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TRIALITARAN TRIPLES

Demba Barry and Jean-Pierre Tignol

Abstract. Trialitarian triples are triples of central simple algebras of degree 8 with orthogonal
involution that provide a convenient structure for the representation of trialitarian algebraic groups
as automorphism groups. This paper explicitly describes the canonical “trialitarian” isomorphisms
between the spin groups of the algebras with involution involved in a trialitarian triple, using a
rationally defined shift operator that cyclically permutes the algebras. The construction relies on
compositions of quadratic spaces of dimension 8, which yield all the trialitarian triples of split alge-
bras. No restriction on the characteristic of the base field is needed.

Introduction

Trialitarian triples were introduced by Knus et al. [13, §42.A] to provide the groundwork
for the study of algebraic groups of trialitarian type D4 as automorphism groups of triali-
tarian algebras. They consist in three central simple algebras of degree 8 with orthogonal
involution (A, 0 4), (B,0B), (C,0¢) over afield F of characteristic different from 2 related
by the property that the Clifford algebra of (A, o4) is isomorphic to the direct product of
(B,op) and (C, o¢). Trialitarian algebras over F are defined in [13, §43] as algebras with
orthogonal involution of degree 8 over a cubic étale F-algebra that are isomorphic after
scalar extension of F to the direct product of the algebras in a trialitarian triple.

The main goal of this work is to elucidate the trialitarian isomorphisms that arise canon-
ically between the spin groups of algebras with quadratic pair involved in a trialitarian triple
and also between the groups of projective similitudes of these algebras, see [13, (42.5)].
The basic tool is a shift operator d of period 3 on trialitarian triples, which accounts for all
the trialitarian features of the theory. The cohomological approach in [13, (42.3)] reveals
the existence of d but does not provide any explicit description. By contrast, the definition
of 0 in §3.3 below is entirely explicit and cohomology-free, and the definition of the trial-
itarian isomorphisms follows easily in §3.4. A noteworthy feature of our discussion is that
the restriction on the characteristic of the base field is made obsolete thanks to the ground-
breaking paper [7] of Dolphin—Quéguiner-Mathieu, in which a canonical quadratic pair is
defined on Clifford algebras (and where the cohomological approach to the definition of
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0 in arbitrary characteristic is given [7, Th. 4.11]).! Thus, all the structures considered in
this paper are (unless explicitly mentioned) over fields of arbitrary characteristic.

To prepare for the discussion of trialitarian triples in §3, we found it necessary to
consider first trialitarian triples of split algebras. These triples arise from compositions
of quadratic spaces, which are studied in §2. Compositions of quadratic spaces provide
a new perspective on the classical theory of composition algebras by triplicating their
underlying vector space. They also demonstrate more diversity, because—in contrast with
compositions arising from composition algebras—the three quadratic spaces involved in a
composition need not be isometric; this accounts for the interpretation in §3.5 of the mod 2
cohomological invariants of Sping, since compositions of quadratic spaces of dimension 8§
are torsors under Sping.

Compositions of three different quadratic spaces of equal dimension have been con-
sidered earlier, for instance in Knus’ monograph [12, V(7.2)], in [13, (35.18)] and in the
papers [2, 5.3] and [3, §3] by Alsaody—Gille and Alsaody respectively. However, the shift
operator 0 on compositions of quadratic spaces, briefly mentioned in [13, (35.18)], seems
to have been mostly ignored so far. By attaching to every composition on quadratic spaces
Vi, q1), V2, g2), (Va, g3) two cyclic derivatives, which are compositions on (V3, ¢2),
(Va, g3), (V1,4q1) and on (V3, q3), (V1,q1), (Va, g2) respectively, the shift operator pro-
vides the model for the operator 0 on trialitarian triples.

Compositions of quadratic spaces of dimension 8 also afford a broader view of the
classical Principle of Triality for similitudes of the underlying vector space of an octonion
algebra, as discussed by Springer—Veldkamp [19, §3.2], and also of the local version of
this principle in characteristic 2 described by Elduque [8, §3, §5], see Corollary 3.24 and
Corollary 3.25. Automorphisms of the compositions of quadratic spaces arising from com-
position algebras are by definition the related triples of isometries defined in [19, §3.6],
[8, §1] and [2, §3] (see Remark 2.18); they are closely related to autotopies of the algebra,
which form the structure group defined for alternative algebras by Petersson [15], see §2.5
and §3.6.

The first section reviews background information on Clifford groups and their Lie alge-
bras, notably on extended Clifford groups, which play a central role in subsequent sections.

More detail on the contents of this work can be found in the introduction of each section.
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1. Clifford groups and Lie algebras

The purpose of the first subsections of this section is to recall succinctly the Clifford groups
of even-dimensional quadratic spaces and their twisted analogues (in the sense of Galois
cohomology), which are defined in arbitrary characteristic through central simple algebras
with quadratic pair. Most of the material is taken from [13], but we incorporate a few com-
plements that are made possible by the definition of canonical quadratic pairs on Clifford
algebras by Dolphin—Quéguiner-Mathieu [7].

A detailed discussion of the corresponding Lie algebras is givenin §1.4 and §1.5. Fora
central simple algebra with quadratic pair %, we emphasize the difference between the Lie
algebra o(A) of the orthogonal group and the Lie algebra pgo () of the group of projective
similitudes, which are canonically isomorphic when the characteristic is different from 2
but contain different information in characteristic 2.

The last subsection provides a major tool for the definition of homomorphisms € () —
W’ from the Clifford algebra of a central simple algebra with quadratic pair 2 to a central
simple algebra with quadratic pair A’. These homomorphisms are shown to be uniquely
determined by Lie algebra homomorphisms pgo(2W) — pgo(2A’); see Theorem 1.21.

1.1. Quadratic forms and quadratic pairs

Let (V, g) be a (finite-dimensional) quadratic space over F. The polar formb: VXV — F
is defined by

b(x,y) =q(x+y) —q(x) —q(y)  forx,yeV.
We only consider quadratic spaces whose polar form b is nonsingular. This restriction
entails that dim V is even if char F = 2, for b is then an alternating form. Nonsingularity of
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b allows us to define the adjoint involution o3 on End V by the condition
b(x,a(y)) = b(op(a)(x),y) fora € EndVandx,y € V.

Moreover, we may identify V ® V with End V by mapping x ® y € V ® V to the operator
7+ x b(y, z). Under the identification V ® V = End V, the involution o, and the (reduced)
trace Trd are given by

op(x®y)=y®x and Trd(x ® y) = b(x,y) forx,y eV,
see [13, §5.A]. Moreover, for a € EndV and x, y € V we have
ao(x®y)=a(x)®Yy and (x®y)oa=x®0cp(a)(y).

The identification V ® V = End V, which depends on the choice of the nonsingular polar
form b, will be used repeatedly in the sequel. It will be referred to as a standard identifi-
cation.
Let
Sym(op) = {a € EndV | 0 (a) = a}.

To the quadratic form g on V we further associate a linear form f, on Sym(o7,) defined by
the condition
f,x®x)=¢q(x) forxeV,

see [13, (5.11)]. Linearizing this condition yields f, (x®y+op(x®Yy)) = b(x,y) forx,
y € V, hence
f,(a+0p(a)) =Trd(a) fora € End V.

The pair (o, f,) determines the quadratic form g up to a scalar factor by [13, (5.11)],
which is sufficient to define the orthogonal group O(g) of isometries of (V, g), as well as
the group of similitudes GO(g) and the group of projective similitudes PGO(g), as follows:

O(q) ={a € EndV | g(a(x)) = g(x) forall x € V},
={a € EndV | op(a)a = 1 and fq(asa_l) =, (s) for all s € Sym(op)},
GO(g) = {a € EndV | there exists u € F* such that g(a(x)) = p g(x) forall x € V},
={a € EndV | op(a)a € F* and fq(asa_l) =f,(s) for all s € Sym(op)},
PGO(q) = GO(q)/F*.

In the equivalent definitions of GO(g), the scalar u such that g (a(x)) = u g(x) forallx € V
is op(a)a. It is called the multiplier of the similitude a.

Isometries and similitudes are also defined between different quadratic spaces: if (V, q)
and (V, §) are quadratic spaces over a field F, a similitude u: (V,q) — (V,§) is a linear
bijection V — V for which there exists a scalar 4 € F* such that g(u(x)) = u g(x) for all
x € V. Thescalar u is called the multiplier of the similitude, and similitudes with multiplier 1
are called isometries. Abusing notation, for every linear bijection u: V — V we write

Int(x): EndV — EndV forthe mapa +— uoaou".
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It is readily verified that for every similitude u the isomorphism Int(u) restricts to group
isomorphisms

0(g) = 0(9), GO(gq) — GO(9), PGO(g) = PGO(3).

The groups O(q), GO(g) and PGO(q) are groups of rational points of algebraic groups
(i.e., smooth affine algebraic group schemes) which are denoted respectively by O(q),
GO(gq) and PGO(q), see [13, §23]. As pointed out in [13], twisted forms (in the sense of
Galois cohomology) of these groups can be defined through a notion of quadratic pair on
central simple algebras, which is recalled next.

Let A be a central simple algebra over an arbitrary field F. An F-linear involution o
on A is said to be orthogonal (resp. symplectic) if after scalar extension to a splitting field
of A it is adjoint to a symmetric nonalternating (resp. to an alternating) bilinear form. For
any involution o~ on A we write

Sym(c) ={a € A|o(a) =a}.

Definition 1.1. A quadratic pair (o, ) on a central simple algebra A consists of an invo-
lution o on A and a linear map f: Sym(o) — F subject to the following conditions:

(1) o is orthogonal if char F' # 2 and symplectic if char F = 2;
(i) f(x+o(x)) =Trda(x) for x € A, where Trdy is the reduced trace.

The map f is called the semitrace of the quadratic pair (o, ). This terminology is motivated
by the observation that when char F # 2 every x € Sym(o) can be written as x = %(x +
o (x)), hence f(x) = % Trd 4 (x). Thus, the semitrace of a quadratic pair (o, f) is uniquely
determined by the orthogonal involution ¢ if char F # 2.

To simplify notation, when possible without confusion we use a single letter to denote
a central simple algebra with quadratic pair, and write

A=(A,0.f).
The twisted forms of orthogonal groups are defined as follows: for U as above,

O)={aeA|o(a)a=1andf(asa™") =f(s) for all s € Sym(c)},
GO(N) ={a € A| o(a)a € F* and f(asa™") = f(s) forall s € Sym(c)},
PGO() = GO(A)/F*.

The group of similitudes GO(2) can be alternatively defined as the group of elements a €
A* such that Int(a) is an automorphism of 2. Therefore, by the Skolem—Noether theorem
the group PGO(2) can be identified with the group of automorphisms of 2. The groups
O(A), GO(A) and PGO(A) are groups of rational points of algebraic groups denoted
respectively by O(), GO(A) and PGO(A), see [13, §23].
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For a € GO(), the scalar o-(a)a € F* is called the multiplier of the similitude a. We
write u(a) = o-(a)a and thus obtain a group homomorphism

w: GO(A) — F*
whose kernel is O(). Thus, for every quadratic space (V, ¢) we have by definition

O(EndV, 0, ;) = O(q), GO(EndV, 0y, ,) = GO(q),
PGO(EndV, o, f,) = PGO(q).

The following statement is given without detailed proof in [13, (12.36)].

Proposition 1.2. Let (V, ) and (V,§) be quadratic spaces over an arbitrary field F. If
u: (V,q) = (V,q) is a similitude, then Int(u) is an isomorphism of algebras with quadratic
pair

Int(u): (EndV,0,§,) — (EndV, 073, f2).

Conversely, every isomorphism (EndV, 0y, 1,) = (EndV, 03 15) has the form Int(u) for
some similitude u: (V,q) — (V, q) uniquely determined up to a scalar factor.

Proof. Observe that for every linear bijectionu: V — V there exists a mapii: V — V such
that
b(ii(x),y) = b(x,u”'(y))  forallx e Vandy eV,

since the polar forms » and b are nonsingular. Under the standard identifications End V =
V®Vand EndV =V ® V afforded by b and b, we have

Int(u)(x ® y) = u(x) @ i(y) forallx,y e V.

1

If u is a similitude with multiplier u, then & = u~ " u, hence Int(«) o 0, = 07 o Int(u) and

f7(Int(u) (x ® x)) = p g (u(x) = gx) = f,(x®x) forallx € V.

Since Sym(oy,) is spanned by elements of the form x ® x, it follows that Int(u) is an iso-
morphism of algebras with quadratic pair.

For the converse, note that the Skolem—Noether theorem shows that every F-algebra
isomorphism End V — End V has the form Int(u) for some linear bijectionu: V — V. If
Int(u) is an isomorphism of algebras with quadratic pair, then Int(u)(x ® x) € Sym(o7j)
for every x € V, hence /i = ™ "u for some p € F*. Since fz(Int(u) (x ® x)) = f, (x ® x) for
all x € V, it follows that g(u(x)) = p g(x) for all x € V, hence u is a similitude.

To complete the proof, suppose that u, u’: (V,q) — (V,§) are similitudes such that
Int(x) = Int(x’). Then Int(u~'u’) = Idy, hence u~'u’ lies in the center of End V, which is
F. Therefore, u and u’ differ by a scalar factor. [
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1.2. Clifford algebras

For any quadratic space (V, ¢) over F we let C(V, g) denote the Clifford algebra of (V, q)
and Cy(V, q) its even Clifford algebra. We will only consider even-dimensional quadratic
spaces; if dim V = 2m, then the algebra C(V, g) is central simple of degree 2" and Cy(V, q)
is semisimple with center a quadratic étale F-algebra Z given by the discriminant or Arf
invariant of ¢, see [17, Ch. 9]. In most cases considered through this text, the algebra Z is
split, i.e., Z =~ F X F. We may then define a polarization of (V, ¢) as follows:

Definition 1.3. If (V, ¢) is an even-dimensional quadratic space with trivial discriminant or
Arf invariant, a polarization of (V, q) is a designation of the primitive central idempotents
of Cy(V, g) as z, and z_. Given a polarization of (V, q), we let C.(V,q) = Co(V, q¢)z+ and
C-(V,q) =Co(V,q)z-, so

Co(V,q) = C(V,q) xC_(V, q).

Each even-dimensional quadratic space of trivial discriminant or Arf invariant thus has two
possible polarizations.

The algebra C(V, g) carries an involution 7 such that 7(x) = x for all x € V. This
involution preserves Cy(V, g) and restricts to an involution 79 on Co(V, q). The type of the
involutions 7 and g is determined in [13, (8.4)] as follows:

e IfdimV =2 mod 4 the involution 79 does not leave Z fixed; we will not need to consider
this case.

e IfdimV =4 mod 8, then the involutions 7 and 7y are symplectic. When Z =~ F X F,
this means that 1y restricts to symplectic involutions on each of the simple components
of Co(V, q).

e IfdimV =0 mod 8 and char F' # 2, then the involutions 7 and 7 are orthogonal.
e IfdimV = 0 mod 8 and char F' = 2, then the involutions 7 and 71y are symplectic.

Following Dolphin—Quéguiner-Mathieu [7, Prop. 6.2], a canonical quadratic pair (7, g)
can be defined on C(V, g) when? dim V = 0 mod 8 by associating to 7 the following semi-
trace:

a(s) =Trdc(v,q)(ee’s) € F for s € Sym(7),

where e, e’ € V are arbitrary vectors such that b(e, e”) = 1. If char F # 2, then for any such
vectors e, ¢’ and for every s € Sym(7) we have

Trdc(v,q)(e€’s) = Trde (v q) (T(e€’s)) = Trdev,q) (se’e) = Trde (v, 4) (€' es).
Therefore,

Trdc(v ) (ee’s) = %Trdc(v,q) ((ee’ +e'e)s) = %Trdc(v,q)(s),

2Dolphin—Quéguiner-Mathieu only assume dim V even, dim V' > 6, but they restrict to char F = 2.
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as expected.

Likewise, Dolphin—Quéguiner-Mathieu show in [7, Prop. 3.6] that a canonical quad-
ratic pair (79, go) can be defined on Cy(V, g) when dimV = 0 mod 8 by associating to 1
the following semitrace:

80(s) = Trdcy(v,q)(ee’s) € Z for s € Sym(t),

where e, ¢’ € V are arbitrary vectors such that b(e,e’) = 1. If Z ~ F X F, then Cy(V, q) =
C.(V,q) x C_(V, q) for the central simple F-algebras C.(V, q), C_(V, q) defined in Defi-
nition 1.3, and the quadratic pair (79, g9) defined above is a pair of quadratic pairs (7, §+)
on Cy(V,q) and (1-,g-) on C_(V, g).

Every similitude of quadratic spaces u: (V,q) — (\7, q) with multiplier ¢ defines an
F-isomorphism Co(u): Co(V,q) — Co(V, §) such that

Cou)(x-y) = ™ ux) -u(y)  forx,yeV.

It is clear from the definition that Cy(u) preserves the canonical involutions 7y and T
on Cy(V, q) and Co(V, §). If dim V = 0 mod 8, then Co(u) also preserves the semitraces
go and go. To see this, observe that the images u(e), u(e’) of vectors e, e’ € V such that
b(e,e’) = 1satisty b(u(e),u(e’)) = u. We may therefore use u~'u(e) and u(e’) to compute
the semitrace g: for s € Sym(1p),

80(Co(u)()) = Trdg, (5 o (1 uleu(e)Colu)(s)).

Now, u~'u(e)u(e’) = Co(u)(ee’), hence by substituting in the preceding equation and
using the property that algebra isomorphisms preserve reduced traces, we obtain

80(Co(u)(s)) = Trd¢ (¢ 7 (Co(u) (ee’s)) = Co(u) (Trdcy(v,q)(e€’s)) = Co(u)(go(s))-

Thus, Cy(u) is an isomorphism of algebras with involution

CO(M) : (CO(V’ ‘Z), TO) ;) (CO(V’ fD’ %Z))

and an isomorphism of algebras with quadratic pair if dim V = dim V =0mod 8

CO(M) : (CO(V’ Q), 70, gO) ; (CO(V7 @’ %E)’ 60)

Among auto-similitudes u € GO(g) we may distinguish proper similitudes by consider-
ing the restriction of Cy(u) to the center Z of Cy(V, g): the similitude u is said to be proper
if Co(u) fixes Z and improper if Cy(u) restricts to the nontrivial F-automorphism of Z, see
[13, §13.A]. The proper similitudes form a subgroup GO*(g) of index 2 in GO(g), and we
let

0%(q) =0(¢g) nGO*(¢q),  PGO*(q) =GO*(q)/F*.
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Twisted forms. Following ideas of Jacobson and Tits, an analogue of the even Clifford
algebra for a central simple algebra with quadratic pair A = (A, o, f) of even degree is
defined in [13, §8.B]. The Clifford algebra C(2l) is obtained by a functorial construction
such that for every quadratic space (V, g) of even dimension, the identification End V =
V ®V setupin §1.1 yields an identification

C(EndV,0%,f,) = Co(V,q).

This property implies that C(2[) is a semisimple algebra with center a quadratic étale F-
algebra given by the discriminant of the quadratic pair (o, f).

Definition 1.4. If the discriminant of (o, ) is trivial, a polarization of W is a designation of
the primitive central idempotents of C () as z; and z_. A polarization induces the labeling
of the simple components of C(U) as C,(A) = C(A)zy and C_(A) = C(A)z_, so

C(A) = CL (AW x C_(W).
The algebra C(U) comes equipped with a canonical linear map
c:A—C)

whose image generates C () as an F-algebra. In the split case A = End V, the map c is
given by multiplication in C(V, g):

c:VeV—-=C(V,q), x®@yPx-y.

The algebra C(2) carries a canonical involution ¢ characterized by the condition that
o(c(a)) =c(o(a)) fora € A.1f deg A = 0 mod 8, Dolphin—-Quéguiner-Mathieu show that
a canonical quadratic pair (o, f) is defined on C() by associating to ¢ the following
semitrace: B

i(s) = Trdc () (c(a)s) for s € Sym(o),

where a € A is any element such that Trd4 (a) = 1, see [7, Def. 3.3]. These constructions
are compatible with the corresponding definitions in the split case, in the sense that for
every even-dimensional quadratic space (V, g) the standard identification EndV =V @ V
of §1.1 yields identifications of algebras with involution or quadratic pair:

(C(EndV,0p,1,),0) = (Co(V, q),70) if dimV = 0 mod 4,
(C(EndV,0%,74),0,1) = (Co(V, q), 70, 80) if dimV = 0 mod 8.

By functoriality of the Clifford algebra construction, every isomorphism of algebras
with quadratic pair ¢: 2 — U induces an isomorphism of algebras with involution or with
quadratic pair

Clp): (C(W, ) > (C(W,T) or (C(W,a.f) > (C(A).T. 1)
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such that
C(¢)(c(a)) = c(p(a)) fora € A.

As in the split case, we may distinguish between proper and improper similitudes: every
similitude # € GO(2) induces an F-automorphism Int(u) of 2, hence an F-automorphism
C(Int(u)) of C(A). The similitude u is said to be proper if C(Int(u)) leaves the center of
C () elementwise fixed; otherwise it is said to be improper. This definition agrees with the
previous definition of proper similitude in the case where % = (End V, 0, f ) for a quadratic
space (V, q), because C(Int(u)) = Co(u) for every similitude u € GO(q), see [13, (13.1)].

Proper similitudes form a subgroup GO* () of index 1 or 2 in GO(A), and we let

O*(A) = O(A) N GO*(A),  PGO*(A) = GO* (A)/F*.

These groups are groups of rational points of linear algebraic groups O* (), GO*(A)
and PGO™* (), which are the connected components of the identity in O(), GO(A) and
PGO(Y), see [13, §23.B].

1.3. Clifford groups

Let (V, g) be a quadratic space of even dimension. The multiplicative group of Cy(V, q)
acts on C(V, g) by conjugation. The special Clifford group T'*(q) is defined in [13, p. 349]
as the normalizer of the subspace V. Thus, for every commutative F-algebra R, letting
Vk =V ®r R,

I (q)(R) = {£ € Co(V. @) | € - VR -é7' = Vg

For £ € T*(g)(R), the map Int(£)|y, : Vr — Vg is a proper isometry. The map carrying
& to Int(€)|v, is a morphism of algebraic groups y known as the vector representation,
which fits in an exact sequence

15 Gm—T*g) 50 (g) = 1, (1.1)

where Gy, is the multiplicative group, see [13, p. 349].
Mapping & € I'" (¢) (R) to 19(&)& defines a morphism

p: T7(q) = Gm.

Its kernel is the Spin group Spin(g). It is an algebraic group to which we may restrict the
vector representation to obtain the following exact sequence:

1 = py — Spin(q) = 07 (g) - 1,
where p, is the algebraic group scheme defined by
H(R)={peR| p? =1} for every commutative F-algebra R.

Note that y, is not smooth if char F = 2.
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Extended Clifford groups. Let Z be the center of Cy(V, g). Henceforth, we assume
dimV = 0 mod 4, so the canonical involution 7y acts trivially on Z.

Let Sim(1) be the group of similitudes of (Cy(V, ¢), 79), whose rational points over
any commutative F-algebra R is

Sim(79)(R) = {¢ € Co(V.q)} | T0(£)¢ € Z}.
The multiplier map & +— 79(&)¢& is a morphism
p: Sim(79) = Rz/r(Gm),

where Rz, (Gnm) is the corestriction (or Weil’s restriction of scalars) of the multiplicative
group. Mapping x € C(V, g)g and & € Sim(7) (R) to 7 (&)x& defines an action of Sim( )
on C(V, q) (on the right). The extended Clifford group Q(q) is defined? as the normalizer
of V. Thus, for every commutative F-algebra R,

Q(q)(R) = {¢ € Sim(79)(R) | 70(§) - Vr - & = Vr}.

We proceed to show that I'* (g) is a subgroup of Q(g) by reformulating the condition that

70(§) - VR - & = VR,
Let ¢: Z — Z denote the nontrivial F-automorphism of Z. Note that xz = ¢(z)x for all
xeVandz e Z

Lemma 1.5. Let R be a commutative F-algebra. For ¢ € Sim(1y)(R) and u € GL(V)(R)
the following are equivalent:

(@) 19(&)xé = op(u)(x) forall x € Vg;
(b) u(y) = t(u(é))éye™" forall y € Vg.
When these conditions hold, then u € GO* (q)(R), Co(u) =Int(£) and u(u) = Nz;r (1(€)).

Proof. Suppose (a) holds. Squaring each side of the equation yields
T0(€)xp(é)xé = q(op(u)(x))  forallx € Vg
hence, since 0(&)xp(£)x¢ = T0(£)x°¢u(p(€)) = (¥)Nzr (1 (£)),
q(op () (x)) = Nzye (p(€))g(x)  forall x € Vg.

It follows that 0, (1) € GO(g)(R) and p(op (u)) = NZ/F(E(f)), hence also u € GO(g)(R)
and p(u) = NZ/F(I_J(f))-
On the other hand, multiplying each side of (a) on the left by £ and on the right by &~
yields
1(€)x = Eap (u) (x)éE7

3For a more general definition covering the case where dim V' = 2 mod 4, see [13, §13.B].
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Letting y = 0 (1) (x), we have u(y) = p(u)x. By substituting in the last displayed equation
we obtain

p(w) " p(@uly) = ey

As p(u) = Nz;p(u(€)), condition (b) follows.
Now, suppose (b) holds. Squaring each side of the equation yields

q(u(y)) = (u(@)u(&éy*e" = Nzyr(u(é))g(y)  forall y € Vg,

hence u € GO(g)(R) and u(u) = Nz (,L_z(f)). On the other hand, multiplying each side
of (b) by 79(¢) on the left and by & on the right yields

T0(E)u(y)€ = Nzyr(u(é))y = u(w)y  forally € Vg.

Letting x = u(y), we have o (u)(x) = u(u)y, hence by substituting in the last displayed
equation we obtain (a).

To complete the proof, we compute Cy(u) using (b). For x, y € Vg, taking into account
that p(u) = Nzyr (1(€)) we find

Co(u)(xy) = p(w) " u(X)u(y) = p(u) ™ (u(é))éxé ™ (u(é))éyé™ = xye™.

Since ¢ € Cy(V, q)g, it follows that C (1) restricts to the identity on Zg, hence u is a proper
similitude. u

For ¢ € Q(g)(R), the map x — 79(&)x¢ is an invertible linear operator on Vg. If u €
GL(V)(R) is the image of this operator under o}, then condition (a) of Lemma 1.5 holds
for this u. We write u = x¢(£), so xo(€) € GO*(q)(R) is equivalently defined by any of
the two equations

0(6)x€ = 0 (x0(£)) (x) and  xo(€)(x) = ¢(u(§))éxé™" forallx e V. (1.2)
The map yo is a morphism
Xo: Q(q) = GO*(q).

Lemma 1.5 yields

Intlo(g) = Co © xo € Aut(Co(V, q)) and  Nzjpop=poxo: Qg)—Gm. (1.3)
Proposition 1.6. The special Clifford group T* (q) is a subgroup of Q(q). More precisely,

I*(q) =1~ (Gm) € Q(q).

Moreover, xolr+(q) = Hex: I'*(g) — O%(q), hence yo and x coincide on Spin(q).

Proof. As pointed out in the definition of Spin(g) above, for every commutative F-algebra
R the multiplier ,l_l(f) of any & € T'*(q)(R) lies in R*. Therefore, Lemma 1.5 shows that

EVRET! = Vi implies 19(€)Vré = Vg, hence I'"(¢)(R) c Q(q)(R). Conversely, if £ €
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Q(q)(R) and pu(€) € R*, Lemma 1.5 shows that 79(¢)Vré = Vg implies éVgé™! = Vg,
hence ¢ € I‘+(5) (R). Therefore I'* (q) (R) is the subgroup of elements in (g)(R) whose
multiplier lies in R*.

Moreover, for ¢ € I'"(g)(R) we have y(£)(x) = éxé~! and yo(&)(x) = u(&)éxé™" for
all x € Vi, hence xo(€) = p(E)x (€). .

Twisted forms. Twisted forms of I'"(¢) and Q(g) are defined in [13, §13.B and §23.B]
by using a Clifford bimodule B() associated to any central simple algebra of even degree
with quadratic pair % = (A, o, ). This bimodule is defined in [13, (9.5)] in such a way that
for every even-dimensional quadratic space (V, ¢g) the standard identification EndV=V @V
yields

B(EndV, oy, fq) =VeC(V,q),

where C1(V, q) is the odd part of the Clifford algebra C(V, ¢g). The left action * and the
right action - of C(U) on B(A) are given in the split case by

Ex(x®mn) =x®(£n) and (x®n)-£=x® @)

for¢é € Co(V,q),n € C1(V,q) and x € V. The bimodule B(A) also carries a left A-module
structure and a canonical left A-module homomorphism b: A — B() (for which we use
the exponential notation) given in the split case by

a(x®n) =a(x)®n and (x®y)’=x8yeVeCi(V,q)
fora € EndV,x,y e Vandn e Ci(V,q).

The multiplicative group of C () acts on B(A) on the right as follows: 1 +— &~ x5 - &
for ¢ € C(A)* and € B(N). The Clifford group T'(N) is the normalizer of the subspace
AP ¢ B(), hence for every commutative F-algebra R

LA (R) ={€ e C(WF | &= A - ¢= AL}

On the same model, when deg A = 0 mod 4, we define* the extended Clifford group Q() as
the normalizer of A” under the action on B() of the group of similitudes of the canonical
involution o by

Em (> a(f)xn-8).
Thus, letting Z denote the center of C(),

QA(R) = {£ € CAWR | o(§)¢ € Zgand ¢ (§) x A” - & = A"}
for every commutative F-algebra R. Let i denote the multiplier map

u: QA) = Rz/p(Gm), & a(é)é

4An alternative definition, which also covers the case where deg A = 2 mod 4, is given in [13, §23.B].
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and define morphisms

y: L) - 07 (A) and Yo: QA) - GO (A)
by

11 E=x(9)" and g (©)x17 €= x0()",

see [13, (13.11) and (13.29)]. In the split case where (o, f) = (0%, ,) for some quadratic
space (V, q), the standard identification yields

I'(EndV,03,f,) =T (q) and Q(EndV,0y,,) = Q(q),

and the maps y and y( are identical respectively to the vector representation and to the map
o defined in (1.2). We next show that they satisfy analogues of (1.3) and Proposition 1.6.

Proposition 1.7. Let A = (A, o, {) be an F-algebra with quadratic pair of degree divisible
by 4. The Clifford group T'(N) is a subgroup of Q(W). More precisely,

L) = ' (Gm) € Q).
Moreover, Rz/r(Gm) € () and xo|r,,p(Gw) = Nz/F: Rz/rF(Gm) — Gm,
Int|ge) = C o Intoyg € Aut(C()) and Nzjpopu=poxo: QA) - Gm,
and
Xolran = - x: T(A) - OF(A).

Proof. The first part is proved in [13, (13.25)]. (Alternatively, it follows from Proposi-
tion 1.6 by Galois descent from a Galois splitting field of A.)

Let R be a commutative F-algebra. For z € Z; we have o"(z) = zand z * 12 =10 . 1(2),
hence z € () (R) with xo(z) = Nz, (z). The rest follows from Proposition 1.6 by scalar
extension to a splitting field of A. ]

Define y’: Q(A) — PGO* (A) by composing xo with the canonical map GO* (A) —
PGO™* (). Recall from [13, p. 352] the following commutative diagram with exact rows,
whose vertical maps are canonical:

X

1 Gm (A o (A) ——1
T
| —— Ry/r(Gum) o) X~ PGO* (W) — 1

The exact rows of this diagram show that T'() and Q () are connected, since G, 0" (A),
Rz/r(Gm) and PGO* () are connected.
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In the next proposition, we write RlZ / 7(Gm) for the kernel of the norm map
Nz/r: Rz/p(Gm) — Gn.

Proposition 1.8. Let A = (A, o, ) be an algebra with quadratic pair of degree divisible
by 4. The following sequence is exact:

15 RY 1 (Gm) = Q(A) *5 GO*(A) - 1.

Proof. Since ker yo C ker x’, it follows from the exactness of the lower row in (1.4) that
ker xo € Rz/r(Gm). Moreover, the following diagram is commutative with exact rows:

’

| — Rz ;1 (Gm) Q) — = PGO*(A) —— 1
NZ/Fl /\’ol ‘
1 Gm GO (A) —= PGO* (A) —— 1

Since we already know that ker o C Rz/r(Gm), it follows that ker yo = RIZ/F(Gm).

As GO* () is smooth, to prove that yg is onto it suffices by [13, (22.3)] to see that yq
defines a surjective map on the group of rational points over an algebraic closure. This is
clear from the last commutative diagram above, because the norm Nz, is surjective when
F is algebraically closed. u

As in the split case, we define the Spin group
Spin(A) = ker(u: T(A) — Gm) = ker(u: QA) — Rz/r(Gm))
and we have an exact sequence (see [13, p. 352]):
1 — p, — Spin(A) 5 OF(A) — 1.

We may also restrict the map x’ to Spin(2) to obtain a morphism y’: Spin(A) —
PGO™ (). This morphism is surjective since the vector representation y is surjective and
the canonical map O (A) — PGO* () is surjective. Its kernel is Rz (Gm) N Spin(A) =
Rz/r (1), hence the following sequence is exact:

1 5 Ryp(3) — Spin() X5 PGO*(A) — 1. (1.5)

The last proposition refers to the canonical quadratic pair (o, f) on C() defined by
Dolphin—-Quéguiner-Mathieu (see §1.2). Assuming deg A = 0 mod 8, we write €(U) for
the Clifford algebra of U with its canonical quadratic pair:

€M) = (C(W, 0. ).

Proposition 1.9. Let A = (A, o, T) be an algebra with quadratic pair. If deg A = 0 mod 8,
then Q(A) c GO* (E(N)).
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Proof. Let R be acommutative F-algebra and let & € Q(W)(R). Since y (&) € GO(A)(R),
it follows that Int(xo(€)) is an automorphism of g, hence C(Int(xo(£))) is an auto-
morphism of €(A)g. But Proposition 1.7 shows that C(Int(xo(£))) = Int(£), hence ¢ €
GO(C(A))(R). We thus see that Q(A) ¢ GO(E(A)). Since Q(A) is connected, it actually
lies in the connected component GO* (€()). n

1.4. Lie algebras of orthogonal groups

Throughout this subsection, A is a central simple algebra of even degree n = 2m over an
arbitrary field F, and (o, f) is a quadratic pair on A. We discuss several Lie algebras related
to the algebra with quadratic pair 2 = (A, o, f), and obtain different results depending on
whether the characteristic is 2 or not. The discrepancies derive from the observation that
the Lie algebra of the algebraic group scheme p, is F when char F' = 2, whereas it vanishes
when char F # 2.

The bracket [a, b] = ab — ba turns A into a Lie algebra denoted by £(A). As usual,
fora € Aweletad,: A — A denote the linear operator defined by

ad, (x) = [a, x] forx € A.

The following are subalgebras of £(A) associated with the quadratic pair (o, f); they
are the Lie algebras of the algebraic group schemes O() and GO(A) respectively, see
[13, §23.B]:

o(W) =Alt(o) ={a-0(a) |a € A}
go(A)={geA|o(g)+ge€Fand f([g,s]) =0forall s € Sym(o)}.
Note that o(2) depends only on o and not on §. Clearly, F c go(U). We let

pgo(A) = go(W)/F
and define
p:go(A) - F by f(g)=0(g) +g.

This map is the differential of the multiplier morphism u: GO(2A) — Gy, hence it is a
Lie algebra homomorphism.

Proposition 1.10. Let £ € A be such that §(s) = Trda(€s) for all s € Sym(o). Then

go(A)

{g € Aladgo0 =0 cadg and (foadg)(s) =0 forall s € Sym(o)}

= {g€A|Trda(gs) = (0(g) +8)f(s) forall s € Sym(co)}

= o(W)+<{F

(1.6)

and the following sequence is exact:

0— o(A) - go(W 5 F 0. (1.7)
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Moreover,
dim o(2) = dim pgo(A) = m(2m — 1) and dimgo(A) =m(2m —1) + 1.

Ifchar F # 2, the inclusion o(W) < go(N) is split by the map %(Id —0): go(A) — o(A),
and it induces a canonical isomorphism

o(A) — pgo(A).

If char F =2, the map pi induces a map pgo(W) — F for which we also use the notation fi,
and the map o(A) — pgo(W) induced by the inclusion o(W) — go(N) fits into an exact
sequence

0—>F—>0(‘2[)—>pg0(91)i>F—>0.

Proof. Forg,x € A,
(adg 00 — o 0 adg) (x) = [g, 07 (x)] — o ([g.x]) = [g + o (), T (x)].

Therefore, adg oo = 0 0 ad, if and only if g + 0" (g) € F, and the definition of go () readily
yields

go(A) ={g e A|adgoo =0 oad, and (foad,)(s) =0forall s € Sym(o)}.

Now, suppose g € A satisfies 07(g) + g € F, and let u = 0(g) + g. For s € Sym(o) we
have

Trda(gs) = f(gs + o (gs)) =(gs +50(8)) = Fgs +s(u —g)) = F([g, 5D +pf(s). (1.8)
Therefore, Trds(gs) = uf(s) for g € go(A) and s € Sym(o), hence
go(A) c {g € A| Trda(gs) = (o(g) +g)f(s) forall s € Sym(o)}.

To prove the reverse inclusion, suppose g € A satisfies Trda(gs) = (o (g) + g) f(s)
for all s € Sym(o). We first show that o(g) + g € F. If x € A is such that Trds(x) = 1,
then (o (x) + x) = 1, hence the hypothesis on g yields Trda (g (o (x) +x)) =o(g)+g,
which shows that o-(g) + g € F. Letting u = 0 (g) + g, we have by (1.8) above Trd4(gs) =
f(lg,s]) + uf(s) forall s € Sym(o). Onthe other hand, Trd 4 (gs) = i f(s) by the hypothesis
on g, hence f([g, s]) = 0, proving g € go(N).

The first two equations in (1.6) are thus proved. The second one shows that £ € go(2)
since Trd (¢s) = f(s) for all s € Sym(o) and o (€) + € = 1. This last equation also reads
1(€) =1, hence the map fi: go(A) — F is onto. The second characterization of go ()
in (1.6) also shows that

ker(gi: go(A) — F) ={g € A| Trda(gs) =0 forall s € Sym(o)},
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which means that ker(z) is the orthogonal complement of Sym(o-) for the bilinear form
Trd 4 (XY). This orthogonal complement is known to be Alt(o) by [13, (2.3)]. As o(2) =
Alt(0o), it follows that o(A) < go(A) and the sequence (1.7) is exact.

From the above observations it follows that

o(A) + CF C go().

We use dimension count to show that this inclusion is an equality, completing the proof
of (1.6). Note that £ ¢ o() since o(A) = ker(u) whereas fi(£) = 1. Therefore, dim(o () +
¢F) =1 +dim o(2). On the other hand, the exact sequence (1.7) yields dimgo(U) =1 +
dim o(2A), hence the proof of (1.6) is complete. Since dim Alt(c") = m(2m — 1) by [13,
(2.6)], we obtain

dimo(A) =m(2m—-1) and dimgo(A) =m2m —1) +1.

It follows that dim pgo (W) = m(2m — 1) because pgo(W) = go(A)/F.

If char F # 2, then we may take £ = % in the discussion above, so go(A) = o(A) & F
and pgo(A) =~ o(A) canonically.

If char F = 2, then F C Alt(o) because the involution ¢ is symplectic, and the map
(2 go(W) — F vanishes on F. Therefore, 1 induces a map pgo(A) — F whose kernel is
the image of o(). L]

When the algebra A is split, we may represent it as A = End V for some F'-vector space V
of dimension n. The quadratic pair (o, f) is then the quadratic pair (o, f,) adjoint to a non-
singular quadratic form g on V (see §1.1), and we write simply go(g) for go(EndV, 0., f,).

Proposition 1.11. Let g € EndV and u € F. We have g € go(q) and ji(g) = u if and only
if
b(g(u),u) = uqg(u) forallu eV. (1.9)

Proof. We use the standard identification V ® V =EndV setupin §1.1. Fors =u ® u €
Sym(c) we have gs = g(u) ® u, hence Trd(gs) = b(g(u),u). On the other hand f, (s) =
q(u),henceif g € go(q) and /i(g) = u then the second characterization of go(End V, 0, )
in (1.6) shows that (1.9) holds.

Conversely, if (1.9) holds, then Trd(gs) = u f,(s) for all s € Sym(oy) of the form
s=u®uwithu € V. Applying this to s = (u +v) ® (u +v) with u, v € V yields

Trd(g(u®@v+vQu)) =puf,(u@v+v®u) = uTrd(u @ v),

hence b(g(u),v) + b(u, g(v)) = ub(u,v). Since oy, is the adjoint involution of b, it follows
that 0, (g) + g = u. We thus see that Trd(gs) = (o5 (g) + g) f,(s) for all s € Sym(oy),
which proves g € go(g) by the second characterization of go(EndV, 0, f,) in (1.6). =
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Returning to the general case, where the algebra A is not necessarily split, let C()
denote the Clifford algebra of W = (A, o, f), and write ¢: A — C() for the canonical
map. Every g € go(2) defines a derivation 6, of C(2) such that

dg(c(a)) = c([g,al) fora € A; (1.10)

this can be checked directly from the definition of C() or by viewing the map g — J,
as the differential of the morphism GO(2) — Aut(C(2)) defined on rational points by
mapping g € GO() to C(Int(g)). The derivation 6, is uniquely determined by (1.10),
because c(A) generates A as an associative algebra.

Recall from [13, §8.C] that c(A) is a Lie subalgebra of £(C(2)). By [13, p. 351], ¢(A)
is the Lie algebra of the algebraic group I'(2), whose group of rational points is the Clifford
group I'(A), hence we call it the Clifford Lie algebra of U and write

Y() = c(A) € ¢(C(W).
The kernel of the map c¢: A — y () is ker(f) € Sym(o) by [13, (8.14)], hence
dimy(A) =m2m —-1) + 1. (1.11)

Let o be the canonical involution on C (), which is characterized by the condition
that o(c(a)) = c(o(a)) for a € A. We have

a(c(a)) +c(a) = c(o(a) +a) =f(o(a) +a) = Trda(a),
hence o(£) + & € F for & € y (), and we may define a Lie algebra homomorphism
ary(®) - F by p(&)=a(é)+¢, (1.12)
50 fi(c(a)) = Trd(a) for a € A. We let spin() denote the kernel
spin(A) =ker g = {c(a) | Trda(a) =0} C ¥(A),

which is the Lie algebra of the algebraic group Spin() defined in §1.3. By definition of
spin(A), the following sequence is exact:

0 — spin(A) — y(A) S F — 0,

and therefore
dim spin(A) = m(2m - 1). (1.13)

Recall from [13, (8.15)] the Lie homomorphism
x:7(A) — o(N), c(a) = a-o(a)foracA,

which fits in the following exact sequence

0—F (M5 o(A) 0. (1.14)
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That sequence is the Lie algebra version of the following exact sequence of algebraic groups
from [13, p. 352]:
1 = Gm — T(W 5 0 (A) - 1.

We let
s0(A) = y(spin(A)) = {a — o (a) | Trda(a) = 0} C o(A).

If char F # 2, then o(2) = Skew(o), hence every a € o() satisfies Trds(a) = 0 and

a= %a - o-(%a), hence

s0(2A) = o(A).

Moreover, in y(2) we have F N spin(A) = 0 because (1) = 24 for A € F, hence the
restriction of y is an isomorphism

¥ spin(A) — o(A). (1.15)
By contrast, if char F = 2 we may define a map
Trp: o(A) > F by Trp(a — o (a)) =Trda(a),

because Trda (Sym(o)) = 0. (The map Trp is the pfaffian trace, see [13, (2.13)].) For a,
b € A we have

[a-o(a),b-o(b)] = [a—-o(a),b] - 0([a-oc(a)b]),

hence
Trp([a — o (a),b — o (b)]) = Trda([a — o (a), b]) =0.

Therefore, Trp is a Lie algebra homomorphism. Note also that F' € spin(2) because fi(2) =
21 =0for A € F. Therefore, there is a commutative diagram with exact rows and columns:

0 0
F F

0 — spin(2A) y(A) = F 0 (1.16)
X X

0— so(2) o(MW) 2o F 0
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1.5. Extended Clifford Lie algebras

Throughout this subsection A is a central simple algebra of degree n = 2m over an arbitrary
field F, and we assume m is even. Let (o, f) be a quadratic pair on A, and let A = (A, o, ).
Recall from §1.3 the Clifford bimodule B(2l) with its canonical left A-module homo-
morphism b: A — B(2). We write Z for the center of C(2) and ¢ for the nontrivial
F-automorphism of Z.

Since the left A-module action on B(U) commutes with the left and right C (2)-module
actions, the condition o (¢) * Az -E= Ag in the definition of the extended Clifford group
Q(N) is equivalentto o (¢) * 17 - £ € A%. The Lie algebra of () is therefore as follows:

Definition 1.12. The extended Clifford Lie algebra of W is
oM ={EcCA) |a(é)+EeZand g (é) « 1P +17 - ¢ € AP},

It is shown in [13, p. 352] that the algebraic group scheme Q(2) is smooth, because
R7/r(Gm) and PGO* () are smooth and the lower row of the diagram (1.4) is exact.
Since dim Rz (Gm) = 2 and dim PGO™ (A) = m(2m — 1), it follows that

dim Q(A) = dim w(A) = m(2m — 1) +2.

For ¢ € w(A) we write
(@) =) +éez.

Since the map b is injective, for each ¢ € w(A) there is a uniquely determined element
x0(&) € A such that

(&) 17 +17 - £ = (&)
Thus, letting F[£] denote the algebra of dual numbers, where £2 =0, we have
c(1+88) 1% (1+8) = (1+ey0(8))”  foré € w(N).
This shows that ¥y is the differential of yo: Q(A) — GO™(A).

For the next statement, recall from (1.10) that every g € go() defines a derivation
of C() such that §4(c(a)) = c¢([g,a]) forall a € A.

Proposition 1.13. The Lie algebra w(N) is a subalgebra of &(C(N)) containing Z and
v (N), and xy, A are Lie algebra homomorphisms

Xo: o(A) — go(A) and A oN) - Z.
Moreover, xo(z) = Trz;r(2) € F forz € Z,
adg =y, (e) and  f(x0(€)) = Trz/r(a(€)) for € € (W),

and

xo0(§) =pa&) +x (&)  for&ey(A).
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Proof. That w() is a Lie subalgebra of £(C(A)) and o, s are Lie algebra homomor-
phisms is clear because w(2) is the Lie algebra of Q(A) and yo, s are the differentials of
xo and p: Q(A) — Rz/r(Gm) respectively. -

Over the algebra F[&] of dual numbers, Proposition 1.7 yields

Int(1 + &€) = C(Int(xo(1 + &£))) for & € w(N),

Hence for ¢ € w(A) anda € A

(I+&é)c(a) (1-eé) =c((1+exo(é)) a(l-exo(é))).

Comparing the coefficients of ¢ yields [, c(a)] = ¢([ xo(£),a]). Therefore, the derivations
adg and 6 () coincide on c(A), hence ad¢ = 6y, (#) because c(A) generates C(U) as an
associative algebra.

The other equations similarly follow by taking the differentials of xo(z) = Nz, (z) for

z€ 2%, u(xo(€)) = Nzjr (u(é)) for & € Q(A) and xo (&) = p(€)x(€) for & € T(A) (see
Proposition 1.7). |

Corollary 1.14. [fchar F # 2, then (W) = y(A) + Z.

Proof. If char F # 2, then Z N y(A) = F, while Proposition 1.13 shows that ¥ (W) + Z C
w(A). Dimension count then shows that w(A) = y(A) + Z. |

Note that Z C y(A) if char F = 2 (see [13, (8.27)]), hence y (W) + Z =y (A) € w(A)
in that case.

The following Lie algebra versions of the commutative diagram (1.4) and of Proposi-
tion 1.8 can be derived from their algebraic group scheme versions. We give a direct proof
instead.

Proposition 1.15. Let Z° = ker(Tr: Z — F) and let ¥': w(N) — pgo(N) be defined by
X' (&) = x0(&) + F for & € w(N). The following sequence is exact:

0— 2% = @) X% go(A) — 0. (1.17)

The following diagram is commutative with exact rows and canonical vertical maps:

0 F »(A) —X = () 0
l l (1.18)
0 z @A) —> pgo(A) —=0

Moreover,

y(A) ={£ € wN) | E(f) e F} and spin(A) = ker(/_l: w(N) - 7).



TRIALITARAN TRIPLES 23

Proof. We first show Z° = ker y¢. The inclusion Z° c ker y( follows from Proposition 1.13.
To prove the reverse inclusion, let ¢ € ker y¢. Proposition 1.13 yields [£, c¢(a)] = 0 for all
a € A. As c¢(A) generates C (), we conclude that £ € Z. But then Proposition 1.13 shows
that xo(¢) = Trz,r(€), hence & € Z0.

Dimension count now shows that yy is surjective, hence (1.17) is an exact sequence.

The upper sequence of diagram (1.18) is (1.14). We have just seen that yg is surjective,
hence y’ also is surjective. By Proposition 1.13, its kernel contains Z. Dimension count
then yields ker ¥’ = Z, hence the lower sequence of the diagram is exact. Commutativity
of the diagram follows from Proposition 1.13, since 11(¢) € F for & € y ().

This last observation shows that () lies in the kernel of the map

%: w(N) - Z/F, §|—>E(§)+F.

We have to prove that y () = ker x. To see this, it suffices to show that x is onto, because
dimy(A) = (dimw(W)) — 1 and dim(Z/F) = 1.

If char F # 2, surjectivity is clear because pi(z) = 2z for all z € Z. If char F = 2, we
pick an element £ € go() such that ji(¢) = 1. Since yy is onto, we may find & € w(A)
such that yo(&) = €. Then by Proposition 1.13 we have Trz, ¢ (11(£)) = 1, hence fi(€) ¢ F.
This shows # is onto. B -

To complete the proof, it suffices to observe that spin(A) = ker(g: y(A) — F) by
definition. h ]

When char F' = 2 we have i(Z) = 0, hence Z C spin(U) and we may define a Lie
algebra homomorphism S: pgo(A) — Z by

S(g+F) = (&) forany ¢ € w(A) such that ¥’ (£) = g+ F.

Corollary 1.16. If char F # 2, then ¥’ vyields an isomorphism spin(2) — pgo(2).
If char F = 2, the restriction of ¥’ fits in the exact sequence

0— Z — spin(A) X, pgo(A) 3, Z — 0.

Proof. 1f char F # 2 we saw in (1.15) that y yields an isomorphism spin () ~ o(A), and
in Proposition 1.10 we saw that the canonical map is an isomorphism o(2) — pgo(2),
hence y’ is an isomorphism spin(A) =~ pgo(A).

For the rest of the proof, assume char F = 2. Since ' : o (W) — pgo(YA) is onto and
spin(A) = ker gz by Proposition 1.15, it is clear from the definition of § that ker § =

X (spin(A)). As S(pgo(A)) C Z, it follows that
dim pgo(A) — dim y’ (spin(A)) < 2. (1.19)

On the other hand we have Z C spin(2) because a (Z) =0, and Z c ker y’ by Proposi-
tion 1.15, hence
dim y’(spin(A)) < dim spin(A) - 2. (1.20)
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As dim pgo(N) = m(2m — 1) = dim spin (W) by Proposition 1.10 and (1.13), the inequali-
ties (1.19) and (1.20) cannot be strict. Therefore, Z =ker y’ = S (pgo(‘ll)) and the corollary
is proved. ]

Finally, we consider the case where m is divisible by 4; then C () carries a canonical
quadratic pair (o, ) defined by Dolphin-Quéguiner-Mathieu: see the end of §1.2. As in
Proposition 1.9, we let

W) = (C(W),o.1).
Proposition 1.17. Ifdeg A = 0 mod 8, then w(A) c go(C(A)).

Proof. The definition of w () entails that o (£) + ¢ € Z for all ¢ € w(A), hence it suffices
to prove f([£, s]) = 0 for & € w(A) and s € Sym(c). By the definition of {, this amounts
to showing that if ¢ € A is such that Trd4 (@) = 1, then

Trdcany(c(a) [€,5]) =0 for ¢ € w(A) and s € Sym(o).
For this, observe that

Trde () (c(a) (és — s&€)) = Trde ) ((£c(a) — c(a)é)s).

Now, by Proposition 1.13 we have [£, c(a)] = ¢([x¥0(£), al). As Trda([xo(£),a]) =0, it
follows that c([ xo(£),a]) € spin(A). Now, spin(A) c Alt(o) by [7, Lemma 3.2], hence

Trde (an (c([)'(g(.f), a])s) =0 for all s € Sym(o). [ ]

Remark 1.18. When char F = 2, the Lie algebra £(A) has an additional structure given by
the squaring map a — a?, which turns it into a restricted Lie algebra. It can be verified that
the Lie algebras o(), so(A), go(A), pgo(A), y (A), spin(A), w(A) are all restricted (i.e.,
preserved under the squaring map), and the maps 4, i, ¥, Trp, o, S are homomorphisms
of restricted Lie algebras (i.e., commute with the squ_aring map). The proof is omitted, as
the restricted Lie algebra structure will not be used in this work.

1.6. Homomorphisms from Clifford algebras

Throughout this subsection, A = (A, o, f) is an algebra with quadratic pair of degree 2m
over an arbitrary field . We assume m = 0 mod 4 and the discriminant of (o, f) is trivial,
which implies that the Clifford algebra C () decomposes as an algebra with quadratic pair
into a direct product of two central simple F-algebras with quadratic pair of degree 2!,
We further choose a polarization of U (see Definition 1.4), which provides a designation of
the primitive central idempotents of C(2) as z; and z_. The simple components of C ()
are then
C. (W =C(Wz, and C_(MW=Cc(Wz_.

We write . : C(U) — C4(A) and n_: C(A) — C_(A) for the projections:

m(§) =&z, () =&z forg e C(N),
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and let
CA) = (C(A), . 1).

Given another central simple F-algebra with quadratic pair A’ = (A, 0, §’) of degree 2!,
we define a homomorphism of algebras with quadratic pair

0: CA) - WA (1.21)
to be an F-algebra homomorphism ¢: C(2) — A’ such that
goa=c"op and ¢(i(s)) = (¢(s)) forall s € Sym(c).

Since we assume dim A’ = % dim C (), such a homomorphism factors through one of the
projections 7, or 7_, and maps the center Z of C() to F. It readily follows that ¢ defines
a morphism GO(C€(2)) — GO(A’) and maps go(C(A)) to go(A”).

Definition 1.19. We say that ¢ has the + sign if it factors through =, (i.e., ¢(z4) = 1 and
¢(z-) =0), and that ¢ has the — sign if it factors through 7_ (i.e., ¢(z+) =0and ¢(z-) = 1).

Since Q(A) ¢ GO*(€(A)) by Proposition 1.9, we may restrict ¢ to Q(A) to obtain
the following commutative diagram with exact rows, where =+ is the sign of ¢:

’

| — Rz /1 (Gm) Q) —X = PGO*(A) — 1
l wt ¢l (1.22)
1 Gm GO* (W) —= PGO* (W) — 1

We also consider the corresponding diagram with exact rows involving the differentials:

o’

0 Z w(N) ad pgo(A) ——0
j q;l ej (123)
0 F go(W) pgo(A') ——=0

Since ¢ o o = 0’ o ¢, it follows that ¢ o = u o ¢ on Q(A), hence ¢ maps Spin(A)
to O*(W). Restricting the morphism ¢ to Spin(2), we obtain from (1.22) the following
commutative diagram of algebraic group schemes with exact rows:

| — Ry (1) — Spin(A) —= PGO*(A) —— 1

l ¢l ¢l (1.24)

1 A 0* (W) —= PGO* (W) — 1|

Our goal in the rest of this subsection is to show that the map 6 in (1.23) determines
the homomorphism ¢ in (1.21) uniquely.
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Definition 1.20. Given ¢ as in (1.21), of sign =+, the Lie algebra homomorphism
6: pgo(A) — pgo(A’)

in diagram (1.23) is said to be induced by ¢. Changing the perspective, a Lie algebra
homomorphism 8: pgo(W) — pgo(W’) is said to be liftable if it is induced by some homo-
morphism of algebras with quadratic pair ¢, which is then called a /ift of 6. If 8 is induced
by a homomorphism ¢, the sign of 6 is defined to be the same as the sign of .

The following theorem shows that the latter definition is not ambiguous:

Theorem 1.21. If a Lie algebra homomorphism 0: pgo(A) — pao(W’) is liftable, then
its lift is unique.

Proof. Tt suffices to prove the theorem after scalar extension. We may therefore assume
A = (EndV, 0, f,) for some hyperbolic quadratic space (V, g) of dimension 2m. We use
the standard identification V ® V = EndV setup in §1.1.

Since g is hyperbolic, by decomposing V into an orthogonal sum of hyperbolic planes
we may find a base (e;, e;);"] of V such that

q(e:) = q(e;) = b(ei,ej) = b(ej, e) =0 foralli,j=1,...,m

and
1 ifi=j,
blee=1 "7/
0 ifi#j.
The products e;e;, eie;., elej, e;e;. fori, j=1,....,mspanV -V c Cy(V, gq), hence they

generate Co(V, g) as an F-algebra. Since g(e;) = g(e;) = 0 for all i, we do not need to
count e;e; nor e;e} among the generators if i = j. Moreover, eje;. + e;.ej =b(ej, e}) =1
for all j, hence if i # j

eie; = e,-(eje;- + e}ej)e; = (eiej)(e;.e;) + (e[e})(eje;)
and similarly

ee; = ei(eje +elej)e; = (ejej)(ee;) + (eje))(ejer).
These equations show that e;e; and ee; lie in the subalgebra of Cy (V,q) generated by eey,
ere,, e;ceg, e;cez forall k # €in {1,...,m}. Therefore, these elements generate Cy(V, q).

Consequently, if 1, ¢2: Co(V,q) — A’ are two lifts of a given 8: pgo(A) — pgo(A’),
it suffices to prove that ¢; and ¢, coincide on eyer, exe), e e, e e, for all k # € in
{1,...,m} to conclude that ¢| = ¢,. This is what we proceed to show.

The condition that ¢ and ¢, induce the same 6 means that ¢ (&) — ¢ (£) € F for all
¢ € w(q), hence

e1([é1,&]) = p2([€1, &2]1) for all &1, &2 € w(q).
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We apply this to &] = c(u; @ v1) = ujv; and & = c(uy ® v2) = upvy € ¥(q) C w(q) for uy,
up, vy, vy € V. Ifi # j, we have

[e,-ej,ejej] =ejejeej —eiejeie;.

Since e; and e anticommute and e? = 0, the second term on the right side vanishes. In the
first term, we may substitute 1 — e’.e; for e je’; and use e? = 0 to obtain

leiej. eej] = ei(1—elej)e; = eie;.
Similar computations yield for all i # jin {1,...,m}

[eie), eje’] = eie’, lejej. eiej] = ejej, leje), eje] = eje’.

Since ¢ and ¢, take the same value on each [£1, &;] for &1, &5 € w(q), it follows that ¢

’ 7 . . _
and ¢, coincide on each e;ej, ¢; e], eje; and eie; fori # j, hence ¢; = . ]

Corollary 1.22. Let 6: pgo(W) — pgo(W’') be a homomorphism of Lie algebras and let

K be a Galois field extension of F. If Ok : pgo(W)x — pao(W )k is liftable, then 6 is
liftable.

Proof. Letg: C(W)g — A} be the lift of 6k, and let p be an element of the Galois group
of K/F. Then (Idar ®p) o ¢ o (Idc(ay ®p ") : C(Wk — Al is alift of (Idpgo(ary ®p) ©
Ok o (Idpgo(ar) ®p ') = Ok, hence, by uniqueness of the lift,

(Ida ®p) o @ o (Idc() ®p ") = ¢.

Therefore, |c ) maps C(U) to A’; it lifts 6 since ¢ lifts 0. |

2. Compositions of quadratic spaces

This section introduces the notion of a composition of quadratic spaces. We emphasize
an important feature of compositions, which will be central to the definition of trialitarian
automorphisms in the next section: each composition gives rise to two other compositions
on the quadratic spaces cyclically permuted. Restricting to the case where the quadratic
spaces have the same finite dimension, we show that this dimension is 1, 2, 4 or 8, the
comparatively trivial case of dimension 1 arising only when the characteristic of the base
field is different from 2. In order to prove this fairly classical result along the same lines as
in [18, Cor. 1.12] we set up isomorphisms of algebras with involution or with quadratic pair
involving Clifford algebras. In dimension 8, these isomorphisms will provide in the next
section examples of trialitarian triples of split algebras. In §2.3 we investigate similitudes
and isometries of compositions of quadratic spaces, which define algebraic groups that are
close analogues of those attached to quadratic spaces.
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Even though the quadratic spaces in a composition are not necessarily isometric, it
is easy to see that every composition of quadratic spaces is similar to a composition of
isometric quadratic spaces (see Proposition 2.16). The focus in the last two subsections is
on this type of compositions. Using a related notion of composition of pointed quadratic
spaces, we show in §2.4 that every composition of isometric quadratic spaces is isomorphic
to its derivatives and also to a composition that is its own derivative, and in §2.5 we discuss
compositions of quadratic spaces arising from the classical notion of composition algebra.
To each composition algebra is associated a composition of isometric quadratic spaces,
and isotopies of composition algebras are shown in Theorem 2.34 to be similitudes of the
associated compositions of quadratic spaces.

Throughout this section, F is an arbitrary field. Unless explicitly specified, there is no
restriction on its characteristic char F'.
2.1. Composition maps and their cyclic derivatives

Let (V1,q1), (V2, q2), (Va, g3) be (finite-dimensional) quadratic spaces over F. Write by,
by, b3 for the associated polar bilinear forms

bil ViXVi HF, bi(xi,yi)=qi(xi+yi)—qi(xi)—qi(yi) fori = 1,2, 3.

We assume throughout that the forms b, by, b3 are nonsingular, hence each dim V; is even
if char F = 2, and we may use the polar forms to identify each V; with its dual V;". Bilinear
maps V; X V, — Vj3 are then identified with tensors in V3 ® V, ® Vi, so that for v; € V; the
tensor v3 ® vy ® vy is regarded as the bilinear map

VixV, — Vs, (x1, x2) = v3 ba(v2, x2) b1 (v1,x1).
Let
:VseVhoV, 5 VieVseV, and 02 Vi@VheV, -5 VeV eV,

be the isomorphisms that permute the tensor factors cyclically. These maps allow us to
derive bilinear maps V, X V3 — V;j and V3 X V| — V, from a given bilinear map V; x V, —
V3. In our notation, bilinear maps are adorned with the same index as the target space.

Proposition 2.1. Let +3: V| X Vo, — V3 be a bilinear map, and let %| = 0(x3) and ) =
8%(%3) be the derived maps

x1: Vo x V3 - V|, 21 V3 XV - V).

The maps = and *, are uniquely determined by the following property: for all x| € Vi,
Xy € Vo, x3 € V3,

b1(x1, x2 %1 x3) = ba(x2, X3 %2 X1) = b3(x3, X1 *3 X2). 2.1



TRIALITARAN TRIPLES 29

Proof. Uniqueness is clear because the forms b; and b, are nonsingular. By linearity, it
suffices to prove (2.1) in the case where *3 = v3 ® v, ® v] for some vy € Vi, 17 € Vo, 03 € V3.
Then *; = v; ® v3 ® vy and *; = vy ® v] ® v3, and each of the terms in (2.1) is equal to
b1(v1,x1)b2(v2, x2)b3(v3, x3). u

The bilinear maps of interest in this work satisfy the following multiplicativity condi-
tion:

Definition 2.2. A composition map *3: Vi X V, — V3 is a bilinear map subject to
q3(x1 *3 x2) = q1(x1)q2(x2) forx; € Vi and x3 € V». (22)

Even though this notion makes sense—and is studied for instance in [18, Chap. 14]—
when the dimensions of Vj, V, and V3 are not the same, we will always assume in the sequel
that dimV; = dimV, = dim V3.

Proposition 2.3. Let «3: V| X V, — V3 be a composition map, with dim V| = dimV, =
dim V3. The derived bilinear maps | and =, are composition maps, i.e., for all x| € Vi,
Xy € Vo, x3 € V3,

q1(x2 %1 x3) = g2(x2)q3(x3) and  q2(x3 %2 x1) = q3(x3)q1(x1). (2.3)

Moreover, the following relations hold for all x|, y1 € Vi, x2, y2 € V2, X3, y3 € V3

b3 (x1 *3 x2,x1 %3 y2) = q1(x1)b2(x2, ¥2), (2.4)

b3(x1 #3 X2, y1 *3 x2) = b1(x1, y1)q2(x2), (2.5)

b1 (x2 *1 x3,x2 %1 y3) = g2(x2)b3(x3,y3), (2.6)

by (x2 *1 X3, y2 *1 x3) = ba(x2,¥2)q3(x3), (2.7)

ba(x3 %2 x1,x3 %2 y1) = q3(x3)b1(x1, 1), (2.8)

ba(x3 2 X1, y3 %2 x1) = b3(x3,¥3)q1(x1), (2.9)

(x1#3x2) }2x1 =x2q1(x1)  and  x2 (X1 %3 x2) = x192(x2), (2.10)
(x2 %1 x3) *3 X2 = x3q2(x2)  and X3 (x2 %1 X3) = X2q3(x3), (211
(x3#2x1) *1 X3 =x193(x3)  and  x1 %3 (x3 %2 x1) = x3q1(x1), (2.12)
(x1 %3 X2) #2 Y1 + (¥1 #3 X2) *2 X1 = X2b1(x1,y1), (2.13)

x2 %1 (X1 %3 y2) +y2 *1 (X1 #3 x2) = x1b2(x2, ¥2), (2.14)

(x2 #1 Xx3) *3 y2 + (y2 *1 X3) *3 X2 = x3b2(x2, ¥2), (2.15)

x3 %2 (X2 %1 y3) + 3 *2 (X2 %1 x3) = x2b3(x3,¥3), (2.16)

(x3 *2 x1) *1 y3 + (¥3 *2 x1) *1 X3 = x1b3(x3,3), (2.17)

X1 #3 (X3 %2 1) +y1 *3 (X3 %2 X1) = x3b1 (X1, y1)- (2.18)
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Proof. First, (2.4) and (2.5) are obtained by linearizing (2.2). By (2.1) and (2.4) we have
forxl eV and X2, Y2 € 1%

by ((x1 %3 x2) *2 x1,¥2) = b3(x1 *3 X2, X1 *3 y2) = q1(x1)b2(x2, y2).
Since b, is nonsingular, it follows that (x #3 x2) *, x| =x2¢1(x1). Similarly, (2.1) and (2.5)
yield
bi(y1,x2 %1 (x1 #3x2)) = b3(y1 %3 X2, X1 *3x2) = b1(y1,x1)g2(x2) forall y; € Vy,

hence x; #1 (x] *3 x3) = x1¢2(x2). We thus obtain (2.10); then (2.13), (2.14) follow by
linearization.

The main part of the proof consists in proving (2.3). For this, fix an anisotropic vector
x2 € V. The map ry, : Vi — V3 defined by 7y, (x1) = x1 *3 x2 is injective, for x| %3 x, =0
implies x; = 0 by (2.10). Since dim V| = dim V3 the map r, is also surjective, hence every
x3 € V3 can be written as x3 = x1 %3 xp for some x; € V. Then by (2.10)

X2 %1 X3 = X2 *1 (X1 %3 X2) = x192(x2),

hence
q1(x2 #1 x3) = q1(x1)g2(x2)*.

But since x3 = x; *3 x, it follows from (2.2) that g3(x3) = ¢1(x1)g2(x2), hence the right
side of the last displayed equation can be rewritten as g, (x2)g3(x3). We have thus proven
q1(x2 %1 x3) = q2(x2)g3(x3) when x; is anisotropic. Moreover, by (2.10) we have for all
2€WV

bi(xz %1 x3, 22 %1 X3) = by (x2 %1 (x1 *3 X2), 22 %1 (X1 %3 x2))
= qa(x2)b1(x1, 22 %1 (x1 3 x2)).
By (2.1) and (2.4),
by (x1,22 %1 (x1 %3 x2)) = b3(x1 #3 22,1 %3 X2) = q1(x1)b2(22,X2),
hence, as g1 (x1)q2(x2) = g3(x3),
by (x2 *1 X3, 22 %1 x3) = ba(x2,22)q3(x3). (2.19)

Now, assume x, is isotropic. Pick anisotropic vectors y,, z» € V5 such that x, = y, + z».
(If dim V, > 2, we may pick any anisotropic y, orthogonal to x, and let zo = x, — y».) By
the first part of the proof we have

q1(y2 *1 x3) = q2(¥2)q3(x3) and  qi(z2 %1 x3) = q2(22)q3(x3).

Moreover, (2.19) yields

b1(y2 #1 x3,22 *1 X3) = ba(y2,22)q3(x3).
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Therefore,

q1(x2 #1 x3) = q1(y2 %1 X3) + b1 (y2 *1 X3, 22 *1 X3) + q1(22 *1 X3)

= q2(y2)q3(x3) + b2 (y2,22)q3(x3) + g2(22)g3(x3) = g2(x2)g3(x3).

Thus, the equation g (x3 *1 x3) = g2(x2)g3(x3) is proved for all x; € V, and x3 € V3. The
proof of g5 (x3 %3 x1) = q3(x3)q1(x1) for all x3 € V3, x| € V] is similar, using bijectivity of
the map £y, : Vo — V3 carrying x; to x; *3 x2 for x; anisotropic. This completes the proof
of (2.3), and (2.6), (2.7), (2.8), (2.9) follow by linearization.

The same arguments that gave (2.10) from (2.4) and (2.5) yield (2.11) from (2.6) and
(2.7), and also (2.12) from (2.8) and (2.9). The relations (2.15) and (2.16) (resp. (2.17) and
(2.18)) are derived by linearizing (2.11) (resp. (2.12)). ]

Remark 2.4. The derived maps of a composition map between quadratic modules of con-
stant rank 8 over a commutative ring are defined by Alsaody in [3, p. 886] using the
equations (2.1). From the proof of [3, Prop. 3.7], it follows that these derived maps are
composition maps.

Our main object of study in this section is defined next.

Definition 2.5. A composition of quadratic spaces over F is a 4-tuple

% = ((Vi.q1), (V2. q2), (V3,43), %3)

where (V1,q1), (Va, q2), (V3, g3) are nonsingular quadratic spaces of the same dimension
over F and #3: V| XV, — V3 is acomposition map. We write dim % =n ifdimV; =dimV, =
dim V3 = n.

In view of Proposition 2.3, each composition of quadratic spaces € yields derived
compositions of quadratic spaces € and 6*% defined by

0€ = ((V2,q2), (V3,43), (Vi,q1), *1)

and
0*€ = ((V3,q3), (Vi,q1), (Va,q2), ).

The composition maps #; and =, are called the derived composition maps of x3. Since 0 is
a cyclic operation of period 3, we have

d(0%) = 6°@, 0*(0%) =€ = 0(0°6),  0*(0°C) = I%.

Examples 2.6. (1) Let A be either F, a quadratic étale F-algebra, a quaternion F-
algebra or an octonion F-algebra, andletns: A — F be (respectively) the squaring
map, the norm, the quaternion (reduced) norm or the octonion norm. Assuming
char F # 2 if A = F, we know from the properties of these algebras that multipli-
cation in A defines a composition of quadratic spaces

€ = ((A,n4), (A,na), (A,na), *3).
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This particular type of composition is discussed in §2.5 in relation with composition

algebras. Note that if A # F the derived composition maps #; and *; are not simply

given by the multiplication in A; see Proposition 2.29.

Let U be an F-vector space of dimension 4 and let U* be its dual space. Let also

s: A*U — F be an F-linear isomorphism. Define

* Vi=U"®Uandgq,: V) — F the (hyperbolic) quadratic form defined by ¢; (¢ +
u) =¢(u) foro e U and u € U,

e V,=U@® A*U and q>: Vo — F the (hyperbolic) quadratic form defined by
Gru+& =s(uAé) forueUandé e \2U;

e V3=F® AN*U® \*Uandg3: V3 — F the (hyperbolic) quadratic form defined
by g3(@+&+n) = s(an — P(¢)) fora € F, £ € A>U and 5y € \* U, where
P: A2U — A*U is the “divided square” map uniquely determined by the
conditions that P(u; A up) = 0 for uy, up € U and that its polar bilinear form
satisfies bp (£, £2) = & A & for &1, &2 € N> U.

For ¢ € U*, letalso d,,: A*U — A? U be the linear map such that

de(uy ANuaA3) = @(uy)uz Auz — @(up)uy Aus +@(uz)uy Aus
for uy, us, uz. Then the map *3: V; x Vo — V3 given by
(p+uw)s3 (' +&) =) +dy(E) +unu' +uné

foru,u’ € U, ¢ € U* and & € \* U is a composition of quadratic spaces of dimen-
sion 8. This follows from straightforward computations left to the reader. (This
example is inspired by the description of the Clifford algebra of a hyperbolic quad-
ratic space in [13, (8.3)].)

The following examples are obtained in relation with a Galois F-algebra L with ele-
mentary abelian Galois group {1, o, 02, 03}, i.e., an étale biquadratic F-algebra.

3)

“)

Assume char F # 2, and for i = 1, 2, 3 let V; denote the following 1-dimensional
subspace of L:
Vi={xi € L|0o;(x;) = —x; for j #i}.

Define g;: V; — F by q;(x;) = xiz. For x; € V| and x; € V, we have x;x, € V3 and
(x lxz)2 = x%x%, hence multiplication in L defines a composition map *3: Vi XV, —
V3. The derived composition maps *| and #, are also given by the multiplication
in L.

Let A be a central simple F-algebra of degree 4 containing L. Assume char F # 2
and F contains an element { such that 2=_1.Fori=1,2,3, define

Vi = {xi €A |Xi€ = O'i(f)xi forall € € L}

The F-vector space V; has dimension 4 and carries a quadratic form g; given by
qi(x;) = TrdA(xl.z), where Trd, is the reduced trace. It is shown in [16] that the
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following formula defines a composition map #3: Vi X V, — Vs:
xpx3x2 = (1+xixa + (1 = Oxoxy.
The derived maps are given by similar formulas:

xp %1 x3 = (1+O)xx3 + (1 = O)xsxp for x, € V5 and x3 € V3,

X3 %) X1 = (1 +§)x3x1 + (1 - g)X1X3 fOI'X3 S V3 andx1 eV.

A characteristic 2 version of these composition maps is given in [20].

(5) Compositions of dimension 8 from central simple algebras with symplectic invo-
lution of degree 8 are given in a similar way in [4].

2.2. Canonical Clifford maps

Our goal in this subsection is to obtain structural information on the quadratic spaces for
which a composition exists. This information will be derived from algebra homomorphisms
defined on Clifford and even Clifford algebras.

Throughout this subsection, we fix a composition of quadratic spaces

% =((V1,q1), V2, q2), (V3,43), *3)

and we let #; and *; denote the derived composition maps of #3, as per Definition 2.5. For
each x; € V| we may consider two linear maps

fxl . Vz i V3, X2 = X1 %3 X2 and Ty, : V3 - Vz, X3 = X3 % X1.
By (2.10) and (2.12) we have
fxl Orxl =511(x1)IdV3 and rxl ofxl ZQI(XI)IdVZ .

Therefore, the linear map

a: Vi = End(V, ® V3), X ( 0 rx‘)
6 0

extends to an F-algebra homomorphism defined on the Clifford algebra C(Vy, q1):
C(a): C(Vi,q1) — End(V; ® V3).

The image of the even Clifford algebra Cy(V1, ¢1) lies in the diagonal subalgebra, hence
C(a) restricts to an F-algebra homomorphism

Co(a): Co(Vi,q1) — (EndV;) x (End V3).

We write 7; for the involution on C(V1, ¢1) that leaves every vector in V] fixed, and 7 for
the restriction of 71 to Co(V1, g1). We let 0, 1 b, (resp. op,, 1esp. 0, ) denote the involution
on End(V, @ V3) (resp. End V,, resp. End V3) adjoint to b, L b3 (resp. by, resp. b3).
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Theorem 2.7. The maps C(a) and Co(a) are homomorphisms of algebras with involution

Cla): (C(Vi,q1),71) = (End(V2 @ V3), 0%, 183),
Co(@): (Co(V1,q1),701) — (End V3, 0,) X (End V3, 05).

Moreover, dim€ =1, 2, 4 or 8.

Proof. For the first part, it suffices to show that for x; € V|,

- 0 ry B 0 ry
btbsle 0) "\, o)

This amounts to proving that for x; € Vi, x, yo € Vo and x3, y3 € V3
ba(x3 %3 x1,y2) + b3(x1 *3 X2, ¥3) = ba(x2, y3 *2 X1) + b3(x3, X1 *3 y2),

which follows from (2.1).

To determine the various options for dim €, observe that the map C(«) endows V, &
V3 with a structure of left C(Vy, g1)-module; similarly, V, and V3 are left modules over
Co(V1,q1) through Co (). This observation yields restrictions on the dimensions of V, and
V3, because the dimension of a left module over a central simple algebra A is a multiple of
(deg A)(ind A), where deg A is the degree of A and ind A is its (Schur) index.

Letn=dim%. If nis even, then C(V, ¢q1) is a central simple F-algebra, and V, & V3 is
a left module over C(V}, g1) through C(a), hence (deg C(Vy, q1))(ind C(V1, q1)) divides
2n. Since deg C(Vy, 1) = 2"/2, it follows that 2/? divides 2n, hence n = 2, 4 or 8.

If n is odd, the even Clifford algebra Cy(V1, q1) is central simple over F, and V; is a
left module over Cy(V1, 1) through Cy(a), hence (deg Co(V1,q1))(ind Co(V1, q1)) divides
dim V5. As deg Co(Vi, 1) = 2*~D/2  this means that 2*~1/2ind Cy(V}, q1) divides n. As
n is assumed to be odd, we must have n = 1. [

Mimicking the construction above, we attach to the derived compositions 0€ and 8*w
linear maps

o Vo = End(Vz ® V), Xy ( 0 sz)
6, 0

and

0 7y
a”: V; — End(V1 D Vz), X3 ( g 3) .
by O

These maps yield homomorphisms

C(a’): (C(Va,q2), 1) — (End(V3 ® V1), 0p;1p,)s

, (2.20)
Co(a’): (Co(Va,q2), 102) — (End V3, 0%,) x (End Vi, 07p,))

and
C(a"”): (C(V3,93),13) — (End(Vi ® V1), 0, 1,),

; 2.21)
Co(a”): (Co(V3,q3),703) — (End Vi, 0p,) X (End V2, 0,).
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We next take a closer look at compositions of the various degrees. If dim € = 1, then
char F # 2 since odd-dimensional quadratic forms are singular in characteristic 2. If g
represents 1; € F* and g, represents A, € F*, then by multiplicativity g3 represents 1,1, €
F*, hence also (1;12)~". Thus in this case there exist A1, 1>, 13 € F* such that 1;1,13 = 1
and

q1 = (A1), gz = {Az), g3 = {d3),

and (1) L g1 L g2 L g3 is a 2-fold Pfister form. We will mostly ignore this easy case. (See
however Example 2.6(3).)

Proposition 2.8. Let dim € = 2. There exists a 1-fold Pfister form ng, uniquely determined
up to isometry, and scalars 1y, Ay, A3 € F* such that 112,13 = 1 and

q1 = {A1)ng, g2 = (A2)ng, q3 = {A3)ng.

The form ng L q1 L g2 L g3 is a 3-fold Pfister form canonically associated to € up to
isometry.

Proof. Since dim V) = 2, we have q| =~ (1) )ng for some 1; € F* and some uniquely deter-
mined 1-fold Pfister form ng. For any anisotropic y, € V5, the map ry, : Vi — V3 carrying
X1 to x| *3 y; is a similitude with multiplier g, (y;) by (2.2), hence g3 =~ (g2(y2))q1. Sim-
ilarly, for any anisotropic y; € Vi the map £y, : V, — V3 is a similitude with multiplier
q1(y1), hence g3 = (q1(y1))q2. Therefore,

q3 = (192(y2))n% and g2 = (q1(»1))q3 = (A191(y1)q2(y2))n%.

Now, 41¢1(y1) is represented by ng since g1 ~ (11 )ng, hence (1,41 (y1))ng ~ ng. Letting
Ay = qz(yz) and A3 = (/11QQ(y2))7], we then have 11,43 = 1 and

q1 = (A)ng, q> = {Ar)ng, g3 = {A3)ng. L

Proposition 2.9. Let dim € = 4. There exists a 2-fold quadratic Pfister form ng, uniquely
determined up to isometry, and scalars A1, A3, 13 € F* such that 111,43 = 1 and

q1 = {d1)ng, q2 = (2)ng, g3 = (A3)ng.

The form ng L q1 L g2 L g3 is a 4-fold Pfister form canonically associated to € up to
isometry.

Proof. Consider the homomorphisms of algebras with involution induced by Co(a):
¢2: (Co(Vi,q1),7t01) = (EndVa,00,)  and  ¢3: (Co(Vi,q1),701) = (End V3, 0%,).

If Zis afield, then Cy(V}, q1) is simple and its image under ¢, is the centralizer in End V; of a
separable quadratic subfield fixed under o7,,. But the restriction of 03, to such a centralizer
is an orthogonal involution (see [13, (4.12)]), whereas 7¢; is symplectic, so this case is
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impossible. Therefore, Z is not a field, which means that the discriminant (or Arf invariant)
of g is trivial. It follows that ¢ is a multiple of some uniquely determined 2-fold Pfister
form ng. The same arguments as in the proof of Proposition 2.8 show that there exist 41,
Ay, A3 € F* such that g; ~ (1;)ng fori = 1,2, 3. n

Finally, we consider the case where dim & = 8. Recall from § 1.2 that in this case the Clif-
ford algebra C(V1, g1) and the even Clifford algebra Cy(V, ¢1) carry canonical quadratic
pairs. We use for these quadratic pairs the notation (71, 1) and (791, go1) respectively.

Proposition 2.10. Let dim € = 8. The canonical maps C(«) and Cy(a) are isomorphisms
of algebras with quadratic pair

C(@): (C(Vi,qn)s71,81) = (End(V2 ® V3), 0,15 Ty 145)-
Co(@):  (Co(Vi,q1), 701, 801) — (End V2, 0%,,1,,) X (End V3, 0, g, ).

Moreover, there exists a 3-fold quadratic Pfister form ng, uniquely determined up to isom-
etry, and scalars 11, Ay, A3 € F* such that 111,13 = 1 and

q1 = {A1)ng, q2 = {2)ng, q3 = {A3)ng.

The form ng L q1 L g2 L g3 is a 5-fold Pfister form canonically associated to € up to
isometry.

Proof. In this case we have dim C(Vy, q1) = dimEnd(V; @ V3). Since the algebra C(Vy, 1)
is simple, it follows that C (@) is an algebra isomorphism, hence C(V, q1) is split. Moreover,
Co(a@) also is an isomorphism, hence the center of Cy(V1, ¢1) is isomorphic to F X F, and
therefore the discriminant (or Arf invariant) of ¢ is trivial. It follows that ¢ is a multiple of
some uniquely determined 3-fold Pfister form ng, and the existence of 11, 23, 13 € F* such
that ¢; ~ (1;)ng fori = 1,2, 3 is proved as in the case where dim & = 2 (see Proposition 2.8).
Since we already know from Theorem 2.7 that C (@) and Cy(«) are homomorphisms of
algebras with involution, it only remains to see that these maps also preserve the semitraces.
The arguments in each case are similar. For C(«) we have to show that

fyriqs (C(@)(5)) = 81(s) for all s € Sym(ty).

Fix ey, e} € Vi suchthat by (ey,e}) = 1. By definition, g1 (s) = Trdc (v, ¢,) (e1€]5). Since iso-
morphisms of central simple algebras preserve reduced traces, we have for all s € Sym(7y)

81(s) = Trdgnd(vevs) (C (@) (e1€]5)) = Trdgna(vyevy) (C(@) (e1€]) o C(a)(s)).

Now, C(@)(Sym(t1)) = Sym(0p,1p,) because C() is an isomorphism of algebras with
involution. Therefore, we may rewrite the equation we have to prove as

Torias (s") = Trdgna(vyevs) (C (@) (ere]) o s”) for all s" € Sym(op, 1 p,)-
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Using the standard identification End(V, @ V3) = (V, @ V3) ® (V2 & V3) setupin §1.1, we
see that Sym(op, 1 p, ) is spanned by elements of the form (x; +x3) ® (x2 +x3) withx, € V,
and x3 € V3, and that for s" = (x2 + x3) ® (x2 +x3)

C(a)(eie]) os” = (C(a)(ere])(xa +x3)) ® (x2 +x3)
= (relgei (x2) + felrei (X3)) ® (xZ +)C3).
Therefore, it suffices to show that for all x, € V, and x3 € V3

fooras (02 +23) ® (X2 +x3)) = Trdgna(vyevs) (e Lot (x2) + Loy 7er (x3)) ® (x2 +x3)).
(2.22)
The right side is

(by L b3)((e] *3x2) 2 €1 + e %3 (x3 %) €]), %2 +X3) =
by((e] %3 x2) 2 e1,x2) + b3 (e *3 (x3 %2 €]),X3).
Now, by (2.1) and (2.4) we have
by ((€] %3 x2) 3 e1,x2) = b3(€] #3 x2, €1 %3 x2) = b1 (€], €1)qa(x2)
and, similarly,
b3(ey *3 (x3 %2 €]),x3) = ba(x3 %2 €], x3 %2 €1) = q3(x3)b1 (e}, €1).
As b (el,e'l) =1, it follows that
Trdgna(vaevs) ((Te, Ce (x2) + CeyTer (13)) ® (X2 +x3)) = q2(x2) + g3(x3).
On the other hand, by definition of fq2 1q3 WE have
fgniqs (02 +x3) ® (X2 +x3)) = (g2 L g3)(x2 +x3) = q2(x2) + q3(x3).

We have thus checked (2.22).
The proof that Cy () also preserves the semitraces is obtained by a slight variation of
the preceding arguments. We have to show that

(f4-T43) (Co(@) () = Co(a) (801 (5)) for all s € Sym(7o1).
Since Cy(a) is an isomorphism of algebras with involution, this amounts to showing
(fqz (Sé), fq3 (Sé)) = (TrdEnd Vi (re] gei s,z)a Trdgng V3 (fe] Tej Sé)) (2.23)

for all 5} € Sym(0%,), s € Sym(op,). It suffices to consider s7, 55 of the form x; ® x2,
x3 ® x3 for x, € V5, x3 € V3 under the standard identifications EndV, =V, ® V5, End V3 =
V3 ® V3. For s} = x ® xo we have

rele;sy = ((€] %3 x2) %2 €1) ® x2,
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hence
Trdend v, (7e, Lot 55) = b2 ((€] #3 X2) #2 €1, x2) = b3(e] *3 X2, €1 %3 x2) = q2(x2).
On the other hand f, (x> ® x2) = g2(x2) by definition. Likewise, for s% = x3 ® x3

TrdEndV3 (fel rei S%) =dq3 (X3) = fqg(sé),
hence (2.23) is proved. ]
Remark 2.11. The map Cy(«) in Proposition 2.10 yields an isomorphism between the
center of Cy(V1, q1) and F X F, hence also a polarization of (V, ¢1) (see Definition 1.3):

the primitive central idempotents z, and z_ of Cy(V1, q1) are such that Cy(a@)(z4) = (1,0)
and Cy(a)(z-) = (0, 1), so that Cy(a) induces homomorphisms

Ci(a): Co(Vi,q1) > EndV, and C_(a): Cy(Vi,q1) — EndVj.

Similarly, the maps Cy(a’) and Cy(a’’) of (2.20) and (2.21) attached to 9% and 6> yield
polarizations of (V,, ¢») and (V3, g3), so that

Ci(a'): Co(Va,q2) = EndV3 and C_(a’): Co(Va,q2) — EndVy,

and
C+((l”)2 C()(V3,Q3) — End Vi and C_(a'"): C()(V3, q3) - Ende.

Corollary 2.12. For any composition of quadratic spaces €, the following are equivalent:
@ g1 =q2=q3
(i) q1, g2 and g3 are Pfister forms;

(iii) q1, g2 and g3 represent 1.

Proof. According to Propositions 2.8, 2.9, 2.10, there exist a quadratic Pfister form n¢ and
scalars A1, A3, A3 such that 111,43 = 1 and ¢ =~ {1))ng, g2 ~ {(1x)ng and g3 =~ (A3)ng.
This also holds when dim € = 1, with ng = (1).

(1) = (ii) If g1 ~ g2, then (1142)ng =~ ng, hence (13)ng =~ ng. Therefore, g3 ~ ng.

(ii) = (iii) This is clear since Pfister quadratic forms represent 1.

(iii) = (i) Fori =1, 2, 3, if g; represents 1, then ng represents A;, hence (1;)ng ~ng. =

2.3. Similitudes and isomorphisms

C~onsider two compositions of quadratic spaces € = ((V1 ,q1), Va,q2), (V3,q3), *3) and
% = ((V1,q1), (V2,42), (V3,43), *3) over an arbitrary field F. As in Definition 2.5, we
write 1 and *; (resp. 1, *;) for the derived composition maps of =3 (resp. *3).

Definition 2.13. Fori=1,2,3,letg;: (V;,q;) — (‘7,~, g;) be a similitude with multiplier
u(gi) € F*. The triple (g1, g2, g3) is a similitude of compositions € — € if there exists
A3 € F* such that

A3 g3(x1 *3 x2) = g1(x1) %3 g2(x2) for all x; € Vi, x5 € V. (2.24)
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Proposition 2.14. If ¢ = (g1, &2, g3) is a similitude € — @, then 0g = (g2,83,81) isa
similitude 06 — 0€ and 62g = (g3, &1, &2) is a similitude 8*€ — 0%*€. Moreover, the
scalars Ay, A3, A3 € F* such that for all xy € V1, x € V5, x3 € V3

A1 g1(x2 *1 x3) = g2(x2) *1 g3(x3),
A2 g2(x3 *2 x1) = g3(x3) %2 g1(x1),
A3 g3(x1 *3 x2) = g1(x1) *3 g2(x2)

are related to the multipliers of g1, g2, g3 by
u(g1) = 243, u(g2) = A3, u(gs) = A1 z. (2.25)
Proof. For the first part, we have to prove the existence of 1; € F* such that
A181(x2 %1 x3) = g2(x2) *1 g3(x3)  forallx; € V> and x3 € V3.
Multiplying each side of (2.24) on the left by g»(x»), we obtain for all x; € V; and x, € V;

A3 82(x2) %1 g3(x1 3 x2) = @2(g2(x2))g1(x1) = p(g2)g2(x2)g1(x1).

If x, is anisotropic, then ry, : Vi — V3 is bijective with inverse qz(xz)_1€x2, hence every
x3 € V3 can be written as x3 = x| %3 xp withx; = ¢ (xz)‘lxz *1 x3. Substituting in the last
displayed equation, we obtain for x, € V, anisotropic and x3 € V3

82(x2) 1 g3(x3) = u(g2)A5' g1 (32 1 x3).

Since anisotropic vectors span V5, this relation holds for all x, € V, and x3 € V3. Therefore,
(82,3, &1) is a similitude of compositions, with scalar 4; = u(g2)45 L

Applying the same arguments to dg instead of g, we see that 9(dg) = 0°g is a similitude
9@ — 0>€, with scalar A2 = p( g3)A7". Applying the arguments one more time, we obtain
that g is a similitude € — € with scalar u(g1)4; ', hence A3 = u(g1)A;" and the proof is
complete. ]

Definition 2.15. In the situation of Proposition 2.14, the triple (11, 13,43) € F* X F* X F*
is said to be the composition multiplier of the similitude of compositions g: € — €, and
we write

A(g) = (A1, A2, 43),

hence 1(dg) = (12,43,4;) and /l(ﬁzg) = (13,41, 42). Writing p(g) = 1,443, we thus have
by (2.25)

Ag) = (p()u(g) " p(@)u(g2) ' p(g)u(gs) ™) and  p(g1)u(g2)u(gs) = p(g)*.

Similitudes with composition multiplier (1, 1, 1) are called isomorphisms of composi-
tions.
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Proposition 2.16. Every composition of quadratic spaces is similar to a composition of
isometric quadratic spaces.

Proof. Let€ = ((V1 ,q1), Va,q2), (V3,q3), *3) be an arbitrary composition of quadratic
spaces. Let 1] € F* (resp. A, € F*) be a value represented by g (resp. g2) and let A3 =
471451 € F*. Then 13 is represented by ¢3; define quadratic forms g1, g2, g3 on Vi, V,
V3 by

g1(x1) = A7 q1(x1), 72(x2) = 25 g2 (x2), 33(x3) = 23" q3(x3)

for x; € Vi, x, € V, and x3 € V3. Depending on the dimension of &, Proposition 2.8, 2.9 or
2.10 shows that the forms g1, g2 and g3 are isometric Pfister forms. Define a map *3: V; X
Vo, — V3 by

X1F>;3)C2=/13xl *3 XD f0rx1 eV, andeGVQ.

Straightforward computations show that €= ((\71 .41, Vo, 32), (V3,33), %3) is a composi-
tion, and that (Idy,, Idy,, Idy,): € — € is a similitude of compositions, with composition
multiplier (11, 43, 43). (]

Auto-similitudes of compositions of quadratic spaces define algebraic groups which
we discuss next.

For every composition € = ((V1, q1), (Va, q2), (V3,43), *3), we associate to each
similitude (g1, g2, g3): € — € with multiplier (11, A2, A3) the 4-tuple (g1, g2, &3, 43),
from which 4, and 4, can be determined by the relations (2.25). We may thus consider the
group of similitudes of & as the subgroup of GO(gq;) X GO(g2) X GO(g3) X F* defined
by the equations

A3 g3(x1 #3 x2) = g1(x1) *3 g2(x2) forall x; € Vi, xp € Va.

These equations define a closed subgroup of GO(g1) X GO(g2) X GO(g3) X G, hence
an algebraic group scheme, for which we use the notation GO(%’). From Proposition 2.14
it follows that & and 92 yield isomorphisms

d: GO(%) —» GO(%F) and  9*: GO(%) — GO(*®)
defined as follows: for every commutative F-algebra R and (g1, g2, g3, 143) € GO(%)(R),

0(g1,82,83,43) = (g2, 83,81, 1) and 0(g1,82,83,13) = (g3, 81,82, 12),

with
A =p(g)dy" and = p(g)Ay"
The Lie algebra go(%) of GO(%) consists of 4-tuples

(81, 82,83, 43) € g0(q1) X go(q2) X go(g3) X F
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satisfying the following condition:

g3(x1 *3 x2) = g1(x1) *3 X2 + X1 *3 g2(x2) — A3 X1 *#3 X2 for all x; € Vi, x2 € V.
(2.26)
The following is the Lie algebra version of Proposition 2.14:

Proposition 2.17. For g = (g1, 82,83, 43) € g0(E), there are scalars A1, A € F such that

a(g) = +a3,  f(g) =3+, f(g3) =+
and forallx; € Vi, x, € Vo, x3 € V3
g1(x2 #1 x3) = g2(x2) *1 x3 + X2 1 g3(x3) — A1 X2 *1 x3,
g2(x3 %2 x1) = g3(x3) *2 X1 +x3 %2 g1(x1) — A2 x3 %2 X1,
g3(x1 #3x2) = g1(x1) *3 X2 +x1 *3 g2(x2) — A3 X1 *3 X2.
Thus, 0g := (g2, 83,81, A1) lies in go(dF) and 62g = (g3,81,82,A2) in g0(0%%).
The composition multiplier map Ag¢ yields a morphism of algebraic group schemes
1g: GO(%) — G,
defined as follows: for every commutative F-algebra R and (g1, 2, g3, 43) € GO(%)(R),

A%(81,82, 83, 43) = (1(g2) A5, u(g1) A5, A3) € R* x R x R*. (2.27)

Its differential A¢: go(%) — F X F X F is given by

Az (81,82, 83, A3) = (1i(g2) — A3, fi(g1) — 13, 13).

We let O(%) = ker Az and 0(®) = ker Ag, so O(%) is the algebraic group scheme of
automorphisms of € and o(%) is its Lie algebra.

Remark 2.18. For every commutative F-algebra R and (g1, g2, g3, 43) € O(%)(R) we
have A3 = 1 and u(g;) = u(g2) = 1, hence also u(g;) = 1 by (2.25). Thus, (g1, g2, g3)
is a related triple of isometries according to the definition given by Springer—Veldkamp
[19, §3.6], Elduque [8, §1] or Alsaody-Gille [2, §3.1] for some specific compositions
of quadratic spaces arising from composition algebras. In §3.4 below we establish iso-
morphisms O(%) =~ Spin(g;) =~ Spin(g,) =~ Spin(g3), which are the analogues of the
isomorphisms given in [19, Prop. 3.6.3], [8, Th. 1.1] and [2, Th. 3.12] in terms of related
triples.

Proposition 2.19. The algebraic group schemes O(€) and GO(E) are smooth, and the
Jfollowing sequences are exact:

1 - 0(B) = GO(B) 25 G2, - 1 (2.28)

and .
0= 0(B) — g0(8) 25 F3 5 0. (2.29)
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Proof. Step 1: We show that Ag is surjective. Since an is smooth, it suffices by [13, (22.3)]
to show that Ag is surjective on points over an algebraic closure Fy, of F. For this, we
consider the homotheties: if v{, vo, v3 € F;fg, then v; Id(Vi)Faln s (Vi qi)palg — (Vi, i) Fy,

is a similitude with multiplier v?, and

1wy, v2 1w, 3l )t Gry, = Cry,

is a similitude with multiplier (v,v3 vl‘l, vavivyl, Vivavy 1). Therefore, the image of the

map Ag in (F;fg)3 contains (V2V3V1_1, vavivi L, v vzvgl) forall vi, v, v3 € F;{g. Given 41,

A, A3 € F;g, we may find vy, va, v3 € Faxlg such that v% =13, v% = andv| = /ll‘lvpg.
Then
(vav3vi L, vavivs ' vivavs ) = (A4, Ao, A3),
proving surjectivity of Ag.
Step 2: We show that Ag is surjective. For uy, vy € Vi, consider the maps
g:Vi—=Vi,  xieubi(vr,x1) —viby(uy,x1),
g2:Va—o Vo,  xao (1 %3 X2) % uy,

g: Vs> Vs, X3 > Uy *3 (X3 %2 01).
For x; € Vi,
b1(g1(x1), x1) = b1 (uy, x1)b1(v1, x1) = b1(v1, x1)b1(uy, x1) =0,

hence g; € go(g;) with g(g;) = 0 by Proposition 1.11. Moreover, (2.1), (2.5) and (2.8)
yield forx, e Vo and xz € V3

ba(g2(x2), x2) = b3(v1 * X2, uy *2 x2) = b1 (vy, u1)g2(x2),

b3(g3(x3), x3) = ba(x3 *2 v1, x3 %2 u1) = q3(x3)b1(v1, u1).
Therefore, g> € go(g2) and g3 € go(g3) with /i(g2) = (g3) = b1 (v, ur).
Now, for x; € V; and x, € V, we compute g3(x| *3 x2) = u; *3 ((x1 %3 x2) *2 v1) by
using (2.18) twice in succession to interchange first x; and vy, and then x; and u;:

g3(x1 #3 x2) = (w1 %3 x2)b1 (v, x1) — uy *3 ((v1 *3 X2) *2 X1)
= (u1 %3 x2)b1 (01, x1) — (v #3 X2) by (uy, x1) +x1 %3 (01 *3 x2) *2 1)
= g1(x1) *3 X2 + X1 %3 g2(x2).
It follows that (g1, g2, g3, 0) lies in go(%), and the computation of fi(g>) and si(g;) above
yields
A% (81, 82,83,0) = (b1 (v, uy), 0, 0).
Thus, taking u, vy such that b (v, u;) = 1, we see that (1,0, 0) lies in the image of Ag.
Similarly, we may find g’ € go(d€) and g’ € go(3*>%) such that Aoz (g’) = dpg(g”) =
(1,0,0). Then 6%(g"), d(g”) € 60(%) satisfy Az (92(g")) = (0,0, 1) and Agg (3(g”)) =
(0, 1,0), hence Ay is surjective.
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Steps 1 and 2 establish the exactness of the sequences (2.28) and (2.29). Step 2 shows
that the surjective map Ay is separable,> hence O(%) is smooth by [13, (22.13)]. Since G,
is also smooth, it follows that GO(%) is smooth by [13, (22.12)]. [

Step 1 of the proof of Proposition 2.19 introduces the subgroup of homotheties of
GO(%): this subgroup H(®) is the image of the closed embedding G3, — GO(%) given
by

(V], v, V3) [ d (V] IdV] , V2 Ide, V3 IdVS, V1V2V3_1).

The algebraic group H(®) lies in the center of GO(®), hence we may consider the quotient
algebraic group
PGO(%) = GO(%)/H(%).

This is a smooth algebraic group since GO(%) is smooth. Let also
Z(€)=H(®)NO(F).

This group is the kernel of the canonical map O(€) — PGO(%). For every commutative
F-algebra R,

Z(B)(R) = {(v1,v2,v3,1) | vi = v} =v3 = vivav3 = 1} € R* X R x R* x R*,

hence Z(€) is isomorphic to the kernel of the multiplication map m: py X py X s — i,
carrying (v1, va, v3) to vivavs. It is thus also isomorphic to g, X u,, hence it is a smooth
algebraic group if and only if char F' # 2.

Proposition 2.20. The following diagram is commutative with exact rows and columns:

1 1
1 7(%) 0(%) —= PGO(%) —— |
1 H(%) GO(%) — PGO(G) — |
Ag Ag
Gl ——G},
1 1

SFollowing [13, p. 341], a surjective homomorphism of group schemes is said to be separable if its
differential is a surjective Lie algebra homomorphism.
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Proof. Commutativity of the diagram is clear, and the lower row is exact by definition
of PGO(%). Step 1 of the proof of Proposition 2.19 shows that 1 : H(®) — G3, is
surjective, hence the left column is exact. Moreover, the right column is exact by Propo-
sition 2.19; therefore it only remains to prove that the canonical map O(%¢) — PGO(%¥)
is surjective. Since PGO(%) is smooth, it suffices to consider the group of rational points
over an algebraic closure Fy; of F. We know 1 : H(%) — G, is surjective, hence for
every g € GO(®)(Fayg) there exists h € H(®)(Fyg) such that 1z (g) = Az (h). Then gh™!
lies in O(¥)(Fyye) and has the same image in PGO(%) (Fay) as g, hence the canonical
map O(G)(Fag) — PGO(F)(Fay) is surjective. =

Let H(€) and pgo(¥) be the Lie algebras of H(%) and PGO(%¥) respectively. By
definition,

H(E) = {(vi 1dy,, v21dv,, v3 Idy,, vi+vo - v3) | vi,v2,v3 € F} ~FXFXF.

On the other hand, since H(%) is smooth, the canonical map GO(€) — PGO(%) is sep-
arable by [13, (22.13)], hence its differential is surjective. Therefore,

pgo(€) = go(%)/H(%).
The following result yields an explicit description of pgo(%) for use in §3.3:

Proposition 2.21. Mapping (g1, g2, 23, 43) + H(€) € pgo(€) to (g1 + F, g2 + F, g3 +
F) € pgo(q1) X pgo(q2) X pgo(q3) identifies pgo(€) with the subgroup of pgo(q1) X
pao(q2) X pgo(qsz) consisting of triples (g1 + F, g2 + F, g3 + F) where g1 € go(q),
g2 € g0(q2) and g3 € go(q3) satisfy (2.26) for some A3 € F.

Proof. Ttsuffices to show that (%) is the kernel of the map go (%) — pgo(gq1) X pgo(g2) X
pgo(g3) carrying (g1, 82,83,43) to (g1 + F, g2 + F, g3+ F). Clearly, h(€) lies in the kernel
of this map. Conversely, if (g1, g2, €3, 43) lies in the kernel, then there are scalars vy, v»,
v3 € F such that g; = v; Idy, fori = 1, 2, 3. Then (2.26) yields A3 = v| + v, — v3, hence
(81,82, 83, 43) lies in h(€). n

Remark 2.22. If char F' # 2, the upper row of the diagram in Proposition 2.20 shows that
the canonical map 0(%) — pgo(%) is an isomorphism, for then Z(%) is smooth and its
Lie algebra is 0. This canonical map is not bijective if char F = 2, even though o(%) and
pgo(€) have the same dimension.

2.4. Compositions of pointed quadratic spaces

Fixing a representation of 1 in a quadratic space yields a new structure:

Definitions 2.23. A pointed quadratic space over an arbitrary field F is a triple (V, g, €)
where (V, ¢) is a quadratic space with nonsingular polar form over F and e € V is a vector
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such that g(e) = 1. Each pointed quadratic space is endowed with a canonical isometry —
of order 2, defined by
Xx=eb(e,x)—x forx eV,

where b is the polar form of g. Isometries of pointed quadratic spaces are required to
preserve the distinguished vector representing 1.
A composition of pointed quadratic spaces over F is a 4-tuple

€* = ((Vi,q1.€1), (Va,q2,€2), (V3,q3,€3), *3) (2.30)

where (V1,q1,e1), (Va, g2, €2), (V3, 43, e3) are pointed quadratic spaces over F and the 4-
tuple € := ((Vi,q1) (Va,42), (V3,43), *3) obtained by forgetting the distinguished vectors
is a composition of quadratic spaces such that

€1 *3 €2 = e3.

It follows from the definition that g, g> and g3 represent 1, hence these forms are
isometric Pfister forms, by Proposition 2.8, 2.9 or 2.10 (depending on the dimension).
Note that (2.10) readily yields

€n *1 e3 = €] and €3 xp e1 = en.
Therefore, the following are compositions of pointed quadratic spaces:

96"° = ((Va, g2, €2), (V3,q3,€3), (Vi, g1, €1), %1),
*€* = ((V5,q3,€3), (Vi,q1, 1), (Va, q2, €2), %2).

Let €° and €* be compositions of pointed quadratic spaces, and let € and € be the
compositions of quadratic spaces obtained from €* and €* by forgetting the distinguished
vectors. Every similitude f: € — € that preserves the distinguished vectors must be an
isometry, because the equations

A1 fi(x2 #1 x3) = fo(x2) *1 f3(x3),
A2 fa(xs x2 x1) = f3(x3) %2 f1(x1),
A3 f3(x1 3 x2) = fi(x1) %3 fa(x2)

forx; € Vi, xp € Vo, x3 € Vaimply A; = A5 = A3 = 1 if f(e;) = ¢; fori = 1, 2, 3. Therefore,
between compositions of pointed quadratic spaces the only type of maps we consider are
isomorphisms.

Definition 2.24. An isomorphism f: €°* — & of compositions of pointed quadratic
spaces is an isomorphism f: € — € of compositions of quadratic spaces that maps the
distinguished vectors of €* to the distinguished vectors of &*. The automorphisms of €*
define an algebraic group scheme O(%*), which is a closed subgroup of O(%).
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Our goal in this subsection is to show that every composition of pointed quadratic spaces
@* carries a canonical isomorphism A: €°* — 0%* and is isomorphic to a composition
S(€*) such that dS(€*) = S(€*). For this, we will use the following identities relating
the canonical isometry — and multiplication by the distinguished vectors:

Lemma 2.25. Let €° be a composition of pointed quadratic spaces as in (2.30).

(a) Foreveryx) € Vi, xp € Vs, x3 € V3,

e *3 X3 = €1 *3 X2, X1 *3 €3 = X1 *3 €3,

ey ¥ X3 = €3 ¥1 X3, X *] €3 = X7 *| €3,

e3 ¥ X| = €3 %2 X[, X3 %3 €] = X3 %) €.

(b) Foreveryx; € Vi, xy € V5, x3 € V3,

e1 3 (x3 2 x1) = X1 *3 (X3 %2 €1),
ez x1 (X1 %3 x2) = X7 *1 (X1 *3 €2),

e3 *p (X2 %1 X3) = X3 %2 (X2 #1 €3),

(x1 3 x2) %2 €1 = (e *3 x2) *2 X7,
(x2 #1 x3) %3 €2 = (e2 ¥ X3) *3 X2,

(x3 %2 x1) *1 €3 = (€3 *2 X1) *1 X3.

(c) Foreveryxi € Vi, xo € V), x3 € V3,

er 1 (e1 #3 (e3 % x1)) = X1 = ((x1 %3 €2) %2 €1) *1 €3,
e3 ) (e2 %1 (e1 %3 x2)) = X2 = ((x2 %1 €3) #3 €2) *7 €1,
X

e1 3 (e3 %2 (€2 %1 x3)) =X3 = ((x3 %2 €1) *1 €3) *3 €2.
(d) Foreveryx; € Vi, xo € Vs, x3 € V3,

X1 %3 %2 = (x2 %1 €3) *3 (e3 %2 x1) = ((€3 %2 X7) *1 (€1 %3 X2) *3 €2,
X2 X3 = (x3 %2 €1) %1 (e1 #3x2) = ((e1 %3 X2) *2 (€2 %1 X3)) *; €3,

X370 X1 = (x1 %3 €2) %2 (€2 %1 x3) = ((e2 %1 X3) *3 (€3 %2 X7)) *2 €.

Proof. To avoid repetitions, we just prove the first formulas in each case.
(a) By definition,

e x3 Xy = e3 b3(e3, e1 x3x2) — €1 *3.x2.
Substituting e *3 e, for e and using b3 (e3, €1 *3 x2) = ba(e3 ) e1,x2) = ba(e2,x2) yields
epx3 X2 = ey %3 (e2 ba(ea,x2) —x2) = €1 3 X3.
(b) By (2.18) and (2.12),
e1 3 (x3#2x1) =x3b1(e1,x1) —x1 %3 (x3x2€1) and  x3 = ey *3 (x3 %2 €1),

hence

e1 %3 (x3%2x1) = (e1 bi(er,x1) —x1) *3 (x3 %2 e1) = X7 *3 (X3 *2 7).
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(c) Using (b) and (2.10), we have
er#1 (e1 %3 (e3%2x1)) = €2 1 (¥ %3 (e3 %2 €1)) = e %1 (X7 #3 €2) = 77.

(d) We compute (x; #; e3) *3 (e3 #3 x1) by using (2.18) to exchange the factors x; *; e3
and x1:

(x2 %1 €3) #3 (€3 %2 x1) = €3 b1 (x2 %1 €3,x1) — X1 *3 (€3 %2 (x2 %] €3)).

Since €3 %) (XQ *1 63) = X2 by (211) and b]()Cz *1 6‘3,)61) = b3(€3,)€1 *3 )Cz) by (21), it
follows that

(x2 %1 €3) *3 (€3 %2 x1) = e3 b3(e3, X1 *3 X2) — X1 *3 X3 = X *3 X2.
On the other hand, (b) yields
X2 %1 €3 =x2 % (€] *3 e2) = €2 *1 (e1 *3X2),
hence, using (b) again together with (a),
(x2 %1 €3) #3 (€3 %2 x1) = (€2 #1 (€1 #3X2)) *3 (€3 %2 x1)
= (37 x1 1 (e1 %3 X2)) *3 €2 = ((e3 %2 X71) *1 (e1 %3 X2)) *3€2. W

For a composition of pointed quadratic spaces €* as in (2.30), we define a composition
of pointed quadratic spaces S(%*) as follows:

S(€°) = ((V3, g3, €3), (V3, 93, €3), (V3,q3, €3), ®3) (2.31)

where

x®3y=(ex 1 X) %3 (y*2€1) forx, y € Vs. (2.32)
We also define linear maps A1 : Vi — Vo, Ax: Vo — V3, Az V3 — Vj as follows: forx; € Vq,
xp € V, and x3 € V3,

Aq(x1) = e3 *2 X7, Ar(x2) = e1 *3 X2, A3(x3) = e3 *1 X3.

Theorem 2.26. With the notation above,
(a) the triple A = (A1, Ay, A3) is an isomorphism A: €° — 06°;
(b) the triple (A3, Az_l, Idy,) is an isomorphism S(€°) — €°;
(c) 0S(6*) =S(€°).

Proof. (a) It is clear that each A; is an isometry of pointed quadratic spaces, so it suffices
to prove Az (xy *3 x2) = Ap(x1) *; Ay(xp) for x; € Vi and x; € V;, which amounts to

ex *1 X1 *3 X2 = (e3 x2 X7) *1 (€1 *3 X2).
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This readily follows from (d) of Lemma 2.25.

(b) For y € V3 we have Ay(y #; e1) = e] *3 Y % e] =y, hence by definition x ®; y =
A3(x) #3 Ay (y), which proves (b).

(c) It suffices to prove

b3(x®3y,z) =b3(x,y®3z)  forx,y,zeVs.

For this, we first compute using Lemma 2.25

Y ®@3z=(e2*1y)*3(Z*eq)
= ((e3 %2 e2 %1 y) *1 (e1 ¥3 T %2 €1)) *3 €2
= ((e3 %2 (€2 %1 y)) *1 (e1 %3 (z %2 €1))) *3 €2

= ((F*2 €1) *1 2) *3 €2
Since ~ and multiplication on the left by e, are isometries, it follows that
b3(x,y ®3 z) = bi(e2*1 X, (¥ %2 €1) *1 2).
By definition of =1, the right side is
b3((e2#1X) %3 (Y %2 €1),2) = b3(x ®3 y,2). L]

For compositions of (unpointed) isometric spaces, a result similar to Theorem 2.26
easily follows:

Corollary 2.27. For every composition of isometric quadratic spaces €, there is an iso-
morphism € ~ 6. Moreover, € is isomorphic to a composition S(€) such that 0S(€) =
S(®).

Proof. Let € = ((V1,q1), (V2, q2), (V3, ¢3), *3) be a composition of isometric quadratic
spaces. By Corollary 2.12, we know that g1, g and g3 represent 1. We may therefore use
the same constructions as in Theorem 2.26, after choosing e € V| and e, € V, such that
qi1(e1) =qa2(e2) =1 andletting e3 = e *3 €2, for ((Vi,q1,€1), (Va,q2,€2), (V3,43,€3), %3) is
then a composition of pointed quadratic spaces. Define the maps A;: Vi — V5, Ayt Vo — V3,
Az : V3 — Vj as in Theorem 2.26. The proof of that theorem shows that (A1, Ay, Az) is an
isomorphism € — 0% . Moreover, letting

S(®) = ((V3,43), (V3,43), (V3,43), ®3)

with ®; as in (2.32), we see from the proof of Theorem 2.26 that S(%) = S(¥) and that
(A3, A", 1dy,) is an isomorphism S(%) — €. n

Note that, in contrast with Theorem 2.26, the constructions in Corollary 2.27 are not
canonical, since they depend on the choice of distinguished vectors.
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2.5. Composition algebras

The purpose of this subsection is to briefly review the classical notion of composition
algebras, in order to underline its connections with compositions of quadratic spaces.

Definitions 2.28. A composition algebra over F is a triple o = (A, g, ¢) where (A, q)
is a (finite-dimensional) quadratic space over F' with nonsingular polar bilinear form and
o: AX A — Ais abilinear map such that

qg(xoy)=qx)q(y) forall x,y € A.

The definition can be rephrased as follows: the 4-tuple

G () = ((A.q), (A, q9), (A, q), 9 (2.33)

is a composition of quadratic spaces. Theorem 2.7 shows that the dimension of a com-
position algebra is 1, 2, 4 or 8, with dimension 1 occurring only when char F # 2, and
Corollary 2.12 shows that ¢ is a Pfister form.

A unital composition algebra® is a 4-tuple &/°* = (A, g, e, ¢) where (A, g, e) is a pointed
quadratic space and ¢: A X A — A is a bilinear map such that

g(xoy)=qx)q(y) and eox=x0e=x forall x, y € A.
In any unital composition algebra we have e ¢ e = e, hence
B*(A°) = (A, g, ¢), (A, q,e), (A,q,e), o) (2.34)
is a composition of pointed quadratic spaces.

As with more general compositions of quadratic spaces, the multiplication law ¢ of
a composition algebra of induces derived composition maps ¢; and ¢, of (A, g), (A, q),
(A, q), defined by the conditions

b(x,yo1z)=b(x0y,z2) and b(xopy,z)=b(x,y02z) forx, y,z € A. (2.35)
We may therefore define derived composition algebras d.</ and 9>/ by
0t = (A, ;1) and 3’ = (A,q,%2).

Composition algebras & such that 0o/ = & are called symmetric composition algebras.
They are characterized by the condition that

b(xoy,z)=b(x,yoz) for all x, y, z € A.

By contrast with compositions of pointed quadratic spaces, the derivation procedure
does not preserve unitality of composition algebras. To make this point clear, we deter-
mine below the derived composition maps of a unital composition algebra, using results
from [19, Ch. 1]. Note that unital composition algebras carry a canonical involutory isom-
etry — derived from their pointed quadratic space structure as in Definitions 2.23.

6Unital composition algebras are called Hurwitz algebras in [13], see [13, (33.17)].
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Proposition 2.29. Let o/° = (A, q, e, ©) be a unital composition algebra.

(a) The derived composition maps o1 and o defined in (2.35) are given by
X0 y=yox and X0y y=yox forx,y € A.
(b) For the bilinear map «: A X A — A defined by
X*xy=X0Yy forx,yeA,
the triple S(4°®) = (A, q, *) is a symmetric composition algebra.
Proof. (a) Lemma 1.3.2 in [19] yields b(x,y ¢ z) = b(z,y ¢ x), hence
b(xoyy,2) =b(yox,z) forall x, y, z € A.

Since b is nonsingular, it follows that x o y =y o x.
Since ~ is an isometry, [19, Lemma 1.3.2] also yields b(x ¢ y,z) = b(y,X ¢ 2). Now,
[19, Lemmal.3.1] shows that x o y = ¥ o X, hence the definition of ¢; yields

b(yox,z) =b(y,zox) =b(z,x01Yy) forall x, y, z € A.

Since b is nonsingular, it follows that x o1 y = y ¢ X.

(b) Since g(x) = g(x) for all x € A, it is clear that S(&/*) is a composition algebra. To
prove that the derived maps #, *; associated to  are identical to , it suffices to prove that
b(x*y,z) =b(x,y=z) forall x, y, z € A, which amounts to

b(x<y,z) =b(x,y07) forall x, y, z € A. (2.36)
From the definition of ¢ in (2.35) and its determination in (a), it follows that
b(x0y,z) =b(x,y012) =b(x,z0y) for all x, y, z € A.

Now, z¢oy=yoZzby[19, Lemma 1.3.1], and — is an isometry, hence the rightmost side in
the last displayed equation is equal to b(x,y ¢ z), which proves (2.36). ]

Note that in the context of Proposition 2.29, x ¢; ¢ =X = e ¢ x for all x € A. Hence
(A, q,e,01) and (A, g, e, ©3) are not unital composition algebras, unless — = Idy, which
occurs only if dimA = 1.

Symmetric composition algebras S(&/*) derived from unital composition algebras </*®
as in Proposition 2.29 are called para-unital composition algebras (para-Hurwitz algebras
in the terminology of [13]). They are characterized by the property that they contain a
para-unit, see [13, (34.8)].

Between algebras, maps that are more general than homomorphisms are considered,
following Albert [1].
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Definition 2.30. Let (A, ¢) and (2,5‘) be F -algebras (i.e., F-vector spaces with a bilinear
multiplication). An isotopy f: (A,o) — (A,o)isatriple f = (f1, f2, f3) of linear bijections
fi: A — A such that

filxoy) = filx)s fo(y)  forallx,y € A.

An autotopy is an isotopy of an algebra to itself. Under the composition of maps, autotopies
of an algebra form a group Str(A, o) known as the structure group of (A, <). This group
is the set of F-rational points of an algebraic group scheme Str(A, ¢), which is a closed
subgroup of GL(A) X GL(A) x GL(A).

For example, in the construction S of Proposition 2.29, which yields the symmetric
composition algebra S(</*) from the unital composition algebra &/°, the algebra (A, %) is
isotopic to (A, ¢). The following construction, due to Kaplansky [11], shows that the algebra
of every composition algebra is isotopic to the algebra of a unital composition algebra.

Proposition 2.31. Let of = (A, q,¢) be a composition algebra. There exists a bilinear map
*: AX A — Aand avector e € A for which

(a) (A, gq,e,x*) is a unital composition algebra, and

(b) there exists an isotopy f = (f1, f2, f3): (A, o) — (A, ) which is also an isomor-
phism f: €(H) — G (A, q, *) of the associated compositions of quadratic spaces
as in (2.33).

Proof. Since & is a composition algebra, Corollary 2.12 shows that there exists u € A
such that g(u#) = 1. The maps ¢,,: A — A and r,,: A — A defined by €,(x) = u ¢ x and
ru(x) = x o u are isometries of (A, g), hence they are invertible. Define %: A X A — A by

xxy=r'(x)o6'(y)  forx,y €A,

hence x o y = r, (x) = £, (y) for x, y € A. It is clear from the definitions that (Id4, ry, €,)
is an isotopy (A, ¢) — (A, *) and also a similitude € (/) — € (A, ¢, *) with multiplier
of the form (A1, A2, 1) for some A, A, € F*. Since u(¢,) = u(ry) = g(u) = 1, it follows
from (2.25) that 4; = 4 = 1, hence f is an isomorphism of compositions of quadratic
spaces. Moreover for e = u o u we have ;' (e) = u = ;! (e), hence

exx=uoly (x) =6, (6" (%) =x=ru(ry' ) =r; (x) ou=x xe,
hence (A4, ¢, e, %) is a unital composition algebra. ]

Corollary 2.32. Every composition of isometric quadratic spaces is isomorphic to a com-
position € () as in (2.33) for some unital composition algebra of, and also to a com-
position € (8 for some symmetric composition algebra §. Up to isomorphism, there is a
unique composition of hyperbolic quadratic spaces of dimension n, for n = 2, 4 and 8.
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Proof. Let € = ((Vl, q1), V2, q2), (V3,q3), *3) be a composition of isometric quadratic
spaces, and let S(€) = ((V3, ¢3), (V3, g3), (V3, q3), ®3) be the composition of quadratic
spaces constructed in Corollary 2.27, which is isomorphic to €. Clearly, S(€) = €(S) for
& the composition algebra & = (V3, g3, ®3). This composition algebra is symmetric since
08 (%) =S(€). Now, Proposition 2.31 yields a unital composition algebra of = (V3, g3, e, *)
and an isomorphism €(§) =~ € (). Thus, € is isomorphic to € (S) and to € ().

For n = 2, 4 and 8, there is up to isomorphism a unique unital composition algebra of
dimension n with hyperbolic quadratic form, namely the split quadratic étale algebra, the
split quaternion algebra and the split octonion algebra, see [13, (33.19)]. Therefore, there
is a unique composition of hyperbolic quadratic spaces up to isomorphism. |

By contrast with the last argument, note that there exist more than one symmetric com-
position algebra of dimension 8 with hyperbolic quadratic form, see [13, (34.37)]; but their
associated compositions of quadratic spaces are isomorphic.

Remark 2.33. For quadratic modules over a commutative ring, Alsaody establishes in [3,
Prop. 3.7] the following result closely related to Corollary 2.32: every composition of
quadratic modules of constant rank 8 is isomorphic after a faithfully flat scalar extension to
the composition of quadratic spaces associated to a para-octonion algebra. The proof uses
the same construction as Theorem 2.26.

We next relate isotopies of composition algebras with similitudes of the associated
compositions of quadratic spaces.

Theorem 2.34. Let of = (A, gq,¢) and o = (A, q,©) be composition algebras and let € ()
and %(.Q? ) be the associated compositions of quadratic spaces as in (2.33). A triple f =
(f1, f2, f3) of bijective linear maps f;: A — Aisan isotopy (A, o) — (A,3) if and only if
it is a similitude f: € () — ‘g(&’i) with composition multiplier (u( f2), u(f1), 1).

Proof. 1t is clear by comparing Definitions 2.13 and 2.30 that similitudes f: € (<) —
%(&7 ) with composition multiplier of the form (11, A3, 1) for some Ay, 1, € F* are iso-
topies (A, o) — (K,?;). To prove the converse, it suffices to show that for every isotopy
=011 fR): (A0 — (A,3) the maps f; are similitudes. The isotopy condition then
shows that f is a similitude of compositions € (&) — € () with multiplier of the form
(A1, A2, 1) for some A;, A5 € F*. Then (2.25) shows that 17 = u(f3) and A = u(fy).

By Proposition 2.31 we can find a bilinear map #: A X A — A and a vector e € A such
that (A, g, e, *) is aunital composition algebra and there exists an isotopy g: (A,¢) — (A, %)
whose components are isometries of (A, g). The map fog™': (A, %) — (X,E) is then an
isotopy, which means that for f o g‘1 = (hy, hy, h3)

h3(x = y) = hi(x) o ha(y) forall x, y € A. (2.37)
In particular, it follows that for all x € A

hi(e) o ha(x) = h3(e * x) = h3(x) = ha(x * e) = hy(x) o hy(e).
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Since & is a composition algebra, these equations imply
q(h3(x)) = g(h1(e))q(h2(x)) = g(h1(x))q(h2(e)) for all x € A. (2.38)

Corollary 2.12 shows that the form g represents 1; as hj is bijective, there exist vectors
x € A such that g(h3(x)) = 1, hence g(h;(e)) and g(h2(e)) belong to F*. Equation (2.38)
yields g(h3(e)) = g(hi(e))q(h2(e)), hence g(h3(x)) € F*. Define g’: A — F by

¢ (x) = q(hs(e))'q(h(x))  forx € A,

so g’(e) = 1. Since disa composition algebra, we obtain from (2.37)

g(h3(x = y)) = q((x))q(h2(y)) ~ forallx,y € A,

hence by (2.38)

G(h3(xx ) = 3(h1(e)) ' q(h2(e)) ' q(h3(x))@(h3 (»)) = G(R3(e)) " G(h3(x))G(h3(y)).

Therefore,

q'(x*y)=q"(x)q’(y)  forallx,y e A.
Thus, (A, g, e, *) is a unital composition algebra, just like (A, g, e, *). But the quadratic
form in a unital composition algebra is uniquely determined as the “generic norm” of the
algebra (see [13, (33.9)] or [19, Cor. 1.2.4]), hence ¢’ = g, which means that

g(h3(x)) = g(hs3(e))q(x)  forallx € A.

Thus, h3: (A, q) — (A, §) is a similitude with multiplier (k3 (e)). Equation (2.38) then
yields

7(h () = q(ha(e)) ' q(h3(e))q(x) and  G(ha(x)) = G(h1(e)) ' G(h3(e))q (),

hence h; and h; also are similitudes. Now, f = h o g and all the components of g are
isometries, hence all the components of f are similitudes. [

Note that the construction in the proof of Theorem 2.34 is functorial: it also applies to
isotopies f: (Ag,¢) — (Ag, o) for R any commutative F-algebra. Therefore, in the case
where &/ = &/ Theorem 2.34 has the following group scheme interpretation:

Corollary 2.35. For any composition algebra o = (A, q,°), let ': GO(E (L)) — Gm
be the third component of the composition multiplier map Az (o): GO(€()) — G}, and
let u’: Str(A,o) — G2, be the map defined on rational points by mapping every autotopy
(f1, f2, f3) 1o the pair of multipliers (u(f1), u(f2)). The algebraic group scheme Str(A, o)
is smooth and fits in the following exact sequences:

1 - Str(A,0) = GO(F()) > G — 1

and )
1 - 0(8()) — Str(A,0) £ G2 — 1.



54 D. Barry and J.-P. Tignol

Proof. Theorem 2.34 identifies Str(A, ¢) as the kernel of A’. Proposition 2.19 shows that
Ag(a) 1s a separable morphism, hence A’ also is separable, and it follows by [13, (22.13)]
that Str(A, ¢) is smooth. Theorem 2.34 also shows that the kernel of u’ is the kernel of the
restriction of Ag () to Str(A, ¢), which is O(€ (<)) by definition. To complete the proof,
observe that u’ is surjective because Ag () is surjective. |

We next turn to automorphisms of an algebra (A, ¢), which are linear bijections f: A —
A such that f(xoy) = f(x) o f(y) forall x, y € A. They form an algebraic group scheme
Aut(A, ), which can be viewed as a closed subgroup of Str(A, ¢) since every automor-
phism f yields an autotopy (f, f, f) of (A, ¢). Torelate the condition that f; = f> = f3inan
autotopy (fi, f», f3) with the shiftisomorphism : GO(€(«)) — GO(dE (L)), we view
O(€()),0(06()) and O(0*E())) as subgroups of GL(A) x GL(A) x GL(A) and
define

0(€(A)) = 0(€(A)) NO(IB(H)) NO(*E(A)).

The shift isomorphism 9 clearly restricts to an automorphism of 6(%(52{ ).

Proposition 2.36. For every composition algebra o = (A, q,©), the group Aut(A, o) is
the subgroup of O(€ () fixed under 9.

Proof. Let R be a commutative F-algebra. For every automorphism f of (A, ¢)g the triple
(f, f,f)isanautotopy of (A, o)g, hence by Theorem 2.34 a similitude of € (&) g with com-
position multiplier (u(f), u(f), 1). The relations (2.25) between composition multipliers
and the multipliers of the components of similitudes yield u(f) = u(f)?, hence u(f) = 1
and (f, f, f) is an automorphism of € (/) g. By Proposition 2.14 we then see that (f, f, f)
is also an automorphism of 3% (/) and of 3> (</), hence (f, f, f) € O(€())(R), and
this triple is fixed under J.

On the other hand, if (f1, f, f3) € O(B())(R) is fixed under 9, then f; = f» = f3,
hence f; is an automorphism of (A, 0)g because (fi, f>, f3) € O(€(«))(R). m

When of = (A, g, ¢) is a symmetric composition algebra, then d€ () = € () by
definition, hence O(% (<)) = O(% (<)) and Proposition 2.36 shows that Aut(A, o) is the
subgroup of O(%(&/)) fixed under 9. When dim A = 8, an alternative description is given
in [6, Th. 6.6]: Aut(A, ¢) is shown to be isomorphic to the subgroup of PGO*(q) fixed
under an outer automorphism of order 3, which is the analogue of 4.

For a unital composition algebra &/® = (A, g, e, ¢) with associated para-unital symmetric
composition algebra S(/®) = (A, g, *) as in Proposition 2.29, it follows from functoriality
of the S construction that Aut(A, o) C Aut(A, *). The reverse inclusion holds when dim A >
4 by [13, (34.4)]. However, the group Aut(A, ¢) can also be described as follows:

Proposition 2.37. Let &/° = (A, q, e, ) be a unital composition algebra, and let €°*(H*)
be the associated composition of pointed quadratic spaces as in (2.34). There is a canonical
identification Aut(A, o) = O(%'(M')).
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Proof. Let R be a commutative F-algebra. Every automorphism f € Aut(A, ¢)(R) leaves
e fixed, hence the triple (f, f, f) is an automorphism of €*(&/*)g. Therefore, mapping f
to (f, f, f) defines an embedding Aut(A,¢) c O(€*(L*)).

For the reverse inclusion, let (i, f2, f3) € O(€*(*))(R). Substituting e for x or for
y in the equation

filxoy)=fix)o fa(y)  forallx,yeA
yields f3(y) = f2(y) and f3(x) = fi(x) for all x, y € A, hence f3 € Aut(A,<)(R). =

3. Trialitarian triples

The focus in this section is on central simple algebras with quadratic pair of degree 8 over
an arbitrary field F. Altering slightly the definition in [13, §42.A] (and extending it to
characteristic 2), we define a trialitarian triple over F to be a 4-tuple (!)

T = ((A1,01.11), (A2, 02,12), (A3, 03,13), ¢o)

where (A;, 0, ;) is a central simple F-algebra with quadratic pair of degree 8 fori = 1, 2,
3, and ¢ is an isomorphism of algebras with quadratic pair

o (C(A1, 01, 1)), 0, f) = (A2, 02,F2) X (A3, 03, ).

To simplify notation, we denote by a single letter algebras with quadratic pair, as in Sec-
tion 1, and write A; = (A;, 07, ;) and €(A;) = (C(‘)Il),gl,il).

Ifg = (‘2~Il, ﬁz, ﬁ3, @o) is also a trialitarian triple, an isomorphism of trialitarian
triplesy: I — T isa triple y = (1, ¥2, y3) of isomorphisms of algebras with quadratic
pair

yir W - A i=1,2,3,

such that the following diagram commutes:

;) —2 Ay x Az

C(Yl)l l?’zxw

G(ﬁ]) i) ﬁz X ﬁ3

We show in §3.1 that every composition € of quadratic spaces of dimension 8 yields
a trialitarian triple End(%), and that every trialitarian triple of split algebras has the form
End(%®) for some composition € of dimension 8. In §3.2 we discuss the group scheme of
automorphisms of a trialitarian triple 7 : we show that Aut(J") is smooth (hence an alge-
braic group) and introduce algebraic groups O(9), GO(J), PGO(J), extending to the
context of trialitarian triples the group schemes O(%), GO(¥), PGO(%) defined in §2.3
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for a composition € of quadratic spaces. A main result of the section is the construction
of derived trialitarian triples in §3.3: to each trialitarian triple  we canonically associate
trialitarian triples J and 3>, in such a way that for split trialitarian triples End(%)

AEnd(®) =End(d%) and  9*End(®) = End(8°%).

This construction is used in §3.4 to define for each trialitarian triple I = (W, 5, 3, @)

isomorphisms
O(7") = Spin(A;) = Spin(A3) =~ Spin(A3)

and
PGO(9) ~ PGO* (%) ~ PGO*(Ay) ~ PGO*(A3),

which we call the trialitarian isomorphisms canonically attached to the trialitarian triple
J . The trialitarian isomorphisms Spin(2;) ~ Spin(;) ~ Spin(23) restrict on the centers
to isomorphisms Rz, /r(15) = Rz,/r(H5) = Rz, /r(,) that do not preserve the subgroups
H> C Rz, /r(u5): see Proposition 3.21. In the particular case where Uy = Ay = WAz (where
A1 = Ay = Ajz is split, since the sum of the Brauer classes of Aj, A, and A3 vanishes in
the Brauer group of F, see [13, (42.7)]), the trialitarian isomorphisms are therefore outer
automorphisms. The close connection between trialitarian automorphisms of PGOg and
symmetric compositions is discussed in [6].

We return in §3.5 to the study of compositions of quadratic spaces, building on the
theory of trialitarian triples developed in the previous subsections to obtain a few more
results about the 8-dimensional case. Specifically, we establish criteria for the similarity
or the isomorphism of compositions of quadratic spaces, which yield an analogue of the
classical Principle of Triality, and we give an explicit description of the cohomological
invariants of Sping.

In the final §3.6 we show that the constructions of §3.2 readily yield a canonical iso-
morphism between the structure group of a composition algebra of dimension 8 and the
extended Clifford group of its quadratic form.

3.1. The trialitarian triple of a composition of quadratic spaces

Let € = ((Vi,q1), (V2,42), (V3,43), *3) be a composition of quadratic spaces of dimen-
sion 8 over F. Recall from Proposition 2.10 the isomorphism of algebras with quadratic
pair

C(@): (C(Vi.q1).71,81) = (End(V2 @ V3), 0by 1630 T 145)

induced by the map

a:x1 €V — ( 0 rx‘) € End(V;, & V3)
&, O

where €y, : Vo — V3 carries x, € Vo to x; 3 x2 € V3 and ry, : V3 — V, carries x3 € V3 to
x3 #3 x1 € V,. Its restriction to the even Clifford algebra also is an isomorphism of algebras
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with quadratic pair
Co(@): (Co(Vi.q1). 01, 8o1) = (End(V2), 0%, T4,) X (End(V3), 5. ).
see Proposition 2.10. Therefore, the following is a trialitarian triple:
End(%) = ((End(V1), 05, ,,)s (Bnd(V2), 0, T,,)s (End(V3), 0y, Ty) Col@)).

We next show that the construction of trialitarian triples from compositions of quadratic
spaces is functorial.

Let € = ((Vi.q1), (V2.q2), (V3,43), 3) and € = ((V1,G1), (V2. 02). (V3.43). %) be
compositions of quadratic spaces of dimension 8. Recall that for every linear isomorphism
gi: Vi = V;, we define

Int(g;): End(V;) - End(V;) by f>giofog; .
Proposition 3.1. For every similitude (g1, g2,83): € — @, the triple

Int(g1, g2, g3) := (Int(g)), Int(g2), Int(g3)) : End(€) — End(%)

is an isomorphism of trialitarian mples Moreover, for every isomorphism of trialitarian
triples (y1,7v2,7v3): End(%) — End(%) there exists a similitude (g1, g2, 83): € — Z
such that

(v1,72,¥3) = Int(g1, &2, &3).

Proof. Suppose that (g1, g2, 83): € — € is a similitude. For i = 1, 2, 3, Int(g;) is an
isomorphism of algebras with quadratic pairs

Int(g;): (End(V;), 0%,.1,,) = (End(V;), 0 .77,)-

Note that under the identification C(End(V1), 0, f4,) = Co(V1, q1) the isomorphism in-
duced by Int(g;) is the isomorphism Cy(g;): Co(V1,q1) — Co(V1, q1) such that

Co(g1)(x1y1) = u ' g1(x)g1(y1)  forxy, yi € Vi,

where 1 is the multiplier of g;. Therefore, in order to show that (Int(g1), Int(g2), Int(g3))
is an isomorphism of trialitarian triples End(¢) — End(%), we have to show that the
following diagram commutes:

Co(V1.q1) 2L End (V) x End(V3)

Co(g1)l llm(gz)xlm(gg 3.1)
= . Go(a) = ~
Co(V1,q1) — End(V2) X End(V3)

Let (41, A2, A3) be the composition multiplier of (g1, g2, g3). For x1, y; € V| we have

a 1 [raianle 0
Co(a) o Co(g1)(xy 'y1)=#11( g1 ( 1)Oz>1(y1) ,
g1 (x) g1(n)
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and
g2rx1€)’1g2_l 0

(Int(g2) x Int(g3)) o Co(a)(x1 - y1) = 0 g3larngs!)

By Proposition 2.14, (g3, g1, £2) is a similitude of %%, hence for x; € V, and x3 € V»

827 Uy, (x2) = g2((y1 #3 x2) %2 x1) =

A5t g3(y1 #3x2) #2 g1 (x1) = 5125 (g1(01) #3 g2(x2)) #2 g1 (x1).

Since 243 = 1 by (2.25), it follows that gory, £y, = 7' T (x)Cg (y)&2. Similarly,

83Cx Ty, = gy (x)Tg1(71)835

hence diagram (3.1) commutes. The first part of the proposition is thus proved.
Now, assume (y1,%2,y3): End(®) — End(%) is anisomorphism of trialitarian triples.
Each v; is an isomorphism

yi: (End(V)), 0, Fg,) = (End(V)), 0., 77,):

Proposition 1.2 shows that y; = Int(g;) for some similitude g;: (V;,q;) — (Vi,Gi). We may
then also consider the isomorphism

Int( :3)1 End(V> ® V3) — End(V; @ V3),

which makes the following diagram, where the vertical maps are the diagonal embeddings,

commute:

Int(g2)xInt(g3)
_ s

End(V>) x End(V3) End(V2) X End(V3)

Int(go2 goz)

End(V, & V3) End(VZ 5] V3)

From the hypothesis that (1, y2,y3) is an isomorphism of trialitarian triples, it follows
that the diagram (3.1) commutes. Write u; for the multiplier of g and consider the linear
map

ALY/ 0
B:Vi > End(K @), x H( " rglém).
My e ()

For %, € V, and X3 € V3, we have by (2.10) and (2.12)

pr (g1 F %) T2 g1(x1) = py ' g1 (g1(x1)) %
and

wl g () ¥ (B F2g1(x1)) = ' G (g1(x1))7s.

Since 17! (71(81(x1))) = g1 (x1), it follows that B(x1)% = ¢ (x1) Idg g, for x; € Vi. There-
fore, B induces an F-algebra homomorphism

C(B): C(V1,q1) — End(V, @ V3).
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Since C(Vy, q) is a simple algebra, dimension count shows that C () is an isomorphism.
FOI‘xl, Y1 € V],
-1

C(B)(x1y1) = HY Tain bai o) 0

_ = Co(@)(Co(g1)(x1y1)),
0 My lggl(xl)rgl(yl) ( )

hence C(B)|c,(vi,q1) = Co(@) o Co(g1). Since the diagram (3.1) commutes, it follows that

CBcyvign =t(§ ) o C@lcyvig-
Therefore, Int( %} ; ) o C(a) o C(B)~" is an automorphism of End(V5 & V3) whose restric-
tionto C(B)(Co(V1,4q1)) is the identity. This automorphism is inner by the Skolem-Noether
theorem. Since C(B)(Co(V1, q1)) = End(V2) x End(V3) we must have

Int(G gog) oC(a)o C(B)~" =Int( ¢ ,5)3) for some v,, v3 € F*,

hence o
o _
Int(§ 1) o Cl@)(x1) = (¢ 1, )CB) ) (™ V;I) for x; € Vi,
which means that
0 ngX1g3_l) _ ( 0 V2V3_lrg1(xl)
830x, 85" 0 vy vaur ey () 0
The equation ggé’xlgz‘l = vz‘lvwl‘lfgl(xl) implies that for x, € V,

g3(x1 #32) = v3 ' vauy g1 (x1) ¥ g2 (x2).
Therefore, (g1, g2, g3) is a similitude € — Z. [

We next show that every trialitarian triple of split algebras has the form End(%) for
some composition &€ of quadratic spaces of dimension 8.

Theorem 3.2. Let T = (W, Wy, W3, @) be a trialitarian triple over an arbitrary field F,
where W; = (A;,0y,§;) fori =1, 2, 3. If A\, Ay and A3 are split, then there is a composition
€ of quadratic spaces of dimension 8 over F such that 5 =~ End(®). The composition €
is uniquely determined up to similitude.

Proof. Fori=1,2,3,let A; = End(V;) for some F-vector space V; of dimension 8. Let also
q; be a quadratic form on V; to which (o7, f;) is adjoint. The map ¢y is thus an isomorphism
of algebras with quadratic pairs (with the notation of § 1.2):

¢o: (Co(Vi,q1). 701, 801) = (End Vs, 0, T4,) X (End V3, 05, ).

The idea of the proof is to extend ¢ (after scaling ¢; and g, or g3 if necessary) into an
isomorphism of algebras with involution preserving the Z/27Z-grading:

¢: (C(Vi,q1),71) = (End(V2 ® V3), 0, 13-
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For x| € V|, we then have p(x]) = ("21 r’(‘)‘ ) for some maps £y, : Vo = Vzandry,: V3 — V.
The last part of the proof consists in showing that (x,x) > £x, (x2) is a composition map.

First, we extend ¢q into an F'-algebra isomorphism ¢. Since g is determined only upto a
scalar factor, we may assume ¢ represents 1 and pick e; € V| such that g (e) = 1. The inner
automorphism Int(e;) of the full Clifford algebra C(V}, q1) preserves Co(V1, g1) and is of
order 2. It transfers under the isomorphism ¢g to an automorphism of End(V,) X End(V3)
that interchanges the two factors. Viewing End(V;) x End(V3) as a subalgebra diagonally
embedded in End(V;, & V3), we may find an inner automorphism of End(V, & V3) which
restricts to ¢g o Int(ey) o ¢, !'by (a slight generalization of) the Skolem—Noether Theorem,
see [5, Prop. 1, p. A VIIL.253]. This inner automorphism is conjugation by an operator
of the form (% %) since it interchanges (IdOV2 g) and (g m?,} ). Since ¢g o Int(ey) o ¢,
has order 2, it follows that uu’ = u’u € F*, hence Int(g “(; : ) has the same restriction to
End(V,) X End(V3) as Int(g L{) ). Representing C (V1, q1) and End(V, & V3) as (generalized)
crossed products

C(Vi,q1) = Co(V1,q1) ® e1Co(V1,q1),

End(V> ® V3) = (End(V2) x End(V3)) @ (04" ) (End(V,) x End(V3)),

we may extend ¢q to an isomorphism of F-algebras
¢: C(V1,q1) = End(V2 ® V3)

by mapping e; to (2 “61 ). Let 7 be the involution on C (V1 ¢1) that fixes every vector in V;
and let 7" = ¢ o 7 0 ¢~ ! be the corresponding involution on End(V, @ V3). The restriction
of 71 to Cy(V1, q1) is the canonical involution 7y, and ¢g o 79 = (07 X 03) o g, hence 7’
restricts to 03 and o3 on End(V,) and End(V3). This means that

(End(V, ® V3),7") € (End(V,), o) B (End(V3), 03),

i.e., that 7’ is adjoint to a symmetric bilinear form that is the orthogonal sum of a multiple
of by and a multiple of b3. Scaling g, or g3, we may assume 7’ = 0p,,p, is the adjoint
involution of by L bs.

Under the isomorphism ¢, the odd part C;(Vy, q1) = €1Co(V1, g1) is mapped to the
odd part of End(V, @ V3) for the checkerboard grading, hence for each x| € V) there exist
tx, € Hom(V,, V3) and ry, € Hom(V3, V) such that

o(x) = ( 0 r’“) € End(V, & V3).
ty, O

Our next goal is to show that €y, : Vo — V3 is a similitude with multiplier ¢ (x;). Since
71(x1) = x1, it follows that ¢(x;) is o, p,-symmetric, hence for all x5, y» € V; and x3,
y3EV3

0 Fxp ) [X2 AR *2 0 P} (2
el )b )
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This means that for all x,, y, € V, and x3, y3 € V3,

bz(rxl (x3),)’2) = b3(x3’€X] ()’2)) and b3(£x1 (x2),)’2) = b2(x2,rx1 ()’3)) (32)
Moreover, the relations x% =¢q(x1) and x;y; + yix1 = b1(x1, yy) yield for all x;, y; € V;
Oty =Tx by, = q1(x1) and €y 1y, + 0y 7y =1x by, + 1y €y, = b1(x1,y1).  (3.3)

Recall that the two components ¢.. of ¢ are homomorphisms of algebras with quadratic
pair
e (Co(Viq1),01.1) = Mo, -2 (Co(Vi,q1), 701, f,) — Us.
As observed in Definition 1.20, ¢, (w(q1)) € 80(g2) and ¢_(w(q1)) € g0(g3), hence
@+(x1y1) €go(q2)  and  @_(x1y1) € go(q3)  forallxy, yi € V1.
The definition of ¢ yields ¢, (x1y1) = rx, €y, and ¢_(x1y1) = €y, ry,, hence by (3.3)
fi(+(x131)) = @+ (x131) + @2 (y1x1) = by (x1, y1)

and

f(e-(x1y1)) = e (x1y1) + @-(y1x1) = b1 (x1, y1).

Since ry, €y, € g0(g2) and ¢y, ry, € go(q3), it follows from Proposition 1.11 that for x;,
yieVi,xseVoandxs € V3

ba(rx by, (x2),x2) = b1(x1,y1)g2(x2) and b3 (x, 1y, (x3),x3) = b1(x1,y1)q3(x3).
(3.4)
If x; € V; is nonzero, there exists y; € V; such that b1 (xy, y;) = 1. From (3.2) and (3.3) we
derive for all x, € V5

b3 (Cx, (x2), Ly, 1y, Uxy (x2)) = ba(ry, bx, (x2), 1y, bx, (x2)) = g1 (x1) b2 (X2, 7y, Ex, (x2)).
But (3.4) yields
b3(Cx, (x2), bx, 1y Uy, (x2)) = q3(€x, (x2))  and by (x2, 7y, Ly, (x2)) = g2(x2),
hence
q3(lx, (x2)) = q1(x1)q2(x2) for all x; € Vi, xo € V5 with x; # 0.
This equation obviously also holds for x; = 0. Therefore, defining
#3: ViXVa > V3 by x1#3x2 =&y, (x2) for x; € Vy and xp € V>,
we see that =3 is a composition of (Vy, q1), (V2, g2) and (V3, g3). Let also

X3 %2 X1 = Iy, (X3) forx3 € V3 and x € V].
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From (3.2) it follows that bQ(Xj, %) X1,X2) = b3 (x3,x1 %3 xp) forx; € Vi, x, € Vo, andxs € Vi,
hence Proposition 2.1 shows that =; is the derived composition of (V3, g3), (Vi, ¢1) and
(Va, q2). Therefore, o = Co() for a: Vi — End(V, @ V3) mapping x1 € V; to (21 rg‘ ).
We thus see that 7 = End(%) for € = ((Vl, q1), V2, q2), (V3,q3), *3). Proposition 3.1
shows that the composition € is uniquely determined up to similitude. ]

3.2. Similitudes of trialitarian triples

Throughout this subsection, we fix a trialitarian triple
I = (?Il, Ay, ‘213, 900)

with W; = (A1, 03, ;) a central simple algebra with quadratic pair of degree 8 over an arbi-
trary field F fori = 1, 2, 3. The algebraic group scheme Aut(J ) of automorphisms of I is
defined as follows: for any commutative F-algebra R, the group Aut(J ) (R) consists of the
triples (y1,v2,v3) € Aut(UA)(R) x Aut(Uy)(R) X Aut(W3)(R) that make the following
square commute:

@
C(U)g —> Agg X AR
C(m)L Lnx% (3.5)

C(UDr A Arr X A3R

Thus,
Aut(T) c Aut(Ay) x Aut(Ay) x Aut(A3).

Now, recall from [13, §23.B] that the map Int: GO(2;) — Aut(2;) defines an isomor-
phism PGO(2;) — Aut(;). Therefore, we may consider the inverse image of Aut(J)
under the surjective morphism of algebraic group schemes

Int: GO(YU;) X GO(A2) X GO(A3) — Aut(U;) x Aut(As) X Aut(A3).
Definition 3.3. The algebraic group scheme of similitudes of the trialitarian triple I is
GO(9) = Int_l(Aut(F/')) c GO(YU;) x GO(Ay) x GO(A3).

From this definition, it follows that the map Int restricts to a surjective morphism of alge-
braic group schemes (see [13, (22.4)])

Int: GO(9) — Aut(J).

Its kernel is the algebraic group of homotheties H(J') = G3,, which lies in the center of
GO(9). We may therefore consider the quotient

PGO(9) =GO(9)/H(T) c PGO(U;) x PGO(A,) x PGO(A3),
and the map Int yields an isomorphism

Int: PGO(9) = Aut(9).
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Our goal in this subsection is to define a subgroup O(97) € GO(J") on the same model
as the subgroup O(%) of the group GO(®) of similitudes of a composition of quadratic
spaces, so that when I = End(%) for some composition € of quadratic spaces of dimen-
sion 8 we may identify

0(T)=0(%), GO(T)=GO(%) and PGO(J) =PGO(%);

see Proposition 3.10. Moreover, for an arbitrary trialitarian triple 7, we relate GO(J) to
the extended Clifford group Q () to obtain canonical isomorphisms

Spin(A;) — O(T) and PGO(J) 5 PGO™(U,),

see Theorems 3.4 and 3.12.

A key tool is the following construction: let ¢, : €(W;) — A and ¢_: C(A;) — Az
be the two components of the isomorphism ¢g: €(U;) — WAy x A3, which is part of the
structure of I . Recall from (1.22) that ¢, and ¢_ restrict to morphisms

or: QA — GOT(Ay) and o_: QA — GO (Az).

Combine ¢, and ¢_ with the morphism yo: Q(;) — GO*(A;) of §1.3 to obtain a
morphism
vg: QA - GO(T) (3.6)

as follows: for every commutative F-algebra R and & € Q(U;)(R), let

U (&) = (xo(é), ¢+(£), ¢-(£)) € GO™(UA)(R) X GO™(A2)(R) X GO™(U3)(R).

Proposition 1.7 shows that C(Int(xo(¢))) = Int(¢), hence

@0 o C(Int(x0(£))) 0 ¢y = Int(po(£)) = Int(p+(£)) X Int(p_(£)),

which means that (Int(xo(£)), Int(¢4(£)), Int(¢_(£))) lies in Aut(J)(R), and therefore
Y (£) € GO(T)(R). Note that Y is injective, since (¢ (£), ¢ (£)) = ¢o(£) and gy is
an isomorphism.

We first use the map & to prove:

Theorem 3.4. Projection on the first component ng : PGO(J) —» PGO(N,) defines an
isomorphism

PGO(J) — PGO™(U,).

Proof. Let R be a commutative F-algebra and (yy,y2,v3) € Aut(J)(R). Since ¢ is an
isomorphism, ¥, and y3 are uniquely determined by y; and commutativity of the dia-
gram (3.5). Therefore, 74 is injective. Moreover, commutativity of the diagram (3.5) shows
that C(7y;) leaves the center of C () fixed, which means that y lies in the connected com-
ponent of the identity Aut™(;)(R). It follows that the image of 7 lies in PGO™ ().
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To complete the proof, we show that 7o is surjective on PGO* (). Since PGO™ ()
is smooth, it suffices to consider rational points over an algebraic closure Fy of F, by [13,
(22.3)]. Recall from Proposition 1.8 that yq is surjective. For every g1 € GO™ () (Fuyg),
we may therefore find & € Q(U) (Fayg) such that xo(¢) = g1. Thenyg (¢) € GO(T ) (Fayg),
and its image Y 5 (£) in PGO() (Fu) satisfies g (¥ 5 (€)) = g1 F},- We have thus found
an element in PGO(J ) (Fy1¢) that maps under g to any given g1\, € PGO™ () (Fuyg),

alg
hence g is surjective. |

Corollary 3.5. The algebraic group schemes GO(J) and PGO(T") are smooth and con-
nected.

Proof. That PGO(9") is smooth and connected readily follows from the theorem, since
PGO* () is smooth and connected by [13, §23.B]. Then GO(J) is also smooth and
connected because PGO(TJ ) = GO(TJ) /H(T") with H(J") smooth and connected, see [ 13,
(22.12)]. L]

We next use g to determine the structure of GO(J). Let Z; ~ F X F denote the
center of C(U;), and recall that Rz, /r(Gm) lies in the center of Q(U;) (see (1.4)). For
every commutative F-algebra R and z € (Z;)g, Proposition 1.7 yields xo(z) = Nz, /r(2),
while ¢, (z), ¢_(z) € R*. Therefore,

Y7 (2) = (N7 r(2), 0+(2), 9-(2)) € R* X R* x R* =H(T)(R). (3.7)

Proposition 3.6. The morphism g and the inclusioni: H(T ) — GO(T) combine with
the multiplication in GO(T) into a surjective morphism of algebraic group schemes

v Xi: QU) xH(T) - GO(T).
This morphism fits in the exact sequence
1 5 Rz, r(Gm) = QU x H(T) 225 GO(T) > 1

where Rz, /r(Gm) is embedded into the product canonically in the first factor and by the
inversion followed by W g in the second.

Proof. It is clear from the definition of the embedding of Rz, /r(Gm) that Rz, /r(Gm) C
ker(¢ g % i). To prove the reverse inclusion, consider an arbitrary commutative F'-algebra
R and pick &€ € Q(Uy)(R) and v = (v1, v2,v3) € H(T)(R) such that Yo (&) - v =1 in
GO(9)(R), i.e.,

X =vi', @@ =v;' and ¢_(&)=v;".

The last two equations show that (&) = (vz_l, v;l) in (A2)gr X (A3)g. Since ¢q is an
isomorphism, it follows that & lies in (Z;)%, hence (£, v) belongs to the image of (Z;),

for v =yg (&)
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To complete the proof, it remains to show that g X i is surjective. Since GO(T) is
smooth by Corollary 3.5, it suffices to consider the groups of rational points over an alge-
braic closure Fy, of F. Let g = (g1, 82, 83) € GO(T)(Fyye). Note that g1, g> and g3 are
proper similitudes, because GO(J") is connected by Corollary 3.5. We know from Propo-
sition 1.8 that yo: Q(A;) — GO™(A,) is surjective, hence we may find & € Q(A;)(Fyy)

such that xo(¢) = g1. Then Y5 (¢) = (g1, g5, g3) for some g} € GO™ (W) (Fay) and g} €
GO*(A3) (Fyg). As g and yg (£) belong to GO(T ) (Fu), the following diagrams com-
mute:

@
C(W)Fy, —= (A2)Fy, X (A3)Fy,
C(Int(g1)) Llnt(gz)xlm(gs)

C(W)Fyy, —> (A2) gy X (A3

@
C(W)py, —= (A2)Fy, X (A3)F,,
C(Int(gl))l Int(g;)xInt(g3)
@
C(W)py, —= (A2)Fy, X (A3)F,,

Therefore, Int(g2) = Int(g}) and Int(g3) = Int(g}), which implies that g, = g}, and g3 =
g4v3 for some vy, v3 € Faxlg. With v = (1,v2,v3) € H(J)(Fyg) we then have

U (&) v =1(81,85v2.85v3) = (81.82.83) = &
Surjectivity of g X i follows. |

Corollary 3.7. Let m: H(9) — Gy, denote the multiplication map carrying (vy, v2,v3)
to vivyvs. There is a morphism pg: GO(J) — Gy, uniquely determined by the condition
that the following diagram commutes:

Q) xH(T) — 2L GO(T)
\ / (3.8)
(moxo)xm

Proof. Proposition 3.6 identifies GO(J") as a quotient of Q(U1) X H(F) by Rz, /r(Gm),
hence to prove the existence and uniqueness of pg it suffices to show that (¢ o y¢) and m
coincide on the images of Rz, /7 (Gm) in (J") by inclusion and in H(J") by ¢ 5. For every
commutative F-algebra R and z € (Z1); we have xo(z) = Nz, /r(z) by Proposition 1.7,
hence (u o xo)(z) = NZI/F(Z)Z. On the other hand Nz, ;r(z) = ¢+(2)¢-(z), hence

(moyg)(z) =m(Nz r(2), ¢+(2), ¢-(2)) = Nz, /r(2)*.

Thus, (1 o xo) and m coincide on the images of Rz, /¢ (Gm). |
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Definition 3.8. The morphism A5 : GO(J) — G, is defined as follows: for every com-
mutative F-algebra R and g = (g1, g2, g3) € GO(T)(R), set

A7 () = (p7 (Qu(enN) ™", pr(@u(g)™"s pr(eu(gs)™") € R* X R* x R*,
From the definition of pg, it follows that for v = (vy, v2,v3) € H(J)(R)
pg(v) =m(v) = vivavs,

hence
A7 (v) = (vavav ! vavivs ' vivavs ). (3.9

The definition of pg also yields pg (Yo (£)) = p(xo(£)) for & € Q(A;)(R). Letting
H: QAy) = Rz, /p(Gm)

denote the multiplier map, we have by Proposition 1.7

1(x0(€)) = Nz,/r (1(€)) = ¢+ (1(€)) - - (1(£)).

As ¢ is an isomorphism of algebras with quadratic pair, we also have

(0+(1(£)), - (u(€))) = 0(u(8)) = (u(p+(£)), u(@-(£))). (3.10)

Therefore, the definition of 15 yields

A7 (W (@) = (1, u(xo(©)u(e+(©) ", ulxo@)u(e-(©)™) G.11)
= (1, (- (9)), u(ps+(£)))-

Definition 3.9. Let
0(7) =ker(1g: GO(T) - G3)).

As in the proof of Proposition 2.19, it follows from (3.9) that the map Ag-: H(J) — G},
hence also g : GO(J) — G, is surjective. Therefore, the following sequence is exact:

1 - 0(F) - GOT) 25 G -1

Now, let Z(J) be the kernel of the canonical map O(J) — PGO(J), which is the
composition of the inclusion O(J") c GO(J") and the canonical epimorphism GO(J) —
PGO(T). Thus, letting m be the multiplication map (vy, va, v3) > viv2v3,

2Z(T)=H(T)NO(T) =ker(m: gy X py X p1; = pp) = fy X py.
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The same arguments as in Proposition 2.20 yield the following commutative diagram with
exact rows and columns:

1 1
1 Z(9) 0(9) —=PGO(T) —= |
1 H(9) GO(9)——PGO(T) ——1 (3.12)
Ag Ag
G3 _______ G3
1 1

Now, we show that the definitions above are compatible with the corresponding defi-
nitions for compositions of quadratic spaces in §2.3.

Proposition 3.10. For € any composition of quadratic spaces of dimension 8 and I =
End(%¥), canonical isomorphisms yield identifications

H(%)=H(7), O(%)=0(7), GO(%)=GO(J), PGO(%)=PGO(T).

Moreover, the following diagram commutes:

GO(%) —— GO(7)
ﬂg/l lag (3.13)
Gl ——— G},

Proof. Let R be acommutative F-algebra. Forevery (g1, g2, g3,43) € GO(%)(R) the triple
(g1,82,83) liesin GO(J)(R), as seen in the first part of the proof of Proposition 3.1. Since
A3 is uniquely determined by g1, g» and g3, mapping (g1, 2, €3, 43) to (g1, g2, g3) defines
an injective map GO(%) — GO(J). Proposition 3.1 also shows that for /g an algebraic
closure of F the map GO(%) (F,z) — GO(T ) (Fay) is surjective. This is sufficient to prove
that the map GO(€) — GO(T) is surjective, since GO(T) is smooth by Corollary 3.5.
We have thus obtained a canonical isomorphism GO(%) — GO(Z). This isomorphism
maps H(%®) to H(Z), hence it induces an isomorphism PGO(%) — PGO(T).

In order to prove that the isomorphism GO(%) = GO(T) also maps O(%) to O(T),
it suffices to prove that the diagram (3.13) is commutative. For this, we use the description
of GO(J) in Proposition 3.6 as a quotient of the product of Q(U;) and H(S). It is clear
from (3.9) that A¢ and Ag coincide on the image of H(%) = H(9) in GO(¥) = GO(T).
Therefore, it suffices to consider the image of () under ¢ o .
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Let € = ((V1.q1), (V2,q2), (V3,43), %3), 50 o = Co(a), Ay = End V; and () =
Q(q1). Let R be a commutative F-algebra and let & € Q(q;)(R). To simplify notation,

write g1 = x0(£) € GO (q1)(R), &2 = C(@)(é) € GO™(g2)(R) and g3 = C_(@)(¢) €
GO*(g3)(R), so

Yo (&) = (81,82, 83)
Now, (3.10) yields Co(a) (u(¢)) = (u(g2), u(g3)), and by (1.2), we have

g1(x1) = L(;_t(f))fxlg_l for every x; € Vig.

By taking the image of each side of the last equation under C(«), we obtain

P
Cor(xn) 0 0 u(g2))\0 g3)\ty, O 0 g3_l

This equation yields

Toi(x1)&3 = M(83)82Tx, and  {g (x)82 = 1(g2)8g3¢x, for all x; € Vig,

which means that for all x; € Vg, x, € Vg and x3 € V3g

83(x3) *2 g1(x1) = u(g3)g2(x3 *2 x1) and  g1(x1) *3 g2(x2) = u(g2)g3(x1 *3 x2).

These equations show that (g1, g2, g3, #(g2)) € GO(%)(R), hence by (2.25)

Ag (Y7 (£) = (1. u(g3). u(g2))-
Therefore, A¢ (Y7 (£)) = A7 (Y7 (£)) by (3.11), and the proof is complete. n

Corollary 3.11. For every trialitarian triple T, the algebraic group scheme O(J) is
smooth.

Proof. Over an algebraic closure Fy, of F' the trialitarian triple 7 is split, hence by The-
orem 3.2 we may find a composition € of quadratic spaces of dimension 8 over Fy, such
that If,, ~ End(%). Then O(JF,,) is isomorphic to O(€), which is smooth by Proposi-
tion 2.19, hence O(9) is smooth by [13, (21.10)]. ]

The final result in this subsection elucidates the structure of O(J).

Theorem 3.12. For every trialitarian triple I, the morphism g restricts to an isomor-
phism
Yo Spin(A;) — O(T).

Proof. When defining g, we already observed that this morphism is injective. Recall
from §1.3 that Spin(A) is the kernel ofﬁ: Q(U;) — Rz, /r(Gm). Therefore, (3.10) and
(3.11) show that ¥yg map Spin(U;) to O(F).
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To prove that g maps Spin(2;) onto O(5), it suffices to consider the groups of
rational points over an algebraic closure Fy, of F', because we know by Corollary 3.11
that O(J") is smooth. Proposition 3.6 shows that g X i: Q(TF)(Fae) X H(T ) (Fyg) —
GO(T)(Fayg) is surjective, hence for any g € O(T ) (Fag) we may find & € Q(T)(Fye)
and v = (v1,v2,v3) € H(J)(Fy) such that g (¢) - v = g. Taking the image of each side
under Ag and using (3.9) and (3.11), we obtain

(1,47,43) - (vszl_l, V3V1V2_1, vlvzvgl) =(1,1,1)

for some A5, A3 € F;fg, hence v| = v,v3. Therefore, v = ¢ 5 (z) for z € (Zl);alo such that
©0(2) = (v, v3), and Yo (£2) = g. Since A5 (g) = (1,1, 1), (3.10) and (3.11) show that
u(£z) = 1, hence £z € Spin(Ay) (Fayg). Thus, Y maps Spin(A;) onto O(F). =

Corollary 3.13. The following diagram, in which the vertical maps are isomorphisms, is
commutative with exact rows:

1 — Ry, /¢ (#y) — Spin(%A;) —— PGO*(A;) — 1

wL WL Tr (3.14)

1 7Z(9) 0(9) PGO(T) ——1

Proof. The upper sequence is (1.5), and the lower sequence is from (3.12). Commutativity
of the right square follows from the definition of y’ as the composition of y( with the
canonical map GO* (%) — PGO™ (), and bijectivity of the vertical maps is proved in
Theorems 3.4 and 3.12. L]

3.3. Derived trialitarian triples

To every trialitarian triple 7 = (A, Wy, W3, ¢o) we attach in this subsection two derived
trialitarian triples

0T = (W, Wz, A1, ¢y) and  9°T = (W, Ay, W, @)
in such a way that for every composition € of quadratic spaces of dimension 8
AEnd(%) =End(d%) and 0>End(®) = End(9°%).
The two components of the isomorphisms
0y C(A) » W x WAy and ¢ : €(Az) - A x Ay
are determined as lifts (in the sense of Definition 1.20) of Lie algebra homomorphisms
0.: pgo(Az) — pao(A3) and 67: pgo(As) — pgo(Ay),

0" : pgo(Az) — pgo(A;) and  6”: pgo(A3) — pgo(Ay).

Our main result is the following:
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Theorem 3.14. Let T = (W, Wy, Ws, @o) be a trialitarian triple over an arbitrary field
F, and let

O.: pgo(Ay) — pgo(Az) and 6_: pgo(A;) — pgo(As)

denote the Lie algebra homomorphisms induced (as per Definition 1.20) by the two com-

ponents of @o:
0+ € (Uy) > Ay and -2 C_(UW,;y) — Us.

The homomorphisms 0, and 6_ are isomorphisms, and the following Lie algebra homo-
morphisms are liftable:

0,=0_00;", 0. =06;', 0/=0", 0'=6,06""

Moreover, 0', and 6" on one hand, and 0’} and 0" on the other hand, are of opposite signs
(see Definition 1.20).

Corollary 1.22 shows that we may extend scalars to a Galois extension of F in order
to show that a Lie algebra homomorphism is liftable. We may thus reduce to split triali-
tarian triples, i.e., triples of the form End(%). We investigate this case first. The proof of
Theorem 3.14 will quickly follow after (3.18).

Let® = ((V1 ,q1), Va,q2), (Va,q3), *3) be a composition of quadratic spaces of dimen-
sion 8 over an arbitrary field F. Recall from Proposition 2.21 that the Lie algebra pgo(%)
can be described as a subalgebra of pgo(g1) X pgo(q2) X pgo(g3). Let

m1: pgo(@) — pgo(q1),  m: pgo(%) — pgo(qa), 731 pgo(€) — pgo(q3)
denote the projections on the three components, and let
0+:pg0(q1) — pgo(g2)  and  6-_: pgo(q1) — pgo(gs)
be the Lie algebra homomorphisms induced by the two components of Cy(«),
Ci(@): C:(Vi,q1) = End(V2)  and  C_(a): C_(V1,q1) — End(V3).

Lemma 3.15. The following diagram, where all the maps are isomorphisms, is commuta-
tive:

pgo(q1) pgo(q2)

(3.15)

pgo(q3)
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Proof. First, observe that m; is the differential of the morphism 7g,q(%) under the iden-
tification PGO(%) = PGO(End(%)) of Proposition 3.10. The morphism mgq(%) is an
isomorphism by Theorem 3.4, hence 7 is an isomorphism. Similarly, mr, is the differential
of the isomorphism obtained by the composition

PGO(%) > PGO(6%) 227, GO (¢n),
hence 7, is an isomorphism. Likewise, 73 is an isomorphism.
Now, recall from (1.23) that 6, and 6_ are defined by the following commutative dia-
grams, where C,(a) and C_(«) are obtained by composing C, (@) and C_(«) with the
canonical homomorphisms go(g2) — pgo(gz) or go(g3) — pgo(g3):

0(q1) — = pgo(q1) w(q1) — = pgo(q1)
T
pgo(q2) pgo(q3)
Therefore, _
Ci(a)=0,0y and C_(a)=0_0oy. (3.16)

Next, define a Lie algebra homomorphism
Ye: w(q1) — pgo(€)

by composing the differential Y/gna(%) : @(g1) — g0(%) of the morphism Ygaq(z) of §3.2
with the canonical map go(%) — pgo(%). Explicitly,

Yo (&) = (o) +F, C(a)(§) +F, C(a)(§) +F)  for& € w(q),

or, since Proposition 1.15 shows that ¥’ (&) = xo(&) + F,

e (&) = (X' (&), C+(@)(§), C-(a)(§))  foré € w(qn).

It follows from the definitions that the following diagrams are commutative:

w(g1) — pgo(q1) w(g1) — pgo(q1)
_ Y% _ Yz
C+(Q)l \ T”‘ C_(Q)l \ Tﬂ]
pg0(q2) <— pgo(%) pgo(q3) <— pgo(¥)

Therefore,

Ci(a) =m0 ¥Yg, X' =moW¥s, C_(a) =m30¥s.
Substituting in (3.16) yields

nmyoWy =60, 0m oWy and O_om oWy =m3 0W¥g.



72 D. Barry and J.-P. Tignol

We know from Proposition 1.15 that y’ is surjective, hence W& also is surjective since
m1 is an isomorphism. Therefore, the last displayed equations yield 7, = 64 o 1 and 713 =

6_ o my, proving the commutativity of diagram (3.15). Bijectivity of 6, and 6_ follows,

since@+=n20n1‘1and9_=n3 onl‘l. [

We next apply Lemma 3.15 to the derived compositions 3% and §*>@. Recall the trial-
itarian triples obtained from (2.20) and (2.21):

End(0%) = ((End(V2), 0p,. fy,). (End(V3), 095, F4,), (End(V1), 0%, Fy,). Co(a”))
and
End(6°%) = ((End(V3), 0%,.Ty,). (End(V1). b, T,,). (End(Va). 0y, f,). Co@”).
Let
0.: pgo(q2) — pgo(gqs)  and 6" : pgo(q2) — Pgo(q1)
be the Lie algebra isomorphisms induced by C, (a’) and C_(a’) respectively, and
6} : pgo(g3) — pao(q1)  and  6”: pgo(g3) — pgo(q2)
those induced by C,(a”") and C_(a”"). Let also
)2 pgo(0%) — pgo(q2), m5: pgo(9%) — pgo(qs). 73: pgo(d€) — pgo(qi)
and
7\ pgo(0’%) — pgo(qs), 751 pa0(I°E) — pgo(q1), 77 Pgo(9*E) — pgo(qa)

be the projections on the various components of pgo(d%) and pgo(8>%). Lemma 3.15
yields

0, =nhon|”!, 0. =nyon ", 0 =non} ™", 0" =y ox?~'. (3.17)
Proposition 3.16. The following equations hold:

0,=60_060;", 0 =67, 0/'=06"', 0'=6,006""

Proof. The switch maps 9 fit in the following commutative diagrams:

pgo(%) pgo(0F) pgo(¥)

pgo(q1) pgo(q2)
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and
o
pgo(¥) pgo(96)
\ ﬂé
pgo(gs)
o 14]
n;’
pgo(8°)

Substituting 71} = my 0 8%, ) =30 0%, 7y =m0 d*and ) =300, 7} =m0 9, 7y =
00 in (3.17) yields
9/ _ ° -1 9/ _ o -1 9// _ ° -1 9// _ ° -1
+ =307, , - =mom, , y =T omy, _=momy .

The proposition follows by Lemma 3.15. |

The maps 6., 6, 67 thus fit in the following commutative diagram, in which all the
maps are isomorphisms:

0
_— >

pgo(q1) p pao(q2)

\ - /
pPgo(6)
0 (3.18)
0y 3 0,

pgo(q3)

Proof of Theorem 3.14. Corollary 1.22 shows that it suffices to prove the claim after a
Galois scalar extension that splits the trialitarian triple . We may thus assume that 5 =
End(%®) for some composition € of quadratic spaces of dimension 8. Then Proposition 3.16
shows that 6_ o ;! and ;! (resp. 6-! and 6, o §-") are the Lie algebra homomorphisms
induced by the isomorphisms C, (a’) and C_(a’) (resp. C+(a’’) and C_(a’’)) of the trial-
itarian triple End(0%) (resp. End(9>%)), hence they are liftable by definition. Moreover,
6_o06;'and 6;! (resp. =", 6, o 6-") are of opposite signs, hence the proof is complete. m

Definition 3.17. Given any trialitarian triple 7 = (W, Ao, Az, ) with Lie algebra iso-
morphisms

0.: pgo(Ar) — pgo(Ar) and 6_: pgo(A;) — pgo(Az)
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induced by the components ¢, : €(U;) — Ay and p_: €(A;) — A of ¢, the pair of
opposite Lie algebra isomorphisms

(0., 0)=(0-00;",67")  (resp. (67, 0") = ("', 0, 067"))
lifts by Theorem 3.14 to an isomorphism
@y C(Ay) — A3 x Ay (resp. ¢ : €(A3) — Ay x Ar)
that defines a trialitarian triple
0T = (MW, s, Ay, @) (resp. 0°T = (Ws, Ay, W, @f))).

The trialitarian triples 8 and §*>J are called the derived trialitarian triples of T .
Note that 8" 0 6,! = 67 and 8, ™! = 6", hence (87 ) = 6> . Similarly, 3>(T) =
T =0(0*°T ) and 0*(9*T) = 0T .
From the proof of Theorem 3.14, it is clear that for every composition € of quadratic
spaces of dimension 8,
AEnd(€) =End(0%) and  9*End(%) = End(6%).

We next establish the functoriality of the 0 operation.

Proposition 3.18. If y = (y1,v2,v3): I — T is an isomorphism of trialitarian triples,
then 3y = (y2,73,7Y1) is an isomorphism of trialitarian triples 0T — 0T .

Proof. Let (6,,6-) (resp. (64+,0_)) be the pair of liftable homomorphisms attached to
(resp. ). The hypothesis that y is an isomorphism means that

y200,=6,0y1 and  y300_=0_oy.
It then follows that
y30(0-00;")=0-0y106,' =(0-06;") oy, and yi06;'=6," oy,

Since (f_ 065", 67") and (A_ 0 6;", 6;") are the pairs of liftable homomorphisms attached
to dJ and 0 respectively, it follows that (y2, ¥3,y1) is an isomorphism 0 — 4. =

For the next corollary, observe that each trialitarian triple 7 = (U, A», A3, ¢o) yields
a polarization of 2 in the sense of Definition 1.4: the primitive idempotents in the center
of C(A) are designated as 7+ and z;_ according to the following convention:

go(zi+) =(1,0)  and  o(z1-) = (0, 1),

so that the two components of ¢g are ¢,: €, (Uy) =5 A, and p_: C_(AY S ;. Similarly,
the maps () and ] of the derived trialitarian triples 7 and 0T yield polarizations of
A, and A3 so that

906(Z2+) = (1’0)’ ‘10(’)(Z2—) = (07 1)’ 90(/)/(23+) = (170)7 QD(/)l(Z3—) = (Oa ])’

just as in the case of compositions of quadratic spaces: see Remark 2.11.
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Corollary 3.19. Let T = (Uy, Ao, U3, @) and T = (ﬁl, ﬁz, ‘jig, @o) be trialitarian
triples. There are canonical one-to-one correspondences between the following sets:
(i) isomorphisms of trialitarian triples I — T
(il) isomorphisms of algebras with quadratic pair W; — ﬁl preserving the polariza-
tions induced by I and
(iii) isomorphisms of algebras w~ith quadratic pair Ay — ﬁz preserving the polariza-
tions induced by 09 and 07 ;

(iv) isomorphisms of algebras with quadratic pair A3 — ‘2~I3 preserving the polariza-
tions induced by 8> and 8*T .

Proof. By definition, an isomorphismy: I — T isa triple (1, y2,7y3) where each vy; is
an isomorphism 2; — A; and the following square commutes:

€(Ap) —= A x A
C(%)l l)’zxn (3.19)
C(A) A, Ay x As

Commutativity of this square implies that y; preserves the polarizations of Ay and ‘2~Il
induced by  and I

Conversely, if y; : ‘III - ﬁl is an isomorphism of algebras with quadratic pair preserv-
ing polarizations, then there are isomorphisms y;: Ay — ﬁz and y3: Az — ‘2~I3 uniquely
determined by the condition that the square (3.19) commute. The triple (1,2, v3) is then
an isomorphism 5 — 7 T . Thus, the sets described in (i) and (ii) are in bijection under the
map carrying y = (y1, Y25 3) toy1. Similarly, the setin (iii) is in bijection with the set of i is0-
morphisms 09 — 87 , hence, by Proposition 3.18, with the set of isomorphisms T T
to each isomorphismy: 9 — J corresponds the second component yp: Wy — ‘212 Like-
wise, mapping y to y3 defines a one-to-one correspondence between (i) and (iv). ]

In the particular case where T =9, Corollary 3.19 yields isomorphisms between the
group of automorphisms of I and the groups of polarization-preserving automorphisms
of Ay, Ay and A3, which are PGO* (A1), PGO*(A,) and PGO™ (A3). We discuss this case
in detail in the next subsection.

3.4. Trialitarian isomorphisms

Throughout this subsection, we fix a trialitarian triple = (W, W, A3, ¢g). We show
how to attach to I canonical isomorphisms, which we call trialitarian isomorphisms:

Spin(A;) ~ Spin(A,) =~ Spin(A3) and PGO*(A;) ~PGO*(A,) ~ PGO™ (A3).
Proposition 3.18 shows that the switch map 0 yields an isomorphism

9: GO(T) — GO(IT).
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This isomorphism maps H(J) to H(dJ), hence it induces a switch isomorphism
0: PGO(9) - PGO(09).

The following proposition shows that d also maps O(F) to O(0T):

Proposition 3.20. The following diagram is commutative:

GO(T) —2-GO(87)

A7 l lﬂaz‘

G3, 9 Gl

Proof. When & = End(®) for some composition & of quadratic spaces of dimension 8,
then GO(9) = GO(¥) and GO(0T) = GO(I¥) by Proposition 3.10, and commutativity
of the diagram is clear from (3.13). Commutativity for an arbitrary trialitarian triple follows
by scalar extension to a splitting field. ]

Recall from Corollary 3.13 the diagram (3.14) relating Spin(2;) and PGO™ () to
0(9) and PGO(). Substituting 07 for & in that diagram, we obtain another commu-
tative diagram, which involves W, and 09 instead of A and T . We may connect this new
diagram to (3.14) by means of the shift map to obtain the following commutative diagram

with exact rows, where all the vertical maps are isomorphisms and Z, denotes the center
of C (912)1

| — Rz, (43) — Spin(2;) —— PGO* (A}) —— |

Yg vg g
1 7(9) 09) PGO(9) ——=1
o o o

| —=Z(39)

0(09) ——PGO(0T) —1

Yog Yog o

| —— Ry, /r (43) — Spin(2y) —— PGO* (Ay) —— |
Define

Yo : Spin(A;) — Spin(A) and Og: PGO*(A;) — PGO*(Ay)

by composing the vertical isomorphisms: Zg = (//5&1‘ ocdoyg and Oy =g 00 o ﬂ;.

Forgetting the two central lines of the last diagram, we obtain a commutative diagram with
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exact rows:

1 —> Ry, /r (1) — Spin(A|) —— PGO* (A;) — 1

g L g L Qg L (320)

| —— Ry, r(p1y) — Spin(Ay) —— PGO* (Ay) — 1

Applying the construction above to 9 and §>J instead of 7, we obtain isomorphisms
Yo7 : Spin(As) — Spin(A3) and Zsg: Spin(As) — Spin(;) such that Y5 0 Log ©
Yg = Id, which make the following diagram with exact rows commute:

| — Ry, (12) — Spin(¥;) ——~ PGO*(A;) —— 1
Zg S 0y

I —— Ry () —> Spin(Wy) ——> PGO* () — 1
Sog Tog Oas

| — Ry, p (1) — Spin(¥) — > PGO* (W) — = 1
Zpg Ty 024

| — Rz, /r (1) — Spin(%A;) —— PGO*(A}) — 1

Letting r;: PGO(J) — PGO™(;) denote the projection on the i-th component, we

have
T =7ng, ) =Myg © 0, 3 =7r(929~082,

hence the following diagram, in which all the maps are isomorphisms, is commutative:

Og

PGO* () PGO* (y)
\ /
PGO(7)
o o (3.21)
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Similarly, defining ;: Spin(A;) — O(J) fori =1, 2, 3 by
Y=y, Yr=0"" osy, U3 =07 oYy,

we obtain the following commutative diagram similar to (3.21), where all the maps are
isomorphisms:
Zg

Spin(%A;) Spin(»)
X /
o(7)
Lo Zog
UZ]
Spin(A3)

Restricting to the central subgroups, we also obtain a commutative diagram of isomor-
phisms:
Zg

Rz, r (1) Rz,/r (1)
K %
Z(T)
Zsg Zog
U3
Rz, /r (1)

The action of the trialitarian isomorphism g on Rz, /r(u,) is easy to determine from
the definition of Y g :

Proposition 3.21. Fori =1, 2, 3, let z;+ and z;_ denote the primitive idempotents of Z;
(according to the polarization). Then for every commutative F-algebra R and ay, a- € R
such that ai =a® =1,

Yg(arziy +a-z1-) =a-z+ +asa-zo-, (3.22)
Yog(aszar+a_z3- ) =a_z3y +aza_z3_, (3.23)
Ypg(aszar+a-z3-) =a_ziw +ara_zi—. (3.24)

Proof. From (3.7) it follows that Y g (a+z1+ + a-z1-) = (ara—, a4, a_), hence
dovyg(aszis+a-zi-) = (a4, a_, ara_) =yYag(a-2+ +ara_z-).

Equation (3.22) follows, since Xg = w(;gk o 0 oyrg. Equations (3.23) and (3.24) are proved
similarly. ]
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Proposition 3.21 shows that g does not map the subgroup p, of Rz, /r(p,) to the
subgroup u, of Rz,,r(1,); this is a characteristic feature of trialitarian isomorphisms.

3.5. Compositions of 8-dimensional quadratic spaces

Let € = ((Vi.q1). (V2.42), (V3,43), *3) and € = ((V1,31), (V2,42), (V3,§3), 3) denote
compositions of quadratic spaces of dimension 8 over F' throughout this subsection. Recall
from Remark 2.11 that € and € induce polarizations of (Vi, q;) and (V1,q1) respectively.
Our goal is to establish criteria for the existence of a similitude or an isomorphism between
€ and 6.

Theorem 3.22. For every similitude g : Vi.q1) = (V1i, 1) preserving the polarizations
induced by € and @, there exist similitudes g Va,q2) — (Vz q2) and g3: (V3,q3) —
(Va, §3) such that the triple (g1, g2, g3) is a similitude € — €. The similitudes g2 and g3
are uniquely determined up to a scalar factor.

Proof. The similitude g; defines an isomorphism of algebras with quadratic pair

Int(g1): (End V1, 0%,,f,,) — (End Vi, 0 ,17),

see Proposition 1.2. Since g preserves the polarizations of (V, g) and (Vl ,q1), it follows
that Int(g,) preserves the polarizations of (End Vy, 0,,,,) and (End Vi, a5, fz ) induced

by the trialitarian triples End(®) and End(%) respectively, hence Corollary 3.19 yields
uniquely determined isomorphisms

y2: (End V2, 09,,14,) — (Endvz,o'gz,faz) and y3: (End V3, 05, ,,) — (Endvz,%,%)
such that (Int(g1), 2, y3) is an isomorphism End(€) — End(%). Proposition 1.2 shows
that there exist similitudes g>: (Va, ¢2) — (Va, ¢2) and g3: (V3, ¢3) — (V3, g3), uniquely
determined up to a scalar factor, such that y, = Int(g,) and y3 = Int(g3). It follows from

Proposition 3.1 that (g1, g2, g3) is a similitude € — €. ]

Corollary 3.23. Let ng and ng denote the 3-fold Pfister forms associated to ‘€ and € by
Proposition 2.10. The following conditions are equivalent:

(1) € is similar to %

(ii) ng = n%.

Proof. Recall that g; =~ (1;)ng and q; ~ (/Tl>n% for some Ay, A; € F*. If € is similar
to %, then ¢ is similar to g, hence ng =~ ng because similar Pﬁste~r forms are isometric.
Conversely, if ng ~ nz, then there is a similitude g1 : (V1,q1) — (V1,¢1). Composing g
with an 1mproper isometry if necessary, we may assume g preserves the polarizations of
(Vi,q1) and (V1,g1). Then Theorem 3.22 yields a similitude € — Z. |

In the particular case where € = €, Theorem 3.22 is a direct generalization of the
Principle of Triality discussed by Springer—Veldkamp [19, Th. 3.2.1], as follows:
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Corollary 3.24. For every proper similitude g, € GO*(q), there exist similitudes g, in
GO(q») and g3 in GO(q3) such that

g1(x2 %1 x3) = g2(x2) *1 g3(x3)  forallxy € V, and x3 € V3.

Proof. Theorem 3.22 yields similitudes g, € GO(q2) and g} € GO(q3) such that the triple
(81,85, 85) lies in GO(€) (F). Letting A% (81, 85, &3) = (41, A2, 43), we have by Proposi-
tion 2.14

A1 g1(x2 #1 x3) = g5(x2) *1 g5(x3) for all x, € V, and x3 € V3.
Then g, = Al_lg’z and g3 = g} satisfy the requirement. |

In the special case where »* is the multiplication in an octonion algebra, Corollary 3.24
is (the main part of) [19, Th. 3.2.1].
Corollary 3.24 also has a “local” version:

Corollary 3.25. Forevery g| € go(q1), there exist g, € go(q2) and g3 € go(q3) such that
g1(x2 *1 x3) = g2(x2) 1 x3 +x2 %1 g3(x3) + fi(g1) X2 %1 X3 forall x, € V5 and x3 € V3.

Proof. Lemma 3.15 shows that projection on the first component 71 : pgo(%€) — pgo(q1)
is bijective, hence there exist g/ € go(g2) and g} € go(g3) suchthat (g1 + F, g} + F, g} + F)
lies in pgo(€), which means that there exists A3 € F such that

g5 (x1 %3 x2) = g1(x1) *3 X2 + X1 *3 85(X2) — A3x1 *3 X2 forall x; € V; and x5 € V5.
By Proposition 2.17, there also exists A; € F such that

g1(x2 *1 x3) = g5(x2) *1 X3 +x2 %1 g5(x3) —A1x2 %1 x3  forallx; € Vy and x3 € V3.
Then g» = g} — 41 and g3 = g + fi(g1) satisfy the required condition. |

Specializing *; to be the multiplication in an octonion algebra (resp. the multiplication
in a symmetric composition algebra of dimension 8) yields Elduque’s Principle of Local
Triality [8, Th. 3.2] (resp. [8, Th. 5.2]).

By contrast with similitudes in Theorem 3.22, isometries (Vi, g1) — (Vl ,q1) do not
necessarily extend to isomorphisms € — € since (V;, ¢i) may not be isometric to (V;, 7;)
for i = 2, 3. Nevertheless, we will obtain in Theorem 3.29 below an isomorphism criterion
for compositions of quadratic spaces by using the following construction of similitudes.

For € as above, define a new composition of quadratic spaces € as follows:

€ = (V2. q2), (Vi,q1), (V3,93), %3)

where
X2 Ky X| =X %3X2 forx, € V5, and x; € V.
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To every anisotropic vector u3 € V3, we associate the map
Pus (x3) = M36]3(M3)71b3(1/t3,X3) - X3 for x3 € V. (3.25)

Computation shows that p,,, is an isometry fixing u3.

Proposition 3.26. For every anisotropic vector uz € Vs, the triples (£, Fuy, Pus): € — €’
and (ryy, buy» pus) 1 €' — € are similitudes with composition multiplier (1,1, q3(u3)).

Proof. Since p(ry;) = u(ly,) = g3(u3), to prove (y,, rus» Pus) is a similitude with com-
position multiplier (1, 1, g3(u3)) it suffices to show

q3(U3) pus (x1 3 X2) = Ly (X1) #5 745 (x2) forall x; € Vi, x2 € Va.

Likewise, to prove (ry,, fus, Pus;) is a similitude with composition multiplier (1, 1, g3(u3))
it suffices to show

q3(u3) pus (x2 %5 x1) = 1y (x2) #3 €y (x1)  forallxo € Vo, x1 € V.
Each of these equations amounts to
usbs(uz, x1 *3 x2) — (x1 #3 x2)q3(u3) = (x2 1 u3) *3 (u3 *2 x1).
By (2.18), we may rewrite the right side as
(x2 %1 u3) *3 (u3 2 x1) = uzby (xp %1 uz, x1) — x1 *3 (U3 %2 (x2 %1 u3)).

Since by (xp ) u3z,x1) = bs(us,x1 %3 x2) by (2.1), and uz *p (x3 1 u3) = x2q3(u3) by (2.11),
the proposition follows. |

Proposition 3.26 allows us to describe the group
G(®) = 1¢(GO(B)(F)) C F* x F* X F*

of composition multipliers of auto-similitudes of €. In the next corollary, we write G (ng)
for the group of multipliers of similitudes of the Pfister form associated to &, which is also
the set of represented values of this form because Pfister forms are round (see [9, Cor. 9.9]).

Corollary 3.27. G(%) = {(11,42,43) € F* X F* X F* | 11 = 1, = 13 mod G (ng)}.

Proof. 1If (11,42, 3) = A¢ (g1, &2, &3, A3) for some (g1, g2, g3, 43) € GO(F)(F), then by
definition of A¢ (see (2.27))

A =p(g)Ay' and b =p(gnAyt.

Since ¢ and g, are multiples of ng, multipliers of similitudes of ¢, and of ¢ lie in G (ng),
hence 4113 € G(ng) and Ay43 € G(ng). Therefore, 1| = A, = A3 mod G (ng).
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For the converse, we first establish:

Claim: (1,1,v) € G(¥) for every v € G(ng).
To see this, pick any anisotropic vector u3 € V3, and let v3 € V3 be the image of u3¢q3 (u3)’]
under any similitude of (V3, ¢3) with multiplier v, so that ¢3(v3) = vq3(u3)~'. By Propo-
sition 3.26, the composition of maps (7y,, €u;, Pv;) © (Lus» Tus» Pus) 1S an auto-similitude of
€ with multiplier (1, 1, g3(v3))(1, 1, g3(u3)) = (1, 1, v). This proves the claim.

Since for the derived composition € we have ngg =~ ng, it follows that (1,1, v) €
G (0%) for every v € G(ng), hence (v, 1,1) € G(¥) for every v € G (ng).

Now, suppose (41, A2, 43) € F* X F* x F* is such that 1;4,", 15'43 € G(ng). The
previous observations show

(13", 1,1), (1,1,25'23) € G(9).

Moreover, (A2 Idy,, A2 Idy,, A2 Idy,, 42) € GO(®)(F) is a similitude with composition
multiplier (A3, A2, A2). Therefore, the group G (%) also contains the product

(LA 1L - (1,1,4513) - (A2, 42, 42) = (A1, 42, 43). L]

Remark 3.28. Proposition 3.26 and Corollary 3.27 also hold, with the same proof, for
compositions of quadratic spaces of dimension 2 or 4.

Theorem 3.29. The compositions € and @ are isomorphic if and only if (V;, q;) and
(Vi, qi) are isometric fori =1, 2 and 3.

Proof. 1fg=1(g1,82,83): € — @ is an isomorphism, then from the relations between the
multipliers of g1, g2, g3 and the composition multiplier A(g) in (2.25) it follows that g1, g»
and g3 are isometries, hence (V;, g;) = Vi, q;) for all i.

For the converse, assume (V;, g;) is isometric to (Vi, g;) fori =1, 2, 3, and pick an
isometry g1: (V1,q1) — (Vi,§1). Composing it with an improper isometry if needed, we
may assume g preserves the polarizations induced by € and & . Theorem 3.22 then yields
a similitude g = (g1, g2,83): € — €. Let A(g) = (11, A2, 43). From the relations (2.25)
between A(g) and the multipliers of g1, g2, g3 it follows that p(g;) = 2243, hence 2,43 = 1
since g; is an isometry. The triple (g1, 42€2, g3) also is a similitude € — €, and

Ag1,282,83) = A(g) - (A2, 451, A2) = (A1 2, 1, 1) = (u(g3), 1, 1).

Since (V3,33) = (V3, ¢3), the multiplier ¢(g3) is the multiplier of a similitude of g3, hence
also of ng. Corollary 3.27 then shows that there exists an auto-similitude (g1, g5, g3) of €
such tll&}t (g}, 85 85) = (u(g3)~',1,1). Then (g; o g1, 4282 © g5, 83 © g4) is a similitude
€ — € with composition multiplier (1, 1, 1), i.e., it is an isomorphism. n

Corollary 3.23 and Theorem 3.29 can be given a cohomological interpretation: over a
separable closure of F, Corollary 2.32 (or Theorem 3.29) shows that all the compositions
of quadratic spaces of dimension 8 are isomorphic. Therefore, if €y is a composition of
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hyperbolic quadratic spaces of dimension 8 over F (such as the composition associated to
the split para-octonion algebra or the composition in Examples 2.6(2)), standard arguments
of nonabelian Galois cohomology (see for instance [13, §29]) yield canonical bijections

isomorphism classes of compositions of

1
H (F.0(%)) quadratic spaces of dimension n over F

and

similarity classes of compositions of

H'(F — ) L
(F.GO(%)) quadratic spaces of dimension n over F

because O(6y) (resp. GO(6))) is the group of automorphisms (resp. auto-similitudes)
of 6. Since by Proposition 3.10 the group PGO(%)) is the automorphism group of the
trialitarian triple End(%)), there is an additional canonical bijection

H! (F,PGO(%))) «— ‘ isomorphism classes of trialitarian triples over F'

Now, Corollary 3.23 yields a bijection between H' (F,GO(%))) and the set of isometry
classes of 3-fold quadratic Pfister forms. Similarly, Theorem 3.29 yields a bijection between
H! (F,0(%))) and the set of triples of quadratic forms (g1, g2, ¢3) up to isometry, subject
to the condition that there exists a 3-fold quadratic Pfister form n such that g1, g2, g3
are similar to n and the orthogonal sum n L g1 L g» L g3 is a 5-fold quadratic Pfister
form. This can also be viewed as a description of H'(F, Sping) for Sping the spin group
of 8-dimensional hyperbolic quadratic forms, because Theorem 3.12 yields a canonical
isomorphism Sping =~ O(%)). We may use this description to give an interpretation of the
mod 2 cohomological invariants of Sping determined by Garibaldi in [10, §18.1] under
the hypothesis that char F # 2, as follows: for n = 3, 4, 5, let e¢,, denote the Elman-Lam
cohomological invariant of n-fold Pfister forms, defined by

en((l,=ar) ... - (l,—ap)) = (a1) V... U (an) € H'(F, ),

where (a;) € H'(F, p,) is the cohomology class corresponding to the square class of a; €
F* by Kummer theory, see [9, §16]. For every triple (q1, g2, g3) as above, the cohomology
classes

e3(n), es(nLqi), es(nLlqy), esnlgqs), es(nlqgLqgrlqs)

define cohomological invariants, which distinguish these triples up to isometry. According
to [10, §18.1], these invariants generate the H*(F,Z/27Z)-module of mod 2 invariants of
Sping. Note that these invariants are not independent: since

(niq))L(nlgy)Ll(nlgs)=2nLl(nlqLqlgqgs)
andn L g1 L g» L g3 is a 5-fold Pfister form, it follows that

eqs(n L q1) +es(n L ga) +ea(n L q3) = eq(2n) = (—1) U ez(n).
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3.6. The structure group of 8-dimensional composition algebras

Let o = (A, ¢, <) be a composition algebra of dimension 8. Recall from Defintion 2.30
the structure group Str(A, o), which is the group of autotopies of (A, ¢). Corollary 2.35
identifies Str(A, ¢) with a subgroup of GO(% (&/)), for € (/) the composition of quadratic
spaces associated to & as in (2.33).

In the trialitarian triple 7 = End(€(/)) we have %; = A = A3 = (End A, 0, f,).
Mimicking the construction in §3.2, we obtain a morphism ¢ 55 : Q(U3) — GO(9*F)
as in (3.6). We use it to define a morphism of algebraic groups

Vo Q(q) > GO(€(A))
by specializing to the case where I = End (% (<)) themap d o Y 5251 Q(U3) > GO(T),
where 9 is the shift map. Thus, for any commutative F-algebra R and ¢ € Q(q)(R),
Yo (€) = (Co(a”)(€), C_(a”)(é), xo(£))
(viewing GO(€ (/)) as asubgroup of GO(q) x GO(q) x GO(q), as in the proof of Propo-
sition 3.10), where Cy (") are the canonical Clifford maps attached to 8>% (<), see (2.21).
Theorem 3.30. The map Wy is an isomorphism Q(q) — Str(A, o).

Proof. The map iy is injective because C (a’’) is an isomorphism C(A, q) — End(A @ A),
and the computation of 1g- o g in (3.11) together with Corollary 2.35 shows that ¢ maps
Q(g) to Str(A, o).

To complete the proof, we show that for any commutative F-algebra R the group
Str(A,<)(R) is the image of Q(q)(R) under ¢ . Let (g1, g2, g3) be an autotopy of (A, ¢)g,
which means that

g3(x10x2) = gi1(x1) 0 ga(x2)  forallxy, xp € Ag.
By Proposition 2.14 it follows that for all xy, x5, x3 € AR
H(g2) g1(x2 01 x3) = g2(x2) @1 g3(x3) and  p(g1) g2(x3 02 x1) = g3(x3) ©2 g1 (x1).
Equivalently,
p(82) 81 0Tx; =Tgy(xs) ©82 and  p(g1) 820 €x; = Lgy(x3) © 815

which can be reformulated as an equation in End(A & A) as follows:

L, )-8 B ) e
€g3(X3) 0 O l’t(gl) O 82 €X3 O O 82_1

Since C(a’’) is an isomorphism, there exists & € Cy(A, g)g such that Co(a””)(€) = (g1, &2)-
Then Co(a”’) (1(€)) = (u(g1), p(g2)), and (3.26) yields

C(a")(g3(x3)) = C(@") (t(u(€))éxs¢™")  forallxs € Ag.

Since C(a'’) is an isomorphism, it follows from Lemma 1.5 that 79(£)x3¢ = 0 (g3)(x3)
for all x3 € Ag, hence & € Q(g)(R) and g3 = xo(&). Thus, (g1, 82,83) = Y (£). u
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Recall from Proposition 1.8 the exact sequence
15 Ry (Gm) = Q(g) = GO*(g) > 1. (3.27)

Since the discriminant of g is trivial, we have Z ~ F X F, hence RlZ / #(Gm) = G and the
Galois cohomology exact sequence derived from (3.27) takes the form

1 - F* > Q(q)(F) - GO™(q) — 1.

Substituting Str(A, o) (F) for Q(q)(F), we recover the exact sequence obtained by Peters-
son [15, (4.13)] for & an octonion algebra.
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