
Journal of Mathematical Economics 39 (2003) 197–217

Multiplicity, instability and sunspots in games

Julio Dávilaa,b,∗
a Department of Economics, University of Pennsylvania, 3718 Locust Walk,

Philadelphia, PA 19104-6297, USA
b Centre National de la Recherche Scientifique, Cermsen, 110–112 Bvd. de l’Hopital,

75013 Paris, France

Abstract

This paper considers games with two players for which it provides a sufficient condition on the
responsiveness of the players’ best replies around a Nash equilibrium that implies (i) a multiplicity
of Nash equilibria; (ii) the non-isolatedness of this Nash equilibrium as rationalizable strategies;
and (iii) the existence of non-trivial correlated equilibria arbitrarily close to it. This simultaneity
of multiplicity, instability and vulnerability to sunspots parallels the same pattern observed in
overlapping generations economies and finite economies with asymmetric information, and hints at
some underlying relation between different avatars of the indeterminacy of economies and games
that goes beyond the boundaries of any specific framework. Global links between multiplicity,
instability and sunspots are also provided.
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1. Introduction

It is a well-known fact that the simultaneous and independent decision-making of several
agents may not lead to a determinate outcome. This is the case in, for instance, a competitive
exchange economy with two agents with standard preferences over two commodities1 if it
has a competitive equilibrium allocationc where the two agents’ offer curves cross in the
specific way shown inFig. 1. In effect, as a consequence of such crossing there exist at least

∗ Tel.: +1-215-8987788; fax:+1-215-5732057.
E-mail addresses: davilaj@ssc.upenn.edu, davila@univ-paris1.fr (J. Dávila).

1 That is to say, representable by a continuous utility functionu defined inR2+, differentiable inR2++, and
such that, for allc ∈ R2++, Du(c) ∈ R2++ andD2u(c) is negative definite in the space orthogonal toDu(c), and
moreover is “well-behaved” in the boundary, in the sense that for alli = 1,2, Du(c) · ei → 0 asc → c̄, wherec̄
is any point of the axis of theith good distinct from the origin andei is theith vector of the canonical basis.
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Fig. 1.

two other competitive equilibrium allocationsc′ andc′′. Moreover, the competitive equilib-
rium c is unstable under the tâtonnement process. And finally, there exist arbitrarily close
to this equilibrium allocationc other equilibrium allocations in which the agents’ choices
are contingent to a sunspot on which they have asymmetric information or, equivalently,
contingent to two correlated private sunspots against which they cannot insure themselves.2

Thus, a multiplicity of outcomes, the instability of some of these outcomes with respect to
some process, and the vulnerability to sunspots of the outcome come hand in hand in this
framework.

Another instance of this fact is provided by the simple overlapping generations economies.
In effect, whenever the slope of the offer curve of the representative agent at the steady state
is smaller than 1 in absolute value, there is at least another stationary perfect foresight
equilibrium besides the steady state, namely a cycle of period 2 (seeFig. 2). Moreover, the
steady state is also indeterminate (i.e. unstable in the backward perfect foresight dynamics)
and, finally, there exist local sunspot equilibria around it.3 Thus, in this set-up multiplicity,
instability, and vulnerability to sunspots come hand in hand as well.

This paper shows the existence of a similar connection in a game-theoretic set-up between
the issues of uniqueness/multiplicity, stability/instability, and vulnerability to sunspots/
sunspot-proofness. In effect, in a game with two players a high enough responsiveness of
each player’s best reply to the other player’s strategy around a Nash equilibrium in pure
strategies implies (i) the existence of at least two other Nash equilibria, (ii) the existence

2 A sunspot is a signal conveying no information about the fundamentals, i.e. a source of extrinsic uncertainty
(seeShell, 1977; Cass and Shell, 1983). For the existence of correlated equilibria in this set-up seeMaskin
and Tirole (1987)(for their relation to sunspot equilibria in OLG economies seeDávila, 1999). In Fig. 1it can be
seen the instability of the tâtonnement around̄c, and the support of a correlated equilibrium (the corners of the
small box) in which agent A (resp. B) supplies to the market two possible amounts of good 1 (resp. 2) according
to the realization of correlated private sunspots.

3 SeeGuesnerie (1986), Azariadis and Guesnerie (1986)andWoodford (1986). In Fig. 2it can be seen that (i) a
cycle of period 2 in which the global resourcese1 + e2 of the economy are split between young and old agents at
eitherc1 or c2 every other period; (ii) the instability of the steady state in the backward perfect foresight dynamics;
and (iii) the support of a sunspot equilibrium in which the global resources are split at eithercα or cβ randomly
according to a two-state, first-order Markov chain.
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of non-trivial correlated equilibria arbitrarily close to the given Nash equilibrium, and
(iii) the instability of the eductive dynamics of beliefs that would make the players converge
to some Nash equilibrium as the only rationalizable outcome, i.e. the lack of convergence of
the iterated elimination of dominated strategies to a single profile, and hence the non-local
uniqueness of the Nash equilibrium as a profile of rationalizable strategies (seeTheorem 1
in Section 3). While (i) and (iii) above share the flavor of existing results, (ii) establishes
a link between non-trivial correlated equilibriaarbitrarily close to a Nash equilibrium in
pure strategies that is, to the best of my knowledge, new.

Interestingly enough, the previous instances of links between multiplicity, instability,
and vulnerability to sunspots of the outcomes of simultaneous and decentralized deci-
sions in different set-ups hint at the existence of a general relation between the differ-
ent manifestations of the indeterminacy that plagues economies and games alike. Finally,
Theorem 2in Section 3as well establishes a condition for the iterative elimination of dom-
inated strategies to converge locally to a Nash equilibrium in pure strategies even when it
does not converge globally. Global connections are provided also inTheorems 3 and 4in
Section 4.

Two issues are closely related to the results presented inTheorem 1. On the one hand, it
was established inMilgrom and Roberts (1990)that in supermodular games there is a largest
and a smallest profiles of serially undominated strategies that, moreover, are Nash equilibria
in pure strategies. Since the set of profiles of serially undominated strategies contains the
supports of the Nash equilibria in pure strategies, the correlated equilibria (either subjective
or objective), and the profiles of rationalizable strategies, then the uniqueness of a pure Nash
equilibrium would imply the coincidence of the largest and the smallest profiles of serially
undominated strategies and, hence, the non-existence of non-trivial correlated equilibria, as
well as the local uniqueness of the Nash equilibrium as profile of rationalizable strategies.
Therefore, Milgrom and Roberts’ result points implicitly also to the fact that multiplicity,
vulnerability to sunspots and lack of convergence of the iterative elimination of domi-
nated strategies must come hand in hand in some games, namely in supermodular games.
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Nevertheless, the games that I consider in this paper are not necessarily supermodular. More
specifically, the increasing differences hypothesis will not necessarily be satisfied globally.
In the games studied in this paper, a differentiable version of the increasing or decreasing
differences property is satisfiedlocally at every generic profile of strategies on the graph
of the best reply function of any player. Hence, both payoff functions will exhibit either
increasing or decreasing differences in a neighborhood of any Nash equilibrium in pure
strategies. The local condition guaranteeing the connection between the different forms
of indeterminacy will be satisfied whenever both payoff functions exhibit strong enough
(jointly) increasing differences (or both of them exhibit strong enough decreasing differ-
ences)locally around a Nash equilibrium. This qualifies the need for supermodularity in
Milgrom and Roberts (1990)in order to obtain this link and shows that a local version of
the property suffices actually.

On the other hand, while investigating an eductive justification of the rational expecta-
tions equilibrium to simple overlapping generations economies,Guesnerie (1993)finds an
equivalence between the determinacy of the steady state, the non-existence of local sunspot
equilibria around it, and the steady state being strongly rational (i.e. a locally unique ratio-
nalizable equilibrium).4 Some of the results of this paper (Theorem 1specifically), can be
seen as counterparts of Guesnerie’s results in a simple class of games.

The structure of the remainder paper is as follows.Section 2presents the class of games
considered, their Nash equilibria in pure strategies, and a class of simple non-trivial corre-
lated equilibria of these games (they have a finite support of profiles of strategies).Section 3
establishes the local results inTheorems 1 and 2. Section 4presents global results in
Theorems 3 and 4relating the three previous issues from a global viewpoint, as opposed
to the local nature of the previous theorems.Section 5concludes andAppendix Acollects
proofs and auxiliary propositions.

2. The game and its equilibria

Consider a gameΓ = {I, {Xi, fi}i∈I }, whose set of players isI = {−1,1}, and each
player’si ∈ I strategy setXi and payoff functionfi are, respectively, the interval [0,1]
without loss of generality, and aC2 functionfi : Xi ×X−i → R that is strictly unimodal in
its first argument, for every value of the second argument.5 For every playeri ∈ I , letri(x−i )

be the best reply ofi to−i’s strategyx−i .6 Thus, eachri is a continuous function7 that takes
values in(0,1). Let r+

i andr−
i denote the setsr+

i = {(x−i , xi) ∈ X−i × Xi |xi ≥ ri(x−i )}
andr−

i = {(x−i , xi) ∈ X−i × Xi |xi ≤ ri(x−i )} (seeFig. 3).
In what follows we are going to establish links between the Nash equilibria in pure

strategies and the correlated equilibria of this game.8

4 As well as equivalent to the convergence of any “reasonable” learning process. See alsoGuesnerie (2002).
5 More precisely, for each playeri ∈ I and allx−i ∈ [0,1], there exists an̄xi ∈ (0,1) such thatfi(·, x−i ) is

strictly increasing in the interval(0, x̄i ) and strictly decreasing in the interval(x̄i ,1).
6 Under the assumption of unimodality of the payoff functions the best reply is always in(0,1) and unique.
7 By Berge’s Theorem of the Maximum.
8 Strictly speaking every Nash equilibrium in pure strategies can be identified to a trivial correlated equilibrium,

therefore by correlated equilibria I refer to the non-trivial ones.
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Definition 1. A Nash equilibrium9 in pure strategies ofΓ is ax ∈ ×i∈IXi such that, for
all i ∈ I , and allx′

i ∈ Xi ,

fi(x
′
i , x−i ) ≤ fi(xi, x−i ). (1)

Definition 2. A finite support correlated equilibrium{pi, Si, xi}i∈I of Γ consists of

(1) for each playeri ∈ I , a joint probability distributionpi over two random signalssi and
s−i , privately observed byi and−i, respectively, taking values inSi = {1,2, . . . , Si}
andS−i = {1,2, . . . , S−i} with Si, S−i ≥ 2,10 and such thatpsis−i

i is the probabilityi
attaches tosi being his observation ands−i being the other agent’s observation, with
p
sis−i

i = p
s−i si
−i for all si ∈ Si , s−i ∈ S−i ,11 and

(2) two increasing functionsxi ∈ X
Si
i ,12 for all i ∈ I ,

9 Nash’s theorem guarantees the existence of a Nash equilibrium of this game, since for alli ∈ I , Xi is a
non-empty, compact, convex subset of the real line, andfi is continuous and quasi-concave inxi . Nevertheless,
this result is proved inProposition 1in Appendix Aby means of an argument that requires little more than the
intermediate value theorem and, more interestingly, will reappear in the proof ofProposition 5in Appendix A, which
in turn will be needed inSection 4. More specifically, a Nash equilibrium of this game is shown inProposition 1
to be associated to a zero of an adequately defined real-valued function on the real line. Note incidentally that the
argument does not imply the uniqueness of the Nash equilibrium in pure strategies, since that function may have
several zeros. Examples of best reply functions fitting in this framework and with multiple Nash equilibria are
ri (x−i ) = 1/2+1/π sin(2π(x−i −1/2)), for all i ∈ I , as well asri (x−i ) = 5(x− (1/2))(x2 −x)+ (1/2), for all
i ∈ I , although an economic example in terms of payoff functions remains to be produced. In particular, the last
example provided above has three Nash equilibria in pure strategies: namely((1/2)−(

√
5/10), (1/2)+(

√
5/10)),

(1/2,1/2), and((1/2) + (
√

5/10), (1/2) − (
√

5/10)). Note that the games generating such best reply functions
cannot be supermodular.
10 Thus, abusing notation only slightly, for alli ∈ I , Si denotes both the set of values taken bysi and the finite

number of elements in this set.
11 Therefore, these areobjective correlated equilibria.
12 That is to say, such that ifsi < s′

i , thenxsii < x
s′
i
i . Note that, therefore, these correlated equilibria are actually

non-trivial ones, i.e. those for which the players truly randomize their choices.
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such that, for alli ∈ I and allx′
i ∈ X

Si
i ,∑

si∈Si
s−i∈S−i

p
si s−i

i fi(x
′si
i , x

s−i

−i ) ≤
∑
si∈Si

s−i∈S−i

p
si s−i

i fi(x
si
i , x

s−i

−i ). (2)

Whenever a multiplicity of Nash equilibria may arise, a stability test (very much like the
stability of the t̂atonnement in the finite economy or that of the perfect foresight dynamics in
the overlapping generations economies) can be carried out on a given equilibrium to check
whether a spontaneous coordination on it can be claimed on the grounds of such stability.
Thus, a stability criterion that can be applied to a Nash equilibrium in pure strategies is its
local uniqueness as a profile of rationalizable strategies, i.e. whether it is the unambigu-
ous outcome of the iterative elimination of strategies that are not best responses to any
nearby strategy. More specifically, given the best reply functionsri , for eachi ∈ I , xi is a
rationalizable strategy for playeri if and only if for all n ∈ N,

xi ∈ (ri ◦ r−i )
n ◦ ri(X−i ). (3)

I will denote byRi the set∩n∈N(ri ◦ r−i )
n ◦ ri(X−i ) of rationalizable strategies of player

i (seeFig. 4for a few iterations).

3. Local results

The next proposition establishes a sufficient condition on a Nash equilibriumx in pure
strategies for the existence of other Nash equilibria in pure strategies, for the existence of
non-trivial correlated equilibria arbitrarily close tox, and moreover forx to be a non-isolated
profile of rationalizable strategies.

Theorem 1. If x ∈ ×i∈IXi is a Nash equilibrium in pure strategies of Γ and

D11f1(x1, x−1)D11f−1(x−1, x1) < D12f1(x1, x−1)D12f−1(x−1, x1), (4)
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or, equivalently,13

∏
i∈I

r ′
i (x−i ) > 1, (5)

then

(1) there exist at least two other Nash equilibria in pure strategies,
(2) there exist non-trivial correlated equilibria of Γ with support arbitrarily close to x,

and
(3) x is an accumulation point of the set of profiles of rationalizable strategies.

Among the claims made inTheorem 1it is claim (2) the one that requires a more involved
argument and its proof can be found inAppendix A. With respect to claim (1), in order to
have the right crossing of the best reply curves for a multiplicity of crossings to appear, the
slope ofri , for any giveni, at the Nash equilibrium in pure strategiesx must be bigger in
absolute value than the reciprocal of the slope ofr−i at the same point, and both must have
the same sign (seeFig. 5).

A proof of this intuitive proposition using the intermediate value theorem can be found in
Appendix A. In general, this is a consequence of Poincaré–Höpf’s index theorem. In effect,
the Nash equilibria in pure strategies ofΓ happen to be zeros of an outward-pointing vector
fieldF(xi, x−i ) = (xi−ri(x−i ), x−i−r−i (xi))defined on the unit square by the equilibrium
equations. The sufficient condition for the existence of another Nash equilibrium stated in
Theorem 1, is nothing else than the condition on the index of the Nash equilibriumx to be
distinct from the Euler characteristic of the unit square. Since the sum of the indices of all
the zeros of the vector field must coincide with the Euler characteristic, hence the necessary
existence of at least two other zeros of the vector field, i.e. two other Nash equilibria in pure
strategies.

13 Recall that the payoff functions are assumed to beC2 and hence the best replies are generically differentiable.
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Claim (3) of Theorem 1follows from the following fact. Not surprisingly, every Nash
equilibrium is a profile of rationalizable strategies.14 Moreover, the convexity of the set
of rationalizable strategies follows from the intermediate value theorem.15 Thus, given a
multiplicity of Nash equilibria, the convexity of the sets of rationalizable strategies implies
that every Nash equilibrium is an accumulation point of the set of profiles of rationalizable
strategies.

SinceD11fi(xi, x−i ) ≤ 0 for all i ∈ I at a Nash equilibrium, and hence the left-hand
side of condition (4) inTheorem 1is positive, then condition (4) implies that the two payoff
functions must satisfy both either the increasing differences property locally around the
Nash equilibrium, or the decreasing differences property both of them as well. Moreover,
the product of the cross-partial derivatives must be bounded away from 0, i.e. these properties
must hold strongly enough jointly, in such a way that if verified weakly by some agent it
must be satisfied strongly enough by the other in order to offset that.

It is worth to note that although a multiplicity of Nash equilibria inΓ prevents any profile
of strategies to be an isolated point of the set of profiles of rationalizable strategies, there
may still be nonetheless a Nash equilibrium for which the iterative elimination of dominated
strategies, if started within a small enough neighborhood of the equilibrium, does succeed
to converge to it.16

Theorem 2. If x is a Nash equilibrium of Γ such that∏
i∈I

|ri′(x−i )| < 1, (6)

then the iterative elimination of dominated strategies converges locally to x if started within
a small enough neighborhood of x.

4. Global results

Besides the local links connecting Nash equilibria in pure strategies, correlated equilibria
and rationalizability provided inTheorem 1, the existence of a multiplicity of Nash equilib-
ria in pure strategy implies the existence of correlated equilibria that are not a randomization
over Nash equilibria in pure strategies. Similarly, a multiplicity of Nash equilibria in pure
strategies implies that the set of rationalizable profiles is an interval ofR

2 with non-empty
interior and, hence, the lack of convergence of the iterated elimination of dominated strate-
gies. These results are collected in the following theorem.

Theorem 3. If there exist multiple Nash equilibria in pure strategies of the game Γ , then

(1) there exists a continuum of non-trivial correlated equilibria arbitrarily close to some
Nash equilibrium in pure strategies also,17 and

(2) the set of rationalizable profiles of strategies has no isolated point.

14 SeeProposition 2in Appendix A.
15 SeeProposition 3in Appendix A.
16 In his search for an eductive justification of the rational expectations equilibria as sensible outcomes of an

economy,Guesnerie (1992)calls such equilibrialocally strongly rational.
17 Note that the these correlated equilibria are not trivial lotteries on the multiple Nash equilibria in pure strategies.
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The converse statements are far from being true. For instance, if for alli ∈ I , ri(x−i ) =
(1/2) + (1/4)i sin 2π(x−i − (1/2)), then the only Nash equilibrium in pure strategies of
this game isxi = 1/2 for all i ∈ I , while every strategyxi ∈ [1/4,3/4] is rationalizable,
for all i ∈ I . Also, if for all i ∈ I , ri(x−i ) = (1/2)+ (1/2)i(x−i − (1/2))1/3, then the only
Nash equilibrium in pure strategies of this game isxi = 1/2 for all i ∈ I , while the game
can be shown to have correlated equilibria.18 Nevertheless, a weaker version of the converse
statement linking correlated equilibria to multiple Nash equilibria holds. It is a consequence
of the following properties of the supports of both correlated and Nash equilibria in pure
strategies.

On the one hand, at a correlated equilibrium no player will play with positive probability
a strategy that may lead only to outcomes, so to speak, laying on the same side of his or her
best reply function.19 As a consequence, the best reply curve of every player has to enter
and exit the convex hull of the support of any correlated equilibrium at points where he
plays either the minimum or the maximum of the strategies played with positive probability
(seeFig. 6).

On the other hand, it can be shown that there exists a Nash equilibrium in pure strategies
within the convex hull of the support of any non-trivial correlated equilibrium with finite
support.20

The two previous properties allow to establish the existence of multiple Nash equilibria
whenever there exists a correlated equilibrium (not necessarily local to any Nash equilibrium

18 By the same argument used to prove claim (2) ofTheorem 1. As a matter of fact, by that argument there exist cor-
related equilibria arbitrarily close to a Nash equilibrium in pure strategies of this game as soon as

∏
i∈I |r ′

i (x−i )| >
1, which is implied by, but does not imply

∏
i∈I r ′

i (x−i ) > 1.
19 The rationale for this is quite intuitive: should a player play with some probability a pure strategy such that,

no matter what the other player does, the outcome is for sure below the first player’s best reply function, then his
payoff from every outcome would be bigger for a slightly higher strategy, and hence his expected payoff as well.
SeeProposition 4in Appendix A.
20 SeeProposition 5in Appendix A.
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in pure strategies) and a Nash equilibrium not contained in the convex hull of the support
of the correlated equilibrium is guaranteed to exist, as it is the case under the conditions
provided by the following theorem.

Theorem 4. If there exists a non-trivial correlated equilibrium of Γ and the best reply
functions ri are both non-decreasing or both non-increasing, then there exist multiple Nash
equilibria in pure strategies.

In effect, if xi ∈ X
Si
i is playeri’s strategy in the correlated equilibrium, and the best

replies are, say, both non-increasing (seeFig. 7), thenri(x
S−i

−i ) < x1
i andxS−i

−i < r−i (x
1
i )

necessarily. Therefore, the restriction of the continuous vector field of equilibrium equa-
tionsF(xi, x−i ) = (xi − ri(x−i ), x−i − r−i (xi)) to the subset [0, x1

i ] × [xS−i

−i ,1] is still
outward-pointing and hence must have at least one zero according to Poincaré–Höpf’s in-
dex theorem, i.e. a Nash equilibrium in pure strategies of the gameΓ . Since, according to
Proposition 5in Appendix A, there is at least another Nash equilibrium in pure strategies in
the convex hull of the support of the correlated equilibrium, then there is a multiplicity of
these equilibria (a similar argument can be developed for the case of non-decreasing best
replies).21

Finally, as for the global relations between correlated equilibria and rationalizability in
this set-up, the existence of non-trivial correlated equilibria implies trivially that the set of
profiles of rationalizable strategies is an interval ofR

2 with non-empty interior,22 while the
converse does not hold in general, as the following example shows. Let, for alli ∈ I ,

21 In Appendix Acan be found an alternative proof that does not resort to the use of the Poincaré–Höpf theorem.
More generally,Proposition 6in Appendix Agives a version of this result that does not require the monotonicity
of the best reply functions.
22 Since the set of profiles of rationalizable strategies contains the support of every correlated equilibrium and,

moreover, the set of rationalizable strategies of each player is convex (seeProposition 3in Appendix A).
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r−i (xi) =




xi + 1

2
xi <

1

4
,

−xi + 1
1

4
≤ xi <

3

4
,

xi − 1

2

3

4
≤ xi.

(7)

The set of rationalizable strategies of playeri, for all i ∈ I , is in this game [1/4,3/4], while
there is no non-trivial correlated equilibrium.23 Nonetheless, the very knife-edge nature of
this example conveys the intuition that a generic converse may very likely still hold.

5. Discussion

The previous sections have established, in a specific class of games, both local and global
links between multiple Nash equilibria, non-trivial correlated equilibria and the lack of
convergence of the iterative elimination of dominated strategies. The local link parallels
in part similar ones between the notions of multiplicity, instability, and vulnerability to
sunspots in other seemingly completely unrelated frameworks as, for instance, overlapping
generations economies and finite economies with asymmetric information.24 Such a link
between different forms of indeterminacy across economies and games, hints at a general
phenomenon that may be common to every set-up consisting of several optimizers that must,
simultaneously and independently, make a decision as they do in economies and games,
independently of whether they behave strategically or not. Interestingly enough, a continuity
argument shows these results to hold in games with three players (see a discussion on this
in Appendix A), and hence with all likelihood to games with any finite number of players,
although a precise proof of this fact is left for further research.

Finally, it may be worth to clarify the extent to which the results presented in this paper
may be related to other seemingly close results. Firstly, I will comment about how the
results presented here relate to the connection between Nash equilibria in pure strategies
and correlated equilibria inPeck and Shell (1991)within the framework of market games.
Peck and Shell (1991)study a market game in which there may or may not be the possibility
of trading securities contingent to the realization of an extrinsic uncertainty on which the
agents have an asymmetric information. For that game they prove that (Proposition 4.12)
every allocation of a correlated equilibrium of the market game without securities is the
allocation of a Nash equilibrium in pure strategies of the market game with securities
contingent to the extrinsic uncertainty of the correlation device. Thus, Proposition 4.12 in
Peck and Shell (1991)establishes a link between the correlated equilibria of the market
gamewithout securities and the Nash equilibria in pure strategies of the market gamewith

23 There is no support that satisfies the necessary condition for it to be that of a correlated equilibrium established
in Proposition 5in Appendix A.
24 In effect, although the same condition is sufficient for multiplicity, instability, and dependence on sunspots to

appear, it is not a necessary condition for the existence of local correlated equilibria around a Nash equilibrium.
As a matter of fact, local correlated equilibria around a Nash equilibrium can exist without the existence of a
multiplicity of Nash equilibria, as stated in footnote 18.
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securities.25 Leaving aside the differences in the set-ups considered, it is interesting to note
that the result established in Proposition 4.12 inPeck and Shell (1991)is quite different in
nature from the link established inTheorem 1(2) above. In effect, note thatPeck and Shell
(1991)link the correlated and pure Nash equilibria of two related but essentiallydistinct
games, whileTheorem 1(2) establishes such a link for thesame game.

Secondly, the kind of multiplicity of pure Nash equilibria that follows fromTheorem 1(1)
is also quite different from the one following from the manifold structure of the set of pure
Nash equilibria of the market games studied inPeck et al. (1992), if only because (among
other things) the one-dimensional nature of the strategy sets of the players of the game
considered inTheorem 1above prevents it to be transformed into any kind of market game.
At any rate, the indeterminacy result inPeck et al. (1992)is a consequence of having too few
equations to pin down all the variables determining the Nash equilibrium of a market game,
i.e. of the existence of degrees of freedom that make the set of pure Nash equilibria of a
market game have the structure of a manifold with positive dimension and, hence, prevents
any pure Nash equilibrium from being locally unique. Quite on the contrary, the multiplicity
shown inTheorem 1(1) above for non-market games results from Poincaré–Höpf’s index
theorem, which entails the local uniqueness of the multiple Nash equilibria.
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Appendix A

Proposition 1. There exists at least one Nash equilibrium in pure strategies of the game
Γ .

Proof. For anyi ∈ I , letφi be the function from [0,1] to itself mapping eachx−i ∈ X−i to
φi(x−i ) = x−i−r−i (ri(x−i )). The functionφi is continuous and takes positive and negative
values, specificallyφi(0) = −r−i (ri(0)) ∈ (−1,0) while φi(1) = 1 − r−i (ri(1)) ∈ (0,1)
(seeFig. 8).

25 Still, Lemma 5.3 inPeck and Shell (1991)makes clear that the market game with securities depending on an
extrinsic uncertainty may have Nash equilibria in pure strategies that need not correspond to correlated equilibria
of the original market game. Thus, the set of correlated equilibrium allocations is a proper subset of the set of
allocations of the Nash equilibria of the market game with securities. As a consequence, the Nash equilibrium in
pure strategies of the game with securities shown to exist (under some condition) for market games whose initial
allocation is inefficient needs not be a correlated equilibrium of the original market game.
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Fig. 8.

Therefore, necessarily there exists anx−i ∈ X−i such thatφi(x−i ) = 0, i.e. x−i =
r−i (ri(x−i )) or, equivalently,(ri(x−i ), x−i ) ∈ r−i . Lettingxi beri(x−i ), then(x−i , xi) ∈
ri ∩ r−1

−i . �

Proposition 2. The strategies of every Nash equilibrium of the game Γ are rationalizable,
i.e. for all i ∈ I ,

ri ∩ r−1
−i ⊂ R−i × Ri. (A.1)

Proof. Assume that there existsi ∈ I such thatri ∩ r−1
−i �⊂ R−i × Ri . Then there exists

(x−i , xi) ∈ ri ∩ r−1
−i such that(x−i , xi) /∈ R−i × Ri . Thus, there existsi ∈ I such that

xi /∈ Ri , i.e. for which there existsn ∈ N such that

xi /∈ (ri ◦ r−i )
n ◦ ri(X−i ) = (ri ◦ r−i ) ◦ (ri ◦ r−i )

n−1 ◦ ri(X−i ). (A.2)

Hence, there does not existx′
i ∈ (ri ◦ r−i )

n−1 ◦ ri(X−i ) such that(x′
i , xi) ∈ ri ◦ r−i or,

equivalently, for allx′
i ∈ (ri ◦ r−i )

n−1 ◦ ri(X−i ), (x′
i , xi) /∈ ri ◦ r−i . Therefore, for all

x′
−i ∈ X−i , either(x′

i , x
′
−i ) /∈ r−i or (x′

−i , xi) /∈ ri . Since the domain ofr−i is Xi and
(ri ◦ r−i )

n−1 ◦ ri(X−i ) ⊂ Xi , it cannot be true that, for allx′
i ∈ (ri ◦ r−i )

n−1 ◦ ri(X−i )

and allx′
−i ∈ X−i , (x′

i , x
′
−i ) /∈ r−i . Thus, necessarily, for allx′

−i ∈ X−i , (x′
−i , xi) /∈ ri

must hold. Butx−i ∈ X−i and(x−i , xi) ∈ ri ! Therefore, it must be true that, for alli ∈ I ,
ri ∩ r−1

−i ⊂ R−i × Ri . �

Proposition 3. For each player i ∈ I of the game Γ , the setRi of rationalizable strategies
in non-empty and convex.

Proof. Since, for alli ∈ I , ri is continuous andXi is a closed interval, thenri(Xi) is a closed
interval, because of the intermediate value theorem, and hence convex. Moreover,ri ◦ r−i is
continuous as well, and hence, for allN ∈ N, ∩N

n=1(ri ◦ r−i )
n ◦ ri(X−i ) is convex. Assume
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∩n∈N(ri ◦ r−i )
n ◦ ri(X−i ) is not convex. Then there existx, x′ ∈ ∩n∈N(ri ◦ r−i )

n ◦ ri(X−i )

andx′′ ∈ (x, x′) such thatx′′ /∈ ∩n∈N(ri ◦ r−i )
n ◦ ri(X−i ). Then there existsN ∈ N

such thatx′′ /∈ (ri ◦ r−i )
N ◦ ri(X−i ) while x, x′ ∈ (ri ◦ r−i )

N ◦ ri(X−i ), and hence
x′′ /∈ ∩N

n=1(ri ◦ r−i )
N ◦ ri(X−i ) while x, x′ ∈ ∩N

n=1(ri ◦ r−i )
N ◦ ri(X−i ), which contradicts

that, for allN ∈ N,∩N
n=1(ri ◦r−i )

n◦ri(X−i ) is convex. Therefore,∩n∈N(ri ◦r−i )
n◦ri(X−i ),

i.e.Ri is convex. �

Proof of Theorem 1.

(1) Since a Nash equilibrium is a zero of the functionf (x1) = r1(r−1(x1)) − x1, and
f (0) > 0 andf (1) < 0, by the intermediate value theorem, if there existsx1 ∈ (0,1)
such thatf ′(x1) > 0, i.e.

∏
i∈I r ′

i (x1) > 1 then there exists at least two other distinct
zerosx′

1 andx′′
1 of f corresponding to two other Nash equilibria.

(2) In effect, if
∏

i∈I r ′
i (x−i ) > 1, that is to say∏

i∈I
D12fi(xi, x−i ) >

∏
i∈I

D11fi(xi, x−i ), (A.3)

then, since
∏

i∈I D11fi(xi, x−i ) > 0,26 necessarily
∏

i∈I D12fi(xi, x−i ) > 0 holds
as well. Therefore, either, for alli ∈ I , D12fi(xi, x−i ) > 0, or for all i ∈ I ,
D12fi(xi, x−i ) < 0.

If, for all i ∈ I , D12fi(xi, x−i ) > 0, then

0 < −D11f1(x1, x−1)

D12f1(x1, x−1)
< −D12f−1(x−1, x1)

D11f−1(x−1, x1)
, (A.4)

and, for alli ∈ I , there existεi > 0 such that

−D11f1(x1, x−1)

D12f1(x1, x−1)
<

ε−1

ε1
< −D12f−1(x−1, x1)

D11f−1(x−1, x1)
, (A.5)

andλ > 0 small enough, such that for alli ∈ I , (x−i−λε−i , xi−λεi), (x−i−λε−i , xi+
λεi) ∈ r+

i while (x−i + λε−i , xi − λεi), (x−i + λε−i , xi + λεi) ∈ r−
i . Thus, letting,

for all i ∈ I ,

x1
i = xi − λεi,

x2
i ∈ r−1

−i (x
1
−i ) ∩ (x1

i , x
3
i ),

x3
i = xi + λεi,

(A.6)

for it to be the support of a correlated equilibrium with a joint distributionpi , it should
satisfy the equations

3∑
s−i=1

p
sis−i

i D1fi(x
si
i , x

s−i

−i ) = 0, (A.7)

26 Recall that, for alli ∈ I , xi maximizesfi(x′
i , x−i ), andfi is differentiable and strictly quasi-concave. Hence,

D11fi(xi , x−i ) < 0 for all i ∈ I .
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for all i ∈ I , and allsi ∈ {1,2,3}. The existence of such a joint distributionpi is
guaranteed for this support. In effect, the matrix of coefficients of the previous system
of linear equations is



D11
1 D12

1 D13
1 0 0 0 0 0 0

0 0 0 D21
1 D22

1 D23
1 0 0 0

0 0 0 0 0 0 D31
1 D32

1 D33
1

D11
−1 0 0 D12

−1 0 0 D13
−1 0 0

0 D21
−1 0 0 D22

−1 0 0 D23
−1 0

0 0 D31
−1 0 0 D32

−1 0 0 D33
−1



, (A.8)

whereDsi,s−i

i = D1fi(x
si
i , x

s−i

−i ), for all i ∈ I , si, s−i ∈ {1,2,3}. For each of
the first three equations two positive probabilities can be fixed in such a way that
they completely determine the third probability corresponding to a non-zero entry in
the equation. Nonetheless these probabilities cannot be fixed arbitrarily since they
still have to satisfy the last three equations. Hence, the necessity of a consistency
condition that expressed in terms of, for instance,p11

1 , p12
1 , p21

1 , andp22
1 takes the

form(
D11

−1

D13
−1

− D33
1

D31
1

D31
−1

D33
−1

D11
1

D13
1

)
p11

1 +
(
D32

1

D31
1

D21
−1

D23
−1

− D33
1

D31
1

D31
−1

D33
−1

D12
1

D13
1

)
p12

1

+
(
D12

−1

D13
−1

− D33
1

D31
1

D32
−1

D33
−1

D21
1

D23
1

)
p21

1 +
(
D32

1

D31
1

D22
−1

D23
−1

− D33
1

D31
1

D32
−1

D33
−1

D22
1

D13
1

)
p22

1 = 0.

(A.9)

For this equation to be satisfied by positive probabilities, i.e. for its hyperplane to in-
tersect the simplex, there must be two coefficients with opposite signs, which is what
happens to the coefficient ofp12

1 (which becomes positive) and the coefficient ofp21
1

(which becomes negative) if, for instance, for alli ∈ I , x2
i is such thatD12

i = 0. This
is indeed the case given thatx2

i ∈ r−1
−i (x

1
i ) ∩ (x1

i , x
3
i ) (seeFig. 9). Such a support is

then the support of a continuum of correlated equilibria.
(3) Since

∏
i∈I r ′

i (x−i ) > 1, then byTheorem 1there exist two more Nash equilibria
whose strategies are one at each side of the original Nash equilibrium strategies. Since
every Nash equilibrium is rationalizable and the set of rationalizable strategies of
each player is convex, then it is an interval with the original Nash equilibrium in its
interior. �

A.1. A discussion on Theorem 1 for three or more players

In order to see whyTheorem 1can be reasonably expected to hold for any finite number
of players let us consider first a trivial case in which it holds for a game with three players.
In this case there is a third player, labeled player 3, whose payoffs are actually independent
of the other players, labelled now players 1 and 2.
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Fig. 9.

Note first that in any three-player set-up, the existence of a multiplicity of Nash equilibria
in pure strategies is guaranteed by the fulfillment by a Nash equilibrium(x1, x2, x3) of a
sufficient condition analogous to condition (4) following also from Poincaré–Höpf’s index
theorem:∣∣∣∣∣∣∣

D11f1(x1, x2, x3) D12f1(x1, x2, x3) D13f1(x1, x2, x3)

D21f2(x1, x2, x3) D22f2(x1, x2, x3) D23f2(x1, x2, x3)

D31f3(x1, x2, x3) D32f3(x1, x2, x3) D33f3(x1, x2, x3)

∣∣∣∣∣∣∣ > 0, (A.10)

wherefi denotes now the payoff to playeri.27 Note also that iff3 does not depend on
the strategies of players 1 and 2, the condition(A.10) above reduces to condition (5) and
henceTheorem 1guarantees the existence of probabilitiespij and strategiesxs11 andxs22 for
players 1 and 2 such that

3∑
s1=1

3∑
s2=1

ps1s2D1f1(x
s1
1 , x

s2
2 , x3) = 0,

3∑
s1=1

3∑
s2=1

ps1s2D2f2(x
s1
1 , x

s2
2 , x3) = 0,

(A.11)

wherex1, x2, x3 are such that

D3f3(x1, x2, x3) = 0, (A.12)

Note also that, trivially,

3∑
s1=1

3∑
s2=1

ps1s2D3f3(x
s1
1 , x

s2
2 , x3) = 0, (A.13)

27 For notational convenience, the arguments of the payoff functions are not permuted with the identity of the
player now.
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and then this results into a trivial correlated equilibrium in which player 3 does not randomize
actually and plays a pure strategy.

Nevertheless, this equilibrium can be easily made into a non-trivial correlated equilibrium
in which all the players randomize their strategies if now player 3’s payoff is supposed
to depend non-trivially on the other players’ strategies in a neighborhood of the Nash
equilibrium in pure strategies satisfying condition(A.10), butf3 still has a critical point at
(x1, x2, x3). In effect, under this conditions, if the trivial correlated equilibrium found above
is close enough to the Nash equilibrium in pure strategies, then everyD3f3(x

s1
1 , x

s2
2 , x3)

will still be close to 0, in such a way that

(1) there existxs33 , s3 = 1,2,3, aroundx3 such that

3∏
s3=1

D3f3(x
s1
1 , x

s2
2 , x

s3
3 ) < 0, (A.14)

for all s1, s2 = 1,2,3, and
(2) condition(A.10) still holds.

As a consequence, there exist probabilitiesps1s2s3 such that
3∑

s1=1

3∑
s2=1

3∑
s3=1

ps1s2s3D1f1(x
s1
1 , x

s2
2 , x

s3
3 ) = 0,

3∑
s1=1

3∑
s2=1

3∑
s3=1

ps1s2s3D2f2(x
s1
1 , x

s2
2 , x

s3
3 ) = 0,

3∑
s1=1

3∑
s2=1

3∑
s3=1

ps1s2s3D3f3(x
s1
1 , x

s2
2 , x

s3
3 ) = 0,

(A.15)

and moreover

ps1s21 + ps1s22 + ps1s23 = ps1s2,

for all s1, s2 = 1,2,3. The resulting support{xs11 , x
s2
2 , x

s3
3 }s1,s2,s3=1,2,3 and joint distribution

{ps1s2s3}s1,s2,s3=1,2,3 corresponds then to a non-trivial correlated equilibrium.
A similar argument can be used to construct a correlated equilibrium of a game withn

players from a correlated equilibrium of a game withn − 1 players.

Proof of Theorem 2. The result is proved for the case 0< r ′
i (x−i ) for all i ∈ I . The

extension to the other cases is straightforward.
If 0 <

∏
i∈I r ′

i (x−i ) < 1, assume with no loss of generality that

0 < r ′
−i (xi) <

1

r ′
i (x−i )

. (A.16)

Then, for alli ∈ I , there existλi > 0 small enough such that,

r ′
−i (xi) <

λ−i

λi
<

1

r ′
i (x−i )

, (A.17)
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and hence, for alli ∈ I , the image of [x−i − λ−i , x−i + λ−i ] by ri is a proper subset
of [xi − λi, xi + λi ]. The convergence toxi of the iterative elimination of dominated
strategies, if constrained to the interval [xi −λi, xi +λi ] × [x−i −λ−i , x−i +λ−i ], follows
immediately. �

Proof of Theorem 3.

(1) Assume there exist two distinct Nash equilibria in pure strategiesx andx′, and assume
both

∏
i∈I r ′

i (x−i ) < 1 and
∏

i∈I r ′
i (x

′
−i ) < 1 (otherwise,Theorem 1guarantees the

existence of correlated equilibria already). Applying the Poincaré–Höpf theorem again,
there must exist another zero of the vector field determined by the equilibrium equations
with an index opposite to those ofx and x′, i.e. another Nash equilibrium in pure
strategiesx′′ such that

∏
i∈I r ′

i (x
′′
−i ) > 1. Therefore, according toTheorem 1, there

must exist non-trivial correlated equilibria in every neighborhood ofx′′.
(2) It follows immediately from the facts that, on the one hand, every Nash equilibrium

is a profile of rationalizable strategies (seeProposition 2) and, on the other hand, the
set of rationalizable strategies of every agent is convex (seeProposition 3). Therefore,
the multiplicity of Nash equilibria in pure strategies implies immediately that the set of
rationalizable profiles is a Cartesian product of intervals with non-empty interior and,
hence, has no isolated point. �

Proposition 4. If {pi, Si, xi}i∈I is a finite support correlated equilibrium of the game Γ ,
then, for all i ∈ I and all si ∈ Si ,

{(xs−i

−i , x
si
i )}s−i∈S−i

�⊂ r+
i and {(xs−i

−i , x
si
i )}s−i∈S−i

�⊂ r−
i . (A.18)

Proof. Since{pi, Si, xi}i∈I is a finite support correlated equilibrium ofΓ , then, for all
i ∈ I , xi ∈ X

Si
i solves

max
x′
i∈X

Si
i

∑
si∈Si

∑
s−i∈S−i

p
si s−i

i fi(x
′si
i , x

s−i

−i ), (A.19)

and hence, for allsi = 1,2, . . . , Si , x
si
i solves

max
x

′si
i ∈(0,1)

∑
s−i∈S−i

p
si s−i

i fi(x
′si
i , x

s−i

−i ). (A.20)

Therefore, sincefi is differentiable and strictly unimodal,xsii is a critical point of
∑Si

s−i=1

p
sis−i

i fi(x
si
i , x

s−i

−i ), i.e.∑
s−i∈S−i

p
si s−i

i D1fi(x
si
i , x

s−i

−i ) = 0. (A.21)

Assume, without loss of generality, that{(xs−i

−i , x
si
i )}s−i∈S−i

⊂ r+
i , then, for allsi ∈ Si ,

D1fi(x
si
i , x

s−i

−i ) ≤ 0, (A.22)
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and hence, for allsi ∈ Si ,

D1fi(x
si
i , x

s−i

−i ) = 0. (A.23)

Therefore, because of the strict unimodality offi , for all si, s′i ∈ Si , x
si
i = x′si

i , i.e.x would
be a Nash equilibrium in pure strategies actually. Therefore, if{pi, Si, xi}i∈I is a non-trivial
correlated equilibrium, then

{(xs−i

−i , x
si
i )}s−i∈S−i

�⊂ r+
i . (A.24)

Similarly, it can easily be established that{(xs−i

−i , x
si
i )}s−i∈S−i

�⊂ r−
i . �

Proposition 5. If there exists a finite support correlated equilibrium of the game Γ , then
there exists a Nash equilibrium in pure strategies whose profile of strategies is in the convex
hull of the support of the correlated equilibrium.

Proof. Let {pi, Si, xi}i∈I be a finite support correlated equilibrium. Assume, without loss
of generality, thatx1

i < · · · < x
Si
i , for eachi ∈ I . Consider, for eachi ∈ I as well, the

function

r̃i (x−i ) = min{max{ri(x−i ), x
1
i }, xSii }, (A.25)

for all x−i ∈ [x1
−i , x

S−i

−i ], and for anyi ∈ I consider the functioñφi from [x1
−i , x

S−i

−i ] to

itself mapping eachx−i to φ̃i (x−i ) = x−i − r̃−i (r̃i (x−i )).
According toProposition 4, for eachi ∈ I , eitherr̃i (x1

−i ) = x1
i or r̃i (x1

−i ) = x
Si
i holds.

If r̃i (x
1
−i ) = x1

i holds for bothi ∈ I ,28 then for anyx′
−i > x1

−i but close enough to

x1
−i , it still holds r̃i (x−i ) = x1

i and hencẽφi(x′
−i ) > 0. Moreover, there exists somex′′

−i

in the interval [x1
−i , x

S−i

−i ] such thatφ̃i (x′′
−i ) < 0, i.e. such thatx′′

−i < r̃−i (r̃i (x
′′
−i )). In

effect, on the one hand, such anx′′
−i exists whenever there is somexi in [x1

i , x
Si
i ] such that

r̃−i (xi) > inf r̃−1
i (xi), since then there exists somex−i ∈ r̃−1

i (xi), satisfyingr̃−i (xi) > x−i

andr̃i (x−i ) = xi ,29 i.e. such that̃r−i (r̃i (x−i )) > x−i . On the other hand, should there be no
xi in [x1

i , x
Si
i ] such that̃r−i (xi) > inf r̃−1

i (xi), then it would hold that, for allxi in [x1
i , x

Si
i ],

r̃−i (xi) ≤ inf r̃−1
i (xi), but sincẽr−1

i (xi) ⊂ [x1
−i , x

S−i

−i ], certainly inf r̃−1
i (xi) ≤ x

S−i

−i would

hold as well, and hence so wouldr̃−i (xi) ≤ x
S−i

−i for all xi in the interval [x1
i , x

Si
i ]. Thus,

{(xsii , xS−i

−i )}si∈Si ⊂ r+
−i would have to be true, which contradictsProposition 4.

Therefore, for somex−i in (x′
−i , x

′′
−i ), φ̃i (x−i ) = 0 holds, that is to sayx−i = r̃−i (r̃i (x−i )),

and lettingxi be r̃i (x−i ), then(x−i , xi) ∈ r̃i for all i ∈ I . Now, should it be that case that
xi ∈ {x1

i , x
Si
i }, then for(x−i , xi) ∈ r̃i to hold for alli ∈ I , necessarily it would have to be true

thatx−i ∈ {x1
−i , x

S−i

−i } as well. Therefore, sincex−i ∈ (x′
−i , x

′′
−i ), with x′

−i ∈ (x1
−i , x

S−i

−i )

andx′′
−i ∈ [x1

−i , x
S−i

−i ], then x−i /∈ {x1
−i , x

S−i

−i }, and hencexi /∈ {x1
i , x

Si
i } neither. Thus,

xi ∈ (x1
i , x

Si
i ) for all i ∈ I and hencẽri(x−i ) = ri(x−i ) andr̃−i (ri(x−i )) = r−i (ri(x−i ))

28 A similar argument can be easily developed for each of the three other possible cases.
29 For allxi in [x1

i , x
Si
i ], r̃−1

i (xi ) contains its greatest lower bound because of the continuity ofr̃i .
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for anyi ∈ I . As a consequence,x−i = r−i (ri(x−i )) as well, and then(x−i , xi) ∈ ri for all
i ∈ I , i.e.{xi}i∈I is a Nash equilibrium. �

Proof of Theorem 4. Let {pi, Si, xi}i∈I be a finite support correlated equilibrium. Then
Proposition 3guarantees that, for alli ∈ I , there exists ax′1

−i ∈ X−i such thatx1
i is the best

reply tox′1
−i , i.e. ri(x′1

−i ) = x1
i , andx′1

−i is in the interior of the convex hull of the range of

x−i ; there exists alsox′Si
−i ∈ X−i such thatxSii is the best reply tox′Si

−i , i.e.ri(x
′Si
−i ) = x

Si
i , and

x
′Si
−i is in the interior of the convex hull of the range ofx−i . For eachi ∈ I , letr∧

i be such that

r∧
i (x−i ) = min{ri(x−i ), ri(x

′1
−i )}, andr∨

i be such thatr∨
i (x−i ) = max{ri(x−i ), ri(x

′Si
−i )},

that is to say, in the case bothri are strictly decreasing functions

r∧
i (x−i ) =

{
ri(x

′1
−i ) = x1

i , ∀ x−i ∈ [0, x′1
−i ],

ri(x−i ), ∀ x−i ∈ [x′1
−i ,1],

(A.26)

and

r∨
i (x−i ) =



ri(x−i ), ∀ x−i ∈ [0, x′Si

−i ],

ri(x
′Si
−i ) = x

Si
i , ∀ x−i ∈ [x′Si

−i ,1].
(A.27)

Consider the continuous functionφ∧
i (x−i ) = x−i − r∨

−i (r
∧
i (x−i )) from [0,1] to itself. Then

φ∧
i (0) = −r∨

−i (r
∧
i (0)) ∈ (−1,0) while φ∧

i (1) = 1 − r∨
−i (r

∧
i (1)) ∈ (0,1). Thus, there

existsx̂−i ∈ X−i such thatx̂−i = r∨
−i (r

∧
i (x̂−i )), i.e. letting x̂i be r∧

i (x̂−i ), it holds that
(x̂−i , x̂i ) ∈ r∧

i and(x̂i , x̂−i ) ∈ r∨
−i . Now, since bothri andr−i are strictly decreasing,r∧

i

does not meet [0, xS−i

−i )× (x1
i ,1], nor doesr∨

−i meet(x1
i ,1] × [0, xS−i

−i ). Then, necessarily,

x̂−i ∈ [xS−i

−i ,1] ⊂ [x′1
−i ,1] and x̂i ∈ [0, x1

i ] ⊂ [0, (x′)i(S−i )], and thereforer∧
i (x̂−i ) =

ri(x̂−i ) and r∨
−i (x̂i ) = r−i (x̂i ), that is to say,(x̂−i , x̂i ) ∈ ri and (x̂i , x̂−i ) ∈ r−i . Thus,

{x̂i}i∈I is a Nash equilibrium of the game not contained in the convex hull of the support
of the correlated equilibrium, and hence distinct from the one contained in it.

Similarly it can be proved that there is another Nash equilibriumx̂′
i ∈ [xSii ,1] and

x̂′
−i ∈ [0, x1

−i ] by means of the functionφ∨
i (x−i ) = x−i − r∧

−i (r
∨
i (x−i )). Finally, an

analogous argument shows the existence of two Nash equilibria outside the convex hull of
the support of the correlated equilibrium in the case that both best reply function are strictly
increasing. �

Proposition 6. If there exists a finite support correlated equilibrium of the game Γ and
either,

(1) for all i ∈ I , xSii < ri(x
1
−i ) and ri(x

S−i

−i ) < x1
i , or

(2) for all i ∈ I , xSii < ri(x
S−i

−i ) and ri(x
1
−i ) < x1

i ,

then there exist at least three Nash equilibria.

Proof. In effect, the existence of a correlated equilibrium guarantees the existence of a
Nash equilibrium in pure strategies(xi, x−i ) in the convex hull of its support. Moreover,
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Fig. 10.

Poincaré–Höpf theorem applies necessarily to a continuous deformation of the set of profiles
of strategies, e.g. in the case (1), the set circumscribed by the polygon formed by the segments
joining the points(0,1), (0, x−i ), (x1

i , x−i ), (x1
i , x

S−i

−i ), (xi, x
S−i

−i ), (xi,1), and(0,1) again
(seeFig. 10).30 Clearly, using the same argument, another Nash equilibrium must exist also
in this case to the southeast ofx. �
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