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Abstract 

 

Twining is an important deformation mode in magnesium. In a deformed magnesium sample, an 

extension twin crystal, i.e., {101̅2} twin, can form inside a {101̅2} primary twin, which is named 

{101̅2}–{101̅2} secondary twin. These secondary twins often appear at the intersection of two 

primary twins, and form primary–secondary twin pairs. Experimental observations show that the most 

frequently observed primary–secondary twin pairs have a unique misorientation, i.e., twin variant 

selection exists. Such variant selection of the primary-secondary twin pairs is studied in this work. 

The crystallographic analysis reveals that the twin planes of the primary and secondary twins that 

form a twin pair have coincident intersection lines with the boundary where the twin pair adjoins. An 

analytical calculation method based on Eshelby’s inclusion theory is developed, and the calculation 

results show that only for this unique misorientation, the stress fields concentrated at the rims of the 

primary and the secondary twins are mutually favoured. The analysis is further extended to the 

incoming–outgoing twin pairs across ordinary grain boundaries, and compared with the commonly 

used geometrical compatibility factor m'. It is found that m' only gives good prediction for twin 

transmission when the shear stress component on the twin plane along the twin shear direction of the 

incoming twin is the major contributor to the resolved shear stress of the outgoing twin. When other 

stress components play a dominant role, m' becomes ineffective in prediction, which is the case for 

the primary-secondary twin pairs. 

 

 

Keywords:  Secondary twin, variant selection, Eshelby’s inclusion theory, twin transmission, twin-

twin interaction  

 

 
1 These authors contribute equally.  
2 Corresponding Authors. 

Email address: hong.liu@sjtu.edu.cn, linfx.cn@gmail.com, jianfeng.nie@monash.edu 



2 
 

1. Introduction  

 

As one of the lightest structural metallic materials, magnesium (Mg) alloys have attracted great 

research interests in aerospace and automobile fields [1–3]. However, limited ductility and strong 

mechanical anisotropy pose a bottleneck for wider usage of Mg alloys. Compared with metallic 

materials with a cubic structure such as Al and Cu alloys, Mg alloys have fewer slip systems so that 

deformation twinning becomes an important deformation mode. Better understanding of deformation 

twinning is crucial for further improvement of formability and mechanical properties of Mg alloys 

since deformation twinning influences both ductility and mechanical anisotropy, especially for 

wrought Mg alloys. At room temperature, extension twin of the {101̅2}〈101̅1〉 twining system is 

frequently observed, where {101̅2} is the twin plane and 〈101̅1〉 is the twin shear direction [1–11]. 

When a {101̅2} twin forms inside a {101̅2} primary twin, it is termed {101̅2}–{101̅2} secondary 

twin or double twin [12–24]. Secondary twins were reported in pure Mg and its alloys under various 

loading conditions [12–22]. Some {101̅2}–{101̅2} secondary twins were observed after uniaxial 

plastic deformation [16, 21]. They were also frequently observed in samples that had been sequntially 

compressed from two different directions [17] or cyclically deformed [25]. The {101̅2}–{101̅2} 

secondary twins are effective in refining microstructure, which is beneficial to strength enhancement 

[26]. However, they are also closely related to crack initiation and propagation [25].  

The first observation of the {101̅2}–{101̅2} secondary twins was reported by Robert and 

Partridge [12] in a pure Mg single crystal that has been deformed by four-point bending. They 

reported that the {101̅2}– {101̅2}  secondary twin is connected to the primary {101̅2}  twin, 

composing an IPT–RPT–ST configuration, as illustrated in Fig. 1, where RPT is the recipient primary 

twin within which the secondary twin (ST) forms, and the IPT is the intersecting primary twin that 

connects the ST at the boundary of the RPT. In this IPT–RPT–ST configuration, the IPT and ST form 

an adjoining twin pair. Robert and Partridge [12] found that the twin planes of the IPT and the ST 

intersect that of the RPT at the same line, i.e., the twin planes of the IPT, ST and RPT have a common 

intersection line, which is [2̅2̅43] of the Mg matrix. Moreover, the twin shear directions of the IPT 

and the ST both have an angle of 22.83° with the intersection line (Fig. 1, αIPT = αST = 22.83°). A few 

more examples of such configuration were observed in compressed, rolled and extruded Mg-alloy 

samples reported by Bian et al. [13] and Jager et al. [15]. In these studies, the secondary twin forms 

a pair with an IPT, i.e., an IPT−ST twin pair, although this arrangement of the IPT and ST twins was 

not mentioned explicitly by the authors. More recently, Xin et al. [21] reported that IPT–ST twin 

pairs were frequently observed in a coarse grained polycrystalline AZ31 (Mg–3wt.%Al–1wt.%Zn) 

thick plate that has been hot rolled with a strong basal texture. The sample was plastically deformed 

under uniaxial tension along the normal direction (ND) of the thick plate. Among the 34 IPT–ST twin 

pairs they examined, 28 have a unique misorientation of 49.7o〈9̅ 0 9 4̅〉 between the IPT and the ST. 

More IPT–ST twin pairs were found by Shi et al. [22] in an AZ31 rolled plate under sequential 

compression along the rolling direction (RD) and the transverse direction (TD). They found that the 

majority of IPT–ST pairs (66 out of 103) had a misorientation similar to that reported by Xin et al. 

[21]. This unique misorientation indicates that there is variant selection for IPT and ST in an IPT–ST 

pair. The study of variant selection in an IPT–ST pair might be related to two important issues. The 

first related issue is twin transmission [27–31]. The IPT–ST twin pair might indeed be the result of a 

special twin transmission event that occurs across a twin boundary. Twin transmission is an important 

process for nucleation of new twins in neighbouring grains [32]. The other related issue is the twin-

twin interaction [33–35]. The IPT and RPT form a twin-twin junction, and the IPT–RPT–ST 

configuration corresponds to a special twin-twin interaction where IPT “apparently goes across” RPT 

[14]. It is then needed to understand which variants of the primary and secondary twins may have 

such interaction. Although IPT–ST twin pairs were reported by many researchers, the variant 
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selection has not been well explained yet.  

The geometrical compatibility factor, m', has been used to explain why a ST tends to form a twin 

pair with an IPT, and why there is a preferential misorientation between the ST and the IPT [21, 22, 

24]. The geometrical compatibility factor m' is expressed by cos 𝜑 · cos 𝜆, where φ and λ are angles 

between twin shear and twin plane normal directions of the two twin crystals [36]. A twin pair is 

considered to be favoured to form when m' between the two twins in the pair is close to 1. The factor 

m' provides a reasonable prediction on the formation and variant selection of twin pairs across grain 

boundaries [17, 21–22, 36–40]. However, Shi et al. [22, 24] found that m' is negative for the majority 

of their observed IPT–ST twin pairs, and thus the formation of the IPT–ST twin pairs cannot be 

explained by m'.  

The Schmid factor has also been used to judge whether a twin variant is favoured to form under 

an applied external stress. When the Schmid factor is close to 0.5, the twin variant is favoured to form 

[41–43]. Jain et al. [16] reported two ST crystals in a casting Mg alloy AZ80 (Mg−8Al−0.5wt.%Zn) 

with a random texture, which were compressed to a strain of 0.08 at 77K. They found that the 

observed secondary twin in one example had a Schmid factor of 0.4, which is the highest among all 

possible secondary twin variants, but the observed secondary twin in the other example had a negative 

Schmid factor. Furthermore, the Schmid factors for all ST crystals in 34 IPT–ST twin pairs reported 

by Xin et al. [21] were negative. Thus, the formation of ST, and that of the IPT–ST pair with a 

preferential misorientation, should be influenced predominantly by a local stress that includes the 

stress at the rims of the IPT and ST in a twin pair [29], and the back-stress inside the RPT [24]. 

However, a detailed stress analysis for the IPT–ST pair has not been performed yet.   

The local stress can be calculated by full-field modelling approaches such as elasto-visco-plastic 

fast Fourier transform simulations, finite element methods and phase-field approach [35, 44–55]. The 

local stress can also be analytically calculated based on Eshelby’s inclusion theory [56]. This method 

was already used to calculate the elastic strain energy and the stress field inside ellipsoidal twin 

crystals [24, 57–59]. A well-known difficulty in Eshelby’s inclusion problem is to determine the 

exterior elastic field, i.e., the stress field outside an inclusion [60], as the form of the Eshelby tensor 

is no longer constant, and becomes much more complicated. Mura [61–62] derived the Eshelby tensor 

outside ellipsoidal inclusions in terms of the harmonic and bi-harmonic potentials of the inclusion. A 

simpler and more compact expression was derived by Ju and Sun [63]. More recently, based on Ju 

and Sun’s derivation [63], a formula to calculate the external stress field of an elliptic cylindrical 

inclusion was derived [64–65]. Eshelby’s inclusion model and the related tensor for the external field 

were used in composite materials [66], concrete [67] and geophysical sciences [68], but rarely applied 

to deformation twinning. 

In this work, we apply Eshelby’s inclusion theory to calculate the stress fields both inside and 

outside an ellipsoidal twin crystal. This is a reasonable assumption considering the lenticular shape 

of the {101̅2} deformartion twins [69–70] in plastically deformed Mg. Furthermore, phase field 

simulations show that an ellipsoidal shape of a twin crystal is favoured in order to minimise both 

elastic strain energy and interfacial energy [54]. The results obtained are used to study how the stress 

field of one twin crystal (IPT or ST) selects the variant of the other twin crystal in an IPT–ST twin 

pair. This analytical study is then extended to the incoming–outgoing twin pairs across ordinary grain 

boundaries, and the calculation results are compared with corresponding m' values, in order to reveal 

the physics behind m' and to discuss the applicable range of m'. Compared with numerical approaches, 

the analytical approach is highly efficient and does not require large computational storage. Moreover, 

such approach can be extended to determine the elastic fields, including the displacement, stress, and 

stain fields, both inside and outside an ellipsoidal inclusion such as twin crystal, dislocation loop, 

void, martensite plate and precipitate.  

In the following, the crystallographic analyses of primary and secondary twin variants, and 
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different types of IPT–ST pairs are given in Section 2. The experimental observations on the variant 

selection in IPT–ST pairs in a plastically deformed polycrystalline AZ31 sample and a single crystal 

pure Mg sample are provided in Section 3. The influence of local stress fields on the variant selection 

of the IPT–ST pairs is examined by analytical calculations in Section 4. All findings are discussed in 

Section 5 and summarised in Section 6.  

 

 

2. Crystallographic analysis  

 

Each deformation twin variant forms via a homogeneous simple shear of the matrix, and the 

invariant plane of this shear is called the twin plane. Fig. 2a shows one example in which the twin 

plane is (101̅2) (green colour) and the twin shear direction [1̅011] is marked by s1. If expressed 

in the x0y0z0 coordinate system (Fig. 2a) where the shear direction and the normal direction of the 

twin plane are set as x0 and z0 directions, respectively, and the corresponding strain-free 

transformation strain tensor (SFTS) is:  

𝜺𝟎 = (
0 0 −𝛾0 2⁄
0 0 0

−𝛾0 2⁄ 0 0
) ,                                           (1) 

where 𝛾0 is the magnitude of the twin shear and can be expressed as: 

 

𝛾0 = −
√3𝑎

3𝑐
[(
𝑐

𝑎
)
2

− 3]   ,                                            (2) 

 

where a and c are lattice parameters of Mg and 𝛾0  = 0.13 for {101̅2} twin. This strain allows us to 

adopt a small strain formalism, considering that a finite strain formalism would be a little more 

accurate but it would have no influence on the variant selection issue.  

There are 6 orientation variants of {101̅2} twin crystals and they are numbered Vi (i = 1– 6) in 

this work. The twinning systems and the orientations of these twin variants are shown in Table 1. The 

SFTS of all the 6 variants, 𝜺𝐢 (i = 1 – 6), are expressed in the XYZ coordinate system where X, Y and 

Z are parallel to [101̅0], [1̅21̅0] and [0001] of the Mg matrix, respectively. The first one of the six 

SFTSs, i.e., 𝜀𝑖𝑗
1 , is: 

𝜀𝑖𝑗
1 =

𝑠𝑖
1𝑛𝑗

1 + 𝑠𝑗
1𝑛𝑖

1

2
= 𝑅𝑖𝑘

1 𝑅𝑗𝑙
1𝜀𝑘𝑙

0  ,                                             (3) 

where 𝒔𝟏 is a vector of magnitude 𝛾0 aligned with the shear direction, 𝒏𝟏 is the unit twin plane 

normal, and 𝑹𝟏 is the rotation matrix of the variant V1 from the x0y0z0 coordinate system to XYZ 

coordinate system. The strain tensors of the other twin variants can be obtained by symmetry 

operations.  

When a primary twin crystal Vi experiences a simple shear with a magnitude of s0 again, a 

secondary twin crystal may form. The secondary twin variant formed in Vi is denoted Vij (j = 1 – 6). 

To show the orientation of V1 and V1j, the (0002) pole figure of V1 and V1j is given in Table 1. One 

example is shown schematically in Fig. 2b, in which the lattice of Mg transforms to that of the primary 

twin variant V1 (marked by M → PT) via a simple shear s1, and then to the secondary twin variant 

V14 (marked by PT → ST) via another simple shear s14. The calculation of the strain tensor 

𝜺𝐢𝐣 describing the transformation from Vi to Vij is similar to 𝜺𝐢. The components of 𝜺𝟏 and 𝜺𝟏𝐣, as 

well as the twin shear and twin plane normal directions of V1 and V1j, are listed in Table 2. Note that 

if i = j, detwinning occurs so that the lattice of Vi will transfer back to that of the Mg matrix because 

𝜺𝐢𝐢 = −𝜺𝐢. This is also clear from the (0002) pole figure given in Table 1, which shows that the [0001] 
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direction of V11 is superposed to that of the matrix. Thus, variant Vii is equivalent to the matrix and 

will not be discussed further. There are thus 30 secondary twin variants (Vij, i = 1−6, j =1−6, i ≠ j) in 

total.  

Any 2 out of 6 primary variants may interact with each other to form an IPT–RPT intersection. 

These intersections can be classified into 3 crystallographically different types (Figs. 3a−3c). If RPT 

is fixed to V1, then examples of these 3 types IPT–RPT intersection are V2–V1 (Type I, Fig. 3a), 

V3–V1 (Type II, Fig. 3b) and V4–V1 (Type III, Fig. 3c). The intersection lines between the twin 

planes of V2 and V1, V3 and V1, and V4 and V1 are [42̅2̅3̅], [2̅201], and [12̅10] of the matrix, 

respectively. The misorientations between IPT and RPT in Type I, II and III intersections are 

60.0o〈12̅̅̅̅  12 0 1〉, 60.4o〈7̅ 8 1̅ 0〉 and 7.4o〈2̅ 1 1 0〉, respectively. These are also listed in Table 3.   

For each of the three types of IPT–RPT intersections, the twin plane of only one ST variant 

intersects those of IPT and RPT at a common line, which is reflected by the stereographic projections 

in Figs. 3d–3f. For example, for V2–V1 intersection (Type I), only the twin plane of V12 intersects 

the twin planes of V2 and V1 at a common line, which is represented by the point P1 in Fig. 3d. 

Therefore, there are three possible IPT–RPT–ST configurations, in which the twin planes of IPT, 

RPT and ST share the same intersection line. These configurations are V2–V1–V12 (Type I, Fig. 3d), 

V3–V1–V13 (Type II, Fig. 3e) and V4–V1–V14 (Type III, Fig. 3f). The misorientations and 

compatibility factors, m', between IPT–ST pairs in these three configurations are listed in Table 3. It 

is worth mentioning that the m' values between IPT and ST in all three configurations are negative. 

For each type of the configuration, the angles between the common intersection line and the shear 

direction of IPT/ ST, i.e., αIPT and αST shown in Fig. 1, are calculated according to Eq. 4:  

 

αt = arccos |
𝒔𝒕
𝑠0
· (𝒏𝐈𝐏𝐓 × 𝒏𝐒𝐓)| , (t =  IPT or ST)                                (4) 

where nIPT and nST represent the twin plane normal directions of IPT and ST, respectively, and 𝒔𝐭 

represents the twin shear of the twin crystal p. The values of αIPT and αST for each type of IPT–ST 

pair are also listed in Table 3.  

 

 

3. Experimental observations of variant selection of IPT–ST pairs in deformed Mg samples  

 

To investigate which type of IPT–ST pairs forms most frequently in plastically deformed samples 

and why, two types of samples were investigated. The first was an AZ31 polycrystalline sample with 

a strong basal texture. This sample was plastically deformed by uniaxial tension with the tensile axis 

parallel to the basal poles of most grains. This initial texture ensures that different twin variants form 

inside the same grain, so that twin-twin junctions and IPT–ST pairs may form. For this sample, the 

focus of the analysis is on the crystallographic features of IPT–ST pairs. The second sample was a 

pure Mg single crystal compressed sequentially along two different directions to activate more IPT–

ST pairs. By characterizing the microstructures ex-situ, the formation and evolution of IPT–ST pairs 

as a function of the external strain was investigated. Since these two samples were deformed with 

different applied stresses, it further allows a discussion of the relationship between IPT–ST variant 

selection and the applied stresses.  

 

3.1 Experimental methods  

 

Two types of deformed samples were prepared. For the first type, the material was a 

commercially available AZ31 alloy (Mg–3wt.%Al–1wt.%Zn) hot rolled plate with a strong basal 

texture, where the basal poles of most grains were aligned parallel to the normal direction (ND) of 
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the as-received plate. A dog-bone-shaped tensile sample was cut from the plate with the tensile 

direction parallel to the ND. The gauge section was 25 mm long, 10 mm wide and 2 mm thick. The 

tensile tests were conducted at room temperature to a true strain of 0.04 with a strain rate of 10-4 s-1. 

After unloading, the microstructure of the cross-section of the sample was characterized using 

electron backscatter diffraction (EBSD) with a step size of 2 μm. For the second one, a single crystal 

of pure Mg having a cuboid shape with dimensions of 4 mm (length) × 4 mm (width) × 6 mm 

(height) was prepared for compression test. The length (X), width (Y) and height (Z) directions of the 

cuboid sample are approximately parallel to the [101̅0], [1̅21̅0] and [0001] directions of Mg, 

respectively. Uniaxial compression tests were performed using a screw-driven Instron 5982 machine, 

at a constant strain rate of 1 × 10−3𝑠−1. The single crystal was first compressed along the X direction 

to a true strain of 0.075, and then compressed along the Y direction progressively to a true strain of 

0.035. Microstructural features in the compressed sample were characterized by EBSD using a JEOL 

7001 FEG SEM machine equipped with an Aztec analysis system. The EBSD sample was prepared 

by electropolishing using Lectropol-5 electrolytic polishing machine, in a solution containing 20 vol% 

nitric acid and 80 vol% methanol, at a temperature of −5℃ and a voltage of 3V. The step size used 

for EBSD was 1.2 μm. The EBSD data were processed using the open-source crystallographic toolbox 

MTEX [71]. 

 

3.2 IPT–ST pairs in a deformed AZ31 polycrystalline sample  

 

The microstructure of the plastically deformed AZ31 is shown in Fig. 4a. It contains a large grain 

with a size of ~ 400 μm and several small grains with sizes less than 100 μm. Different variants of 

{101̅2} twin crystals can be observed in the big grain. These twin crystals often intersect with each 

other, forming twin–twin intersections. The {101̅2}–{101̅2} secondary twins are observed at some 

intersections. Most of these secondary twins are connected with primary twin crystals, and form IPT‒

RPT‒ST configurations. In this sample, 12 examples of the IPT‒RPT‒ST configurations are 

identified, and typical examples are represented in regions numbered 1‒5 in Fig. 4a.  

In each region, all IPT‒RPT‒ST examples belong to the same configuration. Both IPT and RPT 

crystals have relatively high Schmid factors (close to 0.5, see Table 4), implying that they are 

favoured to form spontaneously under the applied stress. In contrast, all ST crystals have negative 

Schmid factors, which means that the formation of these ST is not favoured by the applied stress. 

Furthermore, values of the geometrical compatibility factor m' between IPT and ST in all IPT‒RPT‒

ST examples are also negative (Table 4). Thus, the appearance of these IPT‒ST pairs cannot be 

explained by m' or Schmid factor.  

The twin crystals in all the identified IPT‒ST pairs have certain specific orientation relationships. 

For example, examination of local regions 1 and 2 in Fig. 4a, which are enlarged in Fig. 4b, reveals 

that the three ST crystals embedded in the same RPT belong to two variants, STa and STb. The IPT 

crystals connecting STa and STb also belong to two variants, which are IPTa and IPTb, respectively. 

The RPT and examples of IPTa, STa, IPTb and STb are labelled in Fig. 4b. In both IPTa‒STa and 

IPTb‒STb pairs, the IPT and ST crystals have a misorientation of 49.6o〈9̅ 9 0 4〉, and the IPT and 

RPT have a misorientation of 60.0o〈12̅̅̅̅  12 0 1〉 (Figs. 4c and 4e). These misorientations between IPT 

and ST, and between IPT and RPT, are the same in all the observed IPT‒ST pairs in the sample.  

In each IPT‒ST pair, the twin planes of IPT, RPT and ST are found to intersect at a common line. 

This finding is illustrated by two example pairs, IPTa‒STa and IPTb‒STb in Fig. 4b. As can be seen 

from the stereological projections (Fig. 4d for IPTa‒STa pair and Fig. 4f for IPTb‒STb pair), for each 

pair, the three curves representing the twin planes of IPT, RPT and RT intersect with each other at 

the same point P, indicating that the three twin planes intersect at a common line. By examining the 

IPT/ST, and IPT/RPT misorientations, as well as the intersection of the twin planes of IPT, ST and 
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RPT, it is found that all the IPT‒ST pairs in the sample are Type I, as defined in Section 2. 

 

3.3 IPT–ST pairs in deformed single crystal of pure Mg 

 

Figs. 5a‒5d show the progressive change of the microstructure during plastic deformation. After 

compression along the X direction to a true strain of 0.075, the majority part of the initial crystal has 

been transformed to twin crystals, which is shown in Fig. 5a. After changing the strain path, and 

compressing along the Y direction to a true strain of 0.014, a few secondary twins appear inside some 

of the primary twins. These secondary twins are thin lamellae and coloured in green in Fig. 5b. Some 

of the secondary twins are connected with thin primary twins that form during compression along the 

Y direction, forming IPT‒ST pairs. One typical example (marked by the rectangle in Fig. 5b) is 

enlarged and the IPT, RPT and ST for this example are marked in Fig. 5c. The RPT, IPT and ST in 

this example belong to V1, V2 and V12, respectively. Thus, this IPT‒ST pair is a Type I pair.  

When the compression strain along the Y direction is increased to a true strain of 0.035 (Fig. 5d), 

the volume fraction of secondary twins is significantly increased. Compared with Fig. 5b, both IPTs 

and STs become thicker. Most of these secondary twin crystals are connected with primary twins 

embedded in the residual matrix, forming IPT‒ST pairs. There are approximately 110 IPT‒ST pairs.  

The primary twin variants V1, V2 and V6, and the secondary twin variants V12 and V16 in Fig. 5d 

are filled by different colours in Fig. 5e, according to the labels shown on the right of the Fig. 5e. The 

most frequently observed IPT–ST pairs are V2–V12 (~95) that belong to Type I. In addition, around 

10 V6–V16 pairs are observed, which also belong to Type I.  

When compressed along the Y direction, Schmid factors of V2 and V12 are 0.43 and 0.36, 

respectively. Both are the highest among all the primary and secondary twins (Table 5). Thus, the 

formation of these two variants is favoured by the applied stress. Schmid factors of V6 and V16 are 

smaller than those of V2 and V12, respectively. It is worth noting that, according to Table 5, V5 and 

V15 have higher Schmid factors than V6 and V16, and the V5–V15 pair in the V5–V1–V15 

configuration (Type 2) also fulfils the condition that the twin planes of IPT, RPT and ST intersect at 

a common line. However, the V5–V1–V15 configuration is not observed in the sample.  

The experimental results show that most of the IPT–ST pairs in the deformed polycrystalline 

AZ31 sample (12 out of 12) and single crystal pure Mg sample (~105 out of 110) are Type I, which 

is also the most frequently observed type in previously reported samples. For example, according to 

the reported misorientations between IPT and ST, as well as IPT and RPT, the majority of IPT–ST 

pairs in polycrystalline AZ31 samples, deformed under uniaxial tension (28 out of 34 [21]) or under 

compression (66 out of 110 [22]), are Type I. The IPT–ST pair reported by Roberts and Partridge in 

a bent pure Mg sample [12] also belongs to Type I by checking the direction of the intersection line 

between the twin planes of IPT and ST, and the values of αIPT and αST. The preferential appearance 

of Type I IPT–ST pair seems to be independent of the loading conditions, and sometimes the IPT and 

(or) ST variants in this type of pair do not correspond to the highest Schmid factors among all primary 

and secondary twin variants. Thus, the local stress field at twin–twin intersections have to be 

considered. This local stress field includes three types of stresses: (a) the stress concentrated at the 

tips of IPT and ST (Note that in 3D, the twin tip is the rim around a twin crystal), (b) the back-stress 

inside RPT, and (c) the applied stress at twin–twin intersections. 

 

 

4. Analytical calculation of the influence of local stress fields on the variant selection of IPT–

ST pairs 

 

4.1 Calculation method 
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One of the straightforward methods to judge whether an arbitrary pre-existing stress field favours 

the formation of a twin crystal belonging to the pth variant (p = i for primary twin and p = ij for 

secondary twin; both i and j = 1–6 and i ≠ j) is to calculate the interaction energy between the pre-

existing stress field, σ, and the SFTS of the twin crystal, 𝜺𝐩 [72–73]:  

 

𝑒int = −𝜎𝑚𝑛(𝒓)𝜀𝑚𝑛
p
.                                                              (5) 

 

The form of 𝜺𝐩 was given in Eq. 3. At a certain position r, the negative value of 𝑒int indicates that 

the elastic strain energy generated by the stress field can be relaxed by the formation of the twin 

crystal, i.e., the formation of the twin crystal is energetically favoured. As 𝑒int is a scalar, the value 

of 𝑒int does not change when the coordinate system changes.  

If σ represents the stress field of an isolated twin crystal belonging to the qth variant in an infinite 

space, it can be calculated based on Eshelby’s inclusion theory [60–63, 74]:  

 

𝜎𝑖𝑗
out(𝒓, q) = 𝐶𝑖𝑗𝑘𝑙𝑆𝑘𝑙𝑚𝑛(𝒓)𝜀𝑚𝑛

q
   ,                                         (6𝑎)  

 

𝜎𝑖𝑗
in(q) = 𝐶𝑖𝑗𝑘𝑙(𝑆𝑘𝑙𝑚𝑛

0 𝜀𝑚𝑛
q
− 𝜀𝑘𝑙

q )  .                                         (6𝑏)  

 

where 𝜎𝑖𝑗
out and 𝜎𝑖𝑗

in are the stress fields outside and inside the twin crystal, respectively. Cijkl is the 

elastic tensor, which is assumed to be isotropic for both twin crystal and Mg matrix in this work. This 

is reasonable since the elastic anisotropy of Mg is low and Cijkl is close to be isotropic [24, 75]. Thus, 

Cijkl is expressed with two parameters, the Young’s modulus E (49.5210 GPa) and Poisson’s ratio 𝑣0 

(0.2812):  

𝐶𝑖𝑗𝑘𝑙 =
𝐸𝑣0

(1 + 𝑣0)(1 − 2𝑣0)
𝛿𝑖𝑗𝛿𝑘𝑙 +

𝐸

2(1 + 𝑣0)
(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) ,                         (7) 

 

where 𝛿𝑖𝑘 is the Kronecker delta.  

The 𝑆𝑖𝑗𝑘𝑙(𝒓) is the Eshelby tensor outside the twin crystal. For convenience, when 𝑆𝑖𝑗𝑘𝑙(𝒓) is 

derived, the twin crystal is set to a1 < a2 = a3 where a1, a2 and a3 are the semi-axes of the ellipsoid, 

and the aspect ratio A = a2/a1. The input parameters of 𝑆𝑖𝑗𝑘𝑙(𝒓) are the size of the twin crystal, i.e., 

a1, a2, a3, and 𝑣0. The size of an isolated twin crystal should be larger than its critical size. For 

example, when the applied stress is 100 MPa tensile stress along [0001] of the Mg matrix, the critical 

size of the homogeneously formed twin crystal is a1 = 3.00 × 10-2 μm, a2 = a3 = 2.40 μm. Hence, A = 

80:1. The detailed calculation of the critical size is given in Appendix 1, and the completed form of 

𝑆𝑖𝑗𝑘𝑙(𝒓)  is given in Appendix 2. Note that when r locates inside the twin crystal, 𝑆𝑖𝑗𝑘𝑙(𝒓) 

degenerates to the classical Eshelby’s tensor, 𝑆𝑖𝑗𝑘𝑙
0  [56–58], and becomes independent of r. Thus, 

𝝈𝐢𝐧 also becomes independent of r, and represents the back-stress inside the twin crystal. The form 

of 𝑆𝑖𝑗𝑘𝑙
0  is also given in Appendix 2.  

 

4.2 Effects of stress fields of IPT/ST on the variant selection of ST/IPT 

 

As IPT and ST form a twin pair, we consider first how the stress at the tip of one twin affects the 

formation of the other. From the present experimental data, it is difficult to determine whether IPT or 

ST forms first, and we will thus consider both cases. If IPT forms first, whether the stress field of the 

IPT belonging to variant Vi, i.e., 𝝈𝐈𝐏𝐓(V𝑖), favours the formation of ST belonging to variant Vij can 

be judged by the calculation results of Eq. 5, when σ and εp are substituted by 𝝈𝐈𝐏𝐓(V𝑖) and SFTS 

of Vij, εij. Special attention is paid to the distribution of interaction energy on twin planes, as twin 

crystals prefer to grow along their twin planes. The detailed calculation process is provided in 
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Appendix 3. For type I IPT‒ST pair, e.g., V2‒V12, the elastic strain energy caused by 𝝈𝐈𝐏𝐓(V2) can 

be relaxed by the formation of the secondary twin variant V12, i.e., the formation of V12 is 

energetically favoured. This is reflected by the negative interaction energy distributed on the twin 

plane of V12 (the blue region in Fig. 6a). Compared with other regions, inside RPT (V1), V12 is more 

favoured to nucleate near the intersection line MN because the most negative interaction energy 

distributes along the intersection line, with a magnitude of around –8.0×107 J/m3. This is reasonable 

since the stress generated by a twin crystal is concentrated at its rim.  

If the ST crystal V12 forms first, to evaluate whether the stress field of V12, 𝝈𝐒𝐓(V12), favours 

the formation of the IPT variant V1, the distribution of the interaction energy between 𝝈𝐒𝐓(V12) 
and the SFTS of V1, 𝑒int(V12–V1), on the twin plane of V1 is shown in Fig. 7. It is found that the 

formation of IPT V2 is also favoured by the stress field of the ST V12, as the values of 𝑒int(V12–V1) 
are negative at the twin plane of V2. The most negative interaction energy is again approximately –
8.0×107 J/m3. Thus, the formation of V2–V12 pair is energetically favoured, as demonstrated by the 

calculation results shown in Fig. 6a and Fig. 7, i.e., the elastic strain energy caused by the stress field 

of V2 can be relaxed by V12, and vice versa. This can easily be understood because the interaction 

energy is a parameter that can be used to judge whether two twins are mutually favourable. In other 

words, regardless of the formation sequence of the two twins (either IPT or ST forms first), interaction 

energy calculation results indicate whether forming adjoining twin pairs will reduce the total energy 

of the system, i.e., whether the formation of the adjoining twin pairs is favoured.  

If the intersection line between the twin planes of IPT and RPT is different from that between 

the RPT and ST, i.e., the situation that the twin planes of IPT–ST pairs only have a point contact, the 

influence of the stress field of IPT is tiny and only limited to the small region near the contacting 

point. One example is the V2‒V1‒V14 configuration shown in Fig. 6b. In this case, values of the 

interaction energy are close to 0 for the major part in the V14 twin plane. The largest absolute values 

of the interaction energy are concentrated in the small region near the connecting point O of the two 

intersection lines (MN and PQ in Fig. 6b), but these values decrease rapidly with increasing distance 

from the point O. Therefore, the influence of the stress field of IPT on the formation of ST is much 

more effective when the intersection line between the twin planes of IPT and RPT is the same as that 

between the RPT and ST.  

Besides Type I twin-twin interactions, for each of the Type II and III interaction twin pairs, there 

also exists a ST variant that intersects the twin planes of IPT and RPT at a common line (see Figs. 3e 

and 3f). As shown in Fig. 3e, the twin plane of ST variant V13 intersects that of the IPT V3 and RPT 

V1 at a common line that is parallel to [2̅201]  of the matrix, then compose a V3‒V1‒V13 

configuration (type II). In this case, values of the interaction energy between the stress field of V3 

and SFTS of V13, are positive on the twin plane of V13 (see the region in red in Fig. 6c). Thus, the 

stress field of V3 cannot be relaxed by V13, i.e., the V3‒V13 pair (Type II) is energetically not 

favoured in terms of elastic strain energy. Similarly, if V13 forms first, the stress field of V13 does 

not favour the formation of V3, which will not be discussed further. For the type III IPT‒ST pair 

given in Fig. 3f, only V14 intersects the intersecting (V4) and recipient (V1) twins at a common line. 

In this case, values of the interaction energy between the stress field of V4 and the SFTS of V14 on 

the twin plane of V14 are again positive (Fig. 6d), and thus, the Type III V4‒V14 pair is not favoured 

either.  

Among the three types of IPT–ST pairs, only the formation of the Type I IPT–ST pair is 

energetically favoured, i.e., the stress field of the IPT favours the formation of ST, and vice versa. 

This type of IPT–ST pair is exactly the one that is observed experimentally in this work (Section 3) 

and previous works [12, 17, 21, 22]. Thus, the calculation results well explain why only this specific 

type of IPT–ST pair is present. All possible IPT–RPT combinations that may result in the formation 

of an IPT–RPT–ST structure are investigated. In terms of crystallography, there are 30 IPT‒RPT 

combinations in total, i.e., Vi–Vj, i, j = 1 – 6 and i ≠ j. Among these combinations, 12 of them are 

crystallographically equivalent and belong to Type I, i.e., these IPT‒RPT intersections may compose 

Type I IPT‒RPT‒ST configuration together with a proper ST variant according to interaction energy 

calculation results performed in this section. All 30 IPT‒RPT combinations, and the ST variants that 
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can form Type I IPT‒RPT‒ST configuration, are listed in Table 6. In total, 12 combinations of Type 

I IPT-RPT-ST configuration are possible. 

 

4.3 Effects of back-stress inside RPT on the variant selection of ST 

 

The ST crystals are always embedded in RPT crystals. Inside a RPT crystal of variant Vi, whether 

the formation of a ST crystal of variant Vij is favoured by the back-stress of the RPT, 𝝈𝐑𝐏𝐓(V𝑖), i.e., 

the internal stress of RPT, can also be judged by Eq. 5, in which the σ and ε are substituted by 

𝝈𝐑𝐏𝐓(V𝑖)  and εij, respectively. Note that 𝝈𝐑𝐏𝐓(𝑉𝑖)  is independent of position r and can be 

calculated by Eqs. 6b, A29 and A30. From Eqs. A29 and A30, it is easy to find that the absolute 

values of non-zero components in 𝝈𝐑𝐏𝐓 increase when the aspect ratio of the RPT crystal decreases.  

If a RPT crystal is variant V1, and the aspect ratio of the RPT crystal is set to 80:1, the values of 

interaction energies between the 𝝈𝐑𝐏𝐓(V1) and the SFTSs of all 5 ST variants potentially formed in 

RPT V1, i.e., V1j (j=2– 6), are negative (Table 7). Thus, the formation of all ST variants is favoured 

by the internal stress of RPT. But these values are in the order of 106 J/m3, which is an order of 

magnitude lower than the values of interaction energy between the stress field of IPT (V2) that also 

has a 80:1 aspect ratio and the SFTS of V12, i.e., 𝑒int(V2–V12), near the IPT–ST intersection line, 

which is in the order of 107 J/m3, see Fig. 6a.  

When the aspect ratio of RPT is reduced to 8:1, values of the interaction energy between 

𝝈𝐑𝐏𝐓(V1) and SFTS of ST (V12), 𝑒int(V1–V12), is –3.79 × 107 J/m3, which is still less negative but 

at least in the same order of magnitude of the value of 𝑒int(V2─V12) (~ –8.0×107 J/m3). This means 

that only when the aspect ratio of the RPT is less than 1/10 of that of IPT, i.e., RPT is 10 times thicker 

than IPT if their lengths are the same, the internal stress of RPT is comparable with the stress 

concentrated at the rim of IPT near the IPT–ST intersection line. For the experimentally observed 

IPT–RPT–ST configurations, although RPT and IPT may have different aspect ratios, a difference of 

10 times is rare, and thus, the influence of the internal stress of the RPT on the variant selection of 

the ST is less than the stress field concentrated at the tip of the IPT.  

But it is worth to emphasize that the internal stress in RPT plays an important role in the growth 

of ST crystals as the internal stress distributes uniformly in the whole RPT, while the stress of IPT 

only concentrates on a local region near the IPT–ST intersection line. This is further illustrated in Fig. 

8. This figure shows that the value of 𝑒int(IPT─ST) increase dramatically as the distance to the 

intersection line increases while that of 𝑒int(RPT─ST) is a constant. The critical distance is 0.23 μm, 

which means that, when the distance to the intersection line is larger than this critical distance, the 

value of 𝑒int(IPT─ST) is larger than that of 𝑒int(RPT─ST). Thus, influence of 𝝈𝐈𝐏𝐓 on the ST 

becomes smaller than 𝝈𝐑𝐏𝐓. The influence of 𝝈𝐑𝐏𝐓 becomes larger when the aspect ratio of RPT 

decrease to 8:1 (see the brown line). In this case, 𝑒int(RPT─ST) becomes more negative and the 

critical distance decreases to 6 × 10-3 μm.  

 

4.4 Effects of the applied stress on the variant selection of IPT and ST 

 

Effects of the applied stress on the variant selection of IPT and ST for the two cases analysed in 

Sections 3.2 and 3.3 are investigated. It is to be noted that, if the direction of the applied stress changes, 

the RPT crystals may not be favoured to form, and thus the formation of the ST crystals may also be 

influenced. Therefore, to consider the effect of the applied stress on the formation of ST, it is always 

necessary to discuss the effect of the applied stress on RPT at the same time. 

In fact, when a uniaxial stress is applied on a sample, if the applied stress favours the formation 

of a RPT variant, then a ST is difficult to form inside the RPT. For example, the interaction energy 

between the applied stress and the SFTS of RPT (Variant V1) is: 

 

𝑒int(𝝈app − V1) = −𝜎𝑖𝑗
app
ε𝑖𝑗
1 = 0.0649𝜎11

app
− 0.0649𝜎33

app
+ 0.0086𝜎13

app
 ,             (8) 
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where 𝝈app is the applied stress tensor and 𝜺1 is the SFTS of twin variant V1. The form of 𝜺1 is 

listed in Table 2 (𝜀11
1 = −0.0649, 𝜀33

1 = 0.0649, 𝜀13
1 = 𝜀31

1 = −0.0043, and the other components 

of 𝜺1 are 0). This equation reveals that, V1 is favoured to form under a compressive stress along 

[101̅0] (negative 𝜎11) and/or a tensile stress along [0001] (positive 𝜎33). However, all 5 secondary 

twins that can potentially form inside the primary twin variant V1, i.e., V1j (j = 2–6), are not favoured 

to form when 𝜎11 < 0 and/or 𝜎33 > 0 because 𝜀11
1j

 > 0 and 𝜀33
1j
< 0 (opposite sign to 𝜀11

1  and 

𝜀33
1 ), which result in a positive value of 𝑒int(𝝈𝐚𝐩𝐩─V1j). Therefore, the stress state that favours V1 

cannot favour V1j simultaneously. It is the same for all the other twin variants. For the first case 

described in Section 3.2, a uniaxial tensile stress of approximately 100 MPa is applied along  [0001] 

of the Mg matrix, which is similar to [21]. The interaction energies between the applied stress and 

the SFTS of all 30 ST variants are positive, i.e., 𝑒int(𝝈𝐚𝐩𝐩─V𝑖𝑗) > 0 (i = 1–6, j = 1–6, i ≠ j). When 

i = 1, the values of 𝑒int(𝝈𝐚𝐩𝐩─V1𝑗) are listed in Table 7.  

For the IPT in the uniaxial tensile deformed sample, the interaction energy values between the 

applied stress and SFTS of all 6 primary twin variants are equal to –6.486×106 J/m3, which is negative, 

and thus the formation of primary twins is favoured by the applied stress. But this value is around one 

tenth of the interaction energy between the stress field of ST and SFTS of IPT near the IPT–ST 

intersection line (~ –8.0×107 J/m3, see Fig. 7). Thus, in the presence of a pre-existing ST, the tip stress 

of ST plays a dominant role in the variant selection of the to-be-nucleated IPT.  

For the plastically deformed single crystal case described in Section 3.3, RPT of variant V1 

appears during the first loading step, while the IPT–ST pairs mainly appear during the second loading 

step when the sample is compressed along the Y axis (approximately parallel to the [1̅21̅0] direction 

of the matrix) with a strain of 0.035. According to the stress-strain curve, the compressive stress is 

approximately 100 MPa. Table 7 lists the interaction energy of the ST variants when the applied 

compressive stress is 100 MPa along [1̅21̅0]. The interaction energy of V12, V13, V15 and V16 is 

almost the same and is negative, which means that the formation of these ST variants is almost equally 

favoured by the applied stress. This agrees well with the Schmid factor listed in Table 5. However, 

𝑒int(𝝈𝐚𝐩𝐩─V𝑖𝑗) is again in the level of 106 J/m3. So, when a pre-existing IPT is present, the tip stress 

of IPT plays again a dominant role in the variant selection of ST. 

ST might be activated by the applied stress if the direction of the applied stress is changed, so 

that RPT can form during the first loading process, and that ST can form in the second loading process. 

The experiment on the single crystal sample given in Section 3.3 is an example, in which the 

compressive stress along [101̅0] is applied first to activate V1, and then along [1̅21̅0] (of the 

matrix orientation) to activate V1j. By comparing the effects of the applied stress and twin tip stress, 

it is found that the twin tip stress determines which type of twin pair forms while the applied stress 

determines the appearance frequency of the IPT–ST pairs. For the single crystal sample after the 

second loading step (Section 3.3), the ST crystals belonging to variant V1j forms inside RPT V1. 

Both the Schmid factor and the interaction energy indicate that V12 and V13 are energetically most 

favoured to form, followed by V15 and V16. Fig. 5 shows that the most frequently observed IPT–ST 

pairs is V2–V12, followed by V6–V16. Both belongs to Type I, for which the stress fields of the IPT 

and the ST are mutually favoured. The appearance frequency of the V2–V12 pairs is higher than the 

V6–V16 pairs. This might be attribute to the fact that the Schmid factors of V2 and V12 are higher 

than those of V6 and V16, which indicates that the applied stress is more favoured to the formation 

of V2 and V12 than V6 and V16. The pairs V3–V13 and V5–V15, which belong to Type II, are rarely 

observed, although their Schmid factors are comparable with those of V2–V12 and V6–V16.  

It is worth mentioning that, the applied stress field is distributed in the whole sample, rather than 

within a local area, thus, similar to the role of back-stress of RPT, the applied stress plays an important 

role on the growth of twin crystals. 
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4.5 Effects of dislocation slip on the variant selection of ST 

 

The analytical solution applied in this work is purely elastic, and the stress relaxation due to 

dislocation slip is not considered. Among all slip systems in Mg, the basal slip ({0001}〈112̅0〉) is the 

easiest to be activated. The critical resolved shear stress (CRSS) of basal slip is lower than that 

required to activate {101̅2} twinning. It is then questioned whether stress relaxation due to basal 

slip can influence the formation, especially the variant selection, of the ST. To answer this question, 

three-dimensional full field finite element (FE) simulations were performed based on the crystal 

plasticity theory, using a user-defined material law (UMAT routine) described in a previous study 

[47]. 

The model geometry consists of a RPT crystal and an IPT crystal (Fig. 9). Both twin crystals 

were embedded inside a cubic shaped matrix. The Euler angle of the matrix single crystal is taken as 

[0 0 0], and the IPT and RPT are V2 and V1, respectively, i.e., the same configuration as shown in 

Fig. 6a. The simulation was performed in two steps. First, the RPT domain underwent the twinning 

transformation on the (101̅2) along the [1̅011] incrementally until the total shear strain reaches 

the twin shear strain in Mg (0.13). Second, the IPT domain underwent the twinning transformation 

on the (011̅2) plane along the [01̅11] direction until a total shear strain of 0.13 is reached. The 

boundaries of the matrix crystal were kept at a fixed position during the whole simulation. We 

preformed two simulations. In the first simulation, dislocation slip is inhibited, i.e., only considering 

the elastic effects. In the second one, basal slip is allowed in the matrix and the two twin crystals. The 

material parameters used in the simulation are listed in Table 8, and the hardening law of the basal 

slip systems is as follows: 

 

𝜏𝑐 = 𝜏𝑐0 (1 +
Γ𝑡𝑜𝑡
Γ0
)
𝑛

   ,                                                        (9) 

 

Γ𝑡𝑜𝑡 = ∫ Σ𝛼|𝛾̇
𝛼|𝑑𝑡

𝑡

0

    ,                                                        (10) 

 

Values of 𝑒int between the IPT (V2) and the ST (V12) was computed and the results are shown 

in Fig. 9, in which the distribution of eint values is shown in a cross-section parallel to the twin plane 

of the V12 and passing through the centre line of the intersection region between the RPT and IPT. 

In this computation, the interaction energy values are normalized, i.e., if only considering the elastic 

strain energy, the minimum eint value is set to –1 (Fig. 9a). When basal slip is activated (Fig. 9b), eint 

becomes around 60% of the inactivated case (Fig. 9a). The formation of secondary twin V12 is still 

favoured inside the RPT. The other two types of IPT–RPT intersections (represented by V3–V1 and 

V4–V1) are also verified by CP-FEM. All these simulations show that plastic relaxation due to basal 

slip does not affect the conclusion that only the Type I (V2–V1–V12) configuration is favourable.  

 

 

5. Discussion  

 

5.1 Why is the interaction energy between IPT and ST in Type I IPT–ST pair negative?  

 

Interaction energy calculation results presented in Section 4.1 reveal that only in Type I IPT−ST 

pair, the stress fields of IPT and ST are mutually favoured, i.e., the interaction energy between IPT 

and ST is negative (see Fig. 6a and Fig. 7). To illustrate the origin of this negative interaction energy, 

interaction of elasticity fields between IPT and ST is qualitatively analysed. The stress field at the 

rim of a twin plane is equivalent to that of a dislocation loop enveloping the twin plane, which is 
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termed twinning dislocation in the followings. The Burgers vector b of the twining dislocation 

satisfies the relationship b/d = s where d is the distance of the neighbouring twin plane. At the 

intersection line between the twin planes of IPT and ST, the two twinning dislocations that correspond 

to IPT and ST are superimposed and their sense vectors are set parallel to 𝒏𝐈𝐏𝐓 × 𝒏𝐒𝐓 . The Burgers 

vectors of these two twinning dislocations, 𝒃𝐈𝐏𝐓 and 𝒃𝐒𝐓, have the same magnitude b but point at 

different directions. Both 𝒃𝐈𝐏𝐓 and 𝒃𝐒𝐓 can be decomposed to a screw component, 𝒃𝐬
𝐈𝐏𝐓and 𝒃𝐬

𝐒𝐓, 

which is parallel to the intersection line, and an edge component, 𝒃𝐞
𝐈𝐏𝐓 and 𝒃𝐞

𝐒𝐓 , which is 

perpendicular to the intersection line. The 𝒃𝐬
𝐈𝐏𝐓, 𝒃𝐞

𝐈𝐏𝐓, 𝒃𝐬
𝐒𝐓 and 𝒃𝐞

𝐒𝐓 are schematically represented 

in Fig. 10a, from which it is found that 𝒃𝐈𝐏𝐓 = 𝒃𝐬
𝐈𝐏𝐓 + 𝒃𝐞

𝐈𝐏𝐓  and 𝒃𝐒𝐓 = 𝒃𝐬
𝐒𝐓 + 𝒃𝐞

𝐒𝐓 , and the 

magnitude of these vectors should satisfy |𝒃𝐬
𝐈𝐏𝐓|2 + |𝒃𝐞

𝐈𝐏𝐓|2 = |𝒃𝐬
𝐒𝐓|

2
+ |𝒃𝐞

𝐒𝐓|
2
= 𝑏2. Exploring the 

interaction of these two twinning dislocations at the intersection line is an effective way to analyse 

the elastic interaction of IPT and ST.  

For Types I and II IPT−ST pairs, the condition that 𝒃𝐬
𝐈𝐏𝐓 = −𝒃𝐬

𝐒𝐓 is satisfied. Thus, the screw 

component of 𝒃𝐈𝐏𝐓 can be cancelled by that of 𝒃𝐒𝐓. For the Type I IPT−ST pair, this cancellation 

plays a dominant role in the interaction between the two twinning dislocations because |𝒃𝐬
𝐈𝐏𝐓| =

|𝒃𝐬
𝐒𝐓| = 0.92𝑏, which is far larger than |𝒃𝐞

𝐈𝐏𝐓| and |𝒃𝐞
𝐒𝐓| (|𝒃𝐞

𝐈𝐏𝐓| = |𝒃𝐞
𝐒𝐓| = 0.39𝑏). Only a limited 

part of 𝒃𝐈𝐏𝐓 can be cancelled by 𝒃𝐒𝐓 in the Type II IPT−ST pair because |𝒃𝐞
𝐈𝐏𝐓| = 0.62𝑏, which 

is smaller than |𝒃𝐞
𝐈𝐏𝐓| (0.78b). There are no screw components of the two twinning dislocations in 

Type III IPT−ST pair, i.e., |𝒃𝐬
𝐈𝐏𝐓| = |𝒃𝐬

𝐒𝐓| = 0.  

Whether the edge components of these two twinning dislocations, 𝒍𝐞
𝐈𝐏𝐓 and 𝒍𝐞

𝐒𝐓, is elastically 

favoured depends on the angle 𝛽𝑒 between 𝒃𝐞
𝐈𝐏𝐓 and 𝒃𝐞

𝐒𝐓, which is represented in plane K in Fig. 

10a and 10b. This plane is perpendicular to the intersection line and both 𝒃𝐞
𝐈𝐏𝐓 and 𝒃𝐞

𝐒𝐓 locate in 

this plane. The tension and compression strain regions around a single edge dislocation line are 

marked by T and C, respectively in Fig. 10b. In this figure, the variation of the interaction of 𝒍𝐞
𝐈𝐏𝐓 

and 𝒍𝐞
𝐒𝐓 as a function of 𝛽𝑒 is schematically represented. When 𝛽𝑒= 0º, both the tension strain and 

compression strain regions around 𝒍𝐞
𝐈𝐏𝐓 and 𝒍𝐞

𝐒𝐓 are overlapped, which results in an increase of the 

total elastic energy, thus, 𝒍𝐞
𝐈𝐏𝐓 and 𝒍𝐞

𝐒𝐓 are elastically unfavoured. A similar situation occurs when 

𝛽𝑒 < 90º. When 𝛽𝑒 > 90º, the 𝒍𝐞
𝐈𝐏𝐓 and 𝒍𝐞

𝐒𝐓 become elastically favoured as the tension strain field 

around 𝒍𝐞
𝐈𝐏𝐓 can be compensated by the compression strain field around 𝒍𝐞

𝐒𝐓, and vice versa. For 

example, when 𝛽𝑒  = 180º, the tension and compression strain fields around  𝒍𝐞
𝐈𝐏𝐓  can be fully 

compensated by the compression and tension strain fields around 𝒍𝐞
𝐒𝐓. The values of 𝛽𝑒 for Types I, 

II and III IPT−ST pairs are 100.0º, 34.8º and 7.4º, respectively. Thus, the strain field around 𝒍𝐞
𝐈𝐏𝐓 and 

𝒍𝐞
𝐒𝐓 is favourable for the Type I pair, but unfavourable for both Type II and III pairs.  

For each type of IPT−ST pair, whether the elastic fields of IPT and ST are mutually favoured 

relates to the net effects of interaction between the edge components, and between the screw 

components of the two twinning dislocations that envelop a twin plane of IPT and the twin plane of 

ST connecting the IPT twin plane. For the Type I IPT−ST pair, the cancellation of 𝒃𝐬
𝐈𝐏𝐓 and 𝒃𝐬

𝐒𝐓 

(𝒃𝐬
𝐈𝐏𝐓 = −𝒃𝐬

𝐒𝐓) plays a dominant role. Furthermore, the elastic field of 𝒍𝐞
𝐈𝐏𝐓 is favoured by that of 

𝒍𝐞
𝐒𝐓 . Thus, the elasticity fields of IPT and ST are mutually favoured, which is consistent with 

interaction energy calculation results (Fig. 6a and Fig. 7). For Type II IPT−ST pair, even though 𝒃𝐬
𝐈𝐏𝐓 

can also be cancelled by 𝒃𝐬
𝐒𝐓, the elasticity field of 𝒍𝐞

𝐈𝐏𝐓 is not favoured by that of 𝒍𝐞
𝐒𝐓. In this case, 

the net effect should be quantitatively examined by interaction energy calculation results, which 

reveals that the elasticity field of IPT is not favoured by that of ST (Fig 6c). This is reasonable as 

|𝒃𝐞
𝐈𝐏𝐓| > |𝒃𝐬

𝐈𝐏𝐓| and |𝒃𝐞
𝐒𝐓| > |𝒃𝐬

𝐒𝐓|. For the Type III IPT−ST pair, there is no screw component of 

𝒃𝐈𝐏𝐓 and 𝒃𝐒𝐓, i.e., |𝒃𝐬
𝐈𝐏𝐓| = |𝒃𝐬

𝐒𝐓| = 0, and the value of 𝛽𝑒 is the smallest among the three types 

of IPT−ST pairs. Thus, this type is elastically most unfavoured, which is consistent with the most 

positive interaction energy (Fig. 6d).    

 

5.2 Why the variant selection of IPT–ST pairs cannot be predicted by m' ?  
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 In previous sections, we analysed the variant selection of IPT–ST pairs in deformed 

polycrystalline and single crystal Mg samples. The formation of the IPT–ST pair can be considered 

as a special type of twin transmission. But the variant selection of IPT–ST pair cannot be predicted 

by m'. To understand the reason, the physics behind m' and the applicable range of m' should be 

investigated.  

 We start from a general twin transmission case, i.e., a twin pair forming across an arbitrary grain 

boundary, which is schematically shown in Fig. 11a. In this case, the incoming twin with a twin shear 

s along an arbitrary direction is located in the grain designated A, which stimulates the outgoing twin 

with a twin shear s' in the neighbouring grain B and | s | = | s' | = 𝑠0. The orientations of grain B and 

the outgoing twin can be obtained by rotating an angle θ around an arbitrary rotation axis k from the 

orientations of grain A and the incoming twin, respectively. The intersection line between the twin 

planes of incoming and outgoing twin crystals is set at the grain boundary between grains A and B, 

otherwise the influence of the incoming twin to the formation of outgoing twin is tiny, see Fig. 6b. 

The contribution of the stress field of the incoming twin, 𝝈𝐢𝐭, to the resolved shear stress (RSS) of 

the outgoing twin, is the projection of 𝝈𝐢𝐭 to the stress component 1'2' expressed in the 1'2'3' system 

(Fig. 11a), which is the stress component on the twin plane along the twin shear direction of the 

outgoing twin:   

 

𝜎RSS = 𝑅1′𝑚𝑅2′𝑛σ𝑚𝑛
it  ,                                                  (11) 

 

where 𝜎RSS is the RSS of the outgoing twin, R is the rotation matrix operating from grain A to grain 

B, which is a function of rotation axis k and rotation angle θ: 

 
𝑹

= [

cos 𝜃 + 𝑘1
2(1 − cos 𝜃) −sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃) sin𝜃 ∙ 𝑘2 + 𝑘1𝑘3(1 − cos 𝜃)

sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃) cos 𝜃 + 𝑘2
2(1 − cos 𝜃) −sin 𝜃 ∙ 𝑘1 + 𝑘2𝑘3(1 − cos 𝜃)

− sin 𝜃 ∙ 𝑘2 + 𝑘1𝑘3(1 − cos 𝜃) sin 𝜃 ∙ 𝑘1 + 𝑘2𝑘3(1 − cos 𝜃) cos 𝜃 + 𝑘3
2(1 − cos 𝜃)

] . (12) 

 

where k1, k2, k3 is the projection of k on 1, 2 and 3 axes in the 123 coordinate system, and k is a unit 

vector. By considering the physics behind R, R can also be written as:    

 

𝑹 = [

𝑙1′1 𝑙1′2 𝑙1′3
𝑙2′1 𝑙2′2 𝑙2′3
𝑙3′1 𝑙3′2 𝑙3′3

],                                                      (13)  

 

where 𝑙𝑝′𝑞 represents the cosine of the angle between the axis p' (p' = 1', 2', 3') and the axis q (q = 

1, 2, 3). By substituting Eq. 13 to Eq. 11, then,  

 

𝜎RSS = 𝑙1′1𝑙2′1𝜎11
it + 𝑙1′1𝑙2′2𝜎12

it + 𝑙1′1𝑙2′3𝜎13
it + 𝑙1′2𝑙2′1𝜎21

it + 𝑙1′2𝑙2′2𝜎22
it + 𝑙1′2𝑙2′3𝜎23

it + 𝑙1′3𝑙2′1𝜎31
it

+ 𝑙1′3𝑙2′2𝜎32
it + 𝑙1′3𝑙2′3𝜎33

it .                                          (14) 
 

Note that 1/1' and 2/2' represents the twin plane normal and twin shear directions of incoming / 

outgoing twins. The coefficient of the term 𝑙1′1𝑙2′2𝜎12
it , i.e., 𝑙1′1𝑙2′2, is exactly the form of m' because 

𝑙1′1 and 𝑙2′2 are the cosine of the angles between the twin plane normal, and between the twin shear 

directions, of incoming and outgoing twins, respectively. Indeed, m' describes the contribution of 𝜎12
it , 

the shear stress on the twin plane along the twin shear direction of the incoming twin, to the RSS of 

the outgoing twin. Thus, m' is effective only when the value of 𝑚′𝜎12
it  is much larger than other 

terms in Eq. 14, i.e., 𝜎RSS ≈ 𝑚′𝜎12
it . 

To achieve this requirement, either the magnitude of 𝜎12
it  is much larger than other components 

of 𝝈𝐢𝐭, or m' is much larger than the other coefficients before 𝝈𝐢𝐭, such as 𝑙1′1𝑙2′1 and 𝑙1′1𝑙2′3, or 
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both conditions should be satisfied. These two conditions are examined for the case of V2−V12 pair 

(Type I IPT−ST twin pair, as mentioned in Section 2). For the first condition, the distribution of the 

𝝈𝐢𝐭 on the twin plane of ST, is plotted in Fig. 12. The 1 and 2 axes in Fig. 12 are set parallel to the 

twin plane normal and twin shear direction of IPT, respectively. Fig. 12 reveals that, near the IPT−ST 

intersection line, the stress levels of 𝜎22
it , 𝜎12

it  and 𝜎23
it  are in the same order of magnitude. When 

the distance to the IPT−ST intersection line is 3 × 10-2 μm, the values of 𝜎22
it , 𝜎12

it  and 𝜎23
it  are ~ 

−485 MPa, 360 MPa and −380 MPa, respectively. Thus, besides 𝜎12
it , other stress components 

including 𝜎22
it  and 𝜎23

it  may also make contributions to RSS, and the first condition is not satisfied. 

For the second condition, by substituting Eq. 12 in Eq. 11, we get: 

 

𝜎RSS = [cos 𝜃 + 𝑘1
2(1 − cos 𝜃)][sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃)]𝜎11

it

+ [cos 𝜃 + 𝑘1
2(1 − cos 𝜃)][cos 𝜃 + 𝑘2

2(1 − cos 𝜃)]𝜎12
it

+ [cos 𝜃 + 𝑘1
2(1 − cos 𝜃)][−sin 𝜃 ∙ 𝑘1 + 𝑘2𝑘3(1 − cos 𝜃)]𝜎13

it

+ [−sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃)][sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃)]𝜎21
it

+ [−sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃)][cos 𝜃 + 𝑘2
2(1 − cos 𝜃)]𝜎22

it

+ [−sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃)][−sin 𝜃 ∙ 𝑘1 + 𝑘2𝑘3(1 − cos 𝜃)]𝜎23
it

+ [sin 𝜃 ∙ 𝑘2 + 𝑘1𝑘3(1 − cos 𝜃)][sin 𝜃 ∙ 𝑘3 + 𝑘1𝑘2(1 − cos 𝜃)]𝜎31
it

+ [sin 𝜃 ∙ 𝑘2 + 𝑘1𝑘3(1 − cos 𝜃)][cos 𝜃 + 𝑘2
2(1 − cos 𝜃)]𝜎32

it

+ [sin 𝜃 ∙ 𝑘2 + 𝑘1𝑘3(1 − cos 𝜃)][−sin 𝜃 ∙ 𝑘1 + 𝑘2𝑘3(1 − cos 𝜃)]𝜎33
it     .                 (15) 

 

According to Eq. 15, only when θ is close to 0º, 𝜎12
it  makes the major contribution on RSS as all the 

other coefficients before 𝜎𝑚𝑛
it  are close to 0 while m', i.e., [cos 𝜃 + 𝑘1

2(1 − cos 𝜃)][cos 𝜃 +

𝑘2
2(1 − cos 𝜃)], is close to 1. The V2−V12 pair corresponds to a rotation of θ = 180º and k//[101̅2], 

and in Eq. 15, the coefficient before 𝜎22
it  and 𝜎23

it  is －0.33 and －0.68, respectively, while that 

before 𝜎12
it , i.e., m', is close to 0. Thus, the second condition is not satisfied, either. Actually, 

according to Fig. 12 and Eq, 15, 𝜎22
it  and 𝜎23

it , rather than 𝜎12
it , are the major contributors to RSS of 

V12. This explains why m' cannot predict the variant selection of V2－V12 pairs.  
 

5.3 Normalised resolved shear stress and normalised interaction energy  

 

To further illustrate the applicable range of m', two other coefficients, the normalised resolved 

shear stress, 𝜎N
RSS and the normalised interaction energy, 𝑒N

int are introduced. These coefficients 

are obtained by normalising the RSS of the outgoing twin, and the interaction energy between the 

stress field of incoming twin and SFTS of outgoing twin, 𝑒int, against 𝜎0
RSS and 𝑒0

int, respectively, 

i.e., 𝜎N
RSS = 𝜎RSS/ 𝜎0

RSS
 and 𝑒N

int = 𝑒int/𝑒0
int. Note that both 𝜎RSS and 𝑒int are functions of the 

position, and thus a representative position is selected. This representative position is chosen on the 

outgoing twin plane, and the distance between the representative position and the intersection line 

between the twin planes of incoming and outgoing twins is 3 × 10-2 μm. The 𝜎0
RSS and 𝑒0

int are the 

values of 𝜎RSS and 𝑒int when there is no rotation between the incoming and outgoing twins.𝜎N
RSS 

and 𝑒N
int are equivalent because 𝑒int = −𝑠0𝜎

RSS [54]. Similar to m', a higher value of 𝜎N
RSS (or 

equivalently, 𝑒N
int) means that the outgoing twin is energetically more favourable to form under the 

influence of the stress field of an incoming twin. It is noted that although the absolute values of 𝜎RSS 

and 𝑒int depend on the selection of representative positions, when normalized, 𝜎N
RSS and 𝑒N

int are 

almost independent of the representative positions, and thus can be treated as parameters that only 

depend on the rotation between the incoming and outgoing twins. The 𝜎N
RSS  and 𝑒N

int  are more 

effective than m', as they directly reflect the influence of the stress fields of the incoming twin to the 

formation of the outgoing twin, and especially, consider all stress components.  

Two cases are given to compare predictions of 𝜎N
RSS, 𝑒N

int and m'. For the first case, the rotation 

axis k is set parallel to [2̅110] of grain A. As θ varies from 0o to 360o, the variation of m' for all 
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ranges of θ is close to that of 𝜎N
RSS and 𝑒N

int (Fig. 11b), because 𝜎12
it  makes the major contribution 

on 𝜎RSS while contributions of other stress components remain negligibly small (Fig. 11c), i.e., the 

condition that 𝜎RSS ≈ 𝑚′𝜎12
it  is satisfied. Therefore, m' can effectively explain the likelihood of twin 

transmission for this type of rotation between the incoming and outgoing twins.  

For the second case, the rotation axis is set to [101̅2]. There is a cut-off angle for m' to be 

effective to predict twin transmission, either < 100° or > 250°. When θ is in the range 0–100° and 

250–360°, the variation of m' still follows approximately that of 𝜎N
RSS and 𝑒N

int (Fig. 11d), because 

within these two ranges, 𝜎12
it  is still the major contributor to 𝜎RSS  (Fig. 11e). m' becomes less 

effective in prediction in the range 100–250°, because the contribution of 𝜎12
it  to 𝜎RSS is close to 0 

and even negative and other stress components become the major contributor (Fig. 11e). Thus, within 

the θ range of 100–250°, m' is negative, but both 𝜎N
RSS and 𝑒N

int are positive and reach the local 

maximum when θ = 180° (Fig. 11d). In other words, when θ = 180°, both 𝜎N
RSS and 𝑒N

int values 

suggest that the stress fields of the incoming twin favour the formation of the outgoing twin, and these 

two twins can form a twin pair, but m' predict that this type of twin pair cannot form. Note that, at θ 

= 180°, grains A and B have a twinning relationship, and the rotation between the incoming and 

outgoing twins is the same as that between IPT and ST in the type I IPT‒ST pair, e.g., V2‒V12. 

Therefore, the experimental results described in Section 3 give a clear evidence supporting the 

prediction of 𝜎N
RSS and 𝑒N

int. For this type of rotation, m' is not a good predictor. The above two 

cases demonstrate that both 𝜎N
RSS and 𝑒N

int are more general than m'. In contrast, m' fails to explain 

the likelihood of twin transmission when 𝜎12
it  is not the major contributor to the RSS of the outgoing 

twin. Except for certain special rotation axes, there exists a cut-off angle for m' to be effective and 

this angle depends on the rotation axis. 
It is worth mentioning that, all calculations made in this section assume that the intersection line 

between the twin plane of the incoming twin and the grain boundary plane, and that between the twin 

plane of outgoing twin and the grain boundary plane, are the same, i.e., there is no misalignment 

between the incoming and outgoing twins at the grain boundary. This geometrical requirement of 

having a common intersection line is also critical in the determination whether twin transmission can 

occur, and which twin variant can nucleate at the tip of the incoming twin. At least, the misalignment 

of adjoining twins at the grain boundary should be small enough (e.g., < 10º) to allow the curved twin 

plate to compensate [47].  

 

5.4 Further applications of the analytical approach 

 

The analytical approach to calculate the stress fields around a single twin crystal and the analysis 

of IPT‒ST twin pairs can be extended to study general twin-twin interactions. In Sections 5.2 and 

5.3, the analytical approach is extended to study {101̅2} twin transmission across ordinary grain 

boundaries. Twin transmission was also reported in other twinning systems and materials (e.g. [76]), 

and it is even possible to form a twin pair consisting of different types of twin crystals (e.g. [77]). To 

study twin transmission in other twinning systems, it simply requires to get the stress fields of the 

incoming twin by replacing the twin shear and twin normal directions, and the twin shear strain, and 

to recalculate the corresponding SFTS of the outgoing twin. Furthermore, this analytical approach 

can be extended to study elasticity fields around an inclusion formed by a solid-state phase 

transformation, e.g., a martensite plate or a precipitate. 

 

 

6. Conclusions  

 

In this work, an analytical approach based on Eshelby’s inclusion theory is developed and applied 

to calculate the stress fields inside and outside an isolated twin crystal and to analyse the elastic 
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interactions of different twin crystals. This approach is used to study variant selection of {101̅2} 

primary–secondary twin pairs that form IPT–RPT–ST configurations. The following conclusions are 

drawn.  

• In an IPT−RPT−ST configuration, only when the twin planes of IPT, RPT and ST intersect at a 

common line, the stress field of the IPT can effectively interact with that of the ST. There are 

three IPT−RPT−ST configurations satisfying this condition, and the typical examples are V2–

V1−V12 (Type I), V3–V1−V13 (Type II) and V4–V1−V14 (Type III). The type I IPT−RPT−ST 

configuration (and the corresponding IPT−ST pair) is more frequently observed than the other 

two in deformed polycrystalline and single crystal Mg samples.  

• Three types of stresses may influence the variant selection of IPT and ST in an IPT−ST pair: a. 

stress concentrated at the rims of the IPT and the ST, b. the back-stress inside the RPT and c. the 

applied stress. The first type of stress plays a dominant role on the variant selection while the 

latter two types of stresses may influence the growth of secondary and primary twin crystals. 

Among three types of IPT−ST pairs, only in Type I pair, the stresses concentrated at the rims of 

IPT and ST are mutually favoured. Thus, only the formation of this type of IPT−ST pair can 

decrease the elastic strain energy of the sample, which explains why this type of IPT‒ST pair is 

frequently observed experimentally.  

• The following two conditions need to be fulfilled to form an adjoining twin pair: a geometrical 

condition that the intersection line of the incoming twin and the outgoing twin with the grain 

boundary should coincide; and an energy condition that forming the twin pair should reduce the 

elastic energy. 

• For the energy condition, it is suggested to use a new coefficient, i.e., normalised interaction 

energy, to replace the geometrical compatibility factor, m', because m' only considers the 

contribution of the shear stress on the twin plane along the twin shear direction of the incoming 

twin to the RSS of the outgoing twin. But in some other cases, other stress components induced 

by the incoming twin can trigger the outgoing twins, and m' is not a good predictor for these cases. 
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Appendix 1 Critical size of an isolated twin crystal   

The critical size of an isolated twin crystal when it is homogeneously formed is selected as the 

size of the twin crystals. According to the classical nucleation theory, there exists a critical nucleation 

size when a twin crystal form. This critical nucleation size corresponds to the saddle point of the free 

energy surface, including the contribution of elastic strain ∆𝐺𝑠, and interfacial energies 𝛤, and the 

interaction energy between the applied stress 𝜎𝑖𝑗
app

 and SFTS of the twin crystal, 𝜀𝑖𝑗.The free energy 

surface is approximated given by [57]:  

 

∆𝐺 = 𝛤 + ∆𝐺s𝑉 − 𝜎𝑖𝑗
𝑎𝑝𝑝

𝜀𝑖𝑗𝑉,                                                 (A1) 
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where  

∆𝐺s = −
1

2
𝐶𝑖𝑗𝑘𝑙(𝜀𝑘𝑙

c − 𝜀𝑘𝑙)𝜀𝑖𝑗   ,                                                (A2) 

 

𝜀𝑘𝑙
𝑐 = 𝑆𝑘𝑙𝑚𝑛

0 𝜀𝑚𝑛 ,                                                                                      (A3) 

 

𝛤 = ∫ (4𝜋)
1
3 (
3𝑉

𝐴2
)

2
3
𝐴 cos 𝑡 √𝐴2𝜂T

2sin2 𝑡 + 𝜂N
2 cos2 𝑡 d𝑡

𝜋
2

0

 .                 (A4) 

 

where V is the volume of the twin crystal, 𝜀𝑘𝑙
𝑐  is the elastic strain tensor or constrained strain tensor, 

and t is an integration parameter. 𝜂T is the interfacial energy between the twin plane and the matrix, 

and 𝜂T = 117 mJ/m2 according to the first principles calculation result [78]. 𝜂N is the interfacial 

energy between the twin tip and the matrix, and it is assumed that 𝜂N = 2𝜂T [54]. 

The energy surface is plotted as a function of the aspect ratio (the x axis) and the volume (the y 

axis) of the twin crystal. The saddle point of ∆𝐺, which corresponds to the local minimum along the 

x axis and the local maximum along the y axis is identified from the energy surface [79]. The twin 

crystal can grow freely only when the size of a twin crystal is larger than its critical nucleation size. 

The critical size of the twin crystal decreases as the applied stress increases. If the applied uniaxial 

tensile stress is 100 MPa along the [0001] of the parent crystal, then ∆𝐺∗ = 1.41 × 10-12 J, and the 

corresponding critical size of the homogeneously formed twin crystal, i.e., the twin crystal forming 

without any pre-existing defects for heterogeneous nucleation of the twin, is a1 = 3.00 × 10-2 μm, a2 

= a3 = 2.40 μm. Thus, the critical aspect ratio is 80:1.  

 

 

Appendix 2 The form of 𝑺𝒊𝒋𝒌𝒍(𝒓) 

Obtaining the explicit form of 𝑆𝑖𝑗𝑘𝑙(𝒓) is the key step to calculate 𝜎𝑖𝑗(𝒓). Initially, we need to 

set the position of the twin crystal. Here, the centre of the twin crystal is set to the origin of the 

Cartesian coordinate system (Fig. A1). The twin plane is set perpendicular to the x axis and the twin 

shear direction is set along the y axis. The position r inside the twin crystal is expressed as:  

 
𝑟𝑖𝑟𝑖
𝑎𝐼
2 ≤ 1,                                                                    (A5) 

 

where aI (I = 1, 2, 3) is one of the three semi-axis of the oblate spheroid. In addition, the repeated 

lowercase indices are summed up from 1 to 3 while uppercase indices always have the same numbers 

as the corresponding lowercase but are not summed up, for example, 𝑟𝑘𝑎𝐾 = 𝑟1𝑎1 when k = 1 while 

𝑟𝑘𝑎𝐾 = 𝑟2𝑎2 when k = 2. The calculation system is assumed as an imaginary ellipsoid that is confocal 

with the oblate spheroid twin crystal (Fig. A1). A point r within the matrix is given by:  

 
𝑟𝑖𝑟𝑖

𝑎𝐼
2 + 𝜆

= 1,                                                              (A6) 

 

and λ is given as:   

 

𝜆 =
𝑟0
2 − 𝑎1

2 − 𝑎2
2 + √(𝑟0

2 + 𝑎1
2 − 𝑎2

2)2 − 4(𝑎1
2 − 𝑎2

2)𝑟1
2

2
 ,                       (A7) 
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where r0 is the distance between the local point r in the matrix and the origin of the coordinate system.  

Note that, if the point r is inside the twin crystal, then λ is set to 0; otherwise λ ≥ 0. In addition, an 

outward normal vector e is introduced (Fig. A1). At an arbitrary point r in the matrix, e is expressed 

as:  

 

𝑒𝑖 =
𝑟𝑖

(𝑎𝐼
2 + 𝜆)√𝐻(𝜆)

 ,                                                          (A8) 

where 

𝐻(𝜆) = 𝐻𝑖(𝜆)𝐻𝑖(𝜆),   𝐻𝑖(𝜆) =
𝑒𝑖

𝑎𝐼
2 + 𝜆

 .                                  (A9) 

Finally, the corresponding Eshelby tensor 𝑆𝑖𝑗𝑘𝑙(𝒓) for a point outside the twin crystal can be 

expressed as  

 

𝑆𝑖𝑗𝑘𝑙(𝒓) = 𝑃𝐼𝐾
(1)(𝜆)𝛿𝑖𝑗𝛿𝑘𝑙 + 𝑃𝐼𝐽

(2)(𝜆)(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) + 𝑃𝐼
(3)(𝜆)𝛿𝑖𝑗𝑒𝑘𝑒𝑙 + 𝑃𝐾

(4)(𝜆)𝛿𝑘𝑙𝑒𝑖𝑒𝑗

+ 𝑃𝐼
(5)(𝜆)(𝛿𝑖𝑘𝑒𝑗𝑒𝑙 + 𝛿𝑖𝑙𝑒𝑗𝑒𝑘) + 𝑃𝐽

(6)(𝜆)(𝛿𝑗𝑘𝑒𝑖𝑒𝑙 + 𝛿𝑗𝑙𝑒𝑖𝑒𝑘)

+ 𝑃𝐼𝐽𝐾𝐿
(7) (𝜆)𝑒𝑖𝑒𝑗𝑒𝑘𝑒𝑙 ,                                         (A10) 

 

By defining the aspect ratio A = a2 /a1 and set α = A–1, the P components in Eq. A10 are given by: 

  

𝑃11
(1)(𝜆) = [−4𝑣0 −

2

𝛼2 − 1
]𝑔(𝜆) −

2

3(𝛼2 − 1)
𝜌1
3(𝜆) + [4𝑣0 +

2

𝛼2 − 1
]𝜌1(𝜆)𝜌2

2(𝜆),   (A11) 

 

𝑃12
(1)(𝜆) = 𝑃13

(1)(𝜆) = [−4𝑣0 +
2𝛼2 + 1

𝛼2 − 1
]𝑔(𝜆) + [4𝑣0 −

2𝛼2

𝛼2 − 1
]𝜌1(𝜆)𝜌2

2(𝜆),          (A12) 

 

𝑃21
(1)(𝜆) = 𝑃31

(1)(𝜆) = [−2𝑣0 −
2𝛼2 + 1

𝛼2 − 1
]𝑔(𝜆) −

2𝛼2

𝛼2 − 1
𝜌1(𝜆)𝜌2

2(𝜆),              (A13) 

 

𝑃22
(1)(𝜆) = 𝑃23

(1)(𝜆) = 𝑃32
(1)(𝜆) = 𝑃33

(1)(𝜆)

= [−2𝑣0 +
4𝛼2 − 1

4(𝛼2 − 1)
]𝑔(𝜆) +

𝛼2

2(𝛼2 − 1)

𝜌2
4(𝜆)

𝜌1(𝜆)
,                                                    (A14) 

 

𝑃11
(2)(𝜆) = [−4𝑣0 +

4𝛼2 − 2

𝛼2 − 1
]𝑔(𝜆) −

2

3(𝛼2 − 1)
𝜌1
3(𝜆) − [4𝑣0 −

4𝛼2 − 2

𝛼2 − 1
]𝜌1(𝜆)𝜌2

2(𝜆),   (A15) 

 

𝑃12
(2)(𝜆) = 𝑃13

(2)(𝜆) = 𝑃21
(2)(𝜆) = 𝑃31

(2)(𝜆)

= [−𝑣0 −
𝛼2 + 2

𝛼2 − 1
]𝑔(𝜆) − [2𝑣0 +

2

𝛼2 − 1
]𝜌1(𝜆)𝜌2

2(𝜆),               (A16) 

 

𝑃22
(2)(𝜆) = 𝑃23

(2)(𝜆) = 𝑃32
(2)(𝜆) = 𝑃33

(2)(𝜆)

= [2𝑣0 −
4𝛼2 − 7

4(𝛼2 − 1)
]𝑔(𝜆) +

𝛼2

2(𝛼2 − 1)

𝜌2
4(𝜆)

𝜌1(𝜆)
,                                                       (A17) 
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𝑃𝐼
(3)(𝜆) =

𝜌3(𝜆)

2(1 − 𝑣0)
[1 − 𝜌𝐼

2(𝜆)],                                              (A18) 

 

𝑃𝐾
(4)(𝜆) =

𝜌3(𝜆)

2(1 − 𝑣0)
[1 − 2𝑣0 − 𝜌𝐾

2(𝜆)],                                          (A19) 

 

𝑃𝐼
(5)(𝜆) =

𝜌3(𝜆)

2(1 − 𝑣0)
[𝑣0 − 𝜌𝐼

2(𝜆)],                                             (A20) 

 

𝑃𝐽
(6)(𝜆) =

𝜌3(𝜆)

2(1 − 𝑣0)
[𝑣0 − 𝜌𝐽

2(𝜆)],                                             (A21) 

 

𝑃𝐼𝐽𝐾𝐿
(7) (𝜆) =

𝜌3(𝜆)

2(1 − 𝑣0)
{2[𝜌𝐼

2(𝜆) + 𝜌𝐽
2(𝜆) + 𝜌𝐾

2 (𝜆) + 𝜌𝐿
2(𝜆)] + 𝜌𝑚(𝜆)𝜌𝑚(𝜆)

−
4𝜌𝑀

2 (𝜆)𝐻𝑚(𝜆)𝐻𝑚(𝜆)

𝐻(𝜆)
− 5},                                    (A22) 

 

where  

 

𝑔(𝜆) =

{
 
 

 
 −

𝛼2

𝛼2 − 1

𝜌2
2(𝜆)

𝜌1(𝜆)
+

𝛼

(𝛼2 − 1)
3
2

ln [(𝛼2 − 1)
1
2𝜌2(𝜆) +

𝛼𝜌2(𝜆)

𝜌1(𝜆)
]      𝛼 > 1 

−
𝛼2

𝛼2 − 1

𝜌2
2(𝜆)

𝜌1(𝜆)
+

𝛼

(𝛼2 − 1)
3
2

tan–1
𝛼

(1 − 𝛼2)
1
2𝜌1(𝜆)

                      𝛼 < 1

         (A23) 

 

and  

𝜌𝐼
2(𝜆) =

𝑎𝐼
2

𝑎𝐼
2 + 𝜆

 .                                                     (A24) 

 

By choosing λ = 0, the Eshelby tensor for a point inside the twin crystal is independent of r:  

 

 S𝑖𝑗𝑘𝑙
0 = 𝑃𝐼𝐾

(1)(0)𝛿𝑖𝑗𝛿𝑘𝑙 + 𝑃𝐼𝐽
(2)(0)(𝛿𝑖𝑘𝛿𝑗𝑙 + 𝛿𝑖𝑙𝛿𝑗𝑘) ,                             (A25) 

 

where   

𝑃𝐼𝐾
(1)(0) = −

𝑣0
2(1 − 𝑣0)

𝐽𝐼(0) +
1

4(1 − 𝑣0)
[

𝑎𝐼
2

𝑎𝐼
2 − 𝑎𝐾

2 𝐽𝐼(0) +
𝑎𝐾
2

𝑎𝐾
2 − 𝑎𝐼

2 𝐽𝐾(0)],           (A26) 

 

𝑃𝐼𝐽
(2)(0) = −

1

4
[𝐽𝐼(0) + 𝐽𝐽(0)] +

1

4(1 − 𝑣0)
[

𝑎𝐼
2

𝑎𝐼
2 − 𝑎𝐾

2 𝐽𝐼(0) +
𝑎𝐽
2

𝑎𝐽
2 − 𝑎𝐼

2 𝐽𝐽(0)],           (A27) 

 

with  

𝐽𝐼(0) = 𝐽𝐼(𝜆)|𝜆=0,   𝐽𝐼(𝜆) = ∫
𝜌3(𝜆)

𝑎𝐼
2 + 𝜆

𝑑𝜆.                                       (A28) 
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The calculation of 𝑆𝑘𝑙𝑚𝑛(𝒓) and 𝑆𝑘𝑙𝑚𝑛
0  in Eq. A10 and Eq. A25 are coded by MATLAB based on 

[74]. An alternative way to express 𝑆𝑖𝑗𝑘𝑙
0  is given by [57–59, 61]:  

 

𝑆𝑖𝑗𝑘𝑙
0 = 𝑆𝑖𝑗𝑚𝑛

00 𝐶𝑚𝑛𝑘𝑙   ,                                                         (A29) 

where  

𝑆𝑖𝑗𝑚𝑛
00 =

𝐴2

8𝜋
∫ 𝑑𝜔
2𝜋

0

∫ sin𝜑
𝜋

0

𝑑𝜑
𝑧𝑖𝑧𝑛𝑀𝑗𝑚

−1 + 𝑧𝑗𝑧𝑛𝑀𝑖𝑚
−1

(𝑧1
2 + 𝐴2𝑧2

2 + 𝐴2𝑧3
2)
3
2

      .                     (A30) 

In Eq. A30, 𝑀𝑗𝑚 = 𝐶𝑖𝑗𝑚𝑙𝑧𝑖𝑧𝑙, which is related to the Green function in the Fourier space. Both ω and 

φ are integration parameters, and 𝒛 = (sin 𝜑 cos𝜔 , sin𝜑 sin𝜔 , cos𝜑).  

 

 

Appendix 3 Calculation of interaction energy at a local twin junction region  

 

To determine the distribution of interaction energy between the stress induced by IPT and the 

SFTS of ST, the calculation is performed in a coordinate system defined as x//𝒏𝐈𝐏𝐓 , y//𝒔𝐈𝐏𝐓 and 

z//(𝒏𝐈𝐏𝐓 × 𝒔𝐈𝐏𝐓) (Fig. A2). All the twin plane normal directions, twin shear directions and SFTS of 

the STs listed in Table 2 are transformed to the xyz coordinate system. Both IPT and ST are assumed 

to be oblate ellipsoids, and the center of the IPT crystal is placed at the origin of the coordinate system.  

The coordinate of the contact point P (Fig. A2) between IPT and ST is determined as follows: First, 

the vector parallel to the intersection line between the twin planes of IPT and ST, L1, is defined as 

𝒏𝐈𝐏𝐓 × 𝒏𝐒𝐓. Then, the vector that points from the center of the IPT to P, L2, is 𝑳𝟐 = 𝑳𝟏 × 𝒏𝐒𝐓 . 

Lastly, the coordinate of point P is given by 𝑟 · 𝑳𝟐, where r is the half length of the major axes of 

the IPT ellipsoid. The twin edge where IPT triggers ST is defined as the region around the contact 

point, (i.e., point P in Fig. A2). The interaction energy is calculated in a small cubic region (0.12×

0.12×0.12 μm3) around the point P and the grid size is 160×160×160. Similar method can be used 

for the situation that ST triggers IPT by setting the center of the ST at the origin of the coordinate 

system, and performing the calculation in the coordinate system x//𝒏𝐒𝐓, y//𝒔𝐒𝐓, and z//(𝒏𝐒𝐓 × 𝒔𝐒𝐓).  
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Figures 

 

 

Fig. 1 Schematic diagram showing the IPT–RPT–ST configuration reported in Ref. [9]. The twin 

planes of the intersecting primary twin (IPT), recipient primary twin (RPT) and secondary twin (ST) 

are coloured orange, green and blue, respectively, and these three twin planes share a common 

intersection line MN, which is parallel to [2̅2̅43] of the matrix. The angle between the intersection 

line and the twin shear direction of IPT (𝒔𝐼𝑃𝑇) / ST(𝒔𝑆𝑇) are marked by αIPT/αST. Both αIPT and αST are 

approximately equal to 22.83º.  

 

 

Fig. 2 (a) Schematic diagram showing the twin plane ((101̅2), coloured in green) and the twin shear 

direction ([1̅011], marked by s1) of a {101̅2} twin variant. In the x0y0z0 coordinate system, x0 is anti-

parallel to the twin shear direction and z0 is parallel to the normal direction of the twin plane, while 

in the XYZ coordinate system, X, Y and Z are parallel to [101̅0], [1̅21̅0], and [0001] of the Mg matrix, 

respectively. The lattice parameters of the Mg matrix are marked by a and c. (b) Schematic diagram 

showing the transformation from the matrix (M) to the primary twin (PT) variant V1 (marked by M 

→ PT) via a simple shear s1, and then to the secondary twin (ST) variant V14 (marked by PT → ST) 

via another simple shear s14. The viewing direction is perpendicular to (1̅21̅0). For simplicity, only 

the (1̅21̅0) plane is shown. 
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Fig. 3 (a – c) Examples of three crystallographically different types of IPT–RPT intersections: (a) 

Type I (V2–V1), (b) Type II (V3–V1) and (c) Type III (V4–V1). The twin plane of the RPT is 

coloured in green, and that of the IPT is coloured in orange in (a), purple in (b) and blue in (c). (d – 

f) Stereographic projections of the twin planes of IPT, RPT and ST variants. The IPT–RPT pairs in 

(d), (e) and (f) are V2–V1, V3–V1 and V4–V1, respectively, and the ST variants in (d – f) are V1j (j 

= 2–6). Note that for each IPT–RPT pair, the twin plane of only one ST variant intersects the IPT and 

RPT at the same line. This common intersection line is represented by P1, P2 and P3 in (d), (e) and (f), 

respectively. 
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Fig. 4 Microstructure of an AZ31 sample after a tensile strain of 0.04 along ND. (a) Orientation map 

coloured according to the direction of the tensile loading direction. The matrix is in red, and other 

lamellar or lenticular shaped grains in blue or green are {101̅2} twins. The white lines represent 

twin boundaries, whereas the black lines represent other types of grain boundaries. Five regions with 

secondary twins (ST) are marked by squares, and numbered as 1‒5. (b) Enlarged view of regions 1 

and 2. (c) and (e) {0002} pole figures showing orientations of the matrix (M), recipient primary twin 

(RPT), two intersecting primary twins (IPTa and IPTb), and the corresponding two secondary twins 

(STa and STb) in regions 1 and 2, respectively. The corresponding twin planes of the RPT, IPT and 

ST are shown in the stereographic projections (d) and (f) for regions 1 and 2, respectively. The colours 

representing twins and matrix in (c)–(f) are the same as those in (b). 

 

 

 

 

 



 

29 
 

 
Fig. 5 Microstructure of a Mg single crystal first compressed along the X direction (approximately 

parallel to [101̅0]) with a magnitude of 0.075 (a), and then compressed along the Y direction 

(approximately parallel to [1̅21̅0]) to a strain of 0.014 (b). A local region in (b) marked by the 

rectangular frame is enlarged in (c) where the IPT, RPT and an example of ST are marked. The 

[101̅0], [1̅21̅0] and [0001] of the matrix are indexed and the subscript M means the matrix. After 

the compressive strain along the Y direction further increased to 0.035, the corresponding 

microstructure is shown in (d). (a) − (d) are coloured according to the inversed pole figure (IPF) of 

the direction perpendicular to the characterized surface, while in (e) the primary twin (PT) variants 

V1, V2 and V6, and the ST variants V12 and V16 are filled by different colours. All the other twin 

variants are shown in white. An example of V2−V12 pair is marked by a yellow arrow. The viewing 

direction is along [0001] of the matrix. 
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Fig. 6 Distribution of the interaction energy between IPT and ST on the twin plane of ST in the twin-

twin intersection region of IPT and RPT. The IPT, RPT and ST variants are V2, V1 and V12 in (a); 

V2, V1 and V14 in (b); V3, V1 and V13 in (c) and V4, V1, V14 in (d). Both IPT and RPT crystals 

are in grey colour and the twin plane of RPT is coloured in light green. Values of the interaction 

energy are represented by the scale bar on the right. sIPT and sST are twin shear directions of IPT and 

ST respectively. 
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Fig. 7 Distribution of the interaction energy between ST and IPT (the situation that ST triggers IPT) 

on the twin plane of the to-be-nucleated IPT. The IPT, RPT and ST variants are V2, V1 and V12. 

Both pre-existing ST and RPT crystals are in grey colour and the twin plane of RPT is coloured in 

light green. Values of the interaction energy are represented by the scale bar on the right. sIPT and sST 

are twin shear directions of IPT and ST, respectively. 

 

 

 

 

 
Fig. 8 Comparison of the values of interaction energy between the stress field of IPT and SFTS of ST 

(blue line), 𝑒𝑖𝑛𝑡(IPT– ST), and that between the back-stress of RPT and SFTS of ST (red and maroon 

lines), 𝑒𝑖𝑛𝑡(RPT– ST), varying as a function of the distance to the intersection line between the twin 

planes of IPT and ST. The aspect ratio of IPT is 80:1, while that of RPT is 80:1 (red line) and 8:1 

(maroon line).  
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Fig. 9 Three-dimensional full field finite element (FE) calculations of the interaction energy between 

IPT (V2) and ST (V12) without (a) and with (b) considering effects of basal slip. The calculated 

interaction energies are normalised, i.e., if only considering the elastic strain energy, the minimum 

interaction energy value is set to –1. The calculation results are viewed on the twin plane of V12, 

which is plane MNPQ in (a).     
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Fig. 10 (a) Schematic diagram showing two twinning dislocations, one on the twin plane of IPT and 

the other on the twin plane of ST intersecting the IPT twin plane. The Burgers vectors of these two 

twining dislocations are 𝒃𝑰𝑷𝑻 and 𝒃𝑺𝑻. Each of them can be decomposed to an edge (𝒃𝒆
𝑰𝑷𝑻, 𝒃𝒆

𝑺𝑻) 

and a screw (𝒃𝒔
𝑰𝑷𝑻, 𝒃𝒔

𝑺𝑻) component. The angle between 𝒃𝒆
𝑰𝑷𝑻and 𝒃𝒆

𝑰𝑷𝑻 is marked by 𝛽𝑒. At the 

intersection line between the twin planes of IPT and ST, the two twinning dislocations are parallel to 

each other, and the sense vector of these two dislocations are set parallel, marked by ξ. The plane K 

is defined by the cross product of 𝒃𝒆
𝑰𝑷𝑻and 𝒃𝒆

𝑰𝑷𝑻. (b) In plane K, variation of the interaction of the 

edge components of these two twining dislocations varies as a function of the angle 𝛽𝑒. The sense 

vectors of these two twinning dislocations, ξIPT and ξST, are perpendicular to K and pointed towards 

the viewing plane. The tension and compression strain regions around a single edge dislocation line 

are marked by T and C, respectively.    
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Fig. 11 Comparison of the application ranges of the compatibility factor m', the normalised resolved 

shear stress, σ𝑁
𝑅𝑆𝑆, and the normalised interaction energy, 𝑒𝑁

𝑖𝑛𝑡 for twin transmission. (a) Schematic 

diagram showing the positions of an incoming twin and an outgoing twin in two neighbouring grains 

A and B. Two cases with typical rotation axes are compared: (b)‒(c) rotation around [21̅1̅0] of grain 

A, and (d)‒(e) rotation around [101̅2] of grain A. The values of σ𝑁
𝑅𝑆𝑆, 𝑒𝑁

𝑖𝑛𝑡  and m' are compared in 

(b) and (d). The contributions of σ12 (purple line) and other stress components (e.g. σ11, σ22, σ33, σ13, 

σ23) (green line) to RSS of the outgoing twin are compared in (c) and (e).  
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Fig. 12 Distribution of the stress field generated by IPT(V2) on the twin plane of ST (V12) at the 

twin-twin intersection region: (a) σ11, (b) σ22, (c) σ33, (d) σ12, (e) σ13, and (f) σ23. Both IPT and RPT 

are coloured in grey and the twin plane of RPT is coloured in green. Values of the stress components 

are represented by the scale bar on the right. The stress components are defined in the 123 coordinate 

system, where 1 and 2 directions are the twin plane normal and the twin shear directions of the IPT, 

respectively.  
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Fig. A1 Schematic diagram of an oblate spheroid twin crystal (in blue). For each arbitrary point r 

outside the twin crystal, an imaginary ellipsoid (in grey colour) is constructed and the corresponding 

outward unit normal vector is denoted by e. 

 

 

 

 

 

 
Fig. A2 Schematic diagram showing the calculation of interaction energy between the stress field of 

the twin tip of the IPT and the SFTS of the to-be-nucleated ST. The calculation is operated in the xyz 

coordinate system where x//𝒏𝐈𝐏𝐓, y//𝒔𝐈𝐏𝐓, and z//(𝒏𝐈𝐏𝐓 × 𝒔𝐈𝐏𝐓), where 𝒏𝐈𝐏𝐓 and 𝒔𝐈𝐏𝐓represent the 

twin plane normal and twin shear directions of IPT. Interaction energy distribution in a cubic region 

around the contact point P.   
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Tables 

 

Table 1 Twinning systems and schematic plot showing the orientations of the six primary {101̅2} 
twin variants, Vi (i = 1‒ 6). Orientations of the secondary twin variants formed in the primary twin 

variant V1, V1j (j = 1‒6), are represented by a (0002) pole figure.  

 
 

 

 

Table 2 The twin shear direction s/0, twin plane normal n and SFTS ε of primary twin V1 and 

secondary twin V1j (j = 1‒6) expressed in the XYZ coordinate system, where X//[101̅0], Y//[1̅21̅0], 

and Z//[0001] of the matrix.   

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

PT 𝒔𝟏/𝛾0 𝒏𝟏 SFTS(𝜺𝟏) 

 

V1 (
−0.7297

0
 0.6838

) (
0.6838

0
 0.7297

) (
−0.0649 0 −0.0043

0 0 0
−0.0043 0 0.0649

) 

ST 𝒔𝟏𝐣/𝛾0 𝒏𝟏𝐣 SFTS( 𝜺𝟏𝐣 ) 

 

V11 (
−0.7297

0
 0.6838

) (
−0.6838

0
−0.7297

) (
0.0649 0 0.0043

0 0 0
0.0043 0 −0.0649

) 

 
V12 (

0.7060
0.6319

−0.3197
) (

0.7060
−0.5922
0.3885

) (
0.0648 0.0018 0.0032
0.0018 −0.0487 0.0282
0.0032 0.0282 −0.0162

) 

 
V13 (

0.6587
0.6319
0.4084

) (
0.7503

−0.5922
−0.2938

) (
0.0643 0.0055 0.0073
0.0055 −0.0487 −0.0278
0.0073 −0.0278 −0.0156

) 

 

V14 (
0.6350

0
0.7725 

) (
0.7725

0
−0.6350 

) (
0.0638 0 0.0126

0 0 0
0.0126 0 −0.0638

) 

 

V15 (
0.6587

−0.6319
0.4084

) (
0.7503
0.5922

−0.2938
) (−

0.0643 −0.0055 0.0073
0.0055 −0.0487 0.0279
0.0073 0.0279 −0.0156

) 

 
V16 (

0.7060
−0.6319
−0.3197

) (
0.7060
0.5922
0.3885

) (
0.0648 −0.0018 0.0032

−0.0018 −0.0487 −0.0282
0.0032 −0.0282 −0.0162

) 
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Table 3 Crystallographic features of the three IPT–RPT–ST configurations (i.e., Types I, II and III, 

examples of which are V2–V1–V12, V3–V1–V13 and V4–V1–V14, respectively), including the 

common intersection line among the twin planes of IPT, RPT, and ST; the misorientations between 

IPT and RPT, and between IPT and ST; the compatibility factor, m', between IPT and ST; and the 

angle between the common intersection line and the twin shear directions of IPT/ST, i.e., αIPT/αST.  

Configuration  I II III 

IPT–RPT–ST V2–V1–V12 V3–V1–V13 V4–V1–V14 

Intersection Line [42̅2̅3̅] [2̅201] [12̅10] 

Misorientation 

IPT−RPT 
60.0o〈12̅̅̅̅  12 0 1〉 60.4o〈7̅ 8 1̅ 0〉 7.4o〈2̅ 1 1 0〉 

Misorientation 

IPT−ST 
49.6o〈9̅ 9 0 4〉 37.9o 〈2̅ 2 0 1〉 78.9o〈1̅ 2 1̅ 0〉 

m' (IPT−ST) −0.1525 −0.0988 −0.9832 

αIPT 24.84° 69.28° 90° 
αST 24.84° 69.28° 90° 

 

 

 

 

 

Table 4 Euler angles and Schmid factor m of the twin crystals, and the geometrical compatibility 

factor, m', between the IPT–ST adjoining twin pairs in IPT–RPT–ST configurations in regions 

marked in Fig. 2.  

 

Regions Twins Euler angle (°) m m' 

 

1 

RPT 113 101 32 0.47  

IPT 51 98 24 0.48 –0.12 

ST 24 63 50 –0.09 

 

2 

RPT 107 100 30 0.48  

IPT 170 97 38 0.48 –0.15 

ST 19 120 49 –0.10 

 

3 

RPT 173 96 41 0.48  

IPT 110 103 31 0.46 –0.12 

ST 81 70 54 –0.05 

 

4 

RPT 112 102 30 0.44  

IPT 173 94 44 0.46 –0.12 

ST 31 64 46 –0.08 

 

5 

RPT 53 92 20 0.48  

IPT 174 99 40 0.47 –0.15 

ST 138 70 4 –0.05 
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Table 5 Schmid factor m of the primary and secondary twin variants in the single crystal sample 

described in Section 3.3.  

PT V1 V2 V3 V4 V5 V6 

m 0.01 0.43 0.30 0.01 0.43 0.30 

ST  V12 V13 V14 V15 V16 

m  0.36 0.36 -0.01 0.34 0.34 

 

 

 

Table 6 List of all 30 IPT‒RPT combinations, and the ST variants that can form Type I IPT‒RPT‒

ST configuration.   

     RPT        

IPT 

V1 V2 V3 V4 V5 V6 

V1 N/A Type I  

(ST V21) 

Type II Type III Type II Type I  

(ST V61) 

V2 Type I  

(ST V12) 

N/A Type I  

(ST V32) 

Type II Type III Type II 

V3 Type II Type I  

(ST V23) 

N/A Type I  

(ST V43) 

Type II Type III 

V4 Type III Type II Type I  

(ST V34) 

N/A Type I  

(ST V54) 

Type II 

V5 Type II Type III Type II Type I  

(ST V45) 

N/A Type I  

(ST V65) 

V6 Type I  

(ST V16) 

Type II Type III Type II Type I  

(ST V56) 

N/A 

 

 

 

Table 7 Interaction energies between the back-stress of RPT/applied stress and SFTS of ST. The RPT 

is assumed to be V1, and its corresponding ST variants are V1j (j=2‒6). Two types of applied stresses 

are considered: 100 MPa uniaxial tensile stress along [0001], 𝜎T
app

, and 100 MPa compressive stress 

along [1̅21̅0] of the matrix, 𝜎C
app

.  

ST V12 V13 V14 V15 V16 

𝑒int(RPT─V1𝑗)   

(106 J/m3) 

−4.67 −4.64 −7.42 −4.64   −4.67 

𝑒int(𝜎T
app

─V1𝑗)   

(106 J/m3) 

1.61 1.56 6.38 1.56 1.61 

𝑒int(𝜎C
app

─V1𝑗)   

(106 J/m3) 

−4.68 −4.68 0.13 −4.42 −4.42 

 

 

 

Table 8 Material parameters used in FE calculations.   

Elastic constant C11 (GPa) C12 (GPa) C13 (GPa) C33 (GPa) C44 (GPa) 

 63.5 24.85 20 66 19.325 

Basal slip 𝜏𝑐0 (MPa) 𝛤0 n   

 3.3 0.006 0.01   
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