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Introduction

The computation of ruin probabilities constitutes a central topic in risk theory. It goes back
to the pioneering works by the Scandinavian actuaries at the beginning of the twentieth
century, in particular Filip Lundberg (1903) and Harald Crameér (1930). Standard references
include Asmussen (2000) and Rolski, Schmidli, Schmidt and Teugels (1999), while Dickson
(2005) offers a gentle introduction to the topic. Even though the study of the ruin problem
resulted in a huge amount of published articles (including in the closely related fields of
queueing theory and dam and storage processes), some questions have never been studied in
the literature, until recently. This thesis aims at contributing to the risk theory by looking

into various problems in line with the real management of companies.

(GGeneral overview

This work is divided into two parts. In the first part, which constitutes the main part of this
work, the purpose is to relax some classical assumptions to account for situations of practical
relevance. Indeed, the vast majority of existing results require independent increments for
the stochastic process describing the aggregate claim amounts filed against the insurance
company. But there is a variety of situations where this independence assumption appears
rather unrealistic. This is the case in presence of business cycles, delay in claim reporting or
settlement, or as the result of the implementation of experience rating mechanisms by the
insurance company. In such settings, the financial result of a given calendar year depends
on the result of one or several preceding years. So, the first part of this thesis consists to
deal with non-classical risk models allowing to reflect such basic insurance realities.

In the second part, the aim is to study a risk measure derived from actuarial ruin theory.
One historical purpose of studying ruin probabilities was to obtain the amount of initial
capital needed to guarantee to the insurance company a given probability of solvency. The
Value-at-Risk (VaR) and the expected shortfall are natural concepts in this setting, and are
widely used by the practitioners. However, these two notions are defined in terms of a given
time horizon. Consequently, both the VaR and the expected shortfall do not reflect the

possible adverse financial situations in between or beyond the specified time interval. Thus,



the smallest capital allowing to ensure that the infinite-time ruin probability is less than
some acceptance level appears as a good alternative to quantify the insured risk. Indeed,
this time, it will suffice to cope with the risk at all times according to the given level. Let
us mention that it is this type of robustness that makes the ruin probability still nowadays
an interesting quantity in this context. The study of the properties of this smallest capital

constitutes the subject of the second part of this thesis.

Part 1

This thesis is of course not the first attempt to study risk processes with dependent incre-
ments.

Let us mention Miiller and Pflug (2001), where the way the marginal distributions of the
annual net profits and their dependence structure affect Lundberg’s coefficient is examined.
The ordering of Lundberg coefficients yields to an asymptotic ordering of ruin probabilities
for some fixed amount of initial capital. Those results are in accordance with Gerber (1981,
1982) where the ruin problem is studied for annual gains forming a linear time serie. See also
Yuen and Guo (2001) and Cossette, Landriault and Marceau (2003) for related results. Also,
risk processes with dependent inter-claim times, allowing for possible dependence between
the arrival process and the claim sizes are discussed in Asmussen (2000). Those processes
contain the so-called Markov-modulated models as a special case (see also Asmussen et
al. (1994)). In these models, the underlying intensity model follows a finite state Markov
chain, enabling for instance the modelling of underlying changes in the economy in general
or the market in particular. Other papers devoted to ruin models with dependence between
the waiting time for a claim and its actual size include Albrecher and Boxma (2003) and
Albrecher and Teugels (2006).

On the contrary to most of the references quoted just above, let us insist on the fact that
this work does not aim to study ruin models with general dependence structures. Indeed,
the first part of this thesis consists of three chapters, each focusing on a ruin model dealing

with a phenomenon of practical relevance.

Chapter 1

The first chapter of this first part consists in studying ruin problems in the presence of
business cycles. Underwriting profit rates and insurance prices in the property-liability
insurance industry have been cyclical in the postwar period. A "hard market", where prices
and profits are high and coverage is restricted tends to be followed by a "soft market",
where prices and profits are low and coverage is expanded. The underwriting cycle in the

property-liability insurance business is a recurring pattern of ups and downs in insurance



prices and profits. A number of studies presenting empirical assessments of this cycle have
appeared in the literature over the past 30 years. Assuming that the annual results of the
insurance company is subject to underwriting cycles, ruin probabilities will be computed,
and compared with the corresponding values obtained under the independence assumption
for the annual net gains. This study will allow us in particular to determine if the presence

of business cycles increases or not the risk for the insurer.

Chapter 2

Allowing the premium amount to depend on past claims experience through an appropriate
credibility mechanism is in line with insurance practice in most lines of business. That is why
the second chapter takes into account experience rating. The reason comes from the fact
that the insured risk is not completely known for the insurer’s point of view. In this chapter,
the uncertainty is modelled by considering that the insurance company will inherit randomly
from a portfolio belonging to a set of known portfolios, according to a certain distribution also
known by the insurer. Let us mention that this approach will be motivated in this chapter.
Hence, to calculate premiums, practitioners often use a mix between a quantity based on
past claim experience and a market premium level. Here, the Biihlmann’s credibility model
has been chosen to model these credibility adjusted premiums. In this setting, for large
initial capital, the main objective is to study the impact on the ultimate ruin probabilities
of the number of past claim experience years taken into account to value the premiums. In
order to decrease its risk, the insurer will have to react differently according to the nature

of its annual claim amounts distribution.

Chapter 3

As a third step, ruin problems in the presence of delay in claim settlement are investigated.
In non-life insurance, all the claims referring to a calendar year are not settled the same year.
In particular, we can mention the time required to consolidate an injury, or the duration
of some legal procedures. Consequently, several payments spaced in time can be observed
before entirely settled a claim. The ruin model considered in this third step allows to
explicitly use the Chain-Ladder development factors, widely used in practice to account for
IBNR (incurred but not reported) claims. In particular, we assume that the payment of each
annual claim is spread over several years according to the development factors (where the
spread is applied in a deterministic fashion). This leads to a moving average model for the
annual claims that describes in a certain way the dependence of annual claims caused through
delayed claims. This model provides a transparent comparison of ruin probabilities with and

without IBNR dynamics, allowing us to conclude if the IBNR practice is an advantage or



not for the insurance company.

Part 2

In general, over the last years the relative position and relation between (insurance) risk
measures that fulfill a certain list of axioms on the one hand, and classical tools in ruin
theory to assess the riskiness of an insurance activity in the collective framework on the
other hand, has often been a matter of debate. Dhaene, Goovaerts and Kaas (2003) give
ample motivation for an exponential risk measure inherited from the Cramér-Lundberg upper
bound for the ruin probability in a discrete-time ruin model. Cheridito, Delbaen and Kupper
(2006) mention (in an application of their study on coherent risk measures for unbounded
stochastic processes) a Value-at-Risk (VaR) risk measure based on the infinite-time ruin
probability itself.

So, in this second part, we would like to take up this issue and investigate in more
detail some properties of the VaR-type risk measure based on the ruin probability that is
mentioned in Cheridito, Delbaen and Kupper (2006). For ease of exposition, we will restrict
the considerations to the classical compound Poisson process. In particular, the question
of knowing whether this risk measure, which can be interpreted as an economic capital,
recognizes a diversification effect in some cases or not is studied. Also, examples where the
insurer finds interest to merge two of its portfolios to decrease the amount of money allocated

will be showed.

Remark

Before beginning, let us mention that each chapter of this thesis constitutes an article in
itself. The first chapter will be published in The North American Actuarial Journal, while
the others are submitted. Notice that chapters 1, 3 and 4 are joint works with Professors
Hansjorg Albrecher and Michel Denuit, while the Chapter 2 is a joint work with Professor
Stéphane Loisel.
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Chapter 1

Impact of underwriting cycles on the

solvency of an insurance company

This chapter is published in the North American Actuarial Journal (see Trufin, Albrecher
and Denuit (2009)).

Abstract

This paper studies the solvency of an insurance firm in presence of underwriting cycles.
A small or medium size insurance company with a price-taker position in the market is
considered. Its premium income is assumed to obey an autoregressive process with cycles.
Specifically, the premium income for a specific calendar year is influenced by the market
experience for the past couple of years. Under this classical AR(2) dynamics governing
the premium income, an explicit expression for the ultimate ruin probability is derived,
using a martingale approach, in the light-tailed claims case. Furthermore, the logarithmic
asymptotic behavior of the ultimate ruin probability as well as the typical path to ruin are
investigated. Then, a comparison is made with the classical case where the same company
operates on a market without such cycles. Asymptotically, the presence of market cycles
is shown to increase the risk for the company. Numerical illustrations are performed on

Canadian motor insurance market data and support the theoretical analysis.



1.1 Introduction and Motivation

The computation of ruin probabilities is at the core of actuarial mathematics. It goes back
to the pioneering works by the Scandinavian actuaries, including Harald Cramér and Filip
Lundberg in the early 1900s. Standard references include Asmussen (2000), Dickson (2005),
and Rolski, Schmidli, Schmidt and Teugels (1999). The vast majority of existing results
require independent increments for the stochastic process describing the aggregate claim
amounts filed against the insurance company. There are a variety of situations where this
independence assumption appears rather unrealistic. This is the case in presence of business
cycles, for instance. The present work aims to relax the independence assumption to account

for underwriting cycles, a situation of practical relevance.

This is not the first attempt to study risk processes with dependent increments. Let
us briefly mention the following works, which will be useful for our study. Gerber (1982)
examined the ruin probability in a model where the annual gains of an insurance company
are dependent random variables. The model he used is the linear model (well known in
time-series analysis) which includes the autoregressive model and the moving average model
as special cases. It is also shown in Gerber (1982) that a certain credibility model can be
interpreted as a first-order model of the mixed type. Promislow (1991) generalized some
results of Gerber (1982) by removing the boundedness restriction for the underlying distri-
bution, by allowing for a weaker convergence condition for the coefficients in the infinite
order case, and by relaxing the stationarity requirement of the model. In Miiller and Pflug
(2001), the way the marginal distributions of the annual net profits and their dependence
structure affect the Lundberg coefficient (also called adjustment coefficient) is examined.
The ordering of Lundberg coefficients yields an asymptotic ordering of ruin probabilities for
some fixed amount of initial capital. Those results are in accordance with Gerber (1981,
1982).

The present paper studies ruin problems in the presence of business cycles. Underwriting
profit rates and insurance prices in the property-liability insurance industry have been cycli-
cal in the postwar period. A “hard market”, where prices and profits are high and coverage
is restricted tends to be followed by a “soft market”, where prices and profits are low and
coverage is expanded. The underwriting cycle in the property-liability insurance business
is a recurring pattern of ups and downs in insurance prices and profits. Chapter 12 in the
book by Daykin, Pentikiinen and Pesonen (1994) provides a review of the topic. A number
of studies presenting empirical assessments of this cycle have appeared in the literature over
the past 30 years. Assuming that the annual results of the insurance company are subject

to underwriting cycles, ruin probabilities will be computed, and compared with the corre-
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sponding values obtained under the independence assumption for the annual net gains.

As pointed out by Jones and Ren (2008), there is little in the risk theory literature
providing tools to quantify the additional risk associated with underwriting cycles. These
authors recently analyzed the impact of underwriting cycles on an insurer’s surplus. Specif-
ically, they modelled the cycles by assuming that the risk loading and the claim rate follow
a deterministic cyclic function. They then study different strategies which an insurer may

choose in such a cyclic environment.

In the present paper, we aim to derive analytical results for the ultimate ruin probabil-
ity in presence of underwriting cycles, modelled by assuming that the premium income is
stochastic and obeys an AR(2) process with cycles. This is the classical dynamics induced
by underwriting cycles after the influential work by Cummins and Outreville (1987). The
AR(2) specification has been justified by sound theoretical arguments, as briefly discussed
in Section 2. It is furthermore supported by empirical data. Cummins and Outreville (1987)
successfully fitted data from the Canadian and US markets over calendar years 1957-1979.
In this paper, we adopt the AR(2) process of Cummins and Outreville (1987) to model the

underwriting cycles and we update the estimated parameters on the basis of recent data.

The paper is organized as follows. Section 2 discusses underwriting cycles and treats a
practical case. Specifically, we consider the Canadian motor insurance market over calendar
years 1971-2005. As in Cummins and Outreville (1987), an AR(2) model appears appropriate
to describe the dynamics of the inverse loss ratio. Section 3 describes the dynamics of the
insurer’s surplus. Then, Section 4 studies the ultimate ruin probability for light-tailed claims
in the presence of underwriting cycles. Provided that the insurance market is viable, an
explicit expression for this probability is derived. A logarithmic asymptotics expression for
the ruin probability is also studied in this section. A comparison is performed in Section
5 with the classical case where the premium income is not subject to cycles. Section 6 is
devoted to a numerical study based on the Canadian market and the behavior for the heavy-
tailed claims case is also briefly discussed. The final Section 7 concludes. The extension to

constant interest rate is discussed there, as well as the possible influence of past surplus.



1.2 Underwriting cycles

1.2.1 Nature of the phenomenon

The underwriting cycle refers to a repeating series of conditions that affect property-casualty
insurance markets. The typical description of the cycle includes four stages, described in
terms of industry accounting profitability. The first stage is marked by several years of low
profitability. This is followed by a sudden change to rapidly increasing profitability. The
second stage is often called the insurance crisis. In the third stage, profitability remains
high but is no longer increasing. Profitability gradually declines during the fourth stage
as the industry returns to a period of low profitability. These cycles are closely related to
underwriting strategies (hence their name). In the rising phase of the underwriting cycle,
competition for business tends to encourage underwriters to ease up on underwriting stan-
dards. This tends to produce adverse loss experience and the cycle ultimately turns down.
The decline in underwriting profits is stopped by a combination of tightened underwriting

standards and rate increases and the cycle begins its upward movement once again.

The inverse loss ratio (premiums divided by losses) shows the price that an insurance
firm gets for each unit of losses paid, and is taken as an approximation of the unit price. It
gives an indication of what customers get back from insurers for the premiums they have
paid and may be regarded as a proxy for the output of the insurance industry. Even if the
inverse loss ratio seems to have been widely used in the literature, there are some variations
in the definition of losses and premiums, and whether the discounting is taken into account

or not.

1.2.2 Possible explanations

Explanations for the insurance cycle can be divided into several broad camps. In one set of
explanations, simple models of insurer behavior are developed in which feedback mechanisms
are used to induce autoregressive return series. For example, Venezian (1985) shows that
setting prices around loss forecasts generated from previous loss experience is capable of
generating autocorrelated underwriting returns. Similarly, Berger (1988) develops a model
in which insurance capacity depends on the current level of equity that, through retained
earnings, is determined largely by pricing decisions made in the previous period. This pro-
cess may again be sufficient to produce an autoregressive process for underwriting returns.
Cummins and Outreville (1987) show that simple lags in data collection or price regulation

may be sufficient to produce cyclical performance even in a rational expectations setting.



In this paper, we follow Cummins and Outreville (1987) who hypothesized that the
cycle is apparent in the sense that it has nothing to do with the underlying economic and
statistical characteristics of insurance markets but rather is attributable to institutional and
regulatory rigidities. Among the intervening factors are data collection lags, regulatory lags,

policy renewal lags, and statutory accounting rules.

1.2.3 Autoregressive modelling

One of the major assumptions in the model of Cummins and Outreville (1987) is that cycles
are determined not only by the supply side (as is often assumed) but can be explained by an
equilibrium model with competitive markets and rational expectations. Under the assump-
tion that information is available with lags of about two years and that the endogeneous
variable is the only relevant variable, Cummins and Outreville (1987) derive their model as
an AR(2) process:

II; = ag + a1l + asll;_o + €, (1.2.1)

where II; is the unit price (i.e. the ratio of premiums to losses, or inverse loss ratio) in
period ¢, and ¢ is an error term (the ¢’s are independent and identically distributed), with
Ele;] = 0 and V]e;] = 02. We also assume that there exists a positive constant d such that
Prlle;] < d] = 1. In practice, this is of course not a severe restriction in our model. In
this AR(2) model, cycles occur if a; > 0, ay < 0 and a? + 4ay < 0, i.e. if complex roots
exist. The period of cycles is then equal to 27/ arccos(a;/2v/—az). ARMA analysis can be
misleading if the underlying time series is not stationary. Several articles have examined the
stationarity of some insurance series. Harrington and Yu (2003) established that loss ratios
do not contain a unit root (they explained why the previous literature erroneously reached
the opposite conclusion, based on unappropriate use of statistical tests). Loss ratios should

therefore be considered to be stationary.

Requiring that the mean E[IL;] and variance V[II;] are constant over time, and the co-
variance for any two time periods (¢ and ¢ + k, say) depends only on the interval between
two time periods (here k), not on the starting time (here t), is equivalent to require that
the roots of the polynomial p(z) = 1 — a1z — a92? are located outside of the unit circle in
the complex plane. This implies a; > —1 because a? + 4a; < 0. The constraints on the

parameters a; and ay are thus
a; >0, —1<ay <0 and a® + 4ay < 0. (1.2.2)

To ensure the viability of the market, we also assume that the mean inverse loss ratio exceeds

1, that is,
Qo
=E[l;] = ———>1, 1.2.3
H 11 1— a; — ay ( )

10



where E[II;] means the unconditional expectation for the {II;} process (from now, for a

random variable X, we will denote by px and o% its mean and variance, respectively).

1.2.4 Empirical illustration on Canadian motor insurance market
data

ARMA modelling

We use data from the Canadian motor insurance market for calendar years 1971-2005. The
inverse loss ratio is displayed on Figure 1.2.1. The data do not show any marked time trend.
Figure 1.2.1 displays the autocorrelation function (ACF) and the partial autocorrelation
function (PACF) of the observed inverse loss ratio. The ACF at lag k gives the correlation
coefficient between the observations made at times ¢ and ¢ 4+ k. It measures the linear pre-
dictability of the series at time ¢ + k using only the value at time ¢. We recognize on Figure
1.2.1 the classic signature for a stationary series, with a set of correlations that decay at a
geometric rate as the lag length increases. In addition to this graphical check, we have also
performed formal tests for (non)stationarity. Both the Kwiatkowski-Philips-Schmidt-Shin
test and the Augmented Dickey-Fuller test support stationarity.

There are a few basic steps to fitting ARMA models to time series data. The main point
is to identify the preliminary values of the autoregressive order p and the moving average
order ¢q. Preliminary values of p and ¢ are chosen on the basis of the shape of the ACF
and PACF. Considering Figure 1.2.1, values of p and ¢ up to 2 might be of interest. To
decide among possible competitors which model we retain for the inverse loss ratio, we use
the Akaike’s Information Criterion (AIC). The values of this criterion are displayed in the

next table:
ARMA(p, q) AIC
q=0 q=1 q=2
p=0 -14.34766 | -40.92149 | -43.25771
p=1 -35.75842 | -43.42793 | -42.41657
p=2 -44.49098 | -43.32897 | -42.26215

Selecting the optimal ARMA model on the basis of the AIC criterion from the ARMA(p, q)
candidates with p and ¢ at most equal to 2 gives the AR(2) model suggested by Cummins
and Outreville (1987). The parameter estimates are ay = 0.6197, @, = 0.9945, G, = —0.4699
and 52 = 0.01602. Notice that the required constraints (1.2.2) on parameters a; and ay are
fulfilled by these estimations. Moreover, fif = dy/(1 — a@; — a3) = 1.3035 > 1, which means

that the loading on the Canadian motor insurance market is approximately 30%.
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Figure 1.2.1: Inverse loss ratio for the Canadian motor insurance market, calendar years
1971-2005, together with ACF and PACF.
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Validation

The inspection of residuals is an important check for the suitability of the model. These
residuals can first be inspected visually for the absence of pattern, as well as their autocor-
relation function and partial autocorrelation function. As it can be seen from Figure 1.2.2,
no significant correlation remains in the series of residuals. Furthermore, the assumption of
uncorrelatedness can be formally tested with the Ljung-Box Portmanteau test that consid-
ers the magnitude of the autocorrelations in the residuals as a group. It is useful to detect
situations where each sample autocorrelation is small in magnitude but collectively these
values are large. The null hypothesis of the Ljung-Box test is for model adequacy. Figure
1.2.2 indicates that the large Ljung-Box p-values support the AR(2) modelling.

1.3 Dynamics of the insurer’s surplus

Let us consider a small or medium size insurance company which cannot influence the un-
derwriting cycles. More precisely, the technical result of the company does not have any
significant impact on the {II;} process. We assume that this company aims to maintain its
existing portfolio subject to market cycles. Hence, it has to account for underwriting cycles
to avoid loosing policies in favor of competitors. This means that the premium income of this
company is driven by the {II;} process. Now, consider that this insurance company starts
its business with an initial capital w. At time k + 0, it collects an amount of premium Cjy,
subject to insurance cycles. The company covers the claims originated during the period
(k,k + 1], with total amount Yj;. The Y}’s are assumed to be independent and identically
distributed and we denote as Y a generic random variable distributed as the Y};’s. Hence,

the insurer’s surplus at time n is given by

U, :u+zn:(}k—znjyk, (1.3.1)
k=1 k=1

with Cy = py g, where the II;’s obey the AR(2) dynamics (1.2.1). This means that the

premium income of the insurance company is also AR(2), since
Cr =a1C,_1 + asCl_9 + €, (1.3.2)

where é; = py(ap + €). The é are independent and identically distributed. Henceforth,
we denote as € a generic random variable distributed as the €;’s. We further assume that
{Yy, k=1,2,...} and {&, k = 1,2,...} are mutually independent. This means that the
premium income of the insurance company is not influenced by a sudden increase in its own

claim amounts. This is in line with the assumption of a small to medium sized insurer with
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Figure 1.2.2: Diagnostics for the AR(2) fit to the observed inverse loss ratio on the Canadian

motor insurance market.
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a price-taker position on the market.

The condition Pr[|e;| < d] =1 ensures that there exists a constant ¢ such that Pr[|Cy| <
c] =1 (see Gerber (1981)), since {Cy} is a stationary process and Pr[|é;| < py(ao +d)] = 1.
Even if our model allows negative C’s, this happens with such a small probability for realistic

values of the parameters that this is not problematic for applications.

1.4 Ruin probability for light-tailed claims

1.4.1 Expression for the ultimate ruin probability

We follow the same approach as Gerber (1982) to deal with ruin probabilities when annual
gains obey an autoregressive process. Notice that here, the premiums Cy follow an AR(2)
process whereas the annual claim amounts Y; are independent and identically distributed.
Hence, the assumptions of Gerber (1982) are not fulfilled in our case. Using a similar ap-
proach, we can nevertheless derive an expression for the ruin probability when the premiums

and the claim amounts obey their own dynamics. This is the topic of the present section.

Let us denote the ultimate ruin probability as
Y(u, ¢y, c—1) = Pr[U, < 0 for some n|Uy = u,Cy = ¢y, C_y = c_1].

Then, we have the following result.
Theorem 1.4.1. Assume that there ezists a positive constant p such that

Efe (=) | Bler] = 1. (1.4.1)
Then we have R

e P
Ylu,co,c-1) = E[e*PUT\T < oa]’

where U, = U, + -4t ¢ 4 @ ¢ witha =U,, and T = inf{n|U, < 0}.

1—ai—as 1—ai—as

(1.4.2)

Proof. Let us denote as ®,, the sigma-algebra generated by {€;,i = 1,2,...,n} and {Y;,i =
1,2,...,n}. We then have

E[e """ |3, 1]

= Bl (252 ) o (=i ) ),

l—aj—as l—aj—as

E[efp(Un—1+a10n—1+a2cn—2+€n*Yn+( a1t )(alcn—1+a2cn—2+€n)+( =2 )Cn—l)‘@ 1]
ne

_ BBl OO (o R e ) (e R v (12 ) g

— E[epy] E[e(ﬁ)] e_pUn—l — e_pUn—l.
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Hence, the process {e U} is a martingale.

Let m be a positive integer. By the Optional Stopping Theorem (considering the stopping
time T'Am = min{T, m}), we get

€_pUO = E[e_pﬁ“m] = E[e_PUTITSm] + E[e_pUmIT>m].

Hence, since there exists a constant ¢ such that |Cy| < ¢ for all k£, and in view of (1.2.2), we

have that the random variables exp(—pU,,)Irsm converge to zero pointwise for m — oo and

pla1+2az)
l1—ai—as

are bounded by the constant exp(;=2*--c) if a1 +as > 0, or by exp(— c) otherwise.
Thus,

lim E[e U Iy ] = 0.
m—0o0
Hence, letting m — oo, we get
e Pl = E[e’pﬁT\T < oo] Pr[T < o] = E[e’pUT]T < oo Y(u, ¢, 1),
where we recognize the announced expression for the ultimate ruin probability. O]

Example 4.1

If the annual claims are Exponentially distributed (with parameter «, say), due to the lack-
of-memory property the deficit at ruin |Ur| is again exponential (independent of the other

quantities of the risk process), so that (1.4.2) simplifies to

a— ple Pt
’L/)(U,CQ,C,l) - _ a1+a2(c — )az C ’
al | "Tra-a T Ta=u " T < oo

The premiums C7 and Cp_; will still depend on u through the dependence of T on u, but
this dependence will (in particular in the light of stationarity) often be quite weak, in which

case it may be reasonable to argue that one “almost” has v (u) ~ const.e P*.
Remark 4.1

Every reasonable trajectory of the AR-model for the premium series C} will give C7 > 0 and
Cr_1 > 0 with a probability very close to 1. Hence, if one assumes Cr_; > 0 and Cr > 0
almost surely, then the additional condition a; +as < 0 (recall that a; +as < 1 (see (1.2.2)))
would suffice to deduce from (1.4.2) the upper bound

¢(U; 007071) S eipﬂ; (143)

since ay < 0 and Pr[Ur < 0|7 < oo] = 1. For Exponentially distributed claims the inequality
(1.4.3) can be improved to 1 (u,c,c_1) < “=Le P™.
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1.4.2 Existence and approximation of p
The next result gives conditions to ensure the existence of the adjustment coefficient p.

Proposition 1.4.1. Assume thal the moment-generating functions Ele"™| and Ele™"¢] erist
for all v > 0 in a neighborhood of the origin and are steep. If the insurance market is viable,
that is, if the inequality (1.2.3) is satisfied, then there exists a unique positive constant p
such that

—pé

E[e(m)]E[e’)Y] =1 (1.4.4)

Proof. Define the function h as

—T€

h(r) = E[e(l—al—%)] Ele"] =E [¢"7], (1.4.5)

where Z =Y — €/(1 — a; — as). We clearly have h(0) = 1. Moreover h'(r) = E[e"?Z], so
that 2/(0) = py (1 — ag/(1 — a1 — az)) < 0 by assumption. The function A is convex since

R'(r) = E[e"?Z%] > 0 for all 7.

To ensure the existence of p satisfying (1.4.4), we just need to show (since E[e"Y] and E[e "]

are steep) that there exists a positive constant ko for which A/(r) > 0 for all > ky. From
W(r) =E[e"?Z I,0) + Ele"” Z I 73],

and E[e"?Z I;.0] > E[ZTz.] < 0, we see that h'(r) > E[Z I;0] + Ele"?Z I;50] which

becomes ultimately positive. O]

Note that the assumption on Y in Proposition 1.4.1 implies light-tailed claims.

Now, let n > 0 denote the mean safety, defined by n = u;;y — 1. The next result gives an

approximation of p for sufficiently small n’s.

Proposition 1.4.2. Assume that p — 0 as n — 0. Then, we have

24ty
pn) = 77—+ O00r). (1.4.6)
UY + (1—a1—a2)2

Proof. By Taylor expansion of the equality (1.4.4) with respect to p up to second order, we
get
2,2 2
(1—puy(1+n)+%((l+n)2+L) +0(p3)) (1+puy+p—uy,z+0(p3)) =1,
(1 —a; — as)? 2
where p. o = E[€?] and pyo = E[Y?]. Then, after a little algebra, (1.4.6) follows. O

In Section 1.5, we prove that p — 0 as 7 — 0 so that the assumption of Proposition 1.4.2
is indeed fulfilled.
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1.4.3 Asymptotic behavior for the ultimate ruin probability and
typical path to the ruin

The denominator in (1.4.2) will usually depend on u and is difficult to study in general
(although its dependence on u can be expected to be weak in many situations). However,
the following result makes clear that the exponential decay rate of the numerator of (1.4.2)

provides the significant asymptotic behavior in u of 1(u, cg, c_1).

Theorem 1.4.2. Assume that the assumptions of Theorem 1.4.1 are fulfilled. Then, given
that for all n, the sum of the first n annual losses Z, =Y p_, (Y — Cy) possesses a finite

moment-generating function E[e™?"] for 0 < r < rq, where 1o is some constant larger than
p, we have
1
lim —Iny(u, cy,c_1) = —p. (1.4.7)
u—00 Y,

Proof. As a consequence of the Gértner-Ellis Theorem from large deviations (which is due
to Glynn and Whitt (1994), see also Nyrhinen (1998) and Miiller and Pflug (2001)), one only

has to show the two following properties:
(A1) &(r) :=lim,_ e + InE[e"#"] exists for 0 < r < ry,
(A2) k(p) =0 and Kk'(p) > 0.

Tterating (1.3.2), and with the convention Y] = 0, we get

k—1 k—1

Ok = gk + Z bz'gk—i + bk(CO - alc_l) + bk-i—lc—l = gk + Z bz'gk—i + bkCO + (bk+1 - albk)c_l,
=1 1=1

where by = a1, by = as + a? and by = a1by_1 + asby_o for k > 3. Hence, for 0 < r < ry,

1 1 n 1 .
_IHE[GTZ"] = —]_H]E[erZIczl Yk‘] + _1nE[e—7‘Ek:1 Ck]
n n n

_ IHE[QTY] + l 1HE[€_T ZZ=1(€A.,+Z§;11 bigk—i+bk00+(bk'+1_albk)c—l)]
n

n
r

1 < .
_ lnE[erY] + ﬁ ZlnE[e—rek(bo+...+bn—k)] _ E Z (bkCO + (bk—l—l _ albk)c—l);

k=1 k=1

where by = 1. Letting n — oo, and since 1/(1 —a; — az) =1+, bg, we then get

1 _re
k(r) = lim — InE[e"?"] = lnE[e(1*01*a2)] +InE[e™] for 0 <r < 1y,

n—oo 1,

which shows that (A1) holds true. Since k(r) = Inh(r), it now follows immediately from
Proposition 1.4.1 that (A2) is also fulfilled. O
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Now, given that ruin occurs, we can use large deviations results of Glynn and Whitt (1994)
to see that for large u, ruin occurs roughly at time |u/k'(p)]. Furthermore, the cumulant

generating function &y (s (1) of Z|u/w(p)) is asymptotically changed from &y (p)) (1) to

!
lu/K'(p)] (r+p)ek(bo+ by /k! (p)] = k)]

K/ (o)) (1 P) = BLuswi(p G0 ) ]

k=1

lu/r' (p)] E[e(r+p)Y]
—T kz:; (bkCO + (bk+1 — albk)c,l) + LU/Hl(p)J In W

This means that a surplus path leading to ruin is again of the same form, but with a claim
size distribution Y that is exponentially tilted by factor p and also each of the variables
—€,(bo + -+ + blusw(p)|—k) tilted by the same factor p. Note that exponential tilting of a
random variable corresponds to its Esscher transform. This also suggests that a sample path
leading to ruin asymptotically has a drift

i E[l—ag—a‘ 6(1 ;leaz)] E[Yepy]
—K = 2 — 0.
AR == T

1.4.4 Finite-time ruin probabilities

Let v(u, M) denote the probability of ruin up to time horizon M starting with an initial
amount of capital u and define for ¢ > 0 the quantity r, as the unique solution of ¥'(r,) = 1/a.
Then, invoking Nyrhinen (1998) allows us to get a large deviation estimate for the finite-time
ruin probability for our risk process in the presence of market cycles, namely

1
lim — Iny(u,au) = —p,,

U—00 Y,

with

1
o = re —ak(ry), a< 7]
P, a>

which is consistent with the result of the previous section.

1.5 Comparison with the classical case for light-tailed

claims

Let us now investigate the impact of underwriting cycles on ultimate ruin probabilities. To

this end, we compare the ultimate ruin probabilities in the presence of such cycles to the
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ruin probabilities (u) = Pr[U, < 0 for some n|Uy = u], where

ﬁnzu+”MYﬂn—ZYk,
=1

is the standard surplus process with averaged premium income. Let us define

h(r) = e™"# P[], (1.5.1)
Then, we can show the following result.

Proposition 1.5.1. If p denotes the adjustment coefficient of the standard model, i.e. %(ﬁ) =
1, then the inequality p > p holds true.

Proof. The announced result is true if we can show that h(r) < h(r) for r > 0. This is

indeed the case since

hr) = Elelmam) e
> 6(1_?1‘32) E[e"™] by Jensen inequality
_ () Eje'Y]

— e THYHm E[erY]

= h(r).

Since h(0) = h(0) = 1; K'(0) < 0 and K’'(0) < 0; h”(r) > 0 and A"(r) > 0, we necessarily
have p > p. ]

This result ensures that there exists a level uy such that for all u > wug, the inequality
P(u) < ¥(u,co,c 1) holds whatever ¢y and ¢ ;. This shows that market cycles in general

increase the risk for insurers.
Remark 5.1

Since IZ(U) — 1 as n — 0, it follows from the Lundberg inequality J(u) < e " that p — 0.
Hence, since p > p, we have p — 0 as 7 — 0, which confirms as expected that the assumption

of Proposition 1.4.2 is satisfied.
Remark 5.2

By equation (1.4.6) with o, = 0, we know that p(n) = 2‘;—5" + O(n?). So, for n — 0, we have
Y

. 211y 1
p(n) = p(n) » = ( o 1) <0, (1.5.2)
Y 1 + o2 (1—};16—(12)2

Y
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which illustrates Proposition 1.5.1. Now, let us define 7, by the equality p(n.) = p(n). We
can say, at least for large initial capital u, that An = n — n. represents the mean excess
loading dictated by the market due to the presence of the cycles, or in other words, the
mean cost for policyholders caused by the underwriting cycles. At first order, i.e. for small

n, we find

An ~ (1 _ L )n. (1.5.3)

2 2
Hy0¢
1+ a%,(lfalfag)

From (1.5.2), we have

—p 1
pn) = pn) ( — —1) as n— 0. (1.5.4)
i) 14+ %
ay(l—al—ag)z

The following comments apply for small »:

(i) For a given company and fixed parameters ag, a; and ay such that 7 is close to 0, relation
(1.5.4) shows that the larger o2 is (i.e. the more pronounced the market cycles are),
the larger is the relative difference ‘%‘.

(ii) On the other hand, for a given market (and more precisely for a given line of business),
the larger the coefficient of variation oy /py of the company is, the larger is the rel-
ative difference ‘%‘. This suggests that a company with a diversified portfolio,

which means here a large number of policy-holders in the line of business of interest,

will be more affected, at least asymptotically, by the underwriting cycles. Intuitively,
this is not surprising, as a lower value of oy /uy (and hence lower individual risk of
the company) will give the risk coming from the cycles (the systematic risk) a more
important role within the global uncertainty (the individual risk plus the systematic
risk) of the company. Of course, there are other ways to diversify insurance risks for
large companies. Writing policies in several lines of business subject to different cycles
is expected to lower the systematic risk compared to a company selling just one type

of contracts

1.6 Numerical illustrations

Let us assume that the annual claim amount Y for some insurance company operating on
the Canadian motor insurance market is Gamma distributed with mean ¢;¢, and variance
q1¢2. To fix the values of q; and ¢, let us denote as Y™™t the annual claim amount
for the entire Canadian motor insurance market. If n is the number of insured vehicles in
the Canadian motor insurance market, each of them generating an amount K; of claims

on a yearly basis, then Y™kt — 5™ [, The K;’s are assumed to be independent and
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identically distributed and we denote as K a generic random variable distributed as the K;’s.
Let us fix n uxg = 1000, say. If the market share of the insurance company is equal to 2%,
then

oy __ \/%U’K _ 1 Oymarket

{ py = 2% n pr = 2%1000

ny % n UK - \/F% My market
Hence, the values of ¢; and ¢y for a particular insurer are deduced from the market coefficient

Oy market

of variation , which is estimated to 0.17 for the Canadian motor insurance market.

y market

Let us consider an insurance company with a market share of 5%. The parameters of the
Gamma distribution governing its annual claim amounts are ¢; = 1.7099 and ¢, = 29.2410.
These values are obtained as explained above with z = 5. The next table gives the value
of the ultimate ruin probability computed from Theorem 1.4.1, where for the determination
of the denominator of (1.4.2) we used simulation (note that using formula (1.4.2) and just
simulating the deficit at ruin will lead to a better and more efficient estimator than fully

simulating the ruin probability itself).

(c—1,¢p) u=0 | u=50 | u=100 | u=150 | ©u=200 | u=250
With market cycles | (62.5,64.0) | 0.7746 | 0.3802 | 0.1772 | 0.0841 | 0.0410 | 0.0194
P(u, co,c—1) (64.0,57.5) | 0.7513 | 0.3827 | 0.1777 | 0.0777 | 0.0385 | 0.0192
(57.5,60.5) | 0.7661 | 0.3772 | 0.1794 | 0.0831 | 0.0440 | 0.0209
(60.5,58.0) | 0.7672 | 0.3676 | 0.1836 | 0.0678 | 0.0375 | 0.0185
(58.0,58.0) | 0.7574 | 0.3811 | 0.1778 | 0.0898 | 0.0418 | 0.0207
(58.0,61.5) | 0.7760 | 0.3848 | 0.1839 | 0.0668 | 0.0351 | 0.0166
(61.5,74.5) | 0.7523 | 0.3769 | 0.1772 | 0.0879 | 0.0426 | 0.0204
(74.5,77.0) | 0.7566 | 0.3786 | 0.1804 | 0.0653 | 0.0305 | 0.0162
Without market cycle
zjl)v(u) / 0.5059 | 0.2528 | 0.1256 | 0.0587 | 0.0297 | 0.0141

Ultimate ruin probabilities obviously decrease as the amount of initial capital increases. We
also see that the ultimate ruin probability ¢ (u, ¢g, c_1) depends on the cycle when the insurer
starts its business. Nevertheless, also for small values of u, ¥(u,co,c_1) always exceed the
corresponding 1; (u) whatever the initial position with respect to the underwriting cycle (that

is, whatever ¢y and ¢_1). This is even stronger than what is indicated by Proposition 1.5.1.

Let us now examine finite-time ruin probabilities. Specifically, let u* be the amount of
initial capital such that Prlinf,<o U, < 0]170 = w*] = 0.01. Thus, u* is the initial capital
needed to avoid ruin with a probability of 99% over the first 10 years, without underwrit-
ing cycle. Then, we compute Pr[inf, <, U, < 0|ﬁo = u*| and Prfinf, <, U, < 0|Uy = u*] for
t=1,2,...,20. The computation of Prlinf,<, U,, < 0|Uy = u*] is performed as follows:
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(Step 1) The values of ¢_; and ¢y are fixed at random;

(Step 2) Then, a sequence of premium income is generated for ¢t = 1, 2,..., 20 from (1.3.2);
(Step 3) Given these premiums, the finite-time ruin probability is computed for the horizons
t=1,2,...,20 from the Lefévre-Picard formula (see Picard, Lefévre and Coulibaly, 2003);
(Step 4) The preceding steps are repeated a large number of times (20000 times in the

numerical illustrations) and the results are averaged to get Pr[inf,<, U, < 0|Uy = u*].

Let us consider the four situations summarized in the next table:

Law for Y, Market share Parameters
Gammal(qi, ¢2) 5% g = 1.7099, ¢» = 29.2410
10% q1 = 3.4199, ¢ = 29.2410
LogNormal(u, o) 5% 1=3.6818, 0=0.6786
10% 1—4.4769, 0—0.5065

The Gamma and LogNormal distributions are discretized by rounding up, which is a con-

servative strategy for the computation of ruin probabilities.

Figures 1.6.1-1.6.4 show the finite-time ruin probabilities for horizons 1 to 20, annual
claim amounts obeying the Gamma and the LogNormal distributions, and for a market

share of 5 and 10%, respectively.

In all the cases, we see that the underwriting cycles increase the finite-time ruin prob-
abilities for all the considered horizons, compared to the classical case where the premium
income is not subject to ups and downs. For a given distribution governing the annual
claim amount, increasing the market share magnifies the impact of underwriting cycles on
the finite-time ruin probabilities. This is in accordance with Remark 5.2 (ii) in Section 5,
since when the market share increases, we expect a smaller coefficient of variation oy /puy-.
To better illustrate this phenomenon, the extreme cases are represented in Figures 1.6.5 and
1.6.6, where we have considered the entire market (even if this contradicts our assumption
that the company has a price-taker position). Notice that it is not surprising to have a
smaller capital u* for the entire market than for companies with market share of 5 and
10%, since on the one hand, the diversification effect is maximal when we consider the
entire market, and on the other hand, the mean loading of the Canadian motor insurance

market (approximately equal to 30%) is relatively large compared to oymarket / flymarket &2 17%.

For a given market share, the impact of cycles on the finite-time ruin probabilities is
stronger for the Gamma case than for the LogNormal case. This suggests that market cycles

primarily affect insurers covering small claims, and that the thicker the claims distribution,
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Figure 1.6.1: Finite-time ruin probabilities in
the classical case (squares) and in presence of
underwriting cycles (diamond) for an insurance
company with 5% market share, Gamma dis-
tributed annual claim amounts, initial capital
u* = 236.7632.
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Figure 1.6.3: Finite-time ruin probabilities in
the classical case (squares) and in presence of
underwriting cycles (diamond) for an insurance
company with 5% market share, LogNormally
distributed annual claim amounts, initial capital
u* = 279.2331.
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Figure 1.6.5: Finite-time ruin probabilities in
the classical case (squares) and in presence of un-
derwriting cycles (diamond) for the entire market,
Gamma distributed annual claim amounts, initial
capital u* = 152.8662.
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Figure 1.6.2: Finite-time ruin probabilities in
the classical case (squares) and in presence of
underwriting cycles (diamond) for an insurance
company with 10% market share, Gamma dis-
tributed annual claim amounts, initial capital
u* = 252.8196.
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Figure 1.6.4: Finite-time ruin probabilities in
the classical case (squares) and in presence of
underwriting cycles (diamond) for an insurance
company with 10% market share, LogNormally
distributed annual claim amounts, initial capital
u* = 295.2331.

010

0.08
0.08
0.07
0.06
0.05
0.04
003
0,02
0.01

0.00

1 2 3 4 5 6 7 8 9 10111213 14 15 16 17 18 19 20

Figure 1.6.6: Finite-time ruin probabilities in
the classical case (squares) and in presence of un-
derwriting cycles (diamond) for the entire market,
LogNormally distributed annual claim amounts,
initial capital u* = 179.7837.



the lower the impact of market cycles. Once again, this is confirmed by Remark 5.2 (ii),
since for the same value of py, a larger oy increases the coefficient of variation oy /puy-.
Furthermore, this is in line with the asymptotic results given in Asmussen, Schmidli and
Schmidt (1999) who give conditions for short-range dependence, under which the subexpo-
nential claims asymptotic for ruin probabilities from the independent case stays insensitive.
Concretely, the model of this paper fulfills the conditions of their Theorem 4.3. To see that,
note that instead of having yearly claim amounts Y, and premiums Cj, one can (for the
ultimate ruin probability) equivalently interpret our risk process as a continuous risk process
with Y as individual claims and Cy as a time span with two claims (with constant premium
intensity 1). Then, checking for survival after each claim exactly corresponds to checking for
survival at the end of the year in our original model. As a consequence, the ruin probability

in the heavy-tailed case asymptotically behaves as in the independent case.

1.7 Discussion

1.7.1 Extension with a constant interest rate

The results derived in Sections 4.1-4.2 extend to the case of a constant compound interest

rate ¢ > 0, which has to be interpreted as the risk-free rate proposed by the market.

Let us consider the following dynamics for the insurer’s surplus, inspired from Yang
(1998):
UW = u(l+40)" + py Y (140" = V(1 +0)" . (1.7.1)
j=1 i=1
The premiums are assumed to be paid at the beginning of each year while the claims are

assumed to be paid at the end of the year. Denote by
VD (u, co, c_1) = Pr[UY < 0 for some n|Uéi) =u,Cy = cy,C_1 = c_4]

the ultimate ruin probability relative to the new surplus dynamics (1.7.1). One can show
that if there exists a positive constant p( such that
(e

E[e(ﬁ) E[ep(”vY] =1, (1.7.2)

then, we have
i

9 (u, ¢y, 1) < (1.7.3)

E[e‘pvaUﬁ T < oc]7

where v = 1/(1 +14), U = U 4 —odan_o 4 e ¢ with 4@ = U and

1—ajv—asv? l—ajv—asv?

T = inf{n : U < 0}. Indecd, by similar arguments as in the proof of Theorem 1.4.1, we
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have N

Ble "0 |, ] = Efer" Bl (Tt )| oo, (1.7.4)
where ®,, still denotes the sigma-algebra generated by {éx, k = 1,2,...,n} and {Y;, k =
1,2,...,n}. Now, as i > 0, it suffices to note that

é

el (mmmme ) < gle (i e (1.7.5)

by Jensen’s inequality. Consequently, {e*p(i , n > 0} is a supermartingale, since

E[e_pa)(m—w)] _ 1 (1.7.6)

by assumption. In view of the final arguments of the proof of Theorem 1.4.1, the inequality
(3.6.3) follows.

Of course, the inequality (3.6.3) is meaningful only if the adjustment coefficient p{*) exists.
It is easily proved that this is the case if the viability condition (1.2.3) in Proposition 1.4.1

is replaced by
ag

> . (1.7.7)

1 —av — asv?

Notice that, with ¢ > 0, equation (1.7.7) does not reflect the market viability condition
anymore, which is now given by .
0

— > v, (1.7.8)

since we assume a delay of one year between premiums and claims settlement. Nevertheless,

for a; > —2as, which is the case for the Canadian motor insurance market, equation (1.7.7)

always implies the viability condition (1.7.8).

Finally, an approximation can also be obtained for p(?). Let us denote by p(»@0:01:62:€) the
adjustment coefficient corresponding to a market characterized by the parameters ag, a; and
az, with an error term distributed as € and a risk-free rate 4 > 0. Then, from (3.6.2) and
(1.4.4), it follows that
(1,00,01,02,€)

) 179

Now, let us set @y = ag/v, @, = a1v, ds = asv? and 7 = dy/(1 — @, — d) — 1, which is not
the mean market loading when ¢ > 0. From (1.4.6) and (1.7.9), we find that

2,00,01,62,€) (= 1 2’“ o 9
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1.7.2 The small company assumption

Over the last decades, a substantial body of insurance literature has developed attempting
to explain underwriting cycles in property-liability insurance. There is no generally accepted
view of what the causes might be, but Meier and Outreville (2006) summarized the work

into three main schools of thought:
(1) disequilibrium between supply and demand;
(2) external shocks; and
(3) general business influences.

These views are not necessarily mutually exclusive since the rational expectations hypoth-
esis implies that premiums are influenced by many factors other than the present value of

expected future losses (therefore, it is also not possible to test the theories against each other).

Some authors have been skeptical about the assumption that insurers decide to cut prices
or raise rates. Rather, prices may not only depend on expected future loss payments but also
on present and past values of capital and surplus. This implies that shocks to capital affect
the price and quantity of insurance supplied in the short-run and thus supply and demand
of capital temporarily move out of equilibrium. For more details, we refer the reader to
Niehaus and Terry (1993) or Cummins and Danzon (1997).

Here, we consider the point of view of a small, price-taker insurance company, which has
essentially no influence on the market. Therefore, underwriting cycles are driven by large
insurers and may be caused by variations in their capital and surplus. The case of a large

insurance company, influencing market cycles, could be the subject of future research.

1.7.3 Conclusion

This paper has been devoted to the study of ruin probabilities when the premium income of
the insurance company is subject to underwriting cycles. It is well-documented that under-
writing cycles can have a significant impact on the stability of property-casualty insurance
companies. This is why dynamic financial analysis accounts for such cycles assuming that
the underwriting environment shifts among soft and hard markets according to a Markov
chain. In this paper, we have kept the standard AR(2) modelling for the inverse loss ratio
supported by many empirical studies since Cummins and Outreville (1987), and we have

studied the ruin probability of an insurance company with a premium income subject to
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market cycles. Several analytical results have been derived, and the presence of underwrit-
ing cycles has been shown to in general increase the risk for the insurer. Numerical results

support these theoretical findings.
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Prospects and limitations

Sensitivity of the ruin probability to the market cycle

model

The AR(2) process is the classical dynamics induced by underwriting cycles after the influen-
tial work by Cummins and Outreville (1987). Although it is also supported by empirical data
coming from the Canadian motor insurance market, the table comparing different ARMA
specifications appearing in Section 1.2.4 could also suggest for example an ARMA(1,1) dy-
namics for the {II;} process. Let us assume that we erroneously choose the AR(2) model,
while true dynamics is actually ARMA(1,1). What would be the impact on the ultimate
ruin probability?

In the literature, as far as we know, there is no result analyzing the sensitivity of the ruin
probability to such dependences on premiums. Gerber (1982) studied ruin probabilities for
models where annual gains obey ARMA processes, but not premiums only. Thus, let us try

to say something by ourself on this subject, on the basis of theoretical arguments.

If we consider that the ARMA(1,1) model is the right dynamics for the {II;} process, we
would actually have
g =bo + 01lli—1 + 02051 + O,

where the ©,’s are i.i.d., with E[©;] = 0 and V[©;] = 02. Consequently, (1.3.2) would
become
Cr = bo + b1Choy + 0201 + O,

with by = pyby and O = uyO;. Once again, the stationarity of the {IIx } process (i.e.
|b1| < 1), the viability of the market (i.e. by/(1 — by) > 1) and the existence of a positive
constant d such that Pr[|©| < d] = 1 are assumed to be guaranteed. Now, in this setting,

the ultimate ruin probability would be denoted as

(u, cg, 0p) = Pr[U, < 0 for some n|Uy = u, Cy = ¢y, ©g = by).
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Hence, assuming that there exists a positive constant p such that
Eje o (ot (000 proav) —
where © is a generic random variable distributed as the ©’s, we would then have

e Pu

E[e=?Ur|T < oo’

w(ua Co, 00) —

where U, = U, + 1ﬁ—lbl(fn + i_)mé” with 4 = Uy, and T' = inf{n|U, < 0}. Indeed, it suffices

to see that {e ?’»} is a martingale, which is easy to show.

The comparison of this new ruin probability v (u,co, 8y) with ¥ (u,co,c 1) derived in
(1.4.2) would allow to quantify the error made by adopting the AR(2) dynamics. However,
this comparison is still complicated, in particular because of the denominators. Therefore,
let us compare the Lundberg coefficients p and p.

To this end, let us introduce the random variables X (V) and X®, distributed as SEr— (ao+

ex) and -(bo + (1 + b2)©Oy) respectively. In the following, for simplicity, the €;’s and the

O’s will be considered as normally distributed. The two first moments of X" and X are

given by
EIXD] — Go
[ ] Ky 1— a; — 4o
1
VXM = 2 2
[ ] Hy (1—@1—@2)2 O¢s
and
b
E[X®?)] = 0
[ | =y 1— b,
1+ by)?
VX(?) — 2 ( 2 ]
[ ] Hy (1 _ b1)2 Op
Let us assume that
Qo b(]

1—ay — as - 1—10b
i.e. that the two adjusted models (AR(2) and ARMA(1,1)) will give us the same uncondi-
tional expectations for the {II;} process. In this case, E[X(")] = E[X(?]. Since p and p are
respectively solutions of

Ele ™" E[e™Y] =1

and
Ele "X |E[eY] = 1,
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it is easy to see that p < p if and only if VIXM] > V[X®)], i.e. iff m o? > gfzfgj 03

Moreover, this is confirmed for small n (n = E[II] — 1). Indeed, in the same way as in

Proposition 1.4.2, we can show that

- 24ty

p(n) = e T O(n).
0'12/ + Hy(le_(;j;gZ)Q

Now, let us define § by
1 (1+ by)?
o= — .
Q- -2’ (1-0)2"®

Then, asymptotically, or in other words for large initial capital, the larger ¢ is, the greater

[\

will be the impact on the ultimate ruin probability of the mistake made by adopting the
AR(2) model instead of the ARMA(1,1) model.

Let us look at our example concerning the Canadian motor insurance market. For the
AR(2) model, the parameter estimates are ay = 0.6197, a; = 0.9945, G, = —0.4699 and
72 = 0.01602, while for the ARMA(1,1) model, the parameter estimates are by = 0.6651,
by = 0.4846, by = 0.6315 and 52 = 0.01498. Hence, we have

o~

a b
B 13035 ~ —2 —1.2904,
1 —a; —ay 1—b
and R
1 . 1+0y)?
——————0.=0.0709 < Ma@ = 0.1501.
(1 —a, —ay) (1=1,)2

Clearly, in this case, it appears that asymptotically, the AR(2) model, selected on the basis
of the AIC criterion, underestimates the risk compared to the ARMA(1,1) model.

In conclusion, if the ARMA(L,1) model was the right dynamics for the {II;} process,
our AR(2) approach would not be conservative for our Canadian example. Intuitively, an
explanation could be that, according to the model considered, the nature of the {II;} process
appears rather different. Indeed, on the one hand, the ARMA(1,1) model, contrary to the
AR(2) model, does not reflect a cyclic dynamics. On the other hand, a cyclic dynamics
would allow to catch a kind of "return to the average effect", which would be intuitively
safer for the insurer. This intuitive argument could allow to think that every fitted model

which does not explain a cyclic movement would be riskier compared to our AR(2) model.

Interest rate problem

Some economic models suggest that interest rate could at least partially explain market cy-

cles, or in other words, could be a cause of cycles.
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Briefly, the motivation is that as premiums are the outcome of discounted future losses,
any changes in the interest rates would induce changes in premiums (see for example Lamm-
Tennant and Weiss (1997) or Fung et al. (1998)). Hence, interest rates cycles, observed on
the financial markets, could generate underwriting cycles. So, in the light of this explanation,

our model would also implicitly take into account interest rates cycle.

However, let us notice that techniques implemented in this chapter would not allow to
study ruin models where underwriting cycles and interest rates cycles are both explicitly
considered. Indeed, any attempt to generalize for example the results derived in Yang and
Zhang (2006), who studied, by also using martingale techniques, a discrete-time risk model
with random interest rate and where the annual claim amounts and the premiums are i.i.d,
was unsuccessful. With our approach, only constant interest rates can be treated simultane-
ously with underwriting cycles, as illustrated in Section 1.7 of this chapter. Consequently,
other methods should then be envisaged to deal with the generalized ruin model described

just above. This could be the subject of future research.

The small company assumption

In this chapter, we take the point of view of a small, price-taker insurance company, which
has essentially no influence on the market and hence on the business cycles. Underwrit-
ing cycles are then assumed to be driven by large insurers. The case of a large insurance
company, influencing market cycles, is clearly also interesting. Nevertheless, this case must
be treated separately. Indeed, because the insurer constitutes this time a major player of
the market, it seems obvious that the premium loading will not depend anymore only on
premium loadings of the other market players, an assumption which seemed realistic for a
small company, but also now of the level of its own surplus. So, for a big insurer, it would
be advisable rather to envisage a ruin model where premium loadings would depend on the
one hand on the AR(2) dynamics of the loading of the other players of the market, and on
the other hand on the level of its own reserve. Naturally, the study of this more general ruin

model constitutes in itself the subject of a new research.

The main difficulty would be the dependence between premiums and the surplus level.
In this context, no martingale can be identified, and no explicit expression of the ultimate
ruin probability can be derived. Let us mention the paper of Asmussen and Nielsen (1995).
They provided only an upper bound on the ultimate ruin probability, via local adjustment

coefficients, for a compound Poisson continuous-time risk model, where the premium rate
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is assumed to depend upon the current reserve. While this result can be generalized with
a discrete-time ruin model, it is not so obvious that a similar result holds for an AR(2)
dynamics for the premiums. Consequently, even an upper bound appears difficult to obtain

for this generalized model.

However, it is reasonable to think that the ruin probability calculated in this way would
be smaller than the one obtained on base of the implemented method during this chapter,
because any unfavourable event for the insurer would this time be compensated in the next
years with an increase of the loading. Consequently, we could thus say that the approach en-
visaged in this thesis is conservative for a large company, because this one would overestimate

the incurred risk.
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Chapter 2

Ultimate ruin probability in discrete
time with Buhlmann credibility premium

adjustments

This chapter is submitted.

Abstract

In this paper, we consider a discrete-time ruin model where experience rating is taken into
account. The main objective is to determine the behavior of the ultimate ruin probabilities
for large initial capital in the case of light-tailed claim amounts. The logarithmic asymptotic
behavior of the ultimate ruin probability is derived. Typical paths leading to ruin are
studied. An upper bound is derived on the ultimate ruin probability in some particular case.
The influence of the number of data points taken into account is analyzed, and numerical
illustrations support the theoretical findings. Finally, we investigate the heavy-tailed case.
The impact of the number of data points used for the premium calculation appears to be

rather different from the one in the light-tailed case.
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2.1 Introduction

Computation of ruin probabilities is an important topic in actuarial science. Standard ref-
erences include Asmussen (2000), Dickson (2005), Grandell (1990), Kaas et al. (2008) and
Rolski et al. (1999). Even if the study of the ruin problem resulted in a huge amount of
published articles (including in the closely related fields of queueing theory and dam and stor-

age processes), some assumptions have rarely been questioned in the literature, until recently.

The majority of existing results require independent increments for the stochastic process
describing the aggregate claim amounts filed against the insurance company. However, a lot
of practical issues violate this independence assumption, as the result of the implementation
of experience rating mechanisms by the insurance company. In this case, the financial result

of a given calendar year then depends on the result(s) of one or several previous years.

In this paper, experience rating is taken into account. Allowing the premium amount to
depend on past claims experience through an appropriate credibility mechanism is in line

with insurance practice in most lines of business.

In the literature, only some authors have studied ruin problem with credibility dynam-
ics. In Asmussen (1999), the ruin model allows adapted premiums rules. More precisely,
a continuous-time risk process is considered with compound Poisson claims, where the pre-
mium rate is exclusively calculated on the basis of past claims statistics, with no reference
to the market. In practice, one would use a mixture between a quantity based on past claim
experience and a market premium level. The easiest way to compute credibility adjusted
premiums is to use Bithlmann’s credibility model. This is what Tsai and Parker (2004) have
done in a discrete-time risk model. They have studied, by means of Monte-Carlo simula-
tions, the impact of the number of past claim experience years taken into account for the

calculation of the premiums on the ultimate ruin probabilities for light-tailed claims.

In this paper, we deal with a framework that is similar to the one of Tsai and Parker
(2004). One of the main observation made by these authors is that for an insurance company
with a large initial capital and light-tailed claims, the use of a bigger (finite) number of past
claim experience years to calculate the premiums decreases the ultimate ruin probability.
Among other results, until a certain number of past claim experience years, this observation
is proved in this paper. We also show that the story is different for heavy-tailed claim

amounts.
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2.2 The model

Let us consider an insurance market made up of n portfolios, where portfolio j (j =1,...,n)
is characterized by independent and identically distributed annual aggregated claim amounts
Yk(j), with common distribution function F;. For a randomly chosen insurance company
operating on this market, let p; be the probability that the portfolio held by this company
is the portfolio j.

To motivate this setting, let us consider for example a simple market made up of 2
categories of policyholders, with ngy "good" policyholders and n, "bad" policyholders, say.
Then a company with s < min(n,,n;) policyholders would have s + 1 possible portfolios,
i.e. n = s+ 1. Furthermore, the probability p; (associated to portfolio j (7 =1,...,s+1),

characterized by j — 1 good policyholders) would be given by
' j—1 . s—j+1 .
s! 0 ny —1

_ g —
bi= (s—j+1)!(j—1)!i1_£ng+nb—z’ le ng+mny—j—1i

(2.2.1)

with []g = 1.

We assume that the company uses credibility premiums in order to determine, on the
basis of its own claim amounts, the pure premium corresponding to its unknown portfolio. In
this setting, the model proposed in Biihlmann (1967) and (1969) is largely used in practice.

In this paper, we focus on this well-known credibility model.

Let us denote by Y} the annual claim amounts of the company. The a priori mean of the

Y.’s is of course given by

b=V = Y B9, (2.2

where Y is a random variable with distribution function F};, while the a priori variance

breaks up in two terms:

o =V[Yi] =a+v, (2.2.3)
with i}
a= Y (EYD] -’ (2.24)
7=1
and .
v=>Y V[YW]p,. (2.2.5)
j=1

Parameter a measures the part of the variance coming from the heterogeneity of the market,

whereas parameter v measures the part of hazard in the a priori variance.
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As mentioned in Tsai and Parker (2004), some casualty insurers only consider a finite
number of most recent periods of claim experiences to renew the premium. Let us denote
by m € NT U {oo} the so-called "horizon of credibility", which corresponds to the number
of periods taken into account for the calculation of the premiums.

So, depending on the choice of m, with the convention that 2?21 = 0, the premium of

the company in time k£ — 1 is given by

Zf:élax(k—m 1) Yi
— - 1 2.2.6
min(m, k — 1) (1+n), ( )

Ck/m = ((1 - Zk,m)/vL + Zk,m

where in(m, £ —1)
min(m, k —1)a
m = — 2.2.7
“, v+ min(m,k —1)a ( )

is Biihlmann’s credibility factor and n > 0 is the premium security loading. Notice that our
premium rule depends on the market (via the parameters u, a and v) contrary to Asmussen
(1999). For simplicity, we have assumed that no historical data is available. This simplifying

assumption does not influence the asymptotic results derived in the sequel.

Now, if the portfolio held by the insurer is portfolio 7, then the dynamics of the insurer’s

surplus obeys to the equation
U =u+d Cim—> ¥, (2.2.8)
i=1 i=1

where the C;,,’s are described by equation (2.2.6) with YV; = Y;(j), and where u is the initial

capital of the company. The corresponding ultimate ruin probability may be written as

P (w) =Pr (U,

< 0 for some k |U(§j731 = u] : (2.2.9)

Immediately, it appears the existence of a subset of "bad" portfolios, denoting b,,, such that
for all j € by, ¥ (1) = 1 for all u. Indeed, let us define

G _ L0 = 2m)p+ znE[YO))

= : —1 2.2.10
where
= — (2.2.11)
V+ma

Obviously, for m < oo, 777(,{) corresponds to the average security loading of the premium for
k > m while for m = oo, 777(;1) = 7, which corresponds this time to the security loading for

k — oo. The subset b,, is then defined as
b ={j=1,...,n:n%) <0}, (2.2.12)
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Also, in the following, the complementary subset of ("not bad") portfolios is denoted by by,
and we shall say that j € ¢ if and only if E[Y )] < p. Clearly, we have g C b,,.

The purpose of this paper is to investigate the behavior of the ultimate ruin probabilities
1/1%)(u) for large u in the case of light-tailed annual claim amounts. First, the logarithmic
asymptotic behavior of @/)7(,{) (u) is derived. Then, typical paths leading to ruin are studied.
Also, an upper bound on 1/1%) (u) is derived in some particular cases. Afterwards, we are
able to determine, for each portfolio j, the influence of "strategy" m on w%)(u) for large u.
Next, whatever the portfolio j, optimal strategies, in a sense to be defined in the sequel,
are deduced. As an illustration, numerical simulations are also performed. Finally, we also
study the influence of m in first order on w%)(u) in the heavy-tailed case. As we shall see,

the conclusion is totally different than in the light-tailed case.

2.3 Limit results for light-tailed claims

In this section, for simplicity, let us assume that for all j = 1,...,n, there exists () > 0
such that E[e™""] exists for all 0 < r < 7 and such that lim,_,,¢) E[e™"] = co. Clearly,

this assumption implies necessarily light-tailed claims.

2.3.1 The case m <
Asymptotic behavior of 1/},(%)(u)
Theorem 2.3.1. Suppose that there exists a unique positive solution to the equation

o r(—zm)p(LHm R | orY D (- (1+n)zm) =1, (2.3.1)

which we denote p%). Furthermore, assume that for all k, the sum of the first k annual losses
Zy = Zle(Y;(j) —C.m) possesses a finite moment-generating function E[e"?] for 0 < r < ry,

with p%) < rg. Hence, we have

1 . .
lim —InyW (u) = —pY). (2.3.2)

m
u—00 U

Proof. As a consequence of the Gértner-Ellis Theorem from large deviations (which is due
to Glynn and Whitt (1994), see also Nyrhinen (1998) and Miiller and Pflug (2001)), one only
has to show the two following properties:

(A1) Ky (r) := limy_o 1 InE[e"?*] exists for 0 < r < 7o,

(A2) p%) is the unique positive value such that /fm(p%)) = 0.
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We have

) e )
InE[e"?*] = 147 MZ — Zim) +InE [ P 0 A Bl s 1 imm) Y )]

k
= —r(1+n)u Z(l _ Zi,m) + Z InEk [ery(j)(1_(2i+1,m+2i+2,m+"'+2min (i+m,k),m)(1+n))]

Zk,m
min{m,k—1)

where 2, = . Consequently

k—o0

1 71—
lim —InE[e’%] = —r(1 = z)u(1 +7) + W E |0 ]

Hence, (A1) holds true. Concerning (A2), notice that x,,(r) = In A, (), where

hon(r) = e T2 u(EDE [erwj)(lf(un)zm)] .

]

Notice that since E[e”Y"] exists for all 0 < 7 < r(, result (2.3.2) requires in fact only
the existence and the uniqueness of p%), with the condition p%) < rl),
The Lundberg coefficient p%)

Let us define

. 1— 2 )u(l
PO ] G /) (2.3.3)
EYDJ(1 = (14 1)zm)
The equation (2.3.1) is equivalent to
o=z EY D)+ [ or(0=14m)zm)Y @ | _ 1, (2.3.4)
and consequently
- o)
O N — (2.3.5)

1= (1+n)z
where ﬁ%) is the classical Lundberg coefficient defined as the unique positive solution of the
equation
efrE[Y(j)](lJrﬁ?(sz))E[eTY(j)] -1 (2.3.6)

Now, from classical results, it is then obvious that the inequality (oo >)ﬁ%) > 01is a
necessary condition for the existence of p%). Let us prove that the inequality (oo >)ﬁ%) >0

is equivalent to m < ﬁ and j € byy,.

Proposition 2.3.1.
(00 >)i¥ >0 & m < — and j € by. (2.3.7)
an

m
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Proof. (=): If oo > ﬁ%) > 0, then, obviously z, <

(1 — z)p(1+n) > EYWD)(1 - (1+n)2y,). Thus

L
1477

or equivalently m < a—”n, and

g = =zt amEYOD(+n)
m E[Y )]
EY D)1 — (1+m)2m) + 2B )1 41)
o E[Y ()] -

= (1= +n)2m)+2u(1+n) —-1=0.

(«=): Since j € by, we have ((1— 2z, )+ 2, E[Y O (1+n) > E[Y W], Thus, (1—2,)p(1+n) >

E[Y@](1 — (14 n)2m). Now, since m < £ z, < 1. So, i’ < oo and E[yD](1 — (1 +

n)zm) > 0. Consequently

(1 — zp)p(1 + 1) E[Y D)1 — (14 n)2zm)

~(7) _
> = —1> -
o E[YO](1 — (1+ 1))

" S EYOI(L— (11 7)am) —=0

[]

This result highlights the obvious fact that the existence of p%) implies that 5 must be-

long to b,,, since 1/)%) (u) =1 for j € by,.

Let us explain the reason why the horizon of credibility (ﬁ}, denoted by m(® from now,
constitutes a critical value for the existence of the Lundberg coefficient and consequently for
the logarithmic asymptotic behavior of w%)(u).

From m = m!9, the global impact of each Yk(j) on the surplus process for k£ > m, i.e.
Yk(j)(l — (14 n)2m), becomes negative, which is, of course, a drastic change in the nature of
the insured risk. Also, b,, = @ for all m > m(©.

More fundamentally, in first order, the only effects selected of the credibility dynamics
compared to the classical case m = 0 are a modification of the security loading and a de-

creasing of the claim amounts. Indeed, equations (2.3.4) and (2.3.5) teach us that P is

identical to that of the classical ruin model with a premium security loading equals to ﬁ%)
and annual claim amounts given by Yk(J ) (1—(1+4n)zm). Therefore, in this associated classical
ruin model, from the critical value m(©, no ruin can be observed, which explains the reason

why a Lundberg coefficient does not exist in this case.

So, since E[e™""] exists for all 0 < 7 < r@) with lim, ) E[e”™"'] = 0o, it comes that the

two following conditions are of course necessary but also sufficient conditions to guarantee

the existence and the uniqueness of p%):

(C1) m < m!9,
(C2) j € by,
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Let us recall that result (2.3.2) requires not only the existence and the uniqueness of p%)

but also the additional condition p%) < rU). Firstly, we have the following property for the

Lundberg coefficient p%):

) ()

Property 2.3.2. Assume that p%)l and p%l exist, with 0 < my < my. Then, p%l < Py -
Proof. Since 2z, < Zn,, we have ﬁ%i < ﬁfﬂg and consequently, by classical results, ﬁ%)l < ﬁ%)z
By (2.3.5), we deduce p%)l < p%)z ]

Secondly, let us define

0) > p0)}, (2.3.8)

mY) = min{m < m(® : p) exist and pY

m

If p%) does not exist for all m < m(9, then we put m) = 0. Also, if for all m < m(® such
that p%) exists, we always have p%) < r), then we put mY% = m(9. Hence, if we replace
condition (C1) by the stronger condition m < m), we have now necessary and sufficient
conditions to guarantee the existence and the uniqueness of p%) such that p%) < r0) ie.
result (2.3.2).

Large deviations path to the ruin

Let us assume that m < mY and j € by,, i.e. that result (2.3.2) is valid. The goal here
is to understand how ruin occurs for large u. More particularly, we want to determine the
typical shape of a path leading to ruin when the initial capital of the company is large. To
this end, let us use large deviations results of Glynn and Whitt (1994). First of all, for large

u, we know that ruin occurs roughly at time Lu//{;n(p%))j Next, the cumulant generating

function Vu/wt, (9] (r) of Ztu/n’m(p%))J is asymptotically changed from Viuwt (090)] (r) to
. , Lu/p (pii))]
Nt (000 0D = Vg iy (D) = =r(L ) Y (1= zign)
| i=1
(1"+P»%))Y(J‘) 17(2’i+1,m+2i+2,m+"'+2 o , 0 )(1+77)
L/ (0] E|e ( min (i+m, Lu/k (o3 )1)m )
T -
i=1 E lepgfl)y(j) (1—(Ei+1,m+2¢+2,m+...+2min (Hm,Lu/%l(p%))J)’m)(l—l-ﬂ))]

(2.3.9)

Consequently, given that ruin occurs, the claim size distribution Yk(j Vs exponentially tilted
by the time-dependent factor p%)(k), with

Ok p%), fork:l,...,Lu//i'rn(p%))J —m
= (1 (Ll o1 ) o0, for & = L/ (6)] =+ 1. L/t ()
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Hence, for large u, the drift of the path to ruin at time k& (k =1,..., Lu//f;n(p%))J), denoted
as 0, (k), is given by

E Y(j)ep%)(k)Y(”}

Om(k) = (1 = 2)p(L+n) — (L — (T +1)2m) < 0. (2.3.10)

E [ep%)(k) Y(j):|

However, notice that since u — oo, the time period (|u/x! (p%)] — m + 1, [u/k (p$))])
where 0,,,(k) decreases with k is negligible compared with the time period

(1, Lu//ﬂ’m(p%))J — m) where J,,(k) remains constant.

This analysis highlights that ruin is caused by a succession of small claims, followed by
a succession of moderately large claims.
Upper bound on 1 (u)

In this subsection only, we take into account a possible claim experience of h years say, i.e.
(Y_(]h)H,Y_(jh)JrQ, o YO(J)), because, this time, as we see in the following, it will impact the

result. Hence, equation (2.2.6) becomes

Zf—_rilax(k—m 1—h) Y
m=| 1= 2m m—— ’ 1 , 2.3.11

with .
min(m,h+k—1)a

. 2.3.12
v+ min(m,h+k—1)a (23.12)

Zkom —

Let b = min(m, h), and let us denote

V9 (u, o, ... y1-p) = Pr Uk(;])n < 0 for some k |U(§J731 = u,YO(j) = Yo, .-, Yl(f)b = yl_b] :

(233.13)
Theorem 2.3.3. Assume that m < m% and j € by,. Then
ENON
() e fm
U (U, Yo, - -+, Y1-p) < : (2.3.14)

W
E |e#n Ur|T < oo

where Up = U9 + (14 Zrgim + -+ Zogmm) + Y Ghim -+ F Zhtmetm) + - +

V) ety (Gt + + Fmimax(eoms11-nym)], @ = Uy, and T = inf{k[U]), < 0}, with
— 2k,m
Fkm = min(mljh+k771) ’
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Proof. First, we note that

Uy = U+ @+ Gesrgn + -+ Zorman) + Y Gesrn + - + Zesme1m)
+eee YII(la)X(k: m+1717h)(2k7+17m +---+ Zm+max(k:fm+l,lfh)7m)]

— U;fi)l,m + Chm — Yk@)
(LD Grprm + o+ Zrrmm) + Yo Besrn +++ + Zhmtm)
+-+ er{Qx(k—m+1,1_h)(5k+1,m o Zmas(e-met 1,1 -m)m)]

) S mastboman Y )
_ U] 1— . 1 a i=max(k—m,1— 1 _yU
k—1,m + ( Zk, ),u( + n) + 2k, ( + n) min(m, k+h— 1) k

+«1+nNY#NaH1m+~-~+a%mm>+s¢9¢a%mn+-~-%a%m,mu

t+- Yn(la)x(k m+1,17h)(5k+1,m + -+ Zmmax(b-mt1,1-h)m)]
= %&w+a+wmf<%m+ A Zrmtm) + Y B + -+ Zermoam)

et Yrr(la)x(k ot =y (Zhgm F Zmtmax(h—m,1-h);m)]
p(L41) = YO0~ (L 0) (Zrgign ++ + Zormn)

p(14n) =Y (1= (U4 0)Ghrrm + - + Zhrmm)-

+(1 = zim)
= Upr + (1= zm)
Hence, if we denote by ®;, the sigma-algebra generated by {Y;(j),i =1,2,...,k}, we have

E [e#%'0c|@, | = e=#% Ur1mpR) (=zmui4n g [epww(1—<1+n)<m1,m+--~+zk+m,m>>],

Now, let us define

hy, m(r) — o~ "(=zpm)u(l+n) g |:6TY(j)(1_(1+n)(2k+1*m+"'+2k+m,m)):| '

Obviously, for k > m — h+ 1, hy (1) = hp(r). Since zx_1m < 2km and Zx_1m > Zgm, We
clearly have hy_1,,,(r) < hgm(r) < hy(r). Consequently, by (2.3.1), hkm(pgﬁ)) < hm(p%)) =
1. Thus, we get _
E |le p%)Uk‘ék:fl] —e P%)Uk—lhk(p%)) < efpv(jz)ﬁkfl.

So, the process {e*p%)ﬁk} is a super-martingale.

Let w be a positive integer. By the Optional Stopping Theorem (considering the stopping
time T'A w = min{T,w}),we get

e o 0 > E [e’p%)UTA“’] =K [e ps”)UTIT< } +E [e*p%)ﬁwIT>w] > K [e ’Jg’J’)UTITSw} .

Hence letting w — oo, we have

¢ Do >E [e’p%)ﬁﬂT < oo] Pr[T < <] =E [e o) Ur T < oo} V9 (w90, . .. y1p).
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Remark Inequality (2.3.14) becomes an equality when h > m. Indeed, in this case, for
k > 1, we have hk7m(p%)) = hm(p¥)) = 1. Thus, the process {e’p%)ﬁk} is a martingale.
Furthermore, the random variables =P Uu I~ ,, pointwise converge to zero for w — oo and
are bounded by 1 since U, >0forw<T.

The case m > mY and j € b,

Now, let us consider the case m > m) and j € b,,. For the next result, let us denote 1/},(%)(u)

by ¢n(u), i) by pi, s by P, i by m(n?n and 71 by 1%, to reveal explicitly the

dependence in 7. Obviously, notice that ﬁr(,{)n increases with 7. Hence, we know by classical
results that ﬁ%?n also increases with 77 and consequently p%?n by (2.3.5). Furthermore, let us

define

7™ = min {77 <n: nﬁn)n >0 and m < i} (2.3.15)
i
and
n*?) = max {n <n: 7]7(71)77 >0 and m < i} (2.3.16)
ai)

Proposition 2.3.2. Assume that pg) ey < ri) < p%)n(*’”' Then, we have

lim sup—ln@/z ) () < =), (2.3.17)

U—00

Proof. Obviously, there exists n*!) < 77 < n*?2 such that p%?ﬁ =r0), For all =) < § < 7,

we have
()
- < — o
UIEEO sup lnl/) () < JLIEO ulnl/)mn( u) = —ppse
Letting 77 T 77, we obtain (2.3.17). O

As a particular let us assume that Y ~ Exp();). In this case, E[e"Y"’] exists all for

@) = = A;. Now, since

1 .
lim ~InPr[UY) < 0] = )\ (2.3.18)

u—o0 U

and that ¥ (u) > Pr[Ul(j,)n < 0], result (2.3.17) becomes

lim 1nf—lnw D (u) = hm sup lnl/J D(u) = =), (2.3.19)

U— 00
Conclusion

In conclusion, on the one hand, if j € by, then 1’ (u) = 1 for all u. On the other hand,
if j € by, then for m < M, the logarlthmlc asymptotic behavior of 1/)m (u) is given by
equation (2.3.2) while for (co) > m > m0), the logarithmic asymptotic behavior of e (u)
is this time characterized by equation (2.3.17 ).
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2.3.2 The case m = >

Clearly, with z,, = 1, i.e. m = oo, the results of the previous section have no meaning. This

is the reason why this important case has to be treated separately.

Asymptotic behavior of wéf;)(u)
Let us state an analogue of Theorem 2.3.1.

Theorem 2.3.4. Suppose that there exists a unique positive solution to the equation

1 .
/ deIlnE [ery(])(H(H”)lnm) =0, (2.3.20)

0

which we denote pg)). If we assume that for all k, Ele"?*] exists for 0 < r < ry (with

pg,) <10), where Zy = Zle(Y;-(j) - Ci,oo); we have

lim — ln¢ D (u) = —pi0). (2.3.21)

u—00 U

Proof. Again, it suffices to show that ko (r) = limp_,e0 + +InEle Zr] exists for 0 < r < 1y, and

()
- (y))

that pgo) is the unique positive value such that k.. (pss) = 0. We have

Ns

Il

[
<

N
-

k ko [y
T3 li= (Y —(14n)zi,00
InE[e"#*] = —r(14+n)u E (1—2)+InE |e A

Now we have

k i1y,(j) k k-1 .
= j {+1,00
> (Y( (1 —i—n)zwo%) =3y (1 —a +”)Z+T) .
=1 i=1 =i
Hence we get
k k @) k—1 Zl41
InE[e"?] = —r(1+n)p Y (1 - 2is) +InE [e’"Zi:IYﬂ (1-0+m 205 #)} .
i=1
Thus, we have
- ekl =
IL%OklnE[ ] (l—l—nuhmkz — Zioo)

+ lim 2 [or B - S )

k—oo

It is obvious that



Furthermore, note that
k-1 k-1

Rl4+l,00 a
2y

=t

I+1 l
/ ¢ ar< 2 5/ _at
;o al+v al + v 1 al +v
k—1

In (a’?”) <y e oy, (M) _
ai+v —~ a(i—1)+v
Consequently, letting & — oo, we get

k—1 ,
_ Z Altloo _ In at
—~ ak+v)

Since we have

we find that

So, we obtain

lim = In E[e"%] = lim ~ InE [ i Y“)(1+<1+ﬂ>ln(ak+u))] .

k—oo k—oo
Hence we have
k
. rZy] 1 fak+v a rY<J>(1+(1+n)1n( ))]
fim B = i ()3 (0 ) me -
k
= lim ( a >lnE[ TY(J)(1+(1+n)ln(ak+u))]
k—ro0 4 ak + v

1
= [t ernsamna)
0

]

It appears that result (2.3.21) requires only the existence and the uniqueness of pg)) (since
the condition p¥) < r( is always fulfilled).
Equation (2.3.20) and so poo does not depend on market parameters p, a and v. It means

that for u — oo, the logarithmic asymptotic behavior of 1/17(,{)( ) is insensitive to the initial

@)
premium and to the speed with which premiums Cl,00 become %(1 +1).

As a particular case, let us consider Y0 Z , Ui, where N is Poisson distributed with
parameter [ and the U;’s are i.i.d. random variables. We assume that N and the U;’s are

independent. We have

Be"] = E[exh0] —g B[ SR | - ZE[@ U] Pr{v
_ ZE rU Pr ZelnE W eklnE W k]
k=0 k=0
_ [eNlnE[eTUq — PE[V]D) (2.3.22)

46



since E [e"N] = /"D, So, the equation (2.3.20) becomes

1 1
/ dzInE [ery(j)(H(H”) IM)] = 5/ da B [V mIne] _ g — g, (2.3.23)
0 0

We recognize the equation (2.2) in Asmussen (1999). In fact, this is not surprizing since o)
is insensitive to market parameters u, a and v.

The Lundberg coefficient pg@

Since m = oo, we know that 7% = n > 0 for all 7, i.e. by, = 0.

Proposition 2.3.3. Assume that () > 0. Then, pg)) exists and 1s unique.

Proof. Obviously, we have k4 (0) = 0. Denoting Y (1 + (1 +n)Inz) by Z,, we have

w(r) = /1 e Z0 ] :/1 do [Zee""1,50] +E [Zye" " I7,<0]
0 ]E [67"293] 0 E [eTZm]
/1 E [Z,e"% 17,50] + E[Zy12, <o)
dx .
0

>
- E [em%]

Hence we get

K (0) = E[YU)] (1 + (1 +7) /1 dz In az> = -—E[YYn <0

since 7 > 0, and k._(r) becomes positive for large r. Now, since s (r) > 0 by assumption,

the proof is over. |

Large deviations path to the ruin

As previously, we aim at knowing how ruin occurs for the case m = oco. Of course, the ruin

occurs roughly at time |u/ Hgo(péi))J. Now, the cumulant generating function =

of ZL

gt (02 ()

WPREONE asymptotically changed from Vuswt (0D (r) to

. , /Kl (P)]
Vg o T TP = Vg iy P = —r (Wm0 (1= i)
=1
(r+p8)) v,V <1(1+n) Z}ﬁ/"éowgé)”—l t+lloo>
€

i=1 E eﬂgo)yi(]) (1*(1+77) =i -

+ E: In @
Lu/ ko (01 =1 241,00 )]

(2.3.24)
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Consequently, given that ruin occurs, the claim size distribution Yk(j ) is this time exponen-

tially tilted by the factor p&) (k), where

lu/re (p2))] -1

Dy =[1-01 Flaloo | ()
p9) (k) (Y ) A

I=k

Since u — co, we get

Dk)y=[1+(1 In #» D,
pl (k) (+( + 1) (Lu/mgo(péé))J p

The factor pg))(k) is negative as long as k < Lu/mf}o(pg})je*ﬁ.

(2.3.25)

(2.3.26)

We learn that this time, ruin is the consequence of atypically small claim amounts in a

first time, followed by atypically large claim amounts in a second time. This result is similar

to those obtained in Asmussen (1999) for his continuous time compound Poisson model. A

typical path to ruin is shown in Figure 2.3.1.

A

Uy

Figure 2.3.1:
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2.3.3 Impact of the insurer’s strategy m on 1&,@ (u) for large u
Comparison of ¢ (u) and w%ll(u) for large u (with m < o)

Let us assume that the insurer’s strategy is to take an horizon of credibility m < co. The
objective is to determine for large u if it is beneficial to take one year more to renew the

premium. In other words, the objective is to compare ¥ (u) and w%ll(u) for large w.

For j € b,,, we have the following Proposition:

Proposition 2.3.4.
Yk (u) < 9 (u) =1 for all u. (2.3.27)

Proof. Tt suffices to show that b,,,1, C b,. Let j € b,,.1. By definition, ngil < 0. Let
h(z) = (1 — 2)p + sE[YD)]. We have b(z) = E[YW] — > 0 since nﬁ,ﬁl < 0 means
E[YD] > (14+0)((1 = zme)pt + 2ms 1 E[YD]) and i > 0. Thus, since 2,41 > 2,, we have

i) = (1+1n) [(Y(J))] —1<(1+n) (f;J)l}) L= 1%y <0, or equivalently, j € by. =

This means that if 5 € b,,, it is beneficial to pass from an horizon of credibility m to an

horizon m + 1, whatever the initial capital w.

Now, for j € b,,, it could seem a priori that the comparison of w%)(u) and w%zrl(u) for
large u differs according to the involved portfolio j. Indeed, two opposite a priori behaviours
seem to take shape. If j € g, then h'(x) < 0 and consequently n%) > ng)ﬂ, which seems to
be in favor of 1/},(7{)(u) < @/}fﬂbll(u) whatever u and in particular for large u. But, on the other
hand, if j € by, \ g, then h/(z) > 0 and consequently 777(,3;) < ngll, which seems this time to
be in favor of the inequality w%)ﬂ(u) < w%)(u) whatever u.

For m < ), we have the next Proposition:

Proposition 2.3.5. There exists a positive constant ug such that for all u > ug, we have

¢m+1< u) < P (w). (2.3.28)

Proof. We know that j € b, and m < mU). Since bni1 C b, j € bmy1. Hence, we have to
consider two cases.
Firstly, let us assume that m 4+ 1 < m9). By Property 2.3.2, our result is proved.

Secondly, let us assume that m + 1 > m. Hence, we know that

lim I 6 (u) = —plf)

uU—00 U
and .
< _p
JLIEO sup — In 1/Jm+1(u) < —rY
and since p,SJ < rU), this completes the proof O
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Thus, even if j € g and hence 77%) > nfgil, (2.3.28) holds for large u. In fact, this is not
surprizing. With light-tailed claims, the event ruin occurs after many atypically large claims.

At most m is large, at most the premium reacts favorably to this large claims, i.e. 775,{11
becomes larger than n%) in such circumstances. This facts are confirmed by our analysis of
the path leading to ruin. Indeed, it teaches us that the ruin is caused by a succession of
many atypically large claims more dangerous as m is large since ﬁ%) increases with m.

For m > mU), we can nothing conclude from this kind, since the only result we have is

equation (2.3.17).

In conclusion, assuming that the strategy of the company is m, if j € b,,, then it is always
beneficial for large u to increase by 1 the horizon of credibility. Furthermore, if j € b,,, for
m < mY, the same conclusion comes while for m > m), we cannot certify that this is also

the case.

Sub-optimal strategies m for large u

Let us investigate sub-optimal strategies m for large .

Definition 2.3.5. A strategy m; is said to be sub-optimal compared to a strategy ms if for
all portfolio j, we have 1) (u) < 1/)7(%2(10) for u — co.

Definition 2.3.6. A strategy m; is said to be sub-optimal if there exists a strategy ms such

that m, is sub-optimal compared to ms.
We have the next Proposition:
Proposition 2.3.6. m < ming;.50)50) mU) like m = oo are sub-optimal.

Proof. In view of Propositions 2.3.4 and 2.3.5, it is clear that m < ming..¢)>0 m) s
sub-optimal. For m = oo, it is also obvious since pg)) <70, O]

As we have seen, for a given portfolio 7, increasing m decreases the number of "bad
portfolios" and provides better premium adaptation to scenarios leading to ruin, at least as
long as m < mY. An extension of this reasoning to all m would allow to think that all
m < oo is sub-optimal compared to m = oo. However, Proposition 2.3.6 shows that this is
not the case. In fact, as u — oo, all m < oo becomes negligible compared to the ruin time
T. Hence, the premiums will be able to react "quickly" (relatively to T') and "significantly"
(at least for m "large" but finite) to a succession of large claim amounts, whatever the time
where this claims occur and whatever the claim amounts observed before. But for m = oo,
obviously, this is not the case anymore. Indeed, as time passes, the premium reaction will

become less and less effective to finish by not be able anymore to thwart several important
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successive claim amounts. This phenomenon is even truer if the claim amounts observed

initially are small. This is well highlighted by the analysis of the path leading to ruin.

A probable extension of Proposition 2.3.6 would be then the following: m = oo is sub-

optimal and all m < oo is sub-optimal compared to m + 1.

Numerical illustration

Let us consider an insurance market made up of 3 portfolios, i.e. n = 3. Let us assume that
YW (j =1,2,3) are Exponentially distributed, with mean 1/); and variance 1/X%. We then
have it = (1/A1)p1+(1/A2)p2+(1/As)ps, @ = (1/ A — 1)’ pr+(1/ A2 — 1)’ pa+(1/ A3 — p1)ps and
v=(1/M)p1 + (1/7\3)pa + (1/A3)ps. Let us assume that 1/\ = 3/4, 1/X =1, 1/X3 = 5/4,
pr=p2 = 1/3 and n = 0.1. We have j = 1,2 € g and j = 3 € b, as long as m < 30.
The critical horizon of credibility m(® = 250. For our numerical purpose, let us compare
strategies m = 0,2, 10, 250, 1000 and oo. Of course, for all u, 1/1,(3) (u) =1 for m = 0,2 and
10. Carrying out 100 000 simulations on an horizon of 10000 time periods, we obtain the

results below, also shown on Figures 2.4.1 to 2.4.3.

3 (u)
u 0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
m =20 43.758% 29.996% 20.566% 14.086% 9.844% 6.754% 4.604% 3.218% 2.268% 1.566% 1.120%
m =2 44.438% 30.316% 20.572% 13.850% 9.474% 6.352% 4.232% 2.866% 1.952% 1.326% 0.890%
m = 10 45.892% 31.502% 21.348% 14.278% 9.568% 6.308% 4.072% 2.696% 1.772% 1.124% 0.724%
m = 250 46.936% 32.404% 22.034% 14.822% 9.920% 6.582% 4.252% 2.810% 1.828% 1.156% 0.758%
m = 1000 46.942% 32.408% 22.036% 14.827% 9.922% 6.583% 4.252% 2.810% 1.828% 1.156% 0.758%
m = 46.948% 32.412% 22.042% 14.832% 9.924% 6.584% 4.252% 2.810% 1.828% 1.156% 0.758%
u 5.5 6 6.5 7 7.5 8 8.5 9 9.5 10
m = 0.764% 0.540% 0.386% 0.260% 0.200% 0.148% 0.086% 0.060% 0.046% 0.036%
m =2 0.608% 0.408% 0.276% 0.214% 0.150% 0.088% 0.054% 0.042% 0.018% 0.010%
m = 10 0.450% 0.308% 0.220% 0.148% 0.094% 0.046% 0.020% 0.010% 0.006% 0.000%
m = 250 0.478% 0.318% 0.236% 0.160% 0.094% 0.050% 0.024% 0.008% 0.005% 0.000%
m = 1000 0.478% 0.318% 0.236% 0.160% 0.094% 0.050% 0.024% 0.008% 0.004% 0.000%
m = oo 0.478% 0.318% 0.236% 0.160% 0.094% 0.050% 0.024% 0.008% 0.004% 0.000%

3 (u)
u 0 1 2 3 4 5 6 T 8 9 10
m = 82.416% 69.122% 57.854% 48.526% 40.738% 34.052% 28.682% 24.060% 20.122% 16.894% 14.206%
m = 82.208% 67.124% 55.578% 45.370% 37.024% 30.182% 24.640% 19.976% 16.290% 13.186% 10.594%
m = 10 82.932% 68.260% 52.710% 40.310% 30.182% 22.138% 16.162% 11.560% 8.202% 5.890% 4.152%
m = 250 91.820% 79.506% 64.450% 49.480% 36.514% 25.882% 18.026% 12.112% 7.926% 5.256% 3.402%
m = 1000 92.023% 79.808% 64.905% 49.754% 36.901% 26.228% 18.273% 12.300% 8.109% 5.422% 3.529%
m = oo 92.232% 80.108% 65.160% 50.184% 37.088% 26.424% 18.486% 12.528% 8.278% 5.542% 3.636%
u 11 12 13 14 15 16 17 18 19 20
m =0 11.792% 9.918% 8.234% 6.904% 5.742% 4.812% 4.070% 3.374% 2.834% 2.372%
m =2 8.688% 7.016% 5.686% 4.618% 3.746% 3.018% 2.462% 1.970% 1.598% 1.328%
m = 10 2.866% 2.016% 1.452% 1.004% 0.738% 0.538% 0.374% 0.280% 0.188% 0.134%
m = 250 2.190% 1.360% 0.860% 0.554% 0.380% 0.224% 0.140% 0.088% 0.060% 0.038%
m = 1000 2.170% 1.304% 0.823% 0.528% 0.367% 0.203% 0.128% 0.084% 0.058% 0.037%
m = oo 2.286% 1.395% 0.865% 0.530% 0.365% 0.202% 0.127% 0.084% 0.058% 0.037%

ol



3
3 ()
0 2 4 6 8 10 12 14 16 18 20

250 5.714% 3.660% 2.440% 1.566% 1.034% 0.704% 0.486% 0.330% 0.240% 0.142%
1000 4.708% 2.862% 1.784% 1.048% 0.644% 0.412% 0.250% 0.146% 0.098% 0.038%
o 4.708% 2.862% 1.784% 1.048% 0.644% 0.412% 0.250% 0.146% 0.098% 0.038%

u
m =0 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000%
m =2 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000%
m = 10 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000%
m = 250 99.992% 99.648% 96.894% 88.370% 73.964% 58.720% 42.814% 29.850% 20.238% 13.378% 8.816%
m = 1000 99.994% 99.790% 97.490% 89.582% 75.532% 57.010% 41.046% 28.186% 18.682% 12.006% 7.636%
m = 0o 99.996% 99.810% 96.894% 88.370% 75.124% 57.010% 41.046% 28.186% 18.682% 12.006% 7.636%

u 22 24 26 28 30 32 34 36 38 40

m =0 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000%

m =2 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000%

m =10 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000% 100.000%

m

m

m

On the one hand, asymptotically, whatever the portfolio j, we see that the larger m is,
the smaller 1/},(%)(u) is, even for m > mU) (< m(9)). This confirms our theoretical findings and
intuition, namely that (also for m > ming;. ¢ 50y m)) m is sub-optimal compared to m + 1.

On the other hand, for small initial capital u, a bigger value of m may this time increase

in certain cases the ultimate ruin probability. Obviously, this observation is not unexpected.

Remark Clearly, the numerical illustrations can not highlight the fact that m = oo is

sub-optimal.

2.4 Limit results for heavy-tailed claims

We have seen that in the case where the Lundberg coefficient exists, adjusting premium with
credibility may increase this one. As typical sample paths for which ruin occurs exhibit a
sequence of moderately large claims, there is quite often enough time to compensate early
losses with credibility-adjusted future premiums. On the opposite, in the heavy-tailed case,
it is often said that ruin is likely to be caused by one large claim (see for example Theorems
1.1 and 1.2 in Asmussen and Kliippelberg (1996) in the classical risk model). It is logical to
think that credibility plays a less important role for heavy-tailed claim amount distributions.

In this section, we focus on the regular variation case.

Definition 2.4.1. The cumulative distribution function F' with support (0, 00) belongs to

the regular variation class if for some a > 0

lim —== =y % fory>0. 2.4.1
o Y fory (2.4.1)

~—

We note F' € R_,. The convergence is uniform on each subset y € [y, 00) (0 < yg < 00).

In the light-tailed case, we have studied the influence of m on the Lundberg coefficient

) 1 .
P9 = — lim = In Y (u). (2.4.2)

m
u—00 Y,
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In our heavy-tailed case, the equivalent quantity to be studied is parameter

, 1 .
A9 = — lim — In g9 (w). (2.4.3)

u—oo In u

As we consider the case F; € R_,, and since credibility adjustments involve implicitly
that the two first moments of claim amounts exist, we restrict to the case /) > 2. Now, for
m < m'9, we shall prove that, if j € b,,, then m does not modify the value of %(ﬂb), which is

in accordance with our intuition.

Theorem 2.4.2. Suppose that the Yk(j) s are reqularly varying with index o) > 2. If

m < m' and j € by, i.e.

E[y(j)]
> — —1 2.4.4
T2 U= 2+ 2nBY @] (244)
we get
. 1 . A

u—o0 1N U
Proof. In the compound Poisson risk model with sub-exponential claims, Embrechts and
Veraverbeke (1982) have shown that the (continuous-time) classical ruin probability ¢ (u)

with initial surplus u > 0 (without credibility premium adjustment) behaves as u — oo as

A

Ylu) ~ Y.

| B,

where ¢ is the (continuous-time) premium income rate, A is the intensity of the Poisson
process, Fyy is the cumulative distribution function of the individual claim amounts and py
is the expected individual claim amount. In the a9)-regularly varying case with o) > 2
(this means that
1 — Fy(z) ~ 2= as 2 — oo,
this corresponds to
A 1

c— My o) — 1

—al) 41

77Z}comf (u) ~

This result may be adapted to the discrete-time model, with constant 1-period premium
income and independent, identically distributed (aggregate) claim amounts on each period,
with aW)-regularly varying distribution: if the safety loading is positive, for a¥) > 1, there
exists C' > 0 such that the (discrete-time) probability of ruin tgs.(u) satisfies tg;sc(u) ~
Cu="+1 as 4 — co. To show this, one might for example use arguments developed in
Rulli¢re and Loisel (2004) and Lefévre and Loisel (2008).

To show that there exist C; > 0 and a function 17 such that

P (u) > iy (u) and ¥y (u) ~ Cru=*" ! as u — oo,
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let us consider a modified model, in which future earned premiums due to each claim are
anticipated and earned at the claim instant: if claim amount Yk(] ) occurs at time k, the sum

of future credibility premiums associated to Yk(j ) corresponds to

A k+m
Y0 +0) 3 Zim.

i=k+1
In our modified model, each claim amount Yk(j ) is replaced with

k+m

1=k+1

70—y

and premium income

Zf—_rilax(k—m 1) i/z(J)
Crm = 1 — zkm m — ’ 1
k, (( Zkm) 1t + 2k, min(m, k — 1) (1+n)

is replaced with
Crm = (1 = Zgm) {1 + 1)

For each sample path, if ruin occurs in the modified model, then it occurs as well in the

initial model as credibility adjusted premiums are the same in both models but are received

later in the modified model. Since from k = m + 1, Zfi,ﬁl Zim = Zm, We have from Em-

brechts and Veraverbeke (1982) that the ruin probability ¢ (u) in the modified model satisfies
Uy (u) ~ Chu "+ for some €y > 0 as u — oo as long as the safety loading is positive in

the modified model, which is guaranteed by condition (2.4.4).

To show that there exist C5 > 0 and a function 1 such that
D (u) < o(u) and ¢y (u) ~ Cou™"* ! as u — o0,
let us rewrite w,(,{)(u) as
Y9 (u) = Pr [(Ell <i<m, UZ-% < 0) or (Eli > m, UZ-% < 0)} .

This means that

V9 (u) < Pr [Ell <i<m, Ui(’z,)l < 0] + Pr [EIZ' > m, UZ% < 0] .
The first term is O(u=*"") and so o(u=*"*1). The second term
Pr [3i > m, UY) <]
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satisfies

Pr [E!i > m, Ui(g < O]

<Pr|3i>m Y VP >u/24 w2+ 2a(1+0) Y VP 4+ u(1+9)(1 - zm)i]
k=1 =1
_ : ~ 0L N Y
= Pr [3i > m, Z Y "'+ (1 =2,(14n)) V.7 >u/24+u/2+ (1+n)u(l —zy)i
L [=i—m+1 k=1
=Pr|3i>m, ( 3 Yl(j)) + ((1 — (1 + 1)) ZY,Y’)
L l=i—m+1 k=1

where
0= (1 4+mpl = zm) —EY D)1 - 2,(1+17) >0

from Condition (2.4.4).
Hence, since for any sequences of nonnegative r.v.’s (X;);>1 and (Z;);>1, and for any

sequences of nonnegative numbers (a;);>1 and (b;);>1, we have
Pr3i > 1,X;+Z;>a;,+b] <Pr[3i >1,X;>a]+Pr[3j>1,Z; > b,
we get that
Pr [3@ >m, U9 < 0]

i A 5
< Pr |3i > m, V9 > w2 + =i
<Pr|3di>m Z f u/ +22

l=i—m+1

+Pr|3i>m, (1—zm(1+0n)) %Y,fj) > /2 + ((1 + )l = zpn) — g) z] .

—a41 a9 4 — 0o for some constant Cy > 0, because it

The second term is equivalent to Csu
corresponds to a ruin probability with claim size distribution in RV (a)) and with a positive

safety loading (from (2.4.4)). The first term

Ji>m, Yy YY> u/2+ i

l=t—m—+1

Pr

satisfies

i > m, Z Y >u/2—i—gz

)
<Pr[§|2>m m  max Y >u/2+§z ,
l=i—m+1

[=i—m—+1
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which leads to

Pr [32’ >m, Y VP >u/2+ 5

[=t—m-+1

< Pr |:E|i >m, mY? > u/2 + g(z — m)}

- 5
= Pr {Hi >0, mY? > u/2+ 52} .

This may be rewritten as

4 5
<Pr|3i>0v¥> L 4 %)
2m  2m

i ‘ 5
Pr |3i > VY s w2 + 2
r[ i>m, Z ; u/ + 5

l=i—m+1

Obviously, we have

‘ 5 > : )
Pr {awo, Y9 > i+—z’] <Y Pr [Y.@ > i+—z‘].
m

> ; ) 2 4
ZPr Y(j)>i+—z' N—mPr[Y(j)>i] as u — 0o,
) 2m

which completes the proof.

O

Let us conclude in saying that, on the one hand, if j € b, then wﬁ,ﬁl(u) <y (u) =1 by

Proposition 2.3.4 (clearly also valid for the heavy-tailed case), but on the other hand, this

time, if j € b,,, then an increasing of the horizon of credibility has asymptotically no impact

on ¢ (u) in first order, at least for m < m/(®).

26



50% A

40%

30%

20%

10%

0%

003 1 1.5 2 25 335 4 43 H B @ 65 F {2 885 9 95 10

—+—m=0 == m=2 —=+=m=10 —=—m=250 = m=1000 —=—m==

Figure 2.4.1: Numerical results for ¢4’ (u)
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Figure 2.4.2: Numerical results for ¢\ (u)
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Figure 2.4.3: Numerical results for ¢ (u)
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Prospects and limitations

Closed portfolios assumption

An interesting extension would be to consider portfolios whose size fluctuates over time.
The number of policyholders would depend for example on the premium level required by
the insurer. Indeed, a high premium at a given time could make the policyholders leave
the portfolio. However, due to the fact that these transition probabilities would be then
correlated with the entire path of claim amounts, since the premiums are described by
equation (2.2.6), such a generalization appears non-trivial. Anyway, clearly, in this new
setting, techniques developed in this chapter would be inadequate. In the same idea, to
illustrate this problem, we refer for example to Yang (2003), who had used for mathematical
reasons, in spite of the practical irrelevance, a Markov process independent of the surplus

process to represent the credit rating dynamics of an insurance company.

The paths leading to ruin

A priori, it seems surprising to observe asymptotically two distinct behaviors for paths
leading to ruin according to whether m is finite or not. The reason comes from the fact that
whatever m < oo, even very large, the ratio m/u becomes finally zero for u — oo. That is
why in our analysis the shape of paths for the finite case m < oo is different from the shape
of paths for the infinite case m = oo. Now, if we took a finite u arbitrarily large, we would
certainly have, even from m < oo to m = oo, a "continuous" behavior in the form of the

trajectories leading to ruin with respect to m.

29



Chapter 3

Ruin problems under IBNR dynamics

This chapter is submitted.

Abstract

In this paper, we consider a discrete-time risk process allowing delay in claim settlement,
which introduces a certain type of dependence in the process. From martingale theory, an
expression for the ultimate ruin probability is obtained, and Lundberg-type inequalities are
derived. The impact of delay in claim settlement is then investigated. To this end, a convex
order comparison of the aggregate claim amounts is performed with the corresponding non-

delayed risk model, and numerical simulations are carried out with Belgian market data.
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3.1 Introduction

In classical risk theory, the stochastic process describing the aggregate claim amounts filed
against the insurance company is assumed to have independent increments. In a variety of
situations this independence assumption appears rather unrealistic. This is for instance the
case when considering delay in claim reporting or settlement. The financial result of a given

calendar year then depends on the result of one or several preceding years.

In the literature, some risk models allowing for delay in claim settlement have been discussed.
Waters and Papatriandafylou (1985) considered a discrete-time risk model with possible de-
lay in claim settlements and derived upper bounds on the ultimate ruin probability. Boogaert
and Haezendonck (1989) studied the mathematical properties of the liability process with
settlement delay within the framework of an economical environment.

Kliippelberg and Mikosch (1995) proposed to describe delayed claims in terms of Poisson
shot noise processes. Ruin estimates for this model have been studied by Brémaud (2000),
who used large deviations theory to give Cramér-Lundberg type approximations for the
ultimate ruin probability, see also Macci and Torrisi (2004) and Macci et al. (2005). More
generally, Ganesh and Torrisi (2006) considered shot-noise Cox processes and obtained ruin
probability estimates for heavy-tailed claims.

A risk process combining delay in claim settlement and reserve-dependent premium rate
can be found in Ganesh et al. (2007), where asymptotic estimates of the ultimate ruin prob-
ability as well as a most likely path leading to ruin are derived. Yuen et al. (2005) consider
a compound Poisson risk model in which each claim induces an additional delayed claim

(called by-claim).

In this paper, we study ruin problems in the presence of delay in claim settlement with
a discrete-time risk model. Our approach is quite different from the one in Waters and
Papatriandafylou (1985). In Waters and Papatriandafylou (1985), the claims development
referring to a calendar year operates in a stochastic way, while the ruin event occurs when
the reserves for IBNR (incurred but not reported) claims that the insurer needs exceed the
amount of available cash.

Here, on the other hand, we use a setting that allows to explicitly use the Chain-Ladder
development factors, widely used in practice to account for IBNR claims. In particular, we
assume that the payment of each annual claim is spread over several years according to the
development factors (where the spread is applied in a deterministic fashion). This leads to a
moving average model for the annual claims that describes in a certain way the dependence
of annual claims caused through delayed claims and that allows a transparent comparison

of ruin probabilities with and without IBNR dynamics.
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The paper is organized as follows. In Section 2, we describe the risk model used in this
paper for the insurer’s surplus. In Section 3, we use the martingale method to obtain an
explicit expression for the ultimate ruin probability for light-tailed claims. A generalization
to the case of a surplus dynamics with a constant interest rate is illustrated in the appendix.
Subsequently Lundberg-type inequalities are derived. In Section 4, asymptotic estimates
for ultimate ruin probabilities are determined in terms of the Lundberg coefficient, and
an insensitivity property of our model is highlighted. This property is also proved for the
heavy-tailed case. Finally, in Section 5, the impact of this kind of IBNR dynamics on ruin
probability is investigated both for the light-tailed and heavy-tailed claim case. A comparison
is made with the associated non-delayed risk model. We establish, for instance, a convex
order relation between the IBNR aggregate claims process and the non-delayed aggregate

claims process. Numerical illustrations are then performed with Belgian market data.

3.2 The Model

Let n be the number of years needed to settle all the claims related to a given accident year.
Let X; be the amount paid in calendar year ¢ for the claims occurring in the same year. The
X;s are assumed to be independent with common distribution function Fx, and we denote
as X a generic random variable with distribution function F'x. The annual claim amount of

the company is assumed to be given by

1—2 i—j—1
=X+ X -0+ > X0 -0 ] M (3.2.1)
j=i—n+1 =1

where the \;s are called development factors and are larger than 1. In practice, these factors
are associated to the Chain-Ladder method for loss reserving. So, for our model, the surplus

of the insurance company obeys the dynamics

k
Up=u+ke—> Y, (3.2.2)

i=1
with Y; described by (3.2.1), where u is the initial amount of capital and ¢ is the annual

premium income.

Remark 1: Notice that Y; can alternatively be written as
Yi = 018+ B2Sic1 + -+ + BuSicnt1, (3.2.3)

where S; is the ultimate cost for the claims originated in year ¢ and f; is the proportion of .5;

paid after j years. Some practitioners prefer the representation (3.2.3) rather than (3.2.1).
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Assuming that the S;s are independent and identically distributed like S, the equivalence

between (3.2.1) and (3.2.3) results from S; = X; H;:ll A, B = @ and
o = )\3;1 ifn=2
_ Noi=DTHIIN : (3.2.4)
{5;— Y j=2,...,n iftn>2.

Remark 2: All the results obtained in the following can be extended without difficulty
to the case of link factors depending on accident years, keeping the X;s independent and
identically distributed. Such an extension is in line with practice, as speed in settlement

may vary over time. The equation (3.2.1) then becomes

1—2 i—j—1
Vi=Xi+ X0 -+ Y X080 -1 I A7, (3.2.5)
j=i—n+1 1=1
where the )\gi)’s, j=1,...,n—1, are now the link ratios for accident year i, subject to the

constraint H;L:_ll )\g.i) = d for all 4.

3.3 Ultimate ruin probability for light-tailed claims

3.3.1 Expression for the ultimate ruin probability

dy =X —1
1 1 i—1 , (3.3.1)
dz:()\z_l) l:1>\l ?,:2,...,72—1,

Define

andd =1+d,+:--+d,—;. Clearly, d = H;:ll Aj. Let us denote the ultimate ruin probability
as
1/1(7«07 Lo, L1, -- ;$7n+2) =
PI‘[Uk < Ofor some ]C|U() =u,Xg=og, X1 =2_1,... 7X—n+2 = Zlf_n+2]. (332)
We are now in a position to establish the following result. Its proof is inspired by Gerber
(1982).
In the following, for a random variable Z, we will denote by pz and ¢% its mean and

variance, respectively. Furthermore, its distribution function will be denoted by F, = 1—F}.
Theorem 3.3.1. Assume that there exists a constant p > 0 such that
e~ i E[e”X] = 1. (3.3.3)

Then we have )

e

-
Ele=iU7|T < o0]’
where Uy, = Uy, — Z?;OQ Xp—y (with oy =dpiy + -+ +dy—1), 4= Us and T = inf{k|Uy < 0}.

(U, o, T 1,0, Topy2) < (3.3.4)
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Proof. Let ®;, be the sigma-algebra generated by {X;,i =1,2,... k}. We then have

E[€_§Uk|@k_1] — E[e—ﬁ(Uk—Zfz_oz Oész—z)|q)k_1] — E[e—S(Uk—ﬁc—Yk—Zf:_(f ale_l)|(I)k—1]-

Now
n—2 n—1 n—2 n—2
Yk + Z Oéle_l = Xk + Z dek—j + Z Oéle_l = ka + Z Oéle_l_l.
1=0 j=1 1=0 1=0
Hence,
Ele~ 105 |, ;] = E[emUr-1tedXi-Eig aiXim1-0|@, ]

= o R[N Ele iU T X))

= ¢ iUk by assumption.
This shows that the stochastic process {e‘gﬁk, k > 1} is a martingale.
Let m be a positive integer. By the Optional Stopping Theorem (considering the stopping
time T'A'm = min{T, m}), we get
e~ il — E[e’gﬁmm]

= Ele 17 Iy + Ele™ 00 I ).

> Ele @U7|T < m] Pr[T < m]
Letting m — oo gives
e~ alo > E[e‘gﬁﬂT < oo (U, X, oy Topi2),
which completes the proof. O

This result can easily be generalized to the case of a constant compound interest rate

¢ > 0, as is shown in the appendix.

Corollary 3.3.2. Under the assumptions of Theorem 5.5.1, if there exists a positive constant
b such that Pr[X < b] =1, then we have the equality

_P g4
e a"

Ele=aU|T < oc]’

V(U o, T 1,y Topy2) = (3.3.5)
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Proof. Let a = Y1~ ay. Since Pr[X < b] = 1, we have
¢ §0m Ips,, < eabe,

. _Ly . .
Furthermore, the random variables e~aYm I+, converge to zero pointwise for m — oo.

Hence, we get

lim Efe 40" Ips ] = 0.
m—0o0

]

C JE—
dux
all 7 in the neighborhood of the origin and is steep (which in particular implies light-tailed

It is well-known that if the security loading n = 1 is positive and if E[e™X] exists for

claims), the Lundberg equation e "#x(*ME[e"X] = 1 admits only one positive solution.

3.3.2 Lundberg-type inequalities for the ultimate ruin probability

Lundberg-type inequalities can be derived from Theorem 3.3.1. Note that from Ur < 0 we

have Ele~iU7|T < oc] > 1. Hence, we get the next Proposition.

Proposition 3.3.1. Under the assumptions of Theorem 3.3.1, we have

S}

V(u, Zo,. .., Tppo) < e7d (3.3.6)

Now, let us define 6 as the largest positive integer such that Pr[T > 0] = 1. Of course,
when there is no constant b such that Pr[X < b] = 1, we always have § = 1. Then, the
following Proposition, based on (3.3.4), improves the upper bound (3.3.6).

Proposition 3.3.2. Under the assumptions of Theorem 3.3.1, we have

O(t, T, .. ., Topyo) < e d (BFABX) (3.3.7)
where ,
a=d Yoo ud o — o o if 0 < n- 2, (3.3.8)
U otherwise,
with T, = max(px, ;).

Proof. As e~ 2Vt > 1, we have

_Py _Pg
e a4 e a"

U, Loy ey L < - < -
YU, 20,y Ton) S E[eg bafiy MXT-1|T < o0] — ed 15 aE[X g |T'<c0]

by Jensen’s inequality. Since E[X;|T < oco] > min(xg n49,...,%) for 6 —n+2 <i <0, we
have E[X7_|T < 00o] > yfor [ =0,...,n — 2, where

{ min(zg pi2,-..,To, x) if 0 <n—2
Y= .
Ihx otherwise
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Hence
1/1(“7 o, .- - 7$fn+2) S e_g ({H_OW)? (339)

where we recognize (3.3.7) for 6 > n—2. If 6 < n—2, it suffices to see that ¢(u, zg, ...,z _p2) <

Q/J(U, .%0, e 7~/I~;77’L+37 J}',n+2). ]

Note that for § < n — 2, we have from (3.3.7) and (3.3.9)
(U, oy Topg2) < min(efg (a+ey) =g (1”‘””‘)). (3.3.10)

But since @ < @ and v < pyx, we always have e (#707) > =g (@haux),

Clearly, the upper bound e~ (#+%x) is tighter than e %
Based on a recursive formula for finite-time ruin probabilities, one can derive another

Lundberg-type bound for ¢ (u, z, ...,z _,12). Denote by ¢ (u, xg, ...,z _,12) the ruin prob-
ability up to time k. Clearly, for £k =1,2,..., we have

n—1
77/}/“_1(167 Loy - .- ,ZL’_n+2) = Fx(u +c— Z dz ZL’l_i)
i=1

ute=Y7 0 di e n—1
+/ wk(lH‘C—l"—Zdixpi,%l’o,---,$7n+3)dFX(33)-
0

i=1
(3.3.11)
Hence, we have the next upper bound.
Proposition 3.3.3. Assume that
o8 T digamii E[egX(Hdl)I[XgqucfZ?;f dil’l—i]] < E[erI[XgqucfZ?;f dil’l—i}]' (3.3.12)
Then,
(U, oy .o Topge) < 66’5(“72?;11 dizi—i) (3.3.13)
where Sy
ePYdF
B = jp J X (y) (3.3.14)

20 edtFx(t)

Proof. For any =z > 0, we have

= _ (fxoo epdeX(?/)>_1 ,

) 00
— e da* e?dF
ea®Fx(z) /x x()
fe~te / e dFy (1)
Be~ i"E[erX].

IA

IN
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Then,

¢1 (U, Zoy ... 7:B—TL+2) S Be_g(u+c_2?:_11 di xl_i)]E[er]

lge—ﬁ(u—Z?;f diw1-7)
Now, let us assume that

-1
Uk, oy oo, T pa) < 56_5(“_2;1 di w1-i)

Thus
n—1
Yp(u+c—2a— E di T1_3, 2,0, ..., T_pi3)
=1
< 667§(u+07$72?:_11 d; Il_ifdlmfz?:_f diy1T1-4)
— 5ef§(u+cf§:?;11 dix1_;) 65(17(1+d1)+2?;12 diy1 1‘171').
Furthermore,
n—1 ) 0o
_ _p _yn-1 g .
FX(U - E d; $1—z’) < Be Eute=370, dlm—z)/ eh® dFX(:L’)
i=1 ute—S " ds w_g

Consequently, by (3.3.11), we have

-1
Ui (U, T, -+ Tp) < Pemalutemdicy dim-s)

o) ute—S10 diz—g , e
(/ €p$dFX(x)+/ ed(@4d)+3 272y d””l‘i)dFX(x))
7 0

n—1
fe—> i dixy

By (3.3.12) we then get
warl (u7 ajo, . 71‘7’17,4*2) S ﬁeig(ufzygll d»L 17171').
Letting k — oo, we obtain (3.3.13).

Obviously, for n = 2, the assumption (3.3.12) is fulfilled.

This new bound can be more precise than (3.3.7). For example, if X ~ Exp(7), then

5! = inf (

) =t — T
>0

T—0p T—p

So, for instance, with n = 2, (3.3.7) becomes

while (3.3.13) is

)

(7’ - P) o i (u—dizo)
T

(3.3.15)

(3.3.16)

(3.3.17)

which for some values of parameters 7, 7 (and hence p), d; and ¢, is larger than (3.3.16).
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3.4 Asymptotic behavior for the ultimate ruin probabil-
ity
3.4.1 The light-tailed case

The following result makes clear that the exponential decay rate of the numerator in (3.3.4)

provides the significant asymptotic behavior in u of 1 (u, xg, ..., T_py2).

Theorem 3.4.1. Assume that the assumptions of Theorem 3.3.1 are fulfilled. Hence, given
that for all m, the sum of the first m annual losses Z,, = Z:nl(Y — ¢) possesses a finite

moment-generating function E[e™™] for 0 < r < 1o, where ro > 2 &, we have

1
lim —Iny(u,zg,...,T ni2) = — (3.4.1)

U—00 U

Proof. By the Gértner-Ellis Theorem from large deviations (cf. Glynn and Whitt (1994),
Nyrhinen (1998) or Miiller and Pflug (2001)), one only has to show that:

&'Ib

(A1) w(r) :=limp o0 =K (1) = limy, 0o = InE[e"#m] exists for 0 < r < ro,
(A2) x(5) =0and x'(§) > 0.

First of all, we prove that

1
lim — InE[e"] = —r ¢+ InE[e"*].
m—o00 M,
Obviously, we have
: 1 rZ : 1 ry. .Y
lim —InE[e"“"] = —rc+ lim — InE[e" %=1 "]
m—00 1, m—0o0 117
Now
n—1n—1
Jim > vi=d fin 3 PIILE
Hence,
1 m n—1
lim —InE[e">=Y] = lim —lnE[ rd i Xi or KI5 ERSi d v ]
m—»00 17, m—o0 17,
1 n—1n—1
_ : - . - rdX
= lim — (rz;kz:dkxz k) nlgnwmlnl_!E
= lim — InE[e"¥]™ = InE[e"*]
m—o0 M

Now, notice that lim,, e = InE[e"#"] = In h(r), where h(r) := e "“E[e"**]. Since h(§) = 1
by (3.3.3), we have (%) =Inh(5) = 0 and x'(§) > 0. O
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Given that ruin occurs, one can also look at the path leading to ruin. Using large
deviations results of Glynn and Whitt (1994), we can see that for large u, ruin occurs
roughly at time |u/k'(§)]. Furthermore, the cumulant generating function of Z|, /. (s); is

asymptotically changed from £, /. 2)] (r) to

n—1n—1
p p
WWW@H<T+3>“MWW%H<3>:: rlufe(§)) ety D deri

e 6(r+§)dX
—HWM%@j—n+Dm@%EﬁTl

n—1 i1

E[e( DA+ d)X ]

| . 3.4.2
+Z n E[ed(l_i,-zl 1 d ) ] ( )

=1

Consequently, given that ruin occurs, on an asymptotic level the claim size distribution X
is exponentially tilted by the (time-dependent) factor p(k), k = 1,2,..., |u/x'(§)], with

(3.4.3)

(k) — {m fork=1,...,|u/k @H—n+1
o1+ SR Gy for k= Lu/ff (%))

k o
P 2, (/R ()]

This suggests that a sample path leading to ruin asymptotically locally (at time k) has a
drift 6(k) given by

E[X er(F)X]
E[er(R)X]

Notice that the drift can be interpreted as constant during the time period (1, |u/x'(%)] —

5(k) = ¢ — <0. (3.4.4)

n+ 1) and increasing at the end, i.e. during the time period (|u/s'(5)] —n+2, [u/x'(5)]).
However, since u — oo, this last time period is negligible compared to the first one.

Define the surplus process

k
Up=i+ke—dd X, (3.4.5)

i=1
which for & = 4 corresponds to the associated non-delayed classical version of (3.2.2). Denote
by {/)v(~) the corresponding ultimate ruin probability. Clearly, the Lundberg coefficient p of
this associated non-delayed process is equal to 4. Thus, the logarithmic asymptotic behavior
of 1/1( ) and ¥ (u, xg, ..., T _pi2) is of the same order. This consitutes an insensitivity property
of the model. Due to the short-range dependence induced by the claim settlement, only the
distribution of d X is important asymptotically, and not the way to settle the claims (cf.
Brémaud (2000), Yuen et al. (2005) and Ganesh and Torrisi (2006) for a similar conclusion

for other delayed-claims risk models).
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Remark. A large deviation estimate (consistent with (3.4.1)) can be obtained for the

finite-time ruin probability for our risk process in the presence of IBNR claims. Indeed, let

Y(u, M) = Pr[T < M] denote the probability of ruin up to time horizon M and define for

a > 0 the quantity r, as the unique solution of '(r,) = 1. Then, invoking Nyrhinen (1998),
1

lim — In¢(u,au) = —p,, (3.4.6)

u—00 U

with

A
[SS
~—

To —ak(ry), a< =
Pa = (347)

a >

Y -

Qe

z\
—
[SHS
=

3.4.2 The heavy-tailed case

Let us now consider subexponential claim distributions of regularly varying type. By defini-
tion, a d.f. F" on R™ belongs to the class R of regularly varying distributions (F' € R(—9)) if

there exists some constant 0 < § < oo and a positive slowly varying function L(z) such that
F(x) = 27°L(z). (3.4.8)

Let By(z) = uLz [ Fy(2)dz, where Z = dX — c. If Fx € R(—6 — 1) for some & > 0, then

lim Lo = 1. (3.4.9)

To show (3.4.9), we adapt the proof of Proposition 3.1 in Ganesh and Torrisi (2006) to our
setting.

We know by Theorem 2(B) in Veraverbeke (1977) that
)

lim ——— =1. 3.4.10
Clearly, with @ = @, Uy < Uy for all k =1,2,.... Hence, the inequality
WU, Ty, .., T i) < Q) (3.4.11)

holds. Consequently, we can write

e, T (0 b(a By Bo(
lim sup w(u,:vo,_ & ni2) < lim ﬂ = lim i(—u) lim _O(u) = lim ﬂ (3.4.12)
u—00 Bo(u) u—00 Bo(U) Uu—00 Bo(u) u—oo BBy (u) Uu—00 Bo(U)

by (3.4.10). Since Fx € R(—0 —1) (and hence F; € R(—6 — 1)), it follows from Karamata’s
Theorem (see Embrechts et al. (1997)) that By € R(—4), which implies that

lim E(u) =
U500 B()(U)

(3.4.13)
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Now, notice that for £ > n
k—n+1

k
Yvi> > dX; (3.4.14)
i=1 i=1

This implies that

k

(U, oy .o, Topya) = Pr[ZY; — k¢ > u for some k > 0]
i=1
k

> Pr[ZYi — k¢ > u for some k > n]
i1
k—n+1
> Pr] Z d X; — k¢ > u for some k > n|
i=1
k—n+1
= Prf Z dX;—(k—n—1)c>u+ (n+1)c for somek > nj
i=1
k
= Pr[ZdXZ- —ke>u+ (n+1)c for some k > 0]
i=1
= Pu+(n+1)c).
(3.4.15)
Consequently, we get
lim inf $lu, UL 2 ont2) > lim Plu ﬂn +1))
U—00 BO(U) U—00 By (u)
— m i(u—l—(n—kl)c) lim E(u—k_(n—i—l)c) _
u—00 By(u 4+ (n+ 1) ¢) v By (u)
(3.4.16)

by (3.4.10) and By € R(—9).
So, as in the light-tailed claims case, the ruin probability is asymptotically insensitive to the

way to settle the claims.

3.5 Impact of IBNR dynamics on ultimate ruin proba-
bility

Inequality (3.4.11) may indicate that the IBNR dynamics decrease the risk for the insurer,
as the occurred claims are paid out more evenly over time. But a “fairer” comparison in

terms of the invoked initial capital is in order.
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Let us return to the equivalent representation (3.2.3) for the annual claim amount and
let lfi(") denote the annual claim amount for year ¢ and ﬁ](") the proportion of S; paid after j
years (given that the number of years needed to settle the claims equals n). So, if we define
V™ (u) = E[p(u, So, ..., S ny2)], we want to know whether the inequality

Y™ (u) < () (3.5.1)

holds true for all u > 0.

Before going on, let us briefly recall some notions on ordering (for more details, see e.g.
Denuit et al. (2005)). Given two random variables X and Y, X precedes Y in convex order
(denoted by X <. Y), if the inequality E[¢g(X)] < E[g(Y")] holds for any convex function g¢
such that the expectations exist. Next, consider a vector ¥ € R’i, and its elements ranked
in decreasing order (1.4 > T(2k) >+ > T(hy. Given T,y € Rﬁ, the vector ¢ is said to
majorize Z (denoted by & <p.; ¥), if

J J

k k
D D yaw for j=1,2,... k—land ¥ ;=Y u (3.5.2)
i=1 =1

i=1 =1

Proposition 3.5.1. For alln=2,3,... and k =1,2,..., we have

k k
>y <n yov (3.5.3)
=1 i=1
Proof. From (3.2.3), we get
k k
Y- Y s,
=1 t=—n+2
with R
Sommih = g i < 0
=11 f1<i<k-n+l
Sk, if i >k —n+2

For any n > 2, define the (kK + n — 1)-dimensional vectors ¢ = (0, 78,2,7571,2, . ,7,(;,2) and

X = (7£n73+27k, 7(,”72+37k, e 77,57,3). Obviously,

)Z Smaj ¢

Indeed, ¥y, = Zf:—n—l—? %(;LC) = Yl = %%) = k. Secondly %(;LC) < 1 and
1 _

Yix = 1. Consequently, by the i.i.d. property of the S;’s and Property 3.4.48 of Denuit et
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al. (2005), we get

2

=1

k

k+n—1

k+n—1

}/1(1) = Z QSZ Si—n+1 > ex Z Xi Si—n—l—l
=1 i=1

k
— Yj”)

This result seems to be in favor of (3.5.1). However, notice that in discrete-time risk

models, there does not exist any result showing that the classification in the convex order

sense of the aggregate claims processes implies the classification of the ruin probabilities.

Let us examine the inequality (3.5.1) by some numerical illustrations. Consider motor

third-party liability insurance (MTPL) and pecuniary losses insurance (PL). On the basis of

statistics for the entire Belgian market over the period 1992 — 2006 for motor TPL insurance

and over the period 1997 — 2006 for the pecuniary losses insurance, we get:

MTPL insurance

B B2 B3 B Bs Be Br
37.79% | 26.13% | 8.50% | 5.94% | 4.78% | 3.91% | 2.96%
Bs Bo B1o Bi1 B2 B3 Bia
2.43% 2.03% 1.51% | 1.44% | 1.09% | 0.89% | 0.60%
PL insuranc
b1 B2 B3 B4 Bs Bs B Bs B9
57.46% | 37.19% | 3.60% | 1.34% | 0.25% | 0.09% | 0.04% | 0.01% | 0.02%

Let us assume that E[S] = 10. Based on 1000000 simulations of the
for i = —12,...,500 for S ~ Gam(q1,q2) (E[Gam(qi,¢2)] = ¢1 g2 and V[Gam(q,q)] =
q1 ¢3) and alternatively for S ~ LogN (u, o) (E[LogN (i1, 0)] = e#t7°/% and V[LogN (p1,0)] =

e2t7” (¢7* — 1)), we have the following numerical results for 5 = 0.1:
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S ~ Gam(q,qz), with E[S] =10

u=0 | u=50 | u=100 | u=150 | u = 200
PMTPL) () | 0.7035 | 0.2547 | 0.1048 | 0.0428 | 0.0175

=1 | pPL () 0.7900 | 0.3094 | 0.1288 | 0.0528 | 0.0212
() 0.8234 | 0.3405 | 0.1407 | 0.0578 | 0.0235

u=0 | u=25| u=>50 u="75 | u=100

PMTPL) () | 0.6213 | 0.2150 | 0.0892 | 0.0369 | 0.0154

=2 | PP (u) 0.7363 | 0.2923 | 0.1203 | 0.0493 | 0.0199
() 0.7797 | 0.3269 | 0.1360 | 0.0569 | 0.0236

u=0 |u=15| =30 u =45 u = 60

PMTPL) () | 0.5608 | 0.2042 | 0.0908 | 0.0411 | 0.0186

=3 | PP (u) 0.6931 | 0.2999 | 0.1348 | 0.0607 | 0.0278
o(u) 0.7460 | 0.3442 | 0.1559 | 0.0701 | 0.0319

u=0 |u=15| u=230 u =45 u = 60

PMTPL) () | 0.5140 | 0.1377 | 0.0474 | 0.0164 | 0.0059

=4 | P () 0.6572 | 0.2166 | 0.0744 | 0.0258 | 0.0091
() 0.7182 | 0.2580 | 0.0892 | 0.0312 | 0.0110

u=0 |u=10 | ©v=20 u =30 u = 40

PMTPL) () | 0.4752 | 0.1504 | 0.0608 | 0.0250 | 0.0104

=5 | PP (u) 0.6315 | 0.2475 | 0.1041 | 0.0436 | 0.0183
() 0.6951 | 0.3009 | 0.1255 | 0.0521 | 0.0216

u=0 | u=10 | u =20 u = 30 u =40

PMTPL) () | 0.4399 | 0.1108 | 0.0377 | 0.0132 | 0.0046

=6 | T (u) 0.6055 | 0.1980 | 0.0693 | 0.0233 | 0.0080
() 0.6736 | 0.2449 | 0.0853 | 0.0295 | 0.0106

u=0 |u=10 | u=20 u = 30 u =40

pMTPL) (4) | 0.4083 | 0.0838 | 0.0236 | 0.0066 | 0.0019

=7 | PPV (u) 0.5861 | 0.1624 | 0.0469 | 0.0135 | 0.0041
) 0.6520 | 0.1995 | 0.0583 | 0.0165 | 0.0048

u=20 uU=295 u =10 u =15 u = 20

PMTPL) () | 0.3830 | 0.1358 | 0.0638 | 0.0308 | 0.0150

=8 | P (u) 0.5618 | 0.2612 | 0.1283 | 0.0630 | 0.0313
() 0.6385 | 0.3347 | 0.1660 | 0.0816 | 0.0404

u=20 u=25 u =10 u =15 u = 20

YMTPL) () | 0.3606 | 0.1138 | 0.0491 | 0.0201 | 0.0087

=9 | P (u) 0.5431 | 0.2276 | 0.1023 | 0.0465 | 0.0209
¥(u) 0.6221 | 0.2943 | 0.1324 | 0.0613 | 0.0275

u=20 uU=295 u =10 u =15 u = 20

PMTPL) () | 0.3390 | 0.0953 | 0.0369 | 0.0150 | 0.0061

¢ =10 | L) (u) 0.5243 | 0.2012 | 0.0848 | 0.0363 | 0.0159
o(u) 0.6077 | 0.2701 | 0.1118 | 0.0461 | 0.0190

74




S ~ LogN (p,0), with E[S] = 10

w=0 | u=1000 | u=2000 | u=3000 | u=4000
pMTPL) () | 0.7444 | 0.1908 0.0800 0.0400 0.0228
p=02 | P (y) 0.7777 | 0.1989 0.0825 0.0411 0.0233
O(u) 0.7950 | 0.2022 0.0837 0.0417 0.0236

w=0 | u=1000 | u=2000 | u=3000 | u=4000
pMTPL) () | 0.7552 | 0.1672 0.0619 0.0282 0.0151
p=04 | pPL)(u) 0.8037 | 0.1756 0.0641 0.0292 0.0157
¥(u) 0.8067 | 0.1775 0.0649 0.0297 0.0159

u=0 | u=1000 | u=2000 | u=3000 | u=4000
pMTPL) () | 0.7645 | 0.1397 0.0445 0.0182 0.0090
p=06 | P (u) 0.7988 | 0.1464 0.0462 0.0187 0.0093
¥ (u) 0.8168 | 0.1491 0.0469 0.0191 0.0095

wu=0 | u=500 | u=1000 | u=1500 | u = 2000
pMTPL) () | 0.7725 | 0.2469 0.1084 0.0526 0.0278
p=038 | P (u) 0.8065 | 0.2607 0.1138 0.0549 0.0289
¥(u) 0.8252 | 0.2665 0.1162 0.0560 0.0295

wu=0 | u=500 | u=1000 | u=1500 | u= 2000
pMTPL) () | 0.7767 | 0.2037 0.0746 0.0308 0.0143
p=1.0 | P (u) 0.8122 | 0.2166 0.0787 0.0322 0.0150
¥ (u) 0.8317 | 0.2224 0.0807 0.0329 0.0153

wu=0 | u=250 | u=500 | u=750 | u=1000
pMTPL) () | 0.7782 |  0.3060 0.1515 0.0781 0.0420
p=12 1 P (u) 0.8155 | 0.3291 0.1625 0.0836 0.0449
P(u) 0.8353 | 0.3379 0.1667 0.0858 0.0461

w=0 | u=250 | u=500 | u=750 | u=1000
pMTPL) () | 0.7745 | 0.2388 0.0937 0.0382 0.0166
p=14 | P (u) 0.8140 | 0.2587 0.1012 0.0413 0.0178
¥ (u) 0.8370 | 0.2671 0.1044 0.0427 0.0184

u=0 | u=125 | u=250 | =375 | u=>500
pMTPL) () | 0.7638 | 0.3072 0.1509 0.0760 0.0387
p=16 | P (u) 0.8081 | 0.3400 0.1669 0.0838 0.0428
P(u) 0.8325 | 0.3544 0.1738 0.0872 0.0447

u=0 | u=125 | u=250 | u=2375 | u=>500
pMTPL) () | 0.7405 | 0.1863 0.0591 0.0193 0.0064
p=181 P (u) 0.7905 | 0.2126 0.0675 0.0220 0.0072
¥ (u) 0.8188 | 0.2246 0.0712 0.0230 0.0076

u=0 | u=50 | u=100 | u=150 | u =200
PpMTPL) () | 0.6883 | 0.2129 0.0817 0.0320 0.0124
p=20 | P (u) 0.7517 | 0.2565 0.0991 0.0388 0.0151
O(u) 0.7887 | 0.2791 0.1072 0.0420 0.0166
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As expected, the inequality (3.5.1) is satisfied in these examples since we always have
pMTPL) (1) < ¢h(u) and Y (u) < (u). However, in the heavy-tailed case the gap is
less pronounced. This is in accordance with the intuition that for heavy tails ruin is the
consequence of one big jump, so that the smoothing effect of the annual claim amounts

induced by the IBNR dynamics is not as strong as in the light-tailed case.

3.6 Appendix

Let us consider the following dynamics for the insurer’s surplus

k k

U =u+ed (L+i) =Y V(1 + i), (3.6.1)

j=1 j=1

The premiums are assumed to be paid at the beginning of each year while the claims are

assumed to be paid at the end of the year. Denote by

1/}(1)(“7 Loy T—1y--- Jx*TH*?)

= Pr[U,gi) < 0 for some k]Uéi) =u,Xo=a0, X 1=2 1,..., X pni2=20 p42]

the ultimate ruin probability relative to the new surplus dynamics (3.6.1). One can prove

that if there exists a positive constant p such that

i ) w1
€_¥C E[epT’UX(lJijzll U]dj)] =1, (3.6.2)

then we have _

' ,ﬁﬁu‘)
VO (u, g, . . Tprn) < e : (3.6.3)
E[e v U ]
where v = o, U = U = S0 X 0521 oldyy, with @ = U and T = inf{k :
U,ﬁ” < 0}. Indeed, we have
IE[e*#Ukﬁ’gi)@k—l] = E[e‘# VR (U (1) +e(14i)— Yk—Z?L:_dekle?;ll_lvjdl”)’q)k—l]

B E[e,#vk YU eVt P22 X S0 ol dyg)) |Pr 1], (3.6.4)

where @y, is the sigma-algebra generated by {X;,i =1,2,...,k}. Now

n—I{—1 n—i-1

n—2 n—1
U[Yk + ZXk_l Z v dl+J U + ZUJ—Hd —|— ZXk 1—1 Z U]dH_] (365)
=0 j=1

J=1
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Thus, we get

E[e*#v’“ﬁé”@k,ﬂ — E[a@vk‘l(cwﬂl%};‘f vd;)

@) — i n—_ n—Il— 1
E[@JTUk HUR -0 Km0 74 IU]dlﬂ')’q)kfl]

B E[e,#wfl(cfu)((uzygf Ujdj))]e_#vk_lﬁlgi—)l‘ (3.6.6)

Furthermore, as i > 0, it suffices to note (c¢f. Yang (1998)) that

Emeféﬁv“*u%vXU+§Xwadﬂq — Ekgféﬁu%vxu+zﬁgfw¢n»“*j

< E[e,#(cqu(HZ?;f vl dj)) ot (3.6.7)

28 kg

by Jensen’s inequality. Consequently, {e’pd , k > 0} is a supermartingale, since

o) n—1,j7.
E[e—T(C—vX(1+ j=1 v d]))] — 1 (368)

by assumption. In view of the final arguments of the proof of Theorem 3.3.1, the inequality
(3.6.3) follows.
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Prospects and limitations

Discount interest rate problem

The classical approach in non-life is to work with no interest rates, i.e. in fact at zero rates.
However, in a Solvency II perspective, we have to take into account discount rates for the
calculation of the premiums. So, premium loadings appear explicitly. If the impact of this
discounting could still be neglected when the claims are all settled immediately, it would not
be the case anymore when the payments of the claims are spread out during time. Neverthe-
less, from an economic point of view, the introduction of such discount factors in our model
has sense only if, on the one hand, inflation rates and, on the other hand, interests on the

surplus are also considered at the same time.

Pervozvansky (1998) studied classical compound Poisson processes where the company
continuously invests its surplus at a constant interest force, and where premiums and claim
amounts are submitted to a constant inflation force. In this setting, Pervozvansky derived
an integro-differential equation for survival probability in a finite time interval.

Also, Delbaen and Haezendonck (1987) gave a general description of the classical risk
process when macro-economic factors were taken into account, and they studied their effects

on bounds on ruin probabilities.

Obviously, Section 3.6 shows that it would not be complicated to extend our results to
the case of constant interest and inflation rates. But notice that the introduction of such
rates does not imply in our analysis the existence of a martingale anymore, but rather the
existence of a supermartingale.

Clearly, the most interesting case is the one which deals with stochastic rates. Never-
theless, our analysis appears to be limited in this context. Even the martingale approach
developed by Yang and Zhang (2006) to include stochastic interest rates in the classical risk
model turns out to be unsuccessful in our case. So, a new way to tackle this problem must

be considered.
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Let us finish by mentioning Frolova et al. (2002). They highlighted the fact that for
light-tailed claims, and independently of the safety loading, the investments in an asset with
large volatility lead to the bankruptcy with probability one while for a small volatility, the
ruin probability decreases as a power function. This means that ruin models with light-
tailed claims and risky investments are in some sense equivalent to classical ruin models
with heavy-tailed claims! So, this observation underlines the important role played by the
financial risk in an insurance company. The recent events clearly illustrated this assertion.
Of course, this remark puts in perspective the classical actuarial approach envisaged in this

work.

Remark on a model combining the credibility mechanism
and the IBNR dynamics

A model combining the credibility mechanism of Chapter 2 and the IBNR dynamics of Chap-
ter 3 could be considered. However, such generalization implies to take the same linkratios
for all the possible portfolios. The uncertainty would then be located on the distribution of
the claim amounts paid each year for the claims occuring the same year. Obviously, we can
expect asymptotic results as those obtained in Chapter 2 due to the insensitivity property

showed in Chapter 3.

However, the assumption considering the same linkratios whatever the portfolio appears
unrealistic. This remark suggests to introduce stochastic linkratios in our model, where the
distribution functions would depend on the given portfolio. Of course, this constitutes a

completely new research.
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Chapter 4

Properties of a risk measure derived

from ruin theory

This chapter is submitted.

Abstract

This paper studies a risk measure inherited from ruin theory and investigates some of its
properties with respect to the axiomatic framework of risk measures. Specifically, we derive
various properties of a VaR-type risk measure defined as the smallest initial capital needed
to ensure that the ruin probability is less than a given level. A related tail-VaR-type risk

measure is also discussed.
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4.1 Introduction and motivation

This paper discusses risk measures for insurance portfolios which are derived from actuarial
ruin theory. Dhaene, Goovaerts and Kaas (2003) give ample motivation for an exponential
risk measure inherited from the Cramér-Lundberg upper bound for the ruin probability in a
discrete-time ruin model. Cheridito, Delbaen and Kupper (2006) mention (in an application
of their study on coherent risk measures for unbounded stochastic processes) a Value-at-Risk
(VaR) risk measure based on the infinite-time ruin probability itself. In general, over the
last years the relative position and relation between (insurance) risk measures that fulfill
a certain list of axioms on the one hand, and classical tools in ruin theory to assess the
riskiness of an insurance activity in the collective framework on the other hand, has often
been a matter of debate. In this paper we would like to take up this issue and investigate
in more detail some properties of the VaR-type risk measure based on the ruin probability
that is mentioned in Cheridito, Delbaen and Kupper (2006). For ease of exposition, we will

restrict the considerations to the classical compound Poisson process.

Whereas VaR and expected shortfall are natural and frequently applied concepts in prac-
tice, they are usually defined in terms of a given time horizon. In certain applications it may
be more natural to look for measures that give a more robust reflection of the risk inherent in
a business activity in a random environment. In particular, both the VaR and the expected
shortfall for a given time horizon do not reflect the possible adverse financial situations in
between or beyond the specified time interval. On the other hand, in an insurance context,
starting with the work of Filip Lundberg and Harald Cramér in the early 20th century, ruin
theory has always studied somewhat robust measures of insurance risk. In particular, the

probability of ruin can be interpreted as the continuous alternative to the VaR.

One historical purpose of studying ruin probabilities was to obtain the amount of initial
capital needed to guarantee a certain probability of solvency throughout the lifetime of the
process, given that both the premium strategy and the aggregate claim process are stationary
over time. In that sense the ruin probability might be interpreted as a measure of dynamic
risk in a static environment (meaning that the initial capital and the premium strategy are
fixed and later on one is not able to or does not want to interfere during the lifetime of the
process). In particular, the correspondingly allocated capital will then suffice to cope with
the involved insurance risk at all times according to some acceptance level of €. It is this
type of robustness that makes the ruin probability still nowadays an interesting quantity in
this context. Most of all, the type of thinking coming from ruin theory is often considered

important by practitioners.
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The purpose of this paper is to consider certain properties of risk measures that are
motivated by ruin theory. The goal is not so much to advocate them for practical use in
risk management, but rather to improve the understanding of the connections between these
fields and to see whether the quite active research field of ruin theory can offer additional

insight for people dealing with practical risk management of insurance companies as well.

Note that Geman (1998) also emphasized the usefulness of the actuarial ruin paradigm
and Embrechts and Samorodnitsky (2004) demonstrated that ruin theory can be especially

useful for operational risk.

Our paper is organized as follows. In Section 2, we set up the scene by recalling some
properties and tools of the compound Poisson risk model. In Section 3, we derive various
properties of a VaR-type risk measure, which is defined as the smallest amount of capital
needed to ensure a ruin probability below a given probability level. In Section 4 we then

discuss the corresponding Tail-VaR-type risk measure. The final Section 5 concludes.

4.2 Risk model and harmonic mean residual life order

4.2.1 Compound Poisson surplus model

This section recalls some basic results about ruin probabilities, which will be useful in our
analysis. For more details, we refer the interested reader, e.g., to Asmussen (2000). The

surplus process (or risk process) is defined as
Ut:U+Ct—St, tZO, (421)

where U, is the insurer’s capital at time ¢ starting from some initial capital Uy = u, ¢ is the
(constant) premium income per unit of time and S, = S"1°, X} is the total claim amount up
to time ¢, with V; the corresponding number of claims, and X, the size of the kth claim, as-
sumed to be non-negative. The claim number process {NV;, ¢ > 0} is assumed to be Poisson
with constant rate A\. The X;s are independent and distributed as X. They are furthermore
assumed to be independent of {N;, t > 0}. We assume that the premium rate is of the form
¢ = (14 n)AE[X] where > 0 is called the safety loading. Henceforth, 7 is assumed to be

the same for all the risk processes used in this paper.

The ruin time T is defined as

T =

{ min{t > 0|U; < 0}, (4.2.2)

+oo if U; > 0 for all ¢,

83



and the ruin probability is ¢)(u) = Pr[T" < oo]. If needed, we will denote the ruin probability
as ¥y to make explicit the dependence on X. Let L; = S; — ¢t be the aggregate loss at time
t, i.e. the amount by which the insurance claims exceed the collected premiums at some

time ¢, the ruin time 7' can also be expressed as
T = min{t > 0lu — L, < 0}. (4.2.3)

Correspondingly, ¢(u) = Pr[L > u], where L = max;>( L; denotes the maximal aggregate

loss of the process.

4.2.2 Compound geometric representation of the ruin probability

It is well-known that ¢’ coincides with the tail function of a compound geometric distribution

since L can be decomposed as
M
L=) D, (4.2.4)
j=1

where M follows the geometric distribution with success probability 1—(0) = % and where
Dy, D,, ... are the ladder heights of the loss process which are independent and identically
distributed. In the compound Poisson model, the common distribution function of the D;s

is given by the integrated tail distribution

Y1 — FX (l‘)
F = —d 0. 4.2.5
o) = [ gy v (1.2.5
The non-ruin probability is then given by

o

1—p(u) = Y p(1 = p)"Fp™ (w), (4.2.6)

m=0

where p = - and F'™ is the m-fold convolution of Fp.

Note that the mapping Fy — Fp is well-known in applied probability, where (apart from
the name integrated tail distribution) Fp is often called the stationary forward recurrence
time, the equilibrium distribution or the residual lifetime in the literature. The relationship

between the moments of X and of D is given by

E[X"1]

E[D"] = (k + DE[X]’

=1,2,...

An important result in our setting is as follows. Recall the definition of the stochastic
dominance and of the convex order. Given two random variables X and Y, X precedes Y
in the stochastic dominance, denoted as X =g Y, if the inequality E[g(X)] < E[g(Y)] holds
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for any non-decreasing function g such that the expectations exist. Similarly, X precedes Y
in the convex order, denoted as X < Y, if the inequality E[g(X)] < E[g(Y)] holds for any
convex function g such that the expectations exist. Then, denoting as F the integrated tail
distribution associated to Fy, and as E a random variable with distribution function Fg, we

have
X<xY=D<,F.

Henceforth, we will also need the increasing convex, or stop-loss, order defined as follows.
Given two random variables X and Y, X precedes Y in the increasing convex order, denoted
as X =i Y, if the inequality E[g(X)] < E[g(Y)] holds for any non-decreasing convex

function g such that the expectations exist.

4.2.3 Harmonic mean residual life order

Michel (1987) defined a stochastic order relation among claim size distributions by reference
to the comparison of ruin probabilities. This order in fact compares the ladder-height distri-
bution Fp of the renewal process describing claim occurrences. The harmonic mean residual
life order, which proves useful in reliability applications, naturally arises in this context. For
other applications of this ordering in actuarial science, we refer the interested reader, e.g.,
to Lefévre and Utev (2001).

Given two non-negative random variables X and Y, recall that X is said to be smaller

than Y in the harmonic mean residual life order (denoted as X =<y Y) when

[ Fx(udu [ Fy(u)du

X < Y] forall ¢>0, (4.2.7)

where Fx = 1— Fx and Fy = 1 — Fy. The inequality in (4.2.7) can be equivalently written

* E[(X —1),] _E[(Y —#),]

E[X] E[Y]
From (4.2.8) it follows that X <, Y if, and only if,

forall ¢>0. (4.2.8)

<

(4.2.9)
for all non-decreasing convex functions g : Rt — R, provided the expectations exist.

A useful property for the present study is Theorem 2.B.16 in Shaked and Shanthikumar
(2007). It shows that any mixture of two distributions ordered in the <y,;; order is bounded

from above and from below by the components of the mixture. Formally, let X and Y be
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such that X <ymn Y and define the distribution function F; = Fx + (1 — 3)Fy for some
p € (0,1). Then,
X jhmrl A jhmrl Y. (4210)

Remark: Neither of the orders <y and <y, implies the other. It can nevertheless be
shown that
X <pmn Y = E[X|X > 0] <E[Y]Y > 0],

so that when X and Y are positive almost surely
X <tmn Y = E[X] <E[Y]. (4.2.11)
If E[X] = E[Y] then (4.2.9) ensures that

X =<y Y & X <, Y. (4212)

4.3 VaR-type risk measure

Whereas in Dhaene et al. (2003), essentially the risk measure is the necessary annual pre-
mium amount such that for a given initial capital u the resulting ruin probability is bounded
by €, in this paper we would like to focus on another approach linking ruin probabilities with
the framework of risk measures. We consider the continuous-time risk model (4.2.1) and,
instead of fixing u, we assume that the safety loading 7 is fixed and ask for the amount of
initial capital needed in order to bound the ruin probability by e. That is, we define now

the ruin-consistent Value-at-Risk risk measure as

pelX] = inf{v > 0[o(v) < ¢} = ¥ (c).

In words, p[X] is the smallest amount of capital needed such that the ultimate ruin prob-
ability ¢ for a risk process with individual claim sizes distributed as X is at most equal
to some specified probability level e. Working directly on the basis of the ruin probability
1 (instead of on the basis of Lundberg’s upper bound used by Dhaene et al. (2003)) has
the advantage that the risk measure is exact rather than a bound and secondly, and this
is also quite important, the method is then not restricted to insurance risk processes with
exponentially bounded claims for which a Lundberg exponent exists. In particular, many
realistic descriptions of risk processes are based on heavy-tailed (subexponential) claims for

which the Lundberg exponent does not exist.

One possible interpretation of this approach is as follows. Competition among companies

(market pressure, underwriting cycles, etc.) determines a safety loading n that can be
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realized in the insurance market and then p[X] reflects the amount of capital needed to
ensure a stable business according to the safety level €, assuming “stationary” insurance
business (the amount p.[X] then puts the portfolio into an acceptable position with respect
to the safety measure ). So in this approach the premium income is considered to be
(the market-induced “balancing”) part of the insurance risk in the portfolio rather than
the control variable. Measuring risk by the infinite-time ruin probability ) entails that we
deal with an unbounded time horizon. Hence an acceptable position in such a framework
reflects long-term stability thinking. Naturally, as time evolves, using claim experience and
further acquired information, the capital requirements will be readjusted. But compared
to the classical one-year time horizon VaR approach, in the above setup the incentive is to
always maintain a (with respect to available information) sustainable strategy. It is worth
to mention that the vast majority of the results in risk theory consider n as fixed when the

effect of switching from one severity distribution to another is studied.

Remark: It may appear surprising that the risk measure p. does not explicitly depend
on the claim frequency A. This is because the ruin probability itself does not depend on A
as we are allowed to switch to any operational time scale. Formally, this is clear from the
compound geometric representation (4.2.6). This means that p, is not influenced by the vol-
ume of the portfolio reflected in A, since the fixed value of 1 ensures that the corresponding
value of ¢ compensates for the change in the portfolio volume. This is because the classical
risk model values “time diversification”. Hence, the number of policies does not matter, but
well the distribution of the claim amount they generate, i.e. p. only depends on X (and
on 7). Depending on the field of application, this may be considered as an advantage or

disadvantage of the applicability of p,.

Another way to look at p. is to consider it as a VaR applied to the transformed risk L
(the maximal aggregate loss). Specifically, for any probability level ¢,

pX] = F;'(1 —¢) = inf{t > 0|F(t) > 1 —¢}.

Instead of taking the VaR of the claim severity X, we first transform X into L and then
compute the VaR of this geometric compound sum. The question now is to determine
whether this is a safe strategy, that is, whether L is more dangerous than X, in some sense.
To study this problem, let us decompose the switch from X to L in two steps: (i) a change
from Fx to the corresponding integrated tail distribution Fp followed by (ii) a geometric

compounding.

Step (i): Recall that a random variable is said to be NWUE (or New Worse than Used
in Expectation) if E[(X — t),] > E[X]Fx(¢) for all ¢ > 0. This basically means that X
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dominates the Negative Exponential with the same expectation in the <., sense. All the
standard claim size distributions fulfill this property. According to Theorem 1.A.31 in Shaked
and Shanthikumar (2007), we have that X NWUE = X < D. Hence, step (i) in the switch

from X to L appears to be conservative.

Step (ii): The second step consists in replacing D with Z;‘il Dj, where the D;s are in-
dependent copies of D. Assume that n € (0,1) so that E[M] > 1 and 1 <jex M. As a
<iex-ranking of the number of terms induces the same ordering for the resulting compound
sums, we get D <« L so that step (ii) is also conservative. Combining the two steps reveals
that X =i L holds, so that the risk X is first replaced with a more dangerous (in the

<icx-sense) random variable L before taking a VaR.

Properties of p.

The risk measure p. possesses the following properties.

Property 4.3.1. (i) The risk measure p. is positively homogeneous, that is, pJfaX] =
ap| X] for any constant a > 0.

(i) The risk measure p. agrees with the stop-loss order, that is X =i Y = pe[X] < pe[Y].

(11i) If Y and Z are identically distributed and if Z is more positively dependent on X than
Y, in the sense that the inequality Pr[X < Y < y] < Pr[X < z,Z < y| holds for
all x and y, then the risk measure p. expresses the fact that X + Z is more dangerous
than X +Y as p[X +Y] < p[X + Z].

(iv) If Z is a mizture of X, Y and X +Y (that is, Fyz = p1 Fx +p2Fy +psFx 1y with p; > 0
fori=1,2,3 and Z?:1 pi = 1) such that a.Z <pmn Y, where a, = %, then
plZ] < p[X]+ p[Y].

Proof. Ttem (i) is obvious since multiplying the annual claim amount by a has the same effect
on the annual premium income, so that the initial capital needed to have an ultimate ruin
probability of € is also multiplied by a. Formally, replacing X with aX changes L into alL
which results in ap.[X]. Considering item (ii), we know that X <y Y = ¢x(u) < ¢y (u) for
all u. This classical result of risk theory can be found, e.g., in standard textbooks as Kaas
et al. (2008, Section 7.4.2). Next, item (iii) is deduced from (ii) since X +Y < X + Z.
Finally, for item (iv), coming back to the compound geometric representation of the ruin

probability, we can write

acZ Zhmrl Y = Yo z(pe[Y]) < v (p[Y]).
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Now, multiplying the claim sizes by a fixed coefficient « is equivalent to dividing the initial

capital by the same factor. Hence,

pe[Y]

Yooz (pY) = ¥z ( ) — (Pl X] 4 YD) < U (oY) < €

so that the inequality p[Z] < p[X]+pc[Y] indeed holds true, which completes the proof. [

In particular, it is clear, from (iii), that p. is comonotonicity-consistent (in the termi-
nology of Dhaene et al. (2003)). Furthermore, from (iv), it also follows that p. recognizes
diversification effect under conditions of exchangeable risks, negative quadrant dependent
risks with equivalent sizes, and risks that are members of scale family distributions, what-

ever the dependence between them. Let us formally establish these results.

Property 4.3.2. (i) The risk measure p. is subadditive for exchangeable risks, that is,
Pl X + Y] < p| X] 4+ peY] if X and Y satisfy Pr[X < t,Y <] =Pr[X <,V <]
for all t1 and ty. This is in particular the case if X and Y are independent and

wdentically distributed.

(11) If X and Y are negatively quadrant dependent and identically distributed, that is, the
inequality Pr[X < z,V < y] < Pr[X < z]Pr[Y <y holds for all x and y then the risk
measure p, is subadditive, that is, p X + Y] < p[X] + p[Y].

(113) If X = 6V) and Y = ~yV,, where Vi and Vy are identically distributed as V', then the

risk measure p. is subadditive, that is, p[X + Y] < p|X] + p|Y].
Proof. Let us consider Property 4.3.1 (iv) with pj = po = 0. Then, as o = %, item

2
X4Y 1

(i) is obvious since =4+ = Y. Next, considering (i), since o = 3, it suffices to note

that XX <., XL;YL <ex Y, where (X1, Y1) has independent components with the same
marginals as (X, Y). Finally, for item (iii), we have to show that 5V;+vVs <o (B+7)V, since
e = # Now, as Pr[V < z,7V < y| > Pr[fV} < z,4V, < y] holds for all x and y, we have

that, by equation 9.A.19 in Shaked and Shanthikumar (2007), 8Vi + Vs < (B+7)V. O

Application in terms of portfolios

Now, let us define the two processes S\ = ZZN;(I)JFM X; and S = ng)JrNtYi, where
{Ny,t >0}, {Nt(l),t > 0} and {Nt@),t > 0} are independent Poisson processes with constant
rates A\, A\; and Ay respectively, and the X;s (resp. Yjs) are independent and distributed
as the generic random variable X (resp. Y'). Furthermore, X;s and Yjs are assumed to be
independent of {N;,t > 0}, {Nt(l),t > 0} and {Nt@),t > 0}. Then, the properties of p, allow

us to deduce some cases where merging two portfolios with cumulative losses described by
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Sfl) and Sf@ is beneficial.

Assume that the Xjs are independent of the Yjs. Then, S,gl) + S§2) is a compound
Poisson process with intensity A+ A; + Ao and generic claim size Z with distribution function
Fz = p1Fx + poFy + psFx vy, where p; = Mﬁ\ﬁy D2 = ﬁ and p3 = >\1+—i‘2+,\ Hence,
if .Z <pmn Y, then, by Property 4.3.1 (iv), a diversification effect at level € is recognized.

The next result gives an illustration.

Proposition 4.3.1. Let X = V) and Y = ~V5, with 5 < vy, where Vi and V5 are indepen-
dent and identically distributed. Then aZ <pmn Y .

Proof. Obviously, we have X =<1 Y < 8 < 7. Hence, it is easily seen from (4.2.8) that
e X <pmn Y and a Y <y Y. Now, we also know by the proof of Property 4.3.2(iii) that
a (X +Y) <pmn Y.

Hence, we necessarily have a2 <y Y. Indeed,

El(weZ )] _ El(aX —)]pr + El(aY — 1) ]ps + El(@e(X +Y) = #)1]ps
Ela. 7] Ela.X]p1 + Ela.Y]|ps + Elae (X + Y)] p3
E[{aeX— El{aY — E[(ce —_
Hle X e Elo, X] py + 2T Ela, Y] py + LGER Flo (X + V)] py

ElaX]p1 + EloY]p2 + Elae (X +Y)] ps
B0 =0+ (Blo, X] py + E[a.Y] ps + Eloe (X + V)] p3)

< E[Y]
- Ela.X]p1 + E[a.Y]ps + Elae (X +Y)] p3
B[V )]
E[Y] 7
which ends the proof. O

Assume that A = 0. Hence, St(l) and S§2) are independent. Then, in this particular case, we

have the following result.

Proposition 4.3.2. Assume that A =0. If X <pn Y, then a.Z <ppn Y.

Proof. From (4.2.10), we have that X <png Y = Z <pymn Y. Also, it is easily seen from
(428) that e Z Spmrl £ SO that X <ppn ¥V = eZ <prr Y. O

Let us give some examples where X <p,1 Y holds true:
(1) If X ~ Uni(a,b) and Y ~ Uni(a’, V'), then X <Y ©a+b<d +b and b < V.
(2) If X ~ Exp(a) and Y ~ Exp(a’), then X <pn Y & a > d'.

(3) If X ~ Par(a,b) and Y ~ Par(a',b') with min(b,d’) > 1, then
X < ¥V & 5,;_1 > max(l 1)

1= a'’
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(cf. Heilmann and Schréter (1991)). Notice that the second example is a particular case of
the equivalence X <y,n Y < 0 <, where X = gV} and Y = «Vj,, with V} and V; are
independent and identically distributed.

4.4 Tail-VaR-type risk measure

Finally, we would like to point out that a natural extension of p, is the Tail-VaR (or average

VaR) defined as
_ L[
plx1 =2 [ o] dw,
€Jo
where p,, is the VaR-type risk measure at level w discussed in the previous section. By

definition we can write L e
plx) = [0t wdu,
€Jo
where 11 (w) is the inverse function of the ruin probability, or further

7X] = 1/OEFL_I(l —w) dw.

€

Hence, p.[X] appears to be the Tail-VaR of L. Under the conditions discussed above, we
now have

X <iex L = TVaR[X; €] < TVaR[L; ¢] = p [X].
Alternatively one can rewrite

¥ 1(e)
@W]zl/ wdis(w)

€ Jy=1(0)
4 1/ w dw
= 0+ |
= 70+ ~E[(L - ¢7(0)]
= E[L|L > F;'(1-¢)].

The last two equalities follow from general properties of Tail-VaR, as e.g. given in Denuit et
al. (2005, Section 2.4) or in Pflug and Romisch (2007).

From the above it becomes clear that the measure 5,[X] represents the amount of capital
needed to be able to cope “in expectation” also with the insurance loss in those problematic
cases that occur with probability less than e. One also observes that explicit knowledge
of the ruin probability expression can tremendously simplify the calculations of this risk

measure. In Cheridito et al. (2006) it is shown that p.[X] is coherent and hence satisfies
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several desirable properties. However, on a computational level, p, will typically be harder
to deal with than p. and, as often in related contexts, in practice there will be a trade-
off between the gain in theoretical attractiveness and the lowering of practicability of the

resulting expressions when choosing feasible measures for the insurance risk.

4.5 Conclusion

In this paper we discussed the classical concept of the ruin probability of an insurance port-
folio in the framework of risk measures and established some properties of the corresponding
naturally motivated VaR-type risk measure p.. The crucial assumption in this approach is
that the collective insurance business in the portfolio has a certain degree of stationarity
and that the safety loading is fixed (for instance, determined by market conditions). Note
that apart from that the results are quite general as they are expressed through the ruin
probability directly. This may for instance be particularly welcome in situations with de-
pendence among the insurance risks for which still some results on the ruin probability are
available. Finally, we would like to emphasize once more that the purpose of this paper is
not to advocate the practical use of p., but rather to clarify some relations that might be

helpful when assessing the riskiness of certain financial positions in the insurance context.

The present approach is somewhat different from Dhaene et al. (2003). Apart from the
fact that these authors use the Lundberg bound instead of the ruin probability itself, they fix
the initial capital and determine the annual premium in their discrete-time model according
to the required level of the ruin probability. Here, we fix the safety loading (and hence the
premium relative to the claim rate A) and try to allocate the appropriate initial capital for
the required level of the ruin probability. Motivation for that approach has been given in

terms of market competition.

The risk measures discussed in the present paper enjoy nice properties and appear natural
in the classical framework of risk measures: they are just a VaR and a Tail-VaR of a random
variable, namely the minimum L of a stochastic process. Some of the results established
in the present paper might be extended to general renewal models. For instance, the ruin
probability is then still obtained from the tail function of a geometric compound distribution,
although the ladder height distribution is in general not the integrated tail and not explicitly

available anymore.
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Prospects and limitations

The Pollaczeck-Khinchine formula

In the literature, equation (4.2.6) is usually called the Pollaczeck-Khinchine formula. This
well-known formula constitutes the basis of all the results derived in this final chapter. That
is why, the approach implemented here is not generalizable with a ruin model taking into
account financial returns produced by the surplus process, since in this case, the Pollaczeck-
Khinchine formula is not available anymore. Also, for the same reason, arguments used in
this chapter cannot be extended in a finite-time horizon setting as well as in a discrete-time

context.

In all these cases, we could work for example on upper bounds of the ruin probability.
Besides, for the classical discrete-time ruin model, Dhaene et al. (2003) have investigated
properties of our capital risk measure by using Lundberg’s upper bounds. Of course, the

main drawback of this method is to lose exact risk measure in favor of an approximation.

The portfolio size problem

As already mentioned in this chapter, due to the compound Poisson surplus model, our risk
measure does not depend on parameter A, i.e. the size of the portfolio. Let us notice that a
finite time horizon approach as well as a discrete time ruin model would have compensated
for this limitation of our work. Thus, in practice, it seems inappropriate to propose this
work as an alternative to the Solvency II one-year time horizon approach. Nevertheless,
let us insist that our risk measure remains interesting, since it allows, on the basis of the
claim amounts X, and with a perspective of an infinite time horizon, to compare risk pro-

cesses. But of course, the interpretation in terms of capital appears then really compromised.

Now, if this observation constitutes clearly a limitation of our modelling, let us suggest
some lines of thinking.

Firstly, the Solvency II one-year time horizon approach is maybe not so fair anymore
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as it could appeared at first sight. Indeed, a finite-time horizon calculation can also raise
some questions. A large company has much more claims and premium income in one year
than a small company. So, a large insurer is comparable to a small one with a longer time
horizon. Hence, if the one-year time horizon approach is not wrong, since the resulting
solvency capital reflects somehow how diversified the risk is, one can think of whether it
would make sense to think about different time horizons for different companies. Clearly, it
could be the subject of future research.

Secondly, let us mention that a manner of partially solving this lack of sensitivity of
the portfolio size, and then to come back to a capital interpretation, would be to consider
the claim amounts X as the annual claim amounts of the company. Indeed, with A =
1, the continuous reserve process described by equation (4.2.1) would then constitue an
approximation of the dynamics of the insurer’s surplus. It is a kind of Poisson approximation
(see the individual and collective models in Denuit and Charpentier (2004) for example).
We would switch from a collective model to an individual model, and we could interpret the

compound Poisson as the claim amount for one period of time in the classic surplus process.

Another interesting risk measure

Let us introduce an other interesting risk measure defined as the expected value of the

time-aggregated negative part of the risk process until a fixed time-horizon s > 0, i.e.

E [/ Tivven; U dt] |
0

Notice that in Loisel (2005), for s = oo, a closed-form formula is derived in the Poisson-
exponential case. Obviously, this new risk measure, contrary to p.[X], has the advantage to
depend on the size of the portfolio. Furthermore, a priori, it seems to verify the same types

of properties, in view of the following rewriting

E {/OSI{Ut<0}|Ut|dt} _E [/Os(St—u—ct)+dt] :/OSE[(st—u—ctM dt.

However, new challenges, dedicated to this particular risk measure, will come because of the
new role played by the parameter A. That is why, this will lead to a new collaboration in a

near future with Professor Stéphane Loisel.
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