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Introduction

In Part 1 of this thesis, we emphasize the fact that using the direct
method of the Calculus of Variations can be delicate in the absence
of compactness. One way to overcome this difficulty was to limit the
analysis to particular subspaces of functions.

In this second part, we tackle a class of problems with singularities,
which also imply some lack of compactness. Here, we attack these ob-
structions directly, proving that they do not appear for any minimizing
sequence.

A p-Laplacian equation

We study problems of the form

(1) −∆pu = λ
|u|p−2u

|x|p
+
f(x)

p
in Ω 3 0,

with Dirichlet boundary conditions, where λ is a real parameter and
∆pu := div

(

|∇u|p−2∇u
)

is the p-Laplacian, a generalization of the
Laplace operator (recovered when p = 2).

The solutions of (1) can be seen as stationary states of the corre-
sponding parabolic equation











ut − ∆pu = λ |u|p−2u
|x|p + f(x)

p for x ∈ Ω, t ∈ R+
0 ,

u(x, 0) = g(x) for x ∈ Ω,
u(x, t) = 0 for x ∈ ∂Ω, t ∈ R+

0 ,

an heat equation with diffusion term given by the p-Laplacian and with
a forcing term f .

Let us also mention the work of Fleckinger-Hernández-Takáč-De
Thélin [24]. They study a variant of (1) without singularity, i.e.

(2) −∆pu = λa(x) |u|p−2u+
f(x)

p
in Ω

with Dirichlet boundary conditions on a bounded domain and where
a, f are bounded functions non identically vanishing, a being positive.
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When λ is less or equal to the first eigenvalue associated with the au-
tonomous problem, the direct method implies the existence of solutions
as the associated energy functional is weakly lower semi-continuous and
coercive (i.e. tends to infinity when ||u|| tends to infinity).

One can try to handle problem (1) in the same way. The associated
functional is

J(u) :=

∫

Ω
L(x, u,∇u)dx,

where

L(x, u,∇u) := |∇u|p − λ
|u|p

|x|p
− f u.

Classical results ensure weak lower semi-continuity under hypotheses
easy to verify. For example, if L(x, u, ξ) is positive, smooth and convex
in ξ, then the functional J is weakly lower semi-continuous (see e.g. [56,
Theorem 1.6]). Unfortunately, this is not the case here. To handle the
problem, one way is to use other tools than the direct method; another
way is to prove lower semi-continuity of the functional by less classical
means.

In 1998, Garćıa-Peral [25] studied equation (1) on a bounded domain,
without using the direct method. They first exhibit an almost critical
minimizing sequence (un) for the functional, guaranteed by the Ekeland
Variational Principle (see e.g. [59, Theorem 2.4]). On this basis, they
succeed to obtain strong convergence of (un) by means of an appropriate
convergence result of Boccardo-Murat [8]. Note this technique yields the
ground state solution of the equation without proving the lower semi-
continuity of the functional.

Recovering lower semi-continuity

On the other hand one can try to prove weak lower semi-continuity
of the functional. This is the idea underlying our work.

As pointed out above, the problem does not satisfy the framework
of classical results. To obtain a solution by minimization, we proceed
in two steps. The first one consists in exhibiting an adapted inequality
ensuring coercivity and regularity of the energy functional. For problem
(1), this is the classical Hardy inequality: roughly speaking, on D(Ω),
we have

∫

Ω

|u|p

|x|p
dx 6 C

∫

Ω
|∇u|pdx.
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The second step consists in the study of the possible obstructions to
weak lower semi-continuity. Considering a weakly convergent sequence
un ⇀ u in the relevant space, the lack of compactness can appear by
translation, as showed in Example 1 on page 18, or by concentration
at the singularity. The latter phenomenon appears as it is possible to
construct a sequence of functions (un) such that

• (un) concentrates at the origin to a kind of Dirac mass, i.e.
weakly converges to 0;

•
∫

Ω |∇un|
p and

∫

Ω
|un|p

|x|p increase at the same rate when
∫

Ω fun

is constant, implying that J(un) is independent of n.

In order to deal with these obstructions, we split the functional in
two terms by a decomposition of the domain Ω in two parts. The first
one, denoted by ΩR, encloses the unpleasant component of the domain.
Namely, ΩR is the union of a small neighborhood of the point of singu-
larity (to include concentration) and of the exterior of a large ball (to
include the possible translation). The second part is the complemen-
tary Ω \ΩR which encloses the pleasant component of the domain. The
functional is thus decomposed in the following form:

J(u) = JΩR
(u) + JΩ\ΩR

(u),

where Jω(u) :=
∫

ω L(x, u,∇u)dx. Roughly speaking, lower semi-
continuity of the second pleasant part is obtained by classical arguments
such as Rellich Theorem and convexity. The first unpleasant part is more
difficult to handle. We manage to compare its components in u and ∇u
by means of Hardy’s inequality, implying its positivity. This is suffi-
cient to obtain the weak lower semi-continuity of the functional. The
existence of a minimizer of J follows.

To sum up, the above decomposition technique permits to quantify
the lack of compactness. Besides giving a new proof of the result, also
valid for unbounded domains, the main advantage of this approach is its
versatility: it can be easily adapted to a wide class of problems, including
ordinary differential equations, provided one can find an appropriate
Hardy-type inequality. This is developed in Chapter IV.

In particular, the method perfectly works for solving the forced prob-
lem

−div

(

|∇u|p−2∇u

|x|ap

)

= λ
|u|p−2u

|x|(a+1)p
+
f(x)

p
in Ω 3 0.
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This completes the work of Abdellaoui-Peral [1,2] which have studied the
corresponding unforced problem. They obtained nonexistence results for

−div

(

|∇u|p−2∇u

|x|ap

)

= λ
uα

|x|(a+1)p
in Ω 3 0

when α > p− 1 or when α = p− 1 and λ is sufficiently large, namely is

greater than the Hardy-Sobolev constant
(

N−(a+1)p
p

)p
.

Some problems dealing with singularities linked to the Caffarelli-
Kohn-Nirenberg inequality are also studied in the literature; see [23].

Unicity of solutions

After having tackled the question of the existence of a solution in
Chapter IV, we study the problem of (non)unicity in Chapter V. In the
case p = 2, equation (1) is linear. This implies strict convexity of the
energy functional. So, as in the finite-dimensional case, the unicity of
the critical point is clear.

The case p 6= 2 is harder to handle. Fleckinger et al. [24] proved
the unicity of the solution of problem (2) when f, a are bounded and
positive. They obtained this result using a variational approach due
to Dı́az-Saa [19], via a nice and elementary inequality involving the p-
Laplacian and powers of functions.

On the other hand, del Pino-Elgueta-Manasevich [20] studied a cor-
responding one-dimensional non-singular problem on a bounded interval:

−
(

|u′|p−2u′
)′

= λ|u|p−2u+
f

p
in [0, T ]

with Dirichlet boundary conditions. They proved the existence of two
different solutions for a class of suitable forcing terms f when p > 2.

So the treatment of uniqueness does not seem obvious. The method
of del Pino et al. can be adapted to exhibit two different solutions for
problem (1) when p > 2. The idea is to define a forcing term f for
which one solution of the problem is easy to obtain, but in such a way
that this solution is not the minimizer of the functional. So there exists
another solution provided by the direct minimization method developed
in Chapter IV. The non-minimizing property of the first solution is
obtained by computing the second differential of J and showing that it
is negative for some direction, so it cannot be a minimizer.

When 1 < p < 2, the Fréchet derivative is more difficult to handle.
We again must pay attention to obtain an adequate forcing term and
a direction implying negativity of the second derivative of J . This is
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done using the optimal constant and the class of optimal functions for
the corresponding Hardy inequality.

So we must know exactly the optimal constant to follow this ap-
proach; this was not necessary for existence or non-unicity in the previ-
ous cases. Because of this constraint, we are unable to treat one of the
considered problem, see §V.3.3.





CHAPTER IV

Existence of minimizers of functionals involving

Hardy-type inequalities

1. Introduction

Consider the problem

(1.1)











−∆pu = λ |u|p−2u
|x|p + f(x)

p in Ω,

u = 0 in ∂Ω,
lim|x|→+∞ u(x) = 0.

This is a p-Laplacian equation with an unbounded potential and a forc-
ing term f . We will study the corresponding energy functional to obtain
a solution. The classical minimization method cannot be used here be-
cause in general the Lagrangian

L(x, u,∇u) = |∇u|p − λ
|u|p

|x|p
− f u

is not bounded from below and Ω is unbounded. To overcome this
difficulty, we use the concentration-compactness argument (Lions [34])
or more precisely the decomposition technique (Bianchi-Chabrowski-
Szulkin [7], Smets [53] or Willem [61]). Contrary to the first part of
this thesis, we consider here an unconstrained free minimization prob-
lem. Another key ingredient to prove the result is the Hardy inequality
(see e.g. [31,60]). Remark a lack of compactness is due to the invariance
by dilation of the quotient

∫

RN |∇u|pdx
∫

RN

|u|p

|x|pdx
.

The idea of the proof is to consider a minimizing sequence (un)
weakly converging to u. As explained in the introduction to Part 2, we
consider ΩR, a subset of the domain Ω designed to control the lack of
compactness, i.e. the components of Ω included in the union of B(0, 1

R)
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and Bc(0, R). We decompose the functional in two components

J(un) =

∫

Ω\ΩR

L(x, un,∇un)dx+

∫

ΩR

L(x, un,∇un)dx

and we study the limit of each part:

lim
R→∞

lim
n→∞

∫

Ω\ΩR

L(x, un,∇un)dx > J(u),

lim
R→∞

lim
n→∞

∫

ΩR

L(x, un,∇un)dx > 0.

These inequalities, obtained using a decomposition lemma, imply that
u is a minimizer of the functional.

Problem (1.1) for bounded domains was studied by Garćıa-Peral [25].
They proved the existence of a minimizer using a Hardy-type inequal-
ity, the Ekeland Variational Principle and a convergence theorem. An
improvement obtained here is the validity of the result for unbounded
domains Ω.

Moreover, our method is applicable for a larger class of problems,
provided an adapted Hardy-type inequality can be found. As Secchi-
Smets-Willem [46] proved a cylindrical Hardy inequality, we can study
the corresponding equation involving the operator

−div

(

|∇u|p−2∇u

|y|ap

)

− λ
|u|p−2u

|y|(a+1)p
,

where x = (y, z) ∈ Rk × RN−k. This is carried out in Section 3. The
particular case k = N , corresponding to a radial singularity, is tackled
in Section 4.

Section 5 follows the same approach to study a corresponding or-
dinary differential equation using the classical one-dimensional Hardy
inequality.

Marcus-Mizel-Pinchover [35], Colin [17] and Chabrowski-Willem [15]
developed an inequality on exterior domains with a singularity located
on the boundary. We can similarly establish the existence of solutions
of associated problems. This is done in Section 6.

Remark 1.1. After the completion of this work, we received a manuscript
by X. Zhong [62] and B. Pellacci send us [36] and [41]. These papers
concern problem (1.1). In [62], the case of a bounded Ω is treated
by an elementary argument. In [36, 41], the classical concentration-
compactness principle from [34] is used. All of them obtain identical
result as our Theorem 2.1 of Section 2, but none of them study the
cases tackled here in the other sections.
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2. The p-Laplacian case

To solve problem (1.1), we study the associated energy functional

J(u) :=

∫

Ω
|∇u|pdx− λ

∫

Ω

|u|p

|x|p
dx− 〈f, u〉

defined on the closure D1,p
0 (Ω) of D(Ω) with respect to the norm ||∇u||p,

where Ω is a smooth open subset of RN with a compact boundary,
0 /∈ ∂Ω and

if 0 /∈ Ω then 1 < p 6= N ,
if 0 ∈ Ω then 1 < p < N ,

(2.1)

f ∈
(

D1,p
0 (Ω)

)′
.(2.2)

We consider

inf J := inf
u∈D1,p

0 (Ω)
J(u).

The aim of this section is to prove the following result.

Theorem 2.1. Assume (2.1), (2.2) and λ < λp :=
∣

∣

∣

N−p
p

∣

∣

∣

p
. Then inf J

is achieved and problem (1.1) has a solution.

The proof of Theorem 2.1 is given after the two following lem-
mas. We first recall the classical multidimensional Hardy inequality
(see e.g. [31, 60]).

Lemma 2.2 (Hardy-Sobolev Inequality). Assume (2.1). If u ∈

D1,p
0 (Ω), then

λp

∫

Ω

|u|p

|x|p
dx 6

∫

Ω
|∇u|pdx.

This inequality implies the functional J is continuous, G-differentia-
ble and coercive if λ < λp.

The key ingredient proving Theorem 2.1 is the following decomposi-
tion lemma quantifying the loss of compactness.

Lemma 2.3. Let (un) ⊂ D1,p
0 (Ω) be such that un ⇀ u in D1,p

0 (Ω) and

ΩR :=
{

x ∈ Ω : |x| < R−1 or |x| > R
}

,

µ0 := lim
R→∞

lim
n→∞

∫

ΩR

|∇un|
pdx,

ν0 := lim
R→∞

lim
n→∞

∫

ΩR

|un|
p

|x|p
dx.
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Then

lim
n→∞

∫

Ω

|un|
p

|x|p
dx =

∫

Ω

|u|p

|x|p
dx+ ν0,(2.3)

lim
n→∞

∫

Ω
|∇un|

pdx >

∫

Ω
|∇u|pdx+ µ0,(2.4)

λp ν0 6 µ0.(2.5)

Proof of (2.3). We have, for every R > 0,

lim
n→∞

∫

Ω

|un|
p

|x|p
dx = lim

n→∞

∫

Ω\ΩR

|un|
p

|x|p
dx+ lim

n→∞

∫

ΩR

|un|
p

|x|p
dx,

=

∫

Ω\ΩR

|u|p

|x|p
dx+ lim

n→∞

∫

ΩR

|un|
p

|x|p
dx,

since un → u in Lp
loc(Ω) by the Rellich Theorem. So, taking the limit

for R→ ∞, we obtain (2.3).

Proof of (2.4) We have

lim
n→∞

∫

Ω
|∇un|

pdx > lim
n→∞

∫

Ω\ΩR

|∇un|
pdx+ lim

n→∞

∫

ΩR

|∇un|
pdx.

Hence, as the mapping v 7→
∫

Ω\ΩR
|∇v|pdx is convex, we get

lim
n→∞

∫

Ω
|∇un|

pdx >

∫

Ω\ΩR

|∇u|pdx+ lim
n→∞

∫

ΩR

|∇un|
pdx.

Taking the limit for R→ ∞, we obtain (2.4) by the Levi Theorem.

Proof of (2.5). Now we introduce the truncation ψR ∈ C∞(RN ) such
that 0 6 ψR 6 1 and

ψR(x) =

{

0 if x ∈ Ω \ ΩR,
1 if x ∈ ΩR+1.

For each v ∈ D1,p
0 (Ω), Lemma 2.2 implies

λp

∫

Ω

|ψRv|
p

|x|p
dx 6

∫

Ω
|∇(ψRv)|

pdx.(2.6)

On the other hand, for each ε > 0, there exists a constant c(ε, p) > 0
such that

∣

∣|a+ b|p − |a|p
∣

∣ 6 ε|a|p + c(ε, p) |b|p.(2.7)
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It is then easy to verify that

µ0 = lim
R→∞

lim
n→∞

∫

ΩR

|∇(un − u)|pdx,

ν0 = lim
R→∞

lim
n→∞

∫

ΩR

|un − u|p

|x|p
dx.

Hence, using the truncation ψR,

µ0 = lim
R→∞

lim
n→∞

∫

Ω
|∇(un − u)|pψp

Rdx,

ν0 = lim
R→∞

lim
n→∞

∫

Ω

|un − u|pψp
R

|x|p
dx.(2.8)

Using once again (2.7) and the compactness of the embedding D1,p
0 (Ω) ⊂

Lp(Ω) for bounded domains, we get

(2.9) µ0 = lim
R→∞

lim
n→∞

∫

Ω
|∇((un − u)ψR)|pdx.

The inequality (2.5) follows from (2.6), (2.8) and (2.9). �

Proposition 2.4. Assume (2.1), (2.2) and λ < λp. Then the functional

J is weakly lower semi-continuous.

Proof. Let (un) be such that un ⇀ u in D1,p
0 (Ω). Going if necessary

to a subsequence, we can assume J(un) is convergent. So, by virtue of
Lemma 2.3, we have

lim
n→∞

J(un) = lim
n→∞

∫

Ω
|∇un|

pdx− λ lim
n→∞

∫

Ω

|un|
p

|x|p
dx− 〈f, u〉,

> J(u) + µ0 − λν0,

> J(u) + (λp − λ)ν0,

> J(u).

�

Proof of Theorem 2.1. This is a direct application of Proposition 2.4.
As the proof of Proposition 2.4 shows that µ0 = ν0 = 0, the minimizing
sequence (un) is strongly convergent up to a subsequence. �
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3. Cylindrical-weight case

We now study

(3.1)











−div
(

|∇u|p−2∇u
|y|ap

)

= λ |u|p−2u

|y|(a+1)p + f(x)
p in Ω,

u = 0 on ∂Ω,
lim|x|→+∞ u(x) = 0,

where x = (y, z) ∈ Rk ×RN−k. The corresponding functional is

J(u) :=

∫

Ω

|∇u|p

|y|ap
dx− λ

∫

Ω

|u|p

|y|(a+1)p
dx− 〈f, u〉,

defined on the closure D1,p
a,k(Ω) of D(Ω) with respect to the norm

||u|| =

(
∫

Ω

|∇u|p

|y|ap
dx

)1/p

.

Moreover

a > 0,(3.2)

1 < p <
k

a+ 1
,(3.3)

f ∈
(

D1,p
a,k(Ω)

)′
.(3.4)

For simplicity we assume Ω is either a ball centered at the origin or the
complement of a closed ball. We can consider more general domains,
but at any rate we have to avoid cases such as the spiral in Figure 1.

The Hardy-type inequality associated with problem (3.1) is due to
Secchi-Smets-Willem [46].

Lemma 3.1 (Secchi-Smets-Willem). Assume (3.2) and (3.3). If

u ∈ D1,p
a,k(Ω), then

λkap

∫

Ω

|u|p

|y|(a+1)p
dx 6

∫

Ω

|∇u|p

|y|ap
dx,

where λkap :=
(

k−(a+1)p
p

)p
.

The aim of this section is to prove the following result.

Theorem 3.2. Assume (3.2), (3.3), (3.4) and λ < λkap. Then inf J on

D1,p
a,k(Ω) is achieved and problem (3.1) has a solution.
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y

z

Figure 1. A challenging domain Ω: a spiral.

Lemma 3.1 above implies that the functional J is continuous, G-

differentiable and coercive if λ < λkap. Let (un) ⊂ D1,p
a,k(Ω) a minimizing

sequence for J , i.e.

J(un) → inf J as n→ +∞,

where inf J := infu∈D1,p

a,k
(Ω) J(u). The goal is to prove that this sequence

(un) contains a subsequence converging to a minimizer of J . As J is

coercive, (un) is bounded so we can assume un ⇀ u in D1,p
a,k(Ω). Our

first result is the following compactness lemma.

Lemma 3.3. Assume (3.2), (3.3) and un ⇀ u in D1,p
a,k(Ω). Then un

|y|a →
u

|y|a in Lp(Ac), where Ac := {x = (y, z) ∈ Ω : 1
c < |y| and |x| < c} for

every c > 1.

Proof. The thesis is clear as Ac is bounded and as the weight |y|−a is
bounded on the considered set. �

We now introduce a decomposition lemma.
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Lemma 3.4. Let (un) ⊂ D1,p
a,k(Ω) such that un ⇀ u in D1,p

a,k(Ω). We

define

ΩR := Ω ∩
(

(

Bk(0, R−1) ×RN−k
)

∪
(

RN \ BN (0, R)
)

)

,

µ0 := lim
R→∞

lim
n→∞

∫

ΩR

|∇un|
p

|y|ap
dx,

ν0 := lim
R→∞

lim
n→∞

∫

ΩR

|un|
p

|y|(a+1)p
dx.

Then we have

lim
n→∞

∫

Ω

|un|
p

|y|(a+1)p
dx =

∫

Ω

|u|p

|y|(a+1)p
dx+ ν0,(3.5)

lim
n→∞

∫

Ω

|∇un|
p

|y|ap
dx >

∫

Ω

|∇u|p

|y|ap
dx+ µ0,(3.6)

λkap ν0 6 µ0.(3.7)

Proof of (3.5). As un → u in Lp
loc(Ω), we have for every R > 0,

lim
n→∞

∫

Ω

|un|
p

|y|(a+1)p
dx = lim

n→∞

∫

Ω\ΩR

|un|
p

|y|(a+1)p
dx+ lim

n→∞

∫

ΩR

|un|
p

|y|(a+1)p
dx,

=

∫

Ω\ΩR

|u|p

|y|(a+1)p
dx+ lim

n→∞

∫

ΩR

|un|
p

|y|(a+1)p
dx.

So, taking the limit as R→ ∞, we obtain (3.5).

Proof of (3.6). We have

lim
n→∞

∫

Ω

|∇un|
p

|y|ap
dx > lim

n→∞

∫

Ω\ΩR

|∇un|
p

|y|ap
dx+ lim

n→∞

∫

ΩR

|∇un|
p

|y|ap
dx,

>

∫

Ω\ΩR

|∇u|p

|y|ap
dx+ lim

n→∞

∫

ΩR

|∇un|
p

|y|ap
dx,

as the mapping v 7→
∫

Ω\ΩR

|∇v|p

|y|ap dx is convex. Taking now the limit as

R→ ∞, we obtain (3.6).
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Proof of (3.7). We begin finding new formulations for µ0 and ν0. Using
inequality (2.7), we obtain:

µ0 = lim
R→∞

lim
n→∞

∫

ΩR

|∇(un − u)|p

|y|ap
dx,

ν0 = lim
R→∞

lim
n→∞

∫

ΩR

|un − u|p

|y|(a+1)p
dx.

We introduce the truncation ψR ∈ C∞(RN ) with ψR(x) = 0 if x ∈ Ω\ΩR,
ψR(x) = 1 if x ∈ ΩR+1 and 0 6 ψR 6 1. With this truncation, we get

µ0 = lim
R→∞

lim
n→∞

∫

Ω

|∇(un − u)|pψp
R

|y|ap
dx,

ν0 = lim
R→∞

lim
n→∞

∫

Ω

|un − u|pψp
R

|y|(a+1)p
dx.

Using Lemma 3.3 and (2.7) again, we obtain

µ0 = lim
R→∞

lim
n→∞

∫

Ω

|∇((un − u)ψR)|p

|y|ap
dx.

Applying Lemma 3.1 to the function (un − u)ψR and taking the limits
we get inequality (3.7). �

Proof sketch for Theorem 3.2. Lemma 3.4 is a decomposition lemma
which entails the weak lower semi-continuity of J . This allows to prove
Theorem 3.2, as done for Theorem 2.1 using Lemma 2.3 in Section 2. �

4. Radial singularity

When k = N , the singularity in (3.1) is radial, i.e. the problem is

(4.1)











−div
(

|∇u|p−2∇u
|x|ap

)

= λ |u|p−2u

|x|(a+1)p + f(x)
p in Ω,

u = 0 on ∂Ω,
lim|x|→∞ u(x) = 0.

We can work exactly as in the previous section under the same hypothe-
ses, i.e. considering the space D1,p

a,N (Ω) when a > 0, 1 < p < N
a+1 ,

λ < λNap and f ∈
(

D1,p
a,N (Ω)

)′
.

But the singularity is localized at a single point, namely the origin.
Thus the proof works for every regular domain Ω such that 0 /∈ ∂Ω: there
are no problematic cases to avoid. The result obtained is the following.
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Theorem 4.1. If λ < λkap, then inf J on D1,p
a,N (Ω) is achieved and

problem (4.1) has a solution.

5. One-dimensional case

We consider the one-dimensional problem

(5.1)











−
(

|u′|p−2u′

xap

)′
= λ |u|p−2u

x(a+1)p + f(x)
p in R+

0 ,

u(0) = 0,
limx→+∞ u(x) = 0.

To solve it, we introduce the associated energy functional

J(u) :=

∫ ∞

0

|u′|p

xap
dx− λ

∫ ∞

0

|u|p

x(a+1)p
dx− 〈f, u〉

defined on the closure D1,p
a (R+

0 ) of D(R+
0 ) with respect to the norm

||u|| = (
∫∞
0

|u′|p

xap dx)
1/p, where

a > 0,(5.2)

1 < (a+ 1)p <∞,(5.3)

f ∈
(

D1,p
a (R+

0 )
)′
.(5.4)

We consider

inf J := inf
u∈D1,p

a (R+
0 )
J(u).

The aim of this section is to prove the following result.

Theorem 5.1. Assume (5.2), (5.3), (5.4) and λ < λap := ( (a+1)p−1
p )p.

Then inf J is achieved and problem (5.1) admits a solution.

In order to prove this theorem, we recall the classical Hardy inequal-
ity (see e.g. [31, 60]).

Lemma 5.2 (Hardy Inequality). Assume (5.2) and (5.3). If u ∈

D1,p
a (R+

0 ), then

λap

∫ ∞

0

|u|p

x(a+1)p
dx 6

∫ ∞

0

|u′|p

xap
dx.

This inequality implies that the functional J is continuous, G-
differentiable and coercive if λ < λap. Let (un) ⊂ D1,p

a (R+
0 ) a minimizing

sequence for J , i.e.

J(un) → inf J as n→ +∞.

The following lemma is used in the proof of Lemma 5.4.
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Lemma 5.3. Assume (5.2) and (5.3). If un ⇀ u in D1,p
a (R+

0 ), then
un

xa → u
xa in Lp([1c , c]) for every c > 1.

Proof. The result is clear as 1
xa is bounded on the interval considered. �

The following decomposition lemma is proved as Lemmas 2.3 and
3.4.

Lemma 5.4. Let (un) ⊂ D1,p
a (R+

0 ) such that un ⇀ u in D1,p
a (R+

0 ). We

define

ΩR := (0, R−1) ∪ (R,+∞),

µ0 := lim
R→∞

lim
n→∞

∫

ΩR

|u′n|
p

xap
dx,

ν0 := lim
R→∞

lim
n→∞

∫

ΩR

|un|
p

x(a+1)p
dx.

Then we have

lim
n→∞

∫ ∞

0

|un|
p

x(a+1)p
dx =

∫ ∞

0

|u|p

x(a+1)p
dx+ ν0,

lim
n→∞

∫ ∞

0

|u′n|
p

xap
dx >

∫ ∞

0

|u′|p

xap
dx+ µ0,

λap ν0 6 µ0.

Proof sketch for Theorem 5.1. Theorem 5.1 results from Lemmas 5.2
and 5.4, similarly to the proofs of Theorems 2.1 and 3.2; note the simi-
larity between Lemma 5.4 and Lemma 2.3. �

6. Exterior-domain case

Let the problem

(6.1)











−∆pu = λ |u|p−2u
δ(x)p + f(x)

p in Ω,

u = 0 on ∂Ω,
lim|x|→∞ u(x) = 0,

where Ω is an exterior domain, i.e. an open subset of RN with a compact
boundary of class C2 and without bounded component, and where δ(x)
denotes the function

δ(x) = dist(x, ∂Ω).
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We also suppose N > 2, 1 < p 6= N and f ∈
(

D1,p
0 (Ω)

)′
. To solve

problem (6.1), we introduce the associated functional:

J(u) :=

∫

Ω
|∇u|pdx− λ

∫

Ω

∣

∣

∣

u

δ

∣

∣

∣

p
dx− 〈f, u〉,

defined on D1,p
0 (Ω). In this section we use the following Hardy’s inequal-

ity for exterior domains [15].

Lemma 6.1 (Chabrowski-Willem). Assume N > 2, p > 1 and p 6=

N . Then there exists λNp > 0 such that for every u ∈ D1,p
0 (Ω),

λNp

∫

Ω

∣

∣

∣

u

δ

∣

∣

∣

p
dx 6

∫

Ω
|∇u|pdx.

The main result of this section is the following theorem.

Theorem 6.2. Let N > 2 and 1 < p 6= N . If λ < λNp, then inf J on

D1,p
0 (Ω) is achieved and problem (6.1) has a solution.

Proof sketch for Theorem 6.2. Again, the proof is akin to the proofs of
Theorems 2.1, 3.2 and 5.1, We only sketch the main ideas.

The Hardy-type inequality implies that the functional J is continu-
ous, G-differentiable and coercive if λ < λNp. Let (un) ⊂ D1,p

0 (Ω) be a

minimizing sequence for J . We can assume that un ⇀ u in D1,p
0 (Ω). The

end of the proof is a direct consequence of the following decomposition
lemma; which is proved as Lemmas 2.3 and 3.4.. �

Lemma 6.3. Let N > 2, 1 < p 6= N and (un) ⊂ D1,p
0 (Ω) such that

un ⇀ u in D1,p
0 (Ω). We define

ΩR :=
{

x ∈ Ω : δ(x) < R−1 or |x| > R
}

,

µ0 := lim
R→∞

lim
n→∞

∫

ΩR

|∇un|
pdx,

ν0 := lim
R→∞

lim
n→∞

∫

ΩR

∣

∣

∣

un

δ

∣

∣

∣

p
dx,

then we have

lim
n→∞

∫

Ω

∣

∣

∣

un

δ

∣

∣

∣

p
dx =

∫

Ω

∣

∣

∣

u

δ

∣

∣

∣

p
dx+ ν0,

lim
n→∞

∫

Ω
|∇un|

pdx >

∫

Ω
|∇u|pdx+ µ0,

λp ν0 6 µ0.

Remark 6.4. Theorem 6.2 is also valid for bounded C2 domains for any
p > 1.



CHAPTER V

Non-uniqueness results for equations involving

singularities

1. Introduction

In Chapter IV, we studied the existence of solutions of singular prob-
lems of the form











−div
(

|∇u|p−2∇u
|x|ap

)

= λ |u|p−2u

|x|(a+1)p + f(x)
p in Ω,

u = 0 on ∂Ω,
lim|x|→∞ u(x) = 0

by minimization. We showed solutions exist by developing suitable
concentration-compactness tools to control the lack of compactness at
infinity or near the singularity. This study was also done for operators
having a singularity localized on an hyperplane, on the boundary of an
exterior domain, as well as for the corresponding ordinary differential
equation defined on the positive real axis.

When the existence of a solution is ensured, one can try to treat the
question of unicity.

For the linear case p = 2, the functional corresponding to the prob-
lem is strictly convex, so the solution is unique.

A more delicate question is the unicity if 1 < p < 2 or p > 2. We
give a class of forcing terms implying the non-uniqueness of solutions for
all the problems studied when p > 2, and for problems (IV.1.1), (IV.4.1)
and (IV.5.1) when 1 < p < 2.

2. Case p > 2.

In general, solutions are not unique. The idea of the counter example
is due to del Pino-Elgueta-Manasevich [20]. Garćıa-Peral [25] adapted it
to problem (IV.1.1) on bounded domains. Their argument is also valid
for unbounded Ω. For the sake of completeness, we give here the proof
for problem (IV.3.1).

87
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Proposition 2.1. Let p > 2 and Ω a regular domain of RN . There

exists a forcing term f such that problem (IV.3.1) has at least two solu-

tions.

Proof. Consider B(x0, 2R) ⊂ Ω a ball such that 0 /∈ B(x0, 2R), and a
function u0 ∈ D(B(x0, 2R)) such that u0 = 1 in B(x0, R). Let

f(x) := −p

(

div

(

|∇u0|
p−2∇u0

|y|ap

)

+ λ
|u0|

p−2u0

|y|(a+1)p

)

.

So obviously u0 is a solution of the problem. On the other hand, f ∈
(

D1,p
a,k(Ω)

)′
and then we can find a solution u1 by minimization of J .

We can see that u0 6= u1 because u0 is not a minimum of J : as p > 2
and by the choice of u0, the functional J is twice differentiable in u0 and

〈J ′′(u0)v, v〉 = p(p− 1)

(
∫

Ω

|∇u0|
p−2|∇v|2

|y|ap
dx− λ

∫

Ω

|u0|
p−2v2

|y|(a+1)p
dx

)

.

Hence, for v ∈ D(B(x0, R)), we obtain

〈J ′′(u0)v, v〉 = −p(p− 1)λ

∫

Ω

|u0|
p−2v2

|y|(a+1)p
dx,

which is negative for λ > 0, so u0 is not a minimum of J . �

This approach works too for problems (IV.1.1), (IV.4.1), (IV.5.1)
and (IV.6.1).

3. Case 1 < p < 2.

The main idea in this section is due to X. Zhong [62] who studied
problem (IV.1.1). We adapt his technique to problem (IV.4.1). This
method works provided 0 ∈ Ω.

3.1. The radial case

We consider the particular case k = N and p = 2 of the Hardy-
Sobolev inequality given at Lemma IV.3.1, and we prove its optimality.

Lemma 3.1. Let Ω be a regular open domain containing the origin. If

b < N and u ∈ D(Ω), then
∫

Ω

|u|2

|x|b
dx 6 Cb

∫

Ω

|∇u|2

|x|b−2
dx,

where Cb =
(

2
N−b

)2
.
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Moreover the constant Cb is optimal when Ω is the whole space RN

or a ball centered at the origin.

Proof. The inequality is a particular case of Lemma IV.3.1. To obtain
the optimality of the constant, it suffices to consider, given ε > 0, the
radial function

u(x) :=

{

Cb,ε if 0 6 |x| 6 1,

Cb,ε|x|
−N−b

2
−ε if |x| > 1,

where Cb,ε = 2
N−b+2ε . A straightforward computation shows the con-

stant Cb is optimal.
The inequality is obviously true on subsets of RN , and the optimality

of the constant is shown by dilation on every ball B(0, R). �

Given Lemma 3.1, we can prove non-uniqueness.

Proposition 3.2. Let 1 < p < 2 and Ω a regular domain of RN with

0 ∈ Ω. There exists a forcing term f such that problem (IV.4.1) has at

least two solutions.

Proof. Consider a ball B(0, 2R) ⊂ Ω and take a function ϕ ∈
D(B(0, 2R)) such that 0 6 ϕ 6 1 and ϕ ≡ 1 on B(0, R). Let, for
ε > 0 (small),

u0(x) :=
2 − p

N − (a+ 1)p− ε
|x|

N−(a+1)p−ε

2−p ϕ(x).

Such a u0 is in D1,p
a (Ω) for ε sufficiently small.

As in the case p > 2, let

f(x) := −p

(

div

(

|∇u0|
p−2∇u0

|x|ap

)

+ λ
|u0|

p−2u0

|x|(a+1)p

)

.

This function f belongs to (D1,p
a (Ω))′, so u0 is a solution of problem

(IV.4.1).
On the other hand, we can find a solution u1 by minimization of J ,

as seen in Section IV.4. Now, showing that u0 is not a minimizer of J ,
we check that u0 6= u1. Indeed,

〈J ′(u0), v〉 = p

(
∫

Ω

|∇u0|
p−2∇u0 · ∇v

|x|ap
dx− λ

∫

Ω

|u0|
p−2u0v

|x|(a+1)p
dx

)

− 〈f, v〉,
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〈J ′′(u0)v, v〉 = p

(

(p− 2)

∫

Ω

|∇u0|
p−4(∇u0 · ∇v)

2

|x|ap
dx

+

∫

Ω

|∇u0|
p−2|∇v|2

|x|ap
dx− λ(p− 1)

∫

Ω

|u0|
p−2v2

|x|(a+1)p
dx

)

,

6 p

(
∫

Ω

|∇u0|
p−2|∇v|2

|x|ap
dx− λ(p− 1)

∫

Ω

|u0|
p−2v2

|x|(a+1)p
dx

)

.

If v ∈ D(B(0, R)), we have

〈J ′′(u0)v, v〉 6 p

(

∫

B(0,R)

|∇v|2

|x|N−ε−2
dx

−λ(p− 1)
(

2−p
N−(a+1)p−ε

)p−2
∫

B(0,R)

v2

|x|N−ε
dx

)

.

By Lemma IV.3.1 with b = N − ε, we have for every v ∈ D(B(0, R))
∫

B(0,R)
|∇v|2

|x|N−ε−2 dx
∫

B(0,R)
|v|2

|x|N−εdx
>

(ε

2

)2

and the constant is optimal. We can choose a v such that

∫

B(0,R)
|∇v|2

|x|N−ε−2 dx
∫

B(0,R)
|v|2

|x|N−εdx
6 2

( ε

2

)2
.

Hence

〈J ′′(u0)v, v〉

6 p

(

2
(

ε
2

)2
− λ(p− 1)

(

2−p
N−(a+1)p−ε

)p−2
)
∫

B(0,R)

v2

|x|N−ε
dx

and the coefficient is negative for λ > 0 and ε small enough. So u0 is not
a minimizer and we have two different solutions of problem (IV.4.1). �

3.2. One-dimensional case

The method works well for the one-dimensional case with some mod-
ifications. Consider the Hardy inequality of Lemma IV.5.2 with p = 2
and b = ap− 2, i.e. the classical Hardy inequality.

Lemma 3.3. Assume b > 1 and u ∈ D(R+
0 ). Then

∫ ∞

0

|u|2

xb
dx 6 Cb

∫ ∞

0

|u′|2

xb−2
dx,
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where Cb =
(

2
b−1

)2
, and the constant Cb is optimal.

Moreover, the result is true in every interval (R,∞) with R > 0.

Proof. See for instance [60]. �

Having that lemma, we prove non-uniqueness.

Proposition 3.4. Let 1 < p < 2. There exists a forcing term f such

that problem (IV.5.1) has at least two solutions.

Let ϕ ∈ C∞(R
2 ,+∞) such that 0 6 ϕ 6 1 and ϕ ≡ 1 on (R,+∞).

Let, for ε > 0 (small),

u0(x) :=
p− 2

(a+ 1)p− 1 − ε
x

(a+1)p−1−ε

p−2 ϕ(x).

Such a u0 is in D1,p
a (R+

0 ) for ε small enough.
Let

f(x) := −p

(

(

|u′0|
p−2u′0
xap

)′

+ λ
|u0|

p−2u0

x(a+1)p

)

,

this function belongs to (D1,p
a (R+

0 ))′, so u0 is a solution of equation
(IV.5.1).

On the other hand, we can find a solution u1 by minimization of J ,
as seen in Section IV.5. Now, showing that u0 is not a minimizer of J ,
we check that u0 6= u1. Indeed, if v ∈ D(0, R), we have

1

p
〈J ′′(u0)v, v〉 6

∫ ∞

R

|v′|2

x1+ε−2
dx− λ(p− 1)

∣

∣

∣

p−2
(a+1)p−1−ε

∣

∣

∣

p−2
∫ ∞

R

v2

x1+ε
dx.

But, by Lemma IV.3.3 with b − 2 = 1 − ε, for every v ∈ D(R,∞) we
have

∫∞
R

|v′|2

x1+ε−2 dx
∫∞
R

|v|2

x1+εdx
>
(

ε
2

)2

and the constant is optimal. We can choose a function v such that
∫∞
R

|v′|2

x1+ε−2 dx
∫∞
R

|v|2

x1+εdx
6 2

(

ε
2

)2
.

Hence

〈J ′′(u0)v, v〉 6 p

(

2
(

ε
2

)2
− λ(p− 1)

∣

∣

∣

p−2
(a+1)p−1−ε

∣

∣

∣

p−2
)
∫ ∞

R

v2

x1−ε
dx

and the coefficient is negative for λ > 0 and ε > 0 small enough. So the
solution u0 is not a minimizer of the functional, whereas the solution u1

is a minimizer.
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Remark 3.5. For the one-dimensional case, we considered a function u0

localized “far away from the origin”. This technique can be used for
the multidimensional case (i.e. for problem (IV.1.1)) when 0 /∈ Ω and Ω
unbounded.

3.3. Exterior domain case

For the exterior-domain case, the same idea does not work. Con-
sidering u0 localized “far away” from the boundary u0(x) := 1

α |x|
αϕ(x)

where ϕ ∈ C∞(Bc(0, R
2 )) and α < p−N

p . Doing the computations as

before, for v ∈ D(Bc(0, R)) we have

1

p
〈J ′′(u0)v, v〉 6

∫

Bc

|∇v|2

|x|(α−1)(2−p)
dx−

λ(p− 1)

|α|p−2

∫

Bc

v2

δp |x|α(2−p)
dx,

which is difficult to handle using an Hardy inequality as the weights are
of different nature.

To overcome this problem, let u0(x) := 1
C δ

α(x)ϕ(x) where ϕ ∈

C∞(Bc(0, R
2 )) and C is a real constant. For v ∈ D(Bc(0, R)) we have

1

p
〈J ′′(u0)v, v〉

6

∫

Bc

1

|C|p−2
|∇(δα)|p−2 |∇v|2dx−

λ(p− 1)

|C|2−p

∫

Bc

v2

δ(1−α)p+2α
dx,

and the expression ∇(δα) is delicate to treat.
Moreover, if we are able to express 〈J ′′(u0)v, v〉 in terms of v and

δ, another problem appears: the optimal constant in the corresponding
Hardy inequality is not known. So we are not able to adapt the technique
to the exterior-domain problem (IV.6.1).
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[33] P.L. Lions. Symétrie et compacité dans les espaces de Sobolev. J. Funct. Anal.
49 (1982), 315–334.

[34] P.L. Lions. The concentration-compactness method in the calculus of variations:
the locally compact case. Ann. Inst. H. Poincaré 1 (1984), 109–145 and 223–283.
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[60] M. Willem. Analyse fonctionelle élémentaire. Cassini, Paris, 2003.
[61] M. Willem. A decomposition lemma and critical minimization problems. In Pro-

ceedings of the Workshop on Morse Theory, Minimax Theory and Their Appli-
cations. Chinese Academy of Sciences, Beijing, 2003, pp. 247–256.

[62] X. Zhong. A note on quasilinear elliptic equations with critical potential. Uni-
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