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Abstract

In this paper we address the explicit exclusion of credit concentration risk from the Pil-
lar 1 minimum capital requirements formulas of the Basel framework. Leveraging on a well
established Gaussian multi-factor model, we introduce a novel control variate estimator of
value-at-risk (VaR), suitable for measuring sector concentration risk under the Pillar 2 guide-
lines. This estimator integrates the precision of Monte Carlo simulations with the speed and
simplicity of the Large Pool approximation, aiming for a more efficient quantile estimation
tool. We conduct numerical experiments in a two systematic factor setup to test the valid-
ity of our methodology, achieving consistent variance reduction compared to the benchmark
Monte Carlo estimator. Our results are robust across various pool parameters and increasing
number of Monte Carlo simulations.
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1. Introduction

Concentration risk is defined as the risk arising from the concentration of a single ex-
posure or group of exposures with the potential to threaten the bank’s solvency or ability
to maintain its core operations (see paragraph 30.20 of BCBS, 2023g). Within a bank’s
assets, concentration risk can take many forms, arising from obligors concentration both in
the banking book (credit portfolio) or in the trading book (those assets held for trading).
Additionally, concentration risk can arise from credit risk mitigation techniques, such as ex-
posures in similar collateral instruments or closely related protection sellers, or stem from
concentration of exposures in a specific currency. It can result from a lack of diversification
in terms of obligors and/or counterparties, a concentration of exposures in too few sectors,
countries, or currencies. As lending remains the primary activity of most banks, credit con-
centration risk (hereafter referred to as concentration risk) is recognised as the most material
type of concentration risk (BCBS, 2023g).

The Basel Committee on Banking Supervision (BCBS) distinguishes two sorts of credit
concentration risk. The first type, called name concentration, features a credit pool where the
total exposure at default (EAD) is mainly driven by a set of exposures to a single counterparty,
or to a set of exposures to economically interdependent counterparties. This phenomenon is
usually occurring in banks holding a small banking book, featuring a relatively small number
of exposures with large EADs due to their size or specialisation degree. Nevertheless, this
has historically been the case also for global systemically important banks (G-SIBs), who
usually display a more diversified portfolio (BCBS, 2021). The second type, called sector
concentration, refers to a credit pool featuring a significant share of the total EAD related
to exposures in the same geographic area or economic sector.

To mitigate credit risk, the Basel Committee requires banks and financial institutions to
comply with a series of minimum capital requirements (MCR) and thus set aside an amount
of economic capital, i.e., an amount of capital needed to absorb credit losses at a given
confidence level (see Gordy, 2003 and BCBS, 2009). Since the release of the final version
of Basel IT in 2006, the majority of G-SIBs compute the MCR by relying on the internal
ratings-based (IRB) approach (BCBS, 2006a). The latter, detailed in the Pillar 1 section of
the Accords, defines the MCR as the capital needed to absorb the unexpected loss (UL) at a
99.9% confidence level, that is, the difference between the 99.9% value-at-risk (VaR) and the
expected value of the portfolio losses (see BCBS, 2009, p.9 and Section 2 of BCBS, 2005).
In the IRB approach, the VaR is computed under a specific version of the asymptotic single
risk factor (ASRF) credit portfolio model developed by Gordy (2003).!

The ASRF model relies on two key assumptions: (i) the portfolio is infinitely granular,
so that when the portfolio size grows to infinity each individual exposure at default (EAD)
accounts for a smaller share of the total portfolio EAD, hence idiosyncratic risk is perfectly

! Any loan, bond or debt instrument subject to credit risk in the banking book (BCBS, 2000).



diversified away and (ii) there is a single systematic risk factor driving the dependency be-
tween the individual obligor losses L;. The practical benefit of those assumptions is twofold:
first, a closed-form expression is obtained for the MCR; second, the model exhibits the
so-called portfolio-invariance property asymptotically, which means that the total portfolio
VaR is the sum of individual marginal contributions that solely depend on the risk-profile of
each borrower. The price to pay, however, is that the ASRF model fails to capture concen-
tration risk. For instance, name concentration implies imperfect granularity as the default
likelihood of the portfolio would then mainly be driven by the idiosyncratic risk of a single
counterparty or group of interconnected obligors. Similarly, sector concentration relates to
imperfect diversification of the credit pool across economic sectors or regions. In contrast
with idiosyncratic risk which can be mitigated by increasing the size of the pool, the specific
risks associated with the various sectors or regions remain, calling for a dependency structure
governed by multiple systematic factors. Consequently, computing the MCR according to
the ASRF model underlying the IRB approach triggers the risk to overestimate the diversi-
fication level achieved by the credit portfolio, hence, to underestimate the unexpected loss
and the associated capital requirements (BCBS, 2006b, p.5).

The importance of credit concentration risk is well acknowledged in the Basel documents
(see paragraphs 31.6 and 32.7 of Pillar 2 regulations of BCBS, 2023g): (i) ‘Risk concentra-
tions are arguably the single most important cause of major problems in banks’, and (ii)
‘Because lending is the primary activity of most banks, credit risk concentrations are often
the most material risk concentrations within a bank’. Nonetheless, the Committee decided
that the IRB formulas, meant to deal with credit risk on the first place, would explicitly
not address this credit risk subcategory: ‘Such concentrations are not addressed in the Pillar
1 capital charge for credit risk’ (BCBS, 2023g, §32.8). As highlighted by a research task
force mandated by the Committee in 2006, this choice was mainly guided by a willingness
to preserve simplicity of the capital computations, specifically to guarantee its most appeal-
ing regulatory feature: ‘The desire for portfolio invariance, however, makes recognition of
institution-specific diversification effects within the framework difficult’ (BCBS, 2006b). Us-
ing data on corporate exposures, this research group unveiled that amongst the two potential
types of credit concentration risk, sector concentration is likely to represent a larger marginal
contribution to economic capital than name concentration for a typical commercial bank with
a medium to large size banking book.

The Committee’s desired simplicity, comparability and risk-sensitivity of the regulatory
capital computations (BCBS, 2014) still relegates concentration risk to be dealt under the
scope of Pillar 2. Hence, differently from Pillar 1 requirements, there is no specific credit
risk model or formulas assigned to quantify this risk dimension in terms of economic capital.
National competent authorities must conduct an individual assessment of capital adequacy
to concentration risk according to the guidelines found in paragraphs 32.6 till 32.12 of BCBS
(2023g). Given the recent world COVID-19 pandemic, the restrictions on international trade
and linked negative economic outlook, there is little willingness from regulators to modify



the IRB formulas. Nevertheless, a dedicated multi-factor credit risk model is well suited
as a stress testing or back testing tool for national regulators and supervisors, completing
the general guidelines found in Pillar 2: ‘Banks should employ a number of techniques, as
appropriate, to measure risk concentrations. [...] and the use of integrated stress testing
and economic capital models’ (BCBS, 2023g, §30.26). In order to avoid pitfalls in the design
of a framework for measuring sector concentration risk in the banking book, we design our
extended credit VaR model around the one underlying the IRB approach. Hence, we comply
with the Committees guidelines prescribing that any such tools should be consistent and
plausible with the underlying economic capital model (BCBS, 2018).

Our starting point is seminal work of Pykhtin (2004), which proposes a general multi-
factor extension fitting the Gaussian one-factor model of the Basel ASRF. Most importantly,
the author introduces an analytical approximation of the multi-factor VaR based on a linear
component built upon a comparable ASRF model and two non-linear adjustment terms. The
first one reflects the existence of a multi-factor structure, i.e., an unbalanced distribution of
the risk across sectors (buckets). The second one reflects, in such a multi-factor structure,
the difference between the VaR in a finite vs. infinite pool. Diillmann and Masschelein (2007)
explore a simplified version of Pykhtin (2004)’s model, where the risk parameters (PD, EAD,
LGD and p controlling the default dependence) are only sector dependent, resulting in the
correlation matrix between the obligors having a block structure. We propose a model where
similarly to Diillmann and Masschelein (2007) the correlation matrix has a block structure,
but where the obligors are free to feature their own PD, LGD and EAD. Naturally, the quality
of Pykhtin (2004)’s approximation varies depending on the characteristics of the credit pool
at hand. Even if the latter works generally better for a heterogeneous than an homogeneous
pool, the performance is observed to decrease in three cases: (i) when the credit portfolio
is made of sub-pools that may represent different industrial sectors or geographic regions
(buckets), (ii) when the inter-sector (inter-buckets) correlations are low, and (iii) when the
total portfolio EAD is not equally partitioned across the obligors.

From the above, it is clear that there are setups in which a bank still needs to have an idea
of the gap between the approximate VaR and the benchmark Monte Carlo (MC) estimate.
This is especially true for smaller and more specialised banks applying to national competent
authorities for approval to use the IRB approach. Nevertheless, the latter results in com-
putationally intensive exercises that require considerable amount of resources to implement.
Therefore, our objective is to address this issue by proposing a control variate estimator
blending the power of Pykhtin (2004)’s analytical approximation with the precision of the
MC estimator. The goal is reduce the variance of the benchmark MC estimator, reducing
the computation time while getting a precise VaR estimate.

In this paper we make the following contributions to the literature on economic capital
models. First, following Pykhtin (2004)’s idea, we propose an alternative route to find the
factor loadings of the comparable one-factor model. We achieve the latter by exploiting
properties derived from the Gaussian conditional distribution as found in Vrins (2018). The



latter circumvents the need to specify intermediate factor models featuring interdependent
idiosyncratic terms. Second, we propose a methodology to build a control variate estimator
of the multi-factor VaR, leveraging on the comparable ASRF quantile. Third, we propose a
methodology to reduce the bias of the proposed control variate estimator using the granularity
adjustment formula of Gordy and Lutkebohmert (2013). Fourth, through a series of numerical
experiments, we benchmark the performance of our control variate estimator against a series
of alternative quantiles. Our control variate estimator delivers a consistent variance reduction
and increased accuracy compared to the benchmark MC estimator.

The above contributes to the efforts of strengthening methodologies used to stress-test
capital requirements under the supervisory review process featured in Pillar 2: ‘A bank
should ensure that it has sufficient capital to meet the Pillar 1 requirements and the results
(where a deficiency has been indicated) of the credit risk stress test performed as part of the
Pillar 1 internal ratings-based (IRB) minimum requirements’ (BCBS, 2023g, 32.1). At last,
it is important to note that the Basel Committee is not new to the use of multi-factor models
with latent systematic random variables for measuring credit risk (Laurent et al., 2016).
Following the completion of the fundamental review of the trading book in 2019 (BCBS,
2019) a two factor model is prescribed for measuring credit risk in the trading book under
internal models approach (IMA)(BCBS, 2023e). Precisely, for credit and equity positions a
default risk charge (DRC), computed under a VaR framework, is set to cover against: ‘[...]
the risk of direct loss due to an obligor’s default, as well as the potential for indirect losses
that may arise from a default event’ (BCBS, 2023f, §33.18-33.39).

This paper is structured as follows. Section 2 presents the rationale behind the MCR
found in the Basel regulations, introduces the ASRF model and details its link with the
formulas to compute those same MCR under the IRB approach. Section 3 presents the
considered Gaussian multi-factor structure to capture credit concentration risk in the banking
book. Section 4 presents Pykhtin (2004)’s methodology to find an analytical approximation
of the multi-factor VaR. In Section 5, we introduce our variance reduction technique based
on a control variate estimator. The empirical analysis on two synthetic credit portfolios is
conducted in Section 6. Section 7 concludes.

2. Capital requirements in Basel regulation

Under the IRB approach, capital requirements on the banking book are defined through
a one-year VaR paradigm. For a given credit portfolio, it is defined as the amount of capital
a financial institution needs to absorb the unexpected losses (UL) on the portfolio over a
one-year horizon, at confidence level a:

K, :=Q.[L] —E[L]. (1)

In this expression, L stands for the random variable representing the total loss on the
portfolio, E[L] is the expected loss (EL) on the pool and Q,[L] = VaR,(L) defines the



portfolio loss quantile, that is, the VaR, at confidence level a.

The computation of the EL is relatively straightforward due to the linearity of the ex-
pectation operator, it is just the sum of the EL on each constituent of the portfolio. The
computation of the quantile, however, requires to assume a dependence structure between the
individual losses. The formulas associated with the IRB approach rely on an ASRF model
postulating a one-factor Gaussian copula governing the dependence of the defaults. Since
Basel II (BCBS, 2006a), the latter idea has remained at the core of the RWA formulas found
under the IRB approach, translating (1) into specific MCR for a series of credit portfolio
asset classes defined in the Accords (BCBS, 2017, 2023a,d).

2.1. Asymptotic portfolio loss model

In the asymptotic portfolio loss model proposed by Gordy (2003), we consider a portfolio
made of I credit exposures where we assume that exposures to each obligor i have been
aggregated, so that there is a single exposure per obligor.? We note L; the loss resulting from
the default of obligor ¢ and w; the weight of exposure i, defined as the EAD of exposure 7
relative to the total EAD of the portfolio. The default indicator of obligor i is B;. In case of
default, the loss severity on exposure i is modelled as a random variable A; with support in
[0, 1]. Hence, the credit loss on the portfolio relative to the total EAD is modelled as

I
L= ZwiLi where L;:=A; x B; . (2)

=1

In this expression, B; ~ Ber(p;) is a Bernoulli random variable whose parameter p;
corresponds to the obligors’ unconditional default probability and A; is the corresponding
LGD of exposure i.

The expected loss on the pool only depends on the expectations of the individual losses,

The computation of Q,[L] is more involved and depends on the joint distribution of the
L;s. Precisely, we assume that all dependencies across credit events are driven by a set of
S Gaussian risk factors Y = (Y7,...,Ys), where 1 < S < I. Gordy (2003) shows that, in
this general framework, a closed form asymptotic approximation for Q,[L] can be found
based on two core assumptions: (i) the portfolio is ‘asymptotically fine-grained’, meaning
that >, EAD; = co and ), w? < 0o as I — oo and (ii) the L;s are independent conditional
upon the factors Y. Under these two conditions, it follows from the strong law of large
numbers that the idiosyncratic risks Z;’s can be fully diversified away, and that the conditional

?In the Basel Accords, credit exposures are defined as any types of loans, bonds, or debt instruments
subject to credit risk in the banking book (BCBS, 2000).



distribution of L, knowing Y, degenerates to a limiting loss distribution equal its conditional
expectation, as I — oo:

L5 L%(Y) =E[L|Y] =Y wE[L|Y], (3)

i=1

this result is known as the large pool (LP) approximation.
From Proposition 2 in Gordy (2003), we also know that

QulLl = QuL=(Y)] = Q, [Z w E[Lz-m] (@

where the above quantile can only be computed numerically.

Additionally, if Y is one-dimensional the replacement of L by E[L|Y] is known as the
ASRF model. Under this single-factor structure, thanks to Proposition 4 in Gordy (2003),
we know that if E[L|Y] is decreasing in Y, its quantile takes a simple and desirable form

Qo[L7(Y)] = L=(Q-a[Y]) = L7(=24) (5)

where we used the fact that Y ~ N(0,1) and Q,_,[Y] = —z4, where z, := ®7!(a), the
a-quantile of the standard normal variable.

2.2. Gaussian one-factor model

The Basel ASRF, underlying the IRB approach, relies on a specific Gaussian one-factor
model, first introduced by Vasicek (1991) and Vasicek (2002) for homogeneous portfolios
and later extended by Gordy (2003) to fit heterogeneous portfolios. Both factor model
specifications are based on the seminal work of Merton (1974), i.e., default occurs when a
latent random variable X; describing the financial well-being of obligor i falls below a certain
threshold §; at a fixed horizon (one year in the Basel ASRF). The default events are modelled
using latent creditworthiness variables X, ..., X defined as:

Bi = H{Xig(gi} where XZ = \/E Y + 1-— PiEi (6)

where 114y denotes the indicator function (taking the value of 1 if A is true and 0 otherwise)
and Y,eq,...,e; are independent standard normal random variables. The dependence be-
tween the default events results from the common systematic risk factor Y and is controlled
by the factor loadings /p;. In Merton inspired default models, the X;’s can be understood as
the standardised asset return of each individual obligor ¢. This is the reason why in the IRB
approach ,/p; is referred to as the parameter controlling the asset correlation (see section 4.5
of BCBS, 2005). The asset correlation between any pair of Gaussian latent random variables
reads

Corr(X;, X;) = /pip; foralli##j. (7)



Letting ®(-) denote the cumulative distribution function (cdf) of the standard normal
variable, setting the default threshold to §; := ®~!(p;) ensures that

P(B; = 1) = P(X; < 6;) = B(6;) = p; .

Following Tarashev and Zhu (2008), we focus on a Basel ASRF version in which the
LGD is a latent random variable independent from both the systematic and idiosyncratic
risk factors driving the default event, so that the expectation and variance of the LGDs are
defined as

A= E[A;] and o} = V[A].

With these notations at hand, the EL on the credit portfolio can be decomposed as
follows:

I I I
E(L] =) wiB[L] =) wENPB;=1)=> wkp; . (8)
i=1 i=1 i=1
The independence between the default indicator and the LGD yields

and the conditional expectation of B; is equal to the conditional default probability of obligor

3

B3] = (8, = 1) =BG < 6jy) = 0 () Sy o

In this particular case, thanks to (3) the limit loss takes the form

L=(Y) = Z wiAipi(Y) (11)

and thanks to (5), its quantile collapses to

QuL®(Y)] = L®(—2) = Z wilipi(—24) - (12)

It is precisely the linearity of the expectation operator in (12) that guarantees portfolio-
invariance: the quantile of L is computed asymptotically as a simple sum of terms associated
with the individual exposures, being the product of three elements. As a result, under the
LP approximation, L — L*(Y) and the UL on the pool can be decomposed as the sum of
the unexpected loss on each constituent. Using the distribution of Y,

I

Ko =% QuIL*(Y)] ~E[L*(Y)] = Y wi(Api(—2a) = Aipi) - (19)

=1



It is important to note that, thanks to (3), (11) remains a valid approximation of the
distribution of L also when B; is driven by multiple systematic risk factors. However, going
from a single to a multi-factor structure, we cannot rely on Proposition 4 as in (5) and
loose the analytical tractability of the VaR. The latter can only be computed via numerical
simulation techniques.

2.8. The IRB model

The minimum capital requirement formulas associated with the IRB approach (BCBS,
2023d, §31.4-31.16) are all built upon (13) with a = 99.9% but differ from it in various
aspects. First, it is known that the independence between the LGD and the default event
does not hold.? This has been formally shown in the pioneer work of Altman et al. (2005),
who highlighted the existence of a decreasing relationship between default and recovery rates
in the context of defaulted American bonds. To account for this, under the IRB approach,
the expected LGD J; in both the first and second term is replaced by a downturn value, A7,
which can be interpreted as a worst-case LGD (see §4.1 and §4.3-4.4 of BCBS, 2005), leading
to?

I
KRB ._ Z wi()\fpi(—20~999) — )\fpi) (14)
=1

where under the foundation IRB (F-IRB) approach the Af is assigned a fixed value depending
on the regulatory asset class (BCBS, 2023c, §32.6-32.14) while under the advanced IRB (A-
IRB) approach, banks are allowed to estimate this parameter internally as an expected LGD
in an adverse macroeconomic scenario (see §32.15-32.19 of BCBS, 2023c¢ and §36.83-36.88 of
BCBS, 2023a).

Second, the IRB approach provides specific guidelines about how to calibrate the param-
eters (see BCBS, 2023c and Section 7,8 and 9 of BCBS, 2023a). For instance, the loading
factor p;, is restricted to be a decreasing function of p;, whose explicit form is determined
by the regulatory asset class.® In addition, depending on the specific IRB approach used
(F-IRB vs. A-IRB) banks have the freedom to estimate either the PD or the PD, LGD and
EAD. In either case, the estimation procedures are subject to regulatory constraints such as
the 0.05% floor on the PD (BCBS, 2023c, §32.4) and 25% floor on the LGD (BCBS, 2023c,
§32.16).

3A complete discussion on the PD-LGD dependency within the Basel ASRF framework can be found in
Barbagli and Vrins (2023).

4We ignore the maturity adjustment factor and the effective maturity (M) within the scope of this analysis.
Indeed, the latter is simply added ‘on top’ of the resulting analytical formula coming from (14).

5The regulatory asset classes are divided into two main categories in BCBS (2023d): corporate, sovereign
and bank exposures (§31.4 onwards) and retail exposures (§31.13 onwards).



3. Multi-factor Gaussian default model

As explained in Section 1, equation (14) does not allow to take into account concentration
risk. Therefore, we rely on the multi-factor model proposed by Diillmann and Masschelein
(2007), which building on Pykhtin (2004)’s work, extends the Gaussian factor model detailed
in Section 2.2, to a sector multi-factor structure. The goal is to have a richer correlation
structure compared to (7), as a multi-factor model allows for a more flexible and realis-
tic modelling of financial interlinkages (Puzanova and Diillmann, 2013). The dependence
between obligors is no longer driven by a single systematic risk factor Y but instead by mul-
tiple systematic risk factors Y = (Y7, ..., Ys), each of which is driven by the same set of K
independent standard normal common factors Z = (Z1, ..., Zg)":

Y,=a!Z with oala,=|a*=1, a,cRfandsc{l,..S}. (15)

In this setup, each obligor 7 is uniquely assigned to a sector s and S is the number of
sectors. In the sequel, we assume that the number of systematic risk factors S defines the
multi-factor setup, e.g., a two-factor setup implies exactly two systematic risk factors. We
denote Y,(;) as the systematic risk factor of obligor 7 in sector s. Additionally, we impose
K = S such that the coefficients «;j can be obtained via a Cholesky decomposition of
the inter-sector correlation matrix. This choice delivers a parsimonious model, reducing
considerably the number of risk factors, the computational burden while having only a limited
impact on the model’s accuracy. In contrast to Diillmann and Masschelein (2007), obligors
remain free to feature their own individual PD, EAD and LGD while we still impose a sector
dependence for the parameter py(; controlling the link between the default events.

In this setup, L is still defined as in (2) while the definition of the creditworthiness
variables in (6) changes to

Xi = \/Ps(iy Ys) + /1 — psti)&i (16)
where Y, €1, ..., are independent standard normal random variables and s(i) stands for
the sector which obligor ¢ belongs to.

In this setup, the asset correlation between two distinct® creditworthiness variables is

Corr(X;, Xj) = r5),s¢s) forall i#j where 1y := w/ps,otasTaat , (17)

and where s,t € {1, ..., S} represent two distinct sectors.

This dependency structure allows to distinguish between various notions of correlations:
(i) the intra-sector asset correlation which reduces to p, (correlation between X; and X
of obligors i, j in the same sector s), (ii) the inter-sector asset correlation which is precisely

50f course, it is one otherwise.
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rs+ found in (17), and (iii) the inter-sector correlation which is computed as
Corr(Y;,Y;) = Ysr i = a;rat ) (18)

From the above, it is clear that the asset dependency structure is thus modelled by a
multivariate normal distribution with zero mean and whose covariance matrix has a block
structure. Dependencies between obligors arise both from their affiliation with a business
sector and from the existing correlations between the sector systematic risk factors.

In this setup, the asymptotic loss thus reads:

L¥(Y) = Y wdi(Yie)  where  fify) i= @ <¢_ (p")_“ps_“’y) a9

- Ps(i)

4. Approximate multi-factor VaR

Starting from the work of Gourieroux et al. (2000) and Martin and Wilde (2002), Pykhtin
(2004) provides a methodology to find an analytical approximation of the multi-factor VaR.
This is done by approximating the distribution of L by the distribution of a comparable one-
factor model L plus an error term eU, where U := L — L and € € R controls the magnitude
of the error. Taking a second-order Taylor expansion around L, := L + €U, Pykhtin (2004)
shows that the approximation of the quantile of L in the multi-factor model detailed in
Section 3 decomposes into

A

QulL] = Qu[L] + Aga  where  Agy = AgT + AgS? (20)

where Q,, [f/] is a linear component computed in a comparable ASRF (C-ASRF) setup, Ag®
is a systematic multi-factor adjustment (MFA) term representing sector concentration and
Ag¢S# is a multi-factor granularity adjustment term. When the portfolio size grows to infinity,
AgS# vanishes and the MFA is simply equal to Ag>°. In the sequel, to distinguish between
the multi-factor and the corresponding comparable one-factor model, we use the notation (").

In Section 4.1, we detail how to build this comparable one-factor model on which to
compute Q, [ﬁ] Once the Y7, ...Ys are resumed into a comparable single-factor Y, the X;
in (16) are no more independent conditionally on Y. This gives rise to a conditional asset
correlation which we briefly present in Section 4.2. In Section 4.3, we present the formulas
to compute the MFA terms in (20), which require the conditional asset correlation presented
in Section 4.2.

4.1. Comparable one-factor model

The key idea of Pykhtin (2004) is to approximate the portfolio loss L in the multi-factor
model with the portfolio loss L in a comparable one-factor model. Following the same idea,
we propose a slightly different route, allowing to circumvent the need to introduce a series of
intermediary factor models.

11



First, let’s recall that in the multi-factor model considered in Section 3, the creditworthi-

ness variables X = (Xj,..., X;) have the following functional form

Xi = \/Ps)) Yati) + /1= pspyes with Y = oy Z (21)
where 71, ..., Zk,e1,...,er are independent standard normal variables. In this context, the
comparable one-factor model shall be based on creditworthiness variables X = (X’l, X I)

with dependence structure
Xi=%Y++/1—vé& with Y=8"2Z (22)

for some well chosen 3 € RX| ||3|> = 1 and where Zi, ..., Zk,é1,...,ér are i.i.d. standard
normal variables.”

Second, given a combination vector 3, it is necessary to set the loadings ,/7; in such
a way that the single-factor model (22) provides a good approximation of the multi-factor
one (21). Pykhtin (2004) proposes to use as condition that the expected loss of obligor i
conditional upon Y are the same under both approaches. This amounts to force the default
probabilities of obligor i conditional upon Y to be the same in both models.

We are thus looking for the coefficients ,/7; such that
P(B;=1|Y) =P(B;=1|Y) where B;=lix,<o-1(; and B;=1

The second expression is known from Section 2.2, replacing p; by 7; and Y by Y

IP’(BZ- _ 1“}) _ % (@‘1(1%) _ ﬁff) '

V=7

Differently from Pykhtin (2004), to find these coefficients /7;, we do not specify an
intermediary factor model linking the Y7, ..., Y5 with Y, nor need to introduce interdependent
idiosyncratic variables in the model driving X; in (21). Alternatively, we rely on the work
of Vrins (2018) to compute the conditional default probability in the multi-factor model
conditional upon B8’ Z = Y. Using the law of iterated expectations and exploiting that, in
(21), You) = a;r(z.)Z is independent from ¢; ~ N (0, 1), one finds:

"Note that there is no reason for the portfolio loss L in the multi-factor setup built from the X; to agree
with the loss L in the comparable single-factor model built from the X;. This is because the dependence
structure in the latter is more restrictive than that of the former, unless vy = ... = ags in which case the
multi-factor model collapses to the single-factor whenever 8 = a and v; = py()-
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P(B; = 1Y) = P(/ps Yat) + V1= psyes < @71 (p)| B7Z =)

[ O (p) — osyxlinZ N
i 1— ps(i)
—E|o _p) = vy Z 8'Z=Y
I V2 ps(z)
o1 i D
% (pi) — VP @Y
V1= Psi)
=:pi(Y) (23)

where the penultimate equality results from Lemma 7, found in Appendix B, with \/py) :=
Ps(i) & S(l)ﬁ

We conclude that the loadings /7; one must take in the comparable one-factor model are
simply

HPAs(i) = COTY(Xi, }/;(i)) X COI"I"(Y;(Z-), Y) = ps(i)a;i)ﬁ . (24)

From (24) it is clear that, differently from the ASRF in Section 2.2, the loadings in the
C-ASRF model, considered here, are only sector dependent.

Fourth, to insure that Y is indeed able to optimally resume the multi-factor structure,
Pykhtin (2004) proposes to chose 3 in order to maximize the ‘weighted’ correlation, using
weights d;, between the sector systematic risk factors Y7, ..., Ys and the single comparable Y,
precisely:

BeRK

T
max (Z dia;r(i),ﬂ> subject to  ||B]*=1. (25)
i=1
The solution to this optimisation problem leads to®

Zz ldas”k
\/Zk (i 1d0‘S(z k)

It is important to note that the choice of the weight d; is not unique. An intuitive
development by Pykhtin (2004), leads to the following expression

B -

(26)

dz‘ = wz/\,ﬁz(—za) s (27)

where p;(—z,) is given in (19) and the intuition behind this choice is that obligors with a high
exposure in terms of VaR should have a large weight in the maximization problem whereas
obligors with a small VaR should have a minor impact.

8We have chosen the value of the Lagrange multiplier in order to satisfy the constraint.
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At last, using the LP approximation detailed in Section 2.1, the C-ASRF model reads
I
L2(Y) = Z wi\ipi(Y) (28)
i=1
where p;(-) is given in (23) and its quantile is computed as
I
5 I—00 £ 00 (O £ 00 .
QulL] == Qu[L¥(V)] = L™(=24) = > widii(—2a) - (29)
i=1
4.2. Conditional asset correlation

Let us add \/ﬁs(i)Y — \/ﬁs(i)ﬁTZ = 0 to the right-hand side of (21). Noting that Y =
ost(i)Z and rearranging the terms yields

X; = ﬁs(i)Y + ( ps(i)a;r(i) - ﬁs(z’)BT) Z + /1= ps@ei - (30)

From the above it is clear that, differently from the one-factor model featured in Section
2.2, the default events are not independent conditionally on the single Y. They are inde-
pendent only conditionally on Z. The latter phenomenon gives rise to a conditional asset
correlation between two distinct borrowers

s/ o =\

Corr(X,-,X-#ﬁ/) = Ts(i),s(j) Where 7, := (31)
’ ’ \/1 - ﬁs \/1 - ﬁt
and where s,t € {1,..., S} represent two distinct sectors.
Further details are provided in Appendix A.
4.3. Multi-factor adjustment terms
According to Pykhtin (2004), the MFA in (20) is computed as:
1 I"(y)
Agy = ——— [U'y—vy X( +y 32
since we evaluate the above expression at Q,_,[V] = —z, and where I'(y) and I"(y) are the

first and second derivative of (28), v(y) := V[L|Y = y] is the conditional variance of L in
the multi-factor model and v'(y) its first derivative. Moreover, thanks to the law of total
variance v(y) decomposes into the sum of a systematic and an idiosyncratic part

v(y) =V [E[LIZ]Y = y| +E [VILIZ]]Y = y] = vcly) + v6a(y) (33)

where v, (y) describes the difference between the multi-factor and single-factor loss distri-
bution in an infinitely granular portfolio, and vg4(y) is the granularity adjustment, which

14



measures the influence of single name concentration. Replacing v(y) in (32) by either vy (y)
or vaa(y), allows to split the MFA into A¢® and AqS4 as shown in (20).

In the sequel, we provide the expressions for v (y) and vga(y) adapted to our model,
where the latent creditworthiness variables driving L in (2) are expressed as in (30).

Lemma 1. The systematic part of the variance of L conditional upon Y is

Uoo(?/) = Z Zwiwj)\i)\j [‘1)2 (‘I’*l(f)z’(y)), q)il(ﬁj(y));fs(i),s(j)) - ﬁi(y)ﬁj(y)] (34)

L J

where ®y(a,b;r) is the standard normal bivariate cdf with correlation r, and 7)) is the
conditional asset correlation found in (31).

Lemma 2. The first derivative of the conditional variance found in Lemma 1 becomes

~

) =2 Y S A [@ (@—ij(y)) - vzs@),s(j)@-l(zai(y))) _ﬁj(y)] (35)

where Ty 5(j) 15 the conditional asset correlation found in (31).

Lemma 3. The idiosyncratic part of the variance of L conditional upon Y is

vaa(y) =Y _w} x (A [pi(y) — @2 (27 (B:()), @7 (5:()); Paoy) | + 07Di(y))  (36)
where Po(a, b;r) is the standard normal bivariate cdf with correlation r, and Ts(i),s(i) 45 the
conditional intra-sector asset correlation of sector s(i) in (31).
Lemma 4. The first derivative of the conditional variance found in Lemma 3 becomes

S (Pi(y) — Py, @ (Di(y))
L — (Ps(3),50))

vealy) =Y wipi(y) (A? [1 — 20

+ a?) (37)

where 75 5(i) is the conditional intra-sector asset correlation of sector s(i) in (31).

Figure 1 depicts the different values of the MFA terms as a function of the portfolio size
I, for two distinct portfolio compositions, the same two synthetic portfolios chosen in the
work of Pykhtin (2004). As expected, when I — oo, AgS” vanishes and Ag, — Ag®. At
the same time, we observe that for smaller portfolio sizes, AgS4 > A¢, as in these setups,
it is the gap between quantiles in the asymptotic and the finite pool which mainly drives the
multi-factor adjustment, rather than the presence of a multi-factor structure.

4.4. Performance of the approximations

It is important to note that the convergence speed of the VaR to the LP approximation
detailed in Section 2.1 is a function of credit risk profile. The latter is defined by the value of
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(a) Homogeneous pool: p = 0.5%, p = 0.25. (b) Heterogeneous pool: (p1,p2) = (0.1%,2%) and

(p1,p2) = (0.25,0.04).

Figure 1: MFA terms: Ag, ([), AgZ® (A), AgS? (o), in a two-factor setup, with equal repartition of the
obligors across the sectors, as a function of I and for a fixed value of the inter-sector correlation ~, , = 0.5.
The LGD is distributed as a Beta(2,3), leading to A\; = Ay = A = 40% and 01 = 02 = 0 = 20% in both
the homogeneous and heterogeneous setups. We only show the MFA values for a set of informative I sizes;
hence, the drops are not real, they are caused by the change of scale on the z-axis.

‘risk components’ controlling the credit risk of the pool in the Basel framework, i.e., PD, EAD
and LGD (BCBS, 2023b).? Tt is true to say that, in general, for well diversified portfolios the
convergence occurs generally for I = 1,000 (Tarashev and Zhu, 2008). Nevertheless, there
exist some settings in which the convergence occurs much later. The most extreme case
being the one of a credit pool composed by two (or more) homogeneous sub-pools, i.e., each
sub-pool assigning the same PD, LGD and EAD to its constituents. Indeed, this setting is
the hardest to model via a single systematic risk factor.

A similar phenomenon occurs with the multi-factor approximation proposed by Pykhtin
(2004). First, the quality of the approximation decreases as one approaches the same homo-
geneous sub-pools portfolio as detailed above, where each sub-pool corresponds to a different
sector (bucket). Second, the performance of the approximation slightly differs between a ho-
mogeneous and heterogeneous pool. For a homogeneous pool, the performance is the worst
when the EAD is equally partitioned across the sectors (each sector having the same rela-
tive weight). For a heterogeneous pool, the accuracy decerases as the EAD of the largest
exposure in the portfolio becomes a larger fraction of the entire portfolio EAD. In both these
setups, for all choices of sector weights, the performance of the approximation improves as the

9The correlation parameter p linking the default indicators is a function of the PD only in the Basel
framework, hence it does not directly appear in this list. Additionally, we ignore the effective maturity (M)
within the scope of this analysis, as this component does not derive from the Gaussian factor model setup
underlying the IRB approach.
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inter-sector correlations and the number of the systematic factors increase. It is important
to note that, in general, the multi-factor approximation performs better when faced with a
heterogeneous pool compared to a homogeneous pool.

From the above paragraphs, it is evident that there are scenarios in which a discrepancy
between the multi-factor approximation and the exact MC quantile occurs. Therefore, this
highlights the necessity of developing and testing methodologies to decrease the computa-
tional burden of numerical estimation strategies. This is the reason why, in this paper, we
propose a control variate estimator of the multi-factor VaR.

5. Variance reduction

When wanting to measure value-at-risk, we are considering ways to capture tail-events for
which the convergence of multi-factor model rates are quite low: a large number of simulations
is typically required, which is a major practical problem when both the number of exposures
and the number of factors are large.

5.1. Control variate

The control variate method is a powerful technique that aims at improving the efficiency
of estimators through variance reduction. More specifically, it allows to decrease the variance
of an unbiased estimator without introducing any bias. We briefly recall below this method;
more details can be found in Glasserman (2004).

Let 6 be an unknown parameter of interest, for which we know an unbiased estimator 6
called the base estimator, i.e., E[é] = . Suppose moreover that we derive another statistic
7, called the control estimator, with expectation E[)] = 7. Then, we can define a control

variate estimator as

0 :=0—b(i) —n) (38)

for some constant b.
The statistic 6 is another unbiased estimator of § whose mean and variance are

~. ~ A A

E[0] = E[0 — b() —n)] = E[0] —bE[H —n] =E[0] =0, (39)
=0
V(0] = V[0 — b(r — n)] = V[0] + b* V[7)] — 2bCorr(8, 7)os0 (40)

where 0, and o represent the standard deviation of the base and control estimator, respec-
tively.

For some choices of (b, 7)) the variance of the control variate estimator 0 might be smaller
than the variance of the original estimator 6. The value of b minimizing the variance of 0 is
_ Cov(d,7)

v = (41)

>
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For b = b*, the variance of § shinks to
V[ = (1 — Corr(4, 17)2) V] (42)

and shows the benefit of choosing a control whose estimator 7 is highly correlated with the
base one, 0.

5.2. Monte Carlo estimate with C-ASRFE control

In this work, we are interested in estimating 6 = Q,[L] of the multi-factor model pre-
sented in Section 3, within a Monte Carlo framework. The application of the control variate
method in this context is not straightforward, for several reasons. First, most of the quantile
estimators are biased (even though often asymptotically unbiased, i.e., when the number of
simulations tends to infinity)(Pitera and Schmidt, 2018). Second, it is not clear how to chose
the control estimator, as it needs to be a random variable with: (i) known expectation, and
(ii) correlated with the quantile estimator in the multi-factor model.

Quite naturally, we chose as base estimator for Q,[L] the empirical quantile ¢,(L, m) of
the relative portfolio losses in a multi-factor model, obtained from a finite number of m MC
simulations of the relative portfolio losses, i.e.,

~

0 := qo(L,m) (43)

where the latter is obtained by sampling the random variables 7, ..., Zx, 1, ...,er, A1, ..., Af

and choosing as g, (L, m) the order statistic out of m simulated relative portfolio losses.’

The key idea here relies on choosing as control estimator, the empirical quantile qa(f/, m)
of Q,[L] in the comparable one-factor model featured in Section 4.1, obtained from a finite
number of m MC simulations of the relative portfolio losses, i.e.,

7= qa(L,m) . (44)

where the latter is obtained by sampling the random variables 71, ..., Zk,é1,...,é1, Ay, ..., As
and choosing as ¢, (L, m) the order statistic out of m simulated relative portfolio losses.

Indeed, given that the single-factor Y driving L is built in order to optimally summarise
the correlation structure found in the multi-factor framework, the latter is naturally highly
correlated with é, allowing to reach a variance reduction when using 6 compared to 6 alone.
It is interesting to note that both 6 and 71 are biased estimators of ¢ and n for a finite m,
while they are asymptotically unbiased, when m — oo (Glasserman, 2004).

A first possibility for a control variate estimator of the a-quantile of the relative portfolio

10The simulated losses are sorted in ascending order and the [am]-th smallest value is selected, corre-
sponding to the loss level that is exceeded with probability approximately 1 — a.
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loss computed in a multi-factor framework reads
Go(L,m) —b (qa(ﬁ,m) —E [qa(ﬁ,m)D ,

Unfortunately, E[go(L,m)] is typically unknown for a finite m. We circumvent this is-
sue by replacing E[g. (L, m)] by its asymptotic version E[L|Q,_,[V]], for which we have an
analytical expression detailed in (29). The latter replacement guarantees that our control
variate estimator is unbiased, only when both I, m — oo, i.e.,

0 = qo(L,m) — bgo(L,m) + bL®(—24)
= 0L (—20) + (alLym) = baalL,m)) (45)

A naive choice consists in using b = 1. The latter leads to the variance reduction,
stemming from the MC method, merely being used to estimate the gap between the quantiles
of the multi-factor and the large pool C-ASRF models, instead of the quantile of the multi-
factor model directly. !

Alternatively, we can estimate the optimal b numerically for every MC simulation. Pre-
cisely, we partition the set of m portfolio losses for L and L into N subsets, each of equal
size m := m/N. For each subset i = 1, ..., N, we compute the empirical a-quantiles ¢’ (L, m)
and ¢',(L,m) each based on 7 simulated losses. Collecting these quantiles into two vec-
tors q,(L,m) = (g1 (L, M), ....qY(L,m)) and q,(L,m) = (gX(L, M), ...,¢¥(L,m)), we can
estimate b as

b = . . (46)

Obviously, one should draw pairs (Li,f/i) from the right marginal distributions (that
are known, see above), but maximizing the correlation between them. Pykhtin (2004)’s
parametrisation offers an elegant solution to this problem. As it is evident in (21) and (22),
the same set of Z1, ..., Zx and A; are used to draw samples from L; and f/i, respectively.
The latter introduces a link between the two relative portfolio losses generated run-by-run
in both underlying models. This methodology guarantees L; and L to be highly correlated,
the same would apply for their quantiles, hence maximising the variance reduction.

Notice that one can further increase the correlation between L; and L; by using the same
idiosyncratic variables in both models (i.e., ; = £; in (21) and (22), respectively). However,
in spite of the fact that this way of coupling the two models has the highest impact in terms of
correlation between X; and Xi, it is, by far, the systematic factors that drive the correlation

' Note that a poor choice of b could result in a variance increase compared to the plain Monte Carlo. We
verified empirically a variance reduction when b = 1, although it is unlikely to be the optimal value.
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between the quantiles. This can be understood by the large pool effect: as I — oo, the
impact of the idiosyncratic variables averages out. Hence, considering the same idiosyncratic
variables in either models has little impact on the portfolio loss quantiles.

5.3. Bias reduction

Our control variate estimator suffers from a little drawback because we replaced the true
expectation of qa(i7 m) by its large-pool version. Therefore, it is likely that 6 is biased (even
asymptotically as m — 00), in contrast with the plain Monte Carlo estimator.'?

To mitigate this effect, one needs to improve our estimation of the expected value of the
quantile. To this end, one can replace the large-pool approaximation by an enhanced version,
relying on the granularity adjustment proposed by Gordy and Lutkebohmert (2013). For a
one-factor default model, it reads as

GA 1= QulL] - QU] —gz— o | ) (47)

2¢(=za) dy | V(y)

Y=—Z2a

where ¢(-) is the density of the standard normal and v(y) = V[L|Y = y|. It is important to
note that the latter formula is an approximation, obtained via Taylor expansion, of the exact
gap between the quantile Q,[L] and its asymptotic version Q,[L*>°(Y)]. Adapting the above
general formula to the Basel ASRF setup, one gets

Lemma 5. The granularity adjustment adapted to the Basel ASRF framework detailed in

Section 2.2 reads
GA = _21’1(31) [Ul(y) ) (ll/’/((g)) i y>]

(48)

Y=—Z2a

and ; ,
U(y) =Y whipi(y) . "(y) =Y widp(y)
=1 i=1

with p'(y) and p”(y) being the first and second partial derivatives, with respect to y, of the
conditional PD featured in (10), and are expressed as

Vi X¢(@‘1(pi)—my) |
v D @‘1(1%)% O (pi) — /Py
=125 () <o ()

120f course, 6 is unbiased “jointly asymptotically”, i.e., when both m and I tend top infinity
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The conditional variance and its first derivative are given by
I
v(y) =Y wipi(y) (o7 + X (1 —pi(y))
i=1

v'(y) = Zw?pé(y) (07 + 221 —2pi(y))) -

The proof is given in Appendix C.

When Lemma 5 is used to find the GA for the C-ASRF quantile in (29), it is important
to note that it is necessary to replace p; by ps@), where the latter is computed as in (24).
Thus, the GA of the C-ASRF quantile will be close to the Ag¢4 of Pykhtin (2004), as they
both aim at approximating the exact gap between quantiles in the asymptotic compared to
the finite pool. Nevertheless, A¢S4 approximates the gap in a multi-factor setting, while GA
approximates the gap in a single-factor setup (where, for the C-ASRF, the factor loadings are
computed in a specific way). This difference is clearly visible when comparing the formulas
for the conditional variances v(y) = V[L|Y = y] in (33) and v(y) = V[L|Y = y] in Lemma 5.

The control variate estimator adjusted for GA thus becomes

s = Gal(L,m) = B qa(E,m) + 5 (£%(~20) + GA)

= b ([Af"(—za) + GA) + (qa(L,m) — b*qu(L, m)) : (49)

The panels of Figure 2, compare the GA and MFA values as a function of the portfolio
size I and for different values of the inter-sector correlation. These comparisons are drawn for
two specific portfolio compositions, mirroring those selected in the study of Pykhtin (2004).
As expected, the GA shrinks to 0 as I — oo, while the MFA does not. Indeed, independently
of the pool finite size, the MFA also captures the presence of the multi-factor structure via
Age°, which does not shrinks to 0 as the pool size increases. As a sanity check, we verify that
these two granularity adjustments are indeed identical only when the inter-sector correlation
is equal to one. The impact of the granularity adjustment on bias reduction is clearly visible
in the numerical results discussed in Section 6.2.

6. Empirical analysis

In this section, we conduct an empirical analysis of our mixed MC method, based on
two synthetic portfolios and setting the confidence level to @ = 99.9%. The main goal
is to verify the performance of our control variate estimator fg4 in (49) compared to the
benchmark MC estimator ¢, (L, m) in (43). For completeness, we also verify the performance

of § without the GA, as in (45) and the ability of the C-ASRF quantile L®(—z,) in (29) to

21



1.40- 1.40

1.20+ 1.20

g
=}
s}
g
=}
s}

GA Values [%]
o o o
D [=2] o)
o o o
Multi—factor adjustment values [%)]
o I o
Iy D [o ]
o o o

0.20- 0.20

0.00~ 0.00
RN R N N N N R N S N R N N R N N R S R R N
ST, LCLL,LEELEELELLELL LS S SEEL L L, S
I R QN S LT T LS \,’L%v@@’\qu\,o,bo%ovo%obm,\e%ogoo
Portfolio size Portfolio size
(a) Homogeneous pool: p = 0.5%, p = 0.25. (b) Homogeneous pool: p = 0.5%, p = 0.25.
2.00- 2.00

1.754 175

GA Values [%]
o o I = I
o ~ o N (%))
o ul o ul o
Multi-factor adjustment values [%)]
I o o Iy I =
N o ~ o N a
(&2} o a o (%)) o

0.25-
0.00- 0.00
PSSP SO S S LSS I R N R N R R S N R
S CELELELLLLL PP P LSS L RLRELLELLELLLLLLSL S
’\,’L’bv%bﬂ%%Q,LQ%QO%QbQ«Q%QQQNQ PEEEE SO EEEEE LTS
Portfolio size Portfolio size
(¢) Heterogeneous pool: (p1,p2) = (0.1%,2%) and (d) Heterogeneous pool: (p1,p2) = (0.1%,2%) and
(p1,p2) = (0.25,0.04). (p1,p2) = (0.25,0.04).

Figure 2: Comparison between the GA (a,c) and MFA (b,d) values, for different inter-sector correlation
values v,, = 0 (o), 0.5 (M), 1 (A), in a two-factor setup, with equal repartition of the obligors across the
sectors, as a function of I. In the heterogeneous setup, the pool parameters are only defined at the sector
level, hence p,(;) = ps, ps(i) = Ps, for all obligor 7 in sector s(i). The LGD is distributed as a Beta(2,3),
leading to A1 = Ao = X\ = 40% and 01 = 02 = 0 = 20% in both the homogeneous and heterogeneous setups.
We only show the GA and MFA values for a set of informative I sizes; hence, the drops are not real, they
are caused by the change of scale on the z-axis.
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capture the MC benchmark, with and without the MFA in (32). For consistency, and ease of
comparability with previous works, we select the same pool parameters as in Pykhtin (2004),
leading to use a two systematic factors setup where the credit exposures are grouped into
two sectors (buckets) s € {1,2}. The pool parameters are only defined at the sector level,
hence p; = Dsi), Psi), Mi = As(i), 0i = () for all obligor 7 in sector s(i). We are faced with a:

(i) Homogeneous pool: where py = py =p = 0.5%,p1 = pa = p=0.25;

(ii) Heterogeneous pool: where (p1,p2) = (0.1%,2%) and (p1, p2) = (0.25,0.04);

while the LGD is distributed according to a Beta(2,3), leading to set \; = Ao = A = 40%
and o1 = 09 = 0 = 20%, in both the homogeneous and heterogeneous pools. All exposures
in a given sector have the same EAD; hence the same bucket weight: w; = w,; where
ws() = EADg;)/ >, EADy;). As a starting point, we assume the case of equally weighted
sectors, i.e., EAD1 = EAD2 = 1000, where 1000 is chosen as an arbitrary value for the
exposure principal amount. As explained in Section 3, the ay coefficients are obtained by
Cholesky decomposition of the inter-sector correlation matrix, whose off-diagonal elements
are controlled by the value 7, , defined in (18).

To perform this comparison, we randomly generate M point estimates of the VaR for
the benchmark q,(L,m) = (gi(L,m),...,¢}"(L,m)) and for the comparable q,(L,m) =
(qé(i, m),....¢ (L, m)). From q,(L,m), we compute an average which serves as a bench-
mark for our accuracy rate in (50).

We then compare this average to another average computed from a series of ‘alternative
quantiles’ which includes the randomly generated Oca = (OL,,....00), 6 = (6", ...,0M),
and the analytically computed L°°( 2o) and L°°( Za) + Aq,. Precisely, for every M-th
simulation, we follow (46) and compute b* numerically by setting N = M. This results in a
vector b = (l;{, s lAﬁW) which is then used to compute M point estimates of 6 = (él, s éM)
and @ga = (0L, ..., 04,) computed as in (45) and (49), respectively.

Defining ¢ = (¢1, ---, Gar) as a vector of M point estimates taken from this set of alternative
quantiles, we use the following metrics for comparison:

1. Average accuracy [%]:

!ﬁZiMl Gi — 37 Sims dh (L, m)]
M Zi:l qa(L7 m)

1—

(50)

where §; are values from a single type amongst 0% ,, 0", L®(—2z4) or L™(—z4) 4+ Aga."?

13Obviously, for the analytical values L°°(—z4) or L(—z4) 4+ Aga, the mean reduces to a single value.
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2. Variance reduction (VR) [%]:

Vifos) ~ Vigu(L.m)]

100 51
VgL o
3. Coefficient of variation [%]:
Viq]
100 ~ 52
“Ed 2

where § ca be either or ¢4 or q,, (L, m).

In the sequel, our numerical experiments are conducted by computing the sector factors
Yi,...,Ys and the common factor Y by using the same set of sampled Z,...Zx for each i-
th simulation out of the m runs. We also tried sampling the Z vector conditionally upon
B'Z =Y. This involves initially drawing a value for Y in each i-th simulation run and then
sampling the 71, ...Z as detailed in Appendix B. We found nearly identical results for this
two-factor exercise.!* Additionally, as explained at the end of Section 5.2, we use the same
idiosyncratic variables in both models, i.e., ¢; = &; in (21) and (22), respectively.

6.1. Quantile correlations

From Section 5, it is clear that the performance of our control variate estimator crucially
depends on the correlation between our base (gq(L,m)) and control (go(L,m)) estimators.
The latter naturally depends on the pool parameters, most notably the inter-sector correlation
which is noted as 7, ,, in the two-factor setup at hand. Indeed, the higher the inter-sector
correlation, the better the multi-factor structure in L is captured by the comparable single-
factor structure in L. This is the reason why we begin our analysis by looking at figures 3
and 4, which illustrate the scatter plots between these quantiles for both the homogeneous
and heterogeneous portfolios, respectively. Each panel depicts the relationship for various
levels of the inter-sector correlation 7, ,.

The correlation coefficients between the quantiles, indicated at the top of each panel,
increase notably from panel (a) where v,, = 0, to panel (d) where v,, = 0.9. These inter-
quantile correlations span from approximately 31% to 100% in the homogeneous setting,
and from around 42% to 100% in the heterogeneous setting. This highlights that for both
portfolio compositions, the inter-quantile correlation increases with the inter-sector correla-
tion v,,. Notably, there is a slightly higher initial correlation between the quantiles in the
heterogeneous (42.21%) vs. the homogeneous case (31.79%), when ~,, = 0.

4We expect results to differ when the number of considered sectors S increases.
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Figure 3: Scatter plots of the multi-factor quantile ¢’ (L, m) vs. the comparable one-factor quantile ¢’ (IA/7 m)
in a two-factor setup, with equal repartition of the obligors across the sectors and for a = 99.9%. Each panel
is drawn for a single value of the inter-sector correlation v, ,. The portfolio is a homogeneous pool with
parameters p = 0.5%, p = 0.25, A = 40%, 0 = 20% and a finite size of I = 1000. The MC inputs are set to
m = 50,000 and M = 100. In the upper corner of each scatter plot, we also include the correlation (noted
as Corr) between the two quantiles. The trend lines (dashed lines) are computed using linear regression and

the grey area represents the 95% confidence level interval for predictions from the linear model.
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Figure 4: Scatter plots of the multi-factor quantile ¢’ (L, m) vs. the comparable one-factor quantile ¢, (I:, m)
in a two-factor setup, with equal repartition of the obligors across the sectors and for a = 99.9%. Each panel
is drawn for a single value of the inter-sector correlation v, ,. The portfolio is a heterogeneous pool with
parameters only defined at the sector-level: (p1,p2) = (0.1%,2%), (p1,p2) = (0.25,0.04) and A\ = Xo = A =
40% and o1 = 09 = 0 = 20%, with a finite size of I = 1000. The Monte Carlo inputs are set to m = 50, 000
and M = 100. In the upper corner of each scatter plot, we also include the correlation (noted as Corr)
between the two quantiles. The trend lines (dashed lines) are computed using linear regression and the grey
area represents the 95% confidence level interval for predictions from the linear model.

26



6.2. Accuracy and variance reduction

In this section, we examine the performance of our set of alternative quantiles, outlined in
Section 6, for a fixed value m of Monte Carlo simulations and across values of the inter-sector
correlation v, ,.

Precisely, we compute the performance metrics featured in (50), (51) and (52) with M =
100 point estimates, each one obtained from m = 50,000 simulations, for varying values of
712. The results are shown in tables 1 and 2 for both the homogeneous and heterogeneous
pools, respectively. Each row in these tables depicts the performance metrics computed from
M = 100 point estimates, each one obtained from m = 50, 000 simulations, at unique values of
the inter-sector correlation 7, ,. The columns beneath part (a) display the average estimated
quantiles.’® The columns beneath part (b) present the average accuracy rates as computed
in (50). From these two sets of columns, we quickly notice the validity and usefulness of the
bias reduction technique detailed in Section 5.3, underscoring the importance of using g4
rather than 6, to capture gq (L, m).'6

For the homogeneous pool, the results in Table 1 show that, for 7, , values ranging from
0 to 0.5, our control variate estimator Oca significantly outperforms the analytical approx-
imation ﬁoo(—za), both with or without the MFA Ag,. For these same lines, we observe
a variance reduction spanning from —10.11% to —63% (when ~,, = 0.5). Hence, for the
scenarios in which the gap between the approximation and the benchmark quantile is the
largest, our control variate estimator effectively increases the precision of the point estimates
while reducing its variance. This phenomenon is reinforced by looking at the columns below
part (c), where we notice that the coefficient of variation for A4 is always smaller than that
for qo(L, m), this across all lines. The latter signals that Oc:a exhibits lower variability and
higher level of precision and stability in its quantile estimates compared to g, (L, m).

For the heterogeneous pool, the results in Table 2 show that ﬁm(—za) + Agq, captures
very well the quantile g, (L, m), this across all levels of v, ,. However, the precision of our
control variate estimator g4 is superior across nearly all values of " 2, the only exceptions
are for 0.3,0.7 and 0.8. Notably, this increase in precision is again observed at lower inter-
sector correlation values. For these same lines, we observe a variance reduction spanning
from —17.73% to —35.71%, increasing up to —100% when ~, , = 1, which is accompanied by
a consistently lower coefficient of variation for g4 compared to that for qo(L,m).

At last, we observe that in both tables, when 7, , = 1 the coefficient of variation of our
control variate estimator drops to 0. The latter should not come as a surprise, as when v, , =
1, we have that \//T(Z) = /Ps() and since we imposed &; = &;, we get qo(L,m) = qa(jl,m)
for every one of the M runs.!'” Hence, the covariance in (46) is also 1, leading to the g4 in
(49) being only equal to: L>(—z,) + GA.

50Of course, for ﬁ‘x’(—za) + Agq,, the average reduces to a single value.

16This is further supported by the panels (a) and (c) of Figure 2, which illustrates that, for the chosen
pool parameters and I = 1000, the GA is not yet 0.

ITThis is not the case if we sample different idiosyncratic terms.
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(a) Average quantiles

(b) Average accuracy

(c) Coefficient of variation

Yo Ga(Lym)  L®(—z4) + Aga 0 Ooa  L®(—za) L®(—z4) + Aga 0 Oca  qa(L,m) Oca VR
0 3.04 2.80 3.00 3.04 74.21 92.20 98.60  99.95 3.75 3.56 -10.11
0.10 3.11 2.93 3.06 3.11 79.51 94.15 98.54  99.97 3.53 3.27 -14.43
0.20 3.21 3.07 3.14 321 83.95 95.59 97.98  99.98 4.13 3.46 -29.81
0.30 3.33 3.22 3.27  3.33 87.83 96.93 98.16  99.94 4.02 3.25 -34.55
0.40 3.47 3.40 3.40  3.47 90.99 97.94 98.15  99.94 4.03 2.89 -48.60
0.50 3.62 3.58 3.55  3.62 93.71 98.93 97.97  99.90 4.05 2.44 -63.91
0.60 3.80 3.79 3.73  3.80 95.68 99.53 98.06  99.81 3.98 2.06 -73.28
0.70 4.01 4.00 3.93  4.00 97.06 99.88 98.17  99.90 4.19 2.03 -76.53
0.80 4.24 4.24 4.17  4.24 97.79 99.88 98.39  99.92 4.08 1.62 -84.29
0.90 4.50 4.48 4.42 448 98.02 99.66 98.23  99.66 4.16 1.58 -85.70
1 4.77 4.75 4.68 4.75 98.00 99.43 98.00 99.43 4.63 0 -100

Table 1: Average estimated quantile (a), average accuracy rate (b) and coefficient of variation (c) and
variance reduction (VR), in a two-factor setup, with equal repartition of the obligors across the sectors and
for a = 99.9%. The portfolio is a homogeneous pool with parameters p = 0.5%, p = 0.25, A = 40%, 0 = 20%
and a finite size of I = 1000. The Monte Carlo inputs are set to m = 50,000 and M = 100. All values are

expressed as percentages, except the inter-sector correlation 7, ,.

(a) Average quantiles

(b) Average accuracy

(c) Coefficient of variation

M2 Ga(L,m) i/oc(—za) + Aqq 6 Bca ﬁ“(—zﬂ) ﬁ“(—za) + Aqq 6 Oea o (L,m) Oca VR
0 1.70 1.69 1.59 1.71 82.50 99.08 93.53  99.90 2.00 1.81 -17.73
0.10 1.74 1.72 1.63 1.74 84.04 99.31 94.07  99.99 2.10 1.89 -18.44
0.20 1.77 1.77 1.67 1.77 85.62 99.66 94.25  99.93 2.19 1.94 -22.03
0.30 1.82 1.82 1.72  1.81 87.17 99.97 94.83  99.93 2.25 2.00 -20.91
0.40 1.87 1.87 1.78  1.86 88.55 99.78 95.36  99.87 2.43 2.19 -18.97
0.50 1.92 1.93 1.82 1.92 89.79 99.72 94.55  99.83 2.56 2.05 -35.71
0.60 1.98 1.99 1.88 1.98 90.97 99.71 94.59  99.81 2.50 1.87 -44.45
0.70 2.06 2.06 1.94  2.06 91.82 99.95 94.20  99.91 2.75 1.89 -52.91
0.80 2.13 2.13 2.02 213 92.88 99.87 94.74  99.80 2.77 1.76 -59.82
0.90 2.21 2.20 2.10  2.20 93.89 99.76 95.18  99.76 2.95 1.58 -71.24
1 2.29 2.28 217 228 94.94 99.75 94.94  99.75 3.15 0 -100

Table 2: Average estimated quantile (a), average accuracy rate (b) and coefficient of variation (c) and
variance reduction (VR), in a two-factor setup, with equal repartition of the obligors across the sectors and

for « = 99.9%.

The portfolio is a heterogeneous pool with parameters only defined at the sector level:

(p1,p2) = (0.1%,2%), (p1,p2) = (0.25,0.04) and Ay = Ay = A = 40% and o1 = 03 = 0 = 20%, with a finite
size of I = 1000. The Monte Carlo inputs are set to m = 50,000 and M = 100. All values are expressed as
percentages, except the inter-sector correlation 7, ,.
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(a) Average quantiles (b) Average accuracy (c) Coefficient of variation

m qo(L,m) ﬁm(—za) + Aq, 7 Oca ﬁx(—za) ﬁ“’(—za) + Aq, 7 Oca  qo(L,m) Oca VR
50,000 3.61 3.58 3.54  3.61 93.92 99.15 97.86  99.82 2.88 2.50 -24.80
100, 000 3.62 3.58 3.56  3.63 93.72 98.94 98.34  99.88 2.83 1.99 -50.68
150, 000 3.63 3.58 3.55  3.62 93.58 98.79 98.00 99.88 2.05 1.52 -45.23
200,000 3.62 3.58 3.56  3.62 93.81 99.04 98.28  99.98 1.95 1.25 -59.19
250, 000 3.62 3.58 3.56  3.62 93.79 99.01 98.27  99.91 1.69 1.15 -53.91
300, 000 3.62 3.58 3.56  3.62 93.67 98.89 98.16 99.85 1.63 1.18 -47.68
350, 000 3.62 3.58 3.56  3.62 93.67 98.88 98.14  99.91 1.47 0.98 -56.04
500, 000 3.61 3.58 3.56 3.62 93.96 99.19 98.45  99.87 1.21 0.77 -59.31

Table 3: Average estimated quantile (a), average accuracy rate (b) and coefficient of variation (c) and
variance reduction (VR), in a two-factor setup, with equal repartition of the obligors across the sectors and
for a = 99.9%. The portfolio is a homogeneous pool with parameters p = 0.5%,p = 0.25,\ = 40%,0 =
20%, 1., = 0.5 and a finite size of I = 1000. The results are computed from setting M = 100 and 7, , = 0.5.
All values are expressed as percentages, except the number of simulations m.

6.3. Reduced number of simulations

In this section, we build upon the analysis from Section 6.2 by further evaluating the
performance of the same set of alternative quantiles. This time, we fix the value of 7, , at a
prototypical value of 0.5, and vary the m number of MC simulations.

Results are presented in tables 3 and 4 for the homogeneous and heterogeneous pools,
respectively. Each row in these tables displays the performance metrics computed from
M = 100 point estimates, for a unique value of m. Consistent with the findings in Section 6.2,
we observe a variance reduction spanning between —35.11% and —61% in the homogeneous
pool, and spanning between —36.04% and —26,74% in the heterogeneous pool. These VR
values align closely with the VR values found in tables 1 and 2 for the line featuring v, , = 0.5.

Moreover, the accuracy of Oca is always superior to that of the analytical approximation
f/oo(—za) + Agq,, across all values of m, and the coefficient of variation for éGA is always
strictly smaller than that for g, (L, m).

For a graphical illustration of these dynamics, refer to Figure 5, the boxplots of which
visually depict the variance reduction, accuracy, and consistency of the performance metrics
across varying m MC simulations.

6.4. Complexity vs. simulation time

Evaluating the performance of our control variate (C'V) estimator 6 4 in (49) compared to
the benchmark MC estimator g, (L, m) in (43), solely in terms of variance for a fixed number
m of MC simulations, does not provide an exhaustive assessment. Indeed, both estimators
have different degrees of complexity as, most notably, O 4 requires the computation of both
o(L,m) and ¢ (L, m). The latter difference leads to different simulation times, between both
estimators, to reach the same variance of the M VaR point estimates. The increased precision
from variance reduction may come at the expense of longer simulation times. Therefore, it is
essential to investigate the trade-off between the increased complexity of the CV estimator
and the alternative approach of simply increasing the simulation time for the benchmark MC
estimator.
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(a) Average quantiles (b) Average accuracy (c) Coefficient of variation

m Ga(Lym)  L®(—z4) + Agq 6 Oca  L®(—z) L®(—za) + Aga 7 Oca  qa(L,m) Oca VR
50, 000 1.91 1.93 1.78 191 90.21 99.25 93.00  99.88 1.93 1.68 -24.35
100, 000 1.92 1.93 1.80  1.92 90.00 99.49 93.98  99.96 1.70 1.26 -45.46
150, 000 1.92 1.93 1.80 1.92 89.97 99.52 93.63  99.99 1.38 1.01 -46.67
200, 000 1.92 1.93 1.81 1.92 90.02 99.46 94.30  99.97 1.19 0.85 -49.09
250, 000 1.91 1.93 1.80 191 90.23 99.23 94.03  99.97 1.02 0.72 -49.37
300, 000 1.92 1.93 1.81 1.92 89.99 99.50 94.30  99.99 1.08 0.75 -51.86
350, 000 1.92 1.93 1.80 1.92 90.02 99.46 94.14  99.95 0.92 0.64 -50.84
500,000 1.91 1.93 1.81 1.92 90.21 99.25 94.57  99.89 0.73 0.64 -23.41

Table 4: Average estimated quantile (a), average accuracy rate (b) and coefficient of variation (c) and
variance reduction (VR), in a two-factor setup, with equal repartition of the obligors across the sectors and
for @« = 99.9%. The portfolio is a heterogeneous pool with parameters only defined at the sector level:
(p1,p2) = (0.1%,2%), (p1,p2) = (0.25,0.04) and Ay = Ag = A = 40% and 01 = 02 = 0 = 20%, with a finite
size of I = 1000. The results are computed from setting M = 100 and v, , = 0.5. All values are expressed as
percentages, except the number of simulations m.
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Figure 5: VaR boxplots, as a function of the number of simulations m, in a two-factor setup, with equal
repartition of the obligors across the sectors. The panels are drawn for a fixed value of the inter-sector
correlation of v, , = 0.5. The LGD is a Beta(2, 3), leading to set Ay = Ay = A = 40% and 01 = 09 = 0 = 20%
in both the homogeneous and heterogeneous setups. For every m on the x-axis, the boxplots are composed
of M =100 VaRs. In the panels, the triangles (A) depict the outliers.

30



First, we examine the standard deviations of both estimators as a function of the number
of simulations m. This relationship is shown in Figure 6 for both the considered homo-
geneous and heterogeneous pools. The dots and triangles represent the actually computed
values of the standard deviation (SD), for both estimators, across a set of simulation sizes
m (the same as in tables 3 and 4). Theoretically, we know that the SD of an estimator
decreases proportionally to the inverse square root of the sample size (here simulation size
m). Therefore, without running additional MC simulations, we can interpolate the full rela-
tionship thanks to a log-log linear model of the SD as a function of the simulation size m,
i.e., In(SD) = a + bln(m), where a,b are the model coefficients.’® The fitted values fill the
gap between m = 250,000 and m = 500, 000, providing a relationship that is not subject to
simulation noise, particularly for smaller sizes of m.' In both cases, the standard deviation
of our CV estimator is consistently smaller than that of the benchmark MC estimator. This
difference is more pronounced in the homogeneous case compared to the heterogeneous case.

From these graphs, we determine the equivalent number of MC simulations m required by
the benchmark MC estimator to achieve the same standard deviation as the CV estimator.
This relationship is illustrated in Figure 7, where the dashed diagonal represents the scenario
where both estimators require the same number of MC simulations m to reach the same
level of standard deviation. Ideally, all points should lie above the diagonal, indicating that
the benchmark MC estimator requires more simulations m to achieve the same standard
deviation as the CV estimator. In the homogeneous pool, the benchmark MC estimator
needs approximately double the number of simulations. When m = 250,000, we see that
not even the double number of MC simulations for g, (L, m) are sufficient to reach the same
standard deviation as in fg4. As our largest simulation is executed with m = 500, 000,
we can resort to the same interpolation method explained in the previous paragraph (or
cubic spline alternatively) to estimate that for m = 250,000, the equivalent number of
simulations required by the benchmark MC estimator is approximately m = 700,000. In
the heterogeneous pool, the increase is more moderate, but all points remain well above the
diagonal.

Finally, we evaluate the impact of this increased number of simulations on the required
computation time. Figure 8 compares the simulation times needed to obtain 1 VaR as a
function of the simulation size m for both estimators.?’ As expected, the CV estimator
requires more time than the benchmark MC estimator due to its ‘greater’ complexity. How-
ever, a proper comparison should not be based on the simulation times for the same value
of m. Instead, one should compare the simulation times required to achieve the same level
of precision across both estimators, here chosen to be the same level of SD. To this end, we
combine the information from Figure 7 and Figure 8. For the homogeneous pool, we see

18We verify empirically that the slope b of the fitted model is close to -0.5 which is consistent with the
theoretical relationship.

19We also tried interpolation via cubic splines and obtained very similar results.

20The simulation times do not differ between the homogeneous and heterogeneous pools.
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Figure 6: Standard deviation as a function of the simulation size m for the benchmark MC estimator g, (L, m)
(a) and the CV estimator Ocia (e). The dotted lines are obtained by interpolation using a log-log linear
regression model of the standard deviation as a function of the simulation size m. The standard deviation
is computed out of M = 100 VaRs. The panels are drawn for a fixed value of the inter-sector correlation of
7. = 0.5. The LGD is a Beta(2, 3), leading to set A\; = As = A = 40% and 01 = 09 = 0 = 20% in both the
homogeneous and heterogeneous setups.

that to reach the precision obtained by setting m = 250,000 (approx. 1,5 minutes) in égA,
we need approximately m = 650,000 in g,(L,m) (approx. 3 minutes), effectively more than
doubling the simulation time. This demonstrates that while the control variate estimator is
more complex, it offers significant computational efficiency when the same level of precision
is required. A similar, albeit less intense, phenomenon is observed for the heterogeneous
pool. To reach the precision obtained by setting m = 250,000 (approx. 1,5 minutes) in Ocia,
we need approximately m = 500,000 in ¢,(L, m) (approx. 2,25 minutes). Figure 9 extends
this analysis across all our simulation sizes m for our CV estimator. This figure shows the
simulation times required by both estimators, to reach the same level of SD, when the CV
estimator is run with m simulations. This comparison underscores the trade-off between
complexity and computation time, highlighting the efficiency of the control variate estimator
in achieving precise results more quickly.

7. Conclusion

The credit risk arising from concentration of exposures to a group of borrowers, pertaining
to same geographic region or industrial sector is arguably the single most important cause of
major problems for a typical commercial bank with a medium to a large size banking book.

The Basel Committee recognises the significance of this type of credit concentration risk.
However, to maintain the simplicity of the minimum capital requirements formulas under
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Figure 7: Number of simulations m required to achieve the same standard deviation between the benchmark
MC estimator o (L, m) (on the y-axis) and CV estimator f¢ 4 (on the z-axis). The black points are obtained
by interpolation from the dotted lines in Figure 6. The panels are drawn for a fixed value of the inter-sector
correlation of v, , = 0.5. The LGD is a Beta(2, 3), leading to set Ay = Ao = A = 40% and 01 = 02 = 0 = 20%

in both the homogeneous and heterogeneous setups.
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Figure 8: Required simulation time for the benchmark MC estimator g, (L, m) (4) and for the CV estimator
Oca (@) to get M =1 VaR, as a function of the simulation size m. The simulation times are the same for both
the homogeneous and the heterogeneous pools considered here. The points and triangle correspond to the
computed times, while the dotted lines are obtained by linear interpolation. The panels are drawn for a fixed
value of the inter-sector correlation of v, , = 0.5. The LGD is a Beta(2,3), leading to set Ay = Ao = A = 40%
and o1 = 02 = 0 = 20% in both the homogeneous and heterogeneous setups.
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Figure 9: Required simulation time for the benchmark MC estimator g, (L, m) (A) and for the CV estimator
Oca (®) to get M =1 VaR, as a function of the simulation size m for the CV estimator. In panel (a), the
dotted line is obtained by cubic spline, while in panel (b) it is obtained by linear interpolation. The panels
are drawn for a fixed value of the inter-sector correlation of v, , = 0.5. The LGD is a Beta(2, 3), leading to
set A1 = Ao = A =40% and o1 = 03 = 0 = 20% in both the homogeneous and heterogeneous setups.

the Pillar 1 section of the Accords, the Committee has chosen not to include this specific
subcategory of credit risk within the regulatory model. Precisely, under the IRB approach
found in Pillar 1, credit risk is measured via an asymptotic single risk factor (ASRF) model
which postulates that dependence between default events only arises due to the presence of
a single systematic risk factor. The practical benefits of this setup are twofold: a closed-form
expression is obtained for the MCR and the model exhibits the so-called portfolio-invariance
property asymptotically, which means that the total portfolio VaR is the sum of individual
marginal contributions that solely depends on the risk-profile of each borrower. The price to
pay, however, is that the ASRF model fails to capture concentration risk.

The systematic component driving the portfolio losses may be sensitive to the economic
conditions in which the exposures operate, requiring to insert multiple systematic risk factors.
Hence, the joint default likelihood of two borrowers may not be uniquely determined by their
common sensitivity to a single systematic risk factor representing the overall state of the
economy. The quantitative measurement of credit concentration risk is relegated to the
Pillar 2 section, where differently than for the measurement of credit risk under Pillar 1, no
regulatory formula or credit risk model is prescribed. National competent authorities must
conduct an individual assessment of capital adequacy to concentration risk bank-by-bank
and model-by-model according to the guidelines outlined in Pillar 2.

Our research contributes to the sound measurement of credit concentration risk, by pro-
viding a stress-testing or back-testing tool suitable for assessing capital adequacy to credit
concentration risk fitting the Pillar 2 guidelines. To model a richer correlation structure than
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the one available in the single-factor model we rely on a well acknowledged Gaussian multi-
factor extension. In such a setup, the multi-factor VaR can either be computed numerically
or be approximated via a comparable one-factor model plus an adjustment term. The numer-
ical estimate is precise but requires considerable amount of time and computational power,
while the performance of the analytical approximation varies depending on the credit risk
profile of the pool at hand. For this reason, we introduce a control variate estimator blending
the power of the analytical approximation of the multi-factor VaR with the precision of the
Monte Carlo estimator.

An empirical analysis is conducted to evaluate the performance of our control variate esti-
mator against a series of alternative quantiles. To that end, we select two synthetic portfolios
aligned with the existing literature and featuring a two systematic risk factor structure. For
both the considered homogeneous and heterogeneous pools, we achieve a consistent variance
reduction and increased precision across values of the inter-sector correlation, for a fixed
number of Monte Carlo simulations. We run a similar analysis for a fixed value of the inter-
sector correlation and for an increasing number of Monte Carlo simulations and the results

hold.
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Appendix

A. Conditional asset correlation
To compute the conditional asset correlation featured in (31), we have to express X; in
(16) as driven by the single factor Y. To that end, start by recalling that in (16), the latent

random variable driving the default event is expressed as
Xi = /PsiyYs(iy T /1 — pstii

and from the definition of our comparable single risk factor recover that
K

Y — Zﬁkzk

k=1

~

Ps(i)

leading to

.
=0

Following, we also express Y, in terms of the same i.i.d. Zi,..., Zk that are driving ?,

leading to

-~
=0

K K
=/Ps)Y + Z V/Ps(i) (i) k- Lk — £/ Ps(i) Zﬁka + /1= ps)i
k=1 k=1
K
=/Ps()Y + Z (\/ps(i)as(i),k: - \/ﬁs(i)ﬂk) Zr + /1= psiiéi (A1)
ki

—1
where f(Z) := 4 /,63(1-)}7 is independent of g(Zy) := Zszl ( /Ds(i)Cls(i) k= A /,65(~)Bk) Z.

K K
Xi = /sy | D sty Z + 1/ hai) (Y - Zﬁk%) + V1 = ps€i
k=1 k=1

To prove this relationship, it is sufficient to recall that (f(Zy), g(Zx)) are bivariate normal
Thus, to prove independence, it is sufficient to show that their covariance is equal to 0.

Precisely,
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We can now compute the analytical expression of the conditional asset correlation as

(COV(XZ‘, XJDA/)

VYD) x VeGy)

Corr(X;, X;|Y) = (A.2)
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A.1. Covariance

The conditional covariance is computed as

K K
Cov(X;, X;|Y) = Cov (Vﬁs(z‘)y + Z /Ps(i) s (i) e Lk — Z Ps@) B + /1 — ps(i\&is
=1 =1

')

K K
\/ PshY + Z V/Ps () Xs(5) ke Lk — Z Ps()PruZi + /1 = ps()E;
k=1 k=1

K K
= Cov (Z V/Ps(i) Qs (i) k Lk — Z Ps(i)BeZr + /1 — psi)€is
) =1
K

K
D Ptk = DA P Bk + /T — Ps(j>€j>
k=1

k=1

— (Z VPs(i)\/Ps(5) Qs (i) ks (5), k) V(Zy)

K
(Z V/ Ps(i)Us(i) k. X Z pS(j Bk) ( )
+ (
K
( ps(z YV Ps(5)As (i), ks (5), k) - (\/ Ps(i) \/ pAs(j) Z as(i),kﬁk)
=1 k=1

K K
- (\/psm/ﬁs(i) Zasm,kﬂk) + |/ Psrhs D B

k=1 Ic:l
(Z V Ps(i)\/ Ps(5) s (i),kXs(j ) + \/ ps(z \/ ps(] <A3>

where we use the fact that Zle Wk Bk =V Ds/\/Ps-

\/ps(j Os(j),k X Z ps (%) ﬁk) ( )

”M” ”MN'
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A.2. Variance

The conditional variance is computed as

')

K K
VXY) =V [ /b)Y + D /P sk Zi — D 1) Psi B + /T = paiir
K1 k=1
K K
=V Z VPs(i)Cs(i) k Lk — Z Ps(i)BrZr + /1 — ps(i)5i>
k=1 k=1
K K
=V Z \/ps(i)as(i),kzk) +V (Z ﬁs(i)ﬁkzk)

-2 (Z \/ps_ZOés (i),k X Z ps (7) Bk) Cov (Zkvzk)

= V(Z)

K 2 K
= (Z \/ps(i)as(i),k) V(Zy) + (Z ﬁs(i)ﬁk) V (Z)
k=1 k=1
K K
—2 (\/ps(i) Zas(i),k X \/ Ps(i) Zﬁk) V(Z
=1 k=1

K
= psi) T Pstiy + 1 — psiiy — 2 (\/ps(i)\/ﬁs(i) Z as,k5k>
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= Ps(i) + ps( ) +1- Ps(i) —2 (\/ Ps(i)A/ Ps(i) >

Ps(i)
_psz +1_2(\/psz\/

=1-psq)

where we use the fact that S5 oz, =1and S =1
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B. Distributions

Thanks to the work of Vrins (2018), we are taught how to derive the (K — 1) dimen-
sional distribution corresponding to a K-dimensional i.i.d. standard Normal vector Z =
(Zy, Zs, ..., Zx) " subject to the weighted sum constraint w'Z = ¢, where w = (wy, ..., wg)"
and w; # 0. This is exactly the setup, we are faced in Section 4.1, when we need to sample
the Z vector, knowing that 8" Z = y, where Y = y. From the above, we introduce the

following propositions

Lemma 6. Let Z ~ N (Og, Ik), @ € RE and B € R where RE is the set of K-dimensional
vectors with non-zero real entries. Then,

a'Z|BTZ=y ~ N (ya—K +a'f, \/dTid)

K

where the first term in N (-,-) represents the mean vector and the second term is square root
of the variance covariance matriz.

The entries of &, i1 € RE~! and & € RE-! x RE-! qre defined as

O ag yB? < 32

Q= — ——, =12 and ;= = (L= (1817 + 587 — 67) — B7) .
PR T 1= g e (1B = 30 = 52)

Proof. From Vrins (2018), we know that the random vector Z = (Zl, Zy, ..., Zi) " knowing
B'Z =y, is distributed as Z = (Zl, . ZK LY — 511 Z ), with Z = B2, where the

density of Z is a multivariate normal
Z‘BTZ:y ~ N(ﬁ,\/E)

where the entries of 1t € RE~! and & € RE~1 x RE! are defined as

. c/3? = 37 9 2 2
i = d ZZ]_ 1= - j ‘
ie= g m B = g (oo (18145 =5 =4)

From the above it is trivial to show that
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then it is sufficient to express

concluding the proof.

Lemma 7. From Lemma 6, it holds that

o <<I>—1<pi> — e Z )

1 - ps(z)

Y

E

where

and pi, ps(iy, Ps(iy € 10,1].

Proof. First, observe that the expectation in the Lemma is E [@ (a +ba'Z ) |Y} with

o1 i s(i
B ) B R S V/ 10

L — psi VI— sy

We know from Lemma 6 that a + ba' Z|3" Z ~ N (a + by, bo) with

p=0"2%% 1 a"h and o?=a&'va
K
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and where o, @t and S are given in Lemma 6. This shows that using Z ~ N (0,1),

T -1 B a+ by
IE[CI)(aera Z) |Y] _E[é(a+bu+baZ)]_<I>(—1+<b0)2> .

Next, observe that

~ - ~\/ Ps(i ot i_\/Asi}A/
p=V%E L& =Va g =y YL o) = Voo

B V/Ps(i) 1 — psga)
On the other hand,

; — . _ 52
1+b202:1+ﬂ02: 1 ps(z)(l o )

L = ps(iy L = psa)

and it remains to prove that 1 — o2 = is—g = (a'B)% Observe that

K-1 e K—1 2 K—1 ol
a'B= ; @b+ 5o = (a'B)* = (Z 5%53) + 25—K Z &5} + BK

Developing o2,

K-1 K—1 2
l—o®=1-> a8+ (Zdﬁf)
j=1

i=1

K—1 ) o o1 2
=1-> @+ (a'8) — (225 api+ 2K
i=1 K =1 K

The proof is concluded by noting that

T 2— Z &3]

when replacing ¢; by its expression, using the unit norm of a, 3 and exploiting that

K—1 K—1 N
Z afBi=a'B—axfk = Z a8 + 5_2(1 — B%) .
i=1 i=1
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C. Basel ASRF granularity adjustment

Adapted to the ASRF setup underlying the Basel IRB approach, the granularity adjust-
ment formula proposed in Gordy and Lutkebohmert (2013) becomes

o B _ - 1 d [o(y)v(y)
6= @ult) By =@l = g e || e
where I'(y) is the first partial derivative of I(y) with respect to y:
oy o d d (s ~
I'y) == d_yl(y) = @ (; wi)\ipi(y)> = ;wikipi(y) (C.2)

and
d2
" A
l (y) : dy dy <§ Wi A zpz ) E WA zpl (C?))

Since w; and \; are constants, the first partial derivative of the conditional probability of

default is computed as

g (‘P‘l(pz-) - \/Ey)

dy Vi—pi
_ (@_I(Pi) - WTz-y) L (q"l(pi) - \/Ey)
V1I—p; dy V1I—pi
O (pi) — /i i
:¢( (pi) \//Ty)x_ VPi | (C.4)
V1—=p; L —p;
and the second partial derivative, with respect to y, as
d2
/! .
Pi(y) = d2ypz(y)
d /
= d_ypi(y)

()

“yra li/l)——pzﬂy%_ #)
-2 ()
() () o



The term v(y) denotes the variance of the portfolio loss L conditional on Y, i.e., V[L|Y =
y]. Recalling that L = >, w;L; where L, :== A; x B; we can write

VILIY] = E[L*]Y] - (E[L]Y])*

- ,
=F <ZL> Y| - |E
=1

- ,
—E <ZwiAiBZ~> Y| — (E
=1

).

I
=1

The second expectation in the above subtraction shrinks to

I 2 I 2
i=1

=1

= ZwZ i B|Y]>
= Zwi)\ipi(y)>

=1(Y)?

where we noted [(Y)? := (I(Y))?. The first expectation is equal to
I 2
() | 2| oy
i=1 i=1 j#i
=F ZL?Y ZZLiLjY

i=1 j#i

_Z]EL2|Y +ZZELL Y]

=1 j#i
—Zw E[(A;B;)?|Y] +ZZELL Y]
i=1 j#i
= Zw?E[A?] E[B;|Y] + Z > E[Li|Y]E[L;|Y]
i=1 i=1 j#i

= Z w EIAZIpi (V) + ) 0> widipi (V) x widip; (V)

i=1 j#i
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where can decompose further the above double sum as

I
ZZwMz’pi( X wiAp; (Y sz pi(Y) x (ij)\jpj(y)>
i=1 j#i i

= Z wiAp; (V) x (I(Y) — wiAip;(Y))

I I
Y) Zwi/\ipi(y) - Z wi\ipi (Y) X wi \ipi (V')
i=1 i=1

leading to write

=Y wi(VIA]+ EAP)pi(Y) +1(Y)? — Z (widipi(Y))*

= Z(w o2 + W \)pi(Y) + 1Y) Z (szzpz(Y))z
=3 wio? +Zw2>\2 > (widipi

The conditional variance becomes

v(y) :=V[LY =y] = (Z w; )+ Z w2 \2p;
= Zwl o;pi(y) + ZwQ)\z Zw2)\2

— Zw?pi(y) (o7 + X (1 —pi(y))) -
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The first partial derivative, with respect to y, of the conditional variance is

~

= Zuﬂ 2pi(y) + Zw2k2 - ; (2(widipi(y)) x (wiXipi(y)))

= Zw2 2pl( +Zw2/\2 —22 widipi(y)) % (widip(y)))

_ Zw2 2,0 +Zw2/\2 Z (w? Xepi(y)Pi(y))

= ;w?pé(y) (07 + X (1 = 2pi(y))) - (C.7)

Finally, using ¢'(y) = —y¢(y), we find that

d [Qﬁ(y)v(y)] (o(y)v)) () — d(y)v(y)l” (y)
dy

I'(y)
=5 (v - o) (54 50 ()

concluding the proof.
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