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We propose in this paper a new framework of optimal liquidation strategies for a trader seeking to
liquidate his large inventory based on a jump-dependent price impact model with propagator. This
new jump-dependent price impact model best reproduces the empirical direct and indirect effects of
market orders on the transaction price. More precisely, different choices of propagators are proposed
and their implications in terms of temporary, permanent and transient impacts on the transaction
price are discussed. For each choice of such kernels, we formulate the most relevant optimal liqui-
dation problem faced by the trader, derive explicitly the related Hamilton-Jacobi-Bellman equation
and solve it numerically. We then also show how our price impact model can be extended to incorpo-
rate the use of limit orders by the liquidating trader. Therefore, we aim with this paper to propose an
alternative, more realistic and flexible description of the order book’s dynamic, thereby contributing
to bridging the gap between high-frequency price models and optimal liquidation problems.

Keywords: Optimal liquidation; HIB equation; Price impact model; Market impact; High-frequency

trading

1. Introduction

A classical problem in finance is how an agent can sell (or
buy) a large amount of shares and yet minimize adverse price
movements generated by her own trades. Large means here
that the amount the agent is interested in selling is too big
to execute in a single trade. The agent must then take into
account the balance between price impact (trade quicker) and
price risk (take longer to complete all trades). Indeed, if an
agent trades quickly, then her orders will walk through the buy
side of the limit order book (LOB) and she will obtain lower
prices for her orders, inducing a temporary price impact. Even
if she splits each order into smaller trades to avoid walking
the book and executes them rapidly in the market, then other
traders will notice an excess of sell orders (or net order flow
imbalance) and adjust their quotes. This will again result in
a negative price impact, which is this time transient and/or
permanent. On the other hand, if she trades slowly to avoid
this price impact, then she will face the uncertainty of future
prices, which could have dropped to a less desirable level by
the time she completes the entire order. The aim of optimal
liquidation is therefore to propose an optimal strategy that
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balances these two factors, based on a coherent price impact
model reproducing the underlying asset price and the impact
of the agent’s transactions on this price. We refer to Gokay
et al. (2011), Cartea et al. (2015), Guéant (2016), Bouchaud
et al. (2018) and Donnelly (2022) for a review of the most
important results concerning optimal execution problems.
Typically, three different time scales can be considered
when modeling the price of an asset. At low frequencies, the
dynamic of stock prices can often be reproduced by a diffu-
sive process. At the other end, when dealing with very high
frequencies, empirical features and statistical properties of the
LOB dynamics have to be modeled (long-range dependence
of trades, volatility clustering, high-frequency resilience of
the price, etc.). At such very high frequencies, one then has to
describe precisely the LOB dynamic. A variety of such mod-
els have been proposed in Abergel and Jedidi (2013), Cont
and De Larrard (2013), Gareche et al. (2013) and Huang et
al. (2015) and especially in Bacry and Muzy (2014) with a
tick-by-tick price model ruled by Hawkes processes. Specifi-
cally, their model jointly describes the order flow and the price
dynamic, reproducing numerous empirical properties of high-
frequency markets. In between of low and high-frequency
models, price impact models consider an intra-day interme-
diate time scale, anywhere from seconds to hours. They tend
to discard most of the LOB events such as limit orders,
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cancelations, market orders, etc. and instead concentrate on
describing the price impact of the agents’ transactions. Their
goal is to be more tractable than high-frequency models and
to offer analytical results on practical issues such as the opti-
mal execution problems studied in this paper. The standard
framework is well described in Gatheral (2010), where the
execution price S [(“) of a transaction is given by

S}”=so+aw,+/f(uS)G(z—s)ds, te[0,T]. (1)
0

with 7> 0 the trading horizon, Sp > O the initial price, v,
the rate of trading of the liquidating agent at time s, f(v) the
instantaneous price impact of an agent trading at speed v, G
the decay kernel or propagator and (W;),;>¢ a noise process
(typically a Brownian motion). As explained in Alfonsi and
Blanc (2016), f (v)G(0) captures the temporary/instantaneous
impact of trades on the price, f(v)G(4-00) the permanent
impact and f (v)[G(0+4) — G(+00)] the transient impact. That
is why the two extreme cases where G is a Dirac’s delta
8(t —s) on [0,T] and when G = 1 are referred in the litera-
ture as temporary price impact and permanent price impact,
respectively. They are core features in the well-known model
of Almgren and Chriss (1999, 2001), up to a multiplica-
tive constant. Moreover, the price impact model (1) also
allows to generalize most of the standard processes consid-
ered in the optimal liquidation literature, see Bertsimas and
Lo (1998), Bouchaud et al. (2003), Almgren et al. (2005),
Alfonsi et al. (2010), Forsyth et al. (2012), Obizhaeva and
Wang (2013) and Donnelly (2022). Since we are interested
in this paper in optimal execution problems, we will then
work with such price impact models observed at middle fre-
quency. However, our approach will expand on these models
by incorporating more specific events and features of the
LOB, as illustrated in figures 1 and 2. One of our primary
goals is then to bridge this gap between high-frequency price
models and the optimal execution framework by proposing a
tractable model reproducing some empirical evidence of high-
frequency microstructure markets. We refer to Alfonsi and
Blanc (2016) or Cartea et al. (2014) who were among the first
to propose such mixed-framework models incorporating both
high-frequency and middle-frequency features of the LOB.
As already mentioned and explained in Gatheral (2010),
Alfonsi and Blanc (2016) and Bouchaud et al. (2018) or Don-
nelly (2022), price impact can be temporary, transient and/or
permanent. Market orders (MOs) that walk the LOB have a
price impact because they obtain average execution prices
worse than the best quote. This price impact is then tempo-
rary because it is assumed that the LOB will replenish very
quickly and, after restocking, there is no effect on the midprice
of the asset. On the other hand, investors’ trading activity
has a transient and permanent effect on midprices since the
traders’ order flow (i.e. the number and the size of MOs) con-
veys information that is impounded on the midprice of the
asset, see Cont et al. (2014). In general, when there is posi-
tive net order flow (more buy than sell volume) the midprice
tends to drift up, and when there is negative net order flow
(more sell than buy volume) the midprice tends to drift down.
Therefore, when an investor is executing a large market order,
this adds one-sided pressure to the market’s order flow and
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hence on midprices: up if the investor is buying or down if
selling. In this paper, such downward permanent (and tran-
sient) pressure on the price will be modeled by an increase
in the mean-reverting intensity of a point process with neg-
ative jump size, replacing the term f(vy)ds in the standard
setting (1). This approach will thus help to capture the infor-
mation about MOs’ permanent and transient price impact.
Moreover, various choices of decay kernel G will be inves-
tigated so as to combine different ways of modeling these
temporary, transient and permanent price impacts.

More precisely, at any one time, we observe empirically
that the number of shares displayed and available in the mar-
ket at the quoted bid/ask is limited, see figures 1 and 2 below.
The liquidating trader will then split its sell order in different
trade sizes, some of which could be very small at a particu-
lar time compared to the depth of the LOB. If a market order
at time ¢ does not walk the LOB, i.e. the size of this transac-
tion is smaller than the depth at the best bid, there will not be
any direct change in the stock’s midprice (no temporary direct
price impact from walking the LOB), even if this will lead
to more pressure towards a price decrease (indirect perma-
nent and transient impact from the net order flow imbalance).
As stated above, this downward pressure in the price will be
modeled in this paper by an increase in the mean-reverting
intensity of a jump process with negative jump size. Includ-
ing a jump process for representing MO’s price impact makes
sense since the depth at the best bid is random/unpredictable
at any time . Most of the time a small sell MO will not lead
to a direct shift in price (no jumps). However, if the quantity
available at the best bid is really low at this time, this small
order of the trader will walk the LOB and lead to an immediate
shift (jump) in the midprice. Similarly, if the LOB is particu-
larly deep at that time 7, even a large market sell order could
not lead to a direct shift in the midprice (no temporary direct
price impact), but it will however put a lot of downwards pres-
sure in the price (indirect permanent/transient price impact).
This will hence translate in our model by a strong increase
in the intensity of the jump process. These features of the
LOB are confirmed in Cartea et al. (2015), Cartea and Jaimun-
gal (2016), Bouchaud et al. (2018) and especially in Bacry and
Muzy (2014) where a 4-dimensional Hawkes process is used
to reproduce these direct and indirect price impacts. They are
further empirically supported by the following figure 1, which
represents the LOB for the AMZN share on June 21, 2012
at 10:36:47.016 and the related temporary price impact of a
sell MO in function of volume. Similar figures and results are
depicted in Cartea and Jaimungal (2016) for the SMH stock
price.

We clearly see a plateau in the temporary price impact
curve for small volumes, meaning that such small MOs do not
walk the LOB (sell volume < depth at best bid) and hence,
do not lead to any direct temporary price impact. Indeed, for
sell MOs with volume below 300, there is no direct temporary
price impact besides the bid-ask spread. This is confirmed by
the following figure 2 where multiple temporary price impact
curves in function of the volume sold are depicted inside the
same minute for the AMZN stock price.

In each price impact curve of figure 2, we again see plateaus
for small volumes, translating the fact that small enough sell
MOs (with volume lower than the depth at the best bid) do
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Figure 1. Limit order book of AMZN on the 21/06/2012 at 10:36:47.016 and related temporary price impact of a market sell order in function

of the volume sold. In green, bid prices and in red, ask prices.
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Figure 2. Temporary price impact in function of volume for AMZN on Jun 21, 2012 for every millisecond between 10:36 and 10:37 am (left
plot) and between 09:43 and 09:44 am (right plot). In black wider line is depicted the mean temporary price impact over the corresponding

minute.

not lead to any direct temporary price impact besides the bid-
ask spread. More importantly, we see in both plots that even
the average temporary impact curve over the minute (bold
line) remains constant for sell volumes below 100. Besides,
once the volume sold is large enough for triggering a price
impact, this temporary impact seems to be best reproduced
by a power-law function with exponent below 1, and more
precisely between 0.4 and 0.8. This is consistent with the liter-
ature and the well-known square-root law, observed for a large
set of assets and different trading conditions as investigated in
Torre (1997), Bouchaud et al. (2003), Almgren et al. (2005)
and Gatheral (2010). This behavior of the temporary impact
curves justifies the use of an indirect price impact model based
on a jump process, as we will introduce in the following
section 2. This point process will indeed jump whenever the
sell order is sufficiently large (here above 100) and the size
of the negative jump will then scale as a power-law function
of the volume sold. As mentioned above, the intensity of this
jump process will also depend on the volume sold as each sell
MO order puts a permanent downwards pressure on the price

through the net order flow imbalance, even in the absence of
a direct temporary impact (no jump). Despite being a univer-
sal feature of high-frequency markets, very few price impact
models incorporate this absence of temporary negative impact
for sufficiently low volumes (while still having a permanent
impact from order flow imbalance), see e.g. the discussion in
section 2.1.3 of Bacry and Muzy (2014). However, being able
to trade with MOs without having any temporary price impact
for small enough sell orders has a strong impact on the opti-
mal strategy used by the liquidating trader. Moreover, we will
see that this model extends the stochastic liquidity factor of
Fruth ef al. (2014, 2019) in the form of a trade-driven intensity
process.

Finally, optimal liquidation problems based on jump
processes have already been extensively studied in the
literature, see e.g. Bacry and Muzy (2014), Bayraktar
and Ludkovski (2014), Cartea et al. (2014), Guéant and
Lehalle (2015), Da Fonseca and Malevergne (2021) and
Sadoghi and Vecer (2022), or chapters 8.1-8.3 of Cartea
et al. (2015). However, in these works, jump processes are
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systematically used to model the occurrence of market and
limit orders sent by the liquidating trader. In contrast, our set-
ting uses a jump process to explicitly model the occurrence of
the temporary/permanent/transient price impacts arising from
continuous trading with MOs, as not all trades lead to a direct
negative impact on the execution price, see figure 2. In addi-
tion, we propose in section 3 an extension of our price impact
model to include strategies that use both market and limit
orders (based on a second jump process). This will hence
provide a more complete and realistic price impact model,
allowing for a better modeling of the LOB dynamic.

The contributions of this paper are therefore multiple. We
first introduce a new jump-dependent price impact model with
propagator allowing to best reproduce the empirical direct and
indirect effects of market orders on the transaction price, as
described in section 1. We then discuss in section 2 various
ways of modeling in our setting the temporary, permanent
and/or transient price impact of trades based on different
choices of propagators G. For each choice of such kernels,
we formulate the most relevant optimal liquidation problem
faced by the agent, derive explicitly the related HIB equation
and solve it numerically. This approach enables us to obtain
and compare the optimal trading strategies in each scenario,
while also discussing the impact of each model (and its param-
eters) on the agent’s optimal trading rate. We finally extend
in section 3 the initial price impact model based solely on
market orders to include the possibility for the agent to use
both market and limit orders. We hence provide with this
paper a new jump-dependent indirect price impact model with
stochastic liquidity factor, leading to a more realistic descrip-
tion of the underlying LOB dynamic and including specific
high-frequency features of the order book.

The remainder of this study is organized as follows.
Section 2 introduces the indirect price impact model with
propagator. Sections 2.1, 2.2 and 2.3 consider various assump-
tions on the propagator G with, respectively, a temporary, a
permanent and a transient kernel G. Section 3 generalizes the
model by including limit orders. Section 4 provides an outline
of the estimation methodology and section 5 concludes.

2. The indirect price impact model with propagator

We introduce the following liquidation model in continuous-
time for a selling agent (which is also applicable to buying
agents by symmetry). We assume at first that only MOs
are posted by the trader (limit orders are then discussed
in section 3). Furthermore, no bid-ask spread is taken into
account in the following, but the model can easily be extended
to include it. We first define the following quantities:

e T is the time horizon required for liquidating the
shares, i.e. the trading horizon.

e (vy); := (V)o<<r s the trading rate process, i.e. the
(non-negative) speed at which the agent is liquidat-
ing shares using MOs and which can be seen as the
volume sold on each infinitesimal step of time. We
denote by (v;); the whole strategy/process on [0, T']
and by v a particular value in R of this strategy.
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o (O);:= (Qpo<i<r is the agent’s inventory of

remaining shares to liquidate, affected by (v;);,
dQ, = -y, dt, Qp=0 > 0. 2)

We do not assume that the agent liquidates all the
shares before T. Thus, it could be that Q7 > 0, i.e.
the agent falls short of her target to liquidate all the
shares before 7, but in this case she incurs a termi-
nal penalty (the form of which is detailed below).
However, we do assume that the agent cannot lig-
uidate more than the Q initial shares such that we
cannot have Or < 0 (as implied by the stopping
time 7 in (4)).

o (S™M), := (S™)o<<1 is the execution price affected
by the chosen trading rate.

o (X;); := (X;)o</<r is the agent’s cash/wealth pro-
cess from her execution strategy, given by

t
X, = / SMy, ds. 3)
0

We fix a filtered sprobability space (2, F,F := (F))o<i<7, P)
where T is the deterministic trading horizon. We then need to
define the stopping time 7 as

t:=TAinf{r >0:Q, =0}, “4)

which is the minimum of the maturity 7' and the first time the
inventory hits zero (because then no more trading is neces-
sary), see e.g. Chapters 7.2, 7.4, 8.4 of Cartea et al. (2015).
This stopping time t is therefore defined as the last trading
time of the agent (after which the wealth (X;), does not vary
anymore). The admissible set A of trading strategies consists
in non-negative, FF-predictable and uniformly bounded from
above on [0, t) trading rates (v,),,
A={(),| (v); > 0, F—predictable,

(v € L¥(Q x [0, 7))} )

Therefore, the strategy (v;), takes its values v in some
bounded set I' € R™ on [0, ). As an extension of the price
impact model of Gatheral (2010), we further assume that the
execution price S at ti

price S, at time ¢ < T follows

t
SV = s, + / Gt — 5)dL, ©)
0

where S, = So + oW, is a continuous martingale represent-
ing the unaffected stock price, and the decay kernel G :
[0,T] — [0, +oc] is such that G is a measurable function,
square-integrable on [0, 7] and G(0) := lim,_, o G(f) exists.
We will consider throughout the paper a F-Brownian motion
as the continuous martingale (W;); := (W,);>0. We then fur-
ther define the jump process for ¢ € [0, T] by

t
L, = —/ kv! dNj, @)
0

where the jumps’ size depends on the size of the trading rate
through the exponent y > 0 and where (NV,); := (N;)o<;<: 1S a
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counting process independent from (W;), with mean-reverting
intensity

dA, = (nv; — @) dr  such that

t
A =Xroe ¥+ 17/ e =9y ds, 8)
0

where Xg,7n,o > 0. Note that for any initial condition
(X0, 88", Q0,20) € R x R x [0,0] x Rt and any control
(vy); € A, all the state equations (2)—(3)—(6)—(8) admit a
unique solution for ¢ € [0, 7). We will see in what follows
that at t = 7, despite the possible degenerate behavior of the
state processes, the associated value function of the stud-
ied optimization problems will be well-defined. Moreover,
since (v,), € A is non-negative, the mean-reverting inten-
sity (A;); := (A)o</<¢ is also non-negative and bounded from
below by Amin := Ao e T In practice, this means that pur-
chasing shares is not allowed in our model at any time during
the trading horizon. Besides, this model induces that the exe-
cution price of a transaction depends both indirectly on the
strategy (v;); chosen by the trader via the intensity (;), of
(N,),, as well as directly on (v,), through the jump size (—«xv})
of the point process (L;),; and the propagator G in (6). Indeed,
high trading rates increase the probability of jumps and hence
of a negative impact on the transaction price, which then
scales as a power-law function of the trade size v with expo-
nent y < 1. Empirically, it makes sense that A, depends on
the past trading rates (vs)o<s;<; since a sell MO puts a per-
manent and transient downward pressure on the price, which
translates in our model by a higher probability of a nega-
tive jump, see again section 1. Therefore, we always have
in this model a permanent and transient indirect impact of
MOs on the price through the mean-reverting intensity (;);,
even if the decay kernel G ruling the direct price impact
can either be temporary (cf. section 2.1) or take other forms
(sections 2.2 and 2.3). This allows to obtain a more flexible
setting than many liquidation models proposed in the litera-
ture. Note that the mean-reversion property of the intensity
(8) induces an (indirect) transient price impact in our model
while the fact that the mean-reversion level of (%,), depends
on v, leads to a permanent impact of the trades. As argued in
Gatheral (2010) and Gatheral and Schied (2013), considering
the martingale S; = So + o W; (with (W,); Brownian motion)
for the unaffected price then allows to implicitly incorporate
the cumulative impact of others’ trading (the trading crowd in
the terminology of Huberman and Stanzl 2004) and is quite
standard in the literature. Indeed, negative prices only occur
with negligible probability at the considered time scales.
Moreover, the drift term of (S;), is usually omitted for such
small time scales. Finally, the agent’s cash process (X;), sat-
isfies dX, = S v, dr = (S, + fot G(t — 5)dL,)v, dt and there-
fore, the expected revenues from the sale up to time # < t is

1 One may consider instead as Ao a deterministic function of time
so as to include time-of-day effects on the liquidity, as in Cont et
al. (2014) and Fruth et al. (2014).
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denoted

EX,]=E [ / S, ds:|
0
=IE[/ <SS+/XG(s—u)dLu) vsdsi|. )
0 0

It is important to note that the price impact model described in
this section can be seen as a stochastic model for the liquidity
factor, also known as Kyle’s Lambda (1985). Specifically, it
takes the form of a trade-driven intensity process (A,), play-
ing the role of a stochastic prefactor to the impact model (up
to a constant x and the propagator G). We will indeed prove in
different settings that the optimal policy does not depend on
the price jumps but only on its intensity. By focusing on this
stochastic liquidity effect, we can hence compare our results
with the deterministic liquidity case of Fruth et al. (2014)
and Curato et al. (2017), or the stochastic case of Fruth et
al. (2019) and Graewe and Horst (2017). The HIB PDE (15)
we will obtain in the temporary case is indeed extremely sim-
ilar as the one obtained in Ankirchner et al. (2014) or Graewe
and Horst (2017).

Now that the price impact model is introduced for a general
kernel G, we specify various suitable choices of such propaga-
tors in (6) to best fit the empirical observations of figures 1-2.
Section 2.1 will then consider a temporary kernel, section 2.2
a permanent kernel and section 2.3 a transient kernel.

2.1. Temporary price impact kernel

In this section, we only consider a temporary direct impact
of trading on the execution price, meaning that a sell MO
at a time r only has a direct effect on the price of that
transaction but not on the price of subsequent transactions.
However, remember that the permanent and transient impacts
of MOs are always included indirectly in our setting via the
mean-reverting intensity (1), of the jump process (8). In this
temporary case, it is best to start by defining the dynamic
of the wealth process (X;); at the stopping time t (4) in the
following way

T T
X, ::/ S, ds —/ kv? AN
0 0

T N

1

=/ Sevgds — E Kv,}j,/+.
0 =

(10)

We then find using integration by parts with O, = Q; —
j;r vy ds and with © > 1,

T T
f Ssvs ds = StQt - Sr Qr + / O—Qs de
t t

Since (Q;); is bounded (and belongs more precisely to [0, O]
in the interval [0, t]), the third term is a martingale and since
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dX, = S™v, dr, we find
E[X: | F]

=Xz+Sth+E|:_SrQr_K/ V_g/+1)‘-sds
t

.7-',:| . (1D

As (v); € A is non-negative and F-predictable, we indeed
have from Lu (2013) that E[[’ ! VAN, | ] = B[ [k
vy H)\S ds | F;]. The expression (10) for the agent’s wealth
appears to be the only reasonable way for modeling this
temporary direct impact on the price within our framework.
Indeed, since trading occurs continuously during the horizon
and since the direct impact of a trade only affects the trans-
action price at this time, we have that the wealth is simply
the proceeds of the sale at the unaffected price S; minus the
sum of these negative impulsive impacts KU,); (each time they
occur) times the quantity sold v;, at that time. As explained in
Gatheral (2010) and in Abi Jaber and Neuman (2022), con-
sidering only a temporary direct price impact amounts to use
formally a Dirac’s delta distribution G(t —s) = §(f — 5) on
[0, T] as propagator in the execution price St(v) in (6). We
refer to Appendix 1 where we formally show in the temporary
case the equivalence between the wealth process (10) and the
execution price (6) with a Dirac’s kernel G.

Now suppose that the agent is willing to optimize the
following performance criterion

H"(t,x,S, q,\) = Et,x,S,q,A |:Xr + O (St — A Q)

_¢/TQ§du},

where E, 5 ,.,[.] denotes the expectation conditional to X;- =
x, S, =S8, Oy =¢q, A, = ) and where t is the stopping time
defined in (4). The corresponding value function at t < 7 is
then

(12)

H(t,x, Sa q, )\) = Ssup ]Et,x,S,q,A |:X1: + Qr (Sr - nAﬂrQr)
(v)eA

—¢/TQ§du},

where A is the admissible set (5) of trading strategies. ae
first see that if the agent’s strategy reaches the terminal date
T with inventory left, then she must execute a final order to
sell the required number of shares Q for a total revenue at
T of Q7(St — wArQr). @ denotes the terminal liquidation
penalty parameterf that includes the cost of walking the book
at T and any other additional penalties that the agent must
incur for the execution of the trade at the terminal date. The
terminal penalty Q7(S7 — 7w Qr) without the term Ay is stan-
dard in the literature when the price impact is given by the
model (1) and does not depend on a jump process, see chap-
ter 6 of Cartea et al. (2015) and references therein. However,
it is necessary in our context to adapt this terminal penalty.

13)

T We consider here the unaffected price St and not S(Tv) since the

direct impact is temporary in this section, the terminal penalty being
imputed here in place of this temporary impact.
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Indeed, depending on the shape of the LOB at maturity 7,
it could be that liquidating the Qr remaining shares using
MOs does not lead to a direct negative price impact. There-
fore, the occurrence of this negative terminal penalty must
again depend on the jump process (N;); with mean-reverting
intensity (A;);. We again refer to Appendix 1 for the formal
derivation of this terminal penalty Q.(S; — 7A,;Q;) in the
temporary case with Dirac propagator G. Secondly, the last
term in (13) is a running inventory penalty, which is not a
financial cost to the agent’s strategy (and thus not dependent
on A;), but which effectively captures the agent’s urgency to
execute the trade. It has been shown in Cartea et al. (2017) that
this penalty is equivalent to a form of risk aversion from the
agent. An alternative risk aversion penalty is also discussed in
Appendix 2. Finally, as seen above in figure 2 and as shown
in Torre (1997), Almgren et al. (2005), Gatheral (2010) and
Cartea et al. (2015), we have empirically that the temporary
(or instantaneous) price impact depends on the square root of
the trading rate (y = 1/2), and more generally on the power-
law v” with y < 1. Our setup in this section is in fact similar
in terms of temporary impact as the one of Almgren (2003),
Almgren et al. (2005), Gatheral (2010) where they also use
G(t — s) = 6(¢ — s) but without jump process (V;), and based
instead on equation (1) with f(v) = —«v?, y € [0.4,0.8].

2.1.1. Temporary impact with mean-reverting intensity.
We first consider that the jump process (N;), is ruled by
the mean-reverting intensity (8). We will then show in
section 2.1.2 that the optimization problem (13) can be sim-
plified by choosing an alternative expression for (%,);. Recall
first that the set A of admissible trading rates (v;), consists in
uniformly bounded on [0, 7), non-negative and [F-predictable
strategies. From equations (10) and (11), we can then rewrite
the expected wealth (9) in the following way at the last trading
time 7 :

T
Et,x,S,q,A [Xr] =x+ qS + IEt,S,q,A [_Sr Qr - / KV;/-H)"S ds] s
t

with X,- = x,5; = S,0; = ¢, A, = . When considering for-
mally a Dirac delta G(t — s) = §(¢ — s) in equation (6) for the
execution price S,(”) and using a Fubini’s theorem for distribu-
tion (chapter 4, section 3, theorem IV. of Schwartz 1966), we
find equivalently from equation (9) that

T
EirsgnlXe]l =x + Eis g [ / Sv, ds
t
— / (/ G(s — u)k v},’k,ﬂu) Vg ds:|
t 0
T
=x+qS+E 540 I:—STQT - / Ku}’“ks ds] .
t

We can then rewrite the performance criterion (12) as

H"(t,x,S, q,\) = Et,x,S,q,)L [X: + Q:(S: — A Q1)

—¢ /T 0’ ds:|
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=x+gS+E 4 [—/ /cv;’HkS ds
t

T
— A (Q0)? — ¢/ 0; ds} :
t
And we finally have for the value function (13):

T
H(t,x,S,q,A) =x+qS+ sup E 4, [—/ Kvs”“)»sds
(v)eA t

— T (0) — ¢/T 0: ds]

T
= S— inf E v’ d
X+ q e A t,q,h |:‘/r‘ KVg s s

+ A () + ¢ / 0: ds]

= S — inf h"(t,q,A
x+q (v)eA ( 1 )

=x+4+qgS — h(t,q,\). (14)
First, we observe that i is non-negative since h” is non-
negative for every (v;); € A. Secondly, since (v;); € A is
bounded on [0, ) (with values in I"), we have from (8) that
(A); is bounded on [0, 7) (and (Q,), bounded on [0, t]). More-
over, there always exists a (v;); € A such that h"(¢,q,A) <
oo and hence, h(t,g,A) :=inf,,)cah’(t,q,A) < oo for
all (t,q,A) € S:= [0,T] x [0, Q] X [Amin, +00). Therefore,
H(t,x,S,q,2) is also finite for any given values of
(t,q, 1, x,S) € S x R x R. However, no regularity results
exist for value functions of the form (14). From the bounded-
ness of 1 in S, we instead use the theory of viscosity solutions.
More precisely, classical results from dynamic programming
(see Bouchard 2007, Bouchard and Touzi 2011) imply that
h(t, g, ) is a viscosity solution of the following HIB equation
forall (t,q,A) € S :=[0,T) x (0, Q] X [Amin, +00),

0/h(t,q, 1) + ¢g* + min{(nv — aA)dh(t,q, 1)
— vdgh(t,g,A) + kv’ A} =0, (15)
subject to terminal and boundary conditions

h(T,q,\) = nqu, and

}133) h(t,q,2) =0,

h(t,0,) =0

since we must have H(T,x,S,q,A) =x+¢qS — Anqz and
H(t,x,S5,0,A) = x. This last boundary condition is implied
by the non-negativity of (v;), and by the fact that when the
remaining inventory hits ¢ = 0, the agent stops acquiring
shares as of that stopping time and there is no penalty (she
thus simply walks away with x in cash). Therefore, the first
term of H in (14) is the accumulated cash of the strategy,
the second is the marked-to-market book value of the remain-
ing inventory, and /4 is an extra penalty due to price impact
stemming from optimally liquidating the rest of the shares.
Note that when A, tends to O, the agent can liquidate all her
remaining shares at time ¢ without risking to have an adverse
impact on price, which is an optimal strategy. We thus find the
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additional boundary condition lim;_.oAh(?,gq,A) = 0 for the
variable 1. However, specifying Ao > 0 in the mean-reverting
intensity (8) prevents from attaining this boundary (even if
this boundary condition still remains useful numerically).

From the HIB equation (15) with y > 0, we obtain the fol-
lowing feedback form for the optimal trading rate v* for all
(t,q,A) € S,

V(g 1) = (a"h(t’ 4.2) — 1ML 4. '\))W, (16)
(y + Dak

which is well defined (and admissible for y = 1/2) since
A > Amin > 0. Hence, among all the admissible solutions for
the trading strategy, the optimal one (v}), is determinis-
tic as it does not depend on (S;);, (W;);, nor (N;);. Note
from the definition of the last trading time 7 in (4), that we
always have v*(t,q,A) = 0 for t > t. Upon substitution back
in equation (15), we find that 4 is a viscosity solution for all
(t,g,A) € S and y > 0 of the PDE

 @gh(t.q.}) = ndh(t.q.0) T
(e (y + D)7

dh(t,q,A) + g

14
—— ) —ardih(t,q,A) =0, 17
X<y+1>0!,\(6]) )

with terminal condition h(T, g, A) = wAg* and boundary con-
dition h(t,0,A) = 0. Taking the square-root law y = 1/2,
we find for all (¢,g,A) € S the following admissible optimal
trading rate

4
Vit g A) = W(aqh(t, q,A) — ndyh(t,q, 1)),

and the PDE

dh(t,q,A) + pg* — (d,h(t, g, 2) — ndih(t, g, 1))*

4
27(\k)?

— a)rdh(t,qg,)) = 0. (18)
Therefore, in this temporary setting with mean-reverting
intensity, the choice of a square-root law y = 1/2 (as empir-
ically motivated in the literature for temporary price impact)
ensures that the optimal trading rate is non-negative and leads
to consistent numerical results, as we will now show.

The PDE (17) cannot be solved analytically but is solved
easily using a finite difference scheme. This scheme how-
ever requires that X is sufficiently large to ensure numerical
convergence (1o > 0.1). Since the optimal rate of trading is
deterministic, the exact optimal strategy (v;), and (Q,(V*))t
can be computed at the inception ¢ = 0 and are depicted in
the following figures 3, 4 and 5 for various sets of param-
eters. If w and ¢ are sufficiently large (large terminal and
running penalty), we first see on the figure 3 that the agent has
an incentive to liquidate her shares as soon as possible and
we thus find in this case that Qy’*) =0 (e.gm =10, ¢ =5).
When 7 and ¢ are small, the agent has instead an incentive
to liquidate her shares much slower and to keep a remain-
ing quantity at maturity. Moreover, figure 4 shows that as the
temporary penalty « incurred with each trade increases, the
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Figure 3. Optimal trading rate (v;°); and inventory (Q,(U*) ); from a temporary (direct) price impact with 7 = 10 and ¢ = 5 (blue line)
compared to 7 = 2 and ¢ = 0.1 (orange line) with k = 0.1, n = 0.002, « = 0.5, A0 = 0.5, 7 = 1.5 and Q = 100.
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Figure 4. Optimal trading rate (v;°); and inventory (Q;v*)), from a temporary (direct) price impact for different values of « with = = 10,

¢=51n=0001l, =051 =05T=15and Q = 100.

optimal agent has an incentive to liquidate less shares. This
way, he mitigates the negative impact on the transaction price
and faces instead the terminal penalty, which becomes small
relative to this large temporary impact k.

Moreover, adjusting the initial level Xy of the mean-
reverting intensity (X,), in (8) leads to significant variations
in the trend of the trading rate, even though it does not impact
the terminal inventory Q(T”*). Notably, when n decreases and
¢ is large, the remaining inventory depletes much faster at
the beginning of the trading horizon. Indeed, since the (per-
manent) impact on X, is much smaller, the agent can execute
large trades early on while keeping the intensity relatively low

Trading rate
120
° A =05
100 - A =15
sol Ao =55
S
60 - \\
40 T
\\\A
20
Time
0.2 04 0.6 0.8 1.0 1.2 1.4

(which is in accordance with the large urgency to trade ¢)
(figure 6). The impact of 1, however, depends on the value
of ¢. When ¢ = 0, we observe the opposite behavior (see the
geometric intensity case 2.1.2 with no running penalty) since
in this scenario, the agent has no urgency to trade and there-
fore no incentive to liquidate shares quickly at the beginning
of the trading horizon (even when 7 is low). This confirms
the empirical observations made in section 1 and figures 1
and 2. Indeed, when the intensity A, is low, the optimal trader
may want to execute large trades rapidly, as the probability of
incurring a negative temporary impact is reduced. However,
this will then strongly increase the intensity process over the

Inventory
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N o A=05
80 A =15
Ao =55

60

40

20 -

0.2 04 0.6 0.8 1.0 1.2 1.4

Time

Figure 5. Optimal trading rate (v;); and inventory (Q;”*)) ¢ from a temporary (direct) price impact for various levels of Ao with = = 10,

$=2,17=0001,0 =05 k=0.1,T=15and Q = 100.
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Figure 6. Optima trading rate (v;"); and inventory (Q,(U*)) ; from a temporary price impact for different values n withw = 10, ¢ = 5,« = 0.1,

a=05ir=15T=15,0 = 100.

remaining trading horizon due to the permanent and transient
effects of our indirect price impact model, which may in turn
no longer be an optimal strategy depending on the parameters
n,o, ¢ and 7.

Finally, we compare the numerical results above with
(a version of) the standard Almgren-Chriss model, which
assumes power-law temporary impact function and no perma-
nent impact, see Almgren (2003) and section 6.5 of Cartea et
al. (2015). Figure Al in Appendix 3 illustrates this compar-
ison between the optimal trading strategies from our indirect
price impact model (with Dirac’s Delta kernel) and the power-
law Almgren-Chriss model. We clearly observe significantly
different optimal strategies, which are highly influenced by
the intensity-related parameters. In particular, when the inten-
sity level is low (Ag = 0.5), the optimal strategy from our
model involves more aggressive trading at the start of the
horizon compared to the Almgren-Chriss strategy, as the prob-
ability of inducing a jump (i.e. a temporary direct impact)
is quite low. Conversely, the trader adopts a more conserva-
tive approach at the start with the indirect price impact model
when the intensity level is high (Ag = 2.5).

2.1.2. Temporary impact with geometric intensity. Instead
of the mean-reverting dynamic (8), we now consider that the
intensity (A,), of the jump process (N;), follows the following
geometric dynamic for r < t:

t
dA, = niv,dr suchthat A, = Agexp (/ NV ds) . (19)
0

We need to impose 1 > 0 so that a higher volume sold v leads
to an increase of the occurrence probability of a negative price
impact. We also assume no more running penalty for detaining
stocks throughout the trading horizon (¢ = 0). The agent is
then willing to optimize the following performance criterion,
conditional to X;- = x, 5, = 5,0, = ¢, A = A,

H(t,x,S8,q,)) = SUPA Et,x,S,q,k[Xr + 0. (S: — A Q)]
()€

=x+4gS— inf E [/ kvt ds
€A p

(V)€

+ nMQT)Z}

= S — inf h"(t,q, A
x+q ()€ A ( K )

=x4qS — h(t,q,)\), (20)
with again A(T,q,A) = nqu, h(t,0,1) = 0 and lim;_, ¢ A(z,
g, ) = 0 (since when the intensity is null, the agent can liqui-
date in an optimal way all her remaining shares at zero cost).
Again, specifying 19 > 0 in (19) prevents from attaining this
boundary, even if the limit A — O provides a boundary con-
dition with respect to the variable A necessary for solving
numerically the associated HJB equation. The above reason-
ing of section 2.1.1 is still valid when replacing (nv — aA) by
niv. We therefore have that the value function 4 is a viscosity
solution of the following HIB equation for all (z,¢, 1) € S,

Oih(t, g ) + min{nAvdh(t,q, ) — vdgh(t, g, 1) + hev? 1)
Ve
=0, @1

with A(T, q, 1) = Amrg® and h(t,0, 1) = 0. Taking A(t, g, 1) =
Mh(t, q), the PDE (21) becomes for all (¢,q) € [0,T) x (0, Ql:

oh(t,q) + mip{nvh(t, q) — v h(t,q) + K\ﬂ’“} =0, (22)
ve

and hence, the optimization problem becomes independent of
the intensity variable A. This leads to

e (it q) = nht, )\
and finally to
_(aqh(r,q)—nh(t,q»““( y >_
ah(t,q) (£ DO 1 =0,

for all (t,q) € [0,T) x (0,Q] and with A(T,q) = mq* and
h(t,0) = 0. In summary, when considering the geometric
intensity (19) without running penalty and with Dirac prop-
agator G, we obtain a purely deterministic optimal rate (v;),
that does not depend on the intensity variable A.
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We then find the following optimal strategies for various
sets of parameters using the square-root law y = 1/2.

Figure 7 shows that both the mean-reverting intensity
model (8) from section 2.1.1 with Ay = 0.5 and the geometric
intensity model (19) from this section lead to similar results.
However, the convexity of the strategy is more pronounced
when using a mean-reverting intensity (A,), in the optimiza-
tion problem, while the slope of the trading rate tends to
remain constant under a geometric intensity. For various val-
ues of Ag in the mean-reverting dynamic (8), we see that the
slope of (v;"), with respect to time can change drastically, lead-
ing to different kinds of strategies. In contrast, the trading
rate is always decreasing over time with a geometric intensity.
As already mentioned, since we consider no running penalty
(¢ = 0) in this section, a higher 1 leads to a faster decrease of
the shares to liquidate (figure 8). Finally, it follows logically
that a higher temporary impact « results in a lower trading
rate throughout the trading horizon, as the agent prefers in this
case to incur the terminal penalty and to avoid these higher
negative impacts « (figure 9).

This temporary setting (10) with Dirac propagator G and
mean-reverting intensity (A;); appears as the most natu-
ral/consistent with the empirical observations of section 1
and figure 2. Indeed, this approach effectively disentangles
the temporary direct price impact due to MOs walking the
LOB from the indirect permanent and transient impacts result-
ing from the downward pressure in price due to changes in
net order flow imbalance. However, we now propose in sec-
tions 2.2 and 2.3 alternative propagators that will allow to
combine differently these temporary, transient and permanent
(direct and indirect) effects.

2.2. Permanent price impact kernel

We consider in this section that the direct price impact
ruled by the kernel G is permanent in the sense that a sell
order permanently affects the price of the asset and thus the
price at which all subsequent transactions are executed. This
corresponds to setting G = 1 in (6) which gives for ¢ € [0, 7],

t
dx, = W, dr = <s, — f Kv) dNS> v, dt
0

=: (S, — Z)v, dt, (24)
where dS"” =dS, — dZ, = 6 dW, — kv dN,. Z, is thus the
cumulative negative price impact from the trades up to time
t. Notice that the execution price St(”) = §; — Z, here makes
sense per se when G = 1, compared with the price (A1) in the
temporary case. Moreover, this setting accommodates both a
permanent indirect impact (as before via (A,),;) and a perma-
nent direct impact on prices through this propagator G = 1.
We again suppose that the agent is willing to maximize the
expected wealth at the last trading time 7,

ﬁ(t, X, S(V)’ q, )‘) = Sup Et,x,S“’),q,A [XT + Qr (SSJ)
(v)eA

 AA0s) — ¢>/T Qﬁdu] 25)

J.-L. Dupret and D. Hainaut

where S® := 5 is a state variable (instead of § in the opti-
mization (13) above) since the direct price impact in this
section is permanent. Therefore, the price at which the agent
can sell the Qr remaining shares at the end of the trad-
ing horizon is S;") (including the cumulative negative price
impacts) minus the terminal penalty. Finally, as mentioned
above and in Appendix 1, this terminal penalty is a temporary
impact as it only affects the last trade at 7, and hence does
not depend in a direct way on the previous negative jumps
of (N)o<i<r (even if it still depends indirectly on the past
trades (v;)p</<r through the intensity Ay). This again leads
to the same final penalty E,,x’sm,q,,\[QT(S(Tv) —mArQr)] =
E; x50 42107 (S%”) — wA.Q;)] as in section 2.1, but with state
variable S instead of S. From equation (24), we can rewrite
the wealth process at T by

X, =X+ / Sy — Zy)vg ds.
t

Using integration by parts with dQ, = —v, d¢t, dS, = o dW,;
and dZ;, = «v! dN,, we have

X' = X, — $:0: +$:0, + 2. 0. — 2.0, +/ 50, dW,
t

T
_/ Kstsy st,
t

which leads to the proceeds R{" of the strategy at the stopping
time t (after which no more trading occurs),

RY =X, + 0, (8" — 71, 0,)

T
:XI+SIQI_ZtQt+/ o Qs dW;
t

T
—/ kQsv! AN, — nA,Qf.
t

Again from the boundedness of (Q;),, the non-negativity of
(O, v,’/ ); and the [F-predictability of (v;),,

Ef 50 02X + 0 (S — w2 00)]
=x+¢S™ + Eiga [—/ kQgvY Ay ds — ﬂ)LTQ%] .
t

We can then rewrite the value function (25) for ¢ € [0, ] in
the following way

H(t,x,5",q,2)

= sup E 5041 [Xr + Q. (SY — 72 0r)
(v)€eA

_ ¢/TQfds]

=x+qS™ — -)anIE,,q,k |:/ k QY Ayds + nk,Qf
t

(V)€

+¢/thds]

=x+ qS(V) - ( )an’,:;l)(t’ q, )") =x+ qS(V) - '}‘l’(n q, )")’
Vi) €
(26)
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Figure 7. Optimal trading rate (v;°); and inventory (Q,(V*) ); from a temporary (direct) price impact with the mean-reverting intensity (8) for
various A¢ (and ¢ = 0), compared with the geometric intensity model (19) in red. Both models use w = 8,k = 0.8, n = 0.0025, o = 0.05,

Q=100and T = L.5.
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Figure 8. Optimal trading rate (v;°); and inventory (Q;U*)) ¢ from a temporary (direct) price impact with geometric intensity (19) for various

values of n withm =8,k =0.8,0 = 100and T = 1.5.

where E(t, q,A) is again the cumulative penalty from opti-
mally liquidating the rest of the shares, which is also bounded
and non-negative in [0, 7] (and thus forall (7,4, 1) € S). From
the boundedness of & in S, we again use the theory of viscos-
ity solutions. Besides, as we will now show, it is necessary
to impose the condition y > 1 in the permanent case. Conse-
quently, the square-root law y = 1/2 used in the temporary
case can no longer hold with G = 1.

2.2.1. Permanent impact with mean-reverting intensity.
As in section 2.1.1, we first assume that the intensity (A;), of
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(NV;); is mean-reverting and satisfies (8). Since 71 is bounded
on S, classical results from dynamic programming (see
Bouchard and Touzi 2011) imply that A(z, g, 1) is the viscosity
solution of the following HJB equation for all (¢,¢,1) € S :

dih(t,q.2) + ¢’ + min{(pv — ah)d(t,q, 1)
—vB,h(t, g, 1) + Kkqu” 1) = 0, (27)

subject to terminal and boundary conditions

WT,q, %) =nrg® h(t,0,,) =0 and
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Figure 9. Optimal trading rate (v;); and inventory (Q[(V*)) ¢ from a temporary (direct) price impact with geometric intensity (19) for various

values of ¥ witht = 8,7 =0.005, 0 = 100 and T = 1.5.
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lim h(t,9,4) = 0.

Again, the first boundary condition comes from the non-
negativity of (v;), and the stopping time (4), leading to
H(t,x,5%,0,1) = x, while the second boundary condition
is necessary numerically even if specifying Ao > O prevents
from attaining this boundary. From (27) with y > 1, the
optimal trading rate is given explicitly in S by

1
P RSE (8‘1}10’ 4.2) ~ 1t g. “) oo
Kqry
This optimal trading strategy (v), is again deterministic (no
dependence on (), nor (W;),), and highly similar to (16)
since we can denote y =y’ + 1 > 1, where ' > 0 is the
exponent in (16). Note however that the remaining inventory
q is now in the denominator and accounts for the perma-
nent direct impact on the transaction price. This then leads
to an exploding trading rate at the time of market drop-out
since limy_,o v*(¢,q, 1) = +00, which prevents any smooth
solution to the HIB equation (with again v*(¢,¢q,A) = 0 for
t > 1). However, from (5), this trading rate is still admissil)le
for y = 3/2 and substituting (28) inside (27), we find that 4 is
a viscosity solution for all (¢,¢g,A) € S and y > 1 of the PDE

 (Ogh(t, g, ) — 0yt g, 2) 7
(qu)\_) 1/(y=1

ah(t,q, 1) + ¢q°

y—1 o
X | —— ) —ardyh(t, g, A) =0,
14

with terminal condition Ff;(T, g, 1) = 7 Ag* and boundary con-
ditions A(¢,0,A) = 0, lim,—¢ h(t,q, 1) = 0. y = 3/2 ensures
the non-negativity of the optimal control since v*(t,q,A) =

3, (1,9,0)—nd,h(t,g,0)

3 ( o )?in S, leading to

dh(t,q, 1) + ¢q° — (0yh(t, g, 1) — nduh(t, g, 1))

4
27 (ke gA)?
— aAdh(t, g, 2) = 0.

Therefore, the obtained PDE for the permanent kernel is
seemingly identical to the HIB equation in the temporary set-
ting with square-root law (18), except with the quantity ¢ now
in the denominator (xgA)>.

Choosing y = 3/2 appears to be consistent with the square
root law y’ = 1/2 from the previous temporary setting 2.1,
as we now consider with G = 1 the total/aggregated (direct)
price impact of each MO. This choice leads to the following
optimal strategies for various parameters. Another reasonable
assumption would be to set y close to 1, which would imply a
linear permanent (direct) impact whenever (L,); jumps, in line
with the linear permanent impact function f (v) investigated in
Almgren et al. (2005). Figures 10 and 11 again lead to finan-
cially consistent results when varying the penalty terms ¢, 7
and . Additionally, for very low values of « or high values of
7 and ¢ that force complete liquidation before T, the optimal
strategy is to liquidate most shares right at the beginning of
the trading horizon. However, changing the intensity-related

J.-L. Dupret and D. Hainaut

parameters Ap, @ or n again strongly impacts the trend of the
optimal strategy (see figure 12). Therefore, there is no clear
pattern of optimal strategy with a permanent direct impact
and a mean-reverting intensity. Moreover, we see that figure
11 (red line) confirms the exploding trading rate at the time
of drop-out ¢ = 0 when taking sufficiently low values « to
force complete liquidation. Finally, we again compare these
numerical results with the Almgren-Chriss model based on
a power-law temporary impact function and a linear perma-
nent impact function, see Almgren (2003) and section 6.5 of
Cartea et al. (2015). Figure A2 in Appendix 3 illustrates this
comparison between the optimal trading strategies from our
indirect price impact model (with permanent kernel G = 1)
and the power-law Almgren-Chriss model with permanent
linear impact function. We again clearly observe significantly
different optimal strategies, which are highly influenced by
the intensity-related parameters.

2.2.2. Permanent impact with geometric intensity. As in
section 2.1.2, we then assume for the permanent case G = 1
no more running penalty (¢ = 0) and a geometric intensity
linear in v,

t
dA, = nA,v,dr suchthat X, = Apexp (/ NV ds) .
0

We again find in this geometric case that z(t, q,)) is a
viscosity solution for all (f,¢,) € S of the HIB PDE

8/h(t.¢.2) + min{nvad;h(t,q. k) — vigh(t.q. 1) +kqv” 1)
Ve
=0,

with A(T.q.2) = Awg®, h(t,0,») = 0. Taking h(t,q,A) =
Ah(t, q) leads to

ah(t,q) + milp{nv%(t, q) — v h(t,q) +kqr”} =0, (29)
ve

with A(T,q) = nq* and %(t,0) = 0. From (29) with y > 1,
the optimal trading rate satisfies for all (¢, ¢) € [0,T) x (0, Q]:

V(L q) = <aqh(1’ q) — nh(, q)) - |

(30)
Kqy

so that the optimal strategy (v;"), is independent of the inten-
sity variable XA (and again deterministic). Again, the obtained
solution is highly similar to (23), except with the remaining
inventory g in the denominator. Therefore, this also leads to
an exploding optimal trading rate v*(f,g,)) at the time of
market drop-out ¢ = 0. Upon substitution back in the previ-
ous equation, we find that A(t, g) is a viscosity solution for all
(t,q) € [0,T) x (0,0Q] and y > 1 of the following PDE

-1
(V ) = 0.

14
Choosing y = 3/2 is the most sensible choice so that the total
market impact is consistent with the square-root law used in

_ (9gh(t,q) = nh(t, )7

ath(tv CI) (qu)l/(y—l)
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the temporary case, see Gatheral (2010). It also ensures the
non-negativity and admissibility of (v;*), in (30), leading to
the following optimal strategies starting at time t = 0 for vari-
ous sets of parameters. In figure 13, we first observe that when
the terminal penalty 7 is sufficiently large and the permanent
impact « sufficiently small, the agent must liquidate all her
shares before the trading horizon T to avoid the final penalty
and to only incur the low permanent price impact x during the
trading horizon. However, to mitigate this cumulative perma-
nent price impact on the whole trading horizon, the trading
rate must be increasing with time, which is the opposite strat-
egy than in the temporary setting 2.1.2. Moreover, when « is
sufficiently low (or 7 large) to force full liquidation before 7,
the optimal strategy consists here in liquidating most of these
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A =050=100and T = 1.5.

shares at the end of the trading horizon. This explosion of the
trading rate when the number of remaining shares tends to
zero can indeed be seen in the blue curve with 7 = 30. Addi-
tionally, when 7 becomes small relative to « (i.e. the ratio 7 /k
is sufficiently small), the agent prefers to incur the terminal
penalty and to liquidate fewer shares during the trading hori-
zon in order to mitigate the permanent impact. We can indeed
see in figure 13 (green line) a low constant trading rate result-
ing from the very small terminal penalty. A similar constant
trading rate can be seen in figure 14, where the permanent
impact « is so large that the agent still prefers to incur the high
terminal penalty 7. Of course, as the penalty & increases, the
trading rate tends to increase as well in order to end up with
a lower terminal inventory Q(T”*). Finally, we again observe
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Figure 12. Optimal trading rate (v;); and inventory (va*))t from a permanent (direct) price impact with mean-reverting intensity and
y = 3/2 for various values of Ag withmr =1, ¢ =1,k =1,n=0.1,a =1,0 = 100and T = 1.5.
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that the trend of the optimal strategy strongly depends on the
intensity-related parameter (here 1) (figure 15).

In between the temporary case G = § and the permanent
one G = 1, we now propose two different ways of describing
a transient (direct) impact of the agent’s transactions on the
execution price.

2.3. Transient impact function

2.3.1. First alternative. We consider at first a direct impact
kernel of the form G(t —s) =e #¢~9. Similarly as in
section 2.2.1, we can rewrite equation (24) by taking S and
Z as state variables for ¢ < 7,

t
dX, = (S, —K f e PU=9yr dNS> v dr =: (S, — Z)v, dt,
0

€29)
where dZ, = —BZ;dt + kv/ dN, with Zy =0 is again the
cumulative negative impact from the trades on the transac-
tion price. As in previous sections, we aim at maximizing the
expected wealth of the agent given the set A of admissible
trading strategies,

H*(t,x,S,¢,0,Z) = sup E, s,.2 [xt + 0. (S
(VI)IE-A

— A 05) —¢/erds].

Note that S = S, — Z, is again used to define the termi-
nal penalty since at the end of the trading horizon, the price

at which we can sell the Q, remaining shares is S (minus
the penalty wArQ;) due to the transient direct price impact
from G. We find the following proceeds R'" using (31) and
integration by parts,

R =X, + 0. (S — wx. Q)
T
=X+ StQt - Zth + / Qs(U dW, + ,BZv ds
t

— kvl dNy) — A 07, (32)

since [ Zyvsds = ~Z,0; + 2,0, + [ Oy(=BZ,ds +«v{' d
Ny) and [ Sgvyds = —S.0; + S,0, + [ Q,0 dW;. The term
ftt Q0 dW; is again a martingale as (Q,), is bounded. We fur-
ther have that E,,;z[[" k Qv dN,] = E, g5 2/, € Qv Ay
ds], see Lu (2013). We can hence rewrite H* as

H*(t,x,S,9,1,Z)

=X + (S - Z)‘I + SUP Et,q,A,Z |:/ QS(ﬂZJ - KVSVM) dS
(v),€A t

— A Q7 —d)/erds]

T
= X + S(V)q _ ’)an El’q’x’z [/ Q‘Y(KV;/)\,S — ﬂZy) ds
t

(V)€

+ 71,0 +¢/TQfds]
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=x+8SVg— inf V(g MZ
. q (v)eA ( q )

=x+SVqg—h*t,q, 1 7). (33)
However, we cannot make use of the following HJB equation
for (t,q,A,Z) € S x R*

h*(t,q, 1, Z) + pq*> — BZdh*(t,q, A, Z) — qBZ
+ min{(yy — ar)o i (t,q, A, Z)
ve

—v3,h*(t,q, A Z) + gk vV A + AR (t, q, A, Z + kv7)

with h*(T,q, A, Z) = nqu, h*(t,0,1,2) = 0, limy_.o h*(t, g,
AZ)=0 and y > 1. Indeed, sine the value function
h*Y(t,q, 1, Z) is decreasing in Z, it is therefore not convex in
v. Consequently, v* is not a global minimum point of the argu-
ment in the minimization part of (34). Moreover, no explicit
solution is available for the optimal trading rate v*, as the term
kv? is now within £*(z, g, A, -) in (34). This makes the solving
of (34) numerically very intensive and unstable when using
classical numerical schemes such as finite differences or finite
elements.

2.3.2. Second alternative. We now present some alternative
(and more specific) assumptions on the transient direct price
impact Z, and on the terminal penalty, enabling us to obtain
the optimal trading rate explicitly (and deterministically). In
the wealth (31), we assume in a first step that the dynamic of
the price impact Z, is instead given by

dZt - _ﬂZf* dt + K_Zt* V,y dNt, (35)
with B > 0. Using It6’s lemma for jump processes, we obtain
with Zy > 0,

AN#£0
zZ=Zye ™ T A+xv)),

0<s<t

leading to an execution price of the form Sf”) =S -7
(where Zj is the half bid-ask spread, assumed here to be non-
zero). However, we can no longer write this execution price
in the form (6) based on a propagator G. We further assume

that the intensity (A;); of the jump process (V;); follows the
mean-reverting dynamic di, = (nv;, — aA,) df as in (8). We
finally assume that the terminal penalty when Qr > 0 is a
given multiple 7’ of the total negative impact Zr at time 7.
The penalized price S(T”’) at trading maturity 7 is thus defined
formally as in (A2) by the random variable

Nr
ST =8 + ALy jdt = S — w'ZrQr Y 8(T — 1y),
j=1

(36)

where L(T”,) = -1’ fOT 0,Z,- dN, and with (N,); defined again
by (8). We see in (36) that 7 is now replaced by 7’ Z7. It makes
then sense to impose 7’ > 0 since we expect additional penal-
ties that the agent must incur for the execution of the trade at
the terminal date, on top of the cumulative (transient) negative
impact Z7. Hence, we find as terminal penalty

Eyr5.00.2107SY ] = Birs 00 2[0r(SY — 7' Zrar Q1))

= IEl,x,S,q,A,Z[Q'&r (S?) - n/Zr)‘r Qr)]
(37)

By applying the exact same reasoning used for equation (32),
but based on the dynamic (35) with S = S, — Z,, we derive
the following optimization problem assuming ¢ =0 (no
urgency to trade),

H*(t,x,8,q,A,Z)

= sup B 5.020X + 0 (S —7'Z: 2 00)]
(1) €A

T
=x+ S(v)q _ ')anEz,q,x,Z [/ Os(kKZv! ks — BZy) ds
€ t

(W)
+ n’z,xfgi]

=x+85"q— inf h*(t,q, M, Z)

()€

=x+8Vg—h*t,q,12). (38)

h*(t,q,),Z) is again finite for all (¢,q,A,Z) € S x Rt (as
well as non-decreasing in Z and non-negative whenever g <
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kroe T (mingep, 7y Vi )). We then have that the value func-
tion h*(t, g, A, Z) is a viscosity solution of the following HIB
equation for (t,g,A,Z) € S x RT :

oh*(t,q, M, Z) — BZOzh*(t,q, A, Z) — qBZ — a)d,h*
+ milp{nva,\h* —v,h* + qZv7 A
Ve

+ AR (1, q, 1\, Z 4+ kZV7) — W (t,q,1,2)]} =0, (39)
with the new boundary and terminal conditions h*(T,q, X,
7Z) = n'AZq*, h*(t,0,1,Z) = 0, h*(t,q,»,0) = 0 and lim,_,¢
h*(t,q, 1, Z) = 0. From the linearity of the value function (38)
in Z, we then impose

h*(t,q, 7, Z) = Zhy(t,q,2),

with #5(T,q, 1) = n’qu, h3(,0,1) =0 and lim,_,o h3(¢, q,
A1) = 0. Indeed, in the previous sections 2.1 and 2.2 on tem-
porary and permanent (direct) impacts, the value functions
and & could be seen as an extra penalty due to price impact
stemming from optimally liquidating the rest of the shares. In
this new transient setting where the terminal penalty is a mul-
tiple of the total negative impact, the value function £} still
represents the extra penalty from optimally selling the remain-
ing shares, but expressed as a proportion of the total negative
impact Z at that time. The value function Zh3(t, g, A) is then
again a viscosity solution for all (¢,¢,1,Z) € § x R of the
PDE

+ mip{nvzakhﬁ(t, g, 1) — vZo,hy(t,q, 1) + gk Zv7 A
ve
+ AkZVVR5(t,q, 1)} =0,
and therefore, A} is the viscosity solution of
+ mip{nuakhz (t,q, 1) — v hy(t,q, 1)
Ve
+ 2V (q + (6, g, M)} = 0. (40)

It results that v* is a global minimum point of the minimiza-
tion part of the PDE (40) in S provided that y > 1. We then
have the following representation of the optimal trading rate
forall (t,¢q,2) € Sand y > 1,

1
8qh§(l, A, q) — T)a)th;(t, A, q))yl . (41)

v (t,q, 1) = ( Ay (g + hi(t, 4, q)

Again, we have that L > A, > 0 due to the intensity (8)
above, that lim,_,q v*(t,g,A) = +00 and that v*(¢t,q,A) =0
for ¢ > t. We finally obtain that 4 is a viscosity solution in S
of the following explicit PDE when y > 1,

_ @h5(1.9.2) — ndy B3 (1, g, 1)) 7T (y - 1) _o
My (q + h5(t,q,20) /¥ =D v '

Choosing y = 3/2 as in section 2.2 on permanent impact is
consistent with the square-root temporary impact and ensures

J.-L. Dupret and D. Hainaut

the non-negativity and the admissibility of the optimal trading
. % 4, 9,h5—ndyh3 2
rate since v*(t,q,A) = 5(%) and

_ 4(3qh;(t, q, )") - nalhz(ts q, )\'))3 o 0
27(rk (g + M5 (1, q,1)))? .

To summarize, we obtain in this transient price impact
model (35) a value function proportional to the total nega-
tive impact Z,, which leads to the following optimal strategies.
We again see in figure 16 that the intensity-related parameters
strongly impact the trend of the optimal strategy. Moreover,
when choosing in figure 17 a sufficiently small penalty « to
force full liquidation before 7, the optimal strategy consists in
selling most of the shares right at the beginning of the trad-
ing horizon. This figure confirms the exploding behavior of
the optimal trading rate at the time of market drop-out ¢ = 0
when « is really low (red line). Finally, the value of the drift 8
in (35) mostly influences the slope of the strategy at the begin-
ning of the trading scheme, see figure 18. In section 2, we
have so far considered that the liquidating agent could only
post market (sell) orders. We now propose an extension of
these price impact models that includes strategies using both
market and limit orders.

3. Indirect optimal liquidation with limit and market
orders

Therefore, we consider the possibility for the seller to also
post limit sell orders (LOs) at a price S; + §; that can be filled
by MOs of buyers. The positive depth (8;); := (8)ref0,7] at
which the LO is posted is then also a control process, with the
aim of again maximizing the expected wealth of the selling
agent. Based on Guéant and Lehalle (2015), Guéant (2016)
and chapter 8.2 of Cartea et al. (2015), we expand the previ-
ous continuous setting dQ; = —v, dr of section 2 by assuming
instead

dQ, = —v,dr — AdM,?. (42)
M® := (M), is a new (controlled) counting process
corresponding to the number of buy MOs which lift the
agent’s LO, i.e. MOs which walk the sell side of the book
to a price greater than or equal to S; + §,. Each filled LO
is of size A > 0. We consider that the number of arriving
buy market orders (from other traders) follows a Poisson pro-
cess M© with constant intensity A. The probability that the
agent’s LO at time ¢t with depth §, will be lifted when a
buy MO arrives (when M,(O) jumps) is then assumed to be
P(5,) = e "%, p > 0. As a result, the intensity of the count-
ing process M for filled limit orders is A e *%. Besides, the
model (42) now induces that the agent is continuously post-
ing MOs at a rate (v;), and that her LOs at price S, + &, are
filled whenever M,(S) jumps. For simplicity, we first assume
as in section 2.1 that G is purely temporary such that the
execution price is again given by S,(”) =S, —kv) ddN,/dt,
with (N;), the counting process defined by the mean-reverting



Optimal liquidation under indirect price impact with propagator

Trading rate

60

50

400

300

o n=0.002
n=0.02

Inventory

e n=0.002

375

e n=02

80| -

n=0.02

200
10f ' -

* n=0.2

70|

Time
02 04 06 08 10 12\ 14

Figure 16. Optimal trading rate (v;°); and inventory (Q;v*)), from a transient geometric (direct) price impact (35) with mean-reverting
intensity and y = 3/2 for various values of n with « = 0.006, « = 0.5, 8 = 1, 7’ = 1000, Ao = 0.5, 0 = 100 and T = 1.5.

Trading rate
; /
| /
80, /
i // o k=02
60 \ / k =0.02
\ / © k=0.002
400\ /
A ° k=0.0004
20 &/

Inventory
100
\\\\\\
80 S
-_— o k=02
60— k=0.02
\\ e k=0.002
40 N o Kk =0.0004
20 \

Time

Figure 17. Optimal trading rate (v;); and inventory (va*)), from a transient geometric (direct) price impact (35) with mean-reverting
intensity and y = 3/2 for various values of k witha = 0.5,7 = 0.1, 8 = 1, 7’ = 1000, Ao = 0.5, Q0 = 100 and T = 1.5.

intensity (8). The wealth process is then obtained by
dX; = (S +8) A dM," + (5" — E)v, dr,

where & is the half bid-ask spread (which is set to zero in the

sequel, without loss of generality). We thus find for the wealth
process at the last trading time t on [0, 7],

T T
&:&+[6ﬁ&MM@+/SMm
t t

T
+1
—/ kv!? T dN;.
t

(43)
Trading rate
80}
so:.» e B=0
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Time

The optimization problem becomes in this setting

H(t,x,S,q,A) = sup

HY (1,x,5,q,))
(V)18 A

= sup
(V)1 eA

_¢[TQfdsi|,

where A’ is defined as the set A in (5), enlarged with F-
predictable, bounded from below depths (5;);. The notation
K .54, TEpresents expectation conditional on X;- =x, §; =
S, O = q and A, = A. If the agent has inventory remaining
at the end of the trading horizon, she liquidates it using a MO

Et,x,S,q,A [Xr + O0:(S; — A QOr)
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Figure 18. Optimal trading rate (v;); and inventory (va*)), from a transient geometric (direct) price impact (35) with mean-reverting
intensity and y = 3/2 for various values of 8 witha =1, n = 0.5,k = 0.05, 7’ = 100, Ao = 0.5, Q0 = 100and T = 1.5.
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for which she obtains worse prices than the midprice (termi-
nal penalty). As in section 2.1, we must again include the
intensity A7 in this terminal penalty, and the terminal price
at which she can sell the Q7 shares is St (and not S(T”)) since
the direct impact of MOs is here assumed to be temporary.
Using integration by parts based on (42), we first find

/ Sy(vyds + AdMP) = —S. 0, + S0, +/ o Q,dW,.
t t

Hence, we directly obtain that
Et,x)S,q,A |:Xr + QT (Sr - n)\er) - (b/ Q? ds]
t
T T
= Et,x,S,q,A |:Xt =+ StQt =+ [ O’QS dWs — / KVSV‘H dN_y
t 12
+ / SAAM® — 7)., Q* — ¢/ 0’ dsi|
t t
T
=x+Sqg — Et,q,k |:/ KVS}/_H)\S ds
t

- / S AN e " ds 4+ ma QF + ¢/ 0’ dsi|
t t
=x+4Sq—h"(t,q,1),
which leads to

H(t9x5S3Q3)“) :x+qS— hv’g(t»qv)“)

inf
(), (8)) e A’

=x+qgS —h(t,q,7). (44)
Given the admissible set A’, h(t, g, A) is again bounded on S.
Following section 2.1 with the PDE (15) and from Guéant and
Lehalle (2015) (see also Chapter 8.4 of Cartea et al. 2015),
we have that % is a viscosity solution of the following HIB
equation for all (¢,¢q,A) € S:

dh(t,q. 1) + ¢q* — ard;h(t,q, )
+ Igleilgl{nva,\h(t, g, %) — v h(t,q,A) + kv’ TIA}
+ g;irg{A e P°[h(t,qg — A, \) — h(t,q,\)] — AN e "%}
=0, (45)

with terminal condition 4(T, ¢, A) = wAg* and boundary con-
ditions Ah(t,0,A) = 0, limy ¢ h(t, g, A) = 0. Finally, from the
first order condition in (45) with ¥ > 0, we find the exact
same expression for v* as equation (16),

dgh(t,q, 1) — ndh(t,q, 1) ) " (46)

vihg.A) = < (4 + Dax

with v*(t,q,A) = 0 for r > 7, and for the optimal depth §* we
obtain

1 h(t,g— A,A) — h(t,q, 1
(g h) = ~ + (r.q ) — h(t,q )'
0 A

Substituting these optimal strategies back into the HIB
equation (45), we finally find that % is a viscosity solution for
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all (tr,q,1) € S and y > 0 of the explicit PDE

3:h(t,q, 1) + dpg* — ard, h(t, g, \)

B @,h(t,q. %) — ndh(t, g, 0)) 7 ( y )
(A (y + 1)y y+1

h(t,q — A, X)) — h(t,q,A)
exp <—,o A ) =0,

(47)

Ae A

which can be solved numerically in a very efficient way using
the method of lines (with a delayed PDE in ¢g). Again, choos-
ing the square root law y = 1/2 appears to be the most consis-
tent choice in the temporary case. As the remaining inventory
g now depends on the counting process M ¥ through (42), the
optimal trading rate v*(t, g, 1) and the optimal depth §* (¢, g, 1)
in the LOB are not deterministic anymore. In summary, we
now have a more realistic price impact model where the lig-
uidating agent can both use MOs and LOs. We then obtain in
figure 19 the following optimal strategies (v}°), and (§F), for
various sets of parameters.

We see on the first plot that the optimal trading rate (v;°),
is logically increasing with time: the closer the maturity, the
more the agent must trade to avoid the terminal penalty. It
is also increasing with the remaining inventory: the larger
the inventory ¢, the more the agent needs to trade to lig-
uidate the remaining shares. In contrast, the optimal depth
(67); is instead decreasing in time due to the agent becom-
ing more averse to holding inventories as the trading horizon
approaches, and also decreasing in inventory. Indeed, if the
agent’s inventory is large, she is willing to accept a lower pre-
mium § for providing liquidity so as to increase the probability
that her order is filled. At the same time, this ensures that she
may complete the liquidation of the Q shares before 7 and
to avoid paying a terminal penalty. However, if inventories
are low, the agent prefers setting a large depth § because with
low inventory, the terminal penalty she incurs when crossing
the spread with MOs will be moderate. Moreover, this set-
ting still reproduces the empirical observations of section 1,
as already discussed at the end of sections 2.1.1 and 2.1.2.
Finally, figure 20 above confirms that the optimal trading rate
and optimal depth both depend on the jumps of the counting
process M ® and are therefore not deterministic anymore.

This framework can easily be extended to a more general
price impact model S,(”) =S, — Z;, with Z, the cumulative
price impact at ¢, by using instead a wealth process that
depends on (S");, i.e.:

dX, = (S 4+ 8)AdM? + (S — &)v, dr.

We can then maximize the expected wealth at T (with S in
the terminal penalty),

T
By sz [xf + Q. (S — A Qr) — ¢ / 0: ds}
t

=x+SYqg—Ei gz [ / Q, dz, — / S AA e % ds
t

t
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Figure 19. Optimal trading rate (v;), (left plot) and depth (8;); (right plot) in function of the remaining inventory ¢ and time ¢ at A =2
from a temporary (direct) price impact model allowing MOs and LOs withy =1/2, ¢ = 0.5, =0.01,x =05, 7 =0.05,¢ =0, A =1,

p =008 A=11=050=100and T = 1.5.
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Figure 20. Optimal strategy of trading rate (v;"); (left plot) and depth (;); (right) from a temporary price impact model allowing MOs and
LOswithy =1/2,0 =0.5,7=0.01,k =05,7 =0.1,¢ =0, A=1,0=008,A=1,4=0.5,0=100,T = 1.5.

T
+ m\TQ$+¢/ Qfds}

t
=x+S(”)q—z”’5(t,q,A,Z).

In the permanent case 2.2 with G = 1, we find for instance
~ T T
A, 4.2, 2) = Ei g [f kQsv! Asds — / 8§, AA e " ds
! t
T
+ 70 07 +¢f Qfds]
t

In conclusion, this section extends our indirect price impact
model with limit orders. This results in more elaborated and
realistic strategies, which are financially consistent and not
deterministic anymore.

4. Estimation and limitations

As the estimation methodology will be addressed in future
research, we only provide here a brief outline of the proce-
dure. The first step is to estimate the impact parameters «

and y in (7) such as to reproduce the power-law behavior
observed in figures 1 and 2. These parameters are thus cho-
sen to minimize the distance between the power-law function
kv? and the black (wider) line of figure 2, obtained from the
time series of AMZN’s LOB data on a sufficiently refined
time-grid 0 = f,...,t, = T. In the second step, we need to
disentangle the variations in the execution price (S,(”)) ;. in (6)
caused by the Brownian motion (o W;),, from those due to
the jump process (L;),. This can be done straightforwardly
using the version of the Peaks-Over-Threshold (POT) proce-
dure described in Hainaut and Moraux (2018) or Dupret and
Hainaut (2022). This POT procedure provides an estimate of
o and detects the jump times {7, ..., T, } of the process (L;),.
Note that the definition of a jump will depend on the cho-
sen propagator. For instance, in the temporary setting 2.1, a
variation of the execution price at time #; is considered as a
jump if S,(j”) - S,(:)l < g(p) and if |St(,-‘i)1 - S,(j‘i)]| < g, for some
& >0 and for g(p) the POT threshold defined in Hainaut
and Moraux (2018) as a function of the p-percentile of the
Brownian motion (W;),. In the permanent case 2.2, a jump is
instead simply defined if S,(j”) - S,i'i)l < g(p). In the final step,
we then want to estimate the parameters («,n) of the inten-
sity process (8) (or just n for the geometric intensity (19)).
We then use the fact that, given a trading strategy (v;),, the
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counting process (Ny), is a non-homogenous Poisson process
with log-likelihood function

(T, ot L) =Y log A(zi| e, )

i=1
T
— / A(s|a,n)ds.
0

The maximum likelihood estimate of «, 7 can then be found
as

A

&, 4 = argmax ({71, ... T} [ &, ).
a,n

.....

all of the model parameters.

However, our indirect price impact model still suffers from
several limitations. First, our estimation procedure should be
detailed and applied based on real LOB data, in order to deter-
mine which kernel G (and which exponent y) best fit the data,
provided that high-frequency price data of sufficient quality
can be obtained. Back-testing our optimal execution strate-
gies on real market data is also necessary in order to evaluate
the performance of our model relative to standard industry
models, see Almgren and Chriss (2001), Almgren (2003).
Secondly, we should incorporate a short-term alpha signal
with discretized MOs’ trading rates into our dynamic exe-
cution schedule in order to obtain more realistic and imple-
mentable liquidation strategies for real-time decision making,
see Fouque et al. (2022). In our setting, we could make the
intensity (A,); depend on the volume posted on both sides
of the LOB. Indeed, Cartea et al. (2018) build such a mea-
sure of volume imbalance in the LOB and show that it is a
good predictor of buying and selling pressures in the mar-
ket. As the intensity (A,), precisely models this pressure from
net order flow imbalance, making it depend on the volume
imbalance measure of Cartea et al. (2018) should allow us
to easily incorporate signals into our strategies. Moreover,
deep learning methods should be investigated and applied
for solving high-dimensional HIJB equations without explicit
solutions, as in (34) or (AS5). Finally, price manipulation with
the no-dynamic-arbitrage properties of the introduced indirect
price impact model should also be assessed for the various
propagators G studied in this paper.

5. Conclusion

This paper introduces a new jump-dependent price impact
model with propagator allowing to best reproduce the empir-
ical direct and indirect effects of market orders on the trans-
action price, while including a stochastic liquidity factor in
the form of a trade-driven intensity process. More precisely,
the jump process (N;); is used in our framework to model
the occurrence of the (temporary/permanent/transient) price
impacts arising from MOs, since all trades do not lead to a
direct negative impact on the transaction price (even if they
systematically exert an indirect downward pressure on this

J.-L. Dupret and D. Hainaut

price). This indirect downward price effect from order flow
imbalance is captured through an increased mean-reverting
intensity (A,), of this jump process (), with negative jump
size, which then scales as a power-law function of the trading
rate. Moreover, as the direct impact of market orders depends
on the propagator G in (6), we discuss for each choice of G
the most relevant optimal liquidation problem faced by the
agent, derive the related HJB equation and solve it numeri-
cally. In the temporary case G = §, we find that a square-root
impact provides the most consistent results. In this scenario,
we obtain a deterministic decreasing optimal trading strategy
that can be set up at time r = 0. Moreover, when choosing a
geometric intensity (19), we show that the dependence of this
optimal strategy on the intensity disappears. Secondly, in the
permanent setting (24) with G = 1 and exponent y = 3/2, we
again find a deterministic optimal trading strategy whose trend
strongly varies according to the model parameters and which
does not depend on A when considering the geometric inten-
sity (19). At last, in the transient case, alternative assumptions
on the direct price impact and on the terminal penalty have to
be assumed in order to obtain the optimal trading rate explic-
itly (and deterministically). In both the permanent and the
transient settings, we obtain exploding training rates at the
time of market drop-out g = 0. Finally, these three scenarios
based solely on MOs can be expanded by allowing the agent
to post limit orders in the LOB at a depth §, which is also
a control process to be optimized. Optimal strategies of trad-
ing rates (v;"); and depths (§;°), are again obtained explicitly in
this enhanced setting, leading to financially sound results. Our
indirect price impact model with propagator therefore offers
sufficient tractability and flexibility to best reproduce the
observed underlying dynamic of the LOB, thereby bridging
the gap with high-frequency price models.
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Appendix 1. Dirac’s delta propagator

This shows the equivalence in the temporary case between the exe-
cution price (6) with Dirac propagator G(t — s) = (¢ — s) and the
wealth process introduced in (10). We can indeed write formally in
this case the execution price

t

t
S}“)=S,+/ G(t—s)dLS:S,—/c/ G(t — s)v? dN;
0 0
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N
=S1—KZV}//8(t—tj)
J=1

= S, +dL,/dt, (A1)

where (#j);=1,...ny are the jump times of (N;); over [0, t]. This indeed
leads to the expression (10) for the wealth process X; = for Ssvds +

o %vs ds = [y Ssvsds — [y v TLAN,. Such process (S,(V)), for
the execution price (A1) is sometimes called a ‘Dirac process’ and
has already been investigated in Kenyon and Green (2015) and Stein
et al. (2022) as arising from the time derivative of a Poisson process
(in a similar way as for impulse control problems). This form of the

execution price SZ(U) is not interesting per se and cannot be used to
define our model: just as a Brownian motion alone is not particularly
useful, a Dirac process is only useful for what can be done with it.
However, this price impact model (A1) is justified by the fact that it
is consistent with the definition of the wealth process (10), which is
the only reasonable form for (X;); in the temporary case and which
is the process of interest in the optimization program (13) (the state
variables in the temporary setting are indeed S and x, but never S™).

We also derive the terminal penalty Q7 (St — A7 Qr) used in the
optimization problem (13). In accordance with the existing literature
where the temporary price impact ery is replaced by a penalty 7 Q1
at terminal time 7 (see Cartea et al. 2015, Donnelly 2022), we intro-
duce our penalized price S(Tn) at T as a sum of Dirac’s delta according
to the execution price (Al), but with jump size —w Q7 instead of
—«v/ . Formally, this penalized price is defined as

Nrp
ST = Sp+dL jdt = Sy — Q1 Y 8(T — 1), (A2)
j=1

where L(Tﬂ) = -7 fOT Qs dNj; is a new random variable for the ter-

minal penalty at time 7" and with (;); the counting process (8). Note
that even when the direct price impact is not temporary but perma-
nent or transient (see sections 2.2 and 2.3 with other kernels G), the
terminal penalty remains a temporary direct impact with Dirac delta
8(T — t;), since it only affects the price of the transaction at final time
T and not the other ones. With a penalized price of the form (A2),
we retrieve the terminal penalty

Er5.40 (07871 = Erxs.42[0r (ST — 727 Qr)]
= Ez,x,S,q,A[Qr (S¢ — A O0)].
Again, the expression (A2) cannot be used to define our model but is

induced and justified by the chosen form of the terminal penalty in
the optimization (13).

(A3)

Appendix 2. Alternative risk-aversion penalty

As already explained in section 2, the term ftr Q,% du in (13) can
be seen as a form of risk-aversion (urgency to trade) of the agent.
We now introduce an alternative form of the agent’s risk aversion,
based on an expected shortfall penalty, which limits the potential
loss on the total revenue of the liquidating agent by the end of the
trading 7. For simplicity, we focus on the temporary setting from
section 2.1.1, although the following results can be directly extended
to other propagators G. We hence suppose the following performance
criterion

Hv(t,X,S,(Ia A) = Et,x,S,q,A[Xr + 0 (S¢ — A Or)

— LK = X:]"]. (A4)
We hence penalize the agent only when the revenue X; at the
last trading time 7 is below a threshold K’. This penalization term
—[K' —x]T is Lipschitz continuous and concave in x. It can
then be shown that the bounded value function A(f,x,S,q,1) =

J.-L. Dupret and D. Hainaut

SUP(y,),c A H"(t,x,S,q,)) must be a viscosity solution of the follow-
ing HIB equation for all (r,¢,1,x,5) € S x R x R:

o/ + 02 9gh + sup{(ny — a2)dph — vgh

vell
+ vSdch + Alh(t,x — kv’ 1S, g, 1) — h(t,x,S,9,1)]} =0,
(A5)
with W(T,x,8,q,2) = x — $[K' — x|t + ¢S — wrg?. This

5-dimensional HJB equation is however hard to solve numerically
since an explicit solution for (v;"); is not available. We therefore
consider instead the following performance criterion

HV([J@SJI,)\) = Et,x,S,q,A |:Xr + 0 (S¢ — A Or)

- ¢/T vulK — Su]+dui| , (A6)
t

with h(t,x,S,9,A) = SUP(y,),eA H"(t,x,S,q, ). Indeed, this running
penalty implies that if (K’ — X;) < ftt v, (K — S,,) du, then we have

K - Xt < (/ vu(K — Su) du)+ = / vu(K — Su) ™" du,
t t
and thus that
oK' —X)t < ¢ / vi(K — Su) " du,
which ensures that the penalty in (At6) is at least larger than the short-
fall penalty (A4). This shows that the optimization (A6) also limits

the loss on the revenue X; at the final trading time t. We therefore
need to impose

T T T
K’—/ Suvudu—l-/ Kv,f+1dNu</ vu(K — S,) du
t t t

T T
<:>K'</ Kvudu—/
t t

which is verified when assuming

1
KV,J;Jr dnNy,

1
K +« (maxse[m] i ) Ny — Np)
Ql - Q‘[

since (v); € A is non-negative and bounded on [0, 7), y > 0. The
condition (A7) is systematically satisfied empirically when choos-
ing K > K'/Q; as the agent aims to liquidate a large number of
shares in a short interval of time 7. As in section 2.1, we can rewrite
the value function (A6) by A(t,x,S,q,1) = x + gS + h(t,S,g,A) and
show that £ is a viscosity solution of the HIB PDE for all (¢, ¢, A, S) €
S x R:

3+ 102926k + sup{—@v[K — ST+ + (qv — aX)duh — vdgh
v

K >

; (A7)

— vty =0,

with terminal/boundary conditions Z(T, S,q,\) = —ﬂAqZ,Z(I, S, 0,
A) = 0. Then, for y > 0, we find for the optimal trading rate the
explicit representation

—IK — ST + 0o 01, S, 0.0\ 7

—9h(t. S, q. %)
(y + Dax

v¥(t,8,q,0) =

while 7 is a viscosity solution of the explicit PDE
(=LK — 1™+ ndyh — 3y 1+
((y + D)1y

X (L) —aAHA%= 0.
y+1

This explicit HIB equation can be numerically solved much more
easily than the implicit equation (AS5) based on the expected short-
fall penalty (A4). Moreover, the optimal trading rate (v;°); is not
deterministic anymore in this setting since it depends on (Sy);.

~ 1 ~
ah + E028§5h +
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Appendix 3. Comparison with the Almgren-Chriss model

Figure Al depicts the comparison of our indirect price impact
model with temporary kernel G = § to the power-law version of the
Almgren-Chriss model, as described in Almgren (2003). Their tem-
porary impact function, denoted /#(v) in Almgren (2003), is chosen
h(v) = kv? to match our framework. For this first plot, their linear

Trading rate
120

100\

80

¢ Almgren-Chriss
Indirect Price Impact, Ag = 0.5

» Indirect Price Impact, Ag = 2.5

60

40 |
20

- Time
0.2 0.4 0.6 0.8 1.0 12 1.4

381

permanent impact function f(v) is then set to 0, assuming no per-
manent impact. The performance criterion to maximize is still given
by (12), but without intensity variable (A; = 1).

The second plot now depicts the comparison of our indirect price
impact model with permanent kernel G = 1 to the power-law (per-
manent) version of the Almgren-Chriss model with 4(v) = xv? and
f(v) = bv, see again Almgren (2003).
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Figure Al. Optimal trading rate (v;°); (left plot) and inventory (Q;U*))t (right plot) from a temporary (direct) price impact model with
Ao = 0.5 (orange) and Ag = 2.5 (green) using @ = 0.5, n = 0.1. In blue, you have the power-law Almgren-Chriss model (without perma-
nent impact), see Almgren (2003). The corresponding parameters y = 1/2, 7 =1,¢ =1,k =1, Q = 100 and T = 1.5 are chosen to be

consistent between the two models.
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Figure A2. Optimal trading rate (v;); (left plot) and inventory (Q;V*))t (right plot) from a permanent (direct) price impact model with
Ao = 0.5 (orange) and Xy = 2.5 (green) using o = 0.5, n = 0.1. In blue, you have the power-law Almgren-Chriss model (with permanent
linear impact using b = 0.1), see Almgren (2003). The corresponding parameters y = 1, r =1, ¢ =1,k =1,0 = 100and T = 1.5 are

chosen the same between the two models.
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