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ABSTRACT

We study the strong .75 norm of systems modeled by semi-explicit Delay Differential Algebraic
Equations (DDAEs). We recall that the finiteness of the strong .7 norm is linked to an algebraic
decision problem that can be solved by checking a finite numbers of equalities. We first improve the
verification of the finiteness condition. In particular, the complexity of our new condition removes a
dependency on the number of delays. We also show that, without imposing further conditions on the
system, the number of checks cannot be further reduced. The methodology relies on interpreting the
verification of the finiteness conditions in terms of a Polynomial Identity Testing problem. Second we
show, in a constructive way, that if the strong .74 norm is finite, the system can always be transformed
into a regular neutral-type system with the same .74 norm, without derivatives in the input or in the
output equations. This result closes a gap in the literature as such a transformation was known to
exist only under additional assumptions on the system. The transformation enables the computation
of the strong .4 norm using delay Lyapunov matrices. Illustrative examples are provided throughout
the paper.

© 2022 Published by Elsevier Ltd.

1. Introduction

In this paper we consider systems described by semi explicit
DDAEs (Delay Differential Algebraic Equations) of the form

m

() =Y A"x(t — )+ Y APt — i)+ Byu(t)

i=0 i=0
m

X(t) = ZAEZI)’ﬁ(f - 1)+ ZAiXZ(t — i) + Bu(t)

i—0 i—1
Y(t) = Cixq(t) + Cxa(t)

where x(t) € R", x5(t) € R", u(t) € R™ and y(t) € R" denote the
state, input and output variables at time ¢, respectively. The de-
lays satisfy 0 = 19 < 71 < --- < 1, With no loss of generality. All
matrices are assumed real valued and of compatible dimensions.
Let ¢(0) = [¢](0) @}(O)N, ¢1(0) € ', ¢»(0) € R", 0 €
[—Tm, 0], be the initial function of (1) taken from the set of R"+"-
valued absolutely continuous functions AC ([—t,,,, 0], R’*"). We
call the initial function consistent if the corresponding initial value
(1)  problem of (1) at t = 0 has at least one solution (Du, Linh,
Mehrmann, & Thuan, 2013). A function x(t, ) = [x](t) x3(¢)]"

is called a (classical) solution of (1) if it is absolutely continuous

and satisfies (1) almost everywhere on [0, co), and x(0, ¢) = ¢(0)

for & € [—tn, 0], where ¢ is a consistent initial function. For
continuously differentiable input functions, the set of consistent
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initial functions of (1) is (see, e.g., Gomez, Jungers, and Michiels
(2022)):

X = {¢ € AC ([—tm, 0], R™*") :

22(0) = Y APVp1(—7) — > Aiga(—1i) — Bu(0) = 0}.

i=0 i=1

Please cite this article as: S.M. Mattenet, V. De luliis, M.A. Gomez et al., An improved finiteness test and a systematic procedure to compute the strong .»# norm of differential
algebraic systems with multiple delays. Automatica (2022) 110495, https://doi.org/10.1016/j.automatica.2022.110495.
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For every consistent initial function, a forward solution is
uniquely defined (Du et al.,, 2013; Ha & Mehrmann, 2012; Karafyl-
lis, Pepe, & Jiang, 2009).

Equations of the form (1) naturally appear in a systematic
and automated modeling of interconnected systems. Equations
describing (sub)systems, controllers and their interconnections
can simply be augmented into one DDAE model, without need to
eliminate inputs and outputs governing the internal connections,
which is generally not possible in the presence of delays. DDAEs
can be found in applications of lossless propagation models in
electrical and fluid engineering (De luliis, D’'Innocenzo, Germani,
& Manes, 2021; Gomez & Michiels, 2019; Rasvan, 2006; Rasvan &
Niculescu, 2002), as well as many other fields; see Unger (2020)
for a non-exhaustive list.

The model class allows one to handle multiple input and
output delays and nontrivial feedthrough terms, and to describe
neutral-type systems by introducing slack variables; see Gumus-
soy and Michiels (2011, Section 2). Suppose that, for example, the
original model formulation has multiple delays in state x, multiple
delays in input u and output y, and possibly explicit feedthrough
terms. Then, a system of the form (1) can be obtained by defining
additional variables (z;, z;), substituting (x,u,y) < (x,z1,2),
adding the equation z,(t) = u(t) and defining the output as
y(t) = z(t).

System (1), with zero input, is exponentially stable if there exist
¥1,¥2 > 0 such that for every consistent initial condition, the
solution x(t, ¢) with u = 0 satisfies

Ix(t, @)l < yre7 2" sup |lg(O)Il,

0€l—1m,0]

t>0

or, equivalently (see, e.g., Michiels (2011, Proposition 1) Du et al.
(2013, Theorem 3.1)), if its spectral abscissa

a(7) :=sup{Re(s): s € A}

is strictly negative, where 7 = [y, ..., T,] denotes the vector of
delay values, A := {s € C : det(H(s)) = 0} denotes the spectrum
of (1), with

— | An(s)  An(s)
H(s) = [A;(s) AZ(s)]'

and
m m
A (s) :=sI — ZAE"’e_“", Ap(s) = — ZAE‘Z)e‘"‘
i=0 i=0
m m
A2|(S) = ZAEZI)eg'"", Azz(S) =1— ZAieisr“.
i=0 i=1

Motivated by the fact that the exponential stability of DDAEs
may not be robust against small delay perturbations, the notion
of strong stability is introduced in Michiels (2011), along with
necessary and sufficient conditions.

Definition 1 (Michiels, 2011). System (1), with zero input, is
strongly stable if there exists a number ¢ > 0 such that «(7.) < 0
for all 7. € B(7, €), with

B(7,€) = (6 € R": |16 — 7| <e). (2)

Under assumption of exponential stability, the .74 norm of (1)
is defined as

1 +o00 . .
Gl 2, == \/ 5o / Tr(G*(jo)G(jw))dw, (3)
27 J
where G is the transfer matrix of system (1), i.e.,

Gis)=[Ci C]HT'(s) [’;}] ,SEC\ A (4)
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and -* is the Hermitian conjugate. The /4 norm of (1) has non-
intuitive features that complicate its study, as illustrated by the
following example.

Example 2. Let m = 3 and matrices

00 0 000
Ai=|3 0 —3|, A=|0 0 0],
[0 0 0 0 0 3
[0 0 0 P
A;:OO%,:[?],
00 0

c=[0 1 0], AY"=-1, Bi=C=1,

with p a parameter, and all other matrices equal to zero. One
can show that the system is strongly exponentially stable and its
transfer function equals
1 1 (e—s(rﬁ—rz) _ e—573)

G(s) = —p- . 5

O=1 P8 s_em ®)
The .74 norm is finite if and only if the second term vanishes.
Hence, for p # 0, the % norm of (5) is finite whenever 73 =
71 + 72 and infinite otherwise.

Thus, despite the system given in Example 2 being exponen-
tially stable and also strongly exponentially stable, its .7 norm
may be infinite due to “hidden” feedthrough terms between input
and output, and can also be sensitive to infinitesimal perturba-
tions of the delays. In Example 2, this hidden feedthrough term
gives rise to the second term in (5). We call it “hidden” because
the output y in (1) does not depend directly on input u. To
handle this sensitivity problem, the notion of strong . norm is
introduced in (Gomez et al., 2022),

NGC -5 D)l = lim sup{lIG( - ; Te)llws : Te € B(Z, €)}.
c—0+

Note that the strong . norm of Example 2 is finite if and only
ifp=0.

The above properties induce two major questions in the %
norm analysis: (1) determining whether the strong . norm is
finite, and, if this is the case, (2) its actual computation. Given
the implicit description in (1), an appropriate approach to address
the second question is a “regularization” in terms of explicit delay
differential equations of neutral type (see Definition 7), enabling
the approach of Jarlebring, Vanbiervliet, and Michiels (2011) to
compute the 4 norm. Such an approach is also amenable for
other problems (Du et al., 2013; Ha & Mehrmann, 2012). A main
challenge, however, is that derivatives of inputs and outputs in
the model must be avoided.

1.1. Finiteness conditions of the strong .7 norm

Remarkably, one can decide on the finiteness of the strong .74
norm from the solution of an algebraic problem on the semigroup
of matrices generated by & = (Aq, ..., An). To make this more
precise, we need matrix polynomials Py, .(#) with k; € Z,i =

1,..., m, recursively defined as follows: Py (<) :=1,

Py;.... k() = A1Pry 1 ky... ki ()
+ AxPrky—1,. () -+ - (6)
+ AmPe ky.... km—1(H)

ifk; € Zsg,i=1,...,mand Pk] _____ k(7)) =0 ifany kj € Z_g,i=

1,...,m.
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Example 3. Let «# = {M, N, Q}, then we have

Pioo=M, Po10=N, Poo1=0Q.

We give a few more examples,

Piio=MN+NM, Poos=Q> Pio2=MQ*>+QMQ+Q*M.

In general, P;j x is the sum of all possible ways to multiply i times
matrix M, j times matrix N and k times matrix Q. A different
interpretation of Py will be given in Lemma 12: Py correspond to
the coefficient of the polynomial expansion (3 x;A;)!!1. In what
follows, we exploit this interpretation to obtain Theorem 13.

Proposition 4 (Gomez et al, 2022). Let system (1) be strongly
exponentially stable. Then the following assertions are equivalent:

(1) The strong .7 norm of (4) is finite.
(2) The following condition holds:

CPey....kon(#)B =0, ¥(ky, ..., kn)eEN". 7)

Furthermore, if the strong .75 norm of (1) is finite, it equals its .7
norm.

In Gomez, Jungers, and Michiels (2020, Theorem 5), it is shown
that checking condition (7) is equivalent to checking

km(7)B =0,

m) € N™ Zk < mn, (8)

which induces a finite test for the finiteness of the strong .4
norm. However, the number of equalities to be verified,
Z"'_"O 1 ('"m+—‘|)3|),-' scales badly with the number of delays, m, and
dimension n.

In Gomez et al. (2022), the following relaxation of (7) is

proposed:
(B=0, (A, ...AyB=0, Vk €N,
Voie{l,...,m},i=1,...,k 9)

Example 5. Let &+ = (X, Y}. Condition (7) required checking
that C(XY + YX)B = 0, and this relaxation amount to asking that
C(XY)B = 0 = C(YX)B. If (9) holds, then we can deduce (7) by
linearity.

On the one hand, checking (9) is computationally more
tractable than (8), as demonstrated in Gomez et al. (2022, Sec-
tion 3). On the other hand, condition (9) is sufficient but not
necessary for a finite strong .7 norm of an exponentially stable
DDAE.

Example 6. Consider matrices

0010 0 00O
110 0 0 1 0 00O
A‘—50000’A2—1000*

0 00O 0100
=0 -1 1 0],c=[0 1 1 0],

which can be complemented such that (1) is strongly exponen-
tially stable. It can be verified by direct calculation that (8) and
thus (7) holds, but (9) is not satisfied as CAjA;B = —;

1.2. Transformation to delay equations of neutral type

Knowing that the .74 norm is finite, one may wish to com-
pute its value. Here we show how to transform the DDAE (1)
into a neutral type system with the same .4 norm, for which
techniques based on delay Lyapunov matrices can be adopted.

110495
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Definition 7. A system of the form

FoX(t) — Z Gt — 1) =Fox(t) + Z Fx(t — 1) + Bu(t),

i=1 i=1

y(t) =ex(t),

(10)

with vectors x(t) € R", u(t) € R™, y(t) € R™ and matrices
D, Y, Fo, Fi € RV, 2 € RM™M™ ¢ € RY*" where %, is non-
singular, is called a regular neutral-type system. Furthermore, the
transfer matrix of system (10) is

9(s) =" \(5)8, seC\ Ay

with

m m
H(S) =T —s Y %e” — Fo— Y Fe™

i=1
and A, := {s € C: det(.#(s)) = 0}.

Similarly to (1), neutral-type system (10), with zero input, is
exponentially stable if there exist positive numbers n; and 7,
such that

t=>0

Ix(t, gn)ll < me™" sup lgn(0)ll,

Oel—1m,0]
for any initial function of the system, ¢,(0), & € [—tn,0],
taken from the set of R"-valued continuously differentiable func-
tions C([—1py, 0], R"). Moreover, system (10) is strongly expo-
nentially stable if it is exponentially stable when subjected to
small perturbations in the delay (Hale & Verduyn Lunel, 2002).
Let the delay-difference equation associated to (10)

m
- Z@,X(t - ‘t',') =0
i=1

be strongly exponentially stable, which can be characterized by

max p( 'Z?),e"") <1,

(11)

del0,27|m

where p denotes the spectral radius (Michiels & Niculescu, 2014,
Proposition 1.30). Then, if the spectrum A, of (10) lies in the
left-half complex plane, the system is strongly exponentially sta-
ble (Michiels & Niculescu, 2014, Proposition 1.43).

The % norm of an exponentially stable neutral system is
defined as in (3) with the corresponding transfer function. As re-
marked above, the interest of transforming the transfer function
of (1) into the transfer function of a neutral equation is that the
computational problem of the .74 norm for this class of system
has already been addressed in Jarlebring et al. (2011).

Two approaches exist to perform the transformation of (1)
to a neutral system, which we will refer to as regularization
mechanisms (RMs):

RM1 If B = 0, then one can apply the operator (& +1I) to the
second set of equations, leading to

Ro(t) = YAkt — ) — Y Akl — ) =

i=1 i=0

m m
—x()+ Y Aot — )+ Y AT x(t — ),

i=1 i=0
which corresponds to a multiplication by (s + 1) in the
frequency domain. The reason for combining differenti-
ation with addition to the original equation lies in the
preservation of internal stability.
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RM2 If C = 0, one can define a new variable X, via the sta-
ble differential equation X, + X, = x, and subsequently
substituting x; in (1), leading to

fa(t) = Y APkt - 1) =Y Ax(t - T)

i=0 i=0

m
+ D APt — )+ Buu(t)
i=0

Ro(t) — ZAH’}Z(I — 1) = —X(t)+ ZAif(z(f - T)

i=1 i=1

+ Y ATUxi(t — ) + Bu(t),
i=0
Y(t) = Cixy(2).

Note that RM2 is equivalent to applying RM1 to the dual (trans-
posed) system of (1), followed by taking the transposed system
again, as done in Gomez and Michiels (2019) and Gomez et al.
(2022). Note also that if B # 0, then RM1 would lead to differ-
entiation of the input, whereas if C # 0, the change of variable
of RM2 would imply the appearance of derivatives terms in the
output equation.

It was recently shown in Gomez et al. (2022, Theorem 2)
that if the sufficient condition (9) for a finite strong .74 norm
is satisfied, there always exists a change of variables enabling
a combination of RM1 and RM2 to the equations and variables
of the delay-difference part individually, resulting in a standard
neutral delay differential equation of dimension r + n, the same
dimension as the vector [x] x} |”, without derivatives of input and
output signals. The situation is however more complicated if (7)
is satisfied but (9) not.

Example 8. We continue on Example 6. Both RM1 and RM2 are
useful for the first and last rows, but they are not applicable in the
second and the third one. At the same time, the proposed change
of variables in Gomez et al. (2022, Lemma 2) is not applicable
since it requires (9) to be satisfied.

1.3. Contribution and outline

Two open problems naturally arise from the above discussion
on the state-of-the-art.

Problem 9. Can we more efficiently verify the necessary and
sufficient condition (7), in particular by lowering the upper bound
onky+ -+ ky in (8)?

Problem 10. Is there a procedure to transform (1) into a neutral-
type system without derivatives in the input and the output
equation, that is also applicable if (7) is satisfied but (9) is not?

In this paper, we provide affirmative answers to these ques-
tions. In Section 2, we present a solution to Problem 9. We also
discuss the computational aspects of the new condition, and show
that the improved bound is tight. In Section 3, we solve the
second problem by introducing an augmented system of DDAEs,
amenable for RM1 and RM2. This solution enables the computa-
tion of the strong .7 norm via a standard Lyapunov matrix based
formula (Jarlebring et al., 2011, Theorem 1), which we will also
discuss and illustrate. Some concluding remarks end the paper.

Automatica xxx (XXxx) Xxx

2. Improving the bound of Condition (8)

We provide a solution to Problem 9 in Section 2.1, and explore
some consequences of the derived results in Section 2.2.
For ease of use, we introduce the following notation: k =

(ki, ..., kn) € N™ is a choice of integer coefficients, whose
weight is denoted by |k[l; = )", k. We note Py(«) for
Py, ... km(A1, ..., A), with A; € R™", and for variables x;, ..., xn

k ki K m
we denote by x* the product x{'x3? ... x5
2.1. Solution to Problem 9

In this subsection, we will use the following lemma, which is
a well known consequence of the Cayley—-Hamilton theorem and
a special case of Proposition 4 for m = 1.
Consider a matrix A € R™" and h € N. Then:

CA"B#£0 = 3l <n:CAB#0. (12)

Lemma 11.

Proof. By the Cayley-Hamilton theorem, A" can be rewritten as
a linear combination of its lower powers. That is, for a general
h € N, there exist some «; € R such that

n—1
Al = Za,-A". (13)
i=0

Therefore if CA"B = 3" | ,CA'B is nonzero, then one element of
the right side sum must be nonzero, concluding the proof. [

In the next lemma, we show that the quantities P(.«), which
are the object of condition (7), have an interpretation in terms
of the coefficients of some matrix polynomial. This is the key
property underlying the proof of Theorem 13.

Lemma 12. et & = {Ay,...,An} be a set of matrices, with

A; € R™", Then, for any h € N, it holds that:

(KiA1+ -+ XnAn) = Y X P() (14)
Iklly=h

where Py(«) are defined in (6). This polynomial will be denoted
Pr(X1, ...\ Xm)-

Proof. The proof is obtained by induction. First, the property is
verified for h = 0.

Suppose now that the property holds true for all values smaller
than h, let us prove it for h + 1:

(*1A1 + - - - + XA

= (%A1 + - + XmAm) XPy(or)
nkuzlih (15)

= Z X]XkAlpk(.Uf) +---+ XkaAmPk(M/).
k)l =h

We can change the order of summation to obtain
(X1A1 4+ -+ X,,,Am)h+1
= Y BAP () A+ APy, ()

lilly=h+1 (16)
= Z XP( )
[lilly=h+1
where k — 1; = (ky, ..., ki — 1,..., ky) and we used (6) for the

last line 0O
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The above lemma allows us to prove our first main result,
which shows that condition (7) can be checked more efficiently
than relying on (8). The proof will make use of the well known
fact that a polynomial is identically zero if and only if its coeffi-
cients are all equal to zero.

Theorem 13. Let &/ = {A,,...,An} be a set of matrices, with
Ai € RV Let B € R™" and C € R™*". The following conditions
are equivalent

(1) CPx(«)B =0 for all k € N™;

(2) The polynomials C 2y(x1, . . ., Xm)B = C(X1A1+ - -+XmAm)"B
are zero for all values of h € N;

(3) The polynomials CZy(Xy, . . ., Xm)B = C(X1A1+- - -+ XmAn)'B
are zero for all values of h < n;

(4) CPy(«)B = 0 for all k with ||k||; = Y_I" ki < n.

Proof. Scalar case Let us first consider the case of single-input
single-output systems, for which B and C are vectors, meaning
that CPy(«)B are real numbers, and the polynomials of conditions
(2) and (3) are real valued.

1 & 2 and 3 & 4: Using the fact that a polynomial is
identically zero if and only if its coefficients are all equal to zero,
one has

C(x1A1 + - - + XmAn)'B = C

Z *pe | B
llkily=h (17)
= Z X*CP.B.

Iklly=h

2 = 3:Trivial since the latter is a particular case of the former.
3 = 2: The proof is obtained by contraposition. Suppose
there exists a value h such that the polynomial C(A1x; + --- +
AmXm)'B is nonzero. Then, there exist X, ..., X, € R such that
C(AsXy + -+ - + AnXi)'B # 0.
Let us consider the matrix (X;A; + - - - + XpAp), from Lemma 11
we can conclude that there must be h’ < n such that C(X;A; +
coo + XmAn)'B # 0. As a consequence, the polynomial C(x;A; +
<o+ XmAm )"’ B is nonzero, concluding the proof for the scalar case.
General case Replacing B, C with matrices of arbitrary size, the
argument in each proof remains unchanged, noting the following:
CPy(+/)B is a matrix with entries (CPx(«)B);; = CiPx(«)B; with G;
the ith row of C and B; the jth column of B. Therefore the matrix
CPx(+7)B is nonzero if one of its entries is nonzero, which happens
if and only if the same entry is nonzero for a k of weight smaller
than n, as demonstrated above. [

Hereinafter, a collection of matrices <, B, C that respect prop-
erties 1-4 of Theorem 13 will be called an .7%-finite system.

2.2. Corollaries

It is clear that Theorem 13 improves the upper bound in (8),
previously proposed in Gomez et al. (2020, 2022), as it becomes
independent of the number m of matrices: checking condition (7)
can be restricted to considering the finite number of choices of
k = (ki,...,kn) € N™ such that ||k|[; < n. We now state a
formula for the computational effort needed to check the new
condition.

Corollary 14. Condition (7) can be verified by checking the equali-

ties for no more than (("nt"l')_,#' different values of k.

Moreover, since k has at most || k||; nonzero entries, we obtain
the following result:

Automatica xxx (XXxx) Xxx

Corollary 15. Let «# C R™", B € R™"™ C € R"™*", Then «,B, C
form a .7#5-finite system if and only if any subset {Aq, ...,An} C
o, B, C, with m < n also forms a .7%-finite system.

Proof. Let us note k(A;) for the component k; € N associated to
the matrix A; when computing Py(.«). It may help the reader to
think of k as a function from .« to N. With this in mind, the proof
consists of restricting or extending its domain.

<= Suppose the system is not .7 -finite. That means that there is a
k of weight | k|| < n for which property (4) of Theorem 13 does
not hold. Restricting ourselves to the matrices used in Py creates
a system 4, = {A; | k(A;) # 0}, B, C that is also not .73-finite.
One can check that |«,| < ||k|]l; < n.

=> Suppose we have a subsystem <, = {Ay,...,An}, B, C that
is not .7#;-finite. That means there is some k € N™ such that
CPy(#%m)B # 0. We can create a suitable vector k' € NI by

putting
k(A,’), IfA, € Y
0, otherwise.

K'(A) = [

It is easy to check that 0 # CPy(#,)B = CPw(/)B. 0O

(18)

Finally, we show that the novel bound |k||; < n introduced
by Theorem 13 is tight and cannot be improved.

Corollary 16. The bound of Theorem 13 is tight. More precisely, for
every n € N, there exists a system of matrices «/, B, C that satisfies
the equality in (7) for all values of k with ||k||; < n — 1 and which
cannot be .74-finite.

Proof. We will construct a system that satisfies condition (4) of
Theorem 13 for all k with ||k||; < n — 1, and which, however,
is not 4-finite. Pick an orthogonal basis of R", let us denote it
{e1,...,ep). For i < j, define A;,; as the operator mapping e; >
€it1 (i.e., €1 = AHje,-), €ip1 > €i42,...,€j—1 > €, € > €, and
acting as the identity on the rest of the basis (see Example 17).
We fix some i € 1,...n and consider the system given by B =
e;,C=el, o = {Ai_i, Ain}. Observe that CPy(«)B = 0 for all k
of weight ||k|l; < n—1 but that CPx(#)B = 1fork = (i—1, n—i).
O

Note that the construction used in the proof of Corollary 16
not only reaches the bound, but it also works for any partition
of the interval [1,n] C N into m < n interlocking sub-intervals
[1,01], [i1, 12], .. ., [im—1, im]-

The next example illustrates the previous result and its proof.

Example 17. Let n = 5 and consider the standard basis of R,
i.e, {ej,...,es} where e; is the vector whose ith entry is one,
and zero otherwise. Now consider B = e; = [1 0 0 0 0]" and
C=el =[0000 1]. Fori= 4, we have # = {A_,4, A5} with:

A1 4= ) A4aS =

SO O =0
OO =00
o~ OO0
SO OO =
- OO0 O0C
SO OO =
OO =0
SO =00
- OO0 OoC
o - 000

(19)

One can easily check that CP; 1B = 1 and CPxB = 0 for all
values of k with [k||; < 4.

Remark 18. Finally, let us note that Lemma 12 reduces checking
Condition (7) to the Polynomial Identity Testing problem (PIT).
Particular cases such as integer-valued matrices could poten-
tially be evaluated faster by computing directly C(A;x; + --- +



AUT: 110495

S.M. Mattenet, V. De luliis, M.A. Gomez et al.

AmXm)'B for a suitably chosen value of x. This view also allows
for a probabilistic approach, especially in light of the Schwartz-
Zippel Lemma (Schwartz, 1980). For a survey of the tools already
developed to treat the PIT, see Saxena (2009).

3. Transformation of DDAEs into neutral-type system

In this section, we provide an affirmative answer to the ques-
tion posed in Problem 10. The result is stated in Theorem 19,
whose proof relies on the following core ideas. First, the system
(1) is augmented with additional dynamics described by a new
variable x3, such that these additional dynamics are stable, unob-
servable and such that the output can be explicitly expressed as a
function of x; and x3. Second, the absence of x; in the alternative
output equation enables both RM1 and RM2.

Theorem 19. Let system (1) with transfer matrix G(s) and spectrum
A be strongly stable and condition (7) be satisfied. There exists
a regular neutral-type system (10) with transfer matrix %(s) and
spectrum A, such that

G(s) = 9(s), se C\ Ap. (20)
Moreover, the spectrum of this neutral system satisfies

Ap =AU AqU {—1}, (21)
where Ay = {s € C : det(A,(s)) = 0}.

Proof. We directly give the system. It is of dimension 2n -+ r,
and x(t) € R?™" is an extended state vector composed by x; and
X, defined as in (1), and a new state x3 € R". The matrices are
#"=[B] B 0],¢:=[C 0 C],

(12) (12)
1A 0 0o A"™ o
Jo=| 0 I of,z=|0 A 0 (22)
(21) 1)
| A 0 I Al 0 A
and
—AE,”) Aglz) 0 Algn) AEIZ) 0
Fo=|AT" -1 o, &m=|A"" A o], (23)
_AE,ZI) P AEZI) 0 A
fori =1, ..., m. Now, by direct calculation, we obtain
An(s)  (s+ 1DAn(s) 0
H(s)=| An(s)  (s+ 1)Axn(s) 0 ,
(5 + 1)AZ‘I 0 (S + 1)A22(S)

and we can compute
det(#(s)) = (s + 1)2" det(Ay(s)) det(H(s)),

which proves (21).

Augmenting (1) Notice that A, = AU A4 U {—1} implies that
det(A,,(s)) # 0 and det(H(s)) # O for all s € C\ A, which enables
us to apply the formula for inversion of a block matrix to obtain

F! ~F7'ApA;) ]

H7\(s) = _ _ _ _ 2
(<) I:_AzzlAZIF1 A;z;zI (AZlF 1"‘12"‘2217”)

where F(s) := Aq; +A12A2_21A21 and, for simplicity of presentation,
we omitted the arguments in the matrices A(s), i,j € {1, 2}. Then,
it follows from the above equality and

Xi(s) _ B
I:X;(s)] =H l(s) I:B]:I U(S),

Automatica xxx (XXxx) Xxx

that
Xi(s) = (F~'By — F~'A;zA,,'B)U(s) = F~' (By — A12A,, B) U(s)
Xao(s) = —Ay, AnF'ByU(s) + Ay, (A1 F~'ArpAy, + 1) BU(s)
= Ay AnF ' =By + ApAy,'B) U(s) + Ay, BU(s)
= —Ay, Ay Xi(s) + Ay, BU(s).

Now, by Gomez et al. (2020, Proposition 1), if (7) is satisfied then
CA,, (s)B = 0 and we have

Y(s) = CiXa(s) + CXa(s)
= CiXi(s) — CA3;' A1 Xi(s) + CA3,)'BU(s) (24)
= Gi1X4(s) — CAL ApiXa(s).

By defining the variable

X3(s) := —Ay) A Xi(s),

we have that

Y(s) = CiX(s) + CX3(s) (25)
and
Xi(s) By
Ho(s) | Xa(s) | = | B | U(s), (26)
X3(S) 0
where
H(s) 0
Ho(s) == |: ‘ 0 ]
An(s) 0 [ Axn(s)
Thus,

B
Gis)=[¢ o C]Ho“(s)|:BI:| ,SeC\ Ay
0

Concluding the proof Now, direct calculations allow to see that

T1(s)Ho(s)T(s) = (), (27)

where

I 0 0 1 0 0
Ti(s) := |:0 I 0 ] , Th(s) = [0 (s+ 1)1 0] .
0 0 (s+ 1) 0 0 I

Since # =Ti(s)[B] B' 0]and% =[C; 0 C]|Ty(s), we get
G(s) = ¢H, \(s)% = T, 'Hy ()T, ' % = €. '(s),
se C\ Ay, proving (20). O

For the sake of clarity, let us show how one may obtain
neutral-type system (10) with (22), (23) from system (1).

Egs. (25), (26) correspond to an augmented DDAE in variables
X1, X2 and x3 that can be realized as (1) with the additional
delay-difference equation

m

x3(t) = YAt — 1) — AT xa(t) — Y ATxa(t — 1) =0 (28)

i=1 i=1

and output
() = Cixq(t) + Cxa(t).

From an input-output perspective, this augmentation is highly
redundant. However, introducing the alternative equation for the
output y(t) and the additional equation in the new variable x3(t)
makes the application of RM1 and RM2 possible.
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Transformation into neutral-type

(a) application of RM1
Since the equation in x3(t) does not depend on the input, we

can apply the operator (E + I). which results in

x3(t) — Zl‘h’ﬁ(f - T) — ZA§2])5<|(I —-T)=

i=1 i=0

—X3(t) + ZA,‘X3([ - ‘E,') + ZAEZI)X1(t - ‘E,'). (29)
i=1 i=0

(b) application of RM2
d - .
Change of variable x,(t) = (— + l) Xo(t) in (1) leads to

de
m . m
k() = Y APt —m) =) An(t )
i=0 i=0

m
+ Y APR(t — ) + Byu(t)
=0

. mo m (30)
Xy(t) — ZAi??z(t — 1) = —X(t)+ ZAi)A(z(t - 1)

+ YA x(t — w) + Bu(t),
i=0
Y(t) = Caxy(t) + Cxa(t).

System (29), (30) can be written as the neutral-type system (10)
with matrices (22), (23), whose regularity is implied by the fact
that det(%,) # 0.

Remark 20. Note that, in general, the solution of a DDAE as in
(1) does not need to be differentiable, so the solution may not
be preserved from system (1) to system (10) through the regu-
larization mechanism RM1 and RM2. In fact, the set of allowable
initial functions may not even be the same. Nevertheless, this is
irrelevant in our analysis, since the .7 norm defined by (3) does
not depend on any particular solution of (1), but on its transfer
matrix.

Some comments on Theorem 19 are in order. The neutral-type
system (10) has dimension 2n + r, which is higher than system
(1). Hence, if condition (9) is satisfied, the approach proposed
in Gomez et al. (2022) is still advisable. It is also important to
note that the regularization mechanism used within the proof of
the theorem preserves the stability properties of system (1), as
formalized in the following result.

Corollary 21. Let system (1) be strongly stable and let condition (7)
hold. Then the neutral system defined by (22), (23) is strongly
exponentially stable.

Proof. In order to prove that the neutral system defined by
(22), (23) is strongly exponentially stable, one needs to show two
facts: (i) that the associated difference equation is strongly stable,
and (ii) that the spectrum A, lies in the left half complex plane.
As a preliminary step, let us examine the difference equation
associated to the DDAE (1), given by:

X(t) =) Axy(t — ). (31)
i=1

Automatica xxx (XXxx) Xxx

One can now compute

det (.‘%’o - Z -@ie_m) = (det (Ax(s)))%,

i=1

with matrices %, i = 0,1,...,m, given by (22), that is, the
spectrum of the delay-difference equation of (1) coincides with
the spectrum of the delay-difference equation of neutral-type sys-
tem (22), (23). Moreover, the associated delay-difference equa-
tion of a strongly stable DDAE (1) is exponentially stable and
satisfies (Michiels, 2011, Theorem 1)

max p (ZAH"") <1. (32)

) m
0el0,2x] i1

This implies (11), so that the first part is done. Second, by (21) we
have A, = AU A4 U {—1}. Since the DDAE is strongly stable we
know that A is strictly contained in the left half of the complex
plane. The same argument holds for (31), giving us that Ay is
in the left half of the complex plane as well. This concludes the
proof. [

Theorem 19 allows us to recast the transfer matrix of a
DDAE into an equivalent transfer matrix of a neutral-type system
and use all the tools developed for regular neutral systems. As
mentioned in the introductory part, this is relevant since the
computation problem of the .7 norm of (10) has already been ad-
dressed in Jarlebring et al. (2011), where a delay Lyapunov matrix
based formula is provided (see Kharitonov (2013) for a study of
Lyapunov matrices for time-delay systems). We summarize this
result in the following corollary.

Corollary 22. Assume that system (1) is strongly stable and that
condition (7) is satisfied. Then,

G, = Gl = %1156, = |/ tr (#7U(0)8),

where U : [—1Tp, Tn] — RZ72H s the delay Lyapunov matrix
of system (10) associated with €7%¢.

Proof. Finiteness of the strong .7 norm and that ||G| », =
IGllse, = 9|l 5, follow from Proposition 4 and Theorem 19,

whereas the equality ||| », = ,/tr (#7U(0)%) follows from Jar-
lebring et al. (2011, Theorem 1). O

With the above corollary at hand, we now possess a formula to
compute the finite strong .74 norm of any system of the form (1),
in contrast with Gomez et al. (2022, Corollary 1), where sufficient
condition (9) was required to be satisfied. We close the section by
illustrating the computation of ||G|| » for a system constructed
from Example 6. The formula provided in Gomez et al. (2022)
cannot be used in this case since matrices (A, Az, B, C) do not
fulfill condition (9), as already explained in the introduction.

Example 23. We consider a strongly stable system (1) with
matrices AE)”) = -2,

AP =[-1 -2 1 0], A%"=[0 0 0 075],

APV =[-05 -025 0 -0.75]

AP = AYP = 0,A7" = 0,A" = AY'Y = 0,¢; = B; = 1and
matrices Ay, Az, B and C, corresponding to the delay-difference
part, as in Example 6. The nominal delays are © = (71, 12) =
(1, 2). By Proposition 4, the strong .7 norm of the system is finite.
We construct the neutral-type system (10) and, from Corollary 22,



AUT: 110495

S.M. Mattenet, V. De luliis, M.A. Gomez et al.

compute [|G[| % for the nominal delays and perturbed delays
T = (%1, 72) = (1, 2 + 0.0057 ), which gives

IGC -5 o)l &~ 1.9654
and
IGC -5 ©)ll 7, ~ 1.9869

respectively. Note the two values are close since the strong .77
norm changes continuously with respect to the delays.

4. Concluding remarks

In this paper we have closed a gap between paper (Gomez
et al,, 2020, 2022). The former reference gives a necessary and
sufficient, but hard to check condition for the finiteness of the
strong .75 norm of a DDAE, while the latter gives a more con-
servative sufficient condition, which is easier to check and is at
the basis of a transformation to a neutral equation. Theorem 13
allows to significantly lower the computational cost of checking
the necessary and sufficient finiteness condition. In addition,
Theorem 19 allows for a transformation of (1) into an augmented
neutral-type system if the strong .5 norm is finite, enabling to
compute the value of the strong .74 norm based on the delay
Lyapunov matrix.

Regarding solutions and stability notions of DDAE (1) and
neutral system (10), we have restricted ourselves to classical
solutions. Since the definition of exponential stability is affected
by what kinds of solutions are accepted, one expects our results
not to hold when treating other classes of solutions. We however
note that our results deal almost exclusively with transfer func-
tions. Hence, if stability is still inferred from the spectral abscissa
and the integral expression (3) for the .4 norm makes sense
for broader classes of solutions for the DDAE and/or the neutral
system, the corresponding transformation would preserve both
(strong) stability and the (strong) .4 norm.

Future research work includes investigating whether the PIT
problem reformulation (see Remark 18) allows for a faster al-
gorithm for checking (7) and exploring other applications of the
regularization procedure to a neutral system.
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