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1. Introduction

During the recent crisis of European sovereign debts, fixed
income markets collapsed and caused liquidity shortfalls in countries
of South Europe. The immediacy of information contributed to speed
up the tightening of traded volumes of short and long term bonds.
And the abrupt decline in demand for debts, due to the anxiety about
excessive national debt, even if correlated with a reduction of sup-
ply, raised interest rates to historical summits, in Greece (33.7% for
the 10 year bond on the 3/2/2012), Italy, Spain and Portugal. On the
other side,by the end of 2011, Germany was estimated to have made
more than €9 billion out of the crisis as investors flocked to safer
but near zero interest rate German federal government bonds. By
July 2012 the Netherlands, Austria and Finland also benefited from
zero or negative interest rates, as consequence of the high demand
for their national debt. This crisis reminds us that interest rates
basically depend on the law of supply and demand. There is also com-
pelling evidence that yields of fixed income instruments are affected
by liquidity concerns, as shown by Landschoot (2008), Longstaff
(2004), Chen et al. (2007), Covitz and Downing (2007) or Acharya and
Pedersen (2005). Understanding liquidity effects in bonds markets is
then of particular importance for central banks, to define appropriate
monetary policy actions.

As liquidity shortages result from a disequilibrium between the
global demand and supply for debts, the model developed in this
work assumes that the short term rate is ruled by a bivariate
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Hawkes processes, representing the aggregate bid and ask orders, for
fixed income instruments. This approach is fully relevant with the
monetary theory as e.g. detailed in the chapter 5 of Mishkin (2007),
and presents several interesting features. Firstly, it introduces path
dependency and auto-correlation, that are absent from models based
on Brownian motions (Brigo and Mercurio, 2007, Cox et al., 1985,
Dai and Singleton, 2000, Duffie and Kan, 1996, Hull and White, 1990,
Zhang et al., 2015, for a survey), on Lévy processes (Eberlein and
Kluge, 2006, Filipovi¢ and Tappe, 2008, Hainaut and MacGilchrist,
2010) or on switching processes (Hainaut, 2013; Shen and Siu, 2013).
Secondly, it adds mutual excitation and snowball effects, between
the supply and demand in interest rate markets. This features is
introduced in the dynamics through a bivariate Hawkes process (see
Hawkes, 1971a,b; Hawkes and Oakes, 1974). This is a parsimonious
self and mutually exciting point process for which the intensity
jumps in response and reverts to a target level in the absence of
event. As the future of a Hawkes process is influenced by the tim-
ing of past events, Errais et al. (2010) use this, combined with a
mean reverting drift of the intensity, to generate contagion between
defaults in a top down approach to credit risk. Embrechts et al. (2011)
apply multivariate Hawkes processes in their analysis of stocks mar-
kets. Mutually exciting processes are also used by Ait-Sahalia et al.
(2015, 2014), to model two key aspects of asset prices: clustering in
time and cross sectional contamination between regions. Bormetti
et al. (2015) model systemic price cojumps with a Hawkes factor
models. Rambaldi et al. (2015) propose a Hawkes-process approach
to explain foreign exchange market activity around macroeconomic
news. Zhu (2014) and Hainaut (forthcoming) study affine models
with Hawkes jumps. On the other hand, these processes are increas-


http://dx.doi.org/10.1016/j.econmod.2016.04.016
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/ecmod
http://crossmark.crossref.org/dialog/?doi=10.1016/j.econmod.2016.04.016&domain=pdf
mailto: donatien.hainaut@esc-rennes.fr
http://dx.doi.org/10.1016/j.econmod.2016.04.016

D. Hainaut / Economic Modelling 57 (2016) 180-196 181

ingly integrated in high frequency finance. Examples include the
modeling of the duration between trades (Bauwens and Hautsch,
2009) or the arrival process of buy and sell orders, as in Bacry et
al. (2013). Giot (2005), Chavez-Demoulin et al. (2005) or Chavez-De-
moulin and McGill (2012) test these processes in a risk management
context. Hawkes processes have also been applied to insurance and
ruin theory in Dassios and Zhao (2012), Stabile and Torrisi (2010)
or Zhu (2013b). A recent survey of the literature on Hawkes pro-
cesses applied to finance is proposed in Bacry et al. (2015). Hawkes
processes also provide an alternative to model based on the theory
of extreme values. This approach (see e.g. Embrechts et al., 1997) is
by the way applied in a paper of Bali (2007) to explain interest rate
volatility.

This research complements the existing literature about interest
rate modeling in several directions. It is one of the first to use exclu-
sively a bivariate Hawkes process for the modeling of the term
structure of interest rates. Secondly, the model is built on strong
economics foundations. Whereas most of existing models, such as
developed by Vasicek (1977) and Hull and White (1990) are based
on econometrics and are not necessarily reconcilable with the theory
of money economics. Another advantage of the proposed bivariate
process is that the two factors driving the interest rates can be assim-
ilated to volumes of supply and demand for fixed income assets.
As the calibration is easy and robust, these factors can also serve
us to monitor the trading activity in interest rate markets, that are
mainly “over the counter” and for which we don’t have information
about exchanged volumes. Thirdly, this work provides all the tools
for pricing bonds and for reconciling the dynamics of the short term
rate under the real measure, with the term structure of bonds yields,
evaluated under the risk neutral measure. We propose a family
of changes of measure that preserves the dynamics of the process
under real and risk neutral measures. Finally, after an analysis of the
dynamics of bond quotes, the moment generating function of bond
yields under a forward measure is detailed and a discrete Fourier
transform algorithm is proposed to price derivatives.

The paper proceeds as follows. Section 2 introduces the model
and derives its main features, like the moments of intensities for
the arrival of bid and ask orders. In Section 3, we present equiva-
lent exponential affine measures and study the conditions ensuring
that the equivalent measure is risk neutral. After a presentation of
the dynamics of the short term rate under this risk neutral measure,
a formula for bond pricing is proposed. The Section 4 is about the
valuation of derivatives. In Section 5, we fit the model to the time
series of one year swap rate. From observation of yield curves over
the same period, we filter the evolution of risk premiums of supply
and demand processes. Finally, we test the sensitivity of yield curves
and smiles of implied volatilities to changes of parameters.

2. Model

The proposed approach to the analysis of interest rate determi-
nation looks at supply and demand in the bond market. It finds its
foundations in the economics theory as detailed, for example in the
chapter 5 of Mishkin (2007) . Each bond price is associated with a
particular level of interest rate. Specifically, the negative relation-
ship between bond prices and interest rates means that when a bond
price rises its yield falls and vice versa. In economics, the relationship
between the quantity supplied and the price is described by the bond
demand line. Under the assumption that all other economic variables
are held constant, quantities of supplied bonds, noted By, increases
linearly with bond prices P;. The supply curve is then described by
the following relation:

Py =L"+6:B;,

where L' and 6, are respectively the intercept and the elasticity of the
supply curve. Under the same assumption, we can derive a demand
curve that shows the relationship between the quantity demanded
and bond prices. This curve has the usual downward slope found
in demand curves, indicating that as the price increases (everything
else being equal), the demanded quantity of bonds falls. The equation
defining this line is as follows:

Py = 1> —6,B;,

where [? and 6, are respectively the intercept and the elasticity of
the demand curve. The market equilibrium occurs when the amount
of demand equals the supply, B* = By = B, at a price P* such that,

pr=1%-6,B* =L+ 6;B". (1)

In economics, a change in market conditions is represented by
a parallel shift in the demand or supply curve. Mathematically, this
shift corresponds to a modification of the intercept L2 or L!. Then, so
as to model the dynamics of interest rates, L! and [? are indexed by
the time, t. According to relation (1), the volume of exchanged bonds
at any given time is hence equal to

_ -

Bf =
t 01+ 6y’

(2)

and the equilibrium bond price at time t, that is inversely propor-
tional to the equilibrium yield is given by
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L

The formation of this equilibrium and the impact of a marginal
shock on the demand curve is illustrated in Fig. 1. As the interest
rate is inversely proportional to P*, if the function % is approached
by a Taylor development of first order, we infer that the equilibrium
interest rate, that is denoted by r¢, is proportional to the difference
between the intercepts of supply and demand curves, scaled by some
positive constants:

A
- 12,
X e 0, 0 0,

(4)
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Fig. 1. This graph illustrates the relation between bond prices, interest rates and
supply-demand curves. It also shows that a marginal positive shock on the demand
corresponds to an increase of the intercept in the demand equation. This positive
shock on demand raises bond prices and decreases the equilibrium yield.
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According to the monetary theory, the interest rate is the dif-
ference between quantities representative of the supply and of the
demand. Starting from this theoretical result, we postulate in the
remainder of this paper that the short term interest rate, r; is the
sum of a function of time ¢(t) and of a process X; that is a difference
between supply and demand

re=@(t) + X, (5)
with
Xe = oylf —plf (6)

on a complete probability space (Q, F,P), with a right-continuous
information filtration F = (F),. o, where P denotes from now on
the real probability measure. In order to define a realistic micro-
structure price model while accounting for the impact of market
orders, the framework of multivariate Hawkes processes is well
suited. Inspired from the work of Bacry et al. (2013), the supply
and demand quantities that rules X; are related to numbers and
sizes of bid-ask orders. These orders and their numbers are respec-
tively noted 0!, 0? and N}, N2. From now on, L} and L? point out
the processes modeling the aggregate supply and demand instead of
intercepts of demand-supply curves. They are defined as the total of
all bid and orders till time ¢:

N

=20 7
i=1
N

1}=>"0z. (8)
i=1

As illustrated in the introduction of this paragraph, an increase
of the aggregate offer of bonds causes a decline of their prices and
a rise of interest rates. In the opposite scenario, under the pressure
of a high aggregate demand, bonds prices grow up and interest rates
drop. Then if a; and «; respectively denotes the permanent impact
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Table 1

Descriptive statistics, zero coupon rates bootstrapped from swap curves from
3/05/2004 to 25/7/2014. The two last columns contain sample auto-correlation at
displacement of 175 days and 250 days of trading.

Maturity Mean Std.dev. Minimum Maximum p(175days) p(250 days)

1 0.0217 0.0147  0.0029 0.0545 0.7929 0.6759
2 0.0229 0.0140  0.0031 0.0548 0.8114 0.7315
3 0.0245 0.0134  0.0038 0.0540 0.8222 0.7614
4 0.0261 0.0127  0.0049 0.0528 0.8265 0.7746
5 0.0277 0.0121 0.0062 0.0519 0.8271 0.7800
6 0.0292 0.0115  0.0077 0.0513 0.8273 0.7837
7 0.0305 0.0110  0.0093 0.0510 0.8265 0.7852
8 0.0317 0.0105  0.0109 0.0508 0.8252 0.7855
9 0.0327 0.0102  0.0124 0.0507 0.8232 0.7844
10 0.0337 0.0099  0.0138 0.0509 0.8197 0.7813
12 0.0353 0.0094 0.0161 0.0513 0.8114 0.7728
15 0.0370 0.0090  0.0187 0.0516 0.7990 0.7596
20 0.0380 0.0089  0.0187 0.0526 0.7904 0.7507

of sell and buy orders of bonds, the economics theory suggests
therefore the following dynamics for X;:

dXt = dLg - O[zdL?
= a;0'dN]} — ay0%dN?. (9)

The order sizes, O} and Oiz, are assumed to be identically inde-
pendent (i.i.d.) random variables. The assumption of independence
between sizes cannot be checked statistically as we don’t have infor-
mation about volumes (the interest rate market being mainly an
“over the counter”). However this assumption is common in the liter-
ature about micro-structure, as e.g. in Bacry et al. (2013). Their den-
sities are noted v1(z) and v,(z) and their first and second moments
are noted ;y = E(0"), 1, =E(0%),; =E ((01)2),7]2 =E ((02)2).
In numerical illustrations, order sizes are exponential random vari-
ables. The positiveness of orders ensures the identifiability of the
model. Notice however that most of results in this paper can be
extended to any other distribution.

At this stage, the interest rate is not explicitly mean reverting and
there is no warranty that the short term rate will not diverge at long
term to extreme positive or negative values. Such divergences can be
avoided (at least at short or medium term) by assuming that arrivals

Fig. 2. This graph shows the evolution of zero coupon rates, bootstrapped from swap curves, over a ten year period (3/05/2004 to 25/7/2014).
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of bid and ask orders are mutually dependent. If new bid (resp. ask)
orders raise the probability of ask (resp. bid) order arrivals, we may
expect a stable behavior for X;. From an economic point of view,
this mutual excitation also makes sense. By the end of 2011, most
of European countries (e.g. Germany, France or Netherlands) issued
debts to answer to the high demand for their national bonds and
indirectly benefited from low interest rates to finance their deficit.
Mathematically, the mutual and self excitation is obtained by assum-
ing that intensities of order arrivals are random processes governed
by the following equations:

AN} = ri (0= N) de + SpdLf + 8ipdL? i=1,2, (10)

where §;; for i,j = 1,2, are constant. Coefficients 6;, and &, set
the cross impact of demand on supply and vice versa. They measure
the dependence between them and can capture some interesting
stylized facts like the impact of bond issuance during a period of
low interest rates. E.g. if 615 > 0, the frequency of bonds issuance
increases when the demand, L2, steps up and drives down inter-
est rates according to Eq. (9). Coefficients 6;; and &, set the
self-excitation levels.

Contrary to affine models like the Cox et al. (1985)model, the
chosen dynamics for r; allows negative interest rates but we don’t
consider it as a limitation. Indeed, since the 2012 crisis of the Euro-
pean sovereign debts, we have observed several periods during
which short term rates (sovereign or interbank) were negative (e.g.
in 2014, the EONIA was negative 61 times over 254 days of trading).
On the other hand, the probability of observing negative rates can
be restricted by an appropriate choice for the dynamics of N}, N7, as
discussed later in Section 4.

As shown in Errais et al. (2010), if Ji = (L’tNﬁ) the pro-
cess (A},J1,A2,J?) is a Markov process in the state space D =
(Rt x RT x N)2 and its infinitesimal generator for any function g :
D — R with partial derivatives gy,, g, is such that

Ag ()\3 .]},)\?.][2) =K (Cl - A})gm + K2 (Cz - )\f)ghz
1 [T 1 T2 48 512
+A; g(A +6112); +(2,1)",Af + 6212.];
—00
—-£ (}\g UJBYA’?L,?) dV] (Z)
+o00
+N? / g (N + 61021 + 62022 + (2,1)7)

(o]

g (NJLAZJ?) dva(a). (11)

Under mild conditions, the expectation of g(.) is equal to the
integral of the expected infinitesimal generator:

E (g (NJRNLR) 17) = g (NLJEARR)
T
+ us( | A (NN dslfr)
=g (NN
+ e (e (N R) ) B (12

The derivative of this expectation with respect to time is equal to
its expected infinitesimal generator:

DB (g (NS AR 17) = B (Ag (N AR 1) (13)

The next proposition relies on this last feature to calculate the
first moments of intensities.
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Fig. 3. The first subplot presents the QQ plot of normed residuals for the Vasicek
model fitted to the one year swap rate. The second and third subplots display QQ plots
of positive and negative variations of interest rates versus exponential distributions of
0' and 0%.

Proposition 2.1. Let m;(t) denote the expected intensity !, E ()\'t) for
i = 1,2. They are given by the following expressions

(ml(f)) =V 3 (@ =1) 0 vl (KlCl)
my(t) 0 ,;—2 (672[ - 1) K€y
ent 0 1 )\l
+V( 0 ew)v ()\g), (14)
where vy, , are constant,

1
Y12 1=y (61111 — K1) + (6222 — K2))

1 R
+ j\/((bl,lﬂl — K1) = (B2202 — k2))* + 4612621 p1t2,  (15)

V,v~! are matrices given by

_ —6121b —6121b )
V= 16
((51,1ﬂ1 — K1) =v1 (61,1 — K1) =2 (16)
s 1 ((Graph —k1) = Y2 Sk
1% 1 7( 1,1M1 1 B 17
T \ v1 — (61,1 — K1) —0120 (17

and Y is the determinant of V defined by

T:= —51,2#2\/((51,1#1 — k1) — (6222 — 2))” + 4012021 t1tlp. (18)

The next corollary is an immediate consequence of this last
proposition.

Corollary 2.2. The expectation of X; is equal to

ot ot
E (Xl Fo) = Xo + cufh /0 my(s)ds — ooty /O my(s)ds (19)

1 Remark that E (.| Fp) is abusively denoted by E (.) in later developments.
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The dynamics of X; is not mean-reverting and the short term
rate, equal to ¢(t) 4+ X;, may diverge at long term if ¢(t) is constant.
Even if numerical illustrations confirm that the mechanism of mutual
excitation limits this phenomenon for short and medium maturi-
ties (up to 20 years), divergence at long term can be controlled by
choosing an adapted ¢(t). For example, if we want to keep constant
the average short term rate, we can set ¢(t) to rop — E (X¢|Fp), such
as defined by Eq. (6). In this case, the expected rate stays equal to
E (r¢|Fo) = ro, whatever the maturity. If we want that expected short
term rates revert at long term to r,,, ¢(t) can be set to (e~ — 1)r,, +
e~ ry — E (X¢|Fo), where a is the speed of mean reversion. The next
system of ODEs that rules variances and correlation of intensities is
provided in the next proposition.

Proposiztion 2.3. Let us denote the variance of N\; by Vi(t) =
IE(()\;) ) - (m,-(t))2 for i = 1,2 and their covariance by V3(t) =

E (M A2) — my(t)my(t) . They are solutions of the following system of
ODEs:

g 51 B 2§1 T 232772 my(t)
ot 2 - 2_17]1 2,2772 Z(I))
V3 61,1021 62201212
2(01,1m—K1) 0 206121k
+ 0 20221k —K2) 202,114
02,11 o121 (61,11 G220b) —K1 —Ka
Vi
< (v, ], (20)
V3

with initial conditions

Vi(0)=0  fori=1,2,3.

By construction, the model behaves like a Brownian motion with
a random volatility. In this sense, the model is close to the GARCH
model of Engle (1982). Jumps in our model, by virtue of their self-
and cross-excitation, introduce a feedback element. As mentioned
by Ait-Sahalia et al. (2015), this aspect of the model can be thought
of as playing the same role for jumps as GARCH does for volatility.
Namely, the GARCH model, applied to interest rates, introduces feed-
back from variation of rates to volatility and back: large deviations

Table 2
This table contains the parameters defining dX; under the real measure and their
standard errors.

Parameter Value Std. err. Parameter Value Std. err.
K1 3.86 0.0187 611 5619.40 10.3072
K2 3.93 0.0196 612 —4681.94 8.1994
c1 120.00 0.0643 621 —5486.30 10.1354
[ 134.63 0.0621 622 4608.52 7.5390
02} 1 [07) 1

P 5653.08  6.0047 [ 5576.20 6.0875

lead to large volatilities which then make it more likely to observe
large deviations. In the absence of further excitation, volatility then
reverts to its steady state level. Here, similarly, jumps lead to larger
jump intensities, which then make it more likely to observe further
jumps. In the absence of further excitation, jump intensities then
revert to their steady state level. For this reason, we compare in the
numerical application our model with the GARCH one.

The next proposition presents the moment generating function of
X: and of its integral. This result is used later to infer the price of a
bond and its dynamics under an equivalent measure.

Proposition 2.4. Let {;(.) and {,(.) denote the moment generating
functions of 0! and 0?:

Pi(w) := E(e""oi) i=1,2. (21)

The moment generating function of woXr — wy ftTXsds +

T/l
(Wz ) ( g ) is an affine function of X and of intensities

wy | /AL
woXp—wy frTXSds+( 2 ) ()\5)
Efe W3 T/ | Ft
T

1
= eXp((Wo - W](T— t))Xt +A(t,T) + (g;g;:;g) (i% ))
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Fig. 4. The first subplot presents the history of the one year swap rate, to which the model is fitted. The second graph shows the sample paths of A} and )\f obtained by log

likelihood maximization.
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where A(t,T), B{(t,T) and B(t,T) are solutions of a system of ODEs as
follows:

2Bi(t,T) = ki By (6, T) — [th1 (B1(t, T)61,1 + wooy —wyay(T —t)
+B,(t, T)o2,1) — 1]

D Bo(t,T) = KyBy(t,T) — [Yr2 (B1(t, T)61,2 — Wo0a + wyap(T — f)
+B>(t, T)62,2) — 1]

DAL T) = —Kc1By(t,T) — K202Bo(t, T)
(23)

with the terminal conditions A(T,T) = 0, B{(T,T) = wy, Bo(T, T) = ws.

Notice that for sufficiently large w;—; 4, there is no warranty
that the expectation (Eq. (22)) is finite. We will see in Section 4 that it
is however possible to compute the probability density function of X;,
by inverting the moment generating function (22), with the discrete
Fourier transform of Proposition 3.8.

3. Equivalent exponential affine measures and bond pricing.

As the moment generating function of X; is an affine function of
(AL A2,L}, %), we study exponential affine changes of measure and
show that the dynamics of interest rates is preserved under the new
measure. These equivalent measures are induced by an exponential
martingale of the form

Mt(91.92) . =exp ((01(91,02), 02(91,92)) (2; )

t

+(0002) (15 ) - o(01.02)) (24)

where 61, 6 € R and are assimilated later to risk premiums.
Zhang et al. (2009) use a similar change of measure to simulate
rare events, of a one dimension Hawkes process but with constant
jumps. In our framework, jumps are random and the affine change
of measure modifies both frequencies and distributions of jumps.
Before detailing this point, the next proposition introduces the nec-
essary conditions that (61, 6,) fulfill to guarantee that M(61,6,) is a
local martingale.

Proposition 3.1. If for any given couple of parameters (01,6-), there
exist suitable solutions a;(61,0;) and ay(01,0,) for the system of
equations

<01(91.92)K1 — (P1(a1(01,02)01,1 + a2(01,02)021 +601)—1) =0
ax(01,02)Kk2 — (P2(az(01,02)622 + a1(61,62)612 +02)—1) =0

(25)

where ;(w) = IE(eWOi fori = 1,2, and if ©(0;,65) is a linear
combination of these solutions

Table 3
Deviances and p-values testing the presence of mutual and self excitation. All
hypotheses are rejected with a high confidence rate.

Hypothesis Deviance p-Value
611 =0 24.08 0.0001%
612 =0 44.16 0.0000%
61 =0 24.05 0.0001%
62 =0 202.88 0.0000%
61 =0612=0 68.21 0.0000%
611 =0622=0 290.24 0.0000%

Table 4

Parameters of the Vasicek model, obtained by log likelihood maximization.
Parameters Estimates Std. error
a 0.014 0.0003
b -0.103 0.0017
o 0.004 0.0001
Loglik. 19078
AIC —38150

©(01,02) = a1(01,02)K1¢1 + a2(01,02)k2C2 (26)

then M(01,0,) is a local martingale.

Assuming the existence of suitable solutions for the system
(Eq. (25)), an equivalent measure Q%% is defined by

dQ%2 | M(6,,6,)
dp # "~ Mo(6:,62)

(27)

and may be used as risk neutral measure by investors. In this case, the
dynamics of intensities and aggregate supply or demand is modified
but is still a bivariate Hawkes process:

Proposition 3.2. Let N/'? and N2 be counting processes with respec-
tive intensities

A:Q —F e(a151‘1+azﬁ2‘1+91)01 )\g ’e
)\%Q -k (e(a282'2+a161'2+92)02) )\% ’ (28)

under the equivalent measure Q%1% . On the other hand, if 0", 0*¢
denote random variables defined by the following moment generating
functions

Qroy o 01.Q _ ¥1(z+ (81,101 62102 +67))
(@) :=E (ez ) T Unlard1+az62,1+67) (29)
IJIQ(Z) = F (ezOZ-Q) _ (2 (az8y2+a1812+62))

2 T T UnlaxdypFar612+67)

and if Lg e, Lf'Q are defined by the jump processes
Ni@

e=>02 i=12 (30)
k=1

then intensities )\{ are driven by the following SDE under Q%92
d\ = K (c,» - Ai) dt + 6,7dLM? + 6,d12Q i =1,2. (31)

In numerical applications, sizes of orders under P are exponential
random variables and their probability density functions is defined
by two parameters p;, p, € R as follows:

Vi(z) = p1e7 P 1550 V2(2) = p2eP?1,q). (32)
Table 5
Parameters of a GARCH (1,0) and GARCH (2,0) model for r;.
Garch(1,0) Estimate Std. error t value Pr(> |t])
u 1.652e — 06 4.543e — 06 0.364 0.716
ap 4.844e — 08 1.716e — 09 28.222 <2e-16"**
By 4.211e-01 4.006e — 02 10.512 <2e-16"**
Loglik. 19,311
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In this case, first and second moments of 0q and 0, are respec-
tively equal to iy = pll W = —L and ton; = W The moment
generating functions are given by Yn(z) = JF% forz < p; and
Un(z) = B +Z for z> —p,. In this particular, we have the following
interestmg corollary:

Corollary 3.3. The distribution of orders are exponential under P and
Q and the densities, noted v?(z) under Q, are defined by the following
parameters:

p% = p1 = (B11a1 + 63102 + 67)
p3 = Pz + (@262 + @112 + 62).

Under Q%%, dynamics of intensities are preserved as shown in
the next corollary.

Corollary 3.4. Intensities of counting processes Ng'Q and Nf‘Q are
Hawkes processes having the same structure under Q as these under the
real measure P

d)\lQ—Kl(Q NQ)dt+deL1Q+onL2Q i=1,2. (33)
where the parameters defining the process under Q are

§ = cry(ardrg + @y + 61)
¥ = caa(azdy + @161, + 62)
51J = 611(a1611 + G261 +01) j=1,2
5%,» = G fa(aadp2 + a1612 +62) j=1,2.

This corollary is proved by combining Eqs. (28) and (31). If
markets participants adopt an equivalent exponential affine measure
for the risk neutral one, the price of a zero coupon bond is equal to
the expected discount factor, under this risk neutral measure. The
price is denoted by

T
P(t, TN JL A J?) = EQ (eff[ reds | fr)

= = Il els)dsgQ (e—v/fxsds | ;t) (34)

and the expectation in the left term of the bond price is pro-
vided in the corollary that follows, that is proved by combining
Proposition 2.4 with Corollary 3.4.

Corollary 3.5.

T
— [T Xsds — By(£T) N
(0001 7) e (xir-oemen+ (G0 (1)

(35)

where A(t,T), B;(t,T) and By(t,T) are solutions of a system of ODEs as
follows:

2Bi(t,T) = KlBl(f T)
—[v (Bi(e. B, — e (T = 0) + Ba(t, 1165, ) — 1]

2By(t,T) = Hsz(t T) (36)
- ¢§( (1), +az(T—t)+Bz(t,T)5§2) —1]

DA T) = —k 3B (6, T) — 1acYBa (1, T)
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Fig. 5. The first subplot exhibits the history of risk premiums, appraised at regular
interval of five days. The second graph shows coefficients ys; (a1 61,1 + @261 + 61) and

W,(a2822 + a1 612 + 62) that multiply the parameters defining A} and A? under the risk
neutral measure.

with the terminal conditions A(T,T) = 0, B;(T,T) = 0, Bo(T,T) = 0.

The dynamics of bond prices depends upon the random measures
of jump processes, noted L'%(dt, dz) and [2%(dt, dz) and such that

L';Q:/ / [¥(de,dz) k=1,2.
0 —00

Furthermore, the expectation of these measures are equal to
EQ (L"Q(dt, dz)|]—'t) = )\’r‘ka(z) dz dt, for k = 1,2. The next corollary
details the infinitesimal dynamics of bond prices:

Corollary 3.6. Bond prices, P (t T, )\EQ,]]Q )\ZQ ZQ) , are ruled by the
following SDE:

dP = Prede = NP [ (By (6T, -

+P /
x L'Q(dt, dz)
— NP [0 (Bi(t.T)6F, + (T — 0) + B(6, 706, ) — 1] de

a1(T —t) + By(t, T)o

9,) -1

exp B1 [T) 11 —oq(T —t) + Bq(t, T)821) ) ]:I

+ p/f‘” [exp ((Bl(t, T)6%, + a(T — t) + Byt T)52Q,2)Z) _ 1]
« [20(dt, dz) 37

where L'%(dt,dz) and [°Ydt,dz) are the random measures of jump
processes.

From the last corollary, we infer that the expected growth rate
for the bond price under Q is well equal to the short-term rate,
EQ (%u}) = r¢dt, as the sum of all other terms in Eq. (37) is a
martingale.
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3.1. Pricing of options

This section illustrates how the model is used for the pricing
of interest rate derivatives, under a forward measure. The yield of
maturity T — S, at time T is denoted by Y(T,S) and is defined by

Y(T,S):= —

a T
1 [ By(T,S) AlQ
_XT+5 T(/(p s)ds — (TS))_Si(BZ(TS) ()\gq)

(38)

logP(T,S)

On the other hand, the payoff paid at time S > T by an European
option written on Y(T,S) is denoted by V(Y(T,S)). Examples of such
instruments are: caplets (V(Y(T,S)) = N(S—T)[Y(T,S) — k] +), floorlets
(V(Y(T,S)) = N(S—T)N[k—Y(T,S)]+ ) or options of zero coupon bonds
(V(Y(T,S)) = Nl[exp(—Y(T, S)(S T))— k] +), where N and k are respec-
tively the principal and the strike. The option price is the expectation
of this discounted payoff under the risk neutral measure.

ft.roA) = B2 (e = v(Y(T,$) | ) (39)

As recommended by Brigo and Mercurio (2007), it is better
to evaluate this last expression under the S-forward measure.
This avoids numerical inaccuracies related to the approximation of
exp (— fts rsds), because the discount factor is drawn out of Eq. (39),
under the forward measure. If the market admits at least one
risk neutral measure Q, an equivalent probability measures to Q is
defined by the technique of changes of numeraire. The S-forward
measure has as numeraire, the zero coupon bond of maturity S.
Under this measure, the price of any financial assets, divided by the
numeraire P(t,S), is a martingale and the price of the derivative is
equal to

Qe mEV(YT,S)) | 72) = P(LS)ES (VIY(T.S)) | Fo)

+o0
= P(t,5) /0 V(Y )fyrs)(¥)dy

where fyr5)(y) is the density of Y(T,S) under the forward measure. If
B(t) points out here the market value of a cash account, B; = elo Tsds,
the Radon Nykodym derivative defining the S-forward measure, is
equal to

a1 By
dQ ~ Bs P(0,S)

— (efg rsdspQ (e— I3 rgdsl}.o))—l

To calculate the expected payoff under F°, the easiest approach
consists to approximate the probability density function of Y(T,S)

Table 6

This table presents the parameters defining the dynamics of r; under the risk neutral
measure, on the 28/11/2014. They are obtained by adjusting historical parameters
according to Corollary 3.4. The values of k1, K3, c? and CZQ in the column “Best fit” are
these for which the model replicates accurately the yield curve. But they cannot be
reconciled with historical parameters by an affine change of measure.

Value under Q Best fit Value under Q

K1 3.863 1.4463 82, 5662.25
K2 3.928 7.6587 8, -4717.21
? 120.91 112.54 83, —5270.10
& 129.33 128.78 8, 4426.65
Ay 119.08 A2 131.08
ro 0.0018

P 5609.62 P2 5804.41

by a discrete Fourier transform. To perform a such calculation, the
moment generating function of the yield is needed.

Corollary 3.7. The moment generating function of Y(T,S) at timet < T
under the forward measure F°, denoted by ©bS(w), is given by:

6 S (WY(TS) w S
oP(w) =E <e ’ |]-'r) = exp (S_—T)/T @(s)ds + wX;
T(¢ TV _ BS T /e
xexp | AT(LT) - AS(t,S) + ( B;(”) B;(t‘s)) ()‘QQ)
BI(t,T) - B3(t,S) ) \ A2

where A%(t,S), B3(t,S) and BS(t,S) are solutions of the system of ODEs
(Eq. (36)) with a maturity S and where A’(t, T), BI(t, T) and BI(t, T) are
solutions of the following system of ODES:

2 BI(t,T) = ki BI(t,T)

[¢1 (BT, + (w—(S— ) e + B, )63, ) — 1]
BI(t,T) = rBI(t, ) (40)
AT(t,T) =

Q"Q,

~ [ (BT(6, )02, — (w— (S —t))az+3§(t.T)5§2)—1]

6T) = -k CQBT(t T)—

O.‘Q}

KaCy BT(t T)

with the terminal conditions AT(T,T) = (1 — STWT)AS(T,S) ,BI(T,T) =
(1 - s—lr) BS(T,S), BY(T,T) = (1 - S_LT) BS(T,S).

The next result introduces the discretization framework to build
the density of Y(T, S), under the forward measure. Note that it is pos-
sible to use the same algorithm to approach the distribution of r;
under the real and risk neutral measure.

Proposition 3.8. Let M be the number of steps used in the discrete
Fourier transform (DFT) and Ay, = zlqu be this step of discretization.

Let us denote A, = MZ—’Zy and
Zj = (] - 1)Az,
forj = 1...M.The values of fyrs)(.) at points y, = + (k—=1)A,y

are approached by the sum

2 M

FrrsWi) ~ g Re (Zéj(pf' (i 2, T \e) (=1)~Te 1 G-D(k= 1))
Y i
Jj=1

(41)
where o = %‘l{j:” + ey -

Once that the density of Y(T,S) is obtained by the discrete Fourier
transform, the option price is approached by a weighted sum of
payoffs as follows:

M+1
EQ (e J VYT, ) | 7) = P T) D Vidfvers)(0iAy -
k=1

The feasibility of this method is illustrated for caplets, in the
numerical application.

4. Calibration and numerical applications

To demonstrate that the model is adequate for interest rate
modeling, we first perform an econometric calibration. The data set
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Fig. 6. The first subplot shows the zero coupon yield curve, on the 28/11/2014 and the curves built with the model and sets of parameters of Table 6. The five last subplots
illustrate the sensitivity of the yield curve produced by the model to changes of parameters.

used is made up zero coupon rates, bootstrapped from daily Euro
swap rates (bid-ask average), observed over ten years (3/05/2004
to 30/12/2014). Swaps are liquid instruments, and their rates are
representative of yields of AA corporate bonds. The maturities of con-
sidered swaps are running from 1 to 10 years, 12 15 and 20 years.
The Bloomberg tickers are EUSA1 to EUSA10, EUSA12, EUSA15 and
EUSA20 and the field is PX_LAST. Fig. 2 provides a three-dimensional
plot of zero coupon rates. The large amount of temporal variation
in the level is visually apparent. The flattening of the curvature dur-
ing the 2008 crisis, is also clearly visible. Table 1 shows descriptive
statistics for swap rates. The typical curve is upward sloping and long
term rates are less volatile and more persistent than short term rates
(in the sense that their long term auto-correlation is higher).

The parameters that define the dynamics of the short term rate
under the real measure, are fitted to the time series of one year swap
rates (presented in the first subplot of Fig. 4). Positive and nega-
tive jumps are both assumed to be exponential random variables,
with means il and —iz. For this choice of distributions, parame-
ters a; and «, are redundant and set to one. The function of time
©(t) is assumed constant and equal to the one year swap rate, on
the 3/05/2004. In practice, ¢(t) is used to perfectly duplicates the
most recent yield curve and to exclude any possibilities of arbitrage
in the pricing of interest rate derivatives. As our purpose is here
econometric, setting ¢(t) to a constant is not penalizing. Positive
(1360 observations) and negative (1460 observations) variations of
the one year rate are respectively assimilated to an increase of supply
and increase of demand, the parameters p; and p, are adjusted by
matching the first moments. The second and third subplots of Fig. 3
confirm that exponential distributions fit well variations of interest
rates. The intensities A} and A? are fitted separately by direct log-
likelihood maximization procedures. If daily variations of interest

rates are denoted by Ar; = r;, —r;,_, fori = 1ton = 2820 obser-
vations and A is the length of the time interval, the following two
optimization problems are solved numerically to find an estimate of
parameters:

(K1,€1,611,612) = argmax XL log (M A a0 + (1= N2Ac) Tiar<o))
(K2, €2, 621, 622) = argmax XL log (N Al iari<0) + (1= M) Tiarz0))
(42)

where the intensity of the arrival of jumps is discretized as follows:

A& = A+ Rlc = Ny A + O 11AT 1 ar0 + 82l ATil 1ar-0
k=12,i=1,...,n

The results of the calibration procedure are presented in Table 2.
Notice that given the limited number of parameters and that the cal-
ibration is done in three separate steps, the fit does not present any
difficulty and is numerically stable. The speeds of mean reversion
for the intensities of supply and demand are close and around 3.90.
The 611 and 6, measure the level of self excitation and are posi-
tive. This confirms the presence of marginal clustering effects in the
frequency of orders. The marginal effect of the demand on supply,
such as measured by 6; 5, is negative. This means that an upward
shift in demand decreases the frequency of supply orders. But as
|61,2|p1—2 < 811 %, this effect is less significant on average than the
self excitation. 6,1 is also negative and then an increase of supply
decreases the frequency of demand orders. Compared to the self
excitation, this effect is predominant on average as |6, 1 |% > 822 é.
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W

Fig. 7. This graph displays three simulated sample paths of ¢, and the intensity of arrivals of sell (A})/buy (A?) orders. The period is 10 years.

This means that the supply drives the demand for bonds rather than
the opposite.

So as to validate whether or not contagion occurs, we test the
joint hypothesis that all the coefficients of mutual excitation §;'s are
0. As in Ait-Sahalia et al. (2015), we use a likelihood ratio test based
on the deviance. The deviance, noted D, is defined by

D = -2 x (log(Likelihoodgyj; moder) — log(Likelihood,equced modet)) -

According to the results of Wilks (1938), it is asymptotically
distributed as a Xdz random variable with degrees of freedom equal
to the difference between the number of parameters in the full and
reduced models. The log likelihood chosen for this test is the sum of
maximized terms in Eq. (42). Deviances and their p-values presented
in Table 3 confirms the importance of self and mutual contagion
coefficients.

The exact calculation of the total log-likelihood would require
to estimate 2820 pdf by DFT given that the probability density
function of r; depends on A}, )\? and does not admit a closed
form expression. As this is computationally too intensive, the total
log-likelihood of the model is instead approached by the following
expression:

L= Zn:m [1“,.20 (A}i At + (1 - (Ag At))) vi(AT)+

i=1

+1a<0 (A A+ (1= (A} &) waar)]

and is equal to 23 455 whereas the AIC (Akaike Information crite-
rion) is -46 891. The model is first benchmarked with the model of

Vasicek (1977), fitted to the same data set. This model postulates that
the dynamics of r¢ is driven by the following SDE:

dre = a(b — r)dt + odW,; (43)

where a, b, o are constant and W, is a Brownian motion.

The results of the calibration procedure are provided in Table 4.
As the one year swap rate has decreased over the period 2004 to
2014 to nearly reach a null value, the level of mean reversion is
negative and the speed of mean reversion is close to zero. The log-
likelihood for this model is equal to 19 078 and its AIC is -38 150.
The comparison of AIC confirms that our model outperforms the
Vasicek model (using the BIC leads to the same conclusion). The
first graph of Fig. 3 shows the QQ plot of normed residuals for
the Vasicek model versus a normal distribution. This plot, as
the Jarque-Bera test, confirms the non normality of interest rate
variations. 2

We mention in Section 2, that the model behaves at medium term
like a Brownian motion with a random volatility. In this sense, the
model is close to GARCH models of Engle (1982). For this reason, we
also compare its performance with a GARCH(1,0) model to variations
of interest rates. In this framework, the dynamics of short term rates
in discrete is the following:

AT{ =u + Orer

2 According to Bacry et al. (2013) or Zhu (2013a), the Hawkes process behaves like a
Brownian motion for large time scaling. However, our result demonstrates that there
is some advantage to model the short term rate by a Hawkes dynamics at the micro-
level instead of using a diffusion approximation.
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Fig. 8. Sensitivity of curves of implied volatilities to parameters changes, for a set of 2 years caplets, with a 1 year tenor.

where ¢ ~ N(0, 1). The variance 02 depends both on Ar¢_; and on
2 .
Of 4t

O = o + P10 ;.

The results of the fit are presented in Table 5. The GARCH(1,0)
performs better than the Vasicek model, but its log likelihood is
lower than the one of our models. We also test GARCH(2,0) to GARCH
(8,0) but the log likelihood never exceeds the one of our models
(the maximum obtained is 19 639 with a GARCH(8,0)).

Since the inception of the euro in 1999 and the resulting
elimination of exchange-rate risk, swap rates reflect the fluctuations
of compensations demanded by AA rated financial institutions
for holding mainly liquidity risks. Liquidity risk arises from the
potential difficulty to find a counterpart to close a trade relatively
quickly.Ait-Sahalia et al. (2015) measure stocks market stress with
Hawkes jumps intensities and mention that they reflect market
conditions at the time. In a similar way, anticipating poor liquidity
conditions is possible through the analysis of filtered intensities, as
shown in the second graph of Fig. 4. The frequency of supply orders
A} is most of the time around the frequency of demand orders A2,
and they have symmetric patterns of evolution. When A? is far below
A, bid orders are not enough frequent compared to ask orders
and the market is threatened by a liquidity shortfall. This scenario,
happens from the 14/08/2007 to the 09/12/2008, the period that
corresponds to the credit crunch crisis.

The econometric calibration is based on historical data and
parameters obtained by a such approach define the dynamics of r;

under the real measure of probability, P. Under the risk neutral mea-
sure, these parameters depend on some unknown risk premiums 6
and 6,, defining the change of measure (Eq. (24)). On a given date,
it is possible to retrieve these premiums by minimizing the sum of
spreads between model and observed yield curves. For this purpose,
the model yield curve is built with historical parameters of Table 2,
adjusted under Q, according to Corollary 3.4. In practice, it is however
not relevant to assume that risk premiums are constant over a period
of 10 years, as they are directly related to the level of risk aversion
in financial markets. For this reason, we recomputed risk premiums
at regular intervals of five days of trading. The first subplot of Fig. 5
shows their evolution: 6; and 6, are respectively positive and neg-
ative and nearly symmetric till 2013. The second subplot presents
the evolution of ¢;(a1611 + a2621 + 61) and Y,(az622 + a1612 +
0,) that multiply parameters ¢;, c; and 6;; under Q, as stated in
the Corollary 3.4. This graph reveals that parameters driving A}
(resp. A?) are always increased (resp. decreased) under Q. And
the steepness of the yield curve is directly related to the distance
between ;(a161,1 + a2621 + 61) and Y,(a2822 + ai;612 + 62).
Around the credit crunch, yield curves are indeed nearly flat and
P1(a1611 + a26,1 + 61) and Y,(a262 + a161 2 + 62) are very close to
one.

Table 6 shows the parameters under Q on the 28/11/2014. The
first subplot of Fig. 6 compares the yields produced by the model for
these parameters (line labeled “Model Q') with the observed ones.
If we replace k1, K2, c? and 62Q by values in the column “Best fit”
of Table 6, the model replicates perfectly the market data. This is
illustrated in the first subplot of Fig. 6 by the curve labeled “Best
fit”. These parameters cannot be reconciled anymore with historical
parameters, through an affine change of measure but does not appear
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irrelevant. We use them later to analyze the sensitivity of the model
to each of its parameters.

The five last subplots of the Fig. 6 shows the marginal effect of
each parameter on the slope of the yield curve produced by the
model. Increasing cj, 611 or 61, raises the frequency of positive
variations of the interest rate, and then the steepness of the
curve. Increasing ¢y, 6, or 6,1 steps up the frequency of negative
variations of the short term rate and flatten the yield curve.
Using higher speeds of mean reversion, xjand k3, have the same
effect on the curve. As the average size of orders are inversely
proportional to p; and p,, increasing these parameters is equivalent
to decrease the average amplitude of variations of the interest rate.
Then higher p; or p, respectively lowers or raises the steepness of
the curve.

Fig. 7 presents simulated sample paths for r¢, A} and A? and their
mean calculated under Q, with Propositions 2.1 and 2.2. Simulated
paths depict periods of decline, sharp increase and stability, that are
comparable to real ones shown in Fig. 4. As mentioned earlier, the
model is not explicitly mean reverting. However the simulation of r¢
reveals divergences to extreme value is avoided (at least at medium
term) by the mutual dependence between arrivals of bid and ask
orders.

We also observe negative short term rates in two scenarios during
the first five years, as the expected short term rate is close to
0%. In fact, the number of scenarios in which negative rates are
generated, directly depends on parameters of mutual excitations
612 and &,1. The higher is &;,, the higher is the probability of
observing an upward jump following a downward variation of
interest rates and the lower is the probability of observing negative
short term rates. This point is emphasized by the first subplot of
Fig. 8, that presents the probability density function (computed by
DFT) of the forward yield, Y(2, 3) as defined by Eq. (38), for different
levels of cross excitations. We see that setting 6 to zero is enough
to exclude negative forward yields.

The five last subplots of Fig. 8 show selected curves of implied
volatilities, for a set of 2 years caplets, with a 1 year tenor. Prices
are obtained by a Fourier transform with M = 212 steps of dis-
cretization and y,,, = 0.10. Implied volatilities are next obtained
by inverting the Black & Scholes formula for caplets. The purpose
of these graphs is to illustrate the sensitivity of implied volatilities
to a change of key parameters defining the model. Parameters
are these fitting market on the 28/11/2014. Increasing cy, 611 or
61, increases the steepness of the smile of volatilities. Whereas
increasing ¢y, &, or 6,1 flatten the curve. Finally, higher p; or p,
respectively lowers or raises the slope of the smile.

5. Conclusion

The literature provides a great deal of evidence that liquid-
ity shortages are caused by a disequilibrium between the supply
and demand of fixed income instruments, and that it impacts level
of interest rates. Directly inspired from the economic monetary
theory, this work presents a new interest rate model based on
recent developments in the study of market micro-structure. The
novelty of this approach is to consider that aggregate supply
and demand of fixed income products are ruled by a bivariate
Hawkes process. This introduces both path dependence and mutual
excitation in the arrivals processes of bid and ask orders for interest
rate products. Furthermore, quasi explicit formulas are available for
moments of intensities and bond prices and changes of measure.

The econometric analysis of the one year swap rate over a period
of 10 years, suggests that intensities of bid/ask orders arrivals are key
factors to understand the fluctuations of rates. In particular, a nega-
tive difference between bid and ask frequencies is a solid indicator to

detect liquidity shortfalls. On the other hand, combining the econo-
metric calibration with the analysis of past swap curves, allows us
to filter risk premiums of processes representing the demand and
supply of bonds. The distance between these risk premiums explains
the steepness of the yield curve and is particularly small during the
2008 crisis. Finally, the different sensitivity analysis developed in this
work, confirm that the model is tractable for derivatives pricing or
for risk management purposes.
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Appendix A. Proofs of propositions

A.1. Proposition 2.1

Proof. Consider the functions g' = Al for i = 1,2. According to
Egs. (11) and (12), their expectations are such that

B (4g) =i (e -B (V) +E(N) [ ozdn@+E ()
x /7 :0 8122 dvs(2)
=K (q -E (A})) +E (Ag) Siith +E (A%) 6120k
E (Agz) =Ky (cz -E (A?)) +E ()\3) /;w Sp12 dV1(2) + E (Af)
y /_ T 20z dva(2)

00

=Ky (c2 —E (A?)) +E (Ag) Soaty +E ()\2) 8221

If we refer to Eq. (13), moments m1(t) and my(t) are solutions of
a system of ordinary differential equations (ODEs) with respect to
time.

0 ml) (chl) ((511l~l1—f<1) o121k )(ml)
i = . : 44
ot (mz KaC2 + St (G220 —K2) )\ (44)

Finding a solution requires to determine eigenvalues <y and
eigenvectors (v1,vy) of the matrix present in the right term of this
system.

((51,1,111 — K1) O1ik ) (Vl ) _ ,Y(Vl )
Sats (G220 —K2) ) \ V2 123

Eigenvalues cancel the determinant of the following matrix:

det ( (01,1 — K1) =7y

b1t ) —0
&2, (622 —K2) =Y

and are solutions of the following second order equation:

V=Y (G111 — K1) + (8220 — K2)) + (81,111 — K1 )(S220 — K2)
—01202,1ttp = 0.
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Roots of this last equation are vy; and vy,, as defined by Eq. (15).
One way to find an eigenvector is to note that it must be orthogonal
to each rows of the following matrix:

((51,1I~11 — K1) = d121b ) (Vl ) —0
S2.1th (6221 —K2) =Y ) \ v2 '

then necessarily,

v ) ( —6121h ) .
1) = , ori=1,2.
(V'z (61,11 — K1) =i f

Let D = diag(y;,Y,)- The matrix in the right term of Eq. (44)
admits the representation

o121k

((51,1H1 — K1)
(6221 — K2)

= VDV,
02,111 )

where Vis the matrix of eigenvectors, as defined in Eq. (16). Its deter-
minant, Y, and its inverse are respectively provided by Egs. (18) and
(17). Two new variables are defined as follows:

() =v" ()

The system (Eq. (44)) is decoupled into two independent ODEs:

d ur\ _ -1 K10 Y1 0 uq
&(Uz)_v (K2C2)+(0 7’2)(112)' (43)

And introducing the following notations:

v-1 kKicty _ (&
KaCa SYA

leads to the solutions for the system (Eq. (45)):

€1
uy(t) = —-
1(86) ”

€
uy(t) = == (e”2t — 1) + dye2!
2(t) 72( ) +dy

(eMt = 1) + dyeN?

where d = (d;,d,) is such that d = V~'Ag. Or in matrix form,

ury _ y; (€11 =1) 0 y-1 (A
Uy 0 5 (et =1) KaCa
ent 0\, (Al
(0 ) ()

Expressions (Eq. (14)) for my,m; are inferred from this last
relation. O

A.2. Corollary 2.2

Proof. Let us denote f = E (X;), then the expectation of its infinites-
imal generator is equal to

400 +oo
E(Af) = E (M) / oz dvy(2) ~ E (N?) / 6z dvs(2)
=E (7\3) oy —E (7\%) (65)17]
and according to Eq. (12), we conclude. O
A.3. Proposition 2.3
N2
Proof. Let us introduce the following notations: g; = (A;) fori =

1,2 and g5 = M A?, according to Egs. (18) and (17), the next relation
holds

2 +o0 5
Agy ZZK;K]Q - 2()\3) K + }\3/ 2)\}51’12 + (61,12)° dv1(2)

»+00
+ A2 / 2N 6122 + (6122)° din(2)

00

2 +o0
Agy :2?\?K2C2 - 2()\?) Ky + }\?/ 2)\?52’22 + (52‘22)2 di,(z)

r+00
Al / IN26y.12 + (6212)% din(2)

00

Ags =ki(c1 = NN + Koy — AN

+ A} /7‘*"o ()\} + 81,12) ()\f + 52'12) AN dis(2)

00

+ A2 / " (A} + 51,22) (A% + az,zz) — NA2 dvy(2).

—00

2
Ifwe notev; = E ()\’t) ) fori = 1,2 and v; = E (A]A?), a system
of ODEs is deduced from Eq. (13):

d
prad =2my(t)k1c1 — 2vi(t)K1 + 2va(£)61,1h

+my ()65 ;1 + 2v3(6)6121 + My(£)6] ,7

d
3172 =2my(t)KaCa — 2Va(t)Ky + 2v2(1)62 241

+my()83 512 + 2v3()62,144 + My (£)63 111 (46)

v3 =my(t)Kic — K1va(t) + my(t)kaco — Kav3(t)

+ vi(6)62,1 + v3(£)d1,1t + my(t)61,162,1M
+ Vo (8)61,24 + V3(£)52,20 + Ma(t)52,2612M2.

at

As centered second moments V;(t), are linked to non centered
ones, v; by the next differential equations:

0y — 3y —_2m: dm =
gv,— 35v, 2m; Ez))tml 1—;,2
3tV3 = V3 — My gpMy — My 5pmy.

Itis sufficient to combine Eqs. (44) and (46) to conclude. O
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AA4. Proposition 2.4

Proof. Let us define

FENJLARR) -

WoXr—wq frTXSds-%— (

w) ()
2
E|e w3 ) \X) | 7 | and let £, f,1 and f,, denote

respectively the partial derivatives of f with respect to time and
intensities. According to the Feynman-Kac formula, f{.) is solution of
the next partial integro differential equation:

wy (oqL} —asz)f =fi+K (C1 —?\g)f)\l + Ky (Cz - )\?)fv

+oo
—H\}/ f(t,)\g +o11z)l + @ 1A + 52,12.13)

00

—f (6N JLALTR) dri(2)
+oo
—H\?/ F(EN + 812208 N + 620202 + (2 1))

~f (BN JR) dva(2) (47)

falso satisfies the next limit condition

F(TAARJE) = exp (wo (L} - l}) + (xi )T (;% )) (48)

T
Let us assume that f has an exponential form

1 1

f=exp (A(t, T) + B, T)T ()‘g ) F o) (Lg ))
)\[ Lt

where B(t,T)" = (B1(t,T),B2(t,T))" and C(t, )T = (C;(¢t,T), Go(t, 7).

Under this assumption, Eq. (47) becomes

3 3 3 d d
w (oqL} —l?) = (&A + N 5eBr A+ N By L 5 Cr Lﬁﬁcz)
AN (W1 (B1611 + C1 + Badan)) — 1] + Ky (q - A}) B
+N (02 (Brérz + G + Badz) = D]+ (2 = N2) Ba. (49)

Since this relation holds for any Al and Lii=1,2, this last relation
holds only if their multiplicative coefficients are null. This is achieved
only if

d
0= By — K1B1 + [{1 (B161,1 + C1 + B2621) — 1],

at
a
0= o782 —aBy + [h2 (Bi612 + G + Bodp2) — 1],
a
0= ﬁA + K1€1B1 4+ KBy,
a a
w1t = ﬁCl - Wi = &C (50)

From the boundary condition (Eq. (48)), we infer that C;(t,T) =
woay — woq(T—t)and Go(t, T) = —wpay + wiaa(T—t). O

A.5. Proposition 3.1

Proof. Let us denote by Y; the exponent of M;:

1 1
V= @(0,02) aal0,02)) (3% ) + 0102013 ) = eton, 020 (51)

According to Eq. (10), its infinitesimal dynamics is given by

dY: = a1 (C1 - )\}) dt + azk;, (cz - )\f) dt + (a181,1 + 28,1 + 01) dL}
+ (az822 + 41612 + 62) dL? — (81,6, )dt.

In the remainder of this proof, the random measure of O'
is noted yi(.) and is such that O' = [* xi(dz) for i = 1,2.
Applying the Ito’s lemma for semi-martingales to M; leads to the next
relation:

1
M =MedY: + 5 Mcd [Ye, Yol
+ M, / (e(‘ﬁ“m TRt 1 — (aréyy + az001 + 01)2) ' (d2)dN]

+ M, / (e(az“\zz”lﬁm“’z)z —1— (a8 + 1612 + 62)2) 72(dz)dN?
or equal to

dM; =M; (a]IﬁC] + axKCy — QD) dt
_ M[Ag (aﬂﬁ - / (3(0161,1 +ay7,1+01)z _ ]) V](dz)) dt

—00

~ M\ (GZKZ _/ (3(0252,2+0151,2+92)Z - ]) Vz(dz)) dt

00

M, / (elertraraziaa i)z _ 1) [11(dz)dN} — Nvi(dz)dt]

00

+ M; / (6(0252,2+a151,2+62)2 _ ]) [)(z(dl)dNtz _ )\?Vz(dl)dl’] .

00

Since the integrals with respect to y(dz)dNi — Alv;(dz)dt are local
martingales, M is also a local martingale if and only if the following
relations hold:

ay1(01,02)k1¢1 + a2(61,62)K2c2 — (61, 62) =0
a1(0y, 6K — f_DO (3(01(91192)51,1+02(91v92)52,1 +01)z _1q v1(dz) —
a(01, 02Ky — f_DO (3(02(91192)52,2+01(91v92)51,2+92)2 _ 1) V5(dz) -0

and these conditions are equivalent Egs. (25) and (26). 0O

A.6. Proposition 3.2

Proof. IfY; is the exponent of M;, as defined by Eq. (51), the moment
generating function of X under the risk neutral is then equal to

EQ (GWXTIJ-}) =F (eYT—Y[+wXT|]_—r)

=e g (eYT+WXT|}‘[.)

If f (&, AL.J},A2,J?) denotes E (e¥7™X1|F;), according to the Itd’s
lemma, it solves the next equation

0 =f; + K (q - )\})f)\l + Ko (cz - )\?)f)\z
+Al /:Of (A + 01zl + @ 1N + 6212.17)
—f(ENJLALR) dn(2)
w5 [ (N + 12zl + 6002 + (2 1))

00

~F(ENJEALR) dvaa). (52)
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where f;, fu1, fi2 are the partial derivatives of f{.) with respect to time
and intensities. Furthermore given that

Yr + wXr =a ()\} — K10 T) +ay ()\% - I<2C2T)
+ (01 + qw)LL + (02 + cow) [2, (53)

f(.) satisfies the following terminal condition at time t = T:

f (T, )\},]},)\%,]%) = exp ((91 +aqw) L} + (62 + cpw) L2

+a; ()\} — K10y T) +ay ()\% - KzCzT)) .

In the remainder of this section, it is assumed that f(.) is an
exponential affine function:

[ o 01! L!
f=exp (A T) + Be,my7 [ P1(@00 F a0 HON oy (L
P2(a2622 + a1612 + 02)N?

where B(t,T,w)T = (Bi(t,T,w),By(t,T,w))" and C(t,T,w)l =
(C1(t, T,w),C(t, T,w))T. Under this assumption, the partial deriva-
tives of f are given by

0] ] 0] 0] 0]
o= (oA N B+ o\ By + LG+ 12 o) f

fu =nBif fiz = aBof

where ; and , abusively denote ¢;(ai611 + axd21 + 61) and
y(a26,22 + a1612 + 67). Integrands in Eq. (52) are equal to

F(EN #8020t + @OTN +6202.2) = (ML)
= flexp ((Bi1611 + Ci + Baada1) 2) — 1],

F(N A+ 810208 N + 2022 + @ 1)7) = (NUJLALR)
= fexp ((Bi¥1612 + G2 + Bayada ) 2) — 1].

Injecting these expressions in Eq. (52) yields a system of ODEs for
A, B1 and B;:

0 1
0= ﬁfﬁ — KBy + " [1 (B1y161,1 + Ci + Bayhadp 1) — 1],

0 1 .
0= ;B2 —taBy + - [2 (B1y1612 + Co + Baihabz ) — 1],
)

d
0= —A+ ¥1K1c1B1 + YnkaaBy,

Jat
B] B]
0= ﬁq, 0= ECZ (54)

with the terminal conditions:

A(T,T) = —a1k101T — azkyc, T
Bi(T.T) =gt By(T.T)= g
Ci(T,T) = (01 + oqw)

G(T,T) = (6 + uw).

As C(t,T) = 6; + ayw and G,(t,T) = 6, + apw, the moment
generating function of X; is equal to
EQ (eWXT|]:t) — e "E (eYT+wa|]_—[)
= exp (A + a1K1C1t + a0t + (Bllﬂ1 - al) }\g
+ (lellz — (12) )\? + th) .
In the remainder of the proof, this expectation is restated in a

form similar to the moment generating function of X under P. To
achieve this, the following change of variables is done:

A = A+ qKkicit + a0t

I
B, :=B; — —,
! Ty
az
B,:=B,— =
2 >

with the terminal conditions A'(T,T) = 0, By(T,T) = 0, B4(T,T) = 0.
As from Eq. (25), the following relation holds:

Kl% = (] - l[/i)

The system of ODEs (Eq. (54)) becomes
€
¥
+oqw + Boydp ) — 1] ,

a )/ / /
0= By —mBj + [ Y1 (Bj1611 + (01 + 61,101 + 62,1a2)

at

1
P2
+a2w + Blzllfzﬁz‘z) — 1i| ,

d
0= &B/z — KZB/z + [ 1) (B/lljllﬁl_z + (02 + 61'2(11 + 62'202)

ad
0= ﬁA/ + K1¢C1B] + Yaka2Bs.

If we consider jumps 0"¢, 0>¢ that have moment generating
functions defined by Eq. (29),the moment generating function of Xt
under Q is given by

/ T 1,Q
EQ (e 7) = X+ AT+ (BT (A[ )) ”
(e Ir) exp(Wr (¢, T) (Bz(f-T)) A2 (56)

where A, B} and B, solve a system, identical to the one of
Proposition 2.4. m

A.7. Corollary 3.3

Proof. If we denote 3; = &;1,1a7 + 810 + 61, by construction the
moment generating function of sell orders, under the risk neutral
measure is provided by the following ratio:

Y1 (z+5)
1(B1)

_ P1 p1— B
p1—z-P1 P

¥ (2) =
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and we conclude that sell orders are also exponential under Q. The
same reasoning holds for ask orders. O

A.8. Corollary 3.6

Proof. According to the Ito’s

lemma for semi-martingales,
P (t, TSNS, fQ) is such that

dP = P; + K (ci1 - A}Q) Pudt + Ky (CZQ - )\fQ) Py2dt
+o00
+/_ P (r, MNe+622 1% + (2 1) A2 + 6%1z,]fq)
—P(ENCJONC ) LOdt, d2)
oo 1 1Q 42 2
+ / P (t,)\tQ + 00,2 1O N2 + 63,27 + (2, 1)T)
—00

-P (t, AQ I N2 ]EQ) 129(dt, dz), (57)

where partial derivatives are obtained from Eqs. (35) and (36) O

A.9. Corollary 3.7

Proof. By definition of the forward measure and using the fact that
Ft C Fr, the Laplace transform of Y(T, S) is given by:

EQ ((ef(f rdspQ (e— I3 rsdsl}-o))_lewY(T,S) | ]_—t)

o J(; rdsEQ (e_ fts rds |]:t) (]EQ (e— J(Js rsds|]:0))_l
EQ (e— JE rsdsgpQ (6— JF reds+wY(TS) | ]:T) l ]:t)

EQ (e* [P rsds |]—'t)

ES (ewY(T,S) | }-[) —

The Fr conditional expectation in this last equation, is also equal
to

EQ (6’7 3 rsds+wY(T.S) [ ]_—T) = eWY(TSREQ (67 i rsds | ]:T) ,

and, according the Corollary 3.5, we have that

EQ (e—f% s ITS) | 7 = exp((sz - 1) ( / ’ o(s)ds — AS(T, 5)))
- T
BS(T,S)\ { A2
X exp (% - 1) Xi(S—=T) - (B%ET,S;) ()éq )
and

EQ (e* [ rsds | ]-'t) = exp (—x[(s —t)— /t ’ o(s)ds + A5(t,S)
BS(t,9))' ( AR ))
+( 2 5 )
(Bﬁ(t,s)) A%

Using Proposition 2.4 allows us to conclude. O

A.10. Proposition 3.8

Proof. The density of Y(T,S) is retrieved by calculating the Fourier
transform of ©%7(iz) as follows:

Fras0i0) = o FISSE)
1 +oo

— tS(s —iyz
o) ©(iz) e dz

1 +o0 X
= —Re(/ ©"S(iz)e™ Yk 2dz)
n 0

where the last equality comes from the fact that ¢%(z) and ¢“(—z)
are complex conjugate. At points y, = —%Ay + (k — 1)Ay, this last
integral is approached with the trapezoid rule

M-1
/b h(z)dz = MAZ +3 hia+kA)A,
a k=1

and leads to the following estimate for fyr.5)(yx):

M
1 N iviz
Fras) (Vi) = ERE > 60" (izj)e Vi A,
=1
1 M ) o
~ —Re > 8i0tS(iz)(—1)lew I=DE=Dp,
j=1
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