

EaRO& =p Prpn>0

(3.56)

Using (3.20), the partial derivative for each frequency bin is maxj, { Din(Pn) }
(the KN functions Dy, (x) are defined in the same way as equation (3.10)),
which provides the solution :

= _ 1 .
o= (- [l o)), o)

where (z); denotes max(x,0). The spectral allocation is the multiuser
extension of the well-known water-filling algorithm ([52]-[40]). The solution
can be represented in a single water-filling diagram with a common water
level fixed to 1 and K containers po?/ hzn modified by the correction terms
(1—ay) reflecting the effect of the user relative priorities. The bottom of the
resulting multiuser container is the minimum of the K modified individual
containers. A simple binary search must be performed to find the right
coefficient p that satisfies the total power constraint. The power allocation
algorithm is then applied separately for the N frequency bins.

3.5.4.3 Individual power constraint (MA channel only)

The K power constraints are : ) Py, = P..

The Kuhn-Tucker conditions are :

N ORq { =k Prn >0

v 3.58
B P | <k Pon=0 (3:58)

which is not directly compatible with (3.9) as the marginal gain for each

user is now different. The solution lies in the observation that R, =
2

f (P;mh%n) =f (MkPk:n %:), i.e. transmitting a signal with power Py, in

a channel with gain hin is equivalent to transmitting a signal with power
i Prrn in a channel with gain }f—: as far as the resulting capacity is con-
cerned. The product ux Py, appears as an ’equivalent power’ allocated to
user k for transmission on the ’equivalent channel’ ’Lik" If the equivalent

power sum P} = Y i Mk Prn to be allocated on a given frequency bin n is
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known, then the optimal equivalent power allocation to the users {ux P, }
verifies (3.9) with ¢ = 1 and algorithm 3.1 can be used on the set of equiv-
2

alent channels }Z“—: Using equation (3.39), we get :
akh%n
N OR = 1 = maxy T P, >0
B0 (uri) R )T 429
n o
<1 P]m =0

For a given set {j}, the distribution of the equivalent power sum P}’ along
the frequency axis is finally obtained as follows :

7 P
H — 1— | ——— 1— . 3.60
v (1 [ a-e]) o 6o

The power allocation algorithm is then applied separately in the N fre-
quency bins.

Equation (3.60) can be associated with a multiuser water-filling diagram as
in [40]. Figure 3.8 is an example of a three-user water-filling diagram. The
common water level is 1. The three containers (bold curves) are associated
with the equivalent channels k7, /juy, and are modified by (1—ay) to reflect
the different user relative priorities. The total area defined by the water
level and the bottom of the composite container represents the equivalent
power sum ju1 Py + o Pa+ 13 P3. After the application of the power allocation
algorithm in each equivalent subchannel, the water area can be subdivided
in three parts (represented with three different patterns in Figure 3.8). The
area of each part should be equivalent to the individual equivalent power

There is a single set of coefficients {uy} satisfying the K power constraints
simultaneously. These coefficients have to be computed iteratively. [41]
proposed a simple algorithm to compute the optimum puy, : at iteration i+1,

each /A,(CHI) is computed separately to satisfy the ith power constraint while

the K — 1 other uj’s remain fixed at ,u,(;). We propose here an algorithm
updating the K coefficients i simultaneously, based on a careful analysis
of the optimal power allocation in each frequency bin. Rewriting equation
(3.40) with the equivalent powers pux; Py, and channels hij n/ Hk;» and using
(3.60), the vector of optimal powers allocated to the users in the subset

Sy(n) in the nth frequency bin, and the corresponding optimal user rates
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are given explicitly as :

hI;Q “ 2 041;2—0%1 2
1m 'uklhkln u’k2hk2n_u‘klhk1n
ko h—2 Oy — Ay — kg
n k =2 _ -2 — =2 _ =2
o 2n 'u'than uklhkln Mthk:;n Mthan
kan .
P -2 Ok ~hkj 1 Akjp1 Yk
kn = ks —z =2 - ~2 =2
J in r“k]'hk]-n “kj—1hk]-_1n “kj+1hkj+1n l’l‘kjhkjn
o]
kj_ _ _
J-1n -2 Qhg_1~ kg _ Qg kg1
kj_ —2 _ —2 -2 _ —2
kEgn N R L e L F Ny [ SR s
-2 kg Ty _ o2
k 3 =2 n
L N R J
(3.61)
and
B Ay Qg — Oy N
=2 =2 =2
‘u'klhkln quthn_‘u‘klhkln
R;:’ln 06132—0%1 2 0623—Oék2 2
R* nghk2n_.uk1hk1n “kShk3n_“k2hk2n
kon
" 1 02"“3'_0"“1‘—1 ; O"“1‘2+1_0"“j ;
kjn N 08 “kjhkjn_“kj—lhkj_ln “kj+1hkj+1n_“kjhkjn
* — —
ks in Qky_1 %y kg "%y
=2 =2 =2 =2
R;:. n NkJ,lth_ln—lvkathn 'u’thkJn_'ukJ—lth_ln
J o, — 0
J J—1 2
h 2 — hi 2 /on
| Fk g kjn Hhy_q kj_1n J
(3.62)

Starting from an initial set of coefficients p(9) the proposed updating strat-

egy is given by :

(3.63)

(3.64)

N/ ope . N
s - [0, (S
i ) n
n=1 au M:N“) n=1
Gy pu + )\iAff)-
From (3.61), each Jacobian matrix 861;" can be computed explicitly : the

J(n) x J(n) submatrix corresponding to indexes in S;(n) is a tridiagonal
matrix, and the remaining entries are all zero. The main difficulty with
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this algorithm is to find a starting point ©(%) such that the Jacobian matrix
sum is invertible, and to keep this matrix invertible at each iteration. In
particular, the total power allocated to each user has to be non-zero for
each ). The size of the updating step (coefficient );) should be adapted
accordingly.

3.5.5 Maximum balanced rates

Algorithm 3.2 can be extended to compute the maximum balanced rates of
frequency selective multiuser channels. Let us analyze in more details the
three different scenarios.

3.5.5.1 PSD-sum constraint

The Jacobian matrix % is now the sum of Jacobian matrices correspond-
ing to each frequency bin. For each term, the J(n) x J(n) submatrix
corresponding to the users active on the frequency bin n is a symmetric

tridiagonal matrix T, (c) with non-zero entries defined in (3.51) :

N
NOR
B = > Th(a). (3.65)
n=1
The resulting Jacobian matrix is generally not tridiagonal. The sum should

be invertible to allow the computation of the update direction, which re-
quires that each user gets some power in at least one frequency bin.

3.5.5.2 Power-sum constraint

The total power to be allocated in each frequency bin P, is now dependent

on the user relative priorities. From (3.26), it follows that a correction term
oR

Q. () should be included in the expression of G&- :
N
NOR
Boa nZ::l [T (o) + Qn ()] (3.66)

Let us define Ny as the number of frequency bins n such that k;(n) = k
(i.e. the last user in the allocation process (algorithm 3.1) is user k), with
> & N = N. Combining the water-filling solution (3.57) with the power-
sum constraint, the marginal rate p and the total power allocation P, can
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be expressed as :

K
a N,
4 = D ke 1Nk k_ (3.67)
P+o23 0 b k()
5 %) 2 —2
B, = P+o®S hy o (368)
SE Ny ( Z k (l)) k5 )

Using (3.26) and (3.68), the correction term Q,, () has the following entries
on its k:c, row :

ol OP,
Qn (@), = <1+;nhk n/UQ) o (3.69)

- kj(n),k — .
Ak (n) e lei1 N

The K — 1 other rows of Q, () are all zero. The algorithm for the com-
putation of the maximum balanced rates is then identical to the original
algorithm, except that a new water level y and a new spectral allocation

{Pn} have to be computed by (3.57) for each new set of priority coefficients
(i+1)
«a .

3.5.5.3 Individual power constraint (MA channel only)

The computation of maximum balanced rates is much more complex in
this case as the optimal vectors a and p have to be found, that satisfy
simultaneously the K balanced rates equations and the K individual power
constraints :

am:immm::@ﬁﬂ (3.70)

N
am) =3 P (ap) =
n=1

where the non-zero elements of P, and R, are given by equations (3.61)
and (3.62).

o]

(3.71)

We propose the following algorithm, that updates alternately the ay’s (to
obtain balanced rates) and the p’s (to obtain balanced powers) until both
sets of constraints are satisfied.
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Algorithm 3.3 Mazimum balanced rates with individual power constraints
(exact solution)

o Seti=0, p@ =10, 1) and @ =[1,--- ,1]T /K

o While both sets of constraints (3.70) and (3.71) are not satisfied si-
multaneously :

— Rates balancing step

x Consider the problem of allocating an equivalent power-sum
P = Zszl uz(l)Pk to the K wusers with equivalent channels

x Compute the set {R}ﬁ} of SU rates for the current equivalent
power P* and the current equivalent channels.

« Use algorithm 3.2 to compute o*(*V) that satisfies the bal-
anced rates constraints (3.70).

x Start with o® = [1/R},--- [ 1/RE]T /S, (1/R}).

« Compute the scalar parameter () from the multiuser water-
filling equation (3.57) for the vector a*"t1) obtained at con-
vergence.

x The pair [ 1HD O] now satisfies the balanced
rates constraints. But the individual power constraints are
generally not satisfied : the power allocation is unbalanced.

— Powers balancing step

« Compute the vector pw*UtY) that satisfies the power con-
straints (3.71) with the updating equations (3.63) and (3.64).

« Start with p©@ = @D p*@  The corresponding optimal
power allocation is known to provide balanced rates : each
user gets some power and the sum of Jacobian matrices in
(3.63) should be invertible.

x The pair [a*(”l), u*(”l)] now satisfies the individual power
constraints, but the updated rates are generally unbalanced.

— Seti=i+1

The complexity of the last algorithm is very high as two levels of iterations
are involved. Its main utility lies in the fact that it provides the exact solu-
tion, which is helpful in the evaluation of alternative algorithms providing
suboptimal solutions.
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Figure 3.9: Two-user capacity region and IMWF algorithm

The alternative method we propose is based on the Iterative Multiuser
Water-Filling algorithm (IMWF)[44]. The IMWEF algorithm is used to
compute the maximum sum-rate of a multiuser frequency selective channel,
with individual power constraints. It is based on the observation that each
power allocation Py, from the set of optimal power allocations [Py, - , Px]|
maximizing the rate-sum is obtained by single-user water-filling (SUWF)
with an equivalent noise 0/2 = o2 + Zk,?ék Pyrphi, . In other words, the
set of K optimal power allocations should satisfy the simultaneous water-
filling condition. The IMWF starts from arbitrary power allocations Py
and updates them successively by applying the SUWF algorithm with the
K — 1 other allocations fixed. The obtained solution can be shown to

converge quickly to the simultaneous WF solution.

Figure 3.9 gives a two-user capacity region with individual power con-
straints (curve ABCDE). Line d is the locus of balanced rates pairs. The
IMWF algorithm can be used to obtain the power allocation corresponding
to point C (a1 = ap = 3). As this allocation is FDMA, the associated ca-
pacity region is the FCG rectangle. The rates obtained with this solution
are unbalanced : a higher priority should be given to user 2 (as > «1),
which involves that the decoding order would be (1,2). When the highest
priority is given to user 2 (a1 = 0,y = 1), the solution consists of succes-
siwe water-filling : P is first computed with the SUWF algorithm ignoring
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the presence of user 2, Ps is then computed with the same algorithm and
an equivalent noise including the effect of user 1 signal. The capacity region
associated with the successive WF algorithm is the ABHI pentagon, and
B represents the useful rate pair. Obviously, the maximum balanced rates
pair (BC N d) results from a compromise between the simultaneous WF
solution and the successive WF solution. A lower bound for the BC curve
can be found by considering the allocation P;(z) = 2PP + (1 — 2)P{ for
user 1, and the SUWF allocation Py(z) for user 2, with noise including
the effect of Pq(x). The rate pairs obtained with this allocation policy
are given by the dotted line BC. For some z in the range [0, 1], balanced
rates are obtained that are very close to the maximum balanced rates. A
comparison with the rates obtained by algorithm 3.3 confirmed that the
proposed solution is a tight lower bound for the optimal solution. Simple
and useful lower and upper bounds (g—, g+) on the multiuser gain g can
also be obtained as follows. The ALCME pentagon is obviously an upper
bound for the convex capacity region. The corresponding balanced rates
pair (LC Nd) is %(R%, R}). The AJKE pentagon is the capacity region
obtained when the SUWF algorithm is applied separately for every user.
This pentagon appears to be a lower bound for the true capacity region.
The corresponding balanced rates pair (JK Nd) is % (R}, R}).

Generalizing these ideas to multiuser channels with an arbitrary number of
users K is not easy as the optimal decoding order (K'! different combina-
tions) is a priori unknown. The next algorithm is based on the idea that a
higher priority should be given to the users to whom the IMWEF algorithm
is unfair.

Algorithm 3.4 Mazimum balanced rates with individual power constraints
(approximate solution)

o Apply the SUWF and IMWF algorithms on the set Sg = {1,--- , K}.
Compute the corresponding power allocations, denoted by {P,lg} and

{P‘,fK}, respectively. Compute the associated user rates, denoted by
{R}C} and {R‘IjK}, respectively.

o Compute initial bounds for the multiuser gain g— and g4 :

K > B '
RK
9 _ 2y (3.73)

K > By
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o Set kg = argminges, R‘EK/R}€ : the highest priority is given to the
user whose normalized rate would be the lowest if the same priority
was given to all users.

o While the balanced rates constraints are not satisfied :

— Seti=K and g* = 3 (9- + g+).
— Set Py, (xk) = xKPlch + (1 - xK)P}f}f. Compute xx such

that :
Pk n(xK)h2 n *
R, =Y. C <’<02’“K = 2R}, (3.74)

xg can be found by a simple binary search in the interval [0, 1].
— Fori=K —1 down to 2 :
x Set SZ = Si+1 \ {k‘i+1}

x Compute the equivalent noise I; including the additive noise
o? and the interference from higher-priority users : I; =
2 K 772
o+ i1 Prhi,-
x Apply the IMWEF algorithm on the set of remaining users S;,
with an equivalent noise power I;. The obtained power allo-

cations and the associated user rates are denoted {P‘g’ (Il)}]C s
€04

and {R‘Ig’ (Ii)}kes-' The last IMWF allocation {P;?“ (Ii+1)}

can be updated to make the computation faster.

keS;

* Set k; = arg mingeg, R‘,fi (I;)/R; : the next higher priority
is given to the user in S; whose normalized rate would be the
lowest if the same priority was given to all users in S;.

x Apply the SUWF algorithm on user k;, with an equivalent
noise power I;. The obtained power allocation is P,il_(Ii)
and the associated rate is Riz(IZ)

* IfR;jZ(Ii) > %R}ﬂ, set g— = g*, return to i = K.
x FElse, if R,lcl_(Ii) < %R}W set g1 = g*, return toi = K.
* FElse, set Py, (z;) = miP}ﬂ (I;)+ (1 — l‘l)P%(Il) Compute

x; such that :

Pen(x)hi, \ g
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x; can be found by a simple binary search in the interval
[0, 1].

- Set kl = SQ \ {]{12}

— Compute the equivalent noise I = o + Z]KZQ P{j hij

Compute Py, by applying the SUWF algorithm on user ki, with
an equivalent noise power I1. The associated rate is Ry, .

— If Ry, > %R}ﬂ rset g = g*; else set g+ = g*

In Section 3.7, the power allocation obtained with this suboptimal algo-
rithm, and the corresponding balanced rates, are compared to the optimal
solution provided by algorithm 3.3.

3.6 FDM(A) capacity

The purpose of this section is to investigate methods for the computation of
maximum balanced rates with an FDM(A) constraint. The key to solving
this class of problems is to find the optimal partition of the frequency spec-
trum among the different users. Once the frequency band assignment is
fixed, the optimal spectra for each user are determined separately, depend-
ing on the type of power constraint. The three types of power constraints
are considered again in the sequel. In the FDM(A) scenario, the uplink
and downlink capacity regions are identical as successive decoding is not
necessary any more. The results presented in this section are thus valid as
well for the broadcast channel and for the multiple access channel.

3.6.1 PSD-sum constraint

With a constraint 4 on the transmitted PSD, the powers Py, assigned to
the different users in every subchannel n can be written as :

_ - . Pkn = Oor1l
Pyp = prn -y df w1th{ ponprn = 0 k£ K (3.76)
The aggregate rate R, is then given by
ShS ydf
Ro=>_Y pkn (wRin), with Ry, £C <02> . (3.77)

n=1k=1
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The maximization of the aggregate rate R, for a given set of relative pri-
orities {ay } is trivial :

Pn = 1, K = arg max (o, Ryn) (3.78)
prn = 0, Vk#£k (3.79)

The balanced rate constraint requires the computation of allocation coef-
ficients {pkn } providing identical normalized rates é > Pkn Ry for every
user, with 8, =) Rp,. A balanced rate solution generally does not exist
as it is highly probable that none of the KV possible allocations strictly
satisfies the balanced rate constraint. The balanced rate constraint can
be relaxed, according to a given tolerance. The computation of maximum
quasi-balanced rates, however, is quite complex. This problem actually be-
longs to the class of integer programming problems, which usually require
an exhaustive search.

One possible simplification is to approximate the problem by its continuous
relaxation. The difficulty in solving an integer programming problem lies
in the fact that the constraint set is a set of isolated points (pg, = 0 or 1).
The idea of continuous relaxation is to enlarge the constraint set to include
all convex combinations of the original points, thus generating a convex
constraint set. Instead of forcing the assignment variables px, to be either
0 or 1, the constraint can be relaxed to :

M=

0 < prn <1, Prn = 1. (3.80)

k=1

The interpretation of equation (3.80) is that each subchannel n of width
df can be subdivided arbitrarily into K narrower subchannels. For this
reason, the continuous coefficients py, are called ’sharing coefficients’ in
the sequel. As the optimum frequency allocation usually involves only a
few frequency bands, most of the sharing coefficients corresponding to the
solution are 0 or 1. Only the few subchannels including the boundaries
of those frequency bands have to be shared by two or more users. With
the proposed relaxation, the subchannel allocation rule for a given set of
relative priorities becomes :

Algorithm 3.5 Subchannel allocation rule for a given set {cy}
e Vn €{l,--- ,N}, do :

— Compute the mazimum weighted rate t, = maxy, (agRyy)
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— Separate the users in two disjoint sets V,, and V,, :
Vo ={k | axRin =t} Vo ={k | axRin < tn}
— Set the sharing coefficients pgy, as follows :
pen =0 YVkeV,, Zpknzl
kEVn

o [f some of the subsets V,, contain more than one element, a number
of positive coefficients pr, are still undetermined. They are fized by
the introduction of the following additional relations :

Ry, _ Ry,
By Bra

Y kiky €U, Ry = phnRin

where UT is a well-chosen subset of users.

The derivation of maximum balanced rates requires the computation of an
appropriate set of coefficients {ay} such that the allocation rule given by
algorithm 3.5 provides only positive sharing coefficients py,, with U+ =
{1,--- | K}. Let U~ and U™ be two user sets with low and high normalized
rates %, respectively. Starting from initial priorities OJI(CO), the relative pri-
orities of the users in U/~ are progressively increased, allowing the transfer
of selected subchannels from U™ to &~ until the balanced rates constraints
are all satisfied. The next algorithm specifies how these transfers should be
handled to reach the final solution after a finite number of steps.

Algorithm 3.6 Optimal subchannel assignment with balanced rates con-
straints

e Set i =0, start with an arbitrary set of priority coefficients {a,(ﬂo)}

e Compute the initial sharing coefficients { p,(gl)} according to algorithm

3.5, with U™ = 0. The initial sharing coefficients are all 0 or 1. The

mazimum weighted rates for each subchannel are { S))}.

e Compute the total user rates {RI(CO)} and the maximum normalized
—-(0)

user rate Ry qq :

(0)
0 0 —(0 R
()= n (1)
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o Separate the users in two disjoint sets UT and U™ :

(0) (0)
R —(0 _ R —(0
ut= {k | ﬁkk = (m)ax} u- = {k | ﬁkk < R(m)ax}

o WhileUt #{1,--- ,K}, do :

Subdivide the user set UT in two disjoint subsets U and Uy
where :

* Z/{1+ is the larger subset of U™ whose members share only
subchannels with other members on/{f.

x The members of Uy share one or more subchannels with a
member of U™ or with other members of L{;.

Define U = U~ JUy and S as the set of subchannels allocated

to the users in Z/{fr, and compute 7 as :

(@)
a® = min - |>1
(neS), (keld) a’(ﬁ R

where the minimum is found for user k™ and subchannel n*.

Update the priority coefficients as follows :
agﬂ) = 700 a,(:) (kel) a,(:H) = ozg) (k euh)

Increase pg+p+ as much as possible, while adapting the sharing
coefficients pryn of the other subchannels to maintain the equality
of the normalized user rates in U™, until one of the following
events happen :

case 1 pg+p+ = 1. In that case, subchanneln™ can be fully trans-

ferred to user k*. The remaining sharing coefficients just
need to be updated to maintain equal normalized rates %
for the users in U™ .

case 2 One of the other non-zero sharing coefficients pg, is de-

creased down to zero. A further increase of prxn+ would then
break the equality of the normalized rates % for the users

inUT. The members of U™ sharing subchannel n* with user

k* are placed in the subset Z/l;'.
Rk*

case 3 The normalized rate reaches the same value as that

of the users in U™ . User k* is then incorporated into the set
ut.
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— Update {p,(;;rl)}, {tgﬂ)}, {R,(jﬂ)}, 7%2132«, and set 1 =1+ 1.

An example is illustrated in Figure 3.10 to clarify the mechanisms associ-
ated with algorithm 3.6. A set of N = 8 subchannels should be allocated
to K = 4 users. The rates Ry, are given in the first matrix. The nor-
malization coefficients 5 are all set to 1, which corresponds to a common
rate constraint. The initial priority coefficients a,(co) are chosen arbitrar-
ily. With these priority coefficients, the allocation rule (algorithm 3.5)

assigns each subchannel to a single user : the sharing coefficients p,(ﬁl) are

all 0 or 1. The total rates R,(CO) are all different, with a maximum for user
2. The user subsets are thus Ut = U" = {2} and U~ = {1,3,4}. In
step 1, the coefficients a1, a3 and a4 are increased simultaneously until
agl)ng) = aéO)R25. The allocation rule allows then the transfer of subchan-
nel 5 from user 2 to user 1. The transfer is full here (’case 1’ in algorithm

3.6), i.e. pos goes from 1 to 0 and p;5 goes from 0 to 1. The new total

1 . . . .
rates 1)’ are again all different, with a maximum for user 2. The user
subsets are unchanged. In step 2, the same coefficients a1, ag and a4 are

increased together until a§2)R17 = aél)Rm. Now the transfer of subchannel

7 from user 2 to user 1 is partial : with sharing coefficients p§27) = 0.13 and

pg%) = (.87, the updated total rates Rgz) and R§2) are found to be equal
('case 3’ in algorithm 3.6). The user subsets are now U+ = U] = {1,2}
and U~ = {3,4}. In step 3, coefficients a3 and a4 are increased until
af’)RAA = a§2)R14. Subchannel 4 is then partially transferred from user
1 to user 4 while the sharing coefficients associated with subchannel 7 are
updated to maintain equal total rates for users 1 and 2. The user subsets
are then Ut = U = {1,2,4} and U~ = {3}. In step 4, the coefficient
a3 is increased until 04:(34)R31 = a§3)R21. Subchannel 1 is then partially
transferred from user 2 to user 3. The sharing coefficients associated with
subchannels 4 and 7 are updated to maintain equal total rates for users
1, 2 and 4. For p3; = 0.6, the coefficient p;7 is reduced to 0 and can not
be reduced further (’case 2’ in algorithm 3.6). Higher values of p3; would
compromise the equality of the total rates R for users 1, 2 and 4. The user
subsets become U;" = {1,4} and U;” = {2}. In step 5, coefficients as and

a3 are increased until a§5)R33 = a§2)R13. Subchannel 3 is then partially
transferred from user 1 to user 3, until subchannel 4, that was previously
shared by users 1 and 4, is fully transferred to user 1 in order to maintain
the equality of the total rates for users 1, 2 and 4 (’case 2’ again). The
subsets become U;" = {4} and U;” = {1,2}. Finally, in step 6, coefficients
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Figure 3.10: Derivation of the optimal assignment of 8 subchannels to
4 users, with an equal rate constraint (B = 1V k), using algorithm 3.6
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a1, as and ag are increased until aéG) Rss = af)R%. Subchannel 6 is then
partially transferred to user 3. With well-chosen sharing coefficients for
subchannels 1, 3 and 6, all total rates R,(f) are now equal (‘case 3’). User
3 is added to the set U* and the algorithm is terminated. The last matrix
gives the weighted rates 04126) Ry, associated with the final solution.

The algorithm proposed here is actually a special case of the well-known
stmplex algorithm used in linear optimization. Its convergence properties
are thus identical to those of the simplex algorithm. The simplex algorithm
moves along the edges of the polyhedron defined by the constraints, from
one vertex to another, while decreasing the value of the objective func-
tion at each step. The exact solution is obtained after a finite number of
steps. The implementation proposed here is much more efficient than a
general-purpose simplex algorithm as the specific structure of the problem
(objective function and constraints) has been taken into account.

The number of iterations required to reach the exact solution can be pro-
hibitive, however, if the total number of subchannels is very high (N > 1)
and if the initial priority coefficients a(®) are far from the solution. For
this reason, it may be desirable to use an alternative method to obtain
an approximate solution & that will serve as initial step for algorithm 3.6.
Actually, for a large N, the total rates Ry can be considered on a large
scale as approximately continuous functions of the priority coefficients ay.
For each vector a¥, a Jacobian matrix % can be computed, that approx-
imates the behavior of the total rate functions Ry in the neighbourhood
of a”. A Newton-Raphson updating algorithm, similar to algorithm 3.2,
can then be used to obtain a new vector a1 that should be closer to the
desired solution. After a few iterations of the Newton-Raphson updating
strategy, the obtained priority coefficients a(¥ are close to the solution,
but can not get closer because of the discontinuity of the allocation rule.
Further updates of the priority coefficients are then generated by algorithm
3.6, which provides the exact solution with a small number of iterations.
The complete procedure for the computation of maximum balanced rates

is finally given as follows :
1. Initialization : set @(®) = [1/R}, -+, 1/RL]T/ >, (1/R}).

2. Rough solution : update the relative priorities according to

-1
a—a o () R(af) sy
)

da o=t
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where the vector function F («) is defined in (3.46). Continue while
convergence is observed. Set & = a1,

3. Final solution : apply algorithm 3.6 with a(?) = &.

The Jacobian matrix % can be obtained as follows. Let Sy be the set

of subchannels allocated to user £ by algorithm 3.5 and let nj s be the
subchannel index defined by :

Rn
Xk kn (3.82)

Nk = arg min .
’ neSy ap Ry,

In other words, increasing the relative priority of user k' with respect to

that of user k will firstly prompt the transfer of subchannel ny, ;s from user

k to user k’. With this definition, the entries of the Jacobian matrix %

can be shown to be :

aRk ~ 1 Z Rknk,k’ + Rknk’,k (3 83)
ao{k ~ 2 k;;ék/ a Rk/nk,k/ Rklnk/,k ’
k Rknk,k’ Rknk/,k

OR 1 Rpn,,, + Brny,

Mon 2 Pk il VK # k (3.84)
80% 2 Rk,nk,k’ Rk/nk’,k

O[k/ Rkn ’ o Rkn/
k& Bk

3.6.2 Power-sum constraint

The authors of [53] propose an original method to compute the maximum
common rate in multiple access channels with a constraint on the power
sum P. Individual power budgets {P,go)} with Y, P, = P are fixed arbi-
trarily. The IMUWEF algorithm [45] is then used to maximize the sum-rate
>« Ry with the selected individual power constraints. The obtained power
allocation is known to be of the FDMA type, i.e. power is allocated to
the different users in separate frequency bands. The obtained user rates,
however, can be very different. The total power P is then redistributed in
parts {PSH)} so as to enforce the same rate to all users, and the IMUWF
algorithm is run again with the new set of individual power budgets. With
an appropriate individual power updating strategy, the algorithm provides
identical rates to all users after a few iterations. The extension of this
method to the derivation of maximum balanced rates is trivial.
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3.6.3 Individual power constraint

This problem can be solved easily once the optimal partition of the fre-
quency spectrum among the different users is known : the optimal spectrum
for each user is just the water-filling spectrum within the assigned band.
Unfortunately, the derivation of the optimal frequency bands is extremely
complex : KV different partitions are possible and should be tested in turn.
In [46], the maximization of the aggregate data rate R, with both individ-
ual power constraints and an FDMA constraint is formulated as follows :

Z a Z pien 1og ( ’“”%”)] (3.85)

{Pkn, prn} = arg ~ max

PanOaPanO pk g,

subject to
> Pin=D Yk > =1 Vn (3.86)
n k

This formulation corresponds again to the continuous relaxation of the ini-
tial integer programming problem. As demonstrated in [46], the objective
function in (3.85) is a concave function in (P, pgn). As the constraints in
(3.86) are linear, this optimization problem is a standard convex program-
ming problem and the global optimum can be obtained with a standard
convex programming algorithm.

As usual, the derivation of maximum balanced rates requires the computa-
tion of relative priorities o, such that the optimal power allocation in (3.85)
offers balanced rates to the different users. This problem is extremely dif-
ficult and is not further developed in this work.

3.7 Applications to the powerline channel

3.7.1 Regular-pattern network with matched terminations

The case of a regular-pattern wireline access network with matched termi-
nations is firstly considered. The basic network structure is given in Figure
2.11. The example considered here includes K = 20 derivations, identical
cable segments of length dj, = dj, = 15 m, and ideal matched terminations.
The lossy cables parameters are k = 2.3, §; = 0.02 and .1 = 85vHz (see
Chapter 2). The top of Figure 3.11 gives the channel frequency responses
| Hy,(w)|? in the bandwidth [0, B] with B = 10 MHz. Through the combined
effect of cable losses and multiple reflections on the cable derivations, the
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Table 3.1: Mazimum balanced rates (in Mbits/s) for Cy =
(5,10, 15,20}

Constraint | User 5 User 10 User 15 User 20 %

Flat SU | 127.41 59.82 13.12 4.05 | 100
PSD-sum | 71.52 33.58 7.36 2.27 | 56

Flat FDMA | 55.77 26.19 5.74 1.77 | 44
Flat TDMA | 31.85 14.96 3.28 1.01 | 25

SU | 12741 59.85 16.04 7.06 | 100

Power-sum (4P) | 84.47 39.68 10.63 4.68 | 66

Individual power | 77.94 36.61 9.81 4.32 | 61
Power-sum (P) | 65.99 31.00 8.31 3.66 | 52
TDMA | 31.85 14.96 4.01 177 | 25

channel gains for the remote users can go below -100 dB at some frequen-
cies. The noise level is chosen as -120 dBm/Hz.

Two kinds of power constraints are put on the SU transmission power :
a maximum transmission PSD of 7 = —60 dBm/Hz (’flat PSD’), or a
maximum transmission power of P =% B = 10 mW ('water-filling PSD").
Figure 3.13 gives the evolution of the SU capacities R}, for the two kinds of
power constraints. The SU capacity decreases rapidly for the remote users.
As expected, the water-filling solution provides a higher rate with respect
to the flat PSD solution only for the users with a low received SNR, i.e. the
most remote users. The SU water-filling PSD’s (normalized with respect
to 7) are illustrated on the top of Figure 3.12 for users 5, 10, 15 and 20.

In a multiuser scenario, a subset Cx C {1, K } of K < K active users
transmit their signals simultaneously. Table 3.1 gives the maximum bal-
anced rates for C4 = {5,10, 15,20} and different types of constraints, and
compares them with the SU and TDMA rates. Figure 3.14 gives the mul-
tiuser gain g vs. K for various sets of active users Cx. The main curves
correspond to Cx = {1,2,--- K}, i.e. the K < K closest modems are
supposed to be active. The multiuser gain increases with K, and is much
larger when the user channels in Cx are very different. Comparing these
different curves, we get some insight in the respective gains that can be
expected from :

e The simultaneous transmission by all users (with the same total power
P) instead of transmission in separate time slots.
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Figure 3.11:

Channel frequency responses (figure 1), MA and BC

power allocations for C4 = {5,10,15,20}: power-sum constraint (fig-
ures 2-8), PSD-sum constraint (figures 4-5), and flat-FDMA power

allocation (figure 6).
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e The allocation of K P to the users (P for each) instead of P.
e The redistribution of the total power K P in unequal parts.

The dashed lines give the lower and upper bounds g_ and g4 obtained by
equations (3.72) and (3.73).

Figure 3.11 also gives the results of the optimal MA and BC power allo-
cations (normalized with respect to 7) for C4 = {5,10,15,20}, and three
kinds of constraints (power-sum, PSD-sum, and flat-FDMA). The normal-
ized optimal PSD-sum is also given (upper lines). As expected, the users
with the weakest channels concentrate their transmission power in the best
parts of the frequency spectrum while the users with the best channels (and
lowest priorities) can make use of the remaining frequencies. The remote
users require more power in the BC channel (where they are decoded first)
than in the MA channel (where they are decoded last).

The lower part of Figure 3.12 gives the optimal MA power allocation for
the same user set, but with constraints on the individual powers. As the
remote users tend to concentrate their power P in a small fraction of the
available bandwidth, a logarithmic scale was chosen for the vertical axis.
This power allocation was obtained by algorithm 3.3. The suboptimal
power allocation obtained by algorithm 3.4 is given in the third graph. It
appears as a compromise between the SUWF power allocation (first graph)
and the IMWE allocation (second graph). The rate loss associated with
the suboptimal power allocation is negligible (less than 0.1 %). A smart
redistribution of the total power 4P between the 4 users would allocate less
power and more bandwidth to the remote users (who benefit from the best
frequencies), leading to improved balanced rates as illustrated in Table 3.1.
Forcing each user to transmit with the same power P actually decreases
the 'power price’ associated with the remote users, and the excess power
that needs to be allocated to these remote users is accumulated in a narrow
frequency band, giving rise to very concentrated power allocations.

3.7.2 Complex network with open terminations

Similar results are now given for the case of the example powerline access
network presented in Figure 2.12. This network has the same total length
(300 meter) and the same number of derivations (K = 20) as in the previous
example, but the lengths of the different cable segments are not uniform,
and the unused terminations are assumed to be open. The K = 5 active
users are in positions 2, 5,10, 15 and 20. The 5 end-to-end channel transfer
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Table 3.2:  Mazimum balanced rates (in Mbits/s) for C; =
{2,5,10,15,20}

Constraint | User 2 User 5 User 10 User 15 User 20 %

Flat SU | 175.09 149.36  107.03 73.33 49.63 | 100
PSD-sum | 54.76  46.71 33.47 22.93 15.52 | 31

Flat FDMA | 47.56  40.57 29.07 19.92 13.48 | 27
Flat TDMA | 35.02  29.87 21.41 14.67 9.93 | 20

SU | 175.09 149.36  107.13 74.29 52.64 | 100

Power-sum (5P) | 61.94  52.84 37.90 26.28 18.62 | 35
Individual power | 58.77  50.14 35.96 24.94 17.67 | 34
Power-sum (P) 54.33  46.34 33.24 23.05 16.33 | 31
TDMA | 35.02 29.87 21.43 14.86 10.53 | 20

functions (see Figure 2.23) are reported on the top of Figure 3.15, in the
bandwidth [0, B] with B = 10 MHz. The noise level is again assumed to
be -120 dBm/Hz in the whole bandwidth.

Table 3.2 gives the maximum balanced rates associated with the different
types of power constraints. Figure 3.15 (to be compared with Figure 3.11)
gives the optimal MA and BC power allocations (normalized with respect
to 7) for three kinds of constraints (power-sum, PSD-sum, and flat-FDMA).
Finally, Figure 3.16 gives the optimal SUWF and IMWF power allocations,
and the MA balanced power allocations with individual power constraints
as given by Algorithms 3.3 and 3.4.

3.8 Conclusion

This chapter introduces the concept of balanced capacity to characterize
the performance of multiuser channels. This concept appears as a smart
compromise between the global system efficiency and fairness requirements
among the users. The balanced capacity of a multiuser channel is actually
a specific point on the boundary of the capacity region, corresponding to
a specific (but a priori unknown) set of user relative priorities . The up-
link (multiple access channel) and downlink (broadcast channel) balanced
capacities of wireline multiaccess networks are computed and compared for
an arbitrary number of users.

A detailed analysis of the optimal power allocation (for a given set of rela-
tive priorities) in a memoryless multiuser channel is first given. The power
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allocation algorithm is shown to be extremely simple, and an explicit ex-
pression of the corresponding powers and rates is available, as a function
of the priorities a. These maximum rates are identical for the uplink and
the downlink, but the respective power allocations are distinct. An iter-
ative algorithm for the computation of the maximum balanced rates has
been proposed : the user relative priorities a are updated at each itera-
tion, which moves the rate distribution along the boundary of the capacity
region until the balanced rate constraints are satisfied. The balanced ca-
pacity of the memoryless multiuser channel is found to be obtained within
a few iterations.

This algorithm is then extended to the case of frequency selective multiuser
channels. Three kinds of power constraints (with increasing complexity)
are considered : a constraint on the total transmitted power spectral den-
sity, a constraint on the total transmitted power, and individual constraints
on the transmitted powers. In the first scenario, the extension of the ini-
tial algorithm is trivial. The second scenario requires an additional step
(multiuser water-filling) at each iteration, in order to specify the optimal
distribution of the total allocated power along the frequency axis. In the
third scenario, the extension of the initial algorithm is still possible by us-
ing the concept of equivalent channel, but the obtained method appeared to
converge very slowly. An alternative algorithm, based on the iterative mul-
tiuser water-filling algorithm, has been proposed to compute a suboptimal
power allocation, and the rate loss was found to be negligible.

Finally, the specific problem of FDMA balanced capacity computation with
a PSD-sum constraint was analyzed separately and found to be equivalent
to an optimal subchannel assignment problem. A fast (but tricky) algo-
rithm was given, that is able to find the solution after a finite number of
steps.

Results have been provided for a powerline access network with K = 20
users. A significant rate gain was found with respect to the trivial TDMA
solution, which definitely proves the importance of a smart power allocation
in a multiuser frequency selective channel.



Chapter 4

Multiple Access and
Modulation Techniques

4.1 Introduction

Current powerline communication systems are characterized by a random
multiple access method handled by the higher layer protocols. These tech-
niques are more or less related to TDMA (Time Domain Multiple Access),
in the sense that different users transmit their signals in separate time in-
tervals. This method is quite simple to implement, but the obtained bit
rates are suboptimal, as pointed out in Chapter 3. A better performance
can be expected if all modems are allowed to transmit simultaneously.

In this chapter, a general transmission scheme is proposed for the mul-
tiuser uplink. Mutually orthogonal signatures are used by the subscriber
modems to map the original binary data into spectrally shaped continuous
waveforms and to allow the multiuser signal separation at the receiver. The
effect of the frequency-selective channels and that of the receiver sampling
unit are incorporated into the model. This provides a discrete equivalent
model relating the initial data symbol streams produced by the different
NTs to the received samples obtained at the LT.

The extension to downstream transmission is immediate : for a given down-
stream receiver, all signal components transmitted by the LT are just fil-
tered by the same physical channel.
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4.2 The multiple access model

The proposed multiple access model is depicted in Figure 4.1.

4.2.1 Bits, symbols and signatures

Binary data di(n) are produced by the channel coder of each subscriber
modem at a rate of Ry bits per second with k € {1,---, K}. The effect
of error correcting codes is not analyzed in this work. The channel coder
is assumed to include an ideal data scrambler, producing a sequence of
mutually independent bits.

We assume that a set of N mutually orthogonal signature waveforms are
available to ensure multiple access. Each user k is provided with the ability
to modulate any subset C, of these waveforms. A signature allocation
algorithm, located in the central office, selects the appropriate subsets Cj
with

Ce € {0,---,N—1} and CtNCy =0, k#K (4.1)

and transmits that information to the remote users through a dedicated
downstream control channel. The number of signatures allocated to user k
is denoted by N, with ), Ny = N.

In each subscriber modem, the data sequence di(n) is transformed into a
number of parallel symbol streams I,(n) produced at a baud rate 1/7. A
given user produces as many parallel symbol streams as there are signatures
in the subset Ci. The symbols are obtained from a given PAM constellation
according to a given bit coding scheme. The size 2% of each constellation is
adapted to the channel conditions and the required probability of error. The
number of bits b, associated with the different symbol sequences determines
the total bit rate for each user :

1
Ry = > by (4.2)
peCy,

Successive symbols of a given sequence are assumed to be mutually inde-
pendent. The same assumption holds for symbols coming from distinct
sequences. The symbol variance is denoted by a%.

4.2.2 Filter bank modulation

A filter bank (FB) including a set of N synthesis filters s,(n) defined at
a chip rate 1/T, = N/T is used to implement the modulation of multiple
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signatures efficiently in the digital domain. The synthesis filters s,(n) are
considered here as signature codes. The samples produced by the synthesis
operation are given by

Z Z m) sp(n —mN). (4.3)
peCp m=—00

Splitting this sequence into its N type 1 polyphase components, we get

voe(n) = vp(nN +p) = Y Z m) s,p(n —m) (4.4)

pECE, m=—00

where s,,(m) = sp(mN + p) and p € [0, N — 1]. Using z-transforms of the
above quantities, we write :

2) =Y Sw()(2) (4.5)
p€ECy,

where V(2), Spp(2z) and I,(z) are the z-transformed sequences v,(n),
spp(n) and Ip(n), respectively. Let S(z) be the N x NV FB polyphase matrix
obtained with the N polyphase sequences of the N synthesis filters, i.e.

() = [81(2) - Sy(2) ] (4.6)

S,(x) = [ S - Swp(x) ] (4.7)

and let I(z) be the N x 1 vector obtained with the NV symbol sequences, i.e.
I(2) £ [I(2),-- -, In(2)]" - (4.8)

The synthesis operation in (4.4) can be expressed shortly with a matrix
notation as :

Vi (2) = §k(2) Li(2) (4.9)
where
Vi(2) & Vig(z), -, V()" (4.10)
S,(2) = [8(2)] e, (4.11)
L(2) = [1(2)]ec, - (4.12)

In the sequel, we focus on a specific type of synthesis filter banks that fulfill
the paraunitary property :
S(z)8"(1/2*) =E

= 8"(1/2)8(2) (4.13)
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where EN stands for the unit matrix of size N. With this interesting prop-
erty, a bank of IV analysis filters matched to the synthesis bank provides the
original symbol streams at its N outputs. All signatures in a paraunitary
FB can be shown to have the same unit energy :

“+oo

2m
Z sp(n)? = /0 |Sp (ejﬂ) |2% =1 (4.14)

n=—00
where the signature Fourier transform is defined as :

—+00

Sp (ejQ) = Z sp(n) eI, (4.15)

n=—oo

The transmitted power is thus unaffected by the FB modulation. Finally,
paraunitary filter banks can be shown to preserve the total power spectral
density as

N
> 1S (M) P =N v Q. (4.16)
p=1

This implies that, for independent input data symbols with constant vari-

ance O'% on all signatures, the resulting transmitted power spectrum is flat.

4.2.3 Examples of filter banks

The choice of a specific set of signatures s,(n) to implement the multiple
access scheme is widely arbitrary. Based on the knowledge of the user chan-
nels ¢k (t), the optimization of the transmitter could be investigated, leading
to the choice of an optimal set of signatures according to some performance
criterion in relation with a specific receiver structure (see [55]). This op-
timization is not considered in this work : the signatures are assumed to
be fixed. The only degree of freedom considered here lies in the allocation
of the predefined signature set to the different users. The only assump-
tions made here concerning the signatures is that the associated filter bank
satisfies the paraunitary property and that the signatures are limited to a
length of N’ > N. For the purpose of illustration and comparison, four
kinds of filter banks are considered, with increasing frequency selectivity :

e The Single Carrier modulation (N’ = N) is obtained by letting
S(z) = E. which is equivalent to a simple parallel-to-serial conver-
sion. The N signatures correspond here to /N successive time slots

within a periodic frame of T' seconds. The allocation of one or more
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time slots to each user is equivalent to Time-Division Multiple-Access
(TDMA). Here the whole frequency spectrum is covered by all sig-
natures. Nevertheless, the signature allocation has an impact on the
system performance as it determines the interference structure of the
received signal (relative origin of neighbouring symbols).

The Walsh-Hadamard codes (N’ = N) are binary : sp(n) =

:I:\/% , and such an orthogonal set of codes exists for IV being a power
of 2. The synthesis operation is extremely fast for these binary sig-
natures. Figure 4.2 illustrates the Hadamard signatures s5(n), sg(n),
s91(n) and sg9a(n) for N = 64. The corresponding signature frequency
responses S,(e/*?) are given in Figure 4.4. The implementation of

multiple-access through binary signature codes is actually equivalent
to Code-Division Multiple-Access (CDMA).

The Discrete Multi Tone (DMT) modulation (N’ = N) is based
on the (Inverse) Discrete Fourier Transform or (I)DFT. For baseband
transmission, the equivalent signatures are given by

(4.18)

withn € [1---N]and p € [1--- N/2 — 1]. The synthesis operation is
implemented efficiently by means of the Inverse Fast Fourier Trans-
form (IFFT) whose basis functions are

sp.oMT (1) = Vol (4.19)
with the following complex sequences Jp(m) at the N inputs of the
IFFT operator :

Jg(m) = Io(m) JN/2 (m) = IN_l(m) (4.20)

1 . *
Jy{im) = <= (Tap-a{m) + dlaglm)) - Tylm) = Ji(m). (421)
Figure 4.3 illustrates the DMT signatures s5(n), s¢(n), s21(n) and
s92(n) for N = 64. The corresponding signature frequency responses
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Sp(ejQ) are given in Figure 4.5. The implementation of multiple-
access through IDFT basis functions is equivalent to Orthogonal Frequency-
Division Multiple-Access (OFDMA).

e The Perfect Reconstruction Modulated Filter Bank (PRMF)
(N’ = 2N) is based on a single prototype po(n), that is modulated
around different frequencies. The prototype can be optimized to pro-
vide good spectral properties, e.g. a very high frequency selectivity.
The basis functions are given by

sp(n) = po(n) cos | T (p+ Dn— N = 1) — (17| (422)
with n € [1---2N]. Unlike the first three examples, the signatures
given by (4.22) have a length of 2 symbol periods. This means that
successive modulated symbols overlap in time. This is the price to
pay to obtain an increased frequency selectivity. The polyphase ma-
trix associated with this set of signatures can be written as S(z) =
§0 +§1z_1, while for the first three examples the matrix expansion is
limited to the zero-order term §0. The multiple access scheme asso-
ciated with PRMF is more or less equivalent to Frequency-Division
Multiple-Access (FDMA).

4.2.4 Transmitted signals

The signal zx(t) transmitted by user k is obtained after digital-to-analog
conversion (DAC) through a chip shaping filter p(¢) :

+oo

ze(t) = Y vp(n) p(t — nTe). (4.23)

n=—oo

A realistic shaping filter p(¢) should include the effect of the analog front
end circuitry of the transmitter. A convenient model used for theoretical
investigations is the square-root raised cosine Nyquist filter with a roll-off
a and a bandwidth given by B = 0.5 (1+«)/T.. Continuous-time signature
waveforms g, (t) are obtained by combining the signature codes sj,(n) with
the shaping filter p(t) :

“+oo

g(t) = > sp(n)p(t —nT.). (4.24)

n=—oo
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64)

Figure 4.3: Examples of signatures for the DMT filter bank (N = 64)
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The transmitted signals can be expressed as sums of modulated signature
waveforms :

+oo
ze(t) = Y D L(m)gp(t — mT). (4.25)
m=—00 peCy,

The power spectral density of the transmitted signal is given by

0_2
Y, (f) = TI Z ‘Gp(f)|2 (4.26)

pECk

with G,(f) = F{gp(t)} and F {.} denotes the Fourier transform. Thanks
to property (4.16) of the paraunitary filter banks, the power spectral density
of x4 (t) can be shown to be upper bounded as follows :

Yar (f) < ZEIP(F)I? (4.27)

where P(f) = F {p(t)} and equality holds if all signatures are allocated to
user k, with symbol sequences of equal variance O’% at the N inputs. This
property allows to control the transmitted power spectral density when a
limitation (power mask) 7., (f) <7(f) is imposed.

4.2.5 Multiuser channel and receiver front-end

At the output of the multiple access channel, the transmitted signals are
filtered by the user-specific channels ¢ (t) and corrupted by additive noise
n(t) :

K
r(t) = > [wk(t) @ k()] + n(t) (4.28)
= ) ) w(n)é(t — nTe) +n(t) (4.29)

+oo K
= D DY L(m)hp(t — mT) +n(2) (4.30)

m=—00 k=1 peCy

with é(t) = p(t) ® cx(t), hpr(t) = gp(t) ® ¢ (t) and ® denotes convolution.
The channel impulse responses ¢ (t) include the effect of multipath prop-
agation and that of cable losses. The derivation of the impulse responses
from the cable characteristics and the network topology was discussed in



138 Multiple Access and Modulation Techniques

mmﬂﬂﬁmmwﬂ/\@@mﬂﬂ
mﬂ@mmm@gmmmm
M bl |
Do,

.5
Normalized frequency (/2m)

Figure 4.4: FExamples of signature frequency responses for the
Hadamard filter bank (N = 64)

Aﬂ@ﬂ(}ﬂﬂ@!\ﬂﬂﬂﬂﬂﬂﬂmmmmmmmmg@m
S Doggeenen v
%Wmmwms

Normal zed freq ency (9/2

Figure 4.5: FExzamples of signature frequency responses for the DMT
filter bank (N = 64)



4.2 The multiple access model 139

Chapter 2. The additive noise n(t) is assumed to be a white Gaussian noise
(AWGN) with double-sided power spectral density No/2.

The equivalent channel equations for the downlink are

K
Tk (t) = [Z Xy (t)
=1

where r(t) and ng(t) denote the received signal and the additive noise in
the k-th receiver.

® Ck(t) + nk(t) (k € {1, e ,K}) (4.31)

The energy and the mean square bandwidth of the received symbols I,(m)
associated with the signature waveform g,(n) and the user channel cy(¢)
are given by:

+oo +o0
& = ot [ ihwPdt=of [ lHu(DPd (432)

—00 —

5 Joo @ )2 [ Hopre ()7 df
ka. — %) 2 (433)
J oo 1 Hpi (1) df
These quantities depend both on the spectral characteristics of the signa-
ture and on the effect of the considered channel on that signature.

The received signal is filtered by means of a presampling filter f(¢) with
cutoff M /2T and sampled at the fractional rate 1/Ts = M /T where M >
N(1 + «) is an integer chosen large enough in order to cover the whole
bandwidth of the signal spectrum. The filtered received signal and the
filtered noise are denoted by 7(t) = r(t) ® f(¢t) and 7(t) = n(t) ® f(t),
respectively. The filtered channel impulse responses are ¢i(t) = p(t) ®
cx(t) © f ().

We define M polyphase components r,(m) (resp. n,(m) ) of the received
signal (resp. the filtered noise), with p € [0, M — 1], as follows :

rp(m) =7 (mT + pT). (4.34)

The M received polyphase sequences r,(m) can be related to the KN
transmitted polyphase sequences v, (n) as follows :

rp(m) = Z Z vp(n)er(mT + pTs — nTe) + 1 (mT + pTs)

= Z Z Z Cop k(N — M)vyp(n) + np(m) (4.35)

n=—00 k=1 p’=0
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where the M N polyphase channel sequences c,, (m) are
Copr k(M) =T (mT + pT — p'T,) . (4.36)

The received sequences can also be related to the N initial symbol sequences
Ip(m) by

400 K

rp(m) = Z ZZI Vhpk(MT + pTs — nT) + 7 (mT + pTs)
n=—00 k=1 peCy,
+oo K

= 3 ST hpprlm = n)Ly(n) + ny(m) (4.37)

n=—00 k=1 peCy,

The h,pi(m) polyphase component represents the cumulative effect of the
signature waveform g, (t), the channel ¢ (t) and the filter f(¢), sampled at
the symbol rate T" with a phase pT5 :

hppk (m) = Epk (mT + st)
+o00
= Z sp(n)ex(mT + pTs — nTy)

n=oco
+oo N—1

= Z Zspp n)Cppr k(M —n). (4.38)

nOOpO

The noise variance after sampling at M /T is 02 = NoM /2T .

4.2.6 IIR observation model
Taking the z-transform of equation (4.35), we write

N-1 K

=D > Vrk(2)Cop (2) + Np(2) (4.39)

p'=0 k=1

where R,(2), Cpp 1(2) and V,y ,(2) are the z-transformed sequences ,(m),
Cppr k(M) and v,y 1 (n), respectively. Let C(z) be the M x N channel polyphase
matrix obtained with the M N polyphase channel sequences, i.e.

CH(Z) ClN(Z)
C(z) = : " 5 (4.40)
CMl(Z) e CMN(Z)
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and let R(z) (resp. N(z)) be the M x 1 vector obtained with the M received
(resp. noise) polyphase sequences, i.e.

R(z) & [Ri(2), -, Ru(2)]"

NG) 2 [Ni(2), e, Nue)]” (1.41)

The multiuser channel equations (4.35) and (4.37) can be expressed shortly
with a matrix notation as :

R(z) =

[[@!

(Vi) +N(2)

(2) L(2) + N(2) (4.42)

1 T

H,

=
Il

1

where the IIR equivalent channel matrix H, (2) = C, (2) 5, (2) can be ob-

tained with the adequate z-transformed sequences h,,,(m). The IIR chan-
nel matrix C, (z) is Toeplitz in the special case where Ts = T,. In the
general case, however, i.e. when the receiver operates at a fractional rate,
this property is not satisfied. Equation (4.42) provides an IIR observation
model for the general multiple access channel depicted in Figure 4.1. This
model is associated with a continuous mode of transmission, with symbol
sequences Ip(m) transmitted continuously at a rate 1/7.

4.2.7 FIR observation model

Even in the case of a continuous mode of transmission, it is often desirable
to build an FIR observation model that relates a finite-length observation
window of the received signal to a finite set of transmitted symbols. This
is possible if the channel impulse responses ¢ (t) and the signature codes
sp(n) have a finite size.

Let NyT = (n1+mn2+1)T be the length of the observation window, i.e. the
received signal is observed in the time interval [(n — n9)T, (n 4+ nq + 1)T.
With the sampling rate 1/Ts = M /T, a vector of Ny M samples is sufficient
to represent the received signal in the selected time interval. Grouping
together the M polyphase components of the received signal (resp. the
additive noise), we define received signal vectors r(n) (resp. noise vectors
n(n)) as follows :

TM_l(n) TLM_l(TL)
r(n) = 5 n(n) = : (4.43)

ro(n) no(n)
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The signal observed in a time interval of length N /T is obtained by stacking
Ny received signal vectors as defined in equation (4.43).

The user channel impulse responses ci(t) are assumed to be causal and to
have a length of L. T, with L. > 0. The length of the composite channels
hpk(t) ==, sp(n)éx(t — nT;) is then upper-bounded by (L + 1)T" with

L.+ N’

L=[=

]—1>0. (4.44)

The minimum length of 7" corresponds to ideal Dirac channels ¢(t) = d(t)
associated with signatures s,(n) of length N.

Grouping the M equivalent channel polyphase sequences associated with
the N signature waveforms in a M x N rectangular matrix, we define
channel blocks h(n) and h, (n) as follows :

har—11(n) -+ hy—1,n(n)
h(n) = : : h (n) = @(n)]{peck} .
]’L071 (n) cee hng(n)
(4.45)
With FIR channels, L + 1 channel blocks are non-zero. Channel matrices
H and H _are defined by stacking the L + 1 non-zero channel blocks as
follows :

h(L)

/==
I

: H = [H] {peci) (4.46)
h(0)

The N columns of H actually contain the N composite impulse responses
hpi(t) sampled at a rate M/T and stored in reverse order. User-specific
channel matrices Ek are just obtained by selecting the columns correspond-
ing to the signatures allocated to user k.

Finally, the global channel equation relating received samples to transmit-
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ted symbols can be written as follows :

[ r(n+n1) | [ h(0) h(1) h(L)
: L) h(L - 1) h(L)
r(n) =
: h(0) h(1) .- h(L)
o bO) - WE-1) b
[ In+ny) | [ nn+ng) ]
I(n) T - (4.47)
_l(n—ﬁz—L)_ _E(”.—W)_

Using the following notation to denote the concatenation of successive vec-
tors coming from an arbitrary sequence x(n) :

() 2 [ x(n+n)? - xtn—na)" ], (4.48)

2ng

the channel equation (4.47) can be rewritten shortly as

F3(n) = Ay, T, (n) + 033 (). (4.49)

The global channel matrix ENf, defined by identification with equation

(4.47), is a block- Toeplitz matrix of size NyM x (Ny+ L)N, generated with
the L + 1 channel blocks h(n) defined in (4.45). It can be obtained by
stacking Ny cyclic shifts of the first row of M x N channel blocks. The
relative contribution of the different users can be put forward by writing
the global channel equation as the sum of user-specific contributions :

K
) = 3 My, G)ny (1) + 0k (n) (450)
k=1

where the block-Toeplitz matrices ENf , are generated with the user chan-
nel blocks h, (n) defined in (4.45).
4.3 Bit rates computation

As shown in Figure 4.1, a joint detector (JD) located in the receiver has
the task to build estimates I,(n) of the IV symbol sequences transmitted by
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the K users. Different kinds of joint detectors are analyzed and compared
in Chapter 5. Whatever the detector implemented in the receiver, the
obtained symbol estimates can be expressed as

+oo K
Ln)= > >3 ayy(m) Ly(n—m) + vp(n). (4.51)
m=—oo k=1 p’€Cy,
Expression (4.51) includes five types of terms :
e A contribution of the useful symbol x,,(0)I,(n).

e A weighted sum of past and future symbols associated with the same
signature waveform g¢,(t). This is the residual ISI (Inter-Symbol-
Interference).

e A weighted sum of symbols associated with other signature waveforms
gy (t) with p’ # p that are allocated to user k. This is the residual
ICI (Inter-Code-Interference).

e A weighted sum of symbols transmitted by the other users k' # k.
This is the residual MAI (Multiple-Access-Interference).

e The contribution of the additive Gaussian noise v,(n).

The performance index for the p-th detector output is the Signal-to-Interference-
plus-Noise Ratio (SINR) denoted by p, and given by

2p(0) o7

_ Lpp
Pp = 2 2., 2
(Ztngryeconm 22 (m)) o3 + 3,

(4.52)

For a PAM constellation of size N, = 22 the symbol error probability p,

is known to be
Np,—1 3 pp
s = ————erTi — . 4.
P N, erc(1/2(Ngl)> (4.53)

This expression is valid only if all sources of noise (including ISI, ICI and
MAI) are Gaussian. It remains approximately valid, however, if a high
number of independent PAM symbols contribute to the expression of the
composite interference. It is also assumed that Gray mapping is used for the
PAM constellations, which implies that an error on one symbol generates
an error on one single bit. The bit error probability is then p, = ps/bp.
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For a given target bit-error-rate pp, the maximum constellation size can be
derived from equation (4.53) as

1 P
b, = -1 1 P 4.54
P2 0g2< +F(Pb)> (4.54)

where I is called the ’SNR gap’ and can be approximated by

T (py) =~ ; [erfc™! (pb)]2 . (4.55)

The effective SNR gap should be modified to take into account the effect
of error correcting codes. Actually, equation (4.53) does not guarantee
that an integer number of bits is obtained for the PAM constellation. In
a practical system, the effective bit error rate associated with the different
user signatures can be slightly higher or lower than the reference probability
Dy, as long as the average bit error rate over all signatures allocated to a
given user is equal to p,. The selected constellation size is then rounded
to the upper or lower nearest integer value, depending on the signature
under consideration. For the bit rate computations presented in this work,
the number of bits are given by (4.54) and are not rounded, which has
a negligible impact on the accuracy of the presented results. Finally, the
global bit rate for a given user is given by

1 1 0 N, 3
Rp=—> by==log, | [] (1 + *p) ~ 2 [logy (7)) — logs (T)]
T T T T
pECy pECy,

(4.56)
where the geometrical SINR for user & is defined by

Pk = N, H Pp (4.57)
PECk

and the last approximation in (4.56) is valid for high values of the SINR’s.

4.4 CAP-FB transmission

A common constraint in high-speed communications over wired channels
(like DSL and PLC) is that the lower part of the frequency spectrum (from
0 to Fy MHz) should remain unaffected by the broadband signals. As a
consequence, the broadband signals must be of the passband type, but with
a carrier frequency f. of the same order as the available bandwidth B — Fj.
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In these conditions, it is desirable to make use of a carrierless modulation
technique. This is obtained by directly producing a digital passband signal
at the input of the DAC. Two options are available to build a passband
signal in the digital domain : either the signatures corresponding to the
forbidden frequencies are not loaded, or all signatures are loaded but the
obtained baseband signal is filtered by means of a well-chosen passband
digital filter.

The first option assumes the use of a frequency-selective filter bank. With
the DFT or PRMF filters, for example, the different signatures can be
associated with specific subbands. The signatures located in the lower sub-
bands are not modulated. The total number of signatures to be allocated
to the K users is then N < N. Figure 4.6 (upper figure) gives the power
spectral density 7, (f) of the transmitted signal obtained with an ideal
frequency-selective FB with N = 16 subbands, a raised-cosine filter with
roll-off «, and signatures 3 to 16 allocated to the same user k. With a
practical FB, of course, sidelobes have to be taken into account and an
analog highpass filter should be used to attenuate the signal spectrum in
the forbidden frequency band.

The second option uses the Carrierless Amplitude-Phase modulation (CAP).
Basically, the CAP modulation is equivalent to a single carrier QAM mod-
ulation at low frequency, which implies that the modulation operation can
be obtained directly by the use of sine- and cosine-modulated shaping fil-
ters pq(t) and py(t) operating on two distinct symbol sequences I,(n) and
Iy(n), at a rate 1/T. = B — Fy. The shaping filters form a Hilbert pair :

Palt) = VZP(F) cos(wet) = py(t) (4.58)
po(t) = VEP(t) sin(wet) = pa() (4.59)
where f. is an arbitrary carrier frequency with the constraint f. > 1;5%‘,,

and p'(t) is a baseband half root Nyquist filter with roll-off o/. Practically,
the CAP modulation can be performed with two digital filters pa(ngé) and
pb(ngé) followed by the digital to analog conversion. The oversampling
factor of 3 is generally sufficient when Fy < B.

The CAP technique can be extended to filter bank modulation. In the CAP-
FB scheme, two baseband digital signals vg,(n) and vg,(n) are produced by
each user, with an arbitrary FB, at a rate 1/T.. Let V,;,(2) and V;,;(2) be
the respective polyphase sequences obtained at the output of a filter bank
S(z) with inputs I, (2) and L, (2) :

[ Via(2) Vip(2) ] =8,(2) [ La(2) Lip(2) ] (4.60)
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Figure 4.6: Power spectrum of baseband-FB and CAP-FB modulated
signals
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These sequences are used to modulate the two quadrature shaping filters.
The received signal becomes :

+oo K

rt) = D> [ka(n) ckalt = nTY) + vp(n) cpp(t — nT,)] +n(t) (4.61)

n=—o00 k=1

= Z ZZ (M) i a(t — mT") + Ly (M) hpp (¢ — mT")]

m=—00 k=1 peCy
+ n(t) (4.62)

with cgq () = pa(t) @ ek (t) and cxp(t) = pp(t) @ cx(t) = Crq(t) and two series
of equivalent channels :

+o0o
hpka(t) = > sp(n)cka(t — nT}) (4.63)

n=—oo

“+oo
horo(t) = > sp(n)ew(t — nTY) = hppa(t). (4.64)

n=—0oo

The received signal is sampled at a fractional rate M/T’. The constraint
on the oversampling factor M is now :

M >2fT" + N1+ d). (4.65)

The IIR observation model (4.42) relating the M received polyphase se-
quences to the 2N sequences of transmitted symbols becomes :

R(z) = D [C, () Vial2) + Cpp(2) Vin(2)| +N(z)  (4:66)

[>T~

[Eka(z) Lia(2) +Ekb(z) Ikb(z)} + N(2) (4.67)

e
Il

1

with H, () = C, (2)S,(z) and Ekb( z) = C,, ()8, (). The extension of

the FIR observatmn model (4.49) is straightforward.

Figure 4.6 (lower figure) gives the power spectral density 7., (f) of the
CAP-FB signal obtained with an ideal frequency-selective FB with N = 16
subbands. Actually, the CAP-FB scheme can be used with an arbitrary
set of signatures. The difference between QAM and CAP is also visible in
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Figure 4.6. The spectrum of the different signatures is not moved by f.
as in the classical QAM modulation. With CAP, the periodic spectrum of
the signatures |S,(e2™F")[> with F' = fT! is fixed, and the pulse shaping
filters select the frequencies in the range F’ € [f.T) — 3, f.T0 + 3].

The complex envelope of the transmitted signals zy(t) is given by

+
ezk Z i:.o Z SP n-— mN) —2minfeT; pl(t - nTc/)

p€EC) N=—00 M=—00

“+oo
_Z Z Z { e~ 2mmIeT | g (0 — mN)

PECE N=—00 M=—00

Pt —nT.) (4.68)

where the complex QAM symbols 1,(m) and the complex modulated sig-
natures 5,(n) are defined by

Tym) = Ipa(m) + ilps(m) (4.69)
Su(n) = sy(m) e L (4.70)

From (4.68), it appears that the analysis of the CAP-FB transmission
scheme could be achieved with a lowpass equivalent model including com-
plex symbol sequences Tp(m) and a set of complex modulated signatures
Sp(n), by rotating the complex symbols I,(m) with an angle —27mf.T"
that varies according to the symbol index m. In the sequel, however, the
bandpass formalism will be used.

Finally, it should be noted that the total bit rates offered by the two pass-
band schemes displayed in Figure 4.6 are roughly the same. In the first
scheme (baseband FB transmission), N signatures are modulated at a baud
rate 1/7". In the second scheme (CAP FB transmission), 2N signatures are
modulated at a baud rate 1/7". As ¥ N = ?F—jf = BEFO, the potential bit rates
are roughly equivalent.

4.5 CAP-CDMA with long codes

In the case of binary signature codes of length N, the CAP-FB multiple
access technique described in the last section is referred to as CAP-CDMA.
The basic CAP-CDMA system uses short codes, that is to say codes which
have a length equal to the symbol period. The code used for all the sym-
bols of a given user is then the same. It may happen that the amount of
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interference experienced by this code is high and it will stay so. A care-
ful code allocation algorithm must be implemented in order to obtain the
best matching between the allocated codes and the user channel responses.
Moreover, several signature codes should be allocated to the weakest users
to offer them a fair level of performance.

Many CDMA-based communications standards utilize aperiodic or longer
period sequences instead of short codes. In WCDMA [56], for example,
a long scrambling code truncated to the 10 msec frame length is used.
The long scrambling code a(n) is superimposed on the short spreading
code sg(n), by modulo-2 addition. This means that successive symbols of a
given user are spread by different code segments, and a certain code segment
only repeats after, say, P symbols or PN chips where the spreading factor
is denoted by N and P is the code period measured in symbol periods. The
long code is split in P segments a,(n) of length N. One period of the long
code can be obtained from the concatenation of the P sequences a,(n) with
p € [0, P — 1]. The resulting signature associated with the p-th segment is
given by

Stp(n) = 54(n) - ay(n) (4.71)
where the product is equivalent to modulo-2 addition with antipodal se-
quences. In the long code scenario, the interference experienced by succes-
sive symbols changes, and on average all users will experience similar levels
of interference. The signature allocation algorithm is not needed anymore.
Whatever the initial signature code si(n) selected for user k, the average
level of performance is roughly constant thanks to the effect of the long
code. The relative performance of the different users can be controlled in
two ways : either by varying the number of parallel signatures allocated to
each user (i.e. by using multicode CDMA), or by varying the transmission
power of the different user signals x(t). To simplify notations, we assume
in the sequel that a single signature code si(n) is allocated to each user.

The discrete time chip-rate signals v, 4(n) with ¢ € {a, b} produced by user
k are given by

oo  P-1
Vg q(n) = Z Z It o(mP + p) s p(n — mPN — pN). (4.72)

m=—oco p=0
The received signal can be written as

o0

K P-1
r®) =Y > DY )" Lipg(m) hgpg(t —mPT) +n(t)  (4.73)

k=1 m=—00 p=0 gc{a,b}
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where I, , o(m) = Iy o(mP + p) and

N
hipg(t) = Z Skp(n) gt — pT' — nT.) (4.74)
n=1

is the composite impulse response resulting from the cascade of the p-th
code segment and the channel impulse response ciq(t) = pq(t) ® ci(t). The
advantage of this representation of each user signal by means of P parallel
streams is that the code used in each stream is time-invariant.

An important parameter to compare performance is the received energy per
symbol. Obviously not all symbols will be received with the same energy if
the transmission power is constant. As a matter of fact, each code segment
has a specific frequency response and hence the energy left after propagation
over the channel will be segment dependent. The received symbol energy
for a symbol transmitted with phase p in a packet of P symbols is given by

Epng = 02 / o (£)2 dt (4.75)

—00

where o7 is the symbol variance. The averaged received symbol energy for
a given user is

P-1
& = % SN Erpa (4.76)

p=0 g&{a,b}

The received signal is sampled at a fractional rate 1/T5 = M /T’ where M
has to satisfy the constraint in (4.65). As the symbol sequences in (4.73)
are now defined at a baud rate of 1/PT’, the total number of polyphase
sequences needed to represent the received signal is M P :

rp(n) = T[(nMP + p)T] (4.77)

K [es) P-1
= Z Z Z Z I pg(m) g p p.g(n — m) + np(nfd.78)

k=1 m=—00 p=0 qe{a,b}

with Ay q(n—m) = hypo[((n —m)MP+p)Ts] and p € [0, MP —1]. The
ITR observation model relating the M P received polyphase sequences to
the 2K P transmitted symbol sequences is

R(2) = H() I(2) + N(2) (4.79)



152 Multiple Access and Modulation Techniques

where R(z) and N(z) are of size M P, 1(z) of size 2K P and H(z) of size
MP x 2KP.

With finite-length channel impulse responses ¢y, 4(t), the composite channels
hipq(t) are non-zero in a time interval of length (L 4+ 1)T’. A segment-
dependent FIR observation model can be obtained as follows. Let L,(n) be
the block of 2K real symbols transmitted by the users on the p-th code
segments and 1,(n) (resp. n,(n)) be the block of M signal (resp. noise)

7
samples received during the p-th segment of duration 7" :

I pa(n)
I pp(n) rpM+M—1(n)
L(n)= : r,(n) = : (4.80)
Ik pa(n) rpa (1)
| Tk pp(n) |

Grouping M adjacent polyphase components of the 2K composite impulse
responses hy;, (t) associated with the p-th code segments in a M x 2K
matrix, we define segment-dependent channel blocks gp(n) as follows :

hai—1pa(n) har—ipa(n) o hyipi(n) ha1pi(n)

hop,1(n) hopi(n) -+ hopr(n) ho . (1)
(4.81)

With FIR channelj, L + 1 channel blocks are non-zero. Segment-specific
channel matrices H are defined by stacking the L + 1 non-zero channel

(L)
H = : . (4.82)

blocks as follows :

@U‘

The M P samples received during the n-th period of length PT” are given
by
12 (n)

() =K [ 12 (n— 1)

| 01 (189
where the global channel matrix H is of size M P x 2K (P+L). This matrix
is built with the 2K P composite channels as shown in Figure 4.7. Because
of the long code, it is not a block-Toeplitz matrix any more. For very long
codes, i.e. P > L, this matrix is sparse as only a few blocks around the
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Figure 4.7: Structure of the global channel matrix

main diagonal are nonzero. This reflects the fact that only a few symbols

I 1,q(n) have a contribution to a given received block r,,(n). It is useful to

propose a shorter-window observation model :

+ + +
() =Hy BT L)+ (n) (4.84)
where the segment-dependent channel matrix H is the size M Ny x

p

2K (Ny + L) submatrix of H centered around Ep, as illustrated in Figure
4.7. Actually, the segment indices in Equation (4.84) should be defined
modulo P. To keep the notation simple, the border effect, corresponding
to a case where samples or symbols in blocks n &= 1 would have to be used,
has not been considered.
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4.6 Cyclic-prefixed block transmission

An alternative to the continuous transmission schemes developed in the
previous sections is the block-based multiple access. For a baseband block
transmission associated with a given FB of size N, the chip-rate sequence
transmitted by each user (see Equation (4.3)) becomes :

n) = Z Ip sp(n) = Vp = gklk’ (4'85)
peCi

where the signature matrix S, is of size N' x Ny, and contains the length- NV’
signature codes allocated to 1 user k as its Nj columns. Everything happens
as if a single block of Ny symbols was transmitted by each user. The next
block of symbols can be transmitted after a short idle time of duration vT,
with the condition that successive blocks do not interfere with each other
in the receiver. As the channel impulse responses ¢ (t) have a length of
L/T,, the duration of the inter-block interval must satisfy :

v > L. (4.86)

The baud rate associated with the N sequences of symbols Ip(n) is now
1T, = « +1/1 /T. A systematic penalty of 5~ is thus associated with the
bit rate obtained with block-based transmlssmn That is the price to pay
in order to suppress the inter-block interference in the receiver.

Rather than transmitting nothing during the inter-block interval, the cyclic
prefix (CP) technique can be used to cyclically extend the transmitted

0 |E
vy, = ( s = ) vy, (4.87)
=N"'

where E denotes a unit matrix of size x. After propagation over the
frequency—selectlve channels, the received signal is sampled at the chip rate
1/T.. The received sequence is obtained by linear convolution of the trans-
mitted sequences v} (n) and the channel response ci(n) = ¢;(nTe) :

sequence vy, :

K

r(n) =Y cx(n) @ v§(n) + nen). (4.88)

k=1

This can be expressed in matrix form as follows :

vi +n” (4.89)
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where the (N’ + 2v) x (N’ + v) matrix C; is a Toeplitz matriz generated

with the samples [cx(v),- -, ck(0)], appended by zeros. After removal of
the cyclic prefix, the N’ x 1 received vectors are finally :
r o= ( Opren | Exo | Qnins ) v (4.90)
K
= Y ¢y +n (4.91)
k=1
K
= > HI, +n (4.92)
k=1

where H = C, S, and the N’ x N" matrix C, is now a circulant matriz. The
effect of the cyclic prefix is thus to turn the linear convolutions associated
with time dispersive channels into circular convolutions. This principle
is already exploited in the well-known multicarrier modulation technique
based on the DFT filter bank. Actually, it can be extended to any type of
FB, including single carrier modulation [20]. The circulant matrices C ., are
known to have the following eigenvalue decomposition :

Qk = EN/ ék ﬂﬁ/ (4.93)

where W, is the orthonormal DFT matrix of size N "and A is a diagonal
matrix forrned with the values of the DFT of the channel unpulse responses

cr(n).

4.7 Conclusion

A general framework for the uplink of a PLC system was introduced in
this Chapter. A large number of parallel subchannels are implemented
through the modulation of N mutually orthogonal signatures by indepen-
dent sequences of multilevel information symbols. The signature set can be
represented by a filter bank. Classical multiple access methods (OFDMA,
CDMA, TDMA) can be obtained by selecting the appropriate FB. Actually,
any kind of FB can be investigated, leading to an infinity of multiple access
systems. In this work, we restrict our attention to the class of paraunitary
FBs.

For a given FB, the number of signatures is assumed to be much larger
than the number of users. Each user gets a subset of signatures, according
to a subchannel allocation algorithm. The allocation algorithm allows the
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spectral shaping of the transmitted signals as a function of the user-specific
channel responses, with a maximum of flexibility. The amount of informa-
tion in each subchannel is adapted to the signal to noise ratio measured at
the output of the receiver.

IIR and FIR observation models have been established, relating the re-
ceived signal at the output of the noisy multiuser channel, to the different
sequences of information symbols. Practical joint detectors will be derived
in Chapter 5 on the basis of these observation models.

Finally, three variants of the initial scheme have been proposed. The first
one, CAP-FB transmission, provides a passband multiple access system
(which is required for PLC), but without the need for a carrier. The sec-
ond one, CAP-CDMA with long codes, represents an alternative to the
signature allocation algorithm : the signature corresponding to a given
subchannel changes from one symbol to another, which provides an iden-
tical level of performance for all signatures. Finally, cyclic-prefixed block
transmission, which is classically restricted to OFDM, has been extended
to the general FB transmission scheme.



Chapter 5

Joint Detection

5.1 Introduction

This chapter is dedicated to the derivation of practical joint detection struc-
tures. The matched filter receiver is firstly described in Section 5.2. In
Section 5.3, the effect of the selected modulation scheme on the multiuser
capacity region is investigated. The matched filter bound (MFB) is de-
rived as an alternative upper bound on the optimal performance that can
be expected from real detectors. Infinite linear and decision-feedback (DF)
minimum mean square error (MMSE) joint detectors are presented in Sec-
tion 5.4. Their performance is computed and compared to the multiuser
capacity. Their FIR counterparts are derived in Section 5.5, and the com-
putational complexity associated with the coefficient computation is ana-
lyzed in detail. The scenario of CAP-CDMA with long codes is analyzed
separately in Section 5.6, and reduced-complexity algorithms for the com-
putation of MMSE joint detectors suited to long-code CDMA are proposed.
Finally, cyclic-prefixed equalization structures are analyzed in Section 5.7
and performance is compared for different FBs.

5.2 The matched filter receiver

Let us consider a baseband FB-based multiple access system with K users
and N signature codes. The continuous-time signal received at the output
of the multiple access channel is

+o00 K
rt)= > > L(m)hy(t —mT) + n(t) (5.1)

m=—00 k=1 peCy
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where the h,(t)’s denote the equivalent channels including the p-th signa-
ture code sp(n), the pulse shaping filter p(t), the k-th user channel cy(t),
and the receiver filter f(t) (see Chapter 4).

A sufficient statistic of the received signal is obtained by the use of a
matched filter bank at the receiver. The outputs of the N matched fil-
ters hpi(—t) are sampled at the symbol rate 1/7', which provides the N
sequences :

i) = [ ) e ), (52)

—0o0

This operation can be done by first filtering the received signal with cj(—t)
in the analog domain and sampling the result at the chip rate 1/7, :

g(n) = [r(t) ©cx(=1)] (nT) (5:3)
K +oo

= Y > vw(n) gew((m —n)T.) + vi(n) (5.4)

k'=1n=—00

where g (t) = [ j;o e (T) e (T—t) dT are the user channel cross-correlation
functions and v (t) = n(t) ® cx(—t) are the filtered noises with covariance
Lo, (7) = % 9kk (7). The N polyphase components of the K filter out-
puts q,x(n) = qr(nN + p) are expressed, with z transforms, as :

91(2) QH(Z) T glK(Z) El(z) Hl(z)
L= TR N ES
Qk(2) ng(l/z*) o Grpe(?) Vk(2) Uk ()
(5.5)

The channel correlation polyphase matrices Qkk,(z) are Toeplitz of size

N x N with element (i,7) given by the z transtorm of g(nT + (i — j)T¢).
They are related to the channel polyphase matrices C, (z) as follows :

T H *
As ggr(t) are even and real autocorrelation functions, we have the property:
_ H *

The noise vector cross-spectra are -y (2) = % G, (2).
=V, Uy =
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The matched filter outputs y,(m) are finally computed by passing the K
sequences gi(n) through a bank of analysis filters matched to the synthesis
bank :

+oo
yp(m) = Z qr(n —mN) sp(n), p € Cy, (5.8)

n=—oo

+oo K
= Z Z Z Lpp (M) I (n — m) + wy(n). (5.9)

m=—00 k=1 p'eCy,

The N? sequences of interference coefficients Tpy (n) are given by

—+o00
2y (n) = / hor() oy (E=nT)dt,  peCup €Co.  (5.10)

The global IIR, observation model including the matched filters is given by

Xl(z) éll(z) éu{(z) 11(2) wl(z)
| = L S N
Yg(2) X7 (1/z7) o X () I (2) Wik (2)
(5.11)

or, more compactly,

Y(2) = X(2) I(z) + W(2). (5.12)

The size N x Ny interference matrices X, (z) are given by

X, (2) =87 (1/2")G,,.(2)8,,(2). (5.13)

The noise vector cross-spectrum is v (2) = % X(2).

—w,w -
Let us now derive a first bound on the joint detector performance, called
the matched filter bound. This bound is based on the principle that the
joint detector cannot do better than removing ISI, ICI and MAI without
enhancing the additive noise. These ideal symbol estimates are given by

A

Ip(n) = pp(0)Ip(n) + wp(n). (5.14)
The corresponding signal to noise ratio is

ac%p(())a? _ :L'ZP(O)O'% _ 2Epk
o, 2pp(0) No/2  No

Pp =

(5.15)
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5.3 Capacity of FB-based multiple access

In this Section, we compute the multiuser capacity of the FB-based mul-
tiple access system. This capacity region is smaller than the true capacity
region computed in Chapter 3, as additional constraints are introduced :
the signals x(t) produced by the transmitters are now the outputs of a
finite-size FB modulated by mutually independent sequences of informa-
tion symbols. The power spectral density of the transmitted signals is not
arbitrary any more, and the available degrees of freedom depend on both
the nature and the size of the selected FB.

5.3.1 Mutual information and capacity region

In order to derive a practical expression of the multiuser capacity region, we
firstly propose a slightly modified version of the FB-based multiple-access
observation model. The modifications are :

e All K users are assumed to transmit symbols on all N signatures

simultaneously. The symbol variance for the k-th user and the n-th
signature becomes /\ika%. The allocation of a given signature n to a
single user k translates into the constraint : A\, = 1 and Ay, = 0,

Vi £ k.

e A limited number of N symbols per signature are transmitted by the
users. This block transmission model actually converges to the initial
continuous transmission model for N, — oo.

e The information symbols I,;(n) are assumed to have a Gaussian dis-
tribution. This distribution is known to maximize the mutual infor-
mation between power-constrained transmitted and received signals
[52].

Let S be an arbitrary subset of K; users. We denote by S the comple-
mentary subset, including K9 = K — K users. The observation model is
now

o= D ML ) H L +n (5.16)
kes k'es
N, Ny 1N

= HIs" +H I +u™ (5.17)

= 1+ 1" + 0 (5.18)
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where Igb is the vector of NN symbols transmitted by user k, ™Mo and nfVe
are of size (N, + L)M, and ﬂivb is a size (N + L)M x NN block-Toeplitz
matrix. The continuous transmission model, obtained by letting N, go to
infinity, is given by

R(z) = Hy(2) Ls(2) + Ho(2) Is(2) + N(2) (5.19)

where H(2) and Hx(z) are the M x K1 N and M x K> N polyphase matrices
associated with the composite channels hpy(2).
For a fixed block size N and a fixed power allocation defined by the set of

coefficients {)\gk}, the set of achievable data rates is known to be :

1

Cn, (Apk) = {{Rk} 10< Y Ry < i (;Nb;lév”u;ﬁ) VS {1, ,K}}
keS

(5.20)

where 7 (K;X\Z) denotes the conditional mutual information between the
vectors x and y, for a given vector z. This region is a K-dimensional
polyhedron defined by 2% — 1 constraints, and including K! vertices in the
positive quadrant. The global capacity region is then obtained by

Np—o00

C = closure | lim U Cn, ()\ik) . (5.21)
22
pk

The union is taken over all admissible input-power distributions, i.e. all
admissible sets of coefficients >‘127k’

Let us firstly derive the expression of the mutual information Z (;N b lg” |1g")
from the observation model given by (5.16) :

T <§Nb§l§b ’1?1:) — h (ENbugb) —h (ENb|lfSvalgb) (5‘22)
= h (givb + ng) —h (™) (5.23)

where h (x) denotes the differential entropy of the continuous random vector
x and h (g\z) denotes the average conditional entropy of x given y. The

differential entropy of a size-N zero-mean Gaussian vector x ~ A <Q, Em>
is known to be

h (x) = log [(We)N det (Rm)] . (5.24)



162 Joint Detection

Introducing this result into (5.22), we get

det (R, +R,) (5.25)
det (Enr) |

2 2
= log |:det (EM( . + ﬂfHNb (ANb) (HNb)T>:|

7 (r;I5ls) = log

_ 9T ANy (2 Np\T 3Ny A N,
= log [det( NN T ool (") Hg A b)} (5.26)
where the diagonal matrix éN b is defined by

E{i @) =0 (a))". (5.27)

Using the asymptotic properties of Toeplitz matrices, it can be demon-
strated [57] that the average mutual information in (5.26) becomes

Zs = lim —I(;,I I5) (5.28)

Nbﬂoo Nb

1 (" o ) .
= 5[ log [det (E v T sAHY () H (e]Q)%ﬂdQ

—T

1 " I Q
= o log [det <EK1N + NO/ZASXS (e’ )é‘s)] d  (5.29)

—Tr

when the burst size goes to infinity. The demonstration is not given here,
but can be found in [55]. It is based on the observation that the determinant
of the matrix in (5.26) is equal to the product of the Ny K1 N eigenvalues

(1+ oF ,ol) of this matrix. When N, goes to infinity, the eigenvalues p;
converge to those of an equivalent circulant matrix.

The result in (5.28) can be further developed to underline the role of the
signature allocation coefficients A?)k

— 1 s 0_2 ' '
Is = 27T/Trlog [det (EM JES (em) éﬁEﬁ’ (éﬂ))] a0 (5.30)

1 (7 1
= 3 _Trlog [det( —% gk eJQ (eJQ) gk (e]Q)>
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where the polyphase spectrum 7  (z) associated with the chip-rate se-
—U Uk

quence vg(n) produced by user k is

1 () = oS(E%) A 8T ()

N
= o7 Z )‘gzyk S, (ejQ) Sf (ejQ) . (5.31)
=1

hS]

For a fixed signature allocation {)\Zk}, the capacity region is a polyhedron

defined by the 2% —1 constraints Zg. With K users and N signatures, there
are KN possible polyhedrons, corresponding to the KV distinct signature
allocations. Considering the restrictive two-user scenario, the polyhedron
is a pentagon defined by

0< Ry <ZIpy
Coo (Ap) = (R1,R2) : § 0< Ry <Tpyy (5.32)
O0<Ri+Re<TZy9

Figure 5.1 illustrates the 2* = 16 regions obtained with N = 4 Hadamard
signature codes of length 4. Only 14 of these regions are really pentagons.
The two remaining ones are degenerated to vertical or horizontal segments :
they correspond to the allocation of all signatures to the same user. As
given by equation (5.21), the global capacity region is obtained by taking
the convex closure of the union of the pentagons. The boundary of the
resulting capacity region is given by the dashed line in Figure 5.1. A given
rate pair (Ry, R2) of the boundary is generally achieved by timesharing
between two distinct signature allocations.

5.3.2 Optimal signature allocation

The computation of an optimal signature allocation scheme in terms of
achievable data rates belongs to the class of integer programming problems.
The problem can be considerably simplified by considering its continuous
relaxation. A similar strategy was adopted in Chapter 3 to compute the
FDMA capacity of frequency selective multiuser channels. The idea, here,
is to allow all users to use all signatures simultaneously. The constraint on
the power allocation coefficients )‘zk becomes

K
0< A2, <1 A =1 (5.33)
k=1



164 Joint Detection

TV
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Figure 5.1: Two-user capacity region for a size-4 FB-based transmitter
(Hadamard signature codes)

With the relaxed constraints, the new capacity region is generated by the
union of an infinite number of polyhedrons. Moreover, as every convex
combination of feasible signature allocations is also a feasible signature
allocation, the convex closure operation is not needed any more to generate
the global capacity region. This implies that every point of the global
capacity region can be achieved with a fixed signature allocation.

The constraints in (5.33) implicitly assume that the same total power is
transmitted on each signature code. The consequence for the polyphase
spectra vy  (z) is

—Vk Vg

VLV

K K
doa () = 0is() <2Ak> st (1/2%) (5.34)
k=1

< 078(2) §H 1/z*) = olE (5.35)
where the inequality of matrices in (5.34) means that the matrix difference
is non-negative definite. This is equivalent to the PSD-sum constraint intro-
duced in Chapter 3. Alternative constraints could be investigated like the
power sum constraint (obtained with o7 >, >~ )‘;%k < P) or the individual
power constraint (obtained with o2 > )‘;%k < Py Vk), but are beyond the
scope of this work.

Like for the true capacity region, the boundary of the FB-based capacity
region can be traced out by maximizing the aggregate rate R, = >, o Ry,
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for a given set of relative priorities {ay}. The maximum aggregate rate
is known to be obtained with successive decoding at the receiver, and a
decoding order in accordance with the user relative priorities. Assuming
that the users are ordered in ascending order of the relative priorities, the
individual data rates are given by

R, = f{k’...’]{}—f{]ﬁ_l’...’[{} Vk < K (536)
Rk = Ty (5.37)

The aggregate rate is thus

K

K
Ra = ZakRk = Z (Ozk - ak—l) T{k,,K} (538)
k=1 k=1

The quantities Zs in last equation are given by equation (5.30) and depend
on the signature allocation. The computation of the optimal signature
allocation scheme )‘122k is then formulated as follows :

{)\gk} = arg max [Ra ({)\gk})] . (5.39)

Aok

It can be demonstrated that the objective function (5.38) is a concave
function in the parameters )\Zk. This property, associated with the linear
constraints in (5.33), guarantees that the optimization problem in (5.39)
is a standard convex programming problem : a local maximum is also a
global maximum, and standard numerical search algorithms can be used to
find the solution efficiently.

5.3.3 Maximum balanced rates

One may be interested in a specific point of the capacity region, like the
balanced rate solution defined in Chapter 3. In that case, the optimization
problem in (5.39) has to be solved iteratively for different sets of relative

priorities {afj)}, until the solution satisfies the balanced rate constraint.

Actually, two major difficulties have to be taken into account in the compu-
tation of the maximum balanced rates associated with a FB-based system.

Firstly, there is no closed form solution to the problem of optimal signature
allocation for a given set of relative priorities. At each iteration i, a new
convex programming problem has to be solved.
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Secondly, the solution proposed in (5.36) is restricted to be a vertex of the
K-dimensional polyhedron corresponding to the selected signature alloca-
tion. The vertex is chosen in accordance with the ordering of the relative
priorities ap. The boundary of the true capacity region is effectively gener-
ated by the union of such vertices. In the case of a FB-constrained capacity
region, however, some parts of the boundary are not covered by the union
of these vertices. Figure 5.2 illustrates this difference in a two-user case.
The first graph gives the true capacity region (as considered in Chapter 3).
It is a convex region generated by the union of pentagons. Each pentagon
has a lower and an upper vertex. The boundary of the capacity region is the
curve ABC. The segment AB of the curve is generated by upper vertices,
which means that the decoding order is (1,2). All points of this segment
can be obtained by maximizing the aggregate rate R, with a; < ag. The
segment BC of the curve is generated by lower vertices, which means that
the decoding order is (2,1). All points of this segment can be obtained
by maximizing the aggregate rate R, with a7 > as. Finally, point B cor-
responds to the maximum sum rate : it is obtained by maximizing the
aggregate rate R, with a; = as. As the maximum sum rate solution is of
the FDMA type, the associated pentagon is degenerated into a rectangle.
Indeed, the power is allocated to the users in separate frequency bands, and
successive decoding is not needed any more. The second graph gives the
corresponding FB-based capacity region. It is also a convex region gener-
ated by the union of pentagons. But now the maximum sum rate solution
(a1 = aw) is also a pentagon, with distinct vertices B’ and B”. Indeed,
under the FB constraint, an FDMA power allocation is not feasible any
more (because of the spectral overlapping among the different signatures).
As a consequence, the whole segment BB’ belongs to the boundary of the
capacity region, but only points B’ and B” are pentagon vertices. The in-
termediate solutions are obtained by timesharing between the two possible
decoding orders, and the corresponding rate pairs (Rj, R2) are not given
by the general solution in (5.36). The third graph gives the weighted rate
imbalance R/ R% —Ry/ R% as a function of @1 = 1—ay. The dashed line cor-
responds to the true capacity region, while the continuous line corresponds
to the FB-based capacity region. The maximum balanced rates solution
corresponds to the root of this function. If the balanced rate solution is
located in one of the intervals AB’ or B”C, then the root can be found by
searching through the intervals a5, < a1 < 1/2 and 1/2 < a1 < amax,
respectively. This case corresponds to the displayed figure. It could hap-
pen, however, that the balanced rate solution be located in the interval
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B’B” : then the search algorithm would fail to find the root of the function.
This problem can be handled easily in the restrictive two-user case, but it
is not tractable in the general K-user scenario.

5.3.4 Influence of the FB

We firstly investigate the effect of the FB choice on the SU capacity. In
a SU scenario, all signatures can be fully allocated to the same user, i.e.
)\%p = 1 Vp. With a paraunitary FB, this implies that the transmitted
polyphase spectrum v (z) is

=v1v1

() = 078(2) A28" (2) =01 E,- (5.40)
—v1v1 = == =
The SU capacity is then given by
7 = L [T ogldet (B, + Ze (e9) o (¢9))] a0
e og |det :M+?%:1 () T (')
= /Oolo 140 C1 ()2 ) df (5.41)
- . g N0/2 1 9 .

irrespectively of the selected FB. In particular, the SU FB-based capacity
is identical to that of the single carrier modulation obtained by letting
S(z) = E,,. As a consequence, it is also independent of IV, as the SU single
carrier modulation can obviously be represented with a unit-matrix FB of
arbitrary size. The single-user FB-based capacity is thus independent of
the choice of signatures and of the number of signatures, provided that the
associated FB is paraunitary. The fundamental reason for this is that any
paraunitary FB of any size produces the same flat power spectral density at
its output when it is modulated by independent sequences of equal variance.

The boundary of the TDMA capacity region, i.e. the hyperplane joining
the SU rate solutions, is then also independent of the FB. Consequently, the
relative performance of different FBs can be compared adequately through
the multiuser gain defined in Chapter 3 as the ratio of the maximum bal-
anced rates to the TDMA balanced rates. The multiuser gain is different for
every FB. Actually, it depends on the ability of the FB to model the power
spectral density of the transmitted signals with as much flexibility as pos-
sible. This flexibility is limited by the N degrees of freedom corresponding
to the N different signatures.

An upper bound on the FB-constrained capacity region is the (PSD-sum
constrained) true capacity region presented in Chapter 3. In the two-user
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case, its boundary is represented by the line AEB in Figure 3.6. This upper
bound can be approached with a frequency-selective FB of size N > 1, i.e.
with a FB able to shape the transmission PSD of each user with an arbitrary
flexibility.

On the opposite, a lower bound on the FB-constrained capacity region is
obtained by forcing, for each user, the allocation of a uniform power to all
signatures :

K
A2 =A% Vp d =1 (5.42)
k=1

With this signature allocation, all users are forced to transmit a flat-PSD
signal. The corresponding capacity region is independent of the FB as
(5.30) becomes

1 s
2w

det ( z Z eJQ kH(e]Q)>
- 7’l S
- /OO log< N?;Q > AICk(f ) (5.43)

o k=€cS

This is also the capacity region corresponding to a degenerated FB with
N = 1 signature, i.e. a FB with the lowest flexibility as possible. In the
two-user case, the boundary of this region is represented by the line ADB
in Figure 3.6. The same capacity region can be expected from the long-
code multiple access system introduced in Section 4.5, as the variability of
the signature codes used by each user makes the PSD of the transmitted
signals almost uniform.

5.3.5 Capacity vs. MFB

In this section, we show how the SINR bound provided by the MFB can be
used to provide a simple upper bound on the multiuser capacity. Equation
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(5.28) can be rewritten as

_ 1 [ 2 )
Zs = — [ log [det <E +- 2L A X (/) A ﬂdQ
2 J_, =1

L[ o i iQ
< % x log [H <EK1N + NO/Qé‘S‘éS (ej )é‘S)“ dQ

1 N
_ )2
— l;gpzzl/ log[ N/2 p (Xk)pp:| dQ

N L
2

- %;bg[ N, /2)\][’]c /—w <X’“>PPdQ}

> Zlog [1 + 25?’“] (5.44)

keS p=1

The first inequality follows from the property that the determinant of a
symmetric positive definite matrix is always smaller than the product of
its diagonal values. For the second one, it is known that for any positive
function f(x),

1 4 1 (7

— log [f(z)] dz < log [ f(a:)d:v} (5.45)

2 J_, 27 J_,
with equality if and only if f(x) is constant. This result shows that, under
some very restrictive conditions, the multiuser capacity is simply the sum
of the single channel capacities associated with every signature p and every
user k, which only depend on the ratios £,;/Ny. Actually, the proposed
bound is really valuable if all the following conditions are satisfied :

e Every signature is allocated to a single user.

e The inter-signature orthogonality is not destroyed by the multiuser
channel selectivity. This should be valid for any multiuser channel.
This condition implies that all signatures should be located in sepa-
rate frequency bands. A frequency selective FB with non-overlapping
subbands should be used for that purpose.

e Each subchannel is sufficiently flat, so that the SINR in every sub-
channel is roughly equal to the channel SNR at the corresponding
frequency. As a consequence, the size N of the frequency-selective
FB must be very large.
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e The SNR gap I is equal to 1, i.e. perfect coding is assumed in every
separate subchannel.

A simple signature allocation algorithm can be implemented on the basis
of the MFB. The MFB-based aggregate rate R, can be written as

N K o
- 2 §e) G B A P
Ro=>_ Y My (awRpr), with Ry, £ C (No) (5.46)
=1 k=1
with a single )‘;29k = 1 and the others equal to 0, for every p. Let us define
the following continuous relaxation of the signature allocation constraint :

K
0< A2 <1, A =1 (5.47)
k=1

For equation (5.46) to remain valid, the coefficients )‘;%k must be re-interpreted
as time-sharing coefficients, and not as power allocation coefficients as in
the previous Sections. The maximization of the aggregate rate R, in (5.46)
under the relaxed constraints (5.47) is identical to the FDMA subchannel
allocation problem analyzed in Section 3.6.1. The solution is given by Al-
gorithm 3.5. The computation of maximum balanced rates, that requires
the iterative computation of adequate relative priorities «y, is obtained by
Algorithm 3.6. Linear optimization theory tells us that at least one so-
lution exists that comprises at most N + (K — 1) non-zero components
)\?Dk. This implies that a maximum of K — 1 signatures will be shared be-
tween couples of users, or alternatively a single signature could be shared
between all of the K users, all other signatures being allocated to a single
user. Assuming that N > K, we can see that time-sharing only concerns a
small fraction of the available signatures. If time-sharing is not allowed, we
have to approximate the continuous solution given by Algorithm 3.6 and
force the allocation of each signature to a single user. It results that the
balanced rates constraints are not exactly satisfied any more. A measure
of the deviation from these conditions is given through the 'user imbalance
index’ defined as follows, together with a practical upper bound :

Tk (%) K [1 1
Avysers = mk(é}:) < Mm (5.48)

where oy (.) and myg(.) stand for standard deviation and mean across the
users respectively. Equation (5.48) shows that the rounding effect asso-
ciated with a discrete signature allocation is negligible if the ratio N/K
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is large. With a large number of signatures, indeed, the boundary of the
capacity region can be covered with a better granularity.

The MFB-based signature allocation is suboptimal in the sense that the
inter-signature interference is ignored. However, it provides a useful initial
allocation for more advanced allocation algorithms as it ensures the best
matching as possible between the set of available signatures and the user
channel attenuations and noises. The method can be generalized to all
situations where a K-user channel can be modeled as a parallel transmission
of information in IV separate and independent subchannels.

5.4 IIR joint detectors

In the case of a frequency-selective channel, the symbol estimates obtained
at the output of the matched filter bank are severely corrupted by inter-
ference. A popular solution consists in the use of a MIMO equalizer that
intends to compute more reliable estimates of the symbols on the basis of
a minimum mean square error criterion (MMSE).

In this section we investigate the structure of IIR linear or decision-feedback
(DF) joint detectors designed for the MMSE criterion. These structures
are the best possible linear and DF joint detectors, and their correspond-
ing performance provides an upper bound of the performance which can be
achieved by their FIR counterparts. This is the main motivation to inves-
tigate these IIR detectors. Their FIR counterparts will be investigated in
the following section.

For all continuous transmission schemes presented in Chapter 4, a generic
IIR observation model was defined as follows (See (4.42), (4.67) and (4.79)) :

R(z) = H(2) I(z) + N(z). (5.49)

The ITR joint detectors derived in this Section rely on this generic observa-
tion model. The baseband FB transmission scheme is assumed in the next
derivations, but the application to CAP-FB transmission or CAP-CDMA
with long codes is straightforward.

5.4.1 MMSE linear joint detection

A fractionally spaced linear joint detector (JD) builds estimates of the N
transmitted symbol sequences I,(n) as follows :

I(2) = W(2)R(z) (5.50)
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where W(z) is a bank of N x M infinite length filters. The vector of z-
transformed estimation errors is defined by :

e(z) = 1(z) — (2). (5.51)

This IIR linear JD can be designed for an MMSE criterion : the coefficients
of the filters W(z) are then computed in order to minimize the variance of
the estimation errors. The orthogonality principle can be used to derive
the optimal estimator. It states that the error associated with the optimal
estimator is orthogonal to the data samples used to build the estimate.
This property can be written as follows :

li(z) = Ogxnr (5.52)

where o stands for the cross-spectrum between x(z) and y(z). Using the

orthogonality principle (5.52), the observation model (5.49), the estimation
model (5.50) and the error definition (5.51), we get

W) = 250 255 (5.53)

= o3H (1)) [2B, +oiHE Y1/ (559)

' H7(1/2%) 0,2 (5.55)

n

= |o}? E,+ 0,2 EH(l/z*)E(z)}
The last expression is obtained thanks to the matrix inversion lemma.’
Equation (5.55) shows that the first operation performed by the equalizer
is to apply a bank of matched filters whose outputs are down-sampled to
the symbol rate 1/T. This operation is achieved by H (1/2*). Then the
symbol MIMO (multi-input/multi-output) equalization is applied. It has a
MIMO transfer function given by the inverse of the key power spectrum:

S.(2) = [072E,, + 0, 2B (1/2")H(2)| (5.56)

Let A and B be square positive definite matrices of size n1 x ni, D be a square
positive definite matrix of size n2 x n2 and C, E be arbitrary rectangular matrices of size
n1 X na, with

A=B"+CDE".

The matrix inversion lemma states that

A =B-BC(D+E"BC)'E"B
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With the detector obtained in (5.55), the symbol estimates (5.50) become

i(2) = (Ey ~ 871 (=)07?) 1(2) + (S7'(2) 0 2B (1/2%) ) N(2).  (5.57)

For the estimation errors after optimal linear joint detection we have

1
a1y 2 _ H  *
1 (2) =871 = By~ W)y (IWHA (). (5.59)
The mean square estimation errors are provided by the diagonal elements
of the order 0 matrix in the expansion of 7 (z) as a z polynomial :

L (0 1/7r’y (') dQ. (5.59)

27 _ g €€

5.4.2 MMSE decision-feedback joint detection

The DF joint detector is made of a (N x M) bank of forward filters, denoted
by W(z), and of a causal feedback bank of N x N filters, denoted by

B(z) — E,, and builds an estimate I(z) in the following way:

i(z) = W() R(:) - [B(2) — Ey | 1(2). (5.60)

The feedback section processes previous decisions I(z) However we assume
that they are correct and hence use the original symbols I(z) in the next
derivations. The filter bank B(z) is stable, causal and monic. It means that

B(z)=> B(n)z " (5.61)

n>0

where B(0) — E,; is a lower triangular matrix with zeros on the main di-
agonal. The triangular nature of the order 0 feedback matrix means that
each time a new decision is available, it is used for the next estimate to be
computed.

If this IIR JD with a causal IIR feedback section is designed for an MMSE
criterion, we can again use the orthogonality principle (5.52). With the ob-
servation model (5.49), the estimation model (5.60) and the error definition
(5.51), it gives

W(z) = B(2)2p(*) 2gp®) (5.62)
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where the last equality comes from the matrix inversion lemma. The power
spectrum of the estimation error is now

v (2) =B(2)S]'(:) B (1/2"). (5.65)

—ce = ' =¢

Let us now compute the optimal feedback filters B(z). The key power
spectrum can be factored in the following way [58]:

S.(2) =D"(1/2*) AD(2), (5.66)

where matrix A is diagonal and D(2) is a causal, monic and stable matrix
transfer function with causal and stable inverse. Hence the power spectrum
of the estimation error (5.65) becomes

7 (2)=B(z)D'(z) A1 D H(1/29) B (1/27). (5.67)
The geometrical mean of the error variances is given by the product of
the diagonal elements of the estimation error covariance matrix given by
Equation (5.59). For the positive definite error covariance matrix, it is

known that
N

[1[r. ]

p=1

> det [gg (0)} (5.68)

where equality is only obtained if the error covariance matrix is diagonal.
Furthermore, we know from [59] that

log [det (gg(o))} S [det <7 (ejﬂ))] dQ  (5.69)

2 J_, —ee

= log(A) (5.70)

where the last equality results from the Szego formula [58]. If the feedback
section B(z) is chosen as the spectral factor D(z) defined in (5.66), the
power spectrum of the estimation error (5.67) and the associated covariance
matrix (5.59) reduce to

v (2)=LC_(0)= é_l. (5.71)

—e€e —€e€

As the error power spectrum -y (ej Q) does no longer depend on €2, (5.69) is
—€€

an equality and the determinant of the error covariance matrix is minimized.
Furthermore, as the error covariance matrix is a diagonal matrix, (5.68)
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is also an equality and the product of the estimation error variances is
minimized. The selected feedback matrix B(z) is thus optimal regarding
the MMSE criterion.

The optimal feedback and feedforward filters are finally :
B(z) = D(z)
W(z) = A7 [D7(1/z] T BT/ 0,2 (5.72)

==

The feedforward filter appears to be made first of a bank of matched filters.
Then it is cascaded with an anticausal bank.

The obtained estimation error is white as shown by (5.71). The product
of error variances can also be computed by using the Szego formula [58] as
follows :

log [det (41)] = 5 [

—T

™

log [det (01_2 Ey+ 0,2 EH(I/Z*)E(Z')> _1} dQ.

(5.73)
Regarding the symbol detection order, the product of the error variances
is constant.

5.4.3 Influence of the FB

Invariance properties relative to the choice of the paraunitary FB can be
put forward in the single-user configuration (KX = 1). In that configuration,
the global channel matrix can be written as H(z) = C (2) S(z) where 5(z)
is the full N x N FB polyphase matrix.

With a paraunitary FB, the key matrix S (z) defined in (5.56) can be
written as

S.(2) r E
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)
~
)
3!
+
w2
T
—~
—_
~
N
*
SN—
)
A
—
—
N
SN—
[l2
—
N
N—

(5.74)
= $7(1/2)8, (2)8() (5.75)

where §CO (2) = UI_QEN + Nlo G,,(#) and the paraunitary property was used.

We first investigate the performance of the linear MMSE JD. From (5.58)
and (5.74), the arithmetic mean of the error variances is given by :

N
i 2 _L " H/_jQ\ q—1/,79Q iQ
szlgep ~ 27N /,rtr [§ (™) S (e”) S(e™)| d (5.76)
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An important conclusion may be drawn from the last expression: at the out-
put of a paraunitary FB transmission scheme with linear MMSE receiver,
the arithmetic mean of the error variances does not depend on the filter
bank. In particular, the size of the FB has no impact on this arithmetic
mean, which is equal to the unique error variance obtained with a single
carrier system. The proof relies on the following matrix properties :

1. Two matrices A and B are similar (i.e. they have the same eigenval-
ues) if there exists an invertible matrix C such that A = C™'BC.

2. The trace of a matrix is equal to the eigenvalue sum.

The first property can be applied to (5.76) thanks to the paraunitary prop-
erty of the FB polyphase matrix S(z).

The arithmetic mean of the error variances is not preserved in the case of
a DF-JD, because of the (non-paraunitary) feedback matrix in (5.65). It
can be shown, however, that the geometrical mean of the error variances is
independent of the selected FB :

(5.77)

The determinant in (5.77) can be evaluated by means of Equation (5.73)
as follows :

1 7 -1
log [det (A™1)] = 2/ log [det <§H(1/z*)§00(z) ﬁ(z)) ] dQ. (5.78)
e ). L L L
The result does not depend on the FB as long as it satisfies the paraunitary
property.

These invariance properties are no longer satisfied in a multiuser configura-

tion. The distribution of error variances depends on the selected signature
allocation.

5.4.4 Multiuser capacity and DF joint detection

Decisions about the transmitted symbols can be taken separately in the IV
subchannels, on the basis of the MMSE estimates I,,(n) obtained at the
output of the DF-JD. In every subchannel, the MMSE estimate can be
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written, according to (4.51), as

Ip(n) = app(0) Lp(n) + Jy(n) + vp(n) (5.79)
= Ly(n) + (2(0) = 1) L(n) + Jy(n) + v(m)  (5.80)
= L(n) — &(n) (5.81)

where J,(n) represents the total interference (ISI-ICI-MAI). The fundamen-
tal role of the IIR DF joint detector is to transform the initial frequency-
selective multiuser (and multi-signature) channel into a set of N parallel
and independent AWGN subchannels. The capacity associated with every
subchannel, assuming Gaussian-distributed symbols, is given by

z2 (0)o?

R, =log(1+ pp) with p, = —2%

Ay (5.82)
O'%p + Jgp

Error-free transmission is possible at a rate R, in every subchannel, as-
suming the use of an ideal AWGN decoder in each separate receiver. The
MMSE estimator is known to be biased, i.e. pp(0) < 1. From the MMSE
criterion, it can be shown that

o7 (1= app(0)) = 02, (5.83)

for any type of MMSE estimator. The bias of the MMSE estimator is
directly proportional to the estimation error variance. As a consequence,
the SINR associated with an MMSE estimate can be shown to be

pp=— — L. (5.84)

Combining the MMSE-SINR definition (5.84) with the Szeg6 formula (5.73),
the error covariance definition (5.71) and the mutual information definition
(5.28), we get

Tq..xy = log[det (o7 A)] (5.85)
N 0_2

= log H( ;) (5.86)
p=1 \%é

N

N
= > log(l4py) =Y Ry (5.87)
p=1

p=1
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The very important conclusion of last equation is that the sum-capacity of
the frequency-selective multiuser channel can be achieved by means of an

IIR DF-JD followed by ideal AWGN decoders.

All points of the FB-constrained multiuser capacity region cannot be achieved
with the IIR DF-JD, however. Indeed, the boundary of the capacity region
is generated by the union of polyhedron vertices as given by Equation (5.36)
and illustrated in Figure 5.2. Successive decoding is needed to obtain the
set of rates Ry associated with these vertices. With the IIR DF-JD, the
only degrees of freedom are the ordering of the decisions for the current
block of symbols. The best we can do for a given user with the highest pri-
ority «y is to suppress the causal interference from the K — 1 other users,
including the contribution of the symbols in the current block. But the
anticausal interference cannot be suppressed. Figure 5.3 illustrates this in
a two-user scenario. The capacity region for a given signature allocation
is a pentagon, with useful vertices A and D. All points of the segment AD
are not achievable with the IIR, DF-JD. Point B represents the rate pair
(R1, R2) obtained by ordering the decisions as follows : firstly all subchan-
nels allocated to user 1 (in any order), secondly all subchannels allocated
to user 2 (in any order). Point C represents the rate pair obtained with
the opposite ordering. A few intermediate points between B and C can
be obtained by interleaving the subchannels of both users in the decision
ordering. Finally, the whole segment BC is covered by using time-sharing
between two or more decision orderings. Even though the available sum
rate Ry + Ry is the same as for the initial pentagon, the useful vertices
are now B and C rather than A and D. As a consequence, the multiuser
FB-constrained capacity region associated with the IIR DF-JD is strictly
smaller than the general FB-constrained capacity region defined in Section
5.2. Only the maximum sum-rate and the single-user rates are equivalent.

While the computation of the sum-capacity in (5.85) is made easy by the
Szego formula (5.73), the derivation of individual data rates Ry, requires the
computation of the diagonal matrix A, which requires in turn the effective
spectral factorization of (5.66). B

5.5 FIR joint detectors

In the previous section we have obtained the structure and the associated
MMSE performance of IIR joint detectors. With continuous transmission,
the number of coefficients associated with these optimal detectors is gener-
ally infinite. Practically, a finite-length JD is implemented in the receiver.
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O

Figure 5.3: Reduced pentagon associated with the IIR DF-JD

The received signal is observed within a finite-length window and an es-
timation of the transmitted symbols is built on the basis of the observed
segment. The size and the position of the observation window must be
chosen carefully. A feedback section of appropriate length can also be im-
plemented to subtract the causal interference. Both the linear and DF FIR
JDs can be designed with an MMSE criterion.

The following parameters are defined :

e L+ 1 is the length of the composite channel impulse responses hpyy(t)
expressed as a multiple of the symbol duration T'. It depends on the
length of both the channel impulse responses ci(t) and the signature
codes sp(n), as given by (4.44).

e Ny > 1is the length of the observation window, expressed as a multi-
ple of the symbol duration T". This parameter determines the perfor-
mance of the FIR JD. It should be chosen large enough to provide a
performance comparable to that of the optimal (IIR) JD, but not too
large in order to limit the computational complexity to a reasonable
level.

e A isthe decision delay, expressed as a multiple of the symbol duration
T. This parameter determines the position of the observation window,
which corresponds to the time interval [(n — Ny + A)T, (n + A)T1] for
the estimation of the n-th block of symbols. For a given Ny, there is
an optimal decision delay that can be found by an exhaustive search.
For causal impulse responses of length L + 1, the decision delay is
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restricted to the interval : 0 < A < Ny + L — 1. Outside this in-
terval, the received segment would contain no contribution from the
symbols that have to be estimated. For short observation windows,
the optimal decision delay is generally the one that allows the capture
of the maximum energy from the useful symbols. When a decision-
feedback section is implemented, the interference from past symbols
is assumed to be perfectly removed : in that case, the decision delay
A is restricted to the (shorter) interval Ny —1 <A < Ny + L — 1.

e N, is the length of the feedback section. It gives the number of past
blocks of symbols whose contribution is subtracted from the output of
the feedforward section to build the DF estimates, in addition to the
decisions already taken in the current block. For a given pair (N, A),
the number of past blocks affecting the output of the feedforward
section is N, = N ¢+ L —1~— A. The feedback parameter should be
selected in the interval 0 < Ny < Np. In the sequel, a maximum-
length feedback section is assumed, i.e. Ny = Nj,.

The following generic FIR observation model is used for the derivation of
the MMSE FIR JD coefficients :

y-p () = [Hy, | 1§, () + 0,1 (n). (5.88)

This model combines the initial FIR observation model (4.49), developed
in the context of baseband FB transmission, with the newly defined param-
eters Ny, A and V. The extension to CAP-FB transmission is immediate.
The case of CAP-CDMA with long codes deserves a specific treatment and
is discussed in detail in Section 5.5.

5.5.1 MMSE linear joint detection

The FIR linear JD computes estimates of the transmitted symbols as fol-
lows :

I(n)=W.r%,_.(n) (5.89)

where W is a matrix of size N x NyM. The estimation error is given by
e(n) = 1(n) —1(n) = (E, ~WH, ) .If,(n) = W.nf,_;(n)  (5.90)

where the extraction matrix F N defined by

EA = ( QNXAN ‘ EN ‘ QNbeN ) . (5.91)



182 Joint Detection

The orthogonality principle states that the error variance is minimal when
the error is orthogonal to each data sample. Hence the cross-correlation
between the error and received vectors is

R, =0y, v (5.92)

The expression of the MMSE linear JD becomes

_ —1
W = R, R

=Ir

-1
_ 24T 2 2 T
- EA 1 ﬂNf (Un ngM +tor ﬂNf ﬂ]\[f) (5'93)

-1
— -2 —24,T T -2
= B, (077 By, Font Y Hy ) HE 0n? (5.99)
where the last equality results from the matrix inversion lemma. The first
stage g%f o2 of the FIR MMSE linear JD is equivalent to a bank of N

n
matched filters, each one providing Ny + L outputs corresponding to the
Ny + L symbols contributing to the received signal segment. Some of these
filters are truncated, due to the limited size of the observation window.
The second stage is a square matrix of size (Ny + L)N whose purpose is to
minimize the interference. It is given by the inverse of the key matrix

R, = (o072 24T
ENf o (UI E(Nf-l-L)N t+o, ENJ, ﬂNf) . (595)

The last stage I A selects the appropriate block of IV symbols according to
the chosen decision delay. A modification of the decision delay A for a fixed
detector length Ny just requires the modification of the extraction matrix
F, in the JD expression (5.94). The symbol estimates (5.89) are

i) = By [(Eqn, 1w — B 072) 18,00) + (B 015, ) n ()
(5.96)

and the corresponding error covariance matrix becomes

_p ROiET
Eei - EA ENf EA' (5-97)

5.5.2 MMSE decision-feedback joint detection

The FIR DF-JD also uses a number of previous decisions to build improved
symbol estimates. As in the case of the IIR DF-JD, it is assumed that each
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time a new symbol is detected, it is used for the next estimation to be
performed. Hence, the estimation is computed as follows :

i(n) = W.1§,_p(n) - (B~ E,) Iy, () (5.98)

where the causal feedback matrix B has the following structure :

EZ(QNAN\ o | B ENb). (5.99)

The first block B is constrained to be a N x N upper triangular matrix
with ’1’s on the 1 maln diagonal. In the next derivations, the decisions are
assumed to be correct.

We can use again the orthogonality principle. It comes

W = Elr E;r
-1
— ofBHT (agE +oiH, ML ) (5.100)
—1 _
= BR, M 0. (5.101)
The error covariance matrix becomes
_RR 'RpT
R = EENf B. (5.102)

Let us now derive the optimal feedback matrix B. First of all, we note
that the Cholesky factorization can be applied on the symmetric positive
definite matrix ENf defined in (5.95) :

n _ T
R, =L, D, LL (5.103)

where ng is a lower triangular matrix and QNf is diagonal. Using (5.103),

the error covariance matrix in (5.102) can be written as follows :

R, = (BL) Dy (BL) . (5.104)

The product Eé&f has the same structure as the feedback matrix B it-

self, i.e. the structure given by Equation (5.99). As a consequence, the
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estimation error variances are lower bounded as follows :

aig () = ding ([E,+ (BT -2,)] Dy [£,+ (L7 -] )

T
— diag <F D*lFT+[BL*T—F }D’l [BL’T—F } )

> diag (E, Dy FY) (5.105)

with equality if and only if Egj_va = Eﬁ The optimal feedback matrix and

the associated error covariance matrix are

— T o 1 =T
B=E,L,, R =E,Dy E,. (5.106)

The estimation error is white, and the error variances are given by a subset
of the inverse eigenvalues of the key matrix R Ny The subset depends on the

selected decision delay A. The optimal feedforward matrix (5.101) becomes

_ “17-14T _—2
E_EAQN]C éNf ﬂNf o, (5.107)
Finally, it can be demonstrated that, as in the IIR scenario, the product
of error variances does not depend on the decision ordering. Let Q be
the permutation matrix associated with an arbitrary permutation of the

decision order. This matrix, obtained by permuting the columns of the

size-N unit matrix, is unitary, i.e. Q QT = E . The key matrix E(q)

X N
associated with the new decision order is given by
=@ _ A% Ean
Ry =QR, 9"  with Q= Q (5.108)
=Ny — =Ny = = ==
EN;,N

Let QS\?J); be the diagonal eigenvalue matrix associated with Eg\cg The prod-

uct of estimation error variances obtained with the permuted decision order
is given by

[T(R2) = aet(r, (D) 1) (5.109)

det (Q [E, Dy F1] Q") (5.110)

= det (FADNjCFi):ﬁ[l(REE)pp. (5.111)
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The second equality can be demonstrated by using the nesting property of

the Cholesky factorization. This property states that the lower triangular
(9)

and diagonal Cholesky factors of the k£ x k submatrix of E formed from
its first k& rows and columns are equal to the first £ rows and columns of

() (@) ;
L ]\Cff and Qﬁf, respectively.

5.5.3 Complexity analysis

In this Section, we analyze in more details the complexity associated with
the computation of the filter coefficients.

The FIR linear JD is given by Equations (5.93) and (5.94). Both the direct
and indirect expressions can be used to compute the filter coefficients. The
best choice depends on the respective size parameters IV, M, L, Ny and A.
As the indirect method (5.94) must be implemented for the derivation of
the DF-JD filters, we propose here the analysis of the direct method (5.93)
for the computation of the linear JD.

Algorithm 5.1 Computation of the FIR linear JD coefficients :

(HNf’U%’U’%) -

with the direct method. The algorithm proceeds in three steps:

1. Computation of the channel output correlation matriz:

2 2 T
R = U”ENfM +O-]§Nf ﬂNf‘

The result is a Hermitian block banded matriz with Ny blocks of size
M x M and a bandwidth of L blocks.

2. Cholesky factorization of the channel output correlation matriz:

R =1L
=rr

The Cholesky factor ér 1s lower triangular and has the same size,
block-size and bandwidth as R

=rr’

3. Resolution of the Wiener-Hopf equation:

(L) W' =Ry,

This implies N resolutions of two banded triangular systems.
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Figure 5.4: Matriz manipulations for the FIR linear JD computation
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Figure 5.4 illustrates the matrix manipulations associated with the three
steps of Algorithm 5.1.

The FIR DF-JD is given by Equations (5.106) and (5.107). The compu-
tation of the feedworward and feedback filters requires the factorization of
the key matrix ENf.

Algorithm 5.2 Computation of the FIR DF-JD coefficients -

(Hy, ot 0t) = (W.B)

The algorithm is made up of three steps:
1. Computation of the MMSE matriz:

R. = (01_2E

—29,T
=Ny =(Ns+L)N +0n H H ) . (5112)

The result is a Hermitian block banded matriz with Ny + L blocks of
size N X N and a bandwidth of L blocks. The computation may be
restricted to the first N(A + 1) columns.

2. Cholesky factorization of the MMSE matria:

= = =T

ENf B éNféNf'
The Cholesky factor énz 15 lower triangular and has the same size,
block-size and bandwidth as ENf. The feedback filters are then imme-

diately obtained with elementary matriz manipulations:

/2 _ g (T
Dy? = diag(Ly ) (5.113)
B = F. DL (5.114)

3. Computation of the feedforward filters:

T T _ —249,/T
Ly W, =0, Hy . (5.115)

Only the first (A + 1)N rows of ENJ» need to be computed. This
equation represents Ny times M triangular systems of decreasing size
from (A +1)N down to (A 42— N¢)N. The feedforward filters are
then obtained by:

W= EAQJ_v;ﬂENf' (5.116)
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Figure 5.5: Matriz manipulations for the FIR DF-JD computation
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Table 5.1: Approzimate complexity (in scalar operations) associated
with the full computation of FIR-JD coefficients

Full Linear JD Full DF-JD
1 NM? IN;L? N2M  INgL?
2 || M3 (§NyL?—1L3) | N3(3NfL? — 1L3)

3| NM? 2(NyL—3L%) | N°M 4N7L

Figure 5.5 illustrates the matrix manipulations associated with the three
steps of Algorithm 5.2.

Table 5.1 gives a rough order-of-magnitude estimate of the computational
complexity associated with each of the three steps of the presented algo-
rithms, assuming Ny > L > 1. The values given here correspond to the
approximate number of scalar operations required for each matrix manip-
ulation, taking the banded structure of the matrices into account [60].

Faster algorithms can be investigated when the channel matrix H ; has a

periodic structure :

e Concerning the FIR linear JD computation with the direct method,
the channel output correlation matrix R is then block-Toeplitz. Its
computation (Step 1 in Algorithm 5.1) requires only O (N M? %LQ)
scalar operations. The resolution of the Wiener-Hopf equation (Steps
2 and 3 in Algorithm 5.1) can be performed by N successive appli-
cations of the Levinson algorithm [60], which requires O (NM? NyL)
scalar operations.

e Concerning the FIR DF-JD computation, the key matrix ENf is then

also block-Toeplitz. The computation of the key Cholesky factor L
(Steps 1 and 2 in Algorithm 5.2) can be performed very efficiently
by using the so-called generalized Schur algorithm. This method is
based on the observation by [61] that the block-symmetric matrix

2
UHEN M 2]\/
My 21 ™ g ! (5.117)
=N I =(Ny+L)N
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admits a triangular factorization of the following form :

E T
w8 [ ]2 ]
= L, L “Evn)n L, L

(5.118)
where the lower triangular matrix é3 satisfies the relation
7 _ T
ENf =L, L, (5.119)

so that the desired Cholesky factor LNf is given by

ng = ég. (5.120)
The triangular factorization (5.118) can be performed with simple
operations (Givens rotations and hyperbolic rotations) on the matrix
M Ny which requires O (N 2(Ny+ L)2) scalar operations.

5.6 Joint detection for CAP-CDMA with long codes

The linear and DF IIR MMSE JDs designed for a CAP-CDMA transmis-
sion system with long codes are also given by Equations (5.55) and (5.72),
respectively, where the channel matrix H(z) is now of size MP x 2KP,
and corresponds to the observation model proposed in Equation (4.79).
Their interpretation deserves some comments. The matched filter receiver
H(1/2*) is made here of a bank of 2K P branches, each one matched to
a particular code segment of a particular user. In fact, the 2P parallel
matched filters associated with a particular user are nothing but a parallel
description (with P time invariant branches) of two periodically time vary-
ing matched filters. The outputs of these matched filters are downsampled
to the symbol rate (1/PT”). Then a MIMO equalizer §;1(z) takes care of
both multiple access interference and the possible interference between the
different code segments of the different users. In this MIMO filter, 2P out-
puts are associated with each user. Each one of these outputs is obtained
by processing the 2K P matched filter outputs by means of a specific set of
2K P filters. This again appears to be a parallel version of a time varying
process. For a given user the P sets of 2K P time invariant filters are in
fact equivalent to a single set of 2K P time varying filters, with period P.
Finally, the feedback section B(z) — E is also a parallel representation

. . . T =2KP
of a period P time varying feedback process.



5.6 Joint detection for CAP-CDMA with long codes 191

It turns out that, in principle, the detector should account for the possible
interference between any pair of segments of any pair of users. This strategy
which corresponds to the optimum setup is however very demanding. It is
well-known that the complexity of the MMSE JD coeflicient computation is
roughly proportional to the third power of the spreading factor (see Table
5.1). With the multirate description described above, the spreading factor is
virtually multiplied by P, which dramatically increases the computational
complexity. The purpose of this section is to investigate FIR solutions
of reduced complexity. The idea of reducing the complexity is to explore
what happens when a few segments only interfere with each other. In such
a situation, it seems logical to use only a limited number of received signal
segments rather than all of them.

5.6.1 MMSE linear joint detection

From the IIR linear joint detector described above (see (5.50)), the following
FIR version can be obtained :

o iy H(n+1)
Ly =W, W, W, D) | (5.121)
g H(n—1)

Complexity can be further reduced by using only N, segments of the re-
ceived signal to build the estimate of the current symbol. Assuming a
decision delay of A symbol periods, the estimation is now :

zA—1(7,L_|_ 1)
I ') =W z%*l(n) (5.122)

P—
zP*}szFL(n -1)

where matrix W has non-zero entries at the positions given by the shaded
area of Figure 5.6.

The number of filter taps associated with this simplified detection scheme is
much lower. In fact, the span of the time-varying detector made of modules
of size 2K x M may now be chosen with a better granularity: the number
of modules does not need to be a multiple of P or, equivalently, the span
of the detector does not have to be a multiple of P. A drawback, however,
lies in the need for these filters to be computed separately for each of the
P segments.

The 2K estimates at phase p are now given by:

T A
lp(n) = ﬂpﬁngb_‘_L(n) (5123)
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Figure 5.6: Feedforward and feedback time-varying filters
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Figure 5.7: Two successive channel matrices

with
+A A
Kg Nb+L( ) = ﬂprlgi—N ( ) + n Nb-I—L(n) (5124)
The segment-dependent channel matrix H o is illustrated in Figure 4.7.

The MMSE feedforward estimator for the Symbols corresponding to seg-
ment p is now (see (5.93) and (5.94)) :

—1
_ T T

ﬂp - FA HN D (U”EN M +UIHNf pﬂvaP) (5.125)
_ -2 —24,T T -
N G T Hprﬂpr) HY, o245.126)

where the new extraction matrix E A IS

EA - ( g2K><A2K ‘ Eﬂ( ‘ QQKbeQK ) . (5.127)

In the case of long CIRs and detectors (i.e. (N, L) > 1), it is crucial to
design a fast update algorithm for the computation of W W ., on the basis
of Ep. This is possible thanks to the specific structure of the successive
channel matrices ENf’p (see Figure 5.7) :

=

_ Ny-17g H
ﬂNf,p - 11 (i'? h )
- p

(5.128)

—
T
I
=Ny ,p+1 Ny—1¢ 0 H .
= P
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where H (p+1) = H, (p). Using this property, the three steps of Algorithm
5.1 can be replaced by the following updating process.

Algorithm 5.3 Update of the FIR linear JD coefficients :

1. Update the channel output correlation matrix:

Nf—l 1

= “—>

(p) — folﬁ E !1
=rr 11 r EO »

(5.129)

1 Ng—1

— 4

11 (5 ff
B+ = ] <7"1 i >p+1'

Using (5.128), we get (B)p+1 = (B)p-
computation of:

(2),.- (%)
4 p+1 =

The update reduces to the

h, h" hr
2 =0 =1 =0
(5 E) (E)
=0 /Jpt1 \ =1 Jph1
2. Update the Cholesky factor érpﬂ:
N<f:;1 (l}
Np—1 L 0
L, = " (ﬂQ z)
P ¢ 4
P
(5.131)
(l) Néc:;].
L 1] (lo 0> ‘
=rp+l Ne-1g \ L L, pt1

Part of the new Cholesky factor has first to be computed from scratch:

:<T0
h

(7) @

(5.132)

>p+1
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The remaining part, L, of the Cholesky factor fulfils:

(L,Lh +glle)p+1 = (%ég)p. (5.133)

The updated submatriz may be computed by M successive applications
of the Cholesky rank-1 update algorithm [60].2

3. Solve the new Wiener-Hopf equation with the updated ﬁw and the
new R
=Ir
T T T
<ép+1£p+l) LVp-i—l er(p-l- 1)'

A detailed complexity analysis will be given and discussed in Section 5.6.3.

5.6.2 MMSE decision-feedback joint detection

The FIR version of the full complexity DF joint detector (see (5.60)) is
given by:

. ry (n 4 1)
I0 (n) = [ H71 ﬁo ﬁl } r(}lzign) )
Iy n—1

a { <§0_E2KP) B, } [ilz 12 )_ 1) } . (5.134)

The reduced complexity decision-feedback estimation becomes:

oy [T B I (n+1)
I, n)=W ré’ '(n) -B-F) | I, '(n) (5.135)
rp N (n—1) Iy, (n—=1)

where E and E have non-zero entries at the positions given by the shaded
area of Figure 5.6.

2The Cholesky rank-1 update/downdate algorithm is an efficient method of computing

a lower triangular matrix L of size N1 and a rectangular matrix ﬂ2 of size Na X N;

satisfying the relation (LT LT) LT + (xT x)T'xT = (L L ) L where x; and x, are
vector columns. The algonthm apphes N, appropriate leens rot?xtlons on an augmented
version of matrix (LT LT) Its complexity is O(NT 4+ 2N1N2). If x, and x, are matrices
and not vectors, then the result is n consecutive updates using the n columns of x; and
X, 21 obviously appears as an updated Cholesky factor.
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The 2K estimates at phase p are now given by:

L) =W 20 () = (B, —F, )8 (). (5.136)

The optimal feedback and feedforward matrices are now (see (5.106) and
(5.107)):

— T
B, = E\Ly,, (5.137)
_ -1 —1 T )
ﬂp = E, QNf,péNf’p ﬂNﬁp Tn (5.138)
with
R. = (o072 —2,T _ T
ENf’p a (O-I E(Nf—i_L)ZK + Un ﬂNf’p Evap) - é]vap QNfzp évap'
(5.139)
The updating algorithm for the computation of (ﬂp+17§p+l>’ on the ba-

sis of (Ep’gp) is based on the following decomposition of the successive

channel matrices:

& & 4

_  Ny13% H H 0

Bvw = 0 (h}Q bf n
- o - p

(5.140)

Loaon

T T

T A
Bt = werg \ 0 ) H )
- - p

where ( H H )p+1 = ( H H )p. In its updating version, the filter

coefficient computation algorithm (Algorithm 5.2) becomes:
Algorithm 5.4 Update of the FIR DF-JD coefficients :

1. Compute the first 2K columns of the new MMSE matriz R

2N 1’
T
EO _9 EQK L Llo
T = o0} 0 |+ B (hy),,, (5.141)
T 0 h,

=27 pt1
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with
Loa
(oL
— B R R . (5.142)
ﬁNf,])—‘rl B Al L g 4
Nt \r, B R, 1
2. Update the Cholesky factor LNf It
& & 4
ay (Ly 00
Ny § L L, 0
NS = =y Z
" o\ T
L2 07 p
(5.143)
Loan
- 1 20
Ly = 204 L 0
Nt \ L Ly L p+1
The first 2K columns have to be computed from scratch:
l r
=0 T =0
:ﬁl (:lo)p+1 —| =, . (5.144)
2/ prl =2 7 p+l

The A2K next columns satisfy the update relation:

(2),,@r.-(2) w),-(1), 0.,

() O () 0 e

=2

This problem is solved by 3X2K successive applications of the Cholesky
rank-1 update/downdate algorithm.
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3. Update the feedforward matriz W

:Nf7p+1:
N<f:;1 (l)
Af l;Q 0
Wy,p = U U
No 3 l/ W, p
(5.146)
1 Nf—l
= s
1y (w0
T L e
Mg\ w, W, 1

There is a triangular system for the first 2K columns:

[0 h
( i > ( Lo > =52 < D > . (5.147)
G 20 /p N pp =1 7 p+l

The last (Nt — 1)2K columns satisfy the update equation:

<E§£§)p o= (ﬂgég)p (5.148)

which can be incorporated into (5.145).

5.6.3 Computational complexity

In this section, we evaluate the number of operations required by the com-
putation of the optimal filter coefficients for each code segment. Table 5.2
gives a rough order-of-magnitude estimate of the computational complexity
associated with each of the three steps of the presented algorithms, assum-
ing Ny > L > 1. The values given here correspond to the approximate
number of complex scalar operations required for each matrix manipula-
tion, taking the banded structure of the matrices into account [60].

Figures 5.8 and 5.9 give the exact number of real instructions required
for the full computation of a new set of JD coefficients, and Figure 5.10
compares the number of instructions required for the full computation to
that required for the updating procedure proposed above. To obtain these
curves, a specific number of instructions was associated with each type
of operation: 2 instructions for a multiply-and-add (which represents the
majority of the operations required by the algorithms), and 1 instruction
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Table 5.2: Approzimate complexity (in scalar operations) associated
with the fast update of FIR-JD coefficients

Update Linear JD Update DF-JD
1 (2K)M?* L? (2K)’M L
M3 5(NyL—1L?% (2K)® 14(NyL — $L?)
3 || @K)M? 2(N;L—3L?) | (2K)*M  (N;L — $L? +7N?)

DF N, -L=4
_ _ DFN,=L=8
16l —— DFN=L=12
4 LINN=L=4
| LINN-L=8

b 4

_ LIN Nb=L=12

Instruction count (x 106)

Figure 5.8: Instruction count for computing the JD coefficients vs. Ny
and Ny = L, with M = K = 10.
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Figure 5.9: Instruction
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Figure 5.10: Instruction count for computing the JD
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for the other operations. The displayed curves thus give approximately 2
times the number of scalar operations.
From these results, we can draw some general conclusions:

e When M = K, the computational complexity is higher for the DF-
JD (roughly proportional to NJ?) than for the linear JD (roughly
proportional to Ny). This appears in Figure 5.8. The impact of the
channel impulse response length L is comparable in the two cases.

e In the case of a long detector with Ny > L, the complexity associ-
ated with the computation of the feedforward section of the DF-JD
(proportional to N]%) becomes prohibitive (Figure 5.8). The direct
Equation (5.100) should be used instead.

e In some scenarios, it may be that M > K, especially for non-
saturated systems (K < N) operating at a fractional rate (N < M).
In that case, the complexity of the linear-JD algorithm is dramat-
ically higher than its DF counterpart. This effect is illustrated in
Figure 5.9. Equation (5.126) should be implemented instead of the
direct Equation (5.125) to reduce the complexity. It should be noted
that the fractional receiver oversampling factor can be chosen such
that M > N(1 + «) and hence the classical value of 2NV is not really
necessary. In any case, considering that M is generally proportional
to N, the resulting complexity increases with the third power of the
spreading factor.

e The proposed update algorithms are effective for long channels only
(L > 1). This is illustrated in Figure 5.10. This is a direct con-
sequence of the Cholesky rank-1 update/downdate algorithm: the
number of operations is O (n2) instead of O (n3) but the number of
instructions associated with each of these operations is higher.

5.7 ZF equalization for Cyclic-Prefixed transmis-
sion

The cyclic-prefixed block transmission system presented in Section 4.6 is
well-suited to low-complexity detection techniques exploiting the circulant
channel structure induced by the cyclic prefix extension.

Let us consider a single-user system. The received signal, after removal of
the CP, is given by
r=HI+n=C [SI]+n (5.149)
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where S is the signature matrix and C is a circulant channel matrix. The
channel matrix can be factorized as follows

T
C=WIAW, (5.150)

where ﬂN is the DFT matrix of size N.

In a zero-forcing context, the effect of the frequency-selective channel can be
easily suppressed by equalizing the received signal in the frequency domain :

=Wyr=AW, [SI]+ W, n. (5.151)

This equalization only requires the application of a diagonal matrix on the
frequency-domain samples y :

y=A"ly. (5.152)

P WLy =SI+ (WA W, | n (5.153)

The symbols are finally recovered by correlating the equalized signal with
the N signature codes s,(n) :

[=g"i=1+8" [ﬁﬁé_lﬂ,v] n=I+e (5.154)
The error covariance matrix is
R, =08 [ﬂ% é_QﬂN} S. (5.155)

The arithmetic mean of the error variances

— Z 02 = —tr { } (5.156)

is constant for all orthogonal signature sets S with §T S= E.

What really matters, as far as the bit rate computation is concerned, is the
geometrical mean of the error variances. This geometrical mean is actually
different for every set of orthogonal signatures. Two extreme cases can be
put forward :
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e The geometrical mean of the error variances is minimum when the
error covariance matrix is diagonal. Indeed, it is known that

N
11 (B,) =>dei(R,) (5.157)

with equality if and only if E@e is diagonal, and the right-hand side
of (5.157) does not depend on the selected signature set. A diago-
nal error covariance matrix is obtained by letting S = W, i.e. by
implementing a DMT system®. Among all CP transmission systems,
DMT is then the one that minimizes the geometrical mean of error

variances at the output of the linear zero-forcing receiver.

e The sum of error variances being constant, the maximum product
of error variances is achieved when all variances are equal. In other
words, the geometrical mean of the error variances is maximum when
the error covariance matrix has a constant diagonal. This is obtained
by letting S = E,, ie by implementing a single-carrier system.
Among all CP transmission systems, single-carrier is then the one
that maximizes the geometrical mean of error variances at the output
of the linear zero-forcing receiver. It also has the interesting property
that all N symbols in the block have an identical SNR at the receiver
output.

The other CP-based transmission schemes (like Hadamard transmission for
instance) have an intermediate score.

To conclude this section, we propose to show that the fundamental rea-
son for the difference of performance among the various CP transmission
schemes is neither related to the CP technique nor to the choice of a zero-
forcing equalizer, but is only due to the use of a linear receiver, which is
not the optimal structure. Let us consider a zero-forcing decision-feedback
(ZF-DF) receiver. In this structure, the feedforward part of the equalizer
is no longer made of one tap per subchannel in the frequency domain, but
is a full matrix described in the time domain. It is again assumed that
the receiver first removes the cyclic prefix, so that it works with the same
received vector r. The symbol estimates are now

[=Fr-|B-E,|I (5.158)

3 Actually, baseband DMT can be described by means of real signature codes s,(n).
See a discussion about this in Section 4.2.3.
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where B is the causal feedback section, i.e. an upper triangular matrix with
ones on the main diagonal. The derivation of the optimal matrices F and
B under a ZF constraint [62] requires the following Cholesky factorization :

o,”H"H=LDL". (5.159)

The optimal matrices are then given by
— 0,7:2 271 Lfl ET
= L. (5.160)

= 11

From (5.158) and (5.160

~—

, the symbol estimates are

| e >

=I+0,°D 'L 'H" n. (5.161)

The error covariance matrix is R = D~!. The geometrical average of the
error variances becomes

N
1 1 .
NH(Eee)pp = ~det(D) (5.162)
p=1
- %det (LDL")™ (5.163)
1

~1
-2 QT T A2
— ~det (028" WL A? W 8) (5.164)

N 2 -1
1 A

At the output of a DF-ZF receiver, the geometrical mean of the error vari-
ances is thus independent of the signature set. Furthermore, it can be easily
verified that the DF-ZF receiver is identical to the linear-ZF receiver in the
case of DMT transmission. The same level of performance (as measured
by the geometrical mean of error variances) is then accessible to all types
of CP transmission schemes as soon as ZF decision-feedback equalization is
performed in the receiver. This receiver, however, is rather complex, except
for the case of DMT transmission, where it is identical to the simple ZF
linear receiver.

5.8 Applications to the powerline channel

In this Section, the performance of a complete PLC system is analyzed,
combining the multiple access techniques proposed in Chapter 4, the chan-
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nel model introduced in Chapter 2, and the MMSE Joint Detector derived
in Chapter 5.

The frequency band available for powerline communications is supposed
to be in the range of 1 MHz to 10 MHz. Passband transmission is thus
required. A maximum power spectral density of J(f) = —60 dBm/Hz is
imposed for the transmitted signals in the whole frequency band.

A CAP-FB transmission system with a central frequency of f. = 5.5 MHz,
a chip rate of 1/T) = 9 MHz, and an average transmission power of P = 9
mW, is compatible with the proposed transmission constraints. The use of a
paraunitary FB with symbols of equal variance on all signatures guarantees
a flat power spectral density for the transmitted signal sum. The chip
shaping filters are sine- and cosine-modulated half-root Nyquist filters with
a roll-off factor of o = 0.22. Taking into account the roll-off effect, the
effective bandwidth of the transmitted signals is roughly 0 to 11 MHz. The
chip duration is 7/ = 111 ns.

The powerline network considered in the next computations is given in
Figure 2.12. The K = 5 users in positions 2, 5, 10, 15 and 20 are si-
multaneously active, and the differential propagation mode is considered.
Unused terminations are assumed to be left open. The computed end-to-
end channel responses are illustrated in the time domain in Figure 2.22
and in the frequency domain (0-50 MHz) in the lower part of Figure 2.23.
The top of Figure 3.15 also gives the channel frequency responses in the
range of 0 to 10 MHz. The minimum delay between two successive paths is
approximately 50 ns. Combining the significant channel paths with the ca-
ble responses and the modulated shaping filters, the global channel impulse
responses have an extension of approximately 9 us, i.e. L. = 81 chips.

In the next computations, the AWGN level is chosen as Ny = —140 dBm/Hz,
which is a rather optimistic noise scenario.

The receiver operates at a fractional rate M /T with M = 3. A finite-length
MMSE DF-JD provides noisy estimates I,(n) of the transmitted symbols.
The SINR'’s p, at the N detector outputs are computed assuming perfect
past decisions, and the user bit rates are finally obtained according to (4.56).
The SNR gap used in these computations is I' = 1 (which corresponds to

ideal transmission).
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5.8.1 CAP-FB systems : OFDMA, CDMA and TDMA

Three types of FBs of length N = 128 are firstly compared (see Section
4.2.3) : DFT filters (CAP-OFDMA), Hadamard codes (CAP-CDMA) and
single-carrier signatures (CAP-TDMA). For this choice of N, the symbol
duration is T'= NT! = 14us. The global channel impulse responses have
thus an extension of less than one symbol (L = 1). For this configuration,
an observation window of Ny = 3 successive symbols, combined with a
decision delay of A = 2 symbols and a feedback section of length N, = 1,
is sufficient to approach the optimal performance.

Tables 5.3, 5.4 and 5.5 give the bit rates (in Mbits/s) obtained with the
three CAP-FB systems. The first rows correspond to the single-user con-
figurations, obtained when all of the N signatures are allocated to a single
user. As expected, the SU rates are identical for the three filter banks. In a
multiuser configuration, a balanced signature allocation should be derived,
that would provide each user with a bit rate in proportion with its own
potential :

e Using TDM(A), the channel can be dedicated to each user in turn,
which corresponds to K successive SU configurations, with time in-
tervals of equal duration for each user. In that scenario, each user
gets 20 % of its SU bit rate. The obtained rates are given in the
second rows. A better performance can be expected by using a smart
signature allocation algorithm.

e In the downlink, the partial bit rates Ry, obtained with the MMSE
DF-JD by allocating signature p to user k, can be computed once
for all. Algorithm 3.6 introduced in Chapter 3 can then be used to
solve the problem of optimal subchannel assignment with balanced
rate constraints. The obtained maximum balanced rates are given in
the third rows.

e In the uplink, the subchannel assignment problem is much more diffi-
cult to solve. Indeed, by using the MMSE DF-JD, the partial bit rates
Ry, for a given subchannel p actually depend on the allocation of the
N — 1 other subchannels. The following method was used to obtain a
good (if not optimal) signature allocation. Starting from the optimal
signature allocation for the downlink (which is easily obtained with
Algorithm 3.6), some signatures are successively transferred from one
user to another, until the balanced rate constraints are almost satis-
fied. Five quasi-balanced signature allocations can then be obtained,
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Table 5.3: CAP-OFDMA: mazimum balanced rates (in Mbits/s)

Configuration H User 2 User 5 User 10 User 15 User 20 H %
SU-OFDM || 218.13 195.90 156.94  123.04 92.98 || 100.0
TDMA-OFDM 43.63  39.18 31.39 24.61 18.60 20.0
downlink-OFDM 51.42  46.18 37.00 29.00 21.92 || 23.6
uplink-OFDMA 52.39  47.05 37.69 29.55 2233 || 24.0
Allocation 1 52.57  47.08 38.54 26.99 24.05
Allocation 2 53.12  48.33 36.94 28.90 22.26
Allocation 3 51.02  46.75 39.99 28.88 22.00
Allocation 4 51.56  50.02 38.48 27.36 22.01
Allocation 5 52.75  46.51 36.80 30.61 22.26
Table 5.4: CAP-CDMA: mazimum balanced rates (in Mbits/s)
Configuration H User 2 User 5 User 10 User 15 User 20 H %
SU-CDMA || 218.13 195.90 156.94  123.04 92.98 || 100.0
TDMA-CDMA || 43.63  39.18 31.39 24.61 18.60 || 20.0
downlink-CDMA || 49.92  44.83 35.92 28.16 21.28 || 22.9
uplink-CDMA 50.81  45.64 36.56 28.66 21.66 || 23.3
Allocation 1 51.55  44.33 36.00 30.19 21.52
Allocation 2 51.23  45.47 37.21 28.28 21.58
Allocation 3 51.27  47.85 35.40 28.11 21.55
Allocation 4 50.53  44.33 37.07 29.97 20.94
Allocation 5 50.48  44.49 37.18 27.96 22.65
Table 5.5: CAP-TDMA: mazimum balanced rates (in Mbits/s)
Configuration H User 2 User 5 User 10 User 15 User 20 H %
SU-SC || 218.13 195.90 156.94  123.04 92.98 || 100.0
TDMA-SC 43.63  39.18 31.39 24.61 18.60 20.0
downlink-TDMA || 43.63  39.18 31.39 24.61 18.60 || 20.0
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Figure 5.13: SINR at the output of the MMSE DF-JD vs. tone index,
CAP-OFDMA with N = 128 tones.
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Figure 5.14: SINR at the output of the MMSE DF-JD vs. code index,
CAP-CDMA with N = 128 codes.
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Table 5.6: CAP-CDMA with long codes: mazimum balanced rates (in
Mbits/s)

Configuration H User 2 User 5 User 10 User 15 User 20 H %

SU-CDMA 218.13 195.90 156.94 123.05 92.99 || 100

TDMA-CDMA 43.63 39.18 31.39 24.61 18.60 20

uplink-CDMA 44.29 40.10 32.02 25.90 20.85
20.31 % 2047 % 20.40 % 21.05% 2243 %

that differ from each other by only one subchannel. Perfectly balanced
rates are finally obtained by time-sharing between the 5 proposed al-
locations, with appropriate sharing coefficients. The uplink balanced
rates obtained with this method are given in the fourth rows, while
the last rows give the user rates corresponding to the 5 discrete sig-
nature allocations.

In a multiuser configuration, the performance of the MMSE DF-JD now
depends on the selected filter bank. No gain can be expected from the
CAP-TDMA system (single-carrier signatures), as all signatures have an
identical spectrum. A rate gain is achieved with the two other systems as
they are able to shape the spectrum of the transmitted signals in accordance
with the physical channels.

Figures 5.11 and 5.12 give the power spectral density (in dBm/Hz) of the
transmitted signals in uplink, for the selected signature allocations in CAP-
OFDMA and CAP-CDMA. These Figures also illustrate how different filter
banks are able to shape the spectrum of the transmitted signals with specific
degrees of freedom.

Figures 5.13 and 5.14 show the distribution of the SINRs at the output of
the MMSE DF-JD vs. the signature index, for both the single-user CAP-
OFDMA and CAP-CDMA systems. The continuous lines give the matched
filter bound. Circles are used to denote the signatures selected for users 2
and 10 by the allocation algorithm in the downlink.

5.8.2 CAP-CDMA with long codes

For the purpose of comparison, a long-code CAP-CDMA system is consid-
ered, with short Hadamard codes of length NV = 20, and a long-code with a
periodicity of P = 64 segments obtained by truncating a Gold code of length
1023. For this choice of N, the symbol duration is T'= NT = 2.22us. The
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global channel impulse responses have thus an extension of L = 5 symbols.
For this configuration, an observation window of Ny = 12 successive sym-
bols, combined with a decision delay of A = 11 symbols and a feedback
section of length Ny = 5, is sufficient to approach the optimal performance.

Table 5.6 gives the computed user rates (in Mbits/s). The first row gives the
single-user rates, obtained by allocating the N = 20 spreading codes to the
same user. These rates are almost identical to the SU rates obtained with
a paraunitary FB (and no long code). The second row gives the balanced
rates obtained by time-sharing between single-user configurations. The
third row gives the user rates obtained by allocating arbitrarily 4 spreading
codes to each of the 5 users. These rates are not exactly balanced : a
slight power control could be investigated to obtained perfectly balanced
rates. Actually the rate gain with respect to the time-sharing solution is
negligible.

Figure 5.15 illustrates the power spectral density of the transmitted signals,
which are approximately flat in the whole frequency band. The global PSD
of a given user is obtained by combining the PSDs of the 4 subchannels
(4 spreading codes). The PSD of a given subchannel is then obtained by
combining the PSDs associated with each of the 64 code segments.

Finally, Figure 5.16 gives the distribution of the SINR at the output of the
MMSE DF-JD as a function of the code segment, for each of the 4 spreading
codes of users 2, 5, 10 and 20. The horizontal dashed lines give the average
SINR associated with each spreading code (obtained by considering the 64
code segments). It turns out that the different symbols associated with a
given spreading code may have quite different SINRs.

5.9 Conclusion

In this Chapter, fundamental limits have been derived on the performance
of the FB-based multiple access scheme presented in Chapter 4. The
matched filter bound, on one hand, provides a useful information on the
maximum signal to noise ratio that can be expected by allocating a given
signature to a given user. This bound can be a starting point for a signature
allocation algorithm. This bound, however, is not achievable in a practi-
cal system. In particular, it does not account for the mutual interference
between signatures.

A more useful bound is the capacity region of the FB-based multiple access
system. It differs from the general capacity region defined in Chapter 3
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Figure 5.16: SINR at the output of the MMSE DF-JD vs. code seg-
ment, CAP-CDMA with N = 20 spreading codes, and a long code
periodicity of P = 64.

by the fact that the power spectral density of the transmitted signals is
now restricted by the selected FB. In other words, the signature allocation
algorithm allows the shaping of the transmitted PSDs, but with a limited
flexibility that is closely related to the nature of the FB and the number
of available subchannels. For a paraunitary FB, the FB-based single-user
capacity has been shown to be independent of the FB, and identical to the
true (PSD-constrained) single-user capacity. The boundary of the capacity
region, however, differs from one FB to another, as it depends on the flex-
ibility with which a given FB is able to shape the PSD of the individual
transmitted signals. For a given FB, the computation of the balanced ca-
pacity was shown to be extremely difficult. Lower and upper bounds have
been proposed, which are easier to compute.

Linear and decision-feedback MMSE joint detectors suited to the FB-based
system have been proposed as a practical and efficient solution. Infinite de-
tectors were firstly introduced. Their performance provide an upper bound
on that of the practical finite-length detectors. The arithmetic mean of the
estimation error variances (for the linear JD) and the geometrical mean
of the estimation error variances (for the DF-JD) were shown to be inde-
pendent of the FB if the paraunitary property is satisfied. Moreover, it
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was shown that the single-user capacities and the sum-capacity of the mul-
tiuser channel could be achieved by means of an infinite DF-JD followed
by AWGN decoders. This proves that the MMSE DF-JD is an efficient
solution to transform the initial FB-based frequency-selective system into
a set of parallel and independent subchannels. All points of the capacity
region are not achievable with the DF-JD, however, as successive decoding
among the users is generally required, which is not feasible with a causal
DF-JD.

The practical computation of joint detector coefficients has been analyzed
in detail as a function of the system parameters. Complex matrix ma-
nipulations are required (e.g. Cholesky factorizations), but the effective
complexity of these manipulations is reduced if the banded structure of the
matrices is taken into account. Anyway, the resulting complexity is still
proportional to the third power of the spreading factor N (which is also
the number of signatures), which restricts the feasability of the proposed
system to moderate values of N. The number of subchannels should be
sufficient, however, to allow the spectral shaping of the transmitted signals
with a good flexibility. The final choice for the number of subchannels is
thus a trade-off between performance and complexity issues.

The MMSE JD was shown to be also compatible with the long-code CAP-
CDMA system. The price to pay is the need for a systematic update of
the detector coefficients for every new symbol, which dramatically increases
the computational complexity of the receiver. Fast update algorithms have
been proposed to reduce that complexity, but the complexity reduction is
rather low. For this reason, long-code CAP-CDMA is not a good candidate,
and short-code CAP-CDMA with an efficient code allocation algorithm
should be preferred.

Finally, the linear zero-forcing receiver has been shown to be a powerful
low-complexity solution suited to the cyclic-prefixed FB-based downlink
transmission scheme. In each receiver, the signal just needs to be equalized
by a single coefficient in the frequency domain. Back to the time domain,
the symbols are finally recovered by a simple correlation with the adequate
signature code. This solution has a low complexity, even with large values
of N. It represents an attractive alternative to the MMSE-JD for the
downlink. In order to limit the rate loss induced by the cyclic prefix,
however, the number of subchannels N should be very large.
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Chapter 6

Performance loss in
non-ideal conditions

6.1 Introduction

The performance analysis proposed in Chapter 5 has been carried out with
the assumption that the joint detector is operated in ideal conditions. By
this, we mean that two important hypotheses are satisfied :

e The clocks of the K transmitters and that of the unique receiver are
perfectly synchronized. This implies that the received sequence of
samples can be effectively modeled by the filtering of the transmit-
ted symbol sequences by the nominal equivalent channels, plus the
additive noise. In other words, timing synchronization is ideal.

e The equivalent channels are perfectly known by the receiver, which
allows the computation of JD coefficients that are perfectly matched
to these equivalent channels. In other words, channel knowledge is
ideal.

In a practical system, these assumptions are not satisfied. Actually both
the clock alignment and the channel coefficients have to be estimated and
tracked. Maximum likelihood (ML) estimation techniques can be used to
derive efficient estimates of these parameters on the basis of the observed
noisy signal. ML timing estimation techniques are analyzed in chapter 7,
while the issue of ML channel estimation is beyond the scope of this work.
The parameter estimates obtained with these techniques are not ideal. It
follows a timing error €, for each subchannel (which is actually identical for
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all subchannels allocated to a given user), and an estimated channel matrix
H(z) = H(z )+H( ) that differs from the true value H(z). It is important to
evaluate the robustness of the proposed multiuser FB-based transmission
system with respect to these timing and channel estimation errors. The
performance degradation associated with these non-ideal conditions can be
modeled by means of an excess mean square error (MSE) at the output
of the joint detector. In the following, we assume that the timing and
channel estimation errors are very small, which allows the use of first order
approximation for the computation of the excess MSE. These conditions
are satisfied if the system is operated at high SNR.

6.2 Excess MSE in non-ideal conditions

The symbol estimates at the output of an IIR linear MMSE JD operated
in non-ideal conditions are given by

() = W(2) R, (2) (6.1)
where :

e The non-ideal JD coeflicients are based on the estimated channel

matrix E(z) :
11/ [o2 B, + o B E (1/27)] (6.2)

=

() = of q
= W(z) +W(2) (6.3)

where W(z) is the optimal linear MMSE JD associated with the true
channel matrix H(z).

e The asynchronous received sequences are related to the transmitted
symbols by

R.() = H_(2)1(z) +N(2) (6.4)

= Ry(2) +R.(2) (6.5)
where the asynchronous channel matrix q(z) contains the z-transformed
sequences hp,(mT + pTs + €) (see (4.38)).

The symbol estimation errors é(z) obtained in non-ideal conditions are given
by

|en>

(2) = L)1)
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where €(z) is the estimation error obtained with perfect channel knowledge
and timing synchronization. The mean square symbol estimation errors are

ra0) =5 [ Co (@)an (6.8)

2

From (6.7), the error power spectrum contains the following contributions :

1,6~ ()4 W) 3 R()]

Z*

W wh( 50| 69

-2

1 1
H H
+ W) 2 g W)+ W)+ W)
The first term is the MMSE obtained in ideal conditions. The second term
is the excess MSE due to channel estimation errors. The third term is the
excess MSE due to timing synchronization errors. Some cross-terms have

been neglected to obtain (6.9), for the following reasons :

e The cross-spectrum between €(z) and E(Z) Ry(z) is exactly equal to
zero thanks to the orthogonality principle.

e The cross-spectrum between W(z) Ry(z) and W(z) R.(z) represents
the coupling between the channel estimation and timing synchroniza-
tion effects. As both estimation errors are assumed to be uncorre-
lated, the expectation of these cross-terms is equal to zero.

6.2.1 Excess MSE due to channel estimation errors

Let us now compute how the channel estimation error E(z) is transformed
into an error on the linear JD matrix E(z) Developing (6.2), we get

W) ~ ol [HH<;>+ﬁH<;>] (6.10)
-1
(g, @+ o [HOE" ) + o m ()] |
~ W)+ ot (g ) (6.11)
- ) gy (e [HEE" )+ B E )] 4y o

where the second order terms were neglected and the following matrix per-
turbation property was used :

(A+a) 'mAT-AlaA™! (6.12)
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for an arbitrary small perturbation a of a given matrix A. The JD deviation

matrix E(z) becomes

We) x| By - W) ap p (IR EC)
- WEEE [ ¢ (6.13)
~ 2, OB )2 () - WEREWE) 610

in which (6.13) comes from the expression of the optimal linear JD in (5.53)
and (6.14) comes from the expression of the optimal MMSE in (5.58).

The excess MSE due to channel estimation errors is obtained by introducing
(6.14) into the second term of (6.9). This result is valid under the condition
that the CE error H(z) is small with respect to the true channel H(z). If
we make the additional assumption that the symbol estimation error €(z),
obtained in the absence of a CE error, has a small variance, then the first
term in (6.14) can be neglected, which provides a very tractable expression
for the CE-related excess MSE :
. _
IFz2(0) =~ Tee(0) +/ {W(em)ﬁ(em) WH(ejQ)lR R (ejQ)W(ejQ)]
=y

i (%) (@)} (6.15)
~ 10+ [ {WENEE) B, -1 @)

i () W)} (6.16)
~ Te(0) + 07 /_: {ﬂ(eyﬂ) [E(em)gff(em)} EH(SJ-Q)}%.

Let us model the CE error matrix E(z) as M x N mutually independent
white Gaussian sequences of length L + 1 and with equal variance U}QL. The
average CE error cross-spectrum is then

E{g(z)gH(z)} — (L+1)NGIE,,. (6.17)

Combining (6.15) and (6.17), the average MSE associated with the p-th
subchannel is finally
+oo
o? a?p +0?.(L+1)N .o} Z wg(n) (6.18)

€p
n=—oo
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where wy(n) is the p-th sequence of JD coefficients. The sum ), w?2(n) in
(6.18) can be interpreted as the sensitivity of the linear MMSE JD with
respect to CE errors. It is inversely proportional to the energy associated
with subchannel p. If the coefficients w,(n) are large, then the channel
estimation errors may be significantly magnified, resulting in large excess
MSE. If, on the other hand, these coefficients are small, then we do not have
significant error magnification. The CE error variance 0'}2” that depends on
the selected ML channel estimator, is proportional to the additive noise
power. The product o2 3" wg(n) is thus a representation of the inverse
SNR available in the p-th subchannel.

These results can be extended to the decision-feedback JD. In that case,

both the feedforward coefficients Edf(z) = ﬂdf(z) + ﬂdf(z) and the feed-

back coefficients E(z) =B(z2) + E(z) can deviate from their optimal values

as their computation is based on the non-ideal channel estimate E(z) =
H(z) + E(z) Using the properties of the optimal DF-JD, it can be shown

that the symbol error spectrum with imperfect channel knowledge is

7.0 =17 (2)+B() W(Z)VRORO(z)WH(;) EH(%)
+B()S (B (0). (619)

where gl (z) is defined in (5.56). There are two contributions to the excess
MSE. The first one depends on the error on the linear MMSE JD coefficients
W(z), whose first-order approximation is given in (6.14). The second term

involves the error on the feedback matrix coefficients E(z) This error can
be approximated as follows. Let gc(z) =8, (2) + gc(z) be the key power

spectrum (see (5.56)) based on the estimated channel E(z) The error on
the estimated key power spectrum is

5,(2) ~ o |B7(C)H() + B () ()| (6.20)

~

The estimated feedback coefficients B(z) are obtained from the factorization

of the estimated power spectrum gc(z) :

§.() =b"(1)

=4 %

[l=>

D(2) — B(z) = D(z). (6.21)
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The error on the key power spectrum gc(z) is related to the error on its

spectral factor Q(z) as follows :

§.() ~D"()AD(:) + D" () AD(x) + D" (L) AD(2).  (6.22)

After left division of Equation (6.22) by QH (&) and right division by D(z),
we get

D#()8,()D7' () ~ [AD(:) D' (2)

*

N

+[A}+[DH(1*)13H( JA| (6.23)

1
The first term in (6.23) is a strictly causal, monic and stable matrix transfer
function. The zero-order term in its z-expansion is a lower triangular matrix
with ’0’s on the main diagonal. The second term in (6.23) is a constant
diagonal matrix. The third term is strictly anticausal. Actually, any power
spectrum can be decomposed into a sum of three such terms. It follows the
next expression for the error on the feedback JD coefficients :

B(2) =D() =A"" |D#()S,()D'(2)| D(2) (6.24)

where [x(2)] . denotes the strictly causal part of the spectrum z(z). Using
(6.24) and (5.66), the second contribution to the excess MSE (last term in
(6.19)) can finally be written as a function of the channel estimation error
H(z) as follows :

B8 (B () ~ A D80 E)| A
1 i H
[D_H(Z*)C(z) D‘l(z)]+ At (6.25)

where S () is given in (6.20).

6.2.2 Excess MSE due to timing synchronization errors

In first order approximation, one can write

(=) + B, (2) Diag (e) + %Eg(z) Diag (2)  (6.26)
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where Diag (g) is a N x N diagonal matrix containing the timing errors
associated with the N subchannels, and Eo(z) (resp Eo(z)) contains the z-
transformed sequences of equivalent channels first (resp.i second) derivatives
with respect to the sampling instant. Let us model the timing errors gy,
as zero-mean Gaussian variables with variance O' . As the average timing
errors are assumed to be equal to zero, the first- order terms are discarded
in the next derivations, and only the second-order terms are considered.

The excess MSE due to timing synchronization errors is obtained by intro-
ducing (6.26) into the third term of (6.9), together with

R(:) = [H.()-Hy)] 1) (627)

—€

e(z) = [EN — W(2) gg(z)] I(2) + additive noise.  (6.28)

Keeping only the second order terms, it comes
2) = (o) + o | W)y () Ding () 1
+ 102 [E - W(z)H (z)} Diag (£?) H(

A D \Z) L, g\

+ ﬂ(z)gg(z)mag(g?) [EN—H(?( )WH(;*)H (6.29)

The third and fourth terms in (6.29) can be neglected if the nominal symbol
errors €(z) are small. The timing-related excess MSE is then obtained by
integrating the second term in (6.29) around the unit circle. The average
symbol mean square errors are finally

K
O'A =02 —1—012 Z Z Ek/ (6.30)

k'=1 | n=—o00p'cCps

where &, (n) are the first derivatives with respect to ;s of the sequence of
interference coefficients x,,(n). The factor between brackets in (6.30) can
be interpreted as the sensitivity of the p-th symbol error variance azp with
respect to the &’-th timing error g.

6.3 Sensitivity to timing offsets in a single-user

system

The effect of a timing offset on the performance of a single-user FB-based
transmission system has been analyzed in [63]. The present chapter ex-
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tends these results by considering paraunitary filter banks and assuming
an ideal half Nyquist pulse shaping filter in the transmitter, a static fre-
quency selective channel, and various IIR receivers. The independence of
the average timing sensitivity to the selected FB is demonstrated. This
study is restricted to a single-user scenario. Actually, the results can be
generalized easily to a multiuser system, but in that case, the global timing
sensitivity is strongly dependent on the selected signature allocation.

6.3.1 Baseband FB modulation
6.3.1.1 Timing sensitivity

In all generality, the symbol estimate at the output of the detector can be
written as :

Ie(n) = Jpe(n) +wpe(n). (6.31)

where J, .(n) = Zg;é TR T e(m) I,(n —m) and wy, c(n) represents
the contribution of the additive noise.

The interference coefficients x,,/ .(m) may be obtained by sampling a given
set of continuous-time interference waveforms x,, ,(t), that depend on the
FB, the channel and the chosen detector, at the symbol rate, with a timing
error g:

Tppt (M) = Tppr o(MT + €) (6.32)

In the z domain, the estimation errors are:

e(2) =L(:) - 1) = (X,(2) - Ey ) 1) + Wo(2)  (633)

where matrix X (z) has element (p,p’) given by the z-transform of the
sequence Z,,y -(m). The error covariance matrix is given by

R, =5 [ 2 (a0 =[R,,)+ R, 4R~ R+ Ry )

—ee - % TN

(6.34)
The first two terms give the total variance of the symbol estimates built
at the receiver, including the additive noise. The error variance on each
output is now the sum of two contributions:

o2, = wp(e) o] + yp o, (6.35)

The first term represents the residual interference between symbol streams,
the ISI inside each symbol stream and the self-interference (x,,.(0) — 1).
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The second term gives the contribution of the additive noise: its variance
is independent of the timing error. The proportionality factors z,(¢) and
yp may be computed from equation (6.34). The interference factor may be
decomposed into:

25(8) = 2, () + T (£) + 1 (6.36)
with the following definitions:
1 (" : :
@) = (5 [ X i)
- Pp
oo N-1

= Y e (m)? (6.37)

m=—00 p’=0

L[ i H(,jQ
@) = (57 [ XD XN 0) =2y (0003)
For the receivers investigated in this paper, it can be shown that the z(¢)
functions are even, with a global minimum at 0. For small timing errors,
the following approximation is valid:
2 2
g%, . d*zy(e)
zp(e) ~ xp(0) + - 7p(0), ip(e) = d§2

(6.39)

The signal to noise plus interference ratio (SINR) at the output of the pth

symbol stream is given by:

2 2
o7 o7

POZ RO 3 [0+ 25,0)] +mod

oe,
With the last approximation, the 3 dB loss offset is inversely proportional
to the initial signal to noise ratio and to the second derivative:

(6.40)

2
pp(0) 2p(0)
In the sequel, we propose to use this value #,(0) as a measurement of the

timing sensitivity. We just need to remember that the real sensitivity also
depends on the initial signal to noise ratio at perfect synchronization p,(0).

€p73dB ~ (641)

An interesting interpretation of this second derivative is obtained by ob-

serving that:
o0

N—-1
ip(0) 223" Y Jiyya(nT)P? (6.42)

p'=0n=—00
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In other words, the timing sensitivity is equal to the sum of the interference
waveform squared slopes sampled at the symbol rate. The last approxima-
tion is valid if zp,y o(nT) ~ 6(p — p")d(n), that is to say if the interference
level is low.

Let us show that the coefficients z,, (¢) can be expressed as the sum of a
few sinusoids. Using (6.37) and Q2 = 27 fT', we write:

1

zp, (€) = (T/ZT

2T

X (HXZ(f) df) (6.43)

pp

From (6.32), the discrete time spectra X _(f) are linked to the continuous
time spectra X _(f) by:

o)

X (f)=7 > X,(f—z)emi) (6.44)

n=—oo

By substitution of (6.44) into (6.43), we get:

M
Ty, (e) = {RM(O) + Z 2R {ezﬂjEATan(An)]} (6.45)

An=1

where the sequence of matrices R __(An) is defined as:

R, (an) =7 [ X, (OX( - T (6.46)

—0o0

and M = |[N(1+ «)|. It has been explicitly assumed that the spectra

Xpp (f), including the transmit filter, are zero for |f| > 12%”

The first contribution to the timing sensitivity is finally obtained as a sum:

2T
Te

M
2y 2t

An=1

iy, (0) = —( 2R [R,, (An)] (6.47)

- pp

The second contribution to the timing sensitivity can also be expressed as
a function of the continuous time spectra X (f):

iy (0) = 2T me®) / " (2nfy? X, dar (6.48)

dt? oo a Pp
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6.3.1.2 The matched filter receiver

The matched filter receiver has been introduced in Section 5.2. Notations
are reminded here in a single-user context, and with an additional timing
offset ¢.

The continuous-time interference waveforms associated with a matched fil-
ter bank are

i (£) = By (—1) © By (1) (6.49)

The matched filter outputs are obtained by first filtering the signal with
¢(—t) in the analog domain and sampling the result at a rate 1/7%:

ge(n) = [r(t) @ c(—t)] (nT. +¢) (6.50)

where ¢ is the timing offset caused by a non-perfect synchronization. The
corresponding polyphase components ¢. ,(n) = ¢-.(nN + p) are expressed,
with z transforms, as:

Q.(:) = G, (=) V() + U.(2). (6.51)

—Ve

The polyphase matrix G _(z) is Toeplitz with element (7, j) given by the
z transform of g(nT + (i — j)T' 4 €). The noise vector spectrum v (z) =
—=v

% go(z) does not depend on the sampling phase thanks to the noise sta-
tionarity. The matched filter outputs are finally computed by passing the
sequence ¢-(n) through a bank of analysis filters matched to the synthesis
bank:

L) = $"()Q0)
- (8"()6.56)) 1)+ W(2) (6.52)
— L)+ W.(2) (6.53)

with W_(2) = 8%(2%) U.(2). The matched filter estimation errors are de-

fined by e_(z) = I(z) —I(z). Assuming a paraunitary FB, the error covari-
ance spectrum writes:

1, =810 [0 (G0 -By) (675 - By ) + a2 Gy 500

(6.54)
Equation (6.54) implies that the arithmetic mean of the error variances
does not depend on the FB. As a consequence, we may expect that the
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average timing sensitivity + ~ Zp 0 acp(O) should also be independent of the
FB. To check this, let us derive a more adequate form for the general results
shown in (6.47) and (6.48).

The R R, covariance matrix appears to be:

2
o7

R,,(0)= o [ 87 [G el @] e (05)

The channel polyphase matrix G_ (€7?) is derived from the analog channel
transmittance G(f) as:

[QE(BJQ] l Z G(f 2mi(e+lp—aT) (f— 1) (6.56)

TL_—OO

It follows:

N
c@nel@n] =3 [a@)], (g,

Nt
N
An

1 n
“EY S 3 au-Rou-i-S

k=1 n=—00 An=—00

p2mie Gt 2miTe(p—k)(f =) p2miTe(k—a)(f—5— 5

R oricdn | n n An
T2 Z emsT[Z G(f—T)G(f—T—T)

An=—M n=—oo

e2miTe(p—a)(f—7 (Ze%](k a) (- ))] (6.57)

Using the following property:

_An N ifAn=IN,le Z
2mj(k—q)( J
Z € { 0 otherwise (6.58)

it appears that the non-zero terms in the last equation are limited to An =
0,£N. That is,

JON H (LGN o) 2 £ o) —2mj £ g
G (N GH () =R () + VTR (@) +e IR ()
(6.59)
where the following polyphase matrices are defined:
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o Egg(ejﬂ) is the polyphase matrix of Tic(g(t) ®g(t))

o Eg%(ejﬂ) is the polyphase matrix of Tic(g(t) ® g(t)eQWjTLc)

o Rgg, (€7 is the polyphase matrix of T%(g(t) ® g(t)e_QWjTic)

The last two matrices are non zero only if the excess bandwidth « is non
zero. For parity reasons, computation of equation (6.55) simplifies into:

R, = (5 [* @R, (s o]

2 J_ .= =99

2 T
+2cos(2;€) [;Ir/ §H(€jﬂ)§ggc(€j9)§(€jﬂ) dQ]

—T

2me
—) - 1)

[

2[5, (@ se) o]

2 J_ =

=R, ,(0) +2(cos(

(/) is defined as the polyphase matrix of 7 (g(t)®g(t) cos(QWTLC)).
By comparison with the general expression (6.45), we observe that the use
of a paraunitary FB reduces the size of the summation to only one term.

where R
g9

The second derivative of the continuous time interference waveforms can
be expressed as:

Poppalt) L7 g (i I\ G ( I
T d? =0 27 / _ [ﬁ (e™)R, (e™)5(e )]pp dQ (6.60)

where Eg.(ejg) is the polyphase matrix of §(¢). An alternative expression
is obtained from (6.49):

Py a(t) < &
Sl = [ emiptn ey = ws o
where &, and Wz? are the received symbol energy and mean square band-
width defined in (4.32) and (4.33).

Using these results, we can now compute the second derivative of the error
covariance matrix with respect to the timing offset, and derive the timing
sensitivity for each symbol stream &, (0):

2m . 9
?C) Eggc

™

3,0) = ding (£ [ 5% [(

T J—n

(@) - By ()] s(e?)in)
(6.62)
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From the last expression, we conclude again that the average timing sensi-
tivity does not depend on the selected FB, as already expected.

6.3.1.3 Baseband PAM and AWGN channel

Let us analyse in more details the general result presented above on a sim-
ple example: a single baseband PAM modulation (N =1, S(z) = 1) and a
frequency-flat channel channel (¢(t) = §(t — 7)). In this scenario, the chan-
nel correlation corresponds to a full raised cosine filter. The corresponding
spectrum G(f) is recalled here for convenience:

T. [l < h
G(f) =9 F (L+cos [T=(If| = f)]) fi<IfI<fo (6.63)
0 |1 > [
with f; = 12_% and fo = 12‘%‘, « being the roll-off factor. The received

symbol energy is Es = o7 [*_G(f)df = o}. At perfect synchronism, the
interference disappears and we get p(0) = 0%/02.

Equation (6.45) becomes:

tp(e) = [; / Z|G<f>|2df] + 20080 [} | _ane -

2me
T

= (l—g)—i—%cos(

; ) (6.64)

where (6.63) has been used to obtain the last expression. The first contri-
bution to the timing sensitivity is thus:

2T
T.

9 &

3

ity (0) = —( (6.65)

Equation (6.48) simplifies into:

B0 =2 [ CapP e =GR |G- syt +

1
—| =2w? (6.
o T ] W2 (6.66)

6

using (6.63).

These results are illustrated on figure 6.1. The dotted line gives the evolu-
tion of the term (6.66) with «: it appears that the concavity of the Nyquist
waveform at the origin increases with the rolloff. The continuous line gives
the total timing sensitivity #,(0), which decreases with the rolloff. With
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Figure 6.1: Timing sensitivity vs. roll-off for a single PAM modulation

the interpretation given in (6.42), this reflects the decrease of the Nyquist
waveform slopes around the zero-crossing points at higher «.

Figure 6.2 gives the profile of the SINR p(e) as a function of the relative
timing error €/7T,. The different sets of curves correspond to various levels
of additive noise: p(0) = 10 to 50 dB with a 5 dB step. Following (6.41),
the timing sensitivity is highly dependent on this parameter. The different
line styles correspond to distinct roll-off values: a = 0.1, 0.3 and 0.5. A
larger sensitivity at low a can be observed on the curves.

6.3.1.4 DMT and Hadamard modulations

Let us now investigate the effect of a timing error on DMT and Hadamard
transmission schemes, with the simple AWGN channel.

Intuitively, we may expect a higher timing sensitivity for the higher tones
and the codes with many transitions, as their spectrum is located at higher
frequencies. This is true for the term Z,,(0) = 2Wp2. But concerning
the first term &, (0), the effect is inverted: filters with higher spectral
components will be more influenced by the roll-off region, and the resulting
timing sensitivity is decreased. In the light of (6.42), this means that the
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Figure 6.2: SINR vs. timing error for a single PAM modulation

average squared slopes of the interference waveforms actually decrease for
the higher tones and the codes with more transitions, due to the roll-off
effect.

Figure 6.3 gives the timing sensitivity profile vs. the tone index p for a
DMT 512 transmission scheme. As expected, we observe an increase for
the second term &,(0) (upper curves). The total sensitivity (lower curves)
first increases with the tone index, and finally decreases for the higher tones.
This effect appears faster at high roll-off values. The curves corresponding
to sine and cosine filters are almost superimposed, with an exact matching
for p= N/2.

Figure 6.4 gives the same results for a Hadamard 512 FB transmission
scheme. The codes are ordered with their spectral content: the first code
has no transition, while the last code has the highest number of transitions.

In both schemes, and for any roll-off factor «, it can be verified that the
average &, corresponds to the single PAM value reported on figure 6.1.



6.3 Sensitivity to timing offsets in a single-user system 233

0.5
0.45-
0.4
0.35 =0
o =0.2
>
s 03f - o=04
é - a=0.6
$025F - 0=0.38
2 o
S L
£ 02
0.15 Total sensitivity
0.1F
0.05
0 — i i ;
0 50 100 150 200 250 300
Tone index p

Figure 6.3: Timing sensibility vs. tone index for a DMT 512 FB
scheme

6.3.1.5 MMSE receivers

Let us now analyze the timing error sensitivity associated with IIR MMSE
equalizers. The equalizers are computed at modem start-up by assuming
perfect synchronism.

For a paraunitary FB S(z), it can be shown that the estimation error co-
variance spectrum writes:

1 D =BES) 10 @] seBI) e

and
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Figure 6.4: Timing sensibility vs. code index for a Hadamard 512 FB
scheme

As pointed out in Section 1.3.3, it is known that the arithmetic mean of the
error variances at the output of a linear JD (B(z) = E, ) is independent
of the selected FB. Equation (6.67) shows that this property remains valid
even in the presence of an arbitrary timing error €.

We finally provide a way to compute the timing sensitivity of the presented
MMSE receivers:

X,(0) = diag <71T /7r B(ejﬂ)gH(ejﬂ)gg(ejﬂ)g(@jﬂ) BH(ejQ)dQ> (6.70)

—T

with

5,(0) = | (TS, MR, ()1 - 5 @R, ()] (67)

=g TC =Co c =Co =¢o

From (6.70), it appears that the average timing sensitivity is independent
of the selected FB in the linear case.
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6.3.2 Extension to CAP FB modulation
6.3.2.1 The matched filter receiver

To implement a FB-CAP matched filter receiver, the outputs of two quadra-
ture matched filters are first sampled at a rate 1/7, with a timing error ¢ :

( Zbéz)) ) N K 22:3 ) ®7’(t)] (nTe +¢). (6.72)

The polyphase components of the sequences g, .(n) and g, (n) are given

by
Q,.(2) |
Q,.(2) |

(z) G.(2)
(2) G

G
%
-G

[Va(z) ] n [ gb((g } (6.73)

where G _(z) and gg(z) are the polyphase matrices associated with the
waveforms ¢(t) and g(t), respectively, with

gt) = ct)®@c(—t) = ¢et)®e(—t) = [[f(t) cos(wot)] @ Le(t)

i) = d@e(-t) = —c(t)@e~t) = [[(t) sin(wot)] ® Te(t)

(6.74)

where I'¢(t) and I'c(t) are the baseband Nyquist pulse and physical channel
autocorrelation functions, respectively.

The matched filter outputs are finally obtained by using a bank of analysis
filters:

1] [&0]- 1561 [E3] o

Using the paraunitary property, the error covariance spectra write:

=50 ([ (e-By) (€7 By )

Z*

)| +oRg, @} s =1, @) @)

:Eb,séb,s
It appears again that the average error variance does not depend on the
selected FB. Furthermore, for a given basis function p selected in the FB,

the same error variance is obtained on each of the quadrature components a
and b. An explicit expression of the R 17 (€) covariance matrix that appears
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in the error variance equation can be found as in the baseband scenario.
The result is:

R, () =R

R, (0) + 2(cos(

JJ

c —YYc

+§§gc(€jg)} §(ej9)d(2} (6.77)

The resulting timing sensitivity can be derived consequently.

6.3.2.2 Single CAP and AWGN channel

Considering a single CAP transmission scheme (N = 1) and a frequency flat
physical channel, the channel correlation corresponds to a cosine modulated
full raised cosine filter g.(¢). The corresponding spectrum G.(f) and its
Hilbert transform G.(f) are:

Gll) = SIG( ~ fo) + G + fo)
Golf) = ZI-G(f = fo) + G + fo)] (6.78)

with G(f) given in (6.63). This implies the following property, which can
be checked easily:

/’ Golf) Golf D)+ Colf) Celf—Ag) df = /’ G(f) G(f—Dy) (6.79)

We first compute the noise-free estimate variance agp (¢) as a function of

the timing error:

mmazﬁ9=[lfﬂ 1G]

(59 [ [ GGt - 3+ nGis - )

2
) + — cos( 7TE) (6.80)
T
using (6.63) and (6.79). This result is exactly the same as in the baseband
PAM scenario (6.64): the CAP modulation has no influence on ¢%(¢). The
corresponding contribution to the timing sensitivity is given by (6.65).



6.4 Conclusion 237

The second contribution to the timing sensitivity is computed as follows:

Bn0) = 2 [ @rpPGdnd (6.81)
= G |G- et g| vremnr = o

Here the effect of the CAP modulation is sensible : a new term is added,
which increases the original timing sensitivity proportionally to the square
of the carrier frequency. This is obvious as the modulated interference
waveform contains higher spectral components.

6.4 Conclusion

In this Chapter, it has been shown how the performance computation of
the MMSE joint detectors introduced in Chapter 5 could be refined to take
into account the respective effects of non-ideal timing synchronization and
non-ideal channel estimation. These effects translate into an excess mean
square error (MSE) at the output of the joint detector. For a steady-state
system operating at high SNR, these effects are just second-order effects.
The derivation of the excess MSE is interesting, however, as it reflects the
robustness of the considered system against timing and channel estimation
errors. Equations (6.18) and (6.30) give the respective approximate excess
MSE obtained at high SNR (i.e. when the nominal symbol estimation
errors are small) : these expressions allow an intuitive interpretation.

The concept of timing sensitivity has been further developed in a single-
user context. The variance of the symbol estimation error at the output
of a given detector varies with the timing error €, with a global minimum
for e = 0. The second-order derivative of this function with respect to the
timing error can thus be interpreted as a timing sensitivity. The timing
sensitivity has been shown to be equivalent to the sum of the interference
waveform squared slopes sampled at the symbol rate. The average timing
sensitivity of a given paraunitary FB-based system has been shown to be
independent of the selected FB (at least for the matched filter and linear
MMSE receivers). Finally, the distribution of timing sensitivities as a func-
tion of the signature index has been analyzed for the DMT and Hadamard
filter banks, for different values of the shaping filter roll-off.



238 Performance loss in non-ideal conditions




Chapter 7

Timing synchronization

7.1 Introduction

The problem under consideration in this chapter is that of network timing
synchronization at the level of the head-end. During the acquisition phase,
the joint detector is optimized for the sampling phase at which the received
signal is sampled at this time, and also for the K phases at which the
chip-rate sequences are transmitted by the K users. The joint detector
is assumed to be non-adaptive : its coefficients are constant. During the
transmission, the system is in tracking phase : a synchronization mechanism
is responsible to keep the sampling phase at the receiver and the K phases
of the transmitters as close as possible to the nominal values for which the
joint detector has been designed. The user-specific misalignment cannot be
compensated by the common receiver clock: the timing error information
has to be sent back to the user modems via the downlink.

In the present chapter we design a generic decision-directed (DD) mul-
tiuser timing estimator for the maximum likelihood (ML) criterion and
compute the associated Cramer-Rao bound (CRB). We also derive practi-
cal timing error detectors (TEDs) suited to multiuser FB-based transmis-
sion. Throughout this chapter, the decision error rate is assumed to be
very low, so that the true symbols I),(n) are used rather than the decisions.
The performance of the timing error detectors considered in this chapter
has then to be considered as an upper bound on the true performance that
should take the effect of wrong decisions into account.
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7.2 Asynchronous FB-based multiple access

In Chapter 4, the FB-based multiple access model was presented in a per-
fectly synchronous context, i.e. with the assumption that the K transmitter
clocks and the unique receiver clock were perfectly aligned during the whole
duration of the transmission. In this section, we revisit the multiple access
model by introducing K + 1 delays T]i and 7" associated with the different
clocks. The delay 7" corresponds to the receiver clock while the remaining
delays 7} up to 7} are related to the different transmitter clocks. As these
clocks are physically distributed in different locations in the network, the
associated delays are a priori independent.

The continuous-time signal transmitted by each user (4.23) becomes :

+o00
T (®) = S w(n)plt - nTe+7f) (7.1)

n=—0oo

where vg(n) is the user-specific chip rate sequence obtained at the output of
the FB (see (4.3)). The delays 7/ are assumed to be close to their nominal
values which correspond to the desired user alignments.

After propagation over the multiuser channel, the received signal is sampled
at a fractional rate M /T and with an additional delay 7" representing the
alignment of the receiver clock. The cumulated timing delays are denoted
by 1, = T,§+TT and are gathered in the K x 1 vector 7. In the nominal mode
of operations, obtained at modem start-up, the delay vector is supposed to
be 7. The channel timing error, which corresponds to a user misalignment
and/or a receiver clock offset, is denoted by ¢ = 7 — 7,. Without loss
of generality, we assume in the sequel that the nominal delay vector 7,
is all-zero. This is equivalent to assume that the desired user alignments
are incorporated in the physical channel impulse responses cg(t). The M
received polyphase sequences are now :

Tpe(m) = 7(mI 4 pls+71") (7.2)
+o0o K

- Z Z Z h‘P,Pk#-?k (m - n)Ip<n> + Nprr (m) (7.3)

n=—00 k=1 peCy,
where the filtered continuous-time received signal 7(t) is given by

K

() =Y [ornt () )] + () (7.4)
k=1
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and the M N asynchronous channel sequences h, pi . (m) are defined by

+oo
hp e, (M) = Z sp(n)ex(mT + pTs — nT, + €x,). (7.5)

n=oo

With FIR channels, L + 1 asynchronous channel blocks H o of size
M x Nj can be defined for each user as in (4.45), on the basis of the asyn-
chronous channel sequences h, i, (m) defined above. The corresponding
asynchronous channel matrices H, _ are obtained as in (4.46). The matri-
ces of channel first and second derivatives Hk and Ek o0 88 well as the
corresponding channel blocks h k(n) and h fe, A€ defined in the same
fashion except that the polyphase components of hpi(t) are replaced by the

polyphase components of dhy(t)/dt and d*h,(t)/dt?, respectively.
The total symbol energy received from user k (see 4.32) is given by:
2L (07 u
gk- = Z gpk = U[Mtr ( 2y ek, Ek) (76)
pECk

The mean square bandwidth of the signal received from user k is defined
as follows:

+00
/ Zw | Hpp(w)]? dw

peCy
WE = —
/ > [ Hpp(w) ] dw
peCy,
T T .
. tr (Hk Ekgk Ek) o tr (Hk EkEk Ek) (7 7)
T T '
tr (Hk‘ Ekgk 5lc) tr (Hk‘ SkEk ak)

The above quantities & and W,f do not depend on the timing delays ¢
even if they appear in the definitions.

The asynchronous FIR observation model relating the received samples
within a length-N;T' observation window to the N transmitted symbol
sequences is now
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where the asynchronous global channel matrix H Ky ne is defined as in
(4.47). The corresponding matrices of channel first and second derivatives
are denoted by H Ny ke and ﬂ Np ke , respectively.

One can be also interested in a FIR observation model relating a number N
of consecutive outputs of the matched filter bank to the transmitted sym-
bol sequences. The Ny consecutive outputs associated with the signatures
allocated to the k-th user are given by

n1 "
(Xkaé) ne (n) = E, ﬂz]\;f-i-lz,k,o (Lf)n:rL (n) (7.9)

where the matrix g) is defined by
E@ = ( QNfoLN ‘ =N;N ‘ =N;NxLN ) (7.10)

In an asynchronous mode of operation, the ITR observation model becomes :

ng,k 2) L(2) + N, (2). (7.11)

The N symbol-rate sequences obtained at the output of a bank of matched
filters (5.12) are :

Y. (2) = B (1/2") R(2) = X_(2)1(2) + W, (2). (7.12)

where the global asynchronous interference matrix ég(z) includes K x K
blocks X, ,  (z) of size Nj, x Ny defined as follows :
2Lk ey

ékk’,ek/ (Z) % Efo(l/z )*k’ et (Z) (713)

The noise cross-spectrum is 2, (2) = NTXO( z). Let L(z) be the MIMO

spectral factor associated with the noise spectrum 2, (z), that is to say
_ H
X, (2) = L(z) L7 (1/2). (7.14)

A MIMO noise whitening filter g_l(z) can be placed at the output of the
matched filter bank, providing N filtered sequences g, .(n) as follows :

Y. (2) =L (2) Yo (2) = X (2) 1(2) + W (2) (7.15)

e
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with X (2) = L™ (2) X (2) and X (2) = L¥ (1/z). The noise-whitened
=€ = = =0 =
matched filter outputs are also given by

+oo K
Upe(n) = Z Z Z Tppt e, (M) Ly (n —m) + D or (). (7.16)

m=—oo k=1 p’eCy,

7.3 ML-DD timing estimation and the Cramer-
Rao Lower Bound

7.3.1 Derivation of the ML-DD estimator

The log-likelihood function of the received signal is:

K 2

(s () = D7 [Hy ey ] @)ty ()
k=1

(7.17)

where £ is a constant and ||x||? denotes the square norm of vector x. The
ML-DD estimate of the delays is the vector £* that maximizes this expres-
sion. In other words, the first derivative of the log-likelihood function with
respect to each timing parameter:

O [ [Lg] 1 1 : T
l[aék:g] T o2 [(1{) it () [ﬂvakvék}
K
((TE)Zl (n) - Z [ENf,k’,ék/] (lk’)Z;—i—L (n)>] (7-18)
k'=1

is zero for £, = &5 and k € [1, K]. This estimator is obviously unbiased
as E, {0A;/0¢} = 0 for £ = g. The timing estimation error is defined as
ég = é* —&.

7.3.2 True Cramer-Rao lower bound (DD-CRB)

The Fisher information matrix associated with this log-likelihood function
is the K x K symmetric and positive definite matrix whose elements are
defined by

Ay [r.|L €]
J(e,1) = —Ep T9i00, (7.19)
= (D o) [2,] @ @)

On
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where gkk, = {EnykstT [ENf,k',sk,}’ The expectation is taken with re-
spect to the probability density function of the received signal, which is
reduced here to the probability density function of the additive noise, as
the symbols are assumed to be perfectly known. From the Cramer-Rao

theorem, we know that

E, {AAT} -JEeD ' >0 (7.20)

where > 0 is interpreted as meaning that the matrix is positive semi-
definite. The lower bound on the timing error variance is dependent on
the specific sequence of information symbols involved in the received signal
segment [64]. In a tracking mode of operation, the timing parameters are
continuously estimated and the lower bound on the average timing error
variance becomes:

var(z) > Br {37, } (7.21)

Equation (7.21) gives the true DD-CRB associated with the FB-based mul-
tiple access system.

7.3.3 Modified Cramer-Rao lower bound (M-CRB)

The right-hand side of (7.21) is not easy to compute. Some simplifications
are made possible by using the law of large numbers, if the length N of
the observation interval (and the length of the corresponding sequences
of symbols) is long. In that case, the diagonal elements of the Fisher
information matrix are tightly distributed around a large mean, while the
non-diagonal elements are tightly distributed around a zero mean:

2

02 g
Jkkz ~ N[<Nfg§> megg, <\/Nf0_’;) 3kk:|
o2
Jppr -~ N[o, <\/Nfag> skk/] (7.22)

with
1
Mkk = ﬁftr (%k)
2 _ 1 2 (@ ’ 20 ?
Beo= o S (B) 3 (o),
| 7 v g>1

2

2, = N Z;(@kk) . (7.23)

ij
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The factor p? is defined by
=E{I'} Jo] — 1< 4/5 (7.24)

and depends on the PAM constellation used on the i-th symbol stream. The
quantities defined in (7.23) are independent of the observation window size
Ny (at least by neglecting the side-effect due to continuous transmission).

To get a tractable expression of the CRB, we have to observe two inequal-
ities:

e The symmetric positive definite Fisher information matrix, has the

property that:

_ 1
1z 5- V1 (7.25)

Inequality (7.25) becomes an equality if and only if the Fisher in-
formation matrix is diagonal. In other words, considering it as an
equality is equivalent to neglecting the performance degradation due
to the joint estimation process. For a long observation window, the
next approximation for the matrix inversion is valid:

J2
J! — kK 7.26
L L“k Jkk k%;k Sk Jirkr (7.26)

and the average inverse of the Fisher information matrix becomes:

_ 1 1 82/
E,{Q 1]%}%&{%} 1+EZ¢ (7.27)

oz TR R

The last factor appears as a correction term which decreases linearly
with the size of the observation window.
e The application of Jensen’s inequality’ to the convex function f(z) =

1/x gives:
E { ! }>1 (7.28)
"I S = Er {Jm} .

'If f(.) is a convex function and X is a random variable, then

E{f(X)} = f(E{X})
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As Jyy is concentrated near its mean, a second order Taylor expansion
of its inverse can be used (see [65], pp. 113) to provide the following
approximation:

1 1 1 s
Ef{ —‘tm—" 1+"f’f) 7.29
! {Jkk } Er{Jkx} ( Ny miy, (729)

The last factor appears again as a correction term which decreases
linearly with the size of the observation window.

In the light of relations (7.25) and (7.28), we obtain a modified (looser)
lower bound on the timing error variance:

A -1 1
var(ér) > |Er{J(e,1 == 7.30
@) > B D)5 = g (7.30)
From a careful examination of the {ENf ) EJ matrix structure shown in
(4.47), we can check that
_ (e Ve @ 1
My = N tr (:kk) = tr (:k,z—:k :k7€k> (7.31)

Using the definitions (7.6) and (7.7), the proposed modified bound is finally
given by :

26,170 1
’“] (7.32)

Var(gk) > |:N0 W

Note that this modified bound does not depend on the true value to be
estimated e.

The bound proposed in (7.30) corresponds to the modified Cramer-Rao
bound (M-CRB) introduced for vector parameter estimation by [66]. In
that reference, which corresponds to a NDA scenario, the symbols are con-
sidered as nuisance parameters. In that scenario, the symbol-dependent
(exponential) likelihood function has to be averaged over the symbols dis-
tribution before the logarithm is taken. This provides the following Fisher
information matrix:

_ 9?In [Ef {A (r.|1,é
Jw(e) = —En{ [ gikagj‘ £)}] } (7.33)

é=¢
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The authors showed that the M-CRB is always lower than the true NDA-
CRB. We finally have the following ordering between the bounds:

(E e < B{lie ]} = [,

M — CRB DD — CRB NDA - CRB
(7.34)

With PAM-distributed symbols I,(n), an exhaustive survey of all possible
symbol combinations should be performed to obtain the expectation E(.)
appearing in the expression of the true DD-CRB (7.21). The computation
of the true DD-CRB has thus a complexity that increases exponentially
with (Ny 4+ L)N, i.e. the number of symbols used to obtain the timing
estimate, and with the size of each PAM constellation. Let us consider a
simple transmission scheme with a single user (K = 1), a single signature
(N =1) and an AWGN channel (L = 1). The ratio of the M-CRB with
the true DD-CRB becomes :

DD-CRB ) 1
—— = — (6INg) Ej{ —— (7.35)
M-CRB (o7 {ZNJ’ ]2}
n=1"n
p2

where p is defined in (7.24). Figure 7.1 illustrates the evolution of the
ratio (7.35) with the length Ny of the observation window, for different
values of the PAM constellation size. The solid lines give the true DD-
CRB (obtained by an exhaustive computation), while the dashed lines give
the asymptotic approximation (7.36). Obviously, the proposed asymptotic
approximation is already tight with moderate values of N;. Moreover,
the M-CRB converges rapidly to the true DD-CRB. Extrapolating these
results to the general multiuser FB scenario, we assume in the sequel that
the M-CRB is a pertinent approximation of the true DD-CRB.

The M-CRB for a given user is the same as in the single user scenario,
that is to say it only depends on the average matched filter bound (MFB)
2, /Ny and the mean square bandwidth (MSB) W2 of the considered user.
However, both quantities are dependent on the individual channels and the
waveforms allocated to the different users. In a FB system, the waveform
allocation has thus a strong impact on the multiuser timing estimator per-
formance: it should be matched to the different channels in such a way that
the average MFB-MSB product is maximized for each user.



248

Timing synchronization

10 T T T T T T

T T T
—— 4-PAM, simulated
—— 8-PAM, simulated
—¥— 12-PAM, simulated
—+— 4-PAM, asymptotic H
—O— 8-PAM, asymptotic
—— 12-PAM, asymptotic

CRB - MCRB ratio [dB]
(¢,
T

&= -
ﬁ\‘ﬁi:&:ﬁ::$
0 1 1 1 1 1 1 1 1 1 1
0 1 2 3 4 5 6 7 8 9 10 11
Observation window length Lr

Figure 7.1: Comparison of the true DD-CRB and the M-CRB

In a single-user scenario, the M-CRB can be shown to be independent of
the FB as long as it satisfies the paraunitary property :

M-CRB

where g(t)

- z@ (zvfm) [“ {/_7; S (1) G (%) 8 (¢17) 353}]_1

() Bk ()0 o

is the channel correlation function.
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7.4 Symbol-rate ML-DD timing estimation

The previous section was devoted to the performance computation of an
optimal timing estimator placed at the channel output. This estimator has
an access to the received signal samples at a fractional rate M /T, which
represent a sufficient statistic of the continuous-time received signal.

The primary task of the receiver is to compute symbol estimates, by means
of an appropriate joint detector. The JDs analyzed in Chapter 5 are firstly
constituted by a bank of matched filters whose outputs are sampled at the
symbol rate. The matched filter outputs are then combined through an ap-
propriate MIMO filter (optionally with a feedback section) whose purpose
is to decrease the residual interference. This MIMO filter is invertible, so
there is no loss of information associated with it. The bank of matched
filters, however, represent a non-invertible operation, in the sense that the
channel output samples cannot be recovered from the matched filter out-
puts. This is not a problem regarding the process of symbol detection, as
the matched filter outputs actually represent a sufficient statistic of the
data symbols I,(n). But there is well a loss of information regarding the
process of timing estimation.

A class of timing estimators, the so-called symbol-rate timing estimators,
are intended to build estimates of the timing error on the basis of output
samples produced at the symbol rate, that is to say at the output of the
matched filter bank or that of the JD. The corresponding optimal perfor-
mance is necessarily lower than that of a timing estimator working directly
at the channel output. The purpose of this section is to derive the M-CRB
associated with the symbol rate ML-DD timing estimation.

Following the observation model given by (7.9), the log-likelihood function
of the received signal is now :

1 ni T
Ay L8) =w =55 { [(yg) (n) — |E, g .| W)t <n>]

n

e, 5] () - [, 2 ] @nitE o]} s

n2

The entries of the K x K Fisher information matrix associated with this
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log-likelihood function are now :

#ns i1

Juw(€,1) = —En T 0i.040 A (7.39)
1 ni+L — T n
= S{ahnie [8,] @t e}

where matrix ikk, is defined by

O, = H, . (D) (B, 20 m D) (E0) &, (740)

The M-CRB on the symbol-rate timing estimator is expressed as follows :

var (€x) > El{le]kk} = [J%tr <<I>kk)} . (7.41)

From the examination of the channel matrix structure, it can be shown

that for a long observation window Ny > L the trace of ékk' can be
approximated as follows :

tr (gkk> ~ Nytr {/_7; Yor (%) g?} (7.42)

with

X e, (2)
v, =X 0 - K0 [XO(Z)}—l | ks (7.43)

X e, (2)

An equivalent expression in the time domain can be obtained by using

Parseval’s relation : ‘
tr @Q ~ Ny AP (7.44)

where
+oo N

s N, () (7.45)
n=—o0 p=1 p’eCy,

The minimum error variance associated with a symbol-rate timing estima-
tor is thus inversely proportional to the sum of the noise-whitened interfer-
ence waveforms squared slopes, sampled at the symbol rate.
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7.5 Joint timing error tracking structures

7.5.1 Feedforward structure

In a DD feedforward mode of operations, at time m, the synchronizer tries
to estimate the vector of timing errors £ on the basis of a large set of
measurement data, and the knowledge of the data symbols. The vector of
measurement data is denoted by x.: it can be made of channel outputs,
matched filter outputs, or joint detector outputs.

A given DD feedforward timing error detector is characterized by a specific
timing error vector function S(zs,l, ﬁ) that should be close to the null
vector for £ = ¢ in the absence of noise. In the ideal case, an exhaustive
search on the trial vector £ would be performed, and the proposed estimate
would be £ such that:

S (x.,L&g") =0. (7.46)

= ({7 =)=

Because of the noise, the resulting estimate will differ from the true value
E.

As suggested above, the TED output for a given candidate timing vector
€ depends on the known data symbols I and the measurement data vector
X., which is itself a function of the data symbols, the additive noise and
the true timing error vector: x. = f(n,1,g). The TED output can usually
be expressed as the sum of three terms as follows:

5 (%7 17 QA) = S[ (17 §7 é) + Mn (Qa 17 §7 é)
= Sy(e.8) +N,(Lg, &) + N, (n,Le,é) (7.47)

where

e The first term S (¢, ) is the so-called ’S-hypercurve’ of the TED. It
is the expectation with respect to both data and additive noise of the
TED output.

e The second term N, (I,&,£€) is the self-noise. It represents the de-
viation of the TED output from the S-hypercurve due to the spe-
cific pattern of data symbols contained in the received signal. In a
given sense, the first two terms-sum S; (I, g, £) gives the instantaneous
pattern-dependent S-hypercurve.

e The third term N,, (n,1, g, €) represents the contribution of the addi-
tive noise. In the DD scenario, its expectation with respect to the
noise is supposed to be zero.
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The S-hypercurve evaluated at the true timing error, that is to say S, (g, €),
gives the average bias of the TED. The term S; (I, ¢, £) is the instantaneous
bias which depends on the data sequence.

To evaluate the mean square value of the estimation error, some approxi-
mations have to be done:

1. A first order expansion of the timing error vector function is per-
formed:

S(19) %8 (L) + |5 L) A (g

£9 2

where [%S (X I )} is the K x K TED Jacobian matrix with respect

to the candidate timing vector, evaluated at £ = . Using (7.46) and
(7.48), the correlation matrix of the estimation error becomes:

e faa?) 5 f (R 10)] st sne

i -
[ 5 (x..1 5)] } (7.49)
This linearization is valid for small timing errors only.

2. At high signal-to-noise ratios, the noisy fluctuation of the Jacobian
matrix with respect to its mean value is much smaller than this mean
value. From (7.46) and (7.48), the timing error vector is thus approx-
imated as:

A~ _[E {gs (5.1 )H_ls(&,l,s) (7.50)

= {%Sf Le, 6)] B S (x.,L¢) (7.51)

The correlation matrix of the estimation error becomes:

aSsI (Le, 8)] K {8618 (1))

[%Séf I, e)} (152)

E, {AAT}_[
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with

E, {S (x..Le) S (x., Lg)T} =S;(Leeg)S; (Lee)

+ B, {N, (0 Lee)N, (nLee)} (7.53)

The unbiased part of (7.52) has to be compared with the true CRB.

3. The correlation matrix obtained so far still depends on the specific
symbol sequence that is contained in the signal. To obtain the mean
performance of the timing detector, a statistical average has to be
performed on the data symbols. To simplify the computations, we
assume that the symbol-dependent fluctuation of the Jacobian matrix
with respect to its mean value is much smaller than this mean value.
In these conditions, the average correlation matrix of the estimation
error simplifies into:

B, {A.AD) = [%io (& s)] R [Enr {8 (x:L9)8 (L) }]

08
0e

-7
a eﬂ (7.54)
with

En,[ {S (KQ’ 17 §) S (ng la §)T} = SO (éa §) S(] (§7 g)T
+ E[ {Ms (L §7 §) Ms (L §7 §)T}

+ B {N, (0L )N, (0 Lee) | (7.55)

The use of this approximation is equivalent to the use of the M-CRB
instead of the true DD-CRB. The unbiased part of (7.54) has to be
compared to the M-CRB. The mean square value obtained by this
expression is lower than the true mean square value of the timing
error estimate.

A remaining question is the following: does the performance of the estima-
tor depend on the true value € to be estimated? It is not the case in the
single user scenario where the timing error function S (x., I, £) only depends
on the difference € — €. In the multiuser configuration, however, the timing
error vector function S (st 1 ﬁ) depends on all differences e, — €/ for every
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pair (k,k"). As a consequence, the performance of the multiuser timing es-
timator generally depends on the true value € to be estimated. Intuitively,
this can be explained by the idea that the inter-user offsets e — epr # 0
for k # k' can have a positive or a negative impact on the joint timing
estimation process.

Assuming in first-order approximation that the true value € does not mat-
ter, the TED output only depends on the difference £ —e¢. The terms in the
above expressions can then be computed for (£,¢) = (0,0) and the Jacobian
matrix with respect to the candidate timing vector can be replaced by the
Jacobian matrix with respect to the true timing vector:

g? (x..Le) = ——+ (x,Lg). (7.56)

7.5.2 Feedback structure

In a feedback system, an instantaneous estimate of the timing error vector
is computed at the symbol rate, and a timing correction is continuously
applied by a feedback signal sent on the downlink to resynchronize the user
transmitters.

At time n, a new block of N symbols is detected, and the TED output is
computed with £(n) = 0. In these conditions, the estimation error A, (n)
is equal to the true value itself, with the sign changed: A_(n) = —g(n).

The TED output vector is then transformed into a vector of K timing cor-
rections g(n) through the matrix gain gc(n) which can be time-dependent.
The timing corrections are finally filtered by means of a constant MIMO
K x K loop filter F(z). The feedback loop equations are given by:

en+1) = en)—zn) (7.57)
En) = E(2)® K (0) 8 (x.(0),1(n),0)] (7.58)

™

To evaluate the mean square value of the timing error €, some approxima-
tions have to be done:

1. A new Taylor expansion of the TED output is defined as follows:

s&wmwmwwmmmmm+ﬁimwxmmkw
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The Taylor expansion proposed here is identical to the one previously
proposed in (7.48), in the special cases where the TED output only
depends on the difference € — ¢, which implies (7.56).

2. The noisy fluctuation of the Jacobian matrix is supposed to be small
as compared with its mean value:

This matrix provides the instantaneous (pattern-dependent) multiuser
TED sensitivity.

3. The closed loop transfer function is time variant because the Jacobian
matrix in the Taylor expansion depends on the specific sequence of
symbols contained in the signal. To obtain a time-invariant system,
and to ensure the decoupling between the timing errors, the matrix
gain K (n) can be taken as the inverse of the Jacobian matrix:

K (n)=k.K,(n)' (7.61)

where k is a diagonal matrix of constant values. In these conditions,
the feedback loop equation can be expressed in the z-domain as fol-
lows:

g(n) = H (2) Ny(n) (7.62)

s I
where the loop transfer function H _(z) and the equivalent noise N, (n)
are given by:

H(:) 2 [0-2E ~E@)k| E@)k (7.63)
1

Ny(n) £ K, (n)7'[S(0,0)+ N, (I
+ N, (n(n),I(n),0,0)] (7.64)

This equivalent noise is made up of three contributions (in volts): a
constant bias, a pattern-dependent instantaneous bias (’self-noise’),
and a contribution of the additive noise. These contributions are
transformed into a vector of equivalent noise (in seconds) by the in-
verse of the time-variant TED sensitivity matrix K (n). The correla-
tion matrix of the timing error vector is:

™

Ern {g(n)gT(n)} = % /_i Es(ej‘”T)th(eij)Ef(eWT) dw (7.65)
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where the cross-spectrum of the equivalent noise (ej“’T) is the z

=N,
transform of the equivalent noise correlation:

L. (k) =Ern {N;(n) Nf (n + k) } (7.66)

. A last approximation consists in neglecting the pattern-dependent

nature of the TED sensitivity. The average value K, = E; {g d(n)}

is used in the computations, which provides a simple expression for
the equivalent noise correlation:

L, () ~K [0 () +D () +T, (] KT (7.67)
with
L, (k) =8,(0,0) S,(0,0)", (7.68)
Ly ()= Er N, [(0),0.0) N, [L(n+0).0.07}, (7.69
and

Ly, (k) = En 1 {N, [n(n), I(r),0,0]

N, (a(n + k), I(n + £),0,0" } (7.70)

This approximation is also equivalent to the use of the M-CRB instead
of the true DD-CRB.

Figure 7.2 illustrates the feedback joint timing synchronizer, and Figure 7.3
gives the associated linearized model.

7.6 Multiuser timing error detectors (TED)

7.6.1 Symbol rate multiuser TED

The optimal symbol-rate multiuser TED can be derived from the log-
likelihood function in (7.38). Its input is made of Ny consecutive blocks of
noise-whitened matched filter outputs g, (n). The optimal TED output is
given by :

T(5.08) =8(318) -8 (B {n}1g) @7
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where the k-th element of the S-vector in last equation is given by

Sk (7,,1.¢) = ij gj.@p,a (n+n)

n’:—n1 p:1

+o00
Z Z ipp/,ék (m) Ly (n +n - m) (7.72)

m=—00 p' €Cy,

The second term in (7.71) does not depend on the measurements y.- This
term is equivalent to the first term obtained when ¢ = ¢ and the additive
noise is absent. It can be computed in the receiver on the basis of the
known data symbols I;,(n) and the known interference coefficients x,,y ¢, (n)
and @,y ¢, (n), and subtracted from the first term. This correction term
actually guarantees that the proposed timing estimate is unbiased for any
combination of data symbols. In other words, it guarantees that the S-
hypercurve is all-zero for € = £, and it makes the self-noise equal to zero.

The S-hypercurve of the detector is given by

So(e )y = Enr{Si(7.1¢)} (7.73)
400 N
= Ny U% Z Z Z Tpp e, (M) Tyt 2, (M)
m=—00 p=1 p’€Cy,
The Jacobian matrix associated with the S-hypercurve is diagonal :

2,

5% (7.74)

N 2 1 2
(g,€) = Ny oy dlag{Xk}lngK.

where X2 is defined in (7.45).

The following simplifications can be considered to obtain a practical low-
complexity symbol-rate multiuser TED :

1. Self-noise and bias mitigation. Even if the implementation of the
self-noise mitigation term (second term in (7.71)) is theoretically pos-
sible in the receiver, it increases the complexity of the TED. For this
reason, it is usually discarded in practical implementations. In that
case, a special attention should be paid to the possible bias associated
with the S-hypercurve. In a single-user scenario, the bias and self-
noise are generally equal to zero when the sequences of interference
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coefficients Z,,y(n) satisfy a number of symmetry properties :

Zpp,o(—n) = Tpp,o(n) Tpp,o(0) =0

Tpp 0(—n) = Tppo(n) Tpp0(—n) = —Zppo(n). (7.75)
These properties are indeed satisfied by the sequences of interference
coefficients associated with the noise-whitened matched filter bank
receiver, but also by those associated with the simple matched filter
bank receiver and the IIR linear MMSE joint detector. The symmetry
is lost in the case of a DF joint detector : in that case, a self-noise

mitigation term is required to maintain a good level of performance
(see a discussion in [67], for example).

In a multiuser scenario, bias and self-noise are present even in the case
of symmetric sequences of interference coefficients. To show this, we
rewrite the S-hypercurve (7.73) of the multiuser TED as follows :

S0 (0,0)];, = Ny of Z i 0(0) Ty 0(0)
p'eCy,

+ 3 [F.0(0) Eyy0(0) + Fyrpo(0) Eyrp0(0)]

p' €Ck, pECy,p>p’

+o0o
+ Z Z Z [fpp’vo(m) fpp’,O(m) Jr5519’1970(_7’1) ﬂép’p,O(_m)]

m=1p'€Cy, peC,

+00
* Z Z Zipp’,O(m)ipp',o(m) . (7.76)

Mm=—00 p¢Cy, p'€Ck

The first three terms in (7.76) are indeed zero when the symmetry
properties in (7.75) are satisfied. The fourth term in (7.76) is not
zero, however. This term is specific to the multiuser scenario. It can
be shown in the same fashion that the self-noise level is increased
in a multiuser scenario. Actually, the symmetry properties in (7.75)

ensure that .
> [Bu {5t (5, 10)] =0 (r.17)

that is to say the sum of self-noises is always zero, but the individual
self-noise is non-zero. For this reason, we believe that the self-noise
mitigation term should not be discarded in a multiuser configuration,
in order to keep a good level of performance.
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2.

Noise whitening and scaling. The noise-whitening filter is not
really implemented, as it is not useful for the primary task of the
receiver, which is the detection of the information symbol sequences.
So, it is preferable that the TED builds its estimate of the timing
error on the basis of simple matched filter outputs, for example. The
corresponding timing error variance is higher, of course. Actually the
role of the noise-whitening filter is twofold :

(a) It suppresses the correlation between successive noise samples at
the output of a given matched filter branch, as well as the mu-
tual correlation between noise samples at the output of different
matched filter branches.

(b) It normalizes the noise variance in each branch.

While the first effect (whitening) is definitely lost when the noise-
whitening filter is not implemented, the second effect (scaling) can
be easily recovered by an appropriate modification of the weights
associated with each symbol Iy (n +n’ —m) in (7.72). The optimal
weights can be computed easily. They are inversely proportional to
the noise variance O'gjp at the p-th matched filter output. The modified
TED output is

) = i Zyp,é (n+n')

7L/=7n1 p=1

+o00o N (m)
Z Z %Ip/ (n+n' —m)| (7.78)

m=—o0 p’'eCy, Wp

[

Sk (Xg L

Sequence truncature and selection. The detector proposed in
(7.78) correlates the received signal y, . (n) with the N symbol se-
quences Iy (n) with p’ € Cj, using appropriate weights. A further sim-
plification can be proposed by selecting a subset of sequences I,/ (n)
and/or by truncating these sequences.

In a single-user (K = 1) and single-carrier (N = 1) scenario, this
truncature leads to the so-called Mueller and Miiller algorithm [68].
The unique sequence of interference coefficient first derivatives &g(m)
is there approximated by its 3 central coefficients as follows :

io(m) ~ {---,0,41,0,—1,0,---}. (7.79)
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This provides the well-known Mueller and Miiller TED :

na
S(L,Lé> = Z Ye (n+n') I(n+n' +1)—I(n+n —1)].
n'=—nq
(7.80)
This approximation is effective in the single-carrier scenario as the
largest part of the available energy > i#3(n) is indeed located in the
coeflicients in position +1.

The extension of the Mueller and Miiller algorithm to the case of
FB-based transmission (N > 1) is not trivial. Let us consider a
single-user system (K = 1) and a paraunitary FB S(z) of size N.
The polyphase matrix éo(z) associated with the N? sequences of
interference coefficient first derivatives &, o(n) is given by

X, (2) = 8"(2) G, (2) 8(2) (7.81)

where go(z) is the Toeplitz polyphase matrix associated with g(nT.),
the channel correlation first derivative, sampled at the chip rate. The
total energy associated with the sequences &,y o(n) is

—+o00 N N

X2 o= ) Y drg(n) (7.82)

n=—00 p=1 p/=1

_ / i tr{g(eﬂ'ﬂ)go(ejﬂ)}g (7.83)

- /_ ' tr{gf(ejﬂ)go(ejg)}g (7.84)
+o0

= N > §(nT.)? (7.85)

where (7.84) comes from the paraunitary property of the FB. So,
the quantity X? is independent of the selected FB. From (7.85), it
actually depends on N, but this only reflects that the observation
window associated with a burst of Ny blocks has a duration of NyNT,
which obviously increases proportionally to N. While the sequence
g(nT,) itself can be effectively restricted to the central coefficients
g(£T,), it is a priori unclear how the available energy >, ¢(nT,) is
distributed among the various sequences &, o(n) through Equation
(7.81). This redistribution of the energy depends on the selected FB.
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A determining factor is the length of the signatures s,(n) constituting
the FB. Let N = (ny + 1) N be the signature length, which means
that each signature extends over ny + 1 successive blocks of symbols.
This parameter np is equal to 0 for the basic FBs such as Walsh-
Hadamard codes or DMT basis functions (see Section 4.2.3). The FB
polyphase matrix is given by

S(z) = i S,z " (7.86)
n=0

Introducing (7.86) into (7.81), we get

X2 = ) [ZSSG()(z)sn_m] & (7.87)

m=—np [n=0

For large values of N, the Toeplitz polyphase matrix go(z) can be

approximated by the zero-order term in its z-transform expansion :

400
Gy(z)= Y G,z "~Gy, (7.88)
It comes that
Ny ny
. _ ) Y ) . B jy
X > X, 27" with X, =3 STG, S . (789)
m=—ny n=0

The sequences @,y o(n) can thus be truncated to the interval n €
{—np,np} without a significant loss of performance. The performance
loss decreases with IN. An important special case is that of FBs ex-
tending over a single block, i.e. ny = 0. For these FBs, the sequences
Zpp0(n) can be restricted to their central coefficient n = 0. The
corresponding energy is

EN: f: Ty o(n) = tr { [§H go,o §] ’ [gH go,o §} } (7.90)

p=1 p'=1

- tr{GIf G } (7.91)
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which rapidly converges to (7.85) for large values of N. The simplified
multiuser TED incorporating the proposed truncature is given by

n2

) = Z Zyp@ (”"‘“/)

n'=-—ny p=1

[

Sk <X£7 L

Ty 2, (0
> %’ﬂ() Ly (n+n')| (7.93)
U’LU
p'€Cx P
for FBs with a single-block extension. A further approximation can be
investigated by replacing the MF outputs Y. with MMSE JD outputs

. in the last equation, and by updating the weighting coefficients
accordingly.

i

7.6.2 Early-late multiuser TED

The optimal multiuser TED at the channel output can be derived from the
log-likelihood function in (7.17). It requires the implementation of a bank
of derivated matched filters hpk(—t) in the receiver. Its input is made of Ny
consecutive blocks of derivated matched filter outputs g, .(n). The optimal
TED output is given by :

T(5.00) =8 (5.00) -8 (B fip}.10) (799

where the k-th element of the S-vector in last equation is given by

Sk (gg, L Q) = > D dpe(n+n) I (n+n). (7.95)

n/=—nj peCy
The S-hypercurve of the detector is given by
[So (€, 0)], = Ny ot Z Tpp,e;, (0)- (7.96)
p€ECy

The Jacobian matrix associated with the S-hypercurve is diagonal :

08 : .
=0 (¢,0) = Ny o7 diag Z Zpp ey, (0) : (7.97)

oe z
pely 1<k<K

The following simplifications can be considered to obtain a practical low-
complexity symbol-rate multiuser TED :
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1.

Self-noise and bias mitigation. Like for the optimal symbol-rate
multiuser TED, the second term in (7.94) is a self-noise mitigation
term. Even with perfectly symmetrical interference waveforms, there
would be a significant self-noise if that term was suppressed, due to
the multiuser configuration.

. MMSE joint detector and scaling. The bank of matched filters

can be replaced by a joint detector designed with an MMSE criterion.
The optimal linear MMSE JD is actually obtained by cascading the
matched filter bank with a MIMO filter whose purpose is to reduce
the residual interference. Let wy(t) be the filter associated with the
MMSE-JD p-th branch. The continuous-time interference waveforms
are given by Ty .(n) = [hyr(t) ® wy(t)] (nT +¢). The idea here
is thus to replace the bank of derivated matched filters h,y(—t) by
a bank of derivated MMSE filters w,(t). The TED based on joint
detector outputs fp(n) is given by

n2

S (110) = Y S Rhe(ntn) L(ntn) (198

n/=—nq peCy

where the weights )\12, associated with each JD branch have to be op-
timized. These weights are necessary as the SNR of each subchannel
should be taken into account. Indeed, while the amplitudes of the
matched filter outputs depend on the channel attenuation associated
with each subchannel, that of the JD output are normalized. The
optimal weights )\12, in (7.98) can be shown to be

2 _ fpp(o>
A2 = e dt (7.99)

The optimal weights in (7.99) are effectively equal to 1 in the case
where the detector filters wy(t) are identical to the matched filters

hpi(—1).

. Early-late implementation. The ultimate approximation of the

optimal TED is obtained by replacing the derivative in (7.98) by a
finite difference :

Ipe () = I o+ (n) — 1, .~ (n) (7.100)

where sz = ¢+ Ts and €, = g — T} for all k. The 2N sequences

N

I, ¢+ (n) and fpé_ (n) can be obtained by feeding the bank of MMSE
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filters with adequately delayed or anticipated versions of the received
fractional-rate sequence. The resulting early-late multiuser TED is

finally
Ny
Sk‘ ({iﬁJr)Li*} 717 Q) = Z Z )\12, |:fp7§+ (n + n/)
n'/=—nj peCy
—fp’g— (n+ n')] I, (n+n') (7.101)

The fundamental drawback associated with the early-late TED is the
need to compute 3N different JD outputs for each block of received
samples.

7.7 Asymptotic performance for an AWGN chan-
nel

In this section, the relative performance of the various TEDs are compared
in a simplified scenario with a single user (K = 1) and a frequency-flat
channel (¢(t) = d(t — 7)). The channel correlation ¢(t) (including the
shaping filter in the transmitter and the matched filter) corresponds to a
full raised cosine filter with roll-off a. The variance of the timing estimate
is given by

o2 \ !
i Nle <NOI/2> F(a). (7.102)

The first factor in (7.102) represents the length of the observation window,
expressed in number of chip durations T,. The second factor gives the effect
of the signal-to-noise ratio on the timing detection. The last factor F' («),
that only depends on the roll-off, is specific of the selected TED.

Table 7.1 gives the expression of the inverse factor F ()~ ! for the differ-
ent TEDs presented in this chapter. The second column corresponds to a
single-carrier system, while the third column is for a paraunitary FB-based
transmission with N subchannels. The timing error variance associated
with the first three TEDs is known to be independent of the FB and inde-
pendent of N. The common factor F' () can thus be computed analytically
in the single-carrier case as a function of «. The last line corresponds to
the truncated symbol-rate TED proposed in (7.93). The associated timing
error variance only depends on NV and «, and can be computed numerically
by using (7.92). The computed functions F' («) are displayed in Figure 7.4.
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Figure 7.4: Relative performance of various single-user TEDs for a
frequency-flat channel
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Table 7.1: F (o)~ ! of various timing error detectors

Mueller and Miiller

Truncated symbol-rate

TED N=1 N>1
LN
ML (channel output) —g(0) N Z ipp(0)
p=1
2
N .
22y | 2[FEdn(®)]
Early-late T ~—N
1—g(2T5) 1= 21 Tpp(2T5)
+00 1 N N +x
ML (MF output) Z 3 (nT) I Z Z Z x;;z?p’(n)
n=—o0 p=1p'=1n=—00
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Table 7.2: M-CRB for an uplink 5-user powerline channel with CAP-

OFDMA and N = 128 tones

User 2 User 5 User 10 User 15 User 20
20k [dB] || 9408 8942 7752 7313 73.05

% Wi [MHz] 4.49 4.90 2.79 1.94 1.12

2
Ny 2% [dB] || -103.99 -100,09  -83,32  -75,74  -70,91

0'81C
T2

This figure provides a basic understanding of the performance loss that can
be expected from :

e The implementation of a ML symbol-rate TED rather than an optimal
ML TED using channel outputs.

e The early-late approximation.

e The truncature loss associated with the Mueller and Miller TED
(N=1).

e The truncature loss associated with the symbol rate multiuser TED
proposed in this work (N > 1).

7.8 Applications to the powerline channel

Let us now illustrate the performance of the proposed multiuser timing er-
ror detectors with a practical example. We consider the 5-user uplink PLC
system introduced in Section 5.8. The multiple access method is CAP-
OFDMA with N = 128 tones. The power spectral density of the transmit-
ted signals resulting from the signature allocation algorithm is presented in
Figure 5.11.

Table 7.2 gives the M-CRB on the timing error variance, according to
equation (7.32). The first row gives the user-specific global SNR % (in
dB), obtained by combining the received energy in all subchannels allocated
to each user. The second row gives the mean bandwidth % (in MHz) of
the received signals. Finally, the third row gives the minimum timing error
variance, normalized with respect to the squared chip duration TCIZ.

The performance computation of practical TEDs requires the analysis of
the continuous-time interference waveforms x,,, (t) obtained by combining
the equivalent channel h,/(t) with the p-th branch of the receiver :
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Figure 7.5: Continuous-time interference waveform w1910(t) (CAP-
OFDMA, N = 128).
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Figure 7.6: Continuous-time interference waveform xao20(t) (CAP-
OFDMA, N = 128).
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Normalized TED k-th output
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Normalized TED k-th output

Figure 7.7: Normalized S-curves for the FEarly-Late multiuser TED
(CAP-OFDMA with a matched filter bank receiver).
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Figure 7.8: Normalized S-curves for the Symbol-rate multiuser TED
(CAP-OFDMA with a matched filter bank receiver).
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Table 7.3: Timing error variance of the Farly-Late multiuser TED vs.
M-CRB [dB]

Detector User 2 User 5 User 10 User 15 User 20 | weights
0.08 0.01 0.20 0.09 0.21 )\12,
0.15 0.04 0.29 0.45 0.38 1
2.86 3.37 328 544 1154 | A2
4.15 6.77 4.47 8.14 24.52 1

MF bank

MMSE-JD

e Figure 7.5 illustrates the x10,10(t) waveform obtained with a matched
filter receiver. Signature 10 being allocated to user 15, this waveform
corresponds to hig,15(t) ® h1o,15(—t). The stars represent the nominal
interference coefficients obtained by sampling the continuous-time in-
terference waveform at the symbol rate 1/7", with a sampling phase
equal to zero. The concavity of the waveform at the origin &, (0),
which can be evaluated on the right part of Figure 7.5, determines
the contribution of the p-th subchannel to the Early-Late estimation
of the k-th timing error eg.

e Figure 7.6 illustrates the x40 20(t) waveform obtained with a matched
filter receiver. Signatures 20 and 40 are both allocated to user 10, so
this waveform corresponds to hgg 10(t) ® hao,10(—t). The slope of the
waveform at the origin &,/ (0), which can be evaluated on the right
part of Figure 7.6, determines the contribution of the p-th receiver
branch and the p’-th subchannel to the Symbol-Rate estimation of
the k-th timing error e.

Figures 7.7 and 7.8 give the normalized S-curves for the Early-Late and
Symbol-Rate multiuser TEDs, respectively, placed at the output of a matched
filter bank receiver. The combination of these individual S-curves generates
the global S-hypercurve. The slope of the S-curve at the origin determines
the performance of the TED.

Finally, Tables 7.3 and 7.4 give the relative performance (in dB) of various
Early-Late and Symbol-Rate timing error detectors as compared to the M-
CRB. The timing error variance is computed according to Equation (7.54).
Self-noise compensation is assumed in the computations, so the timing er-
ror variance is basically equal to the variance of the additive noise term,
divided by the squared slope of the TED S-curve. In each case, two kinds
of receivers are considered : a matched filter bank (which is ideal for the
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Table 7.4: Timing error variance of the Symbol-Rate multiuser TED
vs. M-CRB [dB]

Detector User 2 User 5 User 10 User 15 User 20 | weights
: 2
MF Bank 0.86 0.52 2.35 1.72 1.64 xpp'//o'wp
0.84 1.78 8.93 7.36 3.28 Ty
: 2
MMSE-ID 3.89 3.91 4.29 5.95 6.51 SCpp‘//O'wp
26.48  22.49 5.56 6.27 8.00 Ty

timing estimation but not for the symbol estimation), or a linear MMSE-
JD. The performance of the proposed TEDs are found to be very close to
the M-CRB as long as a matched filter bank is implemented in the receiver.
The performance loss is important if the MF bank is replaced by a linear
MMSE-JD, especially for the users with highly dispersive channels.

7.9 Conclusion

In this Chapter, the issue of Decision-Directed multiuser timing synchro-
nization has been addressed, assuming perfect decisions. The FB-based
multiple access system has been redefined to include user-specific timing
eITorS £j.

The Cramer-Rao bound (CRB) on the joint timing error estimator has been
derived. The bound actually varies with the symbols used for transmission.
The average bound (i.e. the expectation with respect to the transmitted
symbols) is not easy to compute. For long observation windows, it has been
shown to converge to the so-called modified CRB. The M-CRB, given by
Equation (7.32), is easy to compute: it only depends on the total SNR %,
the mean square bandwidth W,?, and the length of the observation window.
Moreover, the timing errors related to different users are uncorrelated. In
a single-user system, the M-CRB is independent of the selected FB. In a
multiuser system, however, the signature allocation algorithm has a strong
impact on the distribution of the user-specific timing error variances.

Another M-CRB can be computed by considering the problem of timing
estimation at the symbol rate, i.e. at the output of a matched filter bank.
The symbol-rate M-CRB has been derived. It is higher than the M-CRB
computed at the channel output.

Feedforward and feedback multiuser timing error tracking structures have
been analyzed in detail. A number of approximations have been identified,
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providing a tractable expression (7.54) for the correlation matrix of the
joint timing estimation error.

Two practical multiuser TEDs have been proposed. The first one (7.93) is
derived from the maximum-likelihood symbol-rate multiuser TED (7.71).
Two major approximations are proposed : the noise-whitening filter is dis-
carded and replaced by a well-chosen set of weights, and the sequences of
interference waveform slopes are truncated to their central coefficient. The
second one (7.101) is derived from the maximum-likelihood multiuser TED
at channel output (7.94). The proposed approximations are the use of an
MMSE joint detector (with an appropriate set of weights) rather than the
matched filter bank, and the early-late implementation of the first-order
derivative.

The performance of the proposed TEDs has been tested with the 5-user
PLC channel. The performance loss with respect to the M-CRB is accept-
able, and comparable for both systems.



Chapter 8

Conclusions

8.1 Achievements

This work was devoted to the analysis of high-speed multiuser communi-
cation systems suited to frequency-selective channels. The initially aimed
application was the powerline outdoor access network, that is to say a
strongly branched wired distribution network, intended to provide a simul-
taneous link with a network head-end to multiple subscribers physically
distributed along the main cable. The results obtained in this work have a
large scope, however, and are not restricted to the powerline scenario.

The starting point was the derivation of realistic models for the channel
transfer functions. This task (and only this one) was performed in the
specific powerline context. The multiconductor transmission line theory
(MTL) has been applied to various cable structures which are commonly
used in power distribution networks. Several modes of propagation, the
so-called eigenmodes, have been identified : they correspond to fixed dis-
tributions of voltages and currents in the conductors, that propagate with
their own propagation factor e™7% along the multiconductor structure. The
fundamental characteristics of these eigenmodes (voltage and current distri-
bution, characteristic impedance, phase velocity, attenuation factor) have
been analyzed in a wide frequency range (0.5 to 25 MHz) and related to the
fundamental cable characteristics (geometry, size, materials). This made
it possible to model accurately the transfer function of a complete access
network including a high number of cable segments, derivations, and ter-
minations. A specific multi-dimensional scattering matrix algebra was de-
veloped to achieve that goal. The obtained channel transfer functions were
also analyzed in the light of a simple multipath model, which allowed an
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intuitive interpretation. As expected, the channel responses are highly
frequency-selective, with deep notches at some frequencies. Furthermore,
the channel attenuation increases dramatically, not only with the distance
of the subscriber with respect to the head-end, but also and above all with
the number of taps between transmitter and receiver. Finally, the differ-
ent contributions to the end-to-end channel impulse responses have been
identified.

The issue of multiuser channel capacity has then been addressed, with an
original approach aiming at providing fair data rates to every subscriber.
The concept of balanced capacity has been proposed as an efficient way to
satisfy fairness constraints among K users with different channel qualities.
Ranging through the K-dimensional capacity region is achieved by modi-
fying the power allocation among the users, and the decoding order in a
successive decoding strategy. The optimal power allocation with balanced
rates constraints was shown to be obtained in two steps: a first power allo-
cation is computed, that maximizes a linear combination of individual data
rates, then the weights of the linear combination (the so-called ’relative
priorities’) are iteratively updated until the balanced rates constraints are
satisfied. Closed-form solutions for the first step have been derived for a
memoryless multiuser channel, as a function of the channel gains and the
user relative priorities. Specific power allocations have been obtained for
the downlink and the uplink. Then a Newton-Raphson based algorithm
has been proposed for the iterative updating of the relative priorities. It
was shown to converge within a few iterations. These results have been
extended to the case of frequency-selective multiuser channels. Different
types of power constraints have been considered (PSD-sum, power-sum,
individual power). The critical scenario is that of an individual power con-
straint : in that case, both power and rate constraints have to be satisfied
simultaneously by every user, which makes the convergence of the pro-
posed algorithm very slow. An alternative method, based on the Iterative
Multiuser Water-Filling algorithm, has been proposed for that scenario. Fi-
nally, the issue of the optimal FDMA balanced rates computation has been
addressed, with a simple constraint on the PSD-sum. An efficient sub-
channel allocation algorithm has been proposed. The balanced capacities
obtained with these algorithms represent useful bounds on the effective bit
rates that can be expected from practical transmission systems. They pro-
vide guidelines about the appropriate way of shaping the spectral density
of the different transmitted signals as a function of the channel frequency
responses, and also about the optimal joint decoding strategy.
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A general transmission scheme was called for, that was able to shape the
signal power spectral density with a high degree of flexibility. The proposed
solution is the implementation of a paraunitary filter bank in the transmit-
ters. Every user is provided with the ability to modulate any subset of fil-
ters with mutually independent sequences of PAM symbols. Furthermore,
adaptive modulation can be used, i.e. the size of every PAM constella-
tion can be adapted to the subchannel conditions. The maximal power
spectral density of the transmitted signals is easily controlled as the sum
of the modulated signature waveforms represents a flat PSD in the whole
bandwidth. The classical modulation methods proposed in the powerline
community (single-carrier, OFDM, CDMA) are obtained by selecting the
appropriate FB (unit matrix, DFT filters, Hadamard codes). A further
improvement lies in the combination of FB transmission with the CAP
(Carrierless Amplitude-Phase) technique, which provides a flexible pass-
band transmission scheme that is required if the available bandwidth does
not extend down to the zero frequency. For a given choice of the imple-
mented FB, the optimization of the transmission scheme is performed by
selecting the appropriate signature allocation among the users, the appro-
priate power allocation among the different signatures, and the appropriate
constellation size in each subchannel. The potential performance of differ-
ent FBs can be compared. It basically depends on the flexibility offered
by the FB : this flexibility increases with the number of subchannels and
with the frequency-selectivity of the FB. An alternative solution lies in the
use of CDMA with periodic long codes. With this solution, the optimiza-
tion of the transmitter is not required any more as the average PSD of the
transmitted signals is flat. So, every user is ensured to get an average per-
formance, whatever the transfer function of its channel. User inequalities
can be compensated by using a simple power control. The overall system
complexity is reduced, at the price of a reduced bit rate performance. The
choice for this solution rather than another depends on the trade-off be-
tween performance and complexity. Actually another argument disqualifies
the choice of the long-code CDMA technique : the need to update the co-
efficients of the joint detector at the symbol rate. The complexity of the
receiver is indeed dramatically increased in the long-code scenario.

MMSE linear and decision-feedback joint detectors have been derived in the
general context of FB-based multiuser transmission. Infinite detectors have
been firstly derived, as their performance provide an upper bound on the
performance that can be expected from their FIR counterparts. In particu-
lar, it has been shown that the sum-capacity of the frequency-selective mul-
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tiuser channel could be achieved by means of an infinite DF-JD followed by
ideal AWGN decoders. The DF-JD thus provides an efficient way, from an
information-theoretical point of view, of transforming a frequency-selective
multiple access channel into a set of independent subchannels. The choice
of the implemented paraunitary FB does not affect the achievable capacity
in a single-user system. In a multiuser system, however, the achievable bit
rates strongly depend on the signature allocation, and the flexibility associ-
ated with this allocation is related to the choice of the FB. The complexity
associated with the derivation of practical FIR, MMSE joint detectors has
been analyzed in detail, with a particular attention for time-varying JDs
suited to CDMA with periodic long codes.

The various reasons for which the practical bit rates that can be achieved
with the proposed transmission (FB-based modulation) and detection (MMSE
DF joint detection) system are lower than those offered by the true capacity
region are now summarized :

1. The power spectral density of the transmitted signals is constrained by
the selected F'B. Furthermore, in a practical system, every signature
in the FB should be allocated to a single user, which reduces the
power allocation process to an integer optimization problem.

2. The IIR DF-JD can only remove the causal interference. Successive
decoding among the users is not possible with the proposed joint
detection structure. This does not affect the sum-capacity of the
multiuser channel, but the global capacity region is reduced.

3. Practical implementations of the MMSE JD suffer from an excess
MSFE due to :

e The use of a finite size (FIR) JD rather than the optimal IIR
version.

e The residual timing offset and/or jitter that remains after non-
ideal timing synchronization.

e Imperfect channel knowledge in the receiver, resulting in the
derivation of JD coefficients that are not perfectly matched to
the true channel responses.

4. A finite-complexity decoder is used in every subchannel. This is mod-
eled by the SNR-gap I' > 1 used to compute the bit rate that can
be expected for a given received SINR. With a perfect decoder, the
SNR-gap would be equal to 1. Actually the concept of capacity (which
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implies error-free transmission) is here replaced by that of maximum
bit rate for a given error probability.

5. Error propagation must be taken into account. Decision errors reduce
the performance of both the DF-JD and the decision-directed channel
estimator and timing synchronizer, which results into an increased

MSE.

6. The transmitted symbols do not have a Gaussian distribution - The
size of the PAM constellation associated with every subchannel must
be an integer.

All these performance degradations must be taken into account in the
derivation of a fair signature allocation among the users.

The sensitivity of the multiuser FB-based transmission scheme to channel
estimation errors and timing synchronization errors has been derived. Using
first-order approximations, closed-forms expressions have been obtained.

Finally, the issue of decision-directed maximum-likelihood timing synchro-
nization has been properly extended to the multiuser scenario, assuming
perfect decisions. The modified Cramer-Rao bound has been derived and
has been shown to be a simple extension of the single-user bound. Both tim-
ing estimation based on channel output and symbol-rate timing estimation
have been investigated, and the associated bounds have been compared.
Popular timing error detector structures (Early-late, Mueller and Miiller)
have been extended to the multiuser FB-based transmission scheme.

8.2 Perspectives

This thesis covered a number of important aspects related to the design
of an efficient multiuser communication system : channel modeling, power
allocation, multiuser capacity, modulation and multiple access, joint detec-
tion, robustness against channel estimation errors, and timing synchroniza-
tion. There remains several issues that can be used as starting points for
future studies. Here is a non-exhaustive list of items that would deserve a
specific treatment in the prolongation of the present work :

e Transmission over multiconductor cables can be modeled as a Multi-
Input Multi-Output (MIMO) system if all conductors are available up
to the customer premises. Several sources could be used to couple the
signal onto the system, and several sensors could be used to recover
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it at the opposite end. This concept of 'multiconductor diversity’ has
the potential to increase the capacity of powerline access networks.
It is closely related to the concept of antenna diversity in wireless
communication systems.

The issue of optimal duplexing can be addressed. Rather than consid-
ering the global system as the concatenation (in different time slots)
of a broadcast channel (downlink) and a multiple access channel (up-
link), the transmission in both directions could be simultaneous, and
a global optimal power allocation could be derived, possibly with
fairness constraints among the users and among both directions of
transmission.

Concerning the issue of multiuser capacity associated with frequency-
selective channels, different power constraints have been considered
separately : power-sum vs. individual power, power itself vs. power
spectral density. In a practical system, the effective constraint could
be mixed : a global power budget P would have to be allocated to all
users, with a maximum individual power P, > P/K for every user,
a maximum individual PSD ~; at every frequency, and a maximum
PSD-sum 4 > P/B. A generalized power allocation algorithm with
balanced rates constraints could be derived in this context.

The introduction of repeaters in the network has the potential to
increase the global capacity of the PLC system. The number of re-
peaters, and their position along the distribution cable, have to be
optimized according to the network configuration. The balanced ca-
pacity of the system can be selected as the optimization variable. The
power re-transmitted by the repeaters has to be taken into account
in the global power budget.

Filter Bank design can be investigated to improve the global system
performance. In this work, the flexibility was restricted to the signa-
ture allocation among the users for a fixed signature set.

The issue of channel coding has been discarded in this work. The
decoder has been considered as a black box offering a fixed coding
gain that was incorporated in the expression of the SNR-gap. The
effect of a simple coding scheme on the proposed system performance
should be modeled more accurately. Furthermore, joint modulation
and coding techniques can be investigated to improve the global sys-
tem performance.
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e Maximum likelihood channel estimation techniques have to be de-
signed and analyzed properly in the proposed multiuser FB-based
context.

e The time-varying characteristic of the channel has not been consid-
ered. It has been assumed that the channel responses were sufficiently
stable within periods of several seconds or even minutes, which en-
ables the use of fixed joint detectors that can be computed explicitly
on the basis of the channel estimates. Adaptive structures must be
investigated if the channel changes are faster.

e Finally, the noise scenario used in this work is not representative of
the powerline channel. A complete system should be robust against
narrowband and impulsive noise, and incorporate specific features
aimed at mitigating these types of noises.
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