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VERMA HOWE DUALITY AND LKB REPRESENTATIONS

ABEL LACABANNE, DANIEL TUBBENHAUER AND PEDRO VAZ

ABSTRACT. We establish a version of quantum Howe duality with two general linear quantum en-
veloping algebras that involves a tensor product of Verma modules. We prove that the (colored
higher) LKB representations arise from this duality and use this description to show that they are
simple as modules for various subgroups of the braid group, including the pure braid group.
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1. INTRODUCTION

Arguably the most classical form of Howe duality relates commuting actions of GL,,(C) and
GL,(C) on the symmetric algebra of C™ ® C", see [How89] or [How95].

Howe’s approach turned out to be a game changer, even in fields beyond representation theory.
For example, quantum versions of these dualities provide powerful and categorification-friendly de-
scriptions of quantum invariants such as the colored Jones polynomial.

In this paper we prove a version of the Howe duality above where symmetric powers are replaced
by Verma modules. We also extend the aforementioned application to quantum invariants: we show
that the LKB (Lawrence—Krammer—Bigelow) representations and their colored and higher
counterparts arise from this Verma Howe duality, which in turn enables us to verify that the LKB
representations are simple modules of various subgroups of Artin’s braid group.

1A. Schur-Weyl(—Brauer) and Howe dualities. Three main themes in Weyl’s seminal book
“The classical groups” [Wey97] are the study of polynomial invariants for actions of the epony-
mous classical groups, and, more or less equivalent, decomposition of the tensor algebra for such an
action, and, again more or less equivalent, the description of the invariants in the tensor algebra.

The two most prominent examples that fit into Weyl’s setting are the celebrated Schur—Weyl
duality [Sch01] for tensor invariants of GL,,(C) and Brauer duality [Bra37] for tensor invariants
of 0,,(C) and SP,,,(C) (for the symplectic group m is even). Both of these were studied by using
commuting actions of GL,,(C), and O,,(C), SP,,(C) on one side and the symmetric group S,, and
the Brauer algebra, respectively, on the other side, both acting on a tensor product of the defining
representation of the classical groups. In this commuting-action-approach, Schur—Weyl duality for
example essentially reads:

(A) There are commuting actions of GL,,(C) and S,, on (C™)®".

(B) The two actions generate each others centralizer.

(C) The GL,,(C)-S,, bimodule (C™)®" can be explicitly decomposed into a direct sum of simple
GL;,,(C) modules tensored with simple .S;,, modules.

A statement of this form is what we call a double centralizer (a.k.a. double commutant) approach.
Howe [How89], [How95] studied polynomial invariants, e.g. via symmetric powers, of classical
groups using a double centralizer approach, and the resulting dualities are called Howe dualities
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in this paper. A prominent example is symmetric Howe duality where GL,,(C) and GL,(C) act
on Dyez., Sym*(C™ @ C™). Howe, albeit formulated differently, proves (A)-(C) as above for this
and other dualities.

It is not surprising that Howe-type dualities have been at the heart of the representation theory of
reductive groups every since, see also [CW12] for a summary of various such dualities, but are also
pervasive in other fields. For example, in the early stages of quantum group theory Jimbo studied
quantum Schur—Weyl duality [Jim86], which, in one way or the other, is central for the study of
quantum invariants: That the Jones polynomial arises from the Temperley—Lieb calculus [Jon85] is
an instance of quantum Schur—Weyl duality, although originally not formulated as such. And this is
just the tip of the iceberg.

It did not take long for quantum Howe dualities to appear, see [NUW96] for an early reference.
Also due to their relation to diagrammatics, quantum Howe dualities have been studied intensively
since their first appearance in the 1990s, and also turned out to be very useful for the study of
quantum invariants. For a few type A examples of such quantum Howe dualities, see [LZZ11],
[CKM14] for quantum exterior and [RT16] for quantum symmetric Howe duality, and for some more
“exotic type A settings”, see [QS19], [TVW17] or [CW20], [BDK20].

Remark 1A.1. Quantum Howe dualities are of course not restricted to type A, but the reader should
be warned at this stage: experience shows that quantum Howe dualities often run into quantization
issues and nonstandard quantum objects tend to pop up. Examples are [NUW96], [ES18] or [ST19]
where coideal subalgebras as in [NS95] appear. There are even such phenomena that are entirely in
type A see e.g. [LTV22] and related quantization issues in [CK18], [QW18].

Quantum exterior and symmetric Howe dualities as well as their Verma counterparts are notable
exceptions, and the quantization in these cases is not a big deal. In fact, our proofs will mostly stay
in the non-quantum setting and the quantum case then follows using a flatness argument.

1B. What this paper does. The main theorem of this paper is Theorem 2B.3 where we formulate
a (quantum) Verma Howe duality. To explain the main points let us be less general than
Theorem 2B.3 actually is. For example, as we wrote in Remark 1A.1, quantization is not an issue
for us, and we stay in the classical case in this introduction. The classical, non-quantum, version of
Theorem 2B.3 is then a bit more general then the following.

To work with Verma modules we go from the Lie group to the Lie algebras. For \; € C\ Zx>,
where i € {1,...,n}, let M* be the U(gly) Verma module of highest sly weight \;. We take the tensor
product MM @ ... ® MM . For the same reason as for symmetric Howe duality, we then take a certain
direct sum of the M\ ® ... @ M. Call this direct sum M®* where XA = (A, ..., \p).

Now, essentially by definition, U(gly) acts on M®* and we also construct a dual action of U(gl,,)
on M®*. Using the double centralizer approach, Theorem 2B.3 states and proves (A)-(C) for the
U(gly)-U(gl,,) bimodule M®*,

Since all symmetric powers for U(gly) are quotients of Verma modules, we think of this Verma
Howe duality as a generalization of symmetric Howe duality (with a caveat, see Section 1C below).
Verma Howe duality is however much more difficult to prove: Firstly, the whole setting is, by its
very nature, infinite dimensional and most of the classical statements need to be appropriately
reformulated and adjusted to the infinite dimensional setting. Second, and more importantly, the
simple U(gl,,) appearing in (C) are neither highest nor lowest weight modules; they are simple dense
weight modules in the sense of [Mat00]. This is very different from almost all Howe-type dualities
in the literature and makes all calculations (for example actions of Casimir elements) much more
involved. In particular, we need to take quite a detour to identify them explicitly and we crucially
use results from [Maz03] and [MTLO05], and implicitly compute help, to identify these dense modules.
This is also our main reason to stay with U(gly) instead of U(gl,,).

As a direct application of Theorem 2B.3 we prove that the (colored higher) LKB constructed in
[JK11] and [Mar20b] are simple as modules of the associated (colored) braid groups. This not just
gives a new proof of [JK11, Theorem 3] but also strengthen the result of Jackson—Kerler quite a bit.

1C. Outlook. Separate from the evident question how to replace U(gly) by U(gl,,), here are a few
directions one could try to explore:

(a) While (A) and (B) as above often hold in more generality, (C) is using that the underlying

representation is semisimple. The non-semisimple versions of some of the above are known,



VERMA HOWE DUALITY AND LKB REPRESENTATIONS 3

see for example [DPS98] for an integral version of quantum Schur—Weyl duality. But these
are also much more involved and often need some form of tilting theory.

A non-semisimple version Theorem 2B.3 would be a true generalization of quantum sym-
metric Howe duality since the cases where symmetric powers appear are precisely ruled out
by our condition that \; € C\ Z>¢ (or by its quantum counterpart).

(b) Quantum Verma Howe duality originated in our attempt to understand invariants of links
in handlebodies coming from handlebody braid groups, see e.g. [HOLO02], [Ver98], [RT21],
[TV21]. The associated Howe duality should involve a tensor product of Verma modules for
the cores of the handlebodies, and also a tensor product of finite dimensional modules for the
strands of the braids. Theorem 2B.3 captures the tensor product of Verma modules, while
several papers discuss dualities involving one Verma and tensor products of finite dimensional
modules, see e.g. [ILZ21] or [LV21]. It would be interesting to combine and compare these,
also with an eye on categorification of the story as in [LNV21].

(c) Another interesting direction is the identification of the LKB representations with specialized
parameters as cell representations of algebras within the symmetric web category from [RT16].
We suspect that this is a consequence of Verma Howe duality for (the quantum version of)
i € Z>o. Note that special cases of this are known: Jones’ work [Jon85] implicitly showed
the respective statement for the Burau representation and the Temperley—Lieb calculus, and
[Zin01] implicitly showed an analog for the LKB representation. Note that Temperley—Lieb
and the Brauer-type calculus used in [Jon85] and [Zin01], respectively, are special cases of the
symmetric web calculus. (For the Temperley—Lieb calculus this is clear, while the Brauer-type
calculus makes its appearance due to the “small number coincidence” that matches SO3(C)
representations and odd dimensional SLy(C) representations.)

(d) An interesting question is how to categorify Verma Howe duality. We suspect this should
be related to categorification of tensor products of infinite dimensional representations as in
[DN21]. One could also hope, in some sense, that a categorification of LKB representations
would be an upshot of such a categorical Verma Howe duality.
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2. A DUALITY INVOLVING VERMA MODULES

In this section we state a duality that we call (quantum) Verma Howe duality.

Remark 2.1. We use colors in this paper, but these are a visual aid and do not have other significance.
In particular, the paper is readable in black-and-white without restrictions.

2A. Verma and dense modules. Fix an arbitrary field K of characteristic zero and a transcen-
dental element ¢ € K which we call the quantum parameter.

We consider the quantum enveloping algebra U,(gl,) of gl, over K with respect to the quantum
parameter g. We specify our conventions later on in Section 3B and for now it is enough to know
that U,(gly) is, as a K algebra, generated by E, F, L{El and LQil.

From now on fix n € Z>1.

Notation 2A.1.
(a) We use a bold fond for tuples, e.g. A = (A1,..., \) € K"

(b) Whenever an index of tuple is not defined but appears in a formula, then the associated
element is zero, by convention. For example, Ac1 = As,, = 0 if we specify X = (A1, ..., An).
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(c) We will also use sums of the form a; + ag + ... + ax—1 + ai for k € Z>; very often in this
paper, and we abbreviate them to sa; = Zle a;.

(d) Denote by €; = (0,...,0,1,0,...,0) the tuple with the ith entry being 1, and a; = €; — €;41.
We also use €;; below meaning a matrix-style notation with only one nonzero entry.
Definition 2A 2. Given A € K we consider the field Ké = K(¢q"). We define the quantum numbers
as [z], = T=L1 ¢ K , where z € A + Z. Similarly, for A € K" we use the field K;‘ = K(g™,...,¢™M)

a—q
and quantum numbers will be elements of Kq)‘.

Remark 2A.3. The tuple A € K" consist of the underlying parameters that we use. Note that our
formulation includes the case where the quantum parameter g and the \; are formal variables by e.g.
choosing K = Q(Z, Z1, ..., Zy,), for indeterminates Z and Z;, and ¢ = Z, A\; = Z;. In contrast, the
parameters could be in Z C K, but we usually need to avoid that, see e.g. Definition 2A.17 below.
It is allowed that some (or even all) of the \; are the same.

We consider Ugy(gly) also over fields such as K;‘ by scalar extension. The parameters only play a
role for U,(gly) modules and not for Uy,(gly) itself.

Definition 2A.4. For any A € K the (quantum) Verma module M(’I\ of highest weight A is
= Ké‘{mm € Z>o} as a Ké vector space and the left U,(gly) action is

(2A.5) E.'mi = [’L]q cTni—1, F.mi = [)\—i]q-mz'H, Ll.mi :qA_i s MMy, Lg.mi :qi-mi,

where we use the quantum numbers from Definition 2A.2 and let m_1 = 0.
More generally, we define Mé"t for t € K by tensoring Mé_% with the one dimensional Ug(gly)
module of highest gly weight (¢,t).

Remark 2A.6. The highest weight of Mg is strictly speaking (¢*,¢"), but in Definition 2A.4, and
throughout, we use the notion weight in the sense of classical sly weight combinatorics. We however
sometimes need to be more specific. For example, for Mé‘ " we need the gly weight notation and the

classical highest weight of Mé"t is (A — t,t) which is the same as (A — 2¢,0) when restricted to sly
weight notation. Whenever we use gl, notation we point that out.

Example 2A.7. The U,(gly) module Mé is given by the usual picture but with slightly more generic
quantum numbers in the action:
A—25 A—24 A—2:3 A—2:2 A—2:1 A—2:0
A5, -], 3], 4 2], ¢ 1], ¢ o],
M s /\Q/—\Q O/\Q/\Q/—\Q

q . )

[‘)’]/ [5]4 [4]4 34 24 (g [0]4
I/ moves to the right, F moves to the left, K = Lngl is a loop.
The highest weight is A. <&

We will also use the qguantum enveloping algebra Uy(gl,) of gl,, again over Kg‘, with conven-

tions specified later on, see Section 3B. The generators are F;, F; for i € {1,...,n — 1}, and Llil for
ie{l,..,n}.

Notation 2A.8. We consider U,(gl,) and U,(gl,) as different algebras, even if n = 2. All U,(gl,)
modules used in this paper are left U, (gly) modules, while all U,(gl,,) modules used in this paper are
right U,(gl,,) modules. If we mean either Uy(gly) or Uy(gl,), then we will write U,(gl;,). Similarly
for their classical versions, and we will often drop the adjectives left and right.

We will need certain U, (gl,,) modules with bases indexed by:

Definition 2A.9. Fix m = (my,...,m,) € K* and y = (y1,...,Yn—1) € K" ! such that mo —
M3y ey Mp—1 — My, € Z>p and y; —mo ¢ Z for all i € {1,....n —1}. A GT (Gelfand—Tsetlin)
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pattern GTy for (m,y) is a triangular array of the form

Inl Tn2 oee ce Inn

(2A.10) GTf = 31 32 33
T21 22
T
where & = (Tp1, s Tnn, T(n—1)1,---) (i-e. the pattern read row-wise) is such that:
(i) @p; = m; for i € {1,...,n} (m gives the top row),
(ii) 1 —y; € Z for i € {1,...,n} (y gives the first diagonal up to integers),
(iil) @jn — 2(_1)k € Zxo and (1), — Tjr+1) € Lo for j € {3,...,n} and k € {2,...,j}, that is,

Zjk > Tj(k+1)
N 7
L(j-1)k
A two diagonal GT pattern (appearing in Verma Howe duality) is a GT pattern with
m = (z, = £\, + b,¢,0,...,0) with b,c € Z to be chosen and y determined by y; = s\; for
i€ {l,...,n—1}. Letting ¢, = ¢, we denote these by
T @ 0 0
Tn—1 Cn—1 .
(2A.11) Gl e = 0 ,
Z2 C2
T1

with & = (21,...,2) € (K))™ as above and ¢ = (cz, ..., ¢p) € VAR

In (2A.10) and (2A.11) we have shaded the parts of the GT patterns which play significantly
different roles. We call the shaded block to the right the integral part of the pattern since all the
patterns we need will have integral entries in this part, and nonintegral entries otherwise.

Definition 2A.12. Consider GT patterns as in Definition 2A.9. Define the dense module, as a
K;‘ vector space, as Dy Y = KQ{GT;;\GT@ is a GT pattern for (m,y)} and the U,(gl,) action is

[Tij — J — T(ig1)k + K]

GTf-EZ‘:_ k=1 : q‘GTa’c’ €5
j; [lsjlzis — 3 — win + kg ey
. i—1 .
. v _1Tij — ] — T(i— k
(24.13) Ty 1= 3o il 2T e By o

i1 iplwis — 7 — zin + kg
O L, = ¢Sm-S 26s . 6T,

where €;; adds one to the z;; entry of Z. Here we also use the convention that GTgie,; 1s zero if the
GT conditions (i)-(iii) in Definition 2A.9 are violated.
In case of two diagonal patterns we write DZ’C for the respective dense module.

Example 2A.14. If n = 2, then the only entry in a GT patterns that is not completely determined
by (m,y) is z11. The latter is some integer shift of y;, so we can index a basis of Dg ¥ as {w;|i € Z}.
Let A; = 2(y1 + 1) — (m1 +m2), Bi =vy1 +i—mq and C; = y; +i — ma + 1. The picture is then

A_o A_q Ag A1q As As

q q q q q q
1 1 1 1 1 1 1
DY ns /\Q/\Q/\Q/\Q/‘\Q/‘\Q/‘\
q wW-2 w-1 wWo w1 w2 w3 e
—[B_3]¢[C=3]lq —[B—-2]¢|C-2]q —[B-1l4[C-1]lq —[Bolq[Colq —[Bilq[Cilq —[B2lqlCalqy —[B3l4[Cs

1 q

' moves to the right, [ moves to the left, K is a loop.
The module Dy"¥ has neither a highest nor a lowest weight. Note also that the conventions for the

scalars in this example are different from Example 2A.7. (That is also why the basis vectors here are
denoted by w; and not by m;.) But that can be fixed by appropriate base change. &
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Remark 2A.15. For Uy(gly) there are four interval-type pictures as in Example 2A.7 and Exam-
ple 2A.14. First, a finite interval [a, b], having a highest and a lowest weight, which corresponds to a
finite dimensional Uy(gly) module. One could also use |—o0, b] or [a, o0, and the associated Ug,(gly)
modules are Verma and dual Verma modules, respectively. These have either a highest or a lowest
weight. Finally, the interval |—oo, co[= R corresponds to the dense modules and these have neither
a highest nor a lowest weight. In this sense, dense modules are a natural family of Ug(gly) modules.

More generally, dense modules appear in the study of weight modules for Ugy(gl;). That is, every
simple weight module of Uy(gl;) is dense or induced from a dense module, see [Fut87] and [Fer90],
which reduces the classification of simple weight modules to dense modules. Hence, one could say
that dense modules are prototypical weight modules.

Lemma 2A.16. (2A.5) and (2A.13) endow Mé and Dg"Y, respectively, with structures of Ug(gly)
and Uqy(gl,,) modules.

Proof. Well-known and easy. (|
Definition 2A.17. We call A generic parameters if \;,s\; ¢ Z>¢ for all i € {1,...,n}.
We will need generic parameters because of Remark 2B.6 below and also because of:

Lemma 2A.18. For generic parameters we have that the Uy(gly) module Mé and the Uy(gl,,) module
Dg’c are simple. Similarly, Mé“t is a simple Uy(gly) module if X — 2t is generic.

Proof. For the dense modules one can copy e.g. [Maz03, Lemma 3] while A ¢ Z>( implies simplicity
of M;‘, as usual in the theory. O

2B. Verma Howe duality. Since we work with infinite dimensional K;‘ vector spaces and their
homomorphisms, we need to be careful with respect to finite vs. infinite sums. To avoid convergence
issues, we use the following definition, where rings, as throughout, are associative and unital.

Definition 2B.1. Let $ C T be two rings, and let M be a left (or right) T module. We call $ a
dense subring of T (with respect to M) if for any ¢ € T and my, ..., m € M there exists s € $ such
that s.m; =t.m; (or m; «s =m;.t) fori e {1,....k}.

We say {s;|i € [} C T densely-generates T (with respect to a fixed M) if {s;|¢ € I} generates a
dense subring of T and we write {s;|i € [} —4 T in this case.

Notation 2B.2. We also write Endg (M) instead of Endgoer(M), i.e. we suppress the necessary but not
enlightening appearance of the opposite ring.

Let $ be a ring. For a left or right $ module M, the ring $' = Endg(M) is called the centralizer
of $ (on M). We call the following theorem (quantum) Verma Howe duality:

Theorem 2B.3.

(a) There are commuting actions

Ug(gly) C M?A:d@ W @ @Mt O T (gl,).
e n

(b) Let (f)’qc be the algebra homomorphism induced by the Uy(gly) actions from (a). Then, for
generic \:
9z Ug(gla) —a Endy, g,y (M3Y), 65 Ug(al,) —a Endy, (g, (457).
That is, the two actions densely-generate the others centralizer.

(c) For generic A we have the decomposition of the Uy(gly)-Uy(gl,,) bimodule M;‘ into
BA ~ SAn+Edn—tt o nEdn—t,t
(2B.4) e ® D, .

deZ™
tEZZO

All Mg/\"LJFZd”_t’t and Dqu"_t’t are simple Uy(gly) modules respectively Uy(gl,,) modules.

There is also a similar statement in the non-quantum case which the reader can spell out easily by
removing all ¢ above.

The proof of Theorem 2B.3 is nontrivial and given in its own section, see Section 3 below.
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Remark 2B.5. If M in Definition 2B.1 is finitely generated, then densely-generating the centralizer is
the same as generating the centralizer. In this case Theorem 2B.3 is a classical Schur—Weyl(—Brauer)
or Howe duality as in the introduction. The formulation above is copied from [AST17, Section 3],
which also gives an an overview of Schur-Weyl(-Brauer) dualities.

Remark 2B.6. We suspect that Theorem 2B.3.(b) works without the genericity assumption, and we
would expect tilting theory as in the proofs of Lemma 3A.8 and Lemma 3B.10 below to play a role.
However, note that M{]\ for A € Z> is not tilting which makes the non-generic situation much more
delicate. Note that Theorem 2B.3 for A € ZZ could be used to generalize (quantum) symmetric
Howe duality as in, for example, [How95, Theorem 2.1.2] and [RT16, Theorem 2.6].

Remark 2B.7. The GT patterns in Theorem 2B.3 always have many zeros, exactly as in (2A.11).
This is because we consider Ug(gly) and not Uy(gl,,) for general m € Z>;.

Remark 2B.8. Verma Howe duality Theorem 2B.3 is formulated for (Uy(gly), Ug(gl,)). If the reader
likes to work with the special linear group instead of the general linear group, then they can replace
(Uqg(aly), Ug(al,)) with (Ug(sla), Ug(gl,,)) or (Uq(gly), Ug(sly)) in Theorem 2B.3.

3. THE PROOF OF VERMA HOWE DUALITY

We first prove the classical version of Theorem 2B.3, and then use a flatness argument to get the
quantum version.

3A. The classical case. We will need the Lie algebra gl and it elements of the form FE;;. These
are the kxk matrices with a one in the ith row and jth column and zeros otherwise.
Notation 3A.1.
(a) We also write E; = Ej;11), Fi = E;41); and L; = Ej;. For gly, we simplify this notation and
use E=FE; = (J})and F=F = (99), and we also have L1 = (} ) and Ly = (J9).
(b) We denote the operators used in actions by e.g. e;; to distinguish then from the elements

of the Lie algebras. The operators are always elements of some endomorphism space. The
appearing operators will always be denoted using lowercase letters.

We will need the following realization of M®*. Let K[X + Y] be the algebra generated by indeter-
minates X+ = (X!, .., XF!) and Y = (Y3, ..., ¥;,). We shift the exponents of the X in K[X*!) Y]
by A so that powers of the variables X and Y are now in A+Z" and ZY, respectively. The resulting

K vector space is denoted by P* = K[X**2" Y]. We view P* as a K[X*!, Y] bimodule, meaning
that we allow multiplication by XijEl and by Y;. We also use P* defined similarly.

Definition 3A.2. For i € {1,...,n} we let operators Jx, and dy, act on P as formal derivations,
i.e. for r € Z and s € Z>o we define

Ox, X3 =61 (A7) - XML 0%, Y =0, 9yY) = bigs- YT Oy X =0,
and we then extend these rules to all of P* linearly and by the Leibniz rule.

We let the algebra U(gly) act on P* by
(3A3) EHe:Xay, FHfZY@X, Li— 1 :X@X, L2|—>12:Y8Y.
The action (3A.3) extends to an action of U(gl,) on
P = @ PN
i=1

by using the usual coproduct of U(gl,) determined by A(z) =2z ® 1+ 1 ® x for all = € gl,.
We have a dual action of U(gl,,) on P* determined by

(3A.4) Eij — e = Xiaxj + Yzayj
In particular, E; acts as e;;11), Fi acts as e(;11); and L; acts as e;;.

For r € Z and s € Z>q let X{\+Tl/i5 be of degree r + s. This gives us a Z" grading on P*. For
d = (dy,...,d,) € Z" we denote the Z" graded piece of P* of degree d by (P*)q4.
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Lemma 3A.5. The graded K vector space

P*= @ (PY)q
dezn
is an U(gly) module when endowed with (3A.3) that is isomorphic to M® that decomposes as above.
Moreover, it is also an U(gl,)) module when endowed with (3A.4), and the two actions commute.

Proof. That (3A.3) defines a homogeneous action of U(gl,) is easy to see.

The resulting U (gly) module is isomorphic to M®* as in the classical gl theory: For d = 0 the basis
elements of (P*)y are of the form X*~"Y" for r € Z>o and e.g. f(X*7Y") = (A —7r) - X -1y +l,
Comparing this with the classical version of Example 2A.7 shows that (P*)g = M*. For general d € Z
the story is just shifted and we get (P})y = M 9. These isomorphisms extend to P = M®A by using
the coproduct.

That (3A.4) defines an U(gl,,) action and that the two actions commute are direct calculations. [

We always use the two actions (3A.3) and (3A.4) for the reminder of this section. Note that
Lemma 3A.5 gives us a U(gly)-U(gl,,) bimodule structure on P?.

Notation 3A.6. For Z = (Z),..., Z,) and b = (by, ..., b,) we write Z° = Zb . .. Zbn,
Lemma 3A.7. The element X Y is annihilated by E € gly if and only if s = 0.
Proof. This holds since e = Xy so that e(X*7Y*) = 5. X rHlys—1, O

An U(gl};) module is called countable semisimple if it is a countable direct sum of countable
dimensional simple U(gl;,) modules.

Lemma 3A.8. For generic X the U(gly) module P is countable semisimple.

Proof. Extending e.g. [Kah10, Section 2] to K;‘, we let O denote enlarged category ©. We will

not define O here as it can be defined, mutatis mutandis, as in [Kah10, Section 2] with the same
properties as therein. In particular, we have P* & M®* € O,

By the usual Yoga, see [AST18, Section 2] and the extra notes for that paper in the arXiv version
of it, tensor products of tilting U (gly) modules decompose into direct sums of indecomposable tilting
U (gly) modules, and the latter are indexed by the same highest weights as the simples U (gl;) modules
in O. The usual Yoga also shows that the M* are tilting objects in O since they are standard and
simple by Lemma 2A.18.

It then follows that M®* decomposes into a direct sum of indecomposable tilting U(gly) modules
in O, and tracking the highest weight as in Lemma 3A.7 and using that A is generic shows that these
indecomposable tilting U(gl;) modules are actually simple and of the form M* for generic p € K.

Finally, everything involved is clearly countable, so we are done. (]

Lemma 3A.9. Let A be generic. As U(gly) modules we have

(3A 10) P)\ ~ MGB)\ ~ @ MZ)\n—l—Edn—t,t ® @Ekn—&—ﬁldn—t,t
. — - )
deczm™
tEZZO
where ™A=t s o multiplicity K vector space.

Proof. For generic A\, X' € K one can decompose M* ® M explicitly, i.e. as U(gly) modules we have

(3A.11) WM 2 @ N g DAYt
tGZZO

for some countable dimensional multiplicity K vector space @ Y ~tt This decomposition (3A.11)
follows from Lemma 3A.7 and Lemma 3A.8 and the universal property of Verma modules.

The decomposition (3A.11) can then be applied inductively, since in each step one gets a direct
sum of M* for generic p € K. (Note that this needs that s\, ¢ Z>q for k € {1,...,n}.) O

We now aim to identify @ +>dn—tt from (3A.10) explicitly. To this end, we define a K sub
vector space D¢ of PA that we will use for this purpose:
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Definition 3A.12. Write a;; = det(z i} ), ai = a;41), @ = (a1, ...,an—1) and I = (l1...,l,—1) €
ZEy'. For b€ Z and ¢ € Zxg let

D" = KBpe; C P,
where Bper = Bpet(b, ¢) = {X>‘+T'al|zrn =b—c,sl,—1 =c}.
Lemma 3A.13. For fized ¢ € Z>q let Hns ars be a product of ¢ determinants. Then Hm Qrs €
K[X*){al|sl,_1 = ¢c}.
Proof. The determinant of the singular matrix

X, X, Y,
det| xX; x; Vi | = Xya4s — Xiars + Xsar; =0

s Xs Vs

gives the relation a,; = X;l(XraisqLXsam-) foralli € {1,...,n}. Thisrelation can then be successively
applied to prove the statement. O
Lemma 3A.14. The U(gl,) action from Lemma 3A.5 stabilizes D¥¢ C P,
Proof. A straightforward calculation gives

a;s ifj=mr,

eijlars) = qar ifj=s,

0 else.

Using this we get
eij(XA”al) _ eij(XA+T)al T X)‘J”'eij(al)

— ()\Z + 747;) . X}\+T+ei—€jal + lj—l . X)\-&-Tal—ej,l a(j—l)i +l] i X)\-l-'r’al—ej ai(j-i—l) )
SN—— N——

rewrite rewrite
Now we use the rewriting as in the proof of Lemma 3A.13 on the marked terms, and we are done.
Explicitly, we get

€ii(X)\+7'al> =(Ni+rit+lii+1)- XX Mgl
(3A.15) €i(i+1)(X)\+7‘a,l) =\ 47 + L) - XMTTagl 4 XM gltes
e(i+1)z‘(X)\+ral) =\ 47+ liq) - XMTxgl g XMt glas

Here we used axi(l'+2) = Xi:_ll (Xiai_;,_l + XH_QCLZ') and CL(Z-,l)(Z-Jrl) = Xi_l(Xi_lai + Xi+1ai_1). O

We want to show that D¥¢ is a dense module as in Theorem 2B.3. To do this we need an analog
of the GT basis, and to define it we need to prepare the definition with some preliminaries.

Notation 3A.16.
(a) For d = (dy,....,dp—1) € Zggl, we denote by (Z) € Z>o the multinomzial-type number
defined by the expansion [[/] (sX;)% =3, (‘:) - X5
(b) Welet (k); =k(k+1)-...- (k41— 1) be the (increasing) Pochhammer symbol.

(c) Wewrite (A, 7, d, j) for (SA1+5r1—j14+1)d,4j1—jo - (BAn—1+5rn—1=Jn-1+1)dy 14501 —jn—2>
where 3 € Z™ with j,_1 = j, = 0.

Definition 3A.17. For the GT pattern

T Cn 0 0
Tn—1 Cn—1 : .- c1=0,en =0,
GTy e = 0 , d=(c2—c1,63—C2,..eiCp — Cp1),
T2 C2 ;=X — S\ — 261 + Cit1,
T1

we define d = (dy, ...,d,) and = (ry,...,7,) as above. The associated GT vector is

(BA.18)  GTar= 3. (dJrZ’.ggj'av)H()\,T‘,daj) L XM Gimdi2)ei gd+ I i ¢ pbee,
ez =t

The set of these GT vectors is denoted by Bgr.
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The following manipulation of one of the scalars defining GTg, will come in handy.

Lemma 3A.19. We have (d+2jn:i2an,2) — H?:_f (di+1;:ji+1).

Proof. By using (sX;)% = (sX;_1 + X;)% = Z?;O (Cﬁ?)(in_l)di_ng recursively. O

Let 2z, = 1< joi<p €ji€ij for k € {1,...,n}. We need what we call the Casimir elements of gl,,,
which are defined for k € {1,...,n} as

k k

(3A.20) Casp = >, EijEj; + > EZQZ =2z+ >, (Ey-— Ejj) + > E1,21,

1<i#j<k i=1 1<j<i<k i=1
The notation is such that Casy is the usual Casimir element of gl,,. We write casy, for the associated
operator. For Lemma 3A.22 below, which is the main lemma regarding the Casimir elements, we
need the following formula for the action of zj.
Lemma 3A.21. We have (X " "al) = s- X 7al + e with s € K and an error term e given by

k

s=y (()‘z +ri) (N1 i1+l — Loy — i +i— 1)
=1
(=Dl + (= 2l + (L + li)zli_2>,
k—1

e :lk Z (AZ + 7’1') . XA+T+€k+€k+l_€i_€i+1al_€k+€i.
=1

Proof. A tedious calculation using the previous formulas. O
Lemma 3A.22. Let X be generic. The Casimir elements separate Bor, and Baor is a basis of D%C.

Proof. The proof splits into three steps.
Separation. We first assume that the Casimir elements act by a scalar on Bgr. We let A\ =
Y€1 + cp€2. We assume the scalar is

(3A.23) Casy, acts on GTg, by (A, + 2p(k), Me) =yk(ye +k — 1) + (e + k — 3),

where p*) = %Zle(k —2i + 1) - € is the usual half-sum of the positive roots of gl,. Note that
implies that the Casimir elements separate, so it remains to verify (3A.23).

Scalar verification. We thus need to compute cas,(GTq). The calculation that casy(GTq,) equals
(3A.23) boils down to a longish manipulation of symbols where one reindexes the sum defining GTg,
appropriately. We sketch the main step in this calculation now.

(a) First, we use the second expression of Casy in (3A.20). As before, we use 2x = 3 1 ;i< €ji€ij
and we also write hy, for the Cartan part so that cas, = 2z, + hg. By (3A.15), the Cartan

part gives hy(X*M7al) = s - X2 "al with scalar
sS= Y Ntritliat+lb—-XN-—rj—li1—1)+ i()\i+ri+li_1 +1;)* e K.
1<j<i<k i=1
(b) We also have the scalar s from Lemma 3A.21. Thus, we get, again using Lemma 3A.21, that
(3A.24) casp(XMTal) = (25 + 5') - XM Tal +e,
where e is the error term in Lemma 3A.21.

(¢) Next, we need to take the sum of (3A.24) as in the definition of the GT vectors. The resulting
expression can then by manipulated as in the next few bullet points.

(d) We change the summation and use a few tricks to get the same expressions defining the GT
vectors from (3A.18):
e For the part with the multinomial scalars we use Lemma 3A.19 and the well-known

formula (Z:%) = g(%) to rewrite e.g.
(dil + ji1> o Jie2 (dil + jil)
ji72 di—1 + ji—1 ji—o| +0] '
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We further use (“gl) = "T_b(‘;) to rewrite for example

(di—l + ji—1 =1 > _ di-1 +Ji-1 — Ji2 (di—l +ji—1)
Ji=2 di—1 + Ji—1 Ji=2
Here we marked the parts that we change to match the GT vectors. (If @ = 0 in these

formulas, then we would use a(‘g:i) = b(g) and a(azl) = (a—b) (Z) which give 0 = 0 so

we can ignore these cases.)
e We rewrite the Pochhammer symbols as well, for example:
1

SA; + 21 — 7il 2 = LA + = — gl +1 .
(2Ai + = Jz)diﬂ.ﬁji_l = E/\¢+En—j¢+1( i+ Jz)dﬁjﬁji_l

We again highlight the parts we change to match the expressions in the GT vectors.

(e) All introduced fractions disappear in the end. To elaborate, we get

k_l(k_l ! >( ;+ Ji — Ji 1)Hf:i+1(2)‘l+2”+dl_jl—1+1)
(2 1 1—

> (I -
AN e — G+ 1)

' A + 21— Ji — Ji-1 +1).
i=1 \ 1= i+ i (BA; i —Ji — Ji )

The sum of the two first terms is:
Hf:}l Ji Hf:g,(E)\i +or; +di — ji—1+ 1)
[155(di+ i) TIics (5h + = — i+ 1)

We continue, analyzing three, four etc. terms, until we find

Jk—1(5Ag +5rp +diy — jr—1 + 1).

(f) This implies that the overall scalar for the j € ZgaQ summand of GTy, is

5 Ot i) oo D+, (o0 + o ) D)

=3

(3A.25) +(Ni + 1 + d’_l) (shi—1 + ETi—l- +1—1)
+i = 2) (- ) ) AR SN

We marked the dependencies on j.

(g) The dependencies on j in (3A.25) cancel and we get casg(GTg,) = s” - GTq, for the scalar

§' = Xk:g()" +ri+di+di—1)sdi—2 + Xké ((EAi—l +=rio1)d;
i= i=
+()\i +r; + di)(Z)\i_1 +2riq+1— 1) + (Z — 2)di_1)
+ ijl ((k — 21+ 1)(>\i +ri+di—1+ di) + (/\i +ri+di_1+ di)2) c K.
i=
(h) Finally, matching s” with (3A.23) is done by comparing the linear and the quadratic terms
separately. This is again tedious, but straightforward.

Basis. The linear independence of Bgr follows from (3A.23) and that Bgr spans follows because
the definition of GTg, implies that Bgr is uppertriangular (with an appropriate order) to Bpe;. O

Remark 3A.26. We were able to guess the formulas in (3A.23) because of significant help of Magma
and Mathematica, which were used to find the GT bases expressions in Definition 3A.17, as well
as the formula given in [MTLO05, (6.2)]. The computational expensive proof of Lemma 3A.22 was
then also obtained by computer help. We however stress that everything can be done by hand and
computers were only used to guess the various steps.

We now identify D¢ with the simple dense U (gly) module D¢ from Definition 2A.12.

Lemma 3A.27. For generic A we have an isomorphism of U(gl,,) modules D*¢ =2 D¢, In particular,
DY is a simple U(gl,,) module and has a GT pattern realization.
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Proof. We first show that D¥€ is a simple U(gl,) module. To this end, we use that the Casimir
elements separate the GT patterns in Bgr, see Lemma 3A.22, and then we use similar arguments as
in [Maz03, Lemma 3]. That is, we claim that the e;; act injectively (and thus, bijectively) on GTq
and also that the action graph of the e;; action on Bgr is strongly connected.

The first claim follows from Lemma 3A.22, which implies that it is enough to show injectivity on
Bar, and the formulas for the action of e;; on GTg, that we get from (3A.15).

For the second claim we compute that

(sAi + 515 + 1) (SXig1 + =1 + dig1)
E)\i+27‘i+di+1
di (SAiy1 +rip1 +di + dig1 + 1)
+
SN ey +di + 1

ei(i+1)(Glayr) =

: GTd,r—l—ai

. GTd-i-aiflf"—aifl )

with the second term being zero if i =1 or if d + a;_1 & Z’;Bl. There is also a similar formula for
e(i+1)i(GTas) with swapped signs in front of the a; and similar coefficients. Note that all appearing
coefficients are nonzero since we have generic parameters.

Thus, the action graph is strongly connected and hence, the e;; act bijectively and have a strongly
connected action graph, showing that D€ is a simple gl,, module.

Next, it follows from the definitions that D¢ is a dense weight U(gl,) module in the sense of
e.g. the introduction of [Maz03]. We have also verified that D"¢ is simple. Thus, we can use the
classification of these modules from [Mat00], see also [Maz03, Section 2.3]. Comparing [Maz03,
Section 2.3] (which has slightly different conventions but that does not play a role here) with the
calculations in the proof of Lemma 3A.22 implies the claim. U

Proof of the classical version of Theorem 2B.3. There are three statements to verify.

Commuting actions. By Lemma 3A.5, we can consider the U(gly)-U(gl,,) bimodule P and it
remains to verify the centralizer property and the U(gly)-U(gl,) bimodule decomposition of Theo-
rem 2B.3.

All parameters in this proof are generic from now on.

Bimodule decomposition. Let b = sd, —t and ¢ = t. The U(gly)-U(gl,,) bimodule decomposi-
tion follows from Lemma 3A.27 after identifying D% with the multiplicity space ®>An+2dn—tt from
Lemma 3A.9 as a K vector space. Note that D" is a U(gl,,) module so it has a Z" grading com-
ing from the U(gl,) weight spaces. At the same time, because P* is an U(gl,)-U(gl,) bimodule,
Lemma 3A.9 implies that D> n+=dn=tt i also a U(gl,,) module, so we also have the notion of U(gl,,)
weight spaces. Explicitly, m in either D% or ®* n+dn=tt is of degree d € Z" if eg;(m) = (X +d;)-m.
We apply this definition and (3A.15) to Bpe; and get

Zdimg D" = 3 Spiesa, (T7F) 29,
de7Zm™

where we use Z = (71, ..., Zy) to keep track of the graded pieces and Zdimg means graded dimen-

c+n72) — (t+n71), we get

sions. Moreover, using Y_,_, (“*" p

ZdimKPA _ Z (t-‘rnt—l) Zd _ Z < i (C—H;_Q))Zd.

dez™ dezZ™ \ c=0
tEZZO tEZzO
Thus, (3A.10) implies that
(3A.28) ZdimgD"" = Zdimg@™ M T = S 5 v (TR 29,
dezm

Finally, note that D¢ ¢ ®**+¥dn—t! hecause e(Bpe) = {0}, as a simple calculation shows. Hence,
Db,c — @Z)\n—&-Zdn—t,t‘

Dense. Thus, it remains to prove that have dense subrings induced from the U(gly) and U(gl,,)
actions. We denote their images in Endg (P*) by $ and T, respectively. The U(gly)-U(gl,,) bimodule
decomposition implies that T is dense in $' since

Ul(gly) —q EndU(g[n)( dagn MEAn+Edn bt o Dzdn—t,t) o~ EndU(g[n)(P)\)-
tEEZZO

Similarly, with swapped roles of U(gl,) and U(gl,,), we get that $ is dense in T". O
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Remark 3A.29. Note that (3A.28) implies that the dense modules we use have weight spaces of
constant dimension. This is actually true in more generality, see e.g. [Maz03, Lemma 2].

3B. The quantum case. We now specify our quantum conventions.

Notation 3B.1.

(a) Let p = (p1, ..., i) denote a tuple of variables. Let A, = Z[v,v™!] denote the A-form,
A! = Q(v) the field of fractions of A,, AY = A,[u,v", ..., v#"] and A" the field of fractions
of AY.

(b) For a fixed ring $ and choices v, v~ ! € 8 and & = (fi1, ..., fin) € 83" such that v/, ..., v/ € §,
we can specialize any construction defined with coefficients from A!' using _ ® a3 where we
see $ as an AY module by v*! — o and pu — 1. We will use this always without the bar
notation. We can similarly specialize from A, instead of AY in the very same way.

(c) The classical and the quantum specializations are v — 1 and v — ¢, respectively, and
p— X for $ =K as fixed in Section 2A. Similarly for A, instead of Al

For k € Z>1, let Up(gl},) denote the quantum enveloping algebra over A, of gl;,. We use the
conventions, excluding the Hopf algebra structure, from [Lus90] or [APW91] with KF! = LiﬂLﬁl.
The A, algebra Uy (gl},) specializes to either U(gly) for v — 1 and to Uy(gl;) for v — ¢. The classical
specialization is the one we studied in Section 3A.

We use the same notation as in Definition 2A.2 for quantum numbers, but we see them as elements
of A, or AY in general, and these specialize to the ones in Definition 2A.2.

The A/ algebra U,(gl;) is generated by E;, F; for i € {1,...,k — 1}, and L;H for i € {1,...,k} such
that the L;ﬂ commute with one another, Ll-_1 is the inverse of L;, and

-1 —
LiL; 4 —L;'Lit1

LiE; =% % BiLy LiFy = v %athian LB EiF; — FE,; = 6 ot
2], - BiEjE; = E?E; + E;E?, if |i — j| =1, EE;— E;E; =0, if |i — j| > 1,
2], - F;FjF; = F?F; + F;F? if |i — j| =1, FiFj - F;F, =0, if i — j| > 1,

for all suitable i, j. We also choose the Hopf algebra structure on Ug(gl;) given by
AE)=E®LL L +19E;, €E;) =0, S(E)=-EL;" L,
AF)=F®l+L'Lign®F, F)=0, S(F)=-LL_\F,

with LZ?H being group like.

Following [Lus90], Ux(gl}) is the A, subalgebra of U,(gl;) generated by the divided powers for
E; and Fj, i.e.

, B . I
E(j): .Z ) (j): .Z 7i€ 177k_1 aj€Z>07
N I A 710! { } -

and also by some adjustments of the L;, see [APWO91]. As the Hopf algebra structure of Uy(gl},) we
take the one induced by U,(gl;,).

Remark 3B.2. The A, algebra Ua(gl;,) specializes to U(gl;) for v — 1 and to Uy(gly) for v — ¢. In
both cases the divided power generators are only needed for j = 1.

We scalar extend Uy (gl;,) to an Al algebra, keeping the same notation. The additional parameters
only play a role for Uy (gl;) modules and not for Uy (gl;,) itself.

Lemma 3B.3. Definition 2A./ works verbatim over A giving Uy (gly) modules.
Proof. All appearing scalars can be interpreted in AY. O

The Uy (gly) modules from Lemma 3B.3 are the integral Verma modules. We denote these
as before but using A as a subscript, e.g. My is the integral version of Mé. Using the Hopf algebra

structure we can then define M3* similarly as we defined M?A.
Remark 3B.4. We now copy the approach taken in Section 3A. That is, we define a quantum

polynomial algebra P}’ on which Uy (gly) and Uy (gl,,) act by quantum derivatives in the spirit of e.g.
[Kas95, Section VIL3]. This is done such that PY = MY as Uy (gly)-Ua(gl,) bimodules. However,
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we do not use the language of quantum derivatives because of the various quantum parameters
appear everywhere which make this setup cumbersome instead of helpful. For example, one would
have relations of the form Y;X; = X;Y; + (v — v‘l)XjY; and commutativity turns into quantum
commutativity. In order to avoid these technical difficulties we decided to define P instead as a free
AY module with an explicit biaction defined on basis elements. The reader is still invited to think of
the below as quantum derivatives acting on a quantum polynomial algebra.

Definition 3B.5. We define the free A¥ module
P = AMX" Y r € 2, 5 € 22}
where we, as before, use formal parameters.

Weite X7 = [ 41,1 X0

of P to A by

and Y = [s;],!-Y;". We let U,(gl,) act on the scalar extension

E. X;H—'rYs _ i ,UZ,un—I—Z'rn—Z,ui—Eri—an—i-Zsi [Si}v . X,u+”'+€iYS—6i’
i=1
(3B.6) F.Xktrys — i v—Em—l—Zn_1+ES¢_1[M + 74y - X)u’+r_51',YS+€i’
’ i=1
Ll \ Xy,JrrYs — vE,unJrZrn i X;Hrrys’
Ly XHATY® = o>on . XHETYS,
We also define an U, (gl,) action on the scalar extension of P to Ay* by
XHtrys, E;, = [Mz’—irl + Ti+1]vvlli+ri—ﬂi+1—7“i+1 .XN+T+aiY3 + [3i+1]v . X“+7'Y8+ai7
(3B.7) XHTTYS, F; = [Ni + Tz']v X ptrooys + U—m—m-ﬁ-m+1+m+1[si]q . X“+7'Y3_ai’
XHITY S, Ly = ottt XRATY S,
As before, we also get graded pieces (PY)q for d € Z".
Lemma 3B.8. The graded free A, module

PL= @ (Pila
dezr,
is an Up(gly) module when endowed with the AY -version of (3B.6) that decomposes as above and is
tsomorphic to Mf“. Moreover, it is also an Ux(gl,)) module when endowed with the A% -version of
(3B.7), and the two actions commute.

Proof. A direct calculation verifies that (3B.6) and (3B.7) give the scalar extension of P4 the structure
of an U,(gly)-U,(gl,,) bimodule. One then checks that (3B.6) and (3B.7) when successively applied

to Ei(] ) and Fi(] ) has coefficients in AY when acting on the basis of the elements of the form x*Ty®
(to see this it is helpful to keep the quantum derivative picture from Remark 3B.4 and 8)(% = %
in mind), so the biaction can be restricted and gives an Uy (gly)-Ua(gl,,) bimodule structure on PY.

The final claim that P¥ = MJ* as Uy (gl,)-Us (gl,,) bimodules can be verified as in Lemma 3A.5. [

Definition 3B.9.

(a) We call an A} module M (generically) flat if its free and all specializations to characteristic
zero fields where p are specialized to generic parameters are of the same dimension.

(b) We call an Uy(gl;) module M (generically) flat if it is flat as an A} module and if all
specializations of Endy, (i, )(M) to characteristic zero fields where p are specialized to generic
parameters are of the same dimension.

(c) By being (generically) flat as an Uy(gly)-Ux(gl,) btmodule we mean being flat as an
Ua(gly) module and as an Uy(gl,,) module.

Lemma 3B.10. The Ux(gly)-Ua(gl,) bimodule Mff“ >~ PR is flat, its classical specialization is the

Ul(gly)-Ul(gl,) bimodule M®X = PA and its quantum specialization is the Uy(gly)-U,(gl,) bimodule
MPA =~ pX.
q q
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Proof. The quantum version of Lemma 3A.8 holds as well, with the same proof. This implies that
Mg is tilting when specialized to characteristic zero fields with g +— A for A generic parameters.
Therefore MX is flat by the usual arguments, see e.g. the arXiv appendix to [AST18]. Moreover,
comparison of formulas implies that the specializations are the claimed ones. O

Remark 3B.11. For the below note that, by their very construction, all Ua(gl;) modules used in this
paper are of type (1,...,1) in the sense of e.g. [APWO91, Section 1.4] or [Jan96, Section 5.2].

Proof of Theorem 2B.3. As we will see now, using flatness, the quantum Verma Howe duality the-
orem follows from the classical case. Our exposition below follows [ST19, Section 7A], but flatness
arguments along the same lines are very common in the literature.

Commuting actions. To use Lemma 3B.10, one first needs to establish the existence of the com-
muting actions as in Theorem 2B.3 in the quantum case independently of the classical case. This is
done in Lemma 3B.8, so we can focus on the Uy(gly)-U,(gl,,) bimodule decomposition.

As before in the classical case, all parameters in this proof are generic from now on.

Bimodule decomposition. We will now repeatedly use Lemma 3B.10. We compare the Ug,(gly)
module M?A and the U (gly) module M®*, and we see that the weights of these modules are the same
under the usual identification of quantum and classical weights. Moreover, the weight multiplicities
are also the same and all finite. It follows then from Lemma 3B.10 that we have

MqA ~ dggn M?‘”Jrzd" Lt @qEAnJern tt
teZ>o
as the quantum analog of (3A.10), where ’D? AntBdn =t e multiplicity Kq)‘ vector spaces. We actually
know that these multiplicity Kg‘ vector spaces are Ugy(gl,,) modules by the quantum specialization of
the previously established U,(gly)-U,(gl,,) bimodule structure.

We want to show that all appearing Dy PAn+dn —t,t

to the action giving a surjection

(3B.12) f+ Ug(at,) — Endy,(qi,) (47).

are simple as U, (gl,,) modules. This is equivalent

Now, setting v — 1 or v — ¢ , respectively, and g — X in the A} version, we can identify Mi“’ with
M®A | and the biactions of U (gly)/(v — 1, — X)-Ua(gl,)/(v — 1, — X) and U(gly)-U(gl,,) coincide
under this specialization, and verbatim for Ug(gly)-Uy(gl,,) instead of U(gl,)-U(gl,). In particular,
the images of these two actions agree. It follows now from the classical version of Theorem 2B.3
that the action map f is surjective classically. Thus, Lemma 3B.10 implies that (3B.12) holds and

DA tEn b e simple as U, (gl,) modules.

YAn+Ed,—tt Ydn—t,t

Next, comparison of definitions verifies that the classical version of Dy and Dy are
@Z’\"J“Zd"_t t and D™ bt respectively. By the classification recalled in [MazOS Section 2 3] (origi-
nally proven in [Mat00]) we get also that D¥An+¥dn—tt o2 p¥dn—tt a5 hefore. Finally, CDZ/\ o Bdn bt
and DZd" ~H are of type (1,...,,1), by construction, and true quantum deformation in the sense of

[Maz03, Section 2.1] which 1mphes ZDE)‘”JFM” bt o Dzd" bt
Dense. By Lemma 3B.10 and the Uy(gl,)-Uy,(gl,) blmodule decomposition from (2B.4), the argu-
ment is now the same as in the classical case. g

4. THE COLORED HIGHER LKB REPRESENTATIONS ARE SIMPLE
Recall that we have fixed n € Z>; and parameters A = (Aq,..., Ap) € K".

4A. Pure and colored braids. Let B, denote the braid group with n strands which can be
illustrated using the usual diagrammatics, e.g.

hu

' i+1 4 i+1 4
1\ -1 _ /
(4A.1) % L) Bi g+l = A y Bi,i-‘rl - % :
f N— 1 1+1 1 1+1

As displayed above, the transposition generators, crossing the ith and (i + 1)th strand, of B,, are
denoted by ;41 and B&IH.
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Recall that the pure braid group is the subgroup PB,, C B,, of all elements with the bottom
and the top of each strand in the same position. More generally, we define:

Definition 4A.2. Let P({1,...,n}) be the set of partitions of {1,...,n}. For every S € P({1,...,n}),
the braid group that is pure on S is the subgroup B,SL C B, such that the strands with bottom
points in A € S have their top points in A as well.

Example 4A.3. We have B;{l[l}""’[n}} = PB,, and B;{L[l""’n]} = B,,, where we use square brackets
for the parts of the partition. Moreover, the leftmost braid in (4A.1) is pure on the partition
S ={[1],[2],[3,4,5,8,9],[6],[7]}, and S is the finest partition such that the braid is pure on it. <

Definition 4A.4. We associate a partition S(A) € P({1,...,n}) to A by
i,j are in the same component of S(A) & \; = Aj.
We denote the corresponding subgroup of the braid group by B} = B, SN,

Example 4A.5. If all )\; are different, then B} = PB,,, and if A = ()\,...,\), then B} = B,,. For
the leftmost braid in (4A.1) the finest set of parameters is A = (A1, A2, Az, A3, A3, Ag, A7, Az, Az) for
pairwise distinct A;. &

4B. LKB representations. We again work over A}’ and K)‘ We always consider Mg =M{'®...@M"

as a Uy (gly) module via (3B.6) (note that PA = MP# @dezn Mt o @ MEr T bt the direct
sum is only needed for the dual action).

We now adjust the construction from [JK11, Section 3] (and the references to [Kas95] therein) to
our setting. See also [Mar20b, Definition 2.19].

Definition 4B.1. Let t*! € Endu (M}’ @ M,’) defined by
L (my, @ my) = oFCWTRIEZRD (@ my).
Write FlI'l = %F " for r € Z>¢. Define the R matriz and its inverse on Mj* ® Mi* as
fui,uj . MXZ ® MZJ N MXJ ® MNZ’ f},ci,/ﬁj —so t+1 o < Z Ul(lfl)/2 . €l R f[l]>’
1 Do ; 1 = 1, —11-1)/2 | 1 o ¢l 1
VIL_LZ i MXZ ® MA] — MA] ® MNZ’ V;z,,u] (l;)(_l) v (I-1/2 e ® f”) ot tosg
where s is the swap map s(z ® y) =y @ .

Lemma 4B.2. The operators 7y, ,,; and 71 are well-defined, i.e. the appearing summations are

] iy g

finite on every my ® my.

Proof. This holds because the operator e is locally nilpotent. O
Graphically we will denote these operators by

Hj i Hj Hi

. \ -—1 /

(4B3) T/'Livl'l’j o K ’ T/\i,)\j o %
i pg Hi Hg

We now define a B action on Mg by colored reading. That is, one colors the strands of 8 € B}
by A, and then we get an element of Endu (Mg) by composing the relevant version of (4B.3) from
bottom to top. We call this element 7.

Example 4B.4. For A = (u1, pa, s, s, s, pe, iz, p3, p3) and the leftmost braid in (4A.1) we get
H1 A2 3 = us ue K 3 uz

g|, y
/ TR = Ty © Tpgyuy © - O Ty g © Tagus € EndK" (MA)

T~ t [

11 uz 13 B3 [3 He [ 13 K3

The endomorphism 75 has eighteen R matrix factors in total. &
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Definition 4B.5. A refinement p of u is a set of parameters that gives a refined partition compared
to p when applying Definition 4A.4. We write p < p for refinements of p.

Notation 4B.6. For U, (gl,) we extend scalars to A/ or Ay* but do not indicate this in the notation.

Similar to the braid group action in symmetric Howe duality, the braid group acts on one gl,,
weight space of Mi‘g)‘ and this action commutes with the gl, action:

Lemma 4B.7.
(a) (4B.3) and colored reading endows MY with the structure of a Bf, module for p < p.
(b) Colored reading commutes with the U,(gly) action coming from (3B.6).

(c) The image of Bf, under this module structure is in Endy, (g1,) (Mf).

Proof. One first proves, by copying [JK11, Theorem 7], that (4B.3) satisfies the colored braid rela-
tions, e.g.

T T B 7 A (T V) S VA B L (U (S Uy Y B (R (U

Q-1 UR-NH &2

i g i Hi [ Pk Hi [ Pk i [ Mk i gk

Hence, 7g is independent of the choices in colored reading, and we obtain the claimed Bf module
structure. For Bf ¢ BY this BY module structure restricts to Bf.

That the two actions commute follows because of the well-known fact (and easy calculation) that
the R matrices are U,(gly) equivariant with respect to (3B.6).

The final claim follows since the action maps commute with the U,(gl,) action on M. O

We thus have a U, (gly)-Bf bimodule structure on M.

Remark 4B.8. Lemma 4B.7 can be strengthened: the image of Bf, commutes with the action of the
A subalgebra of Uy (gly) generated by E, FUl for r € Zso, LT and LF'.

We now turn our attention to the (colored higher) LKB representations, which, following [JK11,
Section 3|, we define as follows:

Definition 4B.9. Let ker(e) and ker(k — [}, v*iv™2%) = ker(k — v**»~2) be the kernels of the
indicated operators coming from the U, (gly) action on M¥. For [ € Z> the [th LKB representation

i J n-—
is defined as LBy, = ker(e) Nker(k — pSHn=20).
Lemma 4B.10. For p < p the free AY module LKBX’L is stable under the Bf, action.

Proof. Note first that the deﬁnition of LKBX’L only involves the operators e, k and AY multiples

of the identity. Hence, LKB}" is defined over A{, by construction. The rest can be proven,
mutatis mutandis, as in [JKll Theorem 1]. O

Example 4B.11. With respect to the basis {m;|i € Z>} in Example 2A.7, LKB}’ has a basis given
by an n fold tensor product of m; with one entry being m, and all other entrles bemg mg. Hence,

the AY rank is ("] 1). In general, LKBXI is of A} rank ("Jrll 2). O

Remark 4B.12. The representation LKBnlu has between two and n + 1 parameters, depending on .
For example, for pu = (4, ..., ) one has v and p as parameters.

Example 4B.13. The representation LKBX’ o is always trivial, while LKBK’L is the (reduced) Burau

representation of B, and LKBX’i is its classical LKB representation as in [Law90], or closer to
our formulation as, in [JK11].
Or, to be completely precise, LKBX’Z is a multiparameter version of the construction from [JK11],

see also [Mar20b]. Moreover, the representation LKBX’ZM can then further be matched with it homo-

logical counterpart up to playing with parameters, see [Koh12, Theorem 6.1] and [Mar20a, Theorem
1.5] for a precise statement.
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Using an appropriate ground field and quantum parameter, LKBZ’?\ for A = (A, ..., A\) is a faithful
B,, module by |Big01] and [Kra02|, and thus, LKB™? is also faithful for B for all p. <&

Specializing to the quantum case, the following is our main application of Theorem 2B.3:

Theorem 4B.14. Assume that the parameters are generic. Then the representation LKBZ’i s a
simple Bf, module for p < X and all |l € Z>o.

The proof of Theorem 4B.14 is given in Section 5.

Remark 4B.15. Theorem 4B.14 extends and generalizes [JK11, Theorem 3| at the same time. First,
Theorem 4B.14 is a multiparameter version of [JK11, Theorem 3]. More importantly, even when we
have only one parameter, i.e. A = (), ..., A), Theorem 4B.14 is stronger than [JK11, Theorem 3| since
we e.g. also prove that LKBZ:; is a simple PB,, module not just a simple B,, module. The proof given

below is also very different from the one given in [JK11], and we do not know how to generalize the
proof in [JK11] to include the various subgroups of B,,.

5. THE PROOF OF SIMPLICITY
Our proof of Theorem 4B.14 uses Verma versions of [LZ06, Theorem 5.5 and Remark 8.6].

Remark 5.1. We think of Verma modules as limits of symmetric powers and this was one of our main
motivation to follow the approach taken in [LZ06].

5A. The classical case. Our ground field in this section is K.

Definition 5A.1. For k € Z> the infinitesimal pure braid group is the K algebra PB;, generated
by f; for 1 <i < j < k subject to

[ 2'£j7 is]:[ z'£r+ z('ssa is]:[ fj: fr_'_ jg'r]:Oa
for pairwise distinct i, 7,7, s, and [, _] denotes the commutator. For k = 1 we let PB;, = K.

Remark 5A.2. The motivation to study PB: is that it gives rise to the so-called monodromy
representation of the KZ equation of the pure braid group PB,, which works for very general
tensor products of Lie algebra representations, see [[Koh02, Proposition 2.3] for details.

Definition 5A.3. For all 1 < i < j < n define operators on M®* 2 pA by
(5A.4) 'yfj = XinaXian + Xl'ijayian + YZXJOXﬁy] + Y;}/jaylayj

Lemma 5A.5. The assignment ij = 5, endows M with the structure of a PB{, module. This
PB¢ action stabilizes (M) g for all d € 7.

Proof. A direct calculation, see also [LZ06, Theorem 2.1]. O

Remark 5A.6. The PBE action on M®* using (5A.4) factors through an PB¢ action on U(gl,)®", see
[Koh02, Section 2]. This works as follows. Let B = {E, F, Ly, Lo} be the usual basis of gly, and
E* = F, F'* = E, Ly = L;. Then define Casimir-type elements by Cas;j = ), p 1912 b ®
19977 @ b* @ 19777 € U(gly)®™ for 1 <i < j < k. Then 7, > Casij defines an PBy, action that
factors the PBf, action given by 5

We have MPA = @, .. (MP*) 4 as PBS modules, by construction. But we in the end only need a
fixed arbitrary direct summand (M®A)g = MM+d @ @MA»Fdn: et PES denote the image of the PBE
action from Lemma 5A.5 restricted to (M®*)4. Note that PES, C Endg ((M®*)4) but we will need the
following stronger statement.

Lemma 5A.7. Assume that the parameters are generic. We have PE;, C EndU(g[Q)((MEBA)d) and
PE;, —q Endyqr,) (M%) a).

Proof. The proof splits into several parts.
Containment. PE;, C Endyq,) (MPX)q) follows from (5A.4) via a direct computation.
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Applying Verma Howe duality. From Theorem 2B.3 we get commuting actions of U(gl,) and
U(gl,,) on M®* and the U(gly)-U(gl,,) bimodule decomposition

(M@A)d o~ @ ME)\n—i-Edn—t,t ® (DZd"_t’t)d,
tEZZO

with M*Ant¥dn—tt and p¥dn—tt heing simple. It follows that
EndU(gb)((M@A)d) = EndK( @ (Dzdnit’t)d).
teZZO

It remains to show that all endomorphisms of (D¥¥ %) come from PES in the dense sense.

The Casimir subalgebra. To this end, let Cas, C EndK((M;‘”‘)), by definition, be the K algebra
generated by (e;jej; + ejieij, exk|l < i < j < n,1 <k < n) with the endomorphisms as in (3A.4).
It is important to observe that the images of the Casimir operators Casy from (3A.20) are in Cas,.
Moreover, note that Cas, C EndU(QIQ)((M@A)d) by Theorem 2B.3 and the elements of Cas,, are
homogeneous, and hence, Cas,, acts on (D¥% ).

Simplicity. We aim to show that (D¥¥~*%), is simple as a Cas,, module. For this we use an analog
of [MTLO5, Theorem 6.1 and Remark 6.2], where the main observation is that the Casimir operators
Casy, from (3A.20) have a joint simple spectrum on (D*%~%*),; with diagonal basis given by the GT
vectors. Indeed, by (3A.23) we know that Casy acts as yr(yr +k —1) +ci(ck +k —3) on GTg, with
yr and ¢ related to d and r as in Definition 3A.17. Observing that y,% is different for all k € {1,...,n}
and the only place where quadratic terms in the parameters show up, we get that the spectrum is
simple.

Using the GT formulas from Definition 2A.12 it is not hard to see that the action graph of the
Casy, on (D¥¥~b%) 4 with vertices given by the relevant GT vectors is strongly connected. Hence,
as soon as a nonzero Cas, submodule M C (D*¥~t!); contains at least one GT vector we have
M = (D¥¥~tt),. Finally, since the spectrum of the Casy, is simple with diagonal basis given by the
GT vectors by the above, every such M C (D¥# %) contains indeed a GT vector.

Wrap-up. It follows that Cas, generates the whole of Endg ((D¥¥~%%)4). A calculation then
verifies that e;je;; = q/fj + e;; and e;; acts as a scalar, which completes the proof since the elements
7;; generate PET, by definition, and we then have

PE;, —4Endg( @ (0™ ")4) = Endy g, (M°Y)a)

tEZZO

which gives denseness. O

5B. The quantum case. Instead of infinitesimal braids we come back to the pure braid groups.
To this end, recall that (M?)‘)d is a Bf, module for all p < X by Lemma 4B.7. In particular, (M?")d
is a PB;, module. Let PE}, , be the image of this action, and similarly for generic parameter we let
PE7, , be the respective image.

Lemma 5B.1. The K algebra PES, , contains an Al subalgebra PES, , whose classical specialization

contains PE;, and whose quantum specialization is PES, 7
b

Proof. First note that all appearing scalars are in A} C Kﬁ, so the construction in Section 4B works
verbatim over A,

The statement about the quantum specialization is then clear since this is how the quantum
specialization is defined.

For the classical specialization the same argument as [LZ06, Proof of Theorem 7.5] works. |

Lemma 5B.2. Assume that the parameters are generic. We have PE; . C Endy,(q1,) ((Mée)‘)d) and
PE; 4 —d Endy, q1,) ((7)a).

Proof. PE;, . C Endy, (g1, ((MP*)g) follows from Lemma 4B.7 and the definition of the R matrices.

For the second statement recall that Mi“ is flat and specialize to M®* classically and to M?A in
the quantum case, see Lemma 3B.10. Thus, on the side of the endomorphism algebra we can change
between the classical and the quantum case. Moreover, Lemma 5B.1 shows that PEf,  is at least as
big as PE;. Taking both together and using Lemma 5A.7 implies then the claim. U

We are ready for the final proof of this paper:
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Proof of Theorem 4B.1/. It is enough to consider Bf = PB,,, so we restrict to this case.

Note that (Mg”‘)d is a Uy(gly)-PB,, bimodule by Lemma 4B.7, and Lemma 5B.2 shows that PE;, |
densely-generates the centralizer of Uy(gl,) on (Mga}‘)d. Having this and the usual statements about
simple modules of centralizers as e.g. in [GW09, Theorem 4.2.1], it remains to argue that the LKB
representations are PB,, submodules of some (D¥¥ %), (Note hereby that the LKB story is finite
dimensional and densely generates turns into generates, and hence, [GW09, Theorem 4.2.1] applies.)

To see this we note that, as in the proof of the classical version of Theorem 2B.3, D¥% %t consists
of highest weight vectors for the U,(gly) action, so the condition on LKBZ}’A to be annihilated by e

holds. Moreover, by (3B.6) we get that K acts on D>t as the scalar ¢**» > In particular, for
e.g. d = (—21,0,...,0) we get ker(k — v>*»~2) c D=t Hence, the LKB representations are PB,,
submodules of some (D™ ~bt); as desired. O
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