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ABSTRACT. We obtain large N asymptotics for N x N Hankel determi-
nants corresponding to non-negative symbols with Fisher-Hartwig (FH)
singularities in the multi-cut regime. Our result includes the explicit
computation of the multiplicative constant.

More precisely, we consider symbols of the form we , where V' is
a real-analytic potential whose equilibrium measure py is supported on
several intervals, f is analytic in a neighborhood of supp(uv ), and w is
a function with any number of jump- and root-type singularities in the
interior of supp(uv).

While the special cases w = 1 and wef = 1 have been considered
previously in the literature, we also prove new results for these special
cases. No prior asymptotics were available in the literature for symbols
with FH singularities in the multi-cut setting.

As an application of our results, we discuss a connection between
the spectral fluctuations of random Hermitian matrices in the multi-cut
regime and the Gaussian free field on the Riemann surface associated
to py. As a second application, we obtain new rigidity estimates for
random Hermitian matrices in the multi-cut regime.
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1. INTRODUCTION AND MAIN RESULTS

In this article, we study the asymptotics of Hankel determinants Hy ()
as N — oo, where
N-1
(1.1) Hpy(v) = det (/ x”jy(a})dx) ,
R 4,j=0
for certain integrable functions v = vy : R — [0, 00) which we allow to vary
with V. An important reason to study these objects is their connection to
statistical mechanics and matrix integrals.
For instance, the classical fact (see e.g. [49, Chapter 3]) that Hy has the
multiple integral representation

N
(1.2) Hy(v) = ]\1“/ H (z; — xj)Q H V(xj)dftj,
CIRN cidi<n j=1
provides a connection to the statistical mechanics of a gas of particles inter-
acting through a logarithmic repulsion.

The viewpoint of matrix integrals stems from the fact (see e.g. [49, Chap-
ter 5]) that if dM denotes the Lebesgue measure on the space of N x N
Hermitian matrices and V' : R — R is a smooth function with sufficient
growth at +oo, then

(1'3) HN(C_NV) _ ?V]V'/e—NTrV(M)dM’

N
dM =[] dM;; [ dReM;;dimM;;,
j=1 1<i<j<N

where cy = 7~ N(V-1)/2 Hévzl j!. The trace in (1.3) is interpreted as Tr V' (M)
Eévzl V(}j), where (A1, ..., Ay) € RY denote the eigenvalues of the matrix
M.

Such integrals play a role in a number of different fields: for example,
they can be used to enumerate certain graphs [11, 60], they are connected to
orthogonal polynomials, and they are important in random matrix theory
[49]. The last two subjects feature prominently in this paper. We now
discuss the role Hankel determinants play in the theory of random matrices,
while we return to the connections to orthogonal polynomials in detail in
Section 2.1.

Consider the probability measure whose density is proportional to

(1.4) e NTVIM) gpg
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on the space of Hermitian NV x N matrices, and denote the eigenvalues of
M by Ai,...,An. The marginal density of Aq,..., Ay is proportional to
Thicicjoni = X)) TIL, eV and it follows from (1.2) that

w9 et _ Ix(er™)
HN(efNV) )

for suitable functions g, where E is the expectation over the random matrix
ensemble, and the trace is interpreted as in (1.3). Thus asymptotics of (the
ratio of) Hankel determinants translate into characterizing the asymptotic
behavior of the random variable Trg(M) as N — oo, which in turn is of
interest because it yields information about the spectrum of the underlying
random matrix. Expectations of the form (1.5) and their generalizations
have been studied extensively. It is a classical fact (see e.g. [49, Section 6])
for rather general classes of functions g, that the leading order behavior of
Trg(M) is governed asymptotically by a deterministic quantity which can
be written as N [ g(z)duy (z), where py is known as the equilibrium mea-
sure associated to the potential V. We return to the equilibrium measure
in more detail in Section 1.1.1 below, for now we simply mention the prob-
abilistic interpretation which is that it describes the asymptotic density of
the eigenvalues of M as N — 0o, and in this limit all eigenvalues of M will
lie in any fixed neighbourhood of the support of y with probability tending
to 1.

Our goal in this paper is to obtain asymptotics for (1.3) and (1.5) for
certain potentials V' and functions g, and before moving on to the technical
details we give a brief overview of the situations in which we are interested.
We require V' to be real analytic, satisfying V(z)/|logz| — 400 as  —
400, and that the equilibrium measure of V is k-cut regular, k = 1,2,...,
which means that duy is supported on k intervals and additionally satisfies
certain technical conditions which we define in Section 1.1.1. Under these
conditions, we are interested in the following problems:

(a) Computing asymptotics for the partition function Hy(e ™) up

to and including the multiplicative constant. In the one-cut case
(k = 1) complete asymptotics are by now well-known; they have
been studied by Ercolani and McLaughlin [60], Bleher and Its [13],
Borot and Guionnet [17], Berestycki, Webb and Wong [9], and Char-
lier [29]. Obtaining asymptotics in the multi-cut case is a technical
challenge, and has been studied both in the physics community by
among others Eynard (see e.g. [62]), and in the mathematics commu-
nity by Borot and Guionnet [17, 18], Claeys, Grava and McLaughlin
[40], Sandier and Serfaty [95], and Shcherbina [97].

1Typical generalizations are e.g. f-matrix models, where in (1.2) the term (x; — x;)?
is replaced by |z; — z;|°. A number of the references below also cover this more general
setting, e.g. [17, 18, 62, 77, 95, 97].



HANKEL DETERMINANTS WITH A MULTI-CUT POTENTIAL 5

While all of the above mentioned papers study the same problem,
the authors have focused on different goals. The work by Sandier
and Serfaty holds in an impressive level of generality, and covers not
just potentials which are regular but a wide class of potentials, up
to a multiplicative error term of O(N). The works of Eynard and of
Borot and Guionnet look at the structure of the full expansion in the
multi-cut regular case. The work of Claeys, Grava and McLaughlin
[40] is restricted to 2-cut regular potentials, and in this case a par-
ticularly elegant result is obtained, describing the asymptotics up to
and including the multiplicative constant, in terms of the equilib-
rium measure py and special functions such as Jacobi’s #-function
and elliptic integrals.

One of the main goals of the current paper is to obtain an analogue
of the results in [40] in the k-cut regular situation for k = 3,4,...,
and in Theorem 1.1 below we present asymptotics for Hy (e V)
valid up to and including the multiplicative constant. Our formula
is described in terms of the equilibrium measure and special functions
such as Riemann’s #-function. Our formula is also valid for k = 2,
in which case it agrees with the results of [40]. In the special case
where V(z) = 2£10,(x)?, and II; is a monic polynomial of degree
k with k real and distinct zeros and v > 0 is fixed and sufficiently
large, then the equilibrium measure is k-cut regular, and in Remark
1.2 we provide a simplification of the asymptotics of Theorem 1.1.
Computing the asymptotics of Ee™ /(M) for f which is real on R
and analytic in a neighbourhood of the support py . In the one-cut
case this was solved by Johansson [77] for certain classes of polyno-
mial potentials and has later been approached for one-cut regular
potentials through a variety of methods, see e.g. [17, 9]. It follows
from these works that as N — oo, Tr f(M) — N [ fduy converges
in distribution to a normally distributed random variable.

In the k-cut regular setting, this no longer holds in general, as first
noticed by Pastur in [91], and further developed by Shcherbina in
[97] and Borot and Guionnet in [18]. Borot and Guionnet provided
a formula for Ee™/(M)=N[fduv in terms of Riemann theta func-
tions, and made the remarkable observation that the fluctuations of
Tr f(M) — N [ fdpy can be understood as being asymptotically a
sum of two independent contributions: a normally distributed ran-
dom variable, and a “discrete Gaussian” random variable whose dis-
tribution depends on N. Both of the works [97, 18] as well as more
recent work of Bekerman, Leblé, and Serfaty [8] give conditions on
V and f under which one does have convergence to a normally dis-
tributed random variable in the k-cut case.

We derive asymptotics for Ee™ /(M) by giving a proof in terms of
Riemann-Hilbert techniques, which are similar to the asymptotics
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obtained in [18]. This is the simplest aspect of our paper, after set-
ting up the Riemann-Hilbert problem the proof is only four pages.
We give a new interpretation of the result by identifying the “nor-
mally distributed part” of Tr f(M) — N [ fduy as coming from a
variant of the Gaussian free field on a torus with k — 1 holes — this
is due to the covariance kernel being the bipolar Green’s function on
this surface.

(c) Obtaining asymptotics of Hankel determinants with Fisher-Hartwig
singularities in the support of the equilibrium measure, of both
root-type and jump-type. Namely, in the most general setting of
this paper, we study the asymptotics of Hy(vy) with vy(z) =
el @ (x)e=NV(®@) | where f is real and analytic in a neighbourhood
of supp(uy), and w(x) = ?:1 Wa, (7)wp, (x) where

. eﬂ-iﬂj Tr < t
Wa, (T) = |z — 15|, wg, (x) = {e—méj T > tj~
) =9

with a; > —1 and Re3; = 0 for all j, with ¢1,...,t, in the inte-
rior of the support of uy (i.e. in the bulk of the spectrum of the
underlying random matrix ensemble). In the one-cut case this was
solved in a series of papers by Krasovsky [80], Garoni [73], Its and
Krasovsky [76], Berestycki, Webb and Wong [9], and Charlier [29],
but no progress has been made in the multi-cut case. In Theorem
1.5 below, we provide complete asymptotics up to and including the
multiplicative constant in the multi-cut case.

In Section 1.6 we apply these results to obtain some rigidity es-
timates for the eigenvalues in the bulk of the spectrum — estimates
which provide upper bounds on how much particles in the bulk can
fluctuate from their expected locations.

For each of the three problems, our proof relies on the asymptotic analysis
of orthogonal polynomials with exponential weights, through the analysis of
Riemann-Hilbert problems. The asymptotics of such polynomials have been
thoroughly analyzed in the multi-cut setting in [52, 51, 14]. Additionally,
double scaling limits moving between one-cut support and two-support are
relevant and have been well studied, see e.g. [45, 15, 46, 10, 39, 87], although
these particular transitions do not feature in the current paper.

Before stating our main results in Sections 1.2-1.4, we discuss some back-
ground concerning equilibrium measures and Riemann theta-functions in
Section 1.1.

1.1. Preliminary setup. We describe all of the mathematical objects in
terms of which our results are presented, namely equilibrium measures, 6-
functions, and certain Riemann-surfaces.

1.1.1. Equilibrium measures. A key concept for us will be the equilibrium
measure associated to the confining potential V. We will assume in what
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FIGURE 1. The support J = supp(uy).

follows that V' : R — R is a real analytic function satisfying

(1.6) T ACOR.

|z|—o0 log ||

The associated equilibrium measure py is the unique minimizer of the energy
functional

(1.7) Iy // log |z — y| ™ tdu(z)du(y /V Ydp(x
RxR

defined on the space of Borel probability measures on R.

The equilibrium measure plays a crucial role in our analysis. As an in-
troduction to equilibrium measures in the setting of random matrices we
suggest [49, Chapters 6.6 and 6.7] and [92, Chapter 11.2].

The equilibrium measure py may alternatively be characterised through
the Euler-Lagrange equations [94, Theorem 1.3, Chapter 1.1] — namely uy
is the unique Borel probability measure with compact support and finite

logarithmic energy Iy (uy) < 0o, such that there exists a real constant ¢ for
which

(1.8) 2/log |z —ylduy (y) = V(z) — ¢ for x € supp(py ),

(19) 2 [logle~ylduv(n) V(@) ~ ¢ for o ¢ supp(y).

It was proven in [50] that when V' is real analytic satisfying (1.6), then
the support of uy consists of a finite union of closed intervals, which we
denote by

k
(1.10) J = supp(uy) U a;,bj

with —00 < a1 < b1 < as < ... < by < co. Moreover, it was proven that for
x € J, the density of py has the form

dpy (x ):%/)V( )dzx

(1 v (@) = SRV @y (@)

where hy(x) is a real analytic function, and where Ri/ 2(ac) denotes the
boundary values from the upper half plane of the function

k
(1.12) RV (z) =[] ((z = aj)(= = )2,
j=1
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with branches chosen such that RY/2 is analytic in C \ J and as z — oo,
RV2(2) ~ 2F.

We will throughout the paper assume that the inequality (1.9) is strict
and that hy does not vanish on J. If V satisfies these conditions, then we
say that V is k-cut regular.

Let Uy be the domain of analyticity of V' — in particular, as V is real
analytic, R C Uy. Then ¢y admits an analytic continuation to Uy \ J (see
[50]):

(1.13) by (2) = {%R”Q(Z)hv@), if 2 € Uy \ J,

LRV ()hy(2), ifze .

™
With this notation ¢y (z) is well-defined for all z € Uy, but analytic only in
z e Uy \ J.

By deforming the contours of integration in a suitable manner and taking
the derivative of (1.8) with respect to x, one obtains the following useful
formula
[ Yv(w)

rTTr—w

where I is a closed curve oriented counter-clockwise in Uy containing « and
J. By relying on (1.14) it is simple to verify that
1 V'(z) dz
1.15 h = — —.
(1.15) v(@) 4mi Jp z — x RY2(2)

Additionally, 1y satisfies

aj+1
(1.16) / Yy (x)dr =0
b

J

for j =1,2,...,k — 1. Formula (1.16) is verified by representing V(a;+1) —
V' (b;) in terms of the left-hand side of (1.8), and comparing to the integral
of the right-hand side of (1.14) from b; to a;j41.
We will also find it convenient to introduce the notation
be k
(1.17) 0= [ =Y o)
aj+1 I=j+1
forj=1,...,k—1.

1.1.2. Theta functions. Another central object appearing in our analysis

when k > 2, is the Riemann 6 function. For a (k — 1) x (k — 1) symmetric

complex matrix 7 with positive definite imaginary part, one defines 6(-|7) :

Ck1 -5,

(1.18) 0(€) = 0(ElT) = O(Er, ., Gpa|r) = D e2mim it
neZk—1

They appear in the study of Riemann surfaces and we will return to their
properties in greater detail in Section 3.



HANKEL DETERMINANTS WITH A MULTI-CUT POTENTIAL 9

FIGURE 2. The canonical homology basis of S we consider.
The solid parts are on the first sheet and the dashed parts
are on the second sheet.

We define theta functions with characteristics o, p € C¥~1 by

0[] (€) = emioTarmiet € PG (¢ 4 7o 4 B)
(119) o Z e?ﬂi(n—i—o()T(£+[3)+7ri(n+o()TT(n+(X)’

nezk-1

for £ € CF~1. Since § = 0[], all identities for 0 [§] are also valid for 6 by
setting «, B8 = 0. Note that £ — 6 [g] (€) is an entire function of £ € CF~1,
Now assume that 2, 2p € ZF~1. If 4a”B is even, then [E‘] is an even
function, and if 4« B is odd, then [g] is an odd function (and in particular
0 [8] (0) =0). A fundamental property (see e.g. [66, Chapter VI]) of the 6-
function is the quasi-periodicity property: if we write e; for the jth standard

unit vector of CF~! and 7; for the jth column vector of 7, then for all
g c (Ck:—l

0[5 (€ +5) = (170 5] ©)
(1‘20) o 2B —miT; ;2T [X
0 [3] (€ +75) = (—1)Fse ™2™ [g] (€).
1.1.3. Riemann Surfaces. Let k > 2, and let S be the two sheeted Riemann
surface associated with RY/ 2(2), constructed by gluing two copies of the
Riemann sphere C U {co} along J, in such a manner that RY/?(z) is mero-
morphic on S, with a pole at oo on both sheets. Then J+ on the first sheet is
identified with J4 on the second sheet, where Jy = {lim,jox £ie: = € J}.
As z — o0, 2 *RY?(2) — 1 on the first sheet, while on the second sheet
2 FR1/2(z) - —1. S is topologically equivalent to a torus with k& — 1 holes,
and is thus of genus k — 1.

Consider the cycles Aq,...,Ax_1 and By,...,Bi_1 in Figure 2. Each
cycle Bj lives on the first sheet and encloses U!_, [a;, b;], while each cycle A;
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lives on both sheets, entering the first sheet in the interval (aj41,bj41) and
passing to the second sheet through the interval (a;,b;).
By standard theory, see e.g. [66, Chapter I11.2.8], there is a unique basis

of holomorphic 1-forms wy,...,wg—1 on S satisfying
(121) % w_j = 51"]‘7
A;
fori,j =1,2,...,k —1, and each wj is of the form
Q;(2)
(1.22) wj(z) = RI2(2) dz,

where Q;(2) is a polynomial of degree at most k — 2 (see e.g. [66, Chapter
I11.7]).2

Note that by our definition of A; and w;, we have by contour deformation
that

o Ai+1 Q(x)
(1.23) %4 wj=—2 /b le/Q(x)dx,

(3

where the integral on the right-hand side is taken on the first sheet, from
which one can deduce (since R'/? is real on (b;,a;11)) that the coefficients
of Q; are real valued.

An important quantity constructed from wj; is the period matrix 7 =
(7ij )fj;ll defined by

(1.24) Tij :% wy.

We recall from [66, Chapter IIL.3] (see also [96]) that 7 is symmetric, that
the entries of 7 are purely imaginary, and that —i7 is positive definite.

The Abel map. Define the Abel map u(z) = (u1(2),...,ur_1(2))" by

4
(1.25) uj(z) = /bk RQl]/gZ) ds, z € (CU{oo})\ (—o0, by],
where the integration contour does not cross (—oo,bg]. For k > 2, we let
o= %61 and let B = %Zf;ll e; throughout the paper. Then 4’ is odd.
Furthermore [§] is a non-singular characteristic, meaning that 6 [§] (u(z))
is not identically zero, see Lemma 3.5 below. It is a well known fact, for
which we also provide a proof in Lemma 3.5, that for fixed A € C\ J,

03] (u(z) — u(N)
(1.26) O(z) =5 (8] (u(z) + u())

2By Q;(2), we mean Q;(P(z)), where P is the projection from S onto the complex
plane.
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is analytic on C\ J as a function of z, with a single zero at z = A. Here and
below, unless otherwise stated,  [§] = 6 [g] (-|7) with 7 as in (1.24). When
k=1, (1.26) is not well defined. In this case, we define

bl — ai Z— A
2 RY2(2)RY2(N) + zA + arby — ‘“'ZH’I (z+ N
_ 2 —RPEHRVEO) 4 2A +arb - “5 (2 + )
b1 — ay z— A '
Furthermore, provided A € C\ J is fixed, O(z, \) remains bounded in a
neighbourhood of J. Since 6 [§] is odd, ©(z,A) = —O(), 2). Define

O(z,\) =

(1.27)

0
EFEDY log ©(z, A).

Then W is meromorphic on C \ J, and has a double pole at z = A. In
Proposition 3.6 below, we prove that

(1.28) Wi(z,A) =W\ z) =

(1.29)
1 12\, (Y], 5 ey
where 7 is defined by
bz —b; i
(1.30) W):H(Z_a]) ,  zeC\J
j=1 J

and we choose the branch of the root such that v is analytic in C\ J and
v(z) = 1 as z — oo.
Finally, define

0 0
(1.31) wz(A\) = Y logO(z,\) = N log ©(\, 2).
In (5.16) we provide the alternative representatlon
RYV2(2) a+1 dx
1.32) w,(\) = ——— 2 +2RY?(2 / —_—.
(1.82) ws(2) RIZ(\)(A — + Z“ b,  RY2(x)(z - 2)

We are now in a position to state our main results.

1.2. Main results: asymptotics of Hy(e V). The simplest example is
the setting of the Gaussian Unitary Ensemble. It is a classical result (see
e.g. [86, equation (3.3.10)]) that the asymptotics of the Hankel determinant
with quadratic potential are given by

(1.33)

1, 1 1
log Hy (ﬂ"Nﬂ) =—N? <3 — —log ) +N 1og(27r)—E log N+¢'(=1)+O(N 1),

4 2 4o

uniformly for o in compact subsets of (0, +00) as N — oo, where ¢'(—1) is
the derivative of the Riemann-zeta function at —1.
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More generally, for one-cut regular potentials V', the problem has been

studied in [60, 13, 17, 9, 29|, and by [9, Proposition 5.5] or [29, Theorem
1.1] we have

1
(1.34) log Hy(e™™V) = —N%Iy/(uy) + N log 27 — 3 log N

I 7 13
FC(-1) oL lo (wal)w(b;ybl @l ) Lo,
as N — oo, where Iy was defined in (1.7) and
) e lim | YA
(1.35) P(q) == )1\13;77 o q)1/2 ,

for q € {al,bl}.
When V is two-cut regular, Claeys, Grava and McLaughlin [40, formula
(1.9)] obtained the following asymptotics

1
(1.36) log Hy(e™™V) = —=N?Iy(uy) + N log(27) — 6 log N + log)(NQ)

1 Kk 1 ~
P - Llog L ST ogig)
qE{aj:bj}Eﬂ

2
1 1 _
+ 3 log(by — b1)(az —ay) — 8l]§110g |bj — ai| + O(N b,

as N — oo, where k = /{@2=00(ba=a1) o g ¢

_rl d
(b2—b1)(az—a1) (k) = fO /(1_362)9(61_1{2962)

complete elliptic integral of the first kind, and where 1& is given by (1.35)
for ¢ € {aj,bj}?zl. In [40] the constant 7 in 6(-|7) had the alternative
representation iK (k') /K (k) where k¥’ = /1 — k?; one may verify that this
indeed matches our 7 by standard formulas in [74, 3.147].

In the k-cut regular case an asymptotic formula was obtained by Borot
and Guionnet [18], who found that as N — oo,
(1.37)

k ~
log Hy(e V) = =N2Iy (uy)+N log(2r)— 5 log N+log O(NQ)+CH+O(N™).

is the

The formula for C is rather involved (see Theorem 1.5 and Proposition 7.5
in version 5 of [18]), and we have not found any direct comparisons between
(1.37) and (1.36) in the literature. This left the open problem of whether
in fact, for kK = 3,4, ..., there is a simple expression for C such as the one
appearing in (1.36) in the two-cut case, which we address in the following
theorem.
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Theorem 1.1. Let V : R — R be real-analytic, satisfying (1.6), and assume
that V' is k-cut reqular for some k > 2. Then

H(NQ)
6(0)

k
(1.38) log Hy(e ™) = —N2Iy (uy) + N log(27) — 12 log N + log

) N
T S T0)

a€{a;biYh_,

k
+ 513< > [log(a; — ar) +log(b; — b))l — Y _ log|b; — al‘) +oll);

1<I<j<k l,j=1

as N — oo, where Iy was defined in (1.7) and where 1 is given by (1.35)
for q € {aj,b}5_;.

We provide an outline of the proof of Theorem 1.1 in Section 2.5. To make
a comparison between Theorem 1.1 and the asymptotics of Claeys, Grava
and McLaughlin presented in (1.36), we rely on the identity K (k) = 76(0)?,
and we find that the formulas match. We have not been able to make a
comparison with the results of Borot and Guionnet [18].

The function N — 6(NQ) is in general quasi-periodic, however for certain
potentials V' it is periodic, e.g. if py([aj,b;]) = 1/k for j =1,..., k. We
now provide details for a class of polynomial potentials where this holds, and
furthermore the asymptotics of Theorem 1.1 simplify. Let II; be a monic
polynomial of degree k with k distinct real roots, and let 1/v* be the smallest
local maximum of IIj(z)2. Suppose that v > v*, so that IIy(z)% —1/v has 2k
zeros, which we denote by a; < by < --- < ap < bg. Then it is well-known
that (see e.g. [92, Theorem 11.2.7]) the potential V (z) = 2£1I;(x)? is k-cut

regular, J := supp(uy) = U¥

j:l[ajv bj], and

2
(1.39) dpy (z) = ;Zm;f(:pn /v —T2(x)dx,  for € J.

We provide a proof of (1.39) in Section 2.7 for the reader’s convenience,
where we also prove the following corollary.

Corollary 1.2. Let V(z) = 2211,(x)? and let v > v*. Then, as N — oo,

vy N2 k 0(rQ)

log Hy (e =~ (3/2+logv + 2log 2)+N10g(27r)—ﬁ log N +log 5(0)

k k k 1
+§log2—1—610g1/+—10gk‘—|—kcl(—1) Z 10g’H;€(q)|

12 16
q€{a; b},
) k
+8< S [los(a; — ar) + log(b; — br)] - Zlogwj—an) + o)
1<i<j<k 1,j=1

where r = N mod k.
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F1GURE 3. The second canonical homology basis of S we
consider. The solid parts are on the first sheet and the dashed
parts are on the second sheet.

1.3. Main results: ratio asymptotics Hy(Fe V) /Hy(e™V). We con-
sider k-cut regular potentials V', and consider the ratio asymptotics Hy (Fe V) /Hy (e
under the following assumptions on F"

fNV)

Assumptions on F.

(a) F is non-negative on R. On any compact subinterval of R, F' is
bounded and integrable.
(b) f(z) =log F(x) is real analytic in a neighbourhood of .J.

(c) There exists ¢ > 0 such that efv(f3> — 0 as ¢ — too.

When V is one-cut regular, the problem has been well-studied (see e.g.
[77, 17, 9]), and the following asymptotics hold as N — oo:

—NV
(140) ENEE) N @)
Hy (e NV)

o L f R2GE) f(x) o dz
o (2fi—‘ 2mi /JRl/Z( )(:L‘—z)dmf (2)27”) (1+O( ))a

where I is a closed loop oriented clockwise containing [aq, b1].

When V is k-cut regular, the problem has been studied in [97, 18, 8], who
all derive different representations for the asymptotics. The results in [18]
are similar to ours, but are given in the homology basis in Figure 3, see the
discussion following Theorem 1.3.

We start by discussing a condition under which Tr f(M) — N [ fduy
converges to a normally distributed random variable. It was observed by
Borot and Guionnet in [17] that this occurs when V' is k-cut regular and

)aid
(1.41) /f l/f -
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forj=0,1,...,k—2. We verify this, and additionally we find that assuming
(1.41), the ratio asymptotics of Hy(Fe NV)/Hy(e V) are given precisely
by (1.40) also in the k-cut case, now with I' = Ulel“i and where I'; is a closed
loop oriented counterclockwise containing [a;, b;], giving a nice parallel to the
one-cut case.
More generally, when (1.41) does not hold, the asymptotics of Hy (Fe V) /Hy(e=NV)
are governed by the following theorem.

Theorem 1.3. Let V : R — R be real-analytic, satisfying (1.6), and assume
that V is k-cut regular for some k > 2. Let F' satisfy the assumptions on F
above. Then as N — oo

Hy(Fe™™Y) N, @i @ 02+ T(f)I7)

U2 e ) oNOT)
1 dz d\ -
<exp 1§ fIWE NI o | (14 O )

where py, Q, RY2, and {aj,bj};?:l are as in Section 1.1.1. We denote
I = U;‘?:lfj and T = U?Zlfj, where for each j, the smooth contours I';
and fj surround [aj,bj], are oriented in a counter-clockwise manner, are

contained in the domain of analyticity of f, and are defined such that I' and
I don’t intersect. The constant ¥ = Y(f) € RF"! is given by

_ Qm(2) . %
(1.43) Tim(f) = JR}/?(z)f( )

form=1,... k—1, where Qy, is defined by (1.21)-(1.22).

For definiteness, one may take I' to surround I in Theorem 1.3 above,
however the result remains unchanged if I' instead surrounds I.

We will prove Theorem 1.3 for functions F' which satisfy conditions (a)-
(c), and which in addition are Holder continuous. Then it follows that the
theorem also holds for functions F' satisfying conditions (a)-(c) but which
are not Holder continuous. To verify this one merely takes F; and Fs to be
Holder continuous functions satisfying the conditions for F', with F} = F» =
F on a neighbourhood of J, and otherwise F} < F < F5. Then it follows
that

(1.44) Hy(Fie ¥V < Hy(Fe ™ ™V) < Hy(Fpe V),

and since (1.42) holds for both F; and F; the theorem follows in full gener-
ality.

The proof of Theorem 1.3 for Holder continuous F' is based on the steep-
est descent analysis of Riemann-Hilbert problems, we give an overview in
Section 2.3 below. It may be extended to complex valued f in a straight-
forward manner under the assumption that O(NQ + tYX(f)|r) # 0 for all
t € (0,1] and N sufficiently large.
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Integrating by parts in the second term on the right-hand side of (1.42)
(see Section 8.1), we obtain a second representation for the double integral
on the right-hand side of (1.42):

(1.45)

}[ }[ W(z,\)f ()\)% % _ %Rmi [,R1/2<$§ii )dx f’(z);;

k—1

k—1 .
1/2 ' AR dz 1
/ s );T“ ) /b R~ 2 w2 )

=1

<.

If (1.41) holds, then YT(f) = 0, and so it follows by (1.45) that (1.40)
holds.

To make the probabilistic interpretation of the non-Gaussian part which
O(NQ+Y(f)|7)
O(NQ|T)
appearing in (1.42) as E[e¥V] for some real random variable Yy. However
it is not clear from (1.18) that this holds. To do this it is convenient to
consider a different cycle structure on the Riemann surface S, which is the

basis in Figure 3. Let w; be the basis of holomorphic one-forms satisfying

was observed in [18], we would like to represent the second term

(1.46) /A Wi = d;j,

B;

where Ej is as in Figure 3, and denote

(1.47) () = [ @5(0).

bk
Let 7 be the period matrix
(1.48) Tig = [ Wi,
A;
and denote by a(x) = 0(z|7). It is easy to move between bases: if C is the

(k—1) x (k — 1) lower-triangular matrix with entries C; ; = 1 for j < i and
C; ; = 0 otherwise, then

(1.49) G=Cr'w, 7F=-Cr'c’
Let
N o8] @) -any) 9
(1.50)  ©O(z,A) = = , W(z,\) = log G)(z A)s

0 8] @) +a) 0204

(b;))L5(f)-
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with B = ~C~7B and & = Cax (where C~T is the inverse transpose of C).
By Lemma 3.1 below, we have the identities
(1.51) O(z,\) = O(z, \) exp (4miu(z)T 7 u(N),
§N + T(1) ropripe L% (FD)
1.52 —_— = —miY(f Y(f) —7—= )
(152 =gy ew (CmTETN() = 7 o)
Y - ~ k—1
where Q; = uv([aj+1,bj+1]), and Y(f) = (Tj(f))jzl with
~ o d
(159 T == [ @65

Observe that T are purely imaginary. By Theorem 1.3 and relying on (1.51)-
(1.52), we find that as N — oo,

~

(1.54) Hy(Fe ™) _ eNfmedw(w)H[ ]Om} <T(f )>

Hy(e=NV) 0[5 (0)
X exp [ j{fW 2, N f ()\)261; ;i;] (14+O(NY)).

Observe that

(1.55)

which appears on the right-hand side of (1.54), can be written as Ee?~(/)
(in other words, (1.55) is the Laplace transform of vy (f)) with

on(f) = 2miT(NT (¥ = (VD))

where (NQ) = NQ mod 1 and (X1, ..., Xy_1) is a Z¥1-valued random vari-
able with probability mass function given by

(1.56) P(X1 =21, ..., X1 = ap_y) = cem(z—(ND) 7(z-(NO)

)
xr = (.1‘1, R ,ZL'k_l) S Zk_l,

where ¢ is the normalization constant.
Integrating by parts (see Section 8.2 for details) we find the following
equivalent expression for the asymptotics of Theorem 1.3:

(1.57) Hy(Fe™V) N S5 F(@)dpy (@ >elc<f)9 [_]OVQ} (”f(f)) 1+O(N)),

Hy (e NV) 0 [—Jovﬁ} (0)
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as N — oo, where
(1.58)

o) =[] geranf s,

k
log =~ —4r > Tm(u; (=) Im(w () (Imr) 7} |

g = PRSP

212

and G(z4,Ay) = lim¢jg G(2 + i€, A + i€). The representation in (1.57) has a
number of useful properties.

For example, it gives the asymptotic distribution of # = (#j);?;ll, where
(1.59) #; = The number of eigenvalues in (aj41 — €,bj41 + €),

for fixed and sufficiently small € > 0:
Corollary 1.4. As N — oo,
(1.60) P (# = NQ — (NQ) + m) —P(X =21, ..., Xt = 2p1)(140(1)).

Proof. We make a comparison of Laplace transforms. Let f(\) = s; for

X € [ajq1 —€bjy1+e€l for j=1,...,k—1, and zero otherwise. Then
-NV
(1.61) E {6s1#1+~-+sk71#k71] _ Hn(e™VY)
Hy (e NV)

Then £(f) = 0 and by the definition of Y in (1.53) we have T(f) = 55
where s = (sj);?;ll. Also [; f(N)dpy(X) = Z?;ll 5;Q;. By (1.57),
(1.62)

E [651#1+"'+5k—1#k—1} = exp Nkz_:lsﬁ 5[_]8@} (ﬁs) (1 + (’)(N_l))
=) 8o |

as N — oo.
We now proceed by contradiction. Assume the corollary did not hold
true. Then there is a sequence N¥) ¢ Z with k = 1,2,... such that

P (# = N®Q — (N®Q) + x) remains bounded away from P(X) = z1,..., X1 =

z_1). Since (N®)Q) is in a compact subset of R¥~| the sequence N®) in
turn has a subsequence N*7) such that (N*)Q) is convergent, denote the
limit by y4. It follows that the Laplace transform of # — N 0 converges,
along the subsequence N = N(*i) to the Laplace transform of X — y, where
the law of X is defined by (1.56) but with (N (AZ> replaced with y,. Since
the convergence of the Laplace transform implies that the corollary holds
for N%) (see e.g. [12, page 390]), we have obtained our contradiction. [J

A second useful aspect of (1.57) is that the expression for G is particularly
natural because it is independent of basis - the equality in the second line
of (1.58) also holds if we replace ©, u and 7 by O, u, and 7. In Section
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1.5 below, following the work of Kang and Makarov in [79], we give a brief
description of the role that G plays as the correlation kernel of the two
dimensional Gaussian free field on S restricted to J.

We can compare (1.54) to [18, (8.20)]. Observe that [18] deals with both
real and imaginary ¢, so [18, (8.20)] holds when we set s = 1 and ¢(z) =
—if(z). Then the two formulas match if we assume that wy = 0 in [18,
(8.21)], up to a minor discrepancy of the multiplication of a unit of 4 in the
second line of in [18, (8.21)] (which we believe is simply a typo).

1.4. Main results: Fisher-Hartwig singularities. Finally we describe
ratio asymptotics in the situation where we have Fisher-Hartwig singulari-
ties. We introduce some further notation for this. Let p € Ny :={1,2,...},
and

(1.63)

_ e™h; T <t
Hwag ng ), Wa () = |lz—t;]Y, wg; () = {e—ﬂ'iéj T > tj-

with t; € Uf 1(a;,b;) and with aj > —1land Refj =0forall j=1,...,p. A

complete description of the asymptotics of % has been obtained in

the one-cut case through the works of [80, 73, 76, 9, 29], see [29] for the most
general asymptotics available. We give a brief overview of the literature on
determinants with FH singularities in Section 1.7. Despite being well studied
in the one-cut case, no progress has been made on this problem in the multi-
cut case. We derive complete asymptotics in the multi-cut case which we
describe in Theorem 1.5 below, but for the sake of exposition we start by
considering pure root singularities (the case where F' = 1,5 = 0) and pure
jump singularities (F = 1, = 0).

Let wa(z) = [[}_; wa,;(z). By (1.5), if P is the characteristic polyno-
mial of the random matrix M distributed according to (1.4), i.e. P(z) =

vazl(w — \j) where \; are the eigenvalues of M, then

(1.64) w - H |P(t

When V is one-cut regular, we have by [80, 9],

(1.65)

P P E)Q

[P | = e roswaleddiv @ TT N 7+;‘) 2y (t5))
j=1 J

Jj=

- ‘QDN
-~ ‘w?w

—_

><< : >_ H It —tz|_%(1+0((logN)N )

1<5<i<p
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as N — oo, where A = Z?:l a; and where G is the Barnes G-function.
When V is k-cut regular, we obtain in Theorem 1.5 below that

(1.66)
P 0og Wq, §

. j];[llP(tj)laj _eNflong(x)dw(x)9(N9;r(]?\f[g)g ))exp<—ACS>
HN?%%H@WV@))? I — 47 (1+0(1)),

1<5<i<p

as N — oo, where Y(logw,) is defined as in Theorem 1.3 with f replaced
by log wy, and Cg is a constant depending only on S given by

Q)

Rl/Q( ) dr —log R| ,

][]

where @ is the unique monic polynomial of degree k — 1 satisfying

G Q(x)
(1.68) / dz =0
y  RVZ(a)
forall j =1,...,k — 1. By a contour deformation argument, one finds that

ift e (aj,bj), then

(1.69) T(log | - —t]) = /al w)de — Zel

—o° =1

In particular, although Y(logw,) depends on t;, it only depends on which
interval of supp(py) the point ¢; lies in, not where in the interval it lies. We
find it curious that the dependence on the location of ¢; is so simple — if t;»

is in the same interval as t; for j =1,...,p, then
E (I [PO)I™) vy oo i a0
(1.70) . =€
E (T |P@)| )
2
r ()
¢v t; t: — 1
H (w (tf) H f 4 (1+0(1)),
j=1 \ 7V 1<j<i<p |3

as N — oo.
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The subleading terms are useful in studying ratios, for example relying
on (1.52) to change basis, we have

(1.71)
E ([P (t1)[" [P(t2)*)
E(|P(t1)[") E (|P(t2)]"

)
{ 1(\)7 } (alT (log | - —t1|)+a2T(log| _t2|)>
ﬁ} (alr(log\ —tl\)) 0 [—Jg@} (aﬂ(logl - —tz!))

as N — oo, where for t € (a;,b;),

~ a1 1
(1.72) T(log|-t|):/ ¥()dr + 5751

—0o0

27rza1a2T(log| —t1 )T 71T (log |- —t2])

= |t1—

Qo
xexp(— 122c

2 ‘9)9[

(1+o(1)),

We now consider pure jump singularities. Let wg(z) = H§:1 wg; (x). The
Hankel determinant with pure jump singularities is the Laplace transform
of the eigenvalue counting function as follows
—-N V)

»_omuHn ()] _ HN(wge N [logwp(x)d ,
B | 2rt6)] = (e Ty C R,y = iy,
N
Hy(t) =Y 1{)\; <t} — Nuy((—o0,t]),  teER,
j=1
where Ay, ..., Ay are the eigenvalues of the random matrix M.
When V is one-cut regular, we have [76, 29]
(1.73)
—v?
B[S 0)] = T N G-ing) GO —ing) G () [ty t50)]
Jj=1
—2vv; | Q) —2vju -1
< TT =t Bt tin)| " (14 O(log N)NT),
1<5<i<p
as N — oo, with
~ ©
(1.74) Bz, w) = 2=

w—z
and © given by (1.27). When V is k-cut regular, we obtain in Theorem 1.5
below that

(1.75)
p L
E [ezg 1270 H N (5 :| HN”;QG l—l—l’l)j)G(l—ivj)(Qﬂ'q/}V(tj))l)]z @(tj,+;tj,+) J
7j=1
0 (NQ+ 27 520, 0T (1, (2))) o o
) O(NQ) [T y—ul2o @(tz,+,tj,+)‘ (140(1)),

1<5<i<p
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as N — oo, where 1,(z) = 1{t < z}, and with © given by (1.74) but where
O is given by (1.26) instead. Relying on (1.52) to change basis, we have

(1.76)
E [eleN(t1)+v2HN(t2)] [_Nﬁ:| (T (’Ulltl + U21t2)>

0
B [PV E [ ] ~ 50T (7 (ur10)) 8 [ 47] (T (er1e)

x exp (V102G (t1 4, t2,+)] (1 4+ o(1)),

for fixed v1,v9 as N — oo, and where G was defined in (1.58).

The ratio asymptotics in the general situation for the Fisher-Hartwig case
are provided by the following theorem, which is proven in Section 2.4 based
on results in Section 9.

Theorem 1.5 (Ratio asymptotics for a FH symbol). Let V : R — R be real-
analytic, satisfying (1.6), and assume that V is k-cut reqular for some k > 2.
Let F satisfy the conditions of Theorem 1.3, and denote f(x) = log F(x) for
x in a neighbourhood of J. Let aj > —1 and i3; € R. Then, as N — oo,
(1.77)

o

HyWFe™Y) (5w +1ogw(e)duy () SN2+ T oA + log o) 1] -
j=1

=€

HN(efNV) 0(

<o (14 7{W<Z,A>f<z>f<x>j;j;)
X exp [ (/ [ 1/2 j;) B JTC‘S]

p
o B
X jl;[lexp (-5 (t;) + %P.V./]wtj,+(A+)f(A)dA>
DG+ % +8)G+% - 5)) o
X (2mepy () F
i=1 G(l—i—aj) VY )
L. B3 AB; i
X H ’@(tj,+,tj,+) exp | 5~ / w4 (A)dA — o
j=1 br
= (B0 y) 26,81~ 20iPi
< I e ITOPUNt — ] ‘Qtl+a3+)’
1<j<i<p
x (1+0(1)),

where A = Z§:1 aj, G is the Barnes G-function; Y(f +logw) is defined as
in Theorem 1.3 but with f replaced by f + logw; W was defined in (1.28);
wy; + (M) = lime 0wy, yic(A + i€) where w, () was defined in (1.31); Q is
the unique monic polynomial of degree k — 1 satisfying (1.68) for all j =
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1,...,k—1; Cs was defined in (1.67); where

Bz w) = @(z:,w)7

w—z

and © was defined in (1.26).

By combining Theorems 1.1 and 1.5, we obtain the full asymptotics for
Hy(wFe NV,

Remark 1.6. For k =1, we can verify that Theorem 1.5 matches with the
asymptotics for the one-cut case given by [29, Theorem 1.1]. Let us assume
without loss of generality that a1 = —1 and by = 1. Observe that for k =1
we have Q(z) =1, set 8 = 1, and recall that © is given by (1.27). Hence,
(1.78)

RV2(z2) 2A—1
N=—" B W) = .
ws() R1/2()\)(A—z) (,2) (z—)\)2\/(z2—1)()\2—1)
Using (1.27) and (1.78), we verify that
(1.79) / wi; 4+ (A)dA — %Z = jarcsint;.
by

With Q = 1 and by the definition of Cs in (1.67), we have Cs = log2 for
k = 1. By substituting (1.78) and (1.79) in (1.77), we can now verify that
Theorem 1.5 with k = 1 indeed matches with [29, Theorem 1.1].

Remark 1.7. The quantities wj, 7, and Y(f) were defined in (1.21), (1.22),
(1.24) and (1.43). FEquivalently, each of these objects can also be written

explicitly in terms of certain matrices as follows. Let Q := (qjv,ﬂ)f;il and
A= (Aryi)ff;:ll, where
k—1 a; r—1
Qj(z) = ;(Jg‘mr—la and Ay = /b " 721/2(6:3)
Using the product formula for the Vandermonde determinant, we infer that
as ar k—1 1
(1.80) det A = \ dxy--- /bk1 dxg_1 E(x] — ;) Jl_Il 7?,1/27(3;])

Since x; < xj fori < j, and since RY2 is real and does not change its sign
on (bi,a;+1), the right-hand side of (1.80) is clearly non-zero and therefore
A is invertible. By (1.21) - (1.23), we have —2QA = I, and so

_1*1
Q=A™

I j b gr—1 k—1
Szmzlarly7 let Bj,r = 5:1 a; ;;1/2(6?) and let B := (ij"")j,rzr By (124),

r=-BAT
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where A™T denotes the inverse transpose of A. Finally, if we define
f(z)z"— 1d:z: _
-5 [ T @ D=,

then by (1.43) we have

T(f) = A" e(f).
(Above, —2A is the matriz of A-periods in Figure 2 and 2B is the matriz
of B-periods).

1.5. Applications: connection to the Gaussian free field on a Rie-
mann surface. An active research topic in random matrix theory in the
past years has been the connection between random matrices and the the-
ory of logarithmically correlated random fields (see e.g. [75, 71, 42] and
references therein) — that is random (generalized) functions X : R? — R
with a covariance of the form Cov(X (z), X (y)) = log|z — y|~! + g(z,y) for
some continuous function g. A prime example of such an object is the two-
dimensional Gaussian free field, which is a Gaussian process on a subset of
R? whose covariance is given by the Green’s function of the domain (with
suitable boundary conditions). See e.g. [98] for a review on the Gaussian
free field. As will be important for us shortly, similar objects can be defined
on more general manifolds — see e.g. [79, Section 2] for a discussion of the
Gaussian free field on compact Riemann surfaces.

Let us illustrate the connection between the Gaussian free field and ran-
dom matrix theory with two examples taken from the one-cut setting. For
this purpose, let M be an N x N GUE random matrix normalized so that
the equilibrium measure du has support [—1, 1], and define

Xy w(z) = f2<1og | det(M — z)]| — N/log o — t|du(t)),

Xo n () :\/§7r<21{)\ <z} — N/ du(y )
7=1

where the \;’s are the eigenvalues of M. X; y and X5 n encode different
types of information about the fluctuations of the spectrum of M around
the equilibrium measure. In the large N limit, both X7 y and X5 n exhibit
a covariance structure of logarithmically correlated random fields. Indeed,
it is known (see e.g. [72, 42]) that

lim  Cov(Xy n(z), X1,5(y)) = log|z —y|~" —log2,
N—+o00
(1.81)

lim Cov(Xa n(z), X2 n(y)) = log |z — y| ™! Flog(l —zy + V1 — 22y/1 — ¢2).

N—+o0

The right-hand side of (1.81) can also be seen as the covariance of a variant
of the Gaussian free field — see e.g. [42, Appendix A]. This shows that X; y
and Xo n, which are objects that arise naturally in random matrix theory,
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can be understood, in the large N limit, as being restrictions of (variants of)
the two-dimensional Gaussian free field to certain one-dimensional subsets.

Assume from now on that M is a N x N Hermitian matrix drawn from a
multi-cut random unitary invariant ensemble. In this setting, the connection
between spectral fluctuations of M and the Gaussian free field is much more
subtle. As was already pointed out in [18], in this case the fluctuations
consist of two independent contributions: one that is connected to some N-
dependent theta-functions and which does not necessarily have a meaningful
limit as N — 0o, and another one that does have a limit that is described
by the restriction of a Gaussian free field on a Riemann surface to a one-
dimensional subset. We now describe how Theorem 1.3 can be used to obtain
a new perspective on this connection. First, we discuss how Theorem 1.3
is related to the spectral fluctuations of M, then we describe the “theta-
function part” of these fluctuations, and finally the “Gaussian part”. As
before, we denote by A1,..., Ay the eigenvalues of M.

Theorem 1.3 and spectral fluctuations: Let F' be as in Theorem 1.3, and
assume furthermore (for simplicity) that log F' is compactly supported. Then
the ratio of Hankel determinants appearing in Theorem 1.3 can be under-
stood as

(1.82)

NV
HN(Ee™™") _N [10g F@)dpy (@) _ o3 log FO\)~N [log F(x)dpy (2)
HN(e_NV) )

— Re™ fR(Zé‘V:I 1{\;<z}-N ffoo duv)h(x)dx’

with h(z) := % log F(x). This last expression can be rewritten more com-

—Xn(h)

pactly as Ee , Where

Xy : CP(R) = R; hr—>/R<§:1{)\j§x}N/z d,uv>h(:c)dx,
=1 o

and therefore the left-hand side of (1.82) can be viewed as the Laplace
transform of Xy (h). More generally, when studying random generalized
functions, say X : C°(RY) — R, one refers to Ee=X(") as the Laplace
transform of X (h) and to h +— Ee X" as the Laplace functional of X.
The above considerations show that the ratio of the Hankel determinants
in Theorem 1.3 encodes the Laplace functional of the eigenvalue counting
function Xy (which in turn, encodes the probability distribution of X ).

The “theta-function part” and discrete Gaussian random variables: Let us
first point out that the quantity

7147 ()
§ [—Jovﬁ} (0)

(1.83)

)
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which appears on the right-hand side of (1.57), can be written as Ee™ "~ ()
(in other words, (1.55) is the Laplace transform of vy (f)) with

k—
UN = —2m Z ﬁj)

where (X1, ..., Xy_1) is a Z*¥~-valued random variable with probability mass
function given by

[P)(Xl =Ty Xk—l = l‘k—l) = éem(z_Nﬁ)T?(x_Nﬁ), T = (1’1, ce ,.’L‘k_l) S Zk_l,

where ¢ is the normalization constant. The Laplace functional f s Ee =~ (/)
can therefore be understood as that of a suitable random field vy (z) whose
values are discrete Gaussian random variables. Indeed, by the definition of
T from (1.53), we can write

o) = [ ivt@rfia)in = [ 2 Zuﬁ - NO)f(x)do.

Let us now turn to the “Gaussian part” of the fluctuations.

Gaussian fluctuations and the Gaussian free field: We now analyze the other
1
part of the right-hand side of (1.57), namely e2“). Since f — L£(f) is qua-
dratic in f, if we can show that £(f) > 0 for all f, then this means that

f— e3£(F) is the Laplace functional of a Gaussian random field. Note that
L(f) can be rewritten as L(f) = [[,, ;G(x,y)f (x)f'(y)dxdy, where

(1.84)

1 -1
g(l‘, y) = ﬁ log m — 4 ]Zl IHl uj + Im(ul,-l-(y))(lmT)j,l

In other words, showing L£(f) > 0 for all f is equivalent to proving that
G(z,y) is a covariance kernel.

G(z,y) is in fact closely related to the (bipolar) Green’s function, which is
an object of central importance in the study of Riemann surfaces. We refer
to e.g. [79, Sections 2 and 3] for an in depth discussion of the role of the
bipolar Green’s function in the study of the Gaussian free field on a compact
Riemann surface. For the convenience of the reader, we also briefly review
here the concepts that are relevant for us.

We begin by recalling the definition and properties of the Laplace(-Beltrami)
operator on a general Riemannian manifold (of which Riemann surfaces are
a special case). We then quote some results from [79] about how these
general results translate to Riemann surfaces and what is known about the
Laplacian Green’s function on Riemann surfaces. We refer the interested
reader to e.g. [28, Chapter 7] for more on the Laplace(-Beltrami) operator.
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First of all, we recall that for a d-dimensional smooth Riemannian mani-
fold M with metric g = (g; J)l =1, the Laplace(-Beltrami) operator is defined
in some given coordinate chart as

Ay = Z a ( det(gpq)pq laj >’
\/det(gpq)pq 1 %j=1

for u € C°°(M). Here we have written (as is common in Riemannian ge-
ometry), g™/ for the i,j entry of the inverse of the matrix (g; ;)% Note

that in the case where M = R? and where the metric tensor g is just the
constant identity matrix, this is the familiar Laplacian operator.

A basic fact about the Laplace operator in this generality is that if the
manifold is compact and does not have a boundary, then a spectral theorem
holds. More precisely (see [28, Theorem 7.2.6]), there exists a sequence of
real-valued C*°(M) functions (¢, )5, which form an orthonormal basis of

L*(M) (where the inner product is [, f(z)g(z )\/det(gm-( ))gjzlda:) and

i,5=1"

they are eigenfunctions of the Laplacian operator: Ag; = —\;jp; with 0 =
Ao < A1 < Ay < ... Furthermore, the only eigenfunctions with A\g = 0 are
constant functions.

We can view a Riemann surface S as a special case of a Riemannian
manifold — in this case, our metric is a conformal one: there exists a positive
function p : S — R such that g;; = pd;; [78, Lemma 2.3.3]. In this case,
the Laplacian operator becomes just p~'490, where 0 = %81 — %82 and
0 =101+ 50,

Just as in the study of the Laplacian on R?, a central importance in the
study of the Laplacian on a Riemann surface is played by the notion of the
Green’s function. For this purpose, we introduce the resolvent kernel:

1
W)= 5 en(en(e).

It follows from the spectral theorem that on the subspace of L*(M) which
is the orthogonal complement of the constant functions, the integral op-
erator with kernel R, is the inverse of the Laplacian, i.e. A7lh(z) =
J& Ry(z,w)h(w)p(w)dw for all h such that [sh(w)p(w)dw = 0.

We will now specialize the above general theory to the Riemann surface
S defined in Section 1.1.3. Then we will verify that indeed £(f) > 0. For
the remainder of our discussion, we will think of p as being given, and we
will suppress it in our notation (for example, we will write R instead of R,).
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It is known, see [79, Corollary 3.2], that there exists some constant ¢ only
depending on S so that

(1.85)

— | log
7r

0 3] (w(z) —ulq)
95 (u(z) — u(p)) ‘—277 Z Im (w(p) — w(q))(Im7); [ Imou;(2)

= R(z,p) — R(z,q) + ¢,

lj=1

Where [%] is the odd non-singular characteristic defined by & = 61 and 3 =
5 Ej 1 €j. We mention here in passing that the function R(z,p) R(z,q) is
the bipolar Green’s function on S (p and ¢ being the “poles”). Using (1.20),
(1.26), (1.84) and (5.4), one sees that if we let z — 24, p — y4+, and ¢ — y_,
then the left-hand side tends to 27G(x,y), namely that

Gla,y) = (R(wsys) — Rlas.y)) +c

27
(1.86)

=3 @) (enlye) — ealy) + e
n=1 n

On the other hand, letting now z — xz_, p — y_, and ¢ — y4, and using
again (1.85) (along with (5.4) and (1.20)), one can check that

G(,y) = §<R<x_7y_> ~ Rlz_y:)) +o
(1.87)

—22 Sen(e)(@n(us) = galy-) +e.

Hence, combining (1.86) with (1.87), we see that in fact

(188 G = Y o (onlen) = pulo-)onl) — enly)) + ¢

n=1
Now, if we let  — by in the above expression, then ¢, (z+) — pn(z-) —
0, while by (1.84) the left-hand side vanishes since |©(bg,y+)| = 1 and
Im (u;(bg)) = 0. We conclude that in fact ¢ = 0.
Hence, it follows from L(f) = [[;,;G(x,y)f'(x)f (y)dxdy, (1.88) and
¢ = 0 that

= f:l 47T1An (/J (@) (enlas) = wn(w_))d:c>2 > 0.

Since f was arbitrary, this proves that f — 3£ is the Laplace functional
of a Gaussian random field X, such that X (f) is a Gaussian random variable
with mean zero and variance L(f).

It remains to address the claim that this Gaussian random field X is
related to the Gaussian free field on the Riemann surface §. For this pur-
pose, one first needs to define what is meant by the Gaussian free field
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on §. Naively, one would like the Gaussian free field to be the centered
(generalized) Gaussian process with covariance given by the Green’s func-
tion of the surface, and this Green’s function in turn one would like (by
the spectral theorem) to define as 370 Ay lpn (2 )npn( ). In other words,
one would like to define the free field y as Y(f f y z)dz, with

V(z) = 0 Y 1/2 ©n(2), where {,}.129 are 1ndependent and identically
distributed standard real Gaussian Varlables There is, however, a caveat:
the issue here is the “zero mode”, namely that A\g = 0. For this reason, the
free field ) is only defined “up to constants” (because z — ¢g(z) is a con-
stant), so one can make sense of the random variable Y(f) = [ V(2)f(2)dz
only for functions with [q f(2)dz = 0.

There are various ways of Constructlng random fields that circumvent this
issue. In [79], the approach taken by the authors is to look at differences
of the field. They introduce a variant of the free field, denoted ®(p,q) and
which can be thought of as ®(p, q) = “V(p) — Y(q)” (since Y(p) is not well-

defined, one should interpret this difference as "9 Y, \,, Y *(on(P)—2n(q)),
which removes the ambiguity about )\g). More premsely, ®(p, q) is defined
with the following covariance:

dl

E®(p, q)®(p, q) = 2log i

[iia
PQ
~—
~—
>
—

u(p) B
} u(p) p))9 1] (w(@) — u(q))

PRIPR

k—1
— 4 Y Im (u;(p) — ui(q) Am7 ") Im (uy(5) — w(q)).
ji=1

As pointed out in [79], the above right-hand side is a difference of two bipolar
Green’s functions. Taking p — x4, q—x_,p— ys and ¢ = y_, we obtain
that E®(p, q)®(p,q) — 872G (x,y). Hence, the field ®(p,q), when (p,q) is
restricted to (p,q) = (z4,2_) with = € J, describes the “Gaussian part” of
the fluctuations.

Summary: In this section, we have shown that Theorem 1.3 can be inter-
preted as a statement about the eigenvalue counting function 2 — X N(z) =
Z;VZI 1{\; <z} - N ffl duy (t). More precisely, since the Laplace func-

tional of f — Xn(f) = [ Xy(x)f(x)dr is asymptotically a product of
two Laplace functionals, Theorem 1.3 should be understood as saying that
asymptotically, as N — oo, X is distributed as a sum of two independent
terms vy and X:

e vy is a random function of the form

k—1
23 ;1 (z)(X) — NQy)
=1
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where X7, ..., Xj;_1 € Z are random variables with a probability mass
function given by

(1.89)
P(Xj =4, j=1,...,k—=1)=¢ i@ NY)TF(z-NGQ) Tl,...,Tk—1 € Z,

where ¢ is the normalization constant. This field vy is the one that is
connected to the #-functions in Theorem 1.3, and because of (1.89),
the random vector (A1,..., X} 1) € ZF~! is said to be a discrete
Gaussian random variable.

e X is the restriction of a (variant of) the Gaussian free field on the
Riemann surface to a one-dimensional set — the covariance of this
Gaussian process is

1

k—1
o : T > Im(uj 4 (2))Im(u 4 (y)) (Tmr) ;!
l

o ———
Syl A
This discussion elaborates on remarks from [97, 18, 8] where similar facts
were pointed out, though the connection to the Gaussian free field was not
touched on. We also emphasize that in Theorem 1.3, the asymptotic fluctu-
ations depend on the potential only through what the associated Riemann
surface S is, i.e. only through the endpoints of the support of py — if two
potentials are associated to the same surface, the probability distribution of
the asymptotic fluctuations are the same. This is an instance of universality
that has not been emphasized in previous studies.

1.6. Applications: eigenvalue rigidity. Recall that M = My is an
N x N random Hermitian matrix sampled from the k-cut regular ensemble
dP(M) oc e NTVIMDGN and let Ay < A@) < -+ < Ay be its ordered
eigenvalues.® A very natural and important question in random matrix the-
ory is to understand how much the eigenvalues A(,) may deviate from their
respective classical locations, defined by

n

pn::inf{xeR:,uV((—oo,x]):N}, n=1,...,N

where py is the equilibrium measure (1.11). This problem is often known
as eigenvalue rigidity, and has been studied under various settings in the
literature [24, 25, 26, 61, 84, 42].

Unlike the one-cut regular scenario which is addressed in [42], in the multi-
cut setting the eigenvalues near the edge may ‘jump between consecutive
intervals’. Such a phenomenon is hinted at by the appearance of theta
functions in the asymptotics for smooth linear statistics in Theorem 1.3,
and was already observed in the work of Bekerman [7]. Therefore, the best
we can hope for is a rigidity result in the bulk of the spectrum, and this is
precisely what is established in the following corollary.

3Not to confuse with (M,..., n) € RN, which are the unordered eigenvalues of M.
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Corollary 1.8. The following are true.
(i) For each 0 < § < %minie{l k) ,uv([ai,bi]) let

-1
9) = {n : ZMV([Gz‘7bz‘ % < Z ([ai, b;]) — 6, for somel=1,...
i=1 i=1

Then for any € > 0,
1+¢e¢ logN
(P\ —pal € =
iy (pn) N
where Yy is the density (1.11) of the equilibrium measure py .
(ii) For each 0 <n < %minie{lw.’k}(bi —a;), let J(n) = Ule[ai +n,b; — 1],
and consider the centred eigenvalue counting function
N
Hv(u) = !Z 1\ <u} - Nuv((—oom])] ,  uekR
i=1
Then for any € > 0,

lim P

N—oo

for alln € IN(5)> =1

lim P( sup |[Hn(z)| < (1+e)logN) =1.
N—o00 z€J(n)

Remark 1.9. Our result is also valid for k = 1, but does not cover the
edge where the rigidity estimate remains valid. For further details, we refer
the readers to [{2, Theorem 1.2-1.3] where matching lower bounds were also
established by techniques of Gaussian multiplicative chaos. Based on the
one-cut result, we believe that our rigidity upper bounds for the multi-cut
case are optimal, i.e. we expect

. 1—¢ logN
lim P — pp| > ——— 1 =1
A <|)\(n) pn| > Tov o) N for allmn € N(6)>
and lim P | sup [Hn(x) > l(1 —€)logN | =1
N—o0 z€J(n) ™

to hold for any € > 0, and d,n > 0 sufficiently small. This would, however,
require finer asymptotics for Hankel determinants with merging singularities
and further probabilistic analysis which is beyond the scope of this paper.

Proof. We begin by observing that one can choose = 7(¢) sufficiently small
(and independent of N) such that p, € J(2n) for all n € In(5). Indeed, if
we define, for each j =1,...,k,

i(0) == inf{z > a; : py([a;, z]) > 6}

b;(6) := sup {z < b; : py ([x,b;]) > 0},

and
then we may choose
1 . . ~ 7
=5 min {min (a;( fa-,b-fb-(S)}.
n 21.6{17.__7“{ ( 1( ) iy V1 z( )
We will now prove both rigidity estimates in three steps.
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Step 1: Chernoff bound. By considering a Fisher-Hartwig singularity (1.63)
withp =1, a; =0, 2mif; = v € R and t; = u, we obtain from Theorem 1.5
that

72

(1.90) Ee v < € (n)N =2

for some constant C,(n) > 0 uniformly in u € J(n) and N sufficiently large.
We observe, using a union bound, that for any fixed ¢ > 0 and finite subset
S J),

(1.91)

1
P (sup|’HN(m)| > —(14¢€/2) logN>
z€S m

< |5 sup “P (Hote) > 21+ /2)10g N ) \ n \P (~Ht@) > 21+ /2 10g ) \ ]

zeSs

and using the fact that P(H > u) < E (e7=%) for any real random variable
H, v € R, and v > 0 with v = 27 and u = %(1 +€¢/2)log N, we find that
the right-hand side of (1.91) converges to 0 provided that |S| = O(N). Our
choice of S = {s;}¢F C J(n) is such that

aj + 1= SeN(j—1)+1 < SeN(-1)+2 < -+ < Senj = bj — 1)

are cN equally spaced points on [aj + n,b; — ] for each j = 1,...,k. For
¢ = ¢(py) > 0 sufficiently large (and independent of N), we may assume
without loss of generality that any interval of the form [s;, s;+1] satisfies
wy ([s1,s141]) < 1/N, and in particular contains at most one element in
{pn:ne€In(d)}.

Step 2: a preliminary rigidity estimate. We claim that the event

Gy = {|)\(n) —pu| < N7t forallm e IN(é)}

has a probability tending to 1 as N — oo for any fixed € > 0. This follows
from a result of Li [84], but we provide a self-contained proof below.

Indeed, suppose there exists some n € Iy(J) such that A¢,) > pn+N71Te,
Since p,, € J(2n), we also have p, + N~1T¢ € J(n) for N sufficiently large. If
we choose s; € S to be the largest element in S such that s; < p, + N~17€,
then s; cannot be one of the “endpoints” {b; — 77};?:1 and hence

S| — Pn = Si+1 —O(Nil) — Pn > pn—FNliG—O(Nil) — Pn > %N71+6



HANKEL DETERMINANTS WITH A MULTI-CUT POTENTIAL 33

for N sufficiently large. In particular,

N
Hy(s1) = Z 1{\j < si} = Npv((—00, 51])
7,]:\[1
<Y 1A < Ay} = Ny (=00, pu)) = Ny ((pns 51)
=1

= —Npy((pn, s1]) < —\fCN6

for some constant C' > 0 independent of NV, and this has a vanishing prob-
ability since (1.91) converges to 0. The event that A,y < pp — N7!*¢ for
some n € In(d) may be treated similarly.

Step 3: the strong rigidity estimates. Thanks to the last step, we may assume
without loss of generality the event Gy, and in particular A, € J(n) for all
n € In(6) because

N—oo

P (3n € IN(S) : Ay € J(n)) <P (3n € In(6) : |[Am) — pn| > n) —— 0.

But then every eigenvalue A,y € J(n) must be contained in some closed
interval [s;, s;41] and this means that

N
HNAw) = D 1A < Ay} — Nav (=00, A)))
=1
N
<Y 1 < s} = Nay (=00, s1]) = Hv(sis1) + Ny ((s1, $144])
=1

where Ny ((sg, s14+1]) < N (maxges ¥y (x)) [si41—s1| < C for some constant
C' > 0. Since the supremum of H  (-) can only be realized at the eigenvalues,
we have

(1.92)

1 1
Pl sup Hy(z) > =(1+e)logN | <P| sup Hy(Ayn) > =(1+¢)logN
v€J(n) T n€ln (%) T

1
<P < sup Hn(s;) +C > (1+e)logN> — 0.
I<cNk @

A similar argument also holds for bounding sup,¢ ;) (—Hn(z)) and there-
fore

1
lim P| sup [Hn(z)|>—=(1+¢€)logN | =0.
N—o0 zeJ(n) s
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Now, for every n € In(d),

1
N‘HN ‘—‘N_MV( OO)‘(n ’
= v (=00, pal) = v (=00, Am)))|
A(n)
= Yv(z)de| > Ay —pn|  min y(z)
Pn gUE[Pn)\(n)]*

where we wrote [pn, Ai,)|* to mean the interval [pn, A(py] if pn < A, and
[)\(n),pn] otherwise. In either case, on our good event Gy this interval
is contained in J(n) on which ¢y (z) is uniformly continuous and strictly
bounded away from 0 and hence min,e(,, x - v (z) = (1+ €)Yy (py) for
all n € In(d) when N is sufficiently large. Combining everything, we obtain
simultaneously for all n € Iy (0)

ol < 1+e [Hn(Aw))l
o 77bV(pn) N

[A(n) —

14+ € maxye ) |H N ()] < 1+¢e¢ logN
~ Yv(pn) N ~ mv(pn) N
with high probability, and this concludes our proof. ([

1.7. Fisher-Hartwig singularities: a literature overview. Asymptotics
of structured determinants (such as Toeplitz, Hankel and Fredholm deter-
minants) with FH singularities have attracted considerable attention over
the years, and we briefly review here this rich literature.

In the pioneering work [68], Fisher and Hartwig conjectured a formula for
the asymptotics of large Toeplitz determinants with root-type and jump-
type singularities; see also the subsequent work [83] by Lenard. An impor-
tant motivation for studying such determinants was to better understand
the long range correlation of the Ising model and the momentum of one di-
mensional impenetrable bosons, see [58, 55] for reviews. The Fisher-Hartwig
conjecture was proved by Widom [102], Basor [2, 3], Bottcher and Silber-
mann [23], and Ehrhardt and Silberman [59], for parameters where the con-
jecture was expected to hold. A different type of asymptotics were observed
for certain parameter sets (for example when Re (51 — f2) = 1) by Basor
and Tracy in [5], and finally the problem was solved in full generality by
Deift, Its and Krasovsky in [53, 54]. The aforementioned works deal with
FH singularities that are bounded away from each other. In recent years,
we have witnessed important progress in understanding the asymptotics of
Toeplitz determinants with merging singularities [43, 44, 64].

The works [80, 73, 76, 9, 29] have already been mentioned earlier in the
introduction and concern Hankel determinants with FH singularities in the
bulk; see also [38] for further results in this direction. Asymptotic formulas
for Hankel determinants with FH singularities have also been obtained in
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other regimes of the parameters: see [41] for two merging root-type singu-
larities in the bulk, [16, 103] for singularities close to the edges, and [36] for
a large jump-type singularity.

Asymptotics of Fredholm determinants with FH singularities have also
been widely studied, see [6, 27, 21, 31] for the sine-kernel determinant,
[20, 34] for the Airy-kernel determinant, [22, 30, 35] for the Bessel-kernel
determinant, and [47, 37] for the Pearcey-kernel determinant.

Finally, we also mention the works [4, 70] on Toeplitz+Hankel determi-
nants, [32] on Muttalib-Borodin determinants, and [101, 48, 33] for asymp-
totic results on determinants with “planar” FH singularities.

All the results mentioned above deal with a one-cut setting; the present
work provides the first result on FH asymptotics in the multi-cut regime.

1.8. Outline of the remainder of the article.

In Section 2, we recall the connection between Hankel determinants, or-
thogonal polynomials and Riemann-Hilbert (RH) problems. We also discuss
some deformations of the symbol v we will be considering. Based on these
deformations and results we prove later in the article, we prove Theorem 1.1,
Theorem 1.3, and Theorem 1.5. In Section 3, we recall some background
information about Riemann surfaces and theta functions, and develop some
identities for #-functions that will play an important role in our analysis.
In Section 4 we open the lens of our RH problem. In Sections 5 and 6,
we present the main parametrix and the local parametrices respectively. In
Section 7, we show that using the parametrices, we can transform the actual
problem we are interested in into one that can be solved asymptotically. In
Section 8, we use our parametrices and asymptotic solution to prove the
main estimates required for Theorem 1.3. In Section 9, we use Theorem 1.3
as well as our parametrices and asymptotic solution to prove the main esti-
mates required for Theorem 1.5. In Section 10, we analyze Hy(e V") for a
very special V', for which things can be solved rather explicitly. In Section
11, we finally prove our main estimates for Theorem 1.1 in full generality by
using the results of Section 10 and our parametrices and asymptotic solution.
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2. DIFFERENTIAL IDENTITIES AND OVERVIEW OF THE PROOFS

The goal of this section is to give an overview of our strategy to prove
Theorems 1.1, 1.3 and 1.5. We first review the connections between Hankel
determinants, orthogonal polynomials and Riemann-Hilbert (RH) problems,
and then we present three differential identities for log Hy (v).

2.1. Orthogonal polynomials and a RH problem. Let v be a non-
negative function on R, whose support has positive Lebesgue measure, and
which is Hélder continuous and integrable with respect to z’dx for any
j € N:={0,1,2,...}. We consider the family of orthonormal polynomials
{pj(2) = K;27 + ... };>0 characterized by

(2.1) /R pi@p@v(@)de = 55, j1=0,1,2,....

where the degree of p; is j and its leading coefficient x; is positive. Since v
is non-negative and its support has positive Lebesgue measure, p; exist by
the Gram-Schmidt orthogonalization procedure. The connection to Hankel
determinants comes from the well-known fact that (see e.g. [100, Chapter
I1])

N-1
(2.2) Hy(v) =[] si(»)™2
§=0

This formula expresses Hy(v) in terms of the leading coefficients of po(2), p1(2), . ..

pn—1(2). In the next subsections, we will obtain differential identities which
express certain log-derivatives of Hy(v) in terms of py_1(z) and py(z) only.
Let us define for z ¢ R

(2.3)

Y(2) =Yn(z;v) = (

Lpn(2) ey Jo BN v(@)dr )
—2mikN_1pN—-1(2) —KN_1 f]R Mx_i_lz(z)y(x)dx

It was noticed in [69] (see also e.g. [49, Chapter 3.2]) that Y is the unique
solution to the following RH problem.

The RH problem forY .

(a) Y :C\ R — C%*? is analytic.

(b) Y has continuous boundary values on R, namely the limits Yi(z) =
lim, g+ Y (z £ i€) exist and = — Yy (z) are continuous functions on R.
Moreover, Y, and Y_ are related by the following jumps

(2.4) Y, (z) = Y_(z) (é ”(1”3)> for z€R.

(c) As z — 00, z € C\ R, we have

(2.5) Y(2) = (I +0(="Y) (ZSV 0N> .
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By relying on the Deift-Zhou steepest descent analysis, a method first
developed in [57], the RH problem for Y may be analyzed asymptotically
as N — oo for a wide range of symbols v. Of particular importance to
us in this regard, is the analysis of Yy (z;e™™V) for multi-cut regular V'
undertaken by Deift et. al. [52], the work by Claeys, Its and Krasovsky on
RH problems with emerging singularities [43], and the analysis of Y in the
multi-cut setting with a singularity at the origin undertaken by Kuijlaars
and Vanlessen [82].

2.2. Differential identities. Let 51,59,5 € R be parameters satisfying
$1 > 8 and § € [S0,81]. Assume that v = vz depends on §, and that
for all x, vs(x) is differentiable with respect to § € (59, $1). In this subsec-
tion, we derive a general differential identity which expresses 0z log Hy (v3)
in terms of Yy (+;vs), which we will subsequently rely on in three distinct
settings to prove Theorems 1.1, 1.3 and 1.5

Let us write p;(x) = pg-s)(x) = /ig )2 + ... with Hgg) > 0 for the orthonor-

mal polynomials with respect to vz. It readlly follows from (2.1) that

—2%}) ag:f’ =2 [ o) (o)) vs(odde = [ i) o)

Hence, taking the log in (2.2) and then differentiating with respect to s, we
obtain

(2.6)
N—-1
0
9% (vg) = —/R 9% z:: pj(x x)dx = /R jz;) pj(x)2 (%Vg(:c)dz.

By the well-known Christoffel-Darboux identity (see e.g. [49, equation
(3.49)]),

(2 7)
(&) .

Z pj(z)” = ENs)l [Py (@)pn-1(z) = Py (@)pn(2)] = Tm[y(ﬂﬂ)_lyl(f’f)]%

where Y = Yy (+;v;). Substituting (2.7) in (2.6), we find

(‘fg (vs) = % /R[Y(x)_lY’(x)]gl;éyg(x)dac, 5 € (50, 51)-

We will find it convenient to deform the contour of integration. Let us
assume that there are [ open intervals I1, ..., I; such that log v; is defined on
I,...,I; and that % log v; extends to an analytic function (in the variable
x) on an open neighbourhood of each interval I, j = 1,...,l. In what
follows, we will take either [ = 1 or [ = k depending on the differential

identity we are considering. Within the open neighbourhood of I;, we let I';
be a smooth, closed curve, oriented counter-clockwise, which encloses I; and

(2.8)
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intersects the real line only at the two endpoints of I;. Denote I' = Ué-:lI‘j
and [ = Uézllj.
By the jump conditions (2.4) of Y,

(2.9) [V (2)7Y (@)1 ws(2) = [V 7Y i - (2) = [V 7Y i 4. (2).
After performing a contour deformation in (2.8) using (2.9), we obtain

dz

(2.10) gglog Hy(vs) = jli[Y(z)lY’(z)]llaa(§ log Vg(z)% + r(vs),

where § € (80, 51), where Y = Yn(+;v5), and where

;) = )Y (x gw x dz
)= [ V@)Y @l

2mi’

The advantage of expressing % log Hy(vs) in terms of Yy (-;vs) is that
the RH problem for Yy can be asymptotically analyzed as N — +o0o. To
prove Theorems 1.1, 1.3 and 1.5, we will use (2.10) in three different ways.
We provide a detailed outline of this in the next subsections.

2.3. Smooth ratio asymptotics: outline of the proof of Theorem
1.3. Suppose F' and f are functions satisfying the conditions in Theorem
1.3, and that F'is Holder continuous on R. Then there is a union of k open
intervals [ = U;‘?:ll ; such that f(z) = log F(x) is well-defined and analytic
on a neighbourhood of I, and [a;,b;] C I; for j =1,...,k. For t € [0,1], we
define

etf@  for x eI,

vi(z) = Fi(z)e”NV® t\r) =
(2.11) (2) = Fy(x)e™ "V, Fi(a) {gt(x) for z e R\ 1,

where g; is given on {x € R : dist(z,I) < 0} by

gi(@) = ef@ 4 dlStEf’I) (1=t +tF@) — /@),

and otherwise g;(z) =0 on {z € R : dist(x,I) > §}. In the above, § > 0 is a
small but fixed constant, for which f = log F' is analytic in a é-neighborhood
of I (i.e. the set {z € C : dist(z,I) < 0}) . The function g; is added to
ensure that F}; is Holder continuous.

Note that v4(x) is differentiable in ¢ € (0,1) for each = € R, satisfies
logvi(z) = =NV (xz) + tf(x) for x € I, and

vo(x) = e NV@), vi(z) = F(z)e NV@), x € R.
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Hence, we can apply (2.10) with l =k, § =t, 0 =0, § = 1 and vz = 1.
Integrating this identity in ¢ from ¢ = 0 to t = 1, we obtain

NV 1
1og1?NFe /7{ )Y ()11 f (2 )dzdt+/ r(v)dt,

(2.12) 5 d
r(vg 1y ) —NV (z) x‘
() = /R\I()Y()]aF() ,

27

where Y = Yy (-;14).

In Section 8 we prove that r(v) — 0 as N — oo uniformly for ¢ € (0,1),
and we obtain large N asymptotics for Y (2)~1Y’(z) uniformly for z € I' and
t € [0,1]. Theorem 1.3 will then be proved by substituting these asymptotics
in (2.12) and performing the integrations in z and ¢.

2.4. Fisher—-Hartwig asymptotics: outline of the proof of Theorem
1.5. Let €g > 0 be fixed. For € € (0,€], let ve(z) = F(z)e NV @y (z),
where we(x) is defined by

Hwa], z)wp,; (2)

(2.13) o) o
way.e(2) = (2 = (t; —1€)) 2 (2 — (¢ +1i€)) 2,

waye(2) = (2 = (t; —i€))% (2 — (t; +i€)) e,

with branches chosen such that w(z) is real for z € R and analytic for
z € C\ X, where X, consists of contours connecting t; + ie to +ioco
and t; — ie to —ico. We also define wo(x) by wo(z) = lime_owe(z). The
definition (2.13) of w(z) ensures that wy(z) = w(z), where w is defined in
(1.63). We also let

p

(2.14) logwe(z Z { a;/2 + ;) log(z — (t; — ie€))

Jj=1

+ (0 /2 — Bj)log(z — (t; + i€)) — mif; |,

be analytic in C\ X,,. The branch of log(z — (t; — i€)) is such that the
cut is a path from t; — ie to —ico and the argument is chosen to satisfy
arg(z — (t; — te)) = 0 whenever z — (t; — ie) > 0. Similarly, the branch of
log(z — (t; + i€)) is such that the cut is a path from ¢; + ie to ico and the
argument is chosen to satisfy arg(z —(t;+1i€)) = 0 whenever z— (t; +ie) > 0.

AThere is some freedom in how the contour is chosen. However, in a neighbourhood of
t; & ie, we have to be careful about the definition of the contour — this is done in Section
6.2 below equation (6.17) as the preimage of the jump contour of a model RH problem
under a certain conformal mapping. Outside of this neighbourhood, we can choose it to
be say smooth, not having self intersections, and so that none of the contours intersect
each other.
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Clearly, v¢(z) is differentiable in € € (0, €p) for each z € R, and % log ve(x)
extends to a meromorphic function in @ € C\ {t; +ie, t; —de};_;. In par-
ticular, for each € € (0,¢), = — % log v¢(x) is analytic in a neighbourhood
of R. Hence, we can apply (2.10) with [ =1, I; = (=R, R), § =€, 59 = 0,
$1 = €9, V3 = Ve and R is a new parameter that is chosen sufficiently large so
that [a1,bx] C I1. In this situation, the contour I' = I'; appearing in (2.12)
encloses I, and passes between the singularities {t; + ie, t; — ie}?zl and the
real line, so that z — % log v¢(z) is analytic on the interior of I';. We also
observe that [Y'(z)~'Y’(2)],, is analytic for z € C\R. Hence, by deforming
I'; to a circle By of radius R centered at the origin, we pick up some residue
contributions of the poles at ¢; & ie, and we obtain

Oclog Hy (ve) = r(ve)

+z‘§p: (5 -8) (V) (5 +i) = (4 6) (YY), (4 — i)
j=1
A e |3 -0)=gmm (3 4) gl e
where Y = Yy (-; 1) and

= )Y (z gu T du
= [ W)Y @)

Taking R — oo, we observe that () — 0, and by condition (c) in the
RH problem for Y, the integral over Br also converges to zero. Thus, for
€ € (0,€p), we obtain

(2.15) Oclog Hy(ve)
- izp: [(% B B]) (Y_IY/)U (tj +ie) - (% + 53) (Y_IY/)H (tj — 26)] )
j=1

where Y = Yy (-; ). Integrating this identity from ¢ = 0 to € = ¢ yields

Hy (v Hy (v, o
(2.16) HN?;(—J(\)f)‘/) = HN]E;(_N‘)/) exp <—/0 Oe logHN(ue)de) .

Since @ — v, (x) is a Holder continuous function on R, the asymptotics of
Hy(ve,)/Hn(e7NV) as N — +o0 are given by Theorem 1.3. Thus the main
task will be to determine the large N asymptotics of 0, log H y (v,) uniformly
in € € [0,¢]. Note that v, is a regular weight for each e € (0, ¢y], while 1
is singular. In fact, a critical transition takes place in the asymptotics of
Hy(ve) as N — +oo and simultaneously € — 0. A similar phase transition
was studied in [43]. In Section 9, using (2.15) and a local analysis from [43],
the uniform asymptotics of d. log Hy (v) will be computed explicitly up to
a term of order O(1). Hence, this will give us the large N asymptotics of
Jo? 0 log Hy (ve)de up to an error term of size O(ep). This error term can

2mi’
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be made arbitrarily small by choosing €y sufficiently small (but independent
of N). We will then obtain the large N asymptotics of Hy(vo)/Hy(e V),
up to and including the constant term, by first taking taking N — 400 and
then ¢yg — 0 in (2.16). This will complete the proof of Theorem 1.5.

The method that was used in [80, 76, 29, 38] to obtain asymptotics of
Hankel determinants with a one-cut regular potential and Fisher-Hartwig
singularities proceeds via differential identities with respect to the param-
eters {a;, Bj}?’:l. While it is, in principle, also possible to apply the same
strategy to our situation, in practice this would represent a considerable
challenge. Indeed, in the multi-cut regime, the large N analysis of Yy (-;v)
involves Riemann #-functions that depend on the Fisher-Hartwig singular-
ities in a complicated way. For this reason, the method we use here for
the multi-cut regime differs substantially from these earlier works; instead
of deforming in the Fisher-Hartwig parameters {a;, f; }] 1, we use (2.15),
where v, is a deformation of v in the locations {¢;}" ;=1 of the singularities.

2.5. Partition function asymptotics: outline of the proof of Theo-
rem 1.1. Let V be an arbitrary k-cut regular potential. To obtain the large
N asymptotics of Hy(e V"), we will consider a family of k-cut regular po-
tentials {Vs}sc[,2) that (piecewise) smoothly interpolates between V5 := V'
and a reference potential Vp, and we will apply (2.10) with [ = k, § = s,
50 =0, 5 = 2 and v; = e VY5, After integrating this identity in s from
s =0 to s = 2, we obtain

(2.17)

Hy(e V) = Hy(e ") exp(/ oo (e )i ).

ilogHN(eNVS = Nj{ ]11§SV(Z);T2+T(6NVS),
for s € (0,2), where Y = Yy (-;e~V5). As can be seen from the right-hand
side of (2.17), it is important to choose Vi appropriately so that the large
N asymptotics of Hy(e~V"0) can be computed as accurately as possible. In
the one-cut case, one can simply choose Vp(x) = 222, because in this case
Hy(e=NV0) reduces to a Selberg integral and can thus be evaluated exactly.
This fact was implicitly used in [9]. In the multi-cut regime, the task of
finding V4 is much more challenging. For the two-cut case, Claeys, Grava
and McLaughlin in [40, Proposition 2.1] used Vo(z) = x* — 422 for their
reference potential, however their approach for the reference potential does
not generalize to the k-cut setting when k > 3. We now describe our choice
of V.

Let Ty (x) = 2¥~12% 4 ... be the kth Chebyshev polynomial of the first
kind, namely the unique polynomial of degree k satisfying

(2.18) Ty (cos 0) = cos kb, g € [0, 7).
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Below, we prove that the potential Vy(x) = Vo(z;k,0) = %Tk(l’)z with
o > 1is k-cut regular. In Section 10, as a first step in proving Theorem 1.1,
we compute the large N asymptotics of Hy (e_N VO) for o > 1. However,
we are not immediately able to fully simplify these asymptotics, but they
do simplify in the limit ¢ — 1. More precisely, we will prove that

1
(2.19) Eﬁhﬁffop log Hy (e—NVO) 1 N2 <fk+%loga+log2>

12

1
3 log(oc — 1)

310gk‘—k§’(—1)+ = 0.

— Nlog(27) + % log N —

An important aspect when proving (2.19) is that we always view o > 1 as
fixed when taking the limit N — oo, and subsequently take the limit ¢ — 1.

The second step in the proof of Theorem 1.1 is to obtain the large N
asymptotics of the integral appearing on the right-hand side of (2.17). To
this end, we now introduce the family {Vi}.cjo o) of k-cut regular poten-
tials that we consider. The interpolation between V;, and V is done in two
steps: for s € [0,1], z — Vs(z) is a polynomial of degree 2k and the sup-
port supp py, varies with s in such a way that supp py, = suppuy. For

€ [1,2], the potential x — V;(z) is no longer necessarily a polynomial,
Supp gy, = supp puy remains unchanged, and the relation Vo = V holds. We
now describe {V;} [0 2] in more detail.

By (2.18), if o > 1, 0Tk (x)? — 1 has 2k zeros on the interval (—1,1), and
we label them by a1(0) < b1(0) < a2(0) < -+ < ag(0) < bg(0), see also
Figure 4. As discussed before Corollary 1.2 (i), Vo(z) = 22T (2)? is k-cut
regular,

(2.20) Jo := supp py, = Ug?:l[aj(o), b;(0)] = {z : oTp(x)? < 1},
and by (1.39),

20
duy, (x) = ﬁ\T,g(x)\\/l/a — Ty(x)?dz, z € Jp.
For s € [0, 1], define

k
. — (1 — . .
(221) J. = U [aj(8)7 b](s)] with aj (5) ( 3)(1,7 (0) + saj,

“ by(s) = (1 )b5(0) + sty

where a; = a;(1),b; = bj(1), j = 1,...,k are the endpoints of supp uy.
Note that the intervals [a;(s),b;(s)], j = 1,...,k remain disjoint for each
s € [0,1]. Denote

k
(2.22) Rs(w) = H(w — aj(s))(w — (b;(s)),

and let R;/Z(z) have branch cuts on Js; and be positive for z > b(s). In
Section 2.6 we prove the following proposition, which given a disjoint union
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O

FIGURE 4. The blue curve is 273(z)? — 1, the solid dots are
a;(0),b;(0), j = 1,2,3, and the hollow dots are the zeros of
T;. The dashed box has corners at (£1,£1). The thick black
lines represent Jy with ¢ = 2.

of intervals J = U?Zl[aj,bj] provides an explicit potential V; whose equi-
librium measure py, is supported on J. We will subsequently apply this
proposition to Jg defined by (2.21).

Proposition 2.1. Given a disjoint union of k intervals J = U?Zl[aj,bj]
and a real constant V € R, the following claims hold.

(a) There is a unique real monic polynomial q of degree k — 1 satisfying

aj41
(2.23) / ’ q(z)RY?(x)dx = 0, j=1,...,k—1.
b
The polynomial g has a root in each interval (bj,aj41), j =1,...,k—
1.
(b) Let q be the polynomial from @) and let Vj be the degree 2k polyno-
mial’ determined by V;(1) =V and

1/2 T T
(2.24) Vi(z) = —1£de

icy z—x ’

where T is a counter-clockwise oriented contour surrounding J and

z, and
(2.25) ey = % }é g(2)RV?(2)dz > 0.

Then the equilibrium measure of Vj is k-cut reqular and is given by
(2.26) dpy, (x) = —;q(x)niﬂ(x)dx, rel.

5Note that since we can expand RY 24 around oo as a Laurent series with only finitely
many terms with positive exponents, a routine residue at infinity calculation shows that
the integral (2.24) is a polynomial.
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(¢) Suppose that V is a polynomial of degree 2k with a positive leading
coefficient and that suppuy = J and V(1) = V. ThenV = V.

(d) The coefficients of the polynomials Vj and q are smooth when con-
sidered as functions of {a;, bj}g?zl

We defer the proof of Proposition 2.1 to Section 2.6.

For each s € [0,1], let Vs := V;,, where Vy, is the degree 2k polynomial
given by Proposition 2.1. By Proposition 2.1 (d), s — V; is a smooth
deformation from the Chebyshev potential Vj to a second potential Vi which
has the same support as V. We now construct a smooth deformation from
Vi to V ="Vs. For s € [1,2], let

(2.27) Vs(z) = (2= s)Vi(z) + (s = )V (),
and we define

py, (dx) = (2 — s)puy, (dz) + (s — Dpy (dx), xeJ=J

We emphasize that the support of uy, is independent of s € [1,2]. Using
the Euler-Lagrange equations (1.8)—(1.9), it is easily verified that uy, is the
equilibrium measure of V. In particular, V; is a k-cut regular potential for
every s € [1,2].

In sections 4-7 we obtain asymptotics for Yy (z;e™ as N — oo, which
we subsequently rely on in Section 11 to analyze the large N asymptotics

NVS)

of % log Hy(e=VVs). Integrating the asymptotics of % log Hy(e™NVs) as in
(2.17), we prove in Section 11 that
H —NV
(2.28) limlim sup logL—l-NQ //log |z — y| " dpy (z)duy ()
ol Nooo Hy(e
3 O(NQ)
N? ~ N? L log2 | —1
+ /V(:z:)d,uv(x) <4k + o ogo + log ) og 9(0)
1 ~ 1
+to1 > 10g¢(x)—8< Z [log(a;—ar)+log(b;—bi)] Z log [b; —az\>
vefag bt 1<iI<j<k Lj=1
k -3 kE—1
— —log?2 1 - 1 —1)| =
1 o8 + G ogk og(c —1)| =0,

where 1/; was defined in Theorem 1.1. Combining with (2.19), this concludes
the proof of Theorem 1.1.

The proof of (2.28) relies a number of identities for #-functions, and we
found the work of Claeys, Grava and McLaughlin in the two-cut case as a
most useful starting point when determining what these identities should
be, also in the k-cut case.

2.6. Proof of Proposition 2.1. We split the proof in four parts.
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Proof of (a): existence and uniqueness of ¢. Let us write

k—2
q(x) = oFl Z qjxj, with qq,...,qx—2 € C.
=0

With this notation, (2.23) can be rewritten as
(2.29)

aj+1 k=2 aj+1
/ :Uk_lRl/Q(x)d:L‘+qu/ 2! RY2(x)dx = 0, j=1,...,k—1.
b 1=0 b

This is a system of k — 1 equations for the &k — 1 variables qq, ..., qr_o. Let
B be the (k — 1) x (k — 1) matrix defined by B;; = fb‘;j“ 2 TIRY2 (1) da,
and let By be the row vector given by (By); = fb‘;j“ 2" 1RY2(z)dz. Then
(2.29) is equivalent to

(2.30) B+ (g g1 .. qe—2)B=(00 ... 0).

In a similar way as in (1.80), we can realize det B as the integral of a Van-
dermonde determinant, and we obtain that det B # 0, which implies that
(2.30) has a unique solution.

Since the entries of B are real, it follows that qg,...,qr_o are real too,
and thus x — ¢(z) is real-valued for x € R. Thus, for (2.23) to hold, ¢ must
have a root on each of the intervals (bj,a;41) for j =1,...,k— 1.

Proof of (b): Vj is a k-cut regular potential. Recall that V; is defined by

(2.24) and V(1) = V. Let us first show that py, defined in (2.25)—(2.26)
is the equilibrium measure of V;. For this, we must show that the Euler-
Lagrange equations (1.8)—(1.9) hold.

Let g be the unique monic polynomial of degree k — 1 satisfying (2.23).
For z ¢ J, define

1/2
(2.31) G(2) _[]dqu(y) _ 1/J72+ (y)q(y)dy_

z— icy z—
Let T" be a counter-clockwise oriented loop enclosing both J and z. By

deforming the contour J to I' in (2.31) and using Cauchy’s integral formula,
we see that

12\ mq(z 12(w)q(w
Gy = R (cj al >_2i1q] [ C(wletw)

By (2.24), the above equation can be rewritten as

- RY2(2)mq(2)
cy

(2.32) G(z) = + %V}(z).

Also, from (2.31), we note that

d
@33 25 [logle—yidiy, () = Gole) + G_(a),  a€R
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Therefore, using (2.32), we find

d
@31) 24 [logle—yldmy, ) - Vi) =0, wc
Additionally, from (2.23) and (2.32)-(2.33), we obtain
(2.35)

(2/1og b — ylduy, (y) — Vj(bj)> - (2/1og laj+1 — ylduy, (y) — VJ(aj+1)>

aj+1
= _/ e <2/10g|$ — y|d,uVJ(y) — VJ(x)> do = 0.

By (2.34) and (2.35) we obtain equality in the first Euler-Lagrange equation
(1.8) upon setting

(=2 / log b1 — yldpy, (y) + Vi (by).

Let &1,...,&k—1 be the roots of ¢. By (2.32),

d
2.0 [ 1ogle ~ slduy, (v) - Vi(a) <0,

for b, < x and for b; < x < with j =1,2,...,k — 1, and similarly

d
2 /log |z = ylduy, (y) = Vi(2) >0,

for x < a; and § < * < aj4q for j = 1,...,k — 1, which proves that
(1.9) holds with a strict inequality. This shows that py; is the equilibrium
measure of V;. Furthermore, since (1.9) is strict and ¢ is non-zero on a
neighbourhood of J, it follows that py, is k-cut regular.

Proof of (c¢): uniqueness of V;. Assume that V is a polynomial of degree
2k with positive leading coefficient satisfying suppuy = J and V(1) = V.
We will prove that V' = V;. By deforming the contour of (1.15) to oo, we
find that hy is a polynomial of degree k — 1. Since 1y satisfies (1.13) and
(1.16), it follows from part (a) that hy (z) is given by cq(x) for a certain
constant ¢, and thus uy is given by (2.26). By (1.13) and (1.14), V satisfies
(2.24), and thus V = V.

Proof of (d): smoothness of ¢ and V;. Using the multiple integral repre-
sentation of det B (which is similar to (1.80)), we see that det B remains
bounded and remains bounded away from 0. Hence, it directly follows from
(2.30) and (2.24) that the coefficients of the polynomials of V; and ¢ are
smooth as functions of {a;, bj};?:l.

This concludes the proof of Proposition 2.1.

2.7. Proof of Corollary 1.2. In this section we prove Corollary 1.2.
For the reader’s convenience we first provide a proof that the equilibrium
measure of V(z) = 2211 (x)? is given by (1.39).
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Let a; < by < --- < a; < by, be the ordered zeros of II; ()% — 1/v, and let
J = Ule[aj, b;]. Using Proposition 2.1, we will prove that V (z) = 2“II;(z)?
is equal to Vj, where V; is the unique polynomial of degree 2k satisfying
supp(py,) = J and V(1) = 22I1;(1)2. In this setting, we have

RY2(z) = /Ti(z)2 — 1/v.

Using the change of variables y = Il (), we verify that

aj+1
/ IT, ()RY?(z)dx = 0, j=1,...,k—1,
b
and therefore the function ¢ appearing in (2.23) is given by ¢(z) = %H;(m)
To evaluate the integral on the right-hand side of (2.25), we compute the
residue of the integrand at oo using

1
/20y — —(k+1
(2.36) RY2(z) —Hk(x)—m—l-(?(x (k+1)y, as r — 00,
and obtain c; = 5. Using also (2.36) in (2.24), we obtain
1 [ RY2(a)IT, 1 [ ()1,
tkey Jp z—x tkey Jp  z—=x

This last integral can be evaluated by a direct residue computation at z = z,
and we find V;(z) = 21, (z)> = V(z), as desired. Thus the fact that V

has the equilibrium measure (1.39) follows by part (b) of Proposition 2.1.
We now proceed to simplify the terms in Theorem 1.1 for V(z) = 2211, (z)>.

Using (1.39) and the change of variables y = IIy(z), we infer that fabj dpy =
1/k for each j = 1,...,k. Hence, the quantities Q; defined in (1.17)
are explicitly given by Q; = k—gﬂ for each j = 1,...,k — 1. Also, since
| (x)| = 1/y/v for each z € {aj,bj}g‘?:l, by (1.35) we have

B 93/2,,3/4 3/9
dla) = —— [m(@)] .

Assuming Theorem 1.1 (which will be proved in Sections 10 and 11), it
remains to compute Iy (uy) explicitly, which we do now.
By the Euler-Lagrange equation (1.8),
(2.37)
_ {1

Fou) = | [1ogle=yl ™ duy @iy @)+ [ Vi)duy @) = 545 [ Viduv(@).
This last integral can be evaluated by first deforming the contour to a large
loop containing J, then performing the change of variables y = Ix(z), and
then evaluating the residue at co. We find

1
(2.39) /vm@w@:%.

We now evaluate ¢. For this, we first replace x in (1.8) by the roots of Ilj;
this yields k different equations for £. By summing these k& equations, and
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then using a change of variables, we find

4
ko= / [T () [/ 1/v = 1T} () log [Ty () | dax
™ JJ

4y YV
=—— V1/v —y?loglyldy.
T J-1w
This last integral can be evaluated explicitly, and we obtain
1
(2.39) EZ%(1+logu+210g2).

Substituting (2.38) and (2.39) in (2.37), we have

1
(2.40) Iy (py) = %(3/2+logu+210g2).
This finishes the proof of Corollary 1.2.

3. ANALYSIS OF § FUNCTIONS

We recall some classical results from the theory of Riemann surfaces and
f functions, and in addition some identities for # functions which are due to
Fay. We provide ample details for the benefit of readers less well versed in
the theory of Riemann surfaces and #-functions. Finally we combine known
results into several identities which are specific to our situation and which
we will rely on in later sections.

3.1. 6 has no zeros on R. Recall § defined in (1.18).

Lemma 3.1. For any & € CF=1, with —it real and positive definite, we have

O(r1¢| — 1) = ™€ Sdet(—ir)0(¢|T)

Proof. The lemma is proven in a more general setting in [88, Chapter 2 §5],
we include a proof for the reader’s convenience. The proof is by (multidi-
mensional) Poisson summation. More precisely, for given ¢ € C*~!, consider
the function f : RF-1 5 C, fe(x) = e2mit otmizlTz Taking the change of
variables y = 771(£ — n) + x, we obtain that the Fourier transform of feis
given by

(1) Jeln) = /R I fe(a)da = T ETTE fy(0).

The functions f¢ and ]?g are Schwartz functions, and we recall the standard
identity

(3.2) o fel)y= Y f)

jezZk-1 jEZk-1
(The identity follows from the fact that if we define F¢(x) = 3 czn-1 fe(x —
4) on [0,1]1, then clearly F¢(0) equals the left hand side of (3.2). On the
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other hand, by expanding F¢(z) in the basis e2mi" T e find that Fe(0) =
> jezi1 f[o 1]k-1 e_zij”Fg (z)dz, which equals the right-hand side of (3.2).)
Taking the definition of f¢ on the left hand side of (3.2) and substituting

(3.1) into the right-hand side, and recalling the definition of 6 in (1.18), we
obtain

Fo(0)e ™€ T g (e — 7Yy = g(€|T).

The claim now follows from noting that

—~ T 1
0) = e Ty = ——.
1o(0) /Rk—l det(—iT)

O

As we now see, this readily yields that £ — 6(£|7) does not vanish on
RE-L,

Lemma 3.2. If —it is real and positive definite, then 0(&|T) # 0 for & €
RF-L

Proof. Lemma 3.1 implies that

1
9 T) = —/—/——
(€lr) \/det(—iT)
1 T 1 Y T
_ —im€t T € E : 2wint T E—minT TN
= — € e .
det(—iT)

efiﬂéTfflgg(Tflé‘ _ 7_71)

nezk-1

Recalling that —i7 is real and positive definite, the sum is a sum of positive
terms and the prefactors are also positive. This concludes the proof. ([

3.2. Divisor of 0(u(z)£u())) and of ©(z, A). The functions 0(u(z)£u(N))
and 6 [§] (u(z) £ u(})), introduced in Section 1.1.2, play a fundamental role
throughout the entire paper, and in this section we analyze these functions.
To study their zero sets, we consider u to be a multivalued function on the

Riemann surface S (defined in Section 1.1.3) of genus k£ — 1 as follows.
Define

k—1

(3.3) A= Z(njej—l—ijj) SNy ey M1, M, ey M1 € 2 p
j=1

with 7 as in (1.24), and extend the Abel map (1.25) to S. Then u is not
well defined as a function from S — CF~! but by (1.21) and (1.24), u :
S — CF=1/A is well defined. Thus it follows that 6(u(z) + u()\)) may be
considered as a multivalued function on S, with a well defined zero set. To
analyze this zero set, we will rely on the classical theory of Riemann surfaces,
and start by recalling a few definitions and classical theorems which we will
rely on (see [66] for details).
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Throughout the section, if z € §, we denote by Pz the projection from S

to C.0 If z € S\ {a;, b;}%
and Pz = Pz*. If 2 € {a;,b;}*

(a)

j=1, we denote z* the point in S satisfying z* # z

j=1, we denote z* = z.
Divisors. If « is an integer valued function on § which is non-zero
for at most a finite number of points on S, then a divisor is a formal
symbol D = [].cs 22(#) A divisor is said to be integral if o is non-
negative on §. We will vary notation slightly, and use the following
notation when it suits. If z1,...,2,, € S and Ay,..., A\, € S, such

that {z1,...,2n, } and {A1,..., Ay, } are disjoint, we will denote

D= HZJHAl [12, ) =#{j:z=2—#{j: A =2}

(b)

z€S

Then the degree of D is deg D = n; — no. We will write Dy > Do if
D1/Djy is an integral divisor.

Divisors of functions. Denote the space of meromorphic functions on
S by H. For f € H, we denote the divisor of f by

Div(f) = [ 2”4

zeS
where ord,(f) is the order of f at z (more specifically, ord,(f) is

defined as the smallest integer such that limy_,p, (,\(;;% # 0,

where ¢ is a local chart). For any meromorphic function f, we have
deg(f) := degDiv(f) = 0 (see [66, 1.1.6]). We will similarly refer to
divisors of multivalued functions with well defined zeros and poles.
Special divisors. An integral divisor D =[] . 22) of degree k — 1
is said to be special (see [66, page 95]) if

dim{f € H :ord,(f) > —a(z) for all z € S} > 1.

This is an especially important notion, because if an integral divisor
D =1].cs %) of degree k—1 is not special and f is a meromorphic
function Whose poles are a subset of {z : a(z) > 0} and at most of
order «(z), then f is constant on S.

Riemann-Roch Theorem. By the Riemann-Roch theorem (see [66,
I11.4.8]), an integral divisor D of degree k —1 is special if and only if

dim{holomorphic differentials @ : Div(w) > D} > 0,

where the divisor of a holomorphic differential is defined in a similar
fashion as the divisor of a meromorphic function, see [66, I11.4.1].
While [66] take the definition in (c) to be the definition of a special

6More precisely, if we represent S as {(z, +RY2(2)): z € (C}U{(z, —RY%(2)):z € (C}7

then

P(z,+RY?(2)) = P(z, ~RY(2)) = 2.
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divisor, some authors rather take (3.4) as the definition of a special

divisor. Recall that any holomorphic differential on S can be written
4
k —2. Thus, by (3.4), a divisor D = Hf;ll zj is special if and only if
there exists ji,j2 € {1,...,k — 1}, j1 # jo, such that z;, = zJ,.
(e) Abel Theorem. Given a divisor D = [[7_; z; [[/—, )\j_l, there exists
f € H such that Div(f) = D if and only if

in the form @ = dz, where p is a polynomial of degree at most

Zu(zj) - Zu()\j) =0 mod A.

j=1 j=1
(We recall that u is well defined mod A). See [66, I11.6.3].

(f) Zeros of fowu on S. Let K be the Riemann vector of constants (see
[66, VI.2.4]), let D = Hf;ll zj be a divisor, and consider

(3.5) 0|uz)— K — iu(zj) ,

Jj=1

which is multivalued on S but has a well defined zero set. Then (3.5)
is identically zero on § if and only if D is special, and if D is not
special then (3.5) has a zero at each point z; for j = 1,...,k — 1,
and no other zeros on S. If z € {zj}?;ll, then the order of (3.5) at
zis #{j : zj = z}.

By [66, Section VI.2] 6(u(z)) is either identically zero or has exactly k& —1
zeros. Since (by e.g. Lemma 3.2) #(0) # 0, it is not identically zero, and we
denote the zeros by z1, ..., zx_1. Furthermore, by [66, Theorem p 308-309],
they satisfy

N

—1
(3.6) u(zj) = —K mod A.
j=1

It is easy to verify by relying on (1.23) and (1.24), that
j— 1 .
u(bj) = 5 Tj—i—Zel mod A, for j=1,...,k—1.
If « = %ej and B = %Zf:]l e, then u(bj) = Tax + B. Since 4a’'B = 1, and
in particular is odd, it follows that 6 [§] (0) = 0. Thus 6(u(b;)) = 0, and by

(3.6) we obtain:
(g) The Riemann vector of constants satisfies

(3.7) K

k—1
u(bj) mod A.

7j=1
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Observe that v2(z) (defined in (1.30)) extends to a meromorphic function
on S, and define q+(z) = y(z)72 £ v(\)~2. We will describe the zeros of
z + O(u(z) £ u(X)) in terms of the zeros of z — ¢+(z). For this, we first
prove the following lemma.

For now, we view ¢+ as a function of z € § which depends on a parameter
AreC.

Lemma 3.3. Assume that A € C\ {aj,bj};?:l. Then qy has precisely k
(not necessarily distinct) zeros in S which we denote z; 4, ... zk_1’+,)\(+),
and similarly q— has k (not necessarily distinct) zeros in S which we denote
zl,_,...,zk_l,_,)\(_), where X) is on the second sheet of S, M) s on
the first sheet of S, and PAT) = PA) = X. Denote the divisor Dy =

Hf;ll zj+. Then Dy is not special.

Recall that if z € S\ {a;, b;}%
z*# z and Pz = Pz*.

j—1, we denote z* the point in S satisfying

Proof. Since A ¢ {a;,b; }] 1, it follows that y(A)? # 0. Thus, since (2)? =
—v(2*)2, the zero sets of ¢, and q_ are disjoint, and if z is a zero of ¢, , then:
1) z* is a zero of ¢_, 2) z* is not a zero of ¢4, 3) z,2* ¢ {a,j,bj}?:l because
{aj,b; }le are the poles and zeros of 2, and 4) A#) is a zero of ¢+. Also, if
z and z* are zeros of ¢y and g_ respectively, then v(2)* = v(2*)* = y(\)*,
and by the definition of ~,

k
(3.8) H z—b;)

Z—G]

||:»

If v(A\) # 1, then (3.8) has 2k (not necessarily distinct) zeros in the variable
z € §, and it follows that ¢+ has k (not necessarily distinct) zeros in S. If
7(A)* = 1, then the left hand side of (3.8) is a polynomial of degree k — 1 in
the variable Pz, and thus has 2k — 2 zeros in the variable z € S. As z — c©
(on any sheet), we have

(3.9)
K j k z—b)—IT" z—a
HZ:1(PZ —bj) _ Hj:l(P kbj) HJ (P i) t1-140 (zil) 7
Hj:l(PZ - a;) Hj:l(PZ - aj)

from which we deduce that the two points at oo on S are zeros of ¢, and
q—. Thus, if y(\)* = 1, we conclude from (3.8) and (3.9) that ¢. and q_
have each k zeros on S.

Recall from earlier in the proof that if z is a zero of ¢4 then z* is not a
zero of 4. Since g4 has k zeros, it follows by the Riemann-Roch Theorem
(see (d) above) that D4 is not special. Similarly, D_ is not special. O

We are now in a position to prove the following lemma.
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Lemma 3.4. Let A\ € S\ {a;,b; }j 1, and consider O(u(z) £ u(N)) as a
multivalued function of z € §. With the notation of Lemma 3.3, the divisor
of O(u(z) £ u(X)) is D+.

Proof. The proof follows [56, Lemma 3.27]. Consider the multi-valued func-
tions

(3.10)

0| u(z) — A u(zj+) — K and 0| u(z) — ‘ u(zj—) — K |,

where we recall that K is the vector of Riemann constants. Since D, and
D_ are not special, it follows by (f) above that the divisors of (3.10) are
given by D, and D_ respectively.

Observe that the divisor of g is given by A(*) H ZJ + H
by the Abel theorem (see (e) above) and (3.7) we obtaln

= 1bj1 Hence,

N

—1
(3.11) ~Y u(zj4) — K =u(A®))  mod A.
1

Since u(A) = —u(A*), it follows that the zeros of (u(z) +u(\)) and O(u(z) —
u(A)), viewed as functions of z € S, are given by the zeros of (3.10) respec-
tively. Since (3.10) had the same zeros as g and ¢4, the lemma follows. [

<.
Il

Next we consider the divisor of 6 [§] (u(z) + u()\)).

Lemma 3.5. Let « = e and let p = %Ef;ll ej. Let A\ € S\{ba,...,bx_1}.
Then the divisor of 8 [§] (u(z) — u(\)), as a multi-valued function of z € S,
is /\Hk ! bj. Furthermore, the divisor of 6 [§] (u(z) + u(X)) is A* Hf;% bj,
0[f] (wz)—u(v)

and the divisor of ©(z, \) = m is A(A*) 71
B ulz u

Proof. We observe that [ ] is an odd characteristic, and that uy (b)) = Tx+
. By (3.7), we have Taa+ 3 = — K — Z] 2u( i). Let A € S\ {ba,...,bx_1}
be fixed. By the Riemann-Roch theorem (see (d) above), Hf;% b;jA is not a
special divisor, and by (f) above, it follows that 6(u(z) — K — E?:z u(b;) —
u(A)) is not identically zero and has zeros at by, ..., b, \. By the definition
of 6 [§] in (1.19), it follows that 6 [§] (u(z) —u())) also has divisor Hf;% bi.

The second statement follows from the fact that u(\) = —u(A\*) mod A,
and the third statement follows from the first two statements. O

Lemma 3.5 above, and also Lemma 3.7 below, are standard results related
to what is known as the prime form, see [67, Chapter 2]. We include proofs
for the reader’s convenience.
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3.3. Some further identities for 6-functions. In this section we prove
the following proposition, which we will rely on in Section 11, and which
also yields the identity for W in (1.29).

Proposition 3.6. Recall that w is defined by (1.21). For z, A € C\ [a1, bx],
and any fived v € C*~1 such that 6(v) # 0,

(312 9</:‘”+“>"</:‘” OF 3;9((151) Z<>>>

—1k—1
—I— u A)0;0;log O(v) |,
1 =1

R‘

YW+

=(z—))? 5

2(z — N2

.
Il

where the contour of integration does not cross |a1,by], and

6(0)2 <(3EA)>)2 _ (3@3)2) 0 (u(z) +u(\) +v) 0 (u(z) — u(\) — v)

40(u(z) — u(A))0(u(z) + u(/\))9(v)2
(2= X% (2u(N) + v) 6(0) 1
= 16 (2u(0\) 6 (0) (; T - z_: u’; (8 log 6 (2u(\) + v)
— 0;1og 0 [§] (u(2) + u(\)) + 0;log 0 [§] (u(z) — u(N)) — 9;log 0 (v) )

where o6 = 61 and B = 3 25;11 e;

Setting v = 0 in (3.12), we obtain (1.29).
In the remainder of the section we prove Proposition 3.6.

Lemma 3.7. Let o« = 1ey and let p = %Zj’:ll ej. Then

k—1
Div Zu;(z)ﬁﬂ (8] (0) | = cofoo] H biby ot H a;
j=1

where 0oy is 0o on the first sheet and ooy is 0o on the second sheet.

Proof. From Lemma 3.5, the divisor of § [§] (u(z)—u(X)) is A Hf;zl b;. Thus,
for X ¢ {ba,...,br_1}, it follows that 6 [§] (u(z) — u()\)) has a zero of order
1 at A as a function of z, while for X\ € {bg,...,bx_1} the divisor is special
and 6 [§] (u(z) —u(X)) is identically zero as a function of z. Taking also into
account that u/(z) = O(|Pz|72) as z — oo1, 002,

tim 20 [8] (u(z) — u(A) £0 for A€ S\ {ba,..., bp_1, 001, 000},

lim —6 [§] (u(z) —u(X)) =0 for A € {by,...,bx_1,001,002}.
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Thus,

k—1

> wli(2)9;0 [§] (0) #0, for z € S\ {ba, ..., bg_1,001,002},
Jj=1

k—1

> uli(2)9;0 [§] (0) =0 for z € {by, ... bp_1,001,002}.
j=1

The order of the zero at ooy and oos is 2, and thus the total order of the
zeros is at least k + 2. The only possible poles are at ai,...,ag, b1, by, if
there is a pole at each point it is of order —1. In particular it follows that
the total degree of the poles is greater than or equal to —k — 2. Since the
degree of the divisor is zero, there must be a pole of order 1 at each of the
points ai,...,ag, by, by, which finishes the proof. ([

Let Js be J_ on the first sheet, namely:
Js={z€8: Pze Jand RV2(z) = RY*(P2)},

and let ¥s be {z : Pz € U?;%(bj,aj+1)}. The following identity is due to
Fay [67].

Lemma 3.8. Let & = ey and let B = %Z;:ll ej. Assume that z € S\

{bay ..., bg_1,001,002}. Then, for any A1, 2 € S\ {ba,...,bp_1} such that
A F£ X andv € Ck-1,

(3.14)

A2

“)

9</2A1W+v>9</:w+v> 00 (Lo o)off] (1 w) o[ (1
XZ“3(2)<3j10g9<A:1w+v> — 0;log 6 [§] (/:lw)

j=1
49 log 0 [8] (/:Z) —ajlong)),

where none of the integrals pass through Js U Xs, and where in the event
that 6(v) = 0 we interpret 6(v) Z?;i u;(2)0jlogO(v) = 25;11 u;(2)0;0(v),
and likewise with the other logarithmic derivatives.

018 (S w) (it (2000 [§] )
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Furthermore, for any A € S\ {ba,...,bk_1},
(3.15)

2 A B 0(v)*0 [g] (
9</ “’*”)9(/2 “"“) (i o6 [§] ) (S w000 [5] (0)

j=14 j=1Y
k—1k—1 A
x> di(2)up(N) (—aiaj log 0 [§] < / w) + 8;0; logG(v)) .
j=11i=1 z

Remark 3.9. By Lemma 3.7, the right-hand side of (3.14) and (3.15) are
well defined.

Proof. (3.15) follows from (3.14) by taking the limit A\; — Ao.

We provide a proof of (3.14) inspired by Gus Schrader’s simple proof of
Fay’s trisecant identity in [96].

We first prove that as a function of A, the right-hand side of (3.14) is
pole free. Observe that, as a function of A1, both

o8 (1 w) S ()00 [5] (2 w)
A ’ A

03] (S ) 018 (S )
have a single pole of order 1 at A2 (this follows from Lemma 3.5, by Lemma
3.7, and by the fact that 6 [§] (w(z) — u(b;)) is identically zero for j =

.k —1). As Ay — g, the sum of the logarithmic derivatives on the
right-hand side of (3.14) converges to zero, canceling the pole coming from
(3.16), thus the right-hand side of (3.14) is pole free.

It is a simple exercise to prove that the left and right-hand side of (3.14)
have the same monodromy over the loops A; and Bj (in particular observe

that
)\1 >\1
@-logﬁ(/ w+v>—8jlog9[f§‘] </ w>
A2 z

has no monodromy over the loops A; and Bj). By the Jacobi inversion
theorem (see [66, Section I11.6.6]), there are points z1,...,2zx—1 € S such
that v = —K — Z] Lu(zj) mod A. Tf H;:ll zj is not a special divisor, then
the LHS has k — 1 zeros at z1,..., 2,1, and thus the function RHS/LHS
is a meromorphic function with possible poles at z1,...,zr_1. However
since Hf;ll zj is not special, it follows that any meromorphic function whose
poles form a subset of {z1,...,2,_1} is a constant, and thus RHS/LHS is
a constant. By taking the limit A\; — 2, we obtain that the RHS/LHS is
equal to 1. On the other hand, if Hf;ll zj is special, then we pick a sequence

v, =—K — Z oz ]n ) mod A such that zj(- QN zj and H] 1 ]n) is not

special. Then the lemma holds for each v,,, and taking the limit n — oo we
obtain the lemma for v. O

(3.16)
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Define v on S such that v(z) = v(Pz) for z in the first sheet of S\ Js,
and extend v analytically to S\ Js. Then for A in the second sheet of S, we
have v(A) = iy(PA).

Similarly, u is uniquely defined on S\ Js by letting u(z) = u(Pz) for z in
the first sheet of S and extending analytically to S\ Js.

Lemma 3.10. Let o = gei and let B = 5371 ej. For 2\ € S\
<{aj=bj}§;1l Uoor U 002), we have
(3.17)

00)° (25 + 2 )2 (Pz = PA)? (Sh2{ ()0, [§] (0)) (St wy (0,0 [§] (0)
40(u(z) —u(N)?> 0 [5] (u(z) —u(N))? '

Proof. The left and the right-hand side have the same monodromy around
the loops A; and Bj, and thus the LHS/RH S is a meromorphic function. By
Lemma 3.3, the left hand side has divisor Div(LHS) = (A\*)? H] 1 _1b_
as a function of z (where \* is such that PA = PA* and \ # )\*) By
Lemma 3.5 and Lemma 3.7, the right-hand side has divisor Div(RHS) =
(A*)?2 Hj 195 1b ! as a function of z. Thus the LHS/RHS is constant, and
the constant is determlned by setting z = A. U

We now continue the proof of Proposition 3.6.
Multiplying the left hand side of (3.15) with the left hand side of (3.17),

(3.18) 6 (/:w + v) 0 (/:w - ”) 0((?)2 ((uéii; i()))))
1

k—1k—
—log 8 [§] (u(z )+ u A)0;0; log O(v)
7j=1 =1

;_n

= (Pz—P)\)?

Setting v = 0, we obtain

2
(3.19) g%loge[ & (u(z) — u(N) = T 1 e <’y(z) N 7(A)>

1A (2)
k—1k—1
—ZZU A)0;0;log 6(0).
7j=11i=1

In particular, since u(\) = —u(\*) and y(A\)? = —y(A\*)?, it follows by (3.19)
and the definition of W in (1.28) that

1 1

(3.20) —log b [§] (u(z) —u(N) = §W(z, A) + 2Pz PN

Substituting (3.20) into (3.18), we obtain (3.12).
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It follows from (3.17) that for z, A € S\ Js,

(3.21)
00) (2 +200) (P2 = P/ (S5 2000 3] 0)) (SE 02,0 3] )
20(ulz) —u\) 0 18] () — w0} |

The square root is chosen such that it is equal to (Z? tu u’(2)0;0 (5] (0 ))

when A = 2z, and by Lemma 3.7 the branches may be chosen such that
it is analytic on S \ Js. In particular it follows from Lemma 3.7 that

Zf Lu u}(2)0;0 [8] (0) has a pole at by, and by analytically continuing around

br and recalling the definition of Jg, it follows that if z is in the first sheet,
then

k—1 k—1
(3.22) JZU}(z*)aﬂ 8] (0) = ZJ > uli(2)9;0 [§] (0).
=1 j=1

Recall that for z in the first sheet, v(z*) = i7y(z). Denote the LHS of (3.21)
by LHS(z,\). Taking the product LHS(z,A) x LHS(z*,\) and setting it
equal to RHS(z,\) x RHS(z*,\), and substituting v(z*) = iy(2), u(z*) =
—u(z), and (3.22), we obtain

o (( ) - (8))

10(u(z) — u(0)0(u(z) + u(r >>
<Pz—PA>2 (S5t w2020 [8] (0)) (XS4t w0, [8] 0))
0 [§] (u(z) - 0 DO 8] (u(z) + u(V)) |

Setting A\; = A5 = X\ in (3.14), and recalling that u(\) = —u(\*), we obtain

(3.24)

0 (u(2) + ulN) + 1) (u(z) — () —v) = — L) T UODIJF] (W) — u()

0 [§] (2un) (352 (2)0;6 [§] (0))

N

-1
X 0(v) 6 (2u(N) +v) S u(2) (aj log 8 (2u(X) + )
1

<.
Il

— ;1080 [§] (u(2) + u(X)) + 951080 [§] (u(=) — u(\)) — & log 8 (v) ),
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Multiplying (3.23) and (3.24) we obtain

6(0)° <(7,§Q>)2 - (1 )2) 0 (u(z) + u(\) +v) 0 (u(z) — u(\) — v)
40(u(z) — u(A))0(u(z) + u(A))
(P~ PA)? (52 (09,0 [§] (0)) 1

) 0 T8] (2u(V) 6000 (2uN) +0) 3 5(2) (3108 (2u(3) + 0

— 0j1og 0 [§] (u(z) + u(N)) + 9;log 8 [§] (u(z) — u(N)) — d;1log b (v) >,

Now consider

(3.26)

(3.25)

o

<.
Il

00120 [§] (u(2) — u()? (22 1 20
AP — PAPOu() — w2 (St w0350 [§] ) (S w100 8] )

as a function of z. By Lemma 3.4, Lemma 3.5, and Lemma 3.7, (3.26) has
no zeros or poles. By (1.20), (1.21) and (1.24), (3.26) has no monodromy
on S and is a meromorphic function. Thus it is constant. By taking z — A,
we obtain that (3.26) is identically equal to 1. Recall from (1.30) that
¥(A)? = —y(A*)?, and that

1
j; P)— bj P\ — a;
By taking z — A\* and taking the square root in (3.26), we obtain
(3.27)
6(0)0 [§] (2u(N)) 1
()k[l](U( ZP/\ b Proa ) "
16(2u() (521 5 (0036 [§] (0)) - —a

7j=1

(To verify that the correct sign was taken when taking the square root we
simply take A — by, in (3.27) and verify that the left hand side equals 1 in this
limit). Substituting (3.27) into the right-hand side of (3.25) and dividing
by 6(0)%6(v)?, we obtain (3.13), concluding the proof of Proposition 3.6.

4. ANALYSIS OF THE RIEMANN-HILBERT PROBLEM Y

As is standard in the analysis of RH problems (see [49]), we will apply the
method of non-linear steepest descent developed by Deift/Zhou to evaluate
the large NN-asymptotics for the Riemann-Hilbert problem for Y. In the
multi-cut setting that we are interested in, this was developed by [52], and
we have also been inspired by the work of [82]. To avoid repetition, we
consider a generic RH problem Y (z) = Yy(z) associated with the symbol
ve(z) = F(x)e NV@w (x) from Section 2.4. Observe that we omit the
parameters s and t in our notation but keep the parameter ¢ despite the
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fact that we deform the symbol in each of these variables. In this section,
we discuss some transformations of the generic RH problem that are common
to all of the RH problems relevant to us. Note that one should interpret
we(x) = 1 when p = 0, which corresponds to the situation when we deform
our potential V' and interpolate our function f as in Section 2.5 and Section
2.3 respectively.

The first transformation Y — T. Throughout this section, we will make use
of the notation of Section 1.1.1. Let us introduce the “g-function”

(4.1)

g(z) = /Rlog(z — ANduy(A) = /Jlog(z — Ny (N)dA, z € C\ (—o0, by,

where the principal branch is chosen for the logarithm. The g-function is
analytic in C\ (—oo, b| with continuous boundary values on (—o0, bg] which
we denote by gi. Since

g+ (z) + g—(x) :2/log\)\—:ﬁ|duv()\), xz € R,
R

the Euler-Lagrange equations (1.8) and (1.9), combined with our assumption
that the inequality in (1.9) is strict, may be rewritten as

(4.2) g+(x)+g-(z) = V(z)+£=0 for x € J,
(4.3) g+(x)+g9-(z) = V(z)+£<0 for x € J°.
We can then define our first transformation. For z € C\ R, let
(4.4) T(2) = 203y (2)e N (9(:)+5)0s

where

(1 0 o5 (T O
3=\o -1/ T T\o 271/

Relying on the fact that g is analytic on C\ (—o0,b] and the fact that
g(z) =log(z)+0O(1/z) as z — o0, it follows that T satisfies the the following
RH problem.

4.0.1. The RH problem for T.

(a) T : C\ R — C?*2 is analytic.

(b) T has continuous boundary values Ty (x) = lim._,o+ T'(z + i€) on R
which satisfy the jump condition

(4.5)
e—N(g+(x)—g-(2)) F(x)eN(zu(x)+97(x)—V($)+f)w€(x)
T (z) = T-(z) < 0 N (g4 (2)=g- (@) )
(c) As z — o0,
(4.6) T(z)=1+0(z1h).
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The second transformation T — S. In this step we perform the “opening of
lenses”. Consider the function

(4.7) d(z) == —mi bzwv()\)d)\, z € Uy \ (—o0,bg),

where the path of integration lies in Uy \ (—o0, by], and we recall that Uy
is the domain of analyticity of V. We observe that for z € J, taking the
derivative of (4.1), we have by a residue calculation that d%(ng(z) —g-(2)) =
—2miy (2), and combined with (4.2), we obtain

2 (gui- Y12) - £ (2200500 | D40V 4

dz
= —miy (2).
Since Lo, (z) = —mithy(z) on J, and ¢(by) = g(bk) — V(bg)/2 + £/2 we
obtain by analytic continuation onto Uy \ (—o0, bg] that
(4.8) o(z) =g(z) = V(z)/2+£/2.
In particular, we have
(49)  gr(@)+9 (@) - V(@) +l=pr(2)+ o (), for R,
(4.10) ¢4 (x) + ¢_(z) =0, for x € J,
(4.11) (g4 (z) —g-(2)) = 2¢+(x), for x € J,
where we observe that (4.10) is obtained from (4.9) and (4.2). Using these
identities together, we rewrite the jumps for 7" in terms of ¢. Furthermore,

for x € J, the matrix T_(z) "7, (z) can be factorized as
(4.12)

6_2N¢+(z) ef(m)we(x) 1 0
< 0 €2N¢_(I)> - <ef($)we(x)1e2N¢—(x) 1)

0 el @, () 1 0
X _e_f(x)w6($)_1 O eff(x)w€($)71672N¢+(x) 1 ’

where we observe that the left hand side indeed is the same jump matrix as
that in (4.5) by (4.10) and (4.11), and that equality between the left and the
right-hand side hold by (4.10). Around each interval [a;, b;], we open lenses
J;r and J ;. as shown in Figure 5, which are contained in Uy . The contour

dz 2 2 + 2

J;r is in the upper half plane and Jj_ is in the lower half plane. Moreover,
both Jj and J; start at aj, end at bj, and if any of the ¢; are in the interval
(a;,bj), then the contours pass nearby these points as well. There is some
freedom in the choice of the lenses. In particular we require that Re ¢(z) is
positive on Jj+ and J; , see Lemma 7.1 below. The shape of the contours
J;r and Jj_ near the points a;, b; and ¢; will be specified in Section 6.1. For
now we mention that when Jf and Jj_ meets the points a; and b;, each of

them forms an angle 7/3 with (a;, b;).
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Ty T
a 1 t t b 1 ------ a k tp bk R
Jr Jr

FIGURE 5. The contour g, in a situation where t1,ty €
(al,bl) and tp S (ak,bk).

We write ¥g = Ué‘?:l(JjJr uJ j_) UR for the contour consisting of the lenses
and the real axis. The next transformation is defined by

(4.13)

(1, for z outside the lenses,
1

S(z) =T(z) x —e @ (2)
1

e TPy (z)"le 2N

1-2NG(2) ?) , for z inside the lenses, Im (z) > 0,

0
) 1> , for z inside the lenses, Im (z) < 0.

Before stating the RH problem for S, we first note the following. For j =
1,....,k—1and z € (bj,a;41),

by
(4.14) g+ (x) —g—(z) = 27ri/ py (dx) = 2mif);.

aj41

By combining (4.12) and (4.14), and the fact that ¢ is analytic on C \
(—00, bg], we obtain that S defined by (4.13) solves the following RH prob-
lem.

The RH problem for S.

(a) S:C\ Xg — C**? is analytic, where Xg is as in Figure 5.
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(b) S has the jump relation S;(z) = S_(z)Jg(z) for z € Xg (where the
orientation is as in Figure 5).

(4.15)
N(¢+(2)+9-(2))
Js(z) = ((1) Flaje s “’6(2)>, 2 € R\ a1, by,
(4.16)
0 ef(z)cue z
Jsle) = <—e_f(z)we(z)_1 0 ( >> ’ # € Uil b,
(4.17)
—2miNQ; F N(¢+(2)+¢—(2)) .
JS(Z) = <€ 0 (Z)e e2miNQ; “ (Z)> y 2 € (bj’aj+1)7
(4.18)
Js(z) = ! ! JtuJ- b;}h
s(z) = TGy, ()~ 1e=2No() 1) ze (JTUJ)\{ay, b5}

where J* 1= Uiji.

(c) S(z2) =T+ 0(z71) as z — .

(d) S(z) = O(1) as z approaches any of the points of self-intersection of the
contour Xg.

A crucial fact to our future analysis, see Lemma 7.1 below, is that the jumps
(4.15) and (4.18) converge pointwise to the identity I as N — oo, and for z
bounded away from aj,b;,t;, they tend uniformly to the identity.

5. MAIN PARAMETRIX

We construct a function M (z) which is analytic on C\ [a1, bg], which has
the same jumps as S on [ag, bg] \ {aj,bj}é?zl, and which satisfies M(z) =
I+0 (271) as z — oo. Then the jumps of SM~! will converge uniformly
to the identity except on open neighbourhoods of the points a;, b;,t;. We
divide the construction of such a function into two parts. First we deal with
the special case F(z)wc(z) = 1 which is precisely the situation considered
in the fundamental works [52, 56]. Subsequently we extend to the general
situation F'(z)we(z) #Z 1, where we are inspired by the construction of the
main parametrix considered by Kuijlaars and Vanlessen in [82], but also
provide a new representation for this type of main parametrix. In Remark
5.2 below, we comment on how our representation may be brought to the
form presented in [82].

5.1. Main parametrix for F(z)w.(z) = 1. Let A € CU {00} \ J, and let
v1,...,V_1 be real. Consider the following RH problem

RH problem for Ny.
(a) Ny is analytic on C\ [a1, by].
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(b) N has continuous boundary values Ny + on [a1,bg] \ {a;,b; }g’-‘:l sat-
isfying

(5.1)

0 1
N+ (z) = Ny~ () x (1 0) ’ z € Ujy(aj.0),

6—271'1'1)]-03’ = (bj’ajJrl)’ ji=1,...,k—1.

(¢) Nx(z2) =T+ 0O(z—X) as z— Afor A € C\ J, while if A = oo, then
Noo(2) =T+ O(z71) as z — .
1
(d) Nx(2) =0((z —24)" 1) as z = 24 € {aj,bj};?:l.
(e) As z — 00, Nx(z) — Ny(o0) for some constant Ny (00).

In (5.8) below, we construct an explicit solution to the RH problem for N).
When we wish to emphasize the dependence of Ny(z) onv = (vq,...,vp_1)T
we denote Ny(z;v). In the special case F(z)w(z) = 1, our main parametrix
is given by Noo(z; NQ). While we only rely on Ny, to construct a main
parametrix for the RH problem for S, we will later rely on the fact that

9

(5.2) Noc(A) "' Nug(2) = Na(2).

We will construct a function which solves the RH problem for N,. The first
step is to construct a solution for the special case where vq,...,vp_1 = 0,
which we denote by Ny(z;0). This is given by

z A z A
v [EEHE) E (-
A(20) = 1 () ) 1 (2) ;2 ’
T2 ('y()\) - w(z)) 2 (’Y(A) + ’Y(Z)>

v+ (x) = iy_(x), and thus

Nl = M) (©) 5.

Thus Ny(z;0) solves the RH problem for Ny in the special case where
Viyeooy Vp—1 = 0.

To construct Ny for general values of vy, ..., vx_1, we follow [56], and use
¢ functions and the Abel map. Recall that w; was the unique holomorphic
1-form on S satisfying (1.21), and is of the form (1.22).

Recall Q; from (1.22). Since Q; is of degree at most k — 2, we note that
the limit u;(00) = lim, o u;(2) exists, and furthermore since the residue
at oo is 0, u;(2z) extends to an analytic function on C\ [a1,bs]. By (1.21),

(1.24), and the fact that % has zero residue at oo, it is easily verified that

(5.3) wp(@) —u-(@) =75, @€ (bjaz),
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for j =1,...,k — 1, where 7; denotes the j’th column vector of 7 (so that
T=(m1,...,7Tk—1)), and that

As+1

k—1 k—1
(54) uila) + =—2Z/ A= f w =Y e

for x € (a;,b5) and j = 1,...,k, where (e;); = 6;;. We observe that u, and
u_ are continuous at the points a; and b;, and thus

k-1
(5.5)  ui(a;) = us (aj) ‘2F u—(a;) n uy(aj) g u_(aj) _ ;;es . %’

for j =2,...,k, and

k—1
1 T;
(5.6) uy (bj) :2;es+2ﬂ,

forj=1,...,k— 1.
Recall the definition of the #-function in (1.18). For z € C\ [a1, bg], define

6(0) 9(01L(2)+v7u>$/\)) (u(z)—v+u(N)
m)\(z) = m)\(Z;’U) - — <0(152182)_u( )) G(u((z 2‘;’)‘ ( )) ) .

2)+vtu()) u(X))
00) \ Sy o)

It follows from Lemma 3.4 that m is well defined and meromorphic on z €

C \ [al, bk]
By (1.20), we have the following standard properties
(5.7) 6(&+ej) =0(8) and 0(& + 1)) = e ™2 G (€).

Thus it follows by (5.4) that
0 1
m)\7+([I;) = m)w*(x) <1 0) ’

for x € Ug‘?: (aj,bj), and by (5.3) that

M () = ma, - (z)e 27,

for x € (bj,a; +1), with j =1,...,k — 1. As a consequence, if we define
(5.8)

¥z L A Oulz)fo- u 1 (2() _ A Oulz)—vtu(n)
Ny(2) = 6(0) (w +7(Z> 9<uz —u( 7(7@) 7(2)> 0(u(z)+u(\)
A 20(v) | _1 (w) w) )+v+u<A>> 7(2) +7(A)>w ’
i V) T 3@ ) TeuEruo) YN T 3@ ) e —u)

then we observe that

(NA(Z))U = (m/\(z))m (NA(z; O))ij )

and so it is easily verified by using the jumps of m and Ny (z;0) that Ny(2)

satisfies condition (b) in the RH problem for N). By Lemma 3.3 and Lemma

3.4, the poles of W are cancelled by the zeros of 7(()3 F 182 ,

thus condition (a) of the RH problem for N, is satisfied. By further recalling

and
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that v(2) = O((z — 2z:)"Y/4) as z — z for 2. € {a;, b, }J 1, condition (d) is
satisfied. Conditions (c) and (e) are easily verified by the definition of Nj.
Thus N, defined in (5.8) solves the RH problem for N).

5.2. Main parametrix for F'(z)we(z) # 1. To construct a main parametrix
valid also in the general setting F'(z)we(z) # 1 for z € J, we first consider
some properties of © defined in (1.26).

By Lemma 3.5, ©(z, A) is analytic as a function of z € C\ [a1, bg], with a
zero of order 1 at z = A. By (1.20), (5.3), and (5.4),

(5.9)
O(24,\)0(z_,\) =1 for z € J,
(5.10)
Oz, \) = e*™NQ(z_ \) for z € (bj,aj41) with j =1,...,k —1,
where O(z4, \) = lims)p O(z £ 16, A) for z € R.

Recall the definition of w,(A) in (1.31).
Since ©(z, A) has a zero of order 1 at z = A, it follows that

(5.11) uw»:AiZ+om as A — 2 £ o0,
(5.12) Woo(A) = —% +0(\7?) as \ — oo.

As a function of z, w,(\) is analytic on C\ (a1, bx]U{A}), while as a function
of A, w,(\) is analytic on C\ (J U {z}) (the fact that there are no jumps
on (bj,aj4+1) follows by reversing the role of z, A in (5.10) and taking the
derivative). By (5.9) and (5.10), we obtain

(5.13)

wy(Ay) +wz(A2) =0 for X € J,
(5.14)

Wz, (A) +w._(A) =0 for z € J,
(5.15)

wz, (A) —w._(A) = 4miui(X)  for z € (bj,a;41) with j =1,..., k- 1.

By the above jump conditions and (5. 11) and the fact that w,(\) is bounded
as a function of z as z — x € {a;,b;}*_,, it is easily verified, by considering
it as a function of z, that

JJj=1

wz(N) 1 , @i+1 dx
(5.16) = +2 u()\)/ —_— .
RY2(z) RN - 2) ;;] b RYA(z)(z—2)
Given a function g analytic on a neighbourhood of J, define
1 1
(5.17) dg(z) = == ¢ a(Nwz(N)dA = o— [ g(Mwz(A4)dA,
ami /., 2mi )y
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where v, 4 is a curve oriented counterclockwise enclosing J but not z, and
is such that g is analytic in a neighbourhood of 7, 4. For z € J, it follows
by (5.11) that

dy(+ie)dy(o—ie) = BEEDTICZID L g0) (0 s )
v

2 473

where 7 encloses both J and z 4 i¢e. Taking the limit ¢ — 0, we obtain by
(5.14) that

(5.18) dg+(2) +dg—(2) = 9(2),
for z € J. Recall the definition of Y in (1.43). By (5.15),

(5.19) dg+(2) —dg—(2) = 7{ u;()\)g()\)d)\ = —2miY;(g),
Y0

for z € (bj,aj41) with j =1,... k- 1.
Recall that F(z) has the form F(z) = e/(*) for z in a neighbourhood of
J, where f is analytic. Now define

(5.20) D(z) = exp(df(z) + de(2)),

where de = diog . -
The function D will appear in our construction of the main parametrix,
and the properties set out in the following lemma are important

Lemma 5.1. D satisfies the following properties.

(a) D:C\ [a1,br] — C is analytic.
(b) D has continuous boundary values D+ on [a1,bi] \ {a;, bj}§:1 satisfying

' Di(2)D_(z)"t=e 2V, z € (bj,aj41), j=1,....,k—1.

(¢) There exists some Do, € C such that as z — oo,
(5.22) D(2) = Doo(1+ O(z71)).

(d) D and D~ are bounded for z € C\ ([a1,by] U; Uy, ), for any fired open
neighbourhoods Uy, containing tj, uniformly over all deformation pa-
rameters in our differential identities, namely € € (0,¢€p), s € [0,2], and
t €0,1].

(e) For z in a neighbourhood of t;, and Imz > 0,

) , , d a;/2+ B
1 (£ — e))E(/248;) _ % j
D(z) (@] ((2 (tj —ie)) =\ =Tl ) , P log D(z) T —i0) +0(1),
uniformly for 0 < € < ey, while for Imz < 0 we have
. 93, d a;/2 — B
+1 (4. +(a;/2—55) _ J J
D(z)™ =0 <(z (tj +ie)) T\ @9/ =P ) , e log D(z2) = T @ +ie) +0O(1).
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Proof. Properties (a), (b), and (c) are easily verified by the above consider-
ations of d Property (d) follows by noting that if 4 encloses z and J, then

de(z) = 4m f fx A)dA, and that the integral over 4 is bounded
asz—>a]andz—>b fOI‘j—l k.

For property (e), we recall the definition of logwe in (2.14), and observe
that for z in a neighbourhood of t;, the only non-trivial terms to consider
are log(z — (t; £ie)). If Imz > 0 in a neighbourhood of ¢;, then we consider
the second equality in (5.17) setting g(A) = log(X — (t; + i€)), and observe
that

1

i/, log(A — (t; + i€))w. (A4 )dA

remains uniformly bounded in the neighbourhood because we can deform
the contour of integration downwards in the complex plane, while for

271” log(A—(t —26))wz(/\+)d)\—% Jog(A—(t;—i€) yw. (A)dA+log(z—(t;—ic)),
J J

where J is a deformation of .J which passes above t; in the complex plane.

The integral over J is bounded. Recalling (5.17), the definition of d, =
diogw. > and the definition of logwe in (2.14), this concludes the proof of (e)
for Imz > 0. The case where Im z < 0 is similar, and is left to the reader.

The derivative of log D also follows similarly. O
Now define
(5.23) M(z) := DZ3Noo(z; N+ Y)D(z) %8

The function M will act as our main parametrix, approximating S as
described in the introduction of Section 5. It is easily verified by relying on
the properties of the RH problem for N, and the RH problem for D that
M solves the following RH problem.

The RH problem for M.

(a) M :C\ [a,br] — C**? is analytic.
(b) M has continuous boundary values M4 on [a1, b]\{a;, b; }9?:1 satisfying

0 el @ () k
My (z) = M_(z) x 4 \ —e 7@, (2)! 0 € Ujzi(ag, b)),
e—27rz'NQj037 S (bj7aj+1)7 ]: 1’

(c) M(z) =T+ 0(z71) as 2 — 00,
O((z—2) " 2)as z — 2z € {aj,bj};?zl

A

=
<

O
I
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Remark 5.2. By (5.16) and (5.17) we find that

RY2(z) g(\)dA
47i %rz s RV2N)(A = 2)

R1/2 a1 da
27{ g(M)uj(N)dA /b]_ RI2(z)(x — 2)

]:]_ EN:]

dg(z) = —

By (1.43), this becomes
(5.24)

O RY2(2) g()\)d)\ i a1 dx
dy(z) = = 4ri 7{ RI2(N\)(\ — V() 2Tl /bj RY2(x)(z — 2)°

2,0 7=1

Clearly (5.24) is of the same form as [82, formula (4.8)], and by recalling
the form for Y(g) in Remark 1.7, we can compare with [82, formula (4.12)].

6. LOCAL PARAMETRICES

In this section we aim to construct functions P*)(z) on neighbourhoods
Up of z € {aj,bj}é?:1 U {t;}}L,, which have the same jump contours and
jumps as S on each neighbourhood U, and additionally satisfy P(*) (z) M (z)~*
I as N — oo uniformly for z € 0U,. We start by constructing parametrices

at {(Ij, b]'}?:l

%

6.1. The Airy local parametrix. In this section, we construct a solution
to an RH problem which provides good approximation to S close to the
branch points a;, b;, and we rely on the following model RH problem for
Dy

27/3

FIGURE 6. The jump contour X ; for ®a;.

The RH problem for ® ;.
(a) Pa;: C \ YA — (CQX2 is analytic, where the contour is given by Xa; =
RUe5 RT Ue™ 5 R* and is oriented as in Figure 6.
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(b) ®a; has continuous boundary values ®a; + on Xa; \ {0} satisfying

e =2 (O ) celm0)

e = 0w 1), Ce.00)

D4i.4(0) = Bai, - (O) G f) o e (fFRYUCSTRY)\ (o)
(c) As ¢ — 0, ®a;(¢) = 0O(1).
(d) As ¢ — 0,
(6.1)

1 —Log 1 1 1 1 1 —2¢3/24,
o= () (gt () oo (3)) 1

An explicit solution to the RH problem for ®4; was constructed in [51,
Section 7] in terms of Airy functions.”
Local parametrices at the edge. Denote by U, an open disc of radius
0 > 0 centred at the point . We choose § > 0 small enough such that the
distance between any Ug;, Up,, Uy, is at least 4, and that all these open discs
are enclosed by the contour I' (or one of the contours I';) which appeared
in the differential identity of Section 2. For the purposes of our argument
in Section 11, when we deformed V, it is actually important that we can
choose § independent of s. We will also need to choose the discs so small
that hy does not vanish in the disc. Moreover, note that as the discs are
surrounded by T' (or one of the I'j), they are also contained in Uy — the
domain of analyticity of V.

On each open disc U, where x € {aj,bj}le, let ¢y be as in (1.13) and
(x be the local variable given by the conformal mapping

(6.2) = (5 [ wvmcu)g, ceu..

We choose the branch such that Q,j(z) is positive for z > b; on Up,, and
Ca, (2) is positive for z < a; on U,,.

We can finally be more precise about how we define the lenses used in the
transformation (4.13): inside U,, and Uy, we choose them such that under
¢, they are mapped to the contour X a; in Figure 6. We will return to how
we define them close to t; later on. We then define the local parametrices
P3)(z) and P®)(z) as
(6.3)

Pl (2) = B(2)03®; <N2/3(aj(z)> oze No(Z)os o~ fgz)oawe(z)_%g, z € Uy,

P(bj)(z) = E(2)®a; (N2/3<bj (Z)) 67N¢(z)0367@03w6(2)*%3’ = Ubj)

TOur ®,; is given by v/ 2me™ 1207 in the notation of [51].
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where ¢ is as in (4.7) and

: 1
M(2)e’ 5w, (z) F eNmi-in()es 12( ><“ AL
1

M(z)ef(;) . e(z)— N7iQn(z)os 12 ( _Z> ) 0'3N 6 , 2z € Ubj7
with M as in Section 5, g = Q; =0 and
1 Imz>0
6.4 =<7 ’
(64) n(z) {—1, Im 2 < 0.

Lemma 6.1. Forz € {a;,b;}*
the following RH problem.

(a) P®) .U, \ S5 — C>*2 is analytic. Here Xg is as in Section 4.
(b) OnUyNXg,

i1, the function P@®) defined in (6.3) satisfies

P = p9 g,

where we recall that Jg is the jump matriz defined in condition (b) for
the RH problem for S.
(c) We have the matching condition

(6.5) P@()M(z)"'=I+0ONY), as N — +o0,

uniformly for z € OU,, and also uniformly over the parameters appear-
ing in our deformations Vy, etf, we.
(d) As z — x, P@)(2) = O(1).

Proof. Condition (a) follows from the definition of Xg on U, (we recall that
Yg was defined on U, so that {, maps Xg to X,;). Condition (b) follows
from condition (b) for the RH problem for ®4;, combined with the fact that
E, f, and w, are analytic on U, and that ¢ is analytic on C\ (—o0, b;] and
on J we have the condition (4.10) while on (bj, aj+1) we have (4.14).

A straightforward calculation making use of (6.1), the definition of ¢ from
(4.7), the definition of ¢ from (6.2), as well as the fact that §2; are real, shows
that we have for z € U, (and z being the relevant a; or b;)

PO ()M ()™ = I+ M(2)e s P, (2) T O(N1Ca(2) "2 )we(2) " F e 5

(=)~

where the implied constant is universal. We have that e*/*) and w,(z)*"

are uniformly bounded on OU,. The same holds for M, since it is analytic
on C\ J, and has continuous boundary values on J N U, \ {z}. Thus we
obtain condition (¢). Condition (d) follows from a direct computation which

we omit here and the proof is complete.
O
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FiGURE 7. The jump contour ¥y and the jump matrices for V.

We observe that by including the subleading term in condition (d) in the
RH problem for ®4; we obtain that as N — oo,
(6.6)

P@O()M(2) =T+ A< )+ OW/ND),
M (2)eNmi— 11(2) 1 )
Az) = (2 ;g 2)3/2 <(2 - >03e NIRRT M ()T 2 € O,
- M(2)e NmiSdn(z)o3 e~ N7iQ;n(z)os -1
A(Z) _ 8<bj( )3/2 Z % J M(Z) ) A 8Ubj>

We now turn to approximations close to the points ;.

6.2. The Painlevé local parametrix. Similarly to the Airy local parametrix,
we will consider an approximation for S near the points ¢; through a certain
model RH problem for W. As opposed to the Airy model RH problem, the
solution to the RH problem for ¥ may not be explicitly constructed, how-
ever the unique existence of a solution to ¥ was proven in [43].® The model
RH problem ¥ is associated with the Painlevé V equation, and depends on
two complex parameters «, 8 and a positive one s > 0.

RH problem for V.
(a) ¥:C\Xy — C?*?is analytic, with Xy = 'y UT2UT'3UT 4 U0, +00),
and
1 s} 1 T 1 s} 1 jus s
Ii=-+eiR", Ty=-+e iR, Ty=-+e TR, Ty==+e TR,
2 2 2 2
oriented as in Figure 7.

8Let us point out a minor difference between our description of the problem and that
of [43]. Our parameters « and § correspond to 2a and —f in [43].
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eﬂi(%—ﬁ)ag

eﬂl(%+6)a3

FIGURE 8. The jump contour X, and the jump matrices for ®v.

(b) ¥ has continuous boundary values on ¥y \ {0, 3, 1} and the following
jumps:

mi($408)
1oemhe ) for z € I'y,

1 0
\IJJF(Z) = \Il,(z) (eﬂi(ngﬁ) 1) for z € FQ,

1 0
\I/+(Z) = \I’_(Z) <€7ri(g+ﬁ) 1) for z € I's,

U, (z)=V_(2) 0 1 for z € I'y,
Uy (z) = U_(z)e ™(2Hhos for z € (0,1) \ {1/2},
U (2) = U_(z)e 2mibos for z > 1.

(c) There exist functions p = p(s,a, ), ¢ = q(s,, 8), 7 = r(s,,5)
such that W(z) has the following behavior as z — oo:

1 (g r 9 S
6.7 U(z)=(I+- O s exp (~ > z03).
(6.7) (2) ( + . <p —q) +O(z )) 2P7% exp 5773
(d) The function Hy(z) := \I/(z)z_(%+g)‘f3, where the branch cut is taken
on (0,400), is analytic in a neighbourhood of 0. Similarly, the func-
tion
e™Bos  Imz >0,
e~ TP Imz < 0,

Hi(z) = U(z)(z — 1)(§~2)s {

where we choose the principal branch for the roots, is analytic in a
neighbourhood of 1. Furthermore, ¥ is bounded near 1/2.

For our purposes, we find the following modification of this RH problem
to be convenient.



74 C. CHARLIER, B. FAHS, C. WEBB, AND M.D. WONG

Modified Painlevé V model RH problem. We define ®v(z;s,a, ) = Ov(z)
by
(6.8)

s 2iz 1 e~ 3 (507 Rez >0
. _ 503 Po3 ot . . ’ ’
(I)V(Z,S,OZ,B) = e+ § \I]( S + 275,0&,ﬁ) { e%(%+ﬁ)037 Rez<0.

This is closely related to a function defined in [43, (3.9)], denoted by ® (A, s)
there. More precisely, we have with this notation

~

(6.9) Py (z,8) = B(—2iz,5)G(2)%,
where
~ . Ti ) l(Q<F/B) ) 7l(2718)
610)  Gle) =2 e (o ) (a - ) R
with
7r< (+i3><37r 37r< ( is><7r
_Z r 5 o7 _3m . s i
B arg |\ z 1 9 5 arg | z 1 5

It is straightforward to verify that ®v; satisfies the following RH problem

RH problem for ®v .
(a) @v is analytic on C\ Xg,,, where X, is as in Figure 8.
(b) On Xg,, ®v has the following jumps:

Oy 1 (2) = Py _(2) <(1) _11> for arg z = /4 and arg z = 37 /4,

Oy 1 (2) = Py _(2) <} (1)> for arg z = —7/4 and argz = —3w /4,

Oy 1 (2) = @V’,(z)eﬂ(%"'ﬁ)"?’ for arg(z +1is/4) = —m /2,

Oy 1 (2) = @V’_(z)em( —B)os for arg(z —is/4) = /2.

(¢) The behaviour of ®v(z) as z — oo is inherited from condition (c) in
the RH problem for W.

(d) The behaviour of ®v(z) as z — +is/4 is inherited from condition
(d) in the RH problem for W.

For the following results, we rely on [43].

[N]])

Proposition 6.2. Let o > —1 and 8 € iR. The following statements hold.

(a) W is solvable all s > 0.

(b) When considered as a function of s, Hy(0) and H1(1) are analytic
on an open set in the complex plane containing (0, 00).

(c) As s — 0,

a/2 —a/2 a/2 —a/2 a/2 a/2
s s +s S + s s
Ho(()) =0 <<8a/2 Sia/2 + Sa/2>> ) Hl(l) =0 ((Sa/Z + 8a/2 Sa/?

)
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for a # 0, while

wo-o((1 1) mn-o((5: 1))

as s = 0 fora =0, 8 #0.

(d) As s — oo, we have ®(s/2;s), P(—s/2;s) =1+ O (e”%°) (where ®
is as in [43], see (6.9) above for relation to ®v ), for some constant
¢ > 0. Similarly, ®'(s/2;s), ®'(—s/2;5) = O (e") as s = 0.

(e) There hold the identities

(Ho(0)™ Hp(0)11 = —

(Hi(1) ' H{(1)2 = 5 + 5
where o is a real analytic function on (0,4+00) and satisfies

2 — B2 14+a
(6.11) o(s) = o /4_1 52 4:0(8) +O(s* T logs) ass— 0,
O(S e S) as s — +o0o.

Furthermore, as § — 00,

[ ()= (5 - )

Gl+5+B8)G(+ 5 —P)
G(l1+a)

— log +o(1),

where G is the Barnes G-function.
(f) As z — oo, we have

(6.12) By (2)8(:) 7 = T+ 0("Y),
uniformly for s € (0, 400).

Remark 6.3. In [}3] it was furthermore proven that o satisfies the Jimbo-
Miwa-Okamoto form of the Painlevé V equation:

2
sdQ—U i = — sd—a + 2 d—a i + ad—a
a2 ) —\° ds ds ds

—4<ZZ>2(2§+(1/2—B> <ZZ+a/2+ﬁ>.

Proof. Part (a) is the vanishing lemma proven in [43, Section 4.4.1]. For part
(b), it is generally known that such functions are meromorphic functions of
s with only a finite number of possible poles for values of s where the RH
problem is not solvable, and by part (a) it follows that they are analytic on
an open set containing (0, c0).

For part (c), we rely on the analysis of ¥ as s — 0 in [43, Section 4.2.2],
taking care that our a and (8 correspond to 2a and —f in [43]. When « #
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0,1,2,..., it follows from [43][(4.53), (4.23), and (4.75)], writing £ = % +1,
that

U(E) = 577 B(N) (é CO‘](A?S’lo‘/2°5)) (\ps)(§+2)os\(§-5)o ((1) !17)

x (I +0(1)),

as s — 0, uniformly for A in a fixed neighbourhood of 0 intersected with the
region where ¢ = % + 1 is in region III, where g and ¢y are some constants
and F is an analytic function (and thus bounded) on a neighbourhood of
0. By [43, formula (4.60)], J is bounded, from which part (c) follows for
Hy(0) and for « # 0,1,2,..., by the definition of Hy. The function H;(1)
is evaluated similarly. When o = 0,1,2,..., by [43, formulas (4.67), (4.23)
and (4.75)],

(&) = (I +0(1)s’E(N) ((1) c2J (X; s,la/2, —ﬁ))

< (ts) (3873 A (5= 5o ((1) =L Sinﬂ(a/?—ﬁ)log(Ae‘”)) <(1) ?)v

as s — 0, uniformly for A in a fixed neighbourhood of 0 intersected with the
region where & = % + 1 is in region III, where g and cy are some constants

and E is an analytic function (and thus bounded) on a neighbourhood of 0.
By [43, formula (4.71)], it follows that

e J(N; s, B) = —% sin (/2 + B)AY 2B (N 4 2)/2 P log(Ae™™)
+ O (max{1, s“|log s|}) .

Thus, by the definition of Hy, part (c¢) follows also for a = 0,1,2,... for
Hy(0), and H;(1) is evaluated similarly.

Part (d) follows from [43, formulas (4.2) and (4.9)].

Now consider part (e). We will prove the identity for Ho(0)~1H{(0), the
other one follows in a similar manner. It is easily verified that ¥/ ¥~! is of
the form

/ -1 _
(6.13) U'(z,8)¥(z,8)" = Axo(s) + . + po—
and similarly that
(6.14) [i\l’(z, s)] U(z,8)"t = By(s)z + Bo(s)

for some matrices A;, B; which are independent of z. Inserting the expression

a: B
W(z) = Ho(2)2{7 1278 into (6.13) and evaluating the residue at z = 0, we
see that
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On the other hand, expanding near zero Hy(z) = Hoo(I + Ho1z + O(2%)),
we see that Hy(0)"'H}(0) = Ho1. Moreover, using ¥(z) = Hg(z)z(%+§)"3,
we see by evaluating (6.14) as well as its z-derivative, both at z = 0, that

d 0 _
%HO,O = BQHO’Q and %Ho’l = HO,(%BlHO:O'
Substituting the large z expansion (6.7) for ¥ into (6.14), it follows that
By = —103, so by our remark that Hy '(0)H)(0) = Hp 1, we obtain
o o
55 Ho (0)Ho(0)11 = —5(Hy (0)osHo(0))11
1
T4
Using [43, (4.103) and (4.110)], which state that Ag 11 (
(recall that our o and 8 correspond to 2 and —/3 in [43]
1, 1
5+8 (s) 2

= —%(HO(O)U;»,HO(O)A)H =- Ao11(s).

)=0'(s)+5+5
, we find that

)

(6.15) 9s(Hy M (0)Hp(0)11 =

Y

where o is a real analytic function satisfying (6.11). It remains to evaluate
the integration constant here. Recalling the notation ®(z, s) = @v(%, S)G(%)_U3,
it follows by part (d) and the definition of G in (6.10), and by the relation

between ¥ and ¢ in (6.8), (6.9), that

(HO(O)_1H6(0))11 = ilgtl) <[‘I/_1(z)\ll’(z)] q- G+ gt)
/ . @/ z o 18
= lim, [—%(@(—%zrl@ (i) + = (1; ~G+hoE|s
s a p
:_§+Z_§+0(1)’

as s — 0. Combined with (6.15) and the limiting behaviour of ¢ in (6.11),
we obtain part (e) for Ho(0)~1H{(0), the result for Hy(1)"1H}(—1) is proven
in a similar manner.

O

We are finally in a position to define our local parametrix near a point ;.

The local parametriz near t;. Let eg > 0 be sufficiently small but fixed,
and let Uy, denote a sufficiently small but fixed disc centred at ¢;. In this
section, we follow [43, 41] to construct a local parametrix in Uy;; which will
approximate S uniformly for 0 < € < ¢y. Let us define

(6.16) G, (2) =i <{ ﬂ;();% g %Ei z 8 } - s g o if)) '
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One can check e.g. from (4.7) that ¢(z) = ¢(Z), and thus

O(t; + i€) — olt; — ie)
2

One readily verifies that the function (;; is a conformal map in Uy, and
satisfies ¢ (t;) = mpv (¢;) > 0. This remark allows us to finally define what
the lenses from Section 4 look like in U;: we choose the lenses so that Ctj
maps Yg\R to Xg,,. We observe that (¢, (t;) is not necessarily equal to zero,
but ¢; is not a singular point in the RH problem for S, so we simply deform
the contour of S slightly and assume that the lens intersects the real line at
t; anyway.

To make use of our Painlevé model RH problem, we also need to define
the o, B, and s parameters. For o and 3, we simply choose «;, 3;. For s, let
us define

(6.17) sy =2N (qb(tj +i€) + ot — ie)) = 4NRe d(t; + ic) > 0.

= iIm @(t; + ie).

Then Ny, (t; +ie) = =24

This allows us to define precisely what the branch cut of we from Section
2.4 is: we choose the cut going from ¢; + i€ upward to be such that ¢;; maps
the part of it in Uy; to i(sjn/4,00), and similarly in the lower half plane —
one readily checks from basic properties of (;;, that at least for small enough
Ui, , this gives rise to a valid branch cut (smooth, does not intersect itself,
or spiral into itself).

We can finally define our local parametrix:

(6.18)
Pl)(z) = Etj(z)‘I’v(NCt]-(Z);Sj,N7Oéj,5j)Q(Z)€_N¢(Z)U3€_@nge(z)_%,

with
0 1
(6.19) Q) = <+10)’Im2>0’
1, Imz <0,

and where ®v is the solution to the modified Painlevé V model RH problem
discussed above, and Fi; is given by

i)

z'sj,N>—<Tf+7f>ag

4

(6.20) By, (2) = M(2)we(2) 2 e 5 Q(2) 1 (NG, (2) +

)G - a—]—ﬂ—] o TiO;

Here we choose the branch of the roots so that the cuts of the N¢;;(2) +

1S . . . .
%N—terms are on Y, discussed in Section 2.4 — to be precise, one defines

. N¢t (2)+i LN
log(N ¢, () 128 = ) g ()E 4w for all z off of the above mentioned

cuts, in such a manner that the integration contour does not cross the cut.
The claim about P{) is the following.




HANKEL DETERMINANTS WITH A MULTI-CUT POTENTIAL 79

Lemma 6.4. The function P%) satisfies the following RH problem.
(a) P . Uy, \ g — C**% is analytic — here Sg is as in Section 4.
(b) P satisfies the same jump conditions as S on Xg N Ut, -

(c) For z € Ui, (0U,, UUy,),

(6.21) PE(M(z) ' =T+ ONY

where the implied constant is uniform in 0 < € < €.
(d) P8 (2) = O(1) as z — t;.

Proof. Verifying a), b), and d) is a routine calculation making use of prop-
erties of ®y and very similar to ones in [43, 41] so we omit the details.
Concerning the matching condition, in particular the uniformity in it, we
point out that using (6.12) along with the definition of ¢, from (6.16), that
for z € OUy,

P (2)M(2)™" =1+ By, (2)O(N 1) By, (2) .

with an implied constant that is uniform in z and 0 < € < ¢y. One also
readily verifies that P and w*! are bounded on OUy, uniformly in 0 < € < €,
and thus we obtain (6.21). O

We now turn to performing our final transformation and solving our RH
problem approximately.

7. SOLVING THE SMALL NORM PROBLEM

As is standard in the RH analysis of these types of problems, we have the
following lemma. Recall the contour ¥g from Figure 5 and the jumps Jg
from (4.15)-(4.18).

Lemma 7.1. Given § > 0 (fized but sufficiently small), there exists ¢ > 0,
such that

Js(z) =1+ 0 (e (1= + 1))
as N — oo, uniformly for z € Xg\J and |z—zo| > ¢ for all zy € {aj,bj}leu
{t]}§:1

Proof. Combining ¢(z) = g(2)—V (2)/2+¢/2 with the (strict) Euler-Lagrange
inequality (1.9), we infer that ¢4 (z)+¢_(z) < 0 for z € R\J. This yields the
lemma for any fixed € R\J with « bounded away from {a;, b; }?Zlu{tj Ly

710;(/';3'21) — 00, and
since g has logarithmic growth at oo, we obtain the uniformity required.
Now consider the contour J*. For 2 € .J, Re ¢+(x) = 0, and furthermore
d%(ﬁi(x) = Fimypy (x). Thus, by the Cauchy-Riemann equations, Re ¢(z) >
0 on J* and J~ assuming they are chosen to be sufficiently near the real line.
We observe that at the intersection points J* N oU, for x € {a;, bj}?:l’ we
can not choose the contours J* to be sufficiently near the real line, because
on U, the contours J* were already determined in Section 6.1 and the

For uniformity as ¢ — oo, we recall our assumption that
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derivative of ¢ at x is zero. We consider the intersection points near b;, the
ones near a; are considered similarly. As z — b;,

(2) = d(b) — e(z = b))** + O((= = b;)>?),
for some ¢ > 0, where we recall that ¢(b;) is purely imaginary. If z4 €
JEn OUy, then the argument of (24 —b;) is close to £27/3 when we choose
d to be sufficiently small (see Section 6.1), and thus Re ¢(z+) is positive. O

Recall the main parametrix M satisfying the RH problem for M as in

Section 5, the local parametrices at t1,...,%, constructed in Section 6.2,
and the local parametrices at a;,b; for j = 1,...,k constructed in Section
6.1. Define

(7.1) R(2) = {S(Z)M(Z)1> 2 ¢ UpeTUy

S(2)[P@ ()Y, zeU,forzeT,
where 7 = {a;, bj}§:1 U {t;}}—1, and let Xp be as in Figure 9, i.e.

YR = Uper0U, U{y:y € J* and |y — x| > 6 for all z € T}
U{yeR\J: ly—x|>dforall z € {aj,bj}é?:l}.
Combining Lemma 7.1, Lemma 6.1, and Lemma 6.4 with the uniform
boundedness of M for z bounded away from 7T, we see that R satisfies the
following small norm RH problem.
(a) R is analytic on C\ Xg.
(b) On Xg,
Ry(z) = R_(2)(I + A(2)),
where A(z) = O (N7 for z € OU, with z € T, and A(z) =

—cN

@) (égﬁ» uniformly for z € Xg \ Uye70U, and uniformly in the
deformation parameters t, s, € introduced in the differential identities
of Section 2.

(¢c) R(z) = I as z — oo.

It is easily verified that R has the form

(7.2) R(z)=1+ /E

where we emphasize that the orientation on AU, for x € T is clockwise.
By standard small norm analysis (see e.g. [49, Section 7]), it follows that

R_.=1+0O(N1)in L? (ER, diu) as N — oo. Thus by (7.2) and the

~

R_(u)A(u)du

(u — 2)2mi

lu?|+1
asymptotics of A in condition (b) for the RH problem for R, it follows that
(7.3) R(z)=1+0 (N1 and  R/(z)=0O(Nh

as N — oo, uniformly for z in compact subsets of C \ ¥ and uniformly in
the deformation parameters ¢, s, € introduced in the differential identities of
Section 2. Furthermore, the jumps of R on J* and 90U, for € T extend
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Ua, Ut Ut Uy, U, Ut, Uy

FIGURE 9. The contour Xg.

to analytic functions in neighbourhoods of J* and dU,. Thus these jump
contours can be deformed, and so (7.3) also holds as z approaches J* and
OU, for x € T. The upshot is that there are open intervals I; such that
laj,b;] C I; and that (7.3) holds uniformly for z € C\ (R \ U?:Jj)- The
reason that (7.3) does not hold uniformly on R \ Ué?:ll ;j is that we did not
assume that F' is analytic in this region, and thus we cannot deform the
jumps of R here.

For future reference we observe that in the case where F'(z)w(x) = 1, by
substituting (6.6) into (7.2), we obtain

R(z) =1+ iR<1>(z) + O(1/N?),

(7.4) X dN
/ =Y n(1) 2
R(z) = 1RO () + O(1/N?),
as N — oo, uniformly for z € C\ (]R \ Uk:1Ij>, where
(75) R (z) = § oo
me{a],b . ou, (u—2) 271'2

and where A(u) is as in (6.6) (so that A(u) = +A(u) + O(1/N?) on OU,).
8. RATIO ASYMPTOTICS FOR NON-SINGULAR SYMBOLS

In this section, we obtain large N asymptotics for ratio asymptotics of
Hankel determinants with non-singular symbols, thereby proving Theorem
1.3. To do so, we will rely on the asymptotics of Y obtained in the Riemann-
Hilbert analysis, and specialize to symbols of the form v;(z) = Fy(z)e~ NV ()
as denoted in (2.11), with ¢ f = log F} analytic in a neighbourhood of J, and
we fix w. = 1. Substituting these asymptotics for Y into the right-hand side
of (2.12) and integrating, we obtain Theorem 1.3.

We denote Y(tf) = tY(f), where the quantity T was defined in (1.43).
Fix a contour I'; oriented counter-clockwise enclosing [a;, b;], and further-
more enclosing the lenses around [a;, b;] and the discs Uy, Up; (defined in
Section 6) such that f and V are analytic in an open set containing I'; and
[aj, bj], such that I'; intersects R only at two points. Recall that this is pre-
cisely the setting of Section 2.2 and Section 2.3, and that we denoted by I;
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the largest subinterval of R enclosed by I';. Finally, we denoted I = U?le §
and I' = U;?:lfj.
For z € (J;T; U(R\ I) and t € (0,1), we have by (4.4), (4.13), and (7.1)
Y (2) = e Ne% R(2) M (2)eN @) +3)os

where we recall the definition of g in (4.1), and that Y, R and M depend
on t. So

Nl

Y(2) 7Y (z) = e N6l <M(z)1R(z)1R’(z)M(z)

+ M(Z)_lM,(Z) + Ng/(z)o'3> eN(g(Z)-f-g)ag’

and we recall that r(14) is expressed in terms of the quantity
(8.1)

(Y(2)7'Y'(2)),, = e2N(9(2)+3) (M(2)'R(2) 'R (2) M (2) + M (2) "' M'(2)),, .

while
(8.2)
(Y(z)*lY’(z))l1 = (M(2)"'R(z) 'R/ ()M (2) + M(z)*lM'(z))ll + Ng'(2)

appears in formula (2.12).

Lemma 8.1. As N — oo,

(8.3)
—1y/! d —NV(z) dx —cN
sup |r(»)| = sup [Y(2) Y (z)]o1—Fi(x)e —| =0 (e ) )
t€(0,1) te(0,1) |JR\I dt 27
for some ¢ > 0, where r(v) is as defined in (2.12).
Proof. Let
(8.4) H(z) = e NI [y (2) 71y (2)],, .
Then (8.3) becomes
(8.5) sup H, (x)iFt(:c)eN(29+(x)+£_V(x))dac =0 (e V).
te(0,1) |JR\I dt

We will show that H, (z) is uniformly bounded for x € R\ I. By (4.14) com-
bined with the Euler-Lagrange equation (1.9) (which is a strict inequality by
our assumptions) the integrand on the left-hand side of (8.5) is exponentially
small for any fixed z € R\ I. By (1.6) and the fact that g(z) = O(log|z|) as
x — £00, the definition of F} in (2.11) and assumption (c) for F', we obtain

(8.6) %Ft(x)eN(29+(l’)+f—V(l’)) =0 (G_CN/x2)

as x — oo. Thus, upon proving the boundedness of H, we have proven the
lemma.
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Since e 2N9(2) = O(272N) as z — oo and [Y(z)_lY(z)’]21 = 0(z*N2) as
z— 00, H(z) = O(27?) as z — o0. Also, since [Y(2)7'Y(2)'],, is an entire
function and since e9(%) is analytic on C\ [a1, by], it follows that H is analytic
on C\ [a1,b;]. Combining the facts that H(z) = O(z71) as z — oo, that
H(z) is analytic on C \ [a1, bg], and that H is bounded in a neighbourhood
of a1, bg], we obtain that

br r)— H_(z))dx

2ri(x — z)

1

Thus, if v is a counter-clockwise oriented loop containing [ai, bx|, and z is
not contained in 7, then

(8.7) H(z) = j’{ _H{w)dz
g

2mi(z — x)’

Along ~, we have by (8.1) that H(z) = (M(2) ' R(2) ' R'(2)M (z) + M(z) ' M'(2))
We recall that (7.3) holds uniformly for z € C\ (R \ U?Zlfj), where each

I is an open interval such that [a;,b;] C I;. We let v be such that it in-
tersects R in I; and I (and not in the support uy ), and so in particular

(7.3) holds uniformly for z € 7. Thus, since additionally M (z) and M'(z)

are uniformly bounded for z € 7, it follows that H(z) is bounded uniformly

for z € R\ [a; — 0, by, + 9] for 6 > 0.

Now we consider H,(z) for z € [b; + 0,a;41 — 0]. Let X; be a curve
connecting b; to aj41 in the lower half of the complex plane. Let O; be the
region contained by [b;,a;j4+1] and 3;. Let H;(z) = H(x) for z € C\ Oj;, and
Hj(z) = H(z)e *™N% for z € O;. Then by (4.14), Hj 4 (z) = Hj_(z) for
x € (bj,aj41). Then, similarly to (8.7), we have

21°

Hj(z)dx
Hi(z) = 5, 2mi(z — )
for z € (bj + 6,a;41 — 0), where ~; is a loop containing [a1,bg] \ (bj,aj41)
but not z (and is such that Hj is analytic on 7;). We assume that ; only
intersects R in UF_,[;, and thus H;(x) is uniformly bounded for z € ~;
(similarly to the boundedness of H(x) for € « above). Thus it follows
that Hy(z) is uniformly bounded for z € R\ I, which concludes the proof
of the lemma. O

We now integrate [Y (2)~1Y”(2)]11 appearing in (2.12). Recall N, defined
in (5.8), satisfying the RH problem for Ny. By considering the Riemann-
Hilbert problem that N)(z) satisfies, it is easily verified that Ny(z) =
Noo(A)"INoo(2) for any A,z € C\ [ay, bg]. Thus we may rewrite

Noo(2) "IN (2) = Noo(2) ™ Noo () Noo(A) T'NZ (2) = Na(2) TN (2).
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On the other hand, since A was arbitrary and N,(z) = I by construction,
we find that

(8.8) Noo(2)7IN! (2) = lim N{(2).

A=z
We rely on this to evaluate (8.2). Since V and f are analytic on a neigh-
bourhood of I';, for j = 1,...,k, the small norm estimate for R in (7.3)
holds uniformly for z € Ulefj. Recall the definition of M in (5.23), and
let D(z) = exp(ds(z)) with dy is as in (5.17). By (8.8), (8.2) and (7.3),

(8.9) /
Y)Y @l = N () - 5

+ lim N (2)11 + O(N 1)
A=z

290N+ Y(f))

, d
= Ng'(z) — e D(2) + 2 =5mve v ()

dz

=1

as N — oo, uniformly for ¢ € (0,1) and z € J,; T';. Substituting the defini-
tion of D(z) from (5.20), we thus obtain

(8.10)
s dz , dz , dz
FYEO YT = N § S5~ )5
L OmO(NQU+Y(F) [ dz
T ()G +ol1),

m=1

as N — oo, where o(1) is uniform in ¢ € (0,1). We now evaluate the
right-hand side.

The first term: For the first term here, we note that by the definition of
g from (4.1), Fubini, and Cauchy’s integral formula, we have
(8.11)

foaress = [ (2 ) awew = [ i

The second term: By (5.17) and the fact that %wz()\) = W (z, A), we obtain

(8.12) }I{df(z fR)g = fj{W s ] (A)%%'
The third term: By (5.19)
(8.13)
22 00(NQ+EY(S) [, dz R 9nf(NQ+Y(f))
2. “gva () B3 = 2 gvarer(n) Y

= %logH(NQ +Y(tf)).

u;(2) + ON~!
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Combining everything: Combining the first, second and third term we obtain

(814 fwu*wunﬂ>;id4m/f )y (@)

?{?{W SN f )2 2 +1og O(NQ + Y (tf))

27 2mi

+o(1),

as N — oo, where o(1) is uniform in ¢ € (0,1). Substituting (8.14) into
(2.12) we obtain Theorem 1.3.

8.1. Proof of (1.45). To prove (1.45), observe that

(8.15)
d\ d d\ d

fszA N3 gm = [ VA = W) F N 555
Taking integration by parts,
(8.16) }I{}I{Wz)\ ()\);;2(1;

2mzf b (2) =, () — Fag) (wn, () — s, (2))] )

d\ dz
w4 [ o @O

By (5.15),
(8.17) wp,; _(2) —w, , (2) = Waji),- (2) = Wajn),+ (2) = _47”“; (2),

for j =1,...,k — 1, and since w)(2) is analytic for A € C\ [ay, bg],
(8‘18) Wy, _ (Z) — Wy, (Z) = Wa,y (2) — Way (Z) =0.
Thus, using additionally (5.14),

k—

@w>£ﬁww&wu ) A dz Z (a5e1) — (b)) T5(f)

2ri 2m

d\ dz
f/w+ NI g o
Then (1.45) follows from (8.19) and (1.32).

8.2. Proof of (1.57). The asymptotics of (1.57) follow from a second in-
tegration by parts and subsequently changing the homology basis from wu;
to 4;. Our starting point is (8.19). By (1.32), wy, (24) = £ + O(1) as
z — X (for z, A in J), and thus

(8.20) 7{ wy, (2)f(2)=— = P.V. / wy, (2-) —wa, (24)] f(2)

2m -

dx
2mi’
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where P.V. [ is the principal value integral. By (1.32), by the fact that
Rl/Z(x) and u} | (7) are imaginary on J, and by the fact that RV2(z) is
real on R\ J, it follows that wy  (2+) is real on J. Thus

0
(8.21) wy, (2+) = 52 log |©(\4, z4)].
Thus, taking integration by parts in (8.20),
(8.22)
k
dz 1 @()‘—Hbj—) @()‘-l-vaj—) )
wy, (2)f(2)=— = — bj)log | ———"—=| — f(a;)log | —~——"—=
o5 =5 > (e 108 |G| — sl tos g
O(Ay; 24) dz
+/JlOg Oy, 2) Uc >2m
From (5.10), it follows that if x € {bj, a;j41}, then
(8.23) log |©(z, 24 )| = £Re (2miu;(z)),
for z € J. By (5.9), z+)/@()\+,z,)) — |6(A\1, z4)[% Thus,
& k-1
B20) §un ()55 =23 (Fage) = Fb) Tl ()
j=1
+2 [ log o0 2l £1(:)5

Substituting into the right hand side of (8.19) we obtain
dA d —
2 A =2 T,
B2) § P W5 O >>< ()

/f JImu; 4 (A d)\>+4//log|® Ay z0) F1(2) /(A )ﬁﬁ

21 271

Finally, we want to bring the right hand side of (8.25) to a slightly different
form. Taking integration by parts in the definition of T; (1.43) and relying
n (5.3),

k-1

d
T = —fruj(Z)f ) — L flai41))7-

2w 2m
l:l
On J, we have Reu; + = Rew;_, and so

k—
(8.26) ;= 1/‘]Im(uj’+( NS Z flars1))m -

™
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We recall that 7 is symmetric and Im7 = (—)7 is positive definite. From
this, and using the fact that Z;:ll TmJ(T_l)lJ = 0y, j, we find

k-1

820 (a0 - 10) (T + 2 [ £t ()

—1

<

k—1
=2mi > TN

jl=1

- iZl J[ | Bt )i O0) (21O G

Thus, recalling the definition of £(f) from (1.58), we obtain
(8.28)

d\ dz S _
W NG W5 = 220 —dmi X LT

Substituting into (1.42) and relying on (1.52), we obtain (1.57).

9. RATIO ASYMPTOTICS FOR FISHER-HARTWIG SYMBOLS

The goal of this section is to prove the main technical estimates needed for
the proof of Theorem 1.5 in Section 2.4 by using the asymptotics of Section
7 and the parametrices from Section 6.1 as well as the results for the smooth
symbol, namely Theorem 1.3.

To be more precise, the main idea of the proof is to write (in the notation
of Section 2.4)

(9.1) Hljjéve(—yf(\)f)v) = HIjV]Z]e(—V;(;‘)/) exp (— /060 O log HN(Vg)de>

and use the identity (2.15) to express the logarithmic derivative in terms of
the solution to a RH problem. We evaluate the asymptotics of the RH prob-
lem by relying on the local parametrix from Section 6.2 and the asymptotics
of the small norm problem from Section 7. We use Theorem 1.3 to evaluate
the asymptotics of Hy(v,) for fixed eg > 0. Actually, the asymptotics of
the integral above are not quite as precise as those in the previous section
in that we will have error terms of size O(ep), but taking in the end ¢y — 0
(after we take N — oo) will provide the desired estimates. We now turn to
analyzing the integral term above — after this, we will see how its ¢¢ — 0
asymptotics combine with those of the ratio term to produce the result we
are after.

9.1. The integral term. Our main task in evaluating fOEO Oclog Hy (ve)de
is to analyze the asymptotics of the differential identity (2.15).

Let us begin by noting that for z close enough to t; --i¢, and in particular
for z € Uy; (recall that Uy, is a fixed disc centered at t;), we can make use
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of (4.4), (4.13), and (7.1), to write
Y(2) = e ZBR(z) P (2)eN9@os e 5o,

Recalling the definition of P() from (6.18), a short calculation shows that
(suppressing the dependence of ®y on «j, 3;, and s; and that of E;, on t;)

(9.2) (Y(2)7'Y'(2))11 = V1j(2) + Va,(2) + Vs,i(2) + Vaj(2),

where
Vij(2) = [Ng'(2) = N¢f(z) - L2 — 280,
Waj(z) = N (= >[<I>V(N<t (2)) 'R (N G, (2))].
Vs j(z) = [<I>v N, (2 E(z) LE'(2)®v (NG, (2))],.
Vij(2) = [@v(NG, () E(z) " {(RT'R)(2)E(2)@v(NG, (2))],,

for z outside the lenses and in Uy, where r = 2 for Imz > 0 and 7 = 1 for
Imz <0.

The Vs ;- and Y, j-terms. We focus on the term )3 ;(2) in the situation
where z — t; + ie. The remaining cases, namely Vs ;(z) with z — t; — ie
or Vu,j(2) with z — t; & ie will be similar and we will leave the details to
the reader. We will show below that in the N — oo and ¢y — 0 limit,
lim, ¢, 14 Vj,3(2) = O(1) uniformly in € € (0, €], so after integration over
(0, €9], this term tends to zero when we first let N — oo and then ¢y — 0.

We begin by arguing that E(z)*! and E’(z) are uniformly bounded in
z € Uy, N, and € < €, so it remains to control the contribution from ®v .
To do this we rely on Proposition 6.2.

To see the boundedness of the F-terms, we recall the definition of FE in
(6.20), the definition of M in (5.23), the fact that Noo(z; N2 + T) from
(5.8) and N7 (z; NQ + T) are uniformly bounded on Uy, so using part (e)
of Lemma 5.1, one can check with a routine calculation that E(z)*' and
E'(z) are bounded as N — +oc0 uniformly for z € U;; and 0 < € < ¢y — the
boundedness in N makes use of the fact that we are assuming that g € iR.
Note that from (7.3), we see that by the same reasoning also E~'R™'R'E
is uniformly bounded in Uy, (actually uniformly O(N~1)).

We turn to the contribution of the ®v-terms. Recall that for any matrix
A€ C?? and q € C\ {0}, we have (¢772Aq°3)22 = Ags. From Proposition
6.2 (b) and (d), formula (6.8), and condition (d) for the RH problem for
U from Section 6.2, we see that for some ¢y > 0 fixed, we have for ¢ >
coN ! (so that s; n is bounded away from 0), that the ®y-terms contribute
only a uniformly bounded amount. We now turn to the case e = O(N 1),
corresponding to small s.
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Again using the fact that (¢~73 Aq7% )99 = Agg, one finds from (6.8), (6.16),
and condition (d) in the RH problem for ¥, that

a]-0_3 B —Bjo3 _'70 ) . N—1
Zil)ﬁfgﬁ)’:a,;( z) = [(Hl( )8 ) S;N € PE(t + ie)
() +ie)e i 735" Hy (1) ;Vgg
22

We use Proposition 6.2 item c¢) (and the fact that H; has determinant one)

to see that the second column of H1(1)87j03 is bounded as s — 0. Since the
other quantities are bounded, we conclude that for € < ¢o/N

lim Ys;(z) =0(1)

z—t; +ie

uniformly in € € (0,c9/N]. Note that this bound also is true for € > ¢o/N
by our discussion above.

In fact, by (6.17), and the fact that ¢ has a non-zero derivative at ¢;, it fol-
lows that s; v > € for N sufficiently large, and so lim, ¢, e V3,5(2) = O (1).
As we mentioned before, an analogous statement holds for lim,_; i—ie V3j (2)
and hmz—)tjzl:ie y4,j (Z)

Thus, as N — oo,

(9.3)
(5 - 8) (Vi)Y (i) (G + ;) (¥ (t=ie) Y (1)

U—e€

= lim [ (% — BJ) (ij(tj +iu) + y27j(tj +iu))

- <% + ﬁj) V1 (ty = iu) + Vo (t; — iU))} +0(1),
uniformly in e € (0, €]

The Vi j-term. Directly from the definition (2.13), one readily verifies that

/ B p al—i—IBl %_/Bl
(9.4) _§<z— (t, — ie) +z_(tl—|—ie)>.

Thus, we conclude that

(9.5)
. ] ;
igne (% — @) V1t +iu) — < + 5]) Vi,j(tj —iu) — Zu—'__f

. a?
=N (% m@—dmﬁ%ww?+m@uwmr«»+;<;—£)+mm

uniformly in € € (0, €]. In particular, when we integrate € over (0, ¢y] and
take g — 0, the O(1)-term is irrelevant.
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The ) j-terms. We turn to the analysis of the last term — )» j, and aim
of
4

2
J

to show that after adding i~ —- to cancel the corresponding term from
V1,5, there exists a finite limit which we can control. Here we rely heavily
on results and notation in [43]. We will also use arguments similar to [41,
Section 5.7].

Let us first express the relevant quantities in terms of ¥ from Section 6.2.
By (6.8),

[V (NG, (8 + iu) )P (NG, () + iu))]

B Y 1 2N (tjFiu) | g,
= o (Y@ - )Y

rr
ZiNCtj (t;%iu)
Sj N )] rr’

L_
2

Let us now note that from (6.16) and (6.17), we see that as u — €,
—2iN(y, (t;+iu)/sj n — 3, so we see that this is related to the asymptotics
of U=10' near 0 and 1. From part (d) of the RH problem for ¥ from Section
6.2, we see that this is most conveniently expressed in terms of the analytic
functions Hy and H; (now used with o = o, = 3, s = s ). Using the
definition and analyticity of Hy, and Hp, we find that

U—€ Sj

)

lim {(q’v(NCtj (tj + iw) " Oy (NG, () + iu))oo + 325 (Hy (1) H{(1))22

_ (Ozf _ %) 1 , -0,
NG, (t) + iu) — “4%

and

(Hy ' (0)Hp(0))11

7
u—e Sj,N

g 1
(3+4) 5 0
NCtj(tj —’LU) + T

where Hy and H; depend of course in a non-trivial manner on s and thus €
and IV, so we still need to understand their behavior.
By Proposition 6.2 (e), we conclude that

lim {(‘I’V(Nétj (tj — i) " Y (NG, (t; — i) + 2

lim { (% — ﬁj> yQVj(tj +iu) — (% + BJ) yghj(tj —iu)

U—€

+ (5 = B)NG, (t; + iu)

Oé]' Bj
2% siN | o(siN,05.85) o By 4 2
SN\ 2 Y A - By

< +8;

(Y 4 BNC (s — ) |2y lnenB) ag B Tt
J

=0.
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i (¢ £ie)(u—¢) + O((u — €)?), and

using the notation o;(s) := a(s aj, 3j), we obtain

(9.6)
o?

im | (& : 5
}LI_EHE (?J_B]) y27](t]+zu)_ ( +B_]> yZ,]( _ZU)—i‘ZfGJ
Z(&—B-)Ng’.(t-ﬂe)(—?i) SNy o) ey By

2 J ti\"J Sj.N 2 %_ﬁj 4 3

Si,N

— (G + BN, (t; — ie) ( 722‘) (w — o)

uniformly in € € (0, €.

Combining the Y-terms. By (6.16) and (6.17), we have

it N (¢l 1+ i€) + G (1 — i),

G, (tj £ ie) = £i¢!(t; £ ie),

where here and below we emphasize the e dependence of s; v = s n(€)
Thus we obtain

(9.7)

lim
U—>€

_(&
S\ 2

+ ldSLN(Q 1

- . - G+
(% - Bj) Va,j(tj + iu) — (% + Bj) Vo,j(ty — iu) +i-—

u—€

— By) N/ (t; + i) - (% + 85) N/ (t; — ie)

7

2 2
(sin(@) — 2 4 g2 ) 4 LAoBsin(E) (05 g
de  sjn(e) (U”(SJ’N(E)) 4 +5j> LT (4j 51‘) +0(Q1).

By substituting (9.5) and (9.7) into (9.3), relying on (2.15) and (9.2),
obtain after a short calculation that as N — oo

HN Veo

a? s (€
HN (v0) Z/ (0] sj,n (€ (4]_'832>>sj71\1z(6)d d]\e[( )de
Ni (% (9(tj +ieo) + g(t; —i€o)) + Bj (g9(t; —ico) — g(t; +i€o)) — mﬁj)
j=1
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To obtain asymptotics for the first term on the right-hand side, we rely
on Proposition 6.2 part (e). For the second and third terms, we recall the
definition of w, from Section 2.4 and g from (4.1), to obtain that

/ log we(z)dpy (x)
=" (S (glty +ie) + glt — ie)) + B; (g(t; — ie) — glt; + i) — imB;)

j=1

and by the definition of w in (1.63)
p .
[zt 0) = 3~ (5 (0t + 9-(5)) = B (94(05) — 9- (1) - i)
j=1

For the last term we observe that by (6.17),

dlogsjn(e) 1
280N 2 1
e - +0(),

as € — 0 — in fact, this logarithmic derivative is independent of N. Thus we
obtain that as N — oo,

(9.9)

(9.8)

Hy () = (1+ O(e0)) Hn (ve) [ | G+ E(Bfl ((j; P ﬁj)sj’N(eog_ﬁ;

o~ N [ logweg (@)duy (2) 4N [ logw(@)dpy (z)

Naturally the right-hand side should not depend on €y. Our next task is
to see how the ¢yp-dependence cancels in the limit where N — oco. For this,
we look more carefully at Hy(ve,) using Theorem 1.3.

9.2. The ratio term. In this section, we study the ratio term in the right-
hand side of (9.1). For notational simplicity, we replace here ¢y by €. By
Theorem 1.3, if € is fixed, then

HN(VE) N log we(x))d, IG(NQ+T€)
(9.10) 7]\[‘/):6 J(f(z)+log ())uv()W

<exp (5§ WG (76) + logiec9) (P + o) 522 ) (140(N ),

as N — oo, where I' = U;?:lfj, [ is as in Theorem 1.3, and the implied
constant in O(N~!) may depend on e. Moreover, we have written Y. to
emphasize that T depends on €. To reiterate, we wish to study the behavior
of this in the limit where first N — oo and then ¢ — 0. We begin by
expanding the f 4 logw, product above and looking at the cross term.
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For the cross term, using integration by parts and (9.4) (and recalling the
definition of W, w, dy, and w from (1.28), (1.31), (5.17), and (2.13))
(9.11)

ffw SN = 5 v ( f n@17) 57 ) torw N

dA
— ¢ dr(\)logwe(N) ==
]§f<>0gwﬂ2m-

:_i[( 4 55) dylty — i) + (2~ 65) dy(ty + 7€) — gy (o)
=1

-+ - Z [( + /BJ) dg—(t;) + (% - 5;') d+(t;) — Oéjdf(OO)} :

as € — 0. To simplify this, note first that by (5.18), dy 1 (t;) + ds_(t;) =
f(t;), which takes care of the oj-terms above. For the [;-terms we clalm
that

1
dr.4(t5) — dg () = PV, /J w4+ () FOVA,

where wy, 4 (Ay) is the boundary value of w,()) from the + side in both the
z variable and X variable as z — t;, and where P.V. [ is the principal value
integral and (A —t;)wy; +(A+) is differentiable on the interior of J.

This follows from the following reasoning: denote

_ 1 f(z)dx
¢r(z) = %Z./JRUQ( T

Then, by (5.16)-(5.17),

12 S deda
i) =R o) +2 [0 w0 [ mm S
J = b,
By Sokhotski-Plemelj formula

bra(z) =T 1p / f(x)dz

+ =PV, [
2RY?(z) 2 RY*(2)(x — 2)

for z € J. Thus

s fm) 1 _ fydA
dpi(z) = +RY?(z )(i + ,P.V.LRi/Q(A)(A_z)

272_1/2(2 2mi
aj+1 dx d\
2f(\ (N —
+/J f( ) : uj,+( )/b] 'Rl/Q(x)(g; — Z) 27TZ'>7

which implies that

dplt) =g (t) = =PV [ [0, O
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as claimed.
We conclude that

9.12) §1(3+@%m(W+<?—@OWMﬁ%ﬂWAWH

Jj=1

p .
== (O;]f(t 5]73 V. /wt A (A4)F(A)dA —ajdf(oo)> :
j=1

We now turn to the logw, logwe-term in (9.10) whose behavior is more
complicated and we describe in the following lemma.

Lemma 9.1. Ase — 0,

dz dA
W (2, \) log we (=) log we A
exp< jéjé (z,A) log we(2) logw (/\)27TZ 2772)

P a2 i8 18w o
Y 2 Tifjag _ apBjmi
(14 o H (2¢) +5 4 Yicj 73 exp (

J

Y )
4 o(o0)
sis-agen/t | [ T CR Pibi

[T 1t —tomeset | { T Ot 00) 72 [8(ts 1)

I#] lj=1

-1 p .

Py Py
Ilew (- Sy i)
=1 I=j+1
where © is as in (1.26), and
o @(Z,U))
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Substituting Lemma 9.1, (9.12), and (9.11) into (9.10), and using the fact
that T — Tg as e — 0, we obtain

9.13)
AN N (@) Hogweny () PN+ Yo)
Hy(e=NV) B(NQ)

X oxp (1 7{ jq{ W(z,\) f(z)f(/\);;;i\i)

Xepo( “L1(t) + BJPV /wt oW f()\)d)\—l—ozjdf(oo))

p oe- B apBimi o
% H (26)7Tj+ﬁ? e~ - —2i<j 3 exp (%dgzo(oo)>
j=1
o |~ B3 B
X It; _tl|5351 oo /4 H O(tj+,00 J2 )@(tl,+7tj,+) ’
I#j l,j=1

p —1 P . o
H Xp< Zmijal + Z mijl>(1+(9(N_1)+(9(e)),

= I=j+1

for any fixed € > 0 as N — oo (the implicit constants in the O(N 1) term
depends on € while the implicit constants in the O(e) term are independent
of both N and ).

We now prove Lemma 9.1.

Proof. Recall from (5.17) that
(9. 14

ffw z,A) log we(2) log we(A) — -

§ i logn(2) 5

2mi’

dz dX\ 1
211 27m 2

where de = diogw, and where logw, was defined in (2.14). For notational
simplicity, we will from now on not distinguish between I" and T'.

Since d.(z) is analytic on C\ J and (by (5.17) and (1.29)) d.(z) =
= [ logwe (AW (2, A1)dA = O(z72) as z — oo, we obtain by deforming
the contour of integration to the branch cut of the logarithm,

(9.15) }é d(2)log(= — (t; + ie));—; — di(t; + i€) — do(o0),

where throughout the proof log(z—(t;—ie)) will take arguments in (—m/2, 37/2)
and log(z — (t; + i€)) will take arguments in (—3n/2,7/2) (similarly as in
the definition of logwe in (2.14)). Thus to study asymptotics of (9.14), it is
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in fact sufficient to understand asymptotics of d¢(t; & ie):

dz dA
%%W z, A) log we(2) logwe(A) =— -

omi 2mi

— _5 [( @) c(t; +ie) + < Qj + 5j>de(tj —i€) — ajde(00) |-

j=1
Denote
(9.16)
1
€,7 = - z 1 €7 3
d ](Z) ami Fw (A) logw ,J()‘)d)‘
(9.17)

Q; , Q ,
logwe,(2) = loguwe() — (5 — ;) log(z — (t; +i€)) = (5 + ;) log(z — (t; — ie)).
With such a definition of w, ;, we have in the notation (1.63)

w(z)
Wa, (7w, (z)
The purpose of introducing this notation is that we will find it convenient
to decompose dc(t; £ i€) in the following way:
(9.19)  de(t; +ie) = dej(t; £i€) + (/2 = B))diog(o—(1;+ic)) (; & i€)
+ (O[j/2 + Bj)dlog(zf(tjfie))(tj + ie),

and then analyze dc; and the remaining terms separately, starting with

de j(t; £ i€), defined in (9.16).

(9.18) lim we s () = wji(2)e ™D, wje) =

The d. j-term: By definition, logwe j has logarithmic singularities at t; £ie
for I # j, but no singularity at t; & 4e. On the other hand, by (5.11), the
only singularity of wy, 4 is a pole at ¢; +-ie and wy;+4e(\) = m +0(1)
as A — t; £ i€, and wy, 4 is analytic on C\ (J U {t; £ ie}). From (5.16),
w,(A\) = O(A72) as A = oo. We deform T in (9.16) to the logarithmic
branches, and additionally evaluate the residue at A = ¢; -i¢, to obtain that
ase— 0

1
(920) de,j(tj + ie) == 5 10g weyj(tj + iE)

1 t;—1€ t;+1e
-5 Z [(041/2 + 51) / ' wtjil-e(/\)d/\ + (Oél/Q — A1) / ' wt]-:l:ie()\)dA]
I#j —eo +i00
1 mifB; 1 « - b+
— §logwj(tj) - J _ 52 [21 </ wy; . (A)dA + L wtji()\)d)\>
15 —i00 ico

ty,— t 4+
+ B < / wy, , (A)dA — wtjyi()\)d)) .
—1%00 4300
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We now evaluate the integrals of wy, +. We will be taking the logarithm
of ©, and we begin by fixing the branch of the logarithm. For x € (aq, bg),
log ©(x4, \) is analytic for A € C\ J because w,(\) has no residue at oo as
a function of A. By Lemma 3.5 and the fact that u(by) = 0, 8 [g] (u(2)) is
not identically zero. Thus, recalling the definition of © in (1.26), it follows
that ©(z,b;) =1 for all z. We fix the branch of the logarithm so that

(9.21) log©(z,b;) =0

for all z.

By combining (5.9) and (5.10), if € {bj,aj41} for j = 1,...,k — 1,
then O(z4,\)? = ™M) By our choice of branch for the logarithm,
log O(z+,\) = £2miu; () for = € {bj,aj41}. Thus for any z,

aj+1
(9.22) / wz(/\i)d)\ = log @(aj+17:|:, Z) - 10g @(bj;t, Z) =0.

by
Now by (5.16), if A € J, we have wy; , (A1) = —wy; , (A-). Thus, by combin-
ing with (9.22), if ¢; > t;, contour deformation and our choice of the branch
of log ©(z+, \) yield that

tl,f tl,+
_ ( / wi, o (\)dA + / wtj’i()\)d)\) _ /( )(wtji(m +wy, 2 (A))dA
tl,—l-oo

[e.e] e}

oo

—9 / wi, . (VA = 2log O(t;.1, 00).
by

Since wy, , (A) is purely imaginary for A > by by (5.16), it follows that

log O(t; +,00) is purely imaginary. If ¢; < ¢;, then by (5.11) we pick up an

additional residue at A = t;:

t,— b+ 0o
- ( / wh, (VA + / wtji()\)d)\> — Fomi 12 / wr, . (\)dA

00 00 by,

= F27i + 2log O(t; 4, 00).
Similarly, we have
ty,— b+ @(t:l: tl—)
(9.23) /oo we; + (V) /oo () ICTONNTINE

and since we can assume without loss that the integrals are taken to follow
the real line, it follows by (5.16) that (9.23) is real, and by (5.9) is equal to
—2log [O(tj+, b1+ ).

Thus, by (9.20),

lg% exp(de,j (tj + 26))

= e ™02 Juwj(t)) [T 1Ot 4, 8j,6)17 ©(t,4, 00) 1/ 2eFmittiistatens2,
1]
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where w; was given in (9.18). Relying again on (5.9),

(9.24) lim exp [(J - @») de j(t; + i) + (—] + @») dej(t; — Ze)}
e—0 2 2
_ e—wiajﬁj/ij (tj)aj/Q H ‘@(tl,+7 tj’+)‘—25jﬁz @(tj,+, m)—ﬁjaleﬂiazﬁjl{t1<tj}
I#35

The above concludes the interaction between the singularities — namely the
contribution of the d. ;-terms.

The diog(z—(t;+ic))-terms: We define the limit

Cij,i = lg% dlog(z—(tjzl:ie)) (tj + ie)
(9.25) 1
~ tim oL /J log(A — (t; % i€))wy, 1ie(A1 )dA
which is well defined since we can deform the integration contour in a down-
ward or upward direction around the singularity as needed, and recall that
log(z — (t; —i€)) takes arguments in (—m/2,37/2) and log(z — (t; +1i€)) takes
arguments in (—37/2,7/2).
On the other hand, writing
Ly

. 1 .
dog(z—(t;+ic)) (tj F i€) = 2[]10g(A — (tj £i€))wy;zic(Ay )dA

and deforming the contour of integration from J past the pole t;Fie (possibly
using (5.13)) to a contour J+, we find by the residue theorem
. 1 . .
dlog(zf(tj:tie))(tj F 26) == :F% 5 log()\ — (tj + ze))wtj:Fie()\)d)\ + log(:FQZE).
F

By our choice of jqc (both the pole and logarithmic singularity are on the

same side of j;), we find (using (5.14), contour deforming, and again pos-
sibly using (5.13))

(9.26)
Arog(z—(t;%ic)) (tj F i€) = i% i log(A — t5)we,; (A)dA + log(F2ie) + o(1)
=+ 4 log(26) — dj +o(1),
as € — 0.

Combining (9.25) and (9.26), we find for the latter two terms in (9.19)
(9.27)

(/2 = Bj)diog(o—(t;+i0)) (B + i€) + (0 /2 + Bj)dhog(s—(t;—ie)) (tj + i€)

= (a5/2= Byl -+ s 24 55) (5 +1o8(20) = dy ) + ol
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and

(9.28)

(aj/2 - /Bj)dlog(z—(tj+ie)) (tj —i€) + (aj/Q + 6j)dlog(z—(tj—ie))(tj - ’LE)

= (/2= B;) (-7; + log(2¢) — dm) + (0/2+ By)dj— + o(1)

Plugging (9.27), (9.28), and (9.24), into (9.19), which we then use in

(9.15), and ultimately (recalling (2.14)) in (9.14), we find
(9.29)

exp <ij€7§W(z,)\) log we(z) 10gw€()\)dzd)\> - ﬁ (26)’%?*5?

2m 21 !
7j=1
(41— d5-) )

~ ~ Wi& s « B
X exp (—sz (djﬁ_ + d'7_)) o exp (?Jde(oo)) exp < 32 j
x wi(t) " AT 10t sty ) |77 Ot 4, 00) "5 e~ FaBtl<ti}(1 4 o(1)).

Bjoy
1]

We now consider a?j,i. Observe that if I' encloses J but not ¢; & i€, then

1% log(A — (t; £ i€)) dA
2 ) A—(tjtie) 2mi

Thus we add this term to the definition of diog(.—(¢;+ic)) (t; T i€) in (5.17) to
obtain

dlog(z—(t]-:tie)) (tj + 7;6)

1 d 1 d\
——Z ¢ log(\— (t: +i —1 tjtie,N) — ————F—— | 5=
2?5 og( (tj +ie)) (d)\ 0g O(t; £ ie, \) \— (tjj:ie)) 271

We deform the contour to the branch of the logarithm, and since % log ©(t;+
i€, \) = O(1/A\?) as A — 0o, we obtain that as R — oo,

, 1 [LFR g O(t; + ie, A
(9:30)  diog(a—(t;+ie)) (tj £ i€) = / log yd)\
t

2 Jyaie AN T X = (t; £ ie)

1 . 1 dX
+ 3 iBR log(A — (t; £ i€)) <)\—(t]ize)> 9 + O(1/R)

where OBp is a circle of radius R centered at ¢;, oriented counterclockwise.
Recalling the notation ©(z,\) = O(zA)

1~ and evaluating the JBp integral
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explicitly, this becomes

. 1 . .
dlog(z_(t].:tie))(tj +i€) = 5 {log O(t; £ i€, 00) — log(+iR)
—logO(t; +ie,t; + ic) + log R F %] +O(1/R)
1 ~ .
— 5 {log O(tj+,00) —log O(tj+,tj+) F m} ,

as € — 0 and R — co. Now write

log O(tj+,00) — log O(t; 1, 1)

R
. 1
= RLHE </t] <wtj’i()\:|:) — )\—tj> d)\—l—logR) .

By (5.16), we obtain that wy; (A1) = wy, (A=) € R for A € J and
wy;  (Ay) = —wy; _(A-) is purely imaginary for A € R\ J. Thus, the

contribution to dAj7+ + af-,_ is the real part of the above integral, and the
contribution to d;j 4+ — d; _ is the imaginary part of it — this can also be
written as the integral of wy; ; over (bg, 00):

- P O(t;
djy +dj_ =log M ’
@(tjv'i"t]v"’_)
~ A +OO
djﬁ. - dj,_ = /b U]tJH_ ()\4_) — 1.
k

By (9.22) and the fact that O(z,b;) = 1, it follows that
dj,_;_ — dj,_ = log G(tj,—i-a OO) — 1.

Thus, by (9.29), we obtain the lemma. O

9.3. Combining the terms. We will now substitute (9.9) and (9.13) into
(9.1). First consider the term s; y(€) appearing in (9.9). By (6.17),

sjn(€) = ANig! (t;)e (1 + O(e)),
as € = 0. By (4.7),

sjn(€) =4nNvyy (t;)e (1 + O(e)) .



HANKEL DETERMINANTS WITH A MULTI-CUT POTENTIAL 101

Thus, substituting (9.9) and (9.13) into (9.1), we obtain that

CHNM) N (@) togee)duy () N2+ To)
Hy (e N7) O(NQ)

dz dA
xexp( %%Wz/\ <)\)27r12m)

X epo( f tj) + BJPV /wt +(A4) f()\)d/\—i—ozjdf(oo))

P Qj
+B]) ( *]_/Bj) 2 @y
e ey N - exp (5 deo(o0))
J=1 !
p wzﬂjal i
% H Hez(alﬂ] a]ﬁl)
l,j=1 Jj<l
Bjay |~ 838
[Tt — taffifrmcseart H Otj4.00) 7 |O(tiantin)|
1#j lj=1

x (1+O(N"YH +0(e),

as N — oo for any fixed and sufficiently small € > 0 (the implicit constants
in the O(N~!) term depends on e while the implicit constants in the O(e)
term are independent of both N and €). Since € was arbitrary, Theorem 1.5
follows from the following lemma.

Lemma 9.2.

(9.31) 2df< 00) + de—o( /Q 1/2 — gCS

™

where @ is the unique monic polynomial of degree k — 1 satisfying (1.68)
and Cs was defined in (1.67).

Proof. Step 1: We first prove that

(9.32) 2d(00) + de—o( /Q (2f(x 1/2+ logw(z)) dx

(z) 2mi
Recall the definition of dy from (5.17) and note that
—RZ(Nwes (V)

is a monic polynomial of degree k — 1, which follows from the fact that
Woo(A) 18 analytic on C\ J and from (5.12), (5.13). Secondly we have (9.22),
from which it follows that

%1 RI2 (N )weo (A
(9.33) /b R(l/l()\)()dk —0

J
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Ficure 10. The contour ~q.

for j =1,...,k — 1. The fact that CNQ exists and is unique, is identical (up
to replacing R(x) by ﬁ) to the proof of Proposition 2.1 (a).
Step 2: We prove that

(9.34) =L,

/Q log|x—t|d:n_1c
1/2 2ri 2

for any ¢ € J. Substituting (9.34) into (9.32), recalling that logw(x) =
> f_yajlog|r —t;], we obtain the lemma.
To prove (9.34), first observe that
(9.35)
/Q log|:z—t]dm /Q logx—t /Q logx—t) dx

1 /2 Rl /2 RV (4 A’

where arg(x — t) (—m,7) in the logarlthm. By (1.68), it follows that
(9.36)
/@ log\x—tr dr (% O@)log(e — 1) dr [ Oa)logz — 1) dx

RY2(x omi RY2(z)  Ami o RY2(z)  Ami

ai

Let Cr be a circle of radius R oriented counterclockwise, beginning at
argument —7 and ending at argument m. Now let 7y be the contour in
Figure 10, namely the union of Cr and an indentation along (— R, b;] along
which the contour follows first the + side from —R to b, and then the —
side from by to —R. Then by (9.36)

Q()logm—t ) dx /Q log\a:—t] dx
9.37) 0=
(9:37) /Yo - RV2(z) 4w 1/2 2mi

“ §(a)(log( - t>+ log(e — 1)) do / log(z — )0() i
_R RY/2(x) Ari  Jo RY2(z)  4mi

+
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As R — o0,
log(z —t)Q(z) dz  logR
9.38 —_— Y = 1
(9-38) /c RP@)  am - 2 oW
and thus
(9.39) B
“ Q(z)(log(z —t)4 —log(z —1)-) dx / log(z —~)Q(z) dz 1,
“R R/2(x) i Jo RY2(z)  4mi 2 %
as R — oo. Substituting this into (9.37) in the limit R — oo, we obtain
(9.34). O

10. PARTITION FUNCTION ASYMPTOTICS FOR THE k-CUT CHEBYSHEV
POTENTIAL

Recall that Chebyshev polynomial of the first kind Ty(z) = 1 and Ty (x) =
2k=1gk 4 . for k =1,2,... is the unique polynomial of degree k satisfying
Ty (cos0) = cos k6, and that we denoted the Chebyshev potential by Vy(x) =
%“Tk(ac)? To emphasize the k dependency we will in this section denote
Vo = Vo.

In this section we obtain asymptotics of Hy (e as N — oo, and our
main goal is to prove (2.19). We do this in three parts. First, in Section
10.1, we obtain general and exact results for polynomials that are orthogonal
with respect to a “Chebyshev-type” weight. Secondly, in Section 10.2, we
apply this general result to our specific situation by relying on Theorem 1.3.
Finally, in Section 10.3, we take the limit o | 1.

—NV())

10.1. Results for Chebyshev-type orthogonal polynomials. In this
section, we consider a “Chebyshev-type” weight. The particular structure
of these weights allow us, in Lemma 10.1 below, to obtain exact results.

An analogue of Lemma 10.1, valid for orthogonal polynomials on the
unit circle, was proven in [63]. Lemma 10.1 and the analogue in [63] are
related by the connection between orthogonal polynomials on the unit circle
and orthogonal polynomials on the interval [—1, 1] obtained in [53]. Thus,
although we prove Lemma 10.1 directly, one could alternatively obtain it by
combining results from [63] and [53].

Denote the Chebyshev polynomial of the second kind by Ug(x) = 22" 4

..., which satisfies Uy (cos 6) = sin(+1)9 " and recall that T} (z) = kUp_1(x).

sin 6
Lemma 10.1. Let wy be a non-negative, even function on [—1,1], and for
k > 1 define
wi(x) = [Ug—1(2)|w: (Tx(x)).

Let Pj(k) denote the monic orthogonal polynomials associated with the weight

wg on [—1,1], and let /<c§.k) > 0 satisfy

(10.1) /1 P (2)%wy(z)dz = <m§k)>_2.

-1
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Denote the N x N Hankel determinant associated with the weight wy by
Hy(wy), as defined in (1.1). Then

(a) The monic orthogonal polynomials satisfy

(10.2) PT(L? (z) = 27"*=D P (T3 (), forany k>1, n>0,
and ifr=1,2,...,k—1, then
(10.3)
P
Up1 () Py (Te(@) + 28201 (2) P (1)
P(k’) (z) = 9—n(k—1)—r+1 Pr (1)
nk+r -

Uk_l(ﬂi)
(b) For any k> 1 andn >0, /@fﬁ? satisfies

() = () "

and ifr=1,2,...,k—1, then

1
(K(k) )72 _ <H(1)) -2 o—2n(k—1)=2r+1 Pr(LJr)l(l) ‘
nk+r n Pﬁl)(l)

(c) For any k > 1 and n > 0, the Hankel determinant satisfies

Hn(wl)kPT(Ll)(l)k_l
Hyg(wy,) = on(k—T)(nk—1)

and ifr=1,2,....k—1, then

o  Ha(w)* " g (wn) PV ()8 P (1)
nk+r(wk‘) - on(k—1)(nk—1)+2nr(k—1)+(r—1)2 )

Proof. Part (c) of the lemma follows in a straightforward manner by substi-
tuting part (b) of the lemma into the standard formula

N-1 L
(10.4) Hy(wg) = H (Kék)) ,
=0

and relying on the fact that Po(l)(l) =1

We structure the proof of parts (a) and (b) of the lemma as follows.
First we prove that the functions (10.2) and (10.3) are monic polynomials,
secondly we prove that (10.2) are the orthogonal polynomials of degree nk,
thirdly we prove that (10.3) are the orthogonal polynomials of degree nk+r
for r =1,...,k — 1, and finally we prove part (b) of the lemma.

Step 1. By the fact that the leading coefficient of T}, and Uj_; is 2F71, it
follows that (10.2) is a monic polynomial, and that if (10.3) is a polynomial,
then it is monic.

We prove that the functions defined in (10.3) indeed are polynomials. If
xj = cos(jm/k) is the j-th root of Up_q(z) for j =1,...,k — 1, then

_ sin(k —r)jn/k jpisinarj/k

Uk_r_l(xj)_W (—1) W—(*l)j—‘rlUrfl(xj),
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and furthermore Ty (z;) = (—1)7, and thus the numerator in the fraction of
the right-hand side of (10.3) at x = z; is

| L PY )P ((~1))
(10.5) Uil P (1)) (1 + (- p7gl+>1(1>p7§21((—1>ﬂ'>>

which is zero, since the fact that w; is even implies that P2(Tll) is an even

polynomial and P2(71L)le is an odd polynomial. Thus it follows that (10.3) is

a polynomial.
Step 2. Now we verify that (10.2) satisfies the condition of orthogonality.
Let n’ <nand 7 =0,1,...,k — 1, and consider

1
(10.6) | PO P @) T (@)oo

We will show that (10.6) is zero which proves orthogonality of (10.2). If nk
and n’k + 7’ do not have the same parity, then the change of variables z —
—2, together with Ty(—z) = (—1)*Ty(~2) and PV (~z) = (-1)"P" ()
shows that the integral (10.6) is zero. Let us now focus on the case where
nk and n’'k 4+ r’ have the same parity. Letting 2 = cos ¢, (10.6) becomes

/7r P (cos kgb)Pé,l) (cos ko) cos(r' )| sin k| wi (cos ke¢)dg.
0

Thus we obtain
k—1 w/k )
Z / P,gl)(cos(/w + Sw))Pé,)(cos(kH + s7))
s=0 0

s
X COS <r'9 + k> |sin (k6 + sm)| w1 (cos kO)dO,

which, by the fact that P2(711) is even and P2(711) is odd, yields

+1
(10.7)
Al N [T/E 1 r'sm
Z(—l)s(”+n ) / P (cos k@)PfL, ) (cos k6) cos <7“’0 + k) sin k6 w1 (cos k6)do.
s=0 0
If v/ =0,

w/k
/ PO (cos k) PV (cos kO) sin k6 wy (cos kO)do
0

1 s
= k:/ P,(Ll)(cosa)Pé,l)(cosa) sin v wy (cos a)dav,
0

which is zero by orthogonality of PT(Ll) (assuming n’ < n). If v’ # 0, then

S r'sT 1< (rgrlsm (1por'sm
Z(*l)s(n-‘rn/) coS (,’,,/9 + k> — 5 Z(*l)s(n—‘rn/) <ez(r 9+T) i e_z(r 9+k>> .
s=0 s=0
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Since

(10.8) (—1)sn) i

N
—_

1— (_1)k(n+n’)+r’
- 1 — emi(n+n/+r'/k) ’

W
I
o

and we assumed that kn and kn' 41" had the same parity, meaning that the
right-hand side of (10.8) is zero, it follows that (10.7) is zero, which implies
that (10.6) is zero, as desired.

Step 3. We now verify that (10.3) satisfies the condition of orthogonality.
Consider
(10.9)

1 P, (1)
/1 Ur—l(x)Péﬁl(Tk(‘r)) + P7(:1L)1(1)

1 Ug—1(x)

We will prove that (10.9) is zero for n’k +1' <nk+r forr=1,2,...,k—1
and v = 0,1,...,k — 1. Again, the change of variable x + —xz shows
immediately that the above integral is 0, provided that n’k + v’ and nk + r
do not have the same parity. We now focus on the case where n'k + ' has
the same parity as nk + 7. Letting = cos ¢, and summing over ¢ = 5> + 0
for s =0,1,2,...,k—1 (with § € (0,7/k)), we obtain

k=1 r/k s P(l) (1) k—
E i (1 n+1 . - w(k—r1)s
0/0 (sm (7"0 + ? ) P,/ (cos(kO+ms))+ Pél)(l) sin ((k: r)0 + — )

mwsr'\ | sin(kf + 7s)|
k sin(kf + 7s)

Up—r—1(2) P\ (Ty ()

PV (T4 (2) Ty (x)wy () da.

x PV (cos(kz0+7rs))) PS) (cos(kB+sm)) cos <r'9 + wy (cos kO)db.

Since Pz(i) are even functions and P2('rlz)+1 are odd functions, we obtain that

(10.9) is given by

(10.10)
k—1 w/k P(l) (1)
1 s(n+n’)/ o 0 nrs P(l) k0)— n+1 . AV rs
sz:;( ) ; sin (r + > 1(cos k) PO sin ((r )0 + ’ )
/
x PV (cos k0)> PT(L/l)(COS ko) cos (r’ﬁ + WZT ) wy (cos kB)d6.
Write
(10.11)
. s by msT 1 i(rr')(O+ms k) | i(r—r')(04ms/k)
51n(7‘0+ k)cos(rﬁ—l— A >—2Im (e +e )
(10.12)

/ _1\s A , ' )
sin ((T e+ %7"3> cos (T/H N wzr ) ( 21) Im (ez(r—i—r ~R)@+ms/K) | gilr—r —k)(6+7rs/k)> _
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Since we assume that nk + r and n’k + r’ have the same parity, it follows
that

(10.13) (—1)s () T )

Ed
—

w
Il
=)

for r £ 7" # 0 mod k. Thus the first terms on the RHS of (10.11) and
(10.12) do not make any contribution to (10.10) for r+17' # k, and the same
holds for the second terms but for r — 7/ # 0. In order to conclude that
(10.10) (and hence (10.9)) is always zero, we inspect the remaining cases
not covered by the geometric sum argument (10.13).

Let us start with Im e?("=")(@+7/k) on the RHS of (10.11). We only need
to check the case r—1/ = 0, but Im e*("—)(0+7s/k) i trivially zero. The same
argument holds for the term Im e?("+"'=F)(0+7s/k) on the RHS of (10.12) but
with r + 1/ = k.

Now consider the first term on the RHS of (10.11) with r 4+ ' = k. The
contribution to (10.10) from Im e*("t7)(#+75/k) inyolves integrals of the form

w/k
/ sin (r6 + r'6) Pﬁr)l (cos k@)Pfl,l) (cos kB)w1 (cos k0)db,
0

which is zero by orthogonality of the polynomials Rgl) since n +1 > n'.
Similarly, when r — 7/ = 0 the contribution from Im e!("=")(+7s/k) on the
RHS of (10.12) leads to integrals of the form

(10.14)

1 k—1
15~ s(n+n’>/
5 ;( ) i

which is equal to zero again thanks to orthogonality (since we assumed at
the beginning that nk + r > n’k + r/, which implies n > n’ when r = 1/).
Thus the polynomials (10.3) are orthogonal.

Step 4. We prove part (b) of the lemma.

When r = 0, it follows by the definition (10.2) and by taking the successive
changes of variables x = cos, = 7> +a (s =0,...,k—1) and y = cos ka,
that

=/k PO (1)

sin k0 P(Y (cos kG)P(,I) (cos k@)w1 (cos kO)do.
PV (1) "

1 1
| s =D [P0,

from which the first claim in part (b) follows by (10.1).

For r # 0, we observe that all the arguments leading up to (10.14) hold
also for n = n/ and r = 7/, and thus (10.9) is given by (10.14) which is equal
to

1) 1

P (1

nJ(rll)()/ P(l)(x)zwl(x)d:u.
2P, (1) /-1
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It follows by the orthogonality of P:,?H and the fact that T has leading
coefficient 2571, that

' (k) 2 2n(k—1)—2 1P(21(1) L2
/ P () wg(x)de = 27 n(k—1)—2r+ "(1) / PW (2)2w; (z)da,
-1 Py’(1) /1

which proves the second claim in part (b) by (10.1). O

10.2. Asymptotics of Hy (e V"0). In this Section we obtain asymptotics
of Hy(e™N¥Y) as N — oo for fixed o > 1, where we recall that Vy(z) =
Vox(z) = 22Ty (2)?. An analogue of this result for Toeplitz determinants
can be found in [85] and [63, eq (1.61)].

In Section 2.5, we proved that Vj is k-cut regular for ¢ > 1, and that
the equilibrium measure associated to V{ is supported on the set Jy =
U?Zl[aj(O),bj(O)], where a;(0),b;(0) € (—1,1) are the (ordered) zeros of
oTi(x)? — 1, and on Jy it is given by

(10.15) dpy, (z) = %T,;(a;) (Ti(2)? — 1/0) % do

where (T;(z)* — 1/0) V2 g analytic on C\ Jy and behaves like 2~ 12% as z —
+00. We will obtain asymptotics for the Hankel determinant Hy (e_N VO)
as N — oo, by expressing Hy (e*N VO) in terms of the leading coefficients of
the (rescaled) Hermite polynomials.

For o > 1, let 1(x) be an even non-negative Holder continuous function on
R satisfying the properties that 1(xz) = 0 for all  in an open neighbourhood
of R\ (—=1,1), and 1(x) = 1 in an open neighbourhood of {z : z? < 1/0}.
For definiteness, we define 1(x) explicitly as follows. Given o1 > 1 we define
1(z) for o > o1 as follows:

(10.16)
for 22 < 1/o1+ (1 —1/01)/3
1(z) =40 for 22 >1— (1 —1/01)/3,
— BB for 1oy + (1 1/01)/3 < 2% <1— (1—1/o1)/3.
Fix k > 1, and define
(10.17) —2noz? —nkVo 1 (z)

wy(x) = [Ug—1(2)|wi(Ti(z)) = 1(Tk(l‘))ﬁ~

Then the conditions of Lemma 10.1 hold, and in particular we will utilize
part (c) of the lemma, which we will combine with Theorem 1.3. By Theorem
1.3, we have

(10.18)

O(nkQ+ T|7) nkf, F@)duy, , (@
Hoo(wp) = Hp <efnw0,k> (1 +o(n1))We g /@35, @ (1)
dz dA

2mi 2mi’

Qs = § hWENIEIN)
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as n — oo for fixed o > 1, where f(z) = —3log(l — 2?) for Jo, = {= :
Ty (z)? < %}, and where we place extra emphasis on the k-dependence by
writing Jo = Jo 1 and Vo = Vj ;. We recall that W was defined in (1.28) for
k=2,3,... and when k = 1 we use the formula for W in (1.78). If k = 1,
the 6 functions should be interpreted as equal to 1. Formula (10.18) gives
asymptotics for H,, and we now give a similar formula for H,;4,, with
r=1,...,k — 1. Define

Vor(x) = ==Ti(x)?, o= (14+"5)o.

Let wy, be as wy, defined in (10.17), but with o and Vp , replaced by o and
Voi for k=2,3,.... Observe that (nk + r)Vj x(x) = nkVp (), so that
_ T, e—nkffo,k(iﬂ) T e—(nk+r)Vo i (2)
wWe\xr) = r))— — r)) —/—
By Theorem 1.3,
O((nk + 7))+ Y1)
O((nk + r)Q|7)
s ™ o T D Qi D (1 4 O(n~1),

(10.19)  Hppopr (@03) = Hporr (ef<nk+r)vo,k>

as n — 0o.
By Lemma 10.1 (¢) and (10.18),

O ol
2n(k*1)(nk*1) 9(71]{:9 + T|T)
TR, 24 01 4 01

(10.20) Hiy (e—”kvmk) = H, ()

as n — 0o, where PT(LI) are the orthogonal polynomials associated with the
weight wy. Similarly, by Lemma 10.1 (¢) and (10.19),

(10.21)
POy Bl (1)t

Huetr (6_(nk+r)vo’k) = Hy (@1,0)"" g (@1001)" on(k—1)(nk—1)+2nr(k—1)+(r—1)2
0

(nk+7r)QT)  —(mk+r) [, F@)dpy, () —0;  (f)
9((nk+r)Q+T!T)€ 0.k e~k (14 0(1/n)),

as n — oo, where éﬁl) and ]37&21 are the orthogonal polynomials associated
with the weight wy ,, and @ 5,41 respectively, given by:

_ 1 =~ ~
Wip(x) = ﬂeﬂmﬁ, g=o(l+r/nk),

V1—22
a<1+7“/’f‘1).
n-+1

L&) —omrn)za?

Wi pt1(x) = i ,

o
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Observe that w; ,,(z) = Wy n+1(z), however we give separate notations be-
cause it will be convenient when computing large n asymptotics of H, (w1 )
and of Hn+1 (’L/L;LnJrl).

Observe also that o > 1 for n sufficiently large.

Denote

1
(10.22) Dy(2) = exp (27” i
0,k

and w, is defined in (1.31) for ¥ = 2,3,... and (1.78) for k¥ = 1. This
definition of Dy coincides with the deﬁn1t1on (5.20) of D (see also (5.17))
after setting d. = 0 and f(2) = —3 log(1 — 2?).

Lemma 10.2. Let wi(z) be as defined in (10.17) with 1(x) as in (10.16).
Given 1 < o1 < 09, the following statements hold.

(a) Asn — oo,

logMz mlog 1—22 dﬂH‘QJol(f) (

FN)w.(\p) dA)

Hy, (e=2n7%) “1/ve
uniformly for o1 < o < 09.
(b) Asn — o,

PI(1) = (1+ O(n_l))\/ 1%/12—? [(71(1) + (D)7 éD1(1)_1

/e
exp | 22 V1/o —22log(1 — 2?)dx | .
T J-1/Ve
uniformly for o1 < o < g2, where we emphasize that k = 1 by the
notation v = 1 with vy defined in (1.30).
Proof. Observe that our Riemann-Hilbert analysis for the weight w; holds
uniformly for 1 < o1 < 0 < 09 9, and

20
dpv,, () = ?\/gdx, = [—%’ %]

Thus Theorem 1.3 holds uniformly for o1 < 0 < o9, from which we obtain
part (a) of the lemma.

We now prove part (b). By (2.3) we have Pél)(l) =Y71(1) (where Y (+)
Y, (-;w1)), and by the definitions of T', S, and R in (4.4), (4.13), and (7.1
respectively, we obtain

PIV(1) = (R(L)M(1))ne™.

9This is because the singularities of f(z) = —1log(1 — 2°), and also the singularities
of 1(x), remain bounded away from the support of V4 . The technicalities are straight-
forward to verify: there are two local parametrices at 1/y/0 and —1/4/0. Set the radius
of each local parametrix to min {%( \/%), 3\/26} Then we leave it to the reader to
verify that condition (c) in Lemma 6.1 and Lemma 7.1 hold uniformly for o1 < o < 09,
and thus (7.3) holds uniformly.
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Note that duy; , (z) = duy,, (=), and thus

o(1) = /J lo5(1L = )i, (@) = = | 1@, (o).

Since R is analytic in a neighbourhood of 1 (because w; = 0 is analytic
in a neighbourhood of 1), it follows that R(1) = I + O(n~!) as n — oo,
uniformly for o7 < 0 < o9. Recalling the definition of M in (5.23) (with
k =1 so that the 6 function is identically 1), we obtain
(10.23)

PI(1) = (1+0(n" 1)) Dy () (11 (1) +’Yl(1)_1] %Dl(l)_lefnfhl F@)dpvy , (@)

Directly from the definition of D1, we obtain

. RY2(2) [log(l—X\?) dx
Dufeo) = exp <zli>lgo 8ri  Jr RVZ(\) A— z)

—1 [ log(1 — A?)dA
(1024) = exp (871’1 f}: W>7

where I' is a counter-clockwise oriented curve surrounding Jy 1, and log(1 —
A?) is real on (—1,1) and has a branch cut on (—oo, —1] U [1,+00). For
o > 1, the following identity holds:

2
1+vV1i—o b

We obtain (10.25) as follows. First, we deform the contour I' in (10.24)
to the one in Figure 10.2, which consists of one half-circle of radius R > 0
in each half plane, horizontal line contours right above/below the interval
(—R,—1] and [1, R), and arbitrarily small arcs near +1 (which are negli-
gible). The contributions from the horizontal contours can be evaluated
by

(10.25) D (00) =

dA

1 [“tlog(l — M%) —log(1—A?)_ 1 /R log(1 — A?), —log(1 — A\?)_
1

8w g (A2 —1/0)1/2 8w (A2 —1/0)1/2

1 (R dA 1 R++/R?>—1/o 2
_2/1 (A2 —1/0)1/2 " 2 bg( 2 )+10g<1+\/1_1/0>]-

It is straightforward to verify that the first term in the last equality cancels
with the contributions from the two half circles as R — oo, and the second
term gives (10.25) after exponentiation.

Substituting (10.25) into (10.23) we obtain part (b) of the lemma. O
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L

Sl -

FIGURE 11. Contour deformation for the evaluation of D;(c0)

By Lemma 10.2 and (10.20),

(10.26)
Hyy, (e7FY0r) 1 0(nkQ7) < 2 )'“51

o, (e_gm2)k — on(k=1) (k1) 9(nkQ + Y|7) \1 +1 -0 1
— 1 —MNn. T x —
x () + ()78 Dy ()R o S0 700, ()

on [YVe
X exp (— / V1o —a2log(1 — a?)dx + kQJo,l(f)> (1+0(1/n)),
T J-1/e

as n — oo.
Since Lemma 10.2 is uniform in o1 < o < 09, it may also be applied to

evaluate the asymptotics of H,, (w1) and ﬁ&”(l). In the next calculation,
we emphasize the dependence of v1(1), D1(1), and Q ., (f) in o by 71(1;0),

D1(1;0), and Qj,,(f;0). Asn — oo,
71(L0), (1;0) =n(1l;0)(1+ O(1/n)),
Dy(1;0), D1(1;0) = D1(1;0)(1 + O(1/n)),
QJ0,1 (f;0), QJ0,1 (f;0) = QJO,l (f;0)(1+0O(1/n)).
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Thus, by Lemma 10.2 and (10.21),

(10.27)
an+r (6—(nk+r)\/07k> B 1

H, (6725n12)k—r Hn+1 (6728(n+1)x2)r - on(k—1)(nk—1)+2nr(k—1)+(r—1)2

0((nk + 7)Q|7) ( 2 )k
O((nk +1)Q+T|7) \1++v1—071

< (1) 43 ()75 S Da(1) R e s S0, Qg )

2k—1
ol 1
- <_<f<n+>

s—1/2
T —_5—1/2

V1/6 — 22log(1 — x*)dx + k;QJM(f)) (1+0(1/n)),
where all functions are evaluated at o and not & or o (e.g. v1(1) = 11 (1;0)),
except where dependence on o or ¢ is explicitly indicated.

Lemma 10.3. For o > 1,

20 1/2
| towt-atdury @) = 27 [ top(i-a) ()] Tu(o)* ~ /o]
JO,k n JO,k

2

1 1
=z <—0+2 +§log0+k‘log2+ Vo(o—1)—log (\/m+ \/E)> .

Proof. Observe that if 7 is as in Figure 10 and Cg a circle of (large) radius
R centered at 0 with counter-clockwise orientation, then

1/2

(10.28) 0= j;;]{ log(z + 1)T}.(2) (Tk(z)2 ~1/0)"2dz
o -1
-2 /Jo,k tog(z + Dy, () + 4? /R Ti(z) (Th(z)* — 1/0)1/2 dzx
" % o log(= + D)T4(=) (Trl2)* — 1/0) Y2z,

with log(z+1) analytic on C\(—oco, —1] and real for z > —1, with (Ty(2)? — 1/0) 1/2

analytic on C\ Jy; and positive for z > b;. We start by evaluating the in-
tegral f:é on the right-hand side of (10.28). Since Tj(—1) = (—1)*, and
T (z) (Ti(x)* — 1/0) Y2 4 negative on [—R, —1), it follows by the change of
variable y = (—1)*\/oT}(z) and the relation

/
(y y2—1—10g(\/y2—1+y)) =Vy* -1,

1
2
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-1 Vo T,(—R)|
1029) [ 1ifa) (Bula)? - 1/0) o= - Vi~ 1dy

R o (4

1 , 1 1
- 2O_<—O'Tk(—R) + 5 +klog R+ S logo + klog2

++/o(oc—1)—log (\/0—1+\6)) +o(1),

as R — oo. We now evaluate the integral fo in (10.28). As z — oo we

have T}(2)\/Ti(2)? — 1o = T}(2)Ti(2) — 52 + O (¢72), and it follows that

as R — oo,

(10.30) f log(z + 1)T3.(2)/Tx(2)2 — 1/odz
Cr
klog(z+ 1)

= 721% log(z + 1)T}.(2)Tk(2)dz — 75)}{ sz +o(1).

By integration by parts we have

2miTp(—R)? = ji (log(z + l)Tk(z)Q),dz

_ Tk:( ) !
_ 7§CR Bl gzt 2%03 log(z + 1)T(2)TL(2)dz,

and it follows that
(10.31) f{ log(z + )T (2)T}(2)dz = wiTp(—R)* — miTy(—1)%
Cr

Substituting (10.31) into (10.30) and evaluating the second integral on the
right-hand side of (10.30) in the limit R — oo we obtain that
(10.32)

kmilog R
log(24+1)TL(2)V/Ti(2)? — 1/odz = miTy(—R)2—miTj(—1)2— %80y (1),
Cr o
as R — oo. Substituting (10.29) and (10.32) into (10.28), taking the limit
R — oo we have proven the lemma. O

Substituting Lemma 10.3 into (10.26) we obtain

H,j (e7"FYor) B 1 O(nkQ|T)

k41
(10'33) o, (e—2nox2)k © on?k(k—1)9k—1 Q(nk;Q + T‘T) Dl(l)

2 (k=072 Sk~ @y () Ky, ()
X(W) (1 (1) +7 Q)7 e R (140(1/n)),

as n — oQ.
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Substituting Lemma 10.3 into (10.27) we obtain

(10.34)
Hppyr (6_(le‘+7’)‘/0,k> B Dl(l)_k_H
H, (672En12)k_r Hypir (6728(n+1)x2)r " on2k(k—1)+2nr(k—1)+(r—1)29k—1

k—1
9((nk+T)Q|T) 2 T2 _17k—1 —Qy k(f)+kQJ01(f)
O((nk+7r)Q+T|1) \1+V1 -0 1 [71(1) + (1) ] e o, ,

X exp [; <1 — C) log o+(1—7) log 2+<£ — 1) log (v/o + Vo —1) | (140(1/n)),

k

as n — 0o.

It is not a straightforward matter to further simplify formulas (10.33)-
(10.34) for fixed o > 1, however in the limit ¢ — 1 it is rather simple, so we
now proceed with the limit ¢ — 1.

10.3. Limit ¢ — 1. We now consider the limit ¢ — 1. Let &1,...,&k_1
be the ordered zeros of Up_; so that {; = —cos % We observe that the
parameters {a;, bj}§:1 depend on o. Recalling that these are the zeros of
TZ(z) — o1, it is easily verified by writing T} (cos ) = cos k6 that

—1

(10.35) by =—a; =1— 027 +0 ((0 1)),
aso— l,and for j=1,...,k—1,
(10.36)

Vo —1 ; r— )
bj = fj—aisinﬂJrO (O’ — 1) s aj+1 = €]+ d Slnﬂ+0 (O‘ — 1) .

k k k k

Thus we have
(10.37) RY2(z) = 2741 (22 - 1) P Uy (2),

for any fixed z € C\ {&1,...,&—1}, while on (bj,aj41), 7 =1,...,k—1, we
have

RI2(2) = (a1 — 2)(z = b)R; (1 +0(1))

R, = (—1)’“‘3'(1_[ 165 = &') \/@

i#]

(10.38)

as 0 — 1, uniformly on (bj, a;41), and (10.38) is also valid on any shrinking
neighbourhood of §; with branch cuts for z < b; and z > a;41.

In order to evaluate the f-function in (10.33) as ¢ — 1, we need to evaluate
7as 0 — 1. Recall from Remark 1.7 that 7 = —B(A™1)T. By the definition
of A in Remark 1.7, the formula for the determinant of A in (1.80), and
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(10.38), we obtain
7r§;_1

Arj —
R

)

(10.39) (_1)k(k2—l)ﬂ_k_1

I, (& — &) /T2 1 - €2)

as o — 1. Above, 5;_1 should be interpreted as equal to 1 if » = 1 and
&; = 0 (this happens for even values of k). In particular A is continuous as
o — 1, and since A is bounded and det A remains bounded away from 0, it
follows that A~! is continuous as o — 1 as well.

det(A(0)) —

Now consider the matrix B with B, = 2:1 fj 721;21 (d;) Uniformly for
x in a neighbourhood of §;, for j =1,...,k — 1, we have
r—1 r—1
(10.40) > i +0(1),

RV2(@) ~ Ry flages — o) — by)

as o — 1, where \/(a;+1 — z)(z — b;) is analytic on C\ ((—o0, b;]U[aj41,00))
and is positive on (bj, a;+1). By relying on (10.37) and (10.40), we obtain

cer—1
B, —Zgj log +0(1)
" Qﬁj o—1 7
as 0 — 1. Thus, since 7 = —B(A™HT it follows by (10.39) that
1 1
(10.41) T—Imlog(0—1)+0<logg_1) ,

as o — 1. It follows that 0(z|r) — 1 as o — 1 uniformly for 2 € R¥~1,
Now recall the formula for Q,,, from (10.18). Since f(2) = —21log(1 —

z?) and W(z,\) = d%wz()\), we find by integration by parts (recalling the
definition of Dy from (10.22))

(10.42) Qo (f) = i (log Dy(1) + log De(—1) — 2log Dy(s0))

All that remains is to evaluate Dy (1), Di(—1), and Dy(c0) as 0 — 1. We
start with Dy(00).

Lemma 10.4. Aso — 1,
1
log Dy(c0) — §log 2.
Proof. By (9.31) with f(z) = —3log(1 — 2?),

1 3)leg(l - a?)
ami ) g, R}KQ(:U)

log Dy(c0) = de,
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where Q(z) is the unique monic polynomial of degree k—1 satisfying fbi’““ R?/(;E():E) dx =

0for k=1,...,k—1. Since R'/2(z) = 2,61,1 (T (x)? — 1/0)1/2, it is easily
verified that Q(z) = %%Uk_l(x) = i— 1} (). Since

k2k-1
Ug—1(z) N 1
(To(@)? = 1/0)}* Va7 =14
k—1

as 0 — 1 pointwise on (—1,1) \ {¢; i—1, where &;,..., §—1 are the ordered
zeros of Uy_1, it follows that (we leave the details to the reader)

1 (! log(l — 2?)dx

log D - =

og Dj,(c0) — an | T2
as ¢ — 1, and the right hand side is equal to %log2 (see e.g. [80, formula
(52)]). O

Recall that wq,...,wg, defined in (1.21), is the unique basis of holo-
morphic one-form satisfying ¢ A, Wi = 81,5, and recall the form of w;(x) =

U g0 from (1.22). We also recall from below (1.23) that the coefficients

R/2(z)
/aiﬂ () dr=0
b

of Q; are real, and since
1/2
. RY(@)

for i # j, it follows that Q; has a zero in each interval (b;, a;+1), again for
i # j. Denote the zero of Q; in the interval (b;, a;y1) by ¥;,. Since
(z — yji)
V(@ —bi)(x — ait1)

as ¢ — 1, uniformly for z bounded away from &;, it follows that

=1,  i#]

~

C.
wj(z) = - (1+0(1))
’ V(@ =bp)(z —ar)(z — &)
as 0 — 1, uniformly for x bounded away from &1, ..., &, _1, for some constant

6]-. Note that

2 1 1/2
f - (fl )+ 172 dx — 557]‘,
s, 2mi((@ — b) (@ — a1)) (@ — &)
as 0 — 1. Thus,

U048 ) =g = i e — )P
where the convergence is uniform for x in compact subsets of C\{&1,...,&k—1}.

Lemma 10.5. Aso — 1,

1 1 1
log Di(1), log Di(—1) = —510g2 - Zlog(a —-1)+ 3 log k + o(1).



118 C. CHARLIER, B. FAHS, C. WEBB, AND M.D. WONG

Proof. By (5.16) and (10.22), we have

1/2
long(ﬂ:l):L(:.l:l)
811
g1y [ — L 216_1 oy [T A )
106027 | oy + ;“j”/bj R @D ) ™

where I' is a closed, counterclockwise oriented contour enclosing Jy , but
not intersecting (—oo, —1]U[1,00). We can assume that I' is bounded away

from &1, ..., &;—1, and thus §.log(1 —)\Q)UQ-()\)CZ)\ remains bounded as ¢ — 1
by (10.43). By (10.38), bij“ W remains bounded as ¢ — 1. Since
RY2(£1) = 0 as 0 — 1, it follows that

RY2(1) [ log(1 — 2?)dx

log Di(1) = 1
10,41 8 Dv(l) = =50 ¢ Ry 1) oW
' RYV2(-1) log(1 — z2)dx
log Di(—1) = 1
o8 Dy(~1) = " ?{*Rl/z(az)(m—i—l) +o(1),
where the branches of the logarithms are principal. Since Ri;z(l) =— Rijz (=1)
R+ (z) R+ (—z)

for all x € J, it follows that
RY2(1) log(1 — 2?)dz R2(-1) log(1 — 2?)dx

8mi  Jr RY2(z)(x — 1) 8mi r RYV2(z)(x+ 1)

We evaluate the left hand side. Deforming I'" to the branch-cuts of the
logarithm, we obtain

(10.45)
1 log(1 4 z)dz /_1 dx ~ log2
2mi Jp RV2(x)(x — 1) J_oo RV2(2)(x —1) RY2(1)’

b log(1 —z)dr o [~ loge /°° dz
2mi Jp RY2(2)(x —1) =0\ RV2(1)  Jipe RY2(2)(@ 1))
Recall that by is the largest zero of R(z), and denote

RYV2(z)

51/2 _
RY2(z) = e

As e — 0,

/°° dx 1
e (2= 1)(z = bp)/2 \ R12(z)  RY2(1)

remains uniformly bounded for ¢ > 1, and thus

/00 e ! /OO e +0(1) ase—0
S : e —0,
e RV2(2)(@ — 1) RY2(1) Jise (x = 1)(z — bp)'/2
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uniformly for o > 1. We have

> dx
/1+e (@— D)z —bp)2 \/11_71% (log (4(1 — b)) — loge) + o(1),

as € — 0. Substituting this into (10.45), we obtain
1 log(l1 —x)dz _  log (4(1 = by))
2mi Jp RY2(z)(z — 1) RL/2(1)

and recalling that R(1) — 0 as ¢ — 1, from (10.44) we get

+O(1), as o — 1,

1
log Di(1), log Dy(~1) =~ log2 — § Toa(1 — by) + o(1),
as 0 — 1, and the lemma follows by (10.35). O
By (1.30) with £ =1 and (10.35), we have

(1) = (";1)}‘<1+o<l>>,

as 0 — 1. Thus, since f(z|7) — 1 as ¢ — 1 uniformly for z € R*1, we
obtain by (10.42) and Lemmas 10.4 and 10.5 that

k—1

O(nkQ|T) 2 5 B -
0(nkQ+ Y|7) <1+W> D)™ (1) + (1))

1 o kQ _ k=1
x gmpe St = k7o — 1) (14 0(1))
as o — 1.
Thus, from (10.33), we obtain

(10.46) limlimsup

ol n—ooco

log H,, (e*"kv(’”“> — klog Hy, (efzn‘”j)

1
+ [n%k(k — 1)] log2 + 1 log k + log(c —1)| = 0.

Similarly, from (10.34),

(10.47) limlimsup

oll n—ooco

log Hyper (ef(nkmvo,k) (k= 1) log H, (efznw)

—rlog Hpt1 (6_2”5752) + [an(k —1)+2nr(k — 1)+ r(r—1)] log2

k—1

=0.
8

1
+ Zlogk‘—l— log(oc — 1)

Substituting the asymptotics of (1.33) into (10.46) and (10.47), we obtain
(2.19).
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11. PARTITION FUNCTION ASYMPTOTICS

In this section we compute the asymptotics of % log Hy (e_N VS) where
Vs is the deformation introduced in Section 2.5. Our main goal is to prove
(2.28). Throughout the section, we are in the setting where D(z) = 1
and T = 0, so that the main parametrix M defined in (5.23) is given by
M(2) = Noo(2) = Noo(z; NQ).

Recall the notation r(vs) from Section 2.2. We start by proving that
r(e=NVs) — 0 as N — oo. For z outside the lenses, we have by (4.4), (4.13),
and (7.1)

Y(z) = efNéoa113(2)]\700(z)ef\f(fi(ZH%)Us7

where we take V = Vj in the definition of Ny, R, and g. Let I be a single
interval such that [a1,bx] C I. By the uniform boundedness of R, R/, No,
and N/ (see (7.4) and (5.8) with v = NQ), it follows that

e ) == N [Y(Jf)_lyl(ff)]zle_]vv&(w)ng(fc)dfx.
R\I 0s 2mi
(11.1) ,
=-N O(1) x —Vy(z)eNo+@)t9-(2)=Va@)+ts) gy
R\J Os

where the implied constant is uniform in s and x as N — oo. We find from
the k-cut regularity of V(x), and in particular the assumption that (1.9) is
strict, that g4 (z) + g—(x) — Vs(x) + €5 < —4 for some fixed 6 > 0 and that

l‘g‘“'g(f;)| — 400 as * — F00, so it is straightforward to verify that (11.1) is

exponentially small as N — oo. Thus

(11.2)
%logDN(HN( NV __N% 1188‘/( )%JrO(N_l)
-3 el )h—zngw () N () o Vi)
_ﬁ {Noo(z)‘l (CZRu)(z)) Noo(z)LgsV( )Qdm +O(NY)

as N — oo, where RM, N, and g were given in (7.5), (5.8), and (4.1)
respectively.

11.1. The order N? term. We prove that the leading order term has the
following form.

Lemma 11.1. Let Vi(z) denote either one of the family of potentials de-
scribed in Section 2.5. Then

F @ g = o ([l -y @) + [ Vi @)

where duy, (x) denotes the equilibrium measure associated to Vs(x).
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Proof. For either interpolation, we saw in Section 2.6 that the edge points
of the support are smooth functions of s (in fact, for one interpolation,
they are affine functions of s given by (2.21), while for the other they are
constant in s). We use the notation duy,(z) = ¥y, (x)dx (recall (1.11)) for
the equilibrium measure associated to Vs and J; = U;?:l[aj(s), b;(s)] for its
support. By definition (4.1),

so by Cauchy’s integral formula

(113) ¢ )5 / Vi(a)dp, (o)

0
(11.4) -2 / V@) ~ [ V@) S )i
By the Euler-Lagrange equation (1.8)
(11.5)

0 0 0
| v g = [ [ 2ogle—ylon ) o @ydorts | S

and since [ 7. %wvs( = f 7. Yv,(z)dz = 0, the lemma follows upon
substituting (11.5) into (11 4) O

11.2. The order N term. By (5.2),
Noo(2) 7' Nio(2) = Ny (2) N3 (2)

for any A € C. Letting A — z, and relying on the fact that N.(z) = I, we
find that by the definition of Ny in (5.8) that

9,0(N Q) (o),
TO(NQ)

Mw

(11.6) [Noo(z)_lNéo(z)]H = hm N)\ 1

We now prove the following proposition.

Proposition 11.2. For either of the interpolations of Section 2.6, we have

0
501 7{ 0sVs(z)uw;(z)dz = —%Qj(s).
Substituting into (11.6), we obtain
(11.7)
) dz 9 — Orj; 9
_ —1 a7 9 ez _ 0 g
Nj{ N (2)]n 15 Vs(z )277 e log O(NQ)— 2 Bs 87']11 gO(NQ).

Proof. By (1.14) and integration by parts

1 0 uj(2)
2i ]{ Js T 2mi 7 (&Swvs (w)> ]i z— dedw’
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where « encloses I'. We deform I' to oo (giving a residue at co and at z = w),
recalling that u;(2) = u;(00) + O(z71) as z — oo, to obtain

2mi j{ Os == 7{ % (Vv (w)) (uj(w) — uj(o0))dw.

By (1.11)
was (w)dw = —2/ duy, (x) = =2,

it follows that ¢ Lapy, (w)dw = 0, so

27 7{ 0s == 7{ % (v, (w)) uj(w)dw.
By (5.3) and (5.4),
1 0 ,
27 Jr 05 s(2)uj(2)dz

-y, (w)dw = TZJVS( )dw

ap

a1 8 d a CLl-~-1 J
L vt =g [

The integrals from b; to a;+1 are zero by (1.16), and thus we have proven
the proposition by the definition of Q; in (1.17). O

11.3. The constant term. Let Ua, and Un, be fixed but sufficiently small
discs surrounding a; and b; as in Section 6.1 with boundaries oriented clock-
wise. We have

(11.8)

[Nao) ™ (£RVE) Noo(2)] | Vi)

i An(\ 2) dh A\ z) d\\ @ dz
g% (% 11— 2)? 2mi +7({9Ubj (;1— z)? 2m> 83‘/;(@2777@"

T 211
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where R() was defined in (7.5). We obtain from (6.6) and (5.2) that A(), z)
equals

(11.9)
1 .
Q). = 1 _ P )
WN)\(Z)—leNmQJfln()\)Ugo-gé <§ _é) ose ng]*ln(A)JsNA(Z), ) e aUaj
1 . y
1 Nritres1 5 0 N —Nrin(Ne
6

where 7 was defined in (6.4) by 7(2) = sgn(Im z), (,; and ¢, were defined
in (6.2), and Ny was defined in (5.8). We begin our study of Aj; by simply
writing out the quantity more explicitly. A straightforward calculation,
making use of the fact that det Ny(z) = 1 so that e.g. (N/\_l)n = N) 22 etc,
shows that for A € OU,,, with j =1,... k,

An(n2) =AY 2) + A0, 2),

W (N)\,ll(Z)N)\,QQ(Z) -+ N)\712(Z)N)\721(z)) ’
a;

b

8Ca,; (A)3/2

AP 2) =

(11.10)

AP 2) =~ <€2MN971’7(’\)N,\,22(Z)NA,21(Z)

- 6%ZNQjm(A)NA,u(Z)N,\,u(Z)),
(where we set o = ), = 0), and for A\ € U}, with j =1,...,k,

A11(>‘7 Z) = Agll)()" Z) + Ag)()‘? Z)?

AV 2) = (Na11(2)Na22(2) + Ny 12(2)Na21(2))

48Gp, (N)3/2
7

8Cp, (A)3/2

(11.11)

AP (N, 2) = (emmwwm,m<z>NA,21(z)

B 672m‘NQm(>\)N}\712(z)]\7>\,11 (Z)> .

11.4. Application of §-function identities to evaluate Agll) and Aﬁ)

We will shortly apply the #-function identities from Proposition 3.6 to obtain

expressions for Agll) and Aﬁ) where the oscillations (namely 6 functions
containing NQ) and the slowly varying terms separate, so we can average
out the oscillations.

We now obtain an identity for the terms appearing in (11.10) and (11.11).
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Lemma 11.3. Let N be defined by (5.8) with v = NS, and let u be defined
by (1.25). For z,A € C\ [a1, by, we have

(11.12)

Ny11(2)Ny22(2) + Naj12(2)Nag1(2) =

ij=1

k—1
(z—\)? (W(A, 2)+2 ) (9:0;log 9)(NQ)ug(z)u;(A))
(11.13)

Nx22(2)Ny21(2) = i()\ =) 006 ;\ ! NQ Z ( —b; A _1 aj>

4 0(2u
X (fwA(z) +
j

(11.14)

—2)? u(A) —
Nxa2(2)Na1(z) = i 1 ) 9(22252( W NQ)Z()\_lbj D) 1 )

NING) 2 mpy
X (wA(z) + '

where W is as in (1.28) and wy(z) is as in (1.31).

Proof. Since det Ny = 1, the left hand side of (11.12) is equal to 2Ny 11(2) Ny 22(2)—
1, and substituting (3.12) into (5.8) (with v = NQ) yields the desired re-
sult for Ny 11(2)Nx22(2). Formulas (11.13) and (11.14) both follow in a
straightforward manner from substituting (3.13) into (5.8).

In all cases, it is useful to keep in mind that 9;log6 and 9;log# [3] are
odd functions. g

Let v € C*1. By (5.3), (5.5), (5.6), and (5.7),

A
9(2’&()\) + U) —2mivj_1n(X) b (2 faj W+ U)

Jj=1

S
—_

(05log 0(2u(X) + NQ) — 0;log Q(NQ))u;(z))

I
—_

e

-1

(05log O(2u(X) — NQ) + 9;log O(NQ))u;(z)) :

Il
,_.

=e for A € U, .,
(11.15) \ !
9(2’&()\) + U) _ 67271'1'11]'17()\) 0 (2 fbj w+ 1)) for A\ € OU, .,
J
where we set vg = v = 0.
Let

wy(2) = 2min(A)u;_(2) for A € Uy, for j =1,...,k,

11.16) w =
L {wmz)—zm‘n(x)ug(z) for A€ Uy, for j = 1,... k.
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(where ug = uj, = 0), and observe that by (5.14) and (5.15), % is

meromorphic as a function of A on each disc U, for z € {a;,b;}*

W (2)
) RI/Q()\)

j—1, and

since wy(z) is bounded as A — z is analytic on each disc U, as a

function of .
Putting these remarks together, we find

(11.17) i{ [Noo(z)’l (d%R(l)(z)> Nm(z)}nim(z)d? = 7(s)

211
dz 0 d\ 1
" 7€ smios ) D [}ér] 2miCy(N)3/2 <48W()\’ ?)

q€{a;,b;}k_,

0(2 ) w+NQ)+0 2f(jw—NQ k
:t32g((?\;Q) ( ( 6(2)fq)‘£v) ) Z()\ b A= al>>]7

=1

where OU, is oriented clockwise, and where £ = + for ¢ € {aj}le and

+ = — for g € {b; }J 1, and
(11.18) 7(s) = 7{ INE Zrl 53 ),
i ()32
a<{azb; }k s 27”@
where
(11.19)
dz 8 =
/
PN = 57 5V ) 3 Olog )N,
) i 8 0(2))w+NQ)
7"2(8;)\) = 372 %% s 2)9(0) X
r 0 (2 I; w) H(NQ)
x( +Zuz )8 log +NQ>Z(A T al>7
=1
) &0, 9 (2] w - NQ)
T3(s;\) = :I:
32 Jp 2mi 65 9( )

=1 =1

k—1 k
X (w)\ — w,\ Zu 3[ log W) Z <>\—1bl — )\%al) .

If a function gN( ) satisfies f02 gn(s)ds = O(1/N) as N — oo, then we
denote gn(s) = O(1/N) as N — oo.

Lemma 11.4. As N — oo, we have 7#(s) = O(1/N).
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Lemma 11.4 allows us to ignore terms which do not contribute to the final
answer already before performing our analysis of residues, and thus we avoid
performing calculations which would otherwise be rather involved. In this
respect we were inspired by a similar procedure undertaken in [65], although
the situation at hand is different to that of [65].

Proof. We will use Fubini to change the order of integration in s and .
However, since the contour of integration dU, depends on s, we start by
discussing a few technicalities to facilitate the use of Fubini. For s € [1,2],
the support of the equilibrium measure J is fixed, while for s € (0,1), the
endpoints of the support {a;,b; };‘f’:l depend on s. However, since the radius

of Uy is uniformly bounded from below for z € {a;, bj}?:l for all s € [0,1),
it follows that there are a finite number of points 0 = s < 51 < -+ <
sk = 2 such that for any s € [s;_1, s;] and z(s) € {a;(s),b;(s) ;“ 1, we have
x(s) € Us(s;_1) NUs(s;)- We will integrate over each such interval separately,
and add the contributions at the end. To ease the notation, we simply say
that we integrate from s; to s9. Then for all s; < s < s, we can assume
that the contours OU, are fixed and independent of s in the integrals on

the right-hand side of (11.8), since we are evaluating only the residue. By

Fubini,
52
7(s)ds = % / 7i(s;A) ds—.
/31 . q€{a; b, }k U Gl 3/2 Z o
a;,b;

=1
We start by considering 7#1. By Proposition 11.2

k—1
(11.20) 24@1(&;3/)2 = —lz; ]1V§S (%(& log0)(NQ)>

k-1 ,
4% Orus 0
: ’ (0110g 6)(NQ)
; NG (V)2 1Su§§k_1 5 5 @
k—1
0 (_w()
’ IZ; 0s <W> (9110g 0)(N Q).

In (11.20) we interpret 7 to always be symmetric, so that when we take the
derivative of a function f depending on 7 (e.g. f(7) =log8(NQ|7) above),
it is given by

(11.21)
B I LUt s (R e A e e I P s
8Tj,l e—0 €
i - :limf(T+€Xj7j) f(T) fOI‘lSjSk‘—l,
67-3-,]- e—0 €

where x;; is the matrix with zeros in all entries except the j,/ entry and
1 in the j,I entry. We observe that d;log6 and 8 a, logf in (11.20) are
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u;(A)
(V)32
to s are both uniformly bounded for A € 90U, for all ¢ € {a;, bj}le. Thus
the second and the third term on the right-hand side of (11.20) are both
uniformly of order O(1/N) for s € [0,2]. While the first term on the right-
hand side is not in general small, the integral in s from s; to s is of order
O(1/N) as N — oo. Thus it follows that

bounded functions on R, and that and its derivative with respect

52 fl(S;A)
S1 Cq()‘)S/Q

ds = O(1/N),

as N — oo, uniformly for A € 90Uy, for ¢ € {a;, bj}é?:l. Now consider the
term involving 7. By (11.15), (11.19), and Proposition 11.2, for ¢ = b; and
ImA >0,

(11.22)

WA 1o [ 60 e(zquerNQ) ko 1
) ( )

GO NOs \ GOV g (3 fro)ove) T

k

ring, 0 (2u(N) + NQ) 9 [ 6(0) 1
et NO(NQ)  0s <Cq()\)3/29(2u()\)) ZZ; (x\—lbl - A—lal)>

2N 9(0) 1 k-1 20w ()
TNOND) ¢, (VP2 8 (2u(N) (Z (A_lbl - A1a1>) > A8 (2uN) + NOY)

=1

p2miNQ; 6(0) k )
+
N <<q<> ; w5~ )
Z OTun O 6(2u(N)+ NQ)

9s Oru.  O(NQ)

X
1<u<v<k—1

where we interpret #ﬂv as in (11.21). It is easily verified that the second,
third and fourth terms are all of order O(1/N) as N — oo, uniformly for
ImA > 0. The integral of the first term with respect to s from s; to so
is of order O(1/N) as N — oo, again uniformly for A € 9Uj; such that

Im A > 0. The situation Im A < 0 is treated similarly, with e?™*V QJ replaced

by e~27iN9j  Tikewise, the situation ¢ € {aj}g‘le is treated similarly, with
2™ N replaced by 2™ V&%-1_ Tt follows that
S2 A . A
G . O(1/N),

s GNP

as N — oo, uniformly for X\ € 09U, for all ¢ € {a;, bj};?:l
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Finally, 73 is treated in a similar manner to 79, with NQ exchanged for
—NQQ, and one obtains

52 f'i(s; )\)

51 Ga(N)32

as N — oo, uniformly for A € 9U, for all ¢ € {aj,bj};?:l, where i = 1,2, 3.

Thus the lemma is proven. (Il

ds = O(1/N),

11.5. Evaluation of residues. We now aim to evaluate the remaining
terms in (11.17). As mnoted, on each disc U,; and Up,, the integrand in
the A variable is meromorphic with a pole of order 2 at the center of each
disc. We now calculate the residue at each pole, and to this end we introduce
some notation. Recall, from e.g. (1.29), that W (z, \)R'/?(z) meromorphic
as a function of z. We denote

1
W(a,2) = lim (A=) "W, 2),

W'(q, z) = lim 188)\ [(A — q)l/QW(NZ)} ,

A—q 2
(11.23) , e
9l = fim mi 2 S
Y — tim L [ i)
V= 3 A=)’

k
j:17

has arguments in [0,27) and (A — b;) has arguments in [, ), ¢ (b;) > 0,
and arg 121(aj) = m/2. By the definition of ¢ in (6.2),

as A\ = q € {a;,b;} where all roots have branch cuts on J and (A — a;)

1 130 -9+ 0 (A - 9?)
G312 b(g)(A — q)%/? ’

as A —q.
As A — q € {qa;, bj}le from the upper half plane,

(11.24) @x(2) = AW (q,2)(A — q)/> + gmq, 2(A=q)* 2+ O((N—¢)*?),

and denoting @} (q) = limy—4(A — Q)1/2u;'()‘)a

60) (2 [rw+ NQ) +0 (2 [rw - NQ)
H(NQ) 0 (2 qu w)

~2+165 (2o~ 200 ) @0 - 0+ 0 - 0P,
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By the definition of the §-function, we have 6?9(:r|7’) = 47ri%jj0(a:|7) and
0;0,0(x|T) = 2m’%0(m|¢), where we interpret the partial derivatives as in
Js

(11.21). Thus, substituting the expansions (11.23)-(11.25) into (11.17), and
relying on Lemma 11.4, we obtain

(11.26) ﬁ [Noo(z)_l (d%R(l)(z)> Noo(z)} . % s(z);l—;
o3, ()
o 1<m<zj:<k_1 37(1,]' o 6?(9](\5)2) qe{a%;}f_l W jé“ dZ%V W (@2)
1 f i [; (ﬂi@’&)@j) " <bj?(:l]§75()bj>
k W Wb » N
B> ( T <ijf(jf>’@z3<)bj>> } HOUA,

as N — oo.

11.6. Integration in s. We now aim to evaluate the sum (11.26). To
this end we need to develope several identities. First off, recall that by
cutting and gluing S, it may be represented as a (4k — 4)-gon with edges
A1, B, AT, BT Ao, Bo, Ay By YL Bt We denote

v = AlBlAleflAngAQ_IBQ_I .. .Bk__l17 so that ~ first traverses A;, then
traverses Bj, etc (see [66, Chapter 1.2.5]). Recall Riemann’s bilinear iden-
tity [66, Chapter I11.2], namely given two meromorphic differentials A and
v, and a base-point 2z,

fooe S (f g o, 0) w0 [

Let ¢ € {a;,b; }J 1, and fix A = qul and v = w;. Then fAiy: fAiwj = 0i
andO—a—quiwl fAl_a%wl:§Ai)\,andthus

0 0 0

Since 7 encloses S, we can deform it to the poles of fzzo %wl. fzzo gq wy is

analytic except for the pole at z = ¢, and as z — ¢,

(/Zawl> wj(z):—M (1+0(Vz—4q))dz, i(q) = lim z —quj(z).

dq z—q z—q
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The local coordinate at ¢ is (z — q)'/? =y, and so

( / %) wi(z) = 2 DU (4 oy

dq Y
Thus, deforming 7 to surround ¢ on the left-hand side of (11.27), we obtain
0
(11.28) 75 = 4midi}(q)y(q),

dq
which is already a well-known formula, see e.g. [93, Section 4].
Next, we prove the following lemma.

Lemma 11.5. Let q € {aj,bj}l?zl. Then

4, 2)
11.2 —q = ——— .
( 9 83 7{ 0s 27m “omi P

We observe that by (11.29) and (11.28) we have
' (q)ay, 0 —
(11.30)  OsTjm(s)=—4 > M]{dzmz)vv(q, 2).
k (9) r Os
qe{(ll,bl}l:1
Proof. Recall, e.g. from (1.29), that W (z, \)R'/2(2) is meromorphic as a

function of z, and that ¥y, (2)R/2(2) is analytic in a neighbourhood of R.
Using (11.23), the right-hand side of (11 29) is given by

X AW (N, 2)
(11.31) T 2mi %gU 27i a Py, (N) ’

where as before the orientation of U, is clockwise. By integration by parts
and the definition of W(z, \) in (1.28) and the definition of w, () in (1.31),

(11.32) —ﬁ;;i%(z)ﬂ/()\,z) _ }{ ;f“iv (2)ws(N),

and by (1.14),

dz 0 dz asw\/s
(11.33) f{m asV 7{ me Z(A),

where IV encloses I'. We will now integrate in the z var1able, and observe
that I' does not enclose . We have that w.(\) = wae(A) + O (1) as z — <.
Thus, expanding the contour I" to oo in the right-hand side of (11.33), we
only pick up a residue at z = £ and z = oo:

(11.34) ﬁ;;i_(? = —we(\) + wao ().

Next we integrate in £. Since
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which is zero since §, v, (€)dé = =2 [;dpy, = —2, the term including
Woo(A) Will be zero once substituted into (11.33).

We now evaluate ¢, déwe(\) 21y, (€). We deform I” to hug [ay, by). We
recall from (5.11) that we(A) has a pole of order 1 at £ = X. By (5.14) and
(5.15), and the fact that ¥y, (§)+ = —¢v,(§)— on J, we obtain
(11.35)

$, dewelh) Lo, (©) = ~2mi v, 4mZu [ degte)

By (1.16), and since vy, has square root vanishing at the endpoints of
the support a;, bj,

o aj+1 aj+1 0
=gy @ = [ aegn©

Thus, by (11.32)—(11.35), we obtain that for A € 9U,,

dz O .0
(11.36) - ﬁ S ViAW 2) = —2mi (V).

Substituting this into (11.31), which is equal to the right-hand side of
(11.29), we obtain

Z) o 1 88¢Vs( )
(11.37) fas zm BRI AT A VI

where the orientation of QU is clockwise. As A — ¢, we have

Ly, (N) S
Yy, (A) 2(A—q) 0s

which concludes the proof upon evaluating the residue at ¢ in (11.37).

q+0(1),

0

For a second identity, we observe that by (11.36) we have

o) o)
(11.38) ]'{ f{ A VW) ]'{ 2N
2mi Jou, 2mi v, (M)A —q) ou, (A—a@Yv,(N)
Evaluating the residue at A\ = ¢ on both sides and applying (11.29), we
obtain for ¢ € {qa;, bj}?f’:l

(11.39) ai b(q) :]{ dz 0 Vi(2) (W'(q, z)—3

2mids
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Substituting (11.39), (11.29), and (11.30) into (11.26)

vz

11 0s

Ormy O . O(NQ) 0 )
-y log (N)+<214 > logi(q)

e 0s 0T 6(0) Os ey

_é< S logla; — ap) +log(t; — by)] Zlog‘b—al’>>+5(1/N)’

1<i<j<k lj=1

(11.40) f/} [Nool2) ™ (£RO(2)) Noo(2)]

2mi

as N — oo, where 87’8 . Is interpreted as in (11.21). Substituting (11.40),
(11.7), and the result of Lemma 11.1 into (11.2), we obtain

d _ 0 _
(11.41) glogHN(e NVey = (—NQ //1ogyx—y| Ydpy, (z)dpy, (y)

s
N / Vi(@)duy, (z) + log 9%2) X

log [4)(q)|

qe{a‘jvb };c 1

+é< Y log(aj —ay) +log(b; — by)] Zlog’b _‘”’>>+6(1/N)’

1<i<j<k lj=1

as N — 0o, since the argument of @(q) is independent of s for g € {qy, bl}le.

11.7. The Chebyshev polynomials. Now consider the potential Vj =
20T, (z)? and take the limit o | 1. Then, by (10.35) and (10.36),

(11.42) ;( Z [log(a; — a;) + log(b; — b;)] Zlog\b —al\>

1<i<j<k l,j=1
k k1 k— 1
= —§10g2 - logk — log(a —-1)— jzllog (sm kj> + o(1),

as o | 1. Recalling the equilibrium measure for the Chebyshev polynomials
n (10.15), the definition of ¢ from (11.23), and the fact that |Ty(q)| = 1/v/o
for ¢ € {a;, bj}g?zl, it follows that

23/2 3/4

[$(q)] = T ().
y (10.35) and (10.36),

Vo—1
bj:cos<7r—k‘7+ 2

Vvo—1

)4—(’)(0—1), ajy1 = COs (7T — % - >+(’)(U—1),
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as 0 | 1, for j = 1,2,...,k — 1. Thus, since T}(zr) = kUi_1(z) and
Uk_l(COStg) _ sinkf

sinf ’
. 3/2 o — 3/4
o) = 2RO =D L e,

in (72
sm(k)

aso | 1, for g € {bj,a;11}i={. Combined with the fact that [Uy_1(£1)| = k,
we obtain

1 5 1
11.4 - — 1 =—— log 2 1
(11.43) >, logli(e)l = - <3k 0g2 + (k +3)logk

a€{a; b},

3(k — 1) = mj
+ = log(oc — 1) — 3;logsm k> +O0(Wo —1).

By (2.40), writing Vp(z) = Z10;(2)? = 22T} (2)? so that v = g22F2,
(11.44)

/ / log [ — y|~ djayy (2)dprvs (4) + / Vo(@)dpays (x) =

Recalling from Section 10.3 that #(z|r) — 1 as 0 — 1 for € RF 1,
noting that 1 (q) = |¢(q)|, and substituting (11.42), (11.43), and (11.44)
into (11.41), we obtain (2.28), which completes this section.

1

— 4+ —1 log 2.
4k+2k og o + log
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