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a b s t r a c t 

The one-dimensional implementation of the Delayed Equilibrium Model (DEM) is known as a relatively 

simple yet accurate approach for prediction of critical mass flow rate, pressure and void fraction distri- 

butions for two-phase water transonic flows in ducts of variable geometry. However, the direct applica- 

tion of DEM equipped with original saturation index evolution law and Lockhart-Martinelli approach (the 

original setup) is incapable of accurate prediction of CO 2 transonic flow. Moreover, the Darcy friction fac- 

tor approach has a significant impact on the simulation results. Consequently, this paper presents a new 

law of the saturation index evolution and a new frictional pressure gradient approach for CO 2 transonic 

two-phase flows together with experimental validation and discussion of obtained data. A comparative 

analysis of the developed DEM setup and the referential Homogeneous Equilibrium Model revealed that 

application of the proposed approaches decreases the mean maximal discrepancy between experimental 

and calculated static pressure values by a factor of app. 2, with simultaneous decrease of the standard 

deviation by a factor of app. 4. That proves that both the frictional pressure gradient approach and the 

proper introduction of the thermal non-equilibrium effects are substantial for accurate modelling of the 

flashing process in CO 2 flows. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Flashing is a phenomenon of intensive evaporation in flow-

ng liquid due to a decrease in static pressure. The process of

he vapour phase generation is usually accompanied by significant

hermodynamic and mechanical non-equilibrium, which is mainly

anifested by a difference in temperature and velocities of the

hases. This article focuses on the flashing process that occurs in

he flow through a convergent-divergent nozzle that is a part of

 two-phase ejector. The schematic of the two-phase ejector with

upercritical or subcooled liquid phase as a motive fluid and with a

apour phase as a secondary fluid is presented in Fig. 1a . The liquid

hase due to depressurisation achieves saturation conditions and

artly evaporates inside the motive nozzle so that two-phase flow

manates from the nozzle. Due to momentum transfer between

he motive jet and the vapour, the vapour is entrained into the

uction chamber and further into the mixing chamber. The pro-

ressing momentum transfer causes a mixing process that takes

lace together with formation of a two-phase shock wave. The ap-
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earance of the shock wave dramatically rises the static pressure

f the mixture. Finally, the homogeneous two-phase mixture is ad-

itionally compressed in the diffuser achieving the discharge pres-

ure p m 

, which is higher than the pressure of the entrained vapour

 0 . 

A more detailed insight into the flashing process that occurs

n the convergent-divergent nozzle is presented in Fig. 1b . The

upercritical or subcooled liquid enters the motive nozzle and

artly evaporates (mostly due to accelerational depressurisation).

he rate of evaporation at the beginning of the flashing flow de-

ends on two factors: the number of active nuclei and the su-

erheat of liquid. However, the smaller nucleus the higher su-

erheat is required for its activation. Therefore, despite that at a

ertain location, the equilibrium saturation pressure is achieved,

he vaporization process does not start and a metastable liquid

ow occurs up to a location where the metastable liquid is suf-

ciently superheated to activate the largest nuclei, Boure et al.

1976) . From that location, the two-phase flashing flow is formed

nd the vapour phase growth rate is limited by the interphase heat

ransfer rate rather instead of mechanical expansion. However, un-

er real operation conditions, both mechanical and thermal non-

quilibrium exist simultaneously during flashing process inside the

https://doi.org/10.1016/j.ijmultiphaseflow.2020.103351
http://www.ScienceDirect.com
http://www.elsevier.com/locate/ijmulflow
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Symbols 

A flow channel cross-section surface area, m 

2 

A ij coefficient matrix of eq. system (14) 

a 1 , a 2 functions defined in eq. (28) and eq. (29) 

a g1 , a g2 constants defined in eq. (29) 

b function defined in eq. (34) 

b i source terms vector of eq. system (14) 

C channel perimeter, m 

C 1 ,... , C 4 constants of the developed law of the saturation in- 

dex evolution, eq. (25) 

D determinant of the matrix A ij 

e specific internal energy, J kg −1 

F gravity force per two-phase mixture unit volume, N 

m 

-3 

h specific enthalpy, J kg −1 

k number of equations/(independent variables) in eq. 

system (14) 

M Mach number 

N i i-th secondary determinant of eq. system (15) 

m mass flow rate, kg s −1 

n exponent defined in eq. (32) 

p pressure, Pa 

Q stream of external heat transfer per two-phase mix- 

ture unit volume, W m 

-3 

q heat flux density, W m 

-2 

s specific entropy, J kg −1 K 

−1 

T temperature, °C 

t dummy parameter (independent variable in eq. 15) 

v specific volume, m 

3 kg −1 

w velocity, m s −1 

x quality/vapour mass fraction 

y saturation index 

z coordinate in flow direction, m 

Greek symbols 

α nozzle divergent part angle, deg 

� used before a quantity symbol denotes a change in 

the quantity 
Fig. 1. Physical situation: a) two-phase ejector; b) flas
δ discrepancy between experimental and calculated 

pressure, δ= p exp -p calc , MPa 

θ reduced subcooling level defined in eq.(27) 

σ standard deviation 

σ i velocity-state vector in eq. (14) 

ρ density, kg m 

−3 

τ wall shear stress, Pa 

ϕ function defined in eq. (30) 

subscripts 

0 intersection point of the calculated fluid expansion 

curve with the saturated liquid line 

c fluid critical point 

conv convergent part of the nozzle 

div divergent part of the nozzle 

ml metastable liquid fraction 

in nozzle inlet 

ref referential value 

S singular point (z t < z < z out , M = 1) 

s saturated 

sg saturated vapour 

sl saturated liquid 

t nozzle throat 

out nozzle outlet 

otive nozzle making strong difficulties to accurately predict criti-

al mass flow rate through the motive nozzle. The appearance and

rowth of vapour bubbles drastically decreases the fluid density.

onsequently, the velocity, Mach number and fluid compressibil-

ty dramatically increase. However, due to the presence of dissipa-

ive phenomena, the flow achieves the local sound speed (M = 1)

omewhere after the nozzle throat. The further decompression and

ach number increase take place in the divergent portion of the

ozzle. 

Besides nozzles, the flashing phenomenon is encountered in

uch common devices as valves, orifices and throttling devices.

herefore, the accurate prediction of the flashing process is of cru-

ial importance for a design of apparatus that could be generally

lassified as devices of chemical and process engineering. Cases of

uch applications were described for example by Pangarkar (2017) ,
hing process in the convergent-divergent nozzle. 
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f  
eber et al. (2018) , Rahman et al. (2010) , Gamisans et al. (2004) .

he flashing also occurs in accidentally/randomly appearing chan-

els (or microchannels) as cracks or full bore ruptures in pres-

urized tanks and tubes. Thus, the process is also relevant for

uclear power plant and chemical plant safety where the accu-

ate prediction of the leakage rate through the crack plays a cru-

ial role. These problems were, in turn, investigated, for example,

y Hanaoka et al. (1990) , Bartosiewicz et al. (2010) , Papini et al.

2011) . 

As a result of this huge range of process occurrence, the flash-

ng flow became a topic of many types of research and many

odelling approaches have been developed. Those approaches can

e classified mainly in three groups: lumped-parameter models,

ne-dimensional models and CFD approaches, as noted by Lorenzo

t al. (2017) . Unfortunately, the vast majority of those approaches

ere developed for water. However, the recent studies on imple-

entations of the ejector in CO 2 systems such as heat pumps, re-

rigeration and air-conditioning devices, demonstrated significant

mprovement of those systems energy efficiency, as reported for

xample by Boccardi et al. (2017) , Liu et al. (2016) , Lucas et al.

2013) . As a result, additional studies of carbon dioxide ejector

efrigeration cycles have been conducted. Some of them included

nvestigations on flashing flow through the convergent-divergent

ozzle, e.g. Banasiak et al. (2013) , Nakagawa et al. (2009) . Con-

equently, some experimental data in this field are available pro-

iding an opportunity to study the predictions of CO 2 two-phase

ransonic flows through the convergent-divergent nozzles. 

Among all aspects of the flashing flow, the problem of accurate

redictions of critical mass flow rate is currently the most widely

tudied. The most profound conclusion from these studies is that

he aspects of mechanical non-equilibrium are in this matter a sec-

ndary meaning issue. This was first concluded through theoreti-

al considerations, among others, by Boure et al. (1976) and Bilicki

t al. (1990) . However, there are also empirical observations stat-

ng that the flashing transonic flow has usually form of a fully

ispersed flow, Brown et al. (2013) . Consequently, application of

 complex two-fluid models or even simpler slip ratio models in

odelling of the flashing transonic flow is unjustified. The prob-

em of accurate predictions of the critical mass flow rate can be

educed to a problem of obtaining a physically consistent predic-

ion of the sound speed, as inferred by Bilicki et al. (1990) , Attou

t al. (1999) , Lorenzo et al. (2017) . The mentioned researchers in-

estigated various types of non-equilibrium two-phase flow mod-

ls. Despite they used different analytical approaches, they all

ave shown that the physically consistent predictions of the sound

peed cannot come from equilibrium approaches and that the in-

roduction of the thermal non-equilibrium effects into the mod-

lling is in this matter crucial. Keeping this in mind, the authors

ocused their attention first on the Homogeneous Relaxation Model

HRM) which is a relatively simple approach accounting for ther-

al non-equilibrium effects, Angielczyk et al. (2010) . Using the

RM, the authors calculated the decompression curves for the se-

ected nozzle geometries and boundary conditions obtaining rea-

onable matching with the applied experimental data. However,

ubsequently Bartosiewicz et al. (2010) proved that the Delayed

quilibrium Model (DEM), which is also a relaxation model, is

ore accurate than HRM in terms of the critical mass flow rate

rediction. The ability of the DEM to accurately predict the critical

ass flow rate was also confirmed by Lorenzo et al. (2017) through

onfrontation with experimental data of a wide range (incorporat-

ng flows through long tubes, short tubes, and slits) that comes

ainly from the famous Super Moby-Dick experiment (this exper-

ment is still the most coherent experimental database concerning

ater transonic flashing flows; it contains information on critical

ass flow rates, pressure distributions and void fraction distribu-

ions). The main conclusion of the above-mentioned investigations
s that among tested models (HEM, HRM and lumped-parameter

pproaches of Moody and Hanry-Fauske), DEM is the most accurate

n terms of both the critical mass flow rate predictions and pres-

ure distribution predictions. Moreover, the DEM has been imple-

ented in WAHA code by Bartosiewicz and Seynhaeve (2014) and

n NEPTUNE_CFD code by Duponcheel et al. (2013) . It was shown

hat the use of DEM in CFD codes allows a very good representa-

ion of the experimental data and the results obtained were very

lose to the ones obtained by application of the stationary version

f the model. Therefore, the main aim of the subsequent investi-

ation, Angielczyk et al. (2019) , was to check if the Delayed Equi-

ibrium Model with a closure law, originally developed for water,

ay be considered as suitable for modelling of CO 2 transonic two-

hase flows. Unfortunately, the mentioned investigations revealed

hat the original DEM closure law is not suitable for CO 2 transonic

ow calculations. The investigation revealed also that the applied

arcy friction factor approach has a significant impact on the sim-

lation results. Hence, two friction factor approaches were tested,

amely, the Lockhart–Martinelli and the Friedel method. It was

hown that the Lockhart–Martinelli approach returns such high

alues of the frictional pressure gradient that the obtained results

ave no physical meaning. In the case of the Friedel approach, this

ituation happened rarely. Therefore, the Friedel approach seemed

o be more proper for CO 2 flows. Also, Aakenes et al. (2014) got

 similar conclusion: among the investigated approaches (homo-

eneous friction-model, Friedel and Cheng approach), the Friedel

pproach turned out to be the most accurate for the case of CO 2 

ube flows. Therefore, the authors decided to use the Friedel ap-

roach as a basis for developing a CO 2 dedicated approach. In the

ase of the saturation index evolution law, it was decided to de-

elop a new formula on the basis of the original law. 

The comparison of the proposed DEM setup with another DEM

mplementation is not possible since the developed approaches are

he first proposition in the domain of DEM simulations of pure-

O 2 flows. Thus, the Homogeneous Equilibrium Model is applied

s a reference case. Moreover, since the HEM does not consider

ny of non-equilibrium effects, its application as a comparative

ase allows to assess how the introduction of the thermal non-

quilibrium effects affects prediction abilities of the modelling. 

. Modelling of one-dimensional stationary flashing flow in 

orizontal channel of varying cross-sectional area 

.1. Homogeneous Equilibrium Model (HEM) 

Among the two-phase flow models, the HEM is distinguished by

he smallest number of the closure equations. Namely, it requires

nly the equation for the transferred heat flux q and the equation

or the wall shear stress τ . It is also related to an instantaneous

ass transfer between fluid fractions. For those reasons, HEM is

ommonly treated as the reference case. 

The HEM imposes the thermal equilibrium between vapour

hase and liquid phase. Consequently, the temperatures and pres-

ures of both phases are equal. It also assumes that phases are uni-

ormly distributed (perfectly mixed), that results in equal velocities

nd mechanical equilibrium. The model consists of three conserva-

ion equations of mass, momentum, and energy, respectively: 

 

dρ

dz 
+ ρ

dw 

dz 
= −ρw 

1 

A 

dA 

dz 
, (1) 

dp 

dz 
+ ρw 

dw 

dz 
= −τC 

A 

, (2) 

w 

dh 

dz 
− w 

dp 

dz 
= w 

τC 

A 

+ 

qC 

A 

(3) 

The mass and momentum equations (1 - 2 ) can be easily derived

rom the non-stationary forms of the corresponding conservation
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laws, e.i. from equations given in the book of Städtke (2006) . Also,

the energy conservation in the form (3) can be derived from the

time-dependent form, Städtke (2006) : 

A 

∂ 

∂t 

[
ρ

(
e + 

w 

2 

2 

)]
+ 

∂ 

∂z 

[
ρwA 

(
e + 

p 

ρ
+ 

w 

2 

2 

)]
= Q A + w F A, 

(4)

but the derivation requires some not necessarily obvious steps.

First, it has to be noticed that e + p/ ρ is the definition of the spe-

cific enthalpy h and that, due to assumed flow stationarity, the

term containing the time derivative, is equal to 0. Subsequent dif-

ferentiation and taking into account that (in case of the horizontal

flow) the term related to the work of the gravity force wFA van-

ishes, leads to the following form of the energy equation: 

ρw 

dh 

dz 
+ ρw 

2 dw 

dz 
= Q (5)

Finally, replacement of the term containing dw/dz with an ex-

pression obtained from the momentum equation (2) and including

that Q (the stream of the external heat transfer per unit mixture

volume) can be expressed in terms of the heat flux q , gives the

eq. (3) . 

The equations (1 - 3 ) have to be supplemented with the follow-

ing state equations describing the specific volume (or density) and

the specific enthalpy of the two-phase mixture: 

v = ρ−1 = (1 − x ) v sl + x v sg , (6)

h = ( 1 − x ) h sl + x h sg (7)

Since the quantities with subscript sl and sg represent satu-

rated liquid and saturated vapour properties, respectively, which

are functions only of the pressure p , then the system contains

three independent variables. Those three variables could be freely

selected. In the implementation of HEM used in this investigation,

the independent variables are: the pressure p , the quality (the sat-

urated vapour mass fraction) x, and the velocity w . Since the flow

is assumed to be adiabatic then the heat flux q is equal to 0. 

2.2. Delayed Equilibrium Model (DEM) 

The DEM assumes existence of three fractions: the metastable

liquid phase (subscript ml ), the saturated liquid phase (subscript

sl ), and the saturated vapour phase (subscript sg ). The saturated

fractions are in thermal equilibrium so that they have equal pres-

sures and temperatures. The metastable fraction is assumed to

have the same pressure as the saturated phases but higher tem-

perature, as it is usually assumed to be frozen or proceed an

isentropic expansion. Therefore, DEM takes into account the ther-

mal non-equilibrium effects but it does not include the mechan-

ical non-equilibrium effects. DEM consists of the conservation

equations (1 - 3 ) substituted with the following state equations: 

v = ( 1 − y ) v ml + ( y − x ) v sl + x v sg , (8)

h = ( 1 − y ) h ml + ( y − x ) h sl + x h sg (9)

On the basis of eq. (8) and eq. (9) there can be inferred that

the saturation index y is simply the mass fraction of the saturated

phases, thus it depends on three mass flow rates: 

y = 

m sl + m sg 

m ml + m sl + m sg 
= 

m sl + m sg 

m 

(10)

In order to complete the model a mass balance equation for one

of the three phases has to be added to the system of equations

(1 - 3 , 8-10 ). Therefore, the DEM model requires three closure equa-

tions describing: the wall shear stress τ , the heat flux q and the

evolution law of the saturation index. 
Originally, DEM was developed in purpose to simulate choked

wo-phase water flows. Thus, the original closure equation de-

cribes the evolution of water saturated fractions during the flash-

ng process. Recently, the closure equation has been presented by

eynhaeve et al. (2015) and Lorenzo et al. (2017) in the following

orm: 

dy 

dz 
= 

(
C 1 

C 

A 

+ C 2 

)
( 1 − y ) 

[
p s ( T ml ) − p 

p c − p s ( T ml ) 

]C 3 

, 

C 1 = 0 . 008390 , C 2 = 0 . 633691 , C 3 = 0 . 228127 (11)

The implementation of DEM applied in this investigation treats

he flow as adiabatic ( q = 0). The metastable fraction is subjected to

n isentropic expansion. The independent variables are: p, x, y, w . 

In the case when DEM simulation starts from the initial condi-

ions containing: y = 1 , and operates with the following saturation

ndex evolution law: dy/dz = 0 , then it is identical with HEM. There-

ore, the proper evaluation of how the applied law of the satura-

ion index evolution affects the simulation results should be based

n a comparison with referential HEM data. 

.3. Modelling of subcooled liquid, supercritical fluid and saturated 

ractions properties 

The titular data were obtained by an application of CoolProp li-

rary subroutines Bell et al. (2014) . The application of Coolprop li-

rary allows to use the developed simulation code for all (123) flu-

ds supported by Coolprop. Both Coolprop and the developed code

re written in C ++ , which should benefit in the possibly short-

st computational time. However, the issue of properties’ accuracy

as to be considered for each fluid separately. In the case of CO 2 ,

he Coolprop subroutines apply an equation of state (EOS) devel-

ped by Span and Wagner (1996) . This equation (SW EOS) is for-

ulated in terms of reduced Helmholtz energy and covers the car-

on dioxide properties from the triple point up to 800 MPa and

100 K Span and Wagner (1996) . Ameli et al. (2017) examined dif-

erent well-known EOS models (SW, Peng-Robinson, Soave-Redlich-

wong and the ideal gas equation) in a wide range of CO 2 state pa-

ameters (including the vicinity of the critical point) and compared

he obtained results to the experimental data. They concluded that

mong the investigated models SW EOS showed the best accuracy.

herefore, in the case of CO 2 , the application of the Coolprop sub-

outines is also beneficial in terms of accuracy. 

.4. Modelling of metastable liquid fraction properties 

The specific enthalpy of the metastable fraction can be mod-

led based on the first law of thermodynamics in a form:

h = vdp + Tds . This form needs to be integrated from condi-

ions determined by the intersection point of the calculated sub-

ooled fluid expansion curve with the saturated liquid line (dia-

ond points in Fig. 2 ), up to conditions given by the mixture pres-

ure p and temperature of the metastable liquid T ml . The properties

n the mentioned intersection point are denoted with subscript 0

hus the specific enthalpy of the metastable fraction is given by the

ollowing formula: 

 ml ( p, T ml ) = h 0 + 

p ∫ 
p 0 

[
v ml + T ml 

∂ s ml 

∂ p 

]
dp . (12)

It is worth to notice that calculation of the specific enthalpy,

ith the above formula, requires utilization of a state equation to

etermine v ml for given p and T ml . As well as, additional assump-

ions/relations for calculating T ml and ∂ s ml / ∂ p . In this study, it was

ssumed that the metastable liquid fraction is subjected to an isen-

ropic expansion (thus ∂ s / ∂ p = 0 ) and that it is incompressible
ml 
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Fig. 2. Projection of solutions to the initial-value problems on p - z plane. 
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 v ml = v 0 ), as a result, the metastable fraction specific enthalpy is

 function of only pressure p: 

 ml ( p ) = h 0 + 

p ∫ 
p 0 

v 0 dp = h 0 + v 0 ( p − p 0 ) . (13)

The last required property, for conducting the modelling calcu-

ations, is the metastable fraction temperature T ml . In general, it

an be determined by using an equation of state in a process of

earching for an isotherm of subcooled liquid that passes through

 point determined by p and v ml (or h ml ). In this study, an appli-

ation of a linear extrapolation of subcooled liquid isotherms into

he two-phase region is utilized (this procedure is analogical to a

rocedure, of extrapolation of subcooled liquid isochores into the

wo-phase region, described by Angielczyk et al., 2010 ). Those ex-

rapolations require data on fluid properties at the liquid saturation

ine and in the subcooled liquid region. Those data were obtained

y an application of subroutines of the CoolProp library. The library

s briefly described in the previous Subsection. 

. Solution procedure 

In the case of the nozzle fed with fluid under supercritical

r subcooled state, in order to obtain the solution describing the

ozzle flow, a single-phase flow model has to be utilized first.

he applied single-phase flow model consists of the system of

quations (1 - 3 ) supplemented with the thermodynamic state equa-

ions that describe the supercritical or subcooled properties of the

uid ( Subsection 2.3 ). This model operates until the saturation

onditions are reached. Subsequently, a two-phase flow model (e.g.

EM or DEM) has to be applied. 

Each of the described flow models can be written in a form

f the following nonlinear ordinary first-order differential equation

ystem (Einstein summation convention has been applied, Bilicki

t al., 1987 ): 

 i j (σ ) 
d σi 

dz 
= b i (z, σ ) , (i, j = 1 , 2 , ..., k ) (14)

The size and elements of the matrix A and the vector b de-

end on the model. The vector σ consists of k quantities de-

cribing the thermodynamic state of the fluid, and if necessary,

he velocity of the fluid. The system (14) supplied with vector
B = [ σ 1,B , σ 2,B ,…, σ k,B ] 
T (describing the nozzle inlet conditions)

reates an initial-value problem, Press et al. (2002) . A solution to

he problem is a trajectory σ (z) in k + 1 dimensional phase space

, Bilicki et al. (1987) . An approximation of this trajectory can

e determined through numerical forward-marching integration 

f eq. system (14) from the inlet conditions towards the nozzle

utlet. In order to conduct the integration, for example, Euler or

unge-Kutta method could be applied. However, an adaptive inte-

ration step version of the integration algorithm is recommended

or accuracy reasons, Press et al. (2002) . The form of eq. system

14) is inconvenient for numerical integration. Therefore, it is usu-

lly transformed, by application of Cramer’s rule and introduc-

ion of a dummy parameter t , into the following autonomous form

ilicki et al. (1987) , Press et al. (2002) : 

dz 

d t 
, 

d σ1 

dt 
, 

d σ2 

dt 
, · · · , 

d σk 

dt 

]T 

= [ D, N 1 , N 2 , · · · , N k ] 
T (15) 

here D denotes a determinant of the A matrix, and N i are deter-

inants of matrices created by replacing the j -th column of the

atrix A with the vector b . Fig. 2 presents a projection of trajecto-

ies corresponding to flows through a convergent-divergent nozzle

n pressure p - spatial coordinate z plane ( σ 1 = p, σ 1,B = p B ). The in-

et conditions related to those flows differ only in the velocities.

onsequently, all trajectories related to the curves in Fig. 2 start

rom the same values of the spatial coordinate z B , the inlet pres-

ure p B , density ρB , and specific enthalpy h B . Segments of the

urves between the inlet point B and the diamond points represent

ingle-phase liquid flows obtained by integration of the eq. system

f the single-phase model. Consequently, after each diamond point,

 two-phase flow model has to be applied in the integration pro-

ess. The trajectories represented by curves passing through point

 and O , do not reach the saturation liquid line (thus, there are no

iamond points on those trajectories). Therefore, those trajectories

epresent single-phase flows and only the single-phase flow model

s required to determine them. Each of the points: F, G, H is a point

f maximum spatial coordinate at a related trajectory. Therefore, in

ach of these points dz/dt = 0 ( eq. 15 ), consequently they lie on the

urve D = 0 (the brown dashed line in Fig. 2 ). The physical inter-

retation of points at which D = 0 is that at these points the fluid

elocity is equal to the local speed of sound, Bilicki et al. (1987) ,

tädtke (2006) . Each of the points: M, O, R is a point of mini-

um pressure at a related trajectory. Therefore, in each of these

oints dp/dt = 0 , consequently, they lie on the curve N p = 0 (the blue

ashed line in Fig. 2 ). Any trajectory that does not pass through

he intersection point of the curves D = 0 and N i = 0 can be deter-

ined through numerical forward-marching integration of eq. sys-

em (15) since at each point of such trajectory, the existence and

niqueness theorem is satisfied Bilicki et al. (1987) , Press et al.

2002) . However, it is worth to mention that having D = 0 and any

f N s equal to zero, at a given point, means that also the remain-

ng N s are equal to 0 at this point, Bilicki et al. (1987) . The trajec-

ory that passes through the points B, E 1 and the mentioned inter-

ection point S is the sought transonic solution ( Fig. 2 ). According

o eq. (15) : dz = D dt and d σ i = N i dt . Therefore, at the point S ,

he values of �z and �σ i calculated by the numerical integration

ethods are equal to zero regardless of the integration step size

t . It means that the numerical integration algorithms cannot nei-

her “start from” nor “pass through” this kind of points. In other

ords, at this kind of points either the uniqueness theorem or ex-

stence theorem is unsatisfied and those points are called singular

oints. 

In summary, in the case of the transonic solutions determi-

ation, the forward-marching integration methods are inadequate

nd a more complex approach is required. The conventional solu-

ion to this problem arises from the theory of dynamical systems
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and was described by Bilicki et al. (1987) , Bilicki et al. (1990) , De

Sterck (2009) and Angielczyk et al. (2019) . However, a faster ap-

proach, that was detailed described by Angielczyk et al. (2019) , was

applied in this study. Here, the approach is presented in a very

concise form that supposed to provide the reader with the knowl-

edge required to understand the general concept. 

The applied approach requires some information that can be

obtained by conducting the Possible-Impossible flow algorithm

(PIF), Boure et al. (1976) , Attou et al. (1999), Lorenzo et al. (2017) ,

Angielczyk et al. (2019) . Namely, in each PIF iteration, a trajectory

is determined (by numerical forward-marching integration) that

can be categorized as an Impossible Flow trajectory (IF, the red

curves in Fig. 2 ) if it crosses the D = 0 curve or Possible Flow trajec-

tory (PF, the green curves in Fig. 2 ) if otherwise. Each subsequently

determined trajectory passes closer to the sought transonic trajec-

tory than the previously found trajectory of the same type (either

IF or PF). Thus, the considered singular point approximation can be

determined (providing that at least two IF trajectories have been

found via the PIF iterations) in the following steps: 

• Approximate the curve D ( σ ) = 0 by the straight line passing

through point G and H . 
• Determine a point S i ( z i , σ i ) that lies on the line. At this point

z i = z H +�z . Assume that m i = m H +�z ( m H - m G )/( z H - z G ). 
• Use the gradient descent method (take S i as a starting point) to

determine S i0 ( z i , σ i0 ) where D = 0, Press et al. (2002) . 
• If all N s at the point S i0 have different signs than in the point

H , then repeat the previous steps with smaller �z until the

required accuracy is reached. Otherwise, repeat the previous

steps but use H instead of G and S i0 instead of H . 

The next step is to find the trajectory that passes through the

determined singular point. However, as it was explained above, the

numerical integration cannot start from the singular point. Never-

theless, if we could determine direction of a vector tangent to the

trajectory at the singular point (direction of the vector V in Fig. 2 )

then making a step along this direction determines a point that

is eligible for starting numerical integration. The up-stream inte-

gration (when it reaches z B ), determines the approximation of the

inlet conditions B corresponding to the considered singular point.

Similarly, down-stream integration determines the approximation

of the outlet conditions E 1 . An idea of how to obtain an approxi-

mation of the mentioned direction comes from the following con-

sideration. 

Fig. 2 shows the points L, N, P that are inflection points of the

PF trajectories. The grey arrows represent vectors that are tangent

to the trajectories at corresponding inflection points. The points M,

O, R represent local pressure minima. It is crucial to notice that the

closer to the point S the PF trajectory lies, the closer the inflection

point of this trajectory is to the pressure minimum point of this

trajectory. Finally, at the transonic trajectory those points merge

into point S . Consequently, the direction of V can be approximated

by the direction of the vector tangent to the last-found PF trajec-

tory at its inflection point. The higher number of PIF iterations, the

smaller distance between points R and S and the better approxi-

mation of the sought direction. The obtained direction can be di-

rectly used to carry out the integration from the considered singu-

lar point resulting with an approximation of the subsonic and su-

personic parts of the sought transonic trajectory. Nevertheless, the

higher accuracy can be reached by using the obtained approxima-

tion as a first guess for well-known iterative methods of eigenvec-

tor determination, e.g. inverse power method, Press et al. (2002) . 

4. The proposed law of the saturation index evolution 

The flashing process occurs due to the static pressure drop be-

low the saturation pressure in the flowing fluid. Therefore, the
ressure drop rate determines the intensity of the phase change

rocess that takes place in the expanding fluid. For the incom-

ressible flows through channels with a constant cross-sectional

rea, the pressure drop occurs as a result of friction between the

uid layers (or elements) and between the fluid and the channel

alls. However, in the case of the convergent-divergent nozzles,

he additional decrease in the static pressure occurs due to the

hange in the cross-sectional area of the channel. Moreover, the

ozzle is usually designed in such a way that the pressure decrease

nduced by the change of the cross-sectional area is much higher

han the frictional pressure drop (short nozzle with high conver-

ence). 

The understanding of how the cross-sectional area change

auses the static pressure change comes from an analysis that

tarts with the momentum conservation, eq. (2) , which here is

ewritten in a slightly different form: 

dp 

dz 
= −ρw 

dw 

dz 
− τC 

A 

. (16)

Thus, the total static pressure gradient is a sum of the accel-

rational pressure gradient (the first term) and the frictional pres-

ure gradient (the second term). As it was explained above, in the

onsidered case, the frictional pressure gradient can be omitted.

herefore: 

dp 

dz 
= 

(
dp 

dz 

)
accelerational 

= −ρw 

dw 

dz 
. (17)

Replacement of the term that contains the velocity gra-

ient ( dw/dz ) by an expression derived from the continuity

quation (1) results with the following relation: 

dp 

dz 
= 

ρw 

2 

A 

dA 

dz 
+ w 

2 dρ

dz 
. (18)

Therefore, the total static pressure gradient is a sum of the term

ontaining the rate of the cross-sectional area change ( dA/dz ) and

he term containing the density gradient ( d ρ/dz ). The density can

e treated as a function of the static pressure and the specific en-

ropy and then: 

dρ

dz 
= 

∂ρ

∂ p 

dp 

dz 
+ 

∂ρ

∂s 

ds 

dz 
. (19)

Consequently, eq. (18) takes the following form: 

dp 

dz 
= 

(
1 − w 

2 ∂ρ

∂ p 

)−1 (
ρw 

2 

A 

dA 

dz 
+ w 

2 ∂ρ

∂s 

ds 

dz 

)
. (20)

In general, the change of the density is caused by the static

ressure change, the heat transfer from surroundings into the fluid

nd work of the friction forces. However, the flow in a short nozzle

an be treated as adiabatic, Attou and Bolle (20 0 0) . If the friction

ffects are negligible, as was discussed above, the flow is also isen-

ropic ( ds/dz = 0 ) and then: 

dp 

dz 
= 

(
1 − w 

2 ∂ρ

∂ p 

)−1 
ρw 

2 

A 

dA 

dz 
. (21)

The last equation proves that, in the considered case, the static

ressure gradient is determined mainly by the rate of the cross-

ectional area change. Consequently, the flashing process intensity

s determined by this rate. This conclusion was a motivation for

evelopment of the correlation describing the law of the satura-

ion index evolution in a form that strongly depends on the nozzle

onvergence and divergence rates. Those rates are defined as fol-

ows: 

dA 

dz 

)
= 

A t − A in 

z t − z in 
, (22)
con v 
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di v 

= 

A out − A t 

z out − z t 
, (23) 

nd the proposed saturation evolution law has the following

orm: 

dy 

dz 
= 

{ 

C 1 + C 2 exp 

[ 

C 3 

(
dA 
dz 

)
div 

−
(

dA 
dz 

)
conv (

dA 
dz 

)
ref 

−
(

dA 
dz 

)
conv 

] } 

× ( 1 − y ) 

[
p s ( T ml ) − p 

p c − p s ( T ml ) 

] C 4 

. (24) 

The values of the constants proposed for CO 2 are presented be-

ow: 

 1 = 38 

1 

m 

, C 2 = 1 . 291 · 10 

−31 1 

m 

, 

 3 = 75 . 28 , C 4 = −0 . 22 . (25) 

The form of the proposed evolution law is analogical to the

volution law developed for two-phase water flow. However, the

rst term of the product in eq. (24) is modified in comparison

ith the corresponding term in the original form of the evolu-

ion law, eq. (11) . The term containing a ratio of the perimeter and

he cross-sectional area ( C/A ), that appears in the original form of

he evolution law, is supposed to take into account the heteroge-

eous nucleation at the wall. Consequently, C 2 was meant to in-

roduce the impact of nucleation in the bulk of the flow. How-

ver, this concept is physically reasonable, unfortunately, in the

ase of CO 2 flashing, it could be realized only by the application

f quite complex functions instead of constants C 1 and C 2 . Those

unctions could be derived from nucleation theories. However, this

ind of approach requires information on the nuclei population on

he channel walls and in the fluid itself. The information on the

uclei population on the nozzle walls could be estimated on the

asis of information about the nozzle material and roughness of

ts walls. Unfortunately, the experimental data used to adjust the

orrelation coefficients do not contain information on the rough-

ess of the walls. Moreover, in order to properly analyse the rough-

ess impact on the flashing process, many sets of nozzle geometry,

hat differ only in the roughness of the walls, have to be exper-

mentally investigated. For those reasons, it was decided to use a

ore general approach based on the nozzle convergence and diver-

ence rates together with an assumption that the nozzle walls are

mooth. The theoretical justification of this generalized approach is

resented at the beginning of this Section. 

The proposed formulation may be considered as more general

s it correlates dy / dz with dA / dz and as it was proven by eq. (21) , in

he case of the nozzle flow, dA / dz determines the pressure gradient

p / dz . The last one is a driving force of the flashing process in the

nalogical manner as the temperature gradient is a driving force of

he heat conduction process. 

In summary, the approach proposed in eq. (24) maybe applied

or all cases of flashing nozzle flow providing that the coefficients

 1 -C 3 were properly adjusted for the applied fluid and roughness

f the nozzle walls. The proposed coefficients, eq. (25) , maybe

hought as valid for the case of pure-CO 2 flashing flows through

mooth nozzles only. 

. The frictional pressure gradient 

In the previous investigation, Angielczyk et al. (2019) , and work

f Aakenes et al. (2014) it was shown that among investigated

pproaches the Friedel frictional pressure gradient method turned

ut to be the most accurate for CO flows. Therefore, the approach
2 
roposed here is based on the Friedel method: 

dp 

dz 

)
f rictional 

= 

⎧ ⎨ 

⎩ 

( a 1 + a 2 ) 
(

dp 
dz 

)
F riedel 

i f M < 1 

(
dp 
dz 

)
F riedel,S 

· cosϕ otherwise 

(26) 

The coefficient a 1 turned out to be strongly dependent on the

educed subcooling level: 

= 

T in − T 0 
T c 

. (27) 

The following relationship is proposed for the discussed case of

O 2 flow: 

 1 = 

{ 

3 . 565 − co s −2 (1504 · θ ) i f θ ≤ 4 . 2705 · 10 

−4 

1 . 127 · 10 

−22 · θ−6 . 603 otherwise 

(28) 

The second coefficient a 2 depends on the nozzle convergence

nd divergence rates as follows: 

a 2 = 0 . 3 − 0 . 1 

(
dA 
dz 

)
div 

−
(

dA 
dz 

)
conv 

− a g1 

a g2 

, 

a g1 = 1 . 08659 · 10 

−3 m, a g2 = 4 . 8085 · 10 

−5 m 

(29) 

The formula used for Mach numbers greater than unity requires

he following relations: 

 = arccos 

( (
dp 
dz 

)
F riedel,re f (

dp 
dz 

)
F riedel,S 

) (
z − z S 

z re f − z S 

)0 . 75 

(30) 

dp 

dz 

)
F riedel,re f 

= 

[
b + (1 − b) 

(
z out − z re f 

z out − z T 

)n 
](

dp 

dz 

)
F riedel,S 

(31) 

The exponent in Eq. (25) depends on the cross-sectional area

atio: 

 = 4 

∣∣∣∣dA 

dz 

∣∣∣∣
(

dA 

dz 

)−1 

re f 

(32) 

For the discussed case the referential divergence ratio

(d A/d z) re f = 0 . 0801424 · 10 −4 m and the referential spatial coordi-

ate is given in the following form: 

 re f = z t + 0 . 72 ( z out − z t ) (33)

Finally, the b parameter is dependent on the reduced subcooling

evel as follows: 

 = 

⎧ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎩ 

−1 i f θ ≤ 0 . 0046 

0 i f θ > 0 . 0 0 085

0 . 05 − 3 . 777 · cos (−1 . 1244 · 10 3 · θ ) + θ−0 . 105 otherwise 

(34) 

From eq. (26) it can be inferred that the frictional pressure gra-

ient can be lower than zero at the supersonic portion of the flow.

he physical meaning and justification of this fact are described at

he end of next Section. However here, it is necessary to mention

hat whether the frictional grained gets below zero and how fast

t goes towards negative values depends on b parameter defined in

q. (34) . It can be concluded, from this relationship that for suffi-

iently high reduced subcooling level b = 0 and then the frictional

ressure gradient never gets below zero. For sufficiently low re-

uced subcooling levels b = -1 and then transition from positive

o negative values is the fastest which agrees with the experimen-

al data. 
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Fig. 3. Geometry of the experimental nozzle. 

Fig. 4. Inlet conditions of the experimental cases in p – h diagram. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1 

Variable parameters of the experimental nozzles. 

Nozzle number Divergent part angle α

Outlet cross-section 

area [mm 

2 ] 

[rad] [deg] 

1 0.0013 0.077 1.17 

2 0.0026 0.153 1.62 

3 0.0053 0.306 2.52 

4 0.0107 0.612 4.32 

 

d  

p  

t  

d

 

t  

t  
6. The Experiment 

The unique experimental data concerning two-phase transonic

CO 2 flow through a de Laval nozzle were published by Nakagawa

et al. (2009) . The experiment was conducted as a blown-down test

of CO 2 . The investigated nozzle was fed from CO 2 tank and after

passing through the nozzle and the back-pressure regulation valve,

the fluid was exhausted to the atmosphere. Convergent-divergent

stainless steel nozzles were applied in the experiment. All used

nozzles had a rectangular cross-sectional area. The throat cross-

sectional area was 0.24 mm by 3.00 mm rectangle. During all tests,

the width of the nozzle (3.00 mm) and the lengths of conver-

gent and divergent sections (27.35 mm, and 56.15 mm, respec-

tively) were unchanged. The divergence angle α was changed, and

for each nozzle geometry the pressure distribution in the diver-

gent nozzle section was measured by means of four strain gauges.

Also, the fluid temperature distribution was measured by means of

nine taps. The geometry of the experimental nozzles is presented

in Fig. 3 and Table 1 . 
In summary, the experimental data consist of the static pressure

istributions and the temperature distributions along the divergent

art of each nozzle. Unfortunately, there is no data provided on

he critical mass flow rates and the void fraction or the quality

istributions. 

The DEM postulates a perfect mixing of the fractions and that

he metastable fraction temperature is higher than the tempera-

ure of the saturated fractions. Nevertheless, it does not define the
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Table 2 

Characteristics of the considered models. 

Model Applied approach of the frictional pressure gradient Remarks 

IHE ( dp 
dz 

) f rictional = 0 Homogeneous Equilibrium Model with τ= 0 (Isentropic Homogeneous Model) 

HEM0 ( dp 
dz 

) f rictional = ( dp 
dz 

) Friedel Homogeneous Equilibrium Model with the original Friedel approach 

DEM0 ( dp 
dz 

) f rictional = ( dp 
dz 

) Friedel Delayed Equilibrium Model with the original Friedel approach ( dy/dz defined in Section 4 ) 

DEM1 ( dp 
dz 

) f rictional = ( a 1 + a 2 ) ( 
dp 
dz 

) Friedel Delayed Equilibrium Model ( a 1 and a 2 defined in Section 5 , dy/dz defined in Section 4 ) 

DEM2 ( dp 
dz 

) f rictional = 

⎧ ⎨ 

⎩ 

( a 1 + a 2 ) 
(

dp 
dz 

)
Friedel 

i f M < 1 

(
dp 
dz 

)
Friedel,S 

· cosϕ otherwise 

Delayed Equilibrium Model with frict. approach defined in Section 5 ( dy/dz defined in Section 4 ) 
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Table 3 

Statistical analysis of the experimental cases. 

Model | δMAX |, MPa δMEAN , MPa σδ , MPa m , kg/s 

Case 1: p in = 9.1 MPa, T in = 36.5 °C, α= 0.612 °
IHE 0.437573 -0.14231 0.258558 0.02949 

HEM0 0.312656 0.035875 0.239088 0.02945 

DEM0 0.458329 0.309149 0.110721 0.03334 

DEM1 0.326538 0.158008 0.126028 0.03348 

DEM2 0.326606 0.161644 0.124409 0.03348 

Case 2: p in = 7.1 MPa, T in = 26.7 °C, α= 0.306 °
IHE 1.321137 -0.63835 0.638678 0.02521 

HEM0 1.007396 -0.31063 0.641623 0.02516 

DEM0 0.614721 0.16060 0.409624 0.02790 

DEM1 0.452387 0.012684 0.392827 0.02851 

DEM2 0.41151 -0.02056 0.37060 0.02851 

Case 3: p in = 7.1 MPa, T in = 26.4 °C, α= 0.612 °
IHE 0.313535 -0.17179 0.242914 0.02492 

HEM0 0.357552 0.075028 0.267233 0.02491 

DEM0 0.377476 0.12547 0.238878 0.02494 

DEM1 0.287818 0.024647 0.247424 0.02506 

DEM2 0.283189 0.025773 0.244647 0.02506 

Case 4: p in = 6.1 MPa, T in = 20.5 °C, α= 0.077 °
IHE 1.500366 -1.22566 0.359981 0.02313 

HEM0 0.481667 -0.06179 0.418865 0.02286 

DEM0 0.623317 0.220239 0.290221 0.02338 

DEM1 0.288211 -0.03774 0.229842 0.02513 

DEM2 0.234554 -0.14376 0.076436 0.02513 

Case 5: p in = 6.1 MPa, T in = 20 °C, α= 0.153 °
IHE 1.254498 -0.89547 0.266251 0.02347 

HEM0 0.674583 -0.32414 0.282602 0.02342 

DEM0 0.486728 0.231684 0.232676 0.02593 

DEM1 0.346608 0.035739 0.246082 0.02721 

DEM2 0.346608 -0.00973 0.256742 0.02721 

Case 6: p in = 6.1 MPa, T in = 21.8 oC, α= 0.306 °
IHE 1.311872 -0.45435 0.819878 0.02238 

HEM0 1.056922 -0.18955 0.820001 0.02232 

DEM0 0.841639 0.120267 0.664492 0.02483 

DEM1 1.24890 0.493003 0.706262 0.02365 

DEM2 0.358027 -0.00823 0.323996 0.02365 

Case 7: p in = 6.1 MPa, T in = 19.9 °C, α= 0.612 °
IHE 0.125272 0.018118 0.128694 0.02368 

HEM0 0.390669 0.205722 0.15741 0.02356 

DEM0 0.406573 0.240799 0.135744 0.02359 

DEM1 0.178094 0.096743 0.100322 0.02369 

DEM2 0.181938 0.100548 0.101773 0.02369 

t  

d

 

r  

d  

v  

p  
verall (or resulting) temperature, therefore, the experimental tem-

erature distributions cannot be used to develop a new form of

he saturation index evolution law and the frictional pressure drop

radient approach without introducing additional assumptions. 

. Analysis of simulation results 

After the preliminary calculations, three out of ten experimen-

al cases were excluded from the investigation as they turned out

o be cases of a single-phase flow. Those three cases are related

o the supercritical inlet conditions and the following nozzle diver-

ent part angles: 0.077 o , 0.153 o , 0.306 o . 

Therefore, the proposed approaches were developed on the

ase of seven experimental static pressure distributions of CO 2 

wo-phase transonic flows. The inlet conditions of the experimen-

al flows and locations of those conditions with respect to the liq-

id saturation line are presented in Fig. 4 . 

Characteristic of the considered models are presented in

able 2 . The leading idea, standing behind the selection of

he model set, was to compare the predictive abilities of DEM

quipped with different approaches of the frictional pressure gra-

ient and the same, proposed in Section 4 , law of the saturation

ndex evolution. As reference data, simulation results of two HEM

mplementations were used. Namely, HEM equipped with the orig-

nal Friedel frictional approach (HEM0) and the Isentropic Homo-

eneous Model (IHE) which assumes an adiabatic flow of inviscid

uid. 

Since both the HEM0 and the DEM0 use the Friedel method,

he comparison of their predictive abilities could indicate whether

he proposed introduction of the thermal non-equilibrium effects,

q. (24) , improves or deteriorates the obtained predictions. A com-

arison between DEM0 and DEM2 could be thought as the basis

or the assessment of the proposed frictional approach impact. Fi-

ally, the simultaneous impact of both proposed approaches can

e evaluated by comparison of results obtained with HEM0 and

EM2. 

The selection of the IHE as a reference model is rooted in

he findings of the previous investigation, Angielczyk et al. (2019) .

amely, among investigated models, the IHE model gave the best

redictions of the pressure distributions in the flow through noz-

les with the highest divergent part angle (0.612 o ). The DEM1 is

equired for further discussion of some features of the proposed

rictional pressure gradient approach. 

Table 3 presents the statistical results for each of the considered

xperimental cases. The statistics contain data describing (individ-

ally for each of the considered model) the maximal discrepancy

etween the experimental and calculated pressure values ( δ ),
MAX 
he mean value of the maximal discrepancies ( δMEAN ) and the stan-

ard deviation of the discrepancies ( σ δ). 

The relative discrepancies analysis is not applied since it is not

eliable in cases when the measured quantity has a decreasing ten-

ency (the relative error approaches infinity when the measured

alue approaches 0). Since the experimental data concern decom-

ression processes, the described situation happens in each con-
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Fig. 5. The overall statistical analysis of each considered model. 

Fig. 6. Calculated pressure profiles of Nakagawa et al. blow-down CO 2 experiment 

for supercritical inlet conditions (Case 1: 9.1 MPa, 36.5 °C). 

 

 

 

 

 

 

 

 

 

 

 

Table 4 

The overall statistical analysis of the considered models. 

Model | δMAX | MEAN , MPa σδMAX , MPa | δMAX |, MPa 

IHE 0.8949 0.5760 1.5004 

HEM0 0.6116 0.3105 1.0569 

DEM0 0.5441 0.1618 0.8416 

DEM1 0.4469 0.3630 1.2489 

DEM2 0.3061 0.0785 0.4115 

e  

m  

d  
sidered experimental flow and the tendency can be clearly seen

in Figs 6 –8 . The measured pressure values decrease from very

high values (even around 5 MPa) to very low values (even around

0.2 MPa). For these reasons, the absolute value of the maximal

discrepancy between experimental and calculated pressure values

was selected as a validation parameter. 

The overall statistics (that cumulate data of all considered ex-

perimental cases) concerning the maximal discrepancy between

experimental and calculated pressure values are presented in

Table 4 or in Fig. 5 , separately for each model. 

A brief analysis of the data presented in Table 4 or in Fig. 5 re-

veals that the DEM equipped with the proposed approaches

(DEM2) has the best prediction ability among the considered mod-
ls. Namely, it is characterised by the lowest value of the mean

aximum pressure discrepancy | δMAX | MEAN with the lowest stan-

ard deviation from this value σ δMA X . Moreover, the absolute value
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Fig. 7. Calculated pressure profiles of Nakagawa et al. blow-down CO 2 experiment 

for subcritical inlet conditions (Case 5: 6.1 MPa, 20 °C). 

Fig. 8. Calculated pressure profiles of Nakagawa et al. blow-down CO 2 experiment 

for subcritical inlet conditions (Case 6: 6.1 MPa, 21.8 °C). 

o  

m

 

t  

t  

m  

b  

t  

c

 

a  

c  

a  

r

f the maximum discrepancy | δMAX | is also the lowest for this

odel. 

The comparison between HEM0 and DEM2 reveals that the in-

roduction of both developed approaches strongly improved ob-

ained results. The mean maximum discrepancy between experi-

ental and calculated pressure values decreased almost 2 times

ut the standard deviation has decreased almost 4 times. While
he maximal absolute discrepancy between experimental and cal-

ulated pressure values decreased 2.5 times. 

The comparison between HEM0 and DEM0 reveals that the

pplication of the developed saturation index evolution law de-

reased the mean maximum discrepancy between experimental

nd calculated pressure values approximately 1.12 times while the

elated standard deviation decreased 1.92 times. 
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The comparison between DEM0 and DEM2 reveals that the in-

troduction of the developed frictional pressure gradient approach

decreased the mean maximum discrepancy between experimental

and calculated pressure values approximately 1.78 times while the

related standard deviation decreased 2.06 times. 

Figs. 6-8 present calculated and experimental pressure distri-

butions for three representative flow cases. It can be seen that

the DEM1 and the DEM2 pressure profiles are ideally overlap-

ping until some point. It can be inferred from eq. (26) that at

this point M = 1. Moreover, this point is localized between the

nozzle throat and the nozzle outlet thus it is a singular point.

Consequently, the related critical mass flow rate m has the same

value for both distributions. Moreover, any changes that occur af-

ter this point cannot affect the upstream flow (this fact is im-

portant, since it can be a reason for an abrupt pressure gradi-

ent change in the middle of the nozzle diffuser, in cases simi-

lar to flows presented in Fig. 7 and Fig. 8 ). Finally, the consid-

ered distribution curves split because after the singular point each

of the considered models uses other frictional pressure gradient

formula. 

It can be seen that each presented pressure profile of the

DEM2 passes through a point denoted by a black circle and de-

scribed as flow separation point (this kind of points do not oc-

cur on the DEM1 profiles and do not occur on all DEM2 pro-

files). At the mentioned points, the proposed frictional pressure

gradient formula returns zero. Consequently, after this point, the

frictional pressure gradient has a negative value. This situation

can be physically justified only if at the mentioned point a sep-

arated flow forms. Namely, the boundary layer becomes detached

from the nozzle diffuser walls and takes the structure of eddies

and vortices. This phenomenon was reported, e.g. by Nussdorfer

(1954) , Bogdonoff and Kepler (1955) , Ostlund (2005) , Xiao and Pa-

pamoschou (2007) , Papamoschou et al. (2008) , Délery and Dus-

sauge (2009) , and has been even theoretically described, e.g. by

Neiland (1969) . However, the theory states that the described sit-

uation requires the existence of so-called adverse pressure gradi-

ent in the diffuser. In the case of supersonic flow, it means that a

normal shock wave has to appear. The experimental data do not

show any signs of such phenomena. However, it cannot be ruled

out that the normal shocks (or in other words, initial subsonic re-

gions) were not recorded since they appear between the last pres-

sure gauge and the nozzle outlet (or even just before the back-

pressure regulation valve). Examples of diffuser transonic flows in

which the flow separation starts far ahead of the appearance of the

initial subsonic region were shown, in the form of Schlieren im-

ages, by Papamoschou et al. (2008) . In such cases, the flow separa-

tion is induced by weak oblique shock waves. Therefore, the phe-

nomenon is typical 3-dimensional (or at least 2-dimensional) issue

and its capturing in the proposed 1-dimensional approach is some

kind of averaged solution. 

8. Conclusions 

The presented statistical analyses proved that the proposed sat-

uration index evolution law and the proposed frictional pressure

gradient approach significantly improve the prediction ability of

transonic flow pressure profiles of the Delayed Equilibrium Model:

The mean maximum discrepancy between experimental and cal-

culated static pressure values decreased almost 2 times, with the

almost fourfold decrease in the standard deviation, in comparison

to the referential Homogeneous Equilibrium Model. A comparison

of the proposed DEM setup with another competitive DEM imple-

mentation is not possible since the developed law of the satura-

tion index evolution is the first proposition in the domain of DEM

simulations of pure-CO 2 flows. However, there are some proposi-

tions of CO closure law for the Homogeneous Relaxation Model,
2 
aida et al. (2018) , as well as quasi-DEM formulations for CO 2 -PAG

ils mixtures, Banasiak et al. (2013) . Thus, the comparative analysis

f these thermal non-equilibrium two-phase flow relaxation mod-

ls could be a topic of further investigation. 

The IHE model can compete with proposed DEM setup on the

rediction accuracy of the static pressure profiles of CO 2 transonic

ows through nozzles with a high divergent part angle but it com-

letely fails in case of nozzles with low and moderate angles of

he divergent part ( Table 3 and 4 and Angielczyk et al., 2019 ). This

roves that the accurate prediction of CO 2 flashing flow cannot be

btained from equilibrium approaches and that the proper intro-

uction of the thermal non-equilibrium effects into the modelling

as significant importance. 

The strong impact of the applied frictional pressure gradient

pproach on the simulation results has been already reported in

he previous investigation, Angielczyk et al. (2019) . It was shown

hat the Lockhart–Martinelli approach (and sometimes the Friedel

ethod), applied to CO 2 flow simulations, returns so high values of

he frictional pressure gradient that the obtained results have no

hysical meaning. In this study, it was additionally demonstrated

hat the replacement of the original Friedel approach by the pro-

osed approach enhances the considered predictions even stronger

han the introduction of the thermal non-equilibrium effects. It

s very important conclusion since the issue of applied frictional

ressure gradient method is commonly regarded as a secondary-

eaning issue, which is evidenced by the fact that in the above-

entioned articles, on relaxation model closure laws, the applied

rictional approaches were not even briefly described. One of the

entioned researches, Banasiak et al. (2013) , compared a quasi-

EM approach, in which the saturation fractions evolution law was

ased on the nucleation theory, with the same experimental data

s used in this investigation. However, significant inconsistencies

ave been revealed. Banasiak et al. (2013) inferred that the de-

arture from the experimental data was due to the fact that the

onsidered experiment concerns flows of pure-CO 2 while the ap-

lied evolution law was adjusted on the basis of their own ex-

eriment in which contamination of CO 2 with lubricant (PAG oil)

as not negligible. Naturally, the influence of the lubricant con-

amination is not questioned here, however, in the light of the

bove-mentioned conclusion, the frictional pressure gradient influ-

nce should also be considered as a possible reason for the men-

ioned inconsistencies. 
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