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Abstract

We obtain large gap asymptotics for Airy kernel Fredholm determinants with any number
m of discontinuities. These m-point determinants are generating functions for the Airy point
process and encode probabilistic information about eigenvalues near soft edges in random matrix
ensembles. Our main result is that the m-point determinants can be expressed asymptotically
as the product of m 1-point determinants, multiplied by an explicit constant pre-factor which
can be interpreted in terms of the covariance of the counting function of the process.

1 Introduction

Airy kernel Fredholm determinants. The Airy point process or Airy ensemble [40, 43] is one of
the most important universal point processes arising in random matrix ensembles and other repulsive
particle systems. It describes among others the eigenvalues near soft edges in a wide class of ensembles
of large random matrices [26, 41, 22, 23, 17], the largest parts of random partitions or Young diagrams
with respect to the Plancherel measure [5, 14], and the transition between liquid and frozen regions in
random tilings [33]. It is a determinantal point process, which means that correlation functions can
be expressed as determinants involving a correlation kernel, which characterizes the process. This
correlation kernel is given in terms of the Airy function by

_ Ai(u)Ai’(v) — Ai'(u)Ai(v) .

u—v

KM (u,v) (1.1)

Let us denote N4 for the number of points in the process which are contained in the set A C R, let
Aj, ..., Ay, be disjoint subsets of R, with m € Nyg, and let s1,...,s,, € C. Then, the general theory
of determinantal point processes [12, 34, 43] implies that

m m

Njy. ;
4 Hsj 7] = det 1—XujAjZ(1—8j)’CAXAj ; (1.2)

j=1 j=1

where the right hand side of this identity denotes the Fredholm determinant of the operator
XU; A, Z;"Zl(l — s]-)ICAiXAJ.7 with KAl the integral operator associated to the Airy kernel and x4
the projection operator from L?(R) to L?(A). The integral kernel operator KA1 is trace-class when
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acting on bounded real intervals or on unbounded intervals of the form (z,400). Note that, when
s; =0for j € K C{1,...,m}, the left-hand-side of (1.2) should be interpreted as

Na, 1, if Na;, =0forall j € K, Na;
E Hsj X{ } =E Hsj Nujexa; =0 P(NUjeKAJZO)'

0, otherwise
JgK jgKk

In what follows, we take the special choice of subsets

Aj = (zj,xj-1), H00 =:1xg > X1 > > Ty > —00,
we restrict to $1,..., 8, € [0,1], and we study the function
m
F(Z;5) = F(x1, .0, Zm; 81, -+, 8m) t=det | 1= X(a,, 400) Z(l — sj)lCA‘x(xj’mj_l) . (1.3)
j=1

The case m = 1 corresponds to the Tracy-Widom distribution [44], which can be expressed in terms
of the Hastings-McLeod [30] (if s; = 0) or Ablowitz-Segur [1] (if s; € (0, 1)) solutions of the Painlevé
IT equation. It follows directly from (1.2) that F(z;0) is the probability distribution of the largest
particle in the Airy point process. The function F(z;s) for s € (0, 1) is the probability distribution
of the largest particle in the thinned Airy point process, which is obtained by removing each particle
independently with probability s. Such thinned processes were introduced in random matrix theory
by Bohigas and Pato [9, 10] and rigorously studied for the sine process in [16] and for the Airy point
process in [15]. For m > 1, F(&; 5) is the probability to observe a gap on (z,,+00) in the piecewise
constant thinned Airy point process, where each particle on (x;,x;_1) is removed with probability s;
(see [19] for a similar situation, with more details provided). It was shown recently that the m-point
determinants F'(Z;§) for m > 1 can be expressed identically in terms of solutions to systems of
coupled Painlevé II equations [20, 45], which are special cases of integro-differential generalizations
of the Painlevé II equations which are connected to the KPZ equation [2, 21]. We refer the reader to
[20] for an overview of other probabilistic quantities that can be expressed in terms of F(Z; §) with
m > 1.

Large gap asymptotics. Since F(Z;§) is a transcendental function, it is natural to try to approx-
imate it for large values of components of #. Generally speaking, the asymptotics as components
of  tend to +oo is relatively easy to understand and can be deduced directly from asymptotics for
the kernel, but the asymptotics as components of & tend to —oo are much more challenging. The
problem of finding such large gap asymptotics for universal random matrix distributions has a rich
history, for an overview see e.g. [36] and [27]. In general, it is particularly challenging to compute
the multiplicative constant arising in large gap expansions explicitly. In the case m =1 with s = 0,
it was proved in [24, 4] that

=3

12 (1 + 0(1)), as r — —00, (1'4)

F(2:0) = 2318 |z~ F e~

where ¢’ denotes the derivative of the Riemann zeta function. Tracy and Widom had already obtained
this expansion in [44], but without rigorously proving the value 231¢¢" (=) of the multiplicative
constant. For m = 1 with s > 0, it is notationally convenient to write s = e~2™# with 5 € iR, and
it was proved only recently by Bothner and Buckingham [15] that

4i8

F(zys = e 2™P) = G(1 + B)G(1 — B)e~ 377 10814al = 551" (1 L o(1)),  asz— —o00,  (1.5)




where G is Barnes’ G-function, confirming a conjecture from [8]. The error term in (1.5) is uniform
for B in compact subsets of the imaginary line.

We generalize these asymptotics to general values of m, for s, ..., s, € (0,1], and s; € [0,1], and
show that they exhibit an elegant multiplicative structure. To see this, we need to make a change of
variables § — 3, by defining §; € iR as follows. If s > 0, we define 8 = (81, ..., Bm) by

S]' . _
2By _ ) 5 for ] =1,...,m—1, (1.6)
Sm  for j =m,

and if s; = 0, we define By = (Bay ..., Bm) with Ba, ..., By again defined by (1.6). We then denote,
if s1 > 0,

B(#f) =B | [[ e | = F@:3), (L.7)
j=1
and if s; =0,
- e omiB, F(&;5)
Eo(&; fo) = E' PNy a0 | = 2L 1.8
(% Bo) ge F(x1;0)’ (18)
where E’ denotes the expectation associated to the law of the particles A\; > Ay > --- conditioned

on the event \; < z7.

Main result for s; > 0. We express the asymptotics for the m-point determinant F(Z; E) in two
different but equivalent ways. First, we write them as the product of the determinants E(x;; 8;) with
only one singularity (for which asymptotics are given in (1.5)), multiplied by an explicit pre-factor
which is bounded in the relevant limit. Secondly, we write them in a more explicit manner.

Theorem 1.1. Let m € Nyg, and let & = (x1,...,2Ty) be of the form & = r7 with T = (11,...,Tm)
and 0> 14 > To >+ > Ty For any By, ..., Bm € iR, we have the asymptotics
LA —dn?  BiBkS () T log r
B(#@ ) = ¢ '™ Loasrcsan AT [ E@s;8) (1+0(T3/2)), (1.9)
j=1

as r — +o0o, where X(x,7;) is given by

1 1 2
1 (ImlE I

by )= —=1 1.10
(717) = g log (1.10)
The error term is uniformly small for B1,B2,...,B8m in compact subsets of iR, and for m,...,Tm
such that 71 < —0 and minj<g<m—1{7% — Tht1} > 0 for some 6 > 0. Equivalently,
E(Z,B) =exp | —2mi Y Biju(w;) —2n° Y Blo?(z;) —4x® > BiBeX(k, )
j=1 j=1 1<k<j<m
i logr
+ leog G(1+ B;)G(1 - B;) + o(m) . (L11)
=
as r — +oo, with
2
p(z) = §|x\3/2 and  o?(z) = 4% log |4z|. (1.12)



Remark 1. We observe that X(rry,77;) = X(7%,7;), hence we could also write ¥(zx,z;) in (1.9)
such that the right hand side would only involve . We prefer to write X(7,7;) to emphasize that
it does not depend on the large parameter r.

Remark 2. The above asymptotics have similarities with the asymptotics for Hankel determinants
with m Fisher-Hartwig singularities studied in [18]. This is quite natural, since the Fredholm de-
terminants F(Z; B) and Ey(Z; BO) can be obtained as scaling limits of such Hankel determinants.
However, the asymptotics from [18] were not proved in such scaling limits and cannot be used
directly to prove Theorem 1.1. An alternative approach to prove Theorem 1.1 could consist of ex-
tending the results from [18] to the relevant scaling limits. This was in fact the approach used in
[24] to prove (1.4) in the case m = 1, but it is not at all obvious how to generalize this method to
general m. Instead, we develop a more direct method to prove Theorem 1.1 which uses differential
identities for the Fredholm determinants F'(Z; §) with respect to the parameter s, together with the

known asymptotics for m = 1. Our approach also allows us to compute the r-independent prefactor

—4r? iBeX(Tr,T5) . .
e Zl§k<j§m B3 BrE(T7s) in a direct way.

Average, variance, and covariance in the Airy point process. Let us give a more proba-
bilistic interpretation to this result. For m = 1, we recall that E(z;3) = Ee 27N +o0)  and we
note that, as g — 0,

Ee ?"Neto) =1 — 2miBEN (5, 400) — 27 B°EN, | o) + O(8%).

Comparing this to the small 5 expansion of the right hand side of (1.11), we see that the average
and variance of N(, ) behave as 2 — —oo like p(x) and o%(z). More precisely, by expanding the
Barnes’ G-functions (see [39, formula 5.17.3]), we obtain

log |x|>

1+vE log ||
||3/2 + ( )’

3
VarN(z’+oo) = m log |4-T| + 27_(_2 |$|3/2

2
EN(:L"J’,OO) = 3?|l'|3/2 + O(

where v is Euler’s constant, and asymptotics for higher order moments can be obtained similarly.
At least the leading order terms in the above are in fact well-known, see e.g. [6, 29, 42]'. For m = 2,
(1.9) implies that
—2mifN(, —2mifN(,
liy B¢ e BN g
r—00 EefQﬂHLﬁNm#oo) ]Eefzﬂ'ZﬂN(IQHroc)

If we expand the above for small 8 (note that our result holds uniformly for 8 € iR small), we
recover the logarithmic covariance structure of the process N, 4o) (see e.g. [12, 13, 35]), namely
we then see that the covariance of Ny, to0) and Ni,, 4oy converges as r — 0o to X(71,72). Note in
particular that X (71, 72) blows up like a logarithm as 73 — 72 — 0, and that such log-correlations are
common for processes arising in random matrix theory and related fields. We also infer that, given
0> T1 > To,

Va‘rN(T'TQ,T'Tl) = VarN(rThoo) + VarN(Tsz) — 2Cov (N(r‘rl,oo), N(T727w))

1+9E
2

—2%(7y,T2) + O(logr)

3 3
_ logr + ypes log [1671 72| + 372

272
as r — +oo.

We also mention that asymptotics for the first and second exponential moments Ee 27Nz, +oc)
and Ee 278Ny 400) =2m18N @y o) of counting functions are generally important in the theory of

1The leading order of the variance does not correspond exactly with the value obtained in [43]. It does correspond
to the value obtained by Hagg in [29, Theorem 3.4]. Hagg mentioned the error in [43] in the footnote on p16 of [29].



multiplicative chaos, see e.g. [3, 7, 38], which allows to give a precise meaning to limits of random
—2miBN (4 ooy

measures like £ and which provides efficient tools for obtaining global rigidity estimates

Ee 27PN (z,400) !
and statistics of extreme values of the counting function.

Main result for s; = 0. The asymptotics for the determinants F(Z;3) if one or more of the
parameters s; vanish are more complicated. If s; = 0 for some j > 1, we expect asymptotics
involving elliptic #-functions in analogy to [15], but we do not investigate this situation here. The
case where the parameter s; associated to the rightmost inverval (x1,+00) vanishes is somewhat
simpler, and we obtain asymptotics for Fy(Z; 50) = F(#;8)/F(x1;0) in this case. We first express
the asymptotics for Fy(Z; 30) in terms of a Fredholm determinant of the form E(; EO) with m —1
jump discontinuities, for which asymptotics are given in Theorem 1.1. Secondly, we give an explicit
asymptotic expansion for Fq(Z; EO).

Theorem 1.2. Let m € Ny, let & = (x1,...,2m,) be of the form & = r7 with T = (11,...,Tm) and
0>7 >7> > Ty, and define § = (y2,...,Ym) by y; = x; — x1. For any Pa, ..., Bm € iR, we
have as r — 400,

B2
o= L = 2(x1 —x; T 9iBil| oy —ws |2
Eo(#; Bo) = E(7; Bo) [ K( - J)> e~ 2081l lz1 ]

(1 + (1:3“5/;)) (1.13)

The error term is uniformly small for Ba, ..., Bm in compact subsets of iR, and for Ty, ..., Tm Such
that 7 < —6 and miny<g<m—1{76 — Tk41} > 9 for some § > 0.

xry — 2.13]'

Equivalently,

Eo(f, go) = exp —27TZ'Zﬂj/J,Q(l‘j) - 27T2 Zﬁfag(xj) - 47T2 Z ﬂjﬂkzo(Tk,Tj)
Jj=2 Jj=2

2<k<j<m
- logr
£ log G+ )G - B) +O( ) | (119)
J=2
as r — +o0o, with
_ 2 32, |71 12 _ |21 | 12
‘LLO(x) N 37T|x1 :L'| T T |I’1 'T| 7:”’(1, .':C1)+ m ‘xl x| )
1 1 9 _
o3(z) 1= gz log (8les — 2/ 4l ||y —2]'/?) = 0>(x 1) — 5 7 log %
1 1\ 2
1 (= nlt -l
EO(Tk’Tj)::ﬁlog Tk — Tj =3(tx — 71,75 — T1)-

Remark 3. We can again give a probabilistic interpretation to this result. In a similar way as
explained in the case s; > 0, we can expand the above result for m = 2 as 5 — 0 to conclude that
the mean and variance of the random counting function N(’Iz’zl), conditioned on the event A\ < zq,
behave, in the asymptotic scaling of Theorem (1.2), like po(z) and 02(x). Doing the same for m = 3

implies that the covariance of N(/ and N/ converges to 3o (712, 73).

Z2,T1) (z3,71)

Remark 4. Another probabilistic interpretation can be given through the thinned Airy point pro-
cess, which is obtained by removing each particle in the Airy point process independently with
probability s = e~ s € (0,1). We denote ugs) for the maximal particle in this thinned process.



It is natural to ask what information a thinned configuration gives about the parent configuration.
For instance, suppose that we know that ,ugs) is smaller than a certain value x5, then what is the
probability that the largest overall particle \; = p(lo)

the joint probability of the events ugs) < x9 and A\; < 27 is given by (see [20, Section 2])

is smaller than z1? For x1 > x5, we have that

IF’( () < 25 and Ay < x1> = F(x1,x2;0,5) = Eo((x1,22); B)F (21;0).

If we set 0 > x1 = r7; > x5 = r7o and let r — 400, Theorem 1.2 implies that

2

-B
s T — 2T Y o/ logr
P (M(1) < 29 and A < 56‘1) = F(x1;0)E(x2—21; B) (M) e~ 2iBlz1] |21 zo|! 2(1+O(T3g/2 ))7

or equivalently,
P( ()<1‘2 and/\1<x1> :]P)(A1<CC1) ( ()<x2—x1)

-2
T — 22 ~2ifz1| \zrfwl”z( (bgr))
Bt 1+0 .
* (2(901 - w)) ‘ AT

This describes the tail behavior of the joint distribution of the largest particle distribution of the
Airy point process and the associated largest thinned particle.

Outline. In Section 2, we will derive a suitable differential identity, which expresses the logarithmic
partial derivative of F(Z;§) with respect to s, in terms of a Riemann-Hilbert (RH) problem. In
Section 3, we will perform an asymptotic analysis of the RH problem to obtain asymptotics for
the differential identity as r — 400 in the case where s; = 0. This will allow us to integrate the
differential identity asymptotically and to prove Theorem 1.2 in Section 4. In Section 5 and in Section
6, we do a similar analysis, but now in the case s; > 0 to prove Theorem 1.1.

Acknowledgements. C.C. was supported by the Swedish Research Council, Grant No. 2015-
05430. T.C. was supported by the Fonds de la Recherche Scientifique-FNRS under EOS project
0O013018F.

2 Differential identity for [

Deformation theory of Fredholm determinants. In this section, we will obtain an identity
for the logarithmic derivative of F(Z;§) with respect to s,,, which will be the starting point of our
proofs of Theorem 1.1 and Theorem 1.2. To do this, we follow a general procedure known as the
Its-Izergin-Korepin-Slavnov method [31], which applies to integral operators of integrable type, which
means that the kernel of the operator can be written in the form K(z,y) = ﬂfff)z(y) where f(x) and
g(y) are column vectors which are such that f7(z)g(z) = 0. The operator Kz 3 defined by

m -1

K5/ (%) = X(zn 100) (@) Y (1= 55 / KA (2, y) f(y)dy (2.1)

j=1 Tj

is of this type, since we can take

) = Ai(x)X(mm, 00)(1') _ Z;ﬂ (1—s;)Ai'(y)x acj,zj,l)(y)
fle) = (Ai/(x)X(:vn;oo)(xQ W)= <— Z;nlzl( Sa)Al(y)X(mj,mjl)(l/)> '



Figure 1: Jump contours for the model RH problem for ¥ with m = 3.

Using general theory of integral kernel operators, if s,, # 0, we have

6‘sm log det (1 - /C,jg) = —Tr ((1 — ICi"g)ilasm/Cf’g)
1 _
=1, Tr (1 - Kz,5) ' Kz,5X(@mwm_1))
m
' nw )= [ Retee
=1 . Z,5X (T, Tm—1)) — 1—s,, . Z,5\S )

m

where Rz s is the resolvent operator defined by
1+ Res=(1—-Kzs) ",

and where Rz 3 is the associated kernel. Using the Its-Izergin-Korepin-Slavnov method, it was shown
in [20, proof of Proposition 1] that the resolvent kernel Rz z(§;£) can be expressed in terms of a RH
problem. For £ € (2, m—1), we have

1—s5m

Rz (€,€) = = (U104 ), (C =€ —amia = . 6, 9), (2.2)
where ¥(() is the solution, depending on parameters z,9 = (y1,...,Ym—1),5 = (S1,-..,5m), to the
following RH problem. The relevant values of the components y; of i are given as y; = ; — 2, > 0
forall j =1,...,m — 1, and the relevant value of = is x = xy,.

RH problem for ¥
(a) U :C\I' = C?*? is analytic, with

I'=RUe (0, +00) (2.3)
and I' oriented as in Figure 1.

(b) ¥(¢) has continuous boundary values as ¢ € I'\{y1,...,ym} is approached from the left (+



side) or from the right (— side) and they are related by

27i

w0 =v-© ] ‘j) for ¢ € et

w0 =v-0 (" o) force -0,

(0, +00),

\I/Jr(C):\I’*(C) (1) Sf) forCG(yj7yj*1)7j:17""m7

where we write y,, = 0 and yy = +o0.

(¢) As ¢ — oo, there exist matrices ¥, U5 depending on z, %, § but not on ¢ such that ¥ has the
asymptotic behavior

\II(C) — (I + \Illc—l T \1124-—2 + O(C_B)) C%UgM—le_(%<3/2+x<1/2)a'37 (24)

where M = (I +i01)/V2, 01 = <? (1)> and o3 = ((1) _01), and where principal branches of

¢3/2 and ¢'/? are taken.

(d) w(¢) =0(og(¢ —y;)) as ¢ = yj, j = 1,...,m
We can conclude from this result that

1 Tm—1
o | W), = mir — e G (25)

21

0s,, logdet (1 — Kz 3) =

Sm

m

From here on, we could try to obtain asymptotics for ¥ with ¢ replaced by ry as r — +o00. However,
we can simplify the right-hand side of the above identity and evaluate the integral explicitly. To do
this, we follow ideas similar to those of [15, Section 3].

Lax pair identities. We know from [20, Section 3] that ¥ satisfies a Lax pair. More precisely, if
we define

#(Ga) = etios (o ) (G, 26)
then we have the differential equation

(¢ ) = A(G2)@(C5 2),

where A is traceless and takes the form

0 -0, Ui +2) = 1
o =go+ (] TP LY s 1)
SO
. . 0 1
for some matrices A; independent of ¢, and where o = 0 0) . Therefore, we have

V(G ) = A(G2) (G ),
and we can use the relation —id, V1 21497 5; = 2¥; 11 (see [20, (3.20)]) to see that A takes the form

L W01 =i, ‘11121
(o i) maicn )

(VY121 5 —(—2¥ <
N Z( 1 W2 g

AG )
(2.8)




where the matrices A\J(ZL') are independent of ¢ and have zero trace. It follows that

(\I/_l\l’/>21 = (‘11_1;{\1’)21 = \IJ%IA\Ql — \1131121\12 — 211111\1’21;{11

_ . " A\‘Ql _ . " A\‘ll
Vo, U1 (H J’>+2 o, 0! (z\p + J’)
( + )12 ; C_yj ( + )11 1,21 ; C_yj (2‘9)

x A
+(\IJU+\IJ_1)21(—i( +C+2\I’1)11) +Z 7,12 )
2 SO

Let us define ﬁ(() = 0s,,(¥(¢)) ¥71(¢). From the RH problem for ¥, F satisfies the following RH
problem (recall that y,, = 0):

(a) F is analytic on C \ [0, ypm_1].
(b) The jumps are given by
Fo(Q)=F-(Q)+ ¥ _(Q)oy¥'(C), ¢ €(0,ym1)- (2.10)

(¢) As ¢ — ¢ €1{0,ym—1}, we have ﬁ(g) = O(log(( - C*))
As ¢ — 0o, we have

Uy 9, Uy — 0,

¢ g

()% O(¢3). (2.11)

Thus, by Cauchy’s formula, we have

de. (2.12)

Fo) 1 /Oy’”_l V_(§o V2 (§)

" 2w £—¢
Expanding the right-hand-side of (2.12) as ( — oo, and comparing it with (2.11), we obtain the
identities

1 Ym—1 B
o [ @@ e = 0, (2.13)
o [ e @ (o e = 0,05~ 0, (1) W, (2.14)
™ Jo

Following again [20], see in particular formula (3.15) in that paper, we can express ¥ in a neighbor-
hood of y; as

¥(0) = G5(0) (1+ 29 =0 lox(c =) ) (2.15)
for 0 < arg(¢ —y;) < %’T and with G; analytic at y;. This implies that
- 8j+217; %G (y;)o4. Gy (y;) "t = Sj-&;ﬂ; Sj (—Gj,ilc(;%;)lc(;;;2)1(yj) Gj7116(:5;-1)16<¥1f2)1(yj)) . (2.16)
for 5 =1,...,m, where we denoted s,,+1 = 1, and also that
F(y;) = (05,,G;(y;) Gi(y;) ™", if j #m,m—1, (2.17)
F(Q) = (0uy Gonlm) Ginl) ™ = EEZIL T o) a$Coy (219

F(¢) = (95, Grm1(Um—1)) Gim—1(ym—1)"" + A1+ 0(1), as(— ym_1. (2.19)



Using (2.13)—(2.14), (2.16) (in particular the fact that det //1\]- = 0) and (2.17)—(2.19) while substitut-
ing (2.9) into (2.5), we obtain

Os,, logdet(1 — Kz 5) = i0s,, (‘1/2,21 =2+ 5‘1’1,21) +iU1 1105, V121 — W1 ,210s,, V111

=Yj

+§m:1 S [ [0, GG, G + [0, G)GT Y, G =204, G067, Gj,uamk
=
The above sum can be simplified using the fact that det G; = 1, and we finally get
Os, log det(1 — Kz.5) = i0s,, (‘I’2,21 — VU2 + g‘l’l,m) +iW1,110s,, V121 —1V¥1 2105, W1 11
+ i %[Gm@sk@,m — (2105, Ginlemy,, (2:20)
j=1

where s,,+1 = 1. The only quantities appearing at the right hand side are ¥, U3 5, and G;. In the
next sections, we will derive asymptotics for these quantities as ¥ = r7 with r — 4o0.

3 Asymptotic analysis of RH problem for ¥ with s; =0

We now scale our parameters by setting ¥ = r7, ¢ = rij, with n; = 7; — 7,. We assume that
0>m > - - > Ty. The goal of this section is to obtain asymptotics for ¥ as r — +oo. This will
also lead us to large r asymptotics for the differential identity (2.20). In this section, we deal with
the case s; = 0. The general strategy in this section has many similarities with the analysis in [18],
needed in the study of Hankel determinants with several Fisher-Hartwig singularities.

3.1 Re-scaling of the RH problem
Define the function T'(\) = T'(\; 77, T, ) as follows,

i(n2 3/2 -
T(\) = (é il + 2?”71)7“ ) P E WA+ ;@ = 1T, 1, 8). (3.1)
The asymptotics (2.4) of ¥ then imply after a straightforward calculation that T' behaves as
1 1 1 1, 1 ¥2(203/2 4 (1 40 AY 2o
T(\) = <I+T1/\+T2)\2+O(/\3>))\4 sM~lem G (TmAm)XFos (3.2)

as A — oo, where the principal branches of the roots are chosen. The entries of T} and T5 are related
to those of ¥y and ¥y in (2.4): we have

Ty = \II;’H + W01 %7’ + % - ASQQS = =11 29,

Th12 = \IJT;/;Q - %‘1’1,117’1/2 - g(% + 37 )% + %291,217‘5/2 + %TWQ,

Tio1 = \I;if; + iA?j/Q’ (3.3)
To o1 = q;;f; - 4?4% 1,21 — %‘1’17117“1/2 - %(5771 + 127,,)r%/2

.A3
Lrg/z

A?
. Y
+ 1,217 % + 331 )

32
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where
A= (77% + 2Tm"71)'

The singularities in the A-plane are now located at the (non-positive) points A\; =n; — 1 = 7; — 71,
j=1,..,m.

3.2 Normalization with g-function and opening of lenses

In order to normalize the RH problem at oo, in view of (3.2), we define the g-function by
2
g() = =AY — A, (3.4)

once more with principal branches of the roots. Also, around each interval (A\j, \;_1), j = 2,...,m,
we will split the jump contour in three parts. This procedure is generally called the opening of the
lenses. Let us consider lens-shaped contours 7; + and «y; _, lying in the upper and lower half plane
respectively, as shown in Figure 2. Let us also denote ; ; (resp. €2;_) for the region inside the
lenses around (A;, A\j—1) in the upper half plane (resp. in the lower half plane). Then we define S by

1 0 .
m 75.—1672r3/zg()\) 1)’ ifAe Qj,-i-a

320\ 0
S =T(e oW I L 0 if \ e Q
54_16727”3/29()\) 1)’ ! 1

, ifAeC\ (24U ).

(3.5)

In order to derive RH conditions for S, we need to use the RH problem for ¥, the definitions (3.1) of
T and (3.5) of S, and the fact that g4 (\) + g—(A\) = 0 for A € (—o0,0). This allows us to conclude
that S satisfies the following RH problem.

RH problem for S

(a) S:C\I's — C?*2 is analytic, with

2

FS = (700, 0] U (>\m + ei 5 <Ov +OO)) U T+ U V- Y+ = U e (36)
7j=2

and I'g oriented as in Figure 2.

(b) The jumps for S are given by

0 S, .
=500 (5 g). Ne (g A) j =2 m 1,

J

1 0 .
S"F(A) =S5_ (A) 84716727«3/29(/\) 1 ’ Ae Vi, + U Yi,—s J = 2a -y T,
J
1 O :l:27ri
S+(>\) =5_ ()\) 6_27,3/29(/\) 1) AEN, +e 73 (O, +OO),
where A\,41 = —o0 and s, 41 = 1.

(¢c) As A — oo, we have

_ L, L LV oyt
S(A)<I+)\+/\2+O<)\3)>)\ M (3.7)

11



Figure 2: Jump contours I'g for S with m = 3 and s; = 0.

(d) S(A) =0og(A—Aj))as A=A, j=1,...,m.
Let us now take a closer look at the jump matrices on the lenses v; +. By (3.4), we have

Rg(re??) = —%r?’/z cos(32) — (m + T )72 cos(9), for 8 € (—m, 7], r>0. (3.8)

Since 11 + 7, = 71 < 0, we have

, 2 0
Ryg(re??) > f§r3/2 cos (%) >0, g <16 < m,
Rg(re') =0, 6] = .

It follows that the jumps for S are exponentially close to I as r — +o0o on the lenses, and on
@

Am + €T3 (0, +00). This convergence is uniform outside neighborhoods of Aq,..., Ay, but is not
uniform as r — 400 and simultaneously A — A;, j € {1,...,m}.

3.3 Global parametrix

We will now construct approximations to S for large r, which will turn out later to be valid in
different regions of the complex plane. We need to distinguish between neighborhoods of each of the
singularities A1, ..., A, and the remaining part of the complex plane. We call the approximation to
S away from the singularities the global parametriz. To construct it, we ignore the jump matrices
near A, ..., A\, and the exponentially small entries in the jumps as r — 400 on the lenses v; +. In
other words, we aim to find a solution to the following RH problem.

RH problem for P(>)
(a) P(>):C\(~o0,0] — C?*? is analytic.

(b) The jumps for P(*) are given by

0 i .
Pj—OO)(A) :PSOO)()‘) <—S»_1 SOJ) ) A€ (AjaAj—l)a] =2,...,m+ L
J

12



(c) As A — oo, we have

P()()) = 1 ATT3 ML (3.9)

A )\
The solution to this RH problem is not unique unless we specify its local behavior as A — 0 and as
A — ;. We will construct a solution P(>) which is bounded as A\ — Aj for j =2,...,m, and which

is O(A\~1) as A — 0. We take it of the form

P ()\) = <é “fl) AT73 M I D(A) 8, (3.10)

with D a function depending on the \;’s and 5, and where we define d; below. In order to satisfy
the above RH conditions, we need to take

1/2 ™

Aj—
it _ du
=2 i

For later use, let us now take a closer look at the asymptotics of P(>) as A — oo and as A — Aj.
For any k£ € Ny~q, as A = co we have,

d ) &2 3
D(A) = exp <Z L+ O(Ak)> =1+d A2+ Elxl + <61 + d2> A2 L0072, (3.12)

=1 AT
where
(1) ogs; [ 1 .y o (—1)f 110g8 _1 _1
=D = G (M ) e
Jj=2 J Jj=
and this also defines the value of d; in (3.10). A long but direct computation shows that
o) [~E (a3 - 3dy) (00) _ 4 A (d + 15dad — 30ds)
P =72 3, ., P =( % L . (3.14)
idy e L(d? + 6dy) 5% +dady

To study the local behavior of P(°) near Aj, it is convenient to use a different representation of D,
namely
=TI, (3.15)
j=2

where
log s

]

D) = (VA =i/ DA+ | (3.16)
’ (VA= i/INDVA+ /A1)

From this representation, it is straightforward to derive the following expansions. As A — Jj,

je{2,....,m}, S\ >0, we have

AVl = VN1
sz A= M) T (14+ O — A T = :
DiY) = VST (A= M) (14 O =), VIS VInA

13



As A —= N\j_1, j € {3,...,m}, SA > 0, we have

ke A A1
DiN) =T 7 (A=) 1) Tt (1+(9()\ Aic1)), Tji-1= )
’ » ” ” " AN 1| (VIA T = VA1)
For j€{2,..m},as A = X\, k€ {2,...m}, k#34,7—1, S\ > 0, we have
. _ longi] . (\/|)‘k| \/|)‘J 1)( |)‘k|+ J|
DN =T;;7 1+ 0N —=Xk)),  Tip= (3.17)
(VI = VIND VIR VXl

Note that T} # T} ; for j # k and T} ; > 0 for all j, k. From the above expansions, we obtain, as
A= Aj, SA>0, 5 €{2,...,m}, that

m log 54,
D) = v5; (H T3 )(A—Aj>ﬁ-f<1+0<A—Aj>>, (3.18)
k=2
where (1,..., 0, are as in (1.6). The first two terms in the expansion of D()\) as A — A\; = 0 are
given by
D(\) = \/5(1 —dO\fAJrO()\)), (3.19)
where
log s log s; 1 1
do = - . (3.20)
URVARY ng ™ (\/|)\j71| \/|)\j|)

The above expressions simplify if we write them in terms of Bs,..., 8, defined by (1.6). For all
£e€{0,1,2,...}, we have

E m

ZBJIA 3. (3.21)

We also have the identity

(VINT+ |/\k)

o @D T[T, where T = 7 3.22
H k,j %)) H kj = ’/\J—)\k’ ( )
i
which will turn out useful later on.
3.4 Local parametrices
As a local approximation to S in the vicinity of A;, j = 1,...,m, we construct a function PXi) in a

fixed but sufficiently small (such that the disks do not intersect or touch each other) disk Dy, around
Aj. This function should satisfy the same jump relations as S inside the disk, and it should match
with the global parametrix at the boundary of the disk. More precisely, we require the matching
condition

PPI(N) = (I +0(1)) P (N), as r — 400, (3.23)

uniformly for A € 9D,,;. The construction near \; is different from the ones near Aa, ..., Ap.

14



3.4.1 Local parametrices around \;, j =2,...,m

For j € {2,...,m}, P can be constructed in terms of Whittaker’s confluent hypergeometric func-
tions. This type of construction is well understood and relies on the solution g (2) to a model RH
problem, which we recall in Appendix A.3 for the convenience of the reader. For more details about
it, we refer to [32, 28, 18]. Let us first consider the function

9 —ai0y), A,
) = 2{ —(g(A) —g-(A))), i IA<O, (3.24)
= =5 (N2 ()) - 2mi (N2 = (-3)2)

defined in terms of the g-function (3.4). This is a conformal map from Dy, to a neighborhood of 0,
which maps RN Dy, to a part of the imaginary axis. As A\ — );, the expansion of fy; is given by

2[N [ =7
VA

We need moreover that all parts of the jump contour X5 N D,; are mapped on the jump contour I'
for ®yg, see Figure 6. We can achieve this by choosing I'y,I'3,I'5, ' in such a way that fy, maps
the parts of the lenses v +,7;,—,Vj+1,+,7j+1,— inside Dy, to parts of the respective jump contours
I'5,T6,I's, I's for @@ in the z-plane.

We can construct a suitable local parametrix P(*3) in the form

Fy () =ien, A= A\)(1+ 0N =),  with ¢y, = > 0. (3.25)

P(,\j)()\) — B\, ()\)(I)HG(TSMf/\J_ (\); ﬁj)(Sj8j+1)_%e_T3/29(A)o-3~ (3.26)

If E; is analytic in Dy, then it follows from the RH conditions for ®ug and the construction of
[, that PO) satisfies exactly the same jump conditions as S on g N Dy, In order to satisfy the
matching condition (3.23), we are forced to define Ey; by
I3
‘ S a0 »
By (A) = PO\ (sy550) F 4V 81 e e (32, ()BT (3.27)

0 1 ~
(_1 O)’ IA<0

Using the asymptotics of @y at infinity given in (A.13), we can strengthen the matching condition
(3.23) to

1
32 fx,(A)

as r — +o0, uniformly for A\ € 9D,,, where ®ug,; is a matrix specified in (A.14). Also, a direct
computation shows that

PRI\ PERI(N) =T+ Ex; (N ®uc,1(8;)Ex, (Nt +0(r™3), (3.28)

By () = (g “jl) oHo |\, | F M, (3.29)
where
_ (HTﬁk) (4]A4]) BJe 29+(Xj) 385 Pi (3.30)
Aj

"2
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3.4.2 Local parametrix around \; =0

For the local parametrix P(®) near 0, we need to use a different model RH problem whose solution
®p,.(2) can be expressed in terms of Bessel functions. We recall this construction in Appendix A.2,
and refer to [37] for more details. Similarly as for the local parametrices from the previous section,
we first need to construct a suitable conformal map which maps the jump contour ¥g N Dy in the
A-plane to a part of the jump contour ¥, for ®p, in the z-plane. This map is given by

and it is straightforward to check that it indeed maps Dy conformally to a neighborhood of 0. Its
expansion as A — 0 is given by

fol\) = %12)\(14— %MO(A?)). (3.32)

2mi

We can choose the lenses 7, + in such a way that fy maps them to the jump contours et S R for
Pp,.
If we take P(©) of the form

PO(N) = By(N)Bpe(r*fo(A))s; * e " 79Nos, (3.33)

with Ey analytic in Dy, then it is straightforward to verify that P(®) satisfies the same jump relations
as S in Dy. In addition to that, if we let

o3

2

Eo(\) = PO (N)s;2 M~ (m?’/? fo()\)l/2) : (3.34)

then matching condition (3.23) also holds. It can be refined using the asymptotics for ®p, given in
(A.7): we have

1

73 _ 923
+ WP(OO) ()\)822 @Be}182 2 .P(oo)()\)_1 + O(T‘_S), (335)

PO\ PRI\ =T

as r — +oo uniformly for z € 9Dy. Also, after a direct computation in which we use (3.19) and
(3.32) yields

1
Vs2 D) L [y | D A )4
Eo(0) = liml(l d1> [D(” Ve Mfo()‘”i Z[D(/\)—'—\/Q}(fo@)) (2mr2) %
A=02\0 1 Ves . D] (fo)\T  [DO) _ Vs 1
_Z{D(z\z)+ﬁ}< . ) [\/5 _D()f):|()‘f0(/\)) 1
Y EOE AL U R
0 1 1 —id
(3.36)

3.5 Small norm problem

Now that the parametrices P(*7) and P(>) have been constructed, it remains to show that they
indeed approximate S as r — +oco. To that end, we define

SA)PEIA)T, for A e C\UIL, Dy,

1
R(Y) = { SPOI(N), for A€ Dy, j=1,....m. (3.37)
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Since the local parametrices were constructed in such a way that they satisfy the same jump condi-
tions as S, it follows that R has no jumps and is hence analytic inside each of the disks Dy,,...,Dy,,.
Also, we already knew that the jump matrices for S are exponentially close to I as r — 400 outside
the local disks on the lips of the lenses, which implies that the jump matrices for R are exponentially
small there. On the boundaries of the disks, the jump matrices are close to I with an error of order
O(r~3/2), by the matching conditions (3.35) and (3.28). The error is moreover uniform in 7 as long
as the 7;’s remain bounded away from each other and from 0, and uniform for g;, j = 2,...,m,
in a compact subset of iR. By standard theory for RH problems [22], it follows that R exists for
sufficiently large r and that it has the asymptotics

R(l)()\)

R()\)ZI-FW

+00™?), RN =0(1), (3.38)

as r — 400, uniformly for A € C\ I'r, where

Ip= Oamj U (rs \ Omj)
j=1 j=1

is the jump contour for the RH problem for R, and with the same uniformity in 7 and fBs,...,Bm
as explained above. The remaining part of this section is dedicated to computing R(l)()\) explicitly
for A € C\ U;nzl D,,; and for A = 0. Let us take the clockwise orientation on the boundaries of the
disks, and let us write Jg(\) = RZ'(A\)R4()\) for the jump matrix of R as A\ € I'p. Since R satisfies
the equation

1 [ R (s)(Ur(s) = 1)

RN\ =1
() +27Ti I'n s—A

ds,

and since Jg has the expansion

J(l)()\)
372

Jr(\) =T+ +0(r3), (3.39)

as r — +oo uniformly for A € UT:1 0D, , while it is exponentially small elsewhere on I'g, we obtain
that R() can be written as

1 J(Rl)(s)
(1) - 4

j=1 J

If A € C\UjL, Dy,, by a direct residue calculation, we have

1 1 - a
RM(\) = XRes(J( ) g Res )(S), s =Aj). (3.41)
By (3.35) and (A.7),
) _ dy 1 —idy
Res (JR (s),s O) 8| (—idll 1 ) . (3.42)

Similarly, by (3.28)—(3.30) and (A.13), for j € {2, ..., m}, we have

B2 (1 idy\ = og -1 Aj, o3 _xi- (1 —id
Res (5 (s),5 = A :-j< 1)64”3)\- TMTH - M|~ _03< 1>’
( R ( ) ]) ZC)\]. 0 1 ‘ ]l _Aj,2 1 | | 0 1
where

K= LAy X fL(Bj)Aj_Q. (3.43)

and Ao =
PTT - 8)

17



We will also need asymptotics for R(0). By a residue calculation, we obtain

(1) m
Jp’(s) 1
(1) = — R \°J = — —_ (1) = -
R'™(0) Res( Pl 0) ;:2 )\jRes(JR (5),8 = Aj). (3.44)

The above residue at 0 is more involved to compute, but after a careful calculation we obtain

Jg)(s) s _ 0) 1 <—6d17’1d% — 6711dy + dq —Z.(—6T1d(2)d% + d% — 127dody — 37'1)) -

- —i(—GTld% + 1) 6d17’1d(2) + 671dg — d1

Res( -
eS 1272

S

(3.45)

In addition to asymptotics for R, we will also need asymptotics for 05, R. For this, we note that
0s,, R(N\) tends to 0 at infinity, that it is analytic in C\ I'g, and that it satisfies the jump relation

8SmR+:65mR,JR+R,8SmJR, A eTg.
This implies the integral equation

1 d¢

RO = o /F (01 RO IRE) ~ 1)+ B (€)0,,T5(O) g =

Next, we observe that 95 Jg(£) = 8SmJI(%1)(§)r_3/2 + O(r—3logr) as r — +oo, where the extra
logarithm in the error term is due to the fact that 95, |A;|% = O(logr). Standard techniques [25]
then allow one to deduce from the integral equation that

ds, RO\) = 05, RYN)r=3/2 + O(r~3logr) (3.46)

as r — +oo.

4 Integration of the differential identity

The differential identity (2.20) can be written as
0, logdet(1 — Krr5) = Ars(r) + Y BY)(r), (4.1)
j=1
where
. TTm . .
Az5(r) =0, (‘112,21 —VUyi12+ T‘I’l,zl) +0s,, V121 W11 —90s, V111 Y121,
and, by (2.15),

_ Son s Sor s
BYMr) = L1 (G;10,,Gy),, (rmy) = L5 (¥710,,,0),, (rn),

21 21

IR

where we set s,,+1 = 1 as before.
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4.1 Asymptotics for Azz(r)

For |A| large, more precisely outside the disks Dy, j = 1,...,m and outside the lens-shaped regions,

we have
S(A) = RPI(N),

by (3.37). As A — oo, we can write

RO\) =1+ STt O™, (4.2)

for some matrices Ry, Ry which may depend on r and the other parameters of the RH problem, but
not on A. Thus, by (3.7) and (3.9), we have

Ty = Ry + P\™,
Ty = Ry + Ry P 4+ P>,

Using (3.38) and the above expressions, we obtain

(1)
_ plo) , 1 -3
Tl = Pl —+ m —+ O('f’ ),
o R(I)P(OO) + R(l) _
T, = P+ S 1 00r70),

as r — 400, where Rgl) and Rél) are defined through the expansion

rY  pM
RV = % + T22 +0O(\?), as A — 0.

After a long computation with several cancellations using (3.3), we obtain that Az z(r) has large r
asymptotics given by

. Tm . .
Az 3(r) =10, (‘1’2,21 -2+ T‘h,m) + 1011105, W1 21 — W1 2105, W1,11

Sm Sm

. oo oo 0o 1 oo oo oo 0o
= _7'<P1(,21)857npl(,11) + aSnLPl(,lQ) - Easvnpl(,Ql) - P1(711)837npl(,21) - as'mPZ(,Ql))TS/Q

. 00 1 1 T1 1 1 o]
- Z(Pl(,Zl)astg,%l + astg,b - EBSng,%l - Rg,ilasmpl(,Ql)

1 1 1 log
P5) = 2P(500,, R, - PI3)0,, RU), — 0., R, ) + 0S5 ). (43)

(1)
— R} 5,0 Sm r3/2

Sm

Using (1.6), (3.14) and (3.41)—(3.45), we can rewrite this more explicitly as

= 200012

Aralr) = (= GOy = 20,02 )r? = 3 T 0, (5)
=
- 5? X " = Os,, [6?(7\1',1 - Kj,2 + 22)] logr
_asmdlj;Z(Aj,l +A0) +n; T o7 +0(1~3/2 ), (@)

where we recall the definition (3.13) of d; = d1(5) and do = da(5).
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4.2 Asymptotics for BQ;(T) with j # 1

Now we focus on ¥(¢) with ¢ near y;. Inverting the transformations (3.37) and (3.5), and using the
definition (3.26) of the local parametrix P(*i), we obtain that for z outside the lenses and inside D,

j € {Za "'am}v

T(A) = RO Ex, (N ®uc (r™? fa, (V); 8)(s55511) 7 7 (4.5)
By (3.1), we have
BU)r) = FH—1(1719,,1),, () = BE (1) + BED (r) + BYD (), (4.6)
with
(4,1) Sj+1 — Sj —1
BY(r) = 220 (D405 8;)0s,, Pra(0; 85)) 5, »
75 (r) 271'2'\/W( HG(Ovﬁj)am G (0 5]))21
G2y _ S TS5 (&1 (0. 8y =1/ , .3,
B )= i oo (06035 5.1 O) (95, B, ) @ (0555))
(3 — _Si+l — 8j =10- BNE=Y (X \PR~1()\. . . 8.
B?,s* (r) = Qﬂ.im (¢HG(O>5J)E>\J- ()‘J)R ()‘j) (6SmR()\J))E)\j ()‘j)q)HG(()?ﬁj))zl'

Evaluation of Bg;’) (r). The last term Bg ;3) (r) is the easiest to evaluate asymptotically as r —

+00. By (3.38) and (3.46), we have that
R7Y()\)) (0s,, R(N))) = O(r—3logr), 7 — 4o0.

Moreover, from (3.29), since f; € iR, we know that Ey;(\;) = O(1). Using also the fact that
®pq(0; B;) is independent of r, we obtain that

(4,3) -
B2 (r) =00 % logr), 1= +oc. (4.7)

Evaluation of B;j :;1) (r). To compute Bg;) (r), we need to use the explicit expression for the entries
in the first column of Py given in (A.19). Together with (1.6), this implies that

| oo e
BYD (r) = 2220 (05 (0; 8))0s,, Prc (0 67)) 5,

27Ti,/8j8j+1
R s (14 )T (1 - ) + (L4 BT — ), for j > max{2,m — 1},
0, otherwise.
Using also the I' function relations
3 ri+p) I'd+p  I'l-5)
(1 ro-p) = 051 =
W+ATA=-A =575 %t ~Tars T Ta-5)
we obtain
m
G.1) Bm-1 L(1+4 Bm—1) Bm (14 Bm)
BY:. = 1 — 1 4.
Z T,8 (T) 27TZSm Brnfl Og 1—1(1 _ ﬁmfl) 27T'Lsm an Og F(]. _ ﬁm), ( 8)

=2

for m > 3; for m = 2 the formula is correct only if we set f; = 0, which we do here and in the
remaining part of this section, such that the first term vanishes.
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Evaluation of B(J 2)( ). We use (3.29) and obtain

( )8 ( )_ 35 logA i|)\ ‘71/28 Ldl |)\‘ 1/2A 26%
Aj ém - |/\| 1/2A23 _amlogA 4 i |>\| 1/ 8md1 .

SWL

By (3.43), we get

ar(1+6;) 7 2r(1 - B;)

1 , _ B}
= —2ﬁj85m IOg Aj + 5‘)\j|_1/265md1 (2’Lﬂj + ﬂf‘(Aj,l + Aj’Q)) . (49)

27(__ 3. 2 .
BUD(r) = ~28,0,, log A, + |\, |7V2(0,.d )<2iﬂj PiTPs) py  BiT0) A,—2>

By (4.9), (4.8), and (4.7), we obtain

ZB(J) ﬂm—l P L1+ Bn-1) - Bm 85 L'(1+Bn)

1 _~ 7
= sy, P OB T TN T s, 0P OB R 5

¢ s, d1
+]Z< 28;0s,, log Aj + 2‘)\ BE (2 iB; Jrﬂ ( 11+A12))) . (4.10)
4.3 Asymptotics for B;J;(r) with j =1
For j = 1, we have near A\; = 0 that

g3

T(3) = ROV E(N®ae(r/2 fo(N)s; (.11)
By (3.1), we have
BUr) = 22 (1710,,T),, (0) = BUD () + BED () + BUY (), (412)
with
BUD () = o (251(0)0,, 26e(0)),,
B () = 5 (@51 0)Fy  (0) (95, Fo(0) @e(0)),,
BED(r) = 5 (52 (0) 5 (0)R™(0) (91, B(0) Bo(0) 5. (0)),,

Since ®pe(0) is independent of s,,, we have Bgsll)(r) = 0. For Bg;)(rL we use the explicit expres-
sions for the entries in the first column of ®p, given in (A.11) and (3.36) to obtain

BUD () = =500, di. (4.13)
The computation of B(1 3)( ) is more involved. Using (3.38) and (3.46), we have
~1(0)0,,, R(0) = 8,,, RV (0)r=3/2 + O(r—3logr), 7 — +oo.

Sm
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Now we use again (A.11) and (3.36) together with (3.44) in order to conclude that

logr
BUP (1) = (10, (R (0) = RS (0)) — id30,,, RS (0) — id, BRI (0)) + O )
dOasm = Tl‘)‘jrl 2
D) jz::Q 42-0/\j (ﬁ ( J2 27’))
- 1ﬁ - logr
+35mdz |M(AJ1+A]2)+O( 3/2) (4.14)
Jj=

as r — +o00. Substituting (4.13) and (4.14) into (4.12), we obtain

1 71 dods, dv g~ AT
BLUr) = =5 r 20y + S S 0., (87 (R Ay~ 20)

Og""
3/2) (4.15)

mong2
s, d I _(A; A, @
+ m Z_; 2C)\7|)\]|( 3,1 + 7,2 )"‘ (

as r — +oo.

4.4 Asymptotics for the differential identity

We now substitute (4.4), (4.10), and (4.15) into (4.1) and obtain after a straightforward calculation
in which we use (3.25),

8,, log F(r7,8) = ( — 710, dy — 288md2)r3/2 —23" B0, log Ay — 3 0, (82)

Jj=2 Jj=2

1 m (1 m 1
it Yog T 5,0, 1o TG0 4 0( 1B, (a0

as r — +o0o, where we recall that 81 = 0 if m = 2. Now we note that

1 2
~110,,,d1 = 20,,,dy = —— (= (Al = o 2) + S (A2 = D [2))

m

by (3.13). Next, by (3.30), we have

Sm Sm

“ 1 1
-2 JZ::Q Bjasm log Aj = mﬁm IOg(4|/\m|CAmT3/2) - mﬂm—l IOg(4|>‘m—1 |CA7n,—1T3/2)

TS ZBJ (log m.j) IOg(Tmej))‘f‘ﬂm 110g(Trnm—1) = B l0g(Tr—1,m) | - (4.17)

We substitute this in (4.16) and integrate in s,,. For the integration, we recall the relation (1.6)

between 5 and §, and we note that letting the integration variable s/, = e —2mif,, go from 1 to
Sy = e~ 2™Bm hoils down to letting 3, go from 0 to — °2g7rs"’ and at the same time (unless if m = 2)
to letting 3, | go from fBp_1 = — log;# t0 Bm_1 = lozgjl’" log;#' If m =2, weset 31 = 81 = 0.
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We then obtain, also using (3.25) and writing 5y := (s1,..., Sm—1, 1),

F(r7;5) ‘ 2
tog 2 23 = 208 (= Tl = Penca V%) 4 S = s /%) )02
, B I(1+x) Fm L(1+2)
52 2 2 .1 —d / 1 d
ﬂm m—1 + ﬂm,1 + /;ml xa 0og (1 _ ) + xa 0og F(l — 1') x
- 572n IOg(4‘)‘m|1/2(7—1 - 2Tm)r3/2) + (B\?n—l - g@—l) 10g(4|)\m,1|1/2(7'1 - 27—m71)7ﬂ3/2)

m—2 _ 1
=2 8B (108(Tn) —108(Tn-1,)) = 28mBn-1108(Tn1m) + O( 5 ) (4:18)
j=2

as 7 — 4o0o. Now we use the following identity for the remaining integrals in terms of Barnes’
G-function (which can be obtained from an integration by part of [39, formula 5.17.4], see also [18,
equations (5.24) and (5.25)]),

o rl+z),
/0 0y log mdm =% +1log G(1+ B)G(1 — B). (4.19)

Noting that \; = 7; — 7 and =B, = Bm-1 — Bm_l, we find after a straightforward calculation that

P79
I
8 F(r7: 50) F(r7;80)

3 ~
- 5(5371 + B 1 — Bi_1)logr + log

2 . A 2
= 2B (172l Al 24 S A2 )12 =20 (Bon 1 =B 1) (172 DAt 245 At [/2 )2
G(l + 6m—1)G(1 - ﬁm—l)
G(l + 6m—1)G(1 - ﬁm—l)
a2 o 3/2 12 52 2 o 3/2 12
Biy log (8|7 — 71| 41y |T — 11| +(Bi_1—B_1) log [ 8|Tm—1 — 71| 471 |Tim—1 — 71|

+1og G(1 + Bm)G(1 — Bim)

1
—22 (838 108(Tin ) + B3 (Bt = Br—1)108(Trn-1,7)) = 2Bm—18m log(Tm-1.m) + O (275 )

(4.20)

as 7 — 400, uniformly in 7 as long as the 7;’s remain bounded away from each other and from 0,
and uniformly for B, ..., 8, in a compact subset of iR.

4.5 Proof of Theorem 1.2

We now prove Theorem 1.2 by induction on m. For m = 1, the result (1.4) is proved in [15], and
we work under the hypothesis that the result holds for values up to m — 1. We can thus evaluate
F(rT7; 8y) asymptotically, since this corresponds to an Airy kernel Fredholm determinant with only
m — 1 discontinuities. In this way, we obtain after another straightforward calculation the large r
asymptotics, uniform in 7 and Bs, ..., Bm,

F(r7;8) = C1r® + Cor®? + Cslogr + Cy + O(r~3/? log )

where

R X 1 (e EneTRAR = R U RGN o

12’ . J J 3 J ) ] : 9t
Jj=2 j=2

Ci = =2 Y BiBrlogTyx ZﬁQlOg( 2|T]—T1|3/2+\T1||T]—T1|1/2)>
2<j<k<m
= log2 1

+2 _logG(1+B)G(1 = ;) + 7~ + (' (=1) = log .

j=2
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This implies the explicit form (1.14) of the asymptotics for Eo(r7;3y) = F(r7;5)/F(rm;0). The
recursive form (1.9) of the asymptotics follows directly by relying on (1.4) and (1.11). Note that we
prove (1.11) independently in the next section.

5 Asymptotic analysis of RH problem for ¥ with s; > 0

We now analyze the RH problem for ¥ asymptotically in the case where s; > 0. Although the
general strategy of the method is the same as in the case s; = 0 (see Section 3), several modifications
are needed, the most important ones being a different g-function and the construction of a different
local Airy parametrix instead of the local Bessel parametrix which we needed for s; = 0. We again
write £ = r7 and § = r7j, with n; = 75 — 7.

5.1 Re-scaling of the RH problem
We define T, in a slightly different manner than in (3.1), as follows,

1 —i7243/2\ o5 .
T\ = 0 4 ’f 3 U(r(A = Tpm); & = rTm, 71, 5). (5.1)
Similarly as in the case s; = 0, because of the triangular pre-factor above, we then have
T1 T2 1 o3 1 —2,3/2)3/2,4
T(A)Z(I+>\+)\2+O()\3>))\4M e’ ‘, (5.2)
as A — 0o, but with modified expressions for the entries of T} and T5:
Ui a2 T TEp3
T — L I My - _m _ _T 5.3
1,11 ” 4 ¥ 21 4 39 1,225 ( )
v i'rfn iTEn 'rf;L iT,(;
Ti12 = :’%12 + 7‘1/1,117’1/2 - 74'7“3/2 + ﬁ‘l’l,zﬂﬁp - @7’9/27 (5.4)
Vio1 T 30
Ti91 = Az TT ) (5.5)
T Us 0 n 3Tm Ui+ i, o 2 TiTY 30 n 7'731\1, 52 iTp o2 (5.6)
= —_— —= r/t— —%p P ol — LpdfE .
2,21 32 A1z 121 g Ynn R 39 121 384

The singularities of 17" now lie at the negative points A\; = 75, j = 1,...,m.

5.2 Normalization with g-function and opening of lenses

Instead of the g-function defined in (3.4), we can now use the simpler function 7%)\3/ 2 with principal
branch of A3/2, and define

1 0 .
. —8516%(7'/\)3/2 1) 1f)\€Qj_’+,

S(A) = T(\)ed Vo= I ( 1 (5.7)

0
4(r0)3/2 1) , iftAe ), _,
I, if)\GC\(Qj7+UQj’,),

j=1

where Q; 1 are lens-shaped regions around (A;, A;j_1) as before, but where we note that the index j
now starts at j = 1 instead of at j = 2, and where we define Ay := 0, see Figure 3 for an illustration
of these regions. Note that Ay is not a singular point of the RH problem for T', but since ®A3/2 =0
on (—o00,0), it plays a role in the asymptotic analysis for S. S satisfies the following RH problem.
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Figure 3: Jump contours I'g for S with m = 3 and s; > 0.

RH problem for S
(a) S:C\I's — C?*2 is analytic, with

s = (_OO; 0] U ()\m + ei%(oa +OO)) Uy Uy, T = U Vi, %>
j=1

and I'g oriented as in Figure 3.

(b) The jumps for S are given by

0 S )

S"F(A):S—()\) (—S~_1 Oj>a )‘E(A]aA]—l)ajzlaam+l7
J
1 0 .

S+ =S 10022 1) A€+ Uv— d=1...,m,

J
Se(A)=85_(\) G2 4] A€ N, +em73 (0, 400),

_a(ra)¥/?
SL(\) = S_()\) ((1) s1e 317" ) A € (0, +00),
where we set A\, 41 := —o0 and Ag := 0.

(c) As A — oo, we have

Ty T 1 1 1
N=[(I+—+4+= — ATT3N T,
S <+A+A2+0<A3)>

(d) S(A) =0O(og(A—Aj))as A= A, j=1,...,m, and S(A) = O(1) as A = 0.

Inspecting the sign of the real part of A\3/2 on the different parts of the jump contour, we observe
that the jumps for S are exponentially close to I as r — 400 on the lenses, and also on the rays
Am + et% (0, +00). This convergence is uniform outside neighborhoods of Ag, A1, ..., Ay, but breaks

down as we let A = \;, j € {0,1,...,m}.
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5.3 Global parametrix
The RH problem for the global parametrix is as follows.

RH problem for P(>)
(a) P(>):C\(—o0,0] — C?*? is analytic.

(b) The jumps for P(>) are given by

P\ = P <_8f1 Sg) Xe N A1), j=1,.,m+1.
J

(¢) As A — oo, we have

(22)  pfoc)
peoy = (145 L)) aeaart (5.10)
A >\
As A — 0, we have P(>)(\) = O(A™%). As A — A, with j € {2,...,m}, we have P(>)()\) =

o(1).

This RH problem is of the same form as the one in the case s; = 0, but with an extra jump on the
interval (A1, \o). We can construct P(°) in a similar way as before, by setting

P\ = (é Zdl) A% M D(A) 0 (5.11)
with
)\1/2 m G- 1 du
D — 1 _1/27 . 12
(A) = exp E ogsy/ —u) T (5.12)

We emphasize that the sum in the above expression now starts at j = 1. For any positive integer k,
as A — oo we have

d3
6

+d > A2 L 0072), (5.13)

, 2
D(X) = exp < -3 +O(Ak2)> = 1+d1A*1/2+51>r1+ <
1= 1

where
(-1 1logs /’\j1 3 " (1) log s, 1 1
(—u)' " 2du = 2\ =N ). (5.14)
-3 s 5 11 -3 - )

This defines the value of d; in (5.11), and with these values of dy, dz, the expressions (3.14) for P(OO)
and PQ(OO) remain valid. As before, we can also write D as

log s

_TTh , (A =iV DA +iIND )
—ED]@), Dj(\) = (f—zm N Wm) :

This expression allows us, in a similar way as in Section 3, to expand D(A) as A — Aj, SA > 0,
j €{1,...,m}, and to show that

m log
og s

D)) = @(H Tk’j"> A=) (1+0\ = \))), (5.15)

k=1
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with T ; as in (3.17) and the equations just above (3.17) (which are now defined for k,j > 1). The
first two terms in the expansion of D()X) as A — Ay = 0 are given by

D(\) = \/5(1 —dof/\+(9(A)), (5.16)

where

log s1 " log s; 1 1
dy = — — . 5.17
VN Jz:: m <\/|)\j—1| \/|)\j|) (317

2

Note again, for later use, that for all £ € {0,1,2,...}, we can rewrite d; in terms of the ;s as follows,

_ 2D e
de =~ — ;ﬂjw : (5.18)

and that

m

2
m ~ VAT Ve
HTka =@NDP [ 7o, where T = ( ’; X k) .
k=1 7T ’f’

(5.19)
k=1
=
5.4 Local parametrices
The local parametrix around A;, j € {0, ...,m}, denoted by PW) | should satisfy the same jumps as
S in a fixed (but sufficiently small) disk Dy, around A;. Furthermore, we require that

PRD)(N) = (I+0(1))P)(N), as r — 400, (5.20)

uniformly for A € 9Dy, .

5.4.1 Local parametrices around A, j =1,....m

For j € {1,...,m}, PA3) can again be explicitly expressed in terms of confluent hypergeometric
functions. The construction is the same as in Section 3, with the only difference being that f; is
now defined as

= =3 (07 = (-3)7). (5.21)

where the principal branch of (—)\)3/ 2 is chosen. This is a conformal map from D,, to a neighborhood

of 0, satisfies fx,(RNDy;) C iR, and its expansion as A — \; is given by
Pu) =de, A =X)L+ O\ =)))), with ey, =23[Y% > 0. (5.22)
Similarly as in Section 3.4.1, we define
POD(\) = Ex, (N ®rc (r*/2 fa, (\): B))(sj5741) T e300, (5.23)
where ®yg is the confluent hypergeometric model RH problem presented in Appendix A.3 with

parameter 3 = 3;. The function E); is analytic inside Dy, and is given by

03

) —— , SA>0 , 2o
By, (A) = PO (\)(s58,11) 7 Sj+1 e 3PN e (P32 (N))Pis (5.24)

0 1 ~
1 O>’ SA<O0

Sj
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We will need a more detailed matching condition than (5.20), which we can obtain from (A.13):

1
3/2 fx, (N)

as r — +oo uniformly for A € 9D),. Moreover, we note for later use that

PN PN =T+ Ex;(N)®rc,1(85)Ex,(A) 1+ O(r™?), (5.25)

1 d mi 23 e
Ex;(N) = (0 11> TN T MTIAT, (5.26)
with .
A = ( 11 T;f,’;) (4‘)\j|)g_je_§(rxj)1/2rgﬁjc§j_ (5.27)
k=
=

5.4.2 Local parametrices around A\; =0

The local parametrix P(®) can be explicitly expressed in terms of the Airy function. Such a con-
struction is fairly standard, see e.g. [22, 23]. We can take P(©) of the form

PO = Ey(\)®a;(r\)sy 2 3N 203 (5.28)

for A in a sufficiently small disk Dy around 0, and where ®,; is the Airy model RH problem presented
in Appendix A.1. The function Ej is analytic inside Dy and is given by

Z3 23
1

Eo(\) = PCI(N)s 2 M~ (r)) (5.29)

A refined version of the matching condition (5.20) can be derived from (A.2): one shows that

1

3 _93
PN sy T PN 007, (5.30)

PONPERI(N) =T+

as 7 — oo uniformly for z € 9Dy, where ®4;1 is given below (A.2). An explicit expression for
Ey(0) is given by

(1 id\ (0 1\ =
Ey(0) = —i (O 1 ) (1 —z'd()) ra. (5.31)
5.5 Small norm problem
As in Section 3.5, we define R as
SAPEI(N)L, for A e C\ UL, Dy,
_ =0 2% 32
R() { SPAMI(N)L, for Ae Dy, j € {0, ... m}, (5:32)

and we can conclude in the same way as in Section 3.5 that (3.38) and (3.46) hold, uniformly for
b1, B2, ..., Bm in compact subsets of iR, and for 7, ..., 7, such that 7y < —§ and miny<p<pm—1{7% —
Ti+1} > 0 for some 6 > 0, with

:% s— A

1 U
RO(N) / & (9) o (5.33)
U;‘lo 8D>‘7‘
where Jg is the jump matrix for R and Jl(%l) is defined by (3.39).
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A difference with Section 3.5 is that Jl(%l) now has a double pole at A = 0, by (5.30). At the other
singularities A;, it has a simple pole as before. If A € C \ U;n:() D,,;, a residue calculation yields

m

RO = Jz: %Res(,]g)(s)sj_l, s=0)+ ; : 1 . Res(J (s), s = Ay). (5.34)
From (5.30), we deduce
Res (Jl(zl)(s)s,s = O) = Efgl <z;11 chil> (5.35)
and . .
Res (J}(gl)( )8 = 0) 1 < d1§l§2 do Z(dodldjdgﬁ(?;r 12)) . (5.36)

By (5.25)—(5.27), for j € {1,...,m}, we have

2 ’ . ) IRy vy _
Res(Jgks),sAj)ifi_(é Z?) eF [ M <_xl,2 A?) M|~ e e ((1) 21d1>’

J

where

< —T(=8;) ,2 < “T'(Bj) -2
A A d Nio=——"2"AN~ 5.37
R TTEh i B Vi e (557
6 Integration of the differential identity for s; > 0
Like in Section 4, (2.20) yields
0, log F(r7;3) = Azs(r) + Y BYL(r), (6.1)
with
. TTm . .
Az 3(r) =1i0s,, (\1’2,21 -2+ 7‘1’1,21) +i¥1 110;, V1,21 — 1¥1,210s,, V1,11,
; Si41 —Sj , Sj41— 85 o _
BY(r) = 25— (G510,,Gy),, (rmy) = = (0719, ),,, (rm),

where we set s,,+1 = 1. We assume in what follows that m > 2.

For the computation of Az z(r), we start from the expansion (4.3), which continues to hold for s; > 0,
but now with P{° and P{** as in Section 5 (i.e. defined by (3.14) but with dy, d> given by (5.18)),
and with Rgl) and Rél) defined through the expansion

R RO

RM(\) = -+ 7 +0O(\?), as A — 0o, (6.2)

corresponding to the function R™) from Section 5, given in (5.33).
Using (3.14), (3.38), (3.46), (5.3)—(5.6), (5.22) and (5.34), we obtain after a long computation the

following explicit large r expansion

do0s,, d1 52 - logr
Azs(r) = =20,,,dor*/ + 22250 g, dlz (R +Aj) — Zlasm 8 +0(Z5)- (63)
p

j=1 N
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For the terms Bg;(r), we proceed as before by splitting this term in the same way as in (4.6). We
can carry out the same analysis as in Section 4 for each of the terms. We note that the terms
corresponding to j = 1 can now be computed in the same way as the terms j = 2, ..., m. This gives,
analogously to (4.10),

= ) o Bmfl F(l + ﬁmfl) . Bm F(l + ﬁm)
j; Bii(r) = omis, 98, 10g T =B 1) 2misn 0, log 15
- 0s,,d1 ~ logr
+ Z (—2Bjasm log A, + SIREE (2iB; + B2 (Ajq +Aj,2))> + (’)( 3/2) (6.4)
=1

as r — +00.

Summing up (6.3) and (6.4) and using the expressions (5.22) for ¢y, and (5.18) for dy, we obtain the
large r asymptotics

0s,, log F(r7; §) = =20s,,dor®? =Y "0, (8}) = > _2B;0s,, log A,
j:l j:l
Brm—1 P+ Bm-1)  Bm L(1+ Bm) log r
1 - 95 1 0( ) 6.5
 Sriny, O 18 T8 =) T sy, 00 108 5= g, T O ) (69)
uniformly for 51,52, ..., B, in compact subsets of iR, and for 7q,..., 7, such that 1 < —é and

Mini<k<m—1{Ts — Tht1} > 0 for some § > 0. Next, we observe that (5.27) implies the identity

_ZQﬁja‘sm IOgA] = _22/3J857n (ﬁj)log(8|)\]|3/2’r3/2 QZBJ Zasnz ﬁf log Te .7) (6'6)
j=1 j=1 j=1 é;j

Substituting this identity and the fact that \; = 7;, we find after a straightforward calculation (using

also (1.6)) that, uniformly in 7 and 5 as r — 400,

ds,, log F(r7;8) = —20,, dor®/? — Z@sm ﬁ2 ﬂm log(S\T |3/273/2)
j=1
ﬁm 1 3/2 ﬁm—l (1 + Bm 1) /Bm (1 + Bm)
log(8|rm_1]3/273/?) 4+ Z2=Lp 9s log —— 1 m)
8 Og( |T ‘ r )+ 27T'Lsm B'm 1 ( 7/8m 1) Qﬂ_ZSm 57n Og F(l 7/8m)
- - log r
Z Zasnz ﬁf log(TZ;]) + O( 3g/2 )' (6'7)
T
j=1 =1
4]
We are now ready to integrate this in s,,. Recall that we need to integrate s,, = e —2mif from 1
to 8, = e~ 2™m which means that we let 8/, go from 0 to — % and at the same time £/, _; go
from B_1 = log;f";l t0 B_1 = bzg% — bg;f";*l. We then obtain, using (4.19) and (5.18), and
writing 8o := (81, -+, 8m-1,1),
tog + T D i a(rrin) — 2, o (8lrin 2/%) — (82, — B 1) o (Bl [Y2r72)
F(r7;3)

G+ Bm-1)G( = Bm-1)

+10g G(1 4 Bn)G(1 = Bm) + log G+ Br1)G( = Bur)
m—1 T Fm-1

m—2
=23 Bi6m (108(Ton5) = 108(Tn-1,5)) = 2BmBn1108(Ton- 1m)+o(1:3%§) (6.8)

Jj=1
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as r — 400, where u(x) is as in Theorem 1.1.

We can now conclude the proof of Theorem 1.1 by induction on m. For m = 1, we have (1.5).
Assuming that the result (1.11) holds for m—1 singularities, we know the asymptotics for F(r7; 8p) =
E(rrm, ..., rTm—1;81, -+ Bm—2, Bm_l). Substituting these asymptotics in (6.8) and using (5.19), we
obtain

log F(r7;38) = Cir3% 4+ Cylogr + Cs, r — +00,

with

Cr = —2miy_ Biu(r;), Cr=—3 Zlﬁf,
]:

j=1

Gy =3 Tog G+ )G~ 5)) — 23" Flogdlrl) ~2 3 fyflosTys.
j=1

j=1 1<k<j<m

From this expansion, it is straightforward to derive (1.11). The expansion (1.9) follows from (1.5)
after another straightforward calculation. This concludes the proof of Theorem 1.1.

A  Model RH problems

In this section, we recall three well-known RH problems: 1) the Airy model RH problem, whose
solution is denoted ®a;, 2) the Bessel model RH problem, whose solution is denoted by ®g,, and 3)
the confluent hypergeometric model RH problem, which depends on a parameter 8 € ¢{R and whose
solution is denoted by ®ug(-) = Puc(:;f).

A.1 Airy model RH problem

(a) ®a;:C\ B4 — C?*2 is analytic, and ¥ 4 is shown in Figure 4.

(b) ®a; has the jump relations

0 1
Dpiy(2) = Pas_(2) _1 O> , onR™,
1 1
Dpii(2) = Pai—(2) 0 1) on RT,
10 o (A1)
Ppi(2) =Pai-(2) (| ) on e RY,
Dpi 1 (2) = Pai—(2) 1 (1) , on e~ 5 R
(¢) As z — 00, 2 ¢ 34, we have
_o3 Dy, _: _2,3/2, 1 /L 4
Dpi(z) =2 T M <I+ 23/21 +0(= 3)) e 3 3, Dpj 1 = 3 <§’ _é) . (A.2)
As z — 0, we have
Dai(2) = O(1). (A.3)

The Airy model RH problem was introduced and solved in [25] (see in particular [25, equation
(7.30)]). We have
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Figure 4: The jump contour X 4 for ®,j;.

Ai(z)  Aiw®2) \ .
AiI(Z) w2Ai/(w2,z) e 693, for 0 < argz < 5
Ai(z)  Ai(w?2) _mig (10 o

Dpi(2) = My x A'(2) w?Ai'(w?2)) ¢ ° oy q) for T <argz<m,

Al = A Ai(z)  —w?Ai(w2)) =i, (1 0 for 7 < P

Ai'(z)  —Ai'(wz) )€ 1 1) P TS Aass 3
Ai(z)  —w?Ai(wz)\ _mi,. o
Ai'(2) —Ai(wz) )€ ° B for — 5 <argz <0,

27mi

with w = e™3, Ai the Airy function and

A.2 Bessel model RH problem
(a) ®pe: C\ Ype — C2%2 is analytic, where Y, is shown in Figure 5.

(b) ®p. satisfies the jump conditions

0 1
Dpe,+(2) = Ppe,—(2) ) , z€R™,

-1 0
Ppe,+ (2) = Ppe,—(2) } (1) ,  z€FRY,
1 0 2mi o
Dpe +(2) = Ppe,—(2) 1 1) #€e R

(¢) As z — 00, z ¢ Xpe, we have

g @ e — lo,
@Be<z):(2m%)—5’M(1+ Zlf/; +0(z 1)) e?20s,

-1 =2
where ®pe1 = 15 (_22' 1 >

32

(A.5)



Figure 5: The jump contour X, for Ppe.

(d) As z tends to 0, the behavior of ®p.(z) is

O(1) O(log z) 2r
bou(e) = | SO0 Olloga)) [ =5 (A8)
Be O(logz) O(logz) 2 |arg 2| < '
O(logz) O(logz))’ 3 gal =T
This RH problem was introduced and solved in [37]. Its unique solution is given by
Ip(227 1 Ko(227
01( 22)1 71'10( 22)1 , |argz\<%’r,
2mizz21)(222) —222K((222)
FH (2(=2)%) SHYY (2(-2)%) S
B e (1) -2 wed (B) eah ) 2 TR ()
JHD (2(=2)1) 315" (2(=2)3) g2
et (HY) @(-2)%) 2t (HY) @21 )

where Ho(l) and Héz) are the Hankel functions of the first and second kind, and Iy and K are the
modified Bessel functions of the first and second kind.
By [39, Section 10.30(i)]), as z — 0 we have

In(z) = 1+ 0(2?), I (2) = O(2). (A.10)

Therefore, as z — 0 from the sector |arg z| < %”, we have

o) = (15007 7). (A1)

*

where * denotes entries whose values are unimportant for us.

A.3 Confluent hypergeometric model RH problem

(a) g : C\ Zge — C?*? is analytic, where Yy is shown in Figure 6.
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Figure 6: The jump contour Xy for Pyg. The ray I'y is oriented from 0 to co, and forms an angle
with R which is a multiple of .

(b) For z € Ty, (see Figure 6), k =1, ...,6, Py has the jump relations

P +(2) = Puc,-(2)Jk, (A.12)

0 e*iﬂ"ﬁ 0 eiﬂ'ﬁ
J1 = (_emﬁ 0 ) y Ja= (_e—irrﬁ 0 ) ’

1 0 1 0 1 0 1 0
JQ = (eiﬂ-ﬁ 1), J3 = (eiﬂﬂ 1>, J5 = <6i7rﬂ 1>, J6 = <€i7r[3 1> .

(¢) As z = 00, z ¢ Ypng, we have

where

etmhos T < arg z < el
) . ’ 5 5 0
Dyc(z) = <1 + B) 0(2_2)> SRR N . (AI3)
<1 0 > , 75 < arg z < 5,
where ®) r(p)
-1 T =1 (=
(P — 2 = —\ A.14
HG,I(B) ﬁ (—T(—ﬁ) 1 ) ) T(ﬂ) F(ﬂ + 1) ( )
In (A.13), 27 = |z|%e’*¢* with argz € (—F, 2F).
As z — 0, we have
O(1) O(log2) if 2 ITUV,
O1) O(logz))’ ’
PIel) = o(losz) Olee if 2 TUIITUIV UVI A
O(logz) O(logz))’ ne ’
This RH problem was introduced and solved in [32]. Consider the matrix
N _ . _F(l_ﬁ) _ A —im
1+ p8)G(1+5;2) H(=p;2e7'")
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where G and H are related to the Whittaker functions:

M, Wi 1
G(a;z):\;;z), H(a;z):\;%('z), w=0, k=g —a (A.17)
The solution ®y¢ is given by
(/ISH(}(Z)J_l, for z € 1,
Dui(z), for z € 11,
dya(z)J; ! for z € ITT
P = ~ ’ ’ A.18
Ha(2) Buc(2)Jy U I s, for z € IV, (A-18)
Prg(z)Jy M g for z €V,
Pya(2)Jy LI for z € VI.

We can now use classical expansions as z — 0 for the Whittaker functions, see [39, Section 13.14
(iii)], to conclude that, as z — 0 from sector II, we have

gy (FA=5) =
tna(si) = (1) | ) 1) 1+0G) (A19)
where the stars denote entries whose values are unimportant for us. This implies that
lim [@56(2)08Puc(2)],, =T(1 = B)I'(1+ ) + I'(1 = BT (1 + B). (A.20)
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