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Abstract

The purpose of this paper is to extend Gerber’s seminal paper on chains of reinsurance in
three directions: (i} to throw some light on the rationale of finite chains under the Stackelberg
equilibria introduced by Gerber, (i) to propose new non-cooperalive equilibrium concepts,
of the Cournot type, which allow the first reinsured to transfer more than 50 percent of its risk
if the risk aversion is the same for all companies, and (i} to compare the Pareto optimal and
the different equilibrium transfers of risk between reinsures.
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1. INTRODUCTION

In a recent and stimulating article, Gerber (1984) considers a
hierarchical system of reinsurance which comsists of a chain of propor-
tional reinsurances in which a member is in direct contact with only
two other members : the company he reinsures and the company which
reinsures him. Assuming a normal distribution for the original risk and
that each company maximizes its (exponential) utility functiom, it is
possible to compute the values of the quotas and the loadings for each
link of the chain whenever a behavior rule is specified for the companies.
Gerber first proposed that each reinsured let his reinsurer know how much
he is ready to buy as a function of the loading and the reinsurer,
knowing this function, determines the loading. In fact, and by analogy
with the theory of games, the resulting equilibrium is "2 la Stackelberg",
in the sense that the reinsurer acts as a leader, knowing the reaction
function revealed by the reinsured, the follower. Because of this infor=~
mation advantage for the reinsurer, we note this equilibrium Stackelberg 2,
or 82.

Unfortunately, it can be shown that under these assumptions the first
reinsured qluways retains more than 50 percent of his risk. Therefore,
Gerber introduces amother equilibrium concept of the Stackelberg type
where the reinsured is now assumed to be the leader. 1In this case,
depending on the risk aversion of the companies, the amount of risk
retained by the first company can vary between O and 100 percent. We
note this equilibrium concept Stackelberg i, or Sl.

Our purpose is to extend Gerber's paper in three directions. First,
we focus our attention on the determinants of the length of a chain
(Section 3). Taken alcne, transaction costs can of course explain why
infinite chains do mnot occur in real world situations. To avoid as
long as posgible this kind of tautological explanation, we try to deter-
mine endogenously the finitemess of the chains. More precisely, we esta=-
blish how the :expected utility of each company is related to the length

of the chain and to its position in the chain. In order to do that,



we have to assume that all companies have the same positive risk aversiom.

But, when risk aversions are identical, it appears that, even for
Stackelberg 1, the first reinsured retains more than 50 percent of the
original risk. Because we feel that identical risk aversioms in no way
is an unrealistic assumption for a large range of real world situationms,
Gerber's introduction of SI does not perfectly solve the problem. There-
fore, we propose new nonwcooperative equilibrium concepts which are of
the Cournot type and where the quota of the first link can vary between

S0 and 100 percent if risk aversions are equal (Section 4).

Finally, we determine the Pareto optimal values of the quotas and
the loadings and check how they differ from the equilibrium values
(Section 5).

Let us first recall the assumptions of the model together with

Gerber's results about both Stackelberg equilibria.

2, ASSUMPTIONS AND STACKELBERG EQUILIBRIA
2.1. Assumptions

We consider n+! companies which form a chain of reinsurance with n
links.

c(e) = 1nE {e%X] = pe + %cszt2

is the cumulant generating function of the normally distributed original
risk X (in terms of potential claims), where u = E(X] and ¢® = var [X] .

For each company, we suppose an exponential utility function for money

l -aix
ui(x) =-57-(1 - e

1

) (i=1,2,...,n+1),

where a;, the absolute risk aversion, is a positive constant. Company

-t
i (i=2,3,...,n) sells coverage to company i -1 for a fraction £ of



X and buys coverage fromcompany i+i for a fraction fi. "The first company
does not sell any reinsurance coverage, and the terminal reinsurer does
not buy any. If A1 is the 1oad1ng rate for the transaction 1, the company
i receives the premium £ (1 + Al Ju and pays the premium £ (1 + AHy.

701wl g+ aby
i ,’,,——f——-—_\\‘ -
0 SOk 6
gi=y £ix

Finally, let us remark that because of the normal distribution of X and

of the expomential utility functions, we have

Max E[ui(ax + B)] o Min C(-a;a) (n
and

E[ui(ax + B} =2 E[ui(yx +8)] o

C(-a a) - a, 8 N C(~a, y)-a 8, (2)
where o, B, Y and § are positive constants.

2.2. Stackelberg equilibria

In the following, f; denotes the reaction function of company j
in the transaction i.

Stackelberg 2

Company | (the first reinsured) maximizes its expected utility func-
tion

Elu (= (1 = £9)% - £1(1 + Ahy)

with respect to f! which determines its reaction function f1 = f! (A ) it
communicates to company 2 (the first reinsurer). Knowing this, company 2
maximizes its expected utility with respect to A! and f? which determines

its reaction function fi = f:(kz) it communicates to company 3, etc ...



i=1

In other words, company i (i=2,3,...,n), knowing fi_l(}\lq), maximizes

its expected utility
Dy s o - . .
Elu, (- (510, - £9X + £ .00+ X ) = £70 + AW

- .
with respect to A" and £'. Finally, company n communicates its reac-
tion function f:(ln) to the last reinsurer, company n+ |, which maxi-
mizes its expected utility

Blu, (- €% + £,(1 + ADw)]

with respect to )\n, i.e. it chooses the value of A". By successive subs-—
. . R . - -1

titutions, Gerber, using (1), then gives to £, A" ', 7 ,..., A', £!

a value in a recurrent form. If we assume identical risk aversions

(ai=a for i=1,2,...,n+1), it is possible to find an explicit solution
for i=1,2,...,n 2

. i+l n i
i _2 2 2" -1
£ n+l " 2’ k 3
2 -1 k»i 2" -1
7 2 i n i1
A*-—“[—nf; ~1+z 2 ] (4)
LY S| k=i 2°=1

Stackelberg 1

Company n+ 1 (the last reinsurer) maximizes its expected utility
with respect to £ which determines its reaction function f:.,., ﬂf:_‘_l()\n)
it communicates to company n (the last reinsured). Knowing this,

2 s : tq2 . -1
company n maximizes its expected utility with respect to A" and £"
n-1
n
to company n-2, etec... Finally, company 2 communicates its reaction

. . : . R - ~1, . .
which determines its reaction function f = 52 t(A“ ) it communicates
function f;()xz) to the first reinsured which determines the value of Al.
By successive substitutions, Gerber, using (1), then gives to £, A%,
£2,..., 2™, £% an explicit value which takes the following form if risk

aversions are idemtical :



. 2u+1-i 1 .
£ ' (5)
2™
i_od%a, i
A T (6)

for i = 1,2,..,.,n.

3. THE DETERMINANTS OF THE LENGTH OF A CHAIN UNDER
STACKELBERG EQUILIBRIA

As long as chains are considered, there are two ways for extending
them, either by addition of a last link (the last reinsurer becoming the
last reinsured), or by addition of an intermediate link (between two
companies in direct comnection in the original chain). In order to
explain the finiteness of the chains under Stackelberg equilibria, we
first determine how the expected utility of the companies inside and
outside the original chain is affected by its extension. If it is posi~
tively affected for all companies, it militates in favor of infinite
chains, ceteris paribus. If interests compete, the finitemess of the

chains is explained, in some sense.

To clarify the presentation and because the results under S2 are

not as general as those under S1, they are confined in footnotes.

The assumption of identical risk aversions is maintained throughout
this section.

“

3.1, Addition of a last link

It is possible to show that under S1, it is always in an outsider's

:

interest to reinsure the last company of an existing chain. Indeed,

it is proved if

Elu,, O] < E{u_, (- £™1x + % (1 + 2™y,



i.e., using (2), if

0 > g2a(g™ !y - g g )

Substituting £ and An+1 in (7) by their value from (5) and (6}, one
can check that the inequality holds!.

Moreover, it can be shown that the expected utility of each company
belonging to the original chain increases when a last link is added.
Indeed,

E[ui( . )](n_“) < E[ui( . )3(l‘l+2) (i=1,2,...,0+l),

where subscripts (n+l) and (n+2) indicate the number of companies in

the chain, is equivalent to

luy -7 e €70 AT £ 0D )< Bl ey
which reduces, using (2), to

Ny LR P ST £ S PIICE 5 P ®

Substituting in (8) f and A by their values from (5) and (6), the result
2,3 '

follows
Taken together, these results explain why chains exist. Moreover,
they militate in favor of infinite chains : addition of a last link is
to everybody's advantage. However, it is worthwhile to determine how
the expected utility of & company is related to its place in the chain.
Indeed, if this expected utility decreases with the place, the many
existence of positive transaction costs can explain the finitemess of

the chain., And one can establish that this is precisely the case :
E[ui_‘( 3] > E[ui( +)1] (1=3,4y.00,ntl).

Using (2), this inequality is verified if



ola(el72 - glmy? | geimnyin2 2617\ ¢

(3 . . . ] ] (g>
c2a(e™t - ghy2 - gl 2640,
Substituting in (9) f and A by their values from (5) and (6), the result
follows"*S,

3.2. Addition of an intermediate link

Because we have shown that it is always to the advantage of an out-
sider to become the last reinsurer of an existing chain and that the
expected utility of a company decreases with its place in the chain, it
follows that it is always to the advantage of an outsider to join the
chain between company i and company i+1 (1 € 1 <i+1 < n+ n.

But would all companies agree with this kind of extension of the
chain ? The answer is yes for all companies h (1 € h € i) because this
is formally equivalent to an addition of a last link. The answer is
a priori ambiguous for companies k (i+! < k < n+ 1) because this
addition of an intermediate link extends the chain but displaces them,
It can be shown that the final effect is negative :

E[uif )]

(n"'l) > E[ui.-l-l( * >}(n+2) (i' 2.3..-.,n+l)

i.e., using (2), that

2, el cdia o od-1yie) i, i

{g?a(f £°) 2877 AN Ty o+ 28t ”}(n+1) <
(10)

2_ ol L1412 i,i itl,i+1
lofa(e™ = £777)" = 2£*aty + 28 “](u+z)‘

Substituting in (10) £ and A by their values from (5) and (6), the result

follows®?7,

As long as the addition of an intermediate link is considered, the

finiteness of the chain is thus explained by the competing interests of



companies placed "before" and "after” the new intermediary.

4. EQUILIBRIA "A LA COURNOT"

The aim of this section is to propose new equilibrium concepts which
allow the quota of the first link to be higher than 50 percent of the
original risk when risk aversions are jdentical®. These equilibrium
concepts are of the Cournot type,i.e. each company acts as a follower,
taking the relevant loadings as comstants. The first company determines
its reaction funetion f; = £} (k ), company i (4 < i < n-*l) determines
its reaction functions f. = f. (f AL-J) nd f = f (f1 ! Al), and

the last company determ;nes 1ts reaction functlon f = (A ).

Two kinds of Cournot equilibrium can be considered, depending on how

the £, A' are computed, i.e. how the information circulates.

4.1. Trivial Cournot equilibrium

In the first case, we simply take the Zn (1+2(n-1) +1) reaction
functions as a system with 2n unknowns(fi,ki; i=1,2,...,n). The implicit
behavioral assumption behind thiz equilibrium is rather poor amnd we
therefore denote it Trivial Cournot equilibrium, or Courmot T. It is

easy to find the £ and A* in a recurrent form :

n+l .l,

i e 1 ak .

£t a kn:: (i=1,2,...,n) an
r L
k=1 2k

: 2

;\1=9u_-;;1_1... (i = 1,2,...,0) (12)



It can be checked that £' can vary between 0 and | depending on the risk
aversions, but that if they are identical, f! increases from 1/2 to
I, as n increases : if a chain exists under Cournot T (n > i), the

first reinsured never retains more than 50 percent of the original risk.

For reasons that will be apparent in the next section, it is worth-
while to rewrite (11). First, note that it implies the following equa-
lity :

i-1

—ffy va, (- =0 (i=1,2,..0m),  (13)

-ai_ (£ i+1

which defines a system of difference equations with boundary conditions

]
£9=1 and £ =0. Using the method of particular solutions, we find
that

fi=A+B( ai)i (G=1,2,...,0) (14)
3., e

if all risk aversions are not identical and n > 1® and where

a
A=1l=-3 on;l- °Z
n+1 3
a, a..
B~ a *Y -~ a 2’
n+1 1
afaz + aiazag - a;
Y > ,
a,a;
a, \n a__,\o=1
Z= (an*”an+1).(a ) T % ( a ) ’
n+1 n
and that
i i .
£ ’l-m (1'},2....,1‘1) (]5)
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if all risk aversions are identical.

4.2, Non-trivial Cournot equilibria

A more attractive way to define a Cournot equilibrium is to consider
that the equilibrium values "a la Cournot" of the fi and Ai are determined
liok by link, as under the Stackelberg equilibria. Then, it is not sur-
prising that two kinds of equilibria will similarly emerge, depending on
which company (the firast or the last one) is supposed to first determine

its reaction function.

Counnot 1

By analogy with Stackelberg 1, we demote Cournot !, or C!, the
Cournot equilibrium where the last reinsurer first determines its reaction
function f2+: = f:*l(kn). Together with the first reaction functiom of
company n : fg = fg(ln,fn_l), this determines the equilibrium values
"3 la Cournot" of f* and A" as functions of £ !, .Company n then deter-
mines its second reaction fumction f:"l = fz-l(ln-l). Together with the
first reaction function of company n-1 : f::: = fﬁ::(x“'l’fn~2)’ this
determines the equilibrium value of £27! gnd AR ag functions of fn“z,
ete ... Company 2, knowing the equilibrium values of £2 and A% as func~
tion of fl, determines its reaction function f; L] f;(A‘). Together with
the reaction function of company 1 : fi = f:(xl), this gives the equili-
brium value of £ and A!, and therefore, recursively, the equilibrium

values of £%, A2, £2, A%,..., ", A%,

Using Gerber's recurrent method for Sl, it is possible to derive
the equilibrium value of the f£' and A’ in the identical risk aversionms

case 3

fi' ) n]'-!l hk(l)
k=n=~1 h(1)+1

(i=1,2,...,n)
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RS- W ol ¢

—_— n (i=1,2,...,n)
peh” “(1) k=n-1 h(1)+1

where h(x) = and hg denotes the function h £ times composed,

e.g. h3(x) = h(h(x)).

(x+1)2
X+

Ton=1
Again, it is possible to check that £' = —E:T—Sll—— increases from
Ry + 1

1/2 to | as n goes from 1 to infinity.

Cournot 2

Here, company 1 first determines its reaction function ft = f:(k‘)
which, together with the first reaction function of company 2 @
f; = f;(kl,fz), determines the equilibrium value of f£' and A! as functions
of £, etc,.. Company n, knowing the equilibrium value ofgfn-‘ and A"
as functions of fn, determines its second reaction function
f:= fﬁ(kn). Together with the reaction function of the last reinsurer :
f:+1 - f:+l(kn), this gives the equilibrium value of £ and A" and then,
recursively, of f“-l, An-],..., £1, A%,

Uging Gerber's recurrent method for S§2, it is again possible to derive
the equilibrium value of the fi and Ai in the identical risk aversions
case, But, because Cl solution is more complex than SI, it is not sur-
prising that C2 solution is still more complex, S2 being already harder
to compute than S1. Indeed, it would take more than one page to write
down the equilibrium value of fi and Ai! Nevertheless, it is again

possible to check that f' is an increasing functionm of n with £' =

N -

ifn=1,

Whatever the Cournot equilibrium (CT, Cl or C2), it then appears
that the first reinsured never retains more than 50 percent of the

original risk if risk aversions are identical.
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5. REINSURANCE AND PARETO OPTIMALITY

In this last section, we first determine the Pareto optimal values
of the loadings and the quotas, amd then check how they differ from the
equilibrium values under $i, §2, CT, Cl and C2.

5.1. Pareto optimality

To find the optimal values of the loadings and the quotas, it is

necessary and sufficient to

n+l
max z YkE[uk} (16)
fi Al k=l
ki

(i=1,2,...,n)

where s (i=1,2,...,n0+1) are arbitrary positive weights. Using (2),
(16) is equivalent to

n+1

2

g% .. k-y | k(2 k1, k=1 K,k
r.nin. kfl Yy 5 ak(f £) quakf A + Yyha f AT,
gl

(i=1,2,...n)

n+l

where £% = | and £ = 0, The first order conditions give for

i=1,2,0.0,n
i
£ u(aiyi - ai+1Yiﬂ) a 0 (17

i-1_ i 2.2 i_ i
) + Vi, 0080, (£ =) +

i
HA (a.i\(.1 -a

- 2,2
Y; @ ai(f

4 Yie) = O a8

(17) and (18) reduce to

s { e _
—a (£ - e, (B - Y =00 (G=1,2,..0,0) (19)
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Note that (19) is equivalent to (13), the equation relating the fi at

the Trivial Cournot equilibrium. Since (14) and (15) gave an explicit
soclution for fi if (13) holds, we conclude that Pareto optimality implies
that, whatever the loadings Ai, (14) and (15) must be verified..

The first comment this result gives rise to is immediate : the
Trivial Cournot equilibrium guarantees a Pareto optimal solution., More~
over, we already noticed that if n = 1, i.e. if only two companies belong
to the chain,

R
£ 4, +va, (20)

_vunder Cournot T. But (20) is precisely, whatever A!, the famous Borch's
(1960) theorem in the exponential utility function case. This allows us
to consider (14) and (15) as the extemsion of Borch's theorem in the

exponential utility function case to chains with more than two companies.

The last question we then consider is the following : can non-
trivial non—cooperative equilibria guarantee Pareto optimal solutioms,

i.e. Pareto optimal quotas ?!°

5.2, Pareto optimality and non trivial equilibria

A glance at the relevant equilibrium value of f* reveals that the
ansver is negative, except under Cl and C2, when only two companies belong
to the chain, It is obvious that, in this case, Cl, C2 and CT determine

the same Pareto optimal equilibrium.

By way of a first summary, we then propose to put in a graph the
five non-cooperative equilibria here studied together with the Pareto
optimal solutiong, when n = 1.

It can be checked that

3,

a +a
2

for 7 o1 T fe2 7
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2
[+ alaz

1 2 31 a3l o
>‘CT AC) }‘CZ u?al*-azi

£l o= ___il__ s £2 = )
81 a +2a, ’ "s2 Ealﬂx2
2 2
¢%aa, X o al(al-raz)

1 = : -
ASI ulat+2325 } }‘82 uiZal+az) *

If we define the resarvgtion quota function of company i as the quota

f; of the original risk which makes it indifferent (in terms of expected
utility) between belonging and not belonging to the chain, it is possi-
ble to show that

_2u!

‘2
o%a,

l.z-

and

£ . 2!
2 2
ota,

when n = 1, If, for a given A!, £! > f; {i=1,2), the transaction does

not occur.
Let us finally recall the relevant reaction functions :

flal—ELl_
1 2
cal

and

1
£l = HA

2
Uaz

.

Figure | restates all this information together with the indiffe-

rence curves of both companies, when a > 32“ . AE is company | reac-

tion function with the maximum expected utility at A. OD is company 2



£la
] A B c P
CT =Gl =C2
3 r |F
=fer™fez
s1
]
b e e ———— e - t s2
fs1 i f
2 + -
£52 i | !
| 1 1
| { {
i ] 1
i ] ]
i ] i
0 ‘I 1 ‘l ] i‘
A1 rerer®ie As2 E
FIGURE |

reaction function with maximum expected utility at D. At. the inter-—
section of these functions are the Cournot equilibria. At the tangency
point between company 2 (resp. 1) reaction function and the highest

company | (resp. 2) indifference curve, is 81 (resp. S2). CE (resp. OB)
is the reservation quota function of company { (resp 2)}. For all

(f1,ll) to the left of CE, company | is then better off than in the no
reinsurance case. The same for company 2 for all (£*,2") to the right
of OB. As already mentioned, all equilibria define (£',A') acceptable

by both companies, i.e., in OBCE. Finally, the horizontal axis at F
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gives the Pareto optimal allocations of the risk between the companies,
determined by the tangency points of their indifference curves. The

Cournot equilibria are one of these allocations, as shown.

6, CONCLUSIONS

Extending Gerber's paper, ouf purpose was here threefold : (i) to
throw some light on the rationale of finite chains of reinsurance under
the Stackelberg equilibria introduced by Gerber; (ii) to propose new
non-cooperative equilibrium concepts, of the Cournot type, which allow
the first reinsured to transfer more than 50 percent of its risk if
the risk aversion is the same for all companies, and (iii) to compare
the Pareto optimal and the different equilibrium transfers of risk

between reinsurers.
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FOOTNOTES

n+!
A

ISubstituting £ and in (7) by their value from (3) and (4), ome

can check that inequality (7) also holds under S2.
ZNote that when i = 1, £ = | and A7 = 0. Symmetrically, when
i=mn+l, £' = 0 in the left hand side of inequality (8).

3The same result holds under $2, except that the expected utility of the
last reinsurer decreages if he is reinsured, because he looses, in some
sense, part of his leadership with this addition of a last link : he
becomes a follower. This confirms that Gerber was not right when,
noting. that Ai decreases with the length of the chain, he claimed it is to the
advantage of the original chain to add a last link. As inspection of
(3) - (6) reveals, it is true that, whatever the Stackelberg equilibrium,
the li are decreasing functions of the length of the chain and, moreover,
the fi are increasing functions of this lemgth. But, taken alone, this
information cannot be a priori sufficient conditioms to say that each
company would agree with the extemsion of the chain.

“Note that when i = n+l, £+ = 0,

SWhile it cannot be proved with full generality, examples suggest that
this result also holds under S2.

SNote that when i = n+l, £- = O in the left hand side of (10).

7Again, while it cannot be proved with full generality, examples suggest
that this result also holds under S2.

80ne can show that with identical risk aversions, £' increases from
1/3 and approaches 1/2 (resp. 0,393 ...) under Sl (resp. $2), as n

increases.

] 1 2
n=1 o —
1t » £ a, +a,



- 18 -

'°0f course, this leaves the question of possible Pareto optimal coope-

rative equilibria open.

tlrg a, were not greater than a,, only the relative positions of fél and
féz, and of B and C in Figure 1 would change. Note that AC = AD as

a, s 2a2-
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