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Abstract

Computer technologies have revolutionised the processing of information and
the search for knowledge. With the ever increasing computational power, it is
becoming possible to tackle new data analysis applications as diverse as mining
the Internet resources, analysing drugs effects on the organism or assisting
wardens with autonomous video detection techniques.

Fundamentally, the principle of any data analysis task is to fit a model which
encodes well the dependencies (or patterns) present in the data. However, the
difficulty is precisely to define such proper model when data are noisy, depen-
dencies are highly stochastic and there is no simple physical rule to represent
them.

The aim of this work is to discuss the principles, the advantages and weak-
nesses of the probabilistic modelling framework for data analysis. The main
idea of the framework is to model dispersion of data as well as uncertainty
about the model itself by probability distributions. Three data analysis tasks
are presented and for each of them the discussion is based on experimental
results from real datasets.

The first task considers the problem of linear subspaces identification. We
show how one can replace a Gaussian noise model by a Student-t noise to make
the identification more robust to atypical samples and still keep the learning
procedure simple. The second task is about regression applied more specifically
to near-infrared spectroscopy datasets. We show how spectra should be pre-
processed before entering the regression model. We then analyse the validity
of the Bayesian model selection principle for this application (and in particular
within the Gaussian Process formulation) and compare this principle to the re-
sampling selection scheme. The final task considered is Collaborative Filtering
which is related to applications such as recommendation for e-commerce and
text mining. This task is illustrative of the way how intuitive considerations
can guide the design of the model and the choice of the probability distribu-
tions appearing in it. We compare the intuitive approach with a simpler matrix
factorisation approach.
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Introduction

Computer technologies have revolutionised the processing of information and
the search for knowledge. Attempts to tackle problems that were unthink-
able in the past are now becoming possible with the increasing computa-
tional power available. In parallel, it has never been so easy to collect huge
amounts of information from very diverse applications (resources on the In-
ternet, bio-informatics, video surveillance, population personal data, spatial
observation...). These sources of information are generating large databases
that are waiting to be exploited.

In fact, the gathering of data is at the heart of the scientific approach.
Indeed, the first step of the scientific approach is always a careful observation
of the system being analysed. Progressively, understanding can build upon
observation, which in turn can be used to formulate an abstract representation
of the system by means of a mathematical model.

This outlines the importance of designing efficient data analysis tools since
data are the raw material of knowledge. Data analysis looks for structures (also
called patterns) in the data. These patterns originate from the interactions (or
rules) governing the system. Identifying these patterns is thus an integral
part of the modelling procedure. Modelling is greatly simplified when one has
already some knowledge of the rules and structures that should be present
in the data. For example, the exploitation of meteorological measurements is
made possible by the vast experience accumulated in the field and the complex
physical models developped. Of course, it is still possible to improve these
models. However, we will instead focus in this thesis on the analysis of data
for which there is no such prior knowledge of the rules in the system, either
because it is too complex to characterise these rules or because the system is
significantly stochastic. This is typically the case for the examples given above
about Internet resources or bio-informatics. The goal of data analysis is then
to construct generic models which are capable of identifying patterns in such
datasets. The construction of models is referred as the learning procedure.

Unfortunately, there is a fundamental limitation to the information that
can be learned from data. This limitation has its roots in the fact that the
observed data comprise a finite number of samples. Consequently the data
only give partial information about the rules governing the system. Learning
theory states that it is impossible to estimate the missing information with

11



12 Introduction

perfect certainty using only the observed data. Moreover, randomness is also
present in most datasets due to sources of noise or simply because the system
is not fully deterministic. Information associated with randomness is not, by
definition, predictable. One of the main difficulties of learning from data is to
prevent the model from trying to identify deterministic patterns in the noise
and in the non deterministic parts of the dataset. This is known as over-fitting.

There are essentially three aspects to research in the field of data analysis.
The first aspect is known as learning theory. The goal of learning theory is to
work out methods to estimate the adequacy of a model for the data coming
from a system as well as the confidence that one can have in this estimate
of adequacy. This theoretical work forms the core of statistics. The second
aspect concerns the implementation of learning procedures and optimisation
techniques for tackling practical data analysis tasks. Indeed, it is not suffi-
cient to have good estimators from learning theory if their computational cost
is excessive. Excessive computational costs might be due to the size of the
dataset, but working with highly flexible models can also lead to excessive
costs. Designing practical learning procedures is often viewed as the subject
of the Machine Learning field. Finally, the third aspect of the work is the one
closest to the field of the application. At this level, the motivation is to exploit
information in the data and the goal is thus to make data analysis useful for a
particular task. The usual framework to exploit data analysis is by asking the
fitted model to return predictions for the missing parts of new observations.
Classification and regression tasks belong to this scheme. The usefulness of the
analysis is simple to assess for prediction tasks because it can be measured by
quantitative criteria, e.g. a standard measure for classification is the propor-
tion of correct classifications. On the other hand, when data analysis enters
the preliminary stages of a study, it is rarely possible to express the goal by a
quantitative measure. In this context, data analysis should rather be viewed
as a tool for obtaining understanding about the system. But, understanding
is fundamentally subjective and no quantitative measure would be completely
adequate for assessing this kind of usefulness of the learning procedure.

Naturally, these different aspects of data analysis research are intimately
linked and any learning procedure will have to concern itself at the same time
with theoretical foundation, practical implementation and external evaluation
of its usefulness.

Theme of the thesis The main focus of this thesis is not on one of these
particular aspects but rather on a general framework for designing and training
models, which is called the probabilistic modelling framework. As we will see
in the introductory chapter, the main feature of this framework is to model
randomness by probability distributions. Throughout the text, we try to show
how the framework can be applied to different learning tasks, what advantages
it can have over other approaches but also what are its shortcomings. The
discussion is based on empirical studies and comparisons for a good deal. We
try to identify the origin of the failures when they occur and propose solutions
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to correct them.

The discussion will cover the three aspects of the data analysis task from
the perspective of probabilistic modelling. We will see that the framework
is complete from the theoretical point of view as it defines its own measure
of adequacy and estimate of confidence. It will be interesting to verify that
these measures are valid such that models can be learned on them. Concerning
the implementation, probabilistic modelling mainly relies on the computation
of posterior distributions representing the uncertainty about the model, and
the computation of integrals, also known as marginalisation. Respecting some
simple rules for the combination of distributions appearing in the model, it is
possible to work with exact evaluation of the posterior and marginal. For more
complex models, this is no longer possible and approximation techniques are
required which can significantly increase the computational cost. In order to
make the approach applicable to the datasets considered, we prefer to keep the
modelling sufficiently simple and to be able to derive exact computations or
simple approximations. Nevertheless, we will show that probabilistic modelling
remains highly versatile as it is not tied to a particular learning task. This will
be illustrated by the three tasks tackled in the thesis, namely robust exploratory
analysis, regression and Collaborative Filtering. In addition, the framework
proposes a natural way to encode prior knowledge or intuition about the system
by means of the prior distributions and a hierarchical formulation. This can
be exploited to improve the learning procedure but also to design models from
which interpretation is “readily” available, at least if the intuition corresponds
well to the system.

Contributions From a broad standpoint, the main contribution of the work
is to expose the principles of the probabilistic modelling framework and to
discuss its advantages and weaknesses by means of three data analysis tasks.
In this sense, the thesis should help practitioners and researchers in the field
to decide when and how the framework should be applied.

Moreover, three original models are described and put under test:

e The mixture of robust Probabilistic PCAs presented in the second chap-
ter, for which an exact Expectation-Maximisation algorithm is derived.

e The smooth Automatic Relevance Determination scheme used within the
Gaussian Process model for the regression task on NIR spectra in Chap-
ter 3.

e The interlaced Generalized Linear Model (GLM) approach to tackle Col-
laborative Filtering which is described in Chapter 4.

An important part of the work lies in the experimental comparisons. From this
angle the contributions are:

e The comparison of non robust against robust linear subspace mixture
models.
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e The comparison of regression methods for the NIR spectroscopy applica-
tion showing among other results that the marginal likelihood framework
within the Gaussian Process formulation is generally valid.

e The comparison of prediction performances of the mixture models for
Collaborative Filtering against the simpler interlaced GLM model.

Outline The thesis is organised in four chapters. In Chapter 1, we introduce
learning theory, formalise the different learning tasks and present the funda-
mental concept of model capacity. Also in this chapter, the general principles
of probabilistic modelling are exposed and we derive two algorithms used in
the following chapters.

Chapter 2 presents probabilistic models capable of identifying clusters in
the data as well as local correlations. These models are appropriate for an
exploratory analysis at the preliminary stages of a data analysis study. We
show how the modularity of the probabilistic modelling framework can be used
to improve an existing model such that its construction is less sensitive to
erroneous measures or atypical samples which are frequent in real datasets.

In Chapter 3, the analysis concentrates on regression applied to data from
near-infrared spectroscopy. Near-infrared spectroscopy produces particularly
smooth spectra. We show how these spectra can be handled properly in the
models and how one can make use of additional functional constraints on the
parameters. Different regression methods are then compared. One of the com-
parisons tries to determine whether models relying on the Bayesian model selec-
tion principle (e.g. the Gaussian Process) are valid and how their performances
compare with the non-probabilistic resampling scheme.

Finally, in Chapter 4 we look at Collaborative Filtering, a task arising
in applications such as e-commerce or document mining. In the first part,
two probabilistic mixture models designed with some intuitive arguments are
presented. We show how the posterior analysis of these models can extract
some interpretation from the patterns. We then present a simplified modelling
procedure, called the interlaced GLM. We then compare the different models
on the prediction of unobserved ratings.



Notation

We have tried to use consistent notation throughout the text and to have sys-
tematic rules to make the expressions more concise. Scalars are represented by
lowercase italic letters like x. Vectors are denoted by lowercase bold letters, for
example the symbol x could represent a vector observation. We always assume
that vectors are column vectors unless specified in the definition. The dimen-
sionalities and numbers of elements in a set are noted with uppercase italic
letters. For example D might be the dimensionality of the vector observations
such that x = [z1,...,2p|" (or more simply x € R”) and N might be the
number of observations in a set. The set of observations will generally be noted
D = {x1,...,xny} . We have tried to use everywhere the convention of asso-
ciating to a particular uppercase letter the same lowercase letter for indexes
running over the dimensionality or the number of elements (i.e. d runs over D,
n runs over N...). To simplify some expressions where summations or products
appear, the set of index over these mathematical operators will be left implicit.
For example, ) should be understood as ZnN:]_' Of course, if the convention
does not apply, we will make explicit the set covered by the indexes. The same
rule is used to make more concise the notation of sets; e.g. {x,} should really
be read as {x,})_;.

Matrices are noted with bold uppercase letters. For example, X could repre-
sent a D x N matrix obtained from the concatenation of all vector observations
in D defined above, i.e. X = [x1,...,xn]".

There are a few other recurrent notations. P(-) represents a probability
distribution. We make no distinction in the notations between probability dis-
tributions over discrete and continuous random variables. The expectation
operator is noted E,{-}. Here, the subscript gives an indication of the distribu-
tion on which the expectation is computed. For this example, it would probably
represent the true distribution P*(x) of a scalar random variable x. But this
should be made clear in the text if there is an ambiguity (e.g. instead of the
true distribution, it could also be the expectation over the prior distribution in
the Bayesian framework).

To note the diagonal identity matrix of dimensionality D, we write Ip. The
notation diag {[x1,...,xp|} stands for a diagonal matrix with the vector x on
the diagonal entries.

15
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Chapter 1

Introduction to statistical
learning theory and
probabilistic modelling

The goal of this chapter is to introduce the general concepts involved in learning
a model from data and to give a general background to the problems tackled
in the subsequent chapters. We will start by setting up the main mathematical
notation used to formulate the learning task and present the supervised and
unsupervised tasks that will be considered afterwards. The second section
concentrates on the main challenge of learning: finding a good compromise
between matching the data with a model and limiting the variability of the
estimation of this model. This is called the model selection stage of learning and
is related to the famous bias-variance trade-off of classical statistics. In the third
section, we introduce the principles of probabilistic modelling and the Bayesian
framework. As probabilistic modelling will be used recurrently through out the
thesis, we try to give a feeling as to why and how this framework can be applied.
The mathematical developments of this third section form the backbone of
other algorithms appearing in the next chapters. Certainly, we are omitting
to present some important learning tasks, such as reinforcement learning or
time series prediction, because these tasks are not considered afterwards. Also,
there exist many other strategies for model selection than those presented. We
have made the decision to leave these other strategies out of the discussion.
For a more complete overview of learning theory and probabilistic modelling,
there are many good books. Standard references for statistical learning theory
are [144, 142, 40]. Resampling methods are discussed in [42, 122]. We found
the introductory part of the book “kernel methods for pattern analysis” [123]
very clear and based some of the learning problem formulation on it. “Pattern
recognition and machine learning” [17] is also very comprehensive for exposing
the probabilistic modelling approach. The book [83] gives full support to the

17



18 CHAPTER 1. Learning theory and probabilistic modelling

Bayesian framework and sets links with information theory.

1.1 Preliminaries

In this section, we start by formulating the concepts of pattern recognition
and generalisation. These concepts are then transformed into a mathemati-
cal formulation defining the learning task and the model configuration. We
discuss shortly the adequacy of the mathematical formulation from the practi-
tioner’s point of view. Finally, the two standard learning tasks of supervised
and unsupervised learning are described.

1.1.1 Pattern recognition and generalisation

We already know from the introductory chapter the importance of the data
collected as they are supposed to contain some useful information one wants
to learn about a system. The data at our disposal describing this useful infor-
mation will be called the observed data. The difficulty of learning is that these
observed data only give a partial and often noisy view of the system. At the
heart of the learning task is the concept of pattern recognition. Pattern is here
a generic term intended to express any type of rule or dependency structure
present in the data. These patterns represent the information about the sys-
tem that one is looking for. Note that the data are often noisy measurements
and the system is not necessarily fully deterministic, such that the dependency
expressed by patterns is rarely completely deterministic either. They are said
to be statistical patterns.

The main challenge of learning is to identify inherent patterns, i.e. patterns
that are exhibited by subsequent data collected from the system and not only
by the observed data. A learning procedure that is able to identify inherent
patterns generalises well. The generalisation property makes it possible to infer
with some confidence the missing information of a partially observed state of
the system. In contrast, if the learning procedure returns patterns that are
present in the observed data but absent from other data collected from this
system, it is said to be over-fitting. When over-fitting occurs, inference of
missing information might be completely erroneous.

At this stage, it is not yet clear how a pattern recognition task is tackled in
practice. This will become clearer as the concepts defined above are translated
mathematically.

1.1.2 Mathematical formulation of learning

Let us start with the data. The observed dataset will be denoted D = {x,,}2_;.
It contains N observations (or samples). For the moment, we do not need to
know how these samples x,, are represented. The theory exposed below is based
on several assumptions about the data. First, it is assumed that the procedure

used to collect the data can be recast as a generative process. The dataset
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is supposed to have been generated from an unknown underlying distribution
P*(D). In order to be able to perform inference on new data, this underlying
distribution should be stationary in time. Another fundamental assumption is
that there are no direct dependencies between the samples of this generative
process; the samples are thus independent and identically distributed (i.i.d.),
such that P*(D) = [],, P*(x»). This assumption would not be adequate for
many systems, in particular those generating times series.

Having collected this dataset, the goal of identifying patterns is specified
by two elements. First, we need to specify a positive measure for assessing the
adequacy of the patterns with the data. This measure will be called the loss
function and it will be noted £. Secondly, we need to specify a model which
actually encodes the dependency rules in the patterns. The model will be noted
by h. The adequacy of a model (and the patterns it encodes) with the observed
dataset is given by

L(D,h) = L(xn:h) (1.1)

where the sum decomposition is a consequence of the i.i.d. assumption.

As stated above, the goal of learning is to find a model which has a good
adequacy with not only observed data, but any subsequent samples. So, a
model generalising well should have a low expected loss

R(h) =E {L( M)} (1.2)

where the expectation is taken over the true underlying distribution of the data
P*(x). This expected loss is the generalisation error of the model h. It is also
called the risk. It is important to keep in mind that the risk depends on the
loss function and the true underlying distribution.

Ideally, one would like to find the optimal model h*, i.e. the model having
the minimum risk

R*=R(h*) = mgn’R(h) . (1.3)

But this optimisation cannot be carried out directly because we do not know
the underlying distribution P*(x). Instead, it is necessary to set up a learning
procedure; given a dataset D and a loss function £, the learning procedure
returns a model which hopefully has a risk close to the optimal risk R*. We
will concentrate on learning procedures that are decomposed in two learning
stages: the training stage and the model selection stage. These two stages are
now described.

In the training stage, one specifies a training configuration, i.e. a model
space H and a training criterion £. The model space - sometimes called the
hypothesis space, or the class of model - is the space from which the training
procedure will select the model. The training criterion is a computable measure
between the model and a set of data. Given a training configuration (H, &),
the training stage amounts to selecting from H the model that minimises the
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training criterion

h = argmin (D, h) . (1.4)
heH
One should also make sure that this optimisation can be done efficiently (at
least, that it is not a NP-hard problem). Later in the thesis, we will see that
training requires the inversion of a linear system for some of the methods and
the derivation of a gradient descent algorithm for the others.

In practice, it is common to work with a parametric model space. Let us
denote the set of parameters of a parametric model space by 6 and the param-
eter space by ©. So each model h € H is dually expressed by its parameters
0 € ©. Note that some learning procedures use a model space growing with the
number of observed samples. These model spaces are said to be non-parametric
in the sense that we cannot attribute to them a fixed size set of parameters.

The simplest training criterion one could be tempted to use is the Empirical
Risk )

Rp(h) = Nﬁ(D,h) . (1.5)

However, we will show in Section 1.2.1 that this criterion leads to over-fitting
when the size of the model space gets too large. With large model space, it
gets possible to select a model which fit the data very well, returning a small
empirical risk. But the noise will be fitted at the same time. There must thus
be some control on the capacity of the training configuration.

Choosing a good model space and training criterion (H, £) is the task of the
model selection stage of the learning procedure. There exist different strategies
to perform this model selection. We will present three of them in Section 1.2
and 1.3. Basically, the idea is to define a selection criterion S (H,E) which
should be well correlated with the risk of the trained model R(h) from Eq. (1.4).
The selection looks thus for the training configuration minimising this selection
criterion.

(7:[,5’) = argmin S (H,€) . (1.6)

H,E

However, in practice the selection criterion can be expensive to compute and the
search is made over a finite set of combinations. Often, we will work within a
parametric class of model spaces that are adjusted by a set of parameters n;; and
equivalently within a class of training criteria adjusted by a set of parameters
ne. These model selection parameters will be called the hyper-parameters since
they are learned at the second stage of the learning procedure. To make the
parametrisation explicit, the selection criterion could be rewritten S(n3,7s).
The parametric families of model spaces (H, 7y ) and training criterion (&, 7¢)
on which the model selection takes place will be called the model configuration.

1.1.3 Interplay between theory and practice

At this stage we want to make some comments on the procedure defined above
and see if it really meets the objective of the practitioner. Let us start with the
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assumptions made about the data. For many applications, the practitioner has
some knowledge of the system being analysed and his knowledge will dictate the
way he collects the data. As such, it is imprecise to view the collecting proce-
dure as a generative process, with independence between the events. Moreover,
during the exploitation phase of the analysis, new samples arrive collected un-
der other conditions. We cannot say that the underlying distribution of these
new samples is the same as during the collecting stage. This is not so big an
issue if data collected during the learning and the exploitation stages satisfy the
same patterns. Simply, the risk will not be a good measure of the performance
during exploitation. For many systems, the assumption of stationary process is
also very simplistic as the system is slowly evolving over time. This is the case,
for example, on the Collaborative Filtering data investigated in Chapter 4. We
can be critical about these assumptions, but they are necessary to develop the
theory. It is the role of experimental study to verify that the theory provides
an adequate match with reality.

Maybe the most complicated task of the practitioner is to define clearly
his objectives and what sort of patterns he is looking for. Trying several loss
functions should help him get some understanding of the data in order to define
his objectives. However, not all objectives can be expressed so simply as the
minimisation of a scalar loss function. For example, it is often desirable to
compress the information encoded in the data. One is thus looking for a trade-
off between finding a good representation of the inherent patterns and using a
simple model. There is no unique solution but a path of solutions following the
level of compression required, or equivalently the loss of information allowed.

Related to the requirement of simplicity, the practitioner would like to be
able to derive some interpretation of the model, in particular at the preliminary
stage of the analysis. Interpretation is fundamentally a subjective concept. It is
thus not possible to measure it in an objective quantity like the loss function.
We will discuss for each application treated in the subsequent chapters the
possibility of deriving some interpretation from the fitted models.

1.1.4 Supervised and unsupervised learning

There are essentially two types of learning task that will get our attention in
this thesis. These tasks are referred to as supervised and unsupervised learning
tasks. Let us start with supervised learning as it is easier to understand. The
idea is that data samples y are composed of an input and a target part xy =
(x,t). For standard problems, the target is just a scalar value. The inputs on
the other hand are often described by vectors x € IR”, but one could imagine
working with more complex entities like sequences or trees. The goal of learning
is to derive from the dataset the dependency of targets on inputs, such that
the model is capable of returning target predictions for new inputs. Hence, the
model is a prediction function h = f(x).

If the targets belong to an ordered set (i.e. for all pairs of targets (¢,t’)
we have t > ¢/, t <t/ or t =t ), it is called a regression task. Depending on
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the objectives, one will select a particular loss function for this regression task.
The usual losses have the form L(t,y) = L(|t — y|). In particular the square
error loss L(t,y) = |t — y|? is widely used mainly because training a model on
this loss can often be done with a simple optimisation procedure. With more
domain knowledge, one could also define a loss dependent on the input.
When the target does not belong to an ordered set (i.e. for each pair of
target we can only say if ¢ =’ or t # t), the problem is called a classification
task. The different values the targets can take are the labels. For classification,
the simplest loss function is the 0 — 1 loss, £(¢,y) = 0 if t = y and 1 otherwise.
Note however that this loss is not continuous and thus difficult to optimise
directly. Typically the cost of making an erroneous prediction for the different
labels are not equivalent and one can take into account these different costs in
the loss. Another interesting loss is the hinge loss. If the labels of a binary
classification task are encoded with ¢t € {—1,1}, the hinge loss is defined by

L(t,y) = {0 iyl > It . (1.7)

|t —y| otherwise

This is the training loss used to train the well-known support vector machines
classifier.

The second type of learning problem is the unsupervised task. In contrast
to supervised learning, we do not know at first what natural conditional depen-
dency data encode. There are a few typical patterns that can be interesting to
look for corresponding to different unsupervised tasks. The first task is called
clustering. The goal is to identify inherent separations in the data. The idea
is that there are different sources in the system generating samples and each
source is responsible for a cluster. One could view the task as a classification
problem without label information. Data belonging to a cluster should be close
to one another while data from different clusters should be far appart. The
concept of clustering is thus intimately linked to the definition of a similarity
measure between samples. Different natural clusterings would be found just by
changing the similarity measure. Moreover, the clusters could be overlapping
such that the sources are not perfectly identifiable.

A task related to clustering is quantisation. The goal of quantisation is not
to find natural separation anymore, but to represent the data with a small set of
prototypes. Quantisation is thus a compression task. Each sample is associated
to one prototype and the goal of learning is to maximise the similarity between
the prototypes and their associated samples.

Another unsupervised learning problem that we will be looking at is the
identification of subspaces in the distribution of vector data. The idea is that
if there is some dependency between the data, the data should lie on a space
of dimensionality smaller than their original dimensionality. In practice, useful
information can already be extracted from a very low dimensional subspace of
dimensionality 1 or 2. The term manifold is often used for nonlinear subspaces.
However, identifying nonlinear manifolds is a very hard problem, in particular
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when the original data are high dimensional. We will restrict our attention on
linear manifolds. In Chapters 2 and 4, we present some methods for identifying
linear subspaces in very different contexts.

A last unsupervised task that will be considered is the detection of atypical
samples. In many real datasets, some samples are erroneous measures or just
occurrences of very rare events. These points are problematic for the construc-
tion of the model and it is important to be able to spot them.

1.2 Model selection

In this section, we come back to the fundamental challenge of learning: deriving
from the dataset a model which is able to generalise well. We have shown in
the preliminaries that it corresponds to choosing an adequate training config-
uration (H,E). In the first part of this section, we illustrate the fundamental
compromise related to the choice of the capacity of the training configuration.
The second subsection sketches the basic concepts of modern learning theory for
deriving the model selection criterion. This theory shows that one can evaluate
an upper bound on the risk of the model trained even with a finite sample size.
The last subsection presents the more pragmatic approach for model selection
known as the resampling methods.

1.2.1 Capacity control

It is useful to illustrate the concepts of under-fitting and over-fitting on a simple
1D regression example. We will look at the influence of the size of the model
space on the estimated model from the training stage. Let us suppose that
the true dependency between targets and inputs can be expressed by t(z) =
f*(z) +¢€, where € is an additive random noise term coming from a distribution
€ ~ P(e) having its mean at zero. Suppose also that the loss function we
want to optimise is the square loss. Consequently, as f* is the mean of the
true conditional distribution, it is also the optimal prediction function. The
smallest risk we can hope to achieve is

R* =R(f) = Ex {[t(z) — f* ()]} = E{¢*}, (1.8)

corresponding to the variance of the noise contribution. The goal is to estimate
this prediction function from a set of samples. As discussed earlier, one needs
to decide on the model space and the training criterion first. Let us take for
the model space the set of polynomial functions of degree smaller or equal to
M7

M
feHu: flzyw)= Z wymz™ . (1.9)
m=0
The model space is parameterised by the weights w = [wy, ..., wy]" € RM.

Increasing the degree of the polynomial model space, we have a sequence of
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nested model spaces Hyp C H; C Hz C .... Additionally, let us take the
empirical risk as training criterion, £(f) = Rp(f) . As shown in Chapter 3,
the estimator of the optimal parameters w is obtained with a linear solver.

The influence of the size of the model space is illustrated in Figure 1.1.
Models on the upper row were estimated from an observed dataset containing
8 samples, while models on the lower row received 50 samples. The left col-
umn corresponds to polynomial functions of degree 2 and the right column to
functions of degree 5. When the sample size is small, we clearly see the advan-
tage of working in the smaller model space. The variability of the estimated
model within this space is quite limited and the general dependency is easily
spotted. On the other hand, with a small number of samples, we see that the
larger model space significantly miss the inherent dependency of the function
to estimate as the model fits part of the noise in the samples. However, when
the number of samples increases, the advantage of working in a larger model
space is clearly visible as the models estimated from this space can approximate
almost perfectly the optimal function f*. The smaller space does not contain
good candidates for approximating f* well.

To estimate the quality of the training configuration for a particular gener-
ative process P(x), one should ideally measure the expected difference between
the risk of the model obtained after training and the optimal risk:

Ep{R(h)} — R* = Ep{R(h)} — R(h°) + R(h°) — R* (1.10)

Estimation Approximation

where
h® = argmin R(h) .
heH

The expectation is over the generation of datasets D (with fixed sample size).
We have made explicit the two contributions to the discrepancy. The approxi-
mation term is present if the model space does not contain the optimal model
h*. In this case, there is an approximation bias between the best model in the
model space h® and the optimal model A*. The estimation discrepancy quan-
tifies the tendency of the algorithm to miss the best model ~A° from the model
space. This discrepancy can come from the tendency of fitting the noise instead
of the inherent patterns (estimation variance), or the tendency of the training
criterion to converge on average toward a model which is not h° (estimation
bias).

As the space gets larger, the approximation bias decreases but the error
from the estimation increases. There is therefore a compromise to be reached,
which is called the bias-variance trade-off in standard statistical terms and
which we call here the control of the capacity of the training configuration.
Figure 1.2 shows this trade-off for the model presented above. We see that the
optimal size depends on the number of samples. The optimal choice would be
the polynomial functions of degree 2 when there are 8 samples and of degree
3 when there are 50. Of course, for real regression tasks, it is not possible to
evaluate this risk and select the best size.
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Figure 1.1: Illustration of the influence of the size of the model space on the
model estimation. Left and right columns, polynomial functions of degree 2 and
5 respectively. Upper and lower rows, 8 and 50 training samples respectively.
The optimal model is represented by the thick dashed line. Large markers
stand for the learning samples.
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N=38 N =50

Figure 1.2: Average risk of trained model depending on the degree of the
polynomial functions. Each bar is divided in the three contributions to the
risk: noise (blue), approximation bias (green), estimation variance (red).

In fact, the size of the model space is not the only way to control the capacity
of the training configuration. The second approach is to play on the training
criterion. The majority of methods considered throughout the thesis are using
a training criterion which has the following form

E(h) = Le(xn k) +C(h). (1.11)

Two terms appear in this expression. The term C(h) is called a regulariser [134].
It is a positive measure on the model space which associates with each model a
prior cost to the training criterion. The regulariser is a way to bias the training
estimate h toward models with low cost. Intuitively, one can understand that
the cost of a model should be dependent on its tendency toward over-fitting,
such that the additional estimation bias is compensated by a lower estimation
variance. A classical regulariser for models like the example above would be to
penalise the square norm of the weight vector w,

C(w) = Alw|? (1.12)

where the hyper-parameter A controls the trade-off between the two terms of
the training criterion. This regulariser is known as the ridge requlariser. We
will come back to this regulariser in Chapter 3.

The second element of the training criterion Lg is simply a training loss
function. One could wonder why the loss £ associated with the learning task
should not be used. First, because it could be too expensive to train the model
on this particular loss £. Secondly, choosing another loss can also be a way to
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reduce the estimation variance (probably at the cost of an additional estimation
bias). We will make use of this principle in Chapter 2.

1.2.2 Finite sample size bounds

Let us first define the property of the consistency of a learning procedure. A
learning procedure is said to be consistent in a model space, if the risk of the
estimated model converges to the optimal risk as the number of samples tend
to infinity:
lim R(h) = min R(h) .
N—o0 heH

Moreover, if the model space grows with the number of samples such that at
the limit h* € H, then the procedure converges to the optimal model.

Showing that a learning procedure is consistent and deriving the rate of
convergence was for a long time the best property that learning theory could
derive. Unfortunately, this does not help much since the sample is always finite
and it is difficult to tell how close to the limit we are. A major breakthrough
in learning theory was made by Vapnik, V. N. and Chervonenkis [143] with the
first general statement of a finite sample size bound on the risk of a model. For
illustration, we give here one of the first bounds they derived. It applies to a
classification task (with the 0-1 loss), when the classes might be overlapping.
The statement tells us that with probability at least 1 — ¢

vp(log2Y +1) —log¢ 1
VheH: R(h)gRD(h)Jr\/H( g””N ) g4+N. (1.13)

In other words, the risk can be bounded by the empirical risk plus some quan-
tity, that we will call the gap. The gap tells us how over-optimistic we are in
estimating the true risk by computing the empirical risk. As expected, the gap
decreases with the number of samples. The dependency is the rate of conver-
gence of the learning procedure. Also, we can verify that the gap increases with
the required confidence level 1 — § on the inequality. The important quantity
for model selection is the quantity vy , called the VC-dimension of the model
space (after the names of the authors). The VC-dimension measures the ability
of models in this space to arbitrarily separate a set of points into two groups.
Beneath this definition is the idea of fitting the arbitrary labels generated from
the noise. Interestingly, this bound makes no particular assumption on the
underlying data distribution, apart from the 4.i.d. assumption. This type of
bound is known as a distribution free bound. In fact, this property is rather a
shortcoming. Indeed, by default a distribution free bound considers that the
classification task is harder than it is in reality for most datasets. Such bounds
are therefore generally quite loose.

Since the initial work, many other bounds have been obtained for different
learning tasks. They are often expressed as Probably Approximately Correct
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(PAC) statements [141], i.e.

P (R(h) ’rlrélﬁR(h) > 6) <9J, (1.14)
and the statement makes explicit the relation between ¢, §, the model capac-
ity and the data. The measure of the capacity of the model can vary. Some
bounds use what is called the Rademacher complexity, others the concept of
large margin, or sample compression. There is ongoing research in the field
to formulate tighter bounds and bounds simpler to compute. Indeed, from a
practical point of view, one wants to know if a bound is tight enough or at
least well correlated with the risk (see for example [30]) and sufficiently simple
to be used in the model selection procedure. For specific models like the sup-
port vector machine, some bounds are reducing the difference in performance
that separates them from the cross-validation estimates discussed in the next
subsection, e.g. [2]. But one must admit that selecting the best configuration
from a theoretical bound is not yet the method of choice. Nonetheless, it can
give a good intuition on the dependency between the configuration and the
generalisation performances.

1.2.3 Resampling methods

Resampling methods follows a more pragmatic route for estimating the gen-
eralisation performances (or the risk) of a model. As the risk is by definition
measured on data generated independently of the observed samples, the idea
of resampling methods is to split the observed samples in two sets, one used for
training the model, and the other for evaluating its generalisation performances.
We have thus

D =D UDy, (1.15)

where Dy, is the learning set used to train the model and Dy is the held-out
set. The risk is estimated on this held-out set by

R(h) = Ropy (h) , (1.16)

i.e. the empirical risk on the held-out data. Different training configuration
(H, &) can be evaluated with this estimator, and one can thus select the best
configuration. This procedure is called a validation procedure for model selec-
tion. Note that, because the held-out data are used to select the best config-
uration, the estimated risk at the selected configuration is expected to be an
over-optimistic estimate of the risk.

Like any estimator computed on a finite sample size, R(h) is subject to
the fundamental bias-variance trade-off. When the size of the held-out set
increases, the estimator has a lower variance but the estimated model on the
other hand deteriorates as it is constructed with fewer learning samples. To
reduce the variance of the estimator while keeping a small held-out set, one can
repeat the splitting procedure and average over the estimates [128]. There are
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many schemes for doing so. The simplest one is just to repeat a fixed proportion
random split. However, one prefer in general to give a priori equal importance
to all samples of the dataset, i.e. have each sample in the validation set the
same number of times. For this purpose, on should perform a K-fold cross-
validation: the complete dataset D is separated in K approximately equal size
subsets {D1,...,Dk}. Each of these subsets is in turn left out of the learning
stage. The final estimator for the risk of a particular configuration is then

R(H,€) = Rop, (hr) . (1.17)
k

At the limit, K can be set to N, such that learning proceeds with the complete
dataset except one sample. This is called the leave-one-out scheme [128, 129].
For some simple models, linear regression models in particular (see Chapter 3),
the leave-one-out estimated risk can be computed from a single learning run
without actually splitting the dataset. It has been shown that the leave-one-out
estimator has a small bias Ep{Ri.0(h)} = R(R), but it has a higher variance
than cross-validation with larger subsets [71]. The bootstrap [42, 122] is another
resampling scheme that is very useful in assessing the accuracy of a statistical
estimator as it makes no assumption on the underlying distribution (except the
i.i.d. assumption). For this method, each bootstrap training set is composed
of N samples picked randomly with replacement from the observed dataset.
The validation set corresponding to a bootstrap set consists of the samples
not picked for training. It was shown that the estimated risk computed by
the bootstrap method can be further improved to account for the bias of this
resampling scheme (see [54, 40]). In practice, for the models constructed in
this thesis, the computational load makes it impossible to repeat the training
procedure a sufficient number of times to benefit from the bootstrap method.
We will thus only work with the simpler cross-validation scheme.

The big advantage of resampling methods are that they do not make any
particular assumption regarding the dataset and they can be used to select
any hyper-parameter appearing in the modelling. However, obtaining a good
estimator of the risk requires repeating the learning a sufficient number of
times. It is usual to start with a 5-fold cross-validation but of course this
really depends on the dataset and the precision required for the estimation of
the risk. For some models, it is possible to derive an numeric optimisation
on the resampling criterion (e.g. a Nelder-Mead simplex optimisation [27]).
Unfortunately, in general the cross-validation scheme must be carried out by
a tedious search on the set of configurations (H, &) that could be adequate.
When the configurations differ only by the value of a single hyper-parameter,
it is possible to provide a good coverage of the range where we think this hyper-
parameter could take its optimal value. For two hyper-parameters, we would
probably have to make a grid search, which is already very costly for most
models used in this thesis. And looking for more than two hyper-parameters
is in general too time-consuming.

One should be conscious that while resampling methods are very robust to
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over-fitting, they can still undergo some indirect over-fitting. Indeed, one can
by chance come across a model space which is in the same time small (such that
the estimation variance is small) and yet over-fits the data (such that the bias
will seem to be small). This typically occurs when a large number of model
configurations are tested and refined. Further insight is given in [152].

1.3 Probabilistic modelling

There are two ideas underpinning the probabilistic modelling approach. The
first idea is to model the dispersion of data with a probability distribution
and the second idea is to express by another probability distribution the prior
uncertainty that one has about the true model. Let us begin with the first
idea. Modelling the dispersion (or the noise, the randomness...) present in
the data can be useful for several reasons. As described earlier in the chap-
ter, ideally the learning problem should be specified by a loss function which
summarises the goal of the analysis. However, in practice it is often impossible
to decide initially which loss function should be preferred over the others and
moreover the loss could change with the circumstances. For example, judging
if a medicine should be administered to someone really depends on the proba-
bility to developing side effects and the harm it could have on this particular
person. Ultimately, the decision is binary (take the medicine or do not take
it) but assessing the probability of the side effects of the medicine is of great
importance here. Another reason why modelling randomness can be useful is
when one has intuition about the process generating the data. In Chapter 4,
the analysis focuses on the modelling of user’s behaviour. For that application,
it is quite natural to represent behaviours by means of probability distributions
over the possible decisions that the users can make.

Formally, the principle is thus to represent the underlying distribution of
data P*(x) by means of a probabilistic model h, = Pj(x) chosen from a
model space of distributions H,. Note that here again we will concentrate on
i...d. probabilistic models. Optimising h, based on a training criterion (e.g.
maximum likelihood, see below), we obtain an estimator for the underlying
distribution P(X) = EX. From this probabilistic model, one can derive an
estimate of the risk associated with any loss function. Indeed, given the loss L,
the risk of a model h, is

R(he) = B {L(x he)} (1.18)

where IEX stands for the expectation over P(X) The subscript is there to avoid
confusion between h. (related to £) from h,,. Selecting the best model h once
hy has been estimated is in general a simple problem. But arguably, estimat-
ing a probability distribution is a problem harder than directly minimising a
particular loss function. It was shown for example that the minimisation of the
0-1 classification loss converge “infinitely” faster than the estimation of the true
conditional probability distribution of belonging to each class [40]. In other
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words, it is not interesting to follow the probabilistic approach if one does not
intend to use the information about the dispersion of data.

As previously mentioned, there is a second idea often coming along with
the probabilistic modelling approach. This idea is that not only dispersion
of the data but any kind of uncertainty can be represented by probability
distributions. This postulate is at the heart of the Bayesian framework. In
this framework, the uncertainty about the model itself is expressed by a prior
distribution. This construction leads to conditional hierarchical distributions.
We will show how the Bayesian framework gives us a pragmatic scheme for
adjusting the hyper-parameters of the training configuration.

1.3.1 Maximum likelihood fit

We will now show the standard approach to train probabilistic models. As de-
scribed earlier, the supervised learning task is simpler because it is not necessary
to know the distribution of inputs to evaluate an optimal target ¢. Indeed, for
a given loss function, the optimal prediction for the target at a particular input
location x is

ff(x) = arg;nin Eyx{L(t,y)} - (1.19)

Hence, only the conditional target distribution P(t|x) is required.

Probabilistic models are also called generative models because one could
generate pseudo samples from them. The natural criterion to measure the
adequacy of the model with the data is the (density of) probability that the
distribution model generated these data:

P({ta}{xn}) = [[ P(talxn) - (1.20)

This measure is called the likelihood of the model. Taking the negative loga-
rithm of this measure, one comes back to an empirical risk formulation

Ro(hy) = =Y _log P(tn|x,) . (1.21)

Note that for a continuous distribution, this quantity can be arbitrarily low
when the distribution gets sharply peaked on the observations.

For regression, the classical assumption when one has little knowledge about
the dispersion of targets is to assume an additive homoscedastic noise distribu-
tion

t(x)=f(x)+e (1.22)
where € ~ P,(€) corresponds to the noise term. A standard assumption for the
noise is a Gaussian distribution with mean at zero, e ~ N(0,771), where 7 is
the noise precision (i.e. the inverse noise variance). The empirical risk (i.e. the
negative log-likelihood) is

r

N
= Z(tn — )+ 5 log2r7 4, (1.23)

RD(hX) = 2

n
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where y, = f(x,). We observe that the square error loss appears in this
criterion. In fact, estimating the function f(x) with this criterion would return
the same model as with the square error loss. But to be complete, the learning
must also estimate the precision 7. Actually, formulating the learning problem
by a Gaussian noise model instead of a square error minimisation problem
really depends on the use of this precision parameter. It is frequent that one
is interest in estimating error bars around the mean prediction and for this
purpose the probabilistic approach is useful. But in this thesis, we will use
the Gaussian noise formulation mainly in order to derive a Bayesian model
selection procedure (see next subsection).

The Gaussian noise assumption is adequate when the conditional dispersion
of targets is close to a Gaussian, i.e. the dispersion is essentially unimodal, with
mean close to zero and concentrated. This last requirement is maybe the one
that is most frequently erroneous in practice. Indeed, real data often exhibit
samples quite far from the mean. The estimation of the mean function f(x)
might be strongly influenced by these samples because of the square contri-
bution in the training criterion. In Chapter 2, we adopt a longer tail noise
distribution model, namely the Student-t distribution, to restrain the influence
of samples away from the mean function.

The classification task is very similar, if not simpler. Instead of working
with a conditional distribution on the ordered set of targets, one works with
a conditional discrete distribution on the unordered set of labels. For binary
classification, there is only one possibility that is the conditional Bernoulli
distribution. It is usual to encode the labels with ¢ € {0,1} and specify the
distribution by P(t = 1|x) = f(x). So the dependency function represents the
conditional probability that the label is 1. Of course, the function must satisfy
0 < f(x) < 1. The empirical risk, or negative log-likelihood of this model is

Rop(hy) = =Y tnlogyn + (1 — t,)log(1 — y) - (1.24)

where again we noted y,, = f(xp).

For the unsupervised task, the problem is more complicated because without
prior knowledge it corresponds to modelling the complete data distribution
P(x). However, as said above, one can be satisfied with a simple representation
of the data. We have given some comments about the clustering and the
subspace identification tasks in Section 1.1.4. Clustering is typically tackled in
probabilistic modelling by mixture models ([139]):

P(x)=>_ P(x|0x)mk , (1.25)
k

where P(x|0) is the distribution of the kth source of the mixture, and 7y is
the probability that a sample is generated from this same source. The param-
eters of this model are thus the component parameters 6, and the repartition
parameters 7. To get to a (local) maximum of the likelihood of a mixture
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model, it is common to use an Expectation-Maximisation (EM) algorithm [39].
The principle of the EM algorithm will be exposed in Section 1.3.3.

For the task of subspace identification, we will show in the next chapter that
one approach is to represent the original data by means of a latent space of low
dimensionality and attribute the discrepancy between the two representations
(original and latent) to the noise.

Like any empirical risk minimisation procedure, maximising the likelihood
or equivalently minimising the negative log-likelihood can lead to over-fitting.
Here also, the capacity of the training configuration should be controlled to
find a solution close to the optimum. Again, theoretical bounds and cross-
validation methods are possibilities to estimate this optimum. We will see that
the Bayesian approach can also be useful to select the best configuration.

1.3.2 Bayesian framework

In the Bayesian framework, the uncertainty about the model before seeing the
data is expressed by means of a prior distribution P(h). This distribution
should reflect our confidence about the different models that could have gener-
ated the data. To simplify the derivation, we will consider a parametric model,
such that the prior uncertainty is expressed directly on the parameters P(0).
With this formulation, the parameters are considered as random variables, like
the data. The true model generating the data is assumed to belong to the
space of models consistent with the prior distribution. We will discuss this
assumption shortly.

One could be tempted to find the estimate of # maximising the joint (density
of) probability over both the data and the parameters

6 = argmax P(D,0) = argmax P(D|0)P(0) , (1.26)
0co 6co

where we have just applied the product rule to make apparent the likelihood
and the prior distribution. Equivalently, minimising the negative log-likelihood
of this joint distribution, we would obtain a training criterion in the same
formalism as (1.11)

£(0) = = log P(xn|0) — log P(6) . (1.27)

We see that the prior distribution defines the regulariser C(6) = —log P(6).
There is a constraint on such regulariser encoded in the integrability of the
prior distribution.

One can do better than the point estimate proposed above. Applying again
the product rules on the joint probability, we have

P(D,§) = P(D|0) P(6) = P(6|D) P(D), (1.28)
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and isolating one of the factor distributions

P(D|9) - P(0)
POD) =————~ 1.2
(01D) === (129)
. Likelihood - Prior
Posterior =

Marginal Likelihood

This is known as the Bayes formula. The posterior over parameters tells
us how uncertain we still are about the value of the parameters after seeing
the data. Note that the idea to estimate the model from the joint distribution
corresponds to a maximum a posteriori (MAP) estimate - the marginal likeli-
hood being independent of the parameters. The role of the marginal likelihood
will be described below. The strength of the Bayesian formulation is that the
posterior uncertainty can be taken into account in making inference about the
data distribution. This is obtained by integrating out the parameters, i.e.

P(ID) = /@ P(x.0|D) db

/ P(x|0)P(8|D)d6 (1.30)
[S]

which is called the posterior predictive distribution. We see that formally the
Bayesian framework leads to a linear combination of models selected from a
particular model space, where the weighting of models is given by their posterior
distribution. From this predictive distribution, one can derive the optimal
prediction for a particular loss function as discussed above.

The Bayesian framework can be misleading because the statement it derives
about the posterior uncertainty are only (approximately) valid if the actual
generative process is well represented by the model space. If the reality is very
different, the inference will be completely erroneous. In practice, the posterior
distribution tends to be over-confident because it does not take into account the
uncertainty about all the models not belonging to the model space. Another
source of confusion is the choice of the prior distribution. Contrarily to the
spirit of the procedure described above, this choice of a prior distribution often
seems arbitrarily or dictated by mathematical convenience. One might wonder
if the Bayesian framework is still legitimate.

First, let us note that the consequences of choosing a bad prior distribution
disappear as the number of samples increases because the likelihood becomes
dominant. The prior distribution should really be thought as a way to bias
the estimates toward some intuitively good model. With little intuition, it
is usual to set a very vague prior on the parameters, such that the posterior
distribution is almost completely determined by the likelihood. Second, we
can be critical about the validity of the posterior uncertainty. Nevertheless, an
analysis of this posterior distribution can help getting some understanding of
the generative process. This idea will be followed in Chapters 2 and 4 with the
mixture models. A good practice is always to check the “relative” validity of
the model by means of a more robust approach like the resampling methods.
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One thing that is maybe not so evident is that the training stage is the
estimation of the posterior distribution. At the model selection stage on the
other hand, one needs to evaluate the adequacy of the likelihood-prior config-
uration with the data. Actually, the Bayesian approach gives us a measure of
this adequacy by means of the marginal likelihood (also called the evidence)
appearing in (1.29). This quantity is formally the likelihood of the configura-
tion. One way to compute it is by marginalising out the parameters from the
joint distribution

P(D):/@P(D,@)d@:/@P(Dw)P(e) o . (1.31)

In practice, the likelihood and prior distribution can be adjusted by a set
of hyper-parameters. Their respective hyper-parameters will be noted n =
(¢, mo). From this derivation, it should be clear that the marginal likelihood
is nothing more than a higher-level training criterion. We will see in the next
section that the marginalisation of the parameters has a damping effect on the
tendency to over-fit.

1.3.3 Marginal Likelihood fit

Marginalisation of parameters in (1.31) can be done analytically only for simple
models. For more complex ones, it is necessary to resort to approximations
to evaluate and optimise this criterion. We will start by showing a simple
procedure, called the Laplace approximation, which can be used when the
parameters are taken from a continuous space, preferably not bounded. The
procedure will be applied on some of the models in Chapter 3.

The second procedure is the Expectation-Maximisation algorithm. We will
present the algorithm as an indirect manner to find the maximum likelihood
estimate of some parameters of a model. Expressing the task by means of a
marginal likelihood expression simplifies the optimisation.

There exist many other strategies to find approximate marginal likelihood
estimates. The most versatile methods are sampling methods. The principle is
to generate samples from the posterior distribution and base the estimation of
the marginalisation on these samples. One of the procedures to generate the
samples is the Markov Chain Monte Carlo (MCMC) method. The difficulty
in practice is to generate samples sufficiently rapidly from every part of the
posterior distribution. For complex nonlinear models, this is a true challenge.
We will not use these methods in the thesis. Additional information can be
found for example in [95].

Laplace Approximation The Laplace approximation is a simple procedure
to evaluate the marginal-likelihood when the parameters are continuous and
preferably not bounded. Let us write (1.31) again making explicit the presence
of the hyper-parameters n = (1, 10):
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P(Dy) = /@ P(DI6, 1) P(Blno) do (1.32)

First, we define the function g,(#) and go(6) by rearranging the likelihood and
the prior distribution in the following way

P(DI0,ne) = w 7 (1.33)
P(0h) = 2220 (139

where Z, and Z; are normalisation factors independent of . We define also
9(0) = ge(0) + g0(0).

Now, we search for the parameters that minimise the function g(#). The
optimal parameters are noted §. One can verify easily that this estimate is
simply the maximum a posteriori (MAP) estimate of (1.26).

The function g(#) is then approximated by a Taylor expansion around the
optimum

|
g(0) ~ g(0) + iAGT ¥, Af (1.35)

where A8 = 6 — 6 and Z;l is the Hessian of ¢g(#) with respect to the parame-
ters. The first order term is absent as the gradient at # is null. Plugging the
expansion in (1.29), one can understand the procedure as approximating the
posterior distribution of the parameters by a multivariate normal distribution
centred in the MAP,

PO|D,n) =~ N(0,%) . (1.36)

The approximation is quite bad when the true posterior distribution is heavy
tailed or when it is multimodal. On the other hand, if the posterior is unimodal
and not too heavy tailed, we can get a good estimate of the marginal likelihood

from -
exp (—g(0) — 2A07 2,1 Ad
P(D\n)x/ ( Z2Z o >d9 (1.37)
e eZo
which is
M —aq(@ M %
POy ~ (2m) ¥ . 2290 2o ]* (1.38)

Zs Zo

In this expression, the middle factor represents the quality of fit at the MAP
estimate. The marginal likelihood increases with this fit, favouring large model
spaces. But the last factor on the other hand counterbalances this tendency.
This last factor is fundamentally the ratio of the posterior to the prior volumes
accessible by the parameters. Large models space have a large prior accessible
volume Zj, while over-fitting is characterised by a small posterior volume |
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pIP \%. This ratio is sometimes referred to as the Occam factor® of the Bayesian
framework since it penalises model spaces that are too large.

Now, the hyper-parameters n are adjusted in order to maximise the approx-
imated marginal likelihood. Note that it is numerically more stable to work
with the logarithm of the expression (1.38),

= 1
log P(D|n) =~ C* — g(0) — log Z; — 3 log | S, | —log Zo . (1.39)
This expression can be differentiated with respect to the hyper-parameters

n and be used in a gradient ascent algorithm. An entry of the gradient is
computed by

(1.40)

0log P(D|n) _Bg(é) ~ OlogZy ltr (E 3251> _ 0Olog Zy
5 .

om; ~ on; on; 0 on; om;

One must be conscious that adjusting the hyper-parameters can also lead
to over-fitting in spite of the internal regularisation discussed above. This often
happens when the likelihood hyper-parameters 1, under estimate the noise in
the data or more generally when the assumptions made by the probabilistic
modelling do not encode the underlying distribution of data well. Adding a
hierarchical level on the hyper-parameters (i.e. a prior distribution on the
space of these hyper-parameters) is should make the learning more robust.
Unfortunately, it is at the cost of simple tractable (or approximate) schemes.

Another strategy would be to combine the marginal likelihood with some
resampling methods. Finally, note that the marginal likelihood often has mul-
tiple optima and one should thus try to verify that a better solution than the
one reached cannot be found.

In the end, the marginal likelihood defines a pragmatic selection criterion
using which several hyper-parameters of the configuration can be fitted. This is
an important aspect of the Bayesian selection framework. To be fair though, we
must say that it is not the only selection criterion that can be optimised with a
gradient descent procedure on multiple hyper-parameters (e.g. the leave-one-
out). The question is to know if the marginal likelihood can be useful on real
datasets when generic probabilistic models are used, i.e. the models are not
based on much expert or intuitive knowledge. This question will be discussed
from the experimental comparison presented in Chapter 3.

Expectation-Maximisation algorithm For many simple models, and in
particular mixture models, one can directly evaluate the likelihood of the pa-
rameters P(D|#). It is thus possible to derive the gradient and find an optimum
solution from an iterative search. However, computing the gradient of such ex-
pression can be tricky and the gradient ascent algorithms are not always well
adapted for handling large parameter sets common to these models.

I This name comes from the Occam’s Razor principle (or law of parsimony) which makes
the following statement: “All things equal, the simplest solution tends to be the best one”.
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The Expectation-Maximisation (EM) [39] algorithm is a simplified proce-
dure to converge to an optimum of the likelihood of a model. The trick is to
make explicit some latent states (also called hidden states) of the generative
process and to marginalise over these states. We will represent the latent states
by Z. The corresponding marginal likelihood is thus

P(D|6) = /ZP(D|Z7 0,)P(Z|00)dZ . (1.41)

Note that the procedure derived below could be applied on the parameter-
hyper-parameter formulation used so far. For conceptual reasons that will get
clearer later in the thesis, we have preferred to introduce the concept of latent
states.

The algorithm proceeds by decoupling the marginalisation and the update
of the parameters. Making use of the convexity of the logarithm function and
applying the Jensen inequality, we can write

P(D|Z,9@)P(Z|90)
log P(D|0) > /ZQ(Z) log( e ) iz
— Eq {log P(D, 216)} ~ Eq {10 Q(2)) (1.2

where Q(Z) can be any distribution over the latent states Z. The right hand
side is thus a lower bound on the marginal likelihood. It is sometimes referred
to as the negative free energy [97]. The first term of the second line is called the
expected log complete likelihood. The second term on this same line is indepen-
dent of the parameters 6 and it corresponds to the entropy of the distribution
Q2).

Instead of directly maximising the marginal likelihood, we maximise this
lower bound by updating alternatively the distribution Q(Z) and the parame-
ters 0. Using the definition of the posterior distribution (1.29), we can re-write
this inequality as

log P(D|0) > log P(D|0) — KL(Q(2)[|P(Z|D,0)) (1.43)

where KL (+||-) represents the Kullback-Liebler (KL-) divergence between two
distributions. This quantity is always positive, and null only if both distribu-
tions are identical. This equivalent expression for the bound tells us that the
bound is maximised when the distribution Q(Z) is set to the posterior distri-
bution P(Z|D,#). When this is the case, the bound is tight and we have just
derived another manner to compute the marginal likelihood. The advantage
is that the maximisation of the lower bound with respect to the parameters
is often a simple fitting problem, formulated as maximising the expected log-
complete likelihood

0 = argmax Eq, {log P(D, Z|6)} (1.44)
0co

which for many simple models can be separated in two analytical updates over
0, and 0.
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Estimating the posterior distribution and computing the expectation with
respect to this posterior is called the E-step. The marginalisation really takes
place when the expectation is computed. The update for the hyper-parameters
is called the M-step. The procedure must be iterated as the posterior depends
on the value of the hyper-parameters. So, after their update the bound is no
longer tight. Note that the lower bound can only increase during both steps. It
was proved that this procedure converges to a local maximum of the likelihood.
However, the convergence is often slow for large models.

More generally, if the posterior distribution is intractable, one can resort to
a variational approximation of the EM algorithm by constraining Q(Z) to have
a simple tractable form. A frequent scheme is the mean field approximation
(e.g. [120]) for which Q(Z) is factorised along each set of latent states.



40

CHAPTER 1. Learning theory and probabilistic modelling




Chapter 2

Robust probabilistic linear
subspaces

In the preliminary stages of data analysis, the practitioner is often interested in
having a general idea of the patterns present in the data. Identifying clusters
and low-dimensional subspaces along which the data are lying provides precious
information. A way to identify these dense subspace regions is to combine local
low-dimensional linear models. This approach was proposed in the model called
mixture of probabilistic principal component analysers [136]. An important is-
sue with this model is its sensitivity to atypical data lying far from the main
clusters. These points significantly bias the estimate of the linear subspaces.
In this chapter, we show how the issue can be addressed by using a more ro-
bust training criterion which allows us to discard the contributions of atypical
points in the estimation of the model parameters. More precisely, we build on
the probabilistic formulation, replacing the standard assumption of a Gaussian
noise distribution by a longer tail distribution, the Student-t. We derive an
exact Expectation-Maximisation algorithm to train the new model. The re-
sulting mixture model is an extension of the standard mixture of Gaussians,
but is much more applicable as it gives at the same time a robust clustering
and a concurrent dimensionality reduction for exploratory analysis. Its use is
illustrated in the last section. The work was published in [4, 6].

2.1 Preliminaries

The discussion of the models in this chapter is mainly oriented toward the ex-
ploratory data analysis task. We start the section by sketching the role of this
preliminary task. We then give a summary description of the Principal Compo-
nent Analysis (PCA) that is the most well known linear subspace identification
method. We will see that probabilistic models presented in Section 2.2 are
highly related to this method. Finally, we discuss the origin of atypical data

41
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and their influence on the model estimation.

2.1.1 Exploratory data analysis

The goal of the exploratory analysis is to help the practitioner identifying the
main patterns present in the dataset and maybe help him to have some intuition
on how to guide the design of a good model. For this purpose, methods allowing
us to visualise the data with a low-dimensional representation are of precious
help. A one-dimensional or two-dimensional representation is often preferred as
higher dimensional representations require some training to be used properly.

Exploratory analysis generally occurs in the unsupervised framework, i.e.
the learning task is not given particular conditional dependency to look for
from the outset. When one has little knowledge about the types of patterns
present in the data, looking for clusters is a good starting point. The concept
of cluster was introduced in the previous chapter. Recall that the idea behind
clustering is to identify distinct sources from which the data originate.

Besides clustering, identifying low-dimensional subspaces along which the
data lie also provides interesting information. The dependencies expressed by
the subspace are related to constraints in the system from which the data are
collected. From linear subspaces, one can identify correlation between vari-
ables. Of course, the world is complex and systems are usually governed by
nonlinear constraints. Unfortunately, the identification of nonlinear subspaces
is much more complicated [76]. The most widely used method for identifying
and visualising nonlinear subspaces is the Self-Organising Map (SOM) [72, 73].
Self-Organising Maps have been applied in many data analysis problems [101].
However, SOMs are not specifically designed to identify clusters, unlike the
mixture models that we present in this chapter. These mixture models can
only identify linear subspaces. It would be interesting to compare them with
the SOMs and see if there is a qualitative difference between the approaches
(in particular for moderately high-dimensional data).

In the previous chapter, we have seen that adjusting a model with a learning
procedure requires the definition of an objective criterion, called the loss func-
tion. For clustering, the loss function should be a measure of the homogeneity
of samples within each cluster. Different measures of homogeneity have been
proposed in the literature; see [66] for example. Setting the number of clusters
is also a delicate question as the optimal number might depend on the loss
function used. In fact, it is already useful to identify the dominant clusters and
simplify the preliminary analysis. On the other hand, subspace identification
is more adequately formulated with a loss function measuring a reconstruction
error (see next subsection). Both homogeneity and low reconstruction error
requirements should be combined in a unique loss function.

As discussed in Section 1.3, probabilistic models try to estimate the underly-
ing density of the data. They do not directly focus on the homogeneity criterion
or the reconstruction error criterion of the clustering and subspace identifica-
tion tasks. In this sense the strategy is suboptimal, but we have shown that
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from the density estimation one can derive an estimation of other loss func-
tions. Moreover, the exploratory analysis is for the most part subjective. The
intuition gained from the analysis cannot be measured by a quantitative crite-
rion. We will thus essentially try to show how the proposed models are useful
in obtaining some intuition about the patterns in the data.

2.1.2 Principal Component Analysis

Principal Component Analysis (PCA) is a well-known statistical technique for
linear dimensionality reduction [62, 68]. PCA is used as a pre-processing step
in many applications involving data compression or data visualisation [69]. The
goal is to find successive orthogonal directions in the original data space such
that the variances along these directions are maximised. These directions are
called the principal components.

Let the set of observations be noted D = {y,}N_,, with y, € IR”and
the J first principal components vq,va,...,v; with v; € RP. The PCA is
formulated as follows:

For j=1...J, II‘l,aXEy {v;r(y—u).(y_u)ij}
J

= maXVIEVj (2.1)
Vi

subject to  ||v;| =1, V;—Vj/ =0 Vi <j.

The expectation on the first line corresponds to the variance along the direction
v;. The symbol p represents an offset such that the principal components (or
the associated subspace) pass through the offset p instead of the origin of the
space which is often arbitrary. In general, the mean is chosen p = E, {y}, and
in this case ¥ = Ey{(y — p) - (y — )"} is the D x D covariance matrix of
the y-distribution. The last line in (2.1) expresses the orthogonality constraint
between the principal components. This formulation shows that the principal
components are the successive dominant eigenvectors of X. The number of
components J is often specified by the proportion of the total variance that one
is willing to discard (there is thus a compression trade-off, see the discussion
in the previous chapter).

The principal components define a J-dimensional linear subspace with the
orthogonal basis matrix V; = [v1,Vva,..., v ]. The projected low-dimensional
vectors x = V] (y — p) are called the principal coordinates. One can show that
this subspace is optimal in the sense that it minimises the square reconstruction
error

Vy = argmin Ey {||(y — p) - Vx|*}
VeRP*/

subject to V'V =1, x=V'(y—p). (2.2)
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However, this second formulation leaves a rotational ambiguity as for any or-
thogonal matrix R € IR”*/, V ;R returns the same reconstruction error.

In practice, the mean g and covariance 3 are estimated by the empirical
mean and empirical covariance

ﬂ:%ZY'nv
S-Sty Ay )

n

Note also that when D is larger than N, it is computationally more stable to
compute the eigenvectors of the empirical covariance matrix from the singular
value decomposition of Y, = [(y1 — ft),..., (yn — )]

2.1.3 Robustness to atypical data

Formally speaking, atypical data (also called outliers) are samples lying apart
from the main clusters of observed samples. There are several sources from
which might originate atypical data. The first source is the erroneous measures,
either due to a malfunctioning of the recording gear, or due to a human error in
the preparation of the samples (e.g. a sample was attributed an incorrect label),
or any other source of error in the process of collecting the data. A second
source of atypical data are the rare events. These correspond to perfectly
correct measures but still they are similar with none of the other measures.
The dissimilarity might be due to a higher noise contribution, or because some
region of the space was not sufficiently covered by the collecting procedure.

Certainly, one should try to withdraw erroneous measures from the dataset
before starting the analysis. Keeping atypical but still valid samples is more
debatable (see discussion in Section 3.1.2). But in general, one cannot tell if
a sample is an erroneous measure or not and there is no optimal procedure to
tell beyond what limit a sample should be considered as an outlier.

Erroneous measures and rare events are not the only sources of atypical
samples. Samples may become atypical also from the model perspective as a
consequence of the mismatch between the model assumptions and the inher-
ent patterns in the data. For example, a linear subspace model is not able
to adequately represent data lying on a nonlinear manifold; also looking for
two clusters when data are generated from more than two sources leads to
samples lying far from the model assumptions. These examples are treated in
Section 2.4.

Like many standard learning algorithms, Principal Component Analysis is
very sensitive to atypical samples because it is optimising a squared error cri-
terion in (2.2). In practice, it is common to have atypical samples y; standing
at a distance to their projection Vx three or four time superior to the average
distance to projection. It means that these atypical samples will have a weight
in the square error criterion equivalent to about 9 to 16 standard samples. The
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consequence is that for small datasets the estimated model is highly biased
toward the atypical samples.

This issue has been known to the Statistics community for a long time and
many robust approaches have already been proposed (see [65, 88]). They are
referred to as Robust Statistics. The base feature of many robust approaches is
to replace the square error criterion with another training criterion that gives
less weight to points lying far from the denser (often central) region. The mean
absolute error, the Huber loss or the biweight are such examples of more ro-
bust training criteria. Other classical robust approaches proceed by iteratively
withdrawing the most extreme samples until none of the remaining samples can
be considered to be outliers anymore. Of course, there are drawbacks to these
robust estimators. From the learning perspective, the robust criteria will often
be responsible for an estimation bias (see previous chapter). Also, the training
problem might loose its convexity and the optimisation algorithm will generally
be more complicated than fitting the model on the square error criterion.

As we will see in Subsection 2.2.2, the probabilistic procedure to handle
outliers and deviations from model assumptions is to model the dispersion of
samples by a heavy tailed distribution like the Student-t. The main advantage
of the probabilistic framework is to formulate the learning problem in a sim-
ple principled way which generally requires fewer “heuristic” choices from the
practitioner (like choosing the hyper-parameters of a robust training criterion).
Also, we will see that the framework has some nice modularity properties.

2.2 Probabilistic PCA and extensions

In this section, the probabilistic approach to identify linear subspaces is pre-
sented. The advantage of the probabilistic formulation is that “building blocks”
can be combined quite naturally to extend a simple model in a more complex
hierarchical one. The original building block here is the Probabilistic PCA
(PPCA) model presented in the first subsection. The robust and mixture of
robust Probabilistic PCA extensions are then introduced. We finish the section
with an overview of related extensions.

2.2.1 Probabilistic PCA

As introduced in the preliminaries, PCA can be formulated as the search for an
optimal linear projection minimising a reconstruction error. The principal com-
ponents are derived from the observations by projecting them on the principal
components. In the probabilistic formulation, the view is inverted in the sense
that now the observations {y,}Y_; , where y,, € RP, are assumed to be gen-
erated from a low dimension latent representation {x,}\_,, where x,, € R”,
with J < D. The link between the latent vectors and the observations is

Yo = WX, + 1+ €, (2.3)
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where W € IRP*/ encodes the linear dependency between latent and observed
spaces, p denotes an offset to the origin of the space and {€,})_,, €, € R are
additive noise vectors. Clearly, if we further assume that the noise is generated
from an isotropic Gaussian distribution € ~ N(0,771Ip) where 7! is the
noise variance, and constrain the matrix W to be orthogonal, we get the same
learning criterion as (2.2). After training, W spans the same subspace as the
principal components V ; (assuming the same offset p is used for both).
There is however another way to proceed which is the Bayesian framework.
As explained in 1.3, the principle is to express uncertainty about (some of)
the parameters of the model by prior distributions. In particular, one could
attribute a centred isotropic Gaussian multivariate prior x ~ N(0,1;) to the
latent vectors. The centre and variance of this Gaussian prior have no impor-
tance because they can be compensated by p and a multiplicative factor in
W respectively. Choosing an isotropic prior is intuitively justified as there is
no reason to prefer a priori some direction in the latent space over any other.
On the other hand, working with a Gaussian distribution is essential for the
mathematical convenience explained below. The hierarchical model is then

P(x) = N(x/0,1,), (2.4)
P(ylx) = N(y[Wx + p, 77 '1p) .

To generate samples from this model, one should first generate latent vectors
from (2.4) and then pseudo-observations from (2.5). Note that to avoid clut-
tered notations, we do not write explicitly the presence of parameters (W, p, 7
for this model) necessary to define the model distributions.

For this simple model, the prior distribution is the conjugate of the like-
lihood (which is the reason why this distribution was chosen). Hence, the
marginal distribution is in closed form

Ply) = /X P(y[%) P(x) dx = N (y|u, 5) (2.6)

where the marginal covariance is defined by ¥ = WW ' 4+ 7=, To train
such a probabilistic model, the standard procedure is to maximise the marginal®
likelihood (2.6) with respect to the parameters. Equivalently, to formulate the
training problem by means of a training loss function L¢, one should minimise
the negative log-likelihood,

Oy, = argmin Lg(D, 0) = argmin — Z log P(yn)
0 [% n

. T - N _
= argémn {Z §(yn — ) ' () + 5 log 27T 1} (2.7)

n

1t is frequent to drop the “marginal” term and call is simply the likelihood of the param-
eters.
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where we noted the set of parameters @ = {W, p, 7}. From this derivation, we
see that the learning procedure is equivalent to fitting a multivariate Gaussian
distribution to the observations with a constrained covariance matrix 3. It
is interesting to work with the factorisation (2.4)-(2.5) in order to derive an
Expectation-Maximisation (EM) algorithm for the estimation of the parameters
(see Section 2.3).

This model is called Probabilistic PCA (PPCA) [117, 137]. Tipping and
Bishop showed that maximising the criterion (2.7) leads to a solution Wy,
that is equivalent to the principal components found by the PCA up to a
scaling and rotation

WML :VJ(PJ_T_lIJ)l/QR, (28)

where V; was defined above, P; € R’*” is the diagonal matrix with the J
dominant eigenvalues and R € IR”*7 is an orthogonal matrix. Consequently,
‘WL spans the same subspace as V ;. It was further shown that the noise vari-
ance 7! of this model is equal to the average variance lost from the discarded
components. The rotational ambiguity expressed by R can be easily removed
by a post-processing step (again see [137]). In any case, one does not always
need to compute the principal components explicitly as the principal subspace
is sufficient for many analyses.

Probabilistic PCA suffers from the fact that it is based on the Gaussian
noise model. Like the standard PCA, the contribution to the likelihood (2.7) is
quadratic with respect to the Mahalanobis? distance to the mean p. As a result
the estimation of the parameters is still very sensitive to atypical observations
and data that are not well confined to a low-dimensional linear subspace.

2.2.2 Robust Probabilistic PCA

Robust Probabilistic PCA [5] is an extension of PPCA making it more appli-
cable to datasets containing atypical samples. Instead of the Gaussian noise
assumption, the randomness in the observations is modelled by a Student-¢
distribution (Appendix A). Compared to the Gaussian, the Student-t has an
additional parameter v called the number of degrees of freedom, which regu-
lates the thickness of the distribution’s tail. In Figure 2.1(a) a Gaussian and
a Student-t distributions (v = 2) are compared. Both distributions have unit
variance. We see that the Student-t is a heavy tailed generalisation of the
Gaussian distribution. The Student-t becomes very similar to the Gaussian
when v > 50. Here, we will not restrict v to be an integer value.

Figure 2.1(b) shows the corresponding negative-log-likelihood which ap-
pears in the training criterion of probabilistic models. We see that when v
is small, the Student-t attributes a much smaller cost than the Gaussian to
points lying far from the mean of the distribution. The sensitivity to atypical
observations is therefore reduced.

2The Mahalanobis distance is the Euclidean distance weighted by the inverse covariance
Iy = plz—1 = (yn =) TS yn — 1)
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Figure 2.1: (a) Probability density functions of a Gaussian (—) and a Student-¢
with v = 2 (——). (b) Negative log-likelihood of these same distributions.

Let us turn to the model formulation. We make the assumption that atyp-
ical samples might come either from the generation of latent vectors x or from
the noise contribution. This is expressed by Student-¢ distributions on the prior
of the latent vectors and on the conditional distribution of observations

P(X) :St(X|07IJaV) ) (29)

P(y|x) = St(y|Wx 4+ u, 7 'Ip,v) . (2.10)

To simplify the parameterisation, both distributions are given the same degree
of freedom v. We will comment this choice later.

In order to work with the Student-¢ distribution in the probabilistic model

and to be able to derive an EM algorithm for updating its parameters, it is

necessary to work with a factorisation of the distribution [77]. The Student-t
distribution can be reformulated as an infinite mixture of Gaussian distributions

> 1
Sty =) = [Nl 1D Gatuly v, v=0. (@)

where Ga(u|-, -) is a Gamma distribution (Appendix A) over the precision factor
U.

Making use of this factorisation, the generative model can be represented
with an additional level in the hierarchy where the latent precision u appears:

P(u) =Ga(ul§, %) , (2.12)
P(x|u) = N(x]0, %IJ) , (2.13)

1
P(ylx,u) = N(y|Wx + p, —Ip) . (2.14)
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From this generative formulation, we see that the uncertainty about the obser-
vation (i.e. expressed by the variance in (2.14)) can be amplified by a small
latent precision variable u. Note also that the latent precision w is shared by the
conditional distributions of x and y. The first reason to impose this constraint
is to simplify the derivation of an EM algorithm. More fundamentally, this con-
straint implies that outliers in the observation space of y are also considered to
be outliers in the latent space of x so their contributions to the identification of
the latent space are down-weighted. The constraint is thus justified intuitively.

For robust PPCA, the marginal distribution of the observations is still
tractable

P = [ [ Py P P dxu
— St(ylw, =, v) (2.15)

where again ¥ = WW T + 771 . Equivalently to (2.7) the training procedure
consists in maximising this (marginal) likelihood with respect to the parameters
0= (W,pu,,v).

In contrast with previous robust approaches to the PCA (see for exam-
ple [148] and [64], and the references therein), the probabilistic formalism has
a number of important advantages. First, it only requires us to select the
dimension of the projection space (see section 2.3.2), the other parameters
being estimated using the maximum likelihood criterion. Previous attempts
needed in general to select several additional parameters, from heuristics or
with a model selection procedure. Second, the probabilistic approach provides
a natural framework to extend the model to mixtures as shown in the next
section. Third, a probabilistic model provides posterior estimates for the la-
tent states. These posterior probabilities can be useful to analyse the generative
model and get some intuition about the dependencies present in the data. Non-
probabilistic approaches would need to set an ad hoc posterior analysis to get
the same information.

2.2.3 Mixture of robust Probabilistic PCA

The robust PPCA model is not adequate for representing clusters of samples
or nonlinear dependencies in the data. The mixture of PPCA [136] is a step
in this direction. But again, the sensitivity of this model to atypical samples
limits its use on many real world datasets. It is thus natural to look for a robust
formulation of the mixture of PPCA [6].

The probability distribution of a sample generated from a mixture of K
robust PPCA is defined as follows:

P(y)= > mPi(y) (2.16)

where {m,}# | is the set of mixture proportions, with °, 7z = 1 and 7, > 0
for all k; the Py (y) are defined as single robust PPCA components (2.15)

Pi(y) = St(ylpr, Xk, vi) (2.17)
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in which ¥, = WkW,—'C— + Tl;lID. The set of parameters of this model is
0= {(ka K> Tk Vi, Wk)}lft{:l :

As previously mentioned, to simplify the derivation of an EM algorithm, it
is necessary to factorise the probabilistic model as much as possible. Here, the
additional level in the hierarchy brought by the mixture formulation can be
factorised by means of a latent indicator variable z = [z1,. .., zx] with 2z =1
if the kth component generated the observation y, otherwise 2z, = 0. The
factorised mixture of robust PPCA is then

P(z) =[], 7", (2.18)
P(ulz) =[], Galug|%, %)™, (2.19)
P(x[u,z) =[], N (x]0, ;- L5)™, (2.20)
P(ylx,u,z) =TT, N(yWixg + py, o2 1p)*, (2.21)
where u = [ug,...,ux] and x = {x1,...,xx}. We will see in Section 2.3.1 how

to estimate the parameters of this model. Note that the different components
could also have different latent dimensionalities {J; }2_,.

Increasing the robustness by replacing Gaussian densities with Student-¢
densities was also proposed in the context of finite mixture modelling [105, 3].
The main advantage over the finite mixtures of Gaussian or Student-¢ densities
resides in the fact that the full-rank, possibly ill-conditioned covariance matrices
are approximated by constrained covariance matrices 3. The number of free
parameters per component depends on the dimension of the latent subspace.
For each constrained covariance matrix this number of parameters is equal to
DJi+1—Ji(Jr—1)/2 (where the last term takes the rotational invariance (2.8)
into account). In comparison, a full covariance matrix requires the estimation
of D(D + 1)/2 parameters. As this number increases rapidly with the space
dimensionality, it is common to constrain the covariance to be diagonal, but
this leads to axis aligned components which are generally suboptimal [3]. The
latent space formulation of the (mixture of robust) PPCA take into account the
dominant correlations in the data while keeping the number of free parameters
relatively low.

2.2.4 Other extensions

Working with a probabilistic formulation, it is easy to think of natural exten-
sions to a particular model. Our work has concentrated on robust extensions
to Probabilistic PCA and mixture of Probabilistic PCA. Other extensions were
proposed focusing on different aspects of the model. The linear dependency
between a latent representation and the observations can be useful in contexts
other than PCA. In [10], the principle is applied to derive a probabilistic Canon-
ical Correlation Analysis. A robust extension of to this model was also proposed
n [5]. PCA and probabilistic PCA are closely related to Factor Analysis [43]
and maximum likelihood Factor Analysis [118], which can also be combined to
form mixtures [57, 47]. The main difference with the PCA models is to account
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for different variances of noise for each variable in the observations. For factor
analysis, the noise vectors in (2.3) are assumed to come from € ~ N(0,¥),
where ¥ = diag {[r LT 1]} is the diagonal matrix of variable noise vari-
ances. Another extension is to force the components of the mixture to respect
some alignment constraints [7]. In a similar spirit, the Generative Topographic
Mapping [18] makes use of a discrete latent space (in general by defining a one
or two-dimensional grid) and a nonlinear basis expansion (see Chapter 3) to
match the latent space with a nonlinear manifold in the observation space. The
resulting model is very similar to the Self-Organising Maps with the difference
of being formulated as a density estimation task. In [75], a dual approach
is suggested where instead of fixing the latent representation and optimising
the dependency to the observations, the dependency is set by a (nonlinear)
Gaussian Process model (see Section 3.2.4) and the latent representation is
optimised.

2.3 Learning procedure

A major difficulty in extending probabilistic models lies in the derivation of
an efficient optimisation algorithm. Indeed, it is not possible in general to
analytically compute the marginal likelihood of more complex models. One
then has to resort to approximation methods, like variational EM algorithms,
or the Expectation Propagation [91] procedure.

This is not an issue here as the marginal of the mixture of robust probabilis-
tic PCA is still tractable (2.16). Moreover, the factorisation of the model (2.18)-
(2.21) allows us to derive an exact Expectation-Maximisation algorithm, which
is presented in the following subsection. Note that this algorithm encompasses
the optimisation of the (mixture of) probabilistic PCA. One only needs to add
the constraint vy, = oo (for all k) such that the Student-ts are in fact Gaussian
distributions.

In the second part of the section, we give general comments on the model
selection procedure for setting the size of the latent spaces and the number of
components.

2.3.1 Expectation-Maximisation algorithm

We seck an optimum of the model’s likelihood (2.16) to estimate the parameters
0 = {(Wy, pby, Tk Vi, Ti) H . The simplest way to proceed is by deriving an
EM algorithm [39](Section 1.3.3) on the factorised distribution (2.18)-(2.21).
The starting point of the algorithm is to bound the marginal likelihood (making
use of the Jensen’s inequality):

log P({yn}) 2> Eq {IOg P({Yn}’ {Xn}7 {un}7 {Zn})}
—Eq{log @ ({xn}: {un}, {za})} . (2.22)
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The first term on the right hand side is the expected log-complete likelihood
(sometimes called the free energy). The expression of this log-complete like-
lihood for the model is given in Appendix C.1. From Section 1.3.3 again,
we know that the bound is tight when the distribution over the latent variable
QU{xn}s{un},{zn}) coincides with the posterior distribution. Fortunately, the
posterior distribution of the mixture of robust PPCA model is still tractable.
Indeed, applying the Bayes formula, one can show that the posterior is

P({Xn}v {un}a {Zn}HYn}) = HHP(Xnk|unk7an = LYn)
n k
- P(tung|zng = 1, yn)P(znk = llyn) , (2.23)

where the factor distributions are

1
P(Xnk|unka Znk = ]-7yn) = N(Xnk"rkckw]—gr(yn - ”’k)v 7Ck) ) (224)

Unk
P(unk|znk = 1,yn) = Ga(unk|ak, Bak) » (2.25)
Pl = 1) = o RIS (220
and where we have defined
C.l=n W Wy +1;, (2.27)
o = % , (2.28)
B = (yn*uk)TEZ;(ynfuk)Jruk . (2.29)

Notice that there is only a single observation y, appearing in each of these
posterior factor distributions.

The E-step corresponds to computing the expectation of the log-complete
likelihood in (2.22) (see Appendix ) when Q(-) is set to the current posterior dis-
tribution (i.e. with the current values of the parameters ). This computation
boils down to a set of expectations

P _ TS nlly, Bk V)
Pk = Eqiznn} = >k TSt(Yn by Skvn)

(2.30)

tnk = Eq{unk} = gk, (2.31)
log @, = Eg{log unt} = ¢ (ax) —log (Bnk) , (2.32)
Xk = Bo{xne} = eCr Wy (yn — 1) (2.33)
(2.34)

_ 1 _
Suk = Eg{xux,),} = chk + XXy
n

where Opg, = Priklng and () =TV(-)/T(+) is called the digamma function.
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Maximising (2.22) with respect to the parameters (M-step) leads to the
following updates

Th % Zn Pnk » (2.35)
o — ek io) (2.36)
Wi (2, @nk(¥n — )%]) (X, @nkSnk) (2.37)
T b= s @ik ([yn — w0 l1? = 20yn — 1) " WiRng, + tr{W;.S,s W/ })
(2.38)

for all k& and where tr{-} is the trace operator. Observe how the contribution
of each data point is weighted according to @, which accounts for both the
effect of the responsibilities p,; and the expected latent precision variables .
The latter ensures robustness as its value is small for y,, lying far from p,,, such
that the contribution in the M-step is small. For the non robust formulation
(v — o0) we have Uy, = 1 for all n and all k. Note also that these updates
are coupled. One could cycle through these updates between each E-step until
the M-step has converged.

There is no closed form update for {v;}#£ . Nevertheless, a solution can
be computed at each EM iteration by solving the following expression by a line
search algorithm (see for example [99]):

1+ IOg (%c) - "/J (%c) + ﬁ Zn ﬁnk{log INLnk - ﬁnk} =0 (239)

for all k. Alternatively, a heuristic was proposed by Shoham [124] in the context
of mixture modelling. This heuristic is also applicable here.

As the marginal likelihood of mixture models always exhibits local optima, it
is recommended that the optimisation is repeated with different initialisations.
This should avoid converging to a very bad local optimum for which the training
criterion is still far from the global optimum. A good strategy to initialise the
components is to set the centres p, using a quantisation algorithm and then
initialise the subspace orientation Wy from the first principal components of
the samples in the Voronoi region of p.

2.3.2 Model selection

At this stage, one might wonder how to choose the model configuration, i.e.
how to select the number of components and the dimensionalities of the latent
representations. As was discussed in the preliminaries of the chapter, the model
is primarily an exploratory tool. In this sense, we should not focus solely on
the selection procedure itself but rather find out how the information contained
in the data can be usefully uncovered. Visualisation is the paramount aim of
exploratory analysis and for this reason one and two-dimensional subspaces are
the standard choices. Of course, not all datasets can be correctly represented
by one or two-dimensional representations. Fixing the number of components
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is also tricky. The number of components should ideally match the number
of distinct sources, provided these distinct sources exist. In practice, it is
not easy to avoid overlap between several components, due to the mismatch
between the linear subspace representation and the data or due to local minima
in the training criterion. Also, there is no guarantee that the patterns detected
by visual inspection are inherent or just artefacts. However, if the goal at the
initial stage is to identify the dominant sources, one will usually work with a
small number of components which should limit the risk of over-fitting the data
(there will rather be a under-fit of the data).

Certainly a more satisfactory approach is to combine the exploratory anal-
ysis with a quantitative model selection procedure. The advantage is that the
model construction can be made more automatic and it should prevent the
practitioner for exploring configurations which do not correspond well to the
data. Obviously, resampling methods are applicable to select the configuration.
The principle is always the same: a set of observations is held-out of the train-
ing, and the quality of the configuration is estimated after training on these
validation observations. But this approach rapidly becomes too costly when
there are several (hyper-)parameters to be selected.

In the literature, there are proposals to select the best configuration with a
Bayesian approach. An additional hierarchy can be added to express the prior
uncertainty over the number of components and the dimensionalities of the la-
tent spaces. However, it is no longer possible to adjust the model with an exact
EM algorithm. In [114], the marginalisation over models with different number
of components is carried out with (MCMC) sampling techniques. The selection
is treated with a (mean field) variational approximation in [145, 9]. Selecting
the dimensionality of the latent subspaces was proposed in [16] by means of an
Automatic Relevance Determination (ARD) scheme (see Section 3.1.4).

2.4 Experiments

In this section, we start by illustrating the construction of the probabilistic
linear subspaces models on three toy examples. We then show on the USPS
handwritten digit dataset that the procedure is still applicable and useful in
higher dimensional spaces.

2.4.1 Toy examples

We start with a very simple example showing the sensitivity of the probabilistic
PCA to outliers. In Figure 2.2, 25 samples are generated along a line and two
outliers are added. A PPCA and robust PPCA with a one-dimensional latent
space are constructed on these samples. We clearly see the influence of the
two outliers on the principal component found by the PPCA model, while the
robust PPCA component is almost unaffected by these outliers.

Figures 2.3(a)-(b) shows another illustration of the different behaviours.
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Figure 2.2: Samples generated along the solid line, except two outliers
(squares). Principal components from probabilistic PCA (-+) and robust prob-
abilistic PCA (——). Circles correspond to the estimated means p.

The samples have been generated along a one-dimensional manifold, with higher
density of samples in the right end and higher noise at the other end. PPCA is
trying to account for all the observed data and thus estimate a global principal
component. Note that the mean of the component lies in an empty region. It
does not correspond to a typical sample of the set. On the other hand, robust
PPCA discards many samples in order to concentrate on the higher density
region of the manifold. The latent subspace identifies the local principal com-
ponent.

Using three components in the model (Figures 2.3(c)-(d)), both the mixture
of PPCAs and robust PPCAs estimate the local principal components of the
manifold quite well. Note however that one of the components of the mixture
of PPCAs tries to account for the noisy samples at the end, forcing its mean
to move away from the manifold.

The last toy example is composed of 3 clusters (see Figure 2.4(a)). Each
cluster corresponds to a 3-dimensional Gaussian distribution with a diagonal
covariance matrix equal to diag{[5,1,0.2]} before rotation around the second
coordinate axis. Each component lies on an intrinsic two dimensional space as
the variance in the third direction is significantly smaller. The two outer clus-
ters make an angle of £30 degrees with the middle one and they are respectively
shifted by +5 units along the axis of rotation.

For the first experiment, 30 points are generated for each cluster and we
train mixtures of standard and robust PPCA models with a varying number
of components K and latent space dimensions J. The generalisation perfor-
mances are then evaluated based on the negative log likelihood criterion of the
model on a large validation set (i.e. generated independently from the training
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Figure 2.3: Samples generated along a 1-dimensional manifold with additional
atypical points. (a) Probabilistic PCA, (b) robust PPCA, (c) 3 components
mixture of PPCA, (d) 3 components mixture of robust PPCA. The sizes of the
markers account for the contributions of the samples to the estimation of the
component parameters.
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Figure 2.4: (a) Synthetic example composed of three clusters which are gen-
erated from Gaussian distributions. See description in text. The squares rep-
resent outliers. (b) Dependency of the negative log likelihood on a validation
set with respect to the number of components K and the dimensionality of the
latent space (o: J =1, A: J = 2). Dashed line: standard. Plain line: robust.

samples). Generating the training data and training the model is repeated 50
times to reduce statistical variance. The generalisation performances are plot-
ted in Figure 2.4(b) for K € {1,...,12} and J € {1,2}. As expected, the true
model with K = 3 and J = 2 presents the best generalisation performances.
Interestingly, we see that the standard and robust mixture models have com-
parable performances when the model under-fits the data (i.e. K is smaller
than the optimal value) while the robust mixture has the edge on the standard
mixture when K increases. The tendency of over-fitting is thus slightly reduced
with the robust formulation.

For the second experiment, K and J are set to their optimal value (3 and
2 respectively) and we look at the sensitivity of the model construction to the
number of outliers. The outliers are generated from a uniform distribution
in the [—10,10]* box which surrounds the three clusters. Again, 30 points are
generated from each component and outliers (between 1 and 60) are added. The
performances of the standard and robust mixture of PPCA models (measured
on a validation set with no outliers from averaging 50 repetitions of generating
the training samples and training the models) are shown on Figure 2.5(a).
Again, we note the better behaviour of the robust formulation as the prediction
performances are less sensitive to the number of outliers, especially when there
are a small number of outliers. When the number of outliers increases to a
significant proportion of the training samples (30 outliers correspond to 1/4 of
the learning points) the robust formulation reduces its down-weighting of the
outliers and consequently the gap between the performances of the standard
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Figure 2.5: (a) Dependency of the generalisation performances (negative log
likelihood criterion) with respect to the number of outliers added to the three
main clusters. Dashed line: standard. Plain line: robust. (b) Dependency
of the degree of freedom parameters for the three components in the robust
mixture of PPCA model with respect to the number of outliers.

and robust models decreases. Figure 2.5(b) shows the average value of the
degree of freedom parameters (v, for k =1...3) for the same experiment. We
note that the down-weighting of the outliers obtained with a small value of vy
(see Subsection 2.3.1) comes mainly from a single component. The two other
components have their degrees of freedom larger than 40 and are thus very
close to Gaussian components.

2.4.2 USPS digits

We now illustrate the use of the models on the well-known USPS handwritten
digit dataset®>. Each sample is a greyscale 16 x 16 pixels image of a digit
(0 to 9). To simplify the illustration, we kept only the images of digits 2
and 3 (respectively 731 and 658 images), as well as 100 (randomly chosen)
images of digit 0. There are thus two dominant clusters of digits 2 and 3,
and a smaller cluster of digit 0. We compared the mixture of PPCAs and the
mixture of robust PPCAs in their ability to find the two main clusters and
identify the main variability in these clusters with a one-dimensional latent
space. The result is shown in Figure 2.6. Each row represents images close
to the one-dimensional subspace. The mixture of robust PPCAs completely
ignores the smaller cluster of digit 0. The first component concentrates on
the digits 2 and the second on the digits 3. Interestingly, the model is able to
discover that the main variability of digits 3 is along their width, while the main

3The USPS data were gathered at the Center of Excellence in Document Analysis and
Recognition (CEDAR) at SUNY Buffalo during a project sponsored by the US Postal Service.
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Figure 2.6: Mixture of 2 component PPCAs with 1-dimensional latent space
to cluster USPS digit 2 and 3, and outliers digit 0. Top: standard; Bottom:
robust.

variability of digits 2 is along their height. On the other hand, the mixture of
PPCAs cannot down-weight the contribution of the digits 0 and we see that its
second component makes the transition between digits 2 and digits 0. Its first
component is also biased by atypical samples.

The behaviour of the (mixture of) PPCA model(s) is undesirable if we want
each component to correspond to a single cluster. Of course, one could argue
that three components would be a better choice in this case. But the problem
is common, in particular within high-dimensional spaces: most of the density
of points lies on a low-dimensional subspace (possibly different for each cluster
of points) but not entirely as there are always samples diverting attention from
the main densities.
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Chapter 3

Regression applied to
near-infrared spectroscopy

The work presented in this chapter originates from a preliminary study on the
use of Radial Basis Function Networks [93, 107] to model functional data. The
work was published in [36, 116]. For handling functional data, we followed
the guidelines suggested in [108]. The experimental study of this work consid-
ered the Tecator near-infrared (NIR) spectroscopy dataset which was initially
analysed with other neural networks models in [132]. The interesting feature
of NIR spectroscopy data is that they are intrinsically smooth functions rep-
resented in practice by high dimensional vectors. This can be a problem for
some models from a computational point of view when the cardinality of the
set of parameters increases with the dimensionality of the representation. We
will describe in section 3.3.1 how to handle the NIR spectra properly, and how
regularisation constraints can be entered in the parameterisation.

From this preliminary work, our attention shifted to the general regression
task and the different existing methods used to design regression models. In
particular, the probabilistic approach appeared attractive as it allows consid-
eration of flexible model configurations since the tendency to over-fit is auto-
matically counteracted by the internal regularisation of the Bayesian selection
scheme. Following the main theme of this thesis, the goal of this chapter is to
show the usefulness of the probabilistic approach for tackling real data analysis
tasks, and in particular for regression on the NIR spectroscopy application. In
Section 3.4, we present a comparison of a set of regression models on 7 regres-
sion tasks. This makes the discussion of the performances in Section 3.5 more
grounded than in many previous analyses.

Several aspects of the learning procedure are compared. Among these as-
pects, we are interested to know if the marginal likelihood criterion, which al-
lows to adjust several hyper-parameters and avoids the necessity to repeat the
learning procedure, is sufficiently robust to compete with the cross-validation
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scheme on one or two hyper-parameters. A second aspect that is analysed is
the processing of spectra by similarity (or distance) based computations. In
particular, we compare the Gaussian Process model with a Gaussian covari-
ance function (Section 3.2.4) with other approaches using a similar processing
of the data. Always in this context, we sketch the lines in Section 3.2.2 of a
procedure that we developped in [35] for adjusting the similarity measure in
locally weighted models.

Finally, we derive in Section 3.3.3 a smoothed Automatic Relevance Deter-
mination scheme allowing us to identify the most relevant region of the spectra
for the prediction task.

3.1 Preliminaries

In this section, we start with a reminder of the regression task and discuss the
necessity of a good pre-processing of the data. Then, we give more details on
the particular aspects of the model configurations and learning procedures that
will be considered later in the comparison of the regression methods. Finally,
we discuss the possibility of identifying some interpretation in parallel to the
regression task. For this purpose, we introduce the concept of feature relevance.

3.1.1 Regression task

Let us review here the regression task introduced in Chapter 1. We are given a
set of samples D = {(x,,,t,)})_,, where x is an input sample and ¢ is the cor-
responding target belonging to an ordered set (we will consider here only scalar
targets, t € R). The input representation is discussed in the next subsection.
The goal of the regression is to derive from these samples a prediction function
y = f(x) minimising a particular loss function L(¢,y) in generalisation, i.e.
on data independent from those used for learning. In practice, as we cannot
collect new samples, the generalisation performances are evaluated by a resam-
pling scheme, see Section 3.4 for details. In this chapter, we are interested in
the comparison of regression methods (particularly on spectroscopy datasets)
and have little knowledge about the conditions expected in the exploitation
of the models. We have chosen to evaluate the performances of the different
regression methods with the standard square error loss, £(t,y) = |t — y|?>. One
thing to bear in mind is that for a particular input x the best prediction y*(z)
according to the squared error loss is the conditional mean of the target distri-
bution y*(x) = Eyx{t}. Hence, optimising a model on the squared error loss
makes sense when the mean target is representative of the target distribution,
i.e. this distribution is roughly unimodal and symmetric. From the analysis
of results in the experiments below, the square error loss looks appropriate for
the datasets.

Following the approach of the previous chapter, using a robust training loss
L (defined in Eq. (1.11)) like the Huber loss or a probabilistic model with larger
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tail distribution than the Gaussian would make the training less sensitive to
samples lying far from the mean target distribution. However, we have chosen
to train the model on the empirical risk Lg = Lp as the optimisation on
this criterion is very simple for most of the methods described below. The
identification of outliers is kept in the pre-processing stage. Note that for the
square error loss, the empirical risk is also named the Mean Squared Error
(MSE).

Note also that the different regression methods presented below could easily
be applied to classification tasks. One just needs to work with loss functions (£
and Lg) more appropriate for classification. We already gave the examples in
Chapter 1 of the hinge loss and the conditional Bernoulli probabilistic model.

Note that a model configuration is characterised by a class of model spaces
(H,nx) and a class of training criteria (£,7¢). The model selection procedure
tries to select the hyper-parameters (13, 7¢) such that the model trained on
the corresponding training configuration (H,€&) generalises well. The differ-
ent regression methods presented in Section 3.2 correspond to different model
configurations and different model selection procedures, to use the same vocab-
ulary. We describe in Section 3.1.3 the aspects of these model configurations
on which our attention will concentrate for the comparison.

3.1.2 Data representation and pre-processing

We come back now to the question of the representation of input samples. The
most common representation is to have D-dimensional vectors x € IR”. Near
Infrared spectra can be represented by vectors and for this reason we will almost
exclusively discuss this representation in the models. The coordinates of input
vectors are called the features. Actually, many other names are used in the
literature depending on the research community; to cite just a few: variables,
predictors, Tegressors...

We will see that regression methods require some standard mathematical
operations be defined on the inputs; some methods are constructed based on the
dot product in the space of the inputs, other are based on a distance measure,
also the vector summation may be necessary. These standard operations are
directly applicable to a vector representation. It happens however that some
inputs are naturally represented with a non vectorial representation (strings,
graphs, sets...). The strategy to apply a regression method to non-vector data
is either to derive a vector representation during the pre-processing, or to define
on these inputs the dot product or distance measure required by the regression
method. This second approach is at the heart of the kernel trick presented in
Section 3.2.4.

Before constructing a regression model and more generally before any data
analysis task, it is a good habit to pre-process the data and make the following
model construction less dependent on the original representation. We discuss
the most common pre-processings here.
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Standardised vector representation For vector data, the features often
correspond to measurements expressed with different units. From a physical
point of view, we should be careful in the way these features with different
units are combined and avoid summing apples with pears! In addition, there is
often no reason to prefer a particular unit’s scale over another, e.g. the lengths
are equally valid in meters and centimetres. Sometimes also the origin of the
scale is completely arbitrary.

The usual way to reduce the arbitrary nature of the initial representation
is to standardise the data. By this procedure, each feature is translated and
scaled such that its empirical mean is set to 0 and its variance in the new
representation is set to 1. Hence, the transformation for the dth feature of the
new representation is

x((inew) _ Zq j ﬂd (31)

Gd

where jig is the empirical mean and 64 is the empirical standard deviation in
the original representation. It is also useful to apply the standardisation to the
targets. This standardisation does not alleviate all criticisms in respect to the
choice of units, neither is it based on strong arguments in favour of this partic-
ular choice of transformation rather than another one (scaling by the range is
another common choice). Yet, in practice this simple pre-processing makes the
model construction more systematic and a priori gives equal importance to all
features.

For features constrained to be positive, converting them to a logarithm scale
is sometimes useful. Often, it is advantageous to pre-process the features such
that their empirical distribution is rather sub-Gaussian (i.e. with a short tail
distribution) than super-Gaussian.

Principal Component Analysis We have reviewed Principal Component
Analysis in the previous chapter. This method can also be applied as a pre-
processing step in regression tasks. When the feature representation is high di-
mensional (more than 5 features is already moderately high), there are almost
always strong approximate linear dependencies between the features, meaning
that the intrinsic dimensionality of the inputs is lower than the original dimen-
sionality D. Some of the regression methods described below have their set of
parameters grow with the dimensionality of the inputs. For those methods, it
is advantageous from a theoretical and a computational point of view to re-
duce the dimensionality of the inputs and work with fewer parameters. The
usual strategy is to keep the dominant principal directions such that most of
the variance from the original representation is still present in the transformed
inputs.

Like standardisation, applying a PCA to the data and keeping only a few
dominant principal directions is often favourable in subsequent learning. How-
ever, PCA is an unsupervised method, hence we have no guarantee that the
new representation is better than the original one. Moreover, the new features
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in the PCA representation are linear combinations of the original features. Get-
ting some interpretation from these new features might be more difficult (see
Subsection 3.1.4).

Outlier detection The issues regarding outliers have already been discussed
in the previous chapter for unsupervised methods. In this chapter, we are
more interested in the evaluation of performances; the presence of outliers in
the datasets could substantially modify the analysis. It is thus necessary not
only to spot the true outliers but also to leave them out of the dataset. By
true outliers we mean those atypical samples probably coming from erroneous
measures or bad preparations.

Handling the “gentle outliers”, i.e. those samples lying just a bit apart from
the main clusters, is more debatable. These samples might be perfectly correct
measures. Leaving them in the datasets would put the methods under the test
of extrapolating adequately the predictions. This can be considered as a desir-
able property of a method suggesting that we should keep these gentle outliers.
However, we are not particularly focusing on the extrapolation performances of
the different regression methods here. Besides, as there will probably be only
just a small number of such samples, we will not be able to assess with any
confidence the extrapolation ability of the model. This is an argument to say
that even atypical but sane samples should not be considered for learning, nor
for evaluation.

Anyway, we have in general very little knowledge of the data collecting pro-
cess, giving us no support to identify systematically true and gentle outliers. It
is very difficult to evaluate the limit beyond which a sample should be consid-
ered as an outlier. Besides, this is really dependent on the application and the
dataset. Our purpose here is to apply a standard outlier detection technique.
The technique is discussed in Section 3.4.3.

(Semi-)expert pre-processing A generally applicable piece of advice about
data modelling and learning is to make as much use as possible of prior knowl-
edge and intuition about the data to be analysed. At the pre-processing stage,
one should try to represent the data such that their relevant aspects for the pre-
diction task stand out; equally the irrelevant aspects should be de-emphasised
by the pre-processing applied. For example, for an optical character recogni-
tion task, we know that the slew of handwritten characters varies a lot between
people. The pre-processing should try to obtain a standard slew for all people’s
writing before applying the recognition algorithm. This would reduce a source
of variability that is irrelevant for the prediction task.

In fact, expert knowledge could equivalently be inserted in the regulariser
(or the prior distribution). We will make a slight distinction between the pre-
processing and the regulariser approaches: the pre-processing is considered to
be fixed during the learning while the regulariser can be adjusted with some
hyper-parameters and a model selection procedure.
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3.1.3 Various aspects of the comparison

The comparison of regression methods will focus on three aspects. We do not
give them by order of importance here, but to make their description simpler.

The first aspect concerns models based on a similarity measure between
inputs and in particular the Euclidean distance between input vectors:

D(x,x)V = |x—x|P=x-x)"(x-%). (3.2)

We will see that the use of the Euclidean distance in the processing of the inputs
appears in three of the regression methods discussed below. The processing is
further completed by a nonlinear transformation of this distance. We have
chosen to work with the widely used radial squared exponential function

Gxx0,) = oxp (55D x)?) (33)
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also called the (scaled) Gaussian function when the inputs are vectors and the
similarity measure is the Euclidean distance. We will see that the scale pa-
rameter o, specifies the distance of dependency between inputs in the model.
Depending on the method, the squared exponential function is referred to as
a basis function, a weighting function, or a covariance (also kernel) function.
While similar, the methods making use of this function are not equivalent.
This is seen from the experimental results of Section 3.4. The choice of the
squared exponential implicitly assumes that the dependency function f(x) is
very smooth (e.g. see [125]). This assumption is sensible for the NIR spec-
troscopy data because the physical relationship between inputs and targets is
known to be smooth.

The second aspect of the comparison is to see if for the regression task on
NIR spectroscopy datasets there is an advantage in using the similarity based
methods rather than methods relying on a dot product between the (vector)
inputs and the weight parameters

<X,W>=W X, (3.4)

The standard method used for regression on NIR spectroscopy is Partial Least
Squares. This method is a special case of the standard linear model which is
a dot product model. A second model using the dot product approach is the
Multi-Layer Perceptron model (Section 3.2.3).

Finally, the third aspect compared is the model selection procedure. This
aspect may be the most important as it follows the main concern of the the-
sis, namely the question about the potential advantages of the probabilistic
approach for tackling real analysis. We will try to see if the marginal likeli-
hood selection strategy derived from the probabilistic modelling approach is
out performs the pragmatic cross-validation (CV) based methods. There are
two advantages to the marginal likelihood. First, it is often less expensive to
compute than cross-validation methods as the hyper-parameters are directly
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tuned and training need not be repeated. Second, the procedure allows the
optimisation of many hyper-parameters, giving more flexibility in the search
for a good model. In contrast, we will systematically limit the search to one
or exceptionally two hyper-parameter(s) to limit the computational cost of the
resampling procedure. We will also see if the combination of a cross-validation
selection with the marginal likelihood strategy is advantageous.

In fact, there are selection procedures other than the marginal likelihood
which allow the derivation of an iterative optimisation scheme and thus to
adjust several hyper-parameters; for example the leave-one-out estimator [1,
144, 27] for linear models and the radius margin bound for classification [30].
We are not comparing with these methods here; see [112, 28] for a discussion
of the advantages and disadvantages these methods can have over the marginal
likelihood.

As explained in Chapter 1, one can focus on different elements of the model
configuration during the model selection stage. The marginal likelihood ap-
proach will be used to select the noise and prior distribution hyper-parameters
but also to adjust the model space by means of the similarity measure. The
simplest case is to work with the isotropic Euclidean (3.2) distance and only to
adjust the global scale parameter o,. We will try to see if there is an advantage
to adjusting instead a weighted Euclidean distance

Dwe(x,x )2 = ||x =X [|F = (x - x)TU(x — x') (3.5)

where U is a symmetric positive semi-definite precision matrix. The weight
matrix U will be further constrained to limit the number of hyper-parameters
(see the next subsection for further comments).

3.1.4 Feature relevance

Achieving accurate predictions is not the only possible objective for the regres-
sion task. As discussed in the previous chapters, in most preliminary analysis,
practitioners are also interested in understanding the dependency between in-
puts and targets. However, the concept of understanding is rather abstract
and subjective. With little domain knowledge or physical model in mind, the
task of looking for interpretation is very vague. A simple approach to get some
understanding from the learning task is by estimating the actual relevance of
each feature for the prediction. This requires that the inputs have a vectorial
representation and their features are interpretable.

There is no formal definition of the notion of relevance. Intuitively, the
relevance of a feature should be related to the mutual information it has with
the targets. But this definition is too restrictive. For example, it happens
that each feature of a group has individually low mutual information with the
targets while together, the group can predict the targets very well. Hence, in
this case the features are relevant for the prediction.

An idea would be to assess the relevance after constructing the model by
analysing the gradient of the function f(x) with respect to the features. A more
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principled approach is to associate a relevance parameter with each feature
directly in the model. These relevance parameters must be adjusted during
learning such that the additional relevance estimation is provided as a by-
product of the prediction task. Of course, the relevance parameters might
increase the capacity of the model and lead to over-fitting.

Automatic Relevance Determination One way to introduce relevance
parameters in similarity-based models is to work with a diagonal weighting
matrix U = diag {[u1,...,up]} in (3.5). Smaller precisions ug correspond
to features =4 less relevant for the prediction. This procedure is called an
Automatic Relevance Determination (ARD) scheme [82, 95, 110]. A similar
scheme exists for models based on a dot product (see Section 3.2.3). We will
present in Section 3.3.3 a constrained ARD scheme allowing the identification
of parts of the NIR spectra which are relevant for the regression task.

As mentioned above, one approach to optimising these relevance parameters
is the marginal likelihood. However, other approaches have been proposed in
the literature. Early strategies [79, 55, 50] proposed updating the relevance
parameters based on the training criterion; however, this procedure often leads
to over-fitting. A more robust approach is to base the tuning algorithm on a
model selection criterion, such as the marginal likelihood. This is the technique
used in [12] and [29], out of the probabilistic context. Recent literature in kernel
methods tries to answer the more general question of global kernel optimisation;
see for example [102, 74].

Feature selection Feature selection can be considered as a hard relevance
estimation framework: selected features are relevant, others are not. See [49]
and reference inside for a review of feature selection. As feature selection re-
duces the size of the input space, it is favourable for models whose capacity is
linked to this size. Additionally, feature selection is advantageous in reducing
the computational cost of learning and prediction. One thing that can be mis-
leading with feature selection is that unselected features could still have high
mutual information with the targets, but they are not selected because they do
not contain more information than the already selected features.

Feature selection has already been used for NIR spectroscopy regression,
for example in [13]. However, we do not intend to compare the ARD procedure
with feature selection here.

Additive models Additive models are a particular model configuration that
assume the contribution of features to the targets can be separated in additive
terms

D
F00) =3 falwa) - (3.6)
d=1

Like the linear model, this configuration cannot represent nonlinear interactions
between the features. Certainly, this is too simplistic for many real world appli-
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cations. On the other hand, it is possible to visualise the average nonlinear de-
pendency between each feature and the targets. Note that there are extensions
to this formulation allowing the addition of multivariate terms fq, ,(24,,%4,)
which would encode nonlinear interactions between inputs. We will not be
working with this model later on in this chapter. One can look in [52, 63] for
additional details.

3.2 Overview of regression methods

In this section, we give an overview of some standard regression methods used
by the machine learning community. The goal here is to give all the necessary
information to understand the different aspects compared in section 3.4. One
can find more thorough discussions of these methods in the references. In
order to keep the description concise here, we have to omit many interesting
extensions and learning strategies.

3.2.1 Linear Models

Standard linear Model The best known model applicable to vector inputs
is the standard linear model. For this model, the dependency function is esti-
mated by f(x) =w'x+ b, where w € R” is a vector of weights and b € R is
the bias. The weights and bias are the parameters of the model. Note that this
standard linear model is based on a dot product between inputs and parame-
ters. For the ease of notation, we will use a slightly modified formulation where
the bias contribution comes from an additional feature. Noting x("¢%) = [1;x],
the model is more simply written as f(x) = w ' x("%) where w € RP*!. This
is the assumed representation for the developments below. As introduced in the
preliminaries, it is convenient to train the model on the Mean Squared Error:

. .1
W= arg\f{nln N zﬂ:(tn —w'x,)?. (3.7)

The solution is
w=H 'Xt (3.8)

where t = [t1,...,tx]", X = [x1,...,xy]Tand H = XTX.

Basis expansion Instead of working with the original inputs vectors x, one
could first transform them

B:xeRP - ¢peRM:¢=[B(x),...,Bux)]" (3.9)

The set of functions represented by B is called a basis expansion. The principle
is to work with the new features ¢ and construct a linear model on them, where
this time w € IRM. Again, the bias could correspond to one of the features.
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Working with a basis expansion allows the encoding of nonlinear transforma-
tions of the inputs within the basis functions while keeping the learning proce-
dure very simple. We will denote ® = [¢1,...,¢n]" and Hy = ®T®. There is
no limit on the number of bases and consequently the capacity of the model is
unbounded. Many basis expansions have the universal approximator property;
see for example [104]. Note also that the parameters do not appear anymore
in a dot product with the inputs.

Choosing a particular basis expansion can also be seen as doing a particular
form of pre-processing of the original input data. We have already pointed out
that expert knowledge should help to choose the representation, and equiv-
alently the basis expansion. However, it is common to work with some well
known basis expansions. When D is small (not bigger than 3), splines [14] - i.e.
piecewise polynomial functions - or wavelets [32] are standard basis expansions.
For larger input dimensionalities, radial basis expansions are more common. In
Section 3.3.1, we will use the B-splines basis expansion for pre-processing the
data. However, the regression task itself will be performed using the Gaussian
Radial Basis Functions (RBF) expansion. Each basis is defined by

Bg(x;c,0,) = G(x,¢;0,) - (3.10)

This is the first appearance of (3.3). In this expression, ¢ € R” is at the centre
of the basis from which the Euclidean distance is computed; the scale parameter
o specifies the local volume around c in which the basis is active. Note that
the concept of locality for higher dimensional space is not very relevant as
discussed in Subsection 3.2.2. There are different strategies to handle the inner
parameters of the basis functions, o, and c in the case of the isotropic Gaussian
RBF. The most pragmatic manner is to invoke a heuristic and fix some of
these parameters at the beginning of the learning procedure. For example, the
centres of the Gaussian RBF are typically set via vector quantisation of the
inputs (with a k-means algorithm, or any other quantisation methods) [55].
These parameters could be called pre-processing parameters as they are not
modified afterwards.

The second approach is to consider the basis parameters as model param-
eters that should be adjusted on the same training criterion as the weights w.
Two remarks must be made however: First, the basis parameters modify the
nonlinear dependency between inputs and targets and this greatly increases the
capacity of the model relative to another weight. So the tendency to over-fit
will appear rapidly. The other remark is that training the basis parameters is
not as simple as the weights. It is generally necessary to derive the expression
of the gradient of the training criterion with respect to these basis parameters
and resort to an optimisation technique (e.g. scaled conjugate gradient [92]).
This second approach for adjusting the basis parameters is at the heart of the
Multi-Layer Perceptron model presented below.

Finally, the third approach is to treat (some of) the basis parameters as
hyper-parameters of the model space and adjust them with a model selection
procedure.
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Regularisation Even though the linear model is quite simple, working with
a large dimensional feature space will inevitably lead to over-fitting. Adding
a regulariser term in the training criterion is a way to reduce the capacity of
a model configuration and thus circumvent over-fitting. One way to define a
regulariser for the linear models is by a power sum expression of the weights

C(fsAv) =AY |wal” . (3.11)
d

The regularisation parameter A\ controls the trade-off between the training loss
Lg and the regulariser in the training criterion £. This parameter cannot be
adjusted based on the training criterion because the optimal value would al-
ways be zero, i.e. no regularisation. It must be considered as a hyper-parameter
and adjusted at the model selection stage. In the experiments, we will use a
resampling method to adjust this regularisation trade-off parameter. It could
also be possible to use other theoretically justified criteria (like the AIC, BIC,
GCV [54]) to avoid to have a repetitive learning scheme. The second regulari-
sation parameter v specifies the geometry of the regularisation. This parameter
is usually set a priori and not optimised. The classical choice is to set v = 2,
such that

C(f;iN) = w'w. (3.12)

This is called a ridge regularisation (or weight decay regularisation) [58]. The
regularisation is isotropic around the origin. One can show that the influence
of this regulariser is to bias the weights toward the principal directions of the
feature vectors x (or ¢ if a basis expansion is used). The advantage of using
the ridge regulariser is that the training is no more complicated than (3.8): one
just needs to replace H by H 4 AIp.

Another typical choice is v = 1 (called the LASSO [133]) because it leads
to a sparse model. Indeed, as A\ increases, an increasing number of weights
have their optimal value exactly at zero. The training criterion is not convex
anymore, but there exist efficient algorithms to rapidly find a local optimum of
this training criterion [41]. Note that the sparsity induced by this regulariser
makes the model simple to handle and it simplifies the analysis of the weights
after training. To be precise, any v < 1 is likely to return a sparse model.

Spline regularisation The regularisation is sometimes defined directly on
the function f(x) to be estimated. This is used in the smoothing spline regu-
larisation scheme for example. This regulariser attributes higher prior cost to
non-smooth functions. Often, the integrated second derivative of the function
is used to measure how non-smooth the function is:

Clhi\) = A /X ()2 dx . (3.13)
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Smooth functions have low second derivative and are thus less strongly regu-
larised. In practice, the regularisation can be rewritten

Clh;\) = \w ' S"w (3.14)

where 8" is a M x M matrix and Sj; = [, B/ (x)B/(z) dz. The smoothing
spline regularisation is thus a kind of non-isotropic ridge regularisation. Again,
optimising the weights is very easy; one needs to replace H by Hy+AS" in (3.8).

PLS regression Another strategy to adjust the flexibility of a linear model
is to reduce the dimensionality of the input vectors by projecting them on a
small dimensional linear subspace. The projection (which is not necessarily
orthogonal), is expressed by z = PTx, where P is a D x J matrix. The
dimensionality of the subspace J is a structural hyperparameter modifying the
model space size. It is usually selected using a resampling method. Principal
Component Analysis is a way to derive a linear subspace by keeping the J
dominant components. However, it is unsupervised and in this sense it is
suboptimal. In contrast, Partial Least Square (PLS) [147] is another projection
procedure using the targets to derive the linear subspace. PLS is particularly
efficient when the original features are numerous and highly correlated. This
is typically the case for NIR spectroscopy spectra.

The PLS algorithm proceeds by finding the successive score vectors z; =
Xp; (z; € RY and p; € ]RD) in order to maximise the covariance between
z; and the residual target vector, r; = t —y;_1, where y;_; is the vector of
prediction at the previous step. Initialising with yy = Oy, i.e. a vector of zeros,
the (simplified) PLS algorithm proceeds by computing

o XTI‘J'
P X T
Zj = [Zl,...,Zj}
w; = (Z]Z;) 2]t

See [131] for a more thorough description of the algorithm and its applications.

Marginal likelihood on linear models We have seen in Section 1.3.2 that
the Bayesian framework can be used to derive a higher-level likelihood criterion
by marginalising over the parameters of the model. The hyper-parameters
can then be optimised using this marginal likelihood. Note however that this
criterion is still a likelihood criterion and in this sense it can lead to over-fitting
if the capacity of the hyper-parameters space is sufficiently large. We present
here a simple procedure following the derivation of the Laplace approximation
(Section 1.3.3) which allows the efficient adjustment of regularisation hyper-
parameters for linear models [80]. Moreover, the procedure can be used to
optimise the basis hyper-parameters, although the optimisation is more costly.
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To apply the Bayesian framework, one needs to specify a conditional target
noise distribution P(¢|x) and a prior distribution on the parameters (i.e. the
weights) P(w). The procedure that we derive here makes the simple assump-
tions that the noise is additive homoscedastic Gaussian t|x ~ N(f(x),02)
and the prior is a multivariate Gaussian distribution centred at the origin
w ~ N(0,A~!) where A is the inverse of the prior covariance matrix (i.e.
a prior precision matrix). One advantage of these modelling assumptions is
that the Laplace procedure is exact because the posterior over the parameters
is truly a multivariate Gaussian distribution.

Using the notations of Section 1.3.3, we have

g(w) = %eTe + %WTAW (3.16)
where € is a vector of length N of the target-prediction differences €, = t,, —yy
and 7 is the inverse of the noise variance (also called the noise precision). One
can recognise in this expression a mean square error criterion regularised by
a non-isotropic ridge term. There is a slight difference due to the additional
noise hyper-parameter 7.

The normalisation factors associated with the likelihood and the prior are
the Gaussian normalisation factors

1

O I (L

One can show that the maximum a posteriori estimate of w is

=

W =0%,0"t (3.18)
where the posterior precision matrix is simply
Y l=7Hs+A. (3.19)

The exact log-marginal-likelihood is then
T T 1_+._
log P(t|X;7,A) = — 5€ €- oW Aw

N 1
+ 5 log T+ 3 log | A | (3.20)

1
—ilog | THy + A | +C™° .
Instead of working with a gradient based optimisation procedure to adjust

(1,A), a simple re-estimation strategy works well in practice [80]. Setting the
gradient of the log marginal likelihood to zero,

dlog P(D|1, A) 1 + N 1
_ = ——tr(I-2,A)=0, .21
or 26 et 2r 21 r( )=0 (3.21)
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the noise hyper-parameter is re-estimated with

1 €' e

-
T N - ¢

(3.22)

where ¢ = tr (I — X, A) is sometimes called the number of well determined
parameters. “Well determined” should be understood in the sense that the
information in the data are responsible for the estimate of ( parameters, while
the M — ( other parameters are primarily determined by the prior. We see
in (3.22) that this number plays a role equivalent to the degree of freedom used
in the frequentist correction to the bias of a maximum likelihood estimate of
the noise variance.

For the prior hyper-parameters, the derivation is similar. Let us consider
the particular case of a diagonal prior precision matrix, with a different hyper-
parameter for each weight, a = [a1,...,an]", A = diag{a} , a diagonal
matrix; we have then

0log P(D|r,A) 1 5 1—am(Ew)

__ 1t mm _ 3.93
ooy, me + 200, ( )

and the re-estimation of the prior precision hyper-parameters are

1 w2,
— - 3.24
Om . Cm ( )

for all m, where ¢, = 1 — @ (20)mm. One can verify that 0 < ¢, < 1. This
particular regularisation configuration with the marginal likelihood optimisa-
tion is known as the relevance vector machine [135]. The interesting property of
this configuration is that in general, when we are working with a large feature
space, many of the regularisation hyper-parameters take their optimal value
at «,, = oo, leading to an equivalent pruning of the corresponding weights,
Wy = 0. The final model is thus very sparse. In [138] a more efficient update
strategy is proposed making use only of small analytical updates instead of the
re-estimation formulas.

To be complete, when some of the features are constrained to have the same
prior hyper-parameter, o, = an for m € M, the update is then

2
Wiy
Oé? ZmEM_,» Cm

The process of computing the posterior statistics (mean and covariance) and
re-estimating the hyper-parameters must be repeated until convergence. It is
always a good practice to verify that the marginal likelihood increases after
each iteration and that it is not converging to indeterminacy due to 7 — oo.
One could also consider updating the basis function parameters using this
marginal likelihood criterion. It is in general not possible to derive simple
re-estimation formula but one can always compute the gradient of (3.20) and
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proceed with a general optimisation algorithm. In practice, combining the
re-estimation formula and the gradient optimisation on the basis parameters
is rather tricky. We would recommend either gradient optimisation for all
the hyper-parameters (we will come back in Section 3.2.4 on this strategy)
or combine the re-estimation formula with a resampling method to adjust a
single basis hyper-parameter. Typically for the Gaussian RBF expansion, the
isotropic scale parameter o, would be selected by a resampling scheme while
the centres are set by the quantisation heuristic.

Generalized Linear Models Until now, we have worked with the square
error training criterion and the Gaussian noise distribution. We have seen that
training a model on those criteria makes use of linear algebra. Nevertheless, the
linear model is not tied to this training criterion. A natural extension to the
linear model is the Generalized Linear Models (GLM) framework [98, 90]. The
idea is to link a linear activation n = w'x with the mean of the conditional
target distribution

Ex{t} =pn=29gn) . (3.26)

where g(-) is called the link function'. Note that 7 is the standard symbol used
in the literature for the activation but one should be careful here not to confuse
the activation with a hyper-parameter. The conditional target distribution is
further constrained to belong to the exponential family of distributions. Dis-
tributions of the exponential family for 1-dimensional random variable can be
expressed in the following form

t0 — b(6)
a(y)

In this expression, ¢ is sometimes called the dispersion (or nuisance) parameter,
0 is the canonical parameter and a(-), b(+), ¢(-, -) are some known functions. One
can show that the relation between the mean p and the canonical parameter
is u = '(9). Hence, the conditional distribution can be parameterised directly
with the weights, i.e. P(t|x;w,).

Many standard distributions belong to this family: the Bernoulli, the bino-
mial, the multinomial, the Poisson, the negative-binomial, the Gaussian, the
Gamma, the Beta... to cite just a few. Note that the list contains both dis-
crete and continuous distributions. Working with discrete distributions like the
Bernoulli and the Multinomial, it is possible to tackle respectively binary and
multi-class classification with the GLM framework. Actually, one could use
any parametric conditional distribution instead of a member of the exponential
family. The reason why the family is often useful is that it contains already a
large variety of distributions and the updates of the weights is generally fast
using simple iterative methods (Newton-Raphson or iteratively reweighted least

P(t|0,) = exp { + c(t, 1/1)} (3.27)

I The name “link function” is also used for the inverse function g~1 (1) by Statistics com-
munity.
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squares procedures). More information on the update procedure is given in Ap-
pendix A.2. Like linear models, one can extend the Generalized Linear Models
by working with basis expansions and add a regulariser to control the capacity
of the models.

In Chapter 4, we will make use of the GLM formulation on a regression task
in the context of collaborative filtering.

3.2.2 Locally Weighted Learning

A fundamental assumption in the regression learning is that the conditional
distribution of the targets P(¢|x) is continuous with respect to the inputs,
possibly apart from some frontier regions. This means that inputs close to
each other should have a similar conditional target distribution and thus locally
a simple model should suffice to represent the variability of targets (or some
useful statistics of P(t|x) like the mean). To derive a prediction for a query
input xg, it is intuitively appealing to construct a simple local model, based
preferentially on the observed samples close to this query xo. That is exactly
the idea of locally weighted learning [8, 78, 44].

The key point of this approach is to specify a distance measure and to define
how this measure of closeness translates to contributions in the construction
of a local model. For vectorial data, it is normal to work with the Euclidean
distance defined in (3.2). As the Euclidean distance is isotropic, it assumes
that the variability of targets is a priori the same in all directions. If the
data justifies it, one can also work with less common distances measure, like
Riemannian metrics, the Manhattan distance... [46].

The contribution of samples to the construction of a local model around
X( is evaluated by a weighting function W(x;xo) which is a monotonically
decaying function of the distance to the query vector - the further to the query
point, the lower its contribution. A classical weighting function is the squared
exponential (3.3)

WQ(X;X07U:6) = g(X>X0; U) s (328)

where o, specifies the neighbourhood around xg, i.e. the size of the region
around xg which has an influence on the construction of the local model. Other
weighting functions always have a similar scale parameter to adjust the neigh-
bourhood size. Note that after the Gaussian RBF, this is a second use of the
squared exponential (or Gaussian) function.

In the local weighted framework, the parameters 6 of the model are ad-
justed in order to minimise the training loss L¢ locally at the query point xq.
Mathematically, the task is formulated by

0o = argmin ZW(xn;xo)ﬁg (tn, f(xn;0)) . (3.29)
beo 4

The prediction for the query point is then yo = f(xo; éo).
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The simplest model to work with is the local constant, i.e. f(x,0) = yqg
on the neighbourhood of xg. For this simple model, when the training loss is
the square error loss, we find that the prediction yy should be the weighted
empirical mean

_ Zn W(xrﬁ XO)tn

O Wkmixo)
This is known as the Nadaraya-Watson estimator [94, 146]. One could also
work with a local linear model, y(x) = wg x, or any more complex model.
When o, — oo, the local model becomes a global model as all samples have
the same contribution (or weight) to the training criterion. The smaller o, the
higher the tendency to over-fit because there are fewer points contributing to
the training of the parameters. So the scale parameter governs the capacity
of the model. Adding a regulariser to the training criterion could of course be
considered to further reduce the capacity of the local model. A good property of
locally weighted learning is that it is a consistent learning procedure when the
size of the neighbourhood decreases slowly as the number of training samples
increases [44].

One can play with many variants of the local weighting scheme; for example
by choosing different local models or trying different weighting functions. More
importantly, the definition of the neighbourhood is essential. The simplest
approach to defining the neighbourhood is to fix the distance measure from
the start (e.g. the isotropic Euclidean for vector inputs), and to work with
a global neighbourhood scaling parameter o,. This hyper-parameter is often
adjusted by a resampling method. Choosing a global neighbourhood scale is
not necessarily the best solution since the density of input samples can vary
widely; points lying apart from the main clusters will thus have very few local
points to construct the model with confidence. The simplest correction is to
link the neighbourhood scale with the distance to the closest neighbours. This
is the approach followed by the K-Nearest Neighbours (K-NN) methods. The
neighbourhood scale could for example be

ok (%0) = Moo (o) (3.31)

where ok (x0) is the mean distance of the xg to its K nearest neighbours (K
is chosen a priori), and A, is a factor adjusting the size of the neighbourhood.
Another extension to the neighbourhood definition is to work with an ad-
justable, possibly anisotropic, distance measure. For example, one could use
a weighted Euclidean distance, defined in (3.5). This definition implies that
local distances are stretched in directions parallel to the dominant eigenvectors
of the precision matrix A, so the points in these directions contribute less to
the construction of the local model. The consequence is that the dependency
function f(x) is allowed to be less smooth in those directions. Note that there
is a redundancy to adjust in the same time A and o,, so one can set o, = 1.

(3.30)

Automatic DANN To make the framework even more flexible, the anisotro-
py could depend on the query point A(xg). The difficulty in working with such
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Figure 3.1: (a) Training samples, (b) shape of final neighbourhood derived with
the automatic DANN method.

local models is to have the learning procedure deriving a good configuration for
the neighbourhood size and anisotropy. In the paper Automatic adjustment of
Discriminant Adaptive Nearest-Neighbours [35], we proposed an ad-hoc proce-
dure to adjust A(xg) for a classification task. The idea is to estimate locally
the most discriminant direction and to define the neighbourhood based on this
direction. A nearest neighbour classifier is then used to make a prediction
at the query point. The discriminant direction is estimated by a local Lin-
ear Discriminant Analysis (LDA) model. Our contribution to improve the
framework proposed in [53] has been to specify some heuristic model selec-
tion criteria to set the size of the local LDA model and to set the size and
anisotropy of the final NN-classifier neighbourhood. Figure 3.1 illustrates the
idea on a 2-dimensional toy example. Figure 3.1(a) corresponds to the training
samples and Figure 3.1(b) shows the neighbourhood obtained by the procedure
for some query locations. We see that the neighbourhoods are stretched in di-
rections perpendicular to the decision frontier such that the contribution to the
NN-classifier of samples from the correct class should be higher than with an
isotropic neighbourhood model.

In practice, we observed that the framework does perform better than an
isotropic distance measure on low-dimensional datasets but it shows its limit
for higher dimensional space. This is understandable as the number of hyper-
parameters to adjust increases with the dimensionality and over-fitting in-
evitably appears. More fundamentally, the concept of neighbourhood in higher
dimensional spaces looses its attractiveness. One can show that pairwise dis-
tances tend to concentrate around a mean value as the inherent dimensionality
of the input space increases [46]. Consequently, all the samples tend to con-
tribute equally to the local model, which become rather a global model. For
this reason, other regression methods might be more appropriate in higher
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dimensional space.

3.2.3 Multi-Layer Perceptron

The Multi-Layer Perceptron (MLP) is the model which made feed-forward neu-
ral network so famous. The principle is to combine simple processing functions
called neurons. A neuron is represented by

Zout = g(WTzin) . (332)

It is thus a linear transformation of an entry vector z;, € IR”"" passed through
a smooth link function g(-), returning a scalar z,,;. Neurons set in parallel
form a layer. In general, all neurons of a layer have the same link function,
hence the output of a layer can be written by

Zout = g(WZzn) (333)

where W = [wy,...,wy ]| is a matrix of weights, z € R and M is the
number of neurons in the layer. The function ¢(-) is applied element-wise.
The complete MLP model is composed of successive layers, let us say L layers;
propagating the processing through the layers, we can compute the successive
inner states

20 = gOWWOz0-D) 1 =1, L. (3.34)

In this notation, z° = x and y = 2) (for one dimensional targets) and the
“tilde” on entry vectors z(!~1) indicates that we are working with an additional
bias term, i.e. Z = [1;2z]. The model is thus configured by setting the number
of layers, the number of neurons in each layer and the types of link functions.
The training stage corresponds to the optimisation of the different layers of
weights W)

There are two reasons that explain the success of this model. First, it has
been proved [61, 11] that the model is parsimonious and has the universal ap-
proximator property already with a single layer of nonlinear neurons (followed
by a linear one). The parsimony property is important as it means that for a
given precision of the approximation function, the MLP requires much fewer
weights (in general) than a linear basis expansion model. The second reason
for its success comes from practical considerations. One can see that if only
the weights of the last layer are updated, the MLP is simply a (generalised)
linear model with the basis functions set by the fixed weights of the previous
layers. As all the layers of weights are optimised - based on the learning cri-
teria - the MLP can be viewed as a (generalised) linear model where the basis
parameters are adjusted on the training criterion as suggested in Section 3.2.1.
The advantage of the MLP over the other linear basis expansion configura-
tions is that the gradient with respect to the layers of weights can be efficiently
computed because the weights only appear in linear dot products followed by
element-wise nonlinear transformation. The computation of the gradient is
known as the back-propagation algorithm. It is obtained by applying the rules

0
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of differentiation to combined functions. Inserting the gradient evaluations in
a sophisticated optimiser (like the scaled conjugate gradient [92], quasi-Newton
methods...), it is possible to train large MLP networks in a reasonable amount
of time.

The drawback is that the MLP can easily become too flexible. Hence, the
difficulty of learning a MLP is to control its capacity and avoid over-fitting.
Also, convergence to bad local optima of the learning criterion is an issue for
some datasets. By bad local optima we mean that the value of the training
criterion at the local optima is still much higher than at the global optimum.
Working with standardised inputs generally reduces the problem. In addition,
a pragmatic solution to deal with bad local minima is to optimise the model
from several random initialisations of the weights and keep the best one. A bet-
ter approach is to form a committee model with the networks obtained from
the different initialisations. This procedure is close in spirit to the marginal-
isation of probabilistic models. This generally reduces the tendency towards
over-fitting. The problem is that this iterative re-training of an MLP can get
computationally very expensive.

The capacity of a MLP comes from the large number of weights, so one way
to control it is to reduce this number. The number of weights in the first layer is
proportional to the dimensionality of the input vectors; it is thus advantageous
to reduce this dimensionality as much as possible during the pre-processing
stage. This is the reason why the MLPs are often constructed on the dominant
principal components of the input vectors. The other obvious way to control
the number of weights is by means of the number of neurons. Of course, there
exist also more elaborate strategies trying to automatically prune some of the
weights.

As in the linear models, the capacity of the MLP model can also be con-
trolled by a regularisation term defined on the weights. As the different layers
do not contribute to the targets with the same strength, it might be good to
have a different regulariser for each layer. Again, with several hyper-parameters
to adjust (the regularisation parameters, the number of neurons...) it is im-
practical to carry out a resampling model selection. For the regularisation pa-
rameters, the marginal-likelihood with the Laplace procedure is applicable [81].
Note however that the Laplace procedure is not exact for the MLP contrarily
to the linear models. It means that the posterior distribution over weights may
be very different from a Gaussian distribution. In particular, the posterior dis-
tribution might have a large asymmetric tail. Besides, computing the Hessian
of (3.16) with respect to the weights is not easy, see [15].

A particular configuration of regulariser for a MLP model is to impose a
common prior precision on the weights of the first layer interacting with the
same entry of the input vectors

1
WSZNN(O,a—d),m:L..M(U,d:1...D. (3.35)

This regularisation scheme is also called an Automatic Relevance Determination
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(ARD) scheme in the literature (see section 3.1.4); the larger the regularisation
parameter g, the less relevant the corresponding feature x4. Note that both
ARD for the scale parameters of G(-) and the MLP model have similar conse-
quences: features with lower relevance contribute less to the prediction. But
the principle is not identical. Here, we are adjusting the regulariser (or prior)
parameters, while the precision parameters of the weighted Euclidean distance
modify the function space itself.

3.2.4 Gaussian Process

Formally speaking, a Gaussian Process (GP) is a way to define a prior distri-
bution P(f) on the function space H [112]. The important feature is that this
distribution is completely specified by a mean function u(x) = E;{f(x)} and
a covariance function K(x,x') = E{(f(x) — pu(x)) - (f(x") — n(x’))}, where the
expectation is over P(f). To represent this prior distribution, we write

f(x) ~ GP(u(x), K(x,x)) . (3.36)

In practice, this definition means that any set of samples {(x,,t,)}Y_; associ-
ated to a function picked from this Gaussian Process follows a prior conditional
Gaussian distribution

X ~ N (p, K) (3.37)

where g = [u(x1),...,u(xy)]" and K is the N x N covariance matrix, with
entries Kij = ’C(Xi,Xj).

It is useful to illustrate the principle on a 1-dimensional regression example.
To keep it simple, let us set p(x) = 0. This is a frequent choice (after centring
the targets) when we have little prior knowledge about the function f(z) to
estimate. Once more, the squared exponential radial function G(-) defined
in (3.3) appears in the definition of a valid covariance function,

Kg(x,x";0,) = G(x,%';04) (3.38)

and is called the (isotropic) Gaussian covariance here as we are working with
vectorial inputs. The curves in Figure 3.2 are generated with this Gaussian
covariance making use of the property (3.37) with a fine grid of inputs [z <
g < ... < zp]| covering the range. We see clearly the influence of the scale
parameter o, : the smaller this scale parameter, the less smooth the curves
generated from the prior.

Let us come back to the regression task. Assuming that we have an observed
set of input-target pairs D = {(x,,t,)}2_; and the objective is to predict
the target at a new input location zq, it is easy to show that the posterior
distribution of predictions according to this GP model is also Gaussian

N (to|py, K
P(t0|X0,t,X) = W :N(t0|y0,0§) (339)
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Figure 3.2: Illustration of functions picked from the Gaussian Process prior
distribution with a Gaussian covariance function. (left) Small scale o, (right)
larger scale.

where (x0) . )
Yo = p(xp) + ko K™t
0'(2) = koo — ka—K_lko (340)
In these notations,
to = [to;t}
Ho = [11(%0); ]
ko = [K:(Xh Xo), e 7K:(XN, XQ)]
koo = ’C(X(]v Xo)
_( koo kg
Ky = ( Kk, K (3.41)

As such, the model is assuming that the targets are noise free. Fitting the
model with the covariance function (3.38) would interpolate the observed sam-
ples. In fact, it is very simple to add a Gaussian noise assumption in a Gaussian
Process. This assumption can be encoded by an additional contribution to the
covariance function:

Ke(x,x') = 7716(x, %) (3.42)

where d(x,x’) = 1 if x = x’ and 0 otherwise. It is also common to adjust the
global scale of the mean prediction function with a multiplicative factor a such
that the complete (isotropic) Gaussian covariance with additive Gaussian noise
is

K(x,x') = éng()gx'; 0z) +771(x, %) (3.43)

Following the Bayesian approach, the natural way to adjust the (hyper-
)parameters 7 of a covariance function (i.e. 7,«, 0, here) is to optimise the
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marginal likelihood of the model. In the Gaussian Process formulation, there
is no explicit parameter space, hence the marginalisation applies directly over
the functions f(x),

P(t[X;7) = /Hp(t|X7f(x)) -GP(f(x)|u(x), K(x, x"s7)) df (3.44)

which might look complicated but the resulting expression was already given
in (3.37). Interestingly, the definition of a Gaussian Process shortcuts the
parametric space and directly specify a marginal likelihood. This gives us a
very concise expression for the log-marginal likelihood:

N 1 1
log P(t|X;n) = 5 log 27 — ilog | K | fitTKflt . (3.45)

The optimisation is usually done with a gradient ascent iterative method. The
gradient with respect to a particular covariance parameter 7 is

) L 0Ky (g K
anlogP(t|X)72t K 877K t tr(K . (3.46)

As we have already discussed in Chapter 1, the marginal likelihood is still
likely to over-fit in spite of the inner regularisation (the “Occam factor”). This
occurs when the covariance is too flexible and the prior over the function space
does not correspond well to the underlying data distribution. Additionally, the
marginal-likelihood can have multiple local optima as shown in the illustration
below.

The learning problem of a GP model is illustrated in Figure 3.3. A few
input-target pairs are observed and the goal is to find the best values for (7, ;)
according to the marginal likelihood (note that the hyper-parameter « is not
adjusted to make the illustration simpler). The lower left plot shows that
the marginal likelihood is non convex and has at least two local optima; the
dominant optimum is marked by a cross. The other optimum is locate on a
crest of the marginal likelihood at small o, values. The two upper plots in
Figure 3.3 shows the posterior predictive uncertainty computed with (3.40) for
two different initialisations. The initialisations are located by the triangles in
the lower left plot. We see that the model with a smaller scale o, (upper left)
closely fits the observations. The higher capacity of this model gives rise to
a rapidly growing uncertainty between the observations. Obviously, starting
from this initialisation, the model converges to the second optimum. For the
other initialisations (upper right), the initial noise is not well estimated as the
observed data do not belong to the posterior predicted distribution. However,
it is clear that this initialisation converges to the dominant optimum. The
predicted uncertainty at the dominant optimum is shown on the lower right
plot. The outer region is the uncertainty attributed to the noise while the inner
region is the uncertainty attributed to the estimation of the mean function.
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Figure 3.3: Illustration of a Gaussian Process learning problem. Lower left:
marginal likelihood with respect to the scale o, and the noise standard devi-
ation o, = 772 (brighter regions correspond to high values of the marginal
likelihood). Other plots: predicted posterior uncertainty represented by +20
(see Eq. (3.40)) around the mean function (outer region: standard deviation
of noise, inner region: estimation uncertainty). Upper left: initialisation at a
small o, (located at <), upper right: initialisation at a larger o, (A), lower
right: global optimum (x).
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Link with linear model and Kernel trick In fact, we have already met
a Gaussian Process earlier in the regression methods. Indeed, re-arranging
formula (3.20), one can show that the marginal likelihood of the linear model
with Gaussian noise and multivariate Gaussian prior distribution on the weights
is

1
t[X ~ N(0, Iy + dTATID) (3.47)

a multivariate Gaussian distribution. This is the exact defining property of the
Gaussian Process, Formula (3.37). We recognise in the covariance matrix the
Gaussian noise term plus a weighted dot product of the inputs in their basis
expansion representation:

Kx,x)=¢" A71¢ +7716(x,%) (3.48)

As was suggested earlier, one could optimise the basis parameters based
on the marginal likelihood, using the gradient of the covariance matrix with
respect to the basis parameters:

-
OK _ 0% p1g7 4 pa192

3.49
ong My oy (3.49)

and this expression can be introduced in (3.45).

This link with the linear model gives us further insight into the role played
by the covariance function. One can show that computing any valid covariance
function? is equivalent to computing a weighted dot product in a feature space.
So the covariance function is in the same time defining the linear representation
space and the regulariser in this representation. In fact, the features can stay
implicit and they may even be infinite dimensional because all the interactions
between inputs appear inside the covariance function. This property is referred
to as the kernel trick. The covariance function is called a kernel because the
implicit feature space it defines is a Reproducing Kernel Hilbert Space. The
kernel trick is very useful as a simple covariance expression can represent in
fact some clever interactions between the inputs.

One thing to note is that the dominant computational cost of the model is
the inversion of an N x N matrix when it is formulated as a Gaussian Process
while the linear model approach with an explicit basis expansion requires the
inversion of an M x M matrix. The GP formulation allows working with very
large feature spaces, but it leads to computational problems when applied to
large datasets, typically with several thousands of input-target couples. How-
ever, there are some pragmatic solutions to construct approximate GP solution
on larger datasets, see [112] and references therein.

During the past decade, the attention of the research community has shifted
from the very versatile neural network models (the MLP in particular) toward

2To be valid the covariance function must satisfy the Mercer conditions, i.e. the covariance
matrix associated to any set of inputs {x, } must have non-negative eigenvalues only.
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kernel methods like the GP and the support vector machines [121, 123]. The
explanation is that all the difficulty of representing the data adequately, defining
a regulariser, training the model and optimising the hyper-parameters for these
kernel models stands in the definition and adjustment of the kernel function.
The modelling procedure is thus greatly simplified. Besides, one can show that
when working with an infinite dimensional implicit feature space, many kernel
methods are consistent without any particular tuning.

Gaussian Processes were originally proposed for geostatistics applications
[89]. Tt is interesting to know that the Least-Squares Support Vector Regres-
sion [130] method is equivalent to the GP in a non-probabilistic setting (i.e.
the method is based on the square error and ridge regularisation instead of the
Gaussian noise model and Gaussian prior distribution).

3.3 Manipulation of (smooth) functional data

The data on which the regression task is carried out in Section 3.4 are Near
Infrared (NIR) spectra [100]. The key feature of these spectra is that they
represent intrinsic smooth 1-dimensional curves. One can find information on
the physical origin of NIR spectra and the devices used to record them in
e.g. [140]. In practice, the spectra are finely discretised and we are thus given
high dimensional (D = 100...1000...) vectors as inputs. In this section, we
present strategies to handle these high dimensional vectors and to take into
account their intrinsic smooth functional nature.

As described below, functional processing [108] can be useful at three stages
of the learning procedure. First, it can be used to work with a filtered and
more compact representation of the spectra. Second, the functional aspects can
guide us toward clever pre-processing methods. Third, one can apply natural
constraints on the parameters of some of the models by imposing that these
parameters take a smooth functional form.

3.3.1 Functional representation

Initially, each discretised curve is represented by a set of samples {(l4, z4)}2_;.
The inputs {l4} will be called the evaluation points of the curve and the cor-
responding outputs are the curve wvalues x4. Representing this curve by a
functional entity x(I) is essentially a simple 1-dimensional regression task. It is
convenient to work with a basis expansion approach (Section 3.2.1):

2(1) =Y Br()gx (3.50)
B

where q = [q1,...,qx] and Bi(l) for k = 1... K is the basis expansion. Let
us also specify the range of curves by [Lnin, linaz]-

There are several reasons one might wish to go through this functional
representation. The first reason is that each curve could be initially represented
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by a different number of samples or different knot positions. This is illustrated
in Figure 3.4. It is not possible to directly apply the regression methods to
the curves if they do not have a common representation, as a dot product or
a distance between irregularly discretised curves are not properly defined. The
functional representation is thus a manner to obtain a common representation
for which the dot product and distance are defined and simple to compute. For
convenience, we will use the same basis expansion for all curves in the set. The
dot product between two curves is then

<z(l),2'(l) > = / z(l)-2'(1) di

lrn'in

=q'Sq (3.51)

where q and q’ are the weights in the basis expansion of z(l) and z’(l) respec-
tively and S is a K x K matrix, with its entries defined by

S, = / " B B;(l) dl (3.52)

lm,in

In the same way, the Euclidean distance is computed by

De (z(1),2'(1) = lla—dlls (3.53)

It represents the area between the two curves. We see that the common ba-
sis expansion representation makes the computation of these dot product and
Euclidean distance as simple as working on a lower dimensional vector repre-
sentation of the weight coefficients q.

A second reason to use the functional representation is that is might help
filter out some of the noise in the original curves. This is illustrated in Fig-
ure 3.4(b). Obviously, the dot product and Euclidean distance between noisy
curves are also affected by the noise.

Finally, the functional representation is a pragmatic way to reduce the mem-
ory requirement and computational cost of finely discretised curve, like the ones
shown in Figure 3.4(c).

For NIR spectroscopy at least, using a B-spline basis expansion makes sense
as we know that the curves are intrinsically smooth. If the curves were spikier
there would certainly be better choices of bases, for example the wavelet basis
expansion. In general, the initial number of evaluation points for each curve
is quite large such that the constructed functional representation is relatively
insensitive to the number and position of the bases. A simple way to proceed is
to look for a sufficient number of regularly spaced bases; starting with a small
number, it is then increased until the expansion is large enough to represent
adequately the original curves. This should already filter out some of the noise,
but one can further apply smoothing spline regularisation (3.14).

It is true that for the NIR spectra the functional representation is usually
not essential to be able to apply regression methods. In general, the spectra
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Figure 3.4: Interest of using a functional representation: (a) irregular knot
positions, (b) noisy original samples, (c¢) finely discretised functions.

are all recorded with the same measuring spectrometer so the number and
position of the evaluation points are the same. Also, the noise issue is not a
real concern for this application because the spectrometer generally smoothes
the spectra internally. Finally, if one is not concerned with the memory space
required when the spectra are finely discretised, there is little advantage in
working with the basis expansion representation. Nevertheless, the approach is
general for curves and from the point of view of the parameterisation, reducing
the dimensionality of the representation is interesting. Moreover, the number
of bases necessary to represent the spectra well is related to the compexity of
the spectra, contrarily to the number of evaluation points.

3.3.2 Functional pre-processing

We stated in the preliminaries of this chapter that a common sense pre--
processing step when working with features of different units is to standardise
the data (i.e. to centre and to normalise each feature). For functional data,
the units are the same and it is not necessarily wise to perform this standard-
isation. The intention here is to make the relevant similarities and differences
between curves more visible. With little prior knowledge however, one has to
assume what might be relevant in the curves and what is probably not.

In Figure 3.5(a), the original spectra of one of the datasets used below
- the “Tecator” dataset - are plotted. Using this original representation in
the regression methods, it is common forthe dominant contribution to the dot
product and the Euclidean distance between spectra to come from their global
average and global vertical scale (i.e. on the value axis). The actual shape of
the curve has only a secondary contribution. Moreover, it is known that these
global aspects (average and scale) can vary considerably with the preparation
of the samples before they are recorded by the spectrometer.

A simple pre-processing consists in normalising each curve separately, i.e.
retrieve the mean value of the curve and divide by the standard deviation of
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Figure 3.5: (a) Original spectra of the Tecator dataset, (b) same spectra after
normalisation.

its vertical variability. Figure 3.5(b) shows the same Tecator spectra after
normalisation. The normalised spectra look much more similar, except maybe
one or two which could be considered as outliers. The systematic procedure to
spot outliers is described in Section 3.4.4.

Another approach to highlight the differences in the shape of the curves is
to work with their derivatives. The first and second derivatives of the spectra
for the same “Tecator” dataset are shown in Figure 3.6(a) and (b). To be
precise, we subtracted the empirical mean of these derivative curves such that
one can better see where the variability of the transformed curves lies. The
role of the transformation is to give more importance a priori to some parts of
the curve where the variability is higher (in the new representation). Here, we
see that the second derivative representation gives more prior importance on
the middle part of the spectra. Note that the computation of the derivatives,
and any more complex pre-processing, will inevitably bring some estimation
error. For derivatives in particular, the estimates at the limits of the range
deteriorates rapidly.

Keeping only the normalised curves in constructing the regression model is
not a good idea because the original mean and standard deviation of the curves
may still contain relevant information for the prediction. In order to keep all
the original information, one should combine the different components. For
example, after normalisation of the spectra, we should work with the triplet of
components x,, = (qu, Mo, So), where q,, € IR’ is the vector of weights of the
normalised curves in the basis representation, mg is the original mean curve
level and sy the original vertical standard deviation. For models based on a
dot product, the simplest procedure would be to concatenate the component

xq(foncat) = [qu; mo; o], and work with these extended vectors. To give equal a
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Figure 3.6: First and second derivative representations of the normalised Teca-
tor spectra.

priori importance to each component, one should first centre the components
and scale them by their respective empirical standard deviations.

The principle is the same for distance based methods. Again, to give a
priori equal importance to the different components, one should work with a
weighted Euclidean distance

1
z)we(xuaX;)Q ZEHQu - q;”%
q

+ %(mo —mp)?+ iz(so — s50)? (3.54)
o o2
The scaling factors (o4, 0,,,05) could be heuristically set to the empirical mean
of the Euclidean distance of their respective components such that each com-
ponent has a priori approximately the same contribution to the prediction.
One might think of applying other functional pre-processing steps. We are
not aware of other typical pre-processing applied to NIR spectra. For other
applications, a classical functional pre-processing is the curve registration (also
referred to as dynamic time warping in the engineering literature) [21, 109].
The principle is to look for shifts, stretches and compression in the horizontal
axis of the curves in order to align similar shapes, corresponding to particular
events in temporal processes for example.

3.3.3 Functionally constrained parameters

We have shown that the functional representation of the curves by a linear basis
expansion is a convenient way to handle the original curves and to compute the
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standard vector operations (dot products and Euclidean distance). We have
also seen that for some regression models, the dimensionality of the parameters
and/or hyper-parameters follows the dimensionality of the input space. This
is the case for linear models without basis expansion (and the Partial Least
Squares method in particular); it is also the case for the weights of the first lay-
ers of a MLP, and the precision parameters of a diagonally weighted Euclidean
distance (3.5).

Working with a high-dimensional parameter space can be problematic from
a computational point of view and from the learning point of view as the model
may over-fit. In fact, this is not necessarily true; for example the PLS is more
or less unaffected by the dimensionality of the inputs because the capacity of
the model is well controlled thanks to the low dimensionality of the projection
subspace. But for the two other models, the size of the parameters space is an
issue.

Intuitively, parameters interacting with smooth (functional) entities should
also have some smoothness constraints on them. The idea is thus to express
these parameters with a B-spline basis expansion, and eventually to further
constrain the smoothness by a smoothing spline regulariser (3.13) [51].

Dot product Constraining the weights appearing in the dot product to be
expressed by a B-spline basis expansion [115] (without loss of generality, we
take the same basis expansion as the inputs here), w(l) = >, Bi(l)w, the dot
product between functional inputs and parameters is simply

< z(l),w(l) >=q' Sw (3.55)

where S is defined in (3.52). The MLP learning algorithm can be modified to
work with this weighted dot product. The main difficulty of the MLP is still to
derive an efficient model selection procedure; adding a smoothing regulariser
does not simplify the task as one has to select an additional regulariser trade-off
parameter. We did not follow this approach in the experiments.

Smooth ARD in weighted distance We will now show how the func-
tional smoothing can be introduced in the precision parameters of a weighted
Euclidean distance. This distance can then be introduced in a Gaussian covari-
ance function in the Gaussian Process model and be adjusted on the marginal
likelihood criterion. The procedure can thus be assimilated to a functionally
smoothed Automatic Relevance Determination scheme.

A weighted Euclidean distance between functional inputs is computed by

lmasx
Dwe (x(l),x’(Z);u(z)f:/l_ (z() — 2’ (1) - w(l) dl (3.56)

where u(l) is a positive precision function (i.e. the square inverse of a scaling
function). This precision function could be represented by
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u(l) = % g (Z BN)%) (3.57)
z k

where the function g(-) assures that the precision function is always positive
such that there is no constraint on the optimised coefficients v = [y1,...,vx] .
Again, the expansion needs not be the same as the curve basis expansion. A
possibility is to use the logistic link function, g(a) = (1 + exp(—a))~!. With
this choice, the scale parameter o, controls the upper bound of the precision
function.

The drawback of this formulation is that the integration in (3.56) is not as
simple as isolating the coefficients and computing once and for all the integrals
over the basis functions. Instead, we prefer to come back to discretised curves
on a fine grid of evaluation points {l; < ... < Ip} and to compute the weighted
Euclidean distance (with the coefficient of the basis representation) by

Due (4,9, U)° = Aq' BTUBAq (3.58)

where Aq = q — q', Bgr, = Bi(lg) and U = diag {[u(l1),...,u(lp)]}.
Working with this distance measure in the Gaussian covariance function

1
Kg(a,d';04,7) = exp (—2©we (a,9"; U)Q) (3.59)

the gradient with respect to the coefficients 7 is computed by

0Kg(q,q") 1 . Or?
IR Kg(q,q) - —
T 5Ko(a.d) o
2
6L — AqTBTa—UBAq
Mk Mk
ou 1, .
e diag {Ua%g (B7) : bk} (3.60)

where we noted r = Dy (q,q’; U), by the kth column of the matrix B, and
g’ (+) the derivative of the link function applied element-wise. The gradient can
be used in (3.46) to derive the optimal precision parameters .

Working with a finely (discretised) precision function (1), it might be nec-
essary to further regularise this function by a smoothing spline scheme. Hence,
constructing a smooth-ARD Gaussian Process model with the covariance func-
tion (3.59) inserted in (3.43), the learning procedure consists in optimising
the negative log-marginal likelihood (3.45) and an additional smoothing spline
regularisation

7j = argmin — log P(t|X;7) — Asy ' S"y (3.61)
n

where the set of (hyper)parameters tuned on the (regularised) marginal likeli-
hood is ) = {7, &, 04,7}, and the smoothing trade-off parameter A is selected
by cross-validation.
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Figure 3.7: Illustration of the smooth ARD scheme on Tecator spectra. Dashed
lines on the upper row represent the precision function u(l) (scaled to have max-
imum at 1). Same information on the lower row: darker shadings correspond
to lower values of the precision function.

The smooth ARD scheme is illustrated in Figure 3.7 on the Tecator spectra.
The subfigures (a), (b) and (¢) were obtained with an increasing smoothing
regularisation, i.e. by means of an increasing A;. Both rows represent the same
information, namely the shape of the optimised precision function u(l) defined
in (3.57) (to be exact, the function was scaled such that the maximum is set
at 1 on the plots). Remember that regions where the precision function is high
correspond to parts of the curves more relevant for the prediction. When the
smoothing is low, the smooth-ARD behaves more like a feature selection scheme
as it identifies narrow regions of high relevance (the extremities, the three close
regions on the left and a smaller one on the right) surrounded by regions of very
low relevance. With an intermediate smoothing (Figure 3.7(b)), we see that
the three close regions of higher relevance have merged, while the extremities
are not considered to be so relevant anymore. With a higher smoothing, the
precision function becomes more or less flat; we come back to an isotropic
configuration.

From the point of view of the performances only, we will see in Section 3.5
that this smooth ARD scheme on the Tecator dataset does not outperform
the other methods. However, the shape of the precision function is interesting
information as it tells us which parts of the spectra are most relevant for the
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prediction of the targets. In this example, we clearly see that the smaller bumps
in the middle left of the curves contain the most relevant information. This
is confirmed by expert knowledge: the target to predict here are levels of fat
content (see description of the Tecator data below) and the smaller bumps
are situated in the 900-950 nm wavelength region which is precisely the region
where fat constituents have the highest absorption of light.

3.4 Experimental setup

In Section 3.2, we have presented a set of methods for regression tasks. The
goal here is to compare their performances on spectroscopy datasets.

3.4.1 Evaluation procedure

To evaluate the prediction performances of the different model configurations,
we adopt a 5-fold cross-validation scheme repeated 20 times. In other words,
the original datasets are split in five approximately equal size subsets. Each of
these subsets is in turn held out of the learning stage. The predictions for the
held-out samples averaged over the 5 folds give an estimate of the generalisation
ability (see Chapter 1). To improve this estimate, the procedure is repeated 20
times with different splits. In total there are thus 100 learning-prediction runs
for each model configuration.

3.4.2 Model configurations

We have presented in Subsection 3.1.3 the different aspects of the regression
methods that we intend to compare; to summarise, the goal is to compare
similarity based methods making use of the radial Gaussian function process-
ing, dot product methods against similarity based methods, and the marginal
likelihood against the cross-validation approach.

It should be noted that when a cross-validation scheme is used to select the
best hyper-parameters of the model, this scheme is nested within the evaluation
procedure, i.e. the learning sets in each of the 100 learning runs is further split
in training and validation sets. By default, a 5-fold cross-validation is used. It
is important to nest the model selection scheme to make the learning procedure
independent of the evaluation and avoid introducing an optimistic selection bias
in the evaluation.

The Gaussian Process with the covariance specified in (3.43) and isotropic
Euclidean distance will be our base configuration for the comparison of the per-
formances. The reason of this choice is that most of the other configurations
can be seen as slight variations or extensions to this base configuration. More-
over, as all the hyper-parameters (7,«,0,) are adjusted using the marginal
likelihood, it requires only very little intervention from the practitioner, which
is an important quality. This configuration will be noted GPy.
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Influence of the pre-processing We have already pointed out that com-
puting the Euclidean distance between the original spectra is probably not the
best approach to exploit the information in the spectra (see section 3.3.2). The
goal is to verify this statement. Using the base configuration GPq, we start by
comparing the performances on four representations of the spectra:

e Dy: Original representation.

e D, : Normalisation such that each spectrum has mean zero and unit stan-
dard deviation.

e Dyy: First derivative of the normalised spectra.

e Dgs: Second derivative of the normalised spectra.

For the following comparisons, we will keep the pre-processing method appear-
ing to perform best for each dataset. This representation is noted D, below. As
explained in Section 3.3.2, the complementary information of the average curve
levels and initial standard deviations are kept as additional components and
we use the heuristic procedure described in this same section to set {0, 0,05}
(0 is the scale of the shape component of the selected representation). There
is of course no guarantee that the selected pre-processing is the one giving the
best prediction performances with the other regression models. But choosing
the same pre-processing simplifies the comparison of the configurations. More-
over, similarity-based models described below are closely related and thus they
behave similarly using the different pre-processing methods.

Comparison with the standard PLS method PLS regression is the most
widely used method applied to NIR spectroscopy data. It is therefore interest-
ing to see if nonlinear models like Gaussian Processes perform better in general.
PLS is not based on the Euclidean distance and for this reason it is less sensi-
tive to the mean and standard deviation of original spectra than the Gaussian
covariance used in the GP model. Nevertheless, we construct the PLS using
two pre-processing methods:

e PLS-Dy: on original data.

e PLS-D,: on the best representation according to the base configuration

GPo.

To complete the methodology, the original vectors are standardised before con-
structing the PLS models and the dimensionality of the working space is set
by cross-validation.
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Multi-Layer Perceptron We consider two Multi-Layer Perceptron configu-
rations with a single layer of hidden neurons. To reduce the number of weights
in the first layer, we work with a B-spline representation as proposed in Sub-
section 3.3.3, i.e. wp(l) =", Bk(l)w,(;zb, m =1... M, where M is the number
of hidden neurons. The model is constructed as a standard MLP (for which
the weights and bias are ({W%)}m,b(l),w(m,b@))) on pre-processed entries
qinew) — Sq. (Eq. (3.55)). q. is the vector of B-spline coefficients of the
spectra within the representation D,. The mean and standard deviation of the
original spectra are entered in the model as additional inputs.

The number of B-splines for the weights of the first layer is set to K = 30
and the number of hidden neurons is set to M = 5. This number might seem
low but note that the PLS model can be viewed as a special case of the MLP
model with only a single hidden neuron. From some side experimentation, we
did not see improvement in the prediction performances when this number of
hidden neurons is larger.

The Netlab (www.ncrg.aston.ac.uk/netlab/) toolbox was used for the con-
struction of the MLP models.

e MLP-ml: The inputs and targets are standardised and isotropic prior
Gaussian distributions are applied to the weights and biases, with the
prior precision hyper-parameters o = [ap1, Qup1, Qp2, Q2] and the noise
hyper-parameter 7 adjusted by a Laplace approximation of the marginal
likelihood criterion.

e MLP-cv: a single ridge regularisation trade-off A common to all the
weights and biases is adjusted by cross-validation. The inputs and targets
are standardised. This limits the issue about different scales in the first
and second layers of weights.

Similarity-based models Here is the list of configurations using the isotro-
pic Euclidean distance and subsequent Gaussian function 3.3 in the processing
of inputs. To give the basis expansion approach a priori the same information
as the GPg, the expansion is constructed with a Gaussian radial basis function
centred on each learning sample and a common scale parameter o.

e GP4: Gaussian Process with an explicit feature expansion (one basis for
each learning sample, as described above). We use an isotropic regulariser
as in (3.47), i.e. oIy. Like GPy, all hyper-parameters are adjusted on
the marginal likelihood.

e B — 0,: same principle as the previous configuration but with the basis
expansion approach. The isotropic prior precision a and noise parameter
T are set with the re-estimation formula of Section 3.2.1 and the isotropic
scale o, is selected with a cross-validation scheme.
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e B — 0,,a: this is the unique configuration for which we allow two hyper-
parameters (o, ) to be set by cross-validation. The parameter « is in
fact the trade-off parameter in the ridge regulariser (3.12). As there is no
model for the noise, the approach is fully non probabilistic.

e W — 0, locally weighted learning with the Gaussian isotropic weighting
function and a global scale parameter o, adjusted by cross-validation.

e GPy — 0,: base configuration where the isotropic scale o, is selected
with a cross-validation scheme, the other two parameters (7, a) are still
adapted on the marginal-likelihood.

ARD scheme Finally, we look at two Gaussian Process configurations for
which the distance measure is adjusted based on the marginal likelihood.

® GPurq: the scale parameters of the different components {0, 0,0} are
also adjusted. Note that there is a redundancy with the global scale o,
which is thus left out of the model.

® GPs_q4rq: this configuration applies the smooth-ARD scheme proposed
in Section 3.3.3. Additionally, the component scales (c,,0,) are also
adjusted. To keep the learning feasible, we fix the size of the basis repre-
sentation of the precision function to KX = 10 and will not further smooth
the function.

To summarise, we have listed in Table 3.1 the different configurations and the
way their hyper-parameters are adjusted.

3.4.3 Datasets

We have used 5 publicly available NIR spectroscopy datasets in the experi-
ments. There are actually 7 regression tasks as we predict two different out-
puts for two of the datasets. Note also that we are not following the training-
validation splits that have been used in other publications. All the spectra for
which we have an observed target are used for learning (except the assumed
outliers, see below). Here is a small description for each of them.

e Tecator [132]: the dataset consists of 240 near-infrared absorbance spectra
of meat samples, recorded on a Tecator Infratec Food and Feed Analyzer.
Each observation consists of a 100-channel absorbance spectrum in the
850-1050 nm wavelength range. The goal is to predict the fat content
(expressed in percent) of the meat samples. There are two additional
outputs (water content and protein content) which are not used here.

e Orange Juice [13]: the dataset contains 218 near-infrared absorbance
spectra of dry extract of orange juices. Each observation is a 700-channel
spectrum in the 1100-2500 nm range. The goal is to predict the percent-
age of saccharose (i.e. a constituent of sugar).
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1D Configuration Fixed ML Ccv
A gPO - DO / T, &, 0y /
A’ | GPy — D, Ou, Oy, O T,Q, 0y /
‘A’ | GPy—Da1 0d1,0u,0s T,Q, 0y /
‘A | GPo—Dgo 042,0,,05 T, O, 0y /
‘B0’ | PLS-D, / / J
'B* | PLS-D, / / J
'C’ | MLP-ml M, K T, /
D’ MLP-cv M, K / A
'E’” | GP, Os, 00,05 T, O, Oy /
B B—o, 04y Opy Os T, Q Oz
‘G | B—og, A Os,0p, 0 / A, 0y
H | W -0, Os,Op, O / O
T GPo — 0, Oy Opy Os T, Q Oy
"y GPara / Ty0,0%,0,0s /
K | GPs—ard K T,Q, 04,7, Ops Os, /

Table 3.1: Summary table of the the model configurations and the way their
hyper-parameters are handled (Fixed: set a priori and not optimised, ML:
marginal likelihood, CV: cross-validation). The first columns is the indicator
letter used in Figures 3.9 and 3.10. Symbols: o: scale parameter, 7: precision
on noise model, a: precision on Gaussian prior, A: ridge trade-off parameter,
J: dimension of latent space, M: number of hidden neurons, K: number of
B-spline coefficients, 7: coefficient of the smooth-ARD precision function.
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e Apple [13]: the dataset contains 337 near-infrared absorbance spectra of
apples. Each observation is a 110-channel spectrum in the 1100-2190 nm
range. The targets correspond to the crushing forces necessary to insert
a stem in the skin of the apples. The idea is to predict if an apple is ripe
without crushing it.

e Chimiometrie 2006 [106]: the dataset was proposed for a prediction chal-
lenge at the Chimiometrie 2006 conference. It contains 618 near-infrared
spectra of dried and sieved soil samples, typical of data analysed in pedo-
metrics®. The 207 validation spectra of the challenge are not used here.
Each observation is a 700-channel spectrum in the 1100-2498 nm range.
The prediction was aimed at three outputs, the proportion of Nitrogen,
the Cation Exchange Capacity and the content of Carbon (in percentage
of dry soil). We will try to predict the Nitrogen and Carbon outputs (the
Nitrogen and Cation Exchange Capacity outputs are highly correlated;
there is thus little interest to predict both of them). They are referred
as to Chimiom-nt and Chimiom-c below. Note that a good deal of the
targets are missing for each output (see numbers in Table 3.2).

e Shootout 2006 [24]: the dataset was proposed for a prediction challenge at
the “The International Diffuse Reflectance Conference 2006”. It contains
2761 calibration spectra of soil samples collected from all over the USA
in the 350-2500 nm wavelength range (2151-channels). The challenge
was asking to predict the content of three constituents in the samples.
Here we will try to predict only two of these constituents, namely the
clay-size fraction and the fraction of soil organic carbon. These tasks are
noted respectively Shootout-cl and Shootout-soc below. As the regression
methods would be too costly to train on the complete set of samples, we
picked randomly 700 spectra from the set and did not use the other
spectra.

The Table 3.2 gives summary information about the datasets. Further infor-
mation can also be found in Appendix B.

3.4.4 Outlier detection

As explained in the preliminaries, it is necessary to remove outliers from each
dataset in order to make the estimation of the performances more consistent.
We have tried to adopt a standard “good sense” approach for detecting the
outliers. The procedure is illustrated on the Orange Juice dataset which has
two obvious outliers when we look at the original spectra. These original spectra
are represented in Figure 3.8(a), and their normalised representation is visible
on Figure 3.8(b). On this second subfigure, we have marked the assumed
outliers with thick lines. Here is the procedure leading to this identification.

3Pedometrics is the application of mathematical and statistical methods for the study of
the distribution and genesis of soils.
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| Name | l-range [nm] t-range No Dy |
Tecator 850-1050 0.9-58.5  [%] 240 100
Orange juice | 1100-2500 0-95.2  [%] 218 700
Apple 1100-2190  8.3-31.1 [N] 337 110
Chimiom-nt | 1100-2498  0.2-8.1 [g/Kg] 485 700
Chimiom-c 1100-2498 1-45.7 (%) 334 700
Shootout-cl 350-2500 0.1-90.5  [%] 700 (2761) 2151
Shootout-soc |  350-2500 0-53.7  [%] 700 (2501) 2151

Table 3.2: Summary of dataset details. [-range is the wavelength range of the
spectra, t-range is their target range, Ny is the number of samples used in the
construction of the regression models (under brackets, the original number of
spectra in the dataset), Dy the initial number of evaluation points.

We first apply a Principal Component Analysis to the spectra and keep only
the dominant components such that most of the global variance in the data is
still present (we chose to keep 99.5 percent). Using the empirical covariance
matrix of the PCA-filtered spectra, we compute the Mahalanobis distance (i.e.
the Euclidean distance weighted by the inverse covariance matrix) to the empir-
ical mean of the spectra. In order to improve the identification of outliers, we
apply the procedure to the normalised and the first derivative representations.
The Mahalanobis distances of the samples for both representations (noted re-
spectively &, and &4) are visualised with a scatter plot. This is illustrated on
Figure 3.8(c). The points in this plot which look atypical for both representa-
tions or very atypical from one of these representations are marked as outliers.
For this Orange Juice dataset, the three points apart from the rest in the upper
right region of the plot were marked as outliers. The second step is to look
at the mean and standard deviation components of the original spectra and to
visualise them also with a scatter plot. This is shown on Figure 3.8(d) for the
Orange Juice spectra. Here also, if some samples look very atypical they are
marked as outliers (especially if they are close to be atypical in the Mahalanobis
distance analysis). From this view, we spotted four additional outliers. Finally,
we look at the distribution of the targets (Figure 3.8(e)) and see if other sam-
ples are not lying far from the others, at the limits of the target range. For
the Orange Juice dataset, we remark that there are target outliers which were
already marked from the other views. In practice, the three analyses are made
concurrently. In total seven samples were marked as outliers for the Orange
Juice dataset. On the normalised representation in Figure 3.8(b) we can see
that the two obvious outliers were detected. The visualisation of the outlier
detection procedure for the other datasets is given in the Appendix B.1.

In the end, the decision to mark a sample as an outlier is still subjective,
but with little additional knowledge about the measurement procedure there is
probably no perfect way to proceed.
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Figure 3.8: Visualisation of Orange Juice spectra and the outlier detection
procedure. (a) Original representation, (b) normalised representation (out-
liers marked by thick lines), (¢) Mahalanobis distances: normalised vs. first
derivative representations, (d) global mean vs. standard deviation of original
spectra, (d) target distribution of saccharose content. Markers correspond to
the assumed outliers.
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3.5 Results and discussion

The results will be analysed using the box plots of Figures 3.9 and 3.10, which
show the Normalised Root Mean Squared Error (NRMSE) of the predictions
(the normalisation is with respect to the empirical target standard deviation).
Each box is drawn from 20 evaluations as explained in Section 3.4.1. The same
results are also given in Appendix C.2 by means of a table. To simplify the
analysis, we have split the model configurations in four groups, one group for
each of the four columns of Figures 3.9 and 3.10.

3.5.1 Representation

On the first column of Figures 3.9 and 3.10, the base configuration GPy defined
above is constructed from the following four spectra representations: original,
normalised, first derivative and second derivative, noted by {Dg, D., Dy1, Daz}-

From the box plot analysis, we observe that the influence of the representa-
tion is not as important as we had thought. For all datasets, the performances
are quite close, whatever the pre-processing. The Tecator data is an exception
as we observe a big improvement for the pre-processed spectra over the original
representation. There is no systematic best pre-processing but the first deriva-
tive representation does perform consistently well on the seven regression tasks.
It is the best representation for four of the tasks: Tecator, Apple, Chimiom-c,
Shootout-cl. Each of the three other representations is the winner for one of
the other set. We have selected the normalised, original and second derivative
representation respectively for the Orange juice, Chimiom-nt and Shootout-soc
tasks.

The succeeding model constructions are based on the best representations
identified for each task.

3.5.2 PLS-MLP

Looking at the second column of Figures 3.9 and 3.10, we compare the simi-
larity based approach encoded in the Gaussian kernel of the Gaussian Process
model with a formulation of the model making use of a dot product between
parameters and spectra: the Partial Least Squares and the Multi-Layer Per-
ceptron.

We start with the PLS model. For four of the regression tasks (Tecator,
Shootout-cl, Shootout-soc and Orange juice to a lesser degree), we clearly see
from the prediction performances the advantage of a nonlinear model like the
GP with Gaussian kernel over a linear model like the PLS. On the other hand,
this is certainly not always true and we see that the simplicity (and robust-
ness) of the PLS method outperforms the GP for two of the tasks (Apple and
Chimiom-c), and their performances are close on the last one (Chimiom-nt).
Part of the explanation could be the high intrinsic noise level in the data of
these tasks. The higher the noise, the more difficult the identification of pat-
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Figure 3.9: Prediction performances (NRMSE criterion) for the Tecator, Or-
ange juice and Apple datasets. The columns correspond to the different aspects
compared (see text). Letters identify the model configurations. First column:
influence of the representation with the configuration GPy: 'D0’ original, 'Du’
normalised, 'D1’ first derivative, 'D2’ second derivative. For the other columns,
the best representation from first column is used. 'A’: GPy, 'B0’: PLS on orig-
inal , 'B*: PLS on best, 'C’: MLP-ml, 'D’: MLP-cv, 'E’: GPy, 'F’: B — 0,
'G:B—o,, N\, W — 0., T': GPy — 04, 'J: GPurd, ' K': GPs_ara-
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terns, especially nonlinear ones. Note that for the Chimiom-c dataset which
appears to have the highest noise level, the samples on the upper part of the
target scale are less numerous (Appendix B) and they seem to be quite com-
plicated to predict; these samples have thus a big influence on the measured
performances.

Furthermore, it is not surprising that a linear model performs well on (mod-
erately) high-dimensional data. The principle of nonlinear models like the ra-
dial basis expansions or kernel methods is to convert the original data in a
high-dimensional representation such that in this representation patterns are
mainly linear. But spectra are already moderately high dimensional entities
and from the arguments just stated, we understand that there is less necessity
to pass by another representation.

The influence of the representation on the construction of the PLS model
(B0’ vs. 'B*) is similar to what we observed with the GPy. We do not
comment this influence further.

Comparing now the two MLP configurations with GPy, we observe the
difficulty in benefitting from the high flexibility of the MLP networks. Indeed,
the MLP outperforms the GPqy only on Chimiom-c and the performances are
comparable on Tecator and Chimiom-nt. For the four other tasks, the GPq
is clearly performing better. We leave the discussion of the comparison of the
MLP-ml and MLP-cv configuration to Subsection 3.5.4.

3.5.3 Gaussian function processing

As described in the overview of the regression methods, there are different
ways to make use of the information coming from the processing of the input
vectors with a Gaussian radial function (or squared exponential, Eq. (3.3)). The
third column of Figures 3.9 and 3.10 shows the comparisons of the methods
using this Gaussian function processing, namely the Gaussian Process, the basis
expansion and the locally weighted schemes. For this analysis, let us consider
only the configurations marked ’A:’ GPy, 'E’: GP4 and "H: W — o, (the others
are treated in the next analysis).

We first note the complete failure of the locally weighted scheme ("H’) for
tackling these regression tasks. The box plots associated with this configu-
ration are not visible for most of the tasks but they are in fact somewhere
above the vertical axis limit. As discussed in Section 3.2.2, the scheme trans-
forms to a global averaging of the observed targets because with the increasing
dimensionality all samples tend to become equally close to the query point.

The difference is not as marked between the Gaussian covariance formula-
tion GPy, and the Gaussian RBF approach GP,. We observe that the Gaussian
covariance formulation performs better than the basis function formulation
on 5 out of the 7 regression tasks (and the performances are approximately
equal on the two others). Remember that the former is based on an implicit
infinite-dimensional feature space while the latter makes use of an explicit finite-
dimensional feature space. Apparently, the Gaussian covariance formulates a
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regulariser (or prior) over the function space which is more adequate. The
origin might be that in contrast to the basis expansion formulation, the regu-
lariser in the Gaussian covariance adapts its strength automatically to the local
density of samples [112].

3.5.4 Marginal Likelihood vs. cross-validation

Starting with this chapter, one of the main questions was to know if the
Bayesian selection principle used to adjust the hyper-parameters of the regres-
sion models performs well for this NIR spectroscopy application. To answer
this question, we can compare using Figures 3.9 and 3.10 the performance of
two pairs of configurations: 'A’: GPy with T': GPy — 0, and 'E’: GP, with
'F’. B—o0, and ’C’: MLP-ml with 'D’: MLP-cv. In each case, the pairs of mod-
els are completely equivalent except that a ridge trade-off parameter A adjusted
by cross-validation replaces the Gaussian prior parameter(s) a (adjuted on the
marginal likelihood).

From the pairwise comparisons ’A’-’T" and "E’-’F’ (all based on a GP formu-
lation), we do not see a systematic advantage in the use of one approach over
the other. On most regression tasks, the performances are very close. We see a
clear advantage for the cross-validation procedure only on the Chimiom-c task.
This is precisely the dataset that has the highest noise level. We have some
doubts about the poor performances for the cross-validation procedure on the
Apple dataset. We did try to vary the initialisation states and the range over
which the cross-validation makes the search to correct the issue but we had no
success.

Arguably, the GPy — 0, and B — o, configuration still make use of the
marginal likelihood for adjusting the other two hyper-parameters (7, «). This
influence of the Bayesian selection principle is suppressed in the 'G’: B — 0, A
configuration since its two unique hyper-parameters are selected by a grid
search based cross-validation scheme. Here again, we do not observe an ad-
vantage in favour of the resampling selection scheme.

From this analysis, the Bayesian selection scheme within the Gaussian
Process formulation looks perfectly valid for this application. Arguably, the
number of hyper-parameters (and more fundamentally the size of the hyper-
parameter space) is small enough here not to experience over-fitting issues with
the marginal likelihood scheme. We will see in the next section if the marginal
likelihood continues to behave well when the number of hyper-parameters in-
creases.

However, the same cannot be said for the MLP formulation. Indeed, com-
paring 'C:” MLP-ml and 'D’: MLP-cv, we see that the MLP-ml configuration is
failing to deliver competitive predictions for all but the Tecator and Chimiom-nt
tasks. There are two origins to the difference with the GP. First, the inner space
of parameters of the MLP has probably larger capacity than the GP implicit
inner space. A larger inner space means that the optimisation of the marginal
likelihood will more easily fall into a bad local optima for which the noise in
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the targets is underestimated (Figure 3.3). In addition, the Laplace approxi-
mation is probably not always accurately estimating the posterior uncertainty
over the weights of the MLP. If the posterior uncertainty is underestimated, the
marginal likelihood of the hyper-parameters is penalised by an Occam factor
larger than it should be (and conversely if the posterior uncertainty is over-
estimated). These might be the reasons why the MLP-ml configuration is not
performing well.

3.5.5 ARD and smooth-ARD

Our final analysis tries to determine if the marginal likelihood optimisation
allows us to further increase the model capacity. More precisely, we look at the
Automatic Relevance Determination scheme for the adjustment of the precision
parameters in the Gaussian covariance. See [96, 28] for similar analyses. The
models considered are thus 'J’: GP4..q and 'K’: GPs_4q in Figures 3.9 and 3.10,
compared with the base configuration 'A’: GPy.

The difference between the GPy and GP,-q is certainly not large but ad-
justing the precision or equivalently the scale parameters associated with the
different components of the pre-processed representation (i.e. o,,0,,0,) gives
a small advantage on average. The regression tasks for which the improvement
is visible are the Tecator, Chimiom-c and Shootout-soc.

Allowing further flexibility by means of the smooth-ARD scheme slightly
improves the performances of both the GP(y and the GP,.q configurations for
two of the tasks: the Apple and Chimiom-nt. For the other tasks, the higher
capacity of the model is well controlled and the performances are comparable
with the GPgy and the GP,.q. In [28], the comparison of an isotropic and an
ARD Gaussian kernel (within the least-square support vector machine model)
on 13 datasets from diverse fields shows that the ARD framework has a clear
tendency to over-fit the data. The issue is can be healed by applying a higher
level regularisation scheme on the ARD hyper-parameters. The spectra from
NIR spectroscopy seem thus to be a favourable type data as over-fitting does
not appear so quickly. Possibly, this is due to the high correlation between the
spectra (i.e. the intrinsic space of the data is not so high). This also suggest
that parts of the spectra are truly non relevant for the prediction and thus the
assumption of the smooth-ARD scheme are appropriate.

Table 3.3 gives the ratios of the scale factors o, osto 0., related to the three
components: shape, average curve level mg and initial standard deviation sq.
These quantities give an indication of the sensitivity estimated by the ARD
scheme of the prediction function to the different components of the curves.
From this table, we see that for the Tecator, Apple and shootout-soc tasks the
prediction function is mainly influenced by the shape component (as the ratios
of the scale parameters are large). This is precisely the tasks for which the
performances improve with the ARD (and smooth-ARD) scheme(s).

Figure 3.11 shows the precision curves estimated by the smooth-ARD for
all tasks except Tecator which was given in Figure 3.7. It is interesting to see
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| | 9u/0x | o3/ ]

Tecator 460 66
Orange juice 2.0 1.1
Apple 34 880
Chimiom-nt - -
Chimiom-c 6.3 7.0
Shootout-cl 5.3 5.3
Shootout-soc 8.3 350

Table 3.3: ARD scheme, evaluation of the influence of the different components
on the prediction function. Ratio of the scales (o, 05) of the mean curve and
standard deviation components to the scale o,of the shape component. The
higher this ratio, the less relevant the mean component (first column) or the
standard deviation component (second column). In comparison, the ratio is
one for the isotropic model GPy.

for example that for the Chimiom-nt task the relevant part of the spectra is
the upper region of the wavelength range (containing the dominant peak in
the mid-range region) while for the Chimiom-c task the relevant part is for the
lower wavelength range. Also for the Shootout spectra, we see a clear difference
between the relevant par for the two tasks (Shootout-cl and Shootout-soc).
Naturally, additional domain knowledge about the region of higher absorption
(or reflectance) of the analysed constituents would be useful to reinforce the
information returned by the smooth-ARD scheme.

3.5.6 Summary

In short, here are the main results brought by the comparison. First, we have
seen that the representation of the spectra has in general only a limited influ-
ence on the performances. We would recommend using the first derivative rep-
resentation as a standard choice. We have seen that the Partial Least Squares
is a good starting method in forming an idea of the prediction performances
that can be obtained. Furthermore, it is sometimes difficult to improve over
this method with a nonlinear model. It is probably wise to control the gen-
eral adequacy of the more flexible nonlinear configurations with the data by
constructing in parallel a Partial Least Squares model.

It was also interesting to observe that the Gaussian covariance formulation
(with an infinite dimensional implicit feature space) performs better than the
explicit basis expansion formulation on these tasks. This should encourage us
to use kernel methods with high-dimensional implicit feature spaces.

The Bayesian selection principle (i.e. the marginal likelihood optimisation)
turns out to be as good if not better than the cross-validation scheme for the
GP configuration. In practice, both approaches can be difficult to implement
properly: the Bayesian selection requires that the initialisation be not too far
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Figure 3.11: Smooth-ARD precision curves u(l) for the different regression
tasks. Lighter shadings indicate the relevant parts of the spectra for the pre-
diction. The spectra are in their normalised representation.
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from an appropriate optimum of the marginal likelihood. It is not always easy
to avoid the convergence to bad local optima. On the other hand, it is no easier
to determine the range of hyper-parameter(s) values to be covered by the cross-
validation approach and how many repetitions are necessary (and still feasible
from the computational point of view). We noted that the Automatic Rele-
vance Determination scheme is applicable and slightly improves performance
in general. More interestingly, the smooth-ARD scheme allows us to have a
rapid analysis of the relevant parts of the spectra. However, we also observe
the limits of the Bayesian model selection principle within the Multi-Layer
Perceptron approach. Further analysis should be able to determine whether
the problem is due to the capacity of the model rather than the failure of the
Laplace approximation.



Chapter 4

Collaborative Filtering

Collaborative Filtering is a data analysis task appearing in many challenging
applications, in particular for data mining in Internet and e-commerce. Collab-
orative Filtering can often be formulated as identifying patterns in a large and
mostly empty rating matrix. We will take the view that ratings represent the
opinions expressed by users on a set of items. Collaborative Filtering is then
often part of a recommendation procedure.

After an introduction to the topic of Collaborative Filtering, we discuss two
probabilistic models constructing miztures of latent profiles. The principle of
these models is to look for a decomposition of the users’ ratings which could
intuitively correspond to the particular interests of the users. Similarly to the
models presented in Chapter 2, uncertainty in these models is encoded by latent
indicator variables and an Expectation-Maximisation (EM) algorithm is used
to adjust the main parameters. We will show how the probabilistic approach
can provide a degree of interpretation about the users’ interests. However,
finding interpretation is fundamentally subjective and moreover there are some
limits to the utility of the posterior analysis as we will see.

In the second part of the chapter, we propose an alternative model called
the interlaced Generalized Linear Model (GLM) [37, 38]. This approach is
based on a factorisation of the rating matrix and uses probabilistic modelling
to represent uncertainty in the ratings. Intuition about the rating process
can also be encoded in the model by means of prior distributions, but it is
no longer possible to look for interpretation from the posterior analysis of the
model. However, the main advantage over the mixture models is its simple
formulation relying on the Generalized Linear Model formalism [90] and making
it applicable to large datasets. We will see that an interesting feature of the
interlaced GLM model is an ability to encode very simply the dominant patterns
of the rating matrix. The model is constructed on three public domain datasets
and its performance compared with the mixtures models.

111
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4.1 Preliminaries

We start the section with a general description of the Collaborative Filtering
task, its main applications as well as the current difficulties faced in making the
method more useful. An overview of the literature on the topic is then given
and finally the main notations used in the chapter are presented.

4.1.1 Introduction to Collaborative Filtering

The expansion of the Internet has brought many new challenges regarding the
processing of the huge amounts of data stored and exchanged on the web. To
help people find their way toward useful information, data mining engines are
required. Famous examples are the search engines from Google and Yahoo
that are able to propose web pages most relevant to some keywords. The
Internet has also given rise to e-commerce and it is now possible to purchase
the goods and services of many companies online. In parallel with e-commerce,
advertisement on the web has also become a very lucrative business.

To improve the diffusion of information over the web (e.g. to propose bet-
ter links related to a search, to advertise the right products to potential cus-
tomers...) the mining engines need to have a pro-active attitude in trying to
foresee the information a user might need before he makes an explicit request
for it. In other words, the search for information should be made more auto-
matic and personalised. Of course, for an engine to personalise the information
given to a user, it needs to know a little about this user. For example, the
engine needs to have access to the records of previous interactions the user has
had with the system (i.e. the pages he has visited, the queries he has made...).
The goal is to identify the user’s interests from his past behaviour.

Collaborative Filtering is the task of identifying (filtering) the interests of
the users from the similarity of their behaviour with other users (collaboration).
It is based on the idea that users with similar behaviours in the past should have
similar behaviours in the future. Note that the specificity of the CF approach
is the collaboration, i.e. merging information coming from several users. Using
content information could be an alternative to identify the users’ interests. For
example, if a user searches for a book on a particular subject - the subject is
the content information - the engine could let him know about other books on
the same subject.

The CF task can be formalised as follows. First, the system is associated
with a set of items (e.g. the web pages, the products of a company...). The users
can have interactions with the items, visit the corresponding pages, query for
the corresponding products and give opinions about them. Interactions between
users and items will be referred as ratings because they are an expression of
users’ interests. It is usual to distinguish between implicit and explicit ratings.
Implicit ratings are interactions that do not directly encode an appreciation, e.g.
consulting an item. On the other hand, explicit ratings are real appreciations
returned by the user for the items he knows about. Typically, the system offers
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Figure 4.1: Hlustration of a small rating matrix

the user the opportunity to rate any item on a ordinal scale of 5 or 10 grades.
It is more demanding to collect explicit ratings, but they are usually more
informative about the users’ interests.

All of the collected ratings can be stored in a rating matrix, each row
corresponding to a user and each column to an item belonging to the system
(Figure 4.1). It is common to have systems with hundreds or even thousands
of items. Consequently, each user can express ratings only for a small subset of
all items and the rating matrix is mostly empty, i.e. filled with missing values.
Note that this is not identical to a sparse matrix, mostly filled with zero values.

Formally speaking, the Collaborative Filtering task amounts to identifying
patterns in this large rating matrix containing many missing entries. As we dis-
cussed in the Chapter 1, the concept of pattern identification is vague because
it depends on the final objectives. The main objective can be to have some
understanding of the different personalities of the users and to spot some corre-
lated behaviours (e.g. those users favourable to these items seem to favour also
these other items). When the search for understanding is the main objective,
CF should try to represent the rating matrix by a compact and interpretable
model. There is thus a trade-off to be reached between the simplicity of the
model and the adequacy of the model with the data (which is measured by the
learning criterion). In addition, linking the CF task with the content infor-
mation like the items’ categories (e.g. for books: science-fi, biography...), the
prices of the products and other information is essential to help in the quest
for understanding.

The second use of Collaborative Filtering is for recommendation purposes.
We have already sketched the idea of recommendation, a recommender system
is a data mining engine that tries to inform users about items they are likely to
be interested in. This can be achieved by predicting the missing entries of the
rating matrix. In particular, when the rating matrix stores explicit ratings, the
items recommended by the engine are those receiving the highest predictions.
Prediction of missing entries can be cast in a supervised learning framework. It
must be added that in parallel with good recommendations, users want to know
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what makes the system think that they should like the recommended items. It
is thus useful to be able to access and interpret the model mechanisms which
lead to the recommendations.

There are famous examples of recommender systems. The website Ama-
zon.com for example always proposes links to products related to the last web
pages visited. For this example, the recommender system is based on both
the CF scheme and additional content information. Another illustration of a
recommender system is used by the Netflix movie rental company. To improve
their service, Netflix has a recommender system which makes propositions to
the customers of movies that should fit their tastes. The company has launched
(October 2006) a 1 million dollar prize competition on the prediction of explicit
ratings collected from their customers. The goal is to improve (by more than
10 percent) the quality of prediction of their current recommender system.

Recommender systems are an illustrative application for CF. The goal of
identifying patterns in a large matrix appears in many other applications. In
the field of Information Retrieval, CF can be used to mine text corpora and
characterize the common topics covered by a set of documents [119]. In this
case, we are not referring to users’ behaviours and items’ preferences, but rather
to document content and word saliency. The entries of the matrix store the
number of occurrences of a word in a document. The matrix is thus very
sparse as most words are not present in a given document. Another field
where large contingency matrices appear is in microarray analysis. Here the
contingency matrix collects the response levels of a set of genes (the users) to
some environmental conditions (the items). One way to identify patterns in
the microarrays is by bi-clustering, i.e. trying to simultaneously form groups of
genes having similar responses to the same conditions [84]. This procedure is
related to the mixture models described in Section 4.2. We will continue to refer
to users and items terms because they are appropriate for the datasets used
in the experiment section. It should be clear that depending on the context of
the application other terms could be more appropriate.

The main focus of the comparison presented in Section 4.4 is the prediction
performances for explicit ratings. This scheme allows the comparison of differ-
ent models based on quantitative criteria. The quality of Collaborative Filter-
ing for implicit ratings can also be evaluated with quantitative criteria, but it
is less evident that these criteria are a good match to the users’ preferences.
Evaluation of Collaborative Filtering when the task is to identify interpretable
patterns is even more complicated. In fact, there are probably only subjective
reasons to prefer one model over another as interpretation cannot be quanti-
fied, at least when we have no additional expert knowledge. We have already
discussed this problem in the previous chapters. For illustrative purpose, we
will show how some interpretation can be obtained from the mixture models
presented in Section 4.2.

In general, prediction of explicit or implicit ratings is a sub-task of a recom-
mender system application. The exact link between prediction and the actual
items to be recommended is never straightforward because recommendation is
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usually expressed by an ordered list instead of the absolute values of the predic-
tion. Also, items with less publicity around them are in general more valuable.
Indeed, it makes little sense to recommend items (like blockbuster movies) that
most people already know about. This is the concept of serendipity, uncover-
ing what is not at first obvious. For a review of the difficulties relating to the
evaluation of a recommender system, see [56].

4.1.2 Overview of methods

Many approaches were proposed to perform Collaborative Filtering. Only a
very brief overview of the domain is given here. Early methods relied on a
nearest neighbour principle: the users should get advice from the most similar
users [113, 23], according to their common ratings. The main challenge is to
define a good similarity between users in particular when they have only a
small number of rated items in common. The similarity can also be defined
from the dual view of items. In this case, it is expected that users are interested
in items similar to those to which they have already given good ratings. When
the contingency matrix is recognised as a bipartite graph, the definition of
similarity can be formalised in terms of a distance in a graph [45]. Concepts
such as random walks and mean transit times between nodes of the graph are
then used to define the similarity.

A second approach to tackle Collaborative Filtering is referred in the lit-
erature to the model-based approach. The main idea is that the variability of
users’ rating behaviours can be described by a small set of typical rating pro-
files. Mixture models and in particular the Aspect Model [60] (also known as
the probabilistic Latent Semantic Indexing) are simple and illustrative of this
approach. The intuition behind these mixtures is that each rating expressed
by a user can be attributed to one cause (or aspect). We will describe the
standard mixture models in the next section.

Other interesting but more complicated variants of these mixture models
were proposed in [85]. For example, the Multiple Multiplicative Factor model
tries to encode multiple memberships to the mixture components. Unfortu-
nately, it looses the simplicity of an exact Expectation-Maximisation learning
procedure. There are also extensions in the field of non-parametric Bayesian
statistics, notably with the introduction of a Dirichlet process in the model [111,
149, 150]. Non-parametric models are convenient from the modelling point of
view as the number of components does not need to be fixed in advance; this
number is automatically estimated and appears as a mode of the posterior dis-
tribution of the model parameters. It is also possible to use non-parametric
models to encode multiple memberships with the so-called Chinese restaurant
and Indian buffet processes. These kinds of model seem suitable for text min-
ing, e.g. [19].

Collaborative Filtering can also be handled by factorisation of the rating
matrix. The goal is to find two low rank factor matrices minimising a recon-
struction error, i.e. R ~ ®QT, where R is the N x M rating matrix, N is the
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number of users, M is the number of items; ® and €2 are the factor matrices (re-
spectively N x K and M x K). The factor matrices ® and 2 are full (no missing
entries), so the product of these factor matrices can compute any entry of the
rating matrix. This property is sometimes required by the evaluation procedure
(see Section 4.4)1. The choice of the reconstruction error and the way the factor
matrices are constrained are critical to obtain an efficient algorithm. One of
the most prominent factorisation is of course the Singular Value Decomposition
(SVD). It was originally proposed for text mining in [34]. For this factorisation,
the reconstruction error is simply given by the Frobenius norm, |R — ®Q 7|,
and the regularisation is adjusted by the common size K of the factor matrices.
However, in order to handle missing entries correctly, it is necessary to resort
to a non-standard SVD algorithm, e.g. [22, 126]. It is sometimes necessary
to impose a non-negativity condition on the factor matrices in order to avoid
violation of some constraints or simply to have interpretable factor matrices.
The task is called a non-negative matriz factorisation in the literature [103].
Another way to define the reconstruction error was proposed with the concept
of maximum-margin factorisation in [127, 33]. This factorisation has shown to
perform very well on different datasets.

The Frobenius norm appearing in the SVD reconstruction error is a square
error loss. It is known that a Gaussian noise assumption fitted by maximum
likelihood would also minimise the square error. Closely related to the approach
in [31], the factorisation of the rating matrix could be formulated with the
assumption of other noise distributions. In particular, one could work with
distributions of the exponential family as they are easy to handle and can
represent a large variety of noise models. This is exactly the idea followed in
the interlaced Generalized Linear Model (GLM) [38] approach and presented
in Section 4.3. The advantage of using a probabilistic formulation to model
the uncertainty in the ratings is that different model configurations - encoding
different assumptions on the noise or different constraints on the factor matrices
- can be tested without modifying the general learning procedure. Moreover,
we will show that the learning procedure is very efficient as it requires only little
memory and implies the resolution of many small GLM regression problems.

4.1.3 Notation

In the following, the set of items will be denoted Y = {y,,}¥_, and the set of
registered users U = {u,,}_;. Thus, the rating matrix R has dimension NxM.
The rating expressed by user u,, for the item y,, is noted ry.,. It is useful to
have a subscript notation for the set of observed ratings only. For this purpose,
the observed ratings are stored in a list of triplets D = {(u,y,7);}£,. Each
time the subscript [ is used, it refers to an element of the list. For example,
we will note u,,, the user who made the Ith rating. It is useful also to have a

INote that some models are not able to return a rating for any user-item pair when there
is not sufficient interaction between the two. This can also be viewed as a positive feature as
the model will not predict a rating when a minimum information is missing.
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compact notation for sets of indices. For example | € LY represents the set of
indices such that the ratings r; was made by the user wu,.

4.2 Mixture of latent profiles

In this section, we describe the probabilistic mixtures of latent profiles models
for Collaborative Filtering. The idea is to represent the rating behaviour of the
users by a simple generative model. This approach has the advantage of encod-
ing some general intuition about the patterns in the data. From the posterior
analysis of the model parameters, we will see if this intuition corresponds to
some interpretable patterns.

We will look at two popular versions of this probabilistic mixture approach.
The first one assumes that there are groups of users having essentially the same
rating behaviour. This model is sometimes called in the literature a Bayesian
clustering of the users or a mixture of multinomials. We prefer to call it the
latent profile clustering model. The concept of profile will be defined in the next
subsection. The second model allows each user to have its own rating profile
(or behaviour) but this profile is constrained to be formulated as a mixture
of a few typical rating profiles. The principle is thus much closer to a linear
subspace projection (see Chapter 2). The intuition behind this formulation is
that the typical rating profiles common to all users identify specific interests (or
aspects) over the item set (e.g. for a movie database, it might be an interest for
action movies, for a particular actor...). The model is also known as the Aspect
Model, or the probabilistic latent semantic indexing [59, 60]. It is essentially a
latent profile subspace model.

We start with the definition of the rating profiles. The actual algorithms
for adjusting these rating profiles are described in the following subsections.
The mathematical developments of this section are very similar to those in
Chapter 2.

4.2.1 Rating profiles

In practice, a rating profile specifies a distribution over the ratings on the
complete item set, P(r,y|@), where r = [r1,...,7a]" and y = [y1,...,yn] "
with ,, = 1 indicating that the mth item has received a rating. For items not
rated, y,, = 0 and r,, = @. The distribution is parameterised by 8. For the
prediction of explicit rating, we usually know for which item a prediction must
be made and it is thus sufficient to define a conditional rating profile P(r|y; ).
We will refer to this second configuration as the force prediction scheme while
P(r,y|0) will be called a free prediction scheme [60]. We will come back later
on the consequences of this distinction.

As described in the preliminaries, the most basic type of rating is a binary
information: an interaction was observed between user u,, and item y,,, or no
interaction was observed. For this type of rating, the rating profile is defined
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by P(y|@), the probability of having a rating (i.e. an observed interaction) for
each item of the set. One possibility could be to express this rating profile by
means of the Bernoulli distribution:

P(y|0) = [ Be(ymlBm) = T] B (1 = B) 7o (4.1)

The set of parameters is @ = [31, . .., Ba]T, with 0 < 3,, < 1; By, represents the
probability that a user had an interaction with item y,,. The main problem with
this formulation of the rating profile is that all items appear in the computation
of the profile likelihood. For very large datasets with thousands of items and
users, this is not computationally manageable

An alternative to the Bernoulli encoding is the multinomial distribution
(Appendix A.1). The multinomial has an additional constraint between the
parameters: 0 = 3 = [B1,...,Bm]" with > B, = 1 and B,, > 0. The
likelihood of the profile is now given by

P(y|0) oc Mn(y|B,V) =V ][ 85 = V! [] B - (4.2)

Ym=1

where V = 3"y, is the number of rated items. Interestingly, for the multino-
mial distribution the un-rated items do not contribute directly to the likelihood.
This makes the computation of the likelihood much faster than the Bernoulli
formulation and applicable on large rating matrices. In fact the information
about un-rated items is summarised in the normalisation constraint. The pro-
portionality sign in Eq. (4.2) indicates that a normalisation factor is required
to take into account the constraint that y,, € {0,1}. However, this factor does
not influence the optimisation of the parameters.

More generally, the multinomial distribution is appropriate for ratings rep-
resenting counts, i.e. r € {0,1,2,...}. Similarly to the previous expression, we
have

P(r|0) = Mn(x|B,> rm) (4.3)

The vector y is absent in this expression as the information about missing and
observed ratings is already encoded in r. Typically, this rating profile definition
is used for document mining applications. In this case, the items correspond
to the words of the vocabulary and the ratings are the counts for each word in
the document.

The principle for defining rating profiles remains the same with explicit rat-
ings, i.e. when ratings encode the opinions of the users about the items. Explicit
ratings can take a value in an ordered set, either discrete r € {1,...,"max},
or continuous, 7 € [Fmin, "maz)- As noted above, we will represent missing rat-
ings with r = @. Let us consider first the simpler case where we only require
a conditional rating distribution P(r|y;0) (i.e. the force prediction scheme).
One could define the profile for explicit ratings with Gaussian distributions for
example. This is parameterised by a mean and a standard deviation for each
item rating distribution, i.e. @ = {(ttm,om)}_;, and the likelihood is
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P(rly;0) = H N (rmltm, om) (4.4)
Ym=1

where the product goes only on the set of observed ratings. In practice, the
ratings are always constrained to take on a value in a bounded interval and
it then makes sense to use a bounded distribution like the Beta distribution
(which has also two parameters). Also, when the ratings can be chosen from
a discrete set, a binomial distribution or a multinomial distribution would be
more natural than the Gaussian. Defining a rating profile with a continuous
rating distribution when the rating values are discrete requires some precautions
to avoid the likelihood degenerating to an infinite value. One way to do that
with the Gaussian distribution is by imposing a lower bound on the value that

the standard deviation can take.
Now, considering the free prediction scheme, i.e. P(r,y|0), one must com-
bine an implicit and an explicit rating profile. The standard choice is to com-
bine the multinomial distribution for the missing-observed implicit patterns

and Gaussian distributions for the explicit rating distributions. Hence, we
have @ = {(Bm, ttm,0om)} and the likelihood of this profile is

P(r,y|0) = P(rly; {(tm.om)}) - P(y|8)
< [ BN Cmlttms om) - (4.5)

Ym=1

At this stage, it is not easy to see why one should prefer the free prediction
scheme over the forced prediction scheme. In fact, this choice depends on the
way the model is evaluated or used. If the goal is only to accurately predict
ratings for (user, item) pairs, i.e. to have a good estimate of P(r|u,y), it is
probably of little use to take into account the missing ratings in the model. On
the other hand, it is sometimes useful to evaluate the probability P(r,y|u) of
observing a particular item jointly with a rating value r. This could be used
to increase the serendipity of recommendation by recommending items having
high predicted ratings but low predicted probability of being observed (e.g.
movies that not so many people went to see but still received very positive
critics from those who have viewed these movies).

4.2.2 Latent profile clustering

As described above, the idea of the latent profile clustering is that each user is
assumed to rate according to one rating profile among a set of typical rating
profiles. Let us suppose that there are K rating profiles in the model (for the
moment, K is fixed a priori). Each profile has its own parameterisation, hence
the complete set of profile parameters is @ = {6, }5_,. As in the derivation
of the models in Chapter 2, the membership of a user u to the profiles will be
represented by an indicator vector z = [z1, ..., zx] and z; = 1 if the user follows
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the kth profile, otherwise z; = 0. Then, the likelihood of the membership
variable of a user and the profile parameters is simply

P(r,y|u;z,0) = [[ P(r,y|6k)™ . (4.6)
k

We adopt here and for the subsequent developments the free prediction for-
mulation since the forced prediction scheme can be treated as a subtask (see
below).

There are different ways to view the membership variables. The first way is
to see them as parameters of the model such that the global likelihood criterion
to be optimised is

{,60} = argmax P(R, Y[U; Z,0) = [[ [ P(xn, yn|0k)** (4.7)
{z,6} n k

where we noted the set of membership variables Z = {z1,...,zx}, the vector
r, contains the ratings of the nth user and y,, is the corresponding indicator
vector of observed-missing interactions. This formulation is a hard clustering
scheme because the ratings of a user can only affect the optimisation of a single
rating profile at a time. An algorithm similar to k-means could be used to find
a (local) optimum of the clustering scheme.

Rather than this hard clustering scheme, we will prefer here to view the
set of membership variables as latent variables that must be marginalised over.
Hence, we need to specify a prior over these variables. The standard choice for
such mixture models without additional knowledge is to take a common multi-
nomial prior P(z|rw), where w = [m,...,7k| and 7 is the prior probability
that a user follows the kth rating profile. The marginal likelihood criterion is
slightly different from Eq. 4.7

{6, 7} = argmax > P(R,Y[U;Z,0) P(Z|r)
{917"} 7

= argmax HZP(rn,yn\Ok)wk . (4.8)

{6,7} n k

The summation on the first line of this expression stands for the marginalisation
over the membership variables. The principal advantage of the latent view over
the hard clustering scheme is first to make the optimisation a little more robust
to bad local optima thanks to the marginalisation (although the issue still
exists). More importantly, the advantage is to enter the Bayesian framework
benefitting from its nice features (i.e. posterior analysis, modularity, extension
of a model...).

The technique to train the parameters (0, ) is already well known (Chap-
ter 2); we will derive an EM algorithm. Making use of the Bayes formula, the
posterior distribution over the latent membership variables is

Q(2) = P(ZIR, Y;0,7) o< [[[[ Pt yulow)™ - 7iv . (49)
n k
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The normalisation factor is the marginal likelihood from Eq. (4.8). It is inter-
esting to see that the posterior factorises over the user set: Q(Z) =[], Q(z»).
Looking now at the log-complete likelihood,

log P(R,Y,Z|U;0,m) =log P(R,Y|U;Z,0) + log P(Z|m)

=3 > 2k (log P(ry, yn|6k) +logm) ,  (4.10)
n k

we see that taking the expectation of this expression with respect to the pos-
terior distribution of the latent variables requires us to compute the so-called
responsibilities:

pnk = Eo{znk} & P(rn,yn|O0k) - Tk (4.11)

forn =1...N and k = 1... K, where the proportionality acknowledges the
normalisation constraint ), pnr = 1. The computation of these responsibilities
is the E-step of the algorithm. It is concernd with the marginalisation over the
latent variables in (4.8).

The expected log-complete likelihood with the current value of the param-
eters is thus

Eq {log P(R,Y,Z[U;0,7)} = > pui (log P(rs, ¥4 |0k) + logmi) . (4.12)
n k

The M-step consists of updating the parameters 7w and 6 in order to maximise
this quantity. As both types of parameters appear in different terms of the log-
complete likelihood, their update can be done separately. The maximisation
with respect to 7 is analytic; the update is given by

1
T = ;pnk (4.13)

fork=1...K.

Depending on the rating distribution used in the profile definition (e.g.
Bernoulli, multinomial, Gaussian...) we are able to make an analytical update
of the parameters 6 or only a partial update with a gradient ascent step. Let us
consider the case of the multinomial-Gaussian formulation proposed in (4.5).
The optimisation can be further divided as

logp(rnv}’n‘ak) = logp(rn|Yn;{(.umk70'mk)}) +10gP(Yn|/6k) . (414)

For the free prediction term, we obtain the analytic update

1
ﬂmk — fk Z Pnk » (415)

neNy,

where Ly, = )", pni is the equivalent number of ratings estimated to come from
the kth profile and N¥, represents the set of indices n such that user w, has
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rated (or had an interaction with) item y,,. The second term in (4.14), which
corresponds to the forced prediction part, can also be updated analytically

1
mk y
ne€Ny,
1
072nk — L Z pnk(rnm - Mmk)2 (417)
mk v
n€Ny,
where L., = ZneN%‘n pnk- 1f instead of the Gaussian, we use a binomial

distribution (as in the experiments below) to represent the distribution over
discrete ratings r € {0,...,7naz}, the update of the probability of success
parameters (Appendix A.1) is

ZYLEN% PnkTnm

Lmk *Tmazx

(4.18)

HUmk <

Since the responsibilities are dependent on the value of the profile parame-
ters, the E-steps and M-steps must be iterated in order to converge to a local
minimum of the marginal likelihood.

When one is interested in the forced prediction scheme, only the first term
on the right hand side of (4.14) will appear in the log-complete likelihood.
Similarly, in modelling the missing-observed patterns, only the second term of
this same expression is present.

In Section 4.4, it is necessary to evaluate for the forced prediction scheme
the rating distribution of some user-item pairs (uy, y,,); this is given by

P(rnm|ym = 1; T'n,¥Yn, 0771—) = ZN(rnm|ﬂmk7 0'72nk>pnk . (419)
k

Note that the contribution of previously observed ratings is summarised in the
responsibilities.

4.2.3 Aspect Model (or Latent profile subspace)

The Aspect Model assumes that each user follows his own rating profile which
is constrained to be a mixture of the K base rating profiles specified by {6y }.
Instead of a latent membership variable z,,, the rating behaviour of a user u,
is represented by a mixture variable 7, = [Tp1,...,Tuk|, where Y, T =1
and m,r > 0. The set of mixture variables for all users will be noted II =
{m1,...,wn}. For this model, the likelihood of the mixture variable of a user
and the the profile parameters is

P(rna)’n|un§0;7"n> = HZP(Tnmayn7rz|0mk)7Tnk . (4'20)
m k
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In this expression, we suppose that all items contribute directly to the like-
lihood. As discussed in Section 4.2.1, this is not manageable for large rating
matrices. We will thus require that only the observed ratings should contribute
to the likelihood, i.e.

P(rn, ynltun; 0,70) = T D Pt vy O i (4.21)
leLy k

where LY is the set of rating indices from the list notation (confer Section 4.1.3)
such that the rating r; belongs to the user u,, and where the index m; refers
to the index of the item which received the [th rating.

In contrast to the previous model, we will not try to marginalise these
mixture variables II since the marginalisation cannot be done analytically, but
rather keep them as parameters to be adjusted using the likelihood of the model.
In the next subsection, we briefly discuss approximations for the marginalisa-
tion of these mixture parameters. The optimisation of the model likelihood is
expressed by

{6,11} = argmax P(R, Y|U; 11, 9)
{611}

= argmax H H ZP(rl,ymlwmlk)wnk . (4.22)

L S =

The direct optimisation of this expression with a gradient method is certainly
not obvious. The trick here is again to add some latent indicator variables and
derive an EM algorithm. For this model, the mixture variables appear in the
contribution to the likelihood of each observed rating. It is then necessary to
associate a latent indicator variable to each rating, i.e. z; = [211,..., 21| with
zix = 1 if the rating r; was generated from the kth rating profile. The complete
set of latent indicator variables is again denoted by Z. The derivation of the
EM algorithm is similar to the previous model. The log-complete likelihood is

log P(R,Y,Z|U;T1,60) = > > > 21k (1og P(re, Yo, [0myre) + 108 )
n leLy k
(4.23)
to be compared with Eq. (4.10). We see that for the E-step we need to compute
the responsibilities of the latent variables of each observed rating

Pk = EQ{Zlk} X P(’l"l, Ymy |9m,,k)7rn1,k (424)

with the constraints ), pir, = 1. The index n; refers to the user who made the
lth rating.

The M-step can again be performed separately on the mixture parameters
IT and the profile distribution parameters 8. For the mixture variables, we have

1
Tk <= I, E Pik (4.25)
leLy
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where L,, is the number of rating made by the nth user.
Considering again the multinomial-Gaussian profile definition (Eq. (4.5)),
the update for the parameters are

1

Bmk < o Z Pik (4.26)
k leLy,
1

fmk = 7— Z PIET (4.27)
mk 1 Y

€L,
1
2 2
Tk <~ T l; Pk (TL — Hmk) (4.28)

where LY is the set of rating indices such that r; is attributed to item y,,
Ly =3, pix and Ly, = EZGL% pik- If we prefer only to model the forced
prediction scheme, one does not need to consider the contribution of 3 in (4.24)
and (4.26). Finally, the estimated rating distribution for a particular pair

(Un, Ym) is

P(rpm|ym = Litn, yn; 0,7,) = ZN(Tanmk, 02 1) pnmr  (free prediction)
)
(4.29)
or = ZN(Tanmk, 02 )T (forced prediction)
k

(4.30)

where Prnmk X ﬁmk s Tnk and Zk Prnmk = 1.

4.2.4 Model selection

As the discussion presented in Section 2.3.2, model selection with probabilistic
mixture models can be tackled via different approaches. Until now, we have
assumed that the number of profiles, K, was fixed. In practice, this number is
generally unknown at the beginning and is thus a hyper-parameter to select.
To evaluate which number suits the data best, we have to use a model selection
procedure. A simple procedure is to fit the model for different values of the
number of profiles and then keep the number of profiles that minimises a loss
function (usually the negative log likelihood) on a validation set. If there are
no other hyper-parameter to adjust, this is the recommended method because
it is simple and robust. We use this procedure in the experimental section of
this chapter.

The other strategy is to directly adjust the number of profiles using a learn-
ing criterion. The problem with the current formulation of the probabilistic
profile clustering and the Aspect Model is that the likelihood always increases
for an increasing number of profiles as the flexibility of the model is unbounded.



4.2. Mixture of latent profiles 125

We can not set the number of profiles with the training criterion. But the so-
lution is well known in the probabilistic framework: marginalisation! Ideally,
both mixture parameters IT and profile parameters 6 should be given a prior
probability and marginalised out of Eq. (4.22). The new learning criterion for
the Aspect Model would then be

P(R,Y|U; K) = argmax / Z P(R,Y|Z,0) - P(Z|II) - P(6,1I|K) dI1dO .
K me

(4.31)
To derive an EM algorithm for this marginal likelihood, we need to compute
the posterior distribution over (Z, 8,1I). Unfortunately, this posterior is never
analytical. So the solution is to resort to MCMC sampling methods or work
with an approximate inference framework. This second solution is adopted in
the model named latent Dirichlet allocation [20, 86]. The principle is to use a
mean field approximation to the posterior distribution

P(Z,0,TR,Y,U; K) ~ Q(Z)Q(0)Q(II) , (4.32)

in conjunction with conjugate prior distributions P(8|K) - P(II|K). In partic-
ular, the conjugate prior distribution of the (multinomial) mixture parameters
IT is a common Dirichlet prior distribution P(II|K) =[], Di(my|a). It is then
possible to derive a variational EM algorithm, with E-steps and M-steps similar
to the ones derived in the previous subsections (see references).

In comparison to the selection of the number of profiles based on a validation
set, this procedure has the advantage of using all of the (observed) ratings
for training, which should reduce the variance of the estimated parameters.
Of course, the additional assumptions on the prior over the parameters are
responsible for a small increase in the bias of the estimator. From the practical
point of view, there is no real computational benefit over a single pass validation
scheme because the model must also be constructed with different number of
profiles.

As stated in the preliminaries, it is possible to automatically adjust the num-
ber of profiles using non-parametric Bayesian models, with so-called Dirichlet
processes (e.g. [70]). This type of processes allows the model to have possibly as
many profiles as there are users. In practice, learning is carried out by sampling
methods (frequently, a Gibbs sampling procedure is used). The simplest model
with a Dirichlet process is known as the Chinese Restaurant process: at each
step of the sampling algorithm, there is a set of active profiles and all users are
associated with one of these active profiles, except the user currently sampled.
From this state, we can compute the probability of membership of the current
user to any of these active profiles or to a new profile. At the end, the chains
of posterior profile membership of the users should stabilise around the best
number of active profiles. The main difficulty in constructing such a model is
that with a basic sampling strategy, the chains tend to be too correlated to mix
in a reasonable amount of time. It is thus necessary to design more efficient
sampling methods.
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Choosing the number of profiles is not the only way to regularise the mixture
models presented above. To avoid numerical issues (in particular, to avoid a
degenerate M-step), it is often useful to add a small regularisation term to the
distribution parameters 8 by means of a prior distribution. Hence, the training
criterion becomes a maximum a posteriori criterion instead of a maximum
likelihood. We would recommend to set the parameters of the prior over 6 to a
common sense value since the flexibility of the model is already adjusted with
the number of profiles. Regularisation can also be obtained by adding global
constraints on the parameters. For example, working with explicit ratings and
Gaussian rating profiles, one could constrain the variance to be the same for

all the item distribution, i.e. Vm,k : afnk = o2

4.2.5 Analysis of profiles

Throughout the thesis, we have tried to show how probabilistic modelling can
be used to tackle different data analysis tasks. One of the important aspects
of the approach is that prior intuition about the patterns in the data can
be encoded by means of a simple generative process. For the Collaborative
Filtering task, the intuition has led us to decompose the rating in typical rating
profiles which might correspond to the different users’ interests. At this stage
of the analysis, one should wonder whether this intuition is legitimate and
whether we can identify some understanding from the estimated profiles. We
have already discussed the difficulty of interpretation in the preliminaries of this
chapter and previously in the thesis. The main problem is that interpretation
cannot be expressed by a quantitative criterion optimised on the generalisation
performances.

In this section, we will illustrate the posterior analysis of rating profiles on
the MovieLens dataset which is used in Section 4.4.3. The dataset stores the ex-
plicit ratings of users on a discrete scale [1,. .., 5] expressing their satisfactions
regarding a set of movies (the items). Further information can be found below.
We use this dataset because it contains proportionally many more ratings than
the usual Collaborative Filtering datasets, and more importantly because one
can link the posterior analysis of the rating profiles with prior knowledge about
the movies making the search for understanding easier.

Let us start the analysis with a very simple configuration: a probabilistic
profile clustering model is constructed with only two components (or rating
profiles) K = 2, and the rating distributions are modelled by binomial distri-
butions (see Appendix (A)). Hence, the rating distributions are fully specified
by the estimated probabilities of success of the binomial distributions, which
we note L. Figure 4.2(a) shows a scatter plot of the estimated means of the
profile distributions (p,1 against ji;,2). There is thus one point in this scatter
plot for each movie. What we see is that the means of the rating distributions
between the two profiles are highly correlated. In other words, the order of pref-
erence over the movies according to both profiles is essentially the same. We
notice also that the mean ratings for the first profile are systematically higher
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Figure 4.2: Probabilistic profile clustering with two components applied on
MovieLens. (a) Mean of first vs. mean of second profile distributions. (b)
Histogram of the posterior memberships of the users (the responsibilities) to
the first profile.

than for the second. Hence, a user following the first rating profile tends to
give systematically higher rating (on average) than a user following the second
profile. Furthermore, from Figure 4.2(b) showing the posterior memberships
of users to the profiles (Eq. (4.13)), we see that for most users we have strong
posterior confidence about the rating profile they are following since most re-
sponsabilities are close to 0 and 1 (responsibilities close to one indicate that
with strong confidence the users is following the first profile). Basically, the
model has partitioned the set of users according to their tendency to rate rather
above the average movie rating or below this average. Even when the model is
constructed with more profiles, this separation remains clearly visible.

The observation highlights an important aspect of the MovieLens dataset
and most of the Collaborative Filtering datasets actually, namely that the
dominant pattern is a common order of preference over the item set and the
main variability is not the expression of diverse users’ interests but the tendency
they have to give rather high or low ratings. This makes the identification of
patterns representing the particular users’ interests harder as it is masked by
the dominant patterns.

The problem of the inconsistency of the users’ rating tendencies was dis-
cussed in other works. For example in [67], the authors propose to further
separate the behaviours of the users with an additional mixture hierarchy in
the model. Another way to tackle this issue is by formulating the task as an
ordinal regression task instead of regression on absolute rating values [151].
We will see that the dominant patterns and the users’ rating tendencies are
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encoded naturally in the model proposed in the next section.

Next, we will show the analysis of the profiles estimated with the Aspect
Model. As explained above, these profiles should intuitively correspond to
the different interests users might have about the movies. We would like to
verify this fact. For this purpose, we construct both a free prediction implicit
rating (i.e. P(Y|U;0,1I) is maximised) and a free prediction explicit rating
scheme (i.e. P(R,Y|U;0,1I) is maximised). The explicit ratings scheme uses
additional information and we want to see if this information helps finding more
intuitive profiles. The models are constructed on a subset of the MovieLens
dataset; only the 500 most rated movies are considered here.

To select the best number of profiles, we train the models on a subset of
the rating matrix (20 percent of the observed ratings randomly selected were
held out of the training stage). Figure 4.3(a) and (b) shows the negative log
likelihood curves for the implicit and explicit rating schemes respectively. We
see from the validation curve that the selected number of profiles is 7 for both
the implicit ratings and explicit ratings schemes. We will come back shortly on
the similarity of these curves.

The movies in the MovieLens dataset are classified in J = 14 categories.
Figure 4.4 shows the distribution of observed ratings among the movie cate-
gories. Let us note c,, the 14-dimensional vector of indicator variable for the
membership of the mth movie to the categories; c,,; = 1 if the mth movie
belongs to the jth category, and c,,; = 0 otherwise. The proportion of ratings
for each category (i.e. the length of each bar in the histogram) is computed
from

hjo ZLm% , (4.33)
m j/ m]/

for j=1...J , where L,, is the number of rating attributed to the mth movie

and the proportionality stands for the normality constraints > j hjo = 1.

The question is to know if the profiles identified by the Aspect Model are
related to particular categories. To answer this question, we look at the same
empirical rating distribution among categories for each profile estimated by the
model. Let us note by hj; the proportion of rating attributed to the kth profile
that correspond to movies belonging to the jth category. This proportion is
again computed from (4.4) where L,, is replaced by L, = ZleL;yn pu and the
respousibilities pj are computed from Eq. (4.24). These distributions are on the
histograms of Figures 4.5 and 4.6,(a) and (b), respectively for the implicit and
explicit ratings schemes. Additionally, the list of titles of the movies receiving
the largest number of ratings (computed by L,,) for each profile of the implicit
rating scheme is given in Appendix C.

Looking at the histograms in Figure 4.5(a) for implicit ratings, we clearly see
that each profile corresponds to a particular type of movie. Profile 1 has a dom-
inant Action/Thriller component, Profile 2 rather concentrates on the Sci-Fi
category, Profile 3 on comedies, Profile 4 on romantic comedies (related also to
Children’s and Musical categories), Profile 5 corresponds to classic Drama/War
movies (see the titles in Appendix C), Profile 6 is obviously identified as the
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Figure 4.3: Selection of the best number of profiles

Comedy - 1
Drama - 2 1

Action - 3
Thriller - 4 b
Sci-Fi- 5
Romance - 6
Adventure - 7
8
9

uu

Crime -

Horror -
War - 10
Children’s - 11
Musical - 12
Mystery — 13
Fantasy - 14
Animation - 15
Western - 16
Film-Noir - 17
Documentary - 18

° wuuuuuuuuu

0.05 0.1 0.15 0.2 0.25

Figure 4.4: MovieLens dataset: distribution of ratings among the movie cate-
gories.
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Figure 4.5: Distributions of ratings among the movie categories for each es-
timated profile with a free prediction Aspect Model. Profile 1 to 5 (profiles
continues in Figure 4.6. (a) Implicit ratings, (b) explicit ratings. The his-
togram behind the profile histograms indicates the global rating distribution
(Figure 4.7).
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Figure 4.6: Distributions of ratings among the movie categories for each esti-
mated profile with a free prediction Aspect Model. Profile 6 and 7 (see Fig-
ure 4.5 for other profiles).

Drama/Crime profile. We have no particular interpretation for Profile 7. The
proportion of ratings attributed to each profile (computed by %Zm L) is
stated on the left of the histograms. This information tells us that all the
profiles have about the same importance.

Comparing with the histograms of the explicit rating scheme, we observe a
close similarity between the profiles found by both models. Profile 1 looks like
a mixture of the Profiles 1 and 2 of the implicit scheme. Also, we notice a swap
between Profiles 4 and 5. Profile 2 and 7 are less easy to interpret.

Obviously, the information brought by the explicit ratings is not playing a
large role for the estimation of the profiles. This could have been anticipated.
Indeed, the variability of explicit ratings for movies is generally quite limited
(see histogram in Figure 4.7, most ratings are around 3 and 4). People knows
which type of movie they like and from the comments they hear about a movie
they know if they might want to see it, limiting the occurrence of low ratings.

From this analysis, we have seen that the implicit rating scheme is adequate
for identifying groups of items which seem to correspond quite well to particular
interests. Furthermore, the particular interests of a user w,, is identified by his
mixture variable 7r,,. On the other hand, the current formulation of the implicit-
explicit rating scheme could certainly be improved. We have the feeling that the
information encoded in the explicit ratings may be useful to identify preferences
at a more subtle level. Also the rating tendencies of users should certainly be
encoded in the model. Of course, the main difficulty is to include these ideas in
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the model and still keep the learning procedure efficient to tackle real datasets.

4.3 Interlaced GLM

We have seen that the representation of users and items in the mixture models
is not identical. The user behaviour is summarised with the responsibilities
{p,,} in the latent profile cluster model, and with mixture variables {,} in
the Aspect Model. On the other hand, the items are represented with the set of
K rating distributions defining the profiles. In this section, we are looking for
a simpler representation of the users and items which would reduce the num-
ber of parameters necessary to describe the rating distributions and avoid the
computational cost of the EM algorithm. But we want to keep a probabilistic
view on the rating process, and to be able to easily modify the overall model by
changing the assumptions on the rating distributions and the prior parameter
distributions.

4.3.1 Model Description

The fundamental step in designing a Collaborative Filtering model is to de-
fine the way users and items information (contained in the observed ratings) is
encoded in the model. The idea with the interlaced Generalize Linear Model
(GLM) formulation is to encode the users and items with a dual feature rep-
resentation. In other words, we associate with each user u,, a feature vector
én € RY, and symmetrically with each item y,, a feature vector w,, € R¥.
For the moment, we assume that the dimension of the feature space K is fixed
a priori. The user and item features are the main parameters of the model.
They summarise the information about the rating process.

The next assumption of the proposed model is that the appreciations of
items expressed by the users can be estimated by a dot product between their
respective feature representations: the appreciation of item v, for user u, is
evaluated as 7., = (b,—[wm. The intuition behind this model is similar to the
Aspect Model. The user features can be understood as different sensibilities to
a set of aspects describing the items, and the item features correspond to their
content with respect to these different aspects. The estimated appreciation
comes from an addition of positive and/or negative contributions over all the
aspects.

Now, it is necessary to transform the appreciation into a predicted rating
distribution. This is done using the GLM formalism [90]. Remember from
Section 3.2.1 that a GLM is defined by a link function matching the apprecia-
tion (or activation, in the GLM terms) to the mean of the rating distribution,
@ = g(n), and a conditional distribution p(r|u;1) chosen from the exponential
family (see Appendix A.2) with the parameter(s) 1 allowing the adjustment
of the dispersion of ratings around the mean. The important feature of the
Collaborative Filtering task is that both ¢ and w are parameters to optimized,
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unlike a standard GLM where only one of the vectors is a parameter. For this
reason, we call it an interlaced GLM framework. In fact, the procedure is ap-
plicable to distributions not coming from the exponential family. We will come
back to this family later.

One can see that this model performs a factorisation of the rating matrix.
Indeed, writing the feature matrices ® = [¢1,...,¢n]" and Q = [wy,...,wy] ",
we see that predictions for the mean ratings are computed by R = g(®Q7).
The mean rating would be the optimal prediction if the goal was to minimise the
least squares loss. For other losses (e.g. the mean absolute error) one can always
derive the optimal prediction from the estimated rating distribution P(r|u; ).
Following the usual procedure in probabilistic modelling, the model is trained
on the negative log likelihood criterion. Adjusting the feature matrices using
this criterion is expressed by

{®,Q} = argmin {-log P(R|R;v)}
{@.0}

= argmin { Z log P (rl|g(¢l—lwml); w)} . (4.34)
1

{®,Q}

The summation comes from the hypothesis of conditional independence of rat-
ings given the feature representation. Note also that this summation runs over
the observed ratings only (indexed by [) because there is no contribution to
the likelihood for unobserved ratings. This is essential in order to be applica-
ble on large Collaborative Filtering tasks. However, as discussed for example
in [87], unobserved ratings are informative about the type of items a user is
interested in and knowing this information can improve the prediction. The
model described in this paper does not make use of this information.

In order to have a model that generalises well on unobserved ratings, we need
to adjust its capacity. As usual, there are two approaches to adjust capacity:
Either we select the structural parameter defining the dimensionality of the
parameter space, in this case the feature dimensionality K, or we adjust the
capacity by means of a regularisation term. As the regularisation term is a
continuous function of the hyper-parameter(s), this second approach allows a
smoother adjustment. Keeping a probabilistic framework, it is natural to define
the regularisation term by a prior distribution on the parameters (Chapter 1),
leading to a minimum negative log a posteriori learning criterion

(6,0} = afgrgin {~log P(RIR; ) — log P({¢n}, {wm )} , (4.35)
where « is a set of hyper-parameters for the prior distribution. In the same

spirit as the derivation in Section 3.2.1, one could regularise the features with
Gaussian prior distributions

P({60} {wm}la) = [[N(6l0,0"T) [[ N (wnl0.0¥Tx) . (4.36)
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where I is the K x K identity matrix, a* and oY are the precision parameters
(i.e. inverse variance) of the Gaussian distributions. We will discuss in the
Subsection 4.3.3 a pragmatic approach to optimize the parameters and hyper-
parameters of this model. But before let us give some indications on how to
choose the different distributions appearing in the model.

4.3.2 Choosing the configuration

The assumption of a Gaussian noise distribution is common in regression prob-
lems. It is known that fitting a Gaussian noise model is equivalent to fitting a
least squares criterion. Besides, if the identity pu = 7 is used as link function
and if there is no regularization term, the interlaced GLM is equivalent to min-
imizing the Frobenius norm |[R — ®Q | r for a given feature dimensionality.
In that case, there is an indeterminacy in the solution as any invertible matrix
G of size K x K inserted in the factorization (?G)(G~1QT) gives the same
Frobenius norm. We have already mentioned in Section 4.1.2 that the SVD
factorisation also minimise this norm, but with the requirement of minimum
reconstruction error for the successive components. So, both approaches would
give the same mean rating prediction R, but with different factor matrices.

One of the advantages of using the probabilistic framework is that different
feature representations and regularisation terms can be tested without changing
the general optimization technique (see the next subsection). A Gaussian noise
with the identity link is certainly not the only acceptable choice. There are
several reasons which would suggest using another noise model. First, it is not
really satisfactory to represent a distribution over a bounded range of rating
with the unbounded Gaussian. It is more appropriate to work with a bounded
distribution like the Beta for continuous ratings (the original ratings should
then be scaled/translated to fit the [0,1] range), or a binomial for discrete
ratings r € [0, ..., Tmaz)

| T Tmax —T
Bn(r|u; rmaz) = lmaa” '( a ) (1— o ) . (4.37)

T!(rmam - T)- T"max T"max

To use this Binomial, it might also be necessary to scale and translate the
original rating range. Additionally, a saturated link function must be used to
avoid predicting a mean outside the rating range; this can be done for example
with the logistic link
o 1
Tmax 1+ eXP(—n)

(4.38)

Another reason why the Gaussian noise model (and the least square fitting
criterion) might not be the best choice is that this model is sensitive to atypical
ratings. Some users might try to mislead the Collaborative Filtering model by
entering random ratings. In particular if they give randomly high and low
ratings, these ratings can have a big influence on the estimated features while
they do not contribute to the identification of the inherent patterns in the rating
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matrix. Actually, the Binomial distribution is also sensitive to atypical ratings.
One could use more robust noise models like the Student-t distribution or a
power binomial distribution P(r|u;v) o« Bn(r|w, "maz)”. Unfortunately, these
distributions are not members of the exponential family and their optimization
(see next subsection) is more demanding.

One can also play on the prior distribution to encode intuitive considerations
in the model. For example, it could be a good idea to constrain the user features
to be positive, making them closer to the concept of sensibilities to different
aspects: the more sensible a user is to a particular aspect, the higher the
contribution of the associated feature to the ratings. The positivness can be
enforced by an exponential prior on the user features

P({¢n}le) = [T Exp(dnala™) (4.39)
d

n

where the exponential distribution is defined by Ezp(¢|a®) x exp(—a*®). One
could also use a Gamma distribution to have more control on the prior distri-
bution.

So far, the parameterisation of the noise and prior distributions was kept
as concise as possible, imposing a common dispersion 1 for all ratings and
common prior parameters a” and oY for all user and item features respectively.
Intuitively, the rating profiles of users present great diversity; some users are
very predictable, other much less and the same can be said about the items.
One could think of more flexible configurations where each user (item) has its
own prior parameters a (a¥,). Also the dispersion parameter ¢ could depend
on the users and items. However, as discussed in the next subsection, the
difficulty is then to define an efficient optimization strategy for such a flexible
configuration.

As discussed in Section 4.2.5, the transformation of appreciations into rating
values is not consistent between users. Some users tend to give systematically
higher ratings than others, and yet they have a very similar order of preference
over the item set. With the factorisation approach, it is simple to represent
user specific shifts in the rating distributions. One just needs to fix the value of
one of the item features, for example w,,; = 1. The corresponding user feature
¢n1 is a contribution to the appreciation that is independent of the rated item.

4.3.3 Learning procedure

As usual, there are two levels in the optimisation of the interlaced GLM. The
inner level corresponds to training the features ® and . The outer level
corresponds to the hyper-parameters, namely the number of features K, the
rating dispersion parameter v, and the prior distribution parameters .

Let us first consider that the hyper-parameters are fixed. A way to optimise
the features is to update one feature vector at a time. The optimizations of the
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regularized loss (Eq. 4.35) with respect to w,, and ¢,, are respectively

Wy = argmin { — Z log P(7“1|g(¢;wm),¢) —log P(wm|a¥) (4.40)
Wm ZGL%L
and
. . T u
On = ar%mln - Z log P(ri|g(d,, wm,), V) — log P(¢n|a™) (4.41)
n leLs

where LY, (L¥) is the set of indexes associated to the ratings of item y,, (user
uy,). Each feature vector update is a standard regression problem with typi-
cally less than a few hundreds learning pairs (¢n,,7) (Eq. (4.40)) or (wm,,7)
(Eq. (4.41)). Finding a local optimum of this criterion is fast, especially with
distributions from the exponential family. One can apply a few iteratively
reweighted least squares steps [63], or any other gradient descent algorithm.
The general gradient and Hessian expressions for the GLM framework are given
in Appendix. All feature vectors w,, and ¢,, are to be updated in turn and the
complete procedure must be repeated until convergence. The procedure can be
applied to large datasets as memory requirements are small. Furthermore, the
process could be parallelized.

For the adjustment of the hyper-parameters, we propose a pragmatic ap-
proach. One thing we have already discussed is that both the number K of
features and the prior distribution control the flexibility of the model. In gen-
eral, there is no great advantage in adjusting both simultaneously. In the
experiments below, we compare the optimization of K and of « separately.

Let us look again at the Gaussian prior distribution in Eq. 4.36. Two preci-
sion hyper-parameters appear (o* and o¥). However, as user and item features
interact multiplicatively, it is sufficient to set the precision over users (or items)
to an arbitrary value and adjust only the precision of the other set. Another
point that we have already encountered in Section 3.2.1 is that the dispersion
hyper-parameter ¢ generally has a dual influence to the regularisation (or prior)
hyper-parameters in the non-probabilistic view. The assumption of small dis-
persion can be compensated by a weak prior distribution (i.e. a small precision
«), although the duality is exact only for Gaussian noise and Gaussian prior
distributions. It is thus convenient to fix ¥ from an estimate of the noise disper-
sion (Eq. (A.14)). The global rating variance is a sensible starting point and it
can be improved after construction of the model from a set of held out ratings.
This pragmatic procedure leaves us with only one common prior parameter to
be adjusted by a resampling technique. As the Gaussian prior distribution is
closely related to the ridge regularisation, the single regularization (or prior)
hyper-parameter is called the ridge parameter in the experiments.

Obviously, this procedure is closer to a pragmatic regularization scheme
than a Bayesian framework. It would be interesting to fit the dispersion and
prior parameters on a marginal likelihood criterion as in Chapter 3.
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Moreover, this type of optimization procedure should also be applicable
for more flexible configurations as suggested in the Subsection 4.3.2 where for
example all user and item features have their own hyper-parameters. The
marginalisation requires the estimation of the posterior distribution of the fea-
ture vectors, which unfortunately is intractable and besides, we would probably
loose the small computational load of the proposed pragmatic interlaced GLM
optimization. An approximation scheme is thus necessary. One could wonder
whether applying the simple update rules for the hyper-parameters derived in
Section 3.2.1 [80] for a regression problem would be a good approach. Unfortu-
nately, these updates lead to over-fitting because both user and item features
are adjusted at the same time, deviating thus from the assumptions of the re-
gression framework. The design of an efficient marginalization framework is
left for a future work.

4.4 Experiments

The objective of this section is to evaluate the performance of mixture models
and some configurations of the interlaced GLM for the prediction of explicit
ratings. In contrast to Section 4.2.5, our discussion here is based on quantitative
performance rather than subjective interpretation. Three publicly available
datasets are used for the comparison: MovieLens, Jester, Libimseti. These
datasets are described below.

4.4.1 Evaluation procedure

The models are evaluated with a 4-fold cross-validation procedure. The set of
users is first divided randomly into four groups containing the same number of
users. Each of these four user sets (and the corresponding ratings) is in turn
held out of the training stage. For each fold, we have ®4;.qi, and ®yeq (for the
interlaced GLM model), the matrices storing the features of the users in the
training set (three of the four user sets) and in the test set respectively. Given
this split, a model is constructed on the rating of the users in the training set,
returning an estimate for ®4,.4;, and . During the test stage, we start by se-
lecting some of the ratings of the users in the test set. These are the test ratings
on which the prediction performances are evaluated. Then, the feature matrix
Dot is adjusted on the remaining ratings. It requires a single run over each
test user features as €2 is not modified anymore. In comparison, for the latent
profile clustering model, it is necessary to compute the responsibilities (4.11)
of the test users to be able to make prediction with Eq. (4.19). Of course, the
profile parameters @ are not modified anymore after the training phase. For
the Aspect Model, the mixture parameters of the test users, IT;.s;, must be es-
timated. Unfortunately, it cannot be done analytically and it is thus necessary
to apply the EM algorithm to evaluate these parameters.

Once the features of the test users are estimated, predictions can be made
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for the test ratings. The performances are evaluated with two standard loss
functions: the Mean Absolute Error (MAE) and the Root Mean Square Error
(RMSE). Note that for the MAE loss, the optimal prediction is the median
of the predicted rating distribution, while for the RMSE loss it is the mean.
Finally, we summarise the performance by the mean of these estimates over the
four folds.

Below, we have used two schemes to select test ratings. The first one is
called the all-but-one scheme: a single rating (selected randomly) is retrieved
for each test user. This procedure should be a fair estimation of the average
prediction performances, but it is biased because datasets usually contain users
having rated a minimum number of ratings (typically 20).

The second scheme, called here the given-Li.s; scheme, consists in keeping
only Lyest ratings for each user in the test set. Their other ratings are used
for evaluation. So, this scheme concentrates on the dependence of prediction
performances with the number of observed ratings for a user. We did not
compute the performances of the mixtures models for this scheme.

4.4.2 Model configurations

In the experiments below, we compare the latent profile clustering and subspace
model as well as five configurations of the interlaced GLM. Here are short
descriptions of the different configurations. For the selection of the hyper-
parameters, we systematically used the same validation procedure, leaving 20
percent of the current learning data for the validation set. Also, in order to
apply the binomial distribution on continuous ratings, we transform the ratings
during learning to a discrete range with 5 equal bins.

e LP-clustering: latent profile clustering model with the forced prediction
scheme and the rating distribution modelled by binomial distributions.
The optimal number of clusters is selected in the range [1,10] with a
validation procedure.

e Aspect Model (or latent profile subspace): the same settings as the LP-
clustering configuration are used, i.e. the binomial distribution for the
rating distribution and the number of profiles is found by a validation
procedure.

e Common preference: baseline configuration of the interlaced GLM con-
figuration. In this configuration, K = 2 and we constrain ¢,; = 1 and
Wmo = 1. There is no constraint on ¢,2 and w,,;. In this way, there is
no direct interaction between the user and item features. Predictions are
composed of an item average rating plus a user tendency to deviate from
the item average. Consequently, all users have the same order of prefer-
ence over the items. We use an identity link function and Gaussian noise.
With the Gaussian noise model, predicted ratings can fall outside the
bounds. When it happens, the prediction is set to the exceeded bound.
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e Gauss-K : configuration using the identity link function and the Gaus-
sian noise distribution. A weak Gaussian prior distribution is applied
such that we are almost at the maximum likelihood fit. The capacity is
adjusted by the single pass validation procedure on the dimensionality K
of feature vectors.

e Gauss-ridge: here also, the identity link function is used with the Gaus-
sian noise distribution. However, the capacity is adjusted with a common
ridge parameter (i.e. the variance of the Gaussian prior distribution over
items) and this parameter is selected by the validation procedure. The
dimensionality of the features is set to K = 8, which is found to be
sufficiently high as we will see in the discussion section.

e Binom-ridge: same configuration as Gauss-ridge except that a logistic
link function and binomial dispersion are used (Eq. (4.37)). We keep
K =38.

e Gauss-Expon: this configuration is supposed to be closer to the intuition
of the rating process. We keep the Gaussian noise model and linear
link, but the user features are forced to be positive with an exponential
prior distribution (Eq. (4.39)) and fixed o* = 1.. Additionally, we allow
user specific shifts in the rating distribution similarly to the common
preference configuration. Thus w,,,; = 1 and ¢, is given a weak Gaussian
prior. The only hyper-parameter to be selected by validation is still the
ridge parameter associated with the prior item feature distribution.

For all configurations, the same validation procedure is used to select the ridge
hyper-parameter: Before training a model on one of the 4-fold splits of the
evaluation procedure, the learning ratings are further split randomly, leaving
20 percent of them aside for the validation.

4.4.3 Datasets

The models are compared on three publicly available datasets (see below). In
order to keep the time of the training-evaluation procedure to around 4 hours
for each configuration (on a 3.0Mhz processor with 1.5 Gb RAM and Matlab
coding), we have had to work with only a subset of the ratings for two of the
datasets as described below.

o MovieLens?: The dataset is distributed by GroupLens Research at the
University of Minnesota. It contains 6040 users, 3900 movies (the items),
and approximately 1 million discrete ratings collected from users regis-
tered in the service in 2000. The ratings of the movies are on a discrete
scale from 1 to 5. Each user has at least 20 ratings encoded.

2 Available at http://www.grouplens.org/
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Figure 4.7: Global rating distributions for the three datasets

e Jester®: From the Jester Online Joke Recommender System [48], the
dataset contains 73,421 users, 100 jokes (the items), and 4.1 million con-
tinuous ratings on the interval [—10,10]. In the experiments, only 24,000
randomly selected users were considered.

e LibimSeTi%: Collected from the LibimSeTi dating agency [25], the com-
plete dataset contains 17,359,346 anonymous ratings of 168,791 profiles
of members made by 135,359 LibimSeTi users until April 4, 2006. The
ratings are on a discrete scale from 1 to 10. In the experiments, we picked
randomly 10,000 users, and 10,000 rated profiles of members (the "items”)
having at least received 20 ratings from the subset of users.

Figure 4.7 shows histograms of the observed distributions of ratings for the
three datasets. Note that Jester ratings were discretised in 10 bins, but they
are intrinsically continuous ratings. We can see that for all three datasets there
is a high concentration of ratings at a position a bit above mid-range. We
assume that this corresponds in the mind of the users to a default appreciation
- not a bad item, neither a very good one. Another thing to note is the small
proportion of ratings in the MovieLens dataset lower than mid-range, contrarily
to the other two sets. We guess it is easier for the users to know in advance
what movies they should avoid (from synopsis, critics...) than for the jokes or
the personal profiles (LibimSeTi). And anyway, it is more demanding to watch
a bad movie than read a bad joke or evaluate a profile that is not particularly
desirable. The last thing to note from these histograms is the high number of
extreme ratings (1 or 10) for the LibimSeTi dataset.
Table 4.1 stores summary information about the three datasets.

4.4.4 Discussion

Let us start the discussion from the prediction performances for the all-but-one
scheme. The results are given in Table 4.2.

3 Available at http://www.ieor.berkeley.edu/~goldberg/jester-data/
4 Available at http://www.ksi.ms.mff.cuni.cz/ petricek /data,/
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| N~ | M | L | Range [Ep{r} | medLy [ medL},
MovieLens | 6.04e3 | 3.88e3 | 1.00e6 | {1,...,5} | 3.58 96 123

Jester 24.0e3 | 100 | 1.35¢6 | [—10,10] 0.74 52 12.7¢3
LibimSeTi | 10.0e3 | 10.0e3 | 0.58¢6 | {1,...,10} | 6.14 36 34

Table 4.1: Summary for the three (reduced) datasets. Ep{r}is the empirical
mean, med LY is the median number of rating observed by user and med LY, is
the median number of rating observed by items.

MovieLens Jester LibimSeTi
MAE | RMSE || MAE | RMSE || MAE | RMSE
LP-clustering 0.682 0.916 3.43 4.36 1.24 1.88
LP-subspace 0.688 | 0.903 3.89 4.46 1.44 2.16
Common Pref. | 0.695 | 0.937 3.49 4.41 1.24 1.81
Gauss-K 0.695 | 0.928 3.33 4.30 1.28 1.95
Gauss-ridge 0.663 | 0.892 3.32 4.25 1.27 1.83
Binom-ridge 0.656 | 0.886 3.33 4.26 1.30 1.87
Gauss-Expon 0.648 | 0.881 3.29 4.31 1.34 1.92

Table 4.2: Rating prediction performances of the all-but-one scheme. The
numbers correspond to the mean of a 4-fold procedure.

In comparison, the best performances found in the literature (to our knowl-
edge) for MovieLens are a MAE of 0.652 (in [33]) and for Jester a MAE of
3.26 (in [26]). We are not aware of a similar evaluation on the LibimSeTi
dataset. We can see that the performances obtained with the interlaced GLM
are very similar to these state-of-the-art performances. We must state that we
observe about 5-7 percent difference between the evaluations on the different
folds. Reducing the variance of the estimation of the performances by repeat-
ing the 4-fold procedure would certainly change the figures in the table a little.
Unfortunately, the evaluation then becomes computationally very intensive.

Analysing the mixture models performances, we notice that there is no ad-
vantage of the subspace model over the clustering model. On the MovieLens
dataset, both models perform similarly while on the Jester and LibimSeTi
datasets, the Aspect Model performs surprisingly badly (possibly, due to con-
vergence to bad local minima). The number of profiles selected was always very
low (K = 4 for MovieLens and K = 2 for Jester and LibimSeTi). Compared
with the interlaced GLM formulation, the mixture models performances look
clearly behind on both MovieLens and Jester datasets. It is difficult to tell the
main factor causing this difference. There are several possible explanations. We
have already stated the problem of user specific rating tendencies which are not
well encoded in the mixture models. Additionally, for an equivalent number of
parameters, the interlaced GLM formulation is probably less subject to over-
fitting because the rating distributions in this model are more dependent on
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one another than in the mixture formulation.

We also observe from Table 4.2 that adjusting the prior distribution param-
eter rather than the dimensionality of the features is consistently advantageous.
Indeed, the Gauss-ridge configuration always performs better than the Gauss-
K configuration. In fact, we have noticed that the best dimension K was very
low for all datasets (around K = 3). The model quickly over-fits above this
number. The choice of K = 8 for the other configurations looks thus more
than sufficient. Note that mixture models would probably also benefit from a
smoother regularisation scheme than selecting the number of components in the
mixture but it is less evident to see how this regularisation should be defined.

There does not seem to be a real difference between the Gaussian and the
binomial noise models as both configurations perform similarly on all datasets.
For the last interlaced GLM configuration (i.e. the Gauss-Expon), we see that
the positivity constraint imposed by the exponential prior distribution leads to
good performances on the MovieLens and Jester datasets. It is a bit weaker
on LibimSeTi. One reason might be that this last configuration is more easily
trapped in bad local optima (due to the positivity constraints) when the average
number of ratings shared between users is low, like in the LibimSeTi dataset.

We finish the analysis of Table 4.2 with the common preference configu-
ration. This configuration performs only a few percent worse than the best
configurations on MovieLens and Jester. Actually, on LibimSeT] it is the best
configuration. This observation is in agreement with the discussion in Sec-
tion 4.2.5, namely that users tend to agree on item’s evaluations (up to a
user specific rating shift) and consequently the dominant patterns in the rat-
ing matrix are well expressed by global averages. Nevertheless, a few percent
improvement can be of practical importance as demonstrated by the Netflix
Prize®. For the LibimSeTi dataset, our feeling is that the dataset is too empty
to detect something other than global averages.

Let us turn to the given-L;.s; scheme. As stated above, only the interlaced
GLM models are evaluated here (due to lack of time to implement and run the
scheme on the mixture models). The performances are plotted in Figure 4.8,
representing the mean RMSE for rating predictions. Each curve corresponds
to one of the interlaced GLM configurations. As expected, we see that the
prediction improves (on average) as the number of observed ratings used to
fit the user features increases. It can also be seen that the common prefer-
ence performs best when the number of observed ratings by user is lower than
(around) 15 ratings. Again, this does not apply to the LibimSeTi set for the
same reasons as given above. Beyond this number of 15 ratings, the Gauss-
ridge and Binomial-ridge are performing better than the common preference
configuration. This observation would incite us to design a more elaborate
regularisation scheme for which the regularisation decreases as the number of
observed ratings increases. In fact, designing a fully Bayesian scheme would
perform this personalised regularisation automatically. These figures also show

Shttp://www.netflixprize.com/. The objective is to improve a baseline method by 10
percent on the RMSE criterion.
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the weaker performances of the Gauss-Expon configuration when there are few
observed ratings.

4.5 Conclusion

In this chapter, we have presented two approaches to tackle the Collaborative
Filtering task: a mixture approach and a matrix factorisation approach. We
have illustrated the use of mixture models on the MovieLens dataset to analyse
patterns from the Collaborative Filtering scheme and identify some interpreta-
tion. Interestingly, we could match the patterns (i.e. the rating profiles) with
the intuition of users’ interests. However, we are conscious that this illustration
would not translate so easily on other datasets mainly for two reasons. First
the rating matrix is often extremely empty and the users tend to share only
very few ratings with other users (e.g. the LibimSeTi dataset). Consequently it
is difficult to benefit from the collaboration. Secondly, the concept of interests
or aspects is not relevant for every application and it is not necessarily possible
to link the profiles with interpretation.

In the second part of the chapter, we focused on the explicit rating pre-
diction task. For this purpose, we proposed a simplified model, called the
interlaced GLM. The formulation of this model is mathematically well founded
and its optimisation is relatively straightforward which makes the model ap-
plicable to large Collaborative Filtering datasets. Furthermore, the prediction
performances of this interlaced GLM are clearly better than those obtained
with the mixture models. Actually, the interlaced GLM performs similarly to
the best performances stated in the literature on the same datasets.

We identified a weak point in the learning procedure of the interlaced GLM
model which is the regularisation scheme common to all users. An improvement
would be to personalise the adjustment of the regularisation parameters (and
dispersion parameters). We would probably see that users having expressed few
ratings have their feature vectors more constrained (i.e. more biased by the
prior distribution) than those with many ratings. Another improvement would
be to take into account in the model the missing-observed rating information,
similarly to the free prediction scheme in the mixture models.

Experiments have highlighted the fact that the average order of preferences
over the item set is the dominant pattern of these rating matrices. One can
wonder if the lack of marked variability in the users’ preferences could be due
to the framework used to collect the data. In particular, rating items over a
single appreciation scale might mask the expression of diversity. We have also
the feeling that the batch approach to tackle Collaborative Filtering analysis
is the main barrier to improve its usefulness. While the user’s interests are
probably quite constant over time, the daily needs (e.g. the movie I would like
to rent today) can obviously vary a lot. Certainly, Collaborative Filtering for
recommendation would benefit from an online processing of the users exchange
of information with the system. Unfortunately, it is more complicated to have
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data and design models with an online service.
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Conclusion

Throughout the thesis, we have presented the probabilistic modelling frame-
work for data analysis, illustrated its features, advantages, but also identified
its weaknesses. We based our study more specifically on the practical aspects of
data analysis. This brought us to consider different learning tasks and different
applications as well as to design empirical evaluations of the framework on real
data (i.e. near-infrared spectroscopy and collaborative filtering datasets). We
review here the main elements brought by our analysis.

One aspect of probabilistic modelling that makes the framework very at-
tractive is the Bayesian selection principle since it is potentially possible to fit
any hyper-parameter in a model, provided the marginal likelihood over the pa-
rameters can be computed and optimised. Also from a practical point of view,
this method simplifies the learning procedure as it is not necessary to repeat
the learning process, and the marginal likelihood criterion is common for all
the hyper-parameters. Consequently, the Bayesian selection method allows us
to work with flexible models having many hyper-parameters in their formula-
tion. In addition, Bayesian selection avoids the caveats of working with too
much flexibility like the standard neural networks formulation (and the Multi-
Layer Perceptron in particular) thanks to its inner regularisation principle. At
least, this is what the theory states; however the theory presumes that the
model assumptions match the data distribution. From the experimental study
on regression in Chapter 3, we have tried to assess whether the Bayesian se-
lection framework, or more precisely marginal likelihood maximisation, can be
adequate for tackling real data analysis applications. The results we obtained
were quite positive. We compared Bayesian selection directly with the (suppos-
edly) more robust cross-validation procedure to select a single hyper-parameter
and found out that the latter procedure on average was not performing better.
On the other hand, adding more flexibility to the model by means of an Auto-
matic Relevance Determination scheme showed only subtle improvements. We
would not recommend its use only based on the performances but we showed
that the relevance scheme can additionally be used to spot relevant parts of the
spectra for the regression task. Obviously, it makes little sense to generalise
these observations about the Bayesian selection procedure as it is really de-
pendent on the data. Nevertheless, the study illustrates an application where
Bayesian selection is clearly competitive with resampling methods.
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A second beneficial property of the probabilistic modelling framework is
that it is highly modular. In the second chapter, we showed how the modular-
ity nature of the probabilistic framework can be used to transform a nice model,
the Probabilistic PCA (and its mixture extension), into an even more useful
one, the (mixture of) robust probabilistic PCA(s). One advantage over other
robust extensions to PCA is that there is only a single additional parameter
for each component which is directly optimised in the learning criterion. In
practice, working with a more robust learning formulation makes a real differ-
ence, at least for small datasets where outliers have a significant influence. We
have also discussed the property of modularity to extend the mixture models
presented in the context of Collaborative Filtering. The idea was also exploited
in the interlaced GLM as it is straightforward to modify the noise assumptions
and prior distributions over the parameters. Unfortunately, making use of the
modularity of the probabilistic framework is not always as simple as the config-
urations quickly give rise to intractable inference. For the robust extension of
the Probabillistic PCA, we could develop an exact Expectation-Maximisation
algorithm. On the other hand, we would have like to add intuitively justified
constraints on parameters of the mixtures models in the Collaborative Filter-
ing application, but the optimisation becomes much more complicated as the
posterior distribution are non analytic. Also for the interlaced GLM model, the
learning procedure would probably have benefited from an additional hierarchy
allowing us to adapt user specific parameters. But here also, the formulation
deviates from the standard scheme and it is no longer possible to derive a simple
optimisation procedure.

The other feature of the learning procedure in which we were interested is to
see how modelling can be useful for deriving understanding about the patterns
in the data, and from there to understand the system itself. We have discussed
the possibility of encoding intuition in the model for example with mixture
and latent variables. Intuition is often a good starting point in defining the
model. A nice property of the probabilistic modelling framework is that the
posterior analysis is readily available in the posterior distribution of the latent
variables. Using the probabilistic modelling approach to encode intuition was
illustrated in the mixture models for tackling Collaborative Filtering. From
the posterior analysis of the mixture components (or profiles), we could find
some intuitive understanding, giving us hints that the patterns are not too
far from our intuition. We have shown that other aspects come into play for
the Collaborative Filtering data, like variability corresponding to the tendency
that users have to rate rather high or low. In this respect, the interlaced
GLM formulation was advantageous as variability of rating tendencies could
be encoded very naturally in the model.

The quest for understanding is essentially a search for a simple model that
has meaningful parameters. Unfortunately the requirement of simplicity of the
model comes along with the risk that the model is highly biased such that it is
impossible to have a good fit with the patterns present in the data. It is difficult
to tell if a simple model with high bias offers useful information as it depends
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on the dataset. For example, looking for a low-dimensional representation in
data that are intrinsically high-dimensional can lead to a misleading analysis.
The practitioner should know at least partially what information he is looking
for in constructing a low-dimensional representation. On the other hand, the
mixture models can be arbitrarily flexible (reducing thus the bias) by working
with a sufficient number of components. However, doing so we can loose in
terms of higher variance of the estimation (although the model selection pro-
cedure should find the right trade-off), but more importantly here we loose the
simplicity of the analysis and the hope to find some interpretations from the
parameters. All the difficulty lies precisely in finding the simple model which
at the same time is not too biased.

In the end, we have the feeling that we have stirred a pot of unsolved
problems and could only propose limited answers. We would like to point out
some directions which we think could be valuable for research in data analysis,
concerning the probabilistic modelling framework in particular.

One of the criticisms addressed to the probabilistic framework and the
Bayesian selection principle is its lack of robustness when there is a mismatch
between the assumptions made by the model and the data (either caused by
the noise model, or simply because the constraints encoded in the hierarchy
are not appropriate). For tackling this issue, combining the Bayesian selection
with other selection strategies is probably a good solution. The difficulty is in
keeping the learning procedure as simple as possible. In this sense, resampling
methods are not always a viable solution due to their computational cost and
the difficulty in finding a good region of the hyper-parameter space. There are
certainly interesting combinations to be found with other estimators derived
from learning theory. This is an ongoing research topic.

As explained above, the modularity of probabilistic modelling is very at-
tractive but it is difficult to fully benefit from this modularity since the in-
ference (i.e. the computation of posterior and marginal likelihood) becomes
intractable when the model deviates from the standard combinations of dis-
tributions. There is hope that new approximattion schemes will be proposed
to make the modularity even more useful. Already, variational approximation
methods are becoming widespread in the derivation of variational Expectation-
Maximisation algorithms. However, the technique is mainly used within a
mean field approximation scheme which has also its constraints and limita-
tions (see [17]). Other approximations are being proposed like the expectation-
propagation approach. There is certainly some interesting work to be done
there.

Ideally, the learning procedure should be made as automatic as possible in
order to facilitate the work of the practitioner. His role should be limited to
finding good model configurations matching the patterns in the data and he
should not be concerned by the learning procedure itself. In fact, all models
exposed in this thesis need some expertise to be used as they are subject to
optimisation issues like multiple local optima. Common sense initialisation
often avoids convergence to bad local optima, but at the beginning of the
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analysis it is not always possible to know what a common sense initialisation
is. This is inherent in non-convex optimisation and not only in probabilistic
modelling. Designing simple learning schemes is a necessity in order to make
the use of data analysis methods more widespread. There is however little hope
that the issue can be completely solved and linear models which require less
optimisation expertise have still a bright future. Also we have seen from the
two real applications considered (regression on spectroscopy and Collaborative
Filtering) that simple models (the PLS in the case of spectroscopy, the common
preference configuration in the case of the Collaborative Filtering task) can
already perform well. Trying to construct more complex configurations can
improve the performances by some percent certainly, but not radically modify
the results. One should wonder whether this gain is worth the effort.

Working on real datasets turned out to be a real challenge not only because
of the important computational costs (in particular for the Collaborative Fil-
tering datasets). There are several origins to the difficulties in working on real
applications. First, formulating the problem is rarely simple when handling real
data, especially at the stage of an exploratory analysis. Indeed, without much
knowledge of the inherent patterns in the data, there is little reason to prefer
one loss function over another, yet this choice dictates which patterns will be
found. Second, we have copiously discussed the case of erroneous or atypical
measurements and we have shown how important it is to care for these data.
In fact, the way data are collected is an even more important aspect of the data
as it can considerably bias the estimated patterns. One should be careful that
the collecting procedure is sufficiently close to the exploitation conditions for
the inference derived from the model to be meaningful. We did formulate some
limits about the batch approach to analyse Collaborative Filtering datasets.
This is an example where it would be useful to add a feed-back between the
model inference and the collecting procedure; online configuration would cer-
tainly make sense. More generally, improving the synergy of the collecting
procedure and modelling is necessary if we want to improve the performances
and general usefulness of the analysis. For this purpose, active learning is in-
teresting. The principle is to try to identify where additional data are required
to improve estimation of the model. The probabilistic approach is appropriate
as it has ready for use (with some precautions) assessments of the estimation
uncertainty. Unfortunately, the synergy between collecting data and modelling
is not easy to investigate in the context of academic research.

There are many great challenges still to be solved in the data analysis re-
search field. These challenges concern theoretical aspects such as the improve-
ment and simplification of the current estimators. There are also challenges
concerning the design of computationally efficient learning strategies (in par-
ticular to handle the growing size of datasets in some applications). And finally,
there is a need for simple data analysis tools to help the practitioner in his task.
The probabilistic modelling framework has strong arguments to be part of the
solutions...
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Mathematical definitions

A.1 Probability Distributions
A.1.1 Bernoulli

The Bernoulli distribution defines the probabilities associated to a binary test
(e.g. flipping a coin).
Be(x|8) = B7(1— B)'~* (A1)

where z € {0,1} , and if x = 1 represents a success (and z = 0 a failure), 3 is
then the probability of success, (0 < 8 < 1).

A.1.2 Binomial

The Binomial distribution gives the probability that for a number L of Bernoulli
tests (see definition above), the number of successes be x.

L! x 1—x

We have = € {0,1,...,L} and (3 is the probability of success (0 < 8 < 1).

Bn(x|6, L)

A.1.3 Gamma

The Gamma is a probability distribution defined over a positive random vari-
able x > 0 such that

Ga(z|a, B) = Fﬁ(::) zo L emhT (A.3)

with the constraint that & > 0 and § > 0. The function I'(-) appearing in the
normalisation factor is known as the Gamma function.
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A.1.4 Multinomial

The multinomial is a generalisation of the binomial distribution in the case
where there are K possible outcomes for each test (instead of 2 for the simpler
binomial). This is encoded by B8 = [B1,...,8k|", where (3 represent the
probability of observing the kth outcome. We have the usual constraints 0 <

5k§1andzkﬂk:1.

K
L
_ = T
Mn(x|B8,L) = T 115 (A.4)
k=1
where x = [r1,...,2x]' is the number of occurrences for each outcome and

L =3, y, is the total number of tests.

A.1.5 Gaussian (or Normal)

The multivariate Gaussian distribution of a random variable x € R with
mean p € RP” and covariance matrix 3 (which is by definition symmetric
positive definite) is defined by

N(x|p, B) =| 278 |77 e 30w 27 6m) (A.5)

A.1.6 Student-t

The multivariate Student-¢ distribution of a random variable x € R” with
mean p € R” is

v+1
2

I'(v/2+ D/2 1 1

St(x|p, X,v) = W | vnX |72 (1 + ;(X — )T (x u))
(A.6)
whereX is a D x D symmetric positive definite matrix (proportional to the
covariance matrix of the distribution), and v is called the degree of freedom of
the distribution. When v — oo the Student-t becomes a Gaussian distribution.
Physical principle Mid-IR spectra is very efficient at identifying pure sub-
stances because they tend to have very characteristic spectrum in this range

with peaks attributed to particular bonds.

A.2 Exponential family and GLM framework

Let us first remind the definition of the exponential family (Eq. (3.27)). Dis-
tributions of a 1-dimensional random variable T belonging to the family can
always be written as

t0 — b(6)

Pilow) = e {2

+ c(t, 1/1)} (A7)
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In this expression, 1 is sometimes called the dispersion (or nuisance) parameter
and 6 the canonical parameter and a(-), b(+), ¢(-, ) are some specific functions.
One can show that the mean and variance of the distributions are given by

E(T} = u=b(9) (A8)
Var{T} = " (6)a() = v(u)a(s) (A.9)

The function v(p) will be useful in the subsequent derivations.

In the Generalized Linear Model formalism, we are looking for a conditional
target distribution P(t|x;3,) belonging to the exponential family. The mean
of the distribution is imposed to be = g(n) where n = x' 3 and g(-) is called
the link function (also called the inverse link function sometimes). If n = 6
then g(-) is said to be the canonical link function.

Suppose that a set of input-targets pairs D = {(x,,t,)})_; is observed,
then the log likelihood of the parameters (3,) is

N
(D) = log P({ta}|{x,}i5.9) = 3 20

0 + c(tn, V) (A.10)

n

where 6, = V'~ (i), ptn = g(n,) and 1, = x! 3. The log likelihood is often
optimized with respect to the vector 8 by a Newton-Raphson procedure. Dif-
ferentiating (A.10) with respect to 8 leads to the following expressions (A.11)
and (A.12) for the gradient and Hessian respectively

_ ZN RNAUD)
Vﬁﬁ('D) = (tn ,Un)v('un)xn (A.ll)
N / 2 7
) = 32 (= g0

where 7, = x| 3. The Newton-Raphson update step for 3 is then
B — gD — (D)~ V54(D) (A.13)

Additionally, an estimate (see [63]) of the dispersion parameter can be com-
puted from

h (tn — p1n)?
a(y) = A.14
@)= o) (A.14)

If the regression problem is further regularized by means of a prior distri-
bution P(/3), one should add the contribution of this prior distribution to the
gradient and the Hessian.
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Appendix B

Datasets

B.1 Near-Infrared spectroscopy

This section gives additional information about the near-infrared spectroscopy
datasets used in the Chapter 3. The original spectra are plotted as well as the
outlier detection procedure (described in Section 3.4.4).

B.1.1 Tecator

These data are recorded on a Tecator Infratec Food and Feed Analyzer working
in the wavelength range 850 - 1050 nm by the Near Infrared Transmission (NIT)
principle [132]. Each sample contains finely chopped pure meat with different
moisture, fat and protein contents. The percentage of fat, water and protein
obtained by analytic chemistry are reported.

From the 240 original spectra, 6 outliers where detected. Figure B.1 presents
the original spectra and the outlier detection procedure.

B.1.2 Orange Juice

The dataset was provided by Pr. Marc Meurens, Université catholique de Lou-
vain, BNUT unit. The dataset is available at “www.dice.ucl.ac.be/mlg”. Please
acknowledge the origin if you use it and/or publish about it. The dataset con-
tains 218 near-infrared absorbance spectra of dry extract of orange juices. Each
observation is a 700-channel spectrum in the 1100-2500 nm range. The goal is
to predict the percentage level of saccharose.

From the 218 spectra, 7 outliers were detected. The visualisation of the
procedure is given in Figure 3.8 on page 101.
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Figure B.1: Visualisation of the Tecator spectra and the outlier detection pro-
cedure. (a) Original representation, (b) normalised representation (outliers
marked by thick lines), (¢) Mahalanobis distances: normalized vs. first deriva-
tive representations, (d) global mean vs. standard deviation of original spectra,
(d) target distribution of fat content. Markers correspond to the assumed out-
liers.
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B.1.3 Apple

The dataset was provided by Mohamed Hanafi from ENITIAA/ INRA (Unit of
Sensometry and Chemometrics), Nantes (FRANCE). The dataset contains 337
near-infrared absorbance spectra of apples. Each observation is a 110-channel
spectrum in the 1100-2190 nm range. The targets correspond to the crushing
forces necessary to insert a stem in the skin of the apples.

In Figure B.2 the original spectra and their normalised representation are
shown. Note that the spectra look already pre-processed and no outlier was
detected.

B.1.4 Chimiometrie 2006

The dataset was proposed at the conference Chimiometrie 2006 [106] for a
prediction competition. It contains 618 near-infrared spectra of dried and sieved
soil samples. Each observation is a 700-channel spectrum in the 1100-2498 nm
range. The prediction was aimed at three outputs, the proportion of Nitrogen,
the Cation Exchange Capacity and the percentage of Carbon. Additionally,
the dataset contains 207 validation spectra with missing targets.

Figure B.3 shows the original spectra and their normalised representation.
From the calibration dataset, 11 outliers were detected.

B.1.5 Shootout 2006

The dataset was provided by (i) David J. Brown, Montana State University,
Department of Land Resources and Environmental Sciences, USA; (ii) the Na-
tional Soil Survey Center Soil Survey Laboratory (NSSC-SSL), Lincoln, NE;
(iii) and by the Council for Near Infrared Spectroscopy, 128 N. Deer Run Drive,
Lincoln University, PA 19352 via the International Diffuse Reflectance Confer-
ence (IDRC) and ShootOut2006.

The dataset contains 2761 calibration spectra and 1423 validation spectra of
soil samples collected from all over the USA. Each spectrum is a 2151-channel
recording in the 350-2500 nm wavelength range. There are 8 constituents mea-
sures associated with the spectra: (1) Kaolinite [KK], (2) Montmorillonte [MT],
(3) Vermiculite [VR], (4) clay-size fraction (CL) [clay_g_kg], (5) cation exchange
capacity (CEC) [cec_nh4], (6) inorganic carbon [IC_g kg], (7) soil organic car-
bon (SOC) [SOC_g kg], and (8) sand-size fraction [sand_g kg]. The challenge
was asking the prediction for three of these constituents: the clay-size fraction,
the cation exchange capacity and the fraction of soil organic carbon.

Figure B.4 represents the Shootout spectra and the procedure used to detect
the 31 outliers (out of the 2151 calibration spectra). Note that for the analysis
of Chapter 3, only the clay size fraction and the soil organic carbon outputs
were used.
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Figure B.2: Visualisation of the Apple spectra and the outlier detection pro-
cedure. (a) Original representation, (b) normalised representation (outliers
marked by thick lines), (¢) Mahalanobis distances: normalised vs. first deriva-
tive representations, (d) global mean vs. standard deviation of original spectra,
(e) target distribution of crushing force applied. Markers correspond to the as-
sumed outliers.



B.1. Near-Infrared spectroscopy

1200 1400

1600

1800 2000

wavelength [nm]

2200

1200 1400 1600 1800 2000 2200 2400

wavelength [nm]

(a) (b)
15 0.07
« <
- . 0.06 B
1
oo
T G
o
w : *
+
0.5
0
0 0.1 0.2 0.3 0.4 0.8 1
5,[]
(c)
50
100 0% + * @ (04
45
90 - -
40
80
35 .
70
60 30
T . T
40 20
30 15
20 10
10 5
olin aeerlbe, o o e m
0 2 4 6 0 10 20 30 40 50
Target value Target value
(e) Nitrogen (f) Carbon

Figure B.3: Visualisation of the Chimiometrie 2006 spectra and the outlier
detection procedure. (a) Original representation, (b) normalised representation
(outliers marked by thick lines), (¢) Mahalanobis distances: normalised vs. first
derivative representations, (d) global mean vs. standard deviation of original
spectra, target distributions of (e) proportion of Nitrogen, (f) the percentage
of Carbon. Markers correspond to the assumed outliers.
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Figure B.4: Visualisation of the Shootout 2006 spectra and the outlier de-
tection procedure. (a) Original representation, (b) normalised representation
(outliers marked by thick lines), (¢) Mahalanobis distances: normalised vs. first
derivative representations, (d) global mean vs. standard deviation of original
spectra, target distributions of (e) the clay size fraction, (f) the soil organic
carbon. Markers correspond to the assumed outliers.



Appendix C

Complementary results

C.1 Probabilistic latent linear subspaces

Here are further developments for the derivation of the EM algorithm in Sec-
tion 2.3.1 on page 51.

C.1.1 Posterior distributions

To compute the posterior distributions of the latent variables, we write

P({xn} {un} {za}{yn})
= P({x,  {un}, {za} {yn D P({un} {20}, {yn ) P20 }{yn})

= HHP(Xnk|unkaznk == 17yn)P(unk|2nk = 1,Yn)P(an == ]-|yn) (C]-)
n k

Note that the latent variables x,, and z,; are not defined if z,; = 0, so the
factors P(Xnk|tUnk, 2nk = 0,¥n) and P(unk|znk = 0,y,) do not appear in the
posterior distribution.

The different factors of this posterior distribution can be identified by apply-
ing the Bayes formula and making use of the factorised model defined in (2.18)-
(2.21).

The posterior distributions of the low-dimensional latent vectors are given
by

P(Xnk|unkaznk = ]-7yn) X P(yn|xnkaunkaznk = ]-) P(Xnk|unkaznk - ]-)
o N (¥ WiXnk + g, unkTkIDp) N (¥nr]0, tnily)
1
= N (Xnk|ThCe W (¥ — tty,), —Ch) (C2)

Unk

for all n and k and where C,;l = 7';€VV,—'€—VV;C +1I;.
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The posteriors of the precision variables are obtained from

P(unk|znk = 1>Yn) 08 /P(yn‘xnkaunkaznk = 1)
: P(Xnk|unk72nk = 1) ank P(unk|znk = 1)

1
X N(yn“l‘lw Tkzk) ga(unk %a l%c)

T -1
_ ga(unk|D-&2-yk7 (Yn—ty) EkQ ()'n—ﬂk)-‘rl/k) (03)

for all n and k& and where 3, = WkW,I + Tk_llD. In this derivation, we
made explicit the marginalisation over the latent vectors x,,; which is described
in (2.4)-(2.6).

As the Gamma distribution is the conjugate distribution of the precision
parameter of a Gaussian distribution, the posteriors of the precision parameters
are also Gamma distributions.

Finally, the posterior probabilities of the indicator variables (called the re-
sponsibilities) are given by

P(an = 1|yn) X //P(yn|xnk’;unkaznk - 1) P(Xnk‘unkaznk = 1)

- P(unk|zng = 1) dXpk dunk P(zpg = 1)
X St(yn|ty, Xk, Vi) Tk (C4)

for all n and k. In the first line, we made explicit the marginalisation dis-
cribed in (2.12)-(2.15). The posterior probability that the observation y, was
generated by the kth component is thus

Syl S )
Pzpe = llyn) = C.5
Gk = 1) = S Sty bt S ) (G:5)

C.1.2 Log complete likelihood

Py} ixn} {un}, {zn})
= P{yn}l{xn}: {un} {za DP({xn {un } {20 }) P({un } {20 }) P({20n })

1
= H HN(yn|Wank + py, Ip)*"* N (x,x0, TkIJ)Z"’“
n k n

UnkTk

Golu|%, ) (CO)



C.2. Regression on NIR spectroscopy 163

log P({yn}, {xn}: {un}, {zn})

D UnkTk UnkTk
= 33 o M v e W

J Unk Unk

2 log —RE _ Ik 2
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Setting Q(+) to the posterior distribution derived above and taking the expecta-
tion of (C.7), we see that all we need to compute is pnx = Eq{znk}, log i, =
EQ{logunk}, Unk = EQ{unk}, Xnk = EQ{Xnk} and Snk = EQ{XnkXIk}. This
last expectation comes from the following rearrangement in the first line

X, Wi Wi, = tr (Wix,x,,, W, ) (C.8)

The resulting expectations are given in (2.30)-(2.34). Differentiating the ex-
pected log complete likelihood with respect to the parameters 8 = {(Wy, py,,
Ths Vi, Tk ) i, and equating to zero, we obtain the update rules in (2.35)-(2.39).

C.2 Regression on NIR spectroscopy

Tables C.1 and C.2 records the numerical values associated to the Figures 3.9
and 3.10 on page 104.

C.3 Collaborative Filtering

List of the most rated movies for each of the 7 profiles identified by the implicit
rating aspect model (see Section 4.2.5 on page 126).

PROFILE 1: 16.3 %

1) Mission: Impossible (1996) | Action | Adventure | Mystery

2) Face/Off (1997) | Action | Sci-Fi | Thriller

3) Rock, The (1996) | Action | Adventure | Thriller

4) Speed (1994) | Action | Romance | Thriller

5) Fugitive, The (1993) | Action | Thriller

6) Independence Day (ID4) (1996) | Action | Sci-Fi | War

7) Armageddon (1998) | Action | Adventure | Sci-Fi | Thriller

8) Hunt for Red October, The (1990) | Action | Thriller

9) True Lies (1994) | Action | Adventure | Comedy | Romance

10) Die Hard 2 (1990) | Action | Thriller

11) Twister (1996) | Action | Adventure | Romance | Thriller

12) Clear and Present Danger (1994) | Action | Adventure | Thriller
13) Air Force One (1997) | Action | Thriller

14) Mummy, The (1999) | Action | Adventure | Horror | Thriller
15) Batman Returns (1992) | Action | Adventure | Comedy | Crime

1) Star Wars: Episode VI - Return of the Jedi (1983) | Action | Adventure | Romance | Sci-Fi | War

2) Star Wars: Episode V - The Empire Strikes Back (1980) | Action | Adventure | Drama | Sci-Fi | War
3) Star Wars: Episode IV - A New Hope (1977) | Action | Adventure | Fantasy | Sci-Fi

4) Raiders of the Lost Ark (1981) | Action | Adventure

5) E.T. the Extra-Terrestrial (1982) | Children’s | Drama | Fantasy | Sci-Fi
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Table C.1: NRMSE prediction performance of the regression configurations

applied to the NIR spectroscopy datasets (Chapter 3). The empirical standard

deviation of the target values is given in the second line. The table records the
mean and standard deviation (under brackets) computed over the 20 repetitions

of the 5-fold cross-validation scheme (Section 3.4).

Bold results indicate the

best configurations for each task (with a 95% confidence t-test to assess the

significance of the difference).

Underlined results indicate the selected pre-

processing. Results continued in Table C.2
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Table C.2: NRMSE prediction performance, continued from Table C.1.
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6) Star Wars: Episode I - The Phantom Menace (1999) | Action | Adventure | Fantasy | Sci-Fi
7) Terminator 2: Judgment Day (1991) | Action | Sci-Fi | Thriller

8) Terminator, The (1984) | Action | Sci-Fi | Thriller

9) Alien (1979) | Action | Horror | Sci-Fi | Thriller

10) Aliens (1986) | Action | Sci-Fi | Thriller | War

11) Blade Runner (1982) | Film-Noir | Sci-Fi

12) Jurassic Park (1993) | Action | Adventure | Sci-Fi

13) Men in Black (1997) | Action | Adventure | Comedy | Sci-Fi

14) Abyss, The (1989) | Action | Adventure | Sci-Fi | Thriller

15) Star Trek: The Wrath of Khan (1982) | Action | Adventure | Sci-Fi

1) Stand by Me (1986) | Adventure | Comedy | Drama
2) Airplane! (1980) | Comedy

3) Princess Bride, The (1987) | Action | Adventure | Comedy | Romance
4) Ferris Bueller’s Day Off (1986) | Comedy

5) Beetlejuice (1988) | Comedy | Fantasy

6) When Harry Met Sally... (1989) | Comedy | Romance
7) Monty Python and the Holy Grail (1974) | Comedy
8) Ghostbusters (1984) | Comedy | Horror

9) Breakfast Club, The (1985) | Comedy | Drama

10) Big (1988) | Comedy | Fantasy

11) Rain Man (1988) | Drama

12) Raising Arizona (1987) | Comedy

13) Back to the Future (1985) | Comedy | Sci-Fi

14) Fish Called Wanda, A (1988) | Comedy

15) Christmas Story, A (1983) | Comedy | Drama

PROFILE 4: 14.2 %

1) Forrest Gump (1994) | Comedy | Romance | War

2) Toy Story (1995) | Animation | Children’s | Comedy

3) As Good As It Gets (1997) | Comedy | Drama

4) There’s Something About Mary (1998) | Comedy

5) Clueless (1995) | Comedy | Romance

6) Aladdin (1992) | Animation | Children’s | Comedy | Musical
7) League of Their Own, A (1992) | Comedy | Drama

8) Full Monty, The (1997) | Comedy

9) Groundhog Day (1993) | Comedy | Romance

10) Ghost (1990) | Comedy | Romance | Thriller

11) Four Weddings and a Funeral (1994) | Comedy | Romance
12) My Cousin Vinny (1992) | Comedy

13) Lion King, The (1994) | Animation | Children’s | Musical
14) Wayne’s World (1992) | Comedy

15) American President, The (1995) | Comedy | Drama | Romance

1) Godfather, The (1972) | Action | Crime | Drama

2) Casablanca (1942) | Drama | Romance | War

3) One Flew Over the Cuckoo’s Nest (1975) | Drama

4) Godfather: Part IT, The (1974) | Action | Crime | Drama

5) Butch Cassidy and the Sundance Kid (1969) | Action | Comedy | Western
6) Wizard of Oz, The (1939) | Adventure | Children’s | Drama | Musical
7) Psycho (1960) | Horror | Thriller

8) North by Northwest (1959) | Drama | Thriller

9) Annie Hall (1977) | Comedy | Romance

10) Taxi Driver (1976) | Drama | Thriller

11) Graduate, The (1967) | Drama | Romance

12) Gone with the Wind (1939) | Drama | Romance | War

13) Chinatown (1974) | Film-Noir | Mystery | Thriller

14) Citizen Kane (1941) | Drama

15) Amadeus (1984) | Drama

PROFILE 6: 13.7 %

1) Silence of the Lambs, The (1991) | Drama | Thriller
2) Braveheart (1995) | Action | Drama | War

3) Shawshank Redemption, The (1994) | Drama

4) Saving Private Ryan (1998) | Action | Drama | War
5) Fargo (1996) | Crime | Drama | Thriller

6) Pulp Fiction (1994) | Crime | Drama

7) L.A. Confidential (1997) | Crime | Film-Noir | Mystery | Thriller
8) Usual Suspects, The (1995) | Crime | Thriller

9) GoodFellas (1990) | Crime | Drama

10) Schindler’s List (1993) | Drama | War

11) Titanic (1997) | Drama | Romance

12) Good Will Hunting (1997) | Drama

13) Reservoir Dogs (1992) | Crime | Thriller

14) Sixth Sense, The (1999) | Thriller

15) Sling Blade (1996) | Drama | Thriller

1) American Beauty (1999) | Comedy | Drama

2) Being John Malkovich (1999) | Comedy

3) Gladiator (2000) | Action | Drama

4) Shakespeare in Love (1998) | Comedy | Romance
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5) X-Men (2000) | Action | Sci-Fi

6) Austin Powers: The Spy Who Shagged Me (1999) | Comedy

7) Sixth Sense, The (1999) | Thriller

8) American Pie (1999) | Comedy

9) High Fidelity (2000) | Comedy

10) Chicken Run (2000) | Animation | Children’s | Comedy

11) Election (1999) | Comedy

12) Erin Brockovich (2000) | Drama

13) Talented Mr. Ripley, The (1999) | Drama | Mystery | Thriller
14) Fight Club (1999) | Drama

15) Blair Witch Project, The (1999) | Horror
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