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Abstract

This paper introduces an ARCH-in-mean model without intercept, which is
characterized by nonstationarity irrespective of the parameters. A critical param-
eter region is derived for which the volatility process behaves like a random walk.
We establish the asymptotic properties of the quasi maximum likelihood estimator
(QMLE) for the volatility and risk premium parameters. It is shown that the ex-
istence of the second and fourth order moment of the innovations is sufficient to
derive the consistency and the asymptotic normality of the QMLE, respectively.
The variance of the estimator of the volatility parameter does not depend on the
underlying process. We further suggest a test for model stability and a test for the
risk premium, which is non-standard as the parameter is on the boundary under
the null. The finite sample performance of the estimator and the stability test are
investigated in a simulation study. Finally, the model is applied to a monthly stock
index series.
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1 Introduction

The relation between risk and return has a long history in finance, going back at least to
the portfolio selection theory of Markowitz (1952) and the Capital Asset Pricing Model
(CAPM) of Sharpe (1964) and Lintner (1965). In a dynamic framework, the intertemporal
CAPM of Merton (1973) establishes a positive link between conditional expected returns
and the conditional variance, as long as the representative agent has a positive risk aversion
coefficient. Empirical studies, such as Ghysels et al (2005) confirm a positive risk-return
relationship for stock market data at various frequencies.

On the econometrics side, the most popular model linking conditional expectations
of returns with conditional variances is the ARCH-in-mean or ARCH-M model of Engle
et al (1987), which extends the classical ARCH and GARCH models of Engle (1982)
and Bollerslev (1986) to include a risk premium that directly depends on the conditional
variance. The ARCH-M model has been used in numerous empirical studies, see e.g.
the handbook of Bauwens et al. (2012). It is however only recently that the asymptotic
theory of the maximum likelihood estimator has been thoroughly established by Conrad
and Mammen (2016) for the classical GARCH-in-mean model, Hafner and Kyriakopoulou
(2021) for EGARCH-in-mean, and Christensen et al. (2012) for a modified version where
volatility depends directly on observed returns rather than on innovations.

Most papers on the theory of MLE in ARCH-type models work under the assumption
of stationarity, see e.g. the monograph of Francq and Zakoian (2019) for a detailed
treatment, and so do Conrad and Mammen (2016) and Hafner and Kyriakopoulou (2021)
for the models of the “in-mean” type. Once stationarity is put into question, the model
itself may need to be revised. For example, in the classical GARCH model, there is
no consistent estimator for the constant intercept term in the volatility equation if the
process is nonstationary, as shown by Francq and Zakoian (2012). The same issue arises
in some versions of score-driven models (Creal et al. (2013), Harvey (2013)), such as the
Beta-t-GARCH model of Harvey and Chakravarty (2008).

In this paper, we consider an ARCH-in-mean model without intercept, which is ex-
tension of the ARCH model without intercept proposed by Hafner and Preminger (2015)

to include a risk premium. Li et al. (2018) extended the model of Hafner and Preminger



(2015) to the GARCH case without intercept, but without risk premium. The volatility
equation of our model is in the spirit of Christensen et al. (2012), where volatility is a
linear function of lagged squared returns rather than lagged squared error terms. The
peculiarity of the models without intercept is that they are nonstationary, irrespective of
the parameter values. Nelson (1990) showed that in the classical GARCH model without
intercept, volatility converges either to zero almost surely if the Lyapounov exponent is
negative, or diverges to infinity if it is positive. There is however an intermediate case
with a Lyapounov exponent of zero for which volatility behaves like a random walk. This
is the practically relevant case of what we call a “stable” process.

We establish the asymptotic properties of the quasi maximum likelihood estimator
(QMLE) for the ARCH-M model without intercept. We show that the existence of the
second and fourth order moment of the innovation term is sufficient to derive the consis-
tency and asymptotic normality of the QMLE, respectively. The variance of the estimated
volatility parameter does not depend on the underlying process. We also suggest a test
for the model stability.

The paper is organized as follows. Section 2 presents the model and states our results.
In Section 3 we perform a simulation study, in Section 4 the empirical study, and Section
5 concludes. The proofs are delegated to the appendix.

The following notation will be used throughout. The Euclidian norm is || - ||, the
symbol L. and 2% denote convergence in distribution and almost surely, respectively,

and 0,5 (1) denotes a sequence of random variables that converges to zero almost surely.

2 The Model

For a time series of financial returns {y;},t € Z, we consider a first order ARCH model
without intercept defined by
Yt = Aoy + 0yz (1)

with volatility process o? given by

o = ayi (2)



where {z;} is a sequence of independent and identically distributed (iid) random variables
such that P(z; = 0) = 0. This model is in the spirit of Christensen et al. (2012) and Ling
(2004), where volatility is a linear function of lagged squared returns, y? ,, rather than
lagged squared error terms, (y;_; — Ao;_1)? as in classical GARCH models. Obviously we
have to assume a > 0 as otherwise o7 would be zero or negative. We will also assume A > 0
to ensure a non-negative risk premium compatible with finance theory. For the case A\ = 0
the model reduces to that considered by Hafner and Preminger (2015). Furthermore, we
assume that the process is initiated at ¢ = 0 with initial values o3 > 0 a.s. which ensures

t-1 o

the positivity of the conditional variance. From (1)-(2) we note that o = o [T=om;

where 7 1= o = Va(A + z), which is i.i.d. with mean A\\/a and variance . Thus

t—1
log o} = Z log % + log 0. (3)
j=0
Define the Lyapunov exponent
% = Elog(1;) (4)

and let B(s) be a standard Brownian motion, and D[0, 1] be the space of functions defined
on [0, 1], which are right continuous, have left limits and are endowed with Skorokhod
topology. Given (3) we can apply directly Donsker’s Theorem from Billingsley (1999) to

obtain the following result.

Theorem 1. Suppose that o2 := Var(logn;) < co and og > 0 a.s. Then, in D[0, 1],

exp(—syVT) NN exp(o,B(s))

[sn]

D
exp(—s*yoﬁ) |y[5n]|2/ﬁ — exp(o,B(s)).

Theorem 1 implies that g, is always nonstationary, which is not the case if the volatility
process has a constant term and 79 < 0 (see e.g. Bougerol and Picard (1992) for the
GARCH model). Thus, if 79 = 0, then logo? is a driftless random walk and |y;| in (1)
oscillates randomly between zero and infinity over time. Hence, when 9 = 0, we can say
that the process is “stable” (not stationary) in the sense that the observed process has

a non-degenerate distribution. If 79 # 0, we can say that the process is “unstable”, in



the sense that y; converges to zero or diverges with probability one. See e.g. Hafner and
Preminger (2015) and Li et al. (2018).

For example, if A = 0 and z is standard Gaussian, then the process is stable if
ap = 3 exp(—¥(3)) ~ 3.56, where U(-) is the Euler psi function. In our case A > 0, so we

consider the set of points
S = {(a’ )‘) < Ri——l— : 70(0[7 )‘) = Oa zt N(07 1)}7 Yo = Elog(nt)

and the critical curve (o, A) € S is plotted in Figure 1.

Critical curve for a stable process
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Figure 1: Critical curve of combinations (a, A) for which the Lyapunov exponent is zero,

i.e. the process is stable.

Let 6§ = (A, ). The QMLE 07 of the true parameter 6, is defined as the maximizer of

a Gaussian quasi log-likelihood function, equivalently 67 = arg maxgee L1(0), where

Ly(0) = maX%ZEt(e), 0,(0) = _% <log 0% + (ye —02)\@)2> &)

0cO t

where © C R? is a compact set, « > 0, A > 0, and 07(0) = ay? ;, t = 1,...,T, with
initial condition y3 > 0. Note that this is not the true likelihood unless z; has a Gaussian

distribution but allows us to obtain consistent estimators of the true parameters.
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We can obtain an analytical solution to the maximization problem. Let u = A\y/a and

fi = z1 >°1, m;. Then the MLEs are given by

T

1 Y A)z
T—lz(rym m o

t=2

A= max(ﬂ/\/&O).

joN
Il

Extensions: Other distributions, such as Student’s ¢-distribution can be employed
as they capture the fat tails typical of financial data that uses such models. Furthermore,
log-likelihood methods based on t-distributions were considered in the literature (see e.g.
Pedersen and Rahbek (2016) and Li and Zhu (2020)) and as such can be considered as
an interesting topic for future work.

To obtain the properties of the MLE the following assumptions are made.

Assumption 1. The random variables {z} have a non-degenerate distribution with sup-

port on at least three points, with E(z) =0, E[z}] =1 and P(z;, = 0) = 0.
Assumption 2. E(z}) < co and 6y belongs to the interior of ©.

Theorem 2. (a) Under Assumption 1, 07 <=5 0y. (b) Further, under Assumptions 1 and
2, VT (07 — 0,) BN N(0,J7'VJY), where

1 2o 1 Aotrs
J=— 2aq V= 20
& )\%4»2 ’ Ao+K3 )\8714»}@44»2)\0}43
200 4o 20 403

and k; = B(2]).

Our results are independent of the value of ~y. Thus, regardless of whether the un-
derlying process is stable or not we will get a strongly consistent estimate with the same
variance. Furthermore, if z; is Gaussian, then k3 = 0, k4 = 3 and the Fisher information
matrix equality holds, so v/T(07 — 6y) —p N(0,V~1). However, this assumption is not
required to obtain consistent estimates of the model parameters.

Consistent estimates of vy = Elogn? and 03 = Var(log n?) are given by Ap = T! Zthl log n?
and &3 =7T! ZtT:l(log n? — 4r)? respectively. The following result gives the asymptotic

distribution of A7.



Theorem 3. If 0 < 02 < oo then, VT (i — 7o) N N(0,02).

We can use this result to test if 7y = 0, which is equivalent to testing the null hypothesis
that the process is stable. Note that we can define the critical curve of a for which
7 = 0 as @(\) = exp(—Elog(\ + 2)?). This curve may be very different from that
shown in Figure 1, which was obtained for normal innovations, if e.g. the innovation
distribution has fat tails. For a given A, a consistent estimator of & is given by ar =
exp (—% thl log(\ + Zt)2> . However, estimation of & is not necessary for the stability

test outlined above.

3 Test of the risk premium

Suppose we wish to test that the risk premium parameter is zero, Hy : A = 0. We note
that when Ay = 0, the parameter lies on the boundary. In this case, the distribution of
the test statistic may not be standard; see e.g., Self and Liang (1987), Andrews (1999,
2001), and for GARCH see Francq and Zakotan (2007). Let Z = (Z,, Z»)" be a Gaussian
random vector with mean zero and covariance matrix I = H, YW\H N ! where V) and J,
are given in Theorem 2 and evaluated at A = 0. We can use the likelihood ratio test (LRT)
statistic, denoted by Ap = 2T(Ly(07) — Ly(0rg)), where O is the estimator under the

null. The following theorem provides the asymptotic properties of the LRT statistic.

Theorem 4. Assume Assumptions 1-2 hold, and let x; denote a chi-squared distributed

random variable with k degrees of freedom. Then,

(a) Testing Hy : A = 0:

p 1 1
Ar — 60+ —(ka — 1)X3
2 4
where g is a point mass at zero.
(b) Testing Hy : A = 0,0 = ap:
1 1 1
A 25 N2+ (22 + — 22
1 [0 T TaR}

where Z = (Zo, Z\)T ~ N(0, 1), I\ =
ok ad(ky — 1)



Under Gaussian innovations:

p 1 1

We note that under the null of no risk premia, the model reduces to an ARCH(1)
without intercept and we can use part (a) to test it. Under Gaussian innovations, it is
clear that Ap SN %60 + %Xg Furthermore, part (b) deals with joint hypothesis regarding
also the value of ag. For instance, given Figure 1, it would be interesting to test Hj :
A =0, a9 = 3.56, which implies that under the null, the true model is ARCH(1) with no
intercept and Gaussian innovations. We will consider the test of this hypothesis in the
simulation study of the next section.

Note that under misspecification, the QMLE remains consistent for the true values,
allowing us to obtain reliable estimates for potential fat tailed distributions of the inno-
vations (e.g., t-distribution) and refine our null hypothesis by choosing aq for which (4)

is zero and the model is stable. This is left for future work.

4 Simulation Study

We conduct two simulation studies to show the empirical performance of the QMLE
and the stability test in finite samples. First, Table 1 shows the estimation results of
K = 100,000 independent Monte Carlo replications. We choose four different levels of
the risk premium parameter, A € {0.1,0.5,1,2}, and then determine « such that the
process is stable, see Figure 1. We report the means and standard deviations of QMLE
across the replications for two different sample sizes, 7' = 100 and T = 1000. For all
considered scenarios, we see that already at T' = 100 parameter estimates are close to the
true values. Moreover, increasing the sample size from 7" = 100 to 7" = 1000, standard

~1/2 a5 expected.

deviations decrease roughly with a factor of 10

For each scenario, we analyze the performance of the likelihood ratio tests of Section
3 to test the hypotheses Hy : A = 0 and Hy : a = 3.56, A = 0, respectively. The results
are reported in the rows LRT1 and LRT2 of Table 1. We see that the empirical size of
the tests is very close to the nominal level of 5% already for T' = 100, while the empirical

power increases quickly with increasing A and sample size T'. The power of the composite



test is slightly lower than the power of the simple test, because we simulate processes
using Gaussian innovations, so that the difference with respect to the null is only due to
A, not a.

To show that our theory holds also for the case of unstable processes with either
positive or negative Lyapunov exponents, we produce analogous simulation results for
these cases in Tables 2 and 3, using the same values of A as in Table 1, but with « either
smaller (Table 2) or larger (Table 3) than the critical «, i.e. the value for which vy = 0.
The difference to the critical « is fixed at 0.5, except for the last scenario with A = 2 for
which it is fixed at 0.2. We see that the estimation results for o and A are very similar to
those in the stable case. Also, the test results of Hy : A = 0 using LRT1 are largely the
same, but for testing Hy : @ = 3.56, A = 0, LRT2 has obviously more power now because
both parts of the hypothesis are violated, not only the first part.

Furthermore, we provide simulation results for the test of Hy : 79 = 0 in terms of
power and size, for the two sample sizes, T' = 100 and T" = 1000, see Table 4. We again
choose A € {0.1,0.5,1,2}. For the size properties, we determine « as above to obtain a
stable process, let’s call these ay. For the power properties, we consider values ag 4 0.25
and ag £ 0.5, except for the case A = 2 where we choose ay £+ 0.1 and «ag £ 0.2. This
gives us the parameter values in Table 2. The numbers in the table are the proportions
of rejection of Hy for K = 100,000 independent Monte Carlo replications at a nominal
level of 5%. We see that for T' = 100 is slightly oversized, but at "= 1000, the empirical
size is very close to the nominal size. In all cases, we see that the power increases as
we move away from the stability case, and that it increases substantially when increasing
the sample size from 7' = 100 to T" = 1000. The test therefore shows a good empirical

performance.

5 Empirical application

We fit the ARCH-in-mean model without intercept to the monthly stock index FTSE
100, from January 1984 to October 2025, 502 observations. The upper panel of Figure 2
depicts the FTSE 100 index time series.

Summary statistics of the returns of this index are given in Table 3, showing a negative



T =100 T = 1000 T =100 T = 1000
A=0, a=3.5621
LRT1 0.0516 0.0499
LRT2 0.0505 0.0496
A=0.1, a =3.5442 A=1 a=1.5156
mean s.d. mean s.d. mean s.d. mean s.d.
Qa 3.5444 0.5037 3.5416 0.1591 | 1.5171 0.2185 1.5167 0.0672
A 0.0985 0.1018 0.1002 0.0319 | 1.0062 0.1245 1.0005 0.0391
LRT1 0.2569 0.9344 1.0000 1.0000
LRT2 0.1779 0.8610 1.0000 1.0000
A=0.5, a = 2.8102 A=2, a=0.3525
mean s.d. mean s.d. mean s.d. mean s.d.
Qa 2.8098 0.3991 2.8119 0.1263 | 0.3517 0.0497 0.3524 0.0158
A 0.5037 0.1088 0.5001 0.0337 | 2.0175 0.1773 2.0016 0.0549
LRT1 0.9995 1.0000 1.0000 1.0000
LRT?2 0.9981 1.0000 1.0000 1.0000

Table 1: QMLE estimation results for the stable ARCH-in-mean model with parameters
A and «a. Reported are the means and standard deviations of parameter estimates for
K =100, 000 independent Monte Carlo replications. LRT1 and LRT2 give the proportion
of rejections of Hy : A = 0 and Hy : a = 3.56, A\ = 0, respectively, using the likelihood
ratio test and nominal level 5%.
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T =100 T = 1000

T =100 T = 1000

=0, a = 3.0621

LRT1 0.0511 0.0502
LRT2 0.1476 0.8828
A=0.1, a = 3.0442 A=1, a=1.0156
mean s.d. mean s.d. mean s.d. mean s.d.
Qa 3.0452 0.4352 3.0437 0.1361 | 1.0161 0.1450 1.0154 0.0452
A 0.1089 0.0879 0.1001 0.0317 | 1.0072 0.1245 1.0007 0.0386
LRT1 0.2574 0.9346 1.0000 1.0000
LRT?2 0.2827 0.9949 1.0000 1.0000
A=0.5, a =2.3102 A=2, a=0.1525
mean s.d. mean s.d. mean s.d. mean s.d.
& 2.3104 0.3305 2.3104 0.1034 | 0.1524 0.0218 0.1524 0.0096
A 0.5035 0.1079 0.5003 0.0335 | 2.0165 0.1778 2.0032 0.0579
LRT1 0.9994 1.0000 1.0000 1.0000
LRT2 0.9995 1.0000 1.0000 1.0000

Table 2: QMLE estimation results for the ARCH-in-mean model. The parameter « is
chosen such that the Lyapunov exponent ~, is negative, i.e. the ARCH-in-mean model is

unstable. Other comments as in the caption of Table 1.

T =100 T = 1000 T =100 T = 1000
A=0, a=4.0621
LRT1 0.0522 0.0499
LRT2 0.1368 0.7869
A=0.1, a = 4.0442 A=1, a=2.0156
mean s.d. mean s.d. mean s.d. mean s.d.
& 4.0454 0.5791 4.0444 0.1812 | 2.0142 0.2883 2.0156 0.0901
A 0.1093 0.0883 0.1001 0.0317 | 1.0078 0.1250 1.0006 0.0386
LRT1 0.2589 0.9360 1.0000 1.0000
LRT?2 0.2780 0.9866 1.0000 1.0000
A=0.5, a =3.3102 A=2, a=0.5525
mean s.d. mean s.d. mean s.d. mean s.d.
& 3.3118 0.4721 3.3100 0.1482 | 0.5526 0.0786 0.5524 0.0246
A 0.5039 0.1079 0.5003 0.0335 | 2.0152 0.1770 2.0016 0.0547
LRT1 0.9996 1.0000 1.0000 1.0000
LRT2 0.9973 1.0000 1.0000 1.0000

Table 3: QMLE estimation results for the ARCH-in-mean model. The parameter « is
chosen such that the Lyapunov exponent 7 is positive, i.e. the ARCH-in-mean model is

unstable. Other comments as in the caption of Table 1.
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A=0.1 A=1
o) T =100 7T = 1000 o} T =100 T = 1000
3.0442  0.0828 0.5517 1.0156  0.4661 1.0000
3.2942  0.0555 0.1530 1.2656  0.1115 0.7813
3.5442 0.0592 0.0533 | 1.5156 0.0587 0.0512
3.7942  0.0866 0.1918 1.7656  0.1511 0.6186
4.0442  0.1298 0.5004 2.0156  0.3129 0.9833
A=0.5 A=2
2.3102  0.1176 0.7970 0.1525  1.0000 1.0000
2.5602  0.0595 0.2428 0.2525  0.6427 1.0000
2.8102 0.0599 0.0506 | 0.3525 0.0641 0.0505
3.0602  0.0940 0.2539 0.4525  0.4343 0.9986
3.3102  0.1582 0.6584 0.5525  0.8041 1.0000

Table 4: Monte Carlo results for the test of the stability hypothesis Hy : 79 = 0. The
numbers are the proportions of rejection of Hy for K = 100, 000 independent replications
at a nominal level of 5%. The lines in bold correspond to the empirical size of the test,
the other lines to the power properties.

Mean  0.004401 | p(1)  0.004 | po(1) 0.121
Std.dev.  0.043052 | p(2) -0.074 | pa(2) 0.054
Skewness -1.082147 | p(3) -0.012 | po(3) 0.029
Kurtosis ~ 8.187252 | p(4)  0.062 | p2(4) 0.008

Table 5: Summary statistics for FTSE100 monthly returns. p(k) is the autocorrelation of

returns of order k, ps(k) is the autocorrelation of squared returns of order k.

skewness due to some large negative returns, and leptokurtosis. As expected, autocorre-
lations of returns are negligible, while the first order autocorrelation of squared returns
is significant. Hence, ARCH models of low order appear appropriate to model volatility
clustering. We estimate an ARCH(1) model both with and without risk premium, and
report the estimation results in Table 4.

The ARCH-in-mean model passes a portmanteau specification test for the squared
standardized residuals. The statistic is insignificant up to a lag order of twenty, with a
p-value of 0.92. The critical curve &(A), evaluated at A, for which Yo = 0 is estimated

as ar = 4.7668, while the estimate of 7y is 4 = 0.0013 with a standard error of 0.1318.
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Parameter =~ ARCH(1)  ARCH(1)-M

a 4.8979 (0.64) 4.7734 (0.52)
A 0.1240 (0.04)
Lik 875.92 879.74

Table 6: Parameter estimates of the ARCH(1) model with and without risk premium, and

corresponding values of the log likelihood function. Standard errors are in parentheses.

Thus, the stability test proposed in Section 2 yields a test statistic of 0.01051, and the
null of 7y = 0 is clearly not rejected. Hence, the conclusion is that there is no statistical
evidence against the hypothesis that log volatility of this monthly stock index follows a
random walk.

The likelihood ratio statistic to test Hy : A\ = 0 takes the value A = 7.64, which is
significant at level 5% with critical value 2.70. We therefore reject the hypothesis of a
model without risk premium. The composite hypothesis Hy : A = 0, @ = 3.56 is rejected
even stronger, as the critical a is much higher than the value under Hy. The test statistic
takes the value 17.24, larger than the critical value of 5.14.

The center and lower panels of Figure 2 show the estimated conditional mean and the
log conditional standard deviation of the stock index. In periods of high volatility such as
around the stock market crash of 1987, the financial crisis of 2008 and the Covid crisis of
2020, the estimated risk premium rises to 3-4%, and even to 8% for the 1987 crash. For
log volatility, as there is no lower bound, it shows presence of negative outliers, which are

even more frequent than positive ones.

6 Conclusion

We have proposed a new ARCH-in-mean model without intercept, which is characterized
by non-stationarity but possibly stable trajectories. We derived the asymptotic theory
of the QMLE and developped a test for stability as well as for the risk premium. In a
simulation study, we showed the good finite sample performance of the estimator and the

test. Finally, we applied the model to a monthly stock index series.
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Figure 2: Upper panel: Monthly series of the FTSE 100 from 1984 to 2025. Middle panel:

Estimated conditional mean of returns. Lower panel: Estimated log volatility of returns.

Further extensions are possible, e.g. by considering fat-tailed distributions for the
innovation term. To increase the memory in volatility, one might add an autoregressive
term in volatility as in Li et al (2018), or embed the model into a multivariate system
with one lag to obtain long memory in the individual components, as in Bauwens et al

(2023).
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Appendix

Proof of Theorem 1

The result follows directly from Donsker’s theorem.

Proof of Theorem 2

(a) From (2) and (5) we have

1 — \oy)?
0,(0) = —5 (log o7 + %)
t

— _% (log ay? |+ M) (6)

where

Mt g _ Aov/ap + /apz (7)

|?/t—1|
is an i.i.d. random variable.

We first establish consistency. Note that 67 = argmingee Qr(0) where Qr(0) =
— 25T ((0) — £,(6)). From (6)-(7) we get

(1 — Aoy/@o + Ao/ — AVa)? (8)

1 a 2
Qr(0) = glog - z; +

t=1
T

1 Aov/ao — Aa)?

:TE logg—i-(%—l) 22+ 2¢/a2ap (\gy/@ —)\\/a)zt—i-( ° Oéoa va)

Qr(6) = (@ B 1) B log% N (Mo —aon/Oé_o)z )
(

K% - 1) (27 — 1) + 2/ a 20y (Aov/ao — AWa) z

(67

where Q(6) = (2 — 1 —log 2) + (A — Ao, /)",

Set x = ap/a and note that Q(6) > 0 since the first term is non-negative as logx <
x — 1 for all x > 0 and equals zero iff z = 1. The first term in Q(0) is zero if z = 1, i.e.
a = ay which implies that the second term (A — \g)? is zero iff A = Xy, so unless 6 = 6,

we have Q(0) > 0.
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Next, we note that by definition Q7 (A7) < Qr(6y) and Q(6y) < Q(fr). Using these
inequalities we have

~ ~

Qr(0r) — Q(0r) < Qr(fr) — Q(8) < Qr(6y) — Qo) (10)

Therefore,

Qr(fr) — Q(6o)

< max (QT(éT) — Q(éT), Qr(0) — Q(90)>

up [ Qr(6) — Q(6)] < sup| 2 — 1] 2372 )

9o o p—

T
]- a.s.
+sup |2v/a2ap(Agy/ag — )\\/E)‘ T E 2 — 0
=1

0cO

IN

as T'— oo by Assumption 1 and the strong law of large numbers. Now, since Q(f) has a

2% 0 implies that O =2 0.

unique minimum, |Q7(67) — Q(6)
. . . Oy
(b) We proceed by showing the asymptotic normality for the MLE. Let s,(0) = Za((f)

and H,(0) = 8;55(69,) and denote V = E (%Mé—(go)» J=E (821;%(3?)). We split the proof

into several intermediate steps.

(i) \/LT Zthl s5¢(0o) SN N(0,V) where

1 Ao+kKs
V — 2aq0
Ao+kK3 >\(2)_1+l‘94+2>\0"43
20 404(2)

is a positive definite matrix.

(it) If Or 2% 6y then TS Hi(67) =55 J where

Ao
_ 2a0

J = g AZ+2
2a0 4o¢0E

is a negative definite matrix.

To prove (i) we first calculate s;(6) from (6), thus

8&5 o 1 A 1 2

S —%ﬂtm(m—/\\/aﬁr@(m—)\\/a) (12)
o _ ~2y/aln—\a) _n-Va 13
1)) 2 Va
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2a

Recall from (7) that z; = (m:—Aoy/@0)/+/@0 S0 by (12)—(13), we have s,(0y) = (zt, W)

Next, using the triangle inequality, we get
E ||s:(60)]* < Ch 4 CE |2 | + C3E || < o0 (14)
where the last inequality follows by Assumption 2.

1 Ao+K3

V = E(s:(00)5:(00)") = Xo+ka X%—l-l—?:;(jm)\ons (15)
20 4a(2)

where x; = E(z]).
Now suppose cTVe = E(cTs;(6p))? = 0 for some ¢ = (1, ¢2)T hence cTs;(0y) = 0 almost

2
surely which implies z;(cy + ‘:2135’) + C;;é — 54 = 0. This contradicts Assumption 1 as 2

can take on at least three distinct values with a non-zero probability. Hence V is positive
definite. Using the arguments above, (14), and that s;(6y) are i.i.d. with mean zero, we

can apply the Lindeberg-Lévy central limit theorem to get

% S sul) 2> N(0,V) (16)

Next, we show (ii). It follows from (12)—(13) that the elements of H,() are given by

%(9) _ 2— )\ . 5)‘(7775 B /\\/a) o (nt _ )‘\/5)2 (17)
da2'’  4a? 4a5/? a3

82€t . —277t azft .

3@8/\(0> © 203/? and oN -1

Recall from (7) that 7 = (/ag(Xo + 2¢) so from Assumption 2 and the ¢, inequality
(E|X +Y[|" <2 YE|X|"+ E|Y|"),r > 1) we have

E(|n.[P) < ol’E|Ao + 2|P = Cy + CoE|z[P < oo for p=1,2. (18)

Hence, by (18) and applying the ¢, inequality again we obtain

00
Esup | 52(6)] = Gy + CuB(n) + CoBlaf) < o0 (19
geo | OC
Esup| 210 (0)] = () <
212 g )] = CHElln) <

17



Since n; is 1.i.d., we can use (19) to apply the uniform law of large numbers (White (1996,
pp. 351-352)) to get that

S.

ZHt —EH,(0)|] 50 (20)

sup
9O

Hence, if 7 =% 6, we have by the triangle inequality

Z H,(07) — E(H,(6))

Z —EH,(0r)

+ HEHt HT) - E(Ht(Qo))“

< sup

TN H,(0) — EH,y (6
0cO Z t t( )

+ 04.5.(1) = 04.5.(1)

The first term after the second inequality follows from (20), and the second term follows

from the continuity of EH,(f). We further note that for = 6,

1
E 4o<(2)
is invertible because it is negative definite as
1
det(J) = —=—= < 0. 21

Lastly, by the strong consistency shown in the first part of the theorem, we have for
sufficiently large T', that 67 is contained a.s. in an arbitrary small neighborhood of 6.
Hence, the mean-value theorem expansion of the score function around 6, gives

T

Z

1 1 T
VT (0 — ) = 77 ; st (6o) (22)

where 07 is between éT and 6.
In (i) we show that \/LT ST 51 (6) obeys the CLT and in (ii) we show that the terms
inside the square brackets converge to .J, a non-singular matrix. The desired result follows

from the continuity of the inverse operator and Slutsky’s lemma.

Proof of Theorem 3

The result follows directly from the Lindeberg-Lévy central limit theorem.
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Proof of Theorem 4

The log-likelihood function is three times continuously differentiable and from (7) and
(17), and using similar arguments to Theorem 2, we can further show that the third
derivative of the log likelihood function is bounded over ©. Thus, all the conditions
of Theorem 3 of Self and Liang (1987) are satisfied and the LRT statistic converges in
distribution to

Ar = inf (7= 0)VA(Z = 9) = inf (7 = )TA(Z = ¥) (23)
where ) = (¥, V)T, Z = (Zx, Za)T, and Cp, C; are the cones under the null and the
alternative hypothesis, respectively. Also Z ~ N(0,1,), I, = Jy'VaJy' where Vy and
Jy are the covariance matrix of the score function and the expected Hessian evaluated at

ok
A = 0, respectively. It is straightforward to show that I, = o
ok ad(kg —1)

1
Because Vy, = L the quadratic form in (23) separates:
0 m
1
(Za = ¥a)’ + 55 (22 =)’ (24)
Qo

(a) Consider Hy : A = 0. The cones are Cy = Rx {0} and C; = R x [0, c0). Minimizing
24) over Cy (1y = 0) gives 104 = Z,, yielding inf, = 55 Z% and over C; (15 > 0) gives
0 20 A
0
_ _ - _ 1 2
a — Lo A= ) ) - - ) :
(0 Zy and ¢ max (0, Zy), hence info, = 55(Z\ — max(0, Z,))?. Thus the LRT
0

statistic converges in distribution to:

1 72
Ay 2y dERA 20
0 Zy <0

2

Given Zy ~ N(0, (ks —1)a2), we have =2 ~ +(ks—1)-x? and because P(Z, > 0) =

20l >
the desired result follows.
(b) For the joint hypothesis, Hy : A = 0, a = «yp, the cones are Cy = {(0,0)} and

C1 =R x [0,00) and similarly to part (a) the infima difference of (23) becomes

19



VR Zi+ 522y 2620
7?2 Zy <0

Again, P(Z, > 0) = 5 and noting that Z2 ~ x7 (since Var(Z,) = 1) gives the desired
result for the LRT statistics. Under Gaussian innovations, Z, ~ N(0,1), Zy ~ N(0,2a3)
and Z, 1 Zy, so Z2 + #Zﬁ ~ X3, which completes the proof.

0
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