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We study consequences of CP violation in the htf Yukawa coupling through the process ete™ —

h(125)tt. The helicity amplitudes are calculated in the ¢ rest frame, where the initial e™e™ current
and the final Higgs boson have the same three-momentum. CP-violating asymmetries appear not
only in the azimuthal angle between the eTe™ plane and the tf plane about the Higgs momentum
direction, but also in the correlated decay angular distributions of ¢ and ¢. Complete description of
the production and decay angular distributions are obtained analytically, including both leptonic
and hadronic decays of ¢ and . We study the ultimate sensitivity to the CP-violating htt coupling
at a few center-of-mass energies. Our analysis shows that the possibility of discovering CP-violating
htt coupling improves significantly by studying ¢ decay angular correlations, and more importantly,
by increasing its energy upgrade target from /s = 500 GeV to 550 GeV.

I. INTRODUCTION

All the current measurements of the Higgs boson h(125) are consistent with predictions of the Standard Model
(SM) of particle physics ﬂ, E] Detailed studies of all its properties should be of at most importance in our search for
the physics of the symmetry breakdown, or the origin of the SM.

In this paper, we show how the top quark Yukawa coupling, the htt coupling, can be studied in the process
eTe™ — htt at linear colliders such as ILC and CLIC. We develop techniques that allow us to perform the optimal
measurements of the htt coupling in a clean ete™ collider environment. In order to quantify the impacts of our
proposal to measure full production and decay angular correlations of both semi-leptonic and hadronic decays of top
and anti-top quarks, we adopt the following simple effective Lagrangian for the htt coupling

L = —gnetht [cos Epy + i8I0 Epyyys) t (1)
with two real parameters, gny and &pyy. The effective Lagrangian Eq. ({) reduces to the SM htt coupling when
m
Ghtt = Gy = Tt, Ent =0 (2)

with the top quark mass m; and the vacuum expectation value (VEV) v ~ 246 GeV of the SM Higgs field. Nonzero
values of sin &y term in Eq. () implies CP violation, while the magnitude of the gps is measured with respect to its
SM value

Khtt = ghtt/gfsulf\f- (3)

The sign of cos &y term, or that of gpy cos Epee, is measured with respect to the sign of the hZZ coupling,

2
mz

_ SM__
9nzz = Khzz 9nzz = Khzz v (4)
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because the amplitudes with the htt couplings and those with the hZZ coupling interfere in the process ete™ — htt.
Therefore, the amplitudes depend on the three parameters,

Khit, Khzz >0,  —7m < &py < 7. (5)

It is worth noting that by the time an ete™ collider starts studying the htt production process, we should have
constraints on (Kput, Epit, knzz) from the LHC: kpzz can be measured from I'(h — ZZ*) and from the weak boson
fusion production cross section; (kpe, Eptt) are measured from hté production process Bﬁ]; and (Knet, Eptt, Khzz) can
be constrained in the single top plus Higgs production process M, @—L‘L_lﬂ Some CP violating asymmetries including
top decay lepton distributions are studied in @] The couplings are constrained by the perturbative unitarity ﬂﬁ, ],
and affect loop induced amplitudes for T'(h — gg) and T'(h — 47). The role of the eTe™ collider experiments should
be their refinements and possible discovery of non-SM physics in the htt coupling, such as CP violation. Differential
cross sections and top polarizations are studied in ﬂﬂ, @], including CP violating observables ﬂﬂ] Ref. HE] studied
asymmetries in decay lepton angular correlations in Higgs plus topponium production at /s = 500 GeV.
At present, only the hZZ coupling strength xjzz has been measured to be

Khz7 2 0.85 (6)

more or less free from detailed model assumptions @] We expect the measurement to improve significantly by the
time of an eTe™ collider experiment, and we set

Rhzz = 1 (7)

throughout our analysis. All the results are insensitive to this assumption, which does not change significantly by
varying K, ,, in the 0.85 < £, ,, < 1 range, because the amplitudes with the hZZ coupling are subleading in e*e™ —
hit process. We allow the two real parameters (kpy,Epir) to vary freely in our analysis, with the understanding that
they should be constrained significantly by the LHC experiments when the eTe™ collider experiments are performed.

Before starting our studies, we find it instructive to examine a very specific limit of CP violation in the Higgs
couplings where the sole origin of CP violation in the Higgs sector is in the Higgs potential or the Higgs self interactions,
while all the other couplings including Yukawa couplings are CP conserving. It is like a milli-weak theory of CP
violation for the neutral K system ﬂﬂ], where CP violation is confined to the K° — K° mixing. The scenario can be
realized in any multi-doublet models, where the observed Higgs boson, h(125), is a linear combination

h(125) = Opg H + Ong H' +OpaA, (8)

where H and H' are CP-even while A is a CP-odd neutral components of the Higgs boson. If all the Yukawa
interactions of the current states, H, H and A are CP conserving, the sole origin of all the CP-violating couplings of
h(125) is the mixing matrix element Oy 4. We can choose H to be the fluctuation of the full SM Higgs VEV that gives
the weak boson masses, and the orthogonal states H' and A are fixed uniquely in two Higgs doublet models (2HDM).
Specific form of the htt couplings is model dependent. For instance in type 11 2HDM, the hZZ and htt couplings are

khzz = Onn

Khtt €0sEnye = Onm + Onm

1
A tan I5)

tan

Khte SinEpee = (9)
where tan 8 is the ratio of the two VEV’s. It is clear that in this scenario, kpzz = 1 implies Opg: = Opa = 0 from
the orthogonality of the mixing matrix. Even in this scenario, significant CP violation is possible for the htt coupling
for small tan 3, if kpzz ~ 0.9.

The paper is organized as follows. In Section [Tl we calculate the helicity amplitudes of the ete™ — htt process in
the tf rest frame. In Section[[IIl, we show the numerical results of production cross section, invariant mass distribution
of the htt production process with next-to-leading-order (NLO) QCD corrections including Coulomb resummation
for topponium formation. In Section [[V] we introduce the density matrix formalism to express full kinematical
distributions including ¢ and # decay angular correlations, including both semi-leptonic (¢t — bfr) and hadronic
(t — bdu) decays. By accounting for uncertainties in quark jet-flavor identification, we study how the sensitivity to
CP violation increases by measuring full distributions, at /s = 500 GeV, 550 GeV and 1000 GeV. Summary and
conclusions are given in Section [Vl In Appendix [l we show ¢ and ¢ decay density matrices for both semi-leptonic
and hadronic decays. In Appendix [Bl we review HELAS phase convention that affects our production density matrix
elements.



II. HELICITY AMPLITUDES AND DENSITY MATRIX
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FIG. 1: The Feynman diagrams of the ee — htt process.

As shown in Fig. [l three Feynman diagrams contribute to the process ee — htt. The first two are with the hit
coupling in Eq. (@), and the third is with the hZZ coupling for which we assume the SM value as in Eq. (@) in this
report.

We calculate the helicity amplitudes of the process in the tf rest frame, where the initial ete™ current and the
produced Higgs boson have the same three-momentum. We denote the helicity amplitudes as
@ @ o

%)+ ele,—5) = hlpw) + to 2) + E01 2)) (10)

Maos = M (e(pe’ 2 2 2

where /2 = +1/2 gives the electron helicity, 0/2 and /2 give the helicity of ¢ and £ respectively in the ¢t rest frame.
In order to fix our reference frame unambiguously, we start from the eTe™ collision (laboratory) frame, where the
four momenta are parameterized as

pt = ?(1,0,0, 1), (11a)
ph = ?(1,0,0,—1), (11b)
Q" =pi+p} = 78 (1 + @,ﬁsin@,&ﬁcos@) = myy(1, Bsin 6,0, B cosh), (11c)
p‘,z = 75 (1 + 7mi ;mfg, —Bsinb,0, —3 cos 9> = (B, —prsinb, 0, —pp, cosb). (11d)

Here my = 1/Q? is the invariant mass of the ¢ system,

- 1

ﬂ = g)\l/z(\/gv myt, mh)a (12)
with Aa,b,¢) =(a+b+c)(a+b—c)(a—b+c)(a—b—c), and

_Ba_ 5 <1+m?t—m%>, N (13)

myg 2myg S myg 2myg

are the Lorentz boost factors between the e€ and the t rest frames. The ¢ and £ momenta are parameterized in the £
rest frame which is obtained from the laboratory frame by a rotation of —6 about the y-axis and then by a Lorentz
boost along the ¢ momentum direction, which give

P = % (1,3sinécosq§,Bsinésinqg,ﬁcosé) , (14a)
pf{ = % (1,—Bsinécos giA), —Bsinésinqg, —Bcosé) , (14b)
pZ = (\/E’Y — Mg, 07 07 _\/5/76)7 (14C)

pgé = (\/5/77 07 07 _\/5/76)7 (14d)
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FIG. 2: Kinematics of the ee — htt process in the eé rest frame and in the ¢ rest frame

with
B = (1= dm3/mip)*. (15)
The z-axis is chosen along the negative of the common momentum direction of the Higgs boson and the eTe™ system;

see Fig. 2l We find that the helicity amplitudes are most easily and systematically calculated in the frame obtained
from the above by a rotation of ¢ about z-axis, such that the top momentum has vanishing y-component:

Pl = %(1,Bsiné,0,[§cosé),
Pl = %(1,—Bsmé,0,—ﬁcosé), (16)

the h and eTe™ four momenta are unchanged from Eq. (I4d) and (I4d), whereas the initial ¢ and € momenta are now,

pl = ?(7(1 — Bcosf), —sinf cos ¢, sin 0 sin ¢, y(cos O — B)),

Pk = %(”y(l + Bcosh),sin 0 cos ¢, — sin 0 sin ¢, —y(cos + 3)). (17)

We calculate the helicity amplitudes in this specific ¢t rest frame where both the Higgs and the eTe™ system have
common momenta in the negative z-axis as in Eq. (I4d) and ([4d)), and the azimuthal angle ¢E between the tf plane
and the ee plane are given to the e and & momenta.

We first note that the helicity amplitudes in Eq. (I0) can be factorized as

Maos = Y~ Dyv(a)Ly(ce a)(~g") M) (htt,0,5)
V=~,7Z

= Y Dvl(g)Ly(eea)(Y_ e(a. )" (a, M) M, (htt, 0,5)
V=~,Z A

Y Dv(a) Y L, (ee) My, (hth) (18)
A

V=~,Z

where g" = pl' +p¥, /s is the center-of-mass energy, Dy (q) = 1/(¢> — m}, +imyI'y,) is the Breit-Wigner propagator
factor for 7, Z, and also W for later use. In Eq. (I8), the v and Z polarization factor —g"" is replaced by the sum

" . v R

Z € (Q7 )‘) € (qu )‘) =g + o (19)
N q

with

1 . B
(g N = L v EL =50 for A=
7(5,0,0,=1) for A\=0



along the eé four momentum ¢* = pl, = 1/s7(1,0,0,—3), see Eq. ([4d)), because of the eé current conservation,

q“LL/(eé; a)=0 (21)
in the m, = 0 limit. The leptonic currents are simply
Vi . _ Vee ft _
L,u (667 a) = Ya ’Ufa(e)agua(e) (22)
where u, and v, are two-component chiral spinors with a = —1 for L (o = +1 for R), and ¢/ = (1,+£0) are the

chiral four-vectors of ¢ matrices. The gauge couplings are

Zff . Zff .
971 = g.(TF — Qrsin®Oy,), g7! = —g.Qysin® Oy

sz _ glff —eQf = g‘v/ff (23)
with g, = g/ cosfy . We find
LY (e€;a) = agl“V2se, (i, o) (24)

where the polarization direction 7 is along the e three-momentum in the eTe™ rest frame, which is obtained from
Eq. (I9) by a Lorentz boost with 5 and v given in Eq. (I3)),

it = (—sin 0 cos ¢, sin f sin ¢, cos 0). (25)
The leptonic amplitudes are hence expressed explicitly as
LY, (ee) = L} (e&; )" (4, \)* = gl ““V/2se, (i1, o) (G, \)* (26)

in terms of Wigner’s D functions in the eé rest frame, where « denotes helicities along 77 in Eq. (23]), while A denotes
those along ¢ (—z) direction. Summing up we find

1—«cosl _.; - 1+ «cosb i ~ asinf -
o 1% —i¢ |4 i) 1% 1%
Moos = E R, [72 e MJH,&—|—72 e"’M’ -+ 7 Mool s
V=~,27

with RY = —agY¢®v/2sDy (q), where the three D functions are shown explicitly.
In this expression Eq. 27), the leptonic amplitudes LY (e€) gives the kinematical dependence on the production

(27)

scattering angle # and the azimuthal angle ¢E in terms of Wigner’s D functions, whereas the htt production amplitudes
MY _ depend only on the tf invariant mass m;z, and the polar angle of the top quark momentum . After using the

oo

equations of motion for ¢ and ¢, we find a compact expression for MY

[e 7ol
MYy, = €a, )\)u{ththtcosfhtt(Dtl + D7) QyttuTLUZVL‘FQKtt“;%Ui”R}

mQY
+ nazdvaly {gf”uTngyL + g ufovg + m2 943" (ufvr — U-};UL)}
zZ

+ ghttDtl {6’1'5’“*9Y”UE0+ -pro’ur + eigh“gz”uTLa, 'phO'Z_UR}
— 9n: D} [eiﬁh“gY“quim prvr e gV tulot o 'pth} }7 (28)
where
Df =Di(g—p)., D}=Dipi—q), D =Dz(Q) with Q=p+pp (29)

are the ¢ and Z Breit-Wigner propagator factors.
For A\ = +1, the matrix elements are proportional to the Wigner’s D functions in the #f rest frame:

A +1 — Acosf . R
M‘A/izF = T{ l4mtghtt cos &y (Dy + D7) + 2thZ5VZDg‘| (Q‘X//E F g‘,{xp)

+ 2myGnit cos &y [9‘\//(Dz} + D?) (\/57 - mtf) - QZ(D% - D?))\\/EWB)]

+ 2imygnee sin &y, [g‘l//(Dg + D?)A\/Evﬂ - g‘,{x(Dg - Df)(\/E’Y - mtiﬂ } (30)



for (c —3)/2 = +1, and

Siné
FA—= {thg‘(, [2mtghtt cos &t (D} + D7) + 9hzz5sz(22]

VaAZ —
M)\ii -

V2
+ 2guic0snar [9V(DF + D) (E(/3y = mas) F Apv/378) £ g4(D} = D)(B(V57 = map) F AEVEYH)|

F 2ignee sinpet [9‘\//(Dt1 + Dt2) (15(\/57 - mtf) + AE\/EWB) + gﬁ(Dtl - D?)(E(\/EV — M) F )\]5\/575)} }

(31)
for (c — 3)/2 = 0. Here we introduce compact notation,
gv =" +g¥")/2, gh=(a"" —9{")/2, (32)
where
E=m;/2 and p=ES (33)

are the top energy and momentum in the ## rest frame.
For A = 0, the amplitudes are still proportional to the Wigner’s D function when (0 — &)/2 = 41, whereas they
are the sum of the terms for the J = 1 component and a constant term for the J = 0 component when (o —)/2 = 0:

MYz = - sin§{27 [2mtghtt cos &t (D} + D7) + thZ(SVZDCZQ} (EQ‘(/ ¥ ]59‘2)

+ 2gnumi By [cos gy (D} + DF) — isin&nug'y (Df — D7) } (34)

My = 4mign cos & (Df + D7)y (ig‘(/ cosf — g‘fxﬁ)

~ m h
+ 2mugnzz0v 2D {W(ig‘x// cos — g\ B) + m—ggﬁ}

Z
+ 203008 Gnut | B (£ B cos gV, + png's ) (D} + DF) & p(+ By cos 09"y + pug ) (D} — D7)

— 2ig), S0 En [iﬁ(iEh cosfgY, + png'y)(D} + D}) + E(£E), cosg"y + prg', ) (D} — D} )] (35)

Here, E), = \/s— E,; = \/s—myy and py, = p;z = myy 3 are the Higgs energy and the momentum in the eé rest frame.
We note here that the terms proportional to siné in all the 12 amplitudes Eqs. (BOBIB4BI) are either proportional
to p = EB, B, or D} — D2, which are all suppressed strongly near the htf production threshold.

It is instructive to note here that the above amplitudes satisfy the CP transformation properties

Ma,a,&(ea éu ¢E; 5) = Ma,—&,—a(ﬂ— - 97 = éu —({5; _5) (36)

which is illustrated in Fig. Bl The upper plot (a) shows the three momenta and the helicities of e and € in the eé rest
frame, as well as those of ¢ and ¢ in the # rest frame. The common z’-axis is chosen along the ## momentum direction
in the eé€ rest frame. The electron momentum is in the 2’-z" plane. The vertical arrows (® and ®) show that the
t-momentum has positive y-component, or 0 < é, QAS < m/2. Shaded arrows show all the fermion spin directions for
a =0 =& = +1. The middle plot (b) is obtained from (a) by the CP transformation, which reverses the sign of all
three momenta, but keeps the spin (hence the helicity is reserved), and exchange particles and antiparticles. Note
that the initial e€ state is invariant under CP transformation for each helicity. The momentum configuration of (b)
is expressed in our reference frame as in the bottom plot (c), in which p; is along the 2’ axis and the y axis is along
Pe X Piz. The frame (c) is obtained from (b) by rotations, which do not affect the helicity amplitudes. This gives the
identity Eq. (36]), which show explicitly how CP-violating term proportional to sin & should behave under exchange
of angular variables:

(0,0,0) < (r — 0,7 — 0, —9), (37)
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FIG. 3: CP transformation of eé — htt helicity amplitudes. Green shaded arrows show the spin direction along the particle
momenta. The e and & momenta are shown in the e rest frame, whereas t and ¢ momenta are shown in the ¢t rest frame. The
common z’-axis is chosen along the t# momentum in the e rest frame, or the negative of the e€ and the h momentum in the
tt rest frame, and the common y-axis is vertical to the ee — h + (¢f) scattering plane; i, = ‘gﬁigg‘ in the e€ rest frame. (a)
shows the momenta and spins when the helicities of e, ¢ and ¢ are all +3, (« = 0 = & = +). The symbol ® (®) shows that

the y-component of each momentum is positive (negative). Hence 0 < 0, ¢ < 7/2. (b) shows the process with CP transformed
particles and their vectors in the original frames. (c) is obtained from (b) by two rotations, rotations of 7 about the z’-axis
and by the y-axis. The coordinate system parameterizing the three momentum is the same as in (a), and we can read off the
CP transformation of the helicity amplitudes as given by Eq. (B4).

and when the ¢ and ¢ helicities are exchanged as
(0,5) + (—7,—0). (38)

The helicity amplitudes M, Y 5 contain all the information about the htt (and the hZ Z) coupling that we can probe

in the process ete™ — htt. Being complex numbers, however, they are not directly observable in experiments. For
instance, the differential cross section

do = %i ; ; ; |Maa'6'|2dq)htt (39)

with the 3-body phase space

1 A dmfg dcos 8d cos édd;

APhit = 6472 BB 2 8T

(40)

with 8 in Eq. (IZ) and B in Eq. (I3)), measures only the squared sum of all the helicity amplitudes. With e~ (and
possibly e*) beam polarization, the sum of ey ér annihilation (o« = —1) and that of egéy, annihilation (v = +1) can
be resolved.

When we study ¢ and ¢ decay distributions and their correlations, we can measure 15 more combinations of the
helicity amplitudes (16 each, including the absolute value squared of the 4 amplitudes for « = —1 and « = +1 with
beam polarization). In this section, we illustrate this when both ¢ and ¢ decay semi-leptonically,

ete™ = htt — h(blig)(bl' ) (41)

The helicity amplitude for the process can be expressed (for e é_, collisions) as

Moc = ZZMaaéDt(pt)Dt(pf)Ma’Ma' (42)

o o



with the Breit-Wigner propagator factors

1
D = 43
) = T, (13)
and the decay amplitudes
g’ i i
Mo = =Dy (pe = py) ug (po)olur(pi, 0) up(pv)o—poz(py) (44a)
2
Y g
iy = LDy (pr = pa) v} (pr>0)o" 01 (p5) wl (p0)o 0 o) (44b)
The differential cross section for the process Eq. [Il) is hence (for unpolarized beams)
d 1 |M |2d® (45)
o —
25 4 !
where the 7-body phase space can be decomposed as
dp? dp?
d®; = d®pu (m%,pf,ptg) 2_; 2_7:d(1)bt7w (p%)dq)w’f/[/ (p%) (46)

with p and p? as the invariant mass squared of the (blv;) and (bl'Dy) systems, respectively. In the narrow width
limit of the top quark,

dp? dp? 1
/ t|Dt( DIk :/2—;|Dt(pf)|2=m (47)

holds and the differential cross section in Eq. (@3] can be expressed as

d®yz,, APppp, (48)
2mt1"t 2mtl"t

do = aos d(I)htt

254

The above expression can be expressed as

do = Z Z Z Z (%i Z(Maaa)(Maa’cﬂ)*dq)htt> dpoodpsz (49)

with
dpser = Mg My d®yy,, /(2mly), (50a)
dpssr = MMz APy, /(2maly). (50b)

The differential decay density matrices in Eqgs. (B0) are calculated in Appendix [A] and take particularly simple form
for semi-leptonic decay

dp,y dpy_ 1+ cosf* sinf*ei” d cos 0*do*
dp = ) g, 209 51
r ( dp—+ dp—— sinf*e=1®" 1 — cos 0* ¢ 4 (51a)
([ dpsy dpy_\ [ 1+cos* sin@re i d cos 0* do*
ip= ( dp—y dp—— )~ \ sin@*e® 1 —cosf* Be—p— (51b)

where By = Y, B(t — blvg) = >, B(t — bliz;) ~ 0.33 is the semi-leptonic branching fractions summed over £ = e, i, 7.
Here, 6* and ¢* (6* and ¢*) are the polar and azimuthal angles of £ (£) in the ¢ (f) rest frame where the polar axis is
chosen along the + momentum direction in the ## rest frame. More details are explained in Appendix [Al By inserting



Eq. (&) into Eq. (@3), we find

dog,

d®,,,dcos 0*d¢*d cos 0% do*

B}
= (an? X{
| Moy o |2(1 4 cos0%)(1 4+ cos0*) + | May—|*(1 4 cos 0*)(1 — cos 0%)

Mo ]2(1 —cos %) (1 — cos 0°) + | My 1|*(1 — cos %) (1 + cos 6%)

+2 [Re(May+ M, ) cos ¢* +Im(Mqy 4 M7, ) sin¢*] sin60*(1 + cos %)

+2 [Re(Ma—4 M __) cos ¢*+Im(Mq_ M} __)sin ¢*] sin6*(1 — cos 6*)

+2 [Re(Ma++ +) cos ¢ — Im(Mqy+ M_,)sin¢*] sin6*(1 + cos0*)

+2 [Re(MoHr __)cosd* —Im(Myy M__)sin g?)*] sin 0% (1 — cos %)

+2 [Re(Maq4M__)cos (¢* — ¢*) — Im(Mq+ __)sin(¢* — ¢*)] sin6* sin 6"

+2 [Re(MaJr M +) cos (¢ + ¢*) — Im(Mo_ M +) sin (6° + ¢°)] sin 6* sine*}. (52)

It is now clear that all the real and imaginary parts of the product of the helicity amplitudes M,,5 and its complex

conjugates M’ ., including ¢’ # o and ¢’ # & can be measured by studying the correlated decays ¢t — blv and
t — blw at all htf phase space point (myg, cos 6, cos, ¢). There are four 3, |MaUU| terms, six > Re(M_, 5 M 150)
terms and six ) Im(M,, M ,./) terms. With polarized e beams, a = —1 and o = +1 combinations can be
resolved. A

In Fig. @ we show the ¢ distribution of all the 16 combinations of M, ,MZ .., for « = —1 case (erég annihilation)
at /s = 500 GeV (left) and at /s = 1000 GeV (right). We set cost9 = 0,cos0 = 0.5 and m,;; = 350 GeV
at both energies where the ¢, ,,-dependences are found to be significant. We compare &y = § (solid lines) and

$nie = —7 (dashed lines) for /s = 500 GeV, and £ = 40.2 for /s = 1000 GeV.

The top panels show the four absolute value squared |[M_,5|? and their sum. CP violation appears as a phase shift in
the ¢ distribution whose sign and magnitude are proportional to &, HE] The difference is reduced significantly when
only the total sum of all squared amplitudes, i.e. the htt distributions are observed. The polar angle distributions of
t and ¢ decays can resolve the four individual contributions (05) = (+,—), (=, +), (++), (——), according to Eq. (52).

The middle panels show the real part of the six off-diagonal (¢’ # o or ¢’ # &) products. In the absence of CP
violation, these are even functions of QAS The CP-violating asymmetries appear again as a phase shift or asymmetries
between QAS > 0 and QAS < 0. From Eq. (52)), we learn that the 6 real terms are measured as coefficients of cos ¢*, cos ¢*,
cos(¢* + ¢*) or cos(¢p* — ¢*).

In the bottom panel we show the corresponding imaginary parts of the six off-diagonal products. They are measured
as coefficients of sin ¢*, sin¢*, sin(¢* 4+ ¢*) or sin(¢* — ¢*) according to Eq. (52). It is worth noting that these
distributions are odd functions of (;3 if there is no CP violation (£, = 0). CP violation induces a phase shift in these
distributions whose sign and magnitude are proportional to &£p.

We also study all the distributions for « = +1 (eréy, annihilation), but they are found to be very similar to the
a = —1 case shown in Fig. @ with significantly smaller magnitudes. Although the results shown in Fig. [ are for a
particular kinematical configuration of htt (m;; = 350 GeV, cosf = 0, cosf = 0.5), and for « = —1 (e &g annihilation),
their dependence on the sign of &,;; shows the possible improvement in the CP-violation discovery potential in ete™
collision experiments, by making use of all the information given by ¢ and ¢ decay angular correlations.

III. CROSS SECTIONS AND QCD CORRECTIONS

In this section we study the energy dependence of the total cross sections and the QCD higher-order corrections,
perturbative NLO corrections and resummation of Coulombic corrections that account for topponium formation below
and around the threshold, m; ~ 2m;. Those studies are made in the two CP-conserving limits, at &, =0 (h = H,
the SM limit), and at &y = 5 (b = A, the pseudo scalar limit). The results are used to normalize our statistical
analysis in the next sections, which are based on the leading-order (LO) matrix elements.
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FIG. 5: The leading-order total cross section for ete™ — htt for the pure CP-even (h = H) and CP-odd (h = A) limits. o(Htt)
and o(Att) are shown by black solid and red dotted curves respectively, and their ratio R = o(Att)/o(Htt) is given by green
dashed line.

A. Leading-order production cross section

We show in Fig. Blthe leading-order total cross section of the ete™ — htt process in the two limits, the pure CP-even
(h = H) limit when &y = 0, knyt = knzz = 1, and the pure CP-odd (h = A) limit when e = 5, knie = 1, knzz=0.
o(Htt) is about 0.28 fb at /s = 500 GeV, reaching 2 fb at /s ~ 600 GeV and stays above 2 fb until /s ~ 1 TeV.
On the other hand, o(Att) is about 0.0045 fb (below the scale of Fig. ) at /s = 500 GeV, rising quickly with energy,
reaching 0.43 fb at /s = 1000 GeV.

Because the CP-violating asymmetries appear as interference effects between CP-even and CP-odd amplitudes, we
show also the ratio of the two cross sections, R = o(Att)/o(Htt) in Fig. [l We can very roughly expect that the CP
asymmetry is proportional to v/R. The scale of R is given along the right-hand vertical axis. It grows rapidly from
0.016 at /s = 500 GeV to 0.047 at /s = 550 GeV, reaching 0.2 at /s = 1000 GeV.

B. QCD corrections

Shown in Fig.Blare the differential cross sections do/dmy; v.s. myz for h = H (black solid curves) and for h = A (red
dashed curves) at /s = 500 GeV (left) and at /s = 1000 GeV (right) calculated in the leading order. The h = A cross
section at /s = 500 GeV is multiplied by 10, in order to show the shape difference between the CP-even (h = H) and
CP-odd (h = A) limits. It is clear from the two cases shown in the figure that the ratio of the CP-odd and CP-even
amplitudes squared is large at low m,z, at all energies. This suggests that the sensitivity to CP asymmetry is high at
low myz, and hence the corrections including topponium formation can have significant impacts on our study of CP
violation in the top Yukawa coupling.

We show in Fig. [[ the differential cross section do/dm,; for the SM Higgs boson (h = H) with QCD corrections.
NLO QCD corrections to the process are evaluated by using MadGraph5_.aMCQNLO ]. In addition, we also
consider the corrections by Coulomb resummation ﬂE, @ According to Refs. , ], we estimate the Coulomb
resummation corrections as follows. First, we evaluate the Born-level helicity amplitudes by including the decays of
top-quarks, ete™ — htt — hOW bW —, in which the top-quarks can be off-shell and m,; can be below 2m;. Then,
the amplitudes are corrected by multiplying with the S-wave Green function for non-relativistic ¢¢ with the energy
E = mys — 2m,. This prescription is justified by the fact that near the ¢f threshold where the Coulomb resummation
is important the amplitudes are dominated by the S-wave component. To evaluate the Green function we employ
the NLO QCD potential with the renormalization scale = 40 GeV. Finally, the squared amplitudes are corrected
by a hard correction factor K ~ 0.7 which is numerically extracted by matching with the NLO cross section at an
intermediate myz.

In Fig. [[l we show the differential cross section for the pure scalar case (h = H) at /s = 500 GeV (left) and
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FIG. 6: my; distributions for H and A at /s = 500 GeV (left) and 1000 GeV (right) in the leading order.

550 GeV (right). LO and NLO cross sections for the on-shell ¢f limit are plotted by black solid and red solid lines,
respectively. Born-level and the Coulomb-resummed cross sections with top-quark off-shellness are plotted by black
dotted and blue solid lines, respectively. At /s = 500 GeV, the NLO corrections enhance the total cross section by
around 60%, while the Coulomb resummation (including the NLO effects) enhances the cross section by about 120%.
At /s = 550 GeV, the total cross section is enhanced by 20% and 40%, by the NLO and Coulomb resummation
corrections, respectively.

In Fig. 8 we plot the ratio of the NLO cross section to the LO cross section as a function of m,; for the pure scalar
(h = H) and pseudoscalar (h = A) cases at /s = 500 GeV, 550 GeV, and 1000 GeV. We find the K-factors for the
myr distribution are almost the same for the scalar and pseudoscalar processes. QCD corrections are large near the
threshold, m;; >~ 2my, because of the Coulomb singularity, but become almost flat and small at large my;.

In Table [, we list the K-factors of the total htt production cross section by QCD correction for the pure scalar
(h = H) and pseudoscalar (h = A) limits at /s = 500 GeV, 550 GeV, and 1000 GeV. An evaluation of the Coulomb
resummation at /s = 1000 GeV is omitted because it has negligible effects. Both the NLO corrections and Coulomb
resummation (which contain NLO) corrections are largest at /s = 500 GeV, still significant at 550 GeV, but small
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FIG. 7: my; distribution for the pure scalar case (h = H) at /s = 500 GeV and 550 GeV. Black solid and red solid lines are
the LO and NLO cross sections for the on-shell tf, respectively, and black dotted and blue solid lines are the Born-level and
the Coulomb-resummed cross sections with top-quark off-shellness, respectively.
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Vs CP-even (h=H) CP-odd (h = A)
[GeV]|NLO Coulomb resum|NLO Coulomb resum

500| 1.57 2.18 1.76 2.89
550 1.26 1.39 1.36 1.60
1000| 0.95 - 1.05 -

TABLE I: K-factors by NLO and Coulomb-resummation corrections to the total cross sections of the process ete™ — htt for
the CP-even (h = H) and CP-odd (h = A) cases, at 1/s=500 GeV, 550 GeV, and 1000 GeV.

7 o (7Y M) o AT 0]

[GeV]| LO NLO with Coulomb resum| LO NLO with Coulomb resum
500(0.28 0.44 0.61 0.0045 0.0079 0.0130
550(1.12 1.41 1.56 0.047 0.064 0.075

1000|2.08 1.97 - 0.43 045 -

TABLE 1II: e*e™ — htf cross sections at LO, NLO and with Coulomb-resummation corrections for the pure CP-even (h = H)
and CP-odd (h = A) limits at /s = 500 GeV, 550 GeV, and 1000 GeV.

at 1000 GeV. The enhancement factors are larger for CP-odd case (h = A), which is consistent with the softer m,;
distribution of the At process as shown in Fig. [6, where the K-factor is large at small m,; at all energies; see Fig.
The NLO K-factor is smaller than unity for h = H at /s = 1000 GeV, because the m,; dependent K factor becomes
smaller than unity at m,; > 650 GeV above which the m,; distribution is large; see Fig.

Finally in Table [[Il we show the total cross sections for the CP-even (h = H) and CP-odd (h = A) limits at LO,
NLO with stable top quarks, and after Coulomb resummation including the off-shell top quark effects. Despite the
factor of 3 enhancements (see Table[l), o(Att) remains tiny, 0.013 fb at 500 GeV. It grows by a factor of 6 to 0.075 fb
at 550 GeV, which has a significant impact on our CP-violation search at eTe™ colliders.

Although the NLO and topponium corrections are quite large, the NNLO effects to the total cross sections are
expected to be marginal, since potentially large higher order corrections in the ¢t threshold regions are incorporated
by Coulomb summation. QCD corrections to the angular distributions or correlations of top quark decay products,
which may affect determination on &,,, are not studied in this paper. Detailed analysis is desired in the future.

IV. SENSITIVITY OF c'e™ — htt EXPERIMENTS ON &4

In this section, we study the potential of eTe™ — htt experiments to discover CP violation in the top Yukawa
coupling at a future linear ete™ collider by postulating a perfect detector with no systematic uncertainties. Because
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FIG. 8: mys dependence of the NLO QCD K-factors in the e™e™ — htt process for the CP-even (h = H) and CP-odd (h = A)
limits at /s = 500 GeV, 550 GeV, and 1000 GeV.
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T . T .
opPpP Ug LO o AOPP

| [GeV] |UII\}LO g

500( 0.44 0.17 0.0079 0.0051
550( 1.41 0.15 0.064 0.011
1000| 1.97  — 0.45 —

TABLE III: eTe™ — htt cross sections at NLO and for the topponium formation, whose sum gives the total cross section after
Coulomb resummation in Table[l h = H for the SM Higgs, h = A for the CP-odd Higgs with (knit,Enee, knzz) = (1, +7/2,0).

the measurement accuracy depends on the total number of produced events that determines the statistical errors, we
first estimate the total cross section as a function of the parameters of our effective Lagrangian (kntt, Enee, kKnzz) in
subsection [VAl In the next subsection[[V Bl we explain in detail how we can calculate the full differential distribution
including both semi-leptonic and hadronic decays of ¢ and #, that are observable by a perfect detector but not as
perfect as capable of distinguishing d (d) jets from u (%) jets. In subsection [VCl we introduce a very simple estimator
x? function that measures all differences in the observable distributions between experiment (k$%,,£5%,) and theory

htts Shtt
(k41 &) and study the potential of rejecting &b, = —£5%, (observation of CP violation) as a function of [£5%,].

A. Total cross section

The total cross section of the process e™e™ — hitt depends not only on the parameters of (knss, Enie, Krzz) but also on
the center-of-mass energy /s and the beam polarization. Since the NLO and topponium formation corrections are ob-
tained only for the SM limit (kpnt, Ente, knzz) = (1,0,1) and for the purely CP-odd imit (kptt, Epte, knzz) = (1, £7/2,0)
for unpolarized beams at /s = 500 GeV, 550 GeV, 1000 GeV, we make the following simple parameterization

NLO NLO

= oy " [Aa(Kne cos §htt)2 + Bo(Knit cosépuknzz) + Ca(fihZZ)Q] + 047 [Da(Kp sin 5htt>2]

+ O,;;)pp. [AL (Kpyt cos ghtt)z + B}, (khtt cosEpirknzz) + Ch (HhZZ)Q] + Uf:pp' (D7, (Khee sin fhtt)Q]-

Oa(Kntts Entt, Khzz)

(53)

Here agLO and UE{LO are obtained from Table [ whereas we quote the difference between o™© and the total cross
section after taking account of Coulomb resummation as the topponium’ cross section,

O_topp. _ O_with Coulomb sum __ O_NLO' (54)

Those cross sections values are tabulated in Table [TIl All the coefficients of our parameterization Eq. (53)), which
are tabulated in Table [V] are obtained by using the LO matrix elements as follows. We calculate the total cross
sections o, and o, respectively, for purely left-handed (er) and right-handed (er) beam in the LO for several sets
of (Knit, Entes Knzz) parameters, and obtain the parametrisation Eq. (B3] with o%° and ¢%©, a}?pp' = affpp' =0. We
approximate the NLO corrections simply by replacing UI;IO and ofgo by UELO and UiLO, respectively. We note here
that this is not accurate, and the NLO corrections should be made separately for the (kp¢ cos&pit)? and the (kpzz)?
term as well as the interference term proportional to (kptt cos8Epiiinzz) in the future. For the topponium coefficients
(AL, B, Cqy, D), we calculate the LO cross sections at m;; = 2m;+0.1 GeV, just above the threshold, and fix all the
coefficients, normalizing the total cross section to the topponium cross sections obtained in Section [[IT] and tabulated
in Table[[IIl Accordingly, the coefficients in Table [[V] are normalized as

> Aa+Ba+Co= Y Do= Y A, +B,+C,= > D, =4 (55)
a=L,R a=L,R a=L,R a=L,R
NG As  Ba Co Do A, B, C, D]
500 er [2.755 0.057 0.003 2.779(|2.756 0.060 0.008 2.800
er|1.212 -0.029 0.002 1.221{1.208 -0.036 0.004 1.200
550 er [2.726 0.061 0.009 2.766{|2.716 0.074 0.029 2.773
er|1.222 -0.025 0.007 1.234(1.202 -0.043 0.022 1.227
1000 ey, |2.562 0.078 0.084 2.736 — — — —
er|1.199 0.013 0.064 1.264 — — — —

TABLE IV: ete™ — htt cross sections

at LO, with NLO and Coulomb-resummation corrections for the pure scalar and

pseudoscalar processes at /s = 500 GeV, 550 GeV, and 1000 GeV.
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FIG. 9: The £y value which reproduces the SM (h = H) cross section for &nie # 0, at /s = 500 GeV (black solid), 550 GeV
(red dotted) and 1000 GeV (green dashed). The results are for k;,, = 1.

We believe that this is a good approximation to the S-wave topponium formation, which dominates the coulomb
resummation corrections.
The cross section for partially polarized beams (|P.| < 1 for e™, |P:z| < 1 for e™) is obtained from Eq. (53)) as

o(p,py = LTI, U PIZ R, (50

and hence the unpolarized cross sections are

7(0,0) = {(on +on). (57)
Here, we give a few comments on the impacts of the beam polarization on the htt coupling measurements. We first
note from Table [V] that the ratio D,/A, and D! JA! are almost the same for e and eg, and hence the beam
polarization has little impacts (besides the total number of events which can be increased by choosing P, < 0 < P;)
in the measurements of the sign of 4+ that arise from the interference between the amplitudes whose squares give A,
and D,, respectively. The most significant effect of the beam polarization is in the value of B, the coefficients of the
interference between two CP-even amplitudes, those with the htt coupling proportional to rp¢ cos Exyy and those with
the hZZ coupling. Their signs are opposite at /s = 500 GeV and 550 GeV, while the magnitude is different by a
factor of six at /s = 1000 GeV. Accordingly, we find significant improvement in resolving & = 0 (cosépe = 1) and
Entt = £7 (cos&per = —1) by using the beam polarization. However, because the beam polarization has little impacts
on the CP-violation measurements, the following studies are performed for unpolarized beams (P. = P; = 0). We
would like to study the impacts of the eTe™ beam polarizations in a separate report, in which the sensitivity should
be compared with those from single top and A production at the LHC ﬂl_1|]

Throughout this study, we adopt

L =1000 fb~! (58)

as a nominal integrated luminosity at each colliding ete™ energy /s = 500 GeV, 550 GeV, and 1000 GeV so that we
can compare the impacts of increasing the beam energy. For unpolarized beams, we expect the following number of
htt events with unpolarized beams for the SM (h = H):

610 events  at +/s = 500 GeV
1530 events  at +/s = 550 GeV
2000 events  at +/s = 1000 GeV (59)

which measures the total cross section with statistical errors of 4.0%, 2.6%, 2.2%, respectively. If we assume that these
number of events are observed, then at each energy, the value of (kpst, Enee) are constrained to lie on the curves shown
in Fig. @ We set kpzz = 1 throughout our studies. The statistical error on k¢ is about half the cross section error,
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~ 2.0%,~ 1.3%, ~ 1.1%, respectively, for v/s = 500 GeV, 550 GeV, 1000 GeV, which are too small to show in the
plot. It is clear that the measurement of the total cross section at two different energies can constrain a region of K,
and &gy, and more importantly, the LHC experiments on htt and ht, ht productions will also give such constraints.
We therefore assume that the SM Higgs cross section is observed at a given eTe™ collision energy, and study the
capability of distribution studies to resolve the sign of &y as a function of |x4|. Therefore, one should be careful
when comparing &y = % against {py = —% at /s = 500 GeV, since it is not kpy = 1 but kpye = 1.4 which gives the
same number of events as in the SM.

B. Differential cross sections

The differential cross sections including ¢ and ¢ decay distributions are obtained as in Eqs. ([@9) by using the density
matrix formalism. In this subsection we explain how we treat the hadronic decays of t and £, QCD corrections to the
differential cross sections which strongly depend on m,z, possible beam polarizations, and how we take account of the
probability that ¢ and ¢ cannot be distinguished uniquely when both of them decay hadronically.

First, we introduce the following generic form of the ¢ and # decay density matrices

6(1—z T+, Tyt
p= m2( i 2 (w — iz x—:vy>’ (602)
() o) L 5

m

5= 6(1 —x) THT, Ty —ixy (60D)
(1_m%‘/)(1+2ﬁ) Ty +ixy T — 2, ’
m2 m?

t

respectively, where

2p
T = L = (T, Ty, Ty, T 61
T oy (B, %y, Tyy T)s (61a)
2pl
e —é = T 2z 61b
o =2 (o) (61b)

are normalized 4-momenta of £ (d or 5) and £ (d or s), respectively, in the ¢ and f rest frame. They are expressed in
terms of the b (b) angles 0;, ¢ (05, ;) in the ¢ (f) rest frame, the £, d, 5 angles 6**, ¢** in the W™ rest frame, and the
0, d, s angles 0**, ¢** in the W~ rest frame. Details are given in Appendix [Al The density matrices in Eq. (60) are
normalized as

dcos0;dg; dcos0**dg™
/ poor L o =l (62a)
dcos0Fdo* dcos §**dp**
//366/ > ¢b o8 (b = 0557 (62b)
47 47

We use the density matrices Eq. (60) for all leptonic decays. Indeed, integration of Eq. (60]) over the b (b) angles for
fixed angles of £ (¢) in the ¢ (f) rest frame reproduce the well known formula Eq. (51 for By = 1.

For hadronic decays, we introduce the probability P;, with which we identify d from v (d from @), or 5 from c (s
from ¢) in W~ (W) decays

1— Py,

1+P7u * kKK Kk * * ()% * kK
Pl = =5 (05, 05,07, 6") + — (0, 67, m = 07w+ 67 (63a)
— 1+P7u— * % )kck sk 1_P7u * % sk sk
ph: 2 d P(957¢5a9 a¢ )+ 2 d P(ogv(bgaﬂ'—o 57T+¢ ) (63b)

where we assume that b and b momenta are uniquely identified. With the probability (1 + Py,)/2, we identify d or 5
(d or s) correctly in W (W ™) decays, whereas with the probability (1 — P;,)/2, we misidentify u or s (@ or 5) for d
or § (d or s). In our analysis, we set

Pi,=Psc=0 (64)

for simplicity, but Ps. may be significant. The decay density matrices p* and p" in Egs. (63) keep the maximum
information given by the matrix elements. If we ignore the top spin sensitivity in the d or 5 (d or s) distributions
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by integrating over the W decay angles (0**,¢**), only poor resolution power of b angular variables 0;, o; (9};, qﬁg)
remains.

By using p and p in Eq. (60) for leptonic decays and p and p" in Eq. (3] for hadronic decays, the differential
cross sections are expressed as follows

d ’ ’
% = Z Z Z Z {8060'6/ [prm,/ pos + BeBr(poor pgﬁ/ + PZU//_’&?')] + B}%Sgga/&'/’ga' f_’g&/} (65)

with the reduced phase space

d cos 0y dg; d cos 0**dg** d cos 03 dd; dcos 6 dp*™

dd = do 66
it 4 47 47 47 (66)
In this report, we do not distinguish lepton or quark flavours, and adopt
By= Y B(t— blv)~0.33, (67a)
l=e,u,T
Bp, = B(t — bdu) + B(t — bsc) = 1 — B, ~ 0.67. (67b)
Production density matrices are expressed in terms of the helicity amplitudes as
1 1+aP.1—abPs .
Soolar = %% Z 5 TMQG'G'MQO—’&’ (68)

where —1 < P,, P: < 1 denote e and e longitudinal beam polarizations.
There is one subtlety when both ¢ and ¢ decay hadronically. In this case, identification of ¢ and £ can be ambiguous,
and we introduce the probability P, with which ¢ and ¢ can be identified correctly. In this report, we adopt

P;=04 (69)

which is approximately twice the semi-leptonic decay branching fraction of B mesons. Charge discrimination of
hadronic jets from WT and W~ decays may also help. With this probability, the distribution proportional to
B? ~0.45 in Eq. (65) should be

- 1+P7 N * *  )kk kK = * * ok ok
Sdhgd’c’r/pgo/pga” = 2 ttSO’E’U/a" (05¢)pgo/(9bv¢b59 ad) )pgﬁ/(ol;v(bgae a¢ )
1 - Ptf

2

+

Saé'o"é" (7T - éu T+ é)pga’ (927 (blj;v 9**7 ¢**)ﬁ26’ (9;:7 (b?;a é**u é**) (70)

In the last term with the probability (1 — Py;)/2, ¢ and f are misidentified, not only the ¢ angles (6, $) in the ¢f rest
frame are replaced by those of ¢ angles (m — é, T+ ¢?), but also all the 4-angles of t and ¢ decays are exchanged.
Although this looks complicated, it is straightforward to implement it in a numerical program, and we can keep the
maximum surviving information of the matrix elements.

Finally, we implement the perturbative NLO corrections and the topponium contribution as follows. For the NLO
corrections, we find in Section [[TI] that the m,;-dependent K-factors are almost identical to the CP-even and CP-odd
cases, see Fig.[8l We therefore ignore their small differences, and multiply the m;z-dependent K-factor of the CP-even
(h = H) cross section to our differential cross section in Eq. (G5

do do
o5 Klma)—=. (71)
We confirm that this simple prescription reproduces all the NLO cross sections listed in Table [TIl

For the topponium contribution at /s = 500 GeV and 550 GeV, we evaluate the differential cross section Eq. (65)
at my; = 2m¢ + 0.1 GeV, and normalize the total integral such that it agrees with the production cross section of
topponium + Higgs listed in Table [T, by multiplying the factor

topp.
OH

o(my; = 2my + 0.1 GeV)’

(72)

With this prescription, we obtain all the correlated decays of both ¢ and ¢ decays, reproducing the results of Ref. HE]

Sophisticated simulation program with topponium formation and decays is needed to evaluate the cross sections
and distributions for the SM and its extensions. We believe, however, that the model dependences are approximated
reasonably well by using the leading-order matrix elements as outlined in this subsection.
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C. Results

As an estimator for the sensitivity of our CP-violation measurement in ete™ — htt process, we introduce the
following x? function

2
doey /AP — do, (Knit, Epe ) /D
2 (not net) = L | d , 73
X" (%ntt; Enir) / < Voo (Kt Ent) /D ) i

Here do., /d® represents the observed experimental cross section calculated by assuming that a set of parameters
(k53 &%) are true and doy,/d® is calculated for an arbitrary set of (k,,,, §,;;) values at each energy. L is the
integrated luminosity of the process for unpolarized beams. Throughout our study, we set

L=1000fb"t, P.=P.=0, (74)

at all energies. The x? function in Eq. ([3)) accounts for all possible difference between data do.,/d® and theory
doyp/d® at all kinematical configuration ®, with the corresponding statistical error proportional to (Ldoyy, /d®)~1/2.
It maybe regarded as an ultimate possible sensitivity for a perfect detector with infinite resolution and no errors.
Because we calculate the data do/d® by using our theoretical formula without fluctuations, it is obvious that

Xonin = X (K, €iy) = 0 (75)
When we fix the test value of &y, the minimum becomes
Xomin (nte) = X (Rnet (Enee)s Ente) (76)

where kpt+(Epee) is the value which gives the same total cross section with the SM. The trajectory of kpst(Entt) has
been given in Fig. @ for /s = 500 GeV, 550 GeV, and 1000 GeV.

In the left panel of Fig. [0, we show 2. (&ue) as a function of &y when the SM distribution (kpet, Enie) = (1,0)
is assumed for do.,/d®. The blue dashed curve is obtained when only the htf distributions are measured. In our
differential cross section formula in Eq. (1)) with K (m,;) for NLO correction, these limits are obtained simply by
replacing all our decay density matrices by a unit matrix:

Poo’ = pgo’ =050, Po5 = pga/ = 055 (77)

As compared to the simple calculation of eTe™ — htt differential cross section, we find slightly smaller y2; because
of finite tf discrimination probability P,;; = 0.4 when both ¢ and ¢ decay hadronically. The red dash-dotted curve
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shows our results when leptonic decay angular correlations are assumed. This limit is obtained in our do/d® formula
by setting only the hadronic decay density matrix to be a unit matrix.

ng’ = 60’0”7 ﬁg&’ = 055 (78)

Only small improvements are found over the htt distributions only case. This is mainly because of the smallness of
the branching fraction factor of the dilepton case B ~ 0.11 even including the ¢ = 7 and ¢ = 7 modes, even though
they give full ¢ and ¢ decay angular correlations. It is also because the single (¢ or t) decay angular distributions with
the probability of 2By(1 — By) ~ 0.44 have relatively small sensitivity to the CP phase, £,;;. The green solid curve is
obtained by including both leptonic and hadronic decay angular correlations by using our full differential cross sections
do/d® in Eq. [l). The significant improvement over the red dash-dotted curve shows that the angular correlation
between semi-leptonic and hadronic decays keep the resolving power even with the assumption of P;, = Ps. = 0 in
Eq. (64). Finally, the red solid curve is obtained by adding the topponium contributions. Although the full decay
angular distribution studies based on our formalism improve the measurement significantly, it is clear from the plot
that the SM data at /s = 500 GeV is consistent with |£,4| = 7/4 at 1o, even with 1000 fb~1.

In the right panel of Fig. [0, we show the results when the data follow the prediction of the maximum CP phase at
(k§%,, €5%,) = (1.4,7/4), where the total cross section is the same as the SM. Here the x2,; value at &y = —£5%, = —7/4
gives the sensitivity to CP violation. Apparently, the htt distribution has no sensitivity (see the blue dashed curve),
as may be expected from Fig. @ in Section II, where the difference between & = 7/4 and —7/4 is tiny for the sum
of squared of all the amplitudes. The inclusion of leptonic decays improves (red dash-dotted line), and the impact of
including hadronic decays (green solid line) is quite significant. Adding the topponium contributions, the x? value
reaches 4, or we might find a 20 hint of CP violation.

We find the results discouraging, because this result is for the largest possible CP phase, with 1000 fb~!, and a
prefect detector with no fluctuations in data are assumed in the analysis. This leads us to re-examine the target
energy of a linear collider. As explained in Section [l , the disappointing results at /s = 500 GeV are probably
unavoidable, because the small ratio R = o(Att)/o(Htt) = 0.016 at /s = 500 GeV shown in Fig. [l implies that
the CP-odd amplitudes are much smaller than the CP-even amplitudes. Our analytic form of the helicity amplitudes
obtained in Section IT in Eq. (27) and Eqs. (B0H3E) confirms that all the amplitudes proportional to sin &y are either
proportional to B , the t velocity in the tf rest frame, 3, the velocity of the ¢ system in the eé rest frame, or D} — D2,
the difference between the two top quark propagator factors, which are all strongly suppressed at energies near htt
threshold, my, + 2m; = 471 GeV.

We therefore examine the possibility of upgrading the target energy by 10% to 550 GeV, where the ratio R =
o(Att)/o(Htt) increases to 0.047 ~ (0.22)%2. The results are shown in Fig. Il In the left panel, we show x?(&nt)
when the SM (k§%,,&55,) = (1,0) is assumed for the data. Again, the htt distributions (modified for the probability
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FIG. 11: The x? plot at /s = 550 GeV assuming £57, = 0 as the observed data (left panel) and £57, = 7/4 as the observed
data (right panel).
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B2(1 — P;) = 0.27 that ¢ and ¢ cannot be resolved) shown by blue dashed curve give little sensitivity to &u: when
|€net] < 7/4. With the inclusion of ¢ or ¢ semi-leptonic decay angular correlations, the sensitivity shown by the red
dash-dotted curve shoots above 1o at |p4] = 7/4. Moreover with inclusion of the hadronic decay angular correlations,
as shown by green solid curve x? grows above 50. The topponium contribution is not very significant as may be
expected from the relatively small topponium formation cross section at /s = 550 GeV. It may be worth noting that
&nee = 0 and 7 can be resolved at 20 level by using decay angular corrections even without beam polarization.

In the right panel, we show the results for (k§¥,,£5%,) = (1.38,m/4). As in the /s = 500 GeV case, hit distribution
has almost no power in resolving CP violation (blue dashed curve). x2 . value at &yt = —&%, = —m/4 becomes 4
(20) if we study lepton angular correlations shown by red dash-dotted curve. It jumps to above 40 once we include
hadronic decay angular corrections. We can now hope for a meaningful measurement of CP violation in the top
Yukawa coupling at /s = 550 GeV with dedicated efforts.

In Fig. 12 we show the difference

Xomin (Ente = —E550) — Xouin (Enee = E31) (79)

as a function of £§%,, which gives a measure of the sensitivity of the ete™ — hit experiments to CP violation. We
believe that by the time the proposed experiment can be done at the ILC we should have relatively strong constraints
on the magnitude of &4 from the htt and single top-+h production cross sections and their distributions at the LHC
experiments. The role of ILC experiments should hence be to test that there is indeed CP violation in the Higgs
Yukawa couplings, when nonzero magnitude of &4 is favored by those data. This can only be done by observing
CP violating asymmetries which determine the sign of &4+, whose significance is proportional to the difference in
Eq. ([@).

In the figure, the blue dashed curve shows that the htt distribution has almost no sensitivity to CP violation.
Inclusion of leptonic decay angular correlation (red dash-dotted line) improves, but the most significant improvement
is found by including hadronic decay angular correlations as shown by green solid curve. We find that the contributions
from the modes where one of ¢ and £ decays leptonically, and the other decays hadronically, whose branching fractions
account for 2B,Bj, ~ 0.44, increase the x2. value most significantly. In this mode, ¢ and ¢ are uniquely identified,
and the leptonic decay angular distribution is exact. Even though the hadronic decay angular correlations suffer
from d v.s. u (or 5 v.s. ¢) misidentification, significant correlation between the ¢ and ¢ decays remains to resolve CP
violation. We may tell from Fig. that a 20 hint of CP violation can be found if &, > 0.127 ~ 0.38, while a 30
evidence of CP violation can be found if &,y > 0.187 ~ 0.55 at /s = 550 GeV with L = 1000 fb~1.

We note in passing that our x? function Eq. (79) adopts the experimental distribution do.y/d® calculated analyti-
cally for &y = &5, without fluctuation for realistic binned data. The significance which can be read off from Fig.
should hence be regarded only as a first optimistic estimate. Dedicated studies with event generation may be needed
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FIG. 13: The x? plot at /s = 1000 GeV. X2, (Ense) is plotted against the fit parameter x4, when &5, = 0 (the SM Higgs) is
assumed for the data (left panel) and when &7, = w/4 is assumed (right panel).

to obtain realistic estimates with statistical fluctuation of experimental data.!

We close our discussions by repeating the study at /s = 1000 GeV with L = 1000 fb=!. The left panel of Fig.

shows the constraints on &z, when the SM is assumed for the data. At /s = 1000 GeV, the htt distribution (blue
dashed curve) has significant sensitivity, and it alone can reject |€n:+| = 7/4 at 5o level. The inclusion of both leptonic
and hadronic decay angular correlations (green solid curve) doubles the 2 value. In the right panel, we show
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FIG. 14: Sensitivity to CP violation is shown by X2, (Entt = —E€5%) — X (Enee = £55,) plotted against £5%,, the assumed true

value of the CP phase at /s = 1000 GeV.

I Significance of Ax? value obtained by analytically calculated experimental distribution without statistical fluctuation is discussed in

e.g. in section 5 of Ref. [23].
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the constraint when (k$%,,£5%,) = (1.2,7/4) is assumed for data. 2, value at & = —&55, = —7/4 tells that CP
violation can be seen at 5o even with htt distribution only (blue dashed curve), while it exceeds 100 once we study
full decay angular correlations.

The discovery potential of CP violation at /s = 1000 GeV with 1000 fb~! is summarized in Fig. T4 From the
green solid curve that is obtained from our full correlation studies, we may hope to find a 30 evidence for CP violation
if &%, > 0.0747 ~ 0.23, and a 50 discovery if &7, > 0.127 ~ 0.38.

V. SUMMARY AND DISCUSSIONS

In this report, we study the potential of future e™e™ collider experiments to discover CP violation in the top Yukawa
coupling, whose magnitude is largest among all the couplings in the SM. We examine ete™ — htt production with
all t and  decay modes, including both semi-leptonic (¢t — by, ¢ — bf) and hadronic decays. The full kinematical
distributions including the decay angular correlations are obtained by using the density matrix formalism. In addition
to the well known t and ¢ decay density matrices for semi-leptonic decays, where the full information on the ¢t and ¢
polarization is given by the ¢ and ¢ decay angular distributions in the t and £ rest frame respectively, we introduce
novel decay density matrices for the hadronic decay modes which keep significant ¢ and ¢ polarization resolving power
even when one cannot distinguish between d v.s. u or 5 v.s. ¢ jets (d v.s. @ or s v.s. € jets) in W+ (W) decays.

We approximate the full differential cross section by using the decay angular correlations of the leading-order matrix
elements with CP-violating htt coupling phase &4, corrected for the my; dependent NLO correction factor and the
topponium formation at m;; ~ 2m;. QCD corrections to the angular distributions or correlations of top-quark decay
products have not been studied in this paper. Detailed analysis will be required in future work. The sensitivity to CP
violation has been estimated by comparing the full distributions between §,,, and —¢,,, in the range 0 < || < 7/4,
by adjusting the magnitude of the htt coupling (rx+t) to reproduce the total cross section of the SM Higgs. We study
the case at /s = 500 GeV with £ = 1000 fb~!, and find that even though the semi-leptonic and hadronic decay
angular correlations (as well as topponium contributions) give sensitivity to the sign of x4, it reaches only up to
the 20 level after including all the contributions for the maximum CP phase, || = 7/4. We therefore examine
the possibility of increasing the beam energy by 10% to /s = 550 GeV. The sensitivity grows significantly, giving
us the possibility of a 20 hint for || ~ 0.127 ~ 0.38 and that of a 30 evidence for |{pet| ~ 0.187 ~ 0.55. We
therefore propose that the next target energy of a linear eTe™ collider should be increased from the original 500 GeV
to 550 GeV. Impacts of such a 10% increase in the beam energy on other key measurements (such as the hhh coupling)
should be studied.

At /s = 1000 GeV, we expect a 30 evidence at [y ~ 0.0747 ~ 0.23, and a 5o discovery at |Epy| ~ 0.127 ~ 0.38.
All these numbers should be regarded as possible maximum sensitivity by a perfect detector that can resolve all
information given by the matrix elements.

We believe that the ¢ and ¢ decay density matrices we obtain for both semi-leptonic and hadronic decay will
be a powerful tool in all processes with ¢ and/or ¢ in the final states. Their distributions are explained in detail
in Appendix [Al The use of numerical helicity amplitudes evaluated by amplitude calculators can also have wide
applications, especially for all the processes whose amplitudes are so complicated that analytic expressions are of little
use. We therefore give in Appendix [B] a review of the fermion wave function phase convention in Refs. ﬂﬂ, ] that
is adopted in MadGraph [26].

Appendix A: Top and antitop quark decay density matrix

In this appendix, we give top quark decay density matrices for
t — blyy (A1)
and
t — bdu (A2)

in the top quark rest frame where the z-axis is chosen along the top quark momentum p; and the y-axis along the
Py X Py, direction in the ¢¢ rest frame (where the ee™ — htt helicity amplitudes are calculated). In the frame, we
parameterize the four momentum of b and ¢(d) as

Pl = %xb(l, sin 0} cos ¢f, sin 0} sin ¢}, cos ;) (A3)

ph o = %f(l,siné* cos ¢*, sin 0* sin ¢*, cos %) (A4)
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in the limit of neglecting all the final fermion masses including the b-quark.
The decay matrix element for the semileptonic decay (Al can be written as

M, = M(ty — blv)

= L Dwpr+p,) up (L yeur(t0) ur)n(o ) pmnvr (D), (A5)

with the W propagator factor, Dy (q) = 1/(¢> — m%, + imwT'w), and ¢/{ = (1,48&) are the chiral four vectors of the
Pauli matrices. By using the Fierz identity

(Ui)kl (U:t,u)mn = 2(i02)km (iU2)En (AG)
we can express the amplitudes as
M, = ¢*Dw {ur(b)'(io®)u} (v)} {ur(t, o)  (io®)vr(0)}, (A7)

where the bi-fermionic products in each big bracket are separately Lorentz invariant?.
The spinor products are calculated easily as

ur (b)T(ie®)u} (v) = my, = mV/1 — T (A8)

in the b + v rest frame, while in the ¢ rest frame we find

uL(t,O')T(iO'Q)’UL(E) = my (xweioqﬁ*) (Ag)

for the top helicity o/2. The amplitudes (A7) are hence simply

— 1
1 0 . 5\2
M, = g*Dyym? (:v(l - E)M%ewd’ ) (A10)
We normalize the top quark decay density matrix distribution as
dpyyr = M, M d®s(t — bl All
oot = g Mo Mt = biv) (A11)
so that the total integral gives
1 _ _
/ dpopr = —— / M, M d®s(t = biv) = 5,00 B(t — bi) (A12)
2mtft

Note that the trace of (A12) gives twice the branching fraction. Inserting the amplitudes (A10) into (A11), we find

4

4
g my 2- -
dpyor = Dy, 1-—

P 2mt1"t| 2 ( z) <

— — 1
* / *\ 2 ’
1+ocosf0* 1+ o' cosf*\* T 4, (A13)
2 2

In the case of semi-leptonic decays (Al), it is most convenient to parameterize the invariant 3-body phase space as

B m? cdn d cos 0*do* dcosOp*
T8 YT 5

dds (A14)

2 The invariance of each bi-spinors is manifest in the spinor rotation
up (0); (") uy (o) u ()5, (0- )" vy, (D),

= 2up (b)szmuL (W) ur(, U)zfva (O

where undotted lower indices give left-handed spinors and the dotted indices are for their complex conjugates. e¥¢ = €*¢ are antisymmetric

sign factors with e1p = —e!2 = 1.
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where 6;* denotes the polar angle of the b quark in the b+ v rest frame measured from the —pj direction. In the zero
width limit of the W, we can integrate out cos0;* as

1
d cos 0;*
| =55 pwr
—1

/1 dcost;* 5(m2j1 —cosO;* m,)
-1

= — —5). Al5
my Ty, miz m? ) (AL5)
We integrate out Z in the region mf,/m? < < 1, and find

2=’ 5= dcos é*dd_)*.

dpser = B(t — blv) (1 + o cos 5*)% (14 o' cos 9*)% ez 1 (A16)
T
In the matrix form
- 1+ cosf* sinf*ei®” \ dcosf*dp*
dp=B(t — bl _ | — Al7
r (t = bév) (sint?*e“;5 1 —cos@* ) 47 ( )

reproducing the normalization Eq. (A12).

In the case of the hadronic decay (A2) of the top quark, matrix elements are exactly the same as those of the
semileptonic decays Eq. (A10), where (Z,0*,¢*) are now the normalized energy and the angles of the d quark (or
S in the case of W — 3¢ decay); see Eq. (A4). We need, however, a careful treatment of the decay phase space
integral, because it is difficult to identify d from u (5 from ¢) in collider experiments. We introduce a parameter
P;,(0 < Pg, < 1), which measures the probability that d v.s. u (5 v.s. ¢) are distinguished correctly, in the decay
density matrix distributions. Although all the results presented in this report are for P; = P;. =0 (absolutely no
distinction between the two decaying jets of the W), we hope that our formalism encourages further efforts for s v.s.
c discrimination (or even d v.s. u).

We start with the differential density matrices Eq. (AL3]), multiplied by a factor of 3 for the color, where (z, 6%, ¢*)
are parameterizing d (3) quark momentum in the top quark rest frame. Because d and u (5 and c¢) are difficult to
distinguish, we parameterize the ¢ — bdu phase space by using the W — du rest frame angles:

A% = (A18)

L, m2 '\ dcos@;der dm3 dcos§**dp**
6472 m? 4 27 4
where 6; and ¢; give the b quark momentum in the top quark rest frame, while 6** and ¢** give the d momentum
in the W — du rest frame which is obtained from the top quark rest frame by rotations (—¢; about the z-axis, and
then —6; about the y-axis) and a Lorentz boost along the z-axis by

- l—m?iu/mf

= —3—. A19
h 1+ m%u /m? (A19)
The integration over mi—u is done in the zero W width limit to obtain
2
my dm% 1
du 2
D = — A20
| G = 5 (A20)
and we find
6B(t — bdu . dcos 0 do; dcos0**dp**
dpa'a" - mz( )mz Poo’ 4 — 4 s (A21)
ATy

where

ﬁ:(l_x)(f—i-:fz :fx—l—i:fy)' (A22)

T, —iT, T— I,
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Here, 7" = (T, Ty, Ty, ) is the normalized d quark four momentum in the top quark rest frame

T = m—Ww*(l — 3 cos 0**)

My

T, = Tw {cos ¢} (cos 0 sin 6** cos ¢** + sin 0; " (cos 0™ — %)) — sin ¢} sin 6** sin ¢** }
my

T, = Mw {sin ¢; (cos 05 sin 6** cos ¢** + sin 6;7*(cos 6** — B*)) + cos ¢y, sin §** sin ¢** }
my

7, = W {— sin 6} sin 6** cos ¢** + cos Oy (cos 6** — )}, (A23)
my

2 2
where v* = ;24 (1 + mw), YEF = (1 — Tn"t{) With the above parameterization, we can express the top

2my m? 2mw
quark decay density matrix distribution under realistic experimental conditions with finite (or zero) probability Pg,
for d v.s. u (3 v.s. ¢) discrimination as follows

6B(t — bdu)

dp(P(fu) = ) )
(1— mVQV) (1+2mV2V)
T+ Payons v gsx 7esy 0 L= Pau wips s _ —ur | dcosBrdet dcos 0+ do**
X{ 2 d p(ebad)bvo 7¢ )+ 2 g p(ebad)bvﬂ_e 77T+¢ )} 47: b 47T . (A24)

The meaning of Eq. (A24)) is that, if d v.s. u discrimination is perfect, i.e. Pg, = 1, then the density matrix distribution
is exactly the same (up to the branching fraction factors) as that for the semi-leptonic decays (A17). When Pyz = 0,
which we assume in our numerical studies, the d quark (at 6** and ¢**) is not distinguished from the u quark (at
7 —0** and m + ¢**) in the W rest frame, and hence their average measures the top quark polarization.

In the case of the ¢ decay amplitudes, as compared to Eqs. (A5]) and [A9)) , we find

T, (5 = 57) = LDy + o) v} () (0" 10 (B) s (1) (0 (7) (A25)
— ¢*Dy {U}(f, 6)(i02)uL(€)*} (oL ()" (i0%)v, (7))} . (A26)

We parameterize the b and £(d) four momenta exactly in the same ways as Eqs. (A3} [A4) for ¢ decays

Py = %;Cg(l, sin 7 cos ¢; , sin 7 sin ¢; , cos 6 ) (A27)
pf(d) = %x(l, sin 0" cos ¢*, sin 0" sin ¢*, cos ") (A28)

in the ¢ rest frame which is obtained from the ¢ rest frame by a Lorentz boost along the z-axis. In this way, the
azimuthal angles are measured from the common z-axis, while the ¢ helicity corresponds to its spin component along
the negative z-axis. In this frame, we find the helicity amplitudes are given as

— 1+accosf* _._.-\2
My = g*Dyym? (x(l - 3:)+U$efw‘;5 ) . (A29)
Therefore the ¢ decay density matrix for the semi-leptonic decays is
o, [ 1+ cosf sin@re @\ dcosb*do*
dp = B(t = blv) < sin@*e’” 1 — cosf* ) C Am (430)
and that for the hadronic decays reads
B(t — bdi . dcos@idor O** doy**
P 6 2( — bdu) b 2doy dcos0**de (A31)
(1 - S8)(1+27) i i

Ty +1iTy T — T,

ﬁ:(l—x)( T+, xm—i:ry)7 (A32)
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if we can distinguish between d and @ jets. As in Eq. (A23), 2" = (z, 24, %y, ) is the normalized d (or s) quark four
momentum in the ¢ rest frame

x = m—Ww*(l — % cos0*")

my

T, = Mw {cos ¢ (cos 05 sin 6** cos ¢** + sin 0y (cos 0™ — %)) — sin ¢ sin 6** sin ¢** }
my

T, = Tw {sin ¢ (cos 05 sin 6** cos ¢** + sin 07y (cos 0™ — %)) + cos ¢ sin 6" sin ¢** }
my

2. = WL Gin62 sin 6" cos ¢* + cos B3y (cos 07 — B*)} . (A33)
my

With the probability Py = P, for d v.s. @ discrimination, the ¢ decay density matrix for hadronic decays becomes

_ B 6B(f — bdu)
dp(Pdﬁ) - (1_ Tn%") (1_}_2";?2&/)
1+ Pag - £k Rk kk 1— Pag ~ * ok *ok *ok dCOSQfd(bfdcose**d(b**
X{Tp(obagbbve 7¢ )+ 2 P(ogaébng—H 77T+¢ )} 47: - Arn (A34)

It is worth noting here that the ¢t — bfv and £ — bl amplitudes as shown in Eq. (A10) and Eq. (A29), respectively,
are expressed as squared roots of complex numbers because space rotations on spinors give half angles. These elegant
expressions cannot be obtained if one adopts a phase convention that depends on the azimuthal angle, such as the
one in Refs. m, @] adopted by a Feynman amplitude calculator MadGraph HE] The amplitudes Eq. (AIQ) and
Eq. (A29) can be recovered by supplying the phase factor in Eq. (BT), as will be explained in detail in Appendix
Because the phase factor associated with the ¢ and ¢ spinors, respectively, for ¢ and f decay amplitudes are common
for both helicity amplitudes, the decay density matrices in Eqs. (A7 [A22 [A30 [A32) are independent of the ¢ and
¢ spinor phase convention.

Appendix B: HELAS phase convention for the density matrix

As explained above, we use HELAS amplitudes as obtained by MadGraph to test our analytic calculations, and to
generate differential cross sections with full decay correlations. We encounter a subtle frame dependence of the hit
production density matrix elements due to the specific phase convention, hereafter called HZ convention ﬂﬂ], which
has been adopted by HELAS subroutines Hﬁ] Because the use of MadGraph-generated HELAS amplitudes can be
a powerful tool for studying massive fermion spin correlations in various experiments, we show in this appendix the
origin of the frame dependence and ways to avoid possible inconsistencies.

In Ref. ﬂﬂ], massive fermion wave functions are expressed in terms of two helicity spinors

X+(ﬁ)—< cos 3 ) (Bla)

sin gei¢
<0 —id
o — S1n 56
= (i) (B1b)
when the fermion four momentum is
p* = (E,p) = (F,psinf cos ¢, psinfsin ¢, p cos §) (B2)

where p = |p], 0 < 0 < 7 so that cosg,sing >0 and 0 < ¢ < 27. Note that

X (B) = —io”x+ ()" (B3a)
Y (B) = i ()" (B3b)

By starting from the fermion spinors in the rest frame,

sl ) = unl+) = v () oo = unlp ) = v () (B1)
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and with the charge conjugation
vp(p,0) = i0*ug(p,0)*,  wg(p,0) = —icur(p,0)*, (B5)

we find that straightforward calculation of the Lorentz transformation, from the ¢ and (¢) rest frame p* = (m,0,0,0)
to the frame in which the ¢(¢) four momentum becomes Eq. (B2),

w(p,+) = ( % )’Z% ) e~i% (B6a)
u(p, —) = < % i:g > ¢'s (B6b)
u(p, +) = < _@X’i‘(g ) ei% (B6c)
v(p,—) = < _%X;f% > eTi% (B6d)

The fermion wave functions in Ref. M], adopted in HELAS Hﬁ] are obtained by chopping off the phase factors which
depend on the azimuthal angle and the helicity of ¢ and ¢,

29
’U,(p, U) = ’U,(p, U)HZ € 2 (B7a‘)
_ _ PRci
v(p, &) = v(p, )y €2 (B7b)

Hence, for all t production processes, the helicity amplitudes in the HZ phase convention differ from the naive ones
as

iobp+5o
12

MU& = (Maﬁ)HZ (6 )7 (BS)

when t and  momenta have non-zero azimuthal angles, ¢ and ¢, respectively.
In our study, we calculate the helicity amplitudes in the t rest frame where

p=¢ (B9)

holds.® Therefore the helicity amplitudes in HZ convention (the HELAS amplitudes) differ from the conventional
amplitudes by the following phase factors

My = (Mit)ug ei‘f
M- = (M__)yz e
(Mt )1z (B10)

Although the phase factors do not affect the magnitudes of each helicity amplitudes, they do not decouple from the
off-diagonal elements of the density matrix p,; ;50 = M,z M;

¥
I

15

Pit—— = (Pr+.——)uz €*?
pivtr = (Prtt5)uz €
Pr——+ = (P+——+)uz- (B11)

They introduce unphysical ¢-dependences in real and imaginary parts of the density matrices, when ¢ and ¢ momentum
has non-zero azimuthal angles. Note that the phase does not appear in the chirality conserving amplitudes in the
massless limit, and hence the eTe™ currents are free from the azimuthal angle phases.

Such convention dependent ¢-dependence does not survive in the physical distributions. For instance, the phases in
Eq. (BII) are precisely canceled by the corresponding phases in the ¢ and ¢ decay density matrices, if we use the same
wave functions for production and decay. In order to recover the rotational invariance of the conventional helicity
amplitudes, we may supply the phase factor in Eq. (B8] or simply stick to the frame where ¢ and ¢ momenta have no
y-components. We adopt in Section [Tl the latter approach by choosing the frame in which ¢ and £ momenta are in
the z-z plane, whereas the azimuthal angles are given to e and € momenta.

3 In order to avoid purely complex phase e+im/2 for the { wave function, we obtain the { momentum by setting 07 = —m + 0; and ¢7 = ¢¢
in the ¢t rest frame.
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