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1. Introduction

The theory of optimal commodity taxation addredbesquestion of what characterizes
the solution to the government’s problem of raisagyiven amount of revenue by
commodity taxes when the instrument of differentiamp-sum taxation is not

available. Aside from the obvious relevance for pmticy, the theory has important
implications for labour market, environmental, spart, educational, pension,
agricultural, trade and development policies, aod & range of other policy areas
involving government decisions on pricing and taxes

The development of the modern theory of optimal wmdity taxation was launched at
the beginning of the 1970s by a number of artiole®ptimal taxation and public sector
pricing by prominent theoretical economtstgho after the end of the decade moved on
to other fields leaving behind contributions whére insight into what determines the
optimal tax system was somewhat obscured, in pattd ambiguous justifications of
rules of normalisation. No intuitive appealing metation of what characterises the
optimal tax system has subsequently emerged. Airigagikpert in the field in fact
considers the theory of optimal taxation“gaite impenetrable from an intuitive point
of view” and that it for that reason has had a ratherdingolitical impact (Boadway
1997).

Policy analysis in applied fields is still oftennohucted within a first-best framework,

assuming (explicitly or implicitly) that governmengéxpenditures and income

redistribution can be financed by lump-sum taxatids this assumption is blatantly

unrealistic, it potentially compromises the poligjevance of such analyses. This is in
particularly true in the context of trade policydaolimate change policies. It has
increasingly been realised that the internatiomahmunity and national governments,
particularly in developing countries, face impottachallenges in terms of tax

collection, income redistribution and provision pdiblic goods which can only be

understood appropriately within a second-best fraonk. It is therefore unfortunate

that optimal tax theory, which provides a much mmalevant framework for addressing
these issues than ti&econd Theorem of Welfare Econorfiibgs had such a limited

impact.

On this background we set out, on the one hanautfir a non-technical analysis
supported by a quantitative example, and, on therdhand, by the derivation of an
optimal tax formula, to provide an intuitive instghto what determines the optimal tax
system. In order to focus on this objective, we ley@ standard optimal tax model
with only one representative household. For the sHlexposition we thus deliberately

! Including Dixit (1970), Baumol and Bradford (197@iamond and Mirrlees (1971), Dasgupta and
Stiglitz (1971), Stiglitz and Dasgupta (1972).

2 Atkinson and Stiglitz in their 1980 textbook, whiconsolidated the first 10 years of contributioms
the modern theory of optimal taxation, and whicimaiés the most authoritative reference to this
literature, write on p357 as a comment to the atee of policy analysis based on ®econd Theorem
of Welfare, “The basic difficulty is again that thformation on which we would like to base differal
lump-sum taxes is not observable, or is observahlg at great cost, and individuals have an incesti
not to reveal it. For these reasons, lump-sum taxestransfers are widely assumed not to be avkgfab
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have left out considerations of equity, externé&s, international trade, intertemporal
allocation of resources, production inefficiencyla@ministrative costs, which it would
be important to take into account in any applicatd optimal tax theory in practice.

The article is organised as follows: $rection 2we identify unsolved theoretical issues
which we address in the paper. $ection 3,we specify the general equilibrium tax
model on which the analysis is based, and deriee standard results of optimal
commodity taxation as the basis for the furtherlymis In Section 4 we provide,
supported by a quantitative example, intuitiveghsiinto what determines the optimal
tax system. IrSection 5starting from the standard conditions for optityalwe derive
and interpret an optimal tax formula in terms of téuelli elasticities of
complementarity. In Section 6 we discuss the iogpion of the insight provided by the
analysis for policy analysis. A final section sumis@s and suggests directions for
future research.

2. Unresolved issues

During the development of the theory of optimal af@gon in the 1970s, the
government’s problem was at first formulated imtsrof maximization of an indirect
utility function subject to the government’s budgeinstraint (see e.g. Myles 1995).
Theoretical results were subsequently derived fraternative formulations of the
government’s problem using the direct utility funet (Atkinson and Stiglitz 1980), the
expenditure function (Diamond and McFadden 1974 Rixit 1975) and the distance
function (Deaton 1979, 198%1) Although less convenient for deriving and inteting
analytical results than the expenditure functioprapch, the indirect utility function
approach has remained standard in the optimalteRturé.

Interpretation of formal results has been provibgetérms of the Ramsey rule (Ramsey
1927, Diamond and Mirrlees 1976) (see below), lyuMirrlees and others emphasized
the importance of addressing optimal tax problemthinv a general equilibrium
framework not in terms of optimal tax formulae. eTimverse elasticity rule, known
form partial equilibrium analysis and interpretesl r@flecting the Ramsey rule, has
been derived within the general equilibrium framewobut only by imposing
extremely restrictive assumptions (see e.g. Atkinand Stiglitz 1980), and has thus
been of little assistance for the understandingladt determines the optimal tax system
in general.

However, many contributions, ostensibly within iamond and Mirrlees framework,
did not spell out the general equilibrium assumidor the analysis, thus obscuring

% The link betweerindirect utility function approactand theExpenditure function approacis well
understood, but the link to thgistance function approackeems not to be.

* This is in fact surprising. The theory of optimakation is closely related to trade theory wheretfies
reason general equilibrium conditions for decadagehbe formulated using the expenditure function
approach



the theoretical foundation for the analysis andrtte®nale for the normalisation rules
adopted.

The question of when a proportional tax systempisnmal initially received different
answers, partly due to lack of clarity with respextthe justification of the rules of
normalization adopted. However, it was soon redJiskat a proportional tax system,
based on all commodities, including the supplyaifour to the market, will raise no
revenue and therefore is not feasible and thaetisemo theoretical justification for why
the optimal tax system based on produced commedgif®uld be expected to be
proportional. Nevertheless, partly because thamusgplied works of functional forms,
such as the CES, which impose separability betveegisumption and leisure, it has
become the received wisdom that the optimal tatesyshould be expected to be close
to proportional. It therefore remains an open qaasif, particularly in developing
countries with large informal sectors, this viewustified.

Dating back to the original contributions to thetioyal tax literature there have been
ambiguities with respect to the interpretation oles of normalisation. Furthermore,
theoreticians working within the Mirrlees’ traditiohave been reluctant to consider
optimal tax rules as they were seen to depend laitrany rules of normalisation. As a
consequence what determines the optimal commaaditgytistem is less well understood
than could be the case. The textbook optimal tesndila for an economy with only
two produced commodities has been interpreted ppat of the Corlett and Hague
(1953) insight that those commodities most complaary with leisure should be taxed
at the highest rates, e.g. by Layard and Walte9g§)L However, the tax formula has
also been interpreted in terms of the complemewtatih the untaxed numeraire rather
than with leisure (see e.g. Dixit 1975), an intetation also emphasised in a relatively
recent, widely used textbobk Whether the Corlett and Hague insight can be
generalized to an economy with many commoditied, the importance, if any, of the
complementarity with leisure for the optimal taxs®m therefore remained unclear.

> Myles (1995, p124) writeélt has been shown that in an economy with constattirns to scale
consumer and producer prices can be normalisedradglg and that standard procedure is to make one
good the numeraire and set the consumer and produgees equal. This normalisation also has the
effect of setting the tax on that good to zergadrticular, the zero tax is just a result of thermalisation
rule. In particular, the zero tax carries no imgion about the nature of the good nor about thititgb

to tax that good. This follows since the good wiéno tax can be chosen arbitrarily from the set of
available goods. Unfortunately, this reasoning Inas been as clearly appreciated in some literatutre,
has been inferred from this that, since leisurentdarbe measures in the same way as purchase af othe
commodities can, the zero tax on leisure is a i&&in on the permissible tax system brought aliyut
an inability to tax leisure. In addition the furthanference is usually made that the optimal tagtem
aims to overcome this missing tax on the leisureéalsing goods complementary to leisure. Particular
examples of this is found in the Corlett and Ha{l@53) by ‘taxing those goods complementary with
leisure, one is to some extent taxing leisurefit¢pgl 26) and Layard and Walters (1978) ‘the theaf
second best tells us that if we cannot tax leisme can do better than by taxing all goods
equiproportionally’ (p. 184). Many other instancetsimilar statements could easily be given. Tlis o
course is a false interpretation. When real resioies upon the permissible range of tax instrumemnés
introduced the result obtained are affected. A neind§ such restrictions are considered in Munk (@08
where it is shown that the resulting optimal taxisture is sensitive to the precise restrictionpased”.
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3. The standard general equilibrium tax model

In this section we spell out in some detail the egah equilibrium foundation for
optimal tax analysis. This is important in orderdeal correctly with the issue of
normalisation and also in order to establish th&slibetween different approaches to
optimal tax analysis.

We consider a competitive economy with one housklold a government where N
commodities are produced by one primary factor. pitwmary factor is labelle®, and
the N produced commodities are labelled,N We denote the set of commoditie€
and the set of produced commodit€s The household’s vector of endowments is

0 =(w,0,..,0and its vector of consumption=(c,,c, ., G ). The vector of market
transactions by the household is thus (xo, X s XN) =c-o . The primary factor can
be thought of as “time”, makings the supply of labour to the market measured

negatively, and consumption of time for household production agldxation, which
we referred to as leisure following the conveniiothe literatur® Consumer prices are
q=(d, %, ) and producer prices ae=(p, b, ., B,). The government's resource

requirements is x° = (x¢,x°,,x;) and its expenditures thusG=p'x®. The
household's preferences are represented by alystgeasi-concave utility function
u(x). Production possibilities are represented by @onisteturns to scale production

functions with y, being the output of commodityand with y(i) being the amount of

the primary factor used in its production. The gameent's expenditures are financed
solely by commodity taxes,=q-p.

For such a tax system to be feasible, the threle baaditions for a market equilibrium,
Profit maximisation Utility maximisationandMaterial balancehave to be satisfied, as
well as the condition for the government’s budgebe balanced.

Profit maximization implies that

Yo =—dY i0C (1)
P =an i0C (2)

The zero profit conditior{2), implies that the value of the aggregate privfinction
zrli ( Pys B ) is identically equal to zero.
ifc

Following Dixit (1975) we represent the conditianr fitility maximisation by

x=E, (q,u) 3)

® The term “leisure” is in fact misleading; a betimm without misleading connotations is “the
household’s consumption of labour”.



E(q.u)< I, (4)
where E(q,u) is the expenditure function corresponding to theisediold’s utility

function’ The first of these two equations (3) says tkamust be the solution to the
household’s problem of minimising the expendituesguired to achieve the utility level
U at the priceq; the second equation (4) says that the househof®arned income
| must be larger or equal to these expenditures. &y zero profit condition the
household receives no unearned income,li.8.0.

Material balance for goods and labour, respectj\aaiy

yi = )§ + )IF , ioc (5)
2V =% * X% (6)
The government’s budget constraint is
t'E,(Q.u) =G, (7)
By successive substitutions, equations (1) to @y be reduced to
S a)(E (a. u)+ ) *+E(a. Y+ % =0, ®
E(q,u)=0, 9)
(%-n)E@U+(q-ap)2 Ha b= C (10)

By Walras' law we can delete either (8) or (10)sfieleting the government’s budget
constraint (10), from the remaining general eqillilm conditions (8) and (9) it follows

by the homogeneity of£(q,U) and E,(q,u) in g of degree one and degree zero,

respectively, that the value of one consumer pgee be fixed as a matter of
normalisation. As furthermore by the zero profihdition an equilibrium is unaffected
by the choice of the producer price level, we dan as matter of normalisation assume
one producer price as fixed. In the optimal taaréture it is therefore often assumed
that “labour is untaxed”. However, to avoid misursdendings it is important to

distinguishing between the assumption that “thepbupf labour to the markek, is
untaxed”, which an arbitrary rule of normalisatioand that “the household’s

! E(q,u) is the value function corresponding to the probl{min q'x s.tu= u(x)}. Using the subscript

notation, we write net demand functions &gq, u) E{ E (qu),i0 FC} :{ x (g, v, i0 FC} and the corresponding

]

. —_— 0
partial demand derivatives & _(q,u) 5{ E;(q,u),i jO FC} = {ai (@.u),i, jO FC}
q



consumption of labour (leisure)c, cannot be taxed”, which is a behavioural
assumptior.

Deleting the material balance condition (8), thaegal equilibrium conditions for a tax
vectort to be feasible may be expressed as
E(p+t,u) =0, (11)

t'E,(p+t,u) =G (12)

Solving (11) foru and then substituting in (12) the general equilittriconditions may
in fact be further reduced to just one equation
t'x(p+t,0)=G, (13)

wherex(p +t,1) is the vector of ordinary demand functions.

Adopting theExpenditure function approadmposing (11) and (12) as constraints on
the government’s choice of tax instruments (rathan (13) as under thedirect utility
function approach the government’s maximisation problem may benigdated a$

M?X us.t.

E(p+t,u)=0
t'E,(p+t,u) =G (14)

The corresponding Lagrangian expression is

:u+,u(—E(p+t,u))+)I(Z 1 E (p+,u)- Gj. (15)

The first order conditions with respect to and qE(qO,o&,..,qN), for an optimal

solution are, respectively,

[z

L =luE, +AZ';Eu : (16)
0f
___quk+)\(zt|5k+)&j kOFC(17)
0q, i0FC
dE _ 0V O°E _ox oV
==Y _ I I
whereE, 5 1/al (g.1), E, = 2q0u_al —(a.1) 3 —(a.1).

& On this point we differ from Dixit (1975) who is ierror when assuming that alsg can be assumed

untaxed as a matter of normalisation.
® Under the Indirect utility function approachwhich has become the standard in the optimal tax

literature, the government’'s maximisation problemyralternatively be formulated agax V (t +p,0)
t

s. t. t'x(p +t,0) =G . However, theExpenditure function approacladopted here, has compared with

the Indirect utility function approactadvantages both in terms of ease of derivationiangrms of
interpretation of results.



From (16) we then have that thet social value of incomgee Diamond 1975) is

,u=a+/litiw, (18)

_oVv(q,l) _
hereg =221 "7 = )
w a T }/Eu

Reordering (17) we obtain in matrix notation thenditions to be satisfied for an
optimal tax systert’

Eqot = 6%, (19)

where 8= /1;'“>0 because the Slutsky matri,, ={E; (q,1), i,jOFG is negative
definite. In the Mirrlees tradition of optimal conoulity taxation (see Mirrlees 1976),
(19) is interpreted as the so-callBdmsey rulethat at the optimum the reduction in
compensated demand for all commoditles = E(q’, U)— E(p, ), i00 FC relative to

the first best solutionx™ is approximately proportional. Applying this rule t
commodity 0, we have

D Eg (g, u)t
A)fo _ iFC i -9 (20)
X )

The optimal tax conditions (19) may therefore aiointerpreted as saying that the
basic distortion caused by the government beingedblto raise revenue by taxes based
on market transaction rather than lump-sum taxasahat the supply of labour to the
market is discouraged.

As pointed out by Boadway (1997), the Ramsey rokeschot provide much insight into
what constitutes desirable directions of tax refosmwhat characterises the optimal tax
system. However, for an economy with only two pmeEll commodities, i.e.

FC=(O,1, 2), an explicit optimal tax formula has been derivastd interpreted in

support of the Corlett and Hague conjecture thatabmmodity most complementary
with leisure should be taxed at the highest'fa#ssuming labour untaxed as a matter

of normalisation, i.e.t; =0, solving (19) for the optimal tax rates, it is pide to
obtain (see e.g. Atkinson and Stiglitz 1980, pp376)

0 As is well known, this result can also be achiewsihg thelndirect utility functions approach
however with less ease of derivation and of intetigdion of Lagrangian multipliers.

1 Many theoreticians emphasising the importancenaflysing optimal tax problems within a general
equilibrium framework have focused on charactegdime optimum with reference to quantities rather
than prices with the argument that optimal taxsuepend on arbitrary rules of normalisation. Raadi
however that ranking of tax rates are independ&ntles of normalisation, it does make sense tivder
optimal tax formulae to seek insight into what deti@es this ranking.



t,
Al _TénTE»pTE&p (21)

V €T ELTEy
0,

whereg, =E, /2— I,kOFC are compensated demand elasticities.
k

To gain further insight we express this tax formalaerms of Allen-Uzawa elasticities
of substitution, defined based on the full incompenditure functiorM (g,u) ** as

o = M (a,u) M, (a.u)
=W (q) M, (00)

i,j OFC (22)

On this basis complementarity may be defined as $&sern 2004):

Definition 1: Two commodities i and j are complements (sulissjufor a given level of
utility if an increase in the price of th® gommodity increases (decreases) the quantity
consumed of thé"icommodity (keeping the prices of all other comtiesliconstant),

i.e. if the Allen-Uzawa elasticity of substitutign=0(<0) ( # ).

Since M; (q,u) = E (g, u)
& =agqg, iJC, jOFC (23)
wherea; =q q/ R is the share of consumption of commodlity the household’s full

income R= R4,

By the homogeneity of degree zeroE;f(q, u) we have that

EptéELtTEL=0,

(24)
EptEntE,=0,
and thus that
511+£22:_(512+521)_(510+52()' (25)
Substituting in (21) by (23) and (25), and singe= g, , we have
t
q :(a1+az)0-12+a(p-20. (26)
th (ai+a2)012+a0010
2

2m (q,u) is the value function corresponding to the probl{nmin g'cs.tu= u(m—c)}. Using the

subscript notation, we write gross demand functieasM (g, u) E{ M, (q,u),i0 FC} ={ ¢ (g,u),i0 Fq
and the corresponding partial demand derivatives as

2
M, (@.u) ={M, @ u,i, j0FC} = {i(q,u),i, io FC}

]



The interpretation of this tax formula may be exgexl as:

Proposition 1: In an economy with two produced commodities andpsimeary factor,
labour, the optimal tax system will be charactedi®s

a) that commodity, which is most complementary wiute in terms of the Allen-
Uzawa elasticity of substitution, always beinget at the highest rate, i.e.aif

t
theoptimum,,/ 0,,>1, thentl/2 >1;
4/ %

b) for a given value of the elasticity of substitatibetween the two produced
commodities,d;,, the difference in tax rates is the greater, theager the

numerical value o,/ Oy ;

c) for a given values otr,,/ 0, the difference is also the greater, the smaller is

0—12 .

In the next section we provide a more intuitiveeiptretation of this tax formula.

4. Intuitive insight into what determines the optimal tax system

The defining assumption of optimal tax theory istththe government must base
taxation on market transactions as neither the dtmid’'s endowment nor the
household’s consumption as such can be observatiebgovernment. In this section
we provide an intuitive, non-technical explanatinwhy a proportional tax system
under this assumption must discourage the suppbalmiur and that the optimal tax
system therefore represents a trade-off for theeguowent between two basic
objectives: to encourage the supply of labour ¢orttarket, and to limit the distortion of
marginal rate of substitution between produced good

By similar arguments as in the discussion aboverwles of normalisation, it follows
from the general equilibrium conditions (8) and {®jt the imposition of a proportional

tax systemT = qj/ R, jOFC based on market transactioniFC will leave the

material balance conditions and the household’sgbuaonstraint unchanged, and
therefore will generate no tax revenue. Any feasitdx system based on market
transactions will therefore be distortionary in teense that the marginal rate of
substitution must differ from the marginal ratetrainsformation in production.

If counterfactually commodity taxation based on sumption of all commodities
including leisure were possible, then a feasible dgstem would have to satisfy the
following conditions (compare with (8) and (9))
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Yay(M(p+t, u)+ x°) - +My(p+t, u) + x5 =0, (27)
M (p +t,u) = pya, (28)

where M(q,u) is the full income expenditure functioBy the homogeneity of

M (q,u) andM (q,u) in g of degree one and degree zero, respectively, aystem

t’ =(T* R TR TR-.T Q), whereT" == ) based on the consumption of all

=)

goods,c,iFC is equivalent to a tax on the household’s futioime R= R« at rate

r =%, and therefore a first-best solution.
Now, consider a tax reform replacing the first-b&st systemt” with a feasible

proportional tax system based on the consumptioralbfproduced commaodities
t=(0,Tp,Tp,,.... TR ). Such a tax reform clearly would increase the comgtion of

leisure G, by decreasing the price of leisure relative toghees of other commodities.
However, asG = X, iC, such a tax system can also be interpreted asgopional

tax system based on market transactignsl]FC. As t,may be fixed as a matter of
normalisation without loss of generality, we therefhave:

Proposition 2: A feasible proportional tax system=(t,,Tp,, Tp,,..., TR) based on

market transactionsx,iJFC will discourage the supply of labour to the market
compared with the first best allocation.

The basic distortion caused by the governmentngisax revenue by commodity
taxation based on market transaction rather thdaorbp-sum taxation may therefore be
seen as the discouragement of the supply of laiooiine market.

Proposition 2 suggests that a tax reform involvieglacing a proportional tax system
by a non-proportional tax system where the taxsrate those goods which are highly
complementary with leisure have been increasedtlandax rates for those, which are
less so, have been decreased, will alleviate tgchdistortion by increasing the supply
of labour to the market, and hence increase weltdosvever, differentiating tax rates

obviously cannot increase welfare indefinitely asclieates another distortion: the
marginal rates of substitution in consumption bemv@roduced commodities become
more and more at variance with the marginal ratesamsformation in production. In

other words, as the distortion of the supply oblabis decreased, the distortion of the
relative consumer prices of produced commoditiesdseased. The optimal tax system
is achieved where the marginal gain in terms obaregement of the supply of labour

13 As indeed follows from our interpretation of tharRsey rule (see Equation (20)).
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corresponds to the marginal loss in terms of distpithe marginal rates of substitution
in consumption. We therefore have:

Proposition 3: The optimal tax system represent a compromisedstiwo objectives:

Objective 11to encourage the supply of labour to the marke;,,

and
Obijective 2:to limit the distortion the marginal rate of sutgton in

consumption between produced googé, i,joc.

]

Taking O,,/ O,as an indicator of Objective 1 ar@, as in indicator of Objective'?

we see that Proposition 1 may be seen as a fonoaf pf Proposition 3n the case of
an economy with only two produced goods. Howevs, leaves open the question if it
is possible to provide a formal proof of Proposit® also in the case of more than two
produced goods. We return to this question in #etisn 5.

To provide a quantitative illustration of Propasiti3, we consider an economy with
one primary factorl.abour,and two produced good§ood 1which is complementary
with leisure andGood 2which is less so. The household’s endowment ofptiv@ary

factor is &4 =390 and the government’s requirementlabouris X5 =50. By choice
of units all producer prices are equal to unitg. i{p,, P, p,) =(L13. When the
government resource requirement is financed byngiaum tax, the equilibrium net
trade vector of the household ¥5® = (x;, X, %,) =(-150,50,50 and the household’s

consumption ofLabour (leisure) is thereforeG, =24C. We represent household
preferences by a CES-UT utility function

W x%)=U & ¢ q§ 5. ¢ & w)io)o) where S+cird=aytx,

and whereu(cg, C;JZ), C(Q, C;;Ol) and C (q') x;aio), i] (1,2) are CES functions.

“The larger isg,, / g, , the larger will be the increase in the supplyatiour by a given increase in the

10 !

differentiation of tax rates. The larger & , the larger will be the increase in the distortiminthe
consumption of produced commodities by a givendase in the differentiation of tax rates.

15 For further details about the CES-UTof@tant Basticity of Substitution with explicit representation of
the Use of Time), see e.g. Munk (1998),"Optimal support to lim@wome households”, EPRU Working
Paper 1998-20, University of Copenhagen. The ingoonproperty of the CES-UT utility function in the
context of Proposition 3 is that it, in contrastutiility functions in general used in quantitatigeneral
equilibrium models, does not impose separabilityveen the consumption of produced commodity and
leisure. With an additive separable utility funciso as for example a nested CES function, ther®is
trade-off between Objective 1 and Objective 2, #mel optimal tax system is therefore proportional

whatever the choice of parameter values.
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The parameter values arg] =0.1, 0y = 0.1,0'= 1and’= 0. The consolidated

matrix of substitution elasticities in the first dbesituation corresponding to these
parameter values is indicatedTiable 1%

Table 1: Matrix of elasticities of substitution

O, Oy . 0.006 0.37
a., 0.006 . 162
o, 0, . 0.372 1.621

Q
I

The equilibrium solution when the government’'s iegment is financed by a
proportional commodity tax system xS . The second- best optimal solutionx¥®. As

a matter of normalisation, we assume the supplgtwiur to the market as untaxed. For
the benchmark data set and the parameter valuesiied abovex” and x*® has been
calculated by a small general equilibrium compyergram. The results are provided
in Table 2.

Table 2: Market transactions under different tax systems

Lump-sum Proportional Optimal commaodity
taxation tax system tax system
FB P SB
X 50 49 47
X, 50 40 46
-X, 150 139 143
Q 1 1.56 1.77
o} 1 1.56 1.35
G __dx 1 1 131
G dx

'8 Notice that aw, >o,, Commodity 1is more complementary with leisurantiCommodity 2.

10’
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Figure1: The First-Best (FB), Second-Best (SB) allocatiod #re allocation with a proportional
tax system (PS).

X
A
5p FB50,50,50)
SB: (143,47,46)
=T
4p

40 50
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In Figure 1 the three equilibrium solutions are projected into #e- X, space. The

results indicate, first, that the supply of labour ® tharket is larger under an optimally
differentiated than under a proportional commodity gggtem, but smaller in the case

of the first best solution, i.e-x;® >-x">-x, and, second, that the second best

solution represents a compromise between the two tolgecas expressed in
Proposition 3. If the difference in elasticities of ditbh§on between consumption and

leisure for the two produced goods,,/o,, had been larger, or the elasticity of
substitution between the two produced commodities had been smaller, ther®®

would have involved a larger distortion of the rateswlstitution and a larger supply of
labour.

5. The optimal tax system in the case of many produced
commodities

The fact that (26) cannot be generalised to an ecgneith more than two produced
commodities suggests that the Allen-Uzawa elasticitgubstitution does not provide
the appropriate measure of complementarity for quaivgtarepresentation of
Proposition 3, i.e. for understanding what determiries dptimal tax system. We
therefore consider an alternative measure of complemitgnthe Antonelli elasticity.
Using this measure we derive a tax formula simila2®), but valid for an economy
with many produced commodities.

By the homogeneity of degree 1 M(q,u) we have

M (g,u) = RM(q, U, (29)
where R is the household's full income argdis the vector of normalised commodity
prices whose elements afie= q/ R, i, jO FC. Therefore

My =YRM,,. (30)

Thedistance functiomay be defined &%,

D(c,u) =min,{dc s.tM(q )= } (31)
and theAntonelli elasticity of complementaritsnay be defined from the distance
function (see Deaton 1979 and Stern 2004) as

_D (cu)D,(c,u) .

o= D (C’u) D (c,u)' i,j OFC (32)

Using this concept, complementarity may be defire(sae Stern 2004):

' The Distance functionindicates the amount by which the consumption orentust be deflated or
inflated to reach the indifference curve associatétth u. The Distance function is increasing, linear
homogenous, and concave with respeat tand decreasing in
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Definition 2: Two commodities i and j are complements (subssjuta a given level
of utility, if an increase in the consumption oélfl‘ commodity increases (decreases)
the marginal valuation of the”‘icommodity keeping the consumption of all other

commodities constant, i.e. 4, 20(< O) (Zj).

The Antonelli matrixD,, is the generalised inverse of the Slutsky mal\?igq with the

implication that
DM, =I-qc". (33)

Starting from the well-known condition for an optimaktsystem (19), we now derive
an optimal tax formula for an economy with many prasticommodities. Since
X =C-mwe have

E,t=-6(c-w). (34)

Pre-multiplying byD,, using thatM ,, =E, and thatl\7|qq =(]/R) M, we have

DMt =—(6/R) Dy (c- o), (35)
and then by (33) we have
(1-6c)t=-(gR)D_(c-w). (36)

Assuming as a matter of normalisation that labourntaxed, we obtain by similar
derivations as in Deaton (1981) (s&eney

t—k:i[ﬂ&) kO C(37)
4 PY Poo

Dividing the condition foi with the condition fof we have
t /t +p
1/|=(_p0° pJO]_ i,i0C (38)
Pi/ B Pt Po

We therefore have:

Proposition 4: In an economy with many produced commodities and primeary
factor, labour,the optimal tax system will be characterised by

a) the commodity which is most complementary withuteisin terms of the
Antonelli elasticities of complementarity beingdéedat the highest rate, i.e. if at

t. 4
the optimunif o,/ p,,>1 thenj/g>1;

i
b) for given values ofp,,, the difference in tax rates is the greater, theager the

numerical value ofo,, / p;,;
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c) for a given value ofp,,/ p,,, the difference is also the greater, the smalter t

numerical value ofo,,.

The size of p,; represents the curvature of the indifference curve
u(>q),7<l,_xz,..>§ o X ) ="t and is thus related to the effect of increasing tieepofj on

the labour supply; the size ¢f,, represents the curvature of the indifference surface
u(YO, X Xoyees )g\,) ="u and is thus related to the distortionary cost of défféiating the

tax rates for produced commodities. Taking/ p;,as an indicator of the gain in terms

of Objective 1and p,, as an indicator of the loss in terms of Objectiverdposition 4

may be interpreted in support of Propositigni.8. that the optimal tax system is
determined as a trade-off between Objective 1 and @ge2, where at the optimum

the gain in terms of encouraging the labour supplpaknced by the loss due to a
further distortion of the marginal rate of substituti@ivileen produced commaodities.

Proposition 4s valid for any number of produced commodities. Timtofelli elasticity
of complementarity therefore constitutes the appropmaeasure of complementarity
for understanding what determines the optimal taxesystThe Antonelli elasticity of
complementarity between commoditiesand j represents the curvature of the
indifference curve where the consumption of all othmnmodities are kept constant,
where the Allen-Uzawa elasticity of substitution assanthat the prices of all other
commodities are kept constant. In the case of twoymed commodities the question
of keeping the amount of other produced commodit@stant does not arise. This is
the reason why in that cageroposition 1and4 provide basically the same insight into
what characterises the optimal tax system.

6. Discussion of implications for applied policy analysis

In this section we consider the implications of thedretical analysis for applied policy
analysis.

The received wisdom in the public economic literaiaréhat the potential welfare gains
by differentiating tax rates are modest (see e.g. Hd®®9B). Considering that the
administrative costs are likely to be higher for a ddfeiated tax system than for a
proportional tax system, it is indeed possible thatlatter is the optimal solution to the
government’s problem of raising a given amount of taxemeie at minimum costs.
However, when the complementarity between the consampf purchased goods and
leisure differs significantly (as for example between detwld services and leisure
travel) and when the informal sector is large (as in maewyeloping countries), a
differentiated tax system may be associated witigaif&cant welfare gain justifying
the additional administrative costs.
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We suggest that there are at least two reasons eh@dhett and Hague insight should
be given more attention in the context of discussibtax reform than is in general the
case First, the use of the term “leisure” in interpreting the Civrdexd Hague insight is
potentially misleading. It may give the false impresghat it is the complementarity of
the consumption of goods with the household’s us¢inoé for relaxation which is
important for the determination of the optimal taxteys. In the context of the standard
optimal tax model with one representative householtl@ne primary factor, “leisure”
in fact represents the use of labour not only for iiarn but for all consumption,
production and exchange activities within the hoosglsector (the informal sector)
which the government cannot observe or can observeabrdycessive administrative
costs, and on which the government therefore cahasé taxation. In particular in
developing countries where up to 80% of the labouress are used in the informal
sector stimulating the supply of labour for use & fbrmal sector by differentiating tax
rates on household purchases of commodities producédei formal sector may be
associated with a considerable welfare g&i@condduring the last 50 years the share
of government expenditures in national income haseased in most countries,
increasing the distortionary costs of taxation, andhat same time the costs of tax
administration have decreased due to innovationsniarmation technology. Both
developments have changed the trade-off between theatve benefits and the
administrative costs in favour of more complicated cwdity tax systems. These
insights seem important in relation to two areas wlgigh currently prominent in the
political debate: The use of domestic and bordeedaw raise revenue in developing
countries; and tax and price reform to combat glolzhwing.

In developing countries with large informal sectors waiith relative large costs of tax
administration, the question has be raised if not botdees would be better than
domestic taxes to raise government revenue (see mugnEand Stiglitz 2005, Gordon
and Li 2005 and Munk 2008).

In environmental economics, under the heading of‘Bmuble dividend’, it has been
discussed if differentiation of taxes to achieve mmvinental objectives in addition to
the environmental benefits would generate benefiterims of allocational efficiency.
The received wisdom among public finance econonmsstisat there is no or little scope
for a green tax reform to be associated with a doubidehd (see eg. Goulder 1995,
Bovenberg and de Mooij 1994, Bovenberg 1999 and Sarthii0). Indeed the case for
discounting the possibility for a green tax reformnigeassociated with a substantial
double divided may have been overstated by disregatdeoadministrative costs of
taxation and the imposition of unrealistic separgbdssumptions. For example in road
transport, a area where tax reform will be very importantombating both congestion
and global warming, it has been suggested thatfteet®f higher taxes on transport in
terms of stimulating the labour supply might be magnificant than the benefits of
reducing the external damage associated with tranggemtParry and Bonito 2001).

In summary, arguments in support of proportional taxesystwhich were valid when
optimal tax theory was first developed in the 1970t weference to conditions in
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developed countries, may not any longer apply duedbnological progress, and may
never have been valid in developing countries du¢h&r large informal sectors.
Applied policy analysis need to accommodate thsgginmt.

7. Summary and suggestions for future research

In this paper we have provided an intuitive explaatf what determines the optimal
tax system as a trade-off between two objectives: Ehtmurage the supply of labour
to the market and 2) to limit the distortion of mardiretes of substitution between
produced commodities. We have derived a many-goodsnapttax formula and
interpreted this and the well known optimal tax forain the case of two goods in
support of this insight. In this context we havenitfeed the Antonelli elasticity as the
appropriate measure of complementarity for understanaditeg determines the optimal
tax system. This has provided an intuitive ratioreadel a formal proof for the insight
first provided by Corlett and Hague (1953) that thedgomost complementary with the
household’s use of labour (“leisure”) should be taa&ethe highest rates, and also for
the fact that the differentiation should be the gredtermore difficult the substitution
between produced commodities. We have thus discattieddea that the rule of
normalisation adopted has any importance in this ecantWith respect to the
implication for applied policy analysis, we have wra attention to the potential
importance in the context of tax reform analysis tae umodels with explicit
representation of the consumption of time (leisure) énhbusehold sector, and to avoid
unrealistic separability assumptions with respect ttee interaction between
consumption and leisure.

On this background we suggest the following area$utore research: 1) empirical and
theoretical analysis on how household consumptiehpaoduction activities influence

the preferences expressed by utility functions defioadthe household’s market
transactions, and 2) empirical research on the cogxaddministration as a function
of the design of the tax system, in particular inedeping countries. The first suggests
a need for further effort to combine theoretical insifstbin the theory of household

production by Becker (1965) and Lancaster (1966) withugdtiax theory as pioneered
by Atkinson and Stern (1979). The second suggestsdd for combining the insight

from the fast growing literature on the administratbasts of taxation (see e.g. Evan
2003) with optimal tax theory.
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Annex: Derivation of the optimal tax formula

We have

(1 -Gc')t =—(6/R) Dy (c-®), (39)
and thus that

t=qgc't—(4/R) D, (c- o). (40)
SinceD_c=0

t=qc't +(6/R) Dy . (41)
Substituting by the government’s budget constrémﬂm)'t =G, we get

t=4(G+w't)+(§/ R D, 0. (42)
Multiplying by @' we have

o't=0'q(G+a't)+(d/ R o'Dw. (43)

Assuming as a matter of normalisation that labour taxed, i.e.t, =0, and thus that
o't =0, we have

0=0'4G+(6/Ro'D,o. (44)
The household’s budget constrainisg =1; thus
G
/R=- ) 45
/ o'D o (45)
Sincem=(&,0,..,0
G
w,0/R=————. (46)
Dy, (C,U) @,

Substituting in (42) by (46), the necessary coodgifor an optimal tax may be written
as
G

D00w0

t, =G, + D,,. kOC (47)

Since M =q,i, we obtain

D. /6.5
tk=qk(G+L?°?“j- kO C (48)
Do/ Ao
Substituting using the definitions gf , we have
Lk:E(H@j_ k0 C (49)
4 R Poo
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