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Abstract

Proton therapy is a type of radiation therapy that uses a beam of protons
to irradiate cancerous tissues. In principle, it offers a physical advantage
over conventional radiotherapy due to the very localized dose deposition
of protons in the body, which can be exploited to decrease the dose received
by healthy tissues, leading to fewer complications. However, this unique
characteristic comes at the cost of high vulnerability to uncertainties, re-
quiring extremely precise machinery from beam production to treatment
delivery. Moreover, accelerating protons requires a heavier infrastructure
than conventional radiotherapy, which increases the cost of proton therapy
over photon therapy.

This thesis aims at improving the accessibility, cost-effectiveness, and treat-
ment quality of proton therapy by using data-driven approaches wherever
they can bring added value.

In the first part of this work, with the aim of improving equipment main-
tenance, we develop predictive maintenance solutions based on machine
learning to detect incoming failures and decrease the overall system down-
time. In the second part of the thesis, we concentrate on reducing the time
needed to install a new proton therapy system by developing an automatic
procedure based on mathematical optimization to speed up the calibration
of a proton therapy beamline. The third and final part of the thesis is de-
voted to improving the treatment quality of mobile tumors in proton ther-
apy. To achieve this goal, we develop a method based on a library of treat-
ment plans that uses real-time information about the patient’s anatomy via
the acquisition of images to guide the treatment delivery.
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Introduction

1.1 Some facts about cancer

Cancer refers to a group of diseases caused by the abnormal proliferation
of cells that eventually form tumors, which can invade and spread to any
part of the body. Cancer is the second cause of death worldwide after
cardiovascular diseases, accounting for nearly 10 million deaths in 2020
[FEL"20]. The most common cancers are breast (11.7%), lung (11.4%), col-
orectum (10%), and prostate (7.3%) cancers, while the most fatal ones are
lung (18%), colorectum (9.4%), liver (8.3%) and breast (7.7%) cancers.

Each cancer type requires a specific treatment that depends on various fac-
tors such as its location and stage. Common treatments include surgery,
radiation therapy, and/or systemic therapies (chemotherapy, immunother-
apy, or targeted therapy) [can22, WHO22]. Surgery and radiation therapy
are local treatments that are used to target a specific part of the body, while
drug treatments are systemic and affect the entire body. This thesis focuses
on radiation therapy and, in particular, proton therapy, a special type of
radiation therapy.
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1.2 Radiation therapy

Radiation therapy (RT) is one of the most common cancer treatments and
is involved in about half of the cases [BLYY12], possibly in conjunction
with other types of treatments. It uses ionizing radiations such as X-rays,
gamma rays, electron beams, or proton beams to destroy or damage cancer
cells. Ionizing radiations are radiations that carry enough energy to ionize
matter and damage the DNA of cells, potentially leading to cellular death.
The energy deposited in tissues during those interactions is called the ab-
sorbed dose and is expressed in the unit of Gray (Gy), which is the energy
(Joule) absorbed per unit of mass (kg), i.e. 1Gy = 1J/kg. Radiations can
damage both cancerous and healthy tissues. However, healthy tissues have
a better repair mechanism than tumor cells [BLYY12]. Nevertheless, high-
dose radiation can also lead to healthy cell death; that is why the goal of
radiotherapy is to maximize the dose delivered to cancerous tissues while
minimizing the exposure of healthy tissues.

Radiation therapy can be administered to patients in three ways:

External beam RT: uses a machine that steers high-energy rays from out-
side the body into the tumor.

Brachytherapy: also called internal radiation, uses a radioactive source
put inside the body at the tumor location.

Systemic radiation: uses a radioactive drug given by infusion or oral in-
gestion that travels through the body, locating and killing tumor cells.

This thesis will focus on external beam therapy, the most common type of
radiation therapy. Usually, the patient is positioned on a couch, and an ex-
ternal radiation source is directed towards the body region to be treated. In
external beam therapy, as in other types of radiotherapy, completely avoid-
ing healthy tissues is unfortunately not possible for various reasons. This
is because the beam must penetrate healthy tissues to reach the tumor, and
on the other hand, due to the uncertainties linked to delivering the dose
as planned and the delineation of the target volume by oncologists. Treat-
ment planning deals with this by using physical and mathematical tools to
optimize a trade-off between a high and conformal dose to the tumor and
a low dose to organs-at-risks (OARs). Many degrees of freedom are possi-
ble to deliver radiation, such as the amount of radiation dose, the number
of beam directions, the spatial distribution of the dose, and the radiation
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modality. In most cases, X-rays (equivalently called photon beam) are the
ionizing radiation type used in radiation therapy, which is produced via a
linear accelerator (linac). The electron beam produced by the linac can also
directly be used to treat superficial tumors (within 6 cm of the patient’s
surface) [HAO06] instead of its usual purpose of being used to bombard a
heavy metal target to generate a photon beam. Radiation therapy involv-
ing X-rays (or photons) is generally referred to as radiotherapy, X-ray ther-
apy, or photon therapy.

Another radiation modality is hadron therapy, or particle therapy, which uses
a beam of protons or heavier ions to treat cancerous tissues. Proton therapy
is by far the most widely used particle therapy, which accounted for 86%
of these treatments according to a 2014 research study [Jer15] while carbon
ions accounted for the remaining 14%, and other marginal treatment meth-
ods are only experimental. However, proton therapy represents less than
1% of radiotherapy treatments today.

1.3 Proton therapy

Proton therapy consists in using high-energy protons to irradiate cancer-
ous tissues. The key difference with photon therapy lies in the way protons
deposit their dose in tissues. In Figure 1.1, we compare the depth-dose de-
position of protons and photons. A photon beam delivers the highest dose
at a depth of 1-3cm and then slowly decreases with depth. In contrast, pro-
tons show a small dose deposition increasing with depth, a sharp increase
at a certain depth followed by an extremely sharp fall off to zero. This is
because proton dose deposition is inversely proportional to the velocity of
protons. Protons lose energy and slow down as they traverse tissues due
to atomic and nuclear interactions. As they slow down, more and more
interactions with orbiting electrons occur, causing a peak energy release
at the end of their range, called the Bragg peak. This ideally results in a
low dose deposition in front of the tumor, a high dose deposition in the
tumor, and a minimal dose after the tumor. Thus, protons are physically
more advantageous than photons due to their depth-dose profile [Jdak09].
The depth of the Bragg peak depends on the proton beam’s energy. To
cover the entire tumor, proton beams of different energies must be super-
posed by either passive scattering or spot scanning techniques, resulting in
the so-called spread-out Bragg peak (SOBP). Both of these techniques result
in a substantially higher dose deposition in front of the tumor and a simi-
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Fig. 1.1 Dose deposition in tissues as a function of depth (measured in water
equivalent distance as the mean density of tissues in patients). The superposition
of proton beams of different energies leads to the so-called spread-out Brag peak
(SOBP) covering the entire tumor. Image taken from [BKO'16] with permission.

lar fall-off after it. Nevertheless, the global depth-dose profile still remains
more advantageous than for photons.

The physical limitation of photons can be improved by using multiple
beams. In fact, today’s state-of-the-art photon therapy uses a technique
called volumetric modulated arc radio therapy (VMAT) that uses a continuous
distribution of beams across a 360-degree arc while modulating the inten-
sity in each field [Ott08]. In clinical practice, this leads to a much higher
dose conformity in the target than what is suggested in Figure 1.1, which is
comparable to what a proton treatment plan can achieve [BKO"16]. Nev-
ertheless, protons still have three advantages from a physics point of view.
First, they provide a more conformal dose to the target with the same num-
ber of beams [PJ07]. Second, the dose deposited in surrounding organs is
still substantially lower than in photon plans, which in principle leads to
less toxicity in normal tissues and decreases the risk of inducing secondary
cancer [PAM12]. Third, in cases where the tumor is very close to a criti-
cal organ such as the spinal cord or the heart, proton therapy may be able
to give the necessary curative radiation dose to the target while remain-
ing within the surrounding tissue-dose constraints, while photon therapy
would be unable to do so [BKO"16].

Despite the physical advantage of protons, their precision comes at the
cost of high vulnerability to uncertainties. In particular, the uncertainty of
the proton range, which is determined by the position of the Bragg peak in
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the body, can yield to a deterioration of the treatment quality. This Bragg
peak position depends on the energy of the proton and the tissue den-
sity and composition across its path [Pagl8]. Should the tissue density
change during treatment, e.g. due to weight gain/loss, tumor shrinkage,
tumor displacement, or a specific organ characteristic (e.g. empty or full
bladder), the Bragg peak is shifted to a position different than originally
planned. This can lead to missing the target and an unwanted high dose
in normal tissues, leading to an overall deterioration of the optimized dose
distribution. Similarly, breathing-induced tumor motion in thoracic can-
cers can also lead to a shift in the expected proton range. Uncertainties on
the tumor position and tissue densities also arise in photon therapy, but in-
creasing the target volume with safety margins around the tumors allows
to mitigate the dose deterioration, as we can observe in an example of tu-
mor displacement in Figure 1.2. Indeed, in photon therapy, we can simply
add margins around the tumor to encompass possible shifts in the tumor
positions to deal with the uncertainties. However, in proton therapy, the
simple margin approach is sometimes not sufficient, and more complex
techniques are required, namely, robust optimization.

Today, robust optimization in proton therapy effectively takes into account
range errors, set-up errors, and even anatomical changes due to organ mo-
tion. Robust optimization has been applied clinically and shows good re-
sults under multiple error scenarios for many types of cancer locations,
e.g. head and neck cancers [LFL 13, vDStH"16], lung cancers [LZP'15,
LSC*16], base-of-skull cancers [LMP14], liver cancers [PKBT19], etc.

Despite the physical superiority of protons over photons, the evidence
of their clinical superiority is still mixed. It is commonly accepted that
proton therapy is safe, effective, and recommended for pediatric cancers,
ocular melanomas, chordomas, and chondrosarcomas [MG17]. However,
there is a lack of evidence or only evidence based on studies involving a
small number of patients for many other types of cancers [DRL] 712, MZ14,
MAB'17, Oh19]. Due to the limited clinical evidence, there have been
concerns about the high cost of proton therapy compared to conventional
radiotherapy [YZQ19]. The consensus is that there is a need to conduct
more randomized trials and investigate larger patient cohorts on longer
follow-up periods from multiple institutions to demonstrate the clear ad-
vantage of protons [MG17]. However, although randomized controlled
trials are the gold standard for medical evidence, they may be inappropri-
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Photon radiotherapy
PTV "Dose cloud’

N
W

Proton radiotherapy

underdosed
outside
dose cloud

Fig. 1.2 Consequences of set-up or motion uncertainties in photon and proton
therapy. Adding planning target volume (PTV) margins around the tumor allows
guaranteeing coverage in photon therapy even in case of density variations, while
it is not always the case for proton therapy. Image taken from [BKO™16] with
permission.

ate for proton therapy and even unethical for cases with clear dosimetric
benefits (e.g. dosimetric advantage of proton therapy in pediatric cancers)
[MZ14]. That is why Dutch scientists and officials have proposed an ap-
proach based on normal tissue complication probability (NTCP) models to
select patients who are most likely to experience fewer (serious) adverse ef-
fects achievable by state-of-the-art proton therapy treatments and validate
and conduct randomized trials based on those NTCP models in appropri-
ately composed cohorts [WVDSL*16]. Validating those models should be
the primary focus of research to obtain medical evidence, according to the
authors, which is still an ongoing research.

The most important drawback of proton therapy remains its cost. A single-
room facility costs in the range of $30 million, while a multi-room PT fa-
cility consisting of 3 to 5 rooms costs well over $100 million (up to $300
million for the proton therapy center in Harlem, New York [Han18]). That
is an order of magnitude higher than the cost of a high-end photon ther-
apy unit [MG17]. This is due to the vast infrastructure needed: a par-
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ticle accelerator such as a cyclotron or synchrotron to accelerate protons
to 60% of the speed of light, rotative gantries with wheels of typically 10
meters weighing 100-200 tons to direct the beam of protons from a wide
range of angles and a lot of concrete (meters thick) to shield patients from
neutrons produced by the system [BL17]. Despite its huge cost, proton
therapy remains more cost-effective for certain tumors than conventional
radiotherapy. For instance, proton therapy has been proven more cost-
effective for pediatric brain tumors, well-selected breast cancers, locore-
gionally advanced NSCLC, and high-risk head/neck cancers [VMM16].
The cost-effectiveness is computed via models including the cost of in-
tervention but also all aftereffects such as the probabilities of adverse ef-
fects with corresponding medical costs, treatment complications, length of
hospital stay, disease course, etc. Nevertheless, proton therapy remains
expensive, resulting in a high barrier to widespread adoption. Increasing
cost-effectiveness is therefore crucial for the field and the accessibility to
the best health care possible.

In the next sections, we detail the main parts of a proton therapy system,
from producing the beam of high-energy protons up to treatment delivery.

1.3.1 Proton therapy system

An example of a proton therapy system is represented in Figure 1.3 and
is composed of four main parts. The first part is the cyclotron, used to
accelerate protons to high energies, then a beamline composed of electro-
magnets is used to transport the beam of protons to the treatment room.
In the treatment room, a mechanical gantry allows rotation around the pa-
tient, and finally, the beam is delivered to the patient through a nozzle. A
PT system can be single room or multi rooms, in which case the beamline
extends to other treatment rooms and gantries.

1.3.2 Beam production

Protons lose energy when interacting with matter and stop at a certain
range that depends on their initial energy. Proton therapy systems must
accelerate protons to energies up to 230-250 MeV' to attain a proton mean
range of 33-38 cm in water [Pagl8]. Since the human body is mainly com-

I The electron volt (eV) is the standard unit of energy used in particle physics. It represents
the amount of energy gained by accelerating a single electron (or any particle that has a charge
equivalent to the electron) to a potential difference of 1 volt.
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Cyclotron Nozzle
Using magnetic fields, the cyclotron A zpoo-pound megnet guides the beam
can accalerats the hydrogen protons to 1o the petient through & nozzle.

two-thirds the spead of light.

Electromagnets
The magnets focus
the proton beams toward .
tha gantry. '{

\* patient to position the nazzle

Fig. 1.3 Proton therapy system architecture. Credits: The New York Times and Uni-
versity of Florida Proton Therapy Institute

posed of water, this distance is a good approximation of the proton range
in the body. Moreover, 30-40cm is sufficient to treat the vast majority of
tumors.

Those energies are much higher than what is needed for conventional pho-
ton therapy. Hence, the linear accelerator used to accelerate electrons in
photon therapy is not sufficient for the application in proton therapy?.
That is why circular accelerators are used, since they are capable of ac-
celerating protons to those necessary energies. Accelerators currently used
in proton therapy are isochronous cyclotrons, synchrocyclotrons, and syn-
chrotrons, each having their own advantages and disadvantages. For a
detailed overview of proton therapy accelerators, we invite the reader to
refer to [OL]J16] and [Pag18, Chapter 3].

2Even though the linear accelerator was not considered a viable alternative for proton
therapy until recently, a proton therapy LINAC is currently under study [DSUS16], although
it is much bigger than medical LINACs used in photon therapy.
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compensator
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modulator scatter :
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(M B |
energy
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Fig. 1.4 Beam delivery techniques in proton therapy. Image taken from [Zen10]

1.3.3 Beam transport

For radioprotection-related reasons, the particle accelerator is usually not
located in the treatment room. Therefore, the beam of protons is trans-
ported in a vacuum tube from the particle accelerator to the treatment
room via a beamline composed of electromagnets that guide the beam to
the treatment room but also shape the beam to respect certain constraints.

1.3.4 Beam delivery

There are two techniques to deliver a proton therapy treatment: passive
scattering and active spot scanning. A diagram of those two delivery tech-
niques is provided in Figure 1.4.

In passive scattering, the beam is spread by scatterers while a modulator
wheel and range compensator are used to shape the dose distribution in-
depth, producing the so-called spread-out Bragg peak. The lateral dose
distribution is shaped by a collimator which stops protons from going out-
side the tumor. In active spot scanning, also called pencil beam scanning (PBS),
a thin beam of protons is steered laterally via scanning magnets that deflect
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the beam in discrete spot positions within the tumor. Spot scanning is de-
livered in successive layers of energy (of possibly different lateral shapes),
which correspond to delivering the dose to "slices" of the tumor, thus shap-
ing the dose distribution in depth. While passive scattering was the first
treatment modality in proton therapy, the current state-of-the-art approach
is PBS which allows better dose conformity and better flexibility (no spe-
cific compensators or aperture needed).

1.4 Application of data-driven approaches to proton therapy

As mentioned earlier, increasing the cost-effectiveness of proton therapy
is crucial for its widespread adoption. Mathematical models can help re-
duce some of those costs. For instance, predictive maintenance models,
based on sensor data collected in specific parts of the systems, can help
make decisions about the right timing for replacing a piece of equipment
to avoid unexpected failures, or to increase its total useful life by deciding
to replace the equipment later than initially foreseen; hence this may con-
tribute to substantially reducing costs. We investigate the application of
predictive maintenance to one of the components of a PT cyclotron. This is
the first contribution of this thesis.

Mathematical models can also be used to gain time and therefore decrease
labor costs. We can build and use such models to automatically calibrate
parts of the system in order to reduce the time usually needed to install a
new PT system, which generally can take several months. We investigate
the application of specialized optimization methods to automatically cali-
brate a PT beamline. This is the second contribution of this thesis.

Another contribution to the field of proton therapy that can be made with
mathematical and data-driven models is to improve the treatment quality
and broaden the number and types of cancers that could benefit from the
dosimetric advantages of proton therapy. This thesis investigates possible
improvements for treating moving tumors, i.e. thoracic tumors that move
due to the patient breathing. This is the third contribution of this thesis.
Today, treating mobile tumors in proton therapy is quite challenging due
to proton range variation with motion discussed in Section 1.3. Thus, many
facilities choose not to pursue treatment of those tumors with proton ther-
apy if the breathing motion is too high. Some techniques exist to mitigate
motion, but there is still much room for improvement.
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1.5 Thesis outline

This thesis is divided into three parts. Each part contains a background
chapter that lays out the theory and state-of-the-art methods in the subject,
followed by one or two chapters corresponding to contributions we bring
to the field and the application of the developed methods to proton ther-
apy. The contributions chapters are based on peer-reviewed articles that
are either published or submitted. A list of publications is given at the end
of the manuscript.

The first part is about predictive maintenance, where the goal is to predict
the upcoming failure of a component or system via data-driven methods.
Chapter 2 introduces the field of predictive maintenance and the currently
existing methods. Chapter 3 develops a method for selecting a set of fea-
tures that have high predictive power. The results were published in a sci-
entific article [HG21b]. Chapter 4 is a comparative study between different
learning formulations for tackling a predictive maintenance problem via
a two-level approach, one dedicated to learning and the other to decision
making. It is adapted from a submitted article [HJCG22] that builds upon
a conference paper [HG19]. Chapter 3 and 4 are both applied to the pre-
diction of incoming failure of a component of the synchrocyclotron used in
IBA%’s proton therapy system.

The second part of the thesis is about calibrating a proton therapy beamline
via derivative-free optimization. Chapter 5 reviews common derivative-free
methods, also called black-box optimization, which are optimization meth-
ods that do not require the computation of the gradient of the objective
function. In particular, the Nelder-Mead algorithm and Bayesian optimiza-
tion are reviewed in detail. Chapter 6 applies the methods reviewed in
Chapter 5 to the calibration of IBA’s proton therapy beamline. We also
develop a novel transfer learning approach to reuse data from previous
beamline configurations for subsequent optimizations, which led to a pub-
lication [HG21a].

The third and last part of the thesis is about treating moving tumors in
proton therapy. Chapter 7 gives some background on treatment planning
and delivery in proton therapy as well as specific motion monitoring and

3Ton beam applications (IBA) is a company based in Louvain-la-Neuve, Belgium, special-
ized in the design and manufacturing of proton therapy systems.
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mitigation strategies currently in use. In Chapter 8, we propose a real-
time image-guided approach based on a library of treatment plans to treat
mobile tumors. This chapter is adapted from an article submitted for pub-
lication [HSD22].

Chapter 9 concludes the thesis with a review of the contributions to the
field of proton therapy and future perspectives.



PART |
Predictive maintenance:
application to a cyclotron
component






Background in predictive
maintenance

Predictive maintenance (PdM), also called condition-based maintenance or prog-
nostic health management, consists in recommending maintenance decisions
based on the information collected through condition monitoring, usually
in the form of time series. It is generally formulated in one of the two fol-
lowing ways: i) detecting that the machine under monitoring has entered
a faulty state, therefore predicting that a failure is coming, or ii) predict-
ing the remaining useful life (RUL) of the machine. In the scientific liter-
ature, those two approaches are referred to as diagnostics and prognostics
respectively. Prognostics is defined by Jardine et al. [JLB06] in their review
as a way "to predict faults or failures before they occur" and Diagnostics
as "focusing on detection, isolation, and identification of faults when they
occur" or as "a procedure of mapping the information obtained in the mea-
surement/features space to machine faults in the fault space", i.e. pattern
recognition. Usually, the first approach can be a trigger for the second one,
but this might not always be the case.

In a recent survey [LLG 18], the authors outline a systematic framework
for predictive maintenance based on four steps depicted in Figure 2.1: Data
acquisition, Health indicator construction, Health states division, and Re-
maining useful life prediction. Those steps are detailed below.
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Section 1: Data acquisition
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Fig. 2.1 The four steps in predictive maintenance. Image taken from [LLG" 18]
with permission.

2.1 Data acquisition

Data acquisition refers to the process of acquiring monitoring information
from various sensors placed around or inside the equipment of interest.
Common sensors used are accelerometers, acoustic emissions sensors, in-
frared thermometers, current sensors, torque sensors, etc. Today, more and
more data are being collected with the emergence of Industry 4.0 and the
internet of things (IoT). However, only few, if any, run-to-failure data are
generally available, making it difficult to develop and test new models for
researchers and engineers [LLG " 18]. The reason for the scarcity of run-to-
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failure data is due to several factors. First of all, this can be explained by
the long degradation process of the monitored equipment, which can take
from several weeks or months up to several years, making data collection
very time consuming. Secondly, machines are not necessarily allowed to
go to complete failure, which prevents capturing the entire lifespan of the
equipment and makes a learning algorithm harder to train. Third, very
few commercial institutions that collect run-to-failure data are willing to
make them accessible because of potential competition or industry secrecy.
As a result, very few real datasets are available in the scientific literature.
Hence, the literature mainly makes use of datasets acquired from accel-
erated mechanical degradation instead of real industrial equipment (e.g.
bearing datasets in [NGM ™ 12] and [LQY *07]), or even completely virtual
datasets for which a degradation is simulated via physical models (e.g.
Turbofan engine degradation simulation dataset in [SGSE08]). On top of
this run-to-failure data scarcity, the inherent data quality issues (e.g. prob-
lems due to interference from the outside world or missing data) observed
in many applications make it even more challenging to obtain a good pre-
dictive model.

2.2 Health indicator construction

The degree of damage in a machine is something hard to observe or assess
directly. For instance, in mechanical systems, directly observing wear areas
or crack lengths requires opening the machine, which cannot be done on
a regular basis. Even if it was feasible, damages are usually on the order
of the microscale and are thus hard to observe. Moreover, it is sometimes
impossible to observe such damages for some types of equipment such as
rolling bearing without breaking them. Instead, our purpose here is to as-
sess the damage degree of a machine via indirect information from sensor
measurements. Not all sensor measurements are relevant, and for those
that are, one would also need to distinguish valuable information from
regular operations and measurement noise. This is the science of feature
extraction and feature selection that is usually referred to as health indica-
tor construction in the field of predictive maintenance. A health indicator
can have a physical meaning, such as the root mean square (RMS) value in
a vibration signal, or no physical meaning at all, such as principal compo-
nent analysis (PCA) features, or again be the result of the fusion of multiple
features. In this thesis, we will use the term feature to denote intermediate
features that are fed into a model and the term health indicator for the out-
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put of the model on which a decision is taken. In case the decision is taken
on a single feature, we will use the term health indicator for that feature.

Features are extracted from raw sensor measurements using either sig-
nal processing methods, statistics, or machine learning. Feature extraction
can be further categorized as time-domain, frequency-domain, and time-
frequency domain. Time-domain features are directly computed from sen-
sor measurements on user-defined time windows. Some common features
are RMS, moving average, higher statistical moments, Crest factor, etc. Fre-
quency domain features are computed based on the Fourier transform of
a time-series signal. Common frequency-domain features are amplitudes
at specific frequencies, spectral power, spectral kurtosis, etc. Finally, time-
frequency domain features analyze a signal in both time and frequency
simultaneously, via transformations such as the short-time Fourier trans-
form, wavelet transform, or Hilbert-Huang transform. Machine learning
features include the construction of features based on the fusion of fea-
tures via artificial neural networks, PCA, self-organizing maps, and many
other methods. Many reviews exist on the construction of health indica-
tors for predictive maintenance. For vibration data, the reader can refer to
[WTM17] for a review of the common features. For standard features in ro-
tary machines, the reader can refer to [ZNSM14]. For a broader range of ap-
plications in predictive maintenance, the reader can look into [AMC*20].

Identifying a relevant set of features from the constructed features is called
feature selection. There are specialized metrics to quantify the relevance of
a prognostic metric that will be discussed in Chapter 3.

2.3 Health state division

Health state division consists in dividing the degradation process of a ma-
chine into multiple health states. This is similar to the fault detection or
fault diagnostic terms commonly used within the PAM community. A com-
mon health state division is to split a machine into two health states: a
healthy and a faulty state. This can be done via a classification algorithm
or anomaly detection methods. However, there could be more than two
health states if there are several fault patterns or operational conditions.
In that case, multi-class classification or clustering algorithms are used.
Machine learning techniques applied to fault diagnosis were recently re-
viewed in [LY] " 20]. Those techniques consist in designing machine learn-
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ing models to establish the relationship between selected features and the
health state of machines. In [LY]"20], those methods are described chrono-
logically, starting with traditional machine learning (ML) models such as
artificial neural networks (ANN), support vector machines (SVM), and k-
nearest neighbors (KNN). At present, deep learning methods such as con-
volutions neural networks (CNN), auto-encoders (AE), or deep belief net-
works are more and more used, as they are capable of learning both the
task and the feature space simultaneously. However, a common assump-
tion of those methods is the availability of sufficient labeled data, which is
usually hard to obtain in real-world engineering scenarios [LY]"20]. Ma-
chine learning is not the only technique used in fault diagnosis. More
traditional statistical methods such as hidden Markov models, hypothe-
sis testing, and changepoint detection have also been successfully applied
to fault diagnosis [LZLL17, TMMZT11]. Another category of methods is
model-based techniques constructed using physical principles or systems
identification techniques. The reader can refer to [GCD15a] for a review of
those techniques. A final category is hybrid methods which use a combi-
nation of several techniques and are reviewed in [GCD15b].

2.4 Remaining useful life prediction

The remaining useful life (RUL) is defined as "the useful life left on an asset
at a particular time of operation" [SWHZ11]. There are many definitions of
what is regarded as useful life, and the general answer is that it depends
on the context. We assume in this thesis that the useful life ends when the
machine goes into a failure, i.e. when it cannot perform its task anymore.
Thus, RUL prediction aims at predicting at each time step the number of
hours/days/cycles remaining before the machine goes into failure or the
machine cannot properly perform its task. Mathematically, the RUL can be
expressed as

RUL; = inf(r : X(t+1¢) > 77) (2.1)

where inf represents the infimum, X(t + r;) represents the value of the
health state at time f + r; and -y is a user-defined threshold. As in Section
2.3, different categories of approaches can be used to solve this problem.
Figure 2.2 gives an overview of the categories and methods used in the
scientific literature to predict the RUL. Statistical methods were the pre-
dominant approaches in 2018, although Al approaches are more and more
studied. Moreover, deep learning methods, not properly represented in
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Wicner

(43)

Fig. 2.2 Pie chart of publications related to the four categories of RUL prediction
approaches in 2018. The numbers in parenthesis represent the number of articles
using the method. Image taken from [LLG" 18] with permission.

Figure 2.2, are gaining more and more interest as well. A more recent re-
view gives an exhaustive overview of the deep learning methods that have
been applied to RUL estimation and, more generally, to the field of predic-
tive maintenance [RS20].

2.5 Scope of our work

This part of the thesis aims to apply predictive maintenance algorithms to
predict an incoming failure of a particular important component in a pro-
ton therapy synchrocyclotron, namely a rotating condenser that is subject
to wear and possibly failures due to its high speed rotation. The rotating
condenser (RotCo) modulates the RF frequency of the synchrocyclotron
[KAF*13]. It is composed of a stator and a rotor with eight blades and ro-
tates at a constant speed of 7500 RPM on ball bearings. The bearing system
is replaced on a regular basis but an unforeseen bearing failure can always
happen. A picture of the system is shown in Figure 2.3. Predicting a failure
of the component is of the utmost importance because a failure would re-
quire stopping and opening the machine for a replacement, greatly impact-
ing patient treatments that would need to be rescheduled or redirected to
photon therapy. Detecting a fault in advance allows to prepare and cause
the least amount of downtime possible, reducing costs and maintaining
treatment quality. Chapters 3 and 4 participate in this goal by developing
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Fig. 2.3 (bottom) RF system of the cyclotron with the rotating condenser on the
right. (Top) Detailed view on the rotating condenser. [KAF'13] CC-BY-3.0

predictive models applied to the rotating condenser.

On top of the application, a second goal is to make scientific contributions
to the field of predictive maintenance. In Chapter 3, we develop a feature
selection method designed to select a relevant and non-redundant sub-
set of features that can be applied to many prognostic tasks without the
need for supervised labels. In Chapter 4, we propose a two-level approach
composed of a learning algorithm and decision-making part that is generic
enough to be applied to a wide range of predictive maintenance problems.
We also compare different learning formulations, i.e. binary classification,
multi-class classification, regression, and anomaly detection.






Feature selection for
predictive maintenance

This chapter is adapted from an article published in International Journal
of Prognostics and Health Management in 2021 originally called Unsupervised
minimum redundancy maximum relevance feature selection for predictive main-
tenance: application to a rotating machine [HG21b].

3.1 Introduction

Identifying and selecting optimal prognostic features in the context of pre-
dictive maintenance is essential to obtain a good model and make accu-
rate predictions. Several metrics have been proposed in the past decade to
quantify the relevance of those prognostic parameters. Other works have
used the well-known minimum redundancy maximum relevance (mRMR)
algorithm to select features that are both relevant and non-redundant. How-
ever, the relevance criterion is based on labeled machine malfunctions which
are not always available in real-life scenarios. In this work, we develop a
prognostic mRMR feature selection technique, an adaptation of the con-
ventional mRMR algorithm to a situation where class labels are a priori
unknown, which we call unsupervised feature selection. In addition, we
propose new metrics for computing the relevance and compare different
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methods to estimate redundancy between features. We show that using
unsupervised feature selection as well as adapting relevance metrics with
the dynamic time warping algorithm helps increase the effectiveness of the
selection of features for a rotating machine case study.

Our work focuses on the selection of the subset of features that allows the
most accurate separation of health states or the best RUL estimation. It
falls between steps (2) and (3) of the predictive maintenance framework
mentioned in Chapter 2 (see Figure 2.1). It is assumed that a set of HI was
previously constructed. There are plenty of scientific articles that tackle
this issue. In the case of vibration data, the reader can refer to [WITM17] for
a review of the common health indicators (i.e. features).

Feature selection has been applied in the predictive maintenance context
in two main ways. In the first approach, the selection of features is based
solely on one or several prognostic metrics quantifying the relevance of a
feature with respect to the prognostic task. Coble initiated this in her 2010
doctoral dissertation [Cob10] where she derives three complementary met-
rics of what a good prognostic parameter is. Subsequently, other prognos-
tic metrics were proposed by other authors. An overview of the proposed
metrics in the literature is presented in section 3.2.1. A possible drawback
with this approach is that the redundancy between features is not taken
into account.

The second method for selecting features is based on their relevance to
a class label rather than their relevance with respect to a prognostic met-
ric. This falls in the framework of supervised feature selection where we
assume that labeled machine malfunctions are available in the case of clas-
sification, or that the remaining useful life is used as the label for a re-
gression. Supervised feature selection methods [CS14] can be categorized
according to their strategy to select features: filter or wrapper approach.
In the filter approach, features are ranked according to a specific criterion,
usually a statistical or information theory measure between the feature and
the supervised label. As such, the filter approach does not take redundancy
between features into account. However, one can use the minimum redun-
dancy maximum relevance (mRMR) algorithm [PLD05] that takes into ac-
count both the relevance and the redundancy between features via the mu-
tual information criterion. Several authors applied this mRMR approach
with known class labels for selecting features in the predictive maintenance
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context, namely e.g. [LYL"17, ZSL18, YJ19, THG 20, HSQ"20, SMH16].
Liu et al. [LZX13] also include a redundancy analysis in the selection of
features, but they do so via a method they call effectiveness—correlation
fusion. They compute both effectiveness scores of features using several
machine learning criteria (kernel class separability, margin width, scatter
matrix, Pearson correlation with labels, etc.) and redundancy between fea-
tures via Pearson’s correlation.

In the wrapper approach, feature selection is performed based on the pre-
dictor, i.e. the predictor algorithm is wrapped into a search algorithm that
seeks a subset of features that yields the highest classifier performance.
This approach is however computationally intensive and depends on the
classification/regression algorithm used (meaning that a different set of
features would be selected for a different classifier algorithm). A drawback
of using the classifier performance as the criterion for selecting features is
that the classifier is prone to overfitting [CS14]. Indeed, using classifica-
tion accuracy in the subset selection can result in a set of features with high
accuracy on the training set but a poor generalization power. Moreover, a
different set of features will likely be selected on another training set.

While supervised feature selection is the way to go if labeled machine mal-
functions are available, it is usually not the case for most real-life applica-
tions. Another possibility would be to use the time before failure as class
labels for a regression. However, this is not guaranteed to produce good
results, since degradation usually appears at a certain point and is rarely a
continuous degradation process starting at the beginning of machine life.
Moreover, degradation is not necessarily linear, while the regression label
based on time before failure will decrease linearly.

The main purpose of this work is to propose a feature selection approach
for predictive maintenance that considers both the relevance and redun-
dancy between features without the need for class labels. The idea is to
adapt the mRMR algorithm, and more specifically, the "maximum rele-
vance" part where features are not compared to a class label but to a prog-
nostic metric. This prognostic mRMR feature selection technique could be
classified as an unsupervised' feature selection with a filter approach.

IThe word unsupervised may be misleading since we have some knowledge that a failure
occurred. However, we do not have clearly defined class labels, nor do we use any label for
selecting a subset of features, hence the term unsupervised.
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Several unsupervised feature selection methods have been proposed in the
machine learning context. A recent survey [SFCOMT20] details the most
common algorithms and provides a taxonomy of those methods. These al-
gorithms can also be divided into filter and wrapper approaches where the
former ranks features according to information theory or spectral similar-
ity concepts, and the latter does so mainly through clustering techniques.
The criteria for feature relevancy are however difficult to assess. Those
methods consist of choosing features to best preserve the manifold struc-
ture of original data, seeking cluster indicators or else defining a criterion
based on the correlation between features. The last approach is used in
[FCBC™19] for a metallurgic application where features are selected ac-
cording to their lowest pairwise correlation. While those approaches are
interesting in the absence of any knowledge about what a good feature
should be, we believe there is room for improvement as we can make
assumptions about what a good prognostic parameter should be in the
context of predictive maintenance. According to [CHO09], a good feature
should have a monotonic dependence with time, have the same underly-
ing shape across different machines, and show high separability between
starting and failure values. Knowing this, we can define prognostic met-
rics for feature relevancy and use them in a modified version of the mRMR
algorithm to select non-redundant features. This association of prognostic
metrics and the mRMR algorithm is the central idea proposed in this work.

The remainder of this chapter is structured as follows: section 3.2 discusses
previous research on the topic: the existing relevance metrics in prog-
nostics and the minimum redundancy maximum relevance (mRMR) algo-
rithm. In section 3.3, we present our approach, which involves improving
existing metrics and adapting the mRMR feature selection approach to a
situation without class labels. The algorithm is then tested on a rotating
machine application in section 3.4, and section 3.5 concludes.

3.2 Background

First, a set of sensor measurements need to be acquired on several ma-
chines from the installation to the failure (or at least until a degradation
occurs), as opposed to machines being preventively replaced. Indeed, to
identify a relevant subset of features, we can expect to observe signs of de-
terioration in some of the features for the machines that went through a
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failure and not necessarily for those replaced at an early stage. We refer
to the data collected from a particular machine as a run-to-failure time se-
ries. Let us define xi(r) e R™*1 the i" feature of the run-to-failure time
series r, where 7, is the number of samples in the time series. The dataset
consists of N features and R run-to-failure time series, i.e. x(") € R"*N
for r = 1,..., R. The notation xl(r) (t) is used to access the " sample in the
array and xi(r) (—t) to access the t'" sample in the array starting from the
end. Referring to x; actually refers to the collection of time series (of possi-

1

bly different lengths) x; = (xm) s After acquiring data from sensor
r=1,...,

measurements and constructing a set of features, feature selection can start.

3.2.1 Existing relevance metrics

In her 2010 doctoral dissertation, Coble investigated several prognostic
metrics for feature selection [Cob10]. She derived three complementary
metrics that define a good prognostic parameter: monotonicity, trendabil-
ity, and prognosability. The first one quantifies the prognostic feature’s
underlying positive or negative trend, while trendability indicates the de-
gree to which the features of a set of machines have the same underlying
shape. The last complementary metric, prognosability, refers to a measure
that encourages well-clustered failure values and high separability with
starting values.

Monotonicity is defined as the difference between the number of positive
and negative slopes computed for each pair of successive time steps (i.e.
by computing sign(x(t + 1) — x(t))) divided by the number of time steps.
Prognosability is computed as the ratio between the standard deviation of
the critical failure values of a set of machines and its mean range between
starting and failure values. The result is exponentially weighted to obtain
a metric with values between zero and one. The metric encourages well-
clustered values, i.e. a parameter with a small standard deviation before
failure and a large parameter range across the life of the machine. Finally,
the trendability of a feature is defined as the minimum correlation between
pairs of machines according to that feature. A caveat in this metric is that
it requires computing the correlation with time series of different lengths.
Different methods to tackle this issue are discussed in subsection 3.3.1. In
[Cob10], the prognostic features are resampled with respect to the fraction
of total lifetime into 100 observations, with each observation correspond-
ing to 1% of lifetime.
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Other metrics have also been explored since Coble. Camci et al. pro-
vide another formulation for monotonicity by dividing a HI into different
stages [CMZN13]. Other monotonicity metrics quantify the dependence
between the HI and time [JGZN14, LLLL14, JGZN13]. Note that in the
aforementioned references, the name trendability is used instead of mono-
tonicity for the metrics that quantify the dependence between the HI and
time. This naming convention can be somewhat confusing for the reader.
In this work, we shall also refer to those metrics as monotonicity since a
correlation between a HI and time induces that the metric is monotonic
(since time is monotonic in a time series). Spearman’s rank correlation was
used in [LLG"16] and [CZD"15] to account for non-linear relationships
between the HI and time instead of linear relationships in the conventional
Pearson’s correlation.

Zhang et al. propose a robustness metric to quantify the smoothness of the
degradation trend [ZZX16]. Metrics that quantify the dependence between
a HI and different health states via Pearson’s correlation (for classification
purposes) have been explored in [ZZLH13] and [LZQ16]. Liu et al. also
define a metric to quantify the correlation between multiple HI in order to
limit the selection of correlated features [LZQ16].

3.2.2 mRMR algorithm

The minimum redundancy maximum relevance algorithm was developed
for pattern recognition by Peng et al. [PLDO05]. The idea of the algorithm is
to select a subset of features {x;} that is both relevant and non-redundant
based on the concept of mutual information. The mutual information be-
tween two features x and y is expressed based on the joint probability dis-
tribution p(x,y) and marginal probabilities p(x) and p(y):

MI(x,y) = }_p(xi,y;) log pp(xi'yj) 1)
L

(xi)p(y;)

It is equal to zero if and only if the two random variables are indepen-
dent, and higher values mean higher dependency. Mutual information is
closely related to the concept of entropy. Indeed, the mutual information
between two variables can be expressed as MI(x,y) = H(x) + H(y) —
H(x,y) where H(x), H(y) and H(x,y) are respectively the entropy of vari-
ables x and y, and the joint entropy between x and y.
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From the mutual information point of view, the purpose of feature selec-
tion is to select features that jointly have the largest dependency on a target
class c. Because it is usually hard to obtain an accurate estimation of multi-
variate density p(x1, ..., Xp) and p(xq, ..., X, ), as well as computationally
challenging, the mRMR method is used. The concept is based on two con-
current optimization problems, the max-relevance defined as

S|
m;lxD (S,c) Z (x;;¢ (3.2)
i=1

and the minimum redundancy defined as

S| S]
mSmR(S) BEED] |S|_1 ; :Z I(x;, x;j) (3.3)

The formulation of the optimization problem in equations (3.2-3.3) requires
jointly optimizing two different objectives which is not possible as such.
Therefore, the problem is reformulated as a single objective optimization
by combining the two into a single expression. Two cases are defined:

max(D — R) (34)
max (D/R) (3.5)

that we refer to as OFD (objective function difference) and OFQ (objective
function quotient) respectively.

. . S .
Exact solution to the mRMR problem requires to enumerate <|M|> possi-

ble combinations of features, where M is the total number of features and
|S| the number of features we wish to select. Note that the number of pos-
sible combinations would increase to 2™ should we allow the selection of
any number of features. In practice, a near-optimal solution is usually suf-
ficient. Incremental search methods can be used to find a set of features
with an O(|S| - M) complexity. Suppose we already have S,,_1, the se-
lected set with m — 1 features, the aim is then to find the m!" feature from
the set X'\ S;,,—1. This is done by selecting the feature that maximizes (3.4):

max (MI(xj;c)—mll ) MI(x]',xi)> (3.6)

XjGX\Sm,l X;€Sm_1
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or the feature that maximize (3.5):

max < MI(xj;c) > (3.7)

1
X]'EX\Sm,l =1 zxiGSm,1 MI(x], xl')

In addition to the computational reduction of the mRMR compared to the
original joint maximum dependency selection, the authors proved that the
mRMR formulation is equivalent to this maximum dependency criterion if
one feature is selected (added) at a time [PLDO05].

3.3 Unsupervised mRMR feature selection

This section describes our algorithm for unsupervised minimum redun-
dancy maximum relevance feature selection applied to predictive mainte-
nance, which we call prognostic mRMR. Subsection 3.3.1 characterizes the
relevance of a feature via three prognostic metrics that are improved ver-
sions of the metrics from [CHO09]. More specifically, we suggest improve-
ments to increase the robustness of the monotonicity metric and propose
alternative strategies to handle the different lengths of the run-to-failure
time series in the trendability metric. To take into account the redundancy
between features, we adapt the mRMR algorithm in the absence of class
labels in section 3.3.2 and propose different strategies to compute the re-
dundancy between features.

3.3.1 Feature relevance: prognostic metrics

Monotonicity

We define monotonicity using Spearman’s rank correlation:
1y )

M(x;) = R Y corr(rank(x;"), rank([1, ..., n/])), (3.8)
r=1

where corr(x, y) is Pearson’s correlation coefficient between variable x and

y:
nY XiYi — 2 Xi LY

\/HZX? —(Xx)? \/ﬂ Ty — (Eyi)?
and rank(x) is the relative position label of the observations within the
variable. Defining monotonicity in this way instead of counting positive

corr(x,y) =

30 |



Unsupervised mRMR feature selection | 3.3

and negative slopes (sign(x(f + 1) — x(¢))) as done in [CH09] has the ad-
vantage of being a lot less subject to noise in the data as shown in Figure
3.1a. In addition, Spearman’s rank correlation is used instead of Pearson’s
correlation for three reasons. First, Spearman’s correlation is better suited
for non-linear relationships between the HI and time (Figure 3.1b). Sec-
ond, it is less sensitive to strong outliers as can be observed in Figure 3.1d.
Finally, for mostly uncorrelated data, the two measures are similar (Figure
3.1¢).

Prognosability

The prognosability metric used here is the same as in [CH09], except that
failure values are not defined as the last value of each machine but rather
as the mean failure value of a given time-window T to avoid possibly noisy

evaluations, i.e.
foe) = [ L0y
v = (Ln)
r=1,...,.R

t=1

The size of the window is application specific and has to be defined by the
user. The same applies for start values, i.e.

Mathematically, prognosability can be expressed as

P(x;) = exp ( —std (fv (xi)) ) (3.9)

mean (|fv (x;) —sv (x;)])
¢ I (T d(-h) - Vf>2

R 2 fa(-0) - T f)

= exp , (3.10)

where jif = £+ L8 Yy xfr)(—t)-

Trendability

The trendability metric is computed in the same way as in [CH09] i.e. mea-
suring that a feature has the same underlying shape by computing the cor-
relation between pairs of machines. However, we choose to take the mean
value instead of the minimum value of the correlations. The reason behind
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Fig. 3.1 (a) Monotonicity computed with number of positive/negative slopes
[CHO09] is more sensitive to noise than spearman’s correlation. (b) Spearman corre-
lation gives perfect correlation even if the relationship is non-linear. (c) For mostly
uncorrelated data Spearman correlation and Pearson correlation give similar re-
sults. (d) Spearman correlation is less sensitive to strong outliers in the tails.?

this choice is that taking a minimum value could emphasize potentially
odd machines or behaviors. However, taking the minimum could also
result in a more conservative choice, which might be wanted in some ap-
plications. In the end, the choice should therefore be left to the designer

2The code and synthetic data used to generate the plots was inspired from author Skbkekas
onhttps://commons.wikimedia.org/wiki/File:Spearman_figl.svg. Those examples are
purely illustrative, hence, the scales of the axes have no particular meaning.
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and in this work, we choose to use a mean value. Mathematically, the
trendability can thus be expressed as

2 N ¢ () 4O

T(x;) = m Z _Z; ‘corr(xl. ,x; )| forr,s = 1,..,R (3.11)
r=1 s=r+1

To compute the correlation coefficient Corr(xl.(r),xfs) ) where xi(r) and xi(s)

are time series with different lengths, several strategies will be compared:

¢ Resample the time series to the same length with one of the three
following solutions and compute the redundancy via the absolute
correlation:

— Resample long strategy: Upsample the shortest time series to mat-
ch the longest-one. This is done in three steps. First, the time in-
dex of both series is mapped to 0-1 in the life percentage space.
Then, the shortest time series is upsampled via linear interpola-
tion to the same number of samples as the longest one. Finally,
the correlation can then be computed as usual.

— Resample 100 strategy: Resample the two time series to 100 sam-
ples. This is the strategy that was used by Coble in [Cob10]. This
is also done in three steps. First, the time index of both series is
mapped to 0-1 in the life percentage space. Then, both time se-
ries are resampled to exactly 100 samples via a moving average
window (each sample then represents 1% of lifetime). Finally,
the correlation can then be computed as usual.

— History removed strategy: Truncate the longest time series by re-
moving the samples furthest away from the failure. Note that
for this strategy to make sense, both series must have the same
sampling rate.

* DTW strategy: Keep the time series with different lengths and use
the Dynamic Time Warping algorithm (DTW) to compute the dis-
tance between the two time series. Dynamic time warping is a tech-
nique for comparing time series that computes a distance insensitive
to local compression and stretches [GT09]. The algorithm seeks for
a warping which optimally deforms one of the two input series onto
the other with certain restrictions:
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Fig. 3.2 Dynamic Time Warping between two time series®

- Every sample from one sequence must match with one or more
samples from the other sequence

— The first sample from one sequence must match with the first
sample from the other sequence

— The last sample from one sequence must match with the last
sample from the other sequence

— The mapping of the samples from one sequence to the other
must be monotonically increasing

The distance between the two series is computed, after stretching, by
summing the distances of each matched pair of elements (see exam-
ple in Figure 3.2). Mathematically, it can be formulated as

T
dy(X,Y) = kZ d(¢px(k), dy (k))me (k) / My (3.12)
=1

where ¢, and ¢, are the warping functions that remap the time in-
dices of X and Y respectively, my(k) is a per-step weighting coeffi-
cient, and M, is the normalization constant, which ensures that the
accumulated distortions are comparable for different series. For a
detailed overview of the algorithm, we refer to [G109].

3The figure was taken from

https
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To obtain a score that reflects redundancy with a value between 0 and
1, we take the exponential of the negative distance exp(—dy (xl(r) , xi(s) ).
The negative term in the exponential is due to the inversely propor-
tional relationship between distance and redundancy (a low distance
means a high redundancy). The trendability computation thus be-

comes:
2 Ny GINO)
T = R ;;l (exp(—dp(x”,2))) forr,s =1,.., R

(3.13)

From an intuitive point of view and aside from being able to handle
varying length time series, the DTW distance is an interesting mea-
sure that allows mapping degradations that occur at different times
in different machines. If the degradations show the same underlying
trend, the measure will still result in a low distance, and thus a high
trendability, even if those degradations did not occur simultaneously.

A single metric for feature relevance: fitness score

To obtain a unique score that quantifies the relevance of a prognostic fea-
ture, a fitness score is defined, which is a weighted average of the three
metrics mentioned above. It is defined as

F(xl-) = w1 - M(xl-) + wy - T(xl-) + w3 - P(Xl'), (314)

where wq, wy, w3 are the weights associated to each metric. In this work
we choose an equal contribution for each metric, i.e. wy = wy = w3 =1/3.
Note that for each metric to contribute roughly equally to the fitness score,
we must further normalize them to spread equally among the range (0-1)
with a min-max scaling :

m(i) — min(m(i))
max(m(i)) — min(m(i))

Mscaled (l) =

7

where m (i) is the metric value associated to feature i.

3.3.2 Taking redundancy into account: prognostic mRMR

Since we assume we are faced with a predictive maintenance application
with unknown class labels, a modification to the conventional mRMR al-
gorithm presented in section 3.2.2 is needed.
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We adapt the mRMR formulation in eq. (3.2-3.3) where the relevance
criterion (mutual information between the feature and class label) is re-
placed by the fitness score and the redundancy criterion (mutual informa-
tion between pairs of features) can be interchanged with different measures
such as correlation or dynamic time warping. Let HZ be the set of all pos-
sible features and let S C HZ denote the subset of features we are trying
to identify, then equations (3.2-3.3) now become:

S|
max D(S Zrel x;) (3.15)
s |5|
' 1 1s| sl
mSmR(S) BEED] Z Y red(x;, xj) (3.16)

i=1j=1,j#i

where the relevance is defined by the fitness score, i.e. rel(x;) = F(x;) and
red(x;, x;) is a measure of redundancy between features i and j. The refor-
mulation of the objective problem as a sum or quotient remains the same
as in eq. (3.4) and (3.5) as well as the incremental search methods defined
by eq. (3.6,3.7).

One could also define weights associated with each objective D and R and
seek optimal ones. However, in this work, we choose to keep unit weights
for both D and R. For the contributions in D and R to be similar, we also
scale the fitness score and redundancy score via a min-max scaling:

D(S) — minjeg D(S)
max;es D(S) — minjes D(S)
R(S) — min;eg R(S)
max;cs R(S) — min;cg R(S)

Dscaled(s) = (3.17)

Rsculed(s) = (3.18)

for a fair selection process. However, note that the shift (subtraction on the
numerator) in the OFD case and the scaling (division in the denominator)
in the OFQ case do not impact the outcome of the optimization.

For the redundancy criterion, mutual information is in general used to
compare features with each other. However, as mentioned in [DP05], the
absolute value of Pearson’s correlation can also be used for continuous
variables. In this chapter, we compare both measures as well as the dy-
namic time warping.
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To compute the mutual information and estimate the probability distri-
butions, we rely on a non-parametric method based on entropy estimation
from k-nearest neighbors’ distance. We use the implementation from scikit-
learn which is based on the algorithms presented in [KSG04] and [Ros14].
To obtain a value between zero and one and thus be able to compare it
directly to the usual correlation coefficient, a transformation is performed:

corrg(x,y) = V1 — e 2MI(xy) (3.19)

We can show that if x, y are normally distributed with correlation p, then
MI(x,y) = %log(1 — p?) so that corrg(x,y) = p [GY59].

The third redundancy measure is based on dynamic time warping, which
is also used for the computation of the trendability metric in section 3.4.2.
In [RGFO17], the authors use the inverse of the dynamic time warping dis-
tance as a measure of redundancy for temporal gene data. However, this
does not ensure the measure to be between 0 and 1. Instead, we reuse the
same approach as for the DTW based trendability, i.e. by computing the
redundancy measure as exp(—dy(x;, x;)) with dy defined in eq. (3.12). The
redundancy criteria are then averaged across all run-to-failure time series.
Mathematically, this is

Ly ()
redeor (%, X)) = = corr (x;/, x; (3.20)
corr 1 ] R r; ’ ( ] ) ‘
R (r) .(r)
I'edMI(X,‘, JC]) = % Z \/1 - 6_2M1(xi i ) (321)
r=1
1 & no(r
redgp, (X;, Xj) = R Z exp (—d¢ (xl( ),x]( )>> (3.22)
r=1

As mentioned in section 3.2.2, exact solutions to the feature selection quickly
become intractable. Instead, a heuristic is performed where one feature
that maximizes one of the two formulations above (OFD or OFQ) is added
at a time. The first feature chosen is the feature with the highest fitness
score, and the second feature is the one that maximizes one of the two for-
mulations above. We continue adding features until a predefined number
of features is obtained. Algorithm 1 fully describes the proposed heuristic
and Table 3.1 summarizes the different design choices of the algorithm. Al-
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Type Choices

F(x;) = w1 - M(x;) +wy - T(x;) + w3 - P(x;) with T(x;) com-
puted with

e Correlation (eq. 3.11) and resample long strategy
Relevance e Correlation (eq. 3.11) and resample 100 strategy
* Correlation (eq. 3.11) and history removed strategy

¢ Dynamic time warping (eq. 3.13)

¢ Correlation (eq. 3.20)

¢ Mutual information (eq. 3.21)

Redundancy o )
* Dynamic time warping (eq. 3.22)
® Relevance only (redundancy not taken into account)
e OFD (eq. 3.4)

Objective

¢ OFQ (eq. 3.5)

Table 3.1 Design choices for selecting features with the prognostic mRMR algo-
rithm.

though we can prove that the set of features selected by the conventional
mRMR approach with the incremental search lead to the optimal set of
features (in the sense of the maximum joint dependence to the target class)
[PLDO05], it is not necessarily the case for our method. Unfortunately, there
is no way to know how far from the optimal set we are. However, we
can get an idea of the predictive power of a set of features by training a
classifier with it. By training the classifier on feature sets of different sizes
selected by the algorithm, we can estimate the performance and stability
of the feature sets.

3.4 Application to a rotating machine

In this section, the prognostic mRMR feature selection is applied to pre-
dict incoming failures in a high-speed rotating condenser. Section 3.4.1 de-
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input : Dataset: x = {x(1),..., x(®)} where x(") € R"*N, features (list
of name of the features), wy = wy = w3z = %,
trendability_method, redundancy_method (redcor, red s or
redyy, via eq. (3.20-3.22)), ny (number of features to keep),
objective (OFD via eq. (3.4) or OFQ via eq. (3.5))

1 rel =[] // relevance: empty array

2 red_mat=0// redundancy matrix of size N X N initialized
with zeros

3 ranked_features =[] // empty array

4 // Heuristic search

5 foriin1,..,size(features) do

6 /* Relevance computation x/

7 m = M(x;) (via eq. 3.8) // monotonicity

8 p = P(x;) (viaeq. 3.9) // prognosability

9 t = T(x;) (via eq. 3.11 or 3.13 depending on trendability_method)

// trendability

10 rel[z] =wr- mazl(;r)nir:lg’:;}m) +wz- ma)r:(pl;nlr:ilr)\( ) Tws:

t—min(#)
max(f)—min(t)

(eq. 3.14) /* Redundancy computation */
11 forj in i+1,...,size(features) do
12 ‘ red_mat[i, j] = redundancy,, ;.4 (%i, X;)
13 end

14 end

15 ranked_features.append(arg max; rel) // append the feature with
maximum relevance to ranked_features

16 features.pop(argmax; rel) // Remove that feature from the
feature set

17 while size(features) < ny do

18 score = [] (empty array)

19 for f in features do

20 Q) = ranked_features U f

21 D = rel]i]

2 ):‘Q‘ ! ZJ‘QlH Wred_mat[i,j]
23 score[f] = D — R if objective is OFD else D /R if objective is OFQ
2 end

25 best_feature = arg max score

26 ranked_features.append(best_feature)

27 features.pop(best_feature)

28 end

29 return ranked_features

Algorithm 1: prognostic mRMR algorithm 39



3 | Feature selection for predictive maintenance

scribes the case study and the evaluation of the performance of the feature
selection. Section 3.4.2 compares the different relevance and redundancy
measures of the algorithm and section 3.4.3 compares our method with
existing techniques proposed in the literature.

3.4.1 Problem description

Test case and features

The predictive maintenance case study is a high-speed rotating condenser
(RotCo) modulating the RF frequency inside a cyclotron [KAF*13] and
is shown in Figure 2.3. Several sensors are placed inside the machine to
gather data. An accelerometer sensor is placed on the condenser to mea-
sure vibrations and performs 10-second acquisitions at a rate of 10kHz
every hour. Other sensors are placed on the machine to gather data ev-
ery second. These include temperature sensors, vacuum pressure, and a
torque sensor. In total, we have gathered R = 11 run-to-failure time series.

After this data acquisition step, several features are constructed. For the
vibration data, time-domain and frequency-domain features on each of the
10-second acquisition files are constructed. For the time domain, those in-
clude Root mean square (RMS), Median absolute deviation (MAD) which
is a robust measure of variability based on the deviations from the me-
dian, peak-to-peak values, skewness (third statistical moment), and kurto-
sis (fourth statistical moment). Those also include metrics based on the
peaks of the signals: crest factor, clearance factor, shape factor, margin
factor, and max amplitude (for a detailed explanation of those features,
the reader can refer to [Mat21]). For the frequency-domain features, we
construct the amplitudes at the fundamental frequency and its first three
harmonics, the spectral power of all 20 Hz non-overlapping bands from
0-5kHz and finally the amplitudes at characteristic bearing frequencies
[SHKB95], i.e.

* Ball Pass Frequency Outer Race: %f ( - %Z cos 4))

n

e Ball Pass Frequency Inner Race: -4 (1 + % cos (/))

e Ball spin frequency: % <1 - (g—? cos 47)2)

* Fundamental train frequency: sz (1 — B—Z cos 4))

40 |



Application to a rotating machine | 3.4

where D, is the pitch diameter, D}, is the ball diameter, ¢ is the contact
angle, and 7 is the number of balls. The first three harmonics of those
characteristic frequencies are also included. For the non-vibration data, we
perform aggregations of the signals over a one-hour time window to match
with the vibration acquisition sampling. Those aggregations include the
mean, max, min, standard deviation, skewness, and kurtosis values. This
finally results in N = 317 features (297 from vibration data and 24 from
non-vibration data) computed every hour.

Evaluation of the feature selection’s performance

The next step is feature selection. While we can evaluate the best set of
features with the algorithm developed (Algorithm 1) for a given method,
we cannot conclude which one works better in practice nor how many fea-
tures should be selected from the obtained ranked features.

Hence, the prediction problem is formulated as a binary classification prob-
lem where the machine is either in a healthy state or a faulty state, and we
compare the approaches and the number of features to be selected based
on the classification score. However, in practice, we do not know when the
machine enters a faulty state. In this case, based on engineering expertise,
we assume that the machine is likely to be in a faulty state about 5 days
before the failure. Moreover, we assume that the machine is in a healthy
state from the beginning of its life until 15 days prior to failure. 10 days of
data for which we are the most unsure are thus excluded. This results in
two artificial classes on which a classification can be performed. Note that
in section 3.4.3, other labeling strategies, i.e. different than the 5-day time
window, are tested.

The classification task is performed with a Support Vector Machine (SVM)
algorithm using a RBF kernel (see e.g. [HDO"98]) which is a suitable clas-
sifier for this task. Furthermore, since there are only a few instances of fail-
ures in our dataset, a leave-one-out cross-validation is performed where
each fold is defined as a run-to-failure time series. The classification score
is averaged on the 11 folds of the dataset. No hyperparameter tuning is
performed on the SVM as the goal of this article is not to obtain the best
prediction capabilities but to compare different feature selection scenarios.
The classification score chosen is the F; score which is the harmonic mean
between the precision and recall, as it is a robust measure against imbal-
anced datasets (few failure data compared to healthy data).
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Fig. 3.3 Comparison of the four variants to compute the trendability metric and
its consequence on the relevance.

3.4.2 Comparing methods to compute the prognostic mMRMR

In this section, the different methods for computing the prognostic mRMR
algorithm are compared, as summarized by Table 3.1. Subsection 3.4.2
compares the relevance criteria associated with the different choices in the
trendability metric. Subsection 3.4.2 compares the redundancy strategies
and the final subsection compares the two objective function formulations.

Relevance measures

The different strategies to compute the trendability metric and hence to
compute the relevance of the features are compared. We assume that we
want to keep at most 100 features for computational, interpretability, and
stability reasons. For each number of selected features k between 10 and
100, we report on Figure 3.3 the cross-validated F; score associated with the
selection of k best features in terms of their relevance score (see eq. 3.15).
The process is repeated for the four strategies to compute the trendability
as presented in section 3.3.

We observe no significant difference between the four approaches pro-
posed except from 20 to 40 features selected, where the DTW approach
is outperforming the others. Although a test for consistency on other data
should be performed to confirm the trend, DTW seems to be a good candi-
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date for comparing the features of different machines and hence for evalu-
ating the relevance of a feature. In addition to the observed positive trend,
DTW uses the time structure of the features and can map any instant in the
time series of a particular machine to any other instant in another machine.
Indeed, intuitively, the start of a degradation phase in a specific machine
will most likely never occur at the exact same time in another machine.
This is where the correlation measure (on which the other three methods
are based) fails by only being able to compare pairs of points at equivalent
indexes between two time series.

Redundancy measures

This section aims at improving the selection of features by considering the
redundancy between features and comparing the proposed redundancy
measures. In a first analysis we choose to use the DTW approach for the
trendability and relevance computation as it resulted in the best score. We
compare the different relevance-redundancy scenarios as well as the no re-
dundancy scenario (based only on the relevance criterion) and choose the
OFD as the objective function. The results are reported in Figure 3.4a. We
observe that taking into account redundancy does not improve and actu-
ally decreases the effectiveness of our model for 10 to 40 features. How-
ever, for more features considered, the relevance-only approach performs
slightly worse than the others. This can be explained by the fact that the
other approaches tend to select features that are sometimes not relevant
only because they are highly independent of each other. An improved ap-
proach taking the best of both worlds is to preselect features that are at
least above a certain relevance threshold or to define a threshold on the
maximum number of features to preselect.

In the next analysis the 100 most relevant features are preselected accord-
ing to their fitness score. The same comparison as in Figure 3.4a is per-
formed with those 100 preselected features. The results are shown in Fig-
ure 3.4b. We can observe that the DTW approach now outperforms the
relevance-only approach by a small margin and reaches an overall maxi-
mum score of 0.78 for 30 selected features. However, for the correlation
and mutual information approaches, they still are not able to achieve bet-
ter performance than the relevance-only approach but they show better
performance when 40 to 70 features are selected and similar performance
when more than 70 features are selected. The conclusion from Figure 3.4 is
that taking into account redundancy between features can definitely help,
but a careful preselection should be done first to exclude highly irrelevant
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Fig. 3.4 Comparison of relevance-only approach (None in green) and the 3
mRMR approaches with trendability metric computed via DTW.
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Fig. 3.5 Comparison of the two objective function formulations: OFD (see eq. 3.4)
and OFQ (see eq. 3.5)

features. Moreover, as a recommendation, we propose to compute the re-
dundancy between features via the DTW measure as it yields good and
stable results.

Objective function formulations

Based on the best approach obtained so far (trendability and redundancy
computed with the DTW approach), we compare the two objective func-
tion formulations: OFD (eq. 3.4) and OFQ (eq. 3.5). The results are re-
ported in Figure 3.5. We observe no impact on the outcome for the choice of
the objective function formulation except for a slightly better performance
with OFD when 30 features are selected, which is likely negligible. Since
the conventional way to formulate the mRMR is via OFD, we propose to
keep this formulation.

3.4.3 Comparison of our method with existing methods

This section compares our prognostic mRMR algorithm with existing fea-
ture selection methods proposed in the literature. The prognostic mRMR
is computed with the measures that give the best results in the case study,
i.e. with the trendability metric and redundancy measure computed via
the dynamic time warping measure, OFD chosen as the objective function,
and a preselection of the best 100 features according to their fitness score.
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Fig. 3.6 Comparison of the prognostic mRMR with the feature selection from
[CHO9].

In section 3.4.3, we compare our approach with the feature selection based
on the prognostic metrics of [Cob10]. In section 3.4.3, we compare our ap-
proach with the conventional mRMR feature selection.

Comparison with feature selection based on the prognostic metrics from Coble

A comparison between our prognostic mRMR algorithm and the feature
selection based on the three original metrics defined by Coble [Cob10] is
shown in Figure 3.6. We can clearly observe that our method selects a
subset of features that is better able to discriminate between a faulty and
healthy state (F; score is higher), regardless of the chosen number of fea-
tures. This may be explained by two reasons. First, redundancy is taken
into account in the prognostic mRMR approach while it is not in Coble’s
approach. Second, the prognostic metrics used in the prognostic mRMR
are more robust than the ones in Coble. Indeed, this can be observed when
comparing Coble’s approach (the solid black line from Figure 3.6) with the
relevance-only version of our prognostic mRMR (green dotted line from
Figure 3.4).

Comparison with the classical mRMR approach

The classical use of the mRMR algorithm requires computing the relevance
of the features based on the class labels, usually labeled machine malfunc-
tions such as inner and outer ring defects in the case of bearings. In our
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application, such a rich labeling is not available but we can use the class
label based on the window labeling described in section 3.4.1.

The labels defining a faulty state were defined somewhat arbitrarily based
on engineering expertise. Hence, to fully compare the classical mRMR with
our prognostic mRMR algorithm, we compare them for different labeling
strategies: 10 different labeling strategies where the machine is considered
in a faulty state starting n days before the failure where n = 1,2,...,10 are
compared. The healthy state spans from machine installation time to 15
days prior to failure as detailed in section 3.4.1. For each labeling strategy,
the cross-validated Fj score is compared for a number of features ranging
from 10 to 100. The results are outlined in Figure 3.7. To assess the two
approaches, we either consider the global results by comparing the two
curves or refer to the maximal score attained for any number of features for
each of the labeling strategies. For the latter, we simply need to compare
the maximum point on each curve while for the former option, we can
either compare the sum of differences (SD) between scores corresponding
to the same number of features, or the number of times one curve is above
the other (N D), based on the 10 scores computed for the increasing feature
set size. Mathematically, this is:

SD — Z Fprognostic (l) . FldaSSical (1)
- 1
i€{10,20,...,100}

ND = #{i € {10,20, ..., 100}: FP8"%tc(j) > Fflassical(i)}

where F} To8nOste (1) and Fylassical (j) are the cross-validated Fj score asso-
ciated to the feature set of size i computed via the prognostic nRMR al-
gorithm and the classical mRMR algorithm respectively. The prognostic
mRMR should be superior to the classical mRMR if SD > 0 or ND > 5
for a particular labeling strategy. Table 3.2 summarizes the results and in-
dividual scores are outlined in Figure 3.7. From a global standpoint, the
prognostic approach outperforms the classical approach in 9 out of 10 cases
with respect to the SD metric and 7 out of 9 cases + 1 ex aequo with respect
to the ND metric. If we only look at the maximum values, the best result
is split among the two approaches (5 cases for both). Moreover, prognostic
mRMR is consistently better with fewer features and thus is able to select
the best compact set of features for the prognostic task.
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Label [days] | SD ND max score
1 1.02 8  prognostic
2 0.69 5  prognostic
3 1.16 7  prognostic
4 0.71 7 classical
5 0.04 4 classical
6 -0.08 3 classical
7 0.47 7 classical
8 0.46 6 classical
9 0.88 10 prognostic
10 0.74 8  prognostic

Table 3.2 Results of classical vs. prognostic mRMR. Results are highlighted in
bold when the prognostic approach outperforms the classical mRMR approach.
Prognostic mRMR is better if SD > 0 and ND > 5.

3.5 Conclusion

We developed an unsupervised minimum redundancy maximum relevance
feature selection method for predictive maintenance applications by adapt-
ing the conventional mRMR algorithm where the relevance of a feature is
computed with respect to prognostic metrics instead of class labels. We
also compared different measures to compute the redundancy between
features and adapted existing metrics quantifying the relevance of features.
We performed a case study for a rotating machine that highlighted the su-
periority of our feature selection method compared to previous prognostic
metrics and the conventional mRMR algorithm, especially for selecting a
compact set of features. We also showed that dynamic time warping is a
well-suited distance measure for predictive maintenance applications that
can help to select a good set of features.

Compared to other unsupervised feature selection methods developed for
predictive maintenance in the literature, our method conjointly seeks a set
of relevant and non-redundant features while only one criterion is gener-
ally achieved for existing methods. Concerning the broader field of pattern
recognition and machine learning, the main advantage of our method com-
pared to other unsupervised feature selection methods is the inclusion of
prior knowledge about what we know a good prognostic feature should
look like (monotonic, etc.) rather than only relying on the underlying data
structure.
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Fig. 3.7 Classical vs. prognostic mRMR feature selection for various labeling
strategies.

From the application perspective, we obtained the best results with the
trendability and redundancy measures computed with the dynamic time
warping and 30 features selected.

The approaches presented in this chapter may still be improved by seeking
the best parameters in the fitness metric characterizing the relevance of a
feature as well as the weights assigned to the relevance and redundancy in
the objective function, which we leave to future work.






Comparison of machine
learning formulations for
predictive maintenance

This chapter is adapted from an article submitted to the Mechanical Systems and
Signal Processing journal in 2022 [H]CG22].

4.1 Introduction

Predicting incoming failures and scheduling maintenance based on sen-
sor information in industrial machines is increasingly important to avoid
downtime and machine failure. Different machine learning formulations
can be used to solve the predictive maintenance problem. However, many
of the approaches studied in the literature are not directly applicable to
real-life scenarios. Indeed, many of those approaches usually either rely
on labeled machine malfunctions in the case of classification and fault de-
tection or rely on finding a monotonic health indicator on which a predic-
tion can be made in the case of regression and remaining useful life esti-
mation, which is not always feasible. Moreover, the decision-making part
of the problem is not always studied in conjunction with the prediction
phase. This work aims to design and compare different formulations for
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predictive maintenance in a two-level framework and design metrics that
quantify both the failure detection performance as well as the timing of the
maintenance decision. The first level is responsible for building a health
indicator by aggregating features using a learning algorithm. The second
level consists of a decision-making system that can trigger an alarm based
on this health indicator. Three degrees of refinements are compared in the
first level of the framework, from simple threshold-based univariate pre-
dictive technique to supervised learning methods based on the remaining
time before failure. We choose to use the Support Vector Machine (SVM)
and its variations as the common algorithm used in all the formulations.
We apply and compare the different strategies on a real-world rotating
machine case study and observe that while a simple model can already
perform well, more sophisticated refinements enhance the predictions for
well-chosen parameters.

Predictive maintenance can usually be formulated in one of the two fol-
lowing ways: i) detecting that the machine under monitoring has entered
a faulty state, and therefore predicting that a failure is coming, or ii) pre-
dicting the remaining useful life (RUL) of the machine. However, in this
work, those two concepts are not differentiated as our purpose is to sched-
ule a maintenance procedure based on the current monitoring information,
regardless of the type of method used. We propose a framework divided
into two levels, the first level consisting of a machine learning model map-
ping a set of features into a health indicator and the second level being
responsible for the actual decision making, where an alarm is raised if the
health indicator of the first level crosses a threshold, whose value can be
optimized.

4.1.1 ML-based approaches for predictive maintenance

A common assumption of machine learning methods is the availability of
sufficient labeled data, which is usually hard to obtain in real-world en-
gineering scenarios [LY]T20]. A more reasonable assumption would be
a case where data has been collected for a few machines that have gone
through a failure (or at least a deteriorated state) and underwent a correc-
tive maintenance as well as for some other machines that have been re-
placed without failure (preventive maintenance). In that case, although
different health states are available in the data, an exact labeling is not
available since one does not necessarily know when a machine has en-
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tered a faulty state. In this work, we investigate different formulations on
how to express such problems with a machine learning formulation with
variations of the support vector machine (SVM) algorithm. The reason for
choosing this family of algorithms over deep learning approaches is three-
fold. First, we want to isolate the formulation or labeling scenario as much
as possible from the algorithm for our comparison. Second, our case study
involves only a few instances of failures and SVM tends to have good gen-
eralization capabilities even with few instances [CGLRML20]. Finally, the
goal of this work is not to seek the best ML algorithm but to compare learn-
ing formulations.

4.1.2 Classification

In the case of classification, we seek to find whether or not a machine will
go to a failure state within a given time window. The duration of the time
window is then a parameter that has to be chosen by the user. Surprisingly,
very few papers treat the case of finding incoming faults in machines with
a labeling purely based on failure time (e.g. the last 5 days are labeled as
faulty). One of the papers that is using this kind of approach is [SSPT14]
where the authors use a binary classification algorithm with different hori-
zons to define the faulty class and select the one which optimizes a custom
cost that is a trade-off between fault detection and unexploited life (i.e.
replacing the component too soon and not exploiting the full life of the
component).

4.1.3  Anomaly detection

Besides supervised learning, anomaly detection can be used for fault diagno-
sis. In the simple univariate case, a threshold can be learned on a specific
feature that is considered anomalous when the threshold is reached (e.g. in
[Wan02]). In the multivariate case, a Gaussian distribution can be fitted on
healthy data and the Mahalanobis distance used as an indicator of health.
This is the approach taken by [JSQ 16, WPZ"16]. Another option is to use
the one-class SVM algorithm with a model learned on healthy data such as
the authors did in [FFMRFRAB13, MS09]. Deep learning methods based
on autoencoders were also applied for anomaly detection in the context of
fault diagnosis in [RSVG16].
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4.1.4 Regression and remaining useful life estimation

Remaining useful life (RUL) estimation is a regression problem. However,
it is traditionally not implemented as a regular supervised learning prob-
lem where a mapping is learned between the sensor inputs and the RUL.
The standard approach is to extrapolate the trend of one or several health
indicators previously extracted from the data via signal processing or ma-
chine learning methods until it reaches a predefined threshold. Examples
of machine learning approaches using this kind of framework can be found
in [SMZ14]. However, a few papers try to directly map the inputs to the
actual RUL. This is the case in [KCMM " 16] which the authors apply a sup-
port vector regression algorithm to NASA’s Turbofan engine degradation
dataset (CMAPSS) [SGSE08] and more recently with deep learning such as
in [LDS18, WYD" 18] on the same dataset. However, this dataset is a sim-
ulated dataset with manually introduced failures [LLG 18], which can be
quite different from real-life scenarios. In practice, it is usually hard to es-
timate the RUL in engineering scenarios, especially in the absence of clear
degradation trends. In this work, a mapping is learned between the fea-
ture space and the RUL; however, the final goal is not the RUL itself but
the decision taken upon it, i.e. when an alarm for replacement should be
raised based on the predicted RUL. Other regression approaches using a
different labeling scheme are also tested and discussed in Section 4.3.3.

4.1.5 Decision making

The use of the ML algorithm in the first level of our framework has a dif-
ferent purpose from what is commonly done within the predictive mainte-
nance community. Its role is to fuse a set of features into a health indicator.
Indeed, we are interested in extracting a single continuous health indica-
tor from the first level learning stage rather than identifying a certain state
in the case of classification, an outlier in the case of anomaly detection, or
estimating the RUL in the case of regression. This first level is completely
unaware of time, its main purpose is pattern recognition. The resulting
health indicator is then fed to the second level of the framework, which is
time sensitive and responsible for taking a decision for maintenance based
on a smart aggregation of the past values of the health indicator. It sends
an alarm signal when the health indicator reaches an optimized threshold.

The rest of the chapter is structured as follows: in Section 4.2, the frame-
work for predictive maintenance is outlined. In Section 4.3, various for-
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Fig. 4.1 Predictive maintenance framework

mulations for the learning problem are described. The decision-making
process is presented in Section 4.4. In Section 4.5, the method of validation
of the models is presented. The different methods are tested on a rotating
machine case study in Section 4.6, and Section 4.7 concludes.

4.2 Predictive maintenance framework

A flowchart for our predictive maintenance framework is depicted in Fig-
ure 4.1. First, data need to be acquired via sensor measurements in the
form of time series. The purpose of the data acquisition step is to obtain
data from several machines that got a corrective maintenance, i.e. that went
through failure (or at least until a deteriorated state) but also possibly from
machines that were preventively replaced and did not go into a failure
state. We call the data collected from a particular machine from the in-
stallation to the replacement (with or without failure) a run. Let us define
F() ¢ RwxN , the feature matrix of the run r, where n, is the number of
samples in the time series and N the number of features. The dataset con-
sists of R runs, i.e. r = 1, ..., R. The notation F(r) (t) is used to access the tth

sample in the matrix. We also define x = {F (’)} the merged feature

r=1,..,
matrix of size ¥, n, x N, and x; € RN refers to sample number i (regard-
less of time) of the dataset. Some preprocessing is then achieved on the
data collected, which can include filling missing values, removing sensor
faults, normalization, etc.

The next step consists in extracting meaningful information from the raw
sensor measurements D(") i.e. feature extraction. In the context of time-
series data, it consists in designing features aggregating sensor inputs that
summarize a certain time period rather than a point in time. Those ag-
gregations can be done in the time-domain, frequency-domain, or time-
frequency domain (this was also covered in section 3.4.1 of the previous
chapter). A description of the feature design is shown in Figure 4.2.
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A large number of features can be initially produced by the feature ex-
traction step. Selecting a subset of features targets two goals: removing
uninformative features and reducing the size of the problems to mitigate
some possible overfitting and improve computational efficiency. A fil-
ter approach is model agnostic and selects the features a priori according
to a certain criterion. Since we are comparing different models, we will
choose a filter approach so that we have a set of features common in all
experiments. However, the criteria to select features for the filter approach
should not be supervised, since different labeling strategies will be tested,
and choosing one would unfairly favor the algorithm that uses this par-
ticular labeling. Instead, we use the unsupervised minimum redundancy
maximum relevance feature selection presented in Chapter 3.

From the selected set of features, we wish to establish a causal relationship
with the health state of the machine. If the current health state is consid-
ered faulty, an alarm should be triggered for repair or replacement. This
is done in two steps. In a first step, the input features are fed to a model
learned on previous machines, which outputs a single number at each time
step (or a single time-series across time), i.e. h(")(t) = f(F(")(t)). Then, ina
second step, a decision is taken upon this output. An alarm is triggered if
g(h)(t)) exceeds (or goes below) a threshold whose value was optimized
beforehand on different machines, where g is a certain time-window trans-
formation applied to the health indicator computed from the model. The
function g can be the identity function or a certain aggregation of the out-
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Fig. 4.3 Two-level predictive maintenance: (a) a model translates a set of features
into a single indicator (b) a decision is made to trigger an alarm when the health
indicator exceeds an optimized threshold (in this case g is the identity function).

put across time such as a moving average or exponential moving average.
This two-level predictive maintenance approach is depicted in Figure 4.3.

The next section compares the different strategies that map the set of fea-
tures into a single health indicator, i.e. the ML model part in the diagram
of Figure 4.1.

4.3 First level: Problem formulations

In this section, we compare three different strategies to map a set of fea-
tures into a health indicator. A first possibility is to simply follow a single
feature, a second requires training the algorithm on healthy data and con-
sider as anomalous what deviates from the norm, and finally, the most
refined technique is to train on both healthy and unhealthy data with su-
pervised learning algorithms, which can be formulated either as binary
classification, multi-class classification or regression. As mentioned ear-
lier, the machine learning models used in this work are all variations of
the support vector machine algorithm (SVM). For anomaly detection, one-
class SVM is used, for classification and multi-class classification, standard
SVM is used and for regression, the support vector regression (SVR) algo-
rithm is used.
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4.3.1 Univariate model

In the univariate case, a single feature is followed across time. The selected
feature can be chosen according to engineering expertise or according to
the maximal relevance score obtained by a feature selection algorithm. In
our case, the relevance criterion is the average of three prognostic met-
rics: monotonicity, trendability, and prognosability [HG21b]. Addition-
ally, some aggregations can be performed on a certain time window up to
the current time instant, such as taking the moving average across several
hours, or even days if needed. More complex aggregations can also be per-
formed such as exponential moving average, autoregressive models, etc.
The health indicator computed from the ML model is then

W) = fy (F(r)) )

where f1; is the model (any type of aggregation or simply the identity map-
ping) and F(") contains only one feature in this case.

4.3.2  Multivariate anomaly detection

When performing anomaly detection, the algorithm is only trained on heal-
thy data. When testing on new data, a sample is either marked as an inlier
or outlier (i.e. anomalous). In practice, the decision is not binary but is
taken based on a threshold for a decision function. For instance, in the
case of anomaly detection based on a multivariate Gaussian distribution
fitted on healthy data, a decision to flag a sample as anomalous is taken
if it is far from the fitted n-dimensional ellipsoid center. Usually, the dis-
tance measure chosen is the Mahalanobis distance between the sample and
the ellipsoid center. The evolution of that distance across time will there-
fore be the health indicator on which a decision to trigger an alarm will be
made. In our approach, the algorithm chosen for anomaly detection is the
one-class SVM, rather than an approach based on the multivariate Gaus-
sian algorithm. Even though the Mahalanobis distance does not apply to
the one-class SVM, it involves a similar idea of the distance from a set of
normal samples.

One-class SVM was proposed as an extension of the support vector ma-
chine in the case of unlabeled data [SPSTT01]. It tries to estimate the dis-
tribution of the input data (considered healthy) by a simpler subset of the
input space and estimates a function f that is positive in that subset and
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negative on the complement. The corresponding model is formulated as
follows:

1,1
g}bIEEIIWH +7€g€z_b (4.1)
st (wle(x)) >b—2¢, (4.2)
iz0i=1,.n (4.3)

where x; are the training vectors, w and b the weights and bias for which
we solve, (; are the slack variables allowing some samples to be on the
wrong side of the hypersurface, ¢(-) is a non-linear mapping to allow for
a non-linear boundary, ¢ is the number of samples in the training set and
v € [0,1) is a hyperparameter representing an upper bound on the fraction
of training errors and a lower bound of the fraction of support vectors. For
our experiments, as well as the other SVM-based models, we used the sci-
kit learn implementation which is a wrapper around the LIBSVM library
[CL11]. The decision-making process is based on the distance to the hyper-
surface function, and the decision function is defined as

n

fisvm(x) = Y a;iK(x;, x) +p, (4.4)
i=1

where K(x;,x) = ¢(x;)T¢(x) is the kernel function and «; and p the dual
variable and independent term of the optimization problem (4.1). The
health indicator computed from the model is then

W = fisvm (F(r)> :

The same notation for variables, weights, slacks, and kernels will be used
throughout the chapter for all SVM-based models.

4.3.3 Supervised learning

Supervised learning refers to algorithms that learn a function mapping
from a set of input variables, the features, to a corresponding output, the
labels. This requires having the corresponding desired label for each input
sample. Those labels can either be numeric values in case of regression or
categorical variables in case of classification. In the context of predictive
maintenance, those categorical variables can be the fact that a machine is
in a healthy or unhealthy state or a certain type of fault on the machine.
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If the labels are known, for instance with a healthy machine and a faulty
machine on a test bench, then the problem becomes simple, and super-
vised learning is the way to go. However, labels are usually not available
in real-case scenarios. Indeed, we do not necessarily know when exactly a
machine enters a faulty state, even if the machine goes into failure at the
end of the run. Instead, we use a labeling based on the remaining time
before failure. In the case of classification and multi-class classifications,
the labels are chosen somewhat arbitrarily by splitting the run into two or
more time periods representing healthy or unhealthy states. The chosen
duration used to split the run into classes is a parameter that needs to be
chosen by the user based on engineering expertise or tuned as a hyperpa-
rameter of the problem. In the case of regression, the time before failure
can be directly used as the labeling but other possibilities exist and are de-
scribed in Section 4.3.3.

Binary classification

In the classification approach, a run is divided into two classes: faulty (F)
and non-faulty (NF) as follows:

(V)t:
Y F ift>T0 —w

{NF ift <T0) —w

where T(") is the duration of the run r and w is a parameter to choose for
the faulty state duration. We thus have to choose a duration a priori taking
into account that a w too small will lead to a late detection while a w too
big could lead to too early detection (and therefore unexploited lifetime).
In the case of a machine preventively replaced (no actual failure at the end
of the run), the entire run is marked as NF.

The classification algorithm used here is the well-known support vector
machine algorithm [BGV92] which finds the hypersurface that separates
the classes with maximal margin by solving the following optimization
problem:

I ST
min 5 o] +Ci=21€l 4.5)
styi(w g(x;) +b) =1, (4.6)
7;i>0i=1,.n 4.7)
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where y; € {—1,1}" are the target values (where F is mapped to 1 and NF
to -1) and C is an hyperparameter representing the trade-off between the
margin width and the sum of the slack variables (}_; ;).

The decision function is based on the distance to the hypersurface, that

is defined as
n

fovm(x) = Y yiwiK(x;, %) +p (4.8)
i=1

and the computed health indicator is thus
W) = fsvm (F(r))

Multi-class classification

In the multi-class classification approach, a run is separated into more than
two classes. Each class represents a different non-overlapping time win-
dow between the beginning of the run and the failure. Mathematically, the
labels are defined as

NF ift < T — wy
F if T() — wy <t < T(r) _ W,
]/(r)(t) =<5 if T — wy < t < () _ ws

Fy_q ift> T — (YN

where NF is considered the healthy class and F;,i = 1,..., N — 1 are consid-
ered the N — 1 faulty classes with w; > wp > ... > wy and increased level
of fault severity. In the case of a machine preventively replaced (no failure
at the end), the entire run is marked as NF.

The multi-class classification approach is similar to the binary approach.
The SVM algorithm is still used but instead of solving one optimization
problem as in (4.5-4.7), we solve N optimization problems where N is the
number of classes. We use a one-versus-rest strategy1 where we train a
single classifier per class, with the samples of that class being positive (+1)
and the rest negative (—1), thus keeping the same formulation as in (4.5).

! An ordinal strategy might have been better adapted in this case where the faulty classes
would be successively increased, i.e. F; <— F; + F, + ... + F.
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Since there are N optimization problems, there are N decision functions
such as in (4.8). The decision functions are defined as

(r) _ 4 .
hi" = feum (F(’)> forj=1,.., N
where the adaptation to multivariate output is described in section 4.4.

Regression

In the regression approach, three labeling scenarios are tested. The first
approach is to directly use the remaining useful life (RUL) as labels. In the
second approach, instead of using absolute times, relative times are used
with the percentage of life used as labels. Finally, a third approach tries to
mimic the intuition that a machine is stable at the beginning of its life and
deteriorates more and more starting some time before the failure with a
piecewise linear function. We refer to this approach as ReLu, an analogy to
the rectified linear unit in machine learning due to the shape of the label-
ing function. The three labeling approaches are detailed in Table 4.1. Those
labeling strategies are only valid for corrective maintenance. Indeed, runs
of machines preventively replaced have to be disregarded in case of RUL
or percentage of life strategies. For the ReLu strategy, runs of machines
preventively replaced can be kept and labeled as zero across the entire life
span of those machines.

Support vector regression (SVR) is the common regression algorithm used
for all labeling scenarios. It is a variation of the SVM performing a regres-
sion based on the concept of support vectors [DBK'97]. The idea is to find
a function f(x) that has at most an € deviation from the targets y; by solving
the following optimization problem

n
min g el + €Y@+ ) 9)
sty —wlp(x) —b<e+(, (4.10)
wlp(x)+b—y; <e+{f, 4.11)
00> 0,i=1,.,n 4.12)

where y; are the targets values, {;, and (; are the slack variables allow-
ing some samples to be outside of the tube of radius € centered around the
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RUL Percentage of life | ReLu
W) (t) =
(r) 0 ift <T—t
t—1t d
T —¢ | B = —0 {T—t ; _
(M) () = ift >T—t
Labelling H(t) = T — t(()r) a 4
with D a normaliz- | where { is the start where T is the end
ing constant time and T the end | time and f; is a
time. supposed start of
deterioration fixed
for training.
T 1 1
Function \ / J
shape 0 0 .
Decision | ¢ (h(’)) <L g (h(?)) > L g (h(?)) > L

Table 4.1 Labeling strategies for regression & decision making

function, and C is a hyperparameter representing the trade-off between the
flatness of f and the sum of deviations larger than ¢ (that is ) ; {;+(7). For
more information on the SVR and how this optimization problem can be
solved efficiently, the reader can refer to [SS04].

The decision function of the SVR is defined as

fovr(x) = ) (a; — af )K(x;,x) +p (4.13)
i=1

where &;, af and p are the dual variables and independent term of the
optimization problem (4.9). The computed health indicator (HI) is thus

W = fovr (F(r))

4.4 Second level: Decision making

The purpose of the second level of the predictive maintenance framework
is the make a decision on the health indicator computed from the ML
model. Let i) = f(F(")) be the HI computed from the model, the decision-
maker will trigger an alarm for replacement if z = g(h(")) > L where g is a
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function of time-series (") and L is a predefined threshold. In the simplest
form, g is the identity function, or the negative function g(h")) = —h(")
in case L is a lower bound. When the current output is above (or below)
the threshold L, an alarm is raised. The function g can also be an aggre-
gation of past values such as a moving average or an exponential moving
average. In case g is a moving average, it is defined as

g(y):h(t)+h(t—1);...+h(t—H) @14)

where H is the horizon selected for the aggregation. In case g is an expo-
nential moving average, the aggregation is defined recursively as

z) = ho (4.15)
ze = nhi+(1—n)z (4.16)

The difference with the simple moving average is that in this case, the win-
dow size is infinite but the weights are exponentially decreasing. However,
the #7 parameter can be tuned to be interpreted approximately as an H-hour
moving average when computed as

2

where H is the horizon?. For instance, if H = 12 and the time between two
consecutive sample is 1 hour, 1 = ﬁ ~ 0.1538 and is interpreted as a
12-hour moving average.

In the case of binary classification, an alarm is triggered if z(t) > L where L
is a previously optimized threshold. For regression, the idea is similar and
the decision functions are detailed in Table 4.1. For the multi-class classi-
fication, since there are multiple decision functions, the process has to be
slightly adapted. An alarm is triggered if the value of the decision function
of one of the faulty classes (Fy, ..., Fy—1) is higher than the healthy class NF.
Mathematically, we trigger an alarm at sample i if any j # 1 satisfy

2 (foine (F)) > 5 (A0 (F7)). @13

2This is because the weights of the exponential moving average and the simple moving

average have the same center of mass when 7 = ﬁ
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where Fiis the decision function associated with class F, j=1.,N-1,
NF is the decision function associated with the healthy class and g is the
function applied to the health indicator.

4.5 Assessing the predictive performance of models

4.5.1 Scoring

The end goal of a predictive maintenance application is to help with the
decision to replace or repair the machine under monitoring at the right
time. The right time may vary between applications but is usually a trade-
off between detecting failure and limiting false alarms. As a first goal, we
want to check whether or not a fault (in the case of a run with failure) can
be detected and minimize false alarms. As a second goal, we want to score
the timing of the alarm. This concept can be translated into two metrics.
We define a false positive as an alarm that was triggered too early, in our
case more than 15 days in advance. A true positive is defined as an alarm
raised between 0 and 15 days in advance. While true positives are only
relevant for corrective maintenance runs, false positives are relevant for
both corrective and preventive maintenance runs. Indeed, an alarm raised
at any time for a machine that was preventively replaced is considered a
false positive. We thus define two metrics, the false positive rate:

FP
FPR = —— 4.1
C+P’ (+19)
and the true positive rate
TPR = T—g, (4.20)

where C and P are the numbers of corrective and preventive runs respec-
tively, and FP and TP are the numbers of false positives and true positives,
respectively. Note that we do not assess each individual prediction for
each time step, but only evaluate the quality of the first trigger for each
run (hence the earliest for that run), so that these metrics are representa-
tive of real-world use.

We combine those two metrics into a single metric by taking their harmonic
average, similar to what we would do to compute the F; score between
precision and recall in a conventional classification scenario. Moreover, we
add a B parameter, controlling the importance of the TPR over the 1 — FPR.
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We call this metric Fycore and define it as

(1 —FPR)-TPR

_ 2
Fcore = (1) 52 7 FPR) + TR

(4.21)

Since it is also important to score the quality of the timing at which the
alarm is raised, another metric called the business metric (Bscore) is defined,
which was designed for the application described in Section 4.6 (although
a similar metric could be used for other applications). It provides a score
between zero and one (higher is better) computed from a piecewise-linear
function of the number of days between the alarm prediction and the actual
failure:

* A prediction 7 days ahead is consid-
ered optimal and gives a perfect score.

Bacore * Predictions between 7 and 0 days as-
0_; sign a score that decreases linearly to
038 zero (with a slightly lower slope be-

tween 7 and 5 days).

® Predictions ranging from 7 to 15 days
are assigned a score linearly decreasing
from 1 to 0 (with a slightly lower slope
between 7 and 10 days).

7 S

|
|
|
|
|
|
|
|
|
|
|
|
!
7

g;;f(a"we
® Predicting a failure more than 15 days
in advance leads to a zero score to re-

flect the unexploited lifetime.

Note that this business score is only applicable for corrective maintenance.
While Fseore is a single score resulting from an ensemble of runs, Bscore is
defined per run and one must take the average across all corrective main-

tenance to obtain a single score, i.e. Bscore = Y, %. Finally, we combine
the Fscore and the business score into a single score that takes into account
both the corrective and preventive maintenance runs. We define o € [0, 1]
as the weight associated to the Fscore and 1 — a the weight associated to
Bgcore-  Since the Fycore is used for both corrective and preventive main-
tenance while Bgscore is only applied to corrective maintenance, we must
further multiply 1 — & (the weight associated to Bscore) by the ratio of cor-
rective maintenance over the the number of runs, i.e. C—JCFP In the end, the
final score is defined as
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o (1—0()L

—FSCOI'E + cF Escore (4'22)
(1- zx)% +a

- kP
(1—04)(%134—04

4.5.2 Cross validation

In order to obtain an unbiased estimate of the performance of the algo-
rithms as well as tuning the different hyperparameters of the machine
learning model and the threshold for the decision making, one must cross-
validate the results. The usual way to validate a model in the context of
machine learning is to split the data into a training set, a validation set,
and a test set. The training set is used to train the algorithm, the validation
set is used to tune the hyperparameters of the model, and the test set, a
completely independent set, is used to assess the final prediction on un-
seen data.

In the context of predictive maintenance, some precautions are necessary.
Splitting the data into training, validation and test sets cannot be done in
a completely random way. Recall that prediction occurs in a continuous
fashion along with the time series, i.e. we classify or predict at each time
step. Hence, due to the temporal nature of the prediction task, data are
correlated in time and one cannot use information learned in the future to
predict the past or the present. Therefore, the training set should not con-
tain data that are further in time than the validation and test set. An even
better practice is to split data per run, meaning that data from a particular
machine cannot be split among different sets. This is the approach that we
take. Some machines are assigned to the training set, some to the valida-
tion set, and the rest to the test set.

However, in most real-life applications, machine runs-to-failure are scarce.
Hence, it is difficult to build a sufficiently large (in terms of the number of
corrective maintenance) training set or test set. Therefore, we perform a
cross-validation, where a fold is defined as a run. However, a single layer
of cross-validation, for instance, a leave-one-out cross-validation, is still
biased because the hyperparameter optimization has seen all data. Since
data are scarce, it is not an option to leave a few runs as the test set as they
would most likely not represent very well the behaviors of all machines.
Instead, we perform what we call a double cross-validation. The frame-
work for double cross-validation is outlined in Figure 4.4. It consists of
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CROSS VALIDATION 1 TEST SCORING

SELECT BEST
HYPER PARAMETER TUNING: a, B...

N machines .
k*N trainings:
k set of hypery arameters-
L Final training on all N machines. TESTON

Fold A Fold B

Fold C

Trainings on “n-1" i Teston 1

CROSS VALIDATION 2
SELECT BEST
HYPER PARAMETER TUNING: q, B...

TESTON
Final training on all N machines.

CROSS VALIDATION 3

SELECT BEST
HYPER PARAMETER TUNING: , B..
TESTON

Final training on all N machines.

Fig. 4.4 Example of the double cross-validation process for 9 machines subdi-
vided into 3 folds.

two levels. In the inner loop, a leave-one-out cross-validation is performed
to tune the hyperparameters of the ML model. Then, a model is trained
on all data of the inner loop (training set + validation set) with the best
set of hyperparameters found in that inner loop and the threshold is tuned
for the decision-making. In the outer loop, the model is tested on an inde-
pendent set of runs. Then, a new test set is selected at the next outer loop.
In the end, we obtain not one but multiple models (with possibly differ-
ent sets of hyperparameters) that correspond to the number of folds on the
outer loop. The average of those scores results in a mostly unbiased? esti-
mation of the performance of our algorithms. Note that a fold can contain
both corrective or preventive maintenance. We target an equal distribution
of those two categories of runs across the different folds.

3 Although using a nested cross-validation considerably reduces the bias in the perfor-
mance results, we cannot technically say that it is unbiased since the size of the training set is
(K —1)/K as big as the original set. Using bootstrapping methods can circumvent this issue.
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Raw signals Feature extraction Selected features
Time-domain:

RMS, MAD, Peak to Peak
Amplitude, Skewness, Kur-
tosis, Crest Factor, Clearance
Factor, Shape Factor, Margin
Factor, Max Amplitude

MAD, Margin Fac-
tor, BPFO 3N, Peak
to Peak Amplitude,
Crest Factor, Am-
plitude 1N, RMS,
Spectral Amplitude
at 350 +- 10 Hz

Vibration amplitude

Frequency-domain:
Amplitude 1N®, 2N, 3N, ev-
ery 20Hz band from 0-1kHz,
BPFO 1-3N, BPFI 1-3N, BSF
1-3N, FTF 1-3N

Non-vibration features:
Bearing Temperature | Time-domain:
Pyrometer Tempera- | Mean, Max, Min, Standard | Torque Mean
ture Deviation, Skewness, Kurto- | Torque Max

Torque sis
Vacuum Pressure

Table 4.2 Feature design

4.6 Application to a rotating machine

4.6.1 Problem description

The predictive maintenance case study we consider in this work deals with
the high-speed rotating condenser (RotCo) illustrated in Figure 2.3 with
the data collection and feature engineering described in section 3.4.1 of the
previous chapter. Table 4.2 gives an overview of the extracted and selected
features. The ten best features* are selected according to the feature se-
lection method presented in Chapter 3. This is an unsupervised feature
selection; therefore, no formulation is favored. In total, 11 corrective main-
tenance and 28 preventive maintenance runs have been gathered, i.e. a total
of R = 39 runs.

All the formulations presented in Section 4.3 are tested on this real-world
application. To avoid comparing all combinations of the approach of the
first level with the ones of the second level, we first compare the approach

*A careful reader will notice that the best performance was obtained with 30 features in
Chapter 3 and not 10. This is because the work presented in that chapter used a previous
version of the feature selection algorithm with fewer features.
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of the first level with the simplest second level decision-making process,
where the function g is the identity function. This means that the health in-
dicator is directly compared to a threshold and an alarm for replacement is
raised whenever this output exceeds (or goes below) the optimized thresh-
old. This allows us to select a subset of formulations obtaining the best
scores, which are then tested against different aggregations g in Section
4.6.3.

The double cross-validation is performed as follows: 11 corrective main-
tenance runs are distributed among 11 folds and the 28 machines preven-
tively replaced are distributed equally among those 11 folds. After leav-
ing one fold aside as a test set, we perform the inner loop of the cross-
validation where the ML model is trained consecutively on all but one run
(where a fold is defined as a run). The inner cross-validation allows us to
tune the hyperparameters of the model. Then the test set changes to the
next outer fold and the whole process starts again.

4.6.2 First level: training & results

Table 4.3 summarizes the different hyperparameters of the problem for
each formulation as well as the different labeling scenarios tested. Notice
that the univariate model is absent from the table because no training is
required at the first level of the framework.

For binary classification, several horizons are tested to split the data among
healthy and unhealthy, ranging from 3 to 10 days. The F-score is used to
select the best set of hyperparameters. For multi-class classification, two
labelling scenarios are tested. The first one includes three classes defined
in the following way: from 0 to 5 days prior to failure, 5 to 10 days, and
more than 10 days. The second labelling scenario includes 6 classes de-
fined as 2-day periods from the failure and a class defined as more than 10
days prior to failure. Hyperparameters are selected according to the mean
of the F-score.

For the One-Class SVM implementing anomaly detection, the model is
only trained on data further than 15 days prior to failure for corrective
maintenance and all data for preventive maintenance. To select the best
hyperparameters set however, the model is tested on all data of a run and
the hyperparameters that obtained the best F-score are selected.
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Formulation

Hyperparameters

Scoring metric

Binary classifica-
tion

C=1[10"210"1,1,10]

v =[107,107%,1073]
kernel: linear, RBF
horizon = [3,5,7,10] days

F-score®

Multi-class classi-
fication

C=[10"2%,10"1,1,10]

v =[1075,10"%,1073]
kernel: linear, RBF
labelling 1: 3 classes (0-5
days, 5-10days, >10days)
labelling 2: 6 classes (0-
2 days, 2-4days, .., 8-
10days, >10days)

Unweighted mean
of F-score associ-
ated to each label

One-class SVM

v = [0.01,0.05,0.1,0.5]
v =[10"%,1073,1072]
kernel: linear, RBF
Horizon = 15 days

F-score (with fail-
ure data included
during testing)

Regression (RUL,
RUL percentage,
ReLu)

C=[10"2,10"1,1,10]

v =[1075,104,1079]

e = [0.01,0.1,0.5]

kernel: linear, RBF
horizon for ReLu: t; = 10

Mean absolute er-
ror: MAE(y,9) =

_1 A
Y0 lvi — il

days

Table 4.3 Training & hyperparameter tuning for the first level of the predictive
maintenance framework

For the RUL and RUL percentage formulations, the training can only be
done on corrective maintenance runs. For the ReLu formulation, preven-
tive runs can be included, as the labels associated with those runs can be
defined as zero across their lifetime, since the ReLu is defined as nonzero
only at a time t; prior to failure and monotically increasing until the actual
failure. Parameter t; is fixed at 10 days in all our tests. The metric used
to select the hyperparameters is the Mean absolute error for all regression
formulations.

The results of the double cross-validation for all formulations are reported
in Table 4.4. The count of true positives and false positives are summed

6The F-score is defined as the harmonic mean between precision and recall, i.e. Fscore =
2 precision x recall
precision-+recall
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False Posi- | True Posi- | Business
Formulation i i F score Final score
tives tives score
Univariate
2/39 8/11 0.436 0.894 0.855
model
One-class
16/39 5/11 0.257 0.556 0.531
SVM
3 days: 6/39 3 days: 9/11 3 days: 0.495 3 days: 0.840 3 days: 0.811
Binary clas- | 5days: 5/39 5days: 9/11 5 days: 0.526 5 days: 0.860 5 days: 0.831
sification 7 days: 4/39 7 days: 9/11 7 days: 0.465 7 days: 0.880 7 days: 0.845
10 days: 2/39 10 days: 9/11 | 10days: 0.500 | 10days: 0.919 | 10 days: 0.883

Multi-class

3-class: 5/39

3-class: 9/11

3-class: 0.493

3-class: 0.860

3-class: 0.829

classification | 6-class: 5/39 6-class: 8/11 6-class: 0.468 6-class: 0.838 6-class: 0.807
RUL 32/39 2/11 0.141 0.180 0.177
RUL  per-

12/39 6/11 0.254 0.657 0.622
centage
ReLu 6/39 10/11 0.617 0.858 0.837

Table 4.4 Results of first level. A run is considered a false positive if an alarm
is raised more than 15 days in advance. An alarm is considered a true positive if
it was raised between 0 and 15 days prior to failure in case of a run with failure.
The business score is the mean of the business scores for all corrective maintenance.
Bold values are the best results for each criterion. Final score is computed via equa-
tion (4.22) with « = 0.75 and = 0.5 and is the score of interest that determines the
best formulation.

across the different folds of the test set (every run is at least in one test set)
and the Fcore of equation (4.21) is computed with those counts with param-
eter B = 0.5 to give more emphasis on avoiding false positives. The busi-
ness score is averaged on all corrective maintenance runs since the business
score is not defined for runs with preventive replacement. Finally, the final
score is computed according to equation (4.22) with parameter « = 0.75 to
increase the emphasis on the Fscore.

Surprisingly, we observe that the simplest model, the univariate model
based on the best feature with respect to the three prognostic metrics from
[HG21Db], performs quite well, better than most of the approaches tested
even though the other approaches also include this feature within their
ten selected features. This feature is the median absolute deviation of
the vibration amplitude averaged over the last 12 hours. It is the me-
dian of the absolute deviation from the data’s median and is computed
as MAD(x) = median(|x; — %|) where ¥ = median(x).
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In the second degree of refinement (see Figure 4.3a), the one-class SVM
performs poorly with many false positives resulting in a low final score.
For the third refinement, i.e. supervised learning, we can make several ob-
servations. For binary classification, the more we increase the size of the
faulty class, the better performance we obtain. This could be explained by
two different reasons. The first one is that the class imbalance is reduced
when the size of the faulty class increases. The second reason is that signs
of faults already appear up to 10 days in advance. In the multi-class classi-
fication, performances are slightly lower than for the binary classification.
Thus, splitting the runs into multiple classes does not seem to help.

For the three regression formulations, the results are quite different from
each other. Directly mapping the features input to the RUL does not seem
to work at all. This could be explained by the fact that there is too much
disparity between the life spans of the different runs, or simply not enough
failure samples. This can also partly be explained by the fact that the € pa-
rameter in the SVR formulation should be tuned more carefully for this
type of formulation, since the labels are not scaled to 0-1 like for the RUL
percentage or ReLu. The percentage of life formulation performs better
than the conventional RUL but is still far behind the other formulations.
This could also be explained by the fact that training is only performed on
corrective maintenance for those two formulations. Finally, the ReLu for-
mulation performs quite well although the number of false positive is high.

In conclusion for this analysis of first-level formulations, we find that no
method clearly outperforms all the others and that depending on which
criteria we focus on (i.e. which column of Table 4.4 we look at), several
formulations can be recommended. The trade-off between high failure de-
tection rate and low false alarm is one of those determining aspects. In
our case study the binary classification formulation gives the best results
in terms of the final score for a well-chosen window size.

In the next section, different decision-making function g are tested on the
best algorithms obtained at the first level.

4.6.3 Second level: training & results

In this section, we compare the application of a function g on the computed
health indicators of the first level that lead to the best scores, i.e. classifica-
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Binary classification Multi-class classification
0.950 0.950

—e— moving average —e— moving average
0.925 exponential smoothing 0.925 exponential smoothing
~-- identity ~-~ identity

0.900 1

0.900 4

0.875 1 0.875 1
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0.850

Score

0.850 1

0.825 1 0.825

0.800 0.800
0.775 1 0.7751
0.750 T T T T T 0.750 T T T T T
1 2 3 4 5 1 2 3 4 5
Window [days] Window [days]
Regression ReLu Univariate model
0.950 0.950
—e— moving average —e— moving average
0.925 1 exponential smoothing 0.925 1 exponential smoothing
-~ identity -~ identity
0.900 1 0.900 1
0.875 1 0.875 1

Score

0.850
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0.850 1

0.825 1 0.825 1
0.800 \ 0.800
0.775 1 0.775 1
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1 2 3 a4 5 1 2 3 4 5
Window [days] Window [days]

Fig. 4.5 Results of second level

tion with a 10 days window for the faulty class, the multi classification with
3 classes, the ReLu formulation and the univariate model. We compare the
case where g is a moving average and an exponential smoothing. For all
cases, we test a moving window of size 12-hours, 24-hours, 48-hours and
5-days. In the case of the exponential smoothing, since we have an infinite
window, we use equation (4.17) to match the parameter # with the window
size. The results are outlined in Figure 4.5 and a more detailed version in
Tables 4.5-4.8. We observe that aggregating the computed HI with a mov-
ing average or exponential smoothing is not a guarantee for better results.
However, by tuning the window size parameter, we are able to obtain bet-
ter performance than the identity mapping for the exponential smoothing
in all models.

We observe that when the window size at the second level increases, the
number of false alarms (false positives) decreases, but also the number of
cases detected (true positives), which sometimes translates into a lower
score. The absolute minimization of false alarms might be wanted in some
applications; thus, this second level of aggregation could be effective in
that case. We also observe that the exponential smoothing performs better
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in general than the simple moving average. Therefore, using a scheme of
decreasing weights with respect to time might be a good idea. The rela-
tively modest impact of the function g on the final results might also be
due to the fact that the features inputs were also averaged across a 12-hour
time-window before the model is applied.

In the end, it is hard to give a definitive conclusion about the best formula-
tion to use in a predictive maintenance scenario, due to the scarcity of runs
and failure data, which greatly impacts the final score. However, some
insights can still be taken. A simple univariate model can already be effec-
tive provided that a health indicator with high predictive power has been
found. If we have corrective maintenance data, a supervised learning algo-
rithm should lead to better performance than a one-class classification or
anomaly detection algorithm. The binary classification formulation gives
the best results when the time-window splitting healthy and faulty data is
carefully selected. Finally, while directly mapping the RUL to the inputs is
not a good idea, we find that a formulation such as the ReLu formulation
which can be trained on both preventive replacements runs and runs-to-
failure with a labelling mimicking an increasing fault severity starting at a
certain time t; before the failure, results in good performance.

4.7 Conclusion

The aim of predictive maintenance is to avoid failure by replacing or re-
pairing a machine at the right time. This is done by raising an alarm
before the failure, and ideally sufficiently in advance to ease the main-
tenance scheduling. The best timing for detecting a failure was encoded
via a business metric in our work. We developed a two-level framework
to tackle this problem. In the first level, we compared several formula-
tions to discriminate healthy and unhealthy states of the machines based
on the remaining time before failure, in the absence of true labelled ma-
chine malfunctions. In the second level, we compared different ways to
exploit the health indicator computed from the learning algorithm and we
optimized a threshold for making the decision on when to raise an alarm.
Our two-level framework approach gives promising results on the rotat-
ing machine case-study we considered. One of the key take-away is that
the most complex models do not necessarily give the best results, and an
univariate model can already perform very well when a powerful predic-
tive feature can be first extracted. Although more complex multivariate
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models rely on more information and should theoretically lead to a more
robust solution, it is not always the case, especially in situations where rel-
atively little training data is available. Special care must be taken to select
the proper hyperparameters. Depending on the sought trade-off between
false alarm and failure detection rate, certain methods and thresholds will
perform better than other combinations, which should be carefully selected
by the user and probably depend on the considered case study.

From the application perspective, the binary classification approach with
a faulty class defined with a window length of 10 days combined with an
exponential smoothing with a window length of 12 hours gave the best re-
sults: detection of an incoming failure happens in 90% of the cases (more
than 75% of those detections being between 2 and 10 days ahead of the
failure), and only triggers 5% of false alarms.

Aggregation | FP TP B score | Fscore | Final score
MA 12h 2/39 | 10/11 | 0.54 0.940 0.906
EX12h 2/39 | 10/11 | 0.546 0.940 0.906

MA 24 2/39 | 9/11 | 0.531 0.919 0.886

EX 24h 2/39 | 10/11 | 0.54 0.940 0.906

MA 48h 3/39 | 11/11 | 0.464 0.937 0.84

EX 48h 4/39 | 9/11 | 0.532 0.880 0.85

MA 5D 2/39 | 7/11 | 0.339 0.863 0.819

EX 5D 0/39 | 6/11 | 0.265 0.857 0.806

Table 4.5 Binary classification results with moving average (MA) aggregation
and exponential smoothing (EX)

Aggregation | FP TP B score | Fscore | Final score
MA 12h 5/39 | 9/11 | 0.438 0.860 0.824
EX12h 6/39 | 8/11 | 0.441 0.819 0.787

MA 24 6/39 | 7/11 | 0.423 0.793 0.762

EX 24h 6/39 | 8/11 | 0.435 0.819 0.786

MA 48h 6/39 | 8/11 | 0.458 0.819 0.788

EX 48h 5/39 | 8/11 | 0.48 0.838 0.808

MA 5D 2/39 | 7/11 | 0.42 0.863 0.825

EX 5D 0/39 | 7/11 | 0.348 0.897 0.85

Table 4.6 Regression ReLu results
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Aggregation | FP TP B score | Fscore | Final score
MA 12h 5/39 | 8/11 | 047 0.838 0.807
EX12h 5/39 | 9/11 | 0.472 0.860 0.827
MA 24 5/39 | 9/11 | 0.518 0.860 0.831
EX 24h 5/39 | 10/11 | 0.525 0.879 0.848
MA 48h 5/39 | 8/11 | 0.455 0.838 0.805
EX 48h 5/39 | 9/11 | 0.478 0.860 0.827
MA 5D 5/39 | 8/11 | 0.525 0.838 0.811
EX 5D 3/39 | 8/11 | 0.433 0.875 0.838

Table 4.7 Multi-class classification results

Aggregation | FP TP B score | Fscore | Final score
MA 12h 2/39 | 9/11 | 0.492 0.919 0.883
EX 12h 2/39 | 9/11 | 0.492 0.919 0.883
MA 24 3/39 | 9/11 | 0.496 0.9 0.865
EX 24h 3/39 | 9/11 | 0.489 0.9 0.864
MA 48h 2/39 | 8/11 | 0.475 0.894 0.858
EX 48h 4/39 | 8/11 | 0.465 0.857 0.824
MA 5D 2/39 | 7/11 | 0.385 0.863 0.822
EX 5D 0/39 | 8/11 | 0.297 0.930 0.875

Table 4.8 Univariate model results

4.8 Alternative approaches

This section and the next one were not part of the article submitted to the Mechan-
ical Systems and Signal Processing journal. This section details other approaches
we investigated for solving the predictive maintenance problem.

4.8.1 RUL prediction

When introducing the field of predictive maintenance in Chapter 2, we
mentioned the possibility of predicting the remaining useful life of a ma-
chine, mathematically defined in equation (2.1). Even though predicting
the RUL was not the primary goal in our use case, it could nevertheless
have been a nice extra. However, we quickly found out that this is a chal-
lenging task, at least in our application use case. In Chapter 4, we tried
to predict the RUL by directly learning a mapping between the inputs and
the RUL via a support vector regression algorithm. However, it turned
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out to be the worst-performing formulation. We concluded this was prob-
ably because there might be too many disparities between the life spans
of different runs or simply because there were not enough failure samples.
Altogether, a SVR was probably not the right choice for this prediction task
(if we do not consider the second level in our PAM framework) as the algo-
rithm is completely unaware of time and relationships between successive
samples. That is why we also tried a few alternative models specifically
designed to handle time series. A constraint that we absolutely wanted
to satisfy was to include some information about the uncertainty of our
prediction on top of the actual RUL prediction. Therefore we decided to
try statistical models that can quantify the uncertainty in the prediction by
design. The idea was to extrapolate future values of a health indicator up
to reaching a predefined threshold which would give the predicted RUL.
We first tried to fit an exponential model on different time windows on the
health indicator of the form

B(t) = ¢+ 0(t) exp(B(1)1).

We also used a Kalman filter (KF) where the HI is approximated as a lin-
ear or quadratic function. Finally, we also tried non-linear versions of the
Kalman filter, i.e. extended KF and unscented KF, where we parameterized
the HI as an exponential function. We evaluated the performance by com-
puting a RUL estimate at each time step and comparing this estimate with
the true RUL. For all runs, we did not obtain satisfying results. Indeed, the
true RUL was almost never contained within the 95% confidence interval
around the estimate. We also evaluated the correctness of the prediction
two days before failure. Even in this setting, 60% of the estimates failed to
predict the true RUL within their confidence interval for the best model.
The reason of the bad performance of those algorithms can be explained
by the relatively non monotonic trend of the health indicators we try to
estimate. Hence, we did not pursue in that direction.

4.8.2 Taking signal history into account

In Chapter 4, the signal inputs are aggregated over a particular time win-
dow in order to summarize the signal characteristics across time. However,
the learning algorithm is only aware of the current time window since no
mechanisms are used to remember and use previous inputs. In a prelim-
inary work [HG19] (conducted before the work described in Chapter 4)
with less run-to-failure data, we investigated the training of a binary classi-
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fication algorithm with and without history-enriched features. The differ-
ence between the two approaches is that the history-enriched model is fed
with multiple time windows (the current one and a certain number of pre-
vious windows) instead of just the current one for the non history-enriched
version. We found that enriching the inputs with multiple previous time
windows helped increase the performance. The history-enriched approach
was, however, not applied to the models in Chapter 4, although this could
potentially have improved their performance. Nevertheless, even though
multiple time windows are fed to the model, a traditional learning algo-
rithm such as a SVM is still unaware of time and how each time window
is linked to one another.

4.8.3 Deep learning and recurrent neural networks

Instead of designing features by hand or selecting the right number and
length of time windows, we can wonder whether using a deep learning
architecture could perform that and the prediction task for us. Moreover,
why not use specialized neural networks designed to handle time series
which are aware of time, such as recurrent neural networks (RNN) and
their variants? This was actually the work of a master thesis conducted in
2020 [MGH20]. In his master thesis, Mercurio tried to train various neural
network architectures on the same case study with a binary classification
approach. In particular, he tried RNN, Long short-term memory networks
(LSTM), and Gated Recurrent Unit (GRU) networks. Even though those
networks are designed to handle time series, they could not achieve the
same performance obtained by more traditional ML methods. One possi-
ble explanation was the relatively low number of run-to-failure data avail-
able for training.

4.8.4  Application on another dataset

In another master thesis [dPGH22], the framework developed in Chapter 4
was applied to the prediction of Hard Drive Disk failures. The open-source
real-world dataset [Bla22] used contained 35,000 runs and 95 features. de
Patoul managed to get a better performance than existing methods de-
scribed in the literature, which suggests that the framework developed in
Chapter 4 is well suited for different types of predictive maintenance ap-
plications.
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4.9 Future perspectives

A possible improvement to the predictive maintenance framework devel-
oped in this Chapter would be that the learning algorithm directly opti-
mizes the final metric, i.e. the scoring function used in the second level.
Indeed, currently, the learning algorithm optimizes the parameters of a
model to fulfill a classification or regression task, i.e. separation between
classes with maximal margin in the case of a SVM. What we suggest here
would be to optimize the parameters of a new learning algorithm directly
with respect to the metric of the second level, i.e. equation (4.22). How-
ever, it is not trivial to formulate this as an optimization problem. Indeed,
the metric to optimize is defined based on the outcome of a run (whether
an alarm was raised or not for the Fy.ore and when the alarm was raised
for the business score) rather than based on each sample or time step. To
overcome this issue, we could formulate the problem as a stochastic pro-
cess where the model has a probability of triggering an alarm at each time
step. If we simplify the problem where we only take into account corrective
maintenance, use the business score defined in Figure 4.5.1 as the metric to
optimize and use a simple linear model, the optimization problem could
be formulated as follows:

max 1 Y ) p") () - metric(t) — AR(w) (4.23)
w C e,
st p(t) = s () - TT1 - sV (k) (4.24)
k<t
s (¢ ! (4.25)

) =1 +exp(—w - FO (1))
where

e f = w-FE")(t) is a linear predictor, with w the weights to optimize
and F(") (t) the data at time ¢.

e 5((t) is a sigmoid function mapping the predictor output to a range
between zero and one. It is a probability to trigger an alarm at each
time step.

e p(")(t) is a probability to have the first trigger at time t.

* The objective function is the expectation of the metric according to
the probability of the first trigger.
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* R(w) a possible regularization function and A a constant.

Instead of using a linear predictor, we can of course use more complex
functions and kernels. Unfortunately, that optimization problem is not
convex, but so are almost all deep learning objective functions nowadays.
This optimization problem can be formulated as a recurrent neural net-
work, and we could solve this problem using stochastic gradient descent
and use the many heuristics and tricks used in deep learning to find a good
local minimum. We can also optimize the learning algorithm according to
the Fscore metric defined in equation (4.21), although it is formulated a little
differently. Mathematically, the problem can be formulated as follows:

max <1 - % ZreP ZteTr p(r)(t) ’ 1> <% ZrEC ZteTy P(r) (t) . 1) - /\R(W)

¥ (1= Trep Trer, OB 1) + & D Tier, P (1) -1

(4.26)

st. p(t) = S (t) - TT(1 - " (k)) (4.27)
k<t

s (1) ! (4.28)

T 1t exp(—w - F()(t))

Finally objective functions (4.23) and (4.26) can also be combined into a sin-
gle objective function as in equation (4.22).

This approach could not be tested during the time period devoted to this
part of the thesis. We believe it may offer a novel and promising point of
view for predictive maintenance, and leave its exploration for future re-
search.






PART Il
Calibration of a proton
therapy beamline using

derivative-free optimization






Background in
derivative-free optimization

In many optimization problems, we do not have access to an analytical ex-
pression for the objective function, nor do we have access to its gradient,
but instead we only have access to (possibly noisy) evaluations of this ob-
jective at chosen sampling points. In this case, we refer to the objective
function f as a black-box function.

If the function f is cheap to evaluate, we could sample many points via
brute-force grid search methods, or evaluate the gradient numerically with
finite differences. However, there are many examples where this is not
feasible or where we cannot afford too many evaluations of the objec-
tive function. For example, this is the case for tuning hyperparameters
in a machine learning problem [SLA12]. Another example is reservoir en-
gineering, where we want to minimize the number of drills at different
geographical locations in order to find petroleum wells [ARC"12] (one
function evaluation corresponds to physical drilling). Noisy evaluation
of the function also typically prevents the use of finite differences (due to
huge loss of accuracy). Our application involves calibrating the beamline
of a proton therapy system, for which a derivative-free optimization ap-
proach would help limit the number of function evaluations required by a
gradient-based method for computing the gradient at each step, therefore
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speeding up the calibration process.

In this chapter, we are interested in solving the optimization problem

i 5.1

min f(x) (6.1)

where f : R” — Ris a black-box functionand A = {x € R" : q; < x; < b;}
is a bounded set.

5.1 Derivative-free algorithms in a nutshell

Derivative-free optimization, also called gradient-free or black-box optimization,
has been used for many years. One of the first derivative-free algorithms
was developed by Nelder and Mead in the 1960s, sometimes called the
Nelder-Mead simplex algorithm, is still in use today. It only requires sam-
pling the objective functions at a finite number of points and immediately
decides what actions to do next based on the concept of a simplex and
geometric operations upon it. The Nelder-Mead algorithm falls into the
direct search methods category, which also includes the coordinate-search
method and other directional direct-search methods. Another category of
derivative-free approaches consists of model-based methods that use a sur-
rogate of the objective function to guide the search process. A common
category of algorithms used in the model-based approach is trust-region
methods, which approximate a subset region of the objective function close
to the current solution, called trust region, by a simpler model and on
which appropriate decrease directions can be extracted. The reader can
refer to [LMW19] for a recent review of these methods, and for a more ex-
haustive yet older reference, the reader can refer to the book of Scheinberg
and Vicente [CSV(9]. Derivative-free methods can be further categorized
as local or global. The methods we just briefly mentioned are referred to
as local optimization methods because, as the name suggests, they aim at
finding a local minimum (in the case of minimization) in a local region
around an initial value. Global optimization, on the other hand, aims
at finding the global minimum on the entire domain on which the func-
tion is defined. The latter approach obviously raises many more mathe-
matical and computational challenges. Global optimization in the context
of derivative-free optimization includes multi-level coordinate search, re-
sponse surface methods, branch-and-bound search, simulated annealing,
genetic algorithms, particle swarm optimization, and much more. It is im-
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portant to realize that only a subset of those methods will typically guaran-
tee a global minimizer. Those methods are reviewed by Rios and Sahinidis
in [RS13]. Finally, algorithms can be classified as deterministic or stochastic
based on whether or not they use a random search step.

Bayesian optimization is a model-based global optimization method that
emerged relatively recently as a powerful solution for black-box function
optimization [SSW*15]. It has been widely used in the machine learning
community to tune deep neural networks hyperparameters [BBBK11] but
has also been applied to many other problems such as robotics [LWB'07],
experimental design [GRG 720], and reinforcement learning [BCDF10]. The
method is based on Gaussian processes and relies on a Bayesian posterior
update.

This part of the thesis focuses on Bayesian optimization and the Nelder-
Mead algorithm to solve a beamline calibration problem. In Section 5.2,
we describe the Nelder-Mead algorithm, and in Section 5.3, we explain
how Gaussian process regression and Bayesian optimization work. We
also apply this framework to synthetic examples for illustration purposes.

5.2 Nelder-Mead algorithm

This section uses [SN09] as the primary reference for describing the Nelder Mead
algorithm and reuses a modified version of the figures.

The Nelder-Mead algorithm, originally published in 1965 by Nelder and
Mead [NM65], is a direct unconstrained optimization search method that
does not require information on the derivatives of the function to be op-
timized. It is a widely used optimization algorithm due to its ease of use
and suitability for optimizing black-box functions, non-smooth functions,
or even discontinuous functions.

The algorithm only uses function values to guide the optimization, hence
the classification as a direct search method. The algorithm uses the concept
of a simplex that can move, expand or contract at each iteration to decrease
the function values at its vertices. A simplex S € R" is defined as a poly-
tope of n 4 1 vertices xo,...,x, € R". For example, in 2-dimension, the
simplex is defined as a triangle, and in 3-dimension, the simplex is defined
as a tetrahedron (see Fig. 5.1).
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X3

X9 X1
X0 X1 X0

Fig. 5.1 Examples of simplex in 2D and 3D.

The method begins with an initial simplex composed of n + 1 vertices and
their corresponding function values f; = f(x;) for j =0, ..., n. Then a series
of geometric transformations are applied to the simplex aiming to decrease
the function values at the vertices. When the simplex is sufficiently small,
or the function values f; are sufficiently close, the optimization is termi-
nated.

5.2.1 Description of the algorithm
The general algorithm works as follows:
¢ Create the initial simplex S.
¢ Transform the current simplex while termination test not satisfied

* Return the best vertex of the current simplex S.

Initial simplex Choosing the initial simplex is a non-trivial problem in
itself. A simplex too small would lead to a more localized search, while
a simplex too big might take longer to converge. In the original article
[NM65], the authors suggest to choose an initial point xg € IR” and gener-
ate the other vertices using a fixed step size along each dimension, i.e.

Xj = Xo + sju;
with u; € R" is a unit vector and s; the step size along u;.

Simplex geometric transformation An iteration of the algorithm consists
of three steps

1. Ordering: Order the vertices of the current simplex S in terms of
their function values in increasing order, i.e. fy < f1 < ... < fu. The
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worst, second-worst and best vertex are then used in the subsequent
computations.

2. Centroid computation: Computes the centroid of all vertices exclud-
ing the worst vertex x;:

CIZEZX]‘

" 7

3. Geometric transformation: Apply a geometric transformation to the
current simplex in order to decrease the current worst value f,. The
four allowed transformation are reflection, expansion, contraction or
shrink.

The four geometric transformations (step 3 of the algorithm) are de-
scribed below and illustrated in a 2-dimension setting (in blue the original
simplex and in red the transformed simplex):

Reflection Compute the reflection point x, = ¢+ a(c —x,) witha > 0
and its function value f, = f(x;). If fy < f; < f,—1, construct a new
simplex by replacing x,, with x, and go to the next iteration.

Xn—1 X

Xn X0

Expansion If f, < fy, computes the expansion point x, := ¢ + y(x, — ¢)
with v > & and its function value f, = f(x.). If fo < f;, construct
a new simplex by replacing x, with x, and go to the next iteration.
Otherwise (if f. > f;), construct a new simplex by replacing x,, with
x; and go to the next iteration.
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Contraction If f, > f,_1, computes the contraction point x.. There are two
types of contraction:

Outside contraction If f,, 1 < f, < f,, computes x, := ¢+ B(x, — ¢)
with 0 < B < 1 and its function value fo = f(x.). If fo < f;,
construct a new simplex by replacing x,, with x; and go to the
next iteration. Otherwise, perform a shrinkage transformation.

Xn-1 Xy

Xn Xo

Inside contraction If f, > f,, computes x, := ¢+ B(x, — ¢) with 0 <
B < 1 and its function value f. = f(xc). If fc < f,, construct a
new simplex by replacing x, with x. and go to the next iteration.
Otherwise, perform a shrinkage transformation.

Shrinkage Replace all vertices except xo with n new vertices x; := (x; —

xg) with0 < § < 1and their function values f; = f(x;) forj =1,.., n.

Xn—1

Xy, X0

Four parameters related to the geometric transformation need to be chosen:
« for reflection,  for contraction, y for expansion and ¢ for shrinkage. The
values used in standard implementations (also used in this thesis) are
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Note that there are very little theoretical guarantees about the algorithm.
Hence, it is essentially a heuristic that is observed to often perform well in
practise.

5.3 Bayesian optimization

This section uses the book of Rasmussen and Williams on Gaussian processes
[WRO06] and the book of Murphy [Mur12] as the primary resource, as well as
the work of Krasser for the code used to generate the figures [Kra21].

Bayesian optimization is a global optimization approach to solve black-
box optimization problems. It is best suited for optimization problems of
moderate dimension and can handle stochastic noise in function evalua-
tions [Fral8]. The method works in two phases. First, a surrogate model of
the objective function is built via Gaussian process regression, which also
quantifies the uncertainty in that surrogate by design. Then, the method
suggests the next point to evaluate via the maximization of an acquisition
function.

In the following two sections, we describe how Gaussian process regres-
sion works and how Bayesian optimization is conducted via the choice of
an acquisition function.

5.3.1 Gaussian process regression

Probabilistic regression is usually formulated as follows: given a training
dataset D = {(x;,y;) € R? xR,i = 1,..,N} of N input x; and possibly
noisy outputs y;, compute the prediction y. at a new point x.. Generally,
we assume that we have an additive i.i.d. Gaussian noise on the function
values, i.e.

yi=f(x)+e,  e~N(00?)

where ¢? is the variance of the noise.

In most cases, we assume that the function f admits a parametric rep-
resentation to model the data: p(y|x,0); where the parameters 6 can be
determined via maximum likelihood estimation. On the other hand, non-
parametric methods do not assume a specific parametric model. The k-
nearest neighbor algorithm, kernel regression, or regression trees are ex-
amples of non-parametric methods.
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Gaussian process regression is a special type of non-parametric method
that directly infers a distribution over functions. The difference with usual
probabilistic regression is that we infer p(f|D) for some function f instead
of inferring p(6|D) for some parametric function with parameters 6. A
Gaussian process defines a prior over functions:

f(x) ~ GP(m(x),x(x,x")), (5.2)

where m(x) is the mean function and x(x, x") is the covariance or kernel
function. The kernel function sets the prior information on the distribution
and the shape of the function. When observing a pair of points in D, the GP
can be converted to a posterior over functions. Even though it seems hard
to compute a distribution over functions, it turns out that we only need to
compute a distribution over function values at a finite but arbitrary set of
points x; [Mur12]. Formally, a Gaussian process is a random process where
data points {x;};—1 N are assigned a random variable f(x;) and where
the joint distribution of those variables p(f(x1), ..., f(xx)) is also Gaussian.
That is

p(f]xq, .. xn) = N (1, K), (5.3)

where f = [f(x1),... f(xn)]T, 1 = [m(xq),....m(xy)]T is the mean func-
tion and K is a covariance matrix with entries given by kernel function
K;; = x(x;,xj). Note that it is common practice to use a GP with a zero
mean function (m(x) = 0 hence y = 0) and is not necessarily a limitation,
since the mean of the posterior process is not confined to be zero [WR06].
Therefore, we use a zero mean function in the rest of this work.

The GP can then be used to predict new values f. at new inputs x.. Since
the joint distribution of observed values f and predictions f. is Gaussian
by definition of the GP, we can express the joint distribution as

m ~N (0' [IfT II<<D (5.9

where K, = x(x, x4) isa N x N, matrix and K, = x(x,, x4) is a N, X N,
matrix. Using rules for conditional probability on Gaussian distribution
(see [WRO06], section A.2 for details), we can compute the posterior distri-
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bution:
e = KIKUf (5.6)
I, = K.. - KIK 'K, (5.7)

Kernel function The key idea of a kernel function is that if data points x
and x" are considered similar by the kernel, we expect the output at those
points to be similar. Moreover, kernel functions have to be positive definite
functions.

The most commonly used kernel is the Gaussian kernel, also called squared
exponential or RBF kernel:

wlx,x) = R exp (~53x =) (5 =x) ) 68

with (T]% a parameter for the signal variance and / a length-scale parameter.
The Gaussian kernel results in a smooth function because the kernel is in-
finitely differentiable.

Another commonly used kernel is the Matérn kernel, which is a generaliza-
tion of the Gaussian kernel to relax the infinitely differentiable property of
the Gaussian kernel. It was defined by Stein as a replacement for the Gaus-
sian kernel, which yields unrealistic results for physical processes due to
the infinite differentiability property [Ste99]. It is expressed as

MMWW—@H)<JHM—M>K4¢M—Hg, 59

where [ is a length-scale parameter, K, is a modified Bessel function, I'(-)
is the gamma function and v a parameter that controls smoothness of the
resulting function. As v — oo the Matérn kernel converges to the RBF ker-
nel. When v = 1/2, the Matern kernel becomes the absolute exponential
kernel

1
K(xi,x;j) = exp < — 7||xi — xj||> (5.10)
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Fig. 5.2 1D Gaussian process regression of function f(x)
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(a) GP prior

22 0 2 4
(b) GP posterior

sin(x). The dot-

ted lines represent functions drawn from the GP. The solid blue line represents
the mean function, and the light grey filling represents a 95% confidence interval
around the function value. The red cross in figure (b) represents the observed val-

ues.

Popular choices for v are v =

function

xi %) = <1+ B —x]-|> exp (—

3/2 which is a once-differentiable kernel

(5.11)

V3
-l ),

or v = 5/2 for a twice-differentiable kernel function:

V5 5
K(xi, x;) = <1+ lIx; — ]||+ Ix; — x;||* | exp -

1D example of a Gaussian process

[1xi = x|

(5.12)

Let us show an example of a 1D

Gaussian process with a Gaussian kernel. In this case, we suppose that
(TJ% = 1and I = 1 in the equation of the Gaussian kernel (5.8) and that the
mean is zero. Three sample functions drawn from the GP prior are shown
in Fig. 5.2a as well as the mean and a 95% confidence interval, which is

defined as p +1.96,/diag(K).

Let us try to regress the function f(x)

at X = . After computing the posterior with equations

[—4,-3,-2,-1,1]T

sin(x) from 5 observed values

(5.6-5.7), we plot three sample functions drawn from the GP posterior as
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Fig. 5.3 1D GP regression of f(x) = sin(x) of noisy observations with variance
2
o; = 04.

well as the mean and a 95% confidence interval, as shown in Fig. 5.2b.
The GP is able to approximate quite well the function sin(x) in the inter-
val [—4,1] as shown in Fig. 5.2b. The uncertainty is also relatively small
in the interval [—4, —1] as there exist several observed values and a little
more uncertain in the interval [—1,1] as we only have two observed val-
ues. However, in the interval [1,5], the uncertainty grows as the GP does
not have enough observed values. The mean value is therefore affected as
well.

Prediction from noisy observations In a more realistic situation, it is pos-
sible that we do not have access to the true function values but only noisy
evaluations, i.e. u = f(x) + € with € ~ A(0,02I). If we assume that the
noise is an i.i.d. Gaussian noise with variance 0’.,21, we can take it into account
in our GP. Let us define K,, = K + 02I. We can now rewrite equations (5.5-

5.7) as

p(£. X, X, £) = N (£ |p,, Z) (5.13)
e = KIK Uf (5.14)
I, = K.. — K'K, 'K, (5.15)

Taking back the example of regressing the function sin(x) shown in Fig.
5.2b, we compute the posterior distribution assuming that the observed
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Fig. 5.4 Impact of the variations of hyperparameters of the kernel and noise vari-
ance. Each row represents a variation of one component, the other remaining fixed.
On row 1, parameter [ vary from 0.3 to 3. On row 2, parameter oy vary from 0.3 to
3. On row 3, noise standard deviation ¢, vary from 0.05 to 1.5.

values are noisy with equations (5.14-5.15). In Fig. 5.3, we show the re-
sults of the regression with a noise variance ¢? = 0.4. There is now an
uncertainty around the observed values as expected. Moreover, the mean
function does not necessarily pass through those observations anymore.

Tuning hyperparameters Until now, we assumed that the kernel param-
eters ((TJ‘Z‘, I) were fixed. In fact, they strongly impact the outcome of the
posterior distribution. Let us vary those parameters and the noise variance
and study their impact in Fig. 5.4. For this example, we gather observa-
tions at equally spaced input in the range [—3,4] with step 1 and add an
ii.d. Gaussian noise of variance ¢? = 0.4.
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Lower value of length-scale parameter ! leads to sharp transitions of the
posterior and high uncertainty in between observations, while a higher
value leads to a smoother approximation.

Low values of oy restrict the amplitude variations of the posterior, while
a large value of o¢ allows more frequent variations.

Low values of the noise variance lead to low uncertainty at the observa-
tions and in between observations, which could lead to overfitting. In con-
trast, large values result in a bad fit of the observations.

Now that we have seen that those parameters strongly impact the predic-
tions, the question becomes how can we choose them optimally? It turns
out that optimal values for these parameters can be derived by maximizing
the log marginal likelihood! [WR06] which is expressed as

log p(y|X, 0) =log N (y|0, Ky, 0) (5.16)
1 _ 1 N
= =5y K, (0)y — 5 log[Ky(8)| — 5 log(2m)  (5.17)
To obtain the optimal hyperparameters we compute the partial derivatives

of the marginal log likelihood with respect to the hyperparameters as fol-
lows (see [WRO06], chapter 5 for details):

a . 1 Ty —1 aKn 1 1 1 aKn
afejlogp(y\X,G) - Ey K, 39]' K,y ETr (Kn aej (5.18)
_ 1 T_ 1) 9Kau
= ETr ((Mx K, ) 2, ) (5.19)

where & = K;;ly. The complexity of computing the marginal log-likelihood
in (5.17) is dominated by the kernel matrix inversion and requires O(N?)
operations for a N x N matrix. Once K~! is known, the computation
of the derivative in (5.19) requires only O(N?) operations per hyperpa-
rameter. Thus the cost of computing the derivative is small, and using
a gradient-based optimizer is advantageous [WR06]. However, the opti-
mization problem is non-convex, which may result in local maxima, but is
usually not much of a problem with only a few hyperparameters to opti-

! The reason it is called marginal likelihood is because we have marginalized out the latent
Gaussian vector f: p(y|x) = [ p(y|f, x)p(f|x)df
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(a) Marginal log-likelihood (b) GP posterior with optimal hyperparameters

Fig. 5.5 Optimization of hyperparameters / and oy of the kernel function. On
the left figure, we have the contour plot of the marginal log-likelihood as given in
equation (5.17). On the right figure, the GP posterior is plotted with the optimal
hyperparameters found from the maximization (I = 0.89,0¢ = 0.68).

mize. A common optimizer used for the optimization is the quasi-Newton
L-BFGS-B algorithm [LN89].

Let us now take back our noisy example f(x) = sin(x) and seek the op-
timal hyperparameters. We compute the optimal hyperparameters of the
kernel function/ and o by minimizing the negative marginal log-likelihood
with the L-BFGS-B algorithm and obtain I = 0.89 and ¢y = 0.68. The GP
posterior with these hyperparameters is shown in Fig. 5.5b, and the values
of the marginal log-likelihood as a function of the pair of hyperparameters
are shown in Fig. 5.5a. We observe that this solution is simultaneously
smooth and correctly fitting the data. Therefore, the parameters found
with the optimization seem optimal, at least qualitatively.

In this case, there is only one local maximum, that the algorithm correctly
finds it in a few iterations. However, in practice, equation (5.17) is non-
convex, potentially leading to multiple local maxima. An optimization
procedure with restarts from several different initial solutions is therefore
recommended.

Note that in this case, we assumed that we knew the variance of the noise
that generated the data in advance. However, this is often not the case,
and it is actually possible to infer this noise variance in the same way we
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(a) Marginal log-likelihood as a function of
noise std (b) GP posterior with optimal noise std

Fig. 5.6 Optimization of the noise standard deviation (std) 0;,. On the left figure,
we have the plot of the marginal log-likelihood as given in equation (5.17) as a
function of ;. On the right figure, the GP posterior is plotted with the optimal
noise std found from the maximization (¢;, = 0.39).

inferred the kernel hyperparameters, i.e. by maximizing (5.17) with respect
to 0y,.

Let us now suppose that we do not know the noise variance that generated
the data. Let us try to infer this value thanks to equation (5.19) with 6; =
0. We will fix the kernel parameters to what we obtained above after
the optimization, i.e. I = 0.89 and oy = 0.68. The value of the marginal
log-likelihood for ¢y, in a logarithmic range [10~>,10%!] is shown in Fig.
5.6a. After maximization, we found a noise with standard deviation ¢, =
0.39, almost exactly the same as the one used to generate the data. Hence,
inferring the noise value with the marginal log-likelihood is possible and
works very well in this case. In Fig. 5.6b, the GP posterior is plotted with
this noise standard deviation, resulting in essentially the same posterior as
in Fig. 5.5b.

Implementation details The implementation of the GP regressor is based
on algorithm 2.1 of the Gaussian Processes for Machine Learning (GPML)
by Rasmussen and Williams [WR06]. The implementation is shown in Al-
gorithm 2.

The algorithm computes the posterior distribution and the marginal log-
likelihood and replaces the inversion of the kernel matrix in equation (5.17)
with a Cholesky decomposition since it is faster and numerically more sta-
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input : X (inputs), y (targets), x (covariance function), 6 (kernel

hyperparameters), (7,%1, a,%z (noise levels), X (test input)

1 K:=«x(X,X;0), K := x(X, Xy, 0), Kss := x(Xs, Xs; 0)

2 L := cholesky(K}) with K, given by equation (6.1)

s w:=LT\(L\y)

4 £, = K*Tax

5 v:=L\K,

6 V[f]:=Kis — viv

7 logp(y|X) := —JyTa — Y;log L; — § log2m

s return f. (mean), V[f,] (variance), log p(y|X) (log marginal likelihood)

Algorithm 2: GP regression algorithm

ble. It returns the predictive mean and variance as well as the value of the
marginal log-likelihood.

Algorithm 2 is then placed in an optimization loop where 8 and o2 are
optimized. The Jacobian is computed via equation (5.19), and the problem
is solved with the L-BFGS-B algorithm [LN89]. Since the optimization is
non-convex, we use several restarts with different initial values for those
hyperparameters to avoid getting stuck in a poor local maximum.

Since the hyperparameters can vary quite significantly, it is also a good
idea to optimize those parameters in log space, i.e. we give to the opti-
mizer the log values of the parameters log([0,¢?]) and replace those by
their exponential in Algorithm 2. For the targets y, it is also a good idea
to normalize them before the optimization (e.g. subtracting the mean and
dividing by the standard deviation) to avoid high magnitude values for
the hyperparameters. The details of the hyperparameter optimization are
given in Algorithm 3.

5.3.2 Bayesian optimization

Now that we have established how Gaussian process regression works, it
is time to investigate the optimization component. In Bayesian optimiza-
tion, Gaussian process regression is used to build a surrogate model of the
objective function. Then, an acquisition function is used to decide where
to sample next according to that surrogate. The acquisition function trades
off between exploration of regions with high uncertainty and exploitation
of regions where it believes a minimum can be found (in the case of mini-
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input : X (inputs), y (targets), x (covariance function), X, (test input),
bounds (hyperparameters bounds), firestarts = 10

1 bounds = log(bounds)

2 Oinit ~ U(bounds): Draw nyestarts points from uniform distribution over
(log) search space.

3 fpest =

4 for 0; in 6;,; do

5 f(8) = —log p(y|X; exp(H;)) the negative log-likelihood obtained via

Algorithm 2.

6 J = —Vlogp(y|X;exp(6;)) from equation (5.19)

7 Oopt, fopt = L-BFGS-B(f, 8;,]) optimal 6 and function value obtained

via the L-BFGS-B optimization algorithm.

8 if fopt < fpest then

9 Opest = Bopt
10 frest = fopt
11 end
12 end

13 return exp(ebest)

Algorithm 3: GP regression hyperparameter optimization

mization). Both correspond to high acquisition function values. Formally,
the next sample to evaluate x;;1 will result from the maximization of the
acquisition function a :

X¢+1 = argmaxa(x|Dy.;) (5.20)
X

with D1,y = {(x1,¥1), .-, (xt,y¢) }, the dataset containing the t samples pre-
viously evaluated and used to build the surrogate model. Common acqui-
sition functions used are the maximum probability of improvement (MPI),
expected improvement (EI), and upper confidence bound (UCB). More re-
cently, the mutual information (MI) acquisition function has proven very
effective [CPV14]. Each of these acquisition functions is described below.

Maximum probability of improvement The idea is to maximize the prob-
ability of improving over the best current value [SLA12]. Suppose the cur-
rent best value is fpet = minf, then MPI evaluates f at the points most
likely to improve this value which is described by the utility function

u(x) _ {1/ iff(x) Sfbest
0, iff(x) > fbest
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The acquisition function is the expected utility as a function of x:

[ N, 2onas - Gan

D(fest; 1(x), 0% (x)) (5.22)
D(v(x)) (5.23)

ampr(x) = E(u(x)|x, D)

with y(x) = fbe%x;)‘(x), ®(-) is the cumulative distribution function of the
standard normal, and u(x) and o(x) are respectively the mean and stan-

dard deviation of the GP posterior distribution predicted at x.

Expected improvement The idea is to maximize the expected improve-
ment given over the best current value [Gar15]. Compared to the MPI, the
EI accounts for the size of the improvement. EI evaluates f at the point
that, in expectation, improves f the most which is described by the utility
function

u(x) = max(0, fpest = f(x))

The acquisition function is the expected utility as a function of x:
agr(x) = E(u(x)|x,D) (5.24)

B [:St(fbest_f IV (flu(x), 0% (x))df (5.25)
= (foest = #(x))@(7(x)) + e (x)N (7(x)) (5.26)

The two terms in equation (5.26) can be interpreted as an exploitation (eval-
uating at points with low mean) and exploration (evaluating at points with
high variance) term, respectively. The trade-off is directly captured via the
Bayesian decision theoretic treatment [Gar15].

Lower confidence bound (LCB) The lower confidence bound name typ-
ically describes a minimization process, i.e. min f rather than a maximiza-
tion?. The idea is to look at the curve G, which is B standard deviations
below the posterior mean of each point. This function takes the form

G(x) = u(x) = po(x), (5.27)

2The term upper confidence bound (UCB) is usually used instead in the case of maxi-
mization. However, since we developed the framework for minimizing function instead of
maximizing, we will keep the name LCB.
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where § > 0 is an explicit trade-off parameter between exploration and ex-
ploitation. G(x) is the lower confidence envelope of the surrogate model.
The acquisition function is defined as the negative of G, i.e. a cp(x) =
—u(x) + Bo(x) which we maximize to suggest the next point.

The acquisition function cannot be interpreted as an expected utility. How-
ever, theoretical results are known for which the acquisition function will
converge to the global minimum under certain conditions [Gar15].

Mutual information (MI) The Ml is an acquisition function based on the
concept of mutual information in information theory. It was introduced
more recently and has been shown to surpass the state-of-the-art LCB on
several datasets [CPV14]. In the context of minimization, it can be formu-
lated as

ani(x) = pi(x) — ¢ (x) (5.28)

(%) = va (\/a%(x) M W) (5.29)

and §; = 2521 (Tiz(xi).

with

The novel concept of this acquisition function is that ¢; is empirically con-
trolled by the amount of exploration that has already been done; that is, the
more the algorithm has gathered information on f, the more it will focus
on the optimum [CPV14]. The parameter « controls the trade-off between
precision and confidence.

The term mutual information comes from the fact that _!_; 0?(x) =: 4(x) <
Cy¢(x) with 9¢(x) = maxy, It(x¢) and where I;(x;) is the mutual informa-
tion between f and the noisy observations y; at x;. For more information,
you can refer to [CPV14].

1D example of Bayesian optimization In this section, we optimize a 1D
function f(x) = cos(6x) + x> — x + € on the space [—1,1] with € an addi-
tive Gaussian noise with standard deviation ¢ = 0.2. We do not assume
we know the standard deviation of the noise (this will be inferred during
the optimization of the GP). We use the most commonly used acquisition
function, the expected improvement. For the Gaussian process, we will use
the Matern kernel with parameter v = 2.5 (as defined in equation (5.12)),
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which is also a conventional choice.

The results are displayed in Fig 5.7. We start with two initial noisy eval-
uations of the function. A Gaussian process builds a surrogate function
(left figure) with the knowledge of those two data points. An acquisition
function is plotted on the right to evaluate the best next candidate based on
that surrogate function, which in this case is the point on the left boundary.
After this new point is evaluated, a new surrogate function is built via the
Gaussian process regressor. In this case, the new surrogate is somewhat
nonsmooth and does not give us much information about the true func-
tion. This is because we do not yet have many data points to evaluate a
good surrogate, and also because the non-convex optimization of the hy-
perparameters of the Gaussian process of equation 5.17 might be stuck in a
local minimum or flat landscape. The next acquisition (iteration 3) allows
to build a better surrogate estimate of the true function. From iterations
3-5, a local minimum is found around x = —0.7. Some more explorations
are performed in iterations 6-7. Finally, from iterations 7-10, the global
maximum is reached at x = 0.5.

Implementation details The implementation is shown in Algorithm 4.
First njnjt points are drawn from a uniform distribution bounded by bounds.
Then, as long as do not reach the maximum number of function evalua-
tions, we perform the followings steps:

1. Transform X coordinates in a 0-1 scale to avoid different scales be-
tween inputs (line 5)

2. Transform function evaluations y in a 0-1 scale to avoid high/low
magnitude parameters in the Gaussian process (line 6)

3. Since the acquisition function is non-convex, performing one opti-
mization is insufficient. However, since computing the posterior and
evaluating the acquisition function is cheap, we can evaluate the (ac-
quisition) function at many points to find suitable initial points to
start the optimization. We choose to sample 1000 points. (line 7-10)

4. Choose the five best candidates among the 1000 points and start five
optimization routines with those initial guesses. (line 11)

5. The optimization is performed via the L-BFGS-B algorithm (lines 12-
20) and suggests the best next candidate to evaluate (lines 21-22).

6. The process restarts with new training points (lines 23-24)
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input : f (objective function), Bounds, x (covariance function), ninj;

(number of initial evaluations), a (acquisition function), N
(number of function evaluations)

1 Xinit ~ U (bounds, nyny): Draw nge points from uniform distribution over
search space.

2 Yinit = f(Xinit)

3 Xirains Ytrain = Xinit, Yinit

4 while size(X) < N do

5

© w0 N o

11

12
13

14
15

16
17
18
19
20
21
22
23
24

Xtrain = 01_transform(Xini¢)
Yirain = 01_transform(Yjpit)
Xtest ~ U(0,1,1000): draw 1000 points from uniform distribution
0 = Algorithm 3.
#,0,p = GP(Xtest, Xtrain, Ytrain; X, 0) as given by algorithm 2.
v = a(p, 0): evalute the acquisition function at those 1000 points.
Vpest = sort(v)[5 :]: take the 5 best values obtained on those 1000
points.
for z in vy,g; do
g(z) = —a(GP(z)) the negative acquisition function evaluated at
the GP (posterior) at z that we minimize.
J = —V3a, gradient of the acquisition function
Zopt, Sopt = L-BFGS-B(g, 2,J): optimal z and function value
obtained via the L-BFGS-B optimization algorithm.
if gopt < Spest then
Zpest = Zopt
8best = Sopt
end

end

next_x = 01_inverse_transform(zp,;)

next_x = f(next_x)

Xitrain = [01_inverse_transform(Xirain ), next_x|
Yirain = [01_inverse_transform(Xirajn ), next_x]

25 end

106 |

Algorithm 4: Bayesian optimization algorithm




Calibration of a proton
therapy beamline

This chapter is an extended version of a conference paper published in peer-reviewed
conference proceedings [HG21a].

6.1 Introduction

This chapter aims to apply optimization techniques, in particular derivative-
free methods, to the automatic calibration of a proton therapy beamline.
As a reminder from Chapter 1, the beamline allows transporting the beam
of protons produced by the particle accelerator to the treatment room via
an array of successive magnets. Those magnets, which are actually eletro-
magnets, tunable via their currents, need to be calibrated in order to obtain
a treatment beam that respects a set of constraints. Finding the current set-
points of those magnets for many different configurations and in the least
amount of time is the goal of this chapter. On top of applying derivative-
free methods to the calibration of the beamline, namely the Nelder-Mead
algorithm and Bayesian optimization, we also propose a transfer learning
approach based on Bayesian Optimization that reuses information from
a previous configuration in order to speed up subsequent optimizations.
Indeed, it turns out that the calibration procedure has to be repeated for
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different configurations of the beamline, with the problem data changing
moderately yet significantly enough to require a new optimization pro-
cedure. Our approach involves learning the noise variance to apply to the
function values of the previous configuration and adapting the exploration-
exploitation trade-off of the acquisition function of the previous configura-
tion. This transfer learning approach was published in conference proceed-
ings [HG21a] and is adapted into an extended version in this chapter.

In Section 6.2, we detail the transfer learning approach to decrease the
number of function evaluations needed in subsequent beamline configu-
rations. In Section 6.3, we describe our case study, which is based on the
IBA Proteus ONE beamline [App]. The problem is then formally defined
in Section 6.4 where we determine the constraints on the treatment beam
characteristics and the design of the objective function. In Section 6.5, we
introduce Manzoni, a digital twin developed by Tess et al. [RT18] that simu-
lates beam-matter interactions in the beamline. This enables us to test and
fine-tune our optimization routines easily. In section 6.6, we present the
results obtained with our approach, compare the Nelder-Mead algorithm
with the Bayesian Optimization approach and investigate the impact of
transfer learning. We finish with a brief conclusion in Section 6.9.

6.2 Transfer learning

Transfer learning is usually described as transferring information gained
from one domain to a related domain to improve the learner’s capability
or because of insufficient data available for the actual learning task in the
new domain [WKW16]. However, in this work, we consider that the trans-
fer of information is from the same domain but from a different configu-
ration. Transfer of information in the context of Bayesian optimization has
been studied in the literature for tuning the hyperparameters of machine
learning algorithms. In [B713], Bardenet et al. used a Gaussian process
(GP) to learn a surrogate-based ranking function to transfer knowledge
across tasks. In [YM14], Yogatama and Mann transfer knowledge from
past experiments using deviations from the previous dataset mean via a
common surrogate function. More recently, in [J719], Joy et al. introduced
a noise variance to model the relatedness between datasets and estimate
it via an inverse gamma distribution. In this work, we propose an idea
similar to [J719], but we estimate the noise by maximizing the marginal
log-likelihood of the GP model. Moreover, we use mutual information
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[CPV14] as the acquisition function of the BO and reuse the exploration-
exploitation trade-off of the initial task to optimize the second.

In Chapter 5, we have seen that it is possible to infer the noise standard
deviation with the marginal log-likelihood (MLL). What if we have a noise-
free (or minimal noise) dataset and a noisy dataset upon which we would
like to regress? Or two data sets with possibly different noise variance?
We consider that an optimization problem is first solved in a source con-
figuration with dataset D of size Ns. Then we wish to solve it again in a
target configuration DT of size Nt applying a transfer learning approach.
The approach for transfer learning we propose in this work is two-fold.
First, we infer the noise variance of D% with respect to DT. We define O’%S
to be the noise variance of the source configuration with respect to the tar-
get configuration and U,%T to be the noise on the observations of the target
configuration. We can take into account those noise variances directly in
the GP by reformulating the covariance matrix K as

INS ‘ 0N5><NT 2 ONS ><N5 ONsXNT

nr

K, =K+o0;, (6.1)

NTXNS 0N5><NT ONTXNS INT

The optimal noise variances can be estimated in the same way as the kernel
hyperparameters, i.e. by maximizing the MLL with respect to o , and U,%T,

i.e. by computing % log p(y|X, 0) with
n

K I 0
go- n _ Zg'ns NS N5><NT (62)
s ONTXNS ONsXNT
9K 0 0
n _ ZU'HT NsXNS N5><NT (63)
00y,

ONTXNS INT

Note that the approach can easily be extended to account for more datasets
by seeking different noise variances. However, the computation of the op-
timal parameters can quickly become time-consuming. A similar approach
was undertaken in [J719], in which the noise variance was estimated via an
inverse gamma distribution instead of maximizing the MLL. We show in
Section 6.6 that this approach performs worse for our specific application.

| 109



6 | Calibration of a proton therapy beamline

2.0 4
—— Mean
1.59
1.01
0.5 A
0.0 1 X
_05 -
—1.0 A X

—1.54

Fig. 6.1 GP posterior after optimization of kernel hyperparameters and noise std.
The red cross indicates the noisy data points, and the blue cross indicates the noise-
free data points.

In this work, we assume that the noise on the observations is fixed and
very low. The purpose is thus to seek the optimal U,%s for transfer learning,
i.e. 0yg = argmaxg, log p(y|X, 0) while 05, remains fixed.

Let us go back to the 1D example of Chapter 5 and apply this principle.
We generate two sets of points: one with ¢, = 0.4 and another with
0ny = 107°. We assume that the data points coming from the target set
are noise-free (i.e. ¢;;; = 107°) and that we know that the data points com-
ing from the source set are noisy (with respect to the target set) but that
we do not know the noise standard deviation ¢;,;. The data points for the
noisy set Dg are the same as from previous examples (see Figure 5.5 and
5.6), while for the second data set, we added 3 points (—4.5, —2.5, —0.5).
For this synthetic example, we reuse the same kernel function as in pre-
vious examples, i.e. a squared exponential kernel function. We simultane-
ously optimize the kernel hyperparameters /, 0y and the noise’s standard
deviation of the source set 0;,;. The optimal results obtained after maxi-
mizing the marginal log-likelihood are (I, (Tf,O’nS) = (0.63,1.02,0.36). The
optimizer was able to get quite a good approximation of the correct noise
standard deviation ¢y, used to generate the data points (off by 10%). Re-
sults of the GP posterior using those hyperparameters are shown in Fig.
6.1. We observe that the uncertainty around the noise-free data points (in
blue) is small compared to the rest of the data points. Note that we could
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also have optimized the noise’s standard deviation ¢;,, with the rest of the
hyperparameters; it would also work. However, if we know in advance
that those observations should, in principle, be noise-free, there is no need
to complexify the search domain for the optimizer.

The second ingredient in our transfer learning approach is based on a mod-
ified version of the mutual information acquisition function. As a reminder
from Chapter 5, the conventional mutual information acquisition function
is defined as

osa(x) = () = Vi (/300 = /3 1) (64

where §(t) = ¥f_; 0?(x) with ¢7(x) the variance of the i GP at x. In this

work, we make a small change to the quantity 4§t to empirically control the
trade-off between exploration and exploitation of the source configuration.
We define

Ng
gr(t) =Y a%j(xj) +CY 0% (x;) (6.5)
j=1 i=1

where (T%j and (Tg-i are the variance of the j GP of the target and i GP of
the source respectively, and C € [0,1] is a weight that we choose in this
work to be either C = 1 or C = 0 (although one could also adjust it with
respect to 02 )

6.3 The IBA Proteus ONE beamline

A schematic representation of the IBA Proteus ONE beamline is shown in
Fig. 6.2. It is composed of a static and a dynamic part. The dynamic part is
contained within the gantry and is moving with it. It has a rotating angle
of 220°. The static part, called the extraction beamline, is not contained in
the moving structure.

The beamline is composed of 4 different types of magnets:

* 9 quadrupole magnets [QXC & QXG]: they aim to focus the beam in
the vacuum tube.

* 3 bending magnets [BXG]: dipole magnets used to bend the trajec-
tory of the protons in one direction.
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Fig. 6.2 IBA Proteus ONE beamline

* 4 steering magnets [TXG]: small dipole magnets used to adjust the
beam trajectory in one or two directions.

¢ 2 scanning magnets: dipole magnets, one along the X direction and
the other along the Y direction. They deflect the beam to target dif-
ferent spot positions at the isocenter’.

Others non-magnets components compose the beamline:

¢ 4 slits [SL1E & SLXG]: adjustable apertures used to reshape and con-
strain the proton distribution.

® 1 degrader [D1G]: wheel composed of different material blocks used
to decrease proton energy by selecting the right thickness. It is the
last element of the static part.

¢ 4 beam profile monitors [PXG]: stripped ionization chambers used
to measure the transverse proton distribution. They can be inserted
or removed from the beam path.

e 2 fixed ionization chambers [IC]: complex ionization chamber with
strips and integral planes to measure the number of protons and the
transverse proton distribution. They are located after B3G (not visible
in Figure 6.2). They are used in real-time to check beam properties at
the beamline exit and stay in the beam path during the irradiation.

!The isocenter is the reference point in space relative to the treatment machine where the
beams intersect when the gantry is rotated.
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6.4 Problem description

The calibration goal is to tune the various elements in the beamline to sat-
isfy a set of constraints on the characteristics of the beam. A total of 20
parameters must be adjusted for different energies and gantry angles. The
goal of the calibration is to find an application

{Energy; gantry angle} — {20 setpoints} (6.6)
which fulfills the constraints. This application is called an optical solution.

As the system is not ideal and quite complex, it is impossible to find an
analytical expression of this application. It is presented as a large look-up
table (LUT). Building the LUT is the purpose of the calibration process.
The system is designed to work for a range of proton depth from 4.1cm to
32.5cm, and setpoints are computed for every centimeter.

Part of the beamline elements are independent of the energy and gantry
angles (or at least not significantly interfering in the optical solution) and
are tuned offline before the calibration. The elements that substantially im-
pact the beam characteristics are the quadrupoles, and we will focus on
those for the optimization procedure. A second part of the calibration is
related to the two scanning magnets. It is more straightforward and does
not require such a large LUT. It is not strictly part of the optics calibration.

The calibration procedure is divided into multiple phases. In the first
phase, the slit apertures are set up manually. The bending magnets, steer-
ing magnets, and the two quadrupoles of the static part of the beamline
are also tuned manually. Then, the optimization process can seek an opti-
cal solution for the seven remaining quadrupoles (Q1G, Q2G, Q3G, Q4G,
Q5G, Q6G, Q7G, see Figure 6.2). This operation is repeated for multiple
energies (or proton ranges) at a fixed gantry angle. Then, the gantry angle
is also varied. There is a total of 30 ranges and 8 gantry positions to opti-
mize. Between those, an interpolation between the solutions is used. The
calibration procedure usually takes several weeks to complete manually.

6.4.1 Constraints on the beam characteristics

The following constraints need to be satisfied in order to find an optical
solution:
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Fig. 6.3 Target spot size as a function of the proton range.

Spot size difference between measurement and target < 0.1 mm for
both x and y. The spot target size for the different levels of energy
(ranges) is shown in Fig. 6.3.

Central spot asymmetry along major/minor axes of the 2D Gaussian
< 10% (with the aim to be below 5%)

Spot size difference while scanning? < 10% (with the aim to go below
3.5%) for both x and y

* Beam size on Ionization chambers (IC1, IC2) > 2.4 mm for x and y

Smoothness of spot size vs. range

6.4.2 Design of the objective function

There are several objectives to meet in order to obtain an acceptable beam
shape at the isocenter. The objective function is defined as a weighted sum
of the different penalties (representing the beam constraints). The objec-
tives are weighted by their tolerances so that each objective is weighted
equally independently of the objective magnitude. Once the constraints
are satisfied, the optimization stops. Therefore, this is more a feasibility

2The scanning magnets can steer the beam in any direction. At each iteration of the cal-
ibration, five beams are shot. The difference in spot size between the beam at the isocenter
and the four corners should be below 10% at most (3.5% is better)
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s

Fig. 6.4 Illustration of the beam calibration. At each iteration, five successive
beams hit the receiver: one at the isocenter and four on the corner of the receiver.
An ellipse is then fitted on those data.

problem than a conventional optimization problem.

When the beam of protons hits the receiver (i.e. an ionization chamber
at the output of the beamline), a 2-dimensional ellipse is fitted around it
where the lengths of its axes are defined by twice the standard deviations of
the data (20y, 20y), representing a 95% confidence interval across the data.
We can then derive the beam characteristic sizes and shapes based on that
ellipse.

During the calibration phase, whenever we test specific set points, the sys-
tem shoot five beams: one at the isocenter, and four on the corner of the
receiver via the scanning magnets, as illustrated in Figure 6.4. The beam
characteristics are based on the ellipse fitting around those five spots. We
define the following beam characteristics:

® size_x (respectively size_y): size of the beam along the x-axis (resp.
max (sizes_x)+min(sizes_x)
2

y-axis) in mm, defined as where sizes_x is an
array containing the sizes of the beam along the x-axis (resp. y-axis)
of the 5 spots.

* sizes_L (resp. sizes_l): array of the sizes of the beam along the major
(resp. minor) axis of the 2D ellipse in mm of the 5 spots.

* assym_LS: assymetry of the beam defined along the major and mi-

sizes_L;—sizes_l; D where i

nor axis of the 2D ellipse, defined as max; ( sizes TTsizes I
L i

designates a specific spot.
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¢ size_IC1_x (resp. size_IC1_y): size of the beam on the x-axis (resp.
y-axis) at ionization chamber 1 in mm

e size IC2_x (resp. size_IC2_y): size of the beam on the x-axis (resp.
y-axis) at ionization chamber 2 in mm

* var_size_x (resp. var_size_y): difference in size across the 5 spots,
max (sizes_x) —min(sizes_x)
max(sizes_x)+min(sizes_x)
resent the sizes along the x-axis (resp. y-axis) obtained at iso-center

and the four corners of the receptor via the scanning magnets.

defined as where sizes_x (resp. sizes_y) rep-

From those beam characteristics, we define the following penalty terms
that are used in the objective function:

0 if size_x < ml—%
S =
g |size_x — tol_size| otherwise
0 if size_y < Ll—f‘ize
S, =
v |size_y — tol_size| otherwise
0 if assym_LS < 7t°1—azssym
a =
assym_LS otherwise
0 if size_IC1_x > target_IC 4 tol_IC
S =
Iclx target_IC 4 tol_IC — size_IC1_x otherwise
s _Jo if size_IC1_y > target_IC + tol_IC
ICly target_IC 4 tol_IC —size_IC1_y otherwise
s _Jo if size_IC2_x > target_IC 4 tol _IC
fex target_IC 4 tol_IC — size_IC2_x otherwise
s o if size_IC2_y > target_IC + tol_IC
IC2y target_IC 4 tol_IC —size_IC2_y otherwise
0 if var_size x < 7“)1—"?—5”6
Dy =
' var_size_x otherwise
0 if var_size_y < m—“‘%
Uy = . .
var_size_y otherwise
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The tolerance parameters (tol_size, tol_assym,...) reflect the beam’s con-
straints expressed in section 6.4.1. The different tolerances are

e t0l size =0.1 mm
* tol_assym = 10%

e tol_IC =0.lmm

e tol_var_size = 10%

Those tolerances correspond to the maximum allowed violation. Tighter
constraints for asymmetry and var_size can be used with values of 5% and
3.5%, respectively, to obtain a better solution.

Notice that if a penalty term is lower than half of the tolerance, we consider
it to be zero, as further changes would not make the solution significantly
better. For the size of the beam on the ionization chambers, the penalty is
considered zero if the size is greater than the target (2.4mm) plus the toler-
ance (0.1lmm).

The objective function that we want to minimize is finally defined as

fe S%‘FS; |52 — sy |2 a
tol_size*  tol_size?  tol_assym
S +s +s +s Uy +0
+ IC1x ICly IC2x IC2y X y (6.7)
tol_IC tol_var_size

Every penalty term is divided by its tolerance leading to an equal contri-
bution for each one. Notice the design choice to square the beam size pa-
rameters and hence put more emphasis on reducing large variations with
the target beam size for those penalties. The reason behind this is to ob-
tain a beam size close to the actual target size before focusing on the other
penalty terms. Finally, we added the absolute difference between the sizes
(|sx — sy]) in the objective function. This could be disputed since we already
have an asymmetry term for this purpose with the variable 2. However,
this modification was found to work better in practice.

6.5 Digital twin

A simulation software called Manzoni was designed by Tesse et al. in col-
laboration with IBA. It is a fast-tracking code for beam transport and sim-
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ulation of beam-matter interactions in hadron therapy beamlines [RT18].
It is used in this thesis as a digital twin of the IBA Proteus ONE beamline.
The simulation system models the behavior of a bundle of particles, the
beam, represented in phase space by a six-dimensional ellipse describing
the beam size, divergence, energy, and energy dispersion. The effects of the
different elements of the beamline are assumed to be linear, represented by
matrix multiplications of this six-dimensional ellipse. On top of those in-
teractions, multiple Coulomb scatterings are also simulated. Although the
system is considered linear, the relationship between the magnet fields and
currents is not linear. This, on top of the multiple Coulomb scattering be-
tween particles, makes this problem impossible to formulate via an analyt-
ical function, requiring black-box optimization techniques. This software
is used to test and fine-tune our optimization procedures.

Although the simulator has been validated with experimental data, there
are still differences between the simulator and real site measurements. This
can potentially be due to a cyclotron output distribution different than
what is used in the simulator, a different current-to-field relationship in
the magnets, non-Gaussian effects not taken into account in the simulator,
or many other approximations used by the model. Nevertheless, the sim-
ulator remains an essential tool for testing our optimization procedures.

6.6 Results

In this section, we apply the Nelder-Mead algorithm and Bayesian opti-
mization for optimizing the magnet currents in 7 quadrupoles of the IBA
Proteus ONE beamline. The problem must be solved for several configu-
rations, i.e. several beam ranges and gantry angles. We suppose the beam
ranges to be independent problems, while the gantry angles can use a
transfer learning approach to reuse the information obtained from a previ-
ously calibrated gantry angle. In a first analysis, we compare the optimiza-
tion outcome of Nelder-Mead and BO with the Manzoni digital twin. For
the BO case, we also show the outcome of reusing the information from
another gantry angle on the number of function evaluations needed to sat-
isfy the constraints. As input, we provide a list of magnet currents and
receive a 2D dose distribution as output. Objective function (6.7) translates
this dose distribution into a scalar metric quantifying its correctness. The
optimization stops when all constraints on the beam are met, regardless of
the objective function value (which can be nonzero), or when a maximum
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(b) Bayesian optimization with(out) transfer learning. Experiments are restarted 20 times to
account for uncertainties. Solid lines represent the median number of function evaluations.

Fig. 6.5 Calibration results on Manzoni digital twin for various proton ranges.
Reaching 250 iterations means that no solution was found.

of 250 iterations has been reached. The number of function evaluations
needed to satisfy the constraints is given in Figure 6.5a for the Nelder-
Mead algorithm and Figure 6.5b for the Bayesian optimization with the
mutual information (MI) acquisition function. Each method starts at the
same initial solution, which is the average of the current setpoints of pre-
viously calibrated sites for that (energy, gantry angle) pair.
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We observe that qualitatively Bayesian optimization outperforms the Nel-
der-Mead (NM) algorithm. NM was indeed unable to find a solution that
satisfies the beam constraints for proton ranges above 15 cm. BO, on the
other hand, was able to find a solution in all cases. Notice that since our
implementation of BO has a random component (e.g. drawing initial so-
lutions for the hyperparameters in Algorithm 3 or drawing initial solu-
tions for the acquisition function in Algorithm 4), experiments have to be
restarted 20 times to account for this randomness. We can see that the num-
ber of function evaluations can vary quite a lot for certain ranges. This can
be explained because sampling elsewhere can lead to a completely differ-
ent surrogate and another exploration scenario. Another observation is
that using a previously calibrated gantry angle via transfer learning dras-
tically decreases the number of function evaluations needed and its uncer-
tainty. A second, more quantitative analysis is depicted in Table 6.1 and
the results are explained hereunder.

One gantry angle, no transfer learning First, we solve the optimization
problem for the initial configuration, in our case, a specific angle (65 = 0°),
for ten beam ranges without transfer learning. We compare BO with the
mutual information (BO-MI) acquisition function against the conventional
lower confidence bound (BO-LCB) acquisition function and the Nelder-
Mead algorithm in the first part of Table 6.1. Experiments are restarted
20 times to account for the random nature of the BO. We observe that op-
timization of higher ranges is more complex, and the Nelder-Mead algo-
rithm is not capable of finding a solution satisfying the constraints in the
maximal 250 iterations allowed. Between the two acquisition functions for
the Bayesian optimization, MI performs better in almost all cases.

Two gantry angles with transfer learning Next, we solve the calibra-
tion problem for another configuration (6t = 90°) by reusing the currents-
objective values pairs of the source configuration for each beam range. We
also report a baseline without transfer learning for this new angle (second
part of Table 6.1). We notice that the problem with this second angle seems
easier for the Nelder-Mead algorithm but is still failing for the first range
(4.1), while BO-MI performs equally well on average and better than LCB.
In the third part of the table, we compare the different approaches for trans-
fer learning. We compare our proposed approach (cp11.g, C = 1in Table 6.1)
with the approach from [J*19], i.e. by estimating the noise variance with an
inverse gamma distribution, and with the Nelder-Mead algorithm where
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[ Method\ range [[ 41 [ 6 [ 9 [12[ 15 [ 18 [ 21 [ 24 | 27 [ 30 ][ Mean |
Source angle 65 = 0°
BO-MI 85 47 | 32 | 18 | 32 47 58 69 114 | 108 61
BO-LCB 108 | 97 | 76 | 59 | 52 62 53 64 | 251 | 163 || 98.65
Nelder-Mead 33 7 12 | 42 | 251 | 251 | 251 | 251 | 251 | 251 160
Target angle 67 = 90° without reusing information from 6s
BO-MI 102 64 | 22 | 16 | 28 60 40 65 97 96 59
BO-LCB 122 | 103 | 78 | 38 | 54 52 74 73 146 | 171 91.35
Nelder-Mead 251 45 16 | 11 46 57 52 59 56 56 64.9
Target angle 01 = 90° reusing information from 65 with BO-MI

omLE, C =1 21 | 12 [16] 5 | 6 5 1 3 5 | 16 9.3
Nelder-Mead 24 28 11 | 20 9 10 10 8 6 9 13.5
Inv. gamma 194 | 122 | 74 | 63 | 77 97 68 | 143 | 194 | 121 115.3
Inv. gamma, MI 111 | 38 | 43 | 25 | 33 48 57 73 76 | 103 60.7
omre,C =0 27 20 [ 31| 8 13 6 8 6 5 17 14.1
c=107°,C=1 66 24 [ 18 | 5 8 4 4 5 5 11 15

c=01C=1 79 53 | 32 | 27 | 39 30 52 64 52 50 47.8

Table 6.1 Median number of iterations to reach an acceptable solution for differ-
ent transfer learning scenarios. Columns are different beam ranges (independent
problems). The first part of the table refers to the source configuration (65 = 0°),
the second part refers to the target configuration (67 = 90°) without transfer learn-
ing, and the third part refers to the target configuration (67 = 90°) and reuses the
input-output-pairs computed by the best algorithm (BO-MI) of the first configura-
tion (65 = 0°).

the initial simplex is built with the last values of the source configuration
(the last N + 1 input-output pairs of the BO-MI for s = 0). From those
results, we first observe that our approach of estimating U%S = 02, by
maximizing the MLL of the GP and reusing the 4 parameter of the MI ac-
quisition function (C = 1) helps to reduce the number of iterations needed
for the target configuration by more than 80% (ratio of the means). Second,
it performs better than Nelder-Mead and the approach from [J*19]. Even
if we modify the approach from [J719] to select the same acquisition func-
tion as our approach (MI) and reuse the gamma parameter of the source
configuration, we get worse results than oy r (although better than the
original method). This may be due to a poor prior candidate for the in-
verse gamma distribution. We also tested a few variations of our approach
(ocmLE). When we choose not to reuse the 4 parameter of the MI acquisi-
tion function (i.e. C = 0), the number of iterations increases for all ranges.
Moreover, if we arbitrarily fix the noise variance to ¢ = 0.1 or ¢ = 10°
instead of estimating it, the number of iterations also increases.
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6.7 Onsite results

A mission to the Leuven Proton Therapy site took place in January 2020
to evaluate in the real world the penalty-based objective function used to
model the problem and to validate the algorithms developed for the cali-
bration. Two approaches were tested, referred to as the pre-optic calibra-
tion phase and the optic calibration phase. In the pre-optic phase, we start
from a generic solution and need to calibrate seven quadrupole magnets
for seven proton ranges. In the optic phase, we start from a pre-tuned
solution, which is an interpolation between previously optimized proton
ranges done in the pre-optic phase, and calibrate three quadrupole mag-
nets (the other four remaining fixed) for the remaining ranges. Only one
gantry angle was tested, meaning no transfer learning was performed. The
results for the Nelder Mead algorithm and the Bayesian optimization are
discussed below. The maximum number of function evaluations was fixed
at 100 for the pre-optic phase; for the optic phase, it was set at 20. A func-
tion evaluation takes on average a few seconds to perform.

6.7.1 Nelder-Mead

The results of the calibration with the Nelder-Mead algorithm are shown
in Figure 6.6. We can observe that the setpoints of many ranges were found
even without optimization, simply via interpolation between their closest
ranges (black crosses on the figure). For the other ranges, the optimization
is carried in about 10-20 iterations for the optic phase and 10-90 iterations
for the pre-optic phase. Note that higher ranges tend to be more difficult
to optimize. We also note that the algorithm failed to optimize two ranges.
The reason might be that the simplex became too small or the maximum
number of function evaluations was set too low.

6.7.2 Bayesian Optimization

The calibration results with the Bayesian Optimization algorithm are shown
in Figure 6.6. The optimization was carried out with a previous version of
our BO algorithm using the LCB acquisition function, which we know from
the results in Table 6.1 is not as good as the MI acquisition function. Nev-
ertheless, we can observe that the setpoints for many ranges were found
without optimization, as previously observed for the Nelder-Mead algo-
rithm. The optimization is carried out for the other ranges in about 20-30
iterations for the optic phase and 20-70 iterations for the pre-optic phase.
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Difference between first guess and final setpoint for the algorithm of NelderMead
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(b) Pre-optic phase: 7 quadrupoles with a generic solution

Fig. 6.6 Calibration results on Leuven PT site with Nelder-Mead algorithm. The
bins represent the number of measurements taken, the red horizontal lines repre-
sents the mean number of measurements, and the solid lines represent the differ-
ences in current amplitudes from the initial solution.
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Difference between first guess and final setpoint for the algorithm of BO
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Fig. 6.7 Calibration results on Leuven PT site with Bayesian Optimization.
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Note that higher ranges tend to be more difficult to optimize. We also note
that the algorithm failed to optimize the two highest ranges in the optic
phase. The reason might be that number of maximum iterations was set
too low.

The optimization algorithm was further used in the installation of new
proton therapy systems. On average, the time required to calibrate the
entire system (30 energy ranges and 8 gantry angles) was reduced by 40%
compared to the manual operation. However, this gain is likely underes-
timated for several reasons. First, the script used on site was a previous
version of the BO algorithm using the LCB acquisition function and did
not use our transfer learning approach, resulting in more time spent to op-
timize. Second, the handling of the calibration script by the engineers on
site takes some time as the approach is not fully automated yet. A better
performance measure would be the ratio between the number of function
evaluations required by the algorithm and the manual procedure. Unfor-
tunately, this information was not available to us.

6.8 Discussion

Recommendation Our recommended algorithm for calibrating a new pro-
ton therapy beamline is the Bayesian optimization algorithm with the mu-
tual information acquisition function, using the transfer learning approach
we developed to speed up the calibration once a gantry angle has been
fully calibrated. Indeed, this is the approach that led to the fewest number
of function evaluations. The Nelder-Mead algorithm could perhaps play a
role when we know that the current setpoints should be close to the initial
solution provided to the algorithm; for instance, if a PT site would need
recalibration. As it requires very few computational resources, it would
make sense to try Nelder-Mead first before a computationally intensive
bayesian optimization.

Derivative-based approach Estimating the gradient of the objective func-
tion with finite differences is probably not a good idea. However, we could
wonder if it is possible to differentiate through the beamline simulator with
an automatic differentiation tool. As such, the digital twin contains non-
differentiable elements such as the degrader and the slits. However, most
of the elements are differentiable since they can be represented via matrix
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multiplications of a six-dimensional vector representing the beam charac-
teristics. We can therefore wonder if neglecting or approximating non-
differentiable elements and back-propagating the gradient only through
those differentiable elements could provide a decent estimate of the gradi-
ent and be used in a gradient-based algorithm. This could be investigated
in a future work.

6.9 Conclusion

In this chapter, we developed methods for automatically calibrating the
magnet currents in a proton therapy beamline in order to produce a treat-
ment beam respecting tight constraints. We showed that this problem
was solvable with a moderate number of function evaluations, allowing
to considerably decrease the physicists” work time for manually adjusting
those currents. The digital twin allowed us to test and fine-tune our meth-
ods and develop a transfer learning framework for Bayesian optimization.
This framework is based on the mutual information acquisition function
that estimates a source noise variance by maximizing the Gaussian process
marginal likelihood and by reusing the exploration-exploitation trade-off
of the source configuration. We showed that it drastically reduces the num-
ber of iterations needed to calibrate a proton therapy beamline and out-
performs existing transfer learning approaches. Our methods were also
validated at an actual proton therapy site. However, the transfer learning
approach was not tested on site due to time constraints.
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Background in radiation
therapy

This chapter is inspired by the course of John Lee, Guillaume Janssens, and Ed-
mond Sterpin on proton therapy given at UCLouvain [LS]21] and the book of
Harald Paganetti on proton therapy physics [Pag18].

7.1 Clinical workflow

The clinical workflow of a radiotherapy treatment is outlined in Figure 7.1.
It consists of five steps that are detailed in the following sections.
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7.1.1 Imaging

Imaging is the first step of the treatment workflow. It usually consists of
taking a computed tomography (CT) scan of the patient. It works by shoot-
ing multiple fan beams of X-rays with the machine rotating around the
patient. The signals generated are then picked up by detectors on the op-
posite side of the X-ray source, which are then processed by a computer
to generate a cross-sectional 2-dimensional image referred to as a slice. By
taking cross-sectional images at successive close positions (usually in the
order of 1-10 millimeters) and stacking them together, we can obtain a 3-
dimensional computed tomography (3DCT) scan that gives detailed infor-
mation on the patient’s anatomy, unlike a conventional X-ray radiograph
that only uses a single beam angle.

On top of the anatomy qualitative information, the CT scan provides quan-
titative information on the tissue density and stopping power ratios (al-
though the conversion to stopping power is not straight)), needed to com-
pute the absorbed dose in the body and optimize a treatment plan. The
stopping powers represent the average energy loss per unit of distance
along the track of the proton or photon beam. The CT scan is represented
as a 3-dimensional regular grid where each voxel' is expressed in a dimen-
sion called the Hounsfield unit (HU). It is a linear transformation of the
original photon attenuation coefficient where 0 is defined as the radioden-
sity? of water and -1000 as the radiodensity of air in standard temperature
and pressure. It is given by

HU = 1000 . -~ Hwater
Hwater — Hair

where y is a measured attenuation coefficient. CT scanners can then be
calibrated to find the relationship between HU and stopping powers. For
more information on this process, the reader can refer to [ZP16].

When motion of the anatomy needs to be taken into account for a radio-
therapy treatment such as breathing-induced motion in lung or liver can-
cers, a 4-dimensional (3D + time) computed tomography (4DCT) can be
acquired. The 4DCT generally consists of eight to ten successive 3DCTs,

la voxel represents a value in a 3-dimensional regular grid. It is the counterpart of a pixel

in 3 dimensions.
2ability of radiowave and X-rays to pass through a particular material.
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representing variations of the anatomy during a breathing period. The
3DCTs each represent a particular breathing phase of an average breath-
ing period. They are obtained by sorting hundreds of radiographic images
gathered during several minutes into their respective phase using an ex-
ternal monitoring device recording the breathing amplitude.

7.1.2  Contouring and prescription

After acquiring a CT scan of the patient, radiation oncologists delineate
the tumor and organs at risk (OARs) on the CT scan. Then, different target
volumes encompassing the tumor are defined via successive expansion of
the volume to account for different types of uncertainties, as described in
Figure 7.2.

GTYV: gross tumor volume , defined as
the visible tumor volume in the CT
scan.

CTV: clinical target volume , defined as
the GTV + subclinical/invisible in-
vasion

ITV: internal target volume , defined as
the CTV + IM (internal margins to
account for organ motion)

PTV: planning target volume , defined

Fig. 7.2 Target volumes. Image as the ITV + SM (setup margin for
taken from [ASH"17] with per- setup errors)
mission.

The ITV is usually obtained by taking the union of the CTVs in each phase
of a 4DCT. The PTV extends the ITV (in case of a moving tumor) or the
CTV (for a static tumor) to account for setup errors due to imperfect pa-
tient positioning. For photon therapy, the PTV is the target volume used
for optimizing a treatment plan. In proton therapy, the concept of security
margins in ITV and PTV is usually insufficient, as already mentioned in
Section 1.3 of the introduction. A more sophisticated technique is robust
optimization, which takes into account a set of uncertainty scenarios and
uses the CTV as the target volume of reference for the optimization. This
approach is detailed in Section 7.1.3.
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beamlet x; in line with tumour beam source
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patient grid collimator grid/

modulation device

to healthy organ

Fig. 7.3 Radiotherapy problem decomposition. Top part: Ionizing radiations are
emitted from a beam source, going through a modulation device (in pencil beam
scanning, no modulation device is required). The beam is discretized in beamlets.
Bottom part: the patient is discretized into voxels. Delivering multiple shapes or
different beamlet time exposure allows intensity modulation. Image adapted from
[BCVHH19] with permission.

Once the target volume and organs at risks are defined, the oncologist de-
cides the dose to be prescribed in the target volume and the maximum
admissible dose in the surrounding OARs. Usually, they are described as
inequality constraints based on the mean, maximum, or minimum dose in
the volumes of interest. The number of fractions in which the treatment
will be administered is also decided. Indeed, RT treatments are usually
not administered in a single shot but rather fractionated in the course of
multiple days or weeks where a fraction of the prescription is delivered.
The reason for this fractionated scheme is to allow time for healthy tissues
to repair themselves between treatment fractions, therefore reducing side
effects [HMZ14].

7.1.3 Treatment optimization

The decomposition of a conventional radiotherapy problem is described
in Figure 7.3. In the figure, the beam is discretized into beamlets, the fun-

132 |



Clinical workflow | 7.1

A 220 MeV Proton Beamlet in Water
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Fig. 7.4 Example of a 220 MeV proton beamlet in water [LS]21].

damental decision variables of the optimization problem, after passing
through the modulation device. In photon therapy, the modulation device
is a multi-leaf collimator, while in proton therapy using passive scatter-
ing, the modulation devices are the range modulator, collimator, and range
compensator (see Figure 1.4a from the introduction). In proton therapy
using pencil beam scanning, no modulation device is required; the beam
source emitted can directly be considered as a beamlet (also called pencil
beam in this case). In the rest of this section, we will only focus on treat-
ment optimization for proton therapy using pencil beam scanning. For
treatment optimization regarding photon therapy, the reader can refer to
[BCVHH19] while for proton therapy using passive scattering, the reader
can refer to [BA03] and [Pag18, Chapter 15].

The beamlets can be viewed as a basis of elementary functions that can
be weighted and summed up to obtain the total dose. The size of the pen-
cil beams are adjustable between ¢ = 2.5 mm and ¢ = 10 mm [MPB"00].
An example of a 220 MeV proton beamlet in water is shown in Figure 7.4.
These weighted Bragg peak "spots" are placed throughout the target vol-
ume to obtain a 3D conformal dose. Beamlets can be pre-computed in ad-
vance by a dose engine. Usually, a matrix of beamlets is computed for
every spot in the target volume plus a small margin. A lateral and depth
spacing (i.e. energy spacing) between the spots is chosen by the user, which
influences the size of the beamlet matrix and the optimization problem.
Formally, the total dose can be expressed as

d = Bx (7.1)
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Vectorize image
Reshape to vector

Reshape back image
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“beamlets B dose d

Fig. 7.5 Representation of the total dose computation. The beamlet images are re-
shaped in vector form in the beamlet matrix before being multiplied by the weight
vector to obtain the total dose and then be converted back to an image. Image taken
from [LS]21].

where d € RV is the total dose, with V the number of voxels in the image,
Bisa V x N beamlet matrix with N the number of beamlets, and x € RN
are the weights to optimize. A representation of equation (7.1) is depicted
in Figure 7.5.

Finding the optimal weight vector x is the purpose of the treatment opti-
mization. A typical formulation of the objective function of the optimiza-
tion problem is via a weighted sum of asymmetric quadratic penalties. In
Section 7.1.2, we mentioned that prescriptions are usually expressed via
inequality constraints on target volume and organs at risks. However, it is
rarely possible to achieve all desired constraints simultaneously. Instead,
they are defined in the objective functions as penalties. The usual con-
straints used are described in Table 7.1. Usually, a minimum and max-
imum constraint are applied to the target volume, while maximum and
mean constraints are applied to the OARs. It is common to use a mini-
mum and maximum constraint with the same prescription p, which can
then be written as a simple penalty function |17‘ Yicv(di — p)?. Note that
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Type Constraint Penalties
1
Maxi d; < = 0,d; — p)?
aximum | maxd; <p V] i;/max( i—p)
1
Minimum | mind; > p = )_min(0,d; — p)?
eV | | icv
Mean mean;cy(d;) < p | max(0,mean;ey(d;) — p)> &
Liev di Yieydi 2
&> — < icV%i
V] p max <O, 4 p)

Table 7.1 Constraints and objective function penalties relationship in treatment
optimization. V is the volume on which the constraint is defined, d; = Y Bijxjis
the dose in voxel i, and p is the prescription.

the constraint mean;cy (d;) > p is omitted in Table 7.1 because it is never
used in practice. The min and max penalties are divided by the number
of voxels in the volume of interest to reflect an equal contribution of each
constraint. In the end, the objective function can be written as a sum of
weighted penalties. An example of an objective function with one target
volume and two OARs with respectively a max and a mean constraint is
given below:

2
fx) = % )y <;Bijxj - PTV)

eV

+

2
wyo Z
max O,ZBijx]- — POAR )
S (SR
YicOAR, Lj Bij¥;

2
|OAR2| - POARZ) (72)

+ w3 max (0,
where TV is the target volume, OAR; and OAR; are the volumes formed
by two organs at risks, and w1, wy, w3 weights to be defined by the user de-
scribing the relative importance of each objective. Finally, the optimization
problem to solve is

minf(x) (7.3)
X

st xj > I OR Xj = Oforallje J (7.4)

xj<uforaljeJ (7.5)
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where | and u are respectively a lower and upper bound on the value of
each x;. These bound constraints represent the minimum and maximum
intensity the machine can deliver. Note that the lower bound constraint [
is only active if beamlet j is selected; otherwise x; = 0. This disjunctive
constraint can be handled in two steps®. First, the optimization problem
is solved for x > 0, then only the spots satisfying x > I are kept, and the
optimization is refined by applying x > I as a hard constraint to the spots
kept from the first step. The good news is that the optimization problem is
convex, meaning that efficient algorithms can be used to solve the problem
and that every local minimum is a global minimum. However, the size of
the optimization problem can be quite big. The number of beamlets and
decision variables is usually in the order of 10,000, while the number of
voxels is in the order of 10 million, although the number of voxels actually
used for the optimization is in the order of 100,000.

Single field vs. multi-field optimization

Proton therapy treatment plans are usually delivered with multiple fields
from different directions. Indeed, as in photon therapy, having multi-
ple fields improves the overall dose conformity and increases robustness.
However, there are two ways to optimize a treatment plan with multiple
fields. Either the fields are optimized independently, leading to a homoge-
neous dose in each field, or concurrently leading to a heterogeneous dose
in each field but a globally more conformal dose. The former is called sin-
gle field optimization (SFO) while the latter is called multi-field optimization
(MFO). Hence, SFO does not refer to a single field being delivered but to
single fields being optimized independently. Therefore, SFO is less confor-
mal but more robust, while the inverse is true for MFO. Most PBS plans
are MFO nowadays, which is the approach we take for the remaining of
the thesis.

Robust optimization

As mentioned in Section 7.1.2 and Chapter 1, proton therapy is especially
affected by uncertainties such as range and setup errors. An optimal plan
needs to be robust against slight variations from the expected plan due to
those uncertainties during treatment delivery, without affecting the gen-
eral outcome of the treatment as long as the variations stay within the as-

3Note that this could be handled in a single step by introducing a binary variable, which
would make the problem a mixed-integer nonlinear program which is much harder to solve.
The proposed approach on the other hand is only a heuristic that appears to work well in
practice.
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sumed levels. Different robust optimization strategies have been devel-
oped over the past decade to address this problem. Most methods assume
that the uncertainties can be well represented by a set of discrete error sce-
narios that may happen. We define S as a set of scenarios representing
the nominal case plus a number of plausible deviations from the nominal
case. Those generally include setup errors, modeled as a shift of the pa-
tient or a shift of the beamlets, and range errors modeled as a density per-
turbation on the CT scan. A simple model of setup errors would contain
seven scenarios: a nominal case plus a certain shift in the anterior, poste-
rior, inferior, superior, and left and right directions. A simple model for
the range errors would contain three scenarios: the nominal scenario plus
a range overshoot or a range undershoot of a specific amount, for instance,
by modifying the Hounsfield unit of the CT scan by a small percentage.
Different strategies can directly incorporate this set of error scenarios into
the optimization problem. Three main approaches can be distinguished:

Probabilistic approach: Minimizing the expected value of the objective
function where each objective is associated with a probability of hap-
pening ps. Mathematically, that is miny Y s ps f(x; Bs).

Minimax approach: It consists of minimizing the worst-case scenario. Math-
ematically, that is miny maxgcs f(x; Bs).

Worst-case distribution: A variation of the minimax approach where we
consider the maximum with respect to the error scenarios of each ob-
jective independently. Mathematically that is miny ) maxses fi(x; Bs).
There is also another variation with a voxel-wise maximum where
we consider the maximum with respect to the error scenarios of each
voxel independently. Mathematically, that is miny ) ;< maxges fi(x; Bs).

In this work, we use the minimax approach. Formally, we aim to solve the
optimization problem:

min maxf(x; Bs) (7.6)
X seS§

xj > 1ORx;=0foralljeJ (7.7)

xi<u forallj e J (7.8)

Depending on the number of scenarios taken into account, the size of the
optimization problem quickly grows and can become an issue. A beam-
let matrix Bs must, in principle, be computed for each scenario s although
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some approximations are usually made to avoid recomputing a completely
new beamlet matrix. This optimization problem still remains convex (pro-
vided that the disjunctive constraint is handled as described earlier). We
can reformulate the problem by the epigraph technique as a constrained
optimization problem:

H)Ptnt (7.9)

t >f(x;Bs) foralls € S (7.10)
X; > OR xj=0 forallj e J (7.11)
xj <uforallj € J (7.12)

Although optimization problem 7.6 was also constrained, there were only
bound constraints easily taken into account by simple methods such as
projected gradient methods. This new optimization problem requires ded-
icated constrained optimization solvers. Sequential quadratic program-
ming has been used (Raystation, Raysearch laboratories) as well as aug-
mented Lagrangian methods (Pinnacle, Philips Healthcare) [Pagl8]. For
unconstrained optimization (with the exception of bound constraints), sol-
vers typically used for nonlinear objectives are quasi-Newton methods
such as the limited-memory Broyden-Fletcher-Goldfarb-Shanno (L-BFGS)
algorithm. If linear objectives and constraints are used, the linear program-
ming framework can be used.

Multi-criteria optimization

The design of the objective function in radiotherapy involves manually
selecting weights assigned to each penalty, describing their importance.
If the optimization yields unsatisfactory results, re-optimization might be
needed with a different set of weights on the objectives. This process can
be very time-consuming. Multi-criteria optimization (MCO) aims to solve
this issue by aiding the decision process. Two strategies for MCO have
been investigated for radiotherapy treatment planning: lexicographic op-
timization and the Pareto surface approach. In lexicographic optimization,
objectives are ordered in terms of importance by solving a sequence of op-
timization problems while constraining the previous ones to stay within
a tolerance of their optimal solutions. In Pareto surface optimization, ev-
ery objective is treated equally, resulting in multiple optimal plans that
trade off the objectives in various ways. On top of the optimization part,
one needs to design smooth navigation on the Pareto surface with possibly
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Fig. 7.6 Example of treatment verification. On the left, the physician can observe
the spatial dose distribution on a slice of the CT scan. On the right, the dose-volume
histogram of some VOI is depicted.

many dimensions. For a detailed review of MCO applied to radiotherapy,
the reader can refer to [BCVHH19].

7.1.4 Treatment verification

Once a treatment is optimized, it needs to be verified and approved. Physi-
cians use several tools to assess the quality of a treatment plan. The spa-
tial distribution of the dose can be observed by overlaying the dose dis-
tribution on the CT scan, as depicted in Figure 7.6a. Another tool used
by physicians to verify the quality of the treatment is a dose-volume his-
togram (DVH). A DVH is a cumulative histogram of the radiation dose
received in a volume of interest (VOI), e.g. the target volume or an OAR. It
is displayed as a curve with the x-axis being the dose value and the y-axis
being the percentage of considered volume receiving this dose value. An
example of DVH is shown in Figure 7.6b. Note that the cumulative distri-
bution is from right to left, unlike conventional cumulative distributions.
Multiple VOIs can be displayed on the same graph since the y-axis is de-
scribed in volume percentage. This allows for summarizing the treatment
plan quality on a single graph. Finally, a third more quantitative assess-
ment of the treatment plan quality is done via DVH metrics. The metrics
generally used are the mean, maximum, or minimum dose in a given vol-
ume but also a dose received in a volume percentage. For instance, the
metric Dos is defined as the minimum dose received in at least 95% of the
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Fig. 7.7 Example of a usual spot pattern for delivering a PBS plan.
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volume. Metrics Dgs and Ds are usual metrics used by radiation oncolo-
gists and medical physicists to compare and approve plans.

7.1.5 Treatment delivery

Once the plan has been approved, the plan will usually be delivered in
multiple fractions. The spot weights defined previously are scaled accord-
ing to the number of fractions. Usually, the plan is delivered in the course
of multiple days or weeks and can be adapted if the patient’s anatomy
changes too much, which would induce a significant dosimetric change.
The plan typically only contains instructions on the spot location (position
and energy) and intensity (weight). The machine usually handles the or-
der in which the spots are shot. Generally, the spots are delivered layer
by layer, moving from the highest to the lowest energy, and the lateral dis-
placement of the pencil beam follows a serpentine pattern as outlined in
Figure 7.7.

7.2 Specificities of mobile tumors

Tumors located in the thoracic region, such as lung or liver tumors, are
subject to a breathing-induced motion. Special considerations are required
for treating those tumors. Two types of motions are encountered clinically:

Inter-fraction motion: Motion happening on a large time scale, across mul-
tiple fractions in the course of days or weeks. For instance, this can
be due to a displacement of some organs, a change in anatomy due to
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weight loss or gain, or an expansion or shrinkage of the tumor size.
This type of motion does not strictly concern thoracic tumors.

Intra-fraction motion: Motion happening in a small time scale, in the scale
of (a fraction of) seconds during the treatment. For instance, the mo-
tion is due to breathing or, to a lesser extent, to cardiac movements.

Those types of motions can deteriorate the treatment quality if they are not
adequately taken into account. This thesis focuses on intra-fraction motion
and how we can handle and mitigate its negative dosimetric effect. The
consequence of this motion affects both the treatment quality of photon
and proton therapy, although it affects proton therapy to a bigger extent,
as discussed in Section 1.3 and illustrated in Figure 1.2. Two issues arise in
proton therapy using pencil beams scanning with tumor motion:

Proton range variation: The effect of tumor motion can lead to a density
variation in the beam path, thereby shifting the expected proton range
and deteriorating the overall dose distribution. This effect is illus-
trated in Figure 1.2.

Interplay effect: The tumor and the scanning beam motion happen at the
same time scale, leading to an interplay effect that can lead to hot and
cold spots in the targets, deteriorating the overall dose distribution
[SRTP09]. This process is illustrated in Figure 7.8.

7.2.1 Evaluation of tumor motion's outcome on treatment delivery

How can we analyze the impact of motion on the resulting dose distri-
bution before delivery? The answer to this question is via simulations of
the treatment delivery based on the 4DCT. Two complementary types of
simulations can be conducted: a 4D dose simulation and a 4D dynamic
dose simulation. The dose deposition in tissues is generally computed via
a Monte-Carlo algorithm simulating beam-matter interactions inside vox-
elized geometries. An example of an open-source dose engine is MCsquare
[SLS16], which is used to carry out simulations in this thesis.

4D dose simulation

A 4D dose (4DD) simulation consists of independently simulating the dose
delivery on each motion phase of the 4DCT and computing the average of
those doses. Thus, each motion phase is considered static and contributes
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Fig. 7.8 Illustration of the interplay effect. In the presence of tumor motion (bot-
tom signal), the scanned beam delivery results in a deterioration of the dose. Dur-
ing beam delivery, the target moves, represented by the blue, red, and green circles,
while the pencil beam is delivered to stationary coordinates. The target’s motion
thus changes the relative position of the pencil beams in the target. This results in a
deteriorated dose, as shown in the last subfigure. Image taken from [BGRO08] with
permission.

equally to the total dose. Mathematically the 4D dose is given by
F; = DIR(CT;, CTygqp) foralli =1,..., P (7.13)

1L
dsor = 7 Y (v + F;(v)) for all positions v € R? in the image. (7.14)
i=1

where P is the number of motion phases (generally 8 or 10), d5* is the dose
resulting from the treatment plan simulation on the 3DCT of motion phase
i, DIR(-) is the deformable image registration operator, F; is the deforma-
tion field resulting from the registration, CT; is planning CT image i and
CTyigp is the Mid-position CT. This resulting dose allows us to analyze the
impact of the proton range variation when motion is present. Generally, if
this resulting dose is unsatisfactory, a re-optimization with a new set of ro-
bustness parameters is needed. In this analysis, we suppose that the entire
dose was delivered statically to each motion phase (although scaled by 3);
thus, the interplay effect is neglected.

4D dynamic dose simulation

A 4D dynamic dose (4DDD) simulation consists of simulating the dose
delivery dynamically. By dynamic, we mean simulating the delivery of
beam spots one by one, via a time delivery model, on a sequence of 3DCTs.
The sequence of 3DCTs is generally the planning 4DCT, but it could be a
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breathing motion

time

Fig. 7.9 Example of motion phases (0-9) associated with a breathing signal. The
motion phases are distributed evenly along one period. A beam spot can be asso-
ciated with a particular motion phase depending on its delivery timing.

richer set of synthetic CTs representing multiple breathing motions. The
time delivery model is a model that associates a timing with the delivery
of each spot in the treatment plan. This model is machine-specific and
gives an expected delivery timing depending on several parameters such
as the delay between the delivery of two adjacent spots, the time required
for switching energy, etc. Knowing the delivery timing of each spot in
the treatment plan, we can create a breathing model and know exactly in
which motion phase each spot will be delivered. The breathing model has
two parameters in the simplest case: the breathing period and the number
of motion phases of the 4DCT. Mathematically the total dose is given by

F; = DIR(CT;, CTygp) foralli =1,..., P (7.15)

P
diot = Y d?yn(v + F;(v)) for all positions v € R? in the image.  (7.16)
i=1

where d?yn is the dose associated with the motion phase i that includes
all spots predicted to be delivered in that motion phase. This process is
illustrated in Figure 7.9. Repeating the simulation by starting the delivery
at different motion phases allows for quantifying the uncertainty of the
final dose distribution. Note that we consider that the motion phase is a

static image; hence we assume that motion is negligible in the time frame
breathing period

#motion phases Contrary to the 4DD simulation, each motion phase is only
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Fig. 7.10 Illustration of the interplay effect with and without rescanning. (a)
static dose, (b) dose deteriorated by the interplay effect without rescanning, and

(c) blurred distribution by rescanning the target multiple times. Image taken from
[FIS*10] with permission.

associated with a subset of the spots of the treatment plan. The 4DDD
simulation allows for analyzing the impact of the interplay effect on the
treatment outcome.

7.2.2  Motion monitoring and mitigation techniques

Several solutions have been developed in the last decades to handle mobile
tumors and mitigate their negative dosimetric effects. Motion mitigation
techniques can be classified as online or offline. Online techniques refer
to methods that are handled during treatment delivery, while offline tech-
niques refer to methods that are handled before treatment delivery. They
are detailed in the following sections.

Offline motion mitigation techniques

Rescanning

Rescanning, also referred to as repainting, refers to delivering the dose in
multiple iterations within a fraction in order to smooth the inhomogeneities
resulting from the interplay effect by achieving a statistical averaging of the
motion effects. Rescanning is generally used when fractionation does not
provide enough repetitions to blur the interplay effect [SRTP09]. This pro-
cess is illustrated in Figure 7.10. Two types of rescanning are distinguished:
volumetric rescanning and layered rescanning. In volumetric rescanning,
the dose is delivered by multiple rescanning on the entire target volume.
In contrast, in layered rescanning, each energy layer is rescanned multiple
times before switching to the next energy layer.
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Optimizing the beam delivery parameters

The beam delivery parameters such as the spot size, spot spacing, and de-
livery speed impact the interplay effect. Dowdell et al. investigated the
relationship between beam scanning parameters and the interplay effect in
[DGSP13]. Large spot sizes (0 ~ 9 — 16mm) resulted in an improved dose
homogeneity in the target compared to smaller spot sizes (o ~ 2 — 4mm).
Reducing the spot spacing also improved the homogeneity in the target.
Longer treatment times generally led to reduced interplay effects.

Another study investigated the optimal spot delivery sequence for reduc-
ing the dose uncertainty induced by respiratory motion [LZZ15]. By in-
creasing the area the proton beam covers in a certain period (and therefore
reducing the fluence delivered to any given spot in that period), the au-
thors observed that they could reduce the maximum absolute dose error
by more than 80%.

In a more recent study, Engwall et al. investigated the inclusion of un-
certainties in the time structures of the delivery in the robust optimiza-
tion framework [EFG18]. They did so by considering multiple scenarios in
which the beam spots are distributed to the different respiratory phases of
the planning 4DCT. It is an extension of the 4D robust optimization pre-
sented in the next section. This approach reduced interplay effects, espe-
cially for large tumor motions, when combined with rescanning.

4D robust optimization

Four-dimensional (4D) robust optimization extends robust optimization to
account for intra-fraction anatomy changes on top of setup and range un-
certainties. Compared to 3D robust optimization, where the target vol-
ume is defined as the ITV, 4D robust optimization uses the CTVs of each
phase of the planning 4DCT as the target volumes used for the optimiza-
tion. There are different ways in which the different 3DCTs composing the
4DCT can be handled simultaneously in the optimization. One solution
proposed by the original paper on 4D robust optimization [LSC*16] is av-
eraging the dose received by the voxels in each 3DCTs. Mathematically,
that is

N
;=) d (7.17)
p=1
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where d; represents the dose received by voxel i in motion phase p under
uncertainty s. The uncertainty set of scenarios is, in this case, the same
as for the 3D robust optimization of Section 7.1.3 and the problem can be
optimized similarly. Another possibility is to represent each 3DCT as a
scenario. Then worst-case robust optimization can also be used similarly
with this extended uncertainty set. However, this solution yields a very
large uncertainty set if combined with the usual range and setup errors.
Assuming we have 7 scenarios for the setup errors, 3 scenarios for range
errors, and 10 scenarios for the 4DCT, this results in 210 scenarios, which
is computationally challenging. Instead, what is generally performed is to
use three scenarios for the anatomical changes, the mid-position CT* and
the two extreme phases (max exhale and max inhale). This would results
in 63 scenarios in our previous example.

Online motion monitoring and mitigation techniques

This section is inspired by the review of Mori et al. on motion management in
particle therapy [MKU18].

Online motion mitigation techniques require continuous monitoring of the
motion of the patient’s anatomy. Two types of monitoring are possible:
indirect monitoring based on an external surrogate or direct monitoring
based on imaging. In surrogate-based techniques, an external device is
used to measure the displacement of the body surface, such as an optical
surface imaging system. A correlation model is then necessary to map the
skin surface motion and internal tumor motion. While this approach has
the advantage of being non-invasive, it lacks the accuracy of direct meth-
ods because tumor motion is not always well correlated with surface mo-
tion.

Direct methods rely on an imaging device to monitor the motion of the
tumor and internal organs. The most used imaging modality is X-ray fluo-
roscopic imaging, consisting of continuously taking radiographs of the pa-
tient’s body during treatment delivery. Motion monitoring using imaging
can be further divided into two types of tracking methods: fiducial marker
tracking and markerless tracking. In fiducial marker tracking, a fiducial
marker, built from a material easily observable on X-ray images, is inserted

“Synthetic CT representing the time-averaged position of the 4DCT.
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on or near the tumor, and 3D coordinates can be retrieved on the X-ray
images via a triangulation method. Markerless tracking refers to track-
ing the tumor without fiducial markers. The technique is obviously more
challenging and requires accurate computer vision algorithms to retrieve
the tumor location, but it has the advantage of being non-invasive. Mark-
erless tracking is already commercially available for photon therapy (Cy-
berKnife; Accuray, Inc.; Sunnyvale CA, USA) and particle therapy (Toshiba,
Tokyo, Japan).

Other imaging modalities include ultrasound (US) imaging and magnetic
resonance imaging (MRI). Ultra-sound imaging is a cost-effective solution
for providing good soft tissue contrast and is increasingly used in radio-
therapy for setup verification and inter-fraction motion [FVdMB*15]. It
has the advantage of being non-irradiant, contrary to fluoroscopy imag-
ing. For intra-fraction motion, the technology is in its early stage, and the
translation into the clinic is underway [OBF*16]. US imaging has also been
shown to be feasible for particle therapy [PKS™14].

MRI is a non-irradiant imaging modality that provides excellent soft-tissue
contrast (the best among all aforementioned imaging modalities). MR-
linac machines (a machine combining an MRI scanner and a radiotherapy
linac) are already commercially available for photon therapy. However,
this is not the case yet for proton therapy where this type of machine brings
additional engineering challenges due to the effect of the magnetic field on
particle beams.

In the next sections, we detail the online motion mitigation techniques cur-
rently used in clinical practice.

Abdominal compression

Abdominal compression is a technique for which a compression device is
placed on the patient’s abdomen that applies a constant force to it in order
to reduce the diaphragm motion. An example of such a device is shown
in Figure 7.11. It has been shown to reduce organ motion in liver tumors
[EPS*11] and some (but not all) cases of lung tumors [BAR"13]. Abdomi-
nal compression was also proven effective in reducing the interplay effect
for proton beam scanning of liver tumors [SGK*16]. The diaphragm mo-
tion is generally verified during treatment by fluoroscopy.
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Adjustable screw

Indexed frame

Compression plate

Fig. 7.11 Example of a patient with an abdominal compression device. Image
taken from [EPS™11] with permission.

Respiratory gating

Respiratory gating is a method that aims at delivering the treatment beam
during a specific respiratory window based on the phase or amplitude of a
breathing signal [LBS™ 07]. The treatment beam is synchronized with a gat-
ing signal controlling the beam delivery, which is obtained via imaging or
an external surrogate. The beam is thus switched ON only during a specific
gating window at the end of the inhale or exhale phase. The gating win-
dow can be defined on a single or multiple phases, for instance, represent-
ing 30% of the duty cycle, thus trading off between delivery efficiency and
dose conformity [MKU18]. Two types of gating exist: phase-based gating
and amplitude-based gating. In phase-based gating, the gating window
is defined as a part of the respiratory period, while in amplitude-based
gating, the gating window is defined as a part of the breathing amplitude
or within a specific position defined during treatment planning. Thus, in
phase-based gating, there is a risk of constantly missing the target if the
amplitude changed or there was a baseline drift. The clinical advantages of
respiratory gating are higher dose conformity and better sparing of OARs
with the disadvantage of an increased treatment time.

Breath-hold and active breathing control

Deep inspiration breath-hold (DIBH) is a technique that can be used for
both moving targets in conjunction with gating in an attempt to decrease
tumor motion and for breast or lung cancer to maximize the distance be-
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tween the tumor and OARs. DIBH can be achieved in two ways: by re-
peating voluntary breath-hold or with a computer-controlled device that
can assist breath-hold via airway blocking and feedback approaches (e.g.
[VODSL*19]). For an in-depth review of clinical applications, the reader
can refer to [BHKSC"16].

Tracking

Beam tracking refers to automatically compensating for tumor motion by
tracking the tumor and adapting the beam delivery. This would be the op-
timal motion mitigation technique should it be implemented one day in
proton therapy because it would not lead to target expansion (by adding
margins to the target volume) or result in an increased treatment time
[GRL706]. Even though adapting the scanning pattern of PBS to follow
the tumor motion in real-time might seems doable, beam tracking in pro-
ton therapy is very sensitive to position uncertainties and requires hard-
ware adaptations to be able to switch the energy quickly to compensate for
range changes [VAWKZ"09]. Moreover, tracking would only be effective
if real-time accurate 3D information are available. Hence, tracking in par-
ticle therapy still remains a research topic and will take some time before
being implemented clinically [MKU18].
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This chapter is adapted from an article submitted to the Medical Physics journal
in 2022 (first revision under review) [HSD*22].

8.1 Introduction

Proton therapy offers a physical advantage over conventional radiother-
apy in terms of dose conformity and normal tissue sparing due to the
unique depth-dose characteristics of protons, thus potentially improving
tumor control while at the same time reducing toxicity [MG17]. However,
this precision comes at the cost of high vulnerability to uncertainties. This
is especially the case for thoracic tumors, where breathing-induced tumor
motion can lead to density variation in the beam path, thereby missing the
target or shifting the expected proton range and deteriorating the overall
dose distribution. Moreover, with pencil beam scanning (PBS) proton ther-
apy, on top of the proton range variation issue, another dose deterioration
can occur due to the interference between the scanning beam motion and
the anatomical motion, known as the interplay effect, which can lead to hot
and cold spots in the target [SRTP09].
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The current state-of-the-art treatment planning approach for dealing with
intra-fractional motion is 4D robust optimization which is designed to be
robust against small changes in the anatomy by optimizing the worst-case
scenario. On top of the usual 3D robustness scenarios, such as range and
setup errors, 4D robust optimization is designed to be robust against mul-
tiple anatomical variations present in the 4DCT. While this approach is effi-
cient and is the current best practice for treating thoracic cancer [CZK17],
two criticisms can be made: (i) the treatment is only designed to be ro-
bust against motions seen in the planning 4DCT, and (ii) robustness against
breathing phases increase the dose to surrounding organs at risks (OARs).

Another passive motion mitigation method is rescanning. While rescan-
ning is interesting to mitigate the interplay effect, it does not solve the
range variation issue. When tumor motion amplitude is high, active tech-
niques such as gating, abdominal compression, or breath-hold using op-
tical or fluoroscopy imaging are generally used [CEK"21]. A breath-hold
approach has the advantage of being simple and easily implemented, with
reduced tumor motion and increased tumor-to-OAR distance [HDM199].
However, this method requires coaching, and not all patients can hold their
breath for a long period. Abdominal compression is also a relatively sim-
ple method to implement and has been shown to reduce tumor motion
[SGKT16]. However, it only mitigates the dose deterioration to a certain
degree. Another common active motion mitigation technique is respira-
tory gating. This has the advantage of increasing dose conformation in the
target and sparing OARs. However, this method requires synchronization
with tumor motion, which is challenging and increases the treatment time.

Our proposed approach is somewhat an extension of the respiratory gating
approach where the beam is ON only when the tumor position is at a close
distance to one particular phase of the planning 4DCT. However, instead
of optimizing one global treatment plan, our approach consists in optimiz-
ing ten separate treatment plans corresponding to each phase of the 4DCT.
Then, during treatment, the plans associated with the planning CT phases
whose tumor position is closest to the current tumor position deliver their
spots.

A similar idea was considered by Graeff [Gral4] and subsequently im-
plemented in a prototype system at GSI Helmholtzzentrum fiir Schwerio-
nenforschung [LDN*20], where they also use a library of treatment plans.
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However, their delivery process is different. They take their decision based
on a 1D signal from an external surrogate with a phase-based approach
and irradiate in a continuous fashion. Our approach consists in taking de-
cisions based on the frequent acquisition of images and the use of a partic-
ular distance metric between the current image and the 4DCT and irradiat-
ing in an intermittent fashion. A drawback of the phase-based approach is
that the beam might miss the target because the target position in the phase
space might not be the same, even though the corresponding respiratory
phase is the same. In our method, we base our decision on the distance be-
tween the current tumor position and the tumor position in the planning
4DCT. The distance metrics tested in this paper are the Euclidean distance
between the center of mass of the tumors and the Dice similarity index
between the tumors. A maximum distance (or minimum Dice) threshold
needs to be set by the user, which will trade off between dose conformity
and treatment time. Several thresholds are compared in this paper and
confronted with inexact tumor positions obtained by adding noise of vari-
ous amplitudes.

We compare state-of-the-art 4D robust treatment plans against our approach
in Section 8.3 by simulating the treatment on a continuous sequence of
synthetic 3DCTs generated from cine-MRI sequences of five liver patients.
This has the benefit of being as close as possible to a real breathing scenario
that can be encountered in practice and that does not necessarily follow the
breathing pattern seen in the original 4DCT.

8.2 Materials & methods

8.2.1 Patient data

The study includes five patients with liver cancer that were treated with
photon radiotherapy for which a planning 4DCT was acquired with ab-
dominal compression and audio-coaching to regularize the breathing pat-
tern. Those patients were replanned in this study for proton therapy with
the characteristics described in Section 8.2.2. The particularity of this study
is that on top of the planning 4DCT, the patients underwent a dynamic MRI
scan. The MRI sequence was acquired the same day and under the same
conditions as the 4DCT, with abdominal compression and audio-coaching
at a rate of 1.85Hz during 2 minutes. The 2D dynamic MRI sequence can
then be used to generate a continuous sequence (CS) of synthetic 3DCTs
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Pt. | Tumor P2P motion P2P motion amplitude in CS [mm]: Mean =+
nb. | volume | amplitude in std (max)

[em®] 4DCT [mm]

LR |AP |CC |LR | AP | CC

1 29.73 7.5 8.4 10.7 | 2.840.6 (4.2) 2.740.6 (4.0) 3.5£0.9 (5.0)
2 9.41 1.2 34 7.9 1.6+0.1 (2.0) 3.1+0.2 (3.6) 10.6+0.8 (12.7)
3 8.12 0.8 5.0 8.6 0.740.1 (0.8) 4.3+1.5(5.7) 10.5+2.2 (13.1)
4 82.40 1.1 7.4 7.8 1.2+0.8 (3.8) 3.54+2.9(12.0) | 8.5+5.1(19.8)
5 22.62 2.6 5.0 11.3 | 29409 (5.8) 5.4+1.1 (9.0) 13.0£2.5 (20.3)

Table 8.1 Information on the tumor volume and peak-to-peak (P2P) motion am-
plitudes for the five patients in the case study. The motion amplitudes are given
for both the 4DCT and continuous sequence (CS) in the three main directions: Left-
right (LR) direction, Anterior-Posterior (AP) direction, and Cranio-Caudal (CC) di-
rection.

with the method of Dasnoy et al. [DSSVOM20, DSASM22]. This continu-
ous sequence represents a real breathing pattern of the patient, on which
we can simulate the treatment and compute the accumulated dose. Pa-
tients” tumor information are detailed in Table 8.1. We can make several
observations from those data. Patient 1’s motion amplitude observed in the
continuous sequence is much lower than the motion amplitude observed
in the 4DCT. Indeed, the motion amplitude in the 4DCT overestimates the
motion by roughly a factor of 3. Motion amplitudes for the rest of the pa-
tients remain globally similar on average (within 2-2.5mm) between what
is observed in the 4DCT and the continuous sequence. However, the max-
imum peak-to-peak amplitudes can be quite different (e.g. for patients 4
and 5). Those differences in motion amplitudes are not uncommon. In-
deed, in a recent study, the authors observed a maximum amplitude de-
viation from the 4DCT > 5 mm for liver tumors in 67% of the cases and
a maximum amplitude deviation from the 4DCT > 10 mm in 22% of the
cases in the CC direction [DVB*18]. However, the average amplitude de-
viation from the 4DCT > 5 mm (and > 10 mm) was observed for only 6%
of the liver tumors, so patient 1 shows a less common amplitude variation.

An example of tumor motion that we can observe in one of the patients
is depicted in Figure 8.1. We observe that the tumor location in the con-
tinuous sequence does not necessarily stay within the path formed by the
4DCT motion. Hence, some motions will not necessarily be taken into ac-
count even with a 4D robust optimized treatment plan. The tumor mo-
tions for the four other patients are available as supplementary materials
for completeness (Figures B.1-B.4 in appendix B).
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(b) Motion of the tumor in 1 dimension as a function of time in the three principal directions:
left-right (LF) direction, anterior-posterior (AP) direction, and cranio-caudal (CC) direction.

Fig. 8.1 Motion of the center of mass of the tumor in the 4DCT (looped over two
minutes) and the continuous sequence (CS) for patient 5.
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8.2.2  Treatment planning

The conventional approach for designing a treatment plan is to encode de-
sired physical constraints in an objective function to be minimized using
a dose-influence matrix calculated on a reference CT image. Since proton
dose deposition is subject to uncertainties due to density variations in the
beam path and positional errors, we must make the optimization robust
to those uncertainties by optimizing the worst-case scenario. Taking into
account range errors and setup errors is generally referred to as 3D robust
optimization, while additionally taking into account anatomical variations
from the 4DCT is referred to as 4D robust optimization.

In our approach, instead of optimizing a single treatment plan on a refer-
ence CT, we optimize 10 treatment plans, one on each phase of the 4DCT.
There are several ways one can achieve that. The optimal way would be
to concurrently optimize the ten plans so that the most optimal beam con-
figuration is delivered in each phase to take advantage of the movement
characteristics and the different tumor-to-OARs configurations. This ap-
proach leads to heterogeneous dose distribution in each plan that sums up
to the theoretically best achievable dose distribution. Although this ap-
proach sounds appealing, it is a relatively dangerous idea as it would lead
to a heterogeneous dose distribution if some anatomical configurations do
not eventually appear during treatment, not even mentioning the addi-
tional computational burden of optimizing a huge plan while handling de-
formable image registration during the optimization. Instead, we propose
to seek a homogeneous dose in each plan by optimizing a plan indepen-
dently on each phase of the 4DCT with the same objective function, which
is also one of the proposed methods by Graeff [Gral4]. The downside of
this approach is that the total number of spots to deliver is increased since
we optimize 10 plans instead of one, but this also leads to an intrinsic res-
canning, which can mitigate the interplay effect.

The library of treatment plans can be defined mathematically for each CT;
(i =1,.., P)in the planning 4DCT as

. CT;. pCT;
1,- B 1 81
S B e
x].CT" 2P~nf-mORx]CTi =0forallje J (8.2)

156 |



Materials & methods | 8.2

where f is the objective function common to the ten problems, BST is the
beamlet matrix associated with the i’ CT under scenario s and x " the
variables to optimize for that CT, which are the weights associated with
beamlet inDices j € J. This is the common worst-case robust optimiza-
tion formulation for radiation therapy; only this has to be solved on each
CT. This paper uses a set of scenarios S of 3 x 7 = 21 scenarios: those com-
bine 3 density variations (nominal and 4-3%) and 7 setup variations (nom-
inal and a shift of £2.5mm in each of the three dimensions). Other uncer-
tainty scenarios could be included such as uncertainties linked to the beam
characteristics, possibly obtained from the calibration results of Chapter 6.
However, the more uncertainty scenarios are included, the more compu-
tationally challenging the planning becomes. The weights associated with
each beamlet must also either be zero or satisfy a lower bound constraint,
which corresponds to the number of plans (P = 10 in our case) multiplied
by the number of fractions 7y and the minimum number of monitor units
m, the machine can deliver. Note that this lower bound constraint is more
restrictive than for a conventional treatment plan (10 times greater) since
each plan is designed to deliver 10% of the dose in our case. However,
this more restrictive constraint will lead to a sparser treatment plan since
more weights will need to be set to zero by the optimizer to achieve higher
weights elsewhere. The disjunctive constraint (8.2) is handled in two steps.
First, the optimization problem is solved for x > 0, then only the spots sat-
isfying x > P - ny - m are kept, and the optimization is refined by applying
x > P-ng-m as ahard constraint to the spots kept from the first step.

The physical constraints expressed as penalties in the objective function
f to guide the optimization are defined in this paper as follows:

¢ Target: mindy > p and maxdr < p where dr is the dose on each
voxel in the target and p is the prescription, which in our paper is
chosen to be p = 60Gy.

e OARs: maxdpar < %p for all organs at risk.

Furthermore, we emphasize the target constraints by weighting the target
constraints 10 times more than the OARs constraints. The constraints in the
objective functions are usually encoded as asymmetric quadratic penalties,
although this depends on the treatment planning system (TPS) used.

Concerning the grid spacing parameter to solve equation (8.1), we choose a
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constant spot spacing of 5 mm and a constant layer spacing of 5 mm (water
equivalent distance). A special consideration for our approach is that the
treatment plans need to share the same energy layers to avoid constantly
switching energy during delivery, which would significantly increase the
treatment time. Hence, after the first optimization is carried out, we en-
force the next plans to reuse the same energy layers. Nevertheless, energy
layers that would be needed outside the current range of energies in other
plans can still be added, and energy layers not required in a plan can be
removed in that plan. In the end, most energy layers will be shared across
plans, with only a few used only by extreme phases.

In Section 8.3, we compare the static and dynamic dose delivered by a 4D
robust plan against our approach. For the library of plans approach, the
static dose is defined as the sum of optimized doses from each phase plan
deformed on the reference CT. Mathematically, this is

F;, = DIR(CT;, CTygp) foralli =1,..., P (8.3)

P
Dyigp = Z D; (v 4 F;(v)) for all positions v € R® in the image. ~ (8.4)
i=1

where DIR(-) is the deformable image registration operator, F; is the de-
formation field resulting from the registration, CT; is planning CT image i,
CTyigp is the Mid-position CT and D; is the optimized dose computed
on CT;. The reference CT is, in our case, the Mid-position (MidP) CT
[WSVHDO08]. This gives the theoretically best achievable dose by our li-
brary of treatment plans.

8.2.3 Treatment delivery

Proton treatment plans are usually delivered without any synchronization,
i.e. all the spots are delivered in a continuous fashion layer by layer in a
serpentine pattern regardless of the changes in anatomy until all spots are
delivered. Our approach is an active technique that irradiates only when
the current target position is close to its position in a phase of the planning
4DCT. It is essentially an improved version of respiratory gating with mul-
tiple plans computed on each 3DCT. A flowchart representing the treat-
ment delivery framework is depicted in Figure 8.2.

First, an image is acquired from which the tumor location is retrieved. Our
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Fig. 8.2 Treatment delivery process of our library of treatment plans approach.

approach is agnostic of the modality used to obtain the tumor location in-
formation. This could be via fluoroscopy imaging with a fiducial marker
[MMA*19], markerless tracking [HSTM19], or even magnetic resonance
imaging. As long as we receive accurate information on the location of
the tumors a few times every second, our approach is applicable. We
could also eventually use an external surrogate with a tumor correlation
model, although the indirect measurements make this solution less accu-
rate. Hence, we suppose that we get a possibly noisy observation of the
tumor location. We then compute a distance between the current tumor
position and the tumor positions in each phase of the 4DCT. Two distance
metrics are detailed in Section 8.2.4 for this purpose. The phases in which
the target position is closer to the current target position than a certain
threshold are selected, and the plans deliver their spots at the current en-
ergy until the next image is acquired or until no more spots remain in the
selected plans at that particular energy. The order in which those plans
are delivered depends on their completion progress, i.e. the plan with the
most remaining spots will be delivered first. The reason for prioritizing
the less delivered plan instead of the more similar one is to decrease treat-
ment time. Once a new image is acquired, the process restarts. When all
plans have delivered all their spots at the current energy, the energy is low-
ered to the next energy layer. If no plan satisfies the distance constraint,
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the beam is paused until the next image acquisition. Finally, to avoid un-
reasonable treatment time, if no spots were irradiated for more than 10
consecutive seconds, the distance threshold is gradually increased. In our
simulation, we choose to increase the distance threshold to 5mm after 10
seconds and 10 mm after 20 seconds and decrease it again to the original
distance threshold after the current energy layer is completed.

Initialization phase

The tumor motion observed in the planning 4DCT might be different than
the one observed during the day of the treatment. There might be a differ-
ence in breathing amplitude, or there could be a baseline shift [ZWZ"22].
To account for the true breathing pattern of the day, we implemented an
initialization phase during which we observe the tumor motion 30 sec-
onds before starting the beam. During this period, images are acquired
in the same way they are acquired during treatment, i.e. a few images per
second. For each image, the tumor location is computed, and the distances
to the ones from the 4DCT are also computed. The phases whose distance
is below the user-defined threshold are recorded for all images in the ini-
tialization phase. Finally, only the phases that appear regularly are kept for
the treatment delivery, and their weights are rescaled accordingly to meet
the dose prescription. The occurrence of phase p; during the initialization
phase is computed as follows:

Op, = % -# {dist (c (im]-) ,e(pi)) <D,i=1,..,N} (8.5)
where N is the number of images acquired during the initialization period,
c(-) is a function computing the location of the center of mass of the tumor,
dist is the Euclidean distance, im; is the image j acquired during the ini-
tialization phase and #{-} is the counting operator. If Op, > 5%, the plan
corresponding to phase p; is selected for the treatment delivery, that is with
at least half of the normal occurrence of a phase in the 4DCT.

After the selection process, the weights of the selected plans must be rescaled
to reach the prescription dose. Let 1, be the number of selected plans from
the initialization phase. Then the weights of each of the selected plans are
rescaled as follows:
xCTi EXCTi (8.6)
np
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Indeed, since the dose in each plan is homogeneous, we can simply rescale
all the weights by a constant so that their sum reaches the prescription
dose.

8.2.4  Choosing the distance metric

What information do we need or should we use for deciding which plan
to choose for irradiating the patient at time t? A straightforward measure
to use is the Euclidean distance between the center of mass of the tumor
in the current image and the 4DCT. In this study, we consider the distance
between the center of mass of the tumors, but this could also very well
be the location of a fiducial marker for marker-based tracking. The most
accurate information is naturally 3-dimensional, but we can also consider
a 2-dimensional or even 1-dimensional location which would include the
principal amplitude variations. In this study, we consider a 3D informa-
tion with various noise amplitudes. Another theoretically more accurate
distance metric is the Dice coefficient. The Dice similarity coefficient, first
introduced by Dice [Dic45] and subsequently adapted for segmentation
[ZDMP94], is used as a measure of similarity between two binary masks,
i.e. the segmentation of the tumor in the current image and the segmen-
tation of the tumor in each phase of the 4DCT. It gives a score between
zero and one (0 meaning no overlap and 1 means complete overlap) and is
computed as

2|ANB|
Al + 1Bl

where A and B are two binary masks. The two metrics are compared in
Section 8.3.2.

Dice = (8.7)

8.2.5 What image acquisition frequency do we need?

Every time we receive an image, we can make a decision: whether or not
to irradiate and which plans to shoot. Therefore, we need to know the op-
timal frequency to acquire images. Too few acquisitions would lead to less
accurate and potentially longer treatments, while too many acquisitions
might be undesirable in terms of radiation exposure for imaging modal-
ities such as fluoroscopy and even unnecessary in terms of performance.
Indeed, the tumor movement becomes negligible at smaller time scales.
On top of the decision-making, the frequency rate has an impact on the ac-
curacy of the treatment delivery simulation. Different acquisition frequen-
cies are tested in Section 8.3.3, some requiring upsampling the continuous
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sequence of CTs. The upsampling is done by applying a deformation field
F;, previously computed on each pair of images that follow each other in
time, multiplied by a constant ¢ €]0, 1[. Mathematically, that is

F; = DIR(CT;, CT;; 1) (8.8)
CT;y. = CT;(v +exp(cVi(v))) forall v € R3 (8.10)

where CT; is image i, CT}, is an interpolated image between i and i + 1,
V; the velocity field between phase i and i 4 1, and Id the identity trans-
form (Id(v) = v). The log and exp are operations on the vector fields
(rather than element-wise operations) as described in [VPPA09].

8.2.6  Simulation

Treatment plans were designed with Raystation 10B [Bod18], while the
simulation of the delivery of the treatment plans on the continuous se-
quence of synthetic CT was carried out in our in-house treatment planning
system. The computation of the spot delivery timings was done with the
IBA ScanAlgo simulation tool emulating the delivery timings on an IBA
C230 cyclotron, while the simulation of the dose deposition on the con-
tinuous sequence of 3DCTs was done with the Monte Carlo dose engine
MCsquare [SLS16], which was recently validated for clinical use [DYS™20].
The dose distributions in the CTs of the continuous sequence are then ac-
cumulated on the MidP CT via deformable image registration, similarly to
equations (8.3-8.4).

We compare the dose deposited by a 4D-robust plan against our library
of treatment plans method, both simulated on a continuous sequence of
around 400 3DCTs (see Section 8.2.1) representing 2 minutes of breath-
ing. If the duration of the treatment is longer than 2 minutes, we assume
that the breathing restarts in a loop from the first image. Our method is
tested under various distance thresholds and noise levels as well as dif-
ferent starting points on the continuous sequence to assess the statistical
variability. We assess the performance of our method based on three com-
plementary metrics: the homogeneity in the target, the mean liver-CTV
dose, and the treatment time. Homogeneity is defined as

Ds — Dogs

—_— 11
prescription ®.11)

homogeneity = 1 —
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where Dgs and Ds are the lowest dose received at least 95% and 5% of
the target volume respectively, and the prescription is in this study fixed
at 60Gy. This metric gives a score between 0 and 1, where 1 represents
a (nearly) perfect homogeneity in the target. The OAR sparing is in this
study expressed as the mean liver-CTV dose where liver-CTV represents
the volume subtraction between the liver and the CTV. Indeed, according
to the consensus report from the Miami Liver Proton Conference, minimiz-
ing the mean liver dose and the volume of uninvolved tumor is of extreme
importance for any liver radiotherapy [CKK " 19]. Finally, treatment time
must also be taken into account as a trade-off with the target coverage.

Simulating noise on the location of the tumor To simulate imperfect in-
formation on the position of the tumor, we add Gaussian noise to the lo-
cation of the center of mass of the tumor taken from the images of the
continuous sequence. The noise is designed to represent an average dis-
tance error to the actual true position. Those noises are designed to follow
a multivariate normal distribution e ~ A (0,X) of zero mean and covari-
ance matrix = ¢2I with ¢ = Cd where d represents the average distance
N

error and C = 23 2 normalizing factor that is needed to convert a 3D po-

sitional error to a distance error ! The impact of different noise amplitudes
on the final dose distribution is given in Section 8.3.4.

8.3 Results

8.3.1 Treatment plan optimization

For each of the five patients detailed in Table 8.1, we compute one 4D ro-
bust treatment plan and ten 3D robust treatment plans on each phase of
the 4DCT. We report in Table 8.2 the total number of spots in the 4D robust
plan and the library of treatment plans, as well as key dose-volume his-
togram (DVH) metrics on the static doses.

From those results, we can already conclude that the theoretically best
achievable multi-gating solution surpasses the conventional 4D robust plan
in both the target homogeneity and the surrounding OAR dose reduction.
However, the total number of spots is, on average, roughly increased by a
factor of 3, which remains acceptable considering that there are ten plans

I The derivation of C is given in appendix A.
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E{; 4D robust Library of plans
Homog_Liver— Homog_Liver—
# Dos Ds eneit CTV # Dos Ds eneit CTV
spots  [%] [%] [%] y Diean || spots  [%] [%] [%] y Diean
[Gyl [Gyl
1 3936 973 104.8 925 39 11271 97.6 102.8 949 3.0
2 2140 98.0 103.3 94.7 75 6292  99.0 1024 96.6 6.5
3 2178 985 103.7 949 2.1 6573 100.1 103.7 96.5 1.6
4 7615 97.2 105.0 922 6.6 21226 97.5 103.0 945 54
5 4574  98.2 104.2 939 3.2 12009 99.8 101.6 98.2 3.0

Table 8.2 Optimized treatment plans characteristics. Comparison between the
4D robust approach and the library of plans static dose characteristics and the num-
ber of spots.

in the library. In the following sections, we simulate our approach dynam-
ically on a continuous sequence of CTs to evaluate its capabilities.

8.3.2 Choosing the distance metric

We compare two metrics: the Euclidean distance and Dice similarity coef-
ficient in Table 8.3 under perfect knowledge of the tumor position. First
of all, we observe that our approach has a better dose homogeneity in the
target as well as a lower mean liver-CTV dose in all cases compared to
the 4D robust plan. However, treatment time is greater, as expected, for
two reasons. First, the duty cycle of the beam will always be lower than
the one of the 4D robust approach, which is 100% since the plan is deliv-
ered without interruption. Secondly, there are more spots to deliver in our
approach since there are multiple plans. However, while there are more
spots to deliver, there is also less dose to deliver per spot and less dose to
deliver globally (since margins are smaller). It is therefore likely that as
we go towards more hypofractionation, the time gained from a plan with
fewer spots will decrease considerably while benefiting from a plan with
less dose to deliver.

Concerning the comparison between the use of the Euclidean distance be-
tween centers of mass and the use of the Dice similarity measure, the two
approaches give qualitatively similar results. It is hard to give a definitive
answer as the decision parameter, i.e. the Euclidean distance threshold and
the Dice threshold, are not directly comparable. However, no approach
seems to be clearly superior to the other. Hence, because the distance to
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Homogen- | Mean Liver- | Treatment
CTV Dos | CTV D5 eity [g%] CTV dose | time [min]
Distance Imm 59.0 61.89 95.18 2.52 15.08
Distance 2mm 58.88 61.60 95.46 2.55 451
Distance 3mm 58.41 61.89 94.20 2.59 3.83
Dice 0.75 57.98 62.95 91.72 2.57 3.51
Dice 0.85 58.53 61.62 94.85 2.64 3.90
Dice 0.95 58.97 61.53 95.73 3.49 21.37
4D robust 56.76 64.21 87.58 3.33 2.19

Table 8.3 Comparison between distance to the center of mass and Dice similarity
measure for decision-making. Units are in Gy unless otherwise stated. The last row
corresponds to the standard 4D robust model for completeness.

Irradiation time vs timing

Simulation accuracy differences

© ©

<
~
°

Irradiation time
% difference

£y

0.0
128 256 512 1024 1090 vs 545 ms 545 vs 272 ms 272 vs 136 ms
Time between CT [ms] Time between images [ms]

(a) Treatment time analysis (b) Simulation accuracy analysis

Fig. 8.3 (a) Treatment timing as a function of the image rate. (b) Percentage dif-
ference between the values of three DVH metrics for different image rates.

the center of mass is a simpler metric, more easily implemented clinically,
and has better threshold interpretability, we choose to keep this distance
metric throughout the rest of the paper.

8.3.3 What image acquisition frequency do we need?

To answer this question, we compute three DVH metrics: Dgs, Dsg, and D5
at different image acquisition frequencies. The period of acquisition was,
in our case, 545 ms between images. We downsampled to 1090 ms and up-
sampled to 222.5 and 111.25 ms to study the impact of the acquisition rate.

The results for the different image acquisition rates are depicted in Fig-
ure 8.3. In the right figure, we observe a difference of less than 1% for the
three DVH metrics between a period of 545 ms and 272ms. Therefore, 545
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ms is a good enough image period for the simulation accuracy. However,
in the left figure, we observe that an image rate of 545 ms leads to a longer
treatment time than a 222.5 ms rate. This is because more decisions are
taken, effectively reducing the duty cycle of the beam. Further increasing
the imaging rate only decreases the treatment time by a tiny margin, most
likely because the tumor movement becomes small, which does not induce
a change in the plans selected. Therefore, a period of around 225ms seems
to be a good trade-off and will be kept for the rest of the simulations.

8.3.4 Robustness to noise: analysis of one patient

In this section, we study the impact of imperfect information on the tumor
position as well as different distance thresholds for decision-making on the
final dose. We compare five distance thresholds (1, 2, 3, 4, 5mm), used to
select which plans will be delivered, under four distance error scenarios (0,
1, 2, 3mm) on patient 5 and report the results in Figure 8.4 (the results for
the other patients are available in the supplementary materials: Figures
B.5-B.8 in appendix B). For each threshold-error pair, we ran the simula-
tions from five different starting images within the continuous sequence,
giving us a statistical approximation of the uncertainty represented in the
box plots. Three metrics are compared: Dgs and D5 given in percentage of
the prescription and the treatment time.

Looking at the noise-free scenario, we observe that increasing the distance
threshold decreases the treatment time and slowly decreases the homo-
geneity (represented by the gap between the Dgs and D5 metric). We also
observe that even at a distance of 5mm, we are still delivering a more ho-
mogeneous dose to the target compared to the 4D robust plan. Moreover,
the uncertainty in the final dose due to the different starting times is low
compared to the 4D robust plan.

Looking at the impact of the noise amplitude on the outcome of the simu-
lated treatment, we observe that the dose is slightly deteriorating but stay-
ing at a reasonable target coverage, still better than the 4D robust plan.
However, the treatment time is impacted by the noise, especially for the
1 and 2mm distance thresholds. Hence, we should aim for a distance
threshold of at least 3mm for these parameters. For the location error, de-
pending on the type of tracking chosen, we can expect different levels of
noise amplitudes. In the case of fiducial-based tumor tracking, we can ex-
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Fig. 8.4 Patient 5 results (DVH characteristics and treatment time) for increasing
noise amplitudes on the location of the tumor (top to bottom) and increasing dis-
tance thresholds (left to right) for selecting the plans in the library. The distance
thresholds are only the initial thresholds, and they follow the increase scheme de-
scribed in Section 8.2.3, that is, the distance thresholds are increased to 5mm if no
spot were irradiated in the last 10 seconds and further increased to 10mm if no
spots were irradiated in the last 20 seconds. The 4D robust approach results are
repeated on the far right of each subplot. They are not affected by the noise am-
plitudes since the plan is not synchronized with tumor motion. The boxplots and
small vertical bars on the blue solid line account for uncertainties linked to the dif-
ferent starting times for the simulation on the CS.

pect a sub-millimeter accuracy on 2D images and an error within 1mm for
three-dimensional calculation error, as reported in a recent study on fidu-
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(a) 4D robust approach (b) Library of plans approach

Fig. 8.5 Comparison of spatial dose distributions for patient 5 under a noise am-
plitude of 2mm and distance threshold of 3mm.

cial markers [MMA "19], hence a noise amplitude < 2mm. For marker-
less tracking, a recent paper achieved a tracking accuracy of 1.64 4= 0.73mm
[HSTM19]; hence, a noise amplitude of 2mm seems to be a correct expected
error for today’s tumor tracking accuracy. For the patient analyzed in Fig-
ure 8.4, this would lead to a treatment time below 5 minutes, which still
seems reasonable. The spatial distribution of the dose for this patient un-
der a noise amplitude of 2mm is compared to the 4D robust approach in
Figure 8.5

8.3.5 Comparison between all patients

In this section, we compare the results of the simulation study on the five
patients described in Section 8.2.1 with a distance threshold of 3 mm and
a noise amplitude of 2 mm. During the initialization phase, the number
of plans selected, satisfying the constraint Op, > 5% (see equation 8.5), are
respectively 4, 10, 7, 5, and 10 for patients 1 to 5. Results of the treatment
delivery are depicted in Figure 8.6 (Figures B.9-B.13 in appendix B provide
additional details on the cumulative DVH results). We observe that the
dose is more homogeneous in the target for all patients with our approach
except for patient 2, for which the homogeneity is similar (4D robust plan
is 1% better). On average, the homogeneity increase was 5% for the library
of treatment plans approach. This is not surprising as the interplay effect
is greatly reduced with our approach. Moreover, motions not present in
the planning 4DCT, and therefore not taken into account by the 4D robust
approach, are encountered during treatment delivery, resulting in dose de-
terioration for the 4D robust approach.
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(a) Homogeneity in the target volume (computed according to equation (8.11)). The vertical
bars describe the interquartile range (IQR), and the continuous line represents the median
value. The closer we are to 100%, the better.
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(d) Ratio between the mean doses delivered in the Liver-CTV volume (CTV subtracted from
the liver) of the library of plans and the 4D robust approach. A value below 1 indicates an
improvement compared to the 4D robust approach.

Fig. 8.6 Simulation results of the treatment delivery on five patients for the 4D
robust approach and the library of plans approach. A noise amplitude on the dis-
tance to the tumor of 2mm is applied, and a distance threshold of 3mm is chosen.
The vertical bars indicate uncertainty linked to the different starting times for the
simulation on the CS.

Since margins are smaller with our approach, we also expect that the dose
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to the organs at risk will be reduced, which is confirmed in the last plot in
Figure 8.6. We computed the ratio between the mean Liver-CTV dose of
our approach and the mean Liver-CTV dose of the 4D robust model. We
observe that for all patients, the mean dose of uninvolved liver is reduced
by 23% on average and up to 30%.

Finally, the treatment time is inevitably increased in our approach. On
average, it is increased by roughly a factor of 2, which lead to a mean treat-
ment time of 3.8 minutes and a maximum treatment time of 5.1 minutes,
which still seems reasonable. In this treatment time, we also included the
30-second initialization phase described in Section 8.2.3.

8.4 Discussion

Adapting treatment in real-time In this study, we have seen that real-
time adaptation of the treatment based on the current anatomy using a
library of treatment plans helps to achieve a better dose homogeneity in
the target and a significant decrease in the surrounding OARs compared
to a state-of-the-art 4D robustly optimized treatment plan. This comes at
the expense of an increased treatment time. On average, we manage to
limit this increase to a factor of 2. Considering that we have ten treatment
plans and an active beam delivery, i.e. a duty cycle strictly lower than 1,
this is considered a quite good performance. This was possible because of
sparser treatment plans enforced by equation (8.2). Nevertheless, the tu-
mors in this case study were relatively small, and big tumors might pose a
problem in terms of increased treatment time. Improvements on treatment
plan sparsity are still possible, hence further decreasing the treatment time.
One of the possibilities would be regularizing the objective function (8.1)
by adding a penalty term on the weights via a £; norm. We leave this for
a future study. Another approach that could increase the duty cycle is a
relative weighting of the plans according to the time spent in each phase.
Indeed, it is possible that one phase is available for a longer amount of time
than another phase, which could be evaluated during the 30-second initial-
ization phase. This could also provide a gain in dose conformity because
our approach prioritizes the less-delivered plan over the most similar one.

Tumor tracking Although we did not restrict ourselves in this study to
a specific imaging modality, tracking tumors seems to be best handled
with fluoroscopy in today’s technology, mainly because this technology
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is already mostly integrated into today’s proton therapy systems. Indeed,
nowadays, proton therapy machines are usually either equipped with a
Cone-beam CT imaging system or 2D orthogonal radiographs and can be
used for real-time image guidance [Kru18, Korl5, VSV *18]. Moreover, the
results obtained in Section 8.3.5 assume a distance error of 2 mm, which
is what today’s tumor tracking technology can already achieve [MMA 19,
HSTM19]. Should our approach be implemented in a proton therapy sys-
tem, no hardware changes would be needed for the imaging system. How-
ever, some changes would be necessary for the treatment delivery system,
which would need to be synchronized with the anatomical motion and
selection of treatment plans. Such a modular dose delivery system pro-
totype has already been successfully implemented for scanned ion beam
[LDN'20] and characterized at GSI Helmholtzzentrum fiir Schwerionen-
forschung GmbH and the Centro Nazionale di Adroterapia Oncologica
(CNAO,).

System latency and tumor motion prediction We have empirically dem-
onstrated that an image acquisition with a period of roughly 250ms was
enough for making decisions on the active delivery of the treatment. De-
creasing this period only marginally decreases treatment time below this
value. However, we neglected the latency of the system, defined as the
duration between the start of the image acquisition and the beam deliv-
ery or beam off. The system latency includes the image acquisition dura-
tion, time for processing the image, time for selecting the treatment plan
based on the distance to the current tumor position, and time for switch-
ing the beam ON or off. If this time lag is too large, this could affect the
accuracy of the dose delivery by irradiating while the target has already
moved out of the beam path. AAPM Task Group 264 for the safe clinical
implementation of MLC tracking in radiotherapy recommends as a mini-
mum requirement an average system latency < 500ms [KSB*21]. This is
well over system latencies currently obtained for gated photon and proton
therapy treatments. In proton therapy using PBS with real-time imaging
and amplitude-based gating, Hokkaido University Hospital PT center re-
ported a system latency of 66ms [SMM " 14]. Another group recently com-
missioned a fluoroscopic-based real-time markerless tumor tracking sys-
tem for carbon-ion PBS and reported an overall system latency of 70-110ms
[MSH19]. For surrogate-based tracking with optical and electromagnetic
technologies, the worst reported system latency was 31 ms [FSCT17]. In
our approach, we could expect a similar latency as PBS with gating based
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on fluoroscopy imaging, i.e. 100ms up to 200m:s if the selection of treatment
plans takes more time. Because tumor motion is predictable [VWL"10], the
system latency can be compensated with a prediction filter predicting fu-
ture motion. A larger number of predictive models have been developed
in the last decade [VWL 10, EDSS13, JEG 120, LZL " 19]. In the latest study
[JEG"20] comparing several predictive models, the authors reported a nor-
malized RMSE? < 0.05 for a prediction horizon of 160 and 480 ms with
a linear filter, meaning that prediction is 95% better than without a pre-
diction (1 corresponds to no improvement and 0 to a perfect prediction).
This corresponds to a sub-mm accuracy even for high motion amplitudes.
However, the prediction filters in the study used a sampling frequency
of 25Hz, while we used a sampling frequency ~ 4Hz. A hybrid motion
tracking using fluoroscopy and an external surrogate might help achieve a
higher sampling rate and increase the accuracy of motion prediction.

Distance metrics We found in Section 8.3.2, that the center of mass of the
tumor was a good proxy to decide which plans to select when acquiring an
image. We also considered the Dice similarity index, which provides richer
information on the tumor location but did not significantly improve the
performance. However, those two metrics only look at tumor information,
not the anatomy globally. Other measures that take the global anatomy
into account could be tested, such as the mutual information between the
current image and the images of the 4DCT. We leave this as future work.

Application to lung cancers In this simulation study, we only looked at
liver cancers simply because we had real breathing MRI acquisitions for
those patients at our disposal. However, we expect our approach to dis-
play even better performance in lung cancer patients because the effect of
motion is amplified due to the lower tissue densities encountered for those
cancers, making a single treatment plan more prone to dose heterogeneities
than our library of treatment plans approach.

Choosing the number of breathing phases: The number of breathing
phases and treatment plans in our approach was simply determined by
the number of phases in the planning 4DCT. However, we did not inves-
tigate the outcome of a higher or lower number of phases. Taking more
phases would probably not be a good idea in terms of the negative impact

RMSE(%)‘ig/ypred)

2The normalized RMSE is computed as RMSEGorre bauoned)
origrJdelaye
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on the treatment time (because more plans would need to be delivered),
but fewer phases might offer a better trade-off between treatment time and
dose conformity.

Comparison with gated delivery on maximum exhalation or inhalation
Our approach is essentially an extension of amplitude-based gating for
multiple plans. If the breathing motion during treatment delivery is sim-
ilar to the one of the 4DCT, then gated delivery on maximum exhalation
or inhalation and our approach should both lead to approximately the
same treatment time (for the same choice of parameters). However, our
approach should lead to a better homogeneity in the target volume be-
cause of the intrinsic volumetric rescanning induced by delivering multi-
ple plans. To obtain the same dosimetric outcome, a conventional gated
delivery would need several rescanning, which would increase the treat-
ment time considerably. Another disadvantage of gating is the possibility
that the plan can never be delivered if there is a baseline shift between
planning and delivery. This is the case for patient 1 (see Figure B.1 in the
appendix B) in our case study. A treatment plan optimized on max inhala-
tion would be unable to be delivered in that case, while our method allows
adapting the plan to be delivered during the initialization phase. Finally,
for a gated plan where delivery window is set across several motion phases
with the target defined as an ITV, the difference with our approach would
be larger margins for the gating solution and therefore higher dose for sur-
rounding organs.

Full concurrent optimization In this work, we built each plan in the li-
brary independently. Concurrently optimizing all the treatment plans to
take advantage of the movement characteristics would be less robust, es-
pecially if a certain motion phase never appears during delivery, as men-
tioned in Section 8.2.2. However, there would be a gain in terms of treat-
ment time because fewer spots would need to be delivered, and in terms
of sparing organs at risks because the optimizer would be able to choose
the best tumor-to-OAR configurations to deliver the treatment. The homo-
geneity in the target would however likely decrease because no intrinsic
rescanning would be performed. Quantifying the gain and loss of a joint
optimization should be addressed in a future study.
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8.5 Conclusion

We developed a real-time image-guided approach for treating moving tu-
mors with a library of treatment plans optimized on each phase of a plan-
ning 4DCT. Our approach, simulated with the current accuracy of tumor
tracking technology, allows to reduce the dose in the surrounding OARs
and improve the dose homogeneity in the target compared to a state-of-
the-art 4D robust treatment plan for the five patients in this study. This
comes at the expense of an increased treatment time but remains below an
acceptable level of 4 minutes on average. Future works include validating
our approach on more patients to obtain a higher statistical significance
before a possible clinical validation.
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perspectives

Proton therapy provides a clear dosimetric advantage compared to con-
ventional radiotherapy but is costly and vulnerable to uncertainties. In-
creasing cost-effectiveness and treatment quality is therefore essential to
allow widespread adoption. This thesis focused on three very different
problems based on data-driven models to meet some of these objectives.

The first part of this thesis aimed to apply predictive maintenance tech-
niques to predict incoming failures of a central component in the RF sys-
tem of a proton therapy synchrocyclotron: a rotating condenser. This piece
of machinery is one of the main components prone to failure because of its
high-speed rotation. The bearing system is replaced on a regular basis, but
unforeseen failures might still happen, requiring specialized technicians to
quickly intervene for replacing the damaged system. Treatments cannot
be performed during the time elapsed between failure and replacement.
Hence, they must either be rescheduled or redirected to photon therapy,
impacting both the patients and the hospital. Predicting a failure avoids
this catastrophic scenario by giving time to prepare for a replacement and
reducing the system downtime to a minimum. This objective was achieved
in Chapter 4 where 90% of the failures were correctly detected (more than
75% of those detections being between 2 and 10 days ahead of the fail-
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ure) with a relatively low false alarm rate (+5%) for the best model, which
is currently used in production. The scientific contributions for this part
of the thesis include a new feature selection approach for prognostic ap-
plications that does not require class labels, which outperforms conven-
tional and specialized feature selection techniques, and a framework for
predictive maintenance applications that conjointly uses a learning algo-
rithm with a decision-making step. Future perspectives in this field are
twofold. From a theoretical point of view, it would be nice to attempt to
merge the two-level predictive maintenance approach of Chapter 4 into a
single level of learning, possibly with a stochastic evaluation of the deci-
sions. From a practical point of view, an obvious perspective is applying
the predictive algorithms developed for the rotating condenser to other
components of the proton therapy system.

In the second part of the thesis, we developed a derivative-free optimiza-
tion approach for automatically calibrating a proton therapy beamline in
order to gain time and save labor costs when installing a new system. The
objective was achieved in Chapter 6 where we managed to considerably
decrease the time required to calibrate the magnet currents of the beamline.
On top of formulating the optimization problem and solving it, the scien-
tific contribution for this part is a transfer learning approach for Bayesian
optimization that reduces the number of iterations needed to find a solu-
tion for a different configuration of the problem that would typically re-
quire a completely new and lengthy optimization procedure.

In the third part of the thesis, we developed a novel approach for treat-
ing mobile tumors in proton therapy, using a library of treatment plans
where the beam delivery is synchronized with the tumor motion. Because
of the significant impact of tumor motion on the uncertainty of the dose de-
position in proton therapy, thoracic tumors are difficult to treat within the
safety constraints of surrounding organs at risk and tumor control. With
the developed approach, the dose deposited in surrounding organs can be
reduced to a minimum while maintaining tumor control. In Chapter 8,
our approach allowed a decrease of 23% of the mean dose delivered in the
liver while providing a more homogeneous dose than the state-of-the-art
methods. Further improvements regarding our library of plans approach
would be to find a way to compensate for a plan not frequently selected, or
even never selected, for instance due to a baseline shift of the tumor, with
another plan of the library. However, this is not trivial since the algorithm
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would need to adapt the plan’s weights in an online way and recompute
the dose to ensure its correctness.

The end goal of the data-driven methods developed throughout this the-
sis should be to aid and augment human capabilities for making decisions,
rather than replacing the human component. The success of those methods
can only be achieved if they are understood, and if humans are involved
in their daily use and operations. In this context, the different approaches
proposed in this thesis must integrate this human component, with the fi-
nal decision incumbent to the user, by providing the necessary tools to aid
him or her. For the predictive maintenance of the cyclotron, one way to do
that is by providing the health indicator output by the model to the user,
and superimposing the optimized threshold on the indicator. This is cur-
rently the way it is used, on top of warning notifications sent to the users
when the health indicator reaches the threshold. For the beamline calibra-
tion, the user should choose the algorithm he sees fit for the current task
and be able to tune it when needed, for instance by enforcing tighter or re-
laxed constraints on the beam. Finally, concerning the treatment of mobile
tumors with a library of plans, the radiation oncologist should validate the
treatment plans of the library in advance and have the final word on de-
livering the treatment. The place the human operator occupies is central to
suggest improvements, retraining or corrections in case errors are detected.

Even though proton therapy is better at targeting tumors and sparing or-
gans at risks compared to photon therapy, there is still room for improve-
ment to fully exploit the physical advantages of protons. Improvements in
planning and delivery are still needed. Indeed, proton therapy lags behind
photon therapy; for instance, proton arc therapy' is still in a research phase
while it is commercially available for photon therapy. Reducing uncertain-
ties is another key aspect that needs to be further addressed. Improving
imaging and image-guided proton therapy, which also lags behind con-
ventional radiotherapy, will reduce some of these uncertainties. Finally,
there is still a need to further decrease the total cost of proton therapy;
this includes decreasing the cost of the accelerator but also improving the
efficiency to reduce operating costs. The methods developed in this the-
sis provide some contributions toward these objectives, helping to achieve
efficient and effective cancer treatments based on proton therapy.

Proton arc therapy is a treatment method where the proton beam is delivered continu-
ously as the gantry rotates around the patient.
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Appendices

A Multivariate Gaussian noise and distance error

To add a Gaussian noise on a N-dimensional position that represents an
average distance error, we need to look at the expected value of the norm
of the noise vector.

Let us define p € RV, a position in N dimensions. If we add a Gaussian
noise e ~ A (0,Z) with £ = ¢?I to p, we obtain a noisy position

y=p+e

How can we choose o so that the average distance error is equal to 4?2 We
need to look at the expected value of the norm of the noise vector e. Math-
ematically, that is

Eeno02n) {llell2} = Eenor) {lloell2} (1)
= 0B non) {112} (x.2)

(*.3)

We thus have the square root of a sum of squares of N standard normal

random variables, which is a Chi-distribution for which the mean is given

by [EHPF11]

i)
(*.4)
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where I' is the gamma function and N the dimension. For N = 3, we have

= ‘F/(Z;F/(ZZ; = % Hence, for a 3-dimensional position, if we want the
Vg

average distance error to be equal to d, we must set ¢ = 7 7

B Additional materials for Chapter 8

Tumor motion

In this section, we provide tumor motion information in the same way as
Figure 8.1 for the four other patients in this study.
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(a) Motion of the tumor in two dimensions in the three principal planes (xy plane, xz plane,
and yz plane).
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(b) Motion of the tumor in 1 dimension as a function of time in the three principal directions:
left-right (LF) direction, anterior-posterior (AP) direction, and cranio-caudal (CC) direction.

Fig. B.1 Motion of the center of mass of the tumor in the 4DCT (looped over two
minutes) and the continuous sequence (CS) for patient 1.
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(b) Motion of the tumor in 1 dimension as a function of time in the three principal directions:
left-right (LF) direction, anterior-posterior (AP) direction, and cranio-caudal (CC) direction.

Fig. B.2 Motion of the center of mass of the tumor in the 4DCT (looped over two
minutes) and the continuous sequence (CS) for patient 2.
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(b) Motion of the tumor in 1 dimension as a function of time in the three principal directions:
left-right (LF) direction, anterior-posterior (AP) direction, and cranio-caudal (CC) direction.

Fig. B.3 Motion of the center of mass of the tumor in the 4DCT (looped over two

minutes) and the continuous sequence (CS) for patient 3.
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(b) Motion of the tumor in 1 dimension as a function of time in the three principal directions:
left-right (LF) direction, anterior-posterior (AP) direction, and cranio-caudal (CC) direction.

Fig. B.4 Motion of the center of mass of the tumor in the 4DCT (looped over two
minutes) and the continuous sequence (CS) for patient 4.
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Variations of simulation parameters and impact on the treatment outcome

In this section, we vary the simulation parameters, namely the noise on
the tumor location and the distance thresholds. We repeat the analysis of
Figure 8.4 for the four other patients in this study.
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Fig. B.5 Patient 1 results for each noise (top to bottom) and distance thresholds
(left to right).
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Fig. B.6 Patient 2 results for each noise (top to bottom) and distance thresholds
(left to right).
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Fig. B.7 Patient 3 results for each noise (top to bottom) and distance thresholds
(left to right).

| 187



* | Appendices

noise Omm
115 15.0
c
2 110 F12.5
=3
G 105 1 F10.0
5 == — ] J—
5 100 4 F7.5
-
S o5 M D95 = —_— EE—— —_— ? k5.0
oy == D5
T 901 i 2.5
2 — time
85 0.0
1mm 2mm 3mm 4mm 5mm 4D robust
noise Imm
_ 115 15.0
=
2110 F12.5
=3
g 105 F10.0
5 100 4 F7.5
S 954 B D95 Ls.0
3
o == D5
T 901 i 2.5
a - time
85 T T T T T T 0.0
1imm 2mm 3mm 4mm 5mm 4D robust
noise 2mm
115 15.0
'g
2 110 F12.5
3
5 105 1 o é I 10.0
g —_— = == ——
S 100 4 7.5
¢ 951 B D95 T —r— ——j— — ? Ls.0
oy == D5
T 901 i 2.5
a — time
85 T T T T T T 0.0
1imm 2mm 3mm 4mm 5mm 4D robust
noise 3mm
115 15.0
'g
2 110 F12.5
=3
G 105 1 F10.0
3 —_ —— R = E— —_— —0
5 100 4 F7.5
-
& 951 EE D95 ——— =— ? Lso
< == D5
T 901 i 2.5
a - time
85 0.0
1mm 2mm 3mm 4mm 5mm 4D robust

Fig. B.8 Patient 4 results for each noise (top to bottom) and distance thresholds

(left to right).

188 |

Distance threshold

Treatment time [min] Treatment time [min] Treatment time [min]

Treatment time [min]



Additional materials for Chapter 8 | B

Cumulative DVH results

In this section, we provide the cumulative dose-volume histograms for the
simulation of the 4D robust treatment and the library of treatment plans on
the continuous sequence for the set of parameters chosen in Section 8.3.5,
i.e. a noise amplitude of 2mm and a distance threshold of 3mm.
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Fig. B.9 Cumulative DVH results for Patient 1.
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Fig. B.10 Cumulative DVH results for Patient 2.
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Fig. B.13 Cumulative DVH results for Patient 5.
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