
Optimization of proton arc therapy
treatment plans

Sophie Wuyckens

A thesis presented for the degree of
Doctor of Biomedical and Pharmaceutical Sciences

Molecular Imaging, Radiotherapy and Oncology (MIRO)
Institut de Recherche Expérimentale et Clinique (IREC)
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Abstract

Proton arc therapy (PAT) is a novel modality to treat cancer, involving continuous
rotation of the irradiation device (gantry) around the patient while delivering a
proton beam to the tumor. Compared to conventional fixed-angle proton beam
delivery, PAT paves a promising treatment avenue, with numerous possible irradi-
ation directions, to improve plan quality and streamline the treatment workflow.
Nevertheless, this increased degree of freedom also becomes a burden for its clin-
ical implementation, in particular in the treatment planning optimization step.
The cornucopia of irradiation directions and energy layer candidates increases the
complexity of the associated treatment planning optimization problem. It requires
substantial computational power as well as the development of new algorithms
and objectives to yield optimal treatment plans that are both high in quality and
efficient to deliver. To this purpose, one must solve the energy layer selection
problem, which constitutes the major challenge of PAT treatment planning op-
timization. This thesis is dedicated to addressing this challenge and providing
potential solutions to it. The chapters unfold as a journey of deeper and deeper
exploration of PAT, maturation of the problem statement, and refinement of the
proposed solutions. Initially, we tackled the problem with all available degrees
of freedom, but practical constraints arose. The computational demand of im-
plemented solvers proved to be too prohibitive. Consequently, we transitioned
to a second approach that selectively incorporates a subset of degrees of free-
dom, aligning with technical constraints. Ultimately, this thesis concludes with an
in-depth theoretical exploration of the PAT problem, confirming its inherent com-
plexity. This work contributes to advancing the field of PAT treatment planning
optimization, addressing the delicate balance between plan quality and clinical
feasibility.
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Prof. Edmond Sterpin, PhD, Ir
Molecular Imaging, Radiotherapy and Oncology, Université catholique de Louvain
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2 CHAPTER 1. OVERVIEW

1.1 Research motivation

In 2020, the global toll of cancer-related deaths was estimated to be nearly 10
million lives lost. This positioned cancer as the second leading cause of death
worldwide [1]. This number is expected to further increase as the world population
is growing and aging. The demographic shift not only places a heavier burden
on healthcare systems but also underscores the necessity to constantly refine and
advance cancer treatment techniques to accommodate the growing number of
cases.

The progress made in understanding the biology of cancer and its underlying
mechanisms but also technological advances have already led to important break-
throughs in treatment modalities. From surgical interventions and chemotherapy
to more sophisticated approaches like targeted therapy, immunotherapy but also
radiation therapy (also known as radiotherapy), the medical community has made
substantial strides in its arsenal against cancer. External radiotherapy is in fact
accounting for about 50% utilization in cancer management [2]. While chemother-
apy or other systemic treatments have local and distant action, the largest usage
of external radiotherapy is to secure loco-regional control, i.e., targeting and af-
fecting specific body areas requiring treatment.

In the last decades, various radiation therapy techniques have emerged following
the discovery of rays or fundamental particles and technological advancements.
Photons, discovered by Röntgen in 1895, have been widely used in X-ray radiation
therapy since the mid-20th century. Photon radiation therapy rapidly evolved
from 2D treatments to “3D conformal radiotherapy” (3D-CRT) in the 1990s and
then to intensity modulated radiation therapy (IMRT) in the mid-1990s. These
advancements consistently aimed at enhancing dose conformity around tumors
[3, 4]. In 1993, a pivotal development occurred when Mackie et al. introduced
the first form of rotational IMRT [5]. This technique involve the delivery of a fan-
shaped X-ray beam in a ring gantry, that rotates around the patient while they
are moved through the machine, a concept known as tomotherapy. Subsequently,
other variations of rotational IMRT emerged, streamlining the delivery of IMRT
treatments. For example, in 1995, Yu et al. introduced “volumetric modulated
arc therapy” (VMAT) [6], where the X-ray beam is continuously shaped and
modulated spatially in three dimensions and typically delivered in a single rotation
around the patient. Rotational IMRT offers more degrees of freedom to improve
plan quality and speed-up the treatment delivery time of complex-shaped dose
distributions [7]. Yet, photon therapy’s entrance and exit-dose limits the delivery
of necessary curative doses for certain disease sites, as they can lead to excessive
irradiation of surrounding normal tissues causing potential unacceptable toxicities
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[8, 9, 10].

Protons, discovered in 1911 [11], first gained attention in medical physics due
to their unique property of stopping in matter and releasing a sharp energy peak
at the end of their range, namely the Bragg Peak [12]. This distinct feature offers
advantages in radiotherapy, such as higher dose conformity and better sparing of
healthy tissues compared to photon-based treatments. However, proton therapy is
more resource-intensive and costly due to the advanced technology and equipment
required and the specialized training needed for healthcare professionals. This has
limited its adoption, with less than 1% of radiotherapy patients worldwide currently
receiving proton therapy, despite potential benefits for a larger population [13].

In terms of technological development, proton therapy has followed a trajectory
similar to that of photons as illustrated in Fig. 1.1. It started with “manual”
shaping of each proton beam, referred to as the passive-scattering (PS) technique
[14]. This technique utilizes scatterers, collimators and compensators to shape the
beam and a spinning range modulator to vary the beam energy, resulting in a dose
distribution that is a spread-out Bragg Peak (SOBP). Passive scattering proton
therapy (PSPT) has progressed to intensity modulated proton therapy (IMPT)
delivered through pencil beam scanning (PBS), a method akin to 3D printing
that irradiates the tumor spot by spot and layer by layer given the finite range of
protons in matter. Just as with photon technology, the desire to deliver proton
beams while the gantry rotates became apparent, giving rise to proton arc therapy
(PAT), which is the central topic of this thesis.

In PAT, there are two primary challenges that need to be addressed for its
implementation into clinical practice. Firstly, the arc delivery itself requires hard-
ware upgrades due to the unique demands of safe continuous gantry rotation
synchronized with proton radiation delivery. Secondly, a large effort is invested
in treatment simulation, known as treatment planning. Treatment planning is a
meticulous process of designing a patient-specific radiation treatment. It aims
to determine the optimal arrangement of radiation beams and their intensity to
achieve clinical objectives: delivering a sufficiently high radiation dose to eradicate
the tumor while minimizing irradiation of surrounding healthy tissue. This is in
fact an optimization problem that can be solved with numerical solvers. The PAT
treatment planning optimization is the focus of this thesis.

The rationale for PAT mirrors the argument for VMAT, capitalizing on new de-
grees of freedom for treatment planning optimization combined with the unique
depth-dose characteristics of protons. However, these degrees of freedom present
an additional challenge – they make the optimization problem more complex.
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Figure 1.1: Evolution of dose distributions over the years obtained with evolving
modalities over time in RT/PT on the same patient. The colored regions scale
the dose linearly from low dose (blue area) to high dose (red area). 3D-CRT:
3-dimensional conformal radiotherapy; IMRT: intensity modulated radiotherapy;
VMAT: volumetric modulated arc therapy; PSPT: passive scattering proton ther-
apy; IMPT: intensity modulated proton therapy; PAT: proton arc therapy. Adapted
from [15].

This challenge originates from the need for the proton delivery system to employ
multiple proton energies to fully cover the target volume in-depth, therefore ne-
cessitating sequential energy switching. The non-instantaneous nature of energy
switching due to technical constraints contributes to total delivery time. While
this phenomenon is not a critical concern for IMPT, it has a large impact when
planning PAT treatments. In IMPT, each beam is individually delivered at a
fixed gantry angle, starting from the highest (distal depth) to the lowest energy
(proximal depth). However, in dynamically delivered PAT treatments, it is im-
practical and excessive to use a decreasing energy sequence at each angle in the
arc beam. Additionally, increasing the energy for each next angular window is
often even more time-consuming than decreasing it due to a technical limitation
coming from the magnetic field regulation . Without efforts to minimize such
energy increase occurrences, it would happen between each irradiation direction,
thus substantially slowing down the continuous gantry rotation. Consequently, the
optimization problem must encompass minimizing delivery time alongside conven-
tional dose-based objectives.

This thesis strives to explore the optimization challenge of PAT, with particular
emphasis on delivery time. The research journey embarks with a reflection on
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the optimization requirements to harness the full potential of PAT. Initially, an
in-depth exploration of the optimization problem is undertaken, where multiple
strategies are proposed to derive the optimal solution. The investigation then
evolves, suggesting an algorithm that could provide multiple optimal solutions,
granting the user the flexibility to select based on the clinical context. The search
for innovative algorithms persists, driving towards more computationally efficient
solvers. Some of these algorithms are assessed using a commercial treatment
planning software, highlighting the potential benefit of PAT for various disease
sites. The thesis culminates by presenting a theoretical perspective, emphasizing
the inherent complexity of the problem that has been the focal point throughout.

1.2 Main contributions
The main objective of this thesis is to explore the treatment planning methods
for PAT, in particular the underlying optimization algorithms tailored for dynamic
delivery, i.e. using a continuous gantry rotation. While the concept of PAT is
not novel, its clinical translation presents multiple challenges. Before it can be
smoothly integrated into clinical practice, these challenges must be addressed.
This work does not primarily aim to establish the clinical merits of PAT. Instead,
it drives the development of various methodologies aimed at addressing the en-
ergy layer selection problem (ELSP), a central component of proton arc planning.
Addressing the ELSP is a major concern because it is closely tied to the resulting
plan quality, which can ultimately determine the tangible clinical benefits of PAT.

1.2.1 Combined dose and energy sequence optimization

Inspired by Gu et al [16], who introduced a method to address the ELSP in-
tegrated within the spot weight optimization framework, we saw an opportunity
to explore this area further. This direction seemed promising, especially in maxi-
mizing the proton arc’s potential. Our team was the first to provide a structured
definition of the PAT optimization challenge. We then suggested three distinct
solvers, comparing them to conventional IMPT and the state-of-the-art SPArc
[17, 18] techniques. Unlike many studies that present a single plan optimiza-
tion method across various disease sites, our approach offers a more thorough
comparison between several existing and new PAT optimization strategies. The
implementation of these solvers was carried out within the framework of an in-
house open-source Treatment Planning System (TPS) known as OpenTPS1. This
project, initiated and developed by Kevin Souris, received important contributions
from the author of this thesis, especially in the optimization modules. Any bench-

1http://opentps.org/

http://opentps.org/
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marking conducted for this study has been made accessible online for peers who
might want to evaluate their optimization algorithms.

This work led to a publication, which is integrated into Chapter 3. Note that
in this chapter, we refer to proton arc therapy as arc proton therapy (ArcPT). As
OpenTPS evolved with valuable input from its core developers, it became publicly
available in November 2022. An initial draft detailing the tool was shared on
ArXiv [19].

1.2.2 A bi-criteria Pareto optimization

While minimizing the delivery time for proton arc therapy already presents a
challenge, it is uncertain to what extent this can be balanced with dose fidelity—a
competing objective. For instance, a highly delivery-efficient PAT plan may com-
promise robust target coverage if too few energy layers are used. The difficulties
lie therefore in the tuning of the objective weighting parameters in the cost func-
tion. Radiation therapy optimization, inherently multi-objective, often requires
meticulous manual adjustment of each objective weight until a satisfactory plan
that meets clinical goals is found. This can be particularly demanding for cases
with complex geometry, where the objectives of target coverage and organs-at-risk
(OAR) sparing might already conflict. Several multi-criteria optimization (MCO)
strategies have been proposed, aiming to provide planners with a spectrum of
Pareto optimal solutions instead of iterative tuning of the weights. This allows
the choice of the most appropriate compromise based on the clinical context
[20, 21, 22, 23, 24]. Drawing on Craft et al’s method [25], we introduce the
first bi-objective optimization study for PAT. This examines the balance between
plan quality and delivery time, ultimately enabling clinicians to make an informed
decision. Furthermore, the algorithm developed to generate a pool of Pareto op-
timal plans, was implemented within OpenTPS. This work represents a milestone
for PAT planning, laying the groundwork for advanced MCO that may eventually
incorporates an actual machine-specific delivery sequence model.

This research has been published and can be found in Chapter 4 of this thesis.

1.2.3 A geometrical energy layer pre-selection

Up until now, all the strategies developed and tested for proton arc planning in
this thesis involved optimizing both the energy sequence and spot weights simul-
taneously. However, this approach substantially slowed down the planning phase,
sometimes taking several hours for a simple case, and demanded heavy memory
resources, occasionally reaching dozens of gigabytes. It required pre-computing
the dose contribution from every possible spot, energy layer, and irradiation an-
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gle, and then optimizing the energy sequence along with the massive amount of
spot weights candidates. This made it challenging to use robust optimization in
OpenTPS, which is primarily written in the Python programming language. To
address this issue, we decided to re-evaluate our strategy and explore heuristic
methods instead. Our approach involves breaking the problem into two steps.
First, we pre-optimize the energy sequence, ensuring that each irradiation angle
uses a single energy. The optimization goal is to achieve good geometrical target
coverage while penalizing angles that intersect with selected OAR. Additionally,
we incorporate a direct approximation of the total delivery time into the objective
function. The estimated irradiation time takes into account the gantry’s rotation
speed, the ELST, and energy layer scanning time. After this pre-optimization
step, we only need to optimize the spot weights from the list of pre-selected ener-
gies, which could be done using a conventional optimizer from any TPS. Although
this methodology is not entirely new and was initiated by the IBA proton R&D
team, we decided to further explore their solution by implementing it into our own
in-house TPS, OpenTPS. We collaborated closely with RaySearch Laboratories
(Stockholm, Sweden), one of the major leader in the TPS industry, to be able to
import the energy layer selection we made in-house, into their TPS, RayStation.
We then conducted a comparative analysis with their energy layer pre-selection
algorithm prototype, which is also heuristic-based.

Currently, we are in the process of preparing a detailed manuscript describing
this method, which we plan to submit to a peer-reviewed journal in the near future.
The current version of the manuscript is included in Chapter 5.

1.2.4 A dose-based energy layer selection

Splitting the process into two stages, optimizing the energy sequence and then
optimizing the dose, appears to be computationally efficient. However, this
method may sometimes lack flexibility during the second step because it does
not allow for adjustments to the energy sequence when, for instance, target cov-
erage falls short [26]. To address this issue, we collaborated with RaySearch to
explore possible improvements of their prototype dynamic arc optimization solu-
tion [26], with potential application for other proton arc optimization algorithms.
The idea was to expand the set of possible energy layers at each gantry angle dur-
ing pre-selection and iteratively filter energy layers during the main optimization
until a single energy per angle was achieved to reach high delivery efficiency. This
process involved using a penalty function and optimization breaks to eliminate
the worse-performing energy layers. However, the results showed only marginal
improvements compared to the baseline arc plans. Despite the efforts invested in
this direction, we did not proceed further with this particular study. A brief sum-
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mary of the method developed and the results obtained can be found in Chapter
6.

1.2.5 A dose-based energy layer filtering

Although the results from the previous contribution were not very conclusive,
we decided to revisit the energy layer selection concept from a new perspec-
tive. We investigated a dose-based energy layer filtering approach, applied as a
post-processing step after spot weight optimization, thereby accelerating proton
arc delivery. We investigated three distinct filtering methods for this purpose, and
they proved to be efficient. These methods were directly integrated into a research
version of RayStation 2023B (RaySearch Laboratories AB, Stockholm, Sweden).
They were also implemented in OpenTPS for open-source usage. Given the chal-
lenge of determining the optimal energy layer selection, these methods serve as
post-processing tools for arc optimization, allowing for the removal of energy lay-
ers that contribute minimally to treatment and/or negatively affect delivery time.
They become especially relevant when used in conjunction with energy layer pre-
selection heuristics. To sum up, pre-selection is used to speed-up the optimization
and combined to post-filtering to accelerate the delivery of treatment.

The final study has been submitted for publication to Medical Physics journal.
Chapter 7 presents the submitted manuscript.

1.2.6 The NP-hardness of proton arc therapy

In the concluding study of this thesis, we returned to fundamental properties,
building upon the groundwork laid in earlier chapters. We revisited the PAT
problem, which we established as non-convex when addressed as a continuous op-
timization challenge and raised questions about its intrinsic theoretical complexity.
While an initial attempt was made to prove the hardness of the PAT problem in a
specific case in the initial publication of this thesis, we aim to revisit and rigorously
address this question in Chapter 8. We provide a comprehensive and formal proof
that establishes the NP-hardness of the PAT problem.

These findings hold notable implications. Firstly, finding an optimal solution to
the PAT problem demands substantial computational resources, often requiring
extensive exploration of the solution space. Moreover, as of today, there is not a
universally efficient algorithm capable of solving this category of problem for all
instances. In practice, obtaining the global optimum may pose difficulties, poten-
tially leading to the acceptance of near-optimal solutions (if any can be found).
Instead, we may need to rely on specialized heuristics, meta-heuristics, or approx-
imation methods to achieve practical solutions within reasonable timeframes.
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1.3 Thesis outline

The present chapter (Chapter 1) outlines the motivations behind this research
and provides an overview of the thesis contributions to this evolving field.

Chapter 2 introduces the background for comprehending the research con-
ducted within this thesis. Given the interdisciplinary nature of the work, we start
by discussing the medical physics elements relevant to the topic. Subsequently,
we transition gradually towards delving into the underlying mathematical theo-
ries that form the basis of this study. Following that, we present the current
state-of-the-art in PAT.

Chapters 3 to 8 are constructed around the five main author’s contributions and
organized as follows:

Chapter 3: Exploring treatment planning in proton arc therapy
This chapter marks the author’s initial publication and groundwork, titled “Treat-
ment planning in arc proton therapy: Comparison of several optimization prob-
lem statements and their corresponding solvers”. It establishes the mathematical
model behind the optimization problem for treatment planning in PAT and offers
strategies on how to tackle it using different optimization schemes.

Chapter 4: Striking a balance
In this chapter, we delve deeper into the balance between irradiation time and
dosimetric goals in PAT. Venturing into the realm of multi-criteria optimization,
we introduce an algorithm capable of generating a collection of Pareto-optimal
solutions for these two objectives. This strategy empowers planners to navigate
through options, enabling them to choose the optimal trade-off in line with their
experience and clinical constraints. This study led to the second paper “Bi-criteria
Pareto optimization to balance irradiation time and dosimetric objectives in proton
arc therapy”. This achievement is the result of a collaboration with the Proton
Therapy Center of Beaumont Health (Royal Oak, MI, USA) during a 6-month
secondment period.

Chapter 5: Streamlining the process
Chapter 5 presents an alternative approach to address the optimization problem in
PAT treatment planning. This method involves separating the problem into two
distinct steps: first, solving the energy layer selection, and then addressing the spot
weight optimization problem. While this approach may sacrifice the dose-based
energy layer selection, it was chosen for practical reasons, mainly the consider-
able acceleration and efficiency it brings to the treatment planning process. This
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methodology stems from a closely-knit collaboration with Ion Beam Applications
S.A. (IBA). The final manuscript is currently being prepared for journal submis-
sion.

Chapter 6: Bridging the gap
This chapter focuses on the integration of a dose-based energy layer selection into
a commercial treatment planning system. We bring together the insights gained
from previous chapters and collaborate with RaySearch Laboratories AB (Stock-
holm, Sweden). Our objective is to blend geometric energy layer pre-selection
with dose-based objectives during the spot weight optimization process to en-
hance the overall quality of proton arc plans. This approach involves initially
expanding the set of energy layers during pre-selection and then retaining only
the highest-weighted ones to “sparsify” the energy sequence and keep reasonable
delivery times. This research was conducted in the context of a 3-month research
stay at RaySearch Laboratories.

Chapter 7: Optimizing efficiency
In this chapter, we combine the fast energy layer pre-selection implemented in
a research version of RayStation with post-filtering strategies to optimize both
computational and delivery efficiency. A range of methods have been explored to
identify and filter energy layers that have a minimal impact on dosimetry. This
approach aims to preserve high plan quality, expedite treatment delivery, and
complement the optimization speed-up achieved through the use of energy layer
pre-selection methods. This work was carried out in collaboration with RaySearch
Laboratories. The outcomes of this study are encapsulated in a manuscript titled
“Faster proton arc optimization and delivery through energy layer pre-selection
and post-filtering”. This paper currently awaits revision in the journal Medical
Physics.

Chapter 8: Unveiling complexity
This chapter delivers a mathematical proof of the NP-Hardness of PAT, effectively
concluding the initial incomplete proof introduced in the first paper (Chapter 3,
section 3.6.3). This achievement underscores the inherent computational com-
plexity of the problem, and it plays a pivotal role in directing research endeavors,
fostering the design of efficient algorithms, and establishing a theoretical founda-
tion for PAT problem-solving approaches. This work is the result a of collaboration
with Viktor Wase (RaySearch Laboratories) and Michael Saint-Guillain (CEO &
co-founder of Rombio, researcher in ICTEAM, UCLouvain), whose collective ex-
pertise substantially contributed to this work.

The concluding chapter (Chapter 9) reviews and discusses the research pre-
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sented in the thesis. It offers insights into the future prospects of proton arc
therapy and includes the author’s personal perspective on the subject.
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2.1 Radiation therapy
This section offers a succinct and general introduction to radiation therapy, its
purpose, and the methods used in its application. Experienced readers are invited
to start with Section 2.3 where a mathematical description of the concepts used
throughout the thesis are provided.

2.1.1 Fighting cancer with radiotherapy

Before we delve into cancer treatment, it is essential to understand the adversary
we are up against.

Ordinarily, cell division in the human body is regulated by a complex system of
biological signals. Yet, when DNA mutations occur, they can disrupt this division
control mechanism. These mutations are frequently caused by various factors like
environmental factors, viral infections, errors during DNA replication, and more.
While most of these mutations are not inherently harmful, in certain cases, they
can lead to the development of cancerous cells. These cells, marked by DNA
mutations, proliferate uncontrollably and amass to form tumors, setting the stage
for the battle against cancer.

High-energy radiation, often referred to as “ionizing radiation”, can damage the
genetic material within living cells through fundamental interactions by directly or
indirectly stripping atoms or molecules of their electrons [27]. As soon as genome
damage is detected, biochemical processes are activated to expedite repairs. Three
main response scenarios emerge. For sub-lethal damage, cells can accurately repair
themselves without adverse consequences. Sometimes, cells inadequately repair,
surviving with genetic alterations. In cases of extensive DNA damage, ineffective
repair can lead to cell inactivation [28]. These ionizing radiations can be photons
as well as subatomic particles like electrons, protons, neutrons or even atoms such
as light or heavy ions. Unregulated exposure to ionizing radiation can yield serious
consequences. Its impact includes adverse health effects such as the development
of acute or even late radiation syndromes, often manifesting years or even decades
after exposure. For example, ionizing radiation played a major role in contributing
to chronic myelogenous leukemia, as demonstrated in a study involving survivors
of the nuclear bombings in Hiroshima and Nagasaki [29].

However ionizing radiation can also be used for medical applications to accu-
rately target and eliminate cancer cells, while following safety protocols and using
the right equipment. Tumor cells repair DNA damage less efficiently than normal
cells and hence tumors can often be eliminated without damage to normal tissues
if the dose to sensitive normal cells is not excessive (see section 2.1.2 below). This
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is the core idea behind radiation therapy (RT). For certain types of cancer that
are confined to a particular area of the body, RT can actually cure the disease.
Early stage cancers are therefore usually treated either with surgery or radiother-
apy providing a high loco-regional control probability of the disease. RT may also
be combined to other cancer treatments, e.g. as part of adjuvant therapy after a
surgery to prevent the cancer from coming back. Moreover, RT may also comple-
ment chemotherapy for locally-advanced cancers, and, in that case be used before,
during, and/or after chemotherapy for certain types of cancer that respond well
[30, 31, 32]. Note that about half of RT cases are for palliation in the treatment
for pain or other quality of life improvements in the metastatic stage of cancer
[33].

Radiotherapy is primarily administered through external beams generated by
medical accelerators or by a fixed array of radioactive sources that produce high-
energy radiation. An alternative, but much less widespread approach, involves
using sealed or unsealed radioactive sources placed directly within the tumor vol-
ume or next to it.

Ionizing radiation that is absorbed by an object or person is termed the absorbed
dose, a unit defined within the International System of Units (SI). This measure is
denoted in Gray (Gy), which quantifies the energy in joules (J) deposited per unit
of mass (Kg). In RT, the oncologist will therefore set a prescription dose that the
tumor must receive in order to cure the disease.

2.1.2 The trade-off of radiotherapy
When we treat a tumor inside a patient using external radiotherapy, the ra-

diation we use also affects the healthy tissues around the tumor. For instance,
in conventional radiotherapy with X-rays, the radiation beam goes through the
patient’s body, affecting all tissues present on the beam path. As a result, the
DNA in healthy tissues can also get damaged. However, healthy cells can repair
themselves better than corresponding tumor cells whose mechanism are often al-
tered. This phenomenon creates what is known as a “therapeutic window”. The
challenge of RT for cancer treatment is therefore to give enough radiation to
eliminate all the cancer cells and their offspring while causing as little harm as
possible to the patient with the lowest dose achievable to healthy tissues. This
is equivalent to achieving a high probability of local tumor control (tumor con-
trol probability, TCP) at a low risk of normal tissue complications (normal tissue
complication probability, NTCP). These probabilities, TCP and NTCP, are derived
from in-vitro survival cell rate experiments and are often depicted as curves on
a graph against the prescribed dose, as illustrated in Figure 2.1. These curves
display a characteristic sigmoid shape, indicating that both very low and very high
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doses have a limited impact on dose response. However, the dose response is
highly pronounced at intermediate doses. The distance between these two curves
illustrates the therapeutic window mentioned earlier.
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Figure 2.1: Dose-response relationship figuring the deal of RT: delivering enough
dose to the tumor volume to ensure high TCP while remaining below toxicity level
defined by the NTCP.

Several approaches have been developed to modify the TCP and NTCP curves
with the objective to increase the therapeutic window size. This topic will be
addressed in the next subsections.

2.1.3 Dose sculpting

The challenge of RT is often analogized to a “ballistic” problem due to its in-
herent nature. Over the past two decades, technological progress has been geared
towards refining the spatial differentiation between normal tissue and tumors to
prevent radiation-induced toxicities. One important advancement has been the
introduction of multi-leaf collimators, which shape the photon beam by adjusting
the positions of individual leaves in the beam’s path. Additionally, it was rec-
ognized that using multiple beam directions that converge at the tumor site can
improve the sculpting of the radiation dose [34]. Moreover, the implementation
of intensity modulation in the 1990s is progressively replacing all classical confor-
mation systems that make use of uniform dose fields. This shift aims to achieve
even greater conformity to the tumor’s shape.

When a tumor is located near critical organs, conventional photon-based radio-
therapy techniques can sometimes struggle to adhere to dose constraints. This
occurs because when a megavoltage photon beam penetrates the body to reach
a deep-seated tumor, it releases the most energy close to the surface and sub-
sequently attenuates exponentially due to the photoelectric and the Compton
interactions [35]. Photons hence deposit inevitably doses both upstream and
downstream of the tumor location.
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Figure 2.2: Depth-dose curves in water generated by photons (yellow), protons
(blue) and carbon ions (red). A spread-out Bragg peak (SOBP), built from the
combination of several protons Bragg Peak, is also represented, effectively showing
the tumor coverage in-depth with little dose present beyond the distal end of the
peak. Adapted from [36].

Charged particles, such as protons, interact differently. They directly collide
with other charged particles and nuclei. This interaction pattern causes protons
to lose energy in a “quasi-continuous” fashion along their radiation path until
they approach the end of their range reaching their maximum dose deposition
in what is known as the Bragg Peak, first described in 1946 [37]. Figure 2.2
illustrates the distinct depth-dose curves for photons and protons. By modulating
proton energies, it becomes possible to accurately target a specific location within
the body, delivering a high dose to it and then stopping with a small further dose
distribution downstream of the tumor, as shown in Fig. 2.3. The ability to control
the depth of penetration by adjusting the proton energy offers a distinct rationale
for proton therapy (PT). It is more likely to spare surrounding healthy tissues
while effectively treating the tumor. Since the Bragg peak is narrow, multiple
Bragg Peaks with different intensity and energy need to be superimposed in order
to cover the full tumor depth and produce the so-called spread-out Bragg Peak
(SOBP).

The evolution of proton beam shaping technology has involved improving the
delivery systems to enable even finer control over the dose distribution within
the tumor. Initially, SOBP were mostly delivered using passively scattered (PS)
techniques, involving physical devices like scatterers and compensators to shape
the beam. However, technology has advanced and tends to be replaced by pencil
beam scanning (PBS). PBS is a more accurate delivery system where narrow
proton beams, called “spots”, are scanned across the target volume at different
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Figure 2.3: Dose distribution comparison between a photon plan and a proton plan
for esophagus cancer. While many photons beams are required for dose sculpting,
only 2 proton beams are needed. This attest for the high conformity of protons
which consequently better spare the heart in this case.

depths, called “energy layers”. It then “paints” the dose sequentially spot by spot,
and layer by layer from each irradiation direction [38, 39].

Heavier ions, such as carbon ions, are also represented in Fig. 2.2. The term
heavy ions is used here for ions heavier than helium ions. Due to their larger mass
and charge, they tend to interact more densely with the atoms they encounter
along their path. Because of the high density ionization tracks of secondary
charged particles that heavy ions leave in matter, they are usually termed as high-
LET (linear energy transfer) radiation in contrast to low-LET radiation such as
electrons, photons and protons. The LET radiation quality of a beam relates to the
biological effect of the ionizing radiation. As for protons, heavy ions stop in matter
but they result in a sharper Bragg Peak with a rapid dose fall-off. We also observe
a more prominent tail in the depth dose distribution that extends beyond the Bragg
peak. This property comes from the increase of nuclear fragmentation processes
(secondary low-energy ions). Carbon ions were mostly introduced in radiation
therapy for their high biological effect. As a result, they inflict more severe damage
to DNA which was proven useful for radioresistant tumors [40, 41]. However, their
use should be approached cautiously, as they often lead to substantial damage in
normal tissues as well. This topic will be addressed in the next subsection.

Unfortunately, the sharp distal dose gradients inherent to protons and heavy
ions also present a major challenge. They can be influenced by daily variations in
a patient’s anatomy, leading to uncertainties in how far the particles can travel,
a phenomenon commonly referred to as “range uncertainty” [42]. This can cause
unintended problems, like exposing healthy tissue to too much radiation or not
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giving enough dose to the intended target volume. This dilemma emphasizes the
need for a robust treatment planning approach that accounts for uncertainties in
particle therapy. This will be further discussed in Section 2.2.3.

2.1.4 Radiobiology

In addition to approaching radiation therapy as a ballistic problem, there are
complementary strategies to improve its efficiency and therapeutic ratio, that
relate to radiobiology. One such strategy involves the use of fractionation, a
technique that divides the total prescribed radiation dose into smaller fractions
administered over multiple treatment sessions. This approach takes advantage
of the differences in cellular responses to radiation between normal tissues and
cancer cells. While cancer cells are often less capable of repairing radiation-
induced damage, normal tissues have the opportunity to repair and recover better
between fractions, minimizing the risk of severe side effects. Moreover, oxygen
levels in tissues substantially influence their sensitivity to ionizing radiation. This
is because ionizing radiation interacts with oxygen molecules, leading to the re-
lease of free radicals. These free radicals, which constitute the indirect mode of
radiation-induced damage, contribute to approximately two-thirds of the overall
damage caused by ionizing radiation [43]. Consequently, after irradiation, the
initial cells killed by radiation are often the peripheral well-oxygenated ones. Frac-
tionation is therefore employed to address this issue as it allows for reoxygenation
between treatment sessions, making the previously resistant tumor layer vulner-
able to subsequent radiation therapy treatment fraction. Fractionation relies on
other important factors to justify its usage, but this goes beyond the scope of this
thesis. Interested readers can refer to the appropriate literature for more in-depth
information [36]. Fractionation schemes often involve 5 fractions/week between
1.8 to 6 Gy per fraction delivered over the treatment course extending from 1-7
weeks in duration.

We saw earlier that many types of particles can be used in radiation therapy.
However, different particles do not cause the same damage to DNA for the same
absorbed dose. To account for these differences in effectiveness of particle radi-
ation (i.e. cell killing), the concept of relative biological effectiveness (RBE) is
employed. RBE is defined as the ratio of the dose of reference (often conven-
tional photon radiation) to the dose of the investigated radiation that yields an
equivalent biological effect. Protons, for instance, are commonly estimated to be
approximately 10% more effective than conventional high-energy photon radio-
therapy (uniform RBE=1.1) [44]. However, recent experiments [45] and clinical
studies [46] indicate that the RBE value for protons is not uniform. Instead, it may
increase critically towards the distal dose fall-off of individual Bragg Peaks as LET



20 CHAPTER 2. INTRODUCTION

increases [47]. Some proton treatments involve SOBP modulated fields, which are
a summation of multiple Bragg Peaks of different energy, RBE variations within
the SOBP may be expected. This variability could result in a higher-than-expected
biologically equivalent dose deposition, which can be problematic in normal tis-
sues located distal to the tumor [48]. To address this aspect in clinical practice, a
commonly employed strategy is to carefully select beam angles, ensuring that no
more than one beam stops in a sensitive OAR [49]. On the other hand, carbon ion
radiation exhibits a RBE much greater than 1 across its entire tissue range which
increases with depth [36]. As a result, they lead to greater DNA damage and
cell death, providing them an important differential advantage in targeting tumors
versus sparing healthy tissue, in particular for radioresistant hypoxic tumors.

Methods like tumor radiosensitization that improve oxygenation [50, 51] or that
employ drugs generally can help to increase loco-regional control of the tumor
in concomittant chemotherapy or targeted therapy [52, 53, 54]. Hypoxic regions
can also be targeted preferentially. Imaging modalities quantifying hypoxia aid in
localizing these areas [55]. Additionally, the development of radioprotector drugs
[56] and the emergence of FLASH therapy [57], which involves administering treat-
ment at very high dose rates, demonstrate radio-protective effects (i.e. reduces
the normal tissue toxicities), contributing to an improved therapeutic ratio.

2.1.5 Beam technology
In conventional RT, the generation of photon beams is typically done through

linear accelerators (linacs). These linacs are situated within the treatment room,
often on a fixed beamline or gantry (i.e. a rotating structure that moves the
radiation device around the patient). The beam generation process involves the
release of electrons from a cathode, which are subsequently accelerated using
an electric field toward a target with a high atomic number, such as tungsten
or gold. Upon collision, these electrons produce high-energy X-ray photons via
bremsstrahlung radiation. The energy spectrum of the produced photon beam is
usually fixed for a specific treatment machine. Once generated, the photon beam
is ready to be shaped to conform to the tumor volume.

In contrast, the generation of a proton beam necessitates more complex and
financially demanding infrastructure, as illustrated in Fig. 2.4. This is achieved
using a particle accelerator, either a cyclotron (fixed energy) or, less commonly,
a synchrotron (variable energy) [14]. The procedure starts with a hydrogen gas
source, and due to the hydrogen atom’s composition—a singular proton and elec-
tron—the protons can be extracted. These protons are then accelerated within
the particle accelerator using an electric field. The accelerator provides the nec-
essary energy to boost the protons to very high speeds, to up to 2/3 the speed
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of light. After the acceleration phase in cyclotron-based facilities, protons are
extracted when they have reached their maximal energy. For therapeutic purpose,
maximum energies are in the range of 230-250 Megaelectron-volts (MeV) with
ranges in water of approximately 33-37 cm respectively. Post-acceleration, an
energy layer selection system (ESS) is integrated at the cyclotron’s exit, reducing
the proton energy to the intended depth in the patient. The ESS consists of an
energy degrador of variable thickness, a magnetic analyzer and slits defining the
energy width. However, the process is yet to be completed, as the beam must be
channeled to the treatment rooms. This transportation is done by a sequence of
focusing quadrupole and bending dipole magnets. Upon arrival at one treatment
room, the proton beam is typically bent around a cumulative 90° bend around a
rotating gantry, also using a set of quadrupole and dipole magnets. The proton
therapy gantry is a massive rotating structure, often weighing between 100 to
200 tons and spanning up to 10 meters in diameter, though the patient does not
directly see it as it is concealed within the ceiling and floor. At the end of the
rotating gantry arm, there is the nozzle that directs and shapes the proton beam
onto the patient. Fixed beamline proton therapy (i.e., no gantry) is often used for
eye treatments and is starting to be used for other sites by rotating the patient
instead of the beam (this paradigm is discussed more later).

Figure 2.4: Multi-room proton therapy center at the University of Florida Proton
Therapy Institute.

The beam is delivered through one of two main clinical delivery methods: PS or
PBS [14]. In PS mode, the narrow beam incident on the treatment nozzle must
be shaped to cover the tumor volume. Depending on the initial field size, single or
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double scattering (DS) foils are used to broaden the beam. A range modulation
wheel adjusts the depth of the proton beam. The field is then shaped using carved
hardware devices such as the compensator (distal part of dose distributions) and
apertures (lateral variation). In modern PT (PBS delivery), narrow beams, also
referred to as spots, are focused and steered magnetically, allowing their Bragg
peak to occur at a specific location in space. A dynamic adjustment of each spot
contribution to the total dose is then feasible and constitutes the plan optimization
step which will be addressed in Section 2.2.3.

The generation of a heavy ion beam introduces further complexities, necessi-
tating bigger and more expensive facilities capable of accelerating the heavy ions
to the desired energy and bending them around the necessary beam path to the
patient.

The disparities in technological requirements for photon RT and PT, leading to
differential cost implications, largely contribute to the limited adoption of proton
or heavy ion therapy across all radiotherapy centers [58, 59].

2.2 Proton therapy treatment workflow

This section describes the clinical workflow followed in a PT treatment. While
many concepts apply broadly to all external radiotherapy modalities, our emphasis
is on PBS-based proton therapy, in alignment with the thesis topic. To help guide
our explanations in the following sections, a schematic summary is presented in
Fig. 2.5.

2.2.1 Imaging

The proton therapy workflow starts with the acquisition of high-quality images,
referred to as pre-treatment imaging. To effectively provide a detailed volumetric
representation of the patient, three-dimensional (3D) imaging is employed, com-
bining together 2D cross-sectional images or “slices”. These images are almost
always obtained through computed tomography (CT) scans, although magnetic
resonance imaging (MRI) or positron emission tomography (PET) scans may also
be used to enhance soft tissue contrast, generate reliable pseudo CT images from
it [60]) or provide physiological complementary information, respectively [61].

Pre-treatment images are usually stored in DICOM format, which stands for Dig-
ital Imaging and Communications in Medicine. DICOM is a standardized protocol
used globally for storing, transmitting, and handling medical imaging information.
It ensures interoperability between different medical systems. Although DICOM
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Figure 2.5: Key components of a proton therapy treatment workflow

is not restricted to images, it also encompasses patient data, metadata, and other
relevant information, making it integral to modern medical imaging practices.

Coming back to CT imaging, in addition to the anatomical mapping, it also
provides physical information necessary to perform proton dose calculation. CT
numbers reflect the X-ray attenuation properties of tissues, that is proportional to
their electron density information and approximately logarithmically dependent on
atomic number. It is important for accurate dose calculations, as the trajectory,
range, and energy deposition of protons are influenced by the atomic properties of
tissues. Each voxel (3D equivalent of a pixel) in a CT image is therefore assigned a
CT number value representing X-ray attenuation [62]. The CT number is generally
expressed in Hounsfield Units (HU), which are defined as:

HU = 1000 · µtissue − µwater

µwater − µair
(2.1)
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where, µtissue denotes the total linear attenuation coefficient of the tissue at
a specific x-ray energy. On this scale, water at standard conditions is defined
to have a value of 0 HU, while air is approximately -1000 HU. Bone, which is
denser and attenuates more X-rays than soft tissues, has a positive HU value,
often exceeding +1000 HU. The HU values for bone strongly depend on the peak
kilovoltage (kVp) and the filtration of the CT x-ray beam.

The pre-treatment images are obtained in the same conditions as for the treat-
ment. They form the basis for creating personalized treatment plans, guiding the
choice of beam angles and the optimization of the proton pencil beam intensi-
ties. Consequently, the acquired images must be of high quality to guarantee an
accurate treatment. Immobilization devices are frequently used to mitigate pa-
tient movement and enhance the reproducibility of patient positioning, particularly
given that most treatments are fractionated.

In certain cases, 4D-CT scans are performed, introducing the fourth dimension
of time into traditional 3D-CT scans [63]. The primary objective of 4D-CT imag-
ing is to capture the movement of structures, commonly observed in thoracic and
abdominal regions due to breathing. Once captured, the images are sorted and
grouped based on the breathing phase using a respiratory signal. Subsequently,
they are used in treatment planning, aiding in estimating tumor positions and or-
gan movement throughout the breathing cycle. This, in turn, minimizes radiation
exposure to healthy organs like the heart and lungs.

Additionally, throughout the treatment course, a preliminary alignment is done
prior to each session by means of lower-quality imaging (in comparison to CT
imaging) integrated in the treatment room. This aligns the patient with the simu-
lated treatment position based on the pre-treatment images. However, anatomical
or physiological changes can be substantial during the course of treatment, such
as patient weight loss, tumor shrinkage, or internal organ movement. Differences
between the initial treatment plan and the actual patient anatomy can lead to
an important divergence between the planned and delivered radiation doses and
constitutes a major limitation within current clinical practice in PT [42]. To ad-
dress this challenge, adaptive radiation therapy strategies have emerged, aiming
to dynamically modify treatment plans based on periodic imaging, often referred
to as “replanning CTs” or other adaptive strategies during the treatment course
[64]. Nevertheless, adaptive treatments are beyond the scope of this thesis and
will not be described further.
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Figure 2.6: Target volume delineation: Example for craniopharyngioma.

2.2.2 Contouring and prescription

After image acquisition, the images are imported into a treatment planning sys-
tem (TPS). Examples of commercial TPS for protons include Varian’s EclipseTM,
RaySearch Laboratories’ RayStationTM and Elekta’s MonacoTM. In the TPS, con-
tour delineation is executed on each slice of the CT scan, also called the planning
CT in this context. This process involves contouring the target tumor volume,
adjacent organs at risk (OAR), and other anatomical structures on the images.
Contouring is an essential aspect in treatment planning to ensure that the beam
size, number, trajectory and weighting are optimised in relation to these structures.

Depicted in Fig. 2.6, physicians delineate the visible tumor volume, known as
the gross tumor volume (GTV). Next, a margin is introduced to obtain the clinical
target volume (CTV), which defines the extent of microscopic tumor spread or
suspected infiltrated regions by cancer cells. To achieve proper CTV coverage
with the prescribed dose, an additional safety margin is routinely drawn, creat-
ing the planning target volume (PTV). This accounts for treatment uncertainties,
like patient setup errors and internal organ motion. This approach minimizes the
risk of underdosing the CTV due to these uncertainties within a certain level of
confidence. PTV margin calculation typically follows “recipes” [65] based on pop-
ulation studies and setup uncertainties. As a consequence, in proton therapy, PTV
margins are used more for conceptual purposes, in particular due to range uncer-
tainties, which are not accounted for in the PTV margin definition. Nonetheless,
PTV margins remain a standard due to tool limitations in commercial TPS. A
good practice is often to adjust the PTV margin based on clinical expertise rather
than formulas. In any case, the PT community is moving slowly but surely to-
wards robust optimization to address these challenges. Robust optimization will
be described in the next section.
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Once all regions-of-interest (ROI) are contoured, the radiation oncologist pre-
scribes the dose to the tumor, considering factors like tumor type, location, and
treatment objectives and typically based on clinical experience and clinical trials.
For example, a prescription could be to deliver 60 Gy in 30 fractions to at least 95%
of the PTV volume (conventionally written as D95% > 60 Gy). Simultaneously,
dose constraints are defined for nearby OAR to limit radiation exposure and po-
tential side effects. The dose constraints are typically set on the (near)-maximum
or the mean dose to the OAR. Spinal cords, for instance, are very sensitive to the
maximum dose and should not receive more than 50 Gy at 0.04 cm³ of its volume
(conventionally written as V50 Gy < 0.04 cc). This step establishes the clinical
goals, guiding the subsequent plan optimization carried out by the physicist or
dosimetrist.

2.2.3 Treatment planning optimization
The images and clinical goals at hand, the next step is to create and optimize the

treatment plan in the TPS. The treatment plan is a list of machine parameters
defining how the treatment must be delivered. Plan optimization refers to the
process of fine-tuning the parameters of the treatment plan to achieve the best
possible outcome for a patient. The ultimate aim is to deliver the prescribed
dose to the tumor while minimizing the dose to surrounding healthy tissues and
remaining below OAR dose constraints whenever possible.

Plan design

The design of the treatment plan typically includes beam configuration as well
as the prescription settings and treatment objectives. Each beam must be defined
with a gantry and a couch angle. The gantry angle refers to the rotation of
the radiation device around the patient, whereas the couch angle relates to the
orientation of the treatment table. These angles are primarily chosen based on
clinical experience, but automated methods for beam angle selection is an active
research area [66, 67]. For tumors located near the patient’s body surface, a range
shifter can be used to decrease the proton energy beyond the minimum possible
value (usually around 60 MeV, corresponding to a depth of 3 cm in water) by
physically positioning it at the nozzle exit. In modern PT, using PBS delivery, a
specific set of spots must be defined for each beam, known as the spot placement.
This denotes the positioning of individual narrow proton pencil beams to target
the tumor. For every irradiation angle, a 3D grid of spots is therefore created
around the beam’s isocenter. Only the spots whose trajectory reaches the target
are retained. Further transportation of the remaining spots within the target define
the energy layers, grouping spots of identical energy. This trajectory simulation
takes into account the water-equivalent thickness (WET) maps, quantifying the
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radiological thickness of a particular tissue that would cause the same amount of
protons energy loss as a certain thickness of water. Water equivalence is employed
throughout the treatment planning and delivery process to simplify and standardize
the deposition of dose in tissues and the determination of beam range. At the
end of the spot placement we therefore have a list of spot with their respective
position and energy. At this stage, the dose contribution and intensity of each
spot is still unknown.

Dose calculation

In the context of PBS delivery, the dose map typically results from irradiation
using multiple elementary beams, known as beamlets. Each beamlet corresponds
one-to-one with a spot and has a specific weight that determines its contribution
to the total dose.

The accurate computation of proton dose distribution in a patient is essential
for effective treatment planning. The first step is to establish the relationship
between the CT number and proton energy loss, known as the proton stopping
powers (SP). These SP values are typically provided by the CT calibration curve
of the machine in-use [68]. To standardize the description of tissue properties in
PT planning, the stopping power ratio (SPR) is often used. SPR is the ratio of
the stopping power of a specific tissue to the stopping power of water:

SPR =
(dE/dx)tissue
(dE/dx)water

where dE/dx is the stopping power, i.e. the mean energy deposited per unit
distance. This quantity mainly depends on the materials crossed.

Based on the SPR or SP, a 3D dose distribution can be numerically approxi-
mated. Two main types of algorithms can be used and dictate the accuracy with
which one wants to compute the dose: analytical and Monte Carlo algorithms.

Analytical algorithms are model-based methods used to approximate the dose
distribution within a patient’s body. The most common analytical algorithm is
the pencil beam (PB) algorithm [69], which divides the proton beam into a grid
of narrow pencil beams. The PB algorithm use pre-calculated dose kernels that
describe how dose spreads from one point to another in a medium. These kernels
are superposed and convolved with the fluence distribution (pencil beam inten-
sities) to compute the total dose distribution. While the position of the kernels
depends on the machine parameters, their size is scaled in depth according to the
pre-computed SPR maps on the proton pencil central axis. The analytical algo-
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rithms are efficient and provide rapid dose calculations. However, they present
limitations in accuracy, especially in heterogeneous structures such as the lungs.

Monte Carlo (MC) algorithms, on the other hand, use statistical methods to
simulate the transport of individual protons through the patient’s anatomy [70].
These algorithms simulate the multiple fundamental interactions that protons un-
dergo, such as electromagnetic and nuclear reactions (accounting for scattering
and energy loss), with high accuracy. By iteratively simulating random physical
interactions for a very large number of protons, contingent upon the media’s SP
and cross-section (i.e. interaction probability), MC algorithms provide a detailed
and accurate representation of the dose distribution within the patient. This level
of accuracy makes them particularly valuable for situations involving complex ge-
ometries, heterogeneities, and sophisticated fields configuration. The drawback
of MC simulations is their computational intensity and time-consuming nature,
which made them initially better suited solely for final dose calculation and verifi-
cation in clinical settings. Nevertheless, the field has seen ongoing advancements
aimed at accelerating MC dose calculations. These advancements have made MC
simulations more accessible and have established them as the gold standard in
modern clinical practice [71, 72, 73, 74, 75].

Throughout this thesis, MC algorithms were consistently selected for dose cal-
culations due to their accuracy and availability in the software in use.

In our workflow, MC dose calculation is first used to pre-compute independently
the individual dose contributions of each elementary pencil beam, the so-called
beamlet, each targeting a specific spot in the tumor. A beamlet is mathematically
represented by a vector whose elements are elementary dose contribution to each
voxel in the 3D-CT image. Even by reducing the dose grid size and resolution,
the number of voxels in a CT image usually reaches hundreds of thousands ele-
ments while the number of beamlets, highly dependent on tumor size and number
of beams, is generally ranging from hundreds to thousands spots for an IMPT
plan. However, the dose contribution from each beamlet over all the voxels in
the geometry is mainly zero except in the proton beam path. The beamlets are
therefore usually stacked in a compressed sparse matrix format to limit its size
for subsequent calculation. The total dose map can be built as a summation of
weighted contributions of the elementary beamlets. Formally, in matrix form,

d = Ax, (2.2)

where d is the vectorized dose, A is the beamlet matrix, and x is the weight
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vector. In the context of protons and higher LET beams, d should be a biologically
weighted dose in the voxel that includes absorbed dose × RBE averaged over the
pencil beam contributions

Elaborating on all contributions:

di =
∑
j

aij · xj

Plan optimization

Plan optimization is a major step in PBS-based treatments, as it involves de-
termining the intensity of each pencil beam to create uniform high-dose regions
with arbitrary shapes. This process, often referred to as inverse planning, takes
the desired dose distribution or clinical objectives as input and determines the in-
tensity map x, also referred to as fluence map, needed to achieve it. This stands
in contrast to the traditional forward planning method, which is a “trial and er-
ror” technique. In forward planning, the planner hypothesizes parameters that
might yield an optimal dose distribution. This manual method prevailed until the
development and widespread adoption of modulated techniques.

Inverse planning operates by iteratively adjusting the spot weight vector, x,
which determines the fluence of each pencil beam, aiming for the total dose, d, to
closely match the desired dose for the target and to meet the clinical constraints
for the OAR. Central to this process is the cost function, f(d), a mathemati-
cal representation that combines clinical goals into weighted objective functions,
condensing the overall quality of the treatment plan into a scalar value. Often
referred to as the “dose fidelity term”, this score measures the difference between
the planned and the desired treatment and should be minimized as per Eq. 2.3.
The minimum of the function f represents the optimal balance that satisfies the
objectives of the treatment. The treatment planning problem can therefore be
stated as the following optimization program:

min
x

f(d) =
n∑

k=1

wkfk(d)

subject to d = Ax
c(d) ≤ 0,

x ≥ 0,

(2.3)
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where c(d) are the hard planning constraints, wk is a weighting factor that
represents the relative importance of each objective fk. Objective functions fk(d)
can also be alternatively swapped with constraints c(d) that impose stringent
limitations on the set of feasible solutions and can adopt a nonlinear form. fk
is typically represented as an asymmetric quadratic function that places a higher
penalty on outliers, is differentiable, and has a linear derivative. This function pe-
nalizes deviations from a reference dose defined for a particular ROI. For instance,
minimum or maximum dose fidelity terms are expressed as:

fk(d) =

{
1

|ROIk|
∑

i in ROIk
min(0, di − pmin)

2, or
1

|ROIk|
∑

i in ROIk
max(0, di − pmax)

2
(2.4)

with |ROIk|, the number of voxels within the ROI and pmin/max the reference
dose limits. The objectives can also have different formulations from the quadratic
penalty (seen in Eq. 2.4), some of which might not be convex such as dose-volume
constraints. Consequently, the selection of an optimizer is influenced by the chosen
problem statement. The traditional approach employs convex approximations,
where the objective function is quadratic and constraints are linearized. However,
this often demands the adoption of comprehensive optimization libraries adept at
handling complex, multi-constraint problems [76, 77]. The final solution therefore
depends on the cost function guiding the search, the constraints placed on the
search and the type of “search engine”, i.e. optimizer, used. The optimization
algorithms will be further tackled in section 2.3.

Multi-criteria optimization

Objectives frequently give rise to conflicting goals, particularly when dealing
with situations like tumors located adjacent to or within OAR structures. Con-
sequently, the optimizer’s initial convergence may not produce a satisfactory so-
lution, compelling planners to fine-tune individual objectives, such as adjusting
relative importance weights (wk in Eq 2.3), and iterate the optimization process.
This trial-and-error procedure can be repeated multiple times until the dose dis-
tribution aligns with clinical objectives. However, this manual tuning is often
laborious and time-intensive. Another solution is to use a multi-criteria optimiza-
tion (MCO) tool, that can sometimes be available in TPS. This tool considers
objectives on an individual basis and aims to find a range of treatment plans that
strike the best balance among them [21, 22, 23]. After generation of the optimal
treatment plans, intermediate solutions are intelligently interpolated, and an inter-
active plan navigation tool is employed to explore the optimal trade-offs between
planning objectives for the patient. This process can be completed within minutes
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in commercial TPS, in contrast to the conventional method that might take hours
for complex treatments. MCO will be further described in section 2.3.

Robust optimization

We saw earlier that PT, due to the nature of proton interactions with matter,
has inherent sensitivities to range uncertainties. Generally, geometric treatment
uncertainties can arise from various sources, but are usually categorized into:

1. Setup errors: Variations in patient positioning relative to the radiation
isocenter from fraction to fraction.

2. Range errors: Uncertainties arising from tissue density variations throughout
the treatment course and from inaccuracies in the initial conversion of CT
numbers to the stopping power of tissues [78]. Both can impact the depth
at which protons deliver their maximum energy deposition.

3. Tumor motion: Tumor motion is often caused by physiological processes like
breathing, digestion, weight loss, tumor shrinkage and so on. In particular,
when the tumor is located in motion sites such as lung or esophageal cancer.

If these treatment errors are not explicitly considered during treatment planning,
this can lead to situations where minor geometric deviations from the nominal
planned dose, where nothing harmful or unexpected occurs, result in serious dif-
ferences in the actual dose delivered to the tumor and surrounding normal tissues.
Robust optimization aims to address this issue. To introduce robustness into the
optimization process, we consider how uncertainties may impact the beamlets and,
consequently, the dose. In mathematical terms, denoting these uncertainties as
u, we express this relationship as d(u) = A(u)x. Parameter u is drawn from
a random variable U modeling the uncertainty distribution. In practice, the dis-
tribution is sampled into discrete scenarios u0, u1, ... from U . Considering that
A(u0) = A, meaning that u0 is the nominal scenario, other cases u1, u2 etc. are
often called the uncertainty scenarios. The corresponding doses and cost function
values can therefore be computed for each uncertainty scenario (requiring beamlet
computation for each A(ui)). The optimization then seeks to find a solution that
performs well across all these scenarios, rather than just optimizing for a single,
“best-guess” scenario.

From that point, there are two predominant robustness paradigms depending
on the discrete scenarios selected from U . The probabilistic approach minimizes
the expected value of the objective function over the uncertainty distributions U
[79]. The second robustness strategy, more conservative, is the worst-case scenario
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approach whose optimization process focuses on the worst-performing scenarios
to ensure that even in the least favorable conditions, the treatment plan remains
clinically acceptable. In practice, it evaluates the cost function over all specified
scenarios independently, identify the worst case (highest value) and optimize x
for that scenario. If, subsequently, another scenario becomes the worst, then it
optimizes that one, etc. Because we minimize the spot weights and maximize
over the scenarios in an integrated scheme, this is a called a ‘minimax’ problem
[80],

min
x

max
U

f(A(u)x)

subject to x ≥ 0
(2.5)

The worst-case scenario optimization remains the preferred method in clinical
practice as it yields high-quality treatment—a strategy also adopted in this thesis.

Treatment plan evaluation

During and after optimization, it is important for the planner to assess the
quality of the proposed solution. This is done using both visual tools and numerical
metrics. One of the main methods of evaluation involves dose-volume histograms
(DVH). A DVH is a cumulative histogram where the dose (on the x-axis) is plotted
against the volume percentage of a structure (shown on the y-axis), like a target
or an OAR, that receives at least that dose. An example with three different
structures can be seen in Fig. 2.5. By looking at the DVH, one can determine
if the treatment objectives, such as the target dose or the maximum dose for an
OAR, have been met. DVH offer an overview of how the dose is distributed in
and around the tumor, making sure the plan follows clinical guidelines. Metrics
extracted from these histograms help check if the treatment meets the clinical
goals. For instance, D95%, indicates the dose that 95% of the target volume
receives, ensuring most of the tumor gets the prescription dose. D0.03cm3 measures
the dose that a small volume (0.03 cm³) receives. This metric is thus important
for very sensitive organs like the spinal cord. Other metrics often reported include:

• Conformity index (CI): A measure of how tightly the prescribed dose con-
forms to the shape of a tumor. A CI equal to 1 corresponds to the ideal
dose coverage or high conformity.

• Homogeneity index (HI): A measure of how evenly the radiation dose is
distributed within a tumor, with lower values indicating better dose homo-
geneity.
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• Integral dose (ID): The dose integrated over the body volume, providing
insights into the overall exposure of healthy tissues to radiation.

The mathematical definitions of these metrics often vary in the literature, so we
will reference the specific definitions used throughout this thesis.

In addition to DVH, 3D dose maps should also be visually inspected to check
the dose distribution homogeneity and avoid cold or hot spots (i.e. under- and
over-dosage).

Because dose maps can be influenced by uncertainties, it is important to eval-
uate the treatment plan’s robustness against them [81]. This is called robustness
evaluation. This means checking how stable the plan is even when patient or
situation changes slightly. One common method used in clinics is scenario analy-
sis. This involves recalculating multiple dose maps that consider different potential
changes, like a patient moving slightly or uncertainties in calculating proton range.
In commercial TPS, the scenarios generation usually follows what is done for the
robust optimization. It simulates the dose in the error space for a number of
extreme scenarios (“maximum error”). Each perturbed dose map is then checked
and we assess the percentage of scenarios covered by a given robustness test (e.g.
98% of CTV volume receives 95% of the prescribed dose). Another method is
to use a statistical approach, where many scenarios are randomly sampled from
their probability distribution [82, 81]. The analysis can then be done in the dose
space, where we evaluate the percentage of dose distributions that meet specific
clinical endpoints, such as minimal target coverage. Because many scenarios must
be computed to obtain statistical confidence, it is currently not used in clinical
routine.

Lastly, we sometimes use the NTCP to provide a quantitative and biological
measure of the likelihood of a given side effect occurring in normal tissues due to
radiation exposure [83]. By looking at NTCP values for different organs, physicians
can balance the goal of treating the tumor with the toxicity risk to other tissues.
In general, a plan that has low NTCP values and still treats the tumor effectively
is preferred.

2.2.4 Treatment verification

Once the treatment plan has been approved by the treating physician, it can
undergo the quality assurance (QA) process. Treatment QA is the process of en-
suring that the delivered dose accurately matches the planned dose for a patient’s
radiation therapy treatment. It guarantees patient safety and treatment efficacy.
It usually simulates the entire treatment process, from imaging to dose delivery,



34 CHAPTER 2. INTRODUCTION

to ensure all components of the treatment workflow are accurate and synchro-
nized. The measured characteristics during the QA of proton therapy treatments
typically include: the isocentricity of the proton beam, the size and position of
the scanned beams, the fluence of the beams and the energy of the protons.

For patient-specific QA, the planned treatment is first delivered on a device or
into a plastic cube, called a phantom, which measures the absorbed dose [84,
85]. In IMPT treatments, we use tools like ionization chambers, films, or 2D/3D
detector arrays to do this. One common method is to deliver each beam of the
treatment plan on the detector. This detector then records the dose at certain
depths, for example, in the middle and distal edge of the SOBP. The comparison
method between the planned and measured dose is usually based on a γ-analysis
[86] that takes into account both dose and spatial differences to evaluate the plan’s
accuracy. A higher pass rate in γ-analysis indicates better agreement between
planned and delivered doses.

Another QA process is the log-based QA that refers to the use of machine-
generated log files for verifying the accuracy and consistency of radiation therapy
delivery [87]. During treatment, proton therapy systems can produce log files that
record real-time machine parameters such as gantry angles, dose rates, and beam
on/off timings. The log-files can then be used for dose recomputation.

2.2.5 Treatment delivery

During each treatment fraction, the patient’s positioning on the treatment couch
aims to replicate their position from the CT simulation session. This typically
involves a supine or prone orientation, although advancements are leading to solu-
tions for upright positioning, with the patient secured to a rotating chair [88, 89].
Accurate patient alignment is important to ensure the proton beam hits its target
accurately. Modern proton therapy rooms are equipped with sophisticated imaging
devices, including dual orthogonal X-rays, cone-beam CT (CBCT), and in-room
CT, to facilitate real-time anatomical visualization. This imaging not only ensures
proper alignment with the planning CT but also monitors anatomical variations,
potentially prompting adaptive replanning workflows.

Upon satisfactory positioning, the treatment is administered via one of the
modalities elaborated in Section 2.1.5: either DS or PBS. With PBS, each spot
is associated with a specific intensity found by the optimizer and representing the
“spot weight”. However, for the actual delivery of radiation, these spot weights
are converted into Monitor Units (MU), a standardized measure that ensures
the consistent and accurate delivery of the prescribed radiation dose. MU are
important because they quantify the machine’s output, taking into account factors
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like beam energy and intensity. The DICOM standard provides spot weights and a
scale factor to accommodate the variations in different proton therapy machines.
This scale factor is then used to convert the relative spot weights into actual MU
based on the specific calibration of the proton therapy machine in use.

During the actual PBS delivery, the “interplay effect” [90, 91] demands vigi-
lance. This effect arises from the interference between the dynamic beam delivery
and the patient’s anatomy movement when the frequencies of beam delivery and
movement are similar, potentially introducing dose heterogeneities. To mitigate
this effect, rescanning also called repainting can be used. Instead of delivering the
entire planned dose to a specific spot in the tumor in one go, the dose is split into
multiple smaller doses. The proton beam then “repaints” or revisits each spot
multiple times during the treatment session, delivering these smaller doses. By
repeatedly scanning over the target volume, the effects of the interplay between
the dynamic beam delivery and tumor motion can be averaged out.

Recent technological strides have introduced innovative delivery paradigms like
FLASH-PT and proton arc therapy. FLASH therapy seeks to deliver treatment
at an ultra-high dose rate, exceeding 40 Gy/s within one to five fractions. This
delivery mode exploits a specific radiobiological phenomenon that may reduce
normal tissue radiosensitivity while maintaining tumor control [92]. Despite its
novelty and yet-to-be-deciphered biological principles, FLASH’s key challenge lies
in its demand for ultra-high dose rates that current PBS systems cannot deliver,
necessitating a technological shift [93]. One approach employs high-energy “trans-
mission beams” [94], though this risks limiting the inherent dosimetric benefits
of protons by delivering excessive dose beyond the tumor. In contrast, conformal
FLASH proton therapy employs sophisticated beam-shaping tools (interestingly
reminiscent of DS technology) to obtain similar dose distributions to IMPT. This
method uses a patient-specific range modulator that is positioned between the
machine’s nozzle and the patient. The range modulator adjusts how deep the
proton beam goes, but only uses one high energy from the proton system. As
a result, it avoids delays associated with energy layer switching and ensures the
necessary dose rate. In this context, FLASH necessitates the optimization of the
range modulators and the spot delivery pattern to enhance local dose rate [95, 96].

A distinct yet equally (but up for debate [97]) promising modality is proton arc
therapy (PAT or ArcPT). Mimicking its photon counterpart (rotational IMRT),
PAT involves a continuous beam rotation and intermittent irradiation delivery en-
circling the patient, hitting the tumor from many angles. This new delivery mode,
potentially faster than IMPT delivery, fosters enhanced dose sculpting and im-
proved biological impact of protons. Notwithstanding its potential, PAT’s clinical
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integration demands sophisticated hardware and software modifications and rig-
orous safety validations. A comprehensive discourse on PAT, the centerpiece of
this thesis, is provided in Section 2.4.

2.3 Mathematical background
This section, while not providing a fully formalized mathematical exposition of op-
timization, aims to offer a comprehensive overview of key mathematical concepts
and intuitive explanations that support the choices made in this thesis.

2.3.1 Terminology in optimization

Mathematical optimization is a powerful tool that aims to solve and find the best
solution possible for real-world problems encountered daily across diverse fields.

Objective Function

The objective function f(x), often referred to as the cost, fitness, loss, or energy
function, defines the quantity of interest of an optimization problem. Whether
aiming to minimize or maximize, f(x) takes decision variables x, often termed
optimization weights or parameters, as input, that returns a scalar value that
represents the optimization objective. In this thesis, the formulation we use is to
minimize the objective function rather than to maximize it.

Constraints

Constraints are mathematical expressions that impose restrictions on feasible
solutions. In an optimization problem, they are often inequalities or equalities.
Inequality constraints gi(x) ≤ bi and equality constraints hj(x) = dj define the
feasible set of solutions X . While constraints are common, not all optimization
problems have them. Some problems are naturally unconstrained, while others
become unconstrained through specific problem reformulations.

Decision Variables

Decision variables are the quantities to be determined or optimized, i.e. the
unknowns of an optimization problem. Represented as a vector x = [x1, x2, ..., xn],
they are the variables we can adjust to achieve an optimal solution while adhering
to constraints. The domain of the decision variables is important: they can be
real numbers (often ≥ 0), integers, binaries, or a mix of these.
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Mathematically, optimization problems are formulated as follows:

maximize/minimize f(x)

subject to gi(x) ≤ bi i = 1, 2, ...,m

hj(x) = dj j = 1, 2, ..., p

x ∈ D

(2.6)

where D represents the domain of the decision variables, i.e. the allowable
range or set of values that these variables can take. In mathematics, a set is
a collection of distinct elements. In this context, it is a collection of numbers,
grouped together as a single entity, which may be finite or infinite.

The form of f(x), gi(x) and hi(x) also dictates the nature of the optimization
problem. If they are linear, we are dealing with linear programming (LP). If the
decision variables are mixed (i.e., some are integers, some are real numbers), it
becomes a mixed integer linear program (MILP). In this thesis, we refer to it as
MIP, but it could be more specifically termed MILP. When gi(x) or hi(x) are
nonlinear, it falls under nonlinear programming. If the functions are quadratic,
it is referred to as quadratic programming (QP). Further connections to these
concepts can be observed in Figure 2.7 and will be described in broader terms in
Section 2.3.2.

Optimum

An optimum x∗ (minimum or maximum depending on the problem), refers
to one of the best possible solutions, if any, for the given optimization problem.
Depending on the form of the objective function and the solver chosen, a local or a
global optimum can be found. A local optimum is the best solution within a certain
local neighborhood, while a global optimum is the best solution over the entire
feasible set X . Formally, x∗ is a global minimum if for all x in X , f(x∗) ≤ f(x).
While an optimization problem can have multiple local optima, it may also have
multiple global optima, i.e. situations where multiple solutions achieve the same
best objective value. For instance, in problems defined by linear constraints (even
if convex), multiple global optima can be found when the objective function is
parallel to one of the constraints within the convex hull of X .

2.3.2 Optimization problems and methods

An essential step in the optimization process is the classification of optimization
techniques, as the choice of algorithms depends on the specific problem type.
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Figure 2.7: Optimization problem types. Adapted from NEOS.

Since this thesis has employed various optimization problem statements, we aim to
provide a comprehensive (though not exhaustive) outline of different optimization
problem types. We will use the diagram shown in Fig. 2.7 as a guide to explore
these categories.

Convex optimization versus non-convex optimization

An optimization can be primarily categorized depending whether it is convex
or non-convex. An optimization problem is convex if it involves minimizing a
convex objective function, possibly subject to convex constraints, and the domain
of feasible solutions is a convex set. In mathematics, a set is considered convex
if, for any two points within the set, the straight line segment connecting those
points lies entirely within the set itself. On the other hand, a convex function
implies that the curve of the objective function ”opens upwards” and remains
below any straight line segment connecting two points on the curve as illustrated
on Fig. 2.8. Mathematically, a problem is convex if, for all x,y ∈ X and λ in the
interval [0,1], the following condition holds:

f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y)

Convex optimization problems are desirable because it ensures that a local min-
imum found of a convex function is also the global minimum. This property
simplifies the optimization process, as there is a single optimal solution that can
be found efficiently using various methods, including gradient-based algorithms.
In contrast, a non-convex optimization problem is a problem where the convexity
condition is not met. This means that there exist points x and y in the feasible
set X and λ in [0,1] for which the inequality mentioned above does not hold.
Non-convex problems can have multiple local minima, making the search for the
global minimum more complex and challenging.

https://neos-guide.org/guide/types/
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Figure 2.8: Examples of convex and non-convex optimization problems. The
function is convex if the dotted line is above all points in the graph between x
and y points.

In convex optimization, we often discuss the (non-)smoothness of a function,
referring to the number of continuous derivatives the function has. In simple
terms, a function could be considered smooth if it is differentiable everywhere
and, therefore, continuous. Smooth functions are well-behaved and are preferred
in optimization because they allow for efficient algorithms that use gradients or
derivatives to find optimal solutions. For instance, the simple gradient descent
method uses gradient of the objective function ∇f(x) to iteratively update deci-
sion variables x towards a local minimum or maximum. The update rule is given
by:

xk+1 = xk − α∇f(xk) ,

where α is a step size that controls the size of the update. Taking advantage of
second-order derivative information, Newton (Hessian) or quasi-Newton (approx-
imation of the Hessian) methods such as the BFGS (Broyden-Fletcher-Goldfarb-
Shanno) [98] algorithm provides faster convergence. The Hessian provides infor-
mation about the curvature of the function and helps determine the direction and
step size for the update. Quasi-Newton methods build an approximation of the
Hessian during the optimization and update it based on the changes in gradients.
The solution is then iteratively adjusted using the inverse of this approximation.

In contrast, non-smooth functions are functions that lack continuity in their
derivatives, making them not differentiable everywhere on their domain. These
functions may present abrupt changes, discontinuities, or points where the deriva-
tives are undefined. One common approach to solving convex problems with
non-smooth functions is to use subgradient methods [99], which are extensions of
gradient-based methods that work with non-smooth functions. Another technique
utilizes proximal methods [100], which are especially effective for optimization
problems involving non-smooth regularization terms in the objective functions.
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For instance, a commonly employed regularization term in optimization is the L1-
norm, often referred to as the “Lasso” penalty [101]. This term promotes sparsity
in the solution by adding the absolute values of the problem’s vector weight as a
penalty, helping select major weight contributions while discarding less important
ones. The key idea behind proximal methods is to incorporate a proximal operator
which is a mathematical function that finds a point that strikes a balance between
minimizing the non-smooth function and being close to the current point estimate.
This balance is achieved by minimizing the non-smooth function with an added
squared distance term, which penalizes deviations from the current estimate and
smooths the optimization problem. Actually, for many standard functions used
in optimization, this proximal operator can often be analytically derived, facilitat-
ing its practical application in various optimization algorithms. Proximal methods
typically involve two main steps in each iteration. First, the classical gradient
descent step using the smooth part of the objective function. This smooth part
usually corresponds to the original function without the non-smooth regularization
terms. After the gradient descent step, the proximal operator is applied to the
current solution. The proximal operator effectively “pulls” the solution towards
the desired properties, such as sparsity or non-negativity. They are widely used in
various fields, including signal processing [102], machine learning [103], image re-
construction [104], and more. Common proximal algorithms include the Proximal
Gradient Descent (also known as ISTA [105]) and the Fast Iterative Shrinkage-
Thresholding Algorithm (FISTA) [106], used in this thesis, addressing large-scale
and high-dimensional optimization problems.

Continuous optimization versus discrete optimization

The distinction of continuous and discrete optimization emerges next. Contin-
uous optimization deals with problems where the variables can take on any real
value within a given range. In contrast, discrete optimization involves problems
where the variables are restricted to discrete values, such as integers or a set of pre-
defined options. This can substantially impact the complexity of the optimization
problem, as the solution space becomes more fragmented. Integer programming
(IP) is actually an extension of linear programming (LP) where some or all decision
variables are restricted to take only integer values, making it suitable for discrete
decision-making scenarios. Techniques like dynamic programming [107], branch
and bound [108], or meta-heuristic algorithms (e.g., genetic algorithms) [109] are
often applied to solve discrete optimization problems. Mixed-integer programming
(MIP) combines both continuous and discrete decision variables. Some variables
are allowed to take real values, while others are constrained to be integers. MIP
problems encompass a wide range of practical situations where decisions involve
both continuous and discrete choices.
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Linear versus nonlinear

Linear and nonlinear refer to the nature of the relationships between variables in
both the objective function and the constraints. Linear programming (LP) prob-
lems have linear objective functions and linear constraints and can be represented
in standard form [110] as:

maximize
n∑

j=1

cjxj

subject to
n∑

j=1

aijxk ≤ bi i = 1, 2, ...,m

xj ≥ 0 j = 1, 2, ..., n

(2.7)

Linear problems are a special case of convex problems, where convex problems
represent a broader category that includes both linear and certain types of non-
linear problems. Not all nonlinear problems are convex, but all linear problems
are inherently convex. Linear optimization problems can thus often be solved effi-
ciently using methods like the Simplex algorithm or interior-point methods [111].
When introducing nonlinear terms like exponentials, logarithms, trigonometric
functions, etc. in the objective function or in the constraints, or both, nonlinear
programming must be applied. Nonlinear optimization problems can be more com-
plex to solve and often require specialized algorithms such as gradient-based or
meta-heuristic approaches. When the objective function includes quadratic terms
involving the decision variables, it becomes quadratic programming (QP). The
constraints in QP, however, can still be linear or quadratic. Sequential quadratic
programming (SQP)[112] combines quadratic programming with nonlinear opti-
mization by approximating the objective function and constraints using quadratic
models.

A few more important details

Optimization methods can be further categorized as either exact, approximate
or heuristic. Exact methods aim to find the optimal solution ensuring that the
computed solution is mathematically proven to be the best possible. Exact meth-
ods like the Simplex algorithm for LP and Branch and Bound for (M)IP problems
are designed to find the optimal solution. In particular, Branch and Bound com-
putes two types of bounds: lower and upper bounds. Optimality is then proven
whenever both bounds coincide. In contrast, approximate methods generally seek
to find good solutions within a reasonable timeframe but typically do not provide
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a provable bound on the optimality gap. They may provide solutions that are close
to the optimal solution but may not guarantee a strict mathematical optimality. In
contrast, heuristics provide no such guarantee at all and prioritize computational
efficiency and practicality. Approximate methods and heuristics are particularly
useful when dealing with complex, large-scale problems where finding an exact
solution is computationally infeasible.

Optimization algorithms can also be classified as local search or global search
methods. Local search algorithms are heuristics that focus on iteratively refining
candidate solutions by applying local changes (i.e., exploring nearby solutions)
until an optimal solution is found or time runs out. Examples include hill climbing
or gradient-based methods. However, they may get stuck in local optima and fail
to find the global optimum. Global search algorithms, in contrast, are designed to
efficiently navigate the entire solution space, often by balancing exploration (broad
search for better solutions) and exploitation (enhancement of known solutions).
These algorithms, often utilizing population-based approaches, seek to discover
optimal or near-optimal solutions. Inspired by nature, methods like genetic algo-
rithms [113] iteratively improve the population’s fitness over multiple generations,
selecting and combining solutions, facilitating exploration of diverse areas of the
solution space and enhancing the chances of finding optimal solutions. These
algorithms are usually grouped under the name “meta-heuristics” which exhibit
desirable properties like simplicity, parallelism, and applicability [109].

Finally, optimization methods are usually categorized based on their determin-
ism. Deterministic methods follow a predictable path during optimization and
produce the same solution for the same initial conditions. They guarantee result
reproducibility. Stochastic methods, on the other hand, introduce randomness
into the optimization process. These methods incorporate probabilistic elements,
which can be advantageous when dealing with complex, multimodal (i.e., multiple
maxima or minima), or noisy objective functions that might be non-smooth, or
time-consuming to evaluate. Stochastic methods offer the potential to escape
local optima and explore a wider solution space, but their found solution can vary
across different runs due to the random nature of their steps. For instance, sim-
ulated annealing (SA) [114, 115] is a global search and stochastic optimization
method inspired by the annealing process in metallurgy. It searches for an optimal
solution by iteratively exploring the solution space while allowing for occasional
“jumps” to less favorable solutions. These jumps decrease in frequency over time,
resembling the cooling process in metallurgy, and help the algorithm escape local
optima and find a global optimum. Like meta-heuristics, SA are derivative-free
algorithms meaning that don’t rely on derivatives (such as gradients) of the ob-
jective function to find its minimum or maximum.
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2.3.3 Multi-criteria optimization
Optimization problems often involve more than a single objective. When several

objectives need to be simultaneously maximized or minimized, the optimization
problem becomes a multi-criteria (or multi-objective) optimization (MCO) prob-
lem. Formally, a MCO problem can be written as:

minimize/maximize f1(x), f2(x), ..., fk(x)

subject to x ∈ D ,
(2.8)

where f1, f2, ..., fk are the objective functions. Given the presence of multiple ob-
jectives, a single “optimal” solution typically does not exist. Instead, we encounter
a set of solutions known as Pareto optimal solutions.

A solution is termed Pareto optimal if no other feasible solutions exist that
would make one objective function value better without causing a detriment to at
least one of the other objective function values. This idea is tied to the principle
of Pareto dominance, wherein one solution xA is said to Pareto dominate another
solution xB if xA is at least as good as xB in all objectives and strictly better in
at least one objective.

Consider Fig. 2.9. Here, we visually represent the optimization problem associ-
ated with radiotherapy treatment planning which is by definition a MCO problem
[116]. In this case, the objective on the x-axis represents the target coverage while
the objective on the y-axis represents the normal tissue sparing. They both need
to be maximized. Each dot on the graph represents a unique beam configuration
or a specific set of spot weights used to deliver the treatment. Different config-
urations lead therefore to varying balances between target coverage and normal
tissue sparing. Red dots are not Pareto optimal. For every red dot, there is another
configuration that performs better in both target coverage and tissue sparing or
offers a better performance in one without compromising the other. Green dots
stand for the Pareto optimal solutions. These configurations strike the best possi-
ble balance between the two objectives. No other configurations outclass them in
both objectives simultaneously. The blue curve, known as the Pareto frontier (or
Pareto front), connects all the Pareto optimal solutions. It graphically displays the
trade-offs a clinician would need to consider: moving along the frontier, improving
target coverage might result in reduced tissue sparing and vice-versa.

Obviously, multi-objective optimization problems may involve more than two
objectives but adding extra dimensions makes visualization more complex. Never-
theless, the principle remains: solutions on the Pareto front (which could extend
to higher dimensions as a surface, volume, or hyper-volume) represent the best
trade-offs among the objectives.
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Figure 2.9: Pareto front concept applied to the radiotherapy treatment planning
problem where the objective is to maximize the objective function. Red dots are
not Pareto optimal, green ones are Pareto optimal and blue curve is the Pareto
front.

Multi-criteria optimization involves multiple strategies to find Pareto optimal
solutions or approximate the Pareto front. A straightforward approach to multi-
objective problems involves combining multiple objectives into a single scalar ob-
jective using weighted sums, which can be represented as:

f(x) = w1f1(x) + w2f2(x) + ...+ wkfk(x) (2.9)

Nevertheless, this scalarization technique does not find the whole Pareto front.
Moreover, selecting appropriate weights (w1, w2, ..., wk) is non-trivial and can
greatly influence the derived solutions. These weights can be adjusted manually
based on domain knowledge or preferences. Alternatively, various dedicated MCO
algorithms can be employed to explore different weight combinations, aiming to
provide a comprehensive view of the Pareto front. Constraint methods [117] for
instance, choose one of the objective as the primary objective to be optimized,
while the others are turned into constraints with a threshold. By varying the
threshold values, different parts of the Pareto front can be obtained. Goal pro-
gramming [118] is also a popular approach where each objective is assigned a goal.
The optimization process aims to minimize the deviations from these goals for all
objectives. Evolutionary Algorithms [119], due to their population-based nature,
are well-suited for MCO. They work by evolving a population of individuals (i.e.
solutions) over generations to approximate the Pareto front.

2.3.4 Complexity theory
As complexity theory falls outside the scope of this thesis, we aim to keep this

introductory section as brief as possible. To do so, we will introduce a more
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general terminology that sidesteps the detailed rigor typically found in computer
science literature. This will lay the foundation necessary to grasp the complexity
proof presented in Chapter 8.

In theoretical computer science, complexity theory [120] is the study of the
computational resources required to address specific problems. At its heart, it
seeks to classify computational problems based on the amount of a resource, like
time, that they necessitate to be solved.

When we speak of time complexity of an algorithm, usually in its worst-case
scenario, we are measuring the maximum number of operations this algorithm
might take relative to the size of its input. This is important in understanding
the applicability of algorithms; some solution methods may work well for small
inputs but become intractable (i.e., cannot be efficiently solved) as the input size
increases. Formally, for a function f(n) that describes the number of steps an
algorithm takes for an input size n, if there exist constants c and n0 such that
f(n) is bounded above by c · g(n) for all n ≥ n0, where g is the comparison
function, then using the big O notation, we say its worst-case time complexity is
O(g(n)). Intuitively, this means that f does not grow faster than g.

Consider the notion of a polynomial algorithm. Such an algorithm’s time com-
plexity can be expressed as a polynomial function of its input size. Formally, if
an algorithm’s time requirement for an input of size n can be bounded by some
nk (where k is a constant), we say it has polynomial-time complexity, written as
O(nk). Such algorithms are viewed favorably in computer science because they
scale reasonably well with increasing input size. For example, the selection sort
algorithm [121] for sorting an array of numbers is a polynomial algorithm because
its worst-case time complexity is O(n2). This is due to the fact that for each of
the n elements, the algorithm potentially compares it with up to n other elements,
resulting in a total of about n · n or n2 comparisons.

In general, decision problems (having a ‘yes’ or ‘no’ answer) can be classified
depending on the difficulty it takes to solve them. The problems that can be solved
efficiently, i.e., using a polynomial algorithm are said to belong to the set P (for
polynomial). Then we have problems that fall under non-deterministic polynomial
(NP) category. A decision problem is in NP if, for every solution, there exists
a polynomial-sized certificate (or evidence) that can be checked in polynomial
time. For example, in the traveling salesman problem (TSP) [122]: “Is there
a route visiting a pre-defined group of cities within a 1000km limit?” For every
answer, the certificate would be the specific route taken, which can be verified
in polynomial time to ensure it does not exceed 1000km. Then there are more
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sophisticated problems within NP that stand out due to their intrinsic difficulty.
These are the NP-complete problems for which no efficient solution algorithm has
been found, but whose solutions are easy to verify provided a certificate (i.e. in
NP). Many important computer-science problems belong to this class — e.g., the
TSP mentioned above (decision version). Beyond NP-complete problems lie the
NP-hard problems. These are, in some sense, even harder. They include problems
that are at least as hard as the hardest problems in NP. However, they do not
need to be decision problems, and they might not even belong to NP. A classical
representation of problem classification is given in Fig. 2.10.

P

NP

NP-Complete

NP-Hard

Easy

Medium

Hard

Hardest

Figure 2.10: Diagram of intersection among classes P, NP, NP-complete and NP-
hard problems (assuming P != NP)

As shown, there exist interconnections between these classes of problems. For
instance, every problem in P (those that can be solved quickly) is also in NP (those
for which a certificate of the solution exist and can be quickly verified). Yet, an
important and unresolved question in computer science is whether P is the same
as NP [123]. Resolving this would have profound implications and is one of the
seven “Millennium Prize Problems” with a $1 million reward, though this topic
extends beyond the scope of this thesis. Furthermore, a problem is NP-complete
if it is both NP-hard and in NP; therefore, it is at least as complicated as any
problem in NP, while being itself in NP (assuming P != NP). This is because
verifying a certificate to these problems is easy but finding a solution is hard. Any
NP-complete is therefore NP-hard but the reciprocal is false.

In practice, it is not always evident to find the absolute complexity of a problem,
researchers therefore show interest in relative complexity from a problem to an-
other. Reduction in complexity theory allows to determine the relative hardness of
computational problems. Reduction is essentially a way of converting one problem
into another, to show that solving the second problem would also solve the first.
This implies that if you can reduce problem A to problem B in polynomial time,
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and if an “oracle” or a black-box algorithm can provide a solution for B, then
a polynomial-time solution also exists for A. Thus, if A is known to be a hard
problem, and can be polynomially reduced to B, denoted as A ≤p B, it suggests
that B is at least as hard as A. A standard type of reduction, known as “Karp”
reduction, wherein the oracle is invoked once, is depicted in Fig. 2.11.

Input x for A
size n

Solver B
"Oracle"

Free resolution

Solver A

R(x)

Reduction R
from A to B

in O(nk)

Answer: 
"yes" or "no"

Problem A

Problem B

Reduction A ≤p B

Figure 2.11: Karp reduction: There exists a polynomial time computable function
R: A → B that transforms inputs to A into inputs to B such that A(x) =
B(R(x)).

Under the reduction framework, a decision problem is therefore NP-hard if all
problems in NP are polynomial time reducible to it. That is, given an efficient
algorithm which solves a NP-hard problem, we can construct an efficient algorithm
for any problem in NP.

In practice, when attempting to establish, for instance, the NP-hardness of a
problem, the first step is to select a problem already formally proven to be NP-
complete or NP-hard. Subsequently, one would design a reduction algorithm to
transform instances of this known NP-hard problem into instances of the “target”
problem, ensuring that this transformation is achievable in polynomial time. If one
could efficiently solve the transformed instances of the target problem, it would
imply that one could also efficiently solve the instances of the known NP-complete
problem. This leads to a contradiction since, by definition, we do not have efficient
solutions for NP-complete problems. The target problem is therefore at least as
hard as the original NP-complete problem, thereby establishing its hardness.

Knowing the complexity class of a problem is valuable to understand better the
computational limits and guide the research efforts. For example, if a problem
is proven to be NP-complete, then instead of searching for a polynomial-time
algorithm (which might not exist), researchers might focus on approximation al-
gorithms, heuristics, or specialized algorithms that work well for typical instances.
Moreover, analyzing and dissecting the problem provides insights into the specific
aspects that contribute to its complexity. For instance, in Chapter 3, the proton
arc therapy treatment planning problem is analyzed and we establish that the tem-
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poral dimension linked to energy layer switching time added profound complexity.
This was deduced by demonstrating that, once this temporal aspect was removed,
the problem could be distilled down to a tractable LP problem, which is solvable
in polynomial time.

2.4 State-Of-The-Art in proton arc therapy

Proton arc therapy (PAT) has emerged as a possible evolution for proton therapy.
Drawing inspiration from the arc techniques in photon-based treatments, namely
rotational IMRT (IMAT [6] or VMAT [124], TomoTherapy [5], RapidArc [125]),
the PAT concept is the delivery of proton radiation from a continuous rotation
of the gantry, allowing the patient to be treated from many beam angles. Fig.
2.12 illustrates a comparison to conventional PT which typically deploys just a
few fixed-angle beams. This novel delivery technique may offer a higher level of
treatment accuracy and effectiveness.

IMPT PAT

Arc beam1
20°

Beam 1

Beam 2Beam 3

120°

160°200°

Beam 1Beam 2

Beam 3
Arc beam 1

Figure 2.12: Comparison of IMPT versus PAT modality in RayStation TPS.

The origins of PAT can be traced back to 1995 when Deasy et al. proposed the
concept of “proton tomotherapy”, where a proton beam rotates in a helical pat-
tern around the patient [126]. They combine the idea with “distal-edge-tracking”
(DET), which puts Bragg peaks on the distal edge of the target volume from
each irradiation direction. Each individual field is thus highly non-uniform but
combining and modulating the intensity of many fields restore the desired dose
uniformity across the target volume. This approach aimed to enable the delivery of
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highly complex dose distributions, achieving sharp dose gradients. Unfortunately,
the lack of available technology and concerns about range uncertainty hindered
further development. Shortly after, Sandison et al. demonstrated the feasibility
of PAT by delivering a plan using passive scattering to an anthropomorphic phan-
tom that rotated on a platform. Their study showed that PAT could reduce lung
doses compared to electron arc therapy when irradiating the phantom chest wall
[127]. In 2013, Seco et al. conducted a simulation study comparing VMAT with
an in-house-developed arc planning approach for both proton passive scattering
and intensity modulated beams in stereotactic body radiation therapy (SBRT) for
non-small cell lung cancer. Their findings indicated that PAT had the potential
to reduce proton range uncertainties and improve conformality [128]. However,
the idea of passive-scattering-based proton arc therapy (PS-PAT) confronted sev-
eral technical challenges, notably the complexities in changing range modulation
wheel settings during gantry rotation and beam delivery. This rendered PS-PAT
practically elusive for routine clinical applications. In pursuit of a solution, inno-
vative approaches follow each other for achieving PS-PAT. For instance, in 2014,
dynamic beam current modulation combined with a modulation wheel was pro-
posed as a fast range switching technique [129] though it came at the expense of
a higher distal dose penumbra and a lower dose rate. Another solution suggested
the use of a 3D-printed patient-specific range modifier [130]. Yet, the integration
of this technique into clinical settings brought about its own set of uncertainties
and demands for quality assurance [131].

Pencil beam scanning’s invention [132, 133] was a major breakthrough for PAT
when it started to become widely available. This advancement eliminated the need
for the patient-specific devices (compensator and aperture), thereby streamlining
clinical operations. More importantly, compared to the passive-scattering tech-
nique, PBS offers a more conformal dose distribution to target volumes, substan-
tially minimizing the dose exposure to adjacent critical structures. Consequently,
the appeal for PAT, utilizing the PBS technique, witnessed a reinvigorated interest.
From that moment, research efforts intensified, propelling a renewed exploration
into the potentials of PAT but also opening new challenges to face towards its
clinical integration.

Initiated in early 2020, this thesis coincides with the development of the proton
arc module product by IBA (DynamicARC®). Together, we seek to delve further
into the advancements and challenges in the field.

2.4.1 Rationale for proton arc therapy
The motivation to develop PAT stems from the same factors that led to the

adoption of rotational IMRT in clinical settings: improved treatment workflow
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and larger set of degrees of freedom. For instance, VMAT can adjust field shapes,
dose rate, and gantry rotation speed at the same time. This flexibility has shown
reductions in monitor units (MU) with subsequent reduction of integral dose and
treatment delivery time, offering a potential advantage over conventional fixed-
angle field IMRT for several tumor sites [7, 134, 135]. While VMAT usually
shows similar outcomes in terms of target volume coverage, dose conformity, and
homogeneity, it has often provided better sparing of OAR in specific cases such
as prostate and cervical cancers [136, 137, 138, 139, 140, 141, 142].

Extending the arc delivery concept to protons, which are naturally more confor-
mal than photons, PAT holds promise for replicating and perhaps amplifying these
advantages, if not for providing even new ones. In pencil-beam scanning proton
arc therapy (PBS-PAT), the aim is to provide a proton therapy treatment as the
gantry rotates continuously, namely a dynamic delivery. This modality might not
only simplify the treatment workflow in comparison with standard PBS approach
with fixed-angle beams, but it also provides the optimizer with more degrees of
freedom. Such flexibility should, in theory, assist the optimizer in identifying a
more optimal dose distribution. These extra degrees of freedom may improve the
dose distribution and treatment robustness. It may also amplify biological effects
by fine-tuning spot placement and weights given protons’ reportedly superior ra-
diobiological effect over photons [143]. Consequently, the pursuit for an optimal
PAT plan that might further enhance the merits of proton therapy is both logical
and promising.

2.4.2 Discrete versus Dynamic PAT
While the dynamic approach represents the ultimate objective of PAT, the dis-

crete delivery mode was introduced to bridge the technological gap. This approach
was designed to enable proton therapy centers to administer PAT treatments with
multiple irradiation angles, even if they had not yet acquired the necessary up-
grades for the dynamic mode [144]. Both modes share the trait of delivering
treatment from numerous directions. However, discrete arcs could be executed
either as a single step-and-shoot arc or as individual fixed-angle IMPT beams.
As a result, discrete arcs, sometimes termed as “multi-field IMPT” or “static arc
fields”, typically have extended treatment delivery time. To maintain clinically ac-
ceptable delivery time, we are constrained to use a limited number of irradiation
angles, usually ranging from 20 to 40, in contrast to the broader range provided
by dynamic arcs. Figure 2.13 offers a comparative illustration of energy layer
placements between these two PAT delivery modes.

While both methods offer their unique advantages and considerations, this thesis
will predominantly focus on dynamic PAT plans.
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Gantry rotation

Figure 2.13: Comparison of PAT delivery mode. In this example, static arc has 30
irradiation directions and 360 energy layers (EL) while the dynamic arc has 180
irradiation directions and 180 EL in total. Radial circles are energy in MeV.

2.4.3 PAT challenges

Bringing proton arc therapy from concept into clinical reality presents several
technical challenges that need to be addressed.

Hardware requirements: While discrete PAT might not demand technological
upgrades, dynamic PAT certainly does. Presently, IBA leads the effort in advancing
a dynamic arc product. The hardware must be upgraded to allow compatibility
of PBS with arc delivery and ensure a stable delivery. Essential enhancements
include ensuring the PBS controller’s ability to process feedbacks efficiently and
instruct the gantry controller on arc gantry angles, i.e. synchronize the beam
delivery with the continuous gantry rotation. Two main ancillary components
have to be developed: the hardware console and an anti-collision system. This
console, located in the control room, aims to combine all treatment workflow
activities from positioning, position verification (X-ray and CBCT) to irradiation
(PAT or IMPT). Safety systems are also being implemented to evaluate clearance
before initiating the arc and to halt gantry movement should potential collisions
with patients or equipment be detected. The first successful delivery of a dynamic
arc, was in fact reported by the Beaumont proton therapy center which received
the first IBA prototype upgrade on their proton system to deliver PAT [145].
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Quality Assurance (QA): As of today, QA for proton therapy treatments
involved a stationary gantry, usually fixed at functional angles like 0° or 90°.
However, PAT, with its rotating gantry, brings new parameters such as the beam
angle along an arc which should be integrated in the QA procedure. This change
necessitates the adaptation of measurement tools and QA protocols suited to a
rotating gantry. At Beaumont’s proton center, traditional QA tools were mounted
on the gantry to measure the performance of the PAT prototype and determine
which tools remain relevant for future PAT procedures. However, these setups gave
no information towards the irradiation angle uncertainty since they were affixed to
the gantry. Another noteworthy development was the exploration of patient QA
techniques based on irradiation logs. A dose distribution reconstruction tool has
been developed in OpenReggui [146] for the PAT prototype. By extracting the
data from irradiation and gantry position logs, this tool can replicate the delivered
3D dose distribution, facilitating a comparison with the planned dose.

Optimization challenge: In radiotherapy, the TPS optimizer is an essential
component for generating high-quality plans. The underlying algorithms are com-
monly regarded as a “black box”, allowing the TPS to efficiently run optimizations
for various radiotherapy modalities available in the software. However, in the con-
text of PAT, these algorithms cannot be directly applied due to the much larger
solution space resulting from the high number of irradiation angles in the arc (typ-
ically ranging from a hundred to several hundreds). In the situation where each
gantry angle would deliver an IMPT-like beam (each with tens of energy layers to
build the SOBP), applying the conventional algorithms may result in an excessively
long beam delivery time. This is because of too frequent energy layer and spot
switching, which is constrained by technical limitations, thereby introducing delays
in delivery. Time is an essential factor in clinical treatment planning, as shorter
delivery times enhance patient comfort, minimize treatment uncertainties (e.g.
intra-fraction motion), and ultimately increase patient throughput. Another con-
sideration in treatment planning, applicable to all radiotherapy modalities, is the
computational power required. Clinicians prefer TPS solutions that are efficient in
terms of computing time and memory usage to meet planning demands. However,
the large number of beams, energy layers and spots in PAT plans can negatively
impact computing efficiency. For PAT to be considered a viable clinical modal-
ity, the treatment planning must therefore address three major aspects: (1) the
plan quality with respect to important parameters, such as dose and robustness,
(2) the delivery time, and (3) the computing efficiency. This can be achieved by
reevaluating and refining optimization methods for PAT. Delving deep into these
optimization challenges and potential solutions forms the main objective of this
thesis.

https://openreggui.org/
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2.4.4 PAT treatment planning optimization

Beam delivery time models

To harness the degrees of freedom provided by the PAT modality while comply-
ing with technical constraints, several optimization strategies have emerged. All
these strategies primarily aim to reduce the beam delivery time (BDT) without
compromising the quality of the treatment plan. Although the BDT function is
a complex function affected by numerous parameters, and differs based on the
treatment machine.

Several efforts have been made to address the BDT model for a few PBS-based
proton system. Examples include the BDT modeling for the multi-room proton
center equipped with HITACHI ProBeat (a synchrotron accelerator) [147] or an
IBA ProteusPLUS (a cyclotron accelerator system) [148, 149] and lately an IBA
ProteusONE (a compact superconducting synchrocyclotron accelerator (S2C2))
[150]. These machine-specific models usually break the total BDT into three or
four main components depending on the accelerator system:

1. Energy layer switching time (ELST): This denotes the time taken to adjust
the beam’s current energy to the next energy layer. The accumulated times
from these switches constitute the total ELST. Due to magnetic hysteresis
[151], ELST critically varies depending on the energy step and the energy
switching direction (Switch Down (SD) or Switch Up (SU)). It is usually
considered as one of the main factor that contributes to the total BDT. It
can be modeled as a step function of the energy deviation from its initial
value [150]. In this work, we use a constant value of 5.5s for SU and about
0.6 or 0.7s for SD which provides a reasonably accurate estimation of IBA
Proteus systems.

2. Spot Switching Time (SWT): This is the time interval required to switch be-
tween spots within an energy layer, achieved through the magnetic steering
of the pencil beam. Due to varying scanning speeds in different directions
and the machine-specific path followed by the pencil beam, the SWT func-
tions can vary but can usually be represented with constant or polynomial
piece-wise functions.

3. Spot Scanning Time (SST): SST represents the duration to irradiate a spe-
cific spot within an energy layer. Depending on whether the beam is pulsed
or not, the fitted function can vary. Nevertheless, nonlinear functions offer
the most efficient data fitting
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4. Burst Switching Time (BWT): Exclusive to the IBA S2C2, the system di-
vides each spot MU usually into three radiation bursts. This approach can
be seen as an adaptive layer repainting technique that relies on feedback
from the previous burst. BST then denotes the time interval between each
burst. It is modeled as a linear function of the transmission data summation
between the two radiation bursts [150].

The total BDT can therefore be obtained by summing all these contributions
defined as,

BDT = ELST + SWT + SST (+ BWT) (2.10)

The expression presented in Eq. 2.10 relates solely to the irradiation parameters,
the so-called static delivery time. This works for IMPT plans but not for PAT
plans, which can use a dynamic delivery mode. In dynamic PAT, irradiation occurs
simultaneously with gantry rotation, introducing several additional mechanical pa-
rameters influencing the treatment delivery. These include the gantry’s minimum
and maximum velocity, acceleration and jerk constraints to approach the next
irradiation window and the angular tolerance necessary for spots delivery within
the irradiation window. The modeling of the actual delivery sequence results in
a highly non-convex objective function, making it resistant to traditional opti-
mization methods employed for dosimetric quantities, mainly suited for convex
problems. For these reasons, appropriate surrogate of the BDT is employed, typi-
cally a convex approximation of the count of upward energy switches (as discussed
in more detail later). In PAT problem statements, the objective is thus to indirectly
minimize the BDT through this surrogate.

Energy layer selection problem

When designing a conventional PBS plan, each fixed-angle beam is set up with
a SOBP formed by an energy-decreasing sequence of stacked energy layers (EL)
and the sum of the beams ensures an uniform dose distribution. Depending on
the tumor’s specific characteristics, such as size and position, the sequence might
consist of anywhere between 20 to 40 EL. Most conventional PBS plans utilize 2
to 4 fixed-angle beams, which cumulatively require around 40 to 200 EL that are
available for the treatment planning optimization. When initializing a PAT plan,
a similar count of EL per angle can be determined, but this time it is considered
for many more directions. This approach linearly increases the number of EL,
potentially entering into the thousands. Obviously, delivering all these EL for a
treatment would not be time-efficient given the large contribution of ELST to the
total BDT. It is good practice to limit the number of layers to be delivered per
angle span, and identify a good opening window size for a single layer delivery.
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Figure 2.14: PAT optimization methods. Adapted from Kevin Souris.

Moreover, there is an added challenge: initializing the proton arc plan with SOBP
beams means that energy may increase between each beam delivery, which is
more costly than decreasing it. Energy layer sequencing that favors SD over SU
is therefore also preferable.

Thus, the goal for PAT planning is to provide the most effective energy layer
selection such that it will keep a reasonable BDT and achieve the clinical goals.
This is the energy layer selection problem (ELSP) and it constitutes the core of
the work in this thesis.

Optimization approaches

At this stage, mainly two types of optimization approaches are under investiga-
tion for PAT: combined optimization and heuristic approaches. Both have been
investigated in this thesis. The combined optimization method aims to handle the
ELSP together with the spot weight optimization in a single-integrated step han-
dled by a single scalarized function. In contrast, the heuristic method starts with
a pre-selection of the EL either before diving into the spot weight optimization
or at intervals during the optimization process. This difference in approaches is
schematized in Fig. 2.14.

The Spot-scanning Proton Arc Therapy (SPArc) algorithm, as introduced by
Ding et al. [17], uses an iterative heuristic approach to produce robust PAT
plans. Starting with an IMPT plan that has a low number of discrete beams,
it then splits each beam into two sub-beams, and energy layers are redistributed
to these new sub-beams. This process repeats until the energy layers have the
desired spacing. The energy layers are, in a sense, pre-selected from the initial
IMPT plan. Every time a beam splits into two new irradiation directions, a dose
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calculation is required, and spots need to be reoptimized. An iterative filtering
step is applied after the last beam splitting to remove low MU weighted layers,
necessitating spot-weight optimization after each filtering process. A more recent
version of SPArc include energy sequencing at each beam splitting step to im-
prove PAT delivery efficiency [18]. In this algorithm version, the initial number
of “IMPT” beams to split sets the number of SU in the arc. SPArc was actually
implemented using the scripting interface of RayStation v.4.8 (RaySearch Labo-
ratories, Stockholm, Sweden) allowing for straightforward incorporation of robust
optimization into the framework. This approach is valued for its simplicity and has
demonstrated effectiveness for various tumor sites (see Section 2.4.5). However,
beamlet computation is repeated several times, increasing the computational load
and there is no guarantee of optimality.

Several heuristic strategies distinctly separate the energy layer selection from
the spot weight optimization, saving on computer resources. Early methods sug-
gested techniques such as DET that place more of the Bragg-peak buildup within
the tumor, thereby enhancing target conformity [126], or mono- or bi-energetic
arcs to improve delivery efficiency by avoiding the energy layer switching time
issue [152, 153, 154]. Commercial TPS, such as RayStation or Monaco, have also
ventured into robust PAT optimization using heuristics methods. For instance,
Engwall et al. [26] developed an early energy layer selection and spot assignment
(ELSA), a fast method integrated in a research version of RayStation that involves
picking energy layers based on a geometry analysis of the target volume. Follow-
ing this pre-selection, the regular spot weight optimization occurs. Drawbacks are
the fact that no dosimetric information is available at this pre-selection stage and
consequently it may present a lack of flexibility in the subsequent dose optimiza-
tion. Chapter 5 presents the in-house development of a pre-selection method for
PAT planning.

The combined optimization method does not prioritize any spots or energy
layers initially. Instead, it balances spot weight optimization with energy layer
selection, steered by dose-based objectives, in an integrated framework. It poten-
tially converges faster towards an optimal plan while providing certain optimality
guarantees. Several variations of this approach were explored in this thesis, lead-
ing to its initial publication in Chapter 3. Before the optimization, initial spot
and energy selection is done for each discrete direction to cover the target volume
in-depth in the same way as in IMPT, thereby pre-computing a large quantity
of beamlets. After this, the optimization process includes multiple new objective
terms in its cost function, striving to: (1) distribute energy layers throughout the
full arc, (2) minimize the number of energy layers per irradiation direction, and
(3) order the energy layers to minimize SU occurences. By setting up the opti-
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mization this way, we aim for a solution that results in a sparse and ordered energy
sequence, saving on delivery time. The oncology team at UCLA first showcased
this simultaneous approach [16]. Building on this foundation, Zhang et al. made
further improvements to the process [155, 156]. However, despite its thorough
mathematical foundation and flexibility, this method has certain limitations which
are detailed in Chapter 3.

In discrete PAT, one faces the challenge of optimizing the total number of energy
layers and spots in the treatment plan. The goal is to include enough angles to
maximize the arc’s therapeutic advantages without adding so many that delivery
times become impractical, potentially affecting the overall treatment efficiency.
Battinelli et al. presented the energy layer reduction (ELR) method during the
spot weight optimization [144, 157]. Their approach included several variations:
gradually adding layers based on a gradient score, methodically removing layers
considering their spot weights, a hybrid strategy, and a method that integrated
a layer-sparsity term into the treatment plan’s optimization process. Following
this, RaySearch has since incorporated a similar, but less complex, energy layer
filtering (ELF) mechanism into the latest released version of RayStation [158].
ELF reduces the count of energy layers from an initial set at regular intervals
based on the user-defined number of filtering steps. Cao et al. [159] introduced
an alternative, geometry-based method, that selects a subset of energy layers at
each gantry angle to ensure adequate coverage of each target voxel, with dose
contributions above a specified threshold. These methods are specifically designed
to address the challenges of discrete arc optimization, making it more clinically
realistic than an IMPT plan with numerous beam angles.

Biologically driven arc planning:

The increased degree of freedom provided by PAT may also enhance the LET
distribution, potentially improving the radiobiological effectiveness of protons com-
pared to conventional IMPT planning [160]. This is because protons become what
we would consider ‘high-LET’ particles at their Bragg Peak’s distal end. The po-
sition and/or intensity of this high-LET components can then be adjusted to
enhance the biological impact of protons. Several groups have started to explore
this research direction for PAT planning. For instance, Bertolet and Carabe pre-
sented the proton monoenergetic arc therapy (PMAT) [161, 152] to enhance the
high dose-averaged LET (LETd) within the target. Their heuristic algorithm, in
a pre-optimization step, selects monoenergetic partial arcs during a full gantry
rotation to position spots at the middle of a target. The monoenergetic partial
arcs are selected in steps. First, the algorithm computes for each beam angle the
water-equivalent path length (WEPL) of each target voxel. The WEPL represents
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the distance a proton beam would need to travel through homogeneous liquid wa-
ter to reach the particular voxel in question. This step gives a WEPL list for each
angle. The method subsequently determines a range of suitable WEPL values
that aim at target voxels with WEPL ranging within 55% ± 5% of the WEPL list
(to focus on the Bragg’s peaks at the central part of the target). The next step is
finding which paths or trajectories will successively pass through most of these se-
lected regions. These strategically chosen paths constitutes the final energy layer
selection and constitutes the “monoenergetic partial arcs”. The entire process is
illustrated in Fig. 2.15. As a result of the energy layer selection criterion, LETd
increases within the target, which may translate into a more biologically effective
treatment. However, challenges remain, such as ensuring the dosimetric robust-
ness of PMAT plans across various diseases and patient geometries. On the same
line, a group recently suggested a blind approach that simply prune high energy
spots [162] which could increase both LET and RBE in the target volume and at
the same time decreased values in healthy tissue, without affecting the target vol-
ume dose coverage. Combined dose and LET optimization in proton arc plans is
another avenue explored and has yielded promising outcomes [163, 164]. Through
this approach, it is possible to decrease high LET in OAR while preserving robust
target coverage. The studies indicate that dynamic arc plans, in comparison to
IMPT plans with fewer beams, appear more effective at minimizing LET in OAR.
This is because they can employ several beam angles to prevent protons from
stopping close to OAR. Still, adjusting the LET in specific areas may impact dose
and LET elsewhere, warranting careful clinical evaluation.

PMAT SHArc

Biological-driven energy layer pre-selection

Figure 2.15: PMAT (left) and SHArc (right) energy layer selection workflow. In
both cases, the selection is made to place the particle Bragg’s peaks in the middle
of the target, thereby increasing LET within the target volume.

Recent research have extended arc therapy to other ion species like helium,
carbon, and neon in Spot-Scanning Hadron Arc (SHArc) therapy [165, 166]. In
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line with PMAT, SHArc uses criteria for energy selection but does not limit itself
to monoenergetic arcs. It evaluates a spectrum of energies, based on the aver-
age WEPL at a beam angle’s central axis, for every beam angle as illustrated
on right side in Fig. 2.15. Energy layers are retained if they intersect the tar-
get volume and meet a predefined spot count threshold. This method achieves
impressive dose conformity and unprecedented LET boosts within targets. Such
LET escalation can potentially tackle radioresistant tumors by overcoming hypoxia
[167]. While the potential benefit is substantial, SHArc delivery presents its own
set of challenges. This is particularly true in existing clinical facilities, which are
all synchrotron-based and feature distinct extraction and acceleration phases of
ions, each of a few seconds duration. These limitations can hinder the efficient
switching of energy layers to allow a continuous delivery.

2.4.5 Clinical status
Over the past two decades, both in-house and commercial PAT optimization

algorithms have been applied in numerous in silico planning studies. These in-
vestigations aim to understand the merits and drawbacks of PAT, in discrete or
dynamic delivery mode, for different treatment sites. Metrics evaluated include
robust target coverage, CI, HI, ID, OAR sparing, NTCP, and BDT. The inter-
play effect, arising from interference between the intra-fraction target motion and
active pencil beam scanning, is occasionally analyzed in relevant disease sites.

In the early development stages of PAT, initial clinical planning studies focused
on simplistic arc designs, employing passive scattering and intensity modulated
proton beams. This was achieved using an in-house-developed arc planning ap-
proach, often by selecting an arbitrarily large number of IMPT fields to approxi-
mate an arc together with standard clinical TPS tools. These studies presented
a more favorable longitudinal dose profile than their photon arc counterpart re-
ducing normal tissue integral dose [127, 168] and predicted risk of radiogenic
second cancer following prostate radiotherapy [169]. Further studies indicated
that increasing the range of irradiation angles could improve the dose distribu-
tion. Benefits included improved target volume coverage, increased conformity,
and greater efficiency in sparing nearby critical structures, as opposed to standard
methods [170, 128, 171]. However, a common point among these studies was their
limitation to in silico dose calculations, either in patients or phantoms. Notably
absent from the discourse was an exploration into the practicality and feasibility
of these proposed solutions, especially challenges like the arc delivery time.

Post-2015, there was a notable trend towards advanced proton arc planning,
with a shift in the global market moving towards PBS-based solutions. Sánchez-
Parcerisa et al, already recognized for their contributions regarding the feasibility
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of PS-PAT [129], further delved into PBS-PAT, exploring both single- and dual-
energetic proton arcs, the so-called PMAT approach. They showed that PAT
could achieve similar dose coverage and OAR capabilities as full-coverage 2-field
and 4-field IMPT plans for a brain tumor and a thoracic phantom [153]. PMAT’s
potential was also evaluated in a study involving six patients diagnosed with skull
base chordoma [172]. In comparison with SFUD and IMPT methods, PMAT
seemed to offer relatively similar target CI and HI. Additionally, there appeared
to be a reduction in dose for certain DVH metrics. However, the extent to which
PMAT planning could be applied to more complex target geometries and ensure
proper plan robustness remains to be studied. There is also a scope to investigate
deeper into the potential biological advantages associated with PMAT, as hinted
in section 2.4.4.

A pivotal development during this period was the SPArc algorithm developped
by Beaumont Health group (Royal Oak, MI), permitting dynamic arc robust op-
timization. They made important contributions in recent years, contrasting the
clinical advantages of PAT across various treatment sites through the use of SPArc
algorithm. Their exhaustive research covers a spectrum of tumor sites, including
prostate [173], non-small lung cancer [174, 175], breast [176], brain [145, 177],
spine [178], and head and neck [179]. Table 2.1 summarizes the most relevant data
from these studies. Overall, all SPArc studies published to date by the Beaumont
team consistently indicates that target coverage, target CI and HI are maintained
or sometimes slightly improved compared to IMPT. Additionally, these studies
highlight substantial sparing of OAR and clear potential to reduce integral dose
without foreseeably extending the treatment delivery time.

Another study comparing PAT to interstitial high-dose-rate (iHDR) brachyther-
apy for 10 gynecologic cancer patients revealed that PAT could offer a noninvasive
alternative with superior dosimetric outcomes [180]. The planning strategy fol-
lowed began with a multi-field plan involving 9 to 11 IMPT fields which was
subsequently converted into an arc plan, similar to SPArc workflow. The method
bypassed the energy sequencing, a constraint in SPArc plans design to achieve
delivery-efficient plans [18], claiming to use the same incident energy from the
accelerator and an external energy modulator [154, 181]. On the downside, this
might lead to a slightly larger spot size and possibly a reduction in target CI, even
if it wasn’t specifically highlighted in the study.
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Tumor site N patients
Modalities
compared

Dose metrics TSPArc/TIMPT* NTCP calculation Reference

Whole brain 8 IMPT, VMAT
OAR dose +, target HI +,
TVC robustness ∼,
OAR robustness ∼

0.9 / [177]

Head & neck 14 IMPT
OAR dose +, target
CI/HI +, ID +,
TVC robustness, ∼OAR robustness +

1.1 Salivary flow [179]

Breast 8 IMPT

OAR dose +, target CI ∼,
HI +, TVC robustness ∼,
OAR robustness +,
interplay effect +

1.1
Heart, lung, skin,
ascending artery

[176]

Lung 14 IMPT

OAR dose +, target CI ∼,
ID +, TVC robustness ∼,
OAR robustness +,
interplay effect +

1.2 / [174]

Lung SBRT 10 IMPT, VMAT
OAR dose +,target CI/HI +,
ID +, robustness +,
interplay effect +

0.2**
Chest wall, ipsilateral
lung pneumonitis

[175]

Prostate 9 IMPT
OAR dose +, target CI/HI ∼,
TVC robustness ∼, ID +

2.0 / [173]

Spine SBRS 7 IMPT, VMAT OAR dose +, ID + 1.0 Radiation myelopathy [178]

Table 2.1: Clinical studies using SPArc algorithm. (*) Ratio of treatment deliv-
ery time assuming a value of 1s for energy layer switching time. (**) SPArc is
effective as 5 volumetric repainting IMPT. TVC: Target volume coverage, CI: Con-
formity index, HI: Homogeneity index, ID: Integral dose, (+): improved;(∼):equal.
Adapted from Mazal et al [182] and Toussaint L. (ESTRO2021)

As the field has progressed, the industry has begun to invest in the development
and evaluation of its own solutions. For example, RaySearch Laboratories intro-
duced ELSA, which offers a different approach to dynamic PAT planning [26].
ELSA pre-selects energy layers before the conventional spot weight optimization.
Preliminary results utilizing ELSA delivered mixed outcomes, with certain tumor
sites evidently benefiting more than others. For instance, in their introductory
proof-of-concept study, ELSA was applied to three prostate cancer patients. While
the resultant PAT plans managed to decrease the integral dose in comparison to
2-beam IMPT plans, there were challenges in achieving consistent robust target
coverage. Nevertheless, the study’s primary objective was to reduce both the opti-
mization and delivery times of PAT plans, ensuring decent plan quality. Our team
conducted research using the ELSA prototype with a sample of 17 esophageal
cancer patients [183]. By utilizing two partial arcs (with identical yet opposing
rotations) and comparing them with 2-beam IMPT plans, our findings suggested
that, for this specific tumor site, the PAT approach did not particularly stand out
in comparison to standard IMPT, only offering marginal improvements. Neverthe-
less, the advantages of rotational IMRT plans over conventional 3D conformal ra-
diotherapy were mainly observed in the context of complex-shaped targets. PAT’s
effectiveness may thus vary depending on the characteristics of the treatment site.
For instance, targets in the head and neck region with complex CTV and the need
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for conformal avoidance, such as sparing the hippocampus in the brain or address-
ing multiple spinal metastases, may benefit more from PAT. Conversely, for cases
involving circular or simple convex shapes, such as single metastases or esophageal
tumors, the advantages of PAT may be less pronounced.

While there is growing accessibility to dynamic arc planning methods, discrete
approaches suitable for static gantry delivery continue to be pertinent, especially
as we await the full development of dynamic arc in clinical settings. Given this
context, several researchers have investigated the clinical merits of discrete arcs
across various treatment sites. Toussaint et al, in their 2019 investigation [184],
formulated multi-field pseudo PAT plans for four pediatric brain cases, focusing
on preserving cognitive function by sparing the temporal lobes. The use of arc
beams made this feasible. Although concerns about the increase of the low-dose
bath radiation and its implications for secondary primary cancers (SPC), espe-
cially in pediatric cases, arose. Building upon their earlier work, the team assessed
the radiation-induced SPC risks associated with PAT in five pediatric brain tumor
cases [185], sticking to their initial planning approach. Their findings highlighted
a noticeable reduction in the integral dose for PAT when compared to VMAT
and IMPT, yielding a consistently lower risk estimation for discrete PAT plans.
While these results are encouraging, they disregarded technical aspects of PAT
optimization and delivery using multi-field IMPT beams with PTV-based opti-
mization instead of robust optimization and should therefore be interpreted with
caution. Another investigation, focused on sinonasal cancer, studied a cohort of
24 patients [186]. The study, which employed an 11-field pseudo-arc configura-
tion, indicated noticeable dosimetric advantages for adjacent OAR compared to
conventional IMPT with 3–4 beams. Yet, the robustness of the target coverage
suffered toward daily anatomical variations. In a different study targeting a group
of 10 oropharyngeal cancer patients [157], discrete PAT was found to minimize
toxicity when measured against IMPT and VMAT. This research utilized a special-
ized discrete PAT optimization algorithm, specifically the ELR method [144]. This
enabled the selection of the energy layers during the dose optimization, ensuring
clinically viable delivery times, provided a step-and-shoot arc delivery. Further re-
search by the same team on a larger cohort of 223 oropharyngeal cancer patients
[187] revealed that PAT outperformed IMPT and VMAT. This translated to a
statistically significant reduction in NTCP values, thereby increasing the percent-
age of oropharyngeal patients selected for proton therapy according to the Dutch
model based approach for patient radiation therapy treatment referral [188].

In summary, while current findings do not firmly support superior target CI or
HI using PAT, there is consistent indication of reduced body integral dose and
improved OAR sparing, potentially leading to NTCP reduction. It also shows
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potential for improved robustness (range and interplay effects) although this is
very algorithm-dependant and not systematically observed. Given the low number
of patients in most studies, results should be approached with caution.
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Exploring treatment planning
optimization
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Summary

Arc proton therapy (ArcPT) is an emerging modality in cancer treatments. It de-
livers the proton beams following a sequence of irradiation angles while the gantry
is continuously rotating around the patient. Compared to conventional proton
treatments (intensity modulated proton therapy, IMPT), the number of beams is
significantly increased bringing new degrees of freedom that leads to potentially
better cancer care. However, the optimization of such treatment plans becomes
more complex and several alternative statements of the problem can be considered
and compared in order to solve the ArcPT problem. Three such problem state-
ments, distinct in their mathematical formulation and properties, are investigated
and applied to solving the ArcPT optimization problem. They make use of (i)
fast iterative shrinkage-thresholding algorithm (FISTA), (ii) local search (LS) and
(iii) mixed-integer programming (MIP). The treatment plans obtained with those
methods are compared among them, but also with IMPT and an existing state-of-
the-art method: Spot-Scanning Proton Arc (SPArc). MIP stands out at low scale
problems both in terms of dose quality and time delivery efficiency. FISTA shows
high dose quality but experiences difficulty to optimize the energy sequence while
LS is mostly the antagonist. This detailed study describes independent approaches
to solve the ArcPT problem and depending on the clinical case, one should be
cautiously picked rather than the other. This paper gives the first formal definition
of the problem at stake, as well as a first reference benchmark. Finally, empirical
conclusions are drawn, based on realistic assumptions.

Highlights
• Arc proton therapy is a new modality of cancer treatment.

• Arc treatment plans involve long and highly constrained sequences of beams.

• Several statements and solvers of the arc optimization problem are com-
pared.

• The best statement and solver depend on the clinical parameters at stake.

• A benchmark is accessible online to test arc optimization algorithms.
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3.1 Introduction

At this time, arc proton therapy (ArcPT) has not yet any commercial available
software solution to optimize treatment plans. Moreover, due to the increased
degrees of freedom and complexity of optimization along the arc trajectory, gen-
erating an ArcPT treatment plan efficiently is one of the hindrances for a future
clinical implementation. A treatment plan normally includes all parameters that
allow the calculation of radiation dose to be delivered to the patient. A prototype
of the ArcPT delivery machine, built by the IBA company, exists and is being
studied at the Beaumont clinic in the United States [145] (Fig. 3.2). The final-
ized product is still under development by IBA. In this study we have developed
and investigated three optimization techniques, namely, fast iterative shrinkage-
thresholding algorithm (FISTA), local search (LS), and mixed-integer program-
ming (MIP). We compared them with the existing state-of-the-art iterative SPArc
optimization framework [17].

Constributions

The main contributions of this work are: (i) We introduce the first reference
benchmarks for this problem, generated through several processing steps per-
formed on a realistic medical image set. The benchmarks are accessible from
Open Source Dataverse [189] and can be used freely for testing. (ii) Three new
optimization algorithms to generate ArcPT treatments plans are proposed. (iii)
Whereas most existing studies showcase a single plan optimization method in
several different disease sites, this is the first comprehensive and quantitative
comparison across several existing and new ArcPT optimization techniques.

3.2 Background, challenge and related work

Background

Radiotherapy (RT) treats localized cancer with ionizing radiation, mostly x-ray
photons. However, protons offer unique physical properties by stopping in the
tumor and releasing most of their energy at the end of their track, known as
the Bragg Peak [37]. The interest in proton therapy (PT) delivery has therefore
increased. This modality has a clinical potential over RT because radiation dose
deposited beyond the tumor can be avoided while at the same time the proxi-
mal dose remains low, thereby reducing the radiation toxicity in healthy tissues.
Nowadays, state-of-the-art PT treatments are delivered through intensity modu-
lated proton therapy (IMPT) using pencil beam scanning (PBS)[190]. Typically
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made up of 2 to 4 fixed-angle beams, as illustrated in Fig. 3.1 (left), IMPT delivers
each beam with multiple smaller intensity modulated beams [191], called spots,
each reaching a specific location of the target. Moreover, to irradiate the target
in depth, multiple energy layers per beam angle (also referred to as incidence an-
gle or irradiation angle) are needed. Therefore, an IMPT treatment is delivered
spot-by-spot within a same energy layer, layer-by-layer within a beam, and then
beam-by-beam.

Figure 3.1: PT modality and delivery comparison

ArcPT builds on top of IMPT in the sense that, instead of delivering the treat-
ment with a few fixed-angle beams, it uses a gantry that rotates continuously
around the patient with a variable speed and delivers the treatment following a
predefined discrete series of irradiation angles, called the angular control points.
An arc is hence defined by a start, stop, and step angles and by specifying the
gantry rotation direction. This is depicted in Fig. 3.3. ArcPT is expected to
increase treatment conformity and robustness [128] and to achieve better clinical
goals in terms of tumor coverage and organs at risk sparing [127].

Challenge

When the number of beam angles is increased (e.g. from to 3 to 46) to form an
arc and the amount of energy layers in each beam of the arc is kept as numerous as
in the IMPT treatment (Fig. 3.1, left), usually in the order of tens, a so-called arc
multi-field plan is obtained (Fig. 3.1, center). Unfortunately, this high number of
beams (and energy layers) results in a significant increase in the complexity of the
optimization problem, computationally demanding in time and memory. Moreover,
although conducting to potentially better treatments, the plan obtained on Fig. 3.1
(center) would, above all, not be delivered in practice due to the huge delivery
time required to deliver each set of energy layers in each beam which affects the
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Figure 3.2: Proton therapy
Room at Beaumont Hospital
with IBA arc prototype

Invisible PBS

Gantry Rotation

Start angle: 55°

Stop angle: -55°

Step angle: 10°

0°

Gantry

Figure 3.3: Arc proton therapy principle

patient’s comfort and motion effects over time and directly relates to the number
of patients that can be treated in a day. Indeed, the PT system spends a large
part of the delivery time to switch the energy between layers, namely, the energy
layer switching time (ELST). Therefore, the challenge of ArcPT plan optimization
lies in selecting as few energy layers as possible, ideally only one for each beam
direction to reduce the ELST and obtain deliverable ArcPT plans (Fig. 3.1, right).
Moreover, due to the magnetic hysteresis effect, the delivery system takes more
time to increase the energy than decreasing it, which means that the energy
switch-downs should be favored over the switch-ups, to further reduce the ELST.
The key to obtain such sparsity in energy is thus the selection and the sequence
of the energy layers while keeping sight of the dosimetric objectives to get a
fully-optimized treatment plan.

State-of-the-art

Today, only a few research groups have investigated this research topic and pub-
lished methods of optimizing ArcPT plans. For instance, RaySearch (RaySearch
Laboratories AB, Stockholm, Sweden), has recently published a proof-of-concept
method of energy layer and spot selection, coined ELSA (Early Layer and Spot
Assignment), prior to spot weight optimization [26]. They were able to produce
high-quality ArcPT plans in a fast optimization process at the cost of losing de-
grees of freedom in the solution space, caused by these well-separated steps for
ELSA and spot weight optimization. Furthermore, an oncology group from UCLA
has published some results on a parsimonious algorithm named ELO-SPAT [16],
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minimizing an objective function made of several terms. The terms control the
selection and sequence of the energy layers, therefore including a delivery time
criterion. However, they resort to a non-convex term that can degrade the al-
gorithm performances. Additionally, a group from Beaumont clinic in the US,
developed the Spot-Scanning Proton Arc (SPArc) algorithm [17, 192], an iter-
ative greedy approach based on robust optimization (what-if analysis). At the
moment, this is the most popular and practical method for its simplicity and ef-
ficiency. It has been applied to various disease sites and has shown remarkable
results [178, 176, 173, 179, 177, 174]. The major drawback in the SPArc is the
greediness of its iterative approach, with an optimization process that can spend
much time in refining a solution that might eventually prove to be suboptimal
in terms of plan quality. In this paper, three new algorithms that can tackle the
ArcPT challenges are presented and compared with each other, as well as with
existing state-of-the-art methods, in terms of plan quality, energy layer sparsity,
delivery efficiency and, lastly, optimization and dose calculation speed.

3.3 Proposed Benchmark
This section describes the different steps that were performed to generate the
ArcPT treatment plans based on a primary image set acquired with Computed
Tomography (CT). For this study, a public, open-access, computed tomography
(CT) phantom image set collected at MAASTRO Clinic (Maastricht, NL) [193]
in DICOM format was elected. In the field of medical imaging, a phantom is a
specially designed object or synthetic image created to experimentally evaluate
and tune the treatment or imaging workflow. Here, the phantom simulates the
abdomen of a small adult.

Generalities about proton therapy Treatment Planning

The design of plans follows a well established procedure made up of three typical
stages applicable to all PBS-based PT treatments. They are illustrated in Fig. 3.4
and described hereafter:

(1) Spot placement. This first stage determines, for each beam angle chosen
beforehand, a list of energy layers (EL) to cover the target in depth (the
higher the proton energy the deeper they penetrate in the target). Then for
each EL, a grid of irradiation points (namely spots) is generated. At this
step, the plan is thus already defined by the list of spots, with their x and
y positions, their energy, and angular incidence.

(2) Beamlet calculation. The patient geometry is discretized in small three

https://xnat.bmia.nl/app/template/XDATScreen_report_xnat_projectData.vm/search_element/xnat:projectData/search_field/xnat:projectData.ID/search_value/stwstrategyps2
https://xnat.bmia.nl/app/template/XDATScreen_report_xnat_projectData.vm/search_element/xnat:projectData/search_field/xnat:projectData.ID/search_value/stwstrategyps2
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dimensional volume elements called voxels. With a particular spot (i.e.,
within a specific energy layer) is associated a so-called beamlet. As depicted
in Fig. 3.4, a beamlet describes how the irradiation (elementary dose) from
the spot is distributed inside the patient, that is, over the voxels. These
beamlets are obtained by simulating the underlying proton physics, using
a dose calculation algorithm based on a Monte Carlo engine, MCsquare,
developed in-house [72]. This type of algorithm is valued for its accuracy
although it can be slow.

(3) Spot weight optimization. This is the core of this work, the spot weights
(also referred to as spot intensities) optimization for ArcPT modality. The
total dose delivered to the patient can be computed as the sum of all beam-
lets weighted by the intensity of the corresponding spots (See Section 3.4
Eq. 3.2). Therefore, we only need to optimize the weights of these spots
so that the total dose map meets the clinical objectives and constraints.
Compared to conventional IMPT plans, new degrees of freedom (the nu-
merous angular positions) and new constraints (treatment delivery time)
arise and make the ArcPT optimization problem more complex. New plan
optimization methods to determine ArcPT spot weight are implemented in
OpenTPS, an in-house treatment planning system (TPS).

Target divided in energy layers

Grid of spots in each layer

Proton beam

Scanning magnets
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Figure 3.4: Typical PT treatment plan generation steps.

ArcPT benchmark

In our test sets, the beam angles chosen in step (1) were sampled along a quarter
of arc (90°) set with a start angle (90°), stop angle (0°), and a patient couch angle
(0°), yielding a counter-clock wise gantry rotation. We decided to produce arc
plans with 5 different step angles 1°, 2°, 3°, 5°, and 10°, yielding plans with 91,
46, 31, 19, and 10 beams, respectively. The spot placement was then performed
for each beam direction [194] by generating multiple hexagonal grids stacked in
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depth to fully cover the 3D target volume with spots separated by a pre-defined
layer spacing and spot spacing. Prior to computing the adequate spot intensities
(i.e., solving the optimization problem), the beamlets were calculated (step (2))
based on the spot placement using the MCsquare dose engine [72]. Benchmarks of
different sizes and accuracy were eventually obtained by computing these beamlets
under 5 different image resolutions (from 1 to 5mm) using a resampling operation
of the DICOM files. A summary of the benchmarks with the time and memory
allocated to produce the beamlet files is reported in Table 3.1. All the datasets
we produced are publicly available from Open Source Dataverse [189].

CT resolution 1 mm 2 mm 3 mm 4 mm 5 mm

Number of voxels 20,010,375 2,469,888 720,896 304,128 150,176

Step angle Number of spots Beamlet computation time and memory

1°: 91 beams 13,105
5373.3 s
10.5 GB

600.1 s
1.3 GB

185.4 s
395 MB

78.9 s
169 MB

41.5 s
88 MB

2°: 46 beams 6,635
2429.8 s
5.3 GB

297.0 s
668 MB

91.3 s
200 MB

38.5 s
86 MB

20.8 s
45 MB

3° : 31 beams 4,469
1770.8 s
3.6 GB

204.6 s
450 MB

62.0 s
134 MB

27.3 s
58 MB

13.3 s
30 MB

5°: 19 beams 2,622
992.2 s
2.1 GB

117.5
268 MB

36.8 s
80 MB

16.7 s
34 MB

8.4 s
18 MB

10° : 10 beams 1,453
549.8 s
1.2 GB

64.5 s
147 MB

20.1 s
44 MB

8.7 s
19 MB

4.3 s
10 MB

Table 3.1: Benchmarks characterization of beamlets computation time and file
size associated with different CT resolution and step angles

3.4 Notations and Problem Definition

3.4.1 Notations

We can now introduce notations that will be useful within our optimization
framework. In this paper, the notation used by Gu et al. [16] has been slightly
modified for the sake of clarity and ease of reading.

• B is the sequence of beams forming an arc, defining the angular control
points of the gantry and spaced by a pre-defined step angle; the sequence
is ordered by irradiation angle, following the gantry rotation;

• Eb is the sequence of candidate energy layers for beam b ∈ B, ordered by
descending energy value;

• S is the set of all the spots defined in the plan;
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• Se is the set of candidate spots for layer e ∈ E;

• V = T ∪ R are the sets of target (T ) and OAR (R) voxels defined in the
patient geometry;

• A is the beamlet matrix, containing |S|×|V | elementary dose values (where
| · | is the cardinality operator);

• x is the column vector of spot weights, containing |S| values.

Therefore, the dose map is computed formally as:

d = Ax =
∑
j∈S
Aj xj , (3.1)

di =
∑
j∈S
Aij xj , Aij ≥ 0 , (3.2)

where d ∈ R≥0
|V | is the vectorized dose and di is the elementary dose delivered

to voxel i. Eq. 3.1 encodes the physics of the treatment, i.e., the description of
the dose contribution for each spot, as a linear combination of the beamlets A
(input data) and the spot intensities x (decision variables).

For practical reasons, we will mostly use a grouped version of x where each
vector component represents the spot intensities within beam b, xb. The latter
is itself a vector where each component represents the spot weights within beam
b and layer e, xe. We also use a compact representation of x and xb, y and yb

that are vectors with each element representing the sum of weights in each beam
and each layer, respectively:

x =

xb
...

xb′

 , xb =

xe
...

xe′

 , y =

yb
...
yb′

 , yb =

ye
...
ye′

 , ye =
∑
j∈Se

xj , (3.3)

where b, b′ ∈ B and e, e′ ∈ Eb and eq. 3.3 can be written as a matrix multiplication
in a more compact way:

y = Wx

with W , the summation matrix along the spot dimension.

3.4.2 Problem statement, constraints, and evaluation

The problem faced by the physicists in ArcPT treatment planning can be ideally
formulated by Program (3.4-3.8). The solution is a vector of spot weights x that
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minimizes the beam delivery time BDT(x) subject to medical constraints, i.e.
target volumes (TV) coverage and organs at risk (OAR) sparing with minimal,
maximal and/or mean prescription and dose limits respectively,

min
x

BDT(x) (3.4)

s.t. ∀k ∈ TV, ∀i ∈ Tk : pminTk
≤ di ≤ pmaxTk

(3.5)

∀k ∈ OAR, ∀i ∈ Rk : di ≤ pmaxRk
(3.6)

∀k ∈ OAR :
1

|Rk|
∑
i∈Rk

di ≤ pmaxmeanRk
(3.7)

x ∈ RS
≥0 (3.8)

with |Tk| and |Rk|, the total number of voxels associated with TV k and OAR k
and pmaxRk

stating a maximal irradiation for any voxel i in a given OAR k, for
example the maximal dose in the spinal cord must not exceed 45 Gy [195].

However, plan optimization methods in the current literature fail at strictly con-
sidering clinical constraints (3.5)-(3.7), leading to OAR being irradiated over the
acceptable maximal (resp. average) dose constraint (3.6) (resp. constraint (3.7))
if, for example, they are in direct contact with the tumor. Instead, existing meth-
ods, usually based on gradient-descent (continuous) optimization, approximate
them with soft constraints f(d) that penalize an overall (alternative) objective
function:

min
x

BDT(x) + f(d) (3.9)

s.t. d = Ax (3.10)

x ∈ R|S|
≥0 , (3.11)

where f(d) is a penalty function evaluating the quality of the simulated treatment
dose w.r.t. constraints (3.5)-(3.7), formulated as a weighted sum of multiple clin-
ical goals depending on the priorities of the regions of interests (ROI, composed
of both TV and OAR volumes):

f(d) =
∑

k∈ROI

wkfk(d) . (3.12)

Depending on the clinical objective, fk(d) is typically formulated as a squared
l2-norm of the difference between the dose Ax and prescription p. In practice,
multiple clinical goals are encoded using weighted soft objectives to constrain
the minimum, maximum, or mean doses. This way two slightly offset one-sided
quadratic functions can be used to constraint the dose within a band to which we



CHAPTER 3. EXPLORING TREATMENT PLANNING OPTIMIZATION 75

can give either low or large importance weight. The total cost function can then
explicitly written as:

f(d) =
∑
k

wk

|Tk|
∑

i in Tk

min(0, di − pminTk
)2 (3.13)

+
∑
k

wk

|Tk|
∑

i in Tk

max(0, di − pmaxTk
)2 (3.14)

+
∑
k

wkmax(0,
1

|Rk|
∑

i in Rk

di − pmaxmeanRk
)2 (3.15)

+ ... (3.16)

Program (3.9-3.11) now properly describes the ArcPT problem and shows a
real trade-off between the smooth part dealing with the clinical goals f(d) and
the non-smooth part minimizing the beam delivery time BDT(x). Because a
real delivery time model will be certainly not convex and hardly differentiable, we
choose to optimize the energy sequence in the absence of a better model of the
BDT. Indeed, the BDT is predominantly driven by the energy layer switching time
(ELST) in ArcPT therefore we use the ELST as a surrogate to the BDT in our
optimization problem. In order to simplify the model, we assume that it takes 5.5
seconds to switch the energy up versus 0.6 seconds to switch it down [192]. In
this study, we thus assume the ELST to be the sum of all individual switching
times between the active energy layers (layers with non-null spot weights) at each
angular control point along the arc.

Evaluation

To assess a plan and score its quality, the physicists compute dose-volume his-
tograms (DVH) and the associated DVH metrics for both TV and OAR. A DVH
(see for example Fig. 3.10) shows a decumulative distribution of dose within some
given ROI. A point on the curve represents the percentage of the considered ROI
that receives a dose less than or equal to the dose value corresponding. As we
want to irradiate the tumor volume, the ideal curve is a step from 100% to 0%
at the prescribed dose to avoid under- and over-dosage. On the other hand, we
want to spare healthy organs. This translates as a ideal step from 100% to 0% at
null dose. Obviously, in practice, actual DVH curves generally look like smoothed
steps. In addition to DVH curves, DVH metrics further summarize the dose map
information into a few scalar indicators. For instance, D95% represents the min-
imal dose received by at least 95% of the considered volume (usually a target
volume).
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3.5 State-of-the-art methods

3.5.1 SPArc
Developed by Ding et al. [17], SPArc is a greedy heuristic planning optimization

algorithm that uses two nested iterative loops to optimize the dose distribution
while increasing the number of control points to make it denser until a desired arc
delivery sampling frequency is obtained. It starts with a sparse arc, i.e., with very
few irradiating directions. Subsequently, the nested loop optimization algorithm
can start. The spot weights are optimized for the current beam-layer configuration.
Four steps follow:

1. Control point resampling: each beam is split into two or more new irradiation
directions

2. Energy layer redistribution between the new sub-control points

3. Energy layer filtration to get rid of low weighting energy layers

At each iteration of optimization, steps (1) to (3) are carried out until the an-
gle sampling frequency reaches the user-defined parameter. At this stage, SPArc
ensures acceptable delivery time by designing plans with 1 to 3 active layers per
control point. However, the energy switching pattern is still arbitrary. SPArc has
therefore been improved [192] to re-distribute the energy layers in a more efficient
way, namely, in descending order to mitigate the impact from energy-switch up-
ward on the delivery time.

Because of its simplicity and proven potential in several studies [176, 173, 179,
174] this algorithm is appreciated in the community. However, its heuristic and
greedy character makes it less efficient in the treatment plan optimization process.
Additionally, the spot weights and the energy sequence are not optimized jointly
but as separate steps and this may result in sub-optimal delivery efficiency and
plan quality. Finally, improvement of plan quality or delivery efficiency of the final
treatment plan may require a reset of the initial sampling process.

3.5.2 ELO-SPAT
Gu et al. developed the algorithm ELO-SPAT [16]. It solves the optimization

problem by including a regularization strategy, to address the ArcPT non-smooth
problem stated in Eq. 3.9-3.11. In particular, it uses the proximal gradient method
(PGM)[196], a popular technique to solve non-smooth optimization problems for
image reconstruction. However, traditional PGM methods tend to be quite slow
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on convergence, so an accelerated proximal gradient scheme is implemented in the
computation. The algorithm chosen is the Fast Iterative Shrinkage-Thresholding
Algorithm (FISTA) [106]. The ELO-SPAT framework is formulated with an ob-
jective function made of several terms to meet all ArcPT constraints. Based on
notations introduced in Section 3.4, Eq. 3.17 gives an intuition on the ELO-SPAT
objective function:

argmin
x

∥Ax− p∥2+
∑
b∈B

∑
e∈Eb

αe ∥xe∥1/22 −β
∑
b∈B

log

∑
e∈Eb

ye

+ γ
∑
b∈B

h(ỹb)

s.t. x ≥ 0,y = Wx (3.17)

The first term, namely, the dose fidelity term, encodes the objectives of the
treatment. It is a soft-constraint version of constraints (3.5)-(3.7), where the
OAR volumes are naturally constrained with a zero dose. It implicitly contains
a weighted sum of several objectives (Eq. 3.12), each being a squared l2-norm
between the prescription to tumor (and dose limits to OAR) and voxels of the
total dose distribution estimate. The second term is a group sparsity regulariza-
tion defined by a non-convex l2,1/2-norm that induces a sparsity at the level of the
energy layers, i.e. to obtain as few energy layers per beam as possible resulting
in a reduced ELST. This term is weighted by the hyperparameter αe and is re-
sponsible to turn off non-interesting layers (low weight in layer). The third term
represented by a log barrier behaves as a counter-acting term to the sparsity term
in order to distribute the selected layers across the whole gantry rotating range, a
heuristic for obtaining better arc-shaped treatments. Finally, in the fourth term,
a regularization function is used to sequence the energies, in a way that tends
to minimize the delivery time (Eq. 3.4). This function asymmetrically penalizes
energy switching low-to-high harder than high-to-low, using a one-sided quadratic
cost function h that acts on the energy differences between adjacent beams where
the layer with the maximal spot intensity ỹb has been selected beforehand. In
terms of workflow, the algorithm starts from all possible EL’s candidates, select
as few as possible and then encourage energy switch from high to low.

This algorithm raised a lot of attention because it is written in a very well de-
fined mathematical framework. ELO-SPAT converges towards the global or local
minimum (due to non-convex term) faster compared to SPArc from a mathemat-
ical point of view. However, there is still room for improvement, in particular, in
the formulation of some objectives. Firstly using a non-convex group sparsity term
together with FISTA is not proper given that FISTA has been designed to work
with convex objective functions. Next, the log barrier is a really strong term for the
intended goal since it uses a continuous approximation of a penalty that should
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be null on a large domain. The penalty starts to increase too early and might
shift the optimum where this is not necessary. Finally, for the last term, they use
specially designed discrete gradient operators that need to be updated after every
iteration which is again not ideal for FISTA convex optimization. We worked to
improve the formulation of the ArcPT cost function based on ELO-SPAT.

3.6 Proposed plan optimization methods
In this section, we present three new, fundamentally different plan optimization
methods. One is an improved variant of ELO-SPAT, thus based on gradient
descent. The second method is a local search approach, based on simple neigh-
borhood operators and a Simulated Annealing meta-heuristic. The third method
is a Mixed-Integer Programming formulation. As discussed later in Section 3.9,
these three methods come with significantly different mathematical properties in
terms of optimality, treatment guarantees, and computational effort.

3.6.1 FISTArcPT

FISTArcPT (Eq. 3.18) is a modified version of the ELO-SPAT objective function
formulation:

argmin
x

f(d) + λ
∑
b∈B

∑
e∈Eb

αe ∥xe∥12 +
∑
b∈B

IbC(x)

+ γ
∑
b∈B−

LeakyReLU(DB
b LSE(zb · tanh(a · yb)) ,

s.t. x ≥ 0,y = Wx , (3.18)

where B− represents the set B of beams, without the last beam of the sequence
B. Each term of Eq. 3.18 is described by order of appearance, from left to right,
below in details.

1. Dose fidelity
The dose fidelity term f(d) packs multiple objectives into a sum of weighted
soft objectives as described in Eq. 3.14-3.16. This term is the core of the
treatment plan optimization and occurs in any RT or PT problem formula-
tion.

2. Group sparsity
For the second term of Eq. 3.18, we use the group LASSO [197], that is,
the sum of squares of coefficients belonging to the same group and, in
this case, the weights belonging to the same energy layer. It is embodied
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in a weighted l2,1-norm, contrasting with the non-convex l2,1/2-norm used
in the original ELO-SPAT method. The main reason is that the l2,1 is
convex (Fig. 3.5), which fulfills the requirements of the FISTA algorithm.
Moreover, the proximal operator is simpler to implement and still efficient
for our purpose, the deactivation of layers. The inner l2-norm of ∥xe∥12
enforces selection of all the weights within an energy layer while the outer
l1-norm promotes sparsity in the number of selected energy layers. It is
controlled by two parameters, namely, the constant λ set at the beginning
of the optimization and αe that is updated every ten iterations to follow the
spot weights update, and further accelerate the layer sparsity and defined
as:

αe =

{
1
ye

= 1∑
j∈Se

xj
if ye ≥ 0,

1 otherwise
. (3.19)

With proper tuning of λ, this term selects fewer layers out of all candidate
layers.

3. Indicator function
The group sparsity term, if used solely, can result in a solution with some
beams having multiple layers activated and some with none, which reduces
the arc geometry benefits. To counteract this effect, we implemented an
indicator function IC defined in Eq. 3.20, as an alternative to the log barrier
in ELO-SPAT:

IC(x) =

{
0 if x ∈ C,

∞ if x /∈ C
, (3.20)

where the admissible domain C is defined as

C = {ye :
∑
e∈Eb

ye ≥ ϵ} .

In practice, the function operates if the sum of weights in a beam is less
than the tunable threshold, ϵ. If so, it projects the weights of active layers
belonging to the beam under consideration such that the sum of weights
in these layers is exactly ϵ. If no layer is active in the beam, it projects
directly the weights of the layer with the minimal gradient on ϵ. This is
a smooth way to ensure that no zero intensity beam remains and that a
certain homogeneity in the arc is kept. By combining the group sparsity
term with the indicator function, on average one layer per beam is selected.
However, the energy sequence is not yet optimized.
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4. Energy sequencing
To encourage energy switches from high to low and, therefore, to minimize
the treatment delivery time, we devised a differentiable regularization term
controlled by the weighting parameter γ. A hyperbolic tangent is first used
to map the sum of intensities of each layer between 0 and 1 with a a scaling
factor tuned for that purpose. Next, this vector is multiplied element-wise
by zb, the vector of energies corresponding to each layer. A log-sum-exp
operator is then used as a soft maximum to select the most eligible energy
layer in each beam. After this, a discrete gradient operator DB

b is applied
to each beam. For example, DB

b yb = yb+1 − yb, i.e., the vector of the
intensity difference between the two beams considered. Finally a leaky ReLU
function is used to asymmetrically penalize the energy switching pattern in
the following way:

f(x) =

{
0.01x if x < 0 (switch-down)

x else (switch-up).
. (3.21)

Optimizer

The cost function is non-differentiable due to l2,1-norm and indicator function.
For this reason, we decided to use the FISTA optimizer, as in the original ELO-
SPAT method, which converge theoretically at an optimal rate of O(1/k2) in the
case of a single non-smooth function1[106]. The FISTA optimizer engine was
implemented in OpenTPS with the Python package PyUNLocBoX [198] that is
based on the original FISTA algorithm [106]. The pseudo code of FISTArcPT is
described in Algorithm 1 and mainly consists in the forward step performing the
gradient descent (dose fidelity and energy sequencing) followed by the backward
step achieved through the proximal operator of the non smooth part of the objec-
tive function, i.e., the group sparsity term. While proximal operators are applied
sequentially in Algorithm 1, they should be implemented slightly differently to deal
wit more than n = 1 non-smooth function [199]1.

1Edited from the published version
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Algorithm 1 Pseudo code for FISTArcPT algorithm

1: Input: Initial weights x0, step α ≥ 0, λ, ϵ, γ
2: for i = 1 to N do
3: xk = update sol(xk) // FISTA acceleration
4: α = update step(xk) // Backtracking
5: xk+1 ← xk − α · ∇f(xk) // Forward step
6: xk+1 ← I≥0(xk+1) // Positive projection
7: xk+1 ← proxλ∥x∥12

(xk+1) // Backward step

8: xk+1 ← IC(xk+1) // Indicator II step
9: end for

Convexity

As mentioned in Subsection 3.5.2, FISTA has been developed to solve convex
optimization problems. By analyzing each term of the FISTArcPT problem state-
ment (Eq. 3.18), we can check the convexity of our objective function. Firstly,
the fidelity term involves soft objectives in the form of half-quadratics that are
convex functions. By definition, the sum of convex functions is also convex, so
is our total dose fidelity term. The second term is the group sparsity l2,1-norm
purposely chosen for its convex nature, illustrated in Fig. 3.5. The third term,
the indicator function, is convex by observation. Fig. 3.6 exposes in a simplified
schema the convexity of the set C.

x12x11

x2

1

-1

1

-1

1

-1

Figure 3.5: Group Lasso penalty: ∥x1∥+
|x2| = 1

ε

ye1

ye2

projection

Figure 3.6: Simplified representation of
set C and its convexity. Any pair of
points (green) ∈ C, can be connected
by a line that lies in C.

We were not able to analytically determine the convexity of the last objective,
the energy sequencing (ES) function. Instead, a Monte Carlo simulation suffices
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to prove the non-convexity of the ES function. Given that the energy sequencing
term is a sum of functions over the different beams of the plan, the non-convexity
of only one term in the sum needed to be proved. For some beam b, we evaluate
the function LeakyReLU(DbLSE(zb · tanh(a · yb)). For one evaluation of this
function, at minimum four variables were needed due to the discrete nature of
the gradient that requires two beams (b and b + 1) to operate and also to the
fact that yb is a vector containing at least two variables. Jensen’s inequality [200]
was used as convexity criterion requiring the function to be evaluated twice. The
Monte Carlo simulation therefore needs (N4)2 = N8 input variables. Running the
simulation during one hour that generates N = 1000 points per iteration adding
up to 23673 iterations, we computed the proportion of non-convex points to be
about 35.7%. Unfortunately, a convex form of the energy sequencing term could
not eventually be found. This conclusion leads to the fact that the optimization
problem as stated in Eq. 1 is non-convex. Therefore, the optimization algorithm
FISTA is likely to converge to local minima and suffers in its performances.

3.6.2 Local Search optimizer

Alternatively to the gradient-based methods, we propose a simpler method based
on the local search (LS) algorithm, described in Algorithm 2. It implements a
Simulated Annealing [114] meta-heuristic for approximating the optimal solution
x∗, minimizing

f(x) = f(d) + α sparsity+ γ ELST . (3.22)

Starting from an initial incumbent (i.e., current) solution x, Algorithm 2 iteratively
modifies it by using a set of five neighborhood operators. At each iteration, it
randomly chooses a solution x′ in the current neighborhood N (x) (line 4) and
either accepts it and resets the distance counter d to zero (line 6) or rejects it
and increments d (line 11). Whether a candidate solution is accepted as the new
incumbent solution or not depends on a predefined acceptance criterion function,
described below, which implements the so-called Simulated Annealing. A restart
strategy is also implemented in line 14: whenever the current incumbent solution
becomes too distant (in terms of local changes) from the last best solution x∗,
the search simply restart from x∗. At the end, the algorithm simply returns the
best solution x∗ encountered so far, which is stored at line 8.

Initial solution

If not specified, the initial solution is constructed by simply assigning a zero
value to every spots. Otherwise, any possible value assignment of the spots can
be considered as an initial incumbent solution for the LS algorithm.
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Algorithm 2 Local Search algorithm

Let x = {xs : s ∈ S} be an initial solution.
2: Set x∗ ← x; Set the distance counter d to 0

while some stopping criterion is not met do
4: Select a solution x′ uniformly at random in N (x)

if some acceptance criterion is met on x′ then
6: set x to x′ and d to 1;

if f(x′) < f(x∗) then
8: x∗ ← x′

end if
10: else

d← d+ 1
12: end if

if d = dmax then
14: restart: set x← x∗

end if
16: end while

return x∗, the best solution found

Stopping criterion

The stopping criterion designed here simply depends on the computational time
budget that the user allocates to the algorithm. Once the allotted time elapsed,
the criterion is met. Notice that alternative stopping criteria may be devised, based
on convergence indicators, for example: relative quality of the last improvements,
delays between previous improvements, etc.

Neighborhood operators

We consider five neighborhood operators in N (x): i) select a spot at random
and set its value to zero; ii) select a spot at random and assign a random positive
value in ]0,M ], where M is the highest possible intensity; iii) select an activated
layer at random and set all its spots to value zero; iv) select a layer at random and
reassign random positive values to all its spots; v) find the target voxel for which
the total dose is the farthest from the prescription, select one of its contributing
spots at random and assign it the (non-negative) value that minimizes the dose
difference from that voxel to the prescription. At each iteration, the local search
algorithm simply selects an operator at random. We notice that classical im-
provement avenues for such neighborhood based optimization method include an
adaptive mechanism that selects the current operator probabilistically, according
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to its success rate observed so far, preferring operators that contributed at gen-
erating relatively many interesting solutions, that is, that passed the acceptance
criterion. Such a mechanism is, however, typically implemented whenever the
neighborhood operators include more complex and computationally demanding
operations (e.g, large neighborhood search, [201]).

Incremental computation

An important property of the proposed set of neighborhood operators is that
given a current solution x, any neighboring solution x′ ∈ N (x) is actually con-
structed incrementally from x. In particular, the new objective value f(x′) is also
incrementally computed provided f(x). In all our operators (i to v), both compu-
tations of x′ and f(x′) are done in O(|S|) linear time, relatively to the number |S|
of spots. Incremental computation and evaluation is in fact a necessary property
of any efficient local search approach. On the contrary, every iteration of gradi-
ent based methods such as SPArc, ELO-SPAT or FISTArcPT, involve the heavy
matrix-vector product Ax of worst-case O(V S) complexity.

Acceptance criterion

We use a Simulated Annealing (SA) acceptance criterion [114]. Improved solu-
tions are always accepted, while degraded solutions are accepted with a probability
that depends on the degradation magnitude and a temperature parameter, i.e. the

probability of accepting x′ is e−
1−f(x)/f(x′)

T . The temperature T is updated by a
cooling factor 0 < fT < 1 at each iteration of Algorithm 2: T ← fT · T . During
the search process, T gradually evolves from an initial temperature Tinit to nearly
zero. We also implement a restart strategy : each time the current temperature
T decreases below a fixed limit Tmin, T is reset to Tinit. In all experiments, SA
parameters were set to Tinit = 5, Tmin = 10−6, and fT = 0.8.

3.6.3 Mixed-Integer Programming Formulation

An exact alternative to approximate optimization methods as presented above is
to use a MIP formulation and an appropriate solver, allowing a complete search of
the solution space to be conducted in order to prove optimality. Furthermore, the
treatment requirements can be guaranteed, as hard constraints, instead of using
soft constraints with minimized violations, as it is often the case with gradient-
based methods, hence approximating the initial (i.e., ideal) treatment problem
stated in (3.4)-(3.8).
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Energy sequencing

We represent a specific sequence of energy layers (EL) as a path in a directed
graph, from a source node 0− which has outgoing directed edges (0−, n) to every
EL n ∈ E, to a sink node 0+ which has incoming edges from every EL, passing by a
network of edges that link the EL altogether: there is an edge (m,n) for each pair
of EL such that n belongs to a strictly higher beam thanm. We note Eedges the set
of all edges that constitute the graph, whereas E− = E ∪{0−}, E+ = E ∪{0+},
E± = E ∪ {0−, 0+} denotes the nodes. Remark that the digraph resulting from
Eedges allows for valid energy sequencing only. In particular, a unique path from
0− to 0+ enforces that at most one EL is activated in each beam; otherwise, the
path would contain forks. Finally, a non-negative value cmn gives the cost of using
edge (m,n) ∈ Eedges in the path, that is, the cost of switching from layer m to
layer n, as illustrated in Fig. 3.7.

Figure 3.7: The directed graph resulting from the Eedges edges construction.
Source and sink nodes are represented as the left and right circles. A path in the
digraph is necessarily a valid sequence of activated energy layers. In this simplified
example, bold edges represent a possible unique path (from source node 0− to
sink node 0+). in which the dark blue nodes are the activated ELs, and where the
first beam has no activated EL.

Linear model

Let xj and emn be decision variables such that

• ∀j ∈ S : xj determines the intensity attributed to a spot j ∈ S,

• emn are redundant variables determining whether some EL switch happens:
∀m,n ∈ E± : emn = 1 if (m,n) ∈ Eedges and layer n ∈ E+ is activated
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directly after layer m ∈ E−, otherwise emn = 0.

Then, the arc proton therapy treatment optimization problem can be modelled as
a mixed-integer two-index flow formulation

min
x1,...,x|S|

∑
i∈R,j∈S

Aijxj (3.23)

s.t.: ∀i ∈ T pminT ≤
∑
j∈S
Aijxj ≤ pmaxT (3.24)

∑
n∈E+

e0−n =
∑
n∈E−

en0+ = 1 (3.25)

∀m ∈ E
∑
l∈E−

elm =
∑
n∈E+

emn (3.26)

∑
(m,n)∈Eedges

cmn emn ≤ U (3.27)

∀m ∈ E, ∀j ∈ Sm xj ≤ I
∑
l∈E−

elm (3.28)

∀j ∈ S 0 ≤ xj ≤ I (3.29)

∀(m,n) ∈ Eedges emn ∈ {0, 1} (3.30)

The objective function (3.23) minimizes the total dose on the OAR voxels, pro-
vided (3.24) each target voxel i ∈ T receives its prescribed treatment, here in
the range [pminT, pmaxT], and (3.27) the total energy sequencing cost does not
exceed a predefined bound U . In order to stick with the previous methods, we
assume cmn = 1 when m is of lower energy than n, 0 otherwise, so that the to-
tal summation simply gives the number of EL switch-ups. The set of constraints
(3.25)-(3.26) are classical flow conservation constraints, ensuring that the selected
edges from Eedges form a unique path (without fork) from source 0− to sink 0+.

The relation between each energy layer and its associated spots is defined by
constraints (3.28). A positive constant I represents the highest possible intensity
assigned to any spot. In fact, a spot j for which the energy layerm is not activated
(i.e., is not part of the flow) must necessarily be assigned xj = 0. Finally, the
aforementioned decision variables are defined in (3.29)-(3.30), where we notice
that contrarily to x’s, the flow variables emn are binary integers.
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Benefits and lessons from the MIP problem statement

In contrast to the previous methods, the exact MIP statement provides guar-
antees on the optimized treatment plan that will fulfill the constraints. In fact,
any feasible solution for constraints (3.24-3.30) guarantees fulfilling the treatment
requirements (3.5) on the target voxels (here that every target voxels receives a
dose between pminT and pmaxT ). Otherwise, alternative statements can easily
be formulated in order to enforce (3.6) and/or (3.7), while minimizing the en-
ergy sequencing cost. Furthermore, any optimal solution for program (3.23-3.30)
guarantees the best possible treatment. For instance, one can set U = 5 and,
therefore, determine whether a treatment that satisfies the [pminT, pmaxT] target
dose prescription bounds actually exists when limiting to 5 EL switch-ups and
what is its side effect cost in terms of OAR irradiation. Therefore, varying the EL
bound U eventually provides a Pareto curve, describing the possible compromises
between treatment quality and duration, for a particular use case. Finally, from a
mathematical point of view, the problem statement as a linear model tells us that
the energy sequencing can be represented by a convex function, not only for 0-1
switch up counts, but also for any possible cost functions to measure duration, as
a simple pre-computed cmn table.

Computational complexity

The inherent complexity of the ArcPT treatment problem, stated in (3.4)-(3.8),
has not been addressed yet in the literature. Is the problem NP-hard? It could be
that the problem is in fact polynomial, but remains intractable at this time, due to
the typically huge size of the beamlet matrix A. This question will likely remain
open for now, although we propose a preliminary analysis, where we draw the first
basic complexity boundaries by determining two variants of our problem: a special
case that is polynomial and a generalization that we prove to be NP-complete.

Energy sequencing is hard

Unlike linear programming, which is known to be solvable in polynomial time,
(e.g., using interior point methods [202]), integer and mixed-integer programming
are naturally NP-hard in general. It is easy to see that program (3.23)-(3.30),
without energy sequencing, that is, when removing constraints (3.25)-(3.28) and
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(3.30), leads to a linear program:

min
x1,...,x|S|

∑
i∈R,j∈S

Aijxj

s.t.: ∀i ∈ T pminT ≤
∑
j∈S
Aijxj ≤ pmaxT

∀j ∈ S 0 ≤ xj ≤ I ,

which is solved in polynomial time. Therefore, if the overall treatment problem
is NP-hard, the complicated part of the problem actually lies in the energy se-
quencing. By setting a value U that is large enough to never be reached by the
summation (3.27), that is, the problem becomes polynomial if one does not care
about the beam delivery duration.

NP-hardness: the case of the lower bounded energy sequencing variant

A direct generalization of the problem can be obtained by considering a lower
bound L on the energy sequencing time, in addition to the upper bound U , hence
replacing (3.27) with

L ≤
∑

(m,n)∈Eedges

cmn emn ≤ U .

In order to prove the hardness of this generalization, we show how to achieve
the polynomial reduction from the well-known NP-complete subset sum problem
(SSP): given a multiset K and a target value Y , decide whether some subset of
the items of K sums exactly to Y . Let us construct our EL directed graph (that
of Fig. 3.7), such that there is one column per item k ∈ K, only one node in each
column (representing the value of k), and finally cmk equals the value of the target
node k, whatever the source node m. Clearly, a path in the constructed directed
graph represents a particular subset selection with its associated total value. Any
decision algorithm for our generalized treatment problem then decides the SSP,
when L = Y = U . Our generalized problem is then NP-complete, as any given
solution can be verified in polynomial time (i.e., the problem is in NP).

Large Neighborhood Search.

NP-hard or not, preliminary experiments showed that the ArcPT treatment op-
timization problem remains complicated to solve in practice. In fact, the disadvan-
tage of problem statement (3.23)-(3.30), common to all complete optimization
methods, is that it hardly scales up to realistically-sized problems. In this sec-
tion, we propose a basic workaround, by exploiting a well-known technique: large
neighborhood search (LNS).
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LNS [201] relieves the optimization process by considering, iteratively, sub-parts
of the entire optimization problem. It works as follows. Given a current (sub-
optimal) solution x, select a subset xi, . . . , xj of decision variables and fix their
current values in x. This results in a sub-problem in which part of the variables are
fixed, whereas the remaining variables could be optimized. By solving this sub-
problem to optimality, one obtains a new current solution x′, which is necessarily
as good as x. Starting from an initial solution xinit, this process can be repeated
as long as needed.

LNS can be seen as a variant of our local search method defined in Algorithm
2, in which the only neighborhood operator N consists in this variable-selection
and optimization process. Because N may not deteriorate the current solution x,
N (x) is always accepted. LNS is therefore a “hill-climbing” heuristic method.

Variable selection

As the energy layers form a partition of the decision variables, it seems natural
that the variable decision mechanism follows these energy layers. At each iteration
of the LNS and given the current solution x, the optimization is then performed
by restricting the treatment to use only a subset of the energy layers (EL). This
subset is composed of all the EL that are currently activated in x, as well as a
percentage (5% in our experiments) of randomly selected EL. Any EL that does
not belong to the selection is necessarily not activated in current x, and therefore
all the associated decision variables are set to zero in the MIP model for the
upcoming optimization.

Initial solution and bi-objective optimization

Finding an initial feasible solution, which satisfies constraints (3.24-3.30), is
already really challenging. Instead, it would be easier to start from an empty
solution, thus no activated EL, and iteratively improve the solution by activating
EL. Some iterations would then activate some ELs, whilst deactivating some of
those EL that were previously activated (this is why currently activated EL are
always part of the variable selection), and so on, hence continuously improving
the current solution through the LNS iterations. The workaround we propose is
then to relax constraints (3.24) so that an empty initial solution becomes feasible:

∀i ∈ T :
∑
j∈S
Aijxj ≤ pmaxT.

At each LNS iteration, the current MIP model (i.e., having only subset of the de-
cision variable available for optimization) is then optimized based on the following
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lexicographical bi-objective function

max
x1,...,x|S|

∑
i∈T,j∈S

Aijxj , min
x1,...,x|S|

∑
i∈R,j∈S

Aijxj ,

which maximizes the total treatment on the target voxels T first and minimizes the
irradiation on OAR voxels R second. In other words, a soft constraint substitutes
for the hard constraint on the lower bound of the target voxels’ prescribed dose.

LNS: pros and cons

The direct advantage of the LNS approach is that each iteration actually ends
up with a solution. In fact, for large instances, the complete MIP approach
may require hours (or even not terminate) before providing a feasible, even sub-
optimal, solution. By sacrificing the optimality guarantee, i.e., by renouncing
the model completeness, the MIP model can still be exploited to construct and
improve solutions, yet sub-optimal, scaling to larger problem instances. However,
in addition to optimality, with the relaxation of lower bounding constraints in
Eq. 3.24, part of the treatment guarantees are lost with the LNS approach.

3.7 Comparison strategy

Plan optimization methods

From the proposed benchmark (see Section 3.3), ArcPT plans have been gen-
erated and optimized, using the three algorithms proposed in Section 3.6. To
serve as first reference point, IMPT plans (fixed-angle beams) were also pro-
duced. Another reference point was given by SPArc plans (described in Section
3.5.1), obtained with a Python implementation of the original SPArc algorithm in
our in-house TPS. All these plan optimization methods were empirically compared
to each others.

Key performance indicators (KPIs)

The KPIs used for this study are divided into four main categories:

1. The first KPIs in importance relate to the planned dose quality: the dose
volume histograms (DVHs), re-normalized to D50 (dose ← dose · p/D50)
for an easier comparison. Quantitative KPIs are also extracted from the
DVH, such as the absolute difference between D95 and D5, written as
|∆(D95, D5)|), characterizing the uniformity of dose distribution within the
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target volume, as well as the conformity index (CIRTOG[203]) that describes
how tightly the prescription dose is conforming to the target.

2. The next KPIs relate to the time delivery efficiency of the plan, which
depends on the sparsity of energy layers. Sparsity is quantified by computing
the percentage of beam angles that ultimately have only one active energy
layer remaining after the optimization process2. The time delivery efficiency
also depends on the number of energy switches upwards or downwards,
further summarized in the ELST metric used as a surrogate of the delivery
time and given in the tables.

3. The third KPIs are the final numbers of spots (nonzero spot weights) and
layers (activated layers with non-null intensity), which are provided as prox-
ies for the degrees of freedom available to the spot weight optimizer.

4. The Last KPIs are the optimization times, which were also reported in the
comparison tables. Although all the algorithms ran on the same machine,
execution times should be regarded carefully because each algorithm makes
use of different programming languages. FISTArcPT is written in Python3,
whereas the local search and MIP were implemented in C++. For the
last two, the optimization time depends on the time limit set in the input
parameters. Furthermore, whenever the MIP found the optimal solution, it
would necessarily stop before reaching the time limit.

Benchmarks

For the patient data, we are using the benchmark defined in Section 3.3 with
clinically acceptable dose resolutions of 2 mm and 1 mm. In addition, to assess
the quality of the different plans, the algorithms were executed on two target sizes:
1.47 cm3 (small target) and the same but dilated using 1 cm margin (expanded
target). The initial degrees of freedom available to the spot weight optimizer
are reported in Table 3.2 for both modalities, i.e., IMPT and ArcPT (across all
methods). ArcPT plans (FISTArcPT, LS, MIP) were initialized with a pre-defined
arc set between 0◦ and 90◦ with a counter-clock rotation and a step angle set to
2◦. The SPArc plans were initialized with three beams (77.0◦, 45.0◦ and 13.0◦)
with a maximum number of splits set to 4 so that the same arc design would be
obtained. The IMPT plans were designed by initializing 3 beams at equal angular
distances, at 0◦, 45◦ and 90◦, respectively.

2Edited from the published version to provide clarity towards quantification of the sparsity
metric.
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IMPT ArcPT

Small target #EL 39 361

#spots 1805 6635

Expanded target #EL 25 558

#spots 400 29269

Table 3.2: Degrees of freedom available to optimizer

Experimental settings

The proposed methods come with many hyper-parameters. They were tuned in a
preliminary study (Appendix A.1) and they remained fixed in the next experiments.
Notice that a convergence report of each proposed algorithm is also provided in
Appendix A.2, as well as a description of the algorithm behaviour, for various
problem scales in Appendix A.3. The dose prescription to the target is set to 60
Gy and no objectives nor constraints are set on the OAR because they are not
included in the analysis. The maximum number of iterations, set to 4000, was used
as stopping criterion for all the FISTArcPT plans. IMPT plans were optimized
by applying a SciPy implementation of L-BFGS [204] in OpenTPS to a beamlet
decomposition of the dose. SPArc also relies on the L-BFGS algorithm for each
step of optimization. The stopping criteria used for SciPy L-BFGS optimizations
are the maximum number of iterations, set to 100, or whenever the convergence
was acceptable with a relative error in function values not exceeding 0.001.

3.8 Results

The optimization methods presented in Sections 3.5-3.6 are intrinsically different
but they all aim at designing ArcPT plans. This section demonstrates the proof
of concept of each proposed method and also identifies the reasons for which one
outperforms some others for specific key performance indicators.

Results on the small target

The different final dose distributions obtained with each algorithm are shown in
Fig. 3.8 (2 mm resolution) and Fig. 3.9 (1 mm resolution), as well as the DVH
comparison in Fig. 3.10. The KPIs can be compared in Table 3.3. In general, all
the algorithms perform well, showing results that compare with the reference, that
is, the IMPT treatment. FISTA struggles the hardest to reduce the number of
switch-ups and to obtain a good layer sparsity with at most one energy layer active
in each beam. For the lowest resolution instance (2mm), MIP performed the best



CHAPTER 3. EXPLORING TREATMENT PLANNING OPTIMIZATION 93

and was able to reduce the number of switch-ups to zero, eventually yielding the
smallest ELST, while still covering the target homogeneously. For arc plans with
1 mm of resolution, the dose conformity to the target is poor, especially for those
obtained with the LS method. Hot spots appear indeed in the dose distributions
(Fig. 3.9), because no objective in the cost function prevented the optimizer from
depositing dose in any locations outside the target. Anyway, SPArc seems to give
the best performances at high resolution with a very good homogeneity of the
dose in the target and an acceptable time for energy layer switching.

Figure 3.8: Optimized dose distributions (2mm resolution) obtained with the
different modalities/algorithms - Small target

Figure 3.9: Optimized dose distributions (1mm resolution) obtained with the
different modalities/algorithms - Small target

Results on the expanded target

Dilating the target by 1 cm happens to complicate the problem considerably and
the algorithms faced more difficulties to solve it, as can be observed in Table 3.4
and in the DVH plotted in Fig. 3.13, especially when the CT resolution is thinner
(1 mm). Despite a good ELST, the DVH obtained with the LS algorithm is off
the 5% tolerance around the prescription with a large D5. Similarly, MIP can
deal with the 2-mm resolution data set but failed to produce a decent solution for
the 1 mm resolution with major deviations observed in its DVH. FISTA struggles
again to reduce the ELST compared to the other optimizers. In terms of dose
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(a) 2 mm resolution (b) 1 mm resolution

Figure 3.10: DVH comparison between the different algorithms used for the small
target

maps (Fig. 3.11), the solution obtained with FISTA displays aggregated beams on
the dose map despite the indicator function meant to address this kind of issue.
Moreover, the energy layers selected by each algorithm are visible on the dose
distribution plots. This could be explained by the fact that the layer spacing chosen
is too large or there are not enough beams to cover the energy space smoothly.
Surprisingly, IMPT outperforms arc plans. Possible explanations could be that the
degrees of freedom (DOF) available in the arc modality are not exploited properly
by the various optimizers. As MIP starts from a solution with null spot weights
and solves the problem progressively by selecting a subset of the layers (LNS
approach, see Section 3.6.3), it struggles to activate spots and layers resulting in
a very small final number of activated spots and layers. The same observation
holds for the LS method, even though it is caused by the neighborhoods operators
that (de)activate layers and spots at random. Finally, FISTA and SPArc seem to
use the available DOFs in the arc better than LS or MIP, although they cannot
outperform the IMPT plans in terms of dose quality. A reason could be that the
optimizer needs to run longer in order to deal with these many DOFs and obtain
a better solution eventually.
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Metric/Method IMPT FISTA LS MIP SPArc

Resolution (mm) 2 1 2 1 2 1 2 1 2 1

Planned dose quality
|∆(D95,D5)| (Gy) 4.2 5.0 4.0 4.6 4.8 5.5 2.2 4.0 2.9 2.7

D98 (Gy) 56.8 56.7 55.0 56.3 56.5 56.5 58.5 57.3 57.7 58.0

CIRTOG 1.4 1.1 1.2 1.4 1.3 3.7 1.1 1.2 1.3 1.9

Delivery efficiency
#switch-ups 2 2 4 5 2 2 0 0 2 2

#switch-down 22 22 10 9 14 9 8 6 13 12

ELST (s) 24.2 24.2 28 32.9 19.4 16.4 4.8 3.6 18.8 18.2

Sparsity (%) 0 0 95.6 93.5 100 100 100 100 100 100

Degrees of freedom
#EL activated 25 25 48 48 42 42 40 39 46 46

Non zero spots 400 400 1198 1214 131 228 171 217 1163 1225

Computational performance
Optimization
time (s)

2 12 2000 14000 300 3600 3600 3600 714 4423

Table 3.3: Metrics comparison between the different methods used for small target

Figure 3.11: Optimized dose distributions (2mm resolution) obtained with the
different modalities/algorithms - Expanded target

3.9 Discussion

We presented three new methods of optimizing treatment plans for arc proton
therapy. Theoretical analysis and experimental evidences revealed the strengths
and weaknesses of each method.

Firstly, FISTArcPT, which extends a classical gradient descent algorithm with
regularization terms to control the number and the sequence of energy layers
in each beam belonging to the arc, is the ideal method in the sense that it fully
benefits from the arc geometry and its degrees of freedom and finds locally optimal
solution with rapid convergence of objective function values. This method was
able to produce good quality plans in terms of target homogeneity and conformity.
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Figure 3.12: Optimized dose distributions (1mm resolution) obtained with the
different modalities/algorithms - Expanded target

Metric/Method IMPT FISTA LS MIP SPArc

Resolution (mm) 2 1 2 1 2 1 2 1 2 1

Planned dose quality
|∆(D95,D5)| (Gy) 3.3 3.7 6.0 5.8 8.4 18.4 6.4 23.5 6.5 7.5

D98 (Gy) 57.7 57.5 55.5 55.3 53.8 48.8 53.8 43.6 54.1 52.6

CIRTOG 1.3 1.4 1.1 1.1 1.2 1.5 1.3 2.3 1.7 1.7

Delivery efficiency
#switch-ups 2 2 11 14 2 2 3 2 2 2

#switch-down 35 36 25 24 22 18 18 7 20 20

ELST (s) 32.0 32.6 75.5 91.4 24.2 21.8 27.3 15.2 23.0 23.0

Sparsity (%) 0 0 84.8 80.4 100 100 100 100 100 100

Degrees of freedom
#EL activated 38 39 60 60 46 46 29 12 46 46

Non zero spots 1897 1805 2949 3139 457 511 433 272 2539 2474

Computational performance
Optimization
time (s)

19 181 20000 76000 3600 3600 12000 12000 2273 14423

Table 3.4: Metrics comparison between the different methods used for expanded
target

However, the sensitivity to the hyper-parameters in the objective function and the
need to tune them finely on case-by-case basis makes it inconvenient, especially
considering the potential future use in clinic. Also, the inter-dependence between
those parameters makes the algorithm biased and could lead to rapid local minima,
without any means to get out of them, especially because of the definition of the
shrinkage group parameter αe, that depends on the intensity of each layer. In
addition, because the objective function is not formulated to fulfill all the FISTA
assumptions as defined by Beck et al. [106], this convex optimization iterative
approach could underperform and also be trapped in local minima. Recall that we
found, in Section 3.6, that the energy sequencing term of the objective function
is actually not convex. Aside from those theoretical properties, the matrix-vector
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(a) 2 mm resolution (b) 1 mm resolution

Figure 3.13: DVH comparison between the different algorithms used for the ex-
panded target

productAx involved in the dose fidelity term is in practice the heaviest operation in
the algorithm. It is clear through the examples that the larger the involved matrices
are, with increases in resolution and/or target size, the longer the optimization
time will be, and this linearly. Lastly, in addition to give an approximate solution
(no treatment guarantees with soft objectives), FISTA is primarily an incomplete
method, like all gradient-descent-like algorithms, because it does not consider
the entirety of the solutions space and there is therefore no optimality guarantee
(unless the objective function is convex, which is not our case).

Secondly, a local search approach with simulated annealing has been tested.
In contrast to FISTArcPT, LS uses a randomized approach and will therefore
probably never yield the same solution twice. Also, the simulated annealing meta-
heuristics allows for escaping from local minima. LS was able to give solutions
with high delivery efficiency (in terms of ELST) but is mostly discarded due to
poor dose quality, especially for large-scale datasets. Regarding the optimization
time, defined by the user time limit, it is less impacted by the size of the problem
compared to FISTArcPT. In fact, in LS the computationally demanding matrix-
vector product (in the gradient step of FISTArcPT) is carried out incrementally
through the neighborhood operators. Besides, those neighbourhood operators
remain very simple, and they could even be improved to get better results for
larger-scale problems. Another point to consider is that any kind of objectives
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and/or constraints, including more realistic ones, such as the BDT, can be easily
implemented with such algorithms, without any concerns in terms of convexity
or similar properties. However, it is noteworthy that the local search algorithm
is a heuristic method with no optimality guarantee and, like FISTA, it yields an
approximate solution with no actual guarantee of treatment feasibility or accept-
ability. In any case, if the dose quality does not improve in the future upgrades of
the algorithm, it cannot be used for treatment planning. Nevertheless, LS could
be used as a fast pre-optimization step to obtain an initial solution with an arc
configuration, such as a specific number of upwards energy switching which would
then ease the search for the main, subsequent algorithm.

Thirdly, Mixed Integer Programming is a method with good potential: given
enough time, it ultimately finds the optimal solution to the problem at hand,
thereby guaranteeing the best possible treatment. New objectives and constraints
can be easily implemented with this problem statement as long as they remain
linear. With MIP, the user can, for example, set the number of switch-ups allowed
in the arc at the beginning of the optimization, as well as the range of dose to the
target voxels, at the expense of losing degrees of freedom of the arc method, like
SPArc. However, this type of algorithm, even though giving excellent solutions for
small data sets, can rapidly struggle hard once the problem reaches a certain size,
requiring hours before providing a feasible, sometimes sub-optimal solution if only
it ever terminates. Several attempts have been made to address this problem scale
issue. In particular, we have exploited a well-known technique: large neighborhood
search (LNS) at the cost of losing part of the treatment guarantees. Another idea
could be a multi-resolution approach, with a first optimization at a very low
resolution to obtain a good result quickly and to input it as an initialization for
a subsequent optimization at higher resolution and so on until the desired dose
resolution is obtained.

Energy sequencing

The common point of all the three proposed problem statements and associ-
ated solvers (mathematically speaking, completely different from each other) is
the difficulty to optimize the energy sequence as observed in the results. Stating
the problem with continuous functions and using gradient-based methods such as
FISTA [106], the convexity of the objective function is important to guarantee
optimal performances of the solver. In the context of ArcPT, devising such func-
tions is complex because of the discrete nature of arc therapy, leading to a delivery
time estimator that is neither convex nor differentiable. Even though we simplified
the real estimator by optimizing the energy sequence as a proxy of the BDT, we
were not able to define a convex formulation that can be the Achilles heel of our
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optimization. In contrast, MIP allowed us to formulate a convex estimator for the
energy sequencing, at the expense, however, of introducing integrality constraints,
which complicate the problem considerably. Regarding the LS algorithm, we as-
sume that, if the energy sequencing was not in the objectives, the cost function
would be convex and a solution would be more easily found and this, even without
the simulated annealing meta-heuristic. The reason is that the energy sequencing
term is the cause of the local minima in which we are trapped. Yet, when we will
implement a real model of the delivery time, the local search algorithm combined
with the simulated annealing could become the most suitable method of beam
delivery time optimization.

SPArc

Compared to SPArc, FISTArcPT was able to give similar dose quality in all cases.
Only MIP could outperform SPArc in the small target cases, which indicated
its high potential for the ArcPT problem. SPArc provided a reproducible plan
solution (though not necessarily optimal) in both small and expanded target with
different resolutions. Compared to clinical IMPT, SPArc is an advanced IMPT
optimization framework that implements a greedy, iterative re-sampling process.
It is noteworthy, though, that the limitations of SPArc (or other similar methods)
could only appear, from a theoretical standpoint, for more complex cases with OAR
sparing for example where the heuristic greediness of SPArc and its restriction to a
limited number of degrees of freedom could lead to under-performance compared
to the proposed solution methods. It is therefore still difficult to demonstrate the
superiority of the proposed methods with this simple test case. Yet, all the reported
results should be analyzed cautiously since the benchmarks are not obtained from
real patients.

Treatment uncertainties

No uncertainties have been taken into account neither in the optimization pro-
cess nor in the treatment evaluation. In a clinical environment, the treatment
plan has to be robust against various type of uncertainties before it can be deliv-
ered to the patient. They are usually divided into two main categories, namely,
aiming errors, relatively to the tumor position, and range errors, concerned by
the nature of the tissues the protons must traverse to reach a targeted depth.
Integrating the robustness into each optimization schemes presented in this paper
can be complex and will impact the quality of the results. The usual way to do
it is to compute N scenarios that takes into account all types of errors that can
occur before and during treatment, e.g., the patient set up errors are modeled as
a shift of the beamlets, giving N sets of beamlets. The next step is to determine
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the worst-case scenario and to minimize the corresponding objective function; re-
peating these two steps iteratively allows the performance to be lower-bounded.
In our in-house TPS, OpenTPS, we have implemented this worst-case robust
optimization. FISTArcPT could then be able to produce robust-optimized plans
already. A robust version of our local search algorithm can be obtained by consid-
ering worst-case scenarios in a sampling-based approach. In fact, as long as the
sample remains of reasonable size, our objective function can still be incrementally
computed on each scenario independently. Finally, the method of mixed-integer
programming will require more elaborated mathematical techniques in order to
obtain robust treatment plans. Given a set of sampled scenarios, the L-shaped
method [205] can be exploited to minimize expected penalties. Dealing with the
inherent uncertainties of our treatment process is definitively a challenging issue,
yet necessary. This is, however, out of our current scope, and left for further work.

3.10 Conclusions and future research directions

Arc proton therapy is an emerging cancer treatment modality, showing great po-
tential and significant advantages over radiotherapy with x-rays and even over
conventional proton therapy treatments. However, designing a valid treatment
plan for this new modality defines a complex optimization problem, for which
very few plan optimization methods exist in the particle therapy community. In
practice, at the time of writing, there is still no proven or approved software solu-
tion available for the clinicians and further investigations is needed to develop the
treatment planning system for ArcPT.

Contributions

This paper first reviews the literature about the existing approaches to ArcPT
that raise interest in the proton therapy community, namely, SPArc to which we
were able to compare our results and ELO-SPAT from which we based the for-
mulation of one of our proposed method. Next, a first formal statement of the
constrained optimization problem at hand is presented. Cues in this formalization
guide the search for adequate optimization algorithms. Accordingly, we propose
three different approaches to solving the problem, each with a specific problem
restatement and an optimization algorithm. Our new methods are tested on dif-
ferent realistic benchmarks and compared to the existing state-of-the-art method
SPArc as well as to a conventional IMPT method. After analysis of the influ-
ence of hyper-parameters in each method, our algorithms were able to produce
acceptable ArcPT treatment plans. These plans achieve good dosimetric results
and delivery efficiency in general. MIP has shown its superiority compared to the
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other methods for small targets, as it can give guarantees on the constraints and
objectives defined in the statement of a small-scale problem. However, for bigger
targets, the IMPT plans and SPArc plans are still ahead which leaves some space
to improve our methods depending on the direction we are taking. Though, each
clinical case can be different and it is understandable that a method could be more
appropriate than another for a specific case but improper for another case. Fi-
nally, we introduce the first reference benchmark to design ArcPT plans, obtained
from realistic image data sets. This benchmark is made available to the research
community.

Further work

The algorithms both optimize the clinical goals and minimize the delivery time
in a single integrated process, thereby contrasting with SPArc. This followed
path clearly suggests the use of a Multi-Criteria Optimization (MCO) that will
be investigated into the future. Robustness is key in proton therapy due to its
dosimetric sensitivity compared to the photon radiotherapy. Implementation of
robust optimization in our ArcPT framework is therefore considered in the near
future in order to make plans robust against uncertainties. Finally, this paper
only considered an artificial image, i.e., a patient phantom, as a proof of concept.
We will apply our methods to real patients to further investigate the potential of
ArcPT.
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Chapter 4

Striking a balance

The content presented here comes from the published article: Bi-criteria Pareto
optimization to balance irradiation time and dosimetric objectives in proton arc
therapy. Phys. Med. Biol. 67 245017, 2022.
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Summary

Background and purpose: Proton arc therapy (PAT) is a new delivery technique
that exploits the continuous rotation of the gantry to distribute the therapeutic
dose over many angular windows instead of using a few static fields, as in conven-
tional (intensity modulated) proton therapy. Although coming along with many
potential clinical and dosimetric benefits, PAT has also raised a new optimization
challenge. In addition to the dosimetric goals, the beam delivery time (BDT)
needs to be considered in the objective function. Considering this bi-objective
formulation, the task of finding a good compromise with appropriate weighting
factors can turn out to be cumbersome.

Methodology: We have computed Pareto-optimal plans for three disease sites:
a brain, a lung, and a liver, following a method of iteratively choosing weight
vectors to approximate the Pareto front with few points. Mixed-integer program-
ming (MIP) was selected to state the bi-criteria PAT problem and to find Pareto
optimal points with a suited solver.

Results: The trade-offs between plan quality and beam irradiation time (static
BDT) are investigated by inspecting three plans from the Pareto front. The lat-
ter are carefully picked to demonstrate significant differences in dose distribution
and delivery time depending on their location on the frontier. The results were
benchmarked against IMPT and SPArc plans showing the strength of degrees of
freedom coming along with MIP optimization.

Conclusion: This paper presents for the first time the application of bi-criteria
optimization to the PAT problem, which eventually permits the planners to se-
lect the best treatment strategy according to the patient conditions and clinical
resources available.
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4.1 Introduction
A common problem in radiotherapy planning is to find the best possible trade-
offs between target coverage and normal tissue sparing. This is usually done by
compounding a multi-objective function and manually tuning the weighting factors
of each objective until the plan meets the clinical goals based on the planner’s
insights and experience [20, 24]. This iterative trial-and-error process may turn
treatment planning into a long process and sometimes it can become tedious,
especially for the patients with complicated geometry with conflicting clinical goals
in terms of target coverage and OAR sparing. Another popular approach is to use
multi-criteria optimization (MCO), which automatically generates a set of Pareto-
optimal plans for different (well-chosen) patterns of objectives weights [206, 207,
21, 116].

Pareto optimality and front.

A solution (i.e. a treatment plan) is called Pareto-optimal if, by further im-
proving one of the objectives, at least one of the other objectives gets worsened.
In fact, there are as many Pareto-optimal solutions than there are possible such
compromises between all the objectives at stake. By computing a set of such
solutions, a so-called Pareto front (a.k.a. Pareto set or frontier) is obtained. In
our case, the Pareto frontier represents the set of all Pareto-optimal treatment
plans, over which the clinicians can efficiently navigate, and from which they can
eventually pick the best trade-off depending on the clinical constraints at stake.
This problem has already been extensively described in the literature for photon
radiotherapy optimization such as VMAT and IMRT [25, 208].

Proton arc therapy.

In this article, we apply bi-criteria optimization to a recent innovation in proton
therapy delivery, namely, proton arc therapy (PAT). PAT differs from conventional
proton therapy in how the treatment is delivered to the patient, involving a se-
quence of many incidence angles along a rotating gantry arc, instead of using only
a few fixed-angle beams. The price to pay for the larger number of irradiation
angles and the increased flexibility that comes with them is that the beam deliv-
ery time (BDT) also increases, in spite of the continuous rotation of the gantry.
The underlying challenge raised by this new modality is therefore to minimize
the BDT concurrently with the traditional clinical or dosimetric goals. Because
a true delivery time model will be certainly not convex, involving a dynamic de-
livery with mechanical parameters, we choose to rather optimize the static beam
delivery time approximated by a simplified irradiation time, denoted BDT≈. We
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are investigating a bi-objective formulation where we optimize simultaneously an
estimation of the irradiation time, and the dose fidelity term grouping a fixed
weighted combination of objectives to treat the tumor and to penalize dose in
various healthy organs.

The PAT problem.

We refer to the problem of finding the best PAT treatment plan (i.e., optimal
dose distribution with minimal delivery time) as the PAT problem. A solution (i.e.
a treatment plan) is composed of a sequence of irradiation angles. To each angle
is associated a sequence of energy layers. Finally, each energy layer is composed
of a sequence of spots, each spot is associated with an intensity used to modulate
the dose delivered to the patient. In other words, a solution is a big sequence of
spot intensities with their x-y coordinates. Informally (more formally defined in
Sec. 4.2.1), our PAT problem consists in finding a combination of such intensity
values, such that a set of dosimetric and logistic objectives are optimized.

Related work and contributions.

To the best of our knowledge, this is the first time bi-criteria optimization is
applied to proton arc therapy in order to optimize the treatment delivery time
and plan quality simultaneously. Among the few published PAT optimizers cur-
rently available, the oncology group from UCLA was the first one presenting a
simultaneous approach for energy delivery sequence and plan quality optimization
[16]. Based on this paper, Zhang et al. [155] have speed up the optimization
and improved both delivery efficiency and plan quality using energy matrix regu-
larization. The other previous published paper, however, do not directly optimize
the energy sequence simultaneously with the spot intensities yet. For instance,
RaySearch (RaySearch Laboratories AB, Stockholm, Sweden) has recently pub-
lished a method of selecting energy layers and spots, as a proof of concept coined
ELSA (Early Layer and Spot Assignment), prior to spot weight optimization [26].
Additionally, Ding et al. [17] developed the Spot-Scanning Proton Arc (SPArc)
algorithm, an iterative greedy approach based on robust optimization. Bertolet &
Carabe [161] have also developed the so-called proton monoenergetic arc therapy
(PMAT) technique in which, as its name suggests, monoenergetic partial arcs
are pre-selected and thus the energy sequencing optimization is a by-product of
the application of the energy selection criteria. However, their research goal was
different and the selection was carefully designed to enhance the dose-averaged
linear energy transfer distribution within the target. As a consequence, we present
the first bi-objective optimization study applied to proton arc therapy. The pro-
posed framework is based on Pareto bi-criteria optimization (BCO) theory, using
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an original algorithm for computing the Pareto frontier, inspired from the method
introduced in Craft et al.’s [25].

Organization.

The rest of the paper is as follows. Section 4.2 provides a detailed description
of the proton arc therapy bi-criteria problem and modeling as well as a sketch of
the method applied to solve this problem incorporated in an innovative binary tree
search technique. Section 4.3 demonstrates the method on three patients with
different tumor sites: a brain, a lung, and a liver. Sections 4.4 and 4.5 discuss
and conclude the paper. Appendices are also provided to define the mathematical
model on which the PAT optimization is based (Appendix B.1) and to help the
reader to understand the BCO Pareto approximation algorithm in more detail
(Appendix B.2).

4.2 Materials and methods
This section defines the necessary mathematical notations, states the bi-criteria
PAT problem within a Mixed-Integer Programming (MIP) framework. A binary
tree search technique is proposed to construct an approximation of the Pareto
front.

4.2.1 Problem statement

The PAT problem pools two different types of objectives. The first objective,
namely, the dose fidelity term f(d), reflects the standard clinical goals and it is
formulated with the deviation between the delivered and prescribed doses of each
voxel. The second objective measures the static beam delivery time BDT(x), i.e.
the irradiation time, that is minimized to obtain efficient PAT plans. This term
depends on the plan delivery sequence which includes irradiation parameters such
as spot scanning speed, energy layer switching time, and burst switching time
and was modeled by Zhao et al. [150]. Given the set of spot S, we consider the
following bi-objective optimization problem.

min
x

{f(d),BDT(x)} (4.1)

s.t. d = Ax (4.2)

x ∈ R|S|
≥0 , (4.3)

where d ∈ R≥0
|V | is the vectorized dose on the |V | voxels (| · | is the cardinality

operator), A is the beamlet matrix, containing |S| × |V | elementary dose values,
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i.e., the dose deposited by each spot to each voxel computed with an in-house
Monte Carlo engine, MCsquare [72]. x is the column vector of spot weights,
containing |S| values (namely, our set of decision variables).

There is a conflicting interplay between these two main objectives. Reducing
the BDT improves the patient’s comfort, mitigates motion effects over time (and
therefore treatment errors), and increases the number of patients who can be
treated in a day. Yet, reducing too much the BDT can also significantly degrade
the dose quality.

4.2.2 MIP model

The fidelity term can be modeled as a linear cost function (See equation B.8 in
Appendix B.1) with weighted linear objective functions for penalizing over-dosing
and under-dosing on target, OAR doses over the goal. This term alone leads to
a linear programming (LP) problem that already demonstrated its ability for dose
optimization in radiotherapy as early as in the 60’s with Bahr et al. [209] and,
more recently, with Bortfeld [210] or Romeijn et al. [211].

The real BDT objective, naturally dynamic, is not convex and this leads to
difficulties for any optimizer. We choose to model and minimize the irradiation
time (BDT≈) using the reasonable approximation that it takes 1 s to deliver one
energy layer, 5.5 s to increase the energy, 0.6 s to decrease it and 0.2 s when same
energy is kept to deliver the next layer [192]. In a previous work [212], we showed
that this approximation of irradiation time can be modeled as a convex linear
objective provided integrality constraints resulting in a mixed-integer programming
(MIP) problem statement. The MIP statement has been extended to frame the bi-
objective optimization problem 4.1, the specific mathematical expression of which
is B.1-B.6 in Appendix B.1.

It is worth noticing that the integrality of the PAT problem is due to the BDT≈

(as well as the BDT in general). In fact, it mainly depends on whether each
irradiation angle and energy layer is activated or not, introducing this temporal
dimension turns our PAT problem into a discrete, integer problem. In a recent
study [212], we proved in that the irradiation time only is responsible for the
inherently complexity (i.e., the NP-hardness) of the PAT problem.

4.2.3 MIP solver

Optimization is carried out by Gurobi 9.5 [213], through its Python API, for
mixed-integer programming using tuned parameters to speed up the algorithm.
These tuned parameters include the specification of the algorithm used to solve the
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continuous model, the presolving level and number of pass limits, etc. They were
obtained using the Gurobi tuning tool that automates the search for parameter
settings. In short, it runs the solver multiple times on the model, choosing different
initial parameter settings for each call, in a search for settings that improve run
time. The tuning tool parameter was run 24 hours on a model built from a
phantom case with a small target. At the end, it provided a summary showing the
number of parameter sets it tried and details on a few of the best parameter sets
it found. On this basis, we use the parameter set with the shortest running time
for the subsequent optimizations. Gurobi solves the MIP model using a linear-
programming (LP) based branch-and-bound algorithm [108, 214, 215]. Starting
from the original MIP, it removes all integrality restrictions and solves the so-called
LP relaxation of the original problem through the barrier method [216] (tuned
parameter). Next, it will start the branch-and-bound procedure and will improve
the bounds (relaxation) and/or incumbent solution using heuristics. Additional
techniques proper to Gurobi are included to limit the size of the branch-and-bound
tree that must be explored. The termination criterion is a parameter set to the
time spent solving the model in this study.

4.2.4 Pareto frontier approximation

In order to solve the bi-objective optimization problem (4.1), it is customary in
the radiotherapy field to compute a set of trade-off solutions, which are referred to
as Pareto optimal points and from which the planner can conveniently pick a suit-
able solution. In the current article, this is carried out by blending (or scalarizing)
the multiple objectives into a single compound objective, formulated as a linear
combination of the initial objectives: wD f(d) + wT BDT≈(x). However, the
adjustment of the weighting factors, to be used as constant parameters by the opti-
mizer, is not trivial if one wants to obtain a good approximation of the Pareto front
efficiently. We decided to implement Craft et al.’s [25] algorithm initially applied
to optimizing multiple-objective intensity modulated radiation therapy (IMRT)
convex problems. In our case, the feasibility space is a polyhedron resulting from
a combination of linear constraints (aside from the integer constraint). Note that
the smallest polyhedron that contains all the feasible integer points is called the
“convex hull” (which results from a different, optimal, set of linear constraints:
the perfect problem formulation - in fact, knowing these constraints amounts to
solving the problem itself). The objective function is also linear, and therefore
convex. The convexity of both the feasibility space and the objective function
allows us to reuse the method to approximate the Pareto front and to best reduce
its front position uncertainty. Note that due to the discrete nature of our prob-
lem (and henceforth the MIP integrality constraints), the Pareto front is here a
discrete set of points.
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Figure 4.1: Pareto front construction in 2 dimensions as a binary search that
produces a binary tree where each node corresponds to a point on the front. The
figure contains technical details that are useful in the detailed explanation of the
algorithm, in Appendix B.2.

For a bi-objective formulation, the BCO algorithm can be described as a search
through a binary tree whose branches can be grown and explored in order to refine
the Pareto front with new points wherever they are needed, such as illustrated
in Figure 4.1. Our version of the BCO algorithm (Algorithm 3) differs from that
of Craft et al.’s [25] by the use of a binary tree, hence specialized to bi-objective
optimization.

In a nutshell, the construction of the binary tree goes as follows: we start from
an initial node (the parent node) corresponding to three points PA, PB and PC

designated as the anchor points. PA, and PC relate to individual minima of
each objective while PB is an intermediate solution between PA and PC obtained
with equal weights. Next, two new points (thus corresponding to Pareto optimal
solutions) can be computed, respectively, between PA and PB and PB and PC ,
each corresponding to left and right branching in the binary tree depicted in
Figure 4.1. In a 2D graph, maximal distances between segments lines PA−PB and
PB−PC and the lower bounds of the Pareto front, i.e., tangent lines through each
vertex, are computed (dleft and dright, respectively). Depending on the branching
followed (the one with the minimal distance), points are renamed. For example,
if one looks at left branching PA → PA but PB → PC and a new PB is computed
by solving the model using the weights average from PA and PC . In this way,
PB will always be the intermediate point between PA and PC that the optimizer
needs to find. Then, new points can be subsequently and iteratively computed and
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added to the Pareto frontier, each time between two existing points, and so on,
until some tolerance threshold (or tree depth, or time limit) is reached. However,
computing each new solution (i.e., a point on the Pareto front) may potentially
take a significant time. In order to cope with time limitation, one must obviously
prioritize the order in which the new points are computed, or in other words the
order in which the branches of the binary tree are constructed, so that we end up
with a representative set of points, well-balanced, to approximate the Pareto front
whenever the BCO algorithm is interrupted. The algorithm, and especially the
prioritization method used, is explained in details in B.2, including the appropriate
formulas and equations.

Algorithm 3 Binary search tree

while D and i ≤ Imax do
input parent (Pi

A,Pi
C)

compute average weights (wi
B) associated with parent (Pi

A,Pi
C)

optimize with weights wi
B to find the single interior point Pi

B

input the two presume descendants (Pi
A,Pi

B) and (Pi
B,P

i
C)

compute dileft and diright and check tolerance of each

if dij < tol (j = left, right) then

remove dij from D (leaf node is reached)
else

update parent
end if
pick next node to run with largest dj (j = left, right)

end while

4.2.5 Evaluation

As a proof of concept, we have tested the BCO algorithm on three clinical cases:
a brain, a lung, and a liver. MCsquare [72] was selected as the dose calculation
engine for the production of beamlets as well as the final dose computation. The
sizes of each problem are reported in Table 4.1. The weighting factors in the
dose fidelity objective were manually adjusted beforehand until the clinical goals
were met in the situation where the weight of the dose fidelity term was much
more important than the BDT weight. The aim was to get rid of additional
dimensions in the problem and hence to keep a bi-objective formulation for the
sake of simplicity.

For each case, we report a table with the metrics of interest, i.e., the clinical
goals, the irradiation time, the conformity index (CIRTOG, [203]), and homogene-
ity index (HI, defined by the quotient of maximum and prescription dose to the
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target volume) for three points lying on the computed approximation of the Pareto
frontier. These points are carefully picked to demonstrate the trade-off machinery
such as the impact of a large weight on the dose fidelity term (big D) combined
with a small weight on the BDT≈ term (small t), denoted D t and, conversely,
d T for low dose (small d) and high time weightings (big T). An intermediate
point d t is added to the comparison. It was chosen at a glance to show a more
balanced solution although the plan quality might still be questionable in some
cases. Other more specific points might offer a better compromise. Only a physi-
cian could make the final decision according to each patient’s conditions. A series
of plots are also provided and includes the computed Pareto fronts, the DVHs
and dose distributions associated with the previously described three points, and
finally the distributions of the absolute and relative weighting factors run by the
BCO algorithm. In order to benchmark our results, we also evaluate an IMPT
plan and a SPArc plan [17] for each disease site. They were produced in the same
treatment planning system using the same solver (Gurobi) as the MIP plans, ex-
cept that solely the dose fidelity term was minimized making it a linear program
solved in polynomial time. Appendix B.3 provides additional details on the dose
distribution and dose-volume histograms obtained with these modalities.

Brain Lung Liver

CT voxel size (mm) 1.17× 1.17× 1.00 1.23× 1.23× 3.00 1.17× 1.17× 2.00

Beamlet voxel size (mm) 2.5× 2.5× 2.5 2.5× 2.5× 2.5 3× 3× 3

nSpots 5,816 10,220 17,866

nEnergyLayers 507 762 624

nBeams 37 48 41

Table 4.1: Size of each optimization problem

Partial arcs were defined for each clinical case to reduce the memory load and
computation time. For the brain case, one partial arc was defined. With the couch
angle set to 0◦, it spans angles from 40◦ to 130◦ by steps of 2.5◦, resulting in 37
beams. The IMPT plan is built with three beams whose gantry angles and couch
angles are respectively 95◦, 95◦, 75◦ and 0◦, 180◦, 270◦. The prescription to the
tumor is set according to the IMPT clinical plan associated with the case, that
is, 54 Gy to be delivered in 30 fractions where 95% of the tumor volume receives
100% of the dose. For this first case, beside the target coverage objectives, the
sparing of the brain stem, the left optical nerve, and the optical chiasm were
included in the fidelity objective given the close proximity of these OAR to the
tumor.

The lung case was handled by creating two partial arcs with angles ranging from
2.5◦ to 197.5◦ and 322.5◦ to 357.5◦, respectively, and spaced by 5◦. Regarding
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the IMPT plan, one posterior-anterior and one lateral beams were used. The
patient was prescribed a hypo-fractionnated dose of 48 Gy in 12 Gy per fraction.
For this patient, optimization objectives were only set on the target coverage
and irradiation time given that the dose metrics for the surrounding OAR were
particularly low and uncertainties were not considered.

The third case makes use of one partial arc covering angles from 170◦ to 250◦

with a control angular step of 2◦. The IMPT plan for the liver case makes use
of two oblique posterior-anterior beams (couch angle = 180◦) at 155◦ and 186◦.
We followed the original prescription of 67.5 Gy to be delivered in 15 fractions in
total. For this patient, we have included soft objectives to control the average dose
received by the liver (target volume is subtracted) and the spinal canal maximum
dose level.

All the SPArc plans were initialized and splitted so that the resulting arc would
reach the same sampling angle frequency and arc span (start-stop) as the MIP
plans.

4.3 Results
We apply the proposed BCO algorithm to three clinical examples as stated in
4.2.5. Their results are demonstrated case by case as the following:

4.3.1 Brain

From Table 4.2 and the DVHs in Figure 4.2b, one can already study the balance
between the objectives. The three points included in the table and shown in
Figure 4.2a, are Pareto-optimal plans. For example, the extreme anchor point
D t yields a plan that has the best target coverage (D5-D98 = 3.45 Gy) among
all plans but also the worst irradiation time. If the user wants to improve the
irradiation time, it translates automatically to a degradation of the dose quality
(d t solution: D5-D98 = 4.39 Gy) and vice-versa. Although the organs at risk are
always better spared with higher BDT≈ weighting, it is only due to the fact that
less beams and layers are activated in this case. For the d T point, we did not
pick the other extreme point (i.e. P2 anchor point) because the dose distribution
obtained has absolutely no clinical relevance due to too poor plan quality objective
weighting versus the BDT one. The dose distributions (Figure 4.3) associated
with each point are drastically different and emphasize the need to understand
the compromises. Figure 4.2c shows the distribution of absolute weighting factors
in decision space that were run during the BCO iterative algorithm. A color code
is used to understand to which part of the Pareto front (Figure 4.2a) corresponds.
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Their distribution appears semi-continuous in the sense that the fidelity objective
minimization is continuous while the BDT≈ is discrete due to energy sequencing.
Thus, this discrete behaviour impacts directly the aspect of the Pareto frontier,
with few points at low dose weighting (high fidelity cost). When looking at
the objective cost versus the relative weights this time in Figure 4.2d, the direct
point-to-point correspondence is observed with almost a symmetrical behaviour
supporting the hypothesis of conflicting objectives. Regarding the benchmark (last
two columns of Table 4.2), the MIP demonstrates its superiority compared to both
IMPT and SPArc plans in terms of OAR sparing thanks to the efficient use of the
additional degrees of freedom available in the optimization. The SPArc plan is
still faster but fails at satisfying the dose constraints.

Modality
MIP - PAT

IMPT SPArc
D t d t d T

ROI Metric Goal (Gy) Result (Gy)

Fidelity

Target
D98 51.30 53.28 53.06 50.28 53.59 52.72
D5 56.70 56.73 57.45 61.58 57.03 59.07

Optical
chiasm

D5 54.25 54.14 54.87 58.34 55.85 57.53

Brain
stem

Dmean 21.50 4.34 4.00 3.45 4.90 5.82
D5 54.00 17.37 16.54 14.47 19.10 20.98

LON D5 54.50 54.04 55.53 54.87 54.48 56.21
External D5 56.65 2.31 2.12 1.10 4.18 3.27

CI 2.28 2.08 2.26 2.59 3.03

HI 1.06 1.07 1.19 1.06 1.12

Irradiation time (s) 126.2 69.4 24.1 72.2 51.40

# active spots 288 248 183 315 276

# active layers 37 26 13 40 27

# active beams 37 26 13 3 27

Optimization time (s) 18000 18000 18000 16 2155

Table 4.2: Summary of optimization results for the brain case for three points
standing on Pareto front illustrated on Figure 4.2a. Bold numbers correspond to
best result for that metric.

4.3.2 Lung

From the DVHs (Figure 4.4b) and metrics related (Table 4.3), sensitive trade-
offs can be observed with the target losing rapidly its dose coverage if the time
weighting gets too strong. Figure 4.5 illustrates the addition of beam angles to
secure the dose fidelity objective and target conformity index. Compared to the
brain case, this dataset is twice as large, making it harder for the MIP to find an
optimal solution. This behaviour is reflected in Figure 4.4a where some points
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(a) Pareto front
(b) DVHs associated with 3 points on Pareto
front

(c) Absolute weighting factors distribution (d) Relative weighting factors distribution

Figure 4.2: BCO results obtained for the brain case. D t is a solution where dose
fidelity objective has large importance versus BDT≈ objective while d T just does
the opposite and d t is a more balanced combination of both objectives

Figure 4.3: Brain dose distributions for three points standing on Pareto front
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stack on levels, indicating the MIP was not able to push enough the optimality
of the solution found in the allocated time. The IMPT and SPArc plans present
significant improvement in the target coverage compared to the MIP plans. The
underlying cause is that the plan parameters (spot spacing, layer spacing, and
target margin) differed from those used in the MIP plans. For the lung case, MIP
plan parameters create a spot placement with insufficient coverage of the target,
which the SPArc method was unable to compensate for. Hence, we increased
the target margin by 1 mm, which led to better dosimetric results for SPArc. An
interesting consequence is that the intermediate MIP plan (d t) is much faster
than the SPArc plan to be delivered.

Modality
MIP-PAT

IMPT SPArc
D t d t d T

ROI Metric Goal (Gy) Result (Gy)

Fidelity

Target
D98 45.60 47.13 46.79 44.74 46.89 47.25
D5 50.40 52.21 54.89 61.78 52.04 51.89

Heart D5 15.00 0.62 2.15 0.03 0.00 0.70
Lungs-GTV Dmean 1.00 0.68 0.68 0.83 1.07 0.99
Chest wall D5 30.00 2.29 2.35 1.57 1.84 3.65
External D5 62.00 0.06 0.05 0.03 0.02 0.06

CI 1.29 1.31 1.60 1.82 1.74

HI 1.10 1.17 1.36 1.13 1.12

Irradiation time (s) 96.6 30.5 11.2 49.7 73.80

# active spots 199 141 114 186 195

# active layers 43 17 8 29 41

# active beams 43 17 8 2 41

Optimization time (s) 18000 18000 18000 45 950

Table 4.3: Summary of optimization results for the lung case for three points lying
on Pareto front illustrated in Figure 4.4a

4.3.3 Liver

The extreme anchor point d T point obviously leads to very poor dose quality
(Figure 4.6b) and should not be considered at all in a real clinical study. Table 4.4
shows an interesting compromise where we would reduce by more than half the
irradiation time and lose 2.8 Gy in the target coverage (D5-D98) when comparing
points D t and d t. Considering the largest beamlet size, i.e., lower dose resolution,
the MIP optimizer was this time able to compute a very smooth approximation
of the Pareto front (Figure 4.6a) within the time limit. Smoothness is referring
in this case to the shape of the hypothetical curve connecting the solution points
on the Pareto front. Figure 4.6d now shows clearly the inter-dependence of both
objectives with a symmetric correspondence point by point. Finally, looking at
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(a) Pareto front
(b) DVHs associated with 3 points on Pareto
front

(c) Absolute weighting factors distribution (d) Relative weighting factors distribution

Figure 4.4: BCO results obtained for the lung case. D t is a solution where dose
fidelity objective has large importance versus BDT≈ objective while d T just does
the opposite and d t is a more balanced combination of both objectives.

Figure 4.5: Lung dose distributions for three points lying on Pareto front.

the benchmark results, IMPT and SPArc plans show superior target coverage
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compared to the intermediate point d T picked from the Pareto front. However,
this can be explained by the fact that plan parameters had also to be tuned to
obtain a sharp target DVH. The spot grid used by the MIP was too small and
too sparse this time indeed. The layer spacing and spot spacing had to be both
reduced, whereas the target margin had to be increased, in order to bring sufficient
target coverage. B.3 discusses a few additional results to support this claim.

Modality
MIP - PAT

IMPT SPArc
D t d t d T

ROI Metric Goal (Gy) Result (Gy)

Fidelity

Target
D98 64.13 66.37 66.27 60.12 66.20 66.17
D5 70.88 71.13 73.82 99.96 72.01 71.88

Liver-IGTV Dmean 4.10 3.54 3.09 2.14 3.88 4.45
Spinal Canal D5 8.00 4.53 4.77 3.16 7.9 6.45
External D5 71.25 1.25 0.72 0.10 1.10 2.66

CI 1.14 1.00 0.57 1.52 1.59

HI 1.04 1.05 1.25 1.08 1.09

Irradiation time (s) 103.20 40.10 11.20 54.50 65.80

# active spots 640 557 354 680 714

# active layers 41 23 8 32 36

# active beams 41 23 8 2 36

Optimization time (s) 18000 18000 18000 40 1200

Table 4.4: Summary of optimization results for the liver case for three points
standing on Pareto front illustrated on Figure 4.6a
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(a) Pareto front
(b) DVHs associated with 3 points on Pareto
front

(c) Absolute weighting factors distribution (d) Relative weighting factors distribution

Figure 4.6: BCO results obtained for the liver case. D t is a solution where dose
fidelity objective has nearly exclusive priority versus BDT≈ objective while d T
just does the opposite and d t is a more balanced combination of both objectives.

Figure 4.7: Liver dose distributions for three points lying on Pareto front.
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4.4 Discussion

We have presented the first application of bi-criteria optimization to the PAT
treatment planning problem, which requires innovative trade-offs between clinical
and delivery time goals.

Mixed-Integer programming.

Finding an optimal point on Pareto front is converted into a traditional sin-
gle objective optimization problem. We choose mixed-integer linear programming
as most suited formalism to tackle it, and a well known optimizer to solve it.
According to our previous study [212], the MIP problem statement is a proper
formulation, allowing to model our full objective function and constraints in a
convex form, which is a commonly admitted prerequisite to apply the BCO al-
gorithm. Given enough computation time, solutions with optimality proofs can
be obtained by using an appropriate solver (such as Gurobi) on our MIP model.
Unfortunately, our problem is proven to be NP-hard [212], which means that such
proofs, or even the corresponding solutions, are impossible to compute in rea-
sonable time, for realistically sized problem instances. This is the case when the
dimension of the problem increases, typically for higher dose resolution or larger
tumor. This has been observed in some of the Pareto plots, where several points
found by the optimizer were slightly “off the curve”. This indicates a clear lim-
itation of our current optimizer to give an efficient approximation of the Pareto
frontier. However, looking at the results, we can say that our optimizer is close
to finding and proving the optimal solutions considering the smooth shape of the
Pareto fronts with a slight experimental noise that also supports the claim of a
convex approximation. Over 30 optimizations for each case, about 10 are useful
to represent the Pareto front. Some runs were indeed not necessary because their
final solution was already found in a previous run or eventually ended being not
Pareto optimal. We suspect this behavior is induced by the discrete nature of the
PAT problem. Because we are using a MIP model, the number of points in the
Pareto front should be finite. The Pareto front is therefore discrete and discon-
nected, as observed in the results. A benefit of our MIP formulation is its ability
to interchange soft objectives with hard constraints, although this has not been
exploited in the current article. As shown in Wuyckens et al. [212] the ability to
turn medical constraints, from soft to hard, may be beneficial in order to compute
solutions with stronger treatment guarantees in some cases, depending on the
complexity of the problem and clinical considerations1. Finally, the benchmark
produced for this study including a conventional IMPT plan and a SPArc plan

1Slightly adapted from the published version.
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allows to make several statements. Given that for each case, the plan parameters
had to be adjusted to bring sufficient target coverage for both IMPT and SPArc
plans, it only reflects the power of degrees of freedom that is efficiently used in the
MIP plans. It also demonstrates that the energy sequence optimization matters
and especially for more complex cases such as small brain tumors for which, in our
case study, SPArc (through its greedy heuristic) was unable to satisfy the dose
constraints even with tuned plan parameters.

Anchor points choice.

The weights of the anchor points we selected to start the BCO algorithm might
not be very reasonable considering a large part of the Pareto optimal plans are
too extreme for a physicist in real clinical practice. Indeed, many points lead to
poor results in terms of dose distribution and would not be regarded at all. A less
exhaustive and more economical exploration technique should therefore be devised
to avoid some unnecessary optimization runs. For example, fixing hard constraints
(made possible by MIP) to obtain a minimal acceptable target coverage in addition
to the soft objectives might have given more clinically relevant results.

True delivery time.

In this work, we only consider an approximation of the static beam delivery time.
However, the true delivery time is in reality dynamic and includes mechanical
parameters on top of the irradiation parameters such as maximum gantry velocity,
acceleration, and deceleration speeds. The modeling of such function and the
search for a suitable optimizer are very complex and require further research.

Time considerations.

Solving each scalarized problem for a mixed-integer programming problem is very
costly. For this study, each optimization has been run for 5 hours. Considering we
have made 30 iterations to approximate a single Pareto front for each test case,
it implies that 6 days in total were needed (and this, for small target volumes
considered), which is certainly not realistically feasible for a clinical implementation
at the present time. Nevertheless, this huge computation time is not exclusively
attributable to the BCO layer. Underneath, PAT optimization is still recent and
much progress is needed to improve the optimization efficiency. In our case, further
effort could be dedicated to the MIP problem statement itself, as well as to the
tuning of the optimizer parameters.
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N dimension.

We have considered a bi-objective formulation although in reality the fidelity
objective is itself a multi-objective problem. The planners state a new objective
for each target/organ clinical goal specified in the prescription. A weighting factor
is therefore attached to each term and requires a fine tuning to fulfill the combi-
nation of objectives. In this work, we indicated that these factors were adjusted
beforehand through an iterative manual loop. However, one could ask about
the implications for subsequent bi-objective optimization. The reason behind this
choice is the following: the dose quality is the most important objective in any
case, as we cannot deliver a plan that does not respect the dose limits. If we
find a good set of weighting factors for the target and OAR that work to obtain
a good plan quality, we assume the same set will also work for the subsequent
bi-objective optimization including the BDT objective given that we only seek to
minimize BDT as long as the dose quality remains sufficient. We understand that
the last statement is weak and might deteriorate our algorithm efficiency to solve
the PAT problem since degrees of freedom are cut out when adjusting the weights
beforehand or that a set of weights might be more convenient than another for
a specific BDT weight but this extends outside the scope of this work. The next
logical step is therefore to use multi-criteria optimization. One could use the con-
vex hulling method presented by Craft et al [25] to take all the dimensions of the
problem into account. For example, in the liver case, the MCO would show the
trade-offs between average liver dose, high dose volumes for the other OAR, or
conformality. Advanced techniques for generating Pareto fronts of MIP-specific
problems should also be considered though today this is still a very active field of
research. Recently, Burachik et al. [217] presented a review of such algorithms
where they ultimately proposed a new four-objective algorithm in a challenging
mixed-integer programming problem.

Uncertainties.

In this study, uncertainties have necessarily been neglected in the treatment
planning optimization and, consequently, no robustness evaluation was performed.
However, robustness planning and evaluation are of utmost importance for proton
therapy due to dose distributions sensitivity to the uncertainties of the position of
the Bragg peaks [218, 219]. The integration of robustness in proton arc therapy
treatment optimization is extremely difficult and also computationally too inten-
sive at this time, when using optimizers with no restrictive pre-selection of the
energy layers, i.e., using the full available set of degrees of freedom. Actually,
none of the works published in the literature on proton arc optimization with no
pre-selection has presented results optimized with robust settings. In our case,
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mixed-integer programming will require elaborated mathematical techniques in
order to obtain robust treatment plans. Given a set of sampled outcomes, the
L-shaped method [205] could be exploited to minimize expected deviations from
the initial treatment. Monte Carlo sampling, such as the sample average approx-
imation method [220], should also be considered, although the complexity of our
problem will severely limit the size of the sample required to produce estimates.
Few methods exists in order to reduce the size of a sample, while preserving its
representativeness [221]. One could also look at the progress made with the well-
known beam angle optimization (BAO) problem [67] and translate the methods
to energy layer optimization (ELO) problem we have in proton arc therapy. More-
over, there is still limited data for robustness optimization or evaluation for PAT,
and therefore no indication on what a good robustness evaluation strategy would
possibly be used for this new modality. For this purpose, the difference of robust-
ness between PAT and IMPT should be investigated and, based on that, tools
to evaluate the robustness of proton arc plans can be developed in a clinically
relevant way. Note that there is still no consensus for the robustness evaluation
of a conventional IMPT plan itself, though the topic is widely recognized by the
community [81].

MCO utility.

If planners made use of an efficient MCO algorithm, it would eventually speed
up planning time by a great amount and ease the decision-making process to
select the plan, which represents the most desirable compromise between target
coverage, organ at risk sparing, and irradiation time, where the last is critical to
make efficient use of the PAT modality. While interesting algorithmic challenges
remain open for PAT treatment plan optimization (reliable approximation of beam
delivery time, MIP modeling) as well as for Pareto front generation in multi-
objective mixed-integer programming problems, we believe PAT potential could
ultimately be unlocked when combined with MCO.

4.5 Conclusion

PAT is a new modality that delivers the treatment over multiple proton beam
directions following an arc. The PAT optimization problem imposes minimizing
the beam delivery time in addition to the traditional clinical and dosimetric goals.
Trade-offs between these two objectives are therefore indispensable in order to
deliver dose and time efficient PAT plans. In this work, we have demonstrated the
feasibility of applying a bi-criteria algorithm to the PAT problem statement, which
could further help the treatment planners understand the different options that
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are actually available. The next steps as future work would be to further reduce
the optimization time, e.g., by using an iterative grid size approach, implementing
heuristics to shrink the searchable solution space, etc. Moreover, scaling to N
dimension, with more than 2 concurrent objectives, and hence solving a clinically
relevant MCO is another important milestone on the future roadmap of PAT.



Chapter 5

Streamlining the process

The content is based on a manuscript in preparation with the title “Proton arc
plan optimization based on organ at risk sparing and delivery time driven energy
layer pre-selection”.

Authors: Sophie Wuyckens1, Guillaume Janssens2,3, Macarena Chocan Vera1,
Dario Di Perri4, Edmond Sterpin1,5,6, Kevin Souris1,3, and John A. Lee1

1 UCLouvain, Institut de recherche expérimentale et clinique, Molecular Imaging
and Radiation Oncology Laboratory, Brussels, Belgium. 2 UCLouvain, Institute
of Information and Communication Technologies, Louvain-La-Neuve, Belgium. 3

Ion Beam Applications SA, Louvain-La-Neuve, Belgium 4 Cliniques Universitaires
Saint Luc, Brussels, Belgium. 5 KULeuven, Department of Oncology, Laboratory
of experimental radiotherapy, Leuven, Belgium. 6 Particle Therapy Interuniversity
Center Leuven - PARTICLE, Leuven, Belgium

125



126 CHAPTER 5. STREAMLINING THE PROCESS

Summary

Introduction: As proton arc therapy (PAT) approaches clinical implementation,
optimizing treatment plans for this innovative delivery modality remains chal-
lenging, especially in addressing arc beam delivery time. Existing algorithms for
minimizing delivery time are either optimal but computationally demanding or fast
but at the expense of sacrificing degrees of freedom. In this study, we introduce
a flexible method for pre-selecting energy layers (EL) in PAT treatment planning
before the actual robust spot weight optimization.

Approach: Our EL pre-selection method employs metaheuristics to minimize
a bi-objective function, considering an approximation of dynamic delivery time
and tumor geometrical coverage penalized as a function of selected organs-at-risk
(OAR) crossing. We evaluate the method using a young adult craniopharyngioma
case, providing a comprehensive dosimetric analysis benchmarked against intensity
modulated proton therapy (IMPT) and dynamic proton arc plans generated with
early energy layer selection and spot assignment (ELSA) in RayStation.

Results: The algorithm efficiently generates Pareto-optimal EL pre-selections in
approximately 5 minutes. Subsequent PAT treatment plans derived from these
selections and optimized within the TPS, demonstrate high-quality target cover-
age, achieving a high conformity index, and effective organ-at-risk sparing. These
plans substantially reduce the number of required energy layers to meet clinical
goals while minimizing delivery time, resulting in a 40% reduction compared to
the best ELSA arc plan. Additionally, the EL pre-selection improves hippocampal
sparing by avoiding critical directions.

Significance: The proposed algorithm offers speed and efficiency, producing
high-quality PAT plans by intelligently selecting energy layers prior to robust spot
weight optimization. It efficiently reduces delivery time while maintaining good
target coverage and sparing OAR.
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5.1 Introduction

Proton arc therapy (PAT) is an advanced modality of radiation therapy that dy-
namically delivers proton beams during gantry rotation. Compared to conventional
techniques, such as intensity modulated proton therapy (IMPT), multiple studies
have shown that PAT may offer superior dose distribution [175], increase treatment
robustness [176, 179], enhance radiobiological effects [161, 160], and simplify the
treatment workflow [18]. However, the treatment planning optimization challenge
associated with this novel modality demands sophisticated algorithms and innova-
tive computational approaches to fully exploit its potential benefits while keeping
realistic treatment times.

In addition to the usual dose-based objectives, the PAT optimization problem
introduces a new aspect, which is the minimization of the delivery time. The
arc delivery time is highly dependent on the number of irradiation directions and
the number and sequence of energy layers (EL). On the other hand, the PAT
optimization space contains a much larger number of potential beam angles and EL
than conventional IMPT. Consequently, large efforts have been made to minimize
delivery time by reducing the number of EL and finding an energy sequence such
that energy switch-up (SU) occurrences are minimized, as these transitions are
the most time-consuming.

There are currently two major approaches to solving the PAT problem. First,
one can explicitly include both dose and delivery time surrogate in the optimiza-
tion function. For instance, Gu et al. published a complex objective function,
composed of several terms, each addressing a specific goal, such as EL sparsity
and sequencing, during spot weight optimization [16]. Mathematically speaking,
this integrated framework is the most rigorous, and the solution found is likely the
most optimal one, utilizing the full set of degrees of freedom (DOF). Our group
and Zhang et al. have also explored such methods [155, 212, 156]. However,
these methods share common drawbacks, including the need for new algorithms
to handle non-differentiable objectives, important tuning of objective weights, and
heavy computational power.

Secondly, there are heuristic-based methods that decouple the problem by pre-
or iteratively- selecting EL and then performing a regular spot weight optimiza-
tion with the selected set of layers. Although these techniques eliminate part
of the DOF, they yield encouraging results and do so usually in a highly effi-
cient computing time, making them more suitable for clinical integration. For
instance, Sanchez-Parcerisa et al. [153] proposed several approaches for selecting
mono- and bi- energetic arcs based on the water-equivalent range relative to the
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distal and proximal limits of the target. However, their method exhibits limita-
tions when used for complex target geometries. The SPArc method [17] uses
pre-defined beam angles, iteratively increases the sampling frequency of beam
angles, and reallocates EL to newly formed angles. Its value was demonstrated
for several treatment sites [174, 178, 175, 176, 177, 179], though computation
resources suffer from the systematic re-computation of beamlets at each splitting
and filtering steps. Based on geometrical target coverage, RaySearch Laboratories
(Stockholm, Sweden) published an early energy layer selection and spot assign-
ment (ELSA) method in RayStation [26]. Yet, to our knowledge, no organs-at-risk
(OAR) information is taken into account in this pre-optimization step. In all of
these methods, pre-defined gantry angles are used. Besides, the delivery time is
never explicitly modeled in the optimization.

This work aims to present a new method for efficiently and flexibly pre-selecting
EL before robust spot weight optimization, reducing the high computational load
associated with full DOF optimization. The algorithm employs a bi-objective
function that evaluates two competing objectives, a direct approximation of beam
delivery time (BDT) and the geometric target coverage considering the location
of OAR. The method also benefits from a parallelization paradigm, allowing for
either faster execution or running multiple instances of the problem with different
parameters. Generated solutions populate a Pareto front, providing the planner
with a spectrum of trade-off solutions to choose from, offering flexibility that
can be tailored both to planner preferences and specific patient needs. All the
results are benchmarked to IMPT and ELSA plans. The EL pre-selection code
is implemented in OpenTPS [19], an open-source research treatment planning
system (TPS).

5.2 Materials and Method
In this paper, PAT planning is divided into two distinct steps, following a similar
approach to [153, 26, 159]. The first step, which serves as the primary focus
of this study, involves the pre-selection of EL in the arc plan. The second step
entails the conventional robust spot weight optimization process, which is used
to achieve dose-based objectives. In this section, we describe the EL pre-selection
optimization problem and its solving algorithms. The patient selected is then
presented as well as the comparison strategy established for the study.

5.2.1 Energy layer pre-selection problem

The primary objective of the pre-selection process is to determine the optimal
sequence of gantry angles and associated water-equivalent thickness (WET) val-
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ues, eventually converted into energy values, that simultaneously maximizes the
geometrical target coverage while minimizing the BDT.

During the pre-selection step, we initiate by pre-computing the WET maps
Mwet through a raytracing procedure from the target voxels in the planning CT
for a sequence of gantry angles within the user-specified arc range. Figure 5.1
illustrates the WET ranges computed for a full arc rotation for a phantom case.

The arc can be divided into sectors, with each sector representing an arc irradia-
tion window during which the energy can only decrease. At each sector transition,
energy can increase and make the so-called energy switch-up (SU). The decision
variable is determined by the angular position of each sector (i.e., the starting
angle ai and the angular span of each delivery window wi). This approach sub-
stantially reduces the number of variables in the problem compared to selecting a
decision variable for each possible gantry angle or EL in the arc. For M sectors,
We consider the input solution x = {ai, wi}Mi=1, where ai ≤ ai+1 for i ∈ N,
ai ∈ [minArcRange,maxArcRange] and wi ∈ [minWindowSize,maxWindowSize]
for a clockwise rotation.
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Figure 5.1: Left: Phantom CT example. Middle: Pre-computation of WET map
with OAR considerations for a pre-defined sequence of gantry angles and WET
sequence candidate found. Right: For each angle-layer combination selected,
all target voxels that have a WETlayer −WET spacing < WET < WETlayer are
considered as covered voxels.

The objective function is then formulated as a multi-objective problem, divided
into two parts, as shown in Eq. 5.1-5.2. The first part, fcoverage, is a weighted
sum of several terms computed from the geometrical target coverage C over the
N voxels in the 3D-CT image. To compute C, we first need to know the sequence
of angles in the arc. It can be easily inferred from utilizing the user-defined gantry
spacing and the input solution x. Next, we obtain the associated sequence of
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WET by linearly arranging WET values from its maximum possible value from
the starting angle to the minimum possible WET value from the last angle in the
given sector with WET values obtained by interpolation from the look-up table
Mwet. Finally, the target coverage C is computed for each voxel by accumulating
the number of times the voxel is covered by the angle-WET coupled sequence
under consideration. In other words, for each angle, all voxels included in the
WET band defined by the user-defined WET spacing and representing the Bragg
Peak width have their coverage increased by 1, as represented on the right plot
in Fig. 5.1.

From C, we derive scalar metrics such as the 10th percentile Clow and the
minimal target coverage over the target voxels Cmin. The exponential of minus
the target coverage terms were chosen as objective functions to obtain positive
objective values.

fcoverage(x) = wlow · exp(−Clow(x)) + wmin · exp(−Cmin(x)) (5.1)

ftime(x) = wT · T (x) + max(0,S(x)−maxSpan)2 +min(0, S(x)−minSpan)2

(5.2)

where

• Clow(x) = percentile(C, 10)

• Cmin(x) = min(C)

and,

• T (x): BDT approximation

• S(x): Total arc spanning

To consider the location of some selected OAR in the pre-selection process, we
intervene at two levels: at the pre-computation step of the WET maps Mwet

and in the coverage objective function fcoverage. During the pre-processing step,
target voxels are categorized depending if they are “hidden” by selected OAR
or not. In this context, “hidden” implies that these target voxels are located
distally to a selected OAR from the beam direction. Taking these information
into account, we create a new mapMOAR

wet whose elements are less than or equal
to zero only if they are not hidden by a selected OAR. As a consequence, the
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WET range for a specific angle can be substantially shrinked compared to the
situation where no OAR was considered. This limits the range of possible WET
in the subsequent optimization. We also incorporate an OAR-crossing penalty
weight when calculating the accumulated target voxel coverage for each sector
of the input solution in the objective function evaluation. For this purpose, we
first identify the hidden target voxels (MOAR

wet (MOAR
wet > 0)). The OAR-crossing

penalty is then integrated into the objective function calculation by adjusting the
current target coverage C. Specifically, it penalizes the sectors that intersect with
OAR using

1

wOAR · MOAR
wet (MOAR

wet > 0)
· C ,

where wOAR represents an additional penalty weight.

The BDT T (x) is approximated by summing the irradiation time of each EL,
the downward energy switching time between layers of a sector and the maximum
between upward energy switching time and rotation time of the gantry between
sectors. For our study, we considered a maximum gantry speed of 2 degrees per
second, a fixed irradiation time of 1 second per layer, an upward energy layer
switching time (ELST) of 5.5 seconds, and a downward ELST of 0.6 seconds. We
included additional terms in the objective function to ensure that the minimal and
maximal arc spans allowed are within specified bounds. They are fomulated as
semi-quadratics objective terms.

The weights integrated into the objective function were empirically determined.
For this study, specific values were used, which are as follows: wlow = 103, wmin =
104, and wT = 101. To maintain a balanced optimization process, we further
increase the importance of the total coverage objective by multiplying it by a factor
of 100. This adjustment ensures that the time-related objective function does not
dominate the optimization, preventing the generation of unrealistic solutions with
extremely short BDT but inadequate target coverage.

The objective function as stated in Eq. 5.1-5.2 allows for fast evaluation and
drives the motivation of this study. Compared to a dose-based EL selection ap-
proach, in addition to reducing the number of optimization variables (spot weights
→ irradiation windows), it also substantially reduces the number of constraints in
the objective formulation by replacing the heavy dose computation by fast geomet-
rical target coverage and delivery time evaluation. To ensure clarity throughout
the paper when discussing the EL pre-selection method developed in this paper,
we will use the term “Flexi-Arc” algorithm.
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5.2.2 Optimization algorithms

The two competing objectives could be combined in a single objective function
using a weighting factor. The main difficulty is that the objective function is not
convex at all, so a very large number of local minima exist. Furthermore, the space
of solutions is large and multi-dimensional, even if it has bounds. To address these
challenges, we selected global multiobjective methods based on evolutionary com-
putation, utilizing the PyGMO (Python Parallel Global Multiobjective Optimizer)
[222], a scientific Python library for massively parallel optimization.

For our study, we utilized the Generalized Island Model [223], a key feature of the
PyGMO library, for solving complex optimization problems. This model enables
parallel optimization by partitioning a population (i.e., potential candidate solu-
tions to the given problem) into multiple “islands”, each operating independently
with distinct optimization algorithms and/or parameters. Periodic migration of
population individuals, between islands fosters diversity and helps in exploring the
search space, ultimately leading to improved convergence properties. Our investi-
gation focused on several multiobjective algorithms available in PyGMO: NGSA2
[113], MOEAD [224], NSPSO [225], and MACO [226]. The islands evolve asyn-
chronously (i.e., running in the “background”), each within a separate process,
thread or machine. The output of each island consists of evolved population
where individuals are grouped on several non-dominated fronts, representing the
set of optimal solutions that are not outperformed by any other solution in all
objective dimensions, thereby indicating the best trade-offs among conflicting ob-
jectives. Several parameters, including the number of generations, individuals,
and processes, can be adjusted during the optimization process.

Figure 5.2 depicts the workflow of the algorithm. It is executed in two main
phases. In the first phase (A), we determine the number of sectors required to
achieve proper geometrical target coverage. To achieve this, multiple processors
run instances of the problem independently with varying numbers of sectors -
e.g. ranging from 5 to 20 sectors for a full-arc rotation. Each island converges
towards a non-dominated front corresponding to a specific number of sectors. By
comparing the obtained Pareto fronts, we assess various trade-offs, enabling users
to select the optimal number of sectors based on time and coverage efficiency.

In the second phase (B), we aim to refine the previously obtained Pareto front.
For this purpose, we run the same problem instance (with the previously selected
number of sectors) in parallel on different processors using a fully-connected topol-
ogy. In this setup, islands are all interconnected and can exchange individuals
between each other. After evolving their populations, the islands merge the so-
lutions into several non-dominated fronts. The fast non-dominated sorting algo-
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rithm available in PyGMO is then employed to retain only the solutions present
on the highest ranked non-dominated front. Finally, we manually filter solutions
with time objectives twice as the minimum time objective among the solutions,
thus yielding a realistic set of optimal solutions. The final choice for the EL pre-
selection is ultimately done based on the non-dominated front solutions displaying
the BDT versus target coverage metric (e.g. the minimal target or 10th percentile
coverage). The final output (C) is a list of the gantry angles and for each the
associated EL found.
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Figure 5.2: Energy layer pre-selection workflow implemented using PyGMO [222].
In Step A, we initialize a population for each possible number of sectors, allowing
them to evolve towards convergence on their respective Pareto fronts. We select
the 10-sector Pareto front as a suitable trade-off in this example. In Step B, we
continue the evolution of the 10-sector population. After filtering and retaining
the non-dominated front, we select a solution from it. Finally, in Step C, we
present the solution, i.e. the selected EL for use in the dose optimization process.

The algorithm is fully integrated and openly available in OpenTPS [19], an
open-source python-based TPS for research in proton therapy. Simulations were
performed on a Intel(R) Xeon(R) Gold 6248 CPU @ 2.50GHz with a total of
80 CPU cores and 526 GB RAM. The computation time is highly dependent on
the algorithm parameters. In this study, we use multiprocessing islands. Our
approach for sector selection involved dedicating one island (i.e. one processor)
per number of sectors (step A). Within each island, we initialized a population
of 200 individuals that evolved over the course of 250 generations. This setup
resulted in a total of 50,000 objective function evaluations per island and took
approximately 5 minutes to construct all the corresponding Pareto fronts. When
refining a specific Pareto front for a given number of sectors (step B), we adopted
a different configuration. We employed 32 islands, evolving asynchronously over
40x10 generations, with each island having 52 individuals. The factor of 10 rep-
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resents the number of evolutions during which individuals have the opportunity
to migrate between the different islands. This configuration led to approximately
21,000 function evaluations per island, and the individual Pareto fronts generated
using this method also took around 5 minutes to complete.

The resulting list of EL and corresponding gantry angles could now be imported
in any TPS. Once the spot map corresponding to each of these layers is computed,
one can proceed with the conventional robust spot weight optimization.

5.2.3 Patient data
We applied the previously described method on a young adult craniopharyn-

gioma patient case, and benchmarked it to ELSA and IMPT plans. The anonymized
patient data was retrieved from a database from Cliniques Universitaires Saint-Luc
(Brussels, Belgium) for which ethical approval was granted. The prescription for
this craniopharyngioma is 54 Gy in 30 fractions.

CTV
Brainstem
Hippocampi
Optic nerves
Retina

Figure 5.3: Patient geometry used for the study displayed with pre-computed
WET ranges.

Treatment planning optimization was done in a research version of RayStation
2023B (Raysearch Laboratories, AB). An IMPT plan was generated with a 3-beam
configuration including a right–anterior–superior beam (gantry [G]= 70◦, couch
[C] = 220◦), a left–anterior–superior beam ([G]= 70◦, [C] = 320◦) and an oblique
vertex beam ([G]= 315◦, [C] = 90◦). The proton arc plans were designed with
a full 360◦ arc. The ELSA algorithm used in this study slightly differs from the
original publication [26] in the sense that it produces an EL pre-selection with a
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more predefined sector length, which explains the consistency in the number of
sectors and associated energy SU in the plans. Several gantry angle spacing values
were tested for the ELSA plans: we designed plans with 2◦, 3◦ and 4◦ as gantry
angle spacing, corresponding to 180, 120 and 90 EL. This matched with using 8,
5 and 5 sectors, resulting in 7, 4 and 4 SU respectively. The Flexi-Arc plans were
generated with a 1-degree angle spacing to give more freedom to place sectors
and their EL in the full arc rotation. The number of sectors and EL for Flexi-Arc
is defined based on the trade-off solution picked on the Pareto fronts produced
and is studied in Section 5.3. WET maps were pre-computed for each angle as
well as the corresponding WET range taking into account two selected OAR: the
optic nerves and the hippocampi. WET range was therefore slightly shrinked for
angles that crosses these OAR to reach the target voxels. The brain anatomy and
pre-computed WET ranges for the patient selected is displayed on Fig. 5.3.

After the EL pre-selection (either ELSA or Flexi-Arc), Monte Carlo dose calcula-
tion and robust worst-case optimization [80] were done considering 21 scenarios.
These scenarios comprised three proton range error scenarios (-3%, 0%, 3%)
combined with six setup isotropic error scenarios of 3 mm plus the nominal setup
scenario, all considered for the CTV volume and brainstem. Same settings were
used to generate the IMPT plan.

In summary, we look for an optimal EL selection using PyGMO algorithm, op-
timize the plan within RayStation and finally compare the clinical goals to the
ones obtained with the ELSA and IMPT plans which will be described in the next
subsection.

5.2.4 Plan evaluation

Table 5.1 lists the clinical goals in the field of neuro-oncology (adapted from
[227]) we referred to for the planning. Doses were recalculated to equivalent
dose in 1.8 Gy-fractions using the equivalent dose in 2 Gy-fractions (EQD2) for-

mula EQD2 = n·d(d+α/β)
2+α/β where n = 30 is the number of fractions used for the

treatment and d is the unknown computed for each dose constraint.

Several other metrics of interest were also computed such as the homogeneity
index (HI) as defined in ICRU 83, conformity index (CI) [228] and body integral
dose (ID). Additionally, a robust evaluation of each plan was performed using the
same parameters as for the robust optimization.

Finally, while we use a very rough approximation of the BDT of the EL set in
the pre-selection stage, we would like to use a more reliable estimation of the BDT
for the final plan comparison. We therefore computed the dynamic BDT with the
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Region of interest (ROI) α/β (Gy) Clinical goal

CTV (nominal) / D98% >52.92 Gy (98% Dp = 52.92 Gy)
CTV (worst-case) / D98% >51.3 Gy (95%Dp = 51.3 Gy)

Brain 2 V60Gy ≤ 3 cc

Brainstem 2
Surface: D0.03 cc ≤ 60 Gy
Interior: D0.03 cc ≤ 56 Gy

Chiasm & Optic nerve 2 D0.03 cc ≤ 56.5 Gy
Cochlea 3 Dmean ≤ 48.5 Gy

Hippocampus 2 D40% ≤ 12 Gy
Lacrimal gland 3 Dmean ≤ 31 Gy

Eyes 2 Dmean ≤ 20 Gy
Lens 1 D0.03 cc ≤ 18.5 Gy
Retina 3 D0.03 cc ≤ 48.7 Gy

Table 5.1: List of clinical goals in neuro-oncology adapted from [227] for the
current fractionation scheme (30×1.8 Gy (RBE)). Dp = dose prescription, D0.03
cc = near maximum dose to 0.3 cc of structure/organ, Dmean = mean dose,
Dx% = dose to x% of the considered volume.

ATOM1 (Arc Trajectory Optimization Method) algorithm, an open-source tool
published by RaySearch Laboratories [229]. ATOM is designed to determine a
fast plan delivery while adhering to the mechanical constraints specified by the
user. The machine parameters utilized in this study are detailed in Table 5.2. The
selection of ATOM was driven by its utility, given that no proton arc machine
has yet been established and commissioned in clinical settings; ATOM serves as a
reliable estimator at present.

Maximum gantry velocity 2°/s
Maximum gantry acceleration 0.5°/s2

Maximum gantry jerk 0.5°/s3

Downward energy switching time 0.6 s
Upward energy switching time 5.5 s
Spot switching time 2 ms
Spot delivery time (per MU) 5 ms

Table 5.2: Machine constraints parameters used for BDT estimation from ATOM
[229].

For clarity, when using ATOM to compute the BDT, we will refer to the true
BDT while we will refer to the approximated BDT for its quick and rough esti-
mation during the pre-selection stage.

1https://github.com/raysearchlabs/ArcTrajectoryOptimizationMethod

https://github.com/raysearchlabs/ArcTrajectoryOptimizationMethod
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5.3 Results

Figure 5.4 depicts the Pareto fronts, which illustrate the trade-offs between the
approximated BDT and the minimum target voxel coverage. We conducted 21
parallel instances of the problem, varying the number of sectors from 5 to 20,
hence the 21 Pareto fronts. The observed trend indicates that as we increase
the number of sectors, the Pareto front shifts upward, meaning improved target
coverage but longer BDT. Interestingly, it is the total number of EL that has a
more substantial impact on BDT than the number of sectors. Moreover, the use
of more sectors allows for a greater number of energy layers to be incorporated
(as angle spacing is fixed), thereby enhancing target coverage. We also assessed
the ELSA EL pre-selections regarding these two metrics employed for Flexi-Arc
EL pre-selection (indicated by the red dots in Fig. 5.4). It is important to note
that while ELSA pre-selections may not appear Pareto-optimal on this plot, the
comparison is not entirely fair because ELSA has been optimized using a different
definition of these criteria, and thus the ‘worse’ value observed for ELSA were
somewhat expected. We chose to pick two Pareto fronts to continue the study;
the 8-sector front to provide a direct comparison with 8-sector ELSA pre-selection
and the 16-sector front that is more shifted to the right on the minimum coverage
axis and present data points with low BDT approximation (not achievable with
the ELSA method).

Sector pre-selection ELSA pre-selection 
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Figure 5.4: Non-dominated fronts for several numbers of sectors. Minimum cov-
erage and BDT increases with the number of sectors. ELSA solution set, which
included 90, 120, and 180 EL, was also evaluated in relation to these two objec-
tives (though not optimized using the exact same definition).

Next, we conducted separate runs of the 8-sector and 16-sector problem in-
stances. After filtering out non-realistic solutions and retaining only the highest-
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ranked non-dominated solutions, we get the Pareto fronts, as shown in Fig. 5.5.
As anticipated, the 16-sector solution achieves a higher minimum target coverage
compared to the 8-sector solution. The 8-sector front completely dominates the
ELSA pre-selections. The Pareto fronts in these plots clearly show that the BDT
increases as the total number of EL increases. We carefully selected one data
point from each of these Pareto fronts, taking into account not only achieving
a reasonable BDT and a high minimum coverage but also conducting individual
visual inspections of the EL layout on a polar plot to avoid configurations with
unique EL within sectors, for instance. The retained EL pre-selection include 87
and 85 EL for 8- and 16- sector solution respectively (green squares on Fig. 5.5).
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Figure 5.5: Non-dominated front refined for 8 sectors (left) and 16 sectors (right).
Minimum coverage per voxel and BDT increases with the total number of EL. Final
trade-off EL pre-selected shown in a green square.

Figure 5.6 presents two rows of information. In the first row, we display on a
polar plot the EL pre-selection obtained using the two different methods: the Flexi-
Arc method for both 8- and 16-sector configurations and the ELSA method for the
three gantry angle spacing values under evaluation. The Flexi-Arc pre-selection
naturally spaces the sectors, accommodating dead angles, useful when potentially
crossing the selected sensitive structures (optic nerves and hippocampi). It also
minimizes the gantry braking to accommodate the SU. In contrast, ELSA ex-
hibits a more regular pattern with no consideration for OAR avoidance and no
gaps between sectors. The appearance of some EL falling outside the WET range
calculated for the ELSA pre-selection could be explained by the WET range com-
putation already considering the selected OAR in our implementation but also
from a difference of implementation for WET raytracing.

In the second row, we present the dose distributions obtained after optimizing
the spot weights for each of these EL pre-selection methods within RayStation.
The dose optimization was performed individually for each plan to maximize their
quality. It seems from these dose distributions that the best target conformity
was achieved with the 16-sector Flexi-Arc and the 2-degree spacing ELSA plans.
The 16-sector Flexi-Arc plan effectively avoids anterior field irradiation to attempt
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to spare the optic nerves system and employs oblique angles to protect the hip-
pocampi as intended.

In Table 5.3, we present important plan quality metrics. The dose was normal-
ized so that D98 corresponds to the CTV prescription, meeting the clinical goal
outlined in Table 5.1. As anticipated, the highest CI is achieved with the 2° ELSA
plan and the 16-sector Flexi-Arc plan. The CI deteriorates for the 3° and 4° ELSA
plans, resulting in a higher integral dose to the body. The best HI (lowest) was
obtained with the ELSA 2° plan, likely due to the increased number of EL. Addi-
tionally, the number of spots is much higher for the ELSA plans. When comparing
the true BDT among the arc plans, the Flexi-Arc plans achieve the shortest time,
aligning with the reduced number of EL needed for target coverage and the gap
between sectors. For instance, the 16-sector Flexi-Arc plan achieves a reduction
of 16%, 18% and 40% compared to the 4°, 3° and 2° ELSA plans respectively.

Now, in terms of a comparison with the IMPT plan, it is worth noting that the
IMPT plan already exhibited very high quality, with an even lower integral dose
compared to the arc plans. Regarding the BDT, it is important to consider that,
for IMPT, it is calculated individually for each beam, resulting in what we refer to
as “static delivery time”, in contrast to the dynamic delivery time of proton arc
plans. The static BDT for this IMPT plan was estimated to be 36s. To make a
fair comparison between static and dynamic delivery times, we need to account
for manual interventions required between each fixed-angle beam delivery in the
control room and/or treatment room. This involves tasks such as beam loading in
the console, gantry and/or couch rotation, and potential re-imaging steps. After
consulting with two separate proton centers, we introduce a simulated delay of
60 seconds between each beam, plus an additional time of 120 seconds required
for each couch rotation. Considering the three IMPT beams with different couch
angles, this results in an extra intervention time of 360 seconds, making the IMPT
plan longer to deliver compared to the proton arc plans. The 16-sector Flexi-Arc
plan was therefore 57% faster to deliver than the IMPT plan.

Finally, in our evaluation, we focused not only on target coverage and BDT but
also on the dosimetry of OAR. Figure 5.7 provides a comparison of dose metrics
related to the clinical OAR goals for the Flexi-Arc 16-sector plan and the ELSA
180 EL plan, relative to the corresponding metrics in the IMPT plan. Negative
differences indicate that the arc plans outperformed the IMPT plan in that metric,
meaning that dose was reduced to that OAR. Overall, the Flexi-Arc plans tend to
better spare the OAR compared to ELSA, with the exception of the optic nerves,
despite being selected as critical OAR during EL pre-selection. However, it was
effective in sparing the hippocampi. Nevertheless, it is important to note that the
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Figure 5.6: Energy layer pre-selection for each trade-off selected using the Flexi-
Arc method and for each ELSA plan. Final dose distributions are displayed below
after spot weight optimization in the RayStation TPS.
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Flexi-Arc ELSA IMPT

Gantry angle spacing (◦) 1 1 4 3 2
NSectors 8 16 5 5 8

D98(CTV)-nom (Gy [RBE]) 54.0 54.0 54.0 54.0 54.0 54.0
D98(CTV)-wc (Gy [RBE]) 53.2 53.2 53.4 53.5 53.5 53.8
D2(CTV)-nom (Gy [RBE]) 56.3 56.0 56.6 56.3 56.0 56.5
D2(CTV)-wc (Gy [RBE]) 57.0 56.5 57.0 56.8 56.4 56.6
CI 0.26 0.28 0.19 0.20 0.28 0.27
HI 0.041 0.045 0.047 0.041 0.037 0.045
Patient ID (Gy · L) 13.2 13.2 20.7 20.8 12.5 10.1

NSpots 2816 2019 5817 6206 4834 2620
NLayers 87 85 90 120 180 41
True BDT (s) 182 171 203 209 245 /

Table 5.3: Dosimetric evaluation and plan metrics. Abbreviations : D98(CTV) = dose received
at 98% of the CTV, nom = nominal, wc = worst-case, CI = conformity index, HI = homogeneity
index, ID = body integral dose, BDT = beam delivery time obtained with ATOM [229].

differences between ELSA and Flexi-Arc plans are generally quite small. Most data
points in the figure are located to the right of the vertical central axis, indicating
that IMPT better spares most of the OAR. IMPT especially stands out in the
case of the ocular system, thanks to the use of non-coplanar beams. However, it
is worth mentioning that doses to the brainstem, chiasm, and optic nerves could
be effectively reduced using an arc beam. A full detailed dosimetric evaluation
of the OAR in the nominal and worst-case scenario for all the plans generated is
provided in Appendix C.

5.4 Discussion

In this study, we introduced a new method, Flexi-Arc, for pre-selecting energy
layers in the context of proton arc therapy treatment planning optimization. To
validate this method, we applied it to a test case involving a young adult cran-
iopharyngioma and generated two robust PAT treatment plans using 8 and 16
sectors. We compared these plans with the state-of-the-art ELSA pre-selection
method by RaySearch [26] and a conventional IMPT plan with three beams.

The results demonstrate that the Flexi-Arc method generated EL pre-selections
with a good target coverage and a short BDT for the patient under study in a
very short computation time. Approximately 85 energy layers were sufficient to
meet clinical goals. Flexi-Arc plans outperformed ELSA plans with 90 and 120
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Figure 5.7: Differences in terms of clinical planning criteria for the OAR between
the 16-sector Flexi-Arc plan, the 2° spacing ELSA plan relative to the IMPT plan.
Negative differences imply that the arc plan was better than the IMPT plan for
that metric (i.e., less dose to the OAR).

energy layers due to better sector and EL pre-selection. Their quality was similar
to that of the ELSA plan with 180 energy layers, while achieving a 40% reduction
in BDT.

From a purely dosimetric standpoint, the PAT and IMPT plans are likely clini-
cally comparable for this patient. The IMPT plan showed high quality, particularly
in sparing the ocular system, thanks to the use of non-coplanar beams. Never-
theless, this translated into a longer delivery time due to couch-kick and gantry
rotations required for each beam to deliver. It may have been observed that, in
this study, the integral dose is higher for all PAT plans compared to the IMPT
plan, which contradicts claims and in silico planning evidence suggesting that PAT
reduces integral dose [26, 179, 174, 178]. One potential explanation for this dif-
ference is the use of high WET arc directions. The major gain of the PAT plans
generated for this study is therefore their faster delivery and simplified workflow
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with a single arc to deliver compared to the 3-beams IMPT plan. Nevertheless, it
may be beneficial to consider using multiple non-coplanar arcs in PAT if it results
in significant dosimetric improvements, even if it increases the treatment time (to
a reasonable extent). This was actually demonstrated to reduce radiation dose to
the hippocampi in VMAT plans of craniopharyngioma patients [230]. A second
potentially important advantage of PAT over IMPT, although not investigated
here, is the increased incidence of beams, which could help to “dilute” the areas
where there may be issues with high linear energy transfer at the end of the pro-
ton beam range and the associated potential toxicity [231, 159]. The choice of
treatment modality ultimately rests with the physician, who can best assess the
trade-offs.

A major advantage of the Flexi-Arc technique lies in the freedom it offers for
sector placement within the arc. Through meta-heuristics, it optimizes the start
and stop positions of each sector to minimize BDT, maximize target coverage,
and improve OAR sparing. The sector optimizer will then take benefit of “dead
angles” or passage above an OAR without irradiation to make the SU, reducing the
need to brake and, hence ensuring smooth gantry rotation velocity. The method
allows for a less sector-dependent approach with BDT being more dependent on
the total number of energy layers used. It also enables planners to tailor treatment
plans to each patient’s specific needs, in particular by prioritizing OAR to spare.
In contrast, ELSA’s sector spacing is fixed by user-defined gantry angle spacing.
As a result, it may requires gantry slowdown or null velocity if spacing is too small
to allow time to make the SU before the next sector begins, thus prolonging the
BDT. ELSA’s BDT is therefore highly dependent on the pre-determined number of
sectors, which, in turn, relies on user-defined arc beam range and angle spacing.
In this study ELSA plans were initialized with a full rotation with 2, 3, and 4°
gantry angle spacing. The plans could have been initialized differently based
on planner’s intuition but the configuration choice is not straightforward. An
experienced planner would have most probably tried to restrict the arc beam range
such that it avoids some critical structures. For example, they could have used two
partial arc beams with finer spacing. But, our method could be useful to compute
the best arc directions and present that to the planner for consideration. This
demonstrates that the planning process is not only dependent on the method but
also on the planner’s experience and strategies in employing the available degrees
of freedom.

One notable advantage, as well as a potential bottleneck, in the proposed EL
pre-selection method is the utilization of evolutionary algorithms with parallel
computation. These algorithms do not rely on derivatives, making them suitable
for complex problems as the one we are dealing with in this article. This approach



144 CHAPTER 5. STREAMLINING THE PROCESS

offers the advantage of fast optimization and the exploration of the extensive
parameter space for EL pre-selection. It enables us to assess EL pre-selection
with varying numbers of sectors and refine the Pareto front for specific sector
number by employing different starting points and algorithms. It then ensures a
diverse initial population and a a wide covering of objectives values. Yet, it is
important to note that these metaheuristics do not guarantee optimal solutions
and require careful parameter tuning. While we consider the non-dominated front
as the Pareto front for our analysis, we cannot guarantee that it is indeed the true
Pareto front. Points do converge to it, but the extent of convergence may vary
depending on factors such as the number of generations, individuals, and other
algorithm-specific parameters. Running the problem with different settings might
lead to further convergence and refinement of the Pareto front.

Despite its advantages, the Flexi-Arc method introduces additional complex-
ity due to numerous parameters in the EL pre-selection phase. These include
parameters for evolutionary algorithms mentioned above but also weighting of
sub-objective terms, OAR-crossing penalty weights, WET spacing, arc range, and
gantry spacing. The choice of OAR for the pre-optimization step is also impor-
tant. Incorporating too many OAR can become overly difficult for the optimizer
as it does not have much freedom to place the sectors without being penalized.
We therefore encourage to prioritize OAR that the planner wishes to absolutely
avoid. While this complexity allows for diverse exploration and potential improve-
ments, it also poses a challenge for planners. The decision-making process requires
thoughtful parameter tuning to achieve desired outcomes.

Another point of discussion is considering whether the objective terms used in
our study, as surrogates for dynamic BDT and plan quality, are suitable metrics.
While there is a trend suggesting a correlation between geometrical target coverage
and plan quality, the reflected dosimetric differences between two data points are
much smaller than the large geometrical target coverage difference that could be
observed in the Pareto plot. According to the results, dosimetric plan quality
appears to be more related to the number of energy layers and sectors rather than
geometrical target coverage directly, which may result from the use of a higher
number of EL or sectors. Therefore, one should exercise caution when selecting
the EL pre-selection with the highest minimal target coverage, as it may not
necessarily translate to the highest plan quality. In the future, our estimation of
BDT could be improved by considering factors like gantry acceleration. However,
since we don’t know the number of spots per layer in the pre-selection stage, we
will still be limited in modeling the actual expected layer delivery time.

Additional improvement in the Flexi-Arc method can also be made. For instance,
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refining the WET sequence generation within sectors could optimize coverage
further instead of using the simple linear WET spacing between the sector start
and end. Incorporating robustness parameters directly into the objective function
during pre-selection optimization is another avenue for enhancement. Finally,
applying this method to a broader range of patient cases and treatment sites will
help demonstrate its potential, versatility and limitations.

5.5 Conclusion
In conclusion, the Flexi-Arc method introduces an efficient approach to EL pre-
selection in PAT treatment planning. This pre-selection involves optimizing the
angular position of decreasing energy layers within a specified arc range. The solu-
tions are evaluated using a fast bi-objective function, which combines a metric for
geometrical target coverage and a direct estimate of dynamic beam delivery time.
This evaluation is performed through multi-objective evolutionary algorithms. The
resulting solutions form a Pareto front, allowing the planner to choose the best
trade-offs based on the clinical context. Flexi-Arc EL pre-selection achieves high
plan quality after dose optimization and expedites delivery time compared to state-
of-the-art EL pre-selection method. While it presents challenges related to param-
eter complexity, its advantages in terms of flexibility, parallel computation, and
high potential for subsequent spot weight optimization make it a promising avenue
for treatment planning in proton arc therapy.
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Chapter 6

Bridging the gap

This chapter is titled ‘Bridging the Gap’ to reflect its aim: to join the more optimal
dose-based energy layer selection with the fast geometrical-based energy layer pre-
selection. This bond seeks to overcome the limitations inherent in both methods,
thereby enhancing the optimization process for proton arc treatment planning.
This work was produced in the context of a 3-months secondment at RaySearch
Laboratories (Stockholm, Sweden) under the supervision of Dr. Erik Engwall. In
what follows, we provide a brief overview of the main results.

147
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Summary
Purpose: This study aimed to develop a dose-based energy selection method for
proton arc therapy (PAT) treatment planning, combined with a fast energy layer
pre-selection step, in a research version of RayStation 2023B (RaySearch Labo-
ratories AB, Stockholm), addressing limitations in the existing energy layer (EL)
selection process.

Methodology: The approach involved expanding the initial set of EL candidates
and subsequently using a cardinality operator to penalize and filter these layers
during spot weight optimization. The cardinality operator constrained the maxi-
mum number of EL per gantry angle or in the entire arc, leveraging dose-based
knowledge in EL selection.

Results: Comparisons were made between the baseline proton arc plan and fil-
tered plans with different EL initialization strategies. The study observed marginal
improvements in organs-at-risk (OAR) sparing with filtered plans, with minimal
changes in clinical target volume (CTV) coverage. Filtering strategies were par-
ticularly effective in cases with reduced baseline plan quality, highlighting the
method’s impact on plan improvement. Nevertheless, the followed strategies, in-
evitably prolongs the resulting filtered plan delivery time compared to the baseline
plan.

Conclusion: This study introduced a dose-based EL selection method, to be
used in combination with a fast EL pre-selection, for PAT treatment planning.
Unfortunately, it could not demonstrate clear potential for enhancing plan quality,
except in cases with reduced baseline plan quality. Further exploration of filtering
strategies and associated parameters is warranted. Trade-offs between plan quality
and beam delivery time must be carefully considered for clinical feasibility.
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6.1 Motivations

The existing RaySearch dynamic proton arc therapy (PAT) treatment planning
module relies on an early layer selection and spot assignment (ELSA) [26], which
pre-selects energy layer (EL) before the actual spot weight optimization. While
this method is fast, it does not include any dose-based knowledge in the EL selec-
tion process. Consequently, the EL chosen for the subsequent optimization may
sometimes be suboptimal, as the pre-selection restricts many degrees of freedom.
The objective of this work was to develop a dose-based energy selection method
for PAT treatment planning in a research build of RayStation 2023B (RaySearch
Laboratories, Stockholm, Sweden).

6.2 Methods

The approach we used is conceptually straightforward: we start by increasing the
initial set of EL candidates and subsequently penalize and filter these energy layers
during the spot weight optimization until we reach a plan with only one EL per
gantry angle.

To penalize and reduce the set of energy layers, we introduce a cardinality
operator formulated as follows:

∣∣∣∣∣∣∀b ∈ B :
∑
e∈Eb

ybe > 0

∣∣∣∣∣∣ ≤ N . (6.1)

Here, B represents the set of beam angles, Eb denotes the set of energy layer
candidates in angle b, ybe represents the sum of spot weight in energy layer e for
angle b, and N is the upper limit on the total number of energy layers.

In practice, this formulation is a bit more complex to implement. Firstly, the
RaySearch spot weight optimizer is gradient-based and performs continuous op-
timization, making it unable to handle such constraints. Secondly, the set of EL
candidates still needs to be initialized carefully to ensure a reasonable number of
energy switch-up (SU) in the arc.

To address these challenges, we replace Eq. 6.1 and approximate it with a
sigmoid (smoothed step function):
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∑
b∈B

Θ

∑
e∈Eb

ybe

 ≤ N , (6.2)

where Θ(x) is defined as:

Θ(x) =
1

1 + e−x/ϵ
.

Here, ϵ controls the smoothness of the sigmoid function.

To initialize the set of EL candidates, we explored several approaches. We intro-
duced the concepts of local and global cardinality constraints. A local constraint
introduces a cardinality constraint for each angle, restricting it to one EL per angle
(N = 1). A global constraint considers the maximum allowed number of EL in
total (i.e. for all angles). Given that the PAT challenge involves minimizing both
the number of EL and SU, increasing the set of EL must be done cautiously. If one
wishes to add many EL candidates per angle, a new penalty function is required
to minimize the number of SU in combination with local or global constraints.

To keep things relatively simple, we decided to retain the initial energy sequence
obtained by ELSA but extended it to two revolutions or employed a finer gantry
spacing. We combined this with a global constraint set to N = #EL

2 . This
typically doubled the number of EL candidates (2N) and SU compared to the
baseline plan.

The workflow is then:

1. Run spot weight optimization with penalty

2. Evaluate the EL candidates, remove the worst (lowest MU) and update
steepness

3. (Repeat)

Therefore, our objective is to assess whether starting with 2N EL and subse-
quently filtering them down to N EL yields a superior plan compared to optimizing
the baseline plan directly with only N EL. The EL filtering process was designed
to activate the penalty function after the 5th iteration. After the 50th iteration,
half of the EL were filtered at once, and spot weights were reset to their initial
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values. Subsequently, we continued the optimization with an additional 250 itera-
tions, totaling 300 iterations (with spot filtering occurring at the 250th iteration).
In contrast, the baseline plan was optimized using a total of 250 iterations. This
means that an additional 50 iterations were necessary to see some actual gain
with the filtered plans. These numbers resulted from a manual parameter tuning
study.

We conducted our evaluation primarily on patients with bilateral oropharyngeal
cancer. Our assessment includes comparisons of the following aspects:

• CTV robust coverage (voxelwise minimum)

• Mean doses to OAR (voxelwise maximum)

• NTCP for dysphagia grade 2 and 3, as well as xerostomia grade 2 and 3.

For more detailed information regarding planning goals and robust settings, one
can refer to Chapter 7, which pertains to the same group of patients. To keep it
concise, we present results for a single patient.

6.3 Results
Figure 6.1 presents the DVH comparison between the baseline plan and two filtered
plans using the 2-revolutions and half-gantry-spacing initialization strategies. We
observe some differences in terms of OAR sparing, with the filtered plans showing
slight improvements.

Figure 6.2 displays the final EL selection for each of the plans. It is now clear that
the 2-revolution plans and half-gantry-spacing plans result in double the number of
EL candidates compared to the baseline. The majority of filtered EL are situated
on opposite lateral sides. Several explanations could account for this behavior.
First, the optimizer may tend to avoid directions that go through the shoulders,
which could require higher energy levels and deliver increased doses to the body.
Additionally, the position of the primary tumor and the relative positions of the
OAR in relation to the tumor may also contribute to this EL selection pattern.

The bottom row of Figure 6.2 presents DVH metrics and NTCP results. It
appears that CTV coverage slightly worsens with the filtered plans, while mean
doses to OAR show slight decreases. Consequently, NTCP values also decrease
for all studied toxicities. However, it is important to note that the NTCP values
presented were normalized for ease of comparison. The absolute values reflect the
true NTCP value and should matter the most. As a result, while a 20% decrease
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Figure 6.1: DVH comparison between baseline plan and filtered plans with inital
set of EL candidates doubled either using two arc revolution or half gantry spacing
strategy.

is observed for dysphagia grade 2, this corresponds to only a 0.2% reduction from
an NTCP absolute value which is close to 1 for this toxicity. In this context, the
filtered plans do improve NTCP values, but the improvements are still marginal
compared to the baseline plan.

Figure 6.3 provides a comparison of DVH and NTCP, this time comparing the
filtered plans to a discrete arc plan that was generated with 30 directions and 360
EL. As depicted in the polar plot, the EL in the discrete arc plan are stacked in the
30 directions, resembling to an IMPT plan but with many more irradiation angles.
The DVH and NTCP plots show that the filtered plan (half-gantry-spacing) ac-
tually achieves a similar quality compared to the discrete arc plan. Consequently,
discrete and filtered plans both achieve the same level of quality improvement
when compared to the dynamic baseline plan.

Finally, in the next set of experiments, we repeated the process with larger gantry
spacing, resulting in plans with a reduced number of EL, which is expected to yield
lower baseline plan quality. Figure 6.4 compares DVH metrics for three baseline
plans, each with 360, 180, and 120 EL, with three filtered plans. The filtered plans
were initialized with double the number of EL but were then reduced to the same
number as in the respective baseline plan. It is observed that the filtered plans
achieve a similar quality compared to each other, with a slight decrease as the
number of EL decreases. In contrast, the baseline plans suffer more in terms of
plan quality as the number of EL decreases. This demonstrates the effectiveness
of the filtering method in improving plan quality, with its impact becoming more
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Baseline 2 revolutions Half gantry spacing

Figure 6.2: Upper: Final set of EL chosen after optimization and filtering. Lower:
Robust DVH metrics comparison between the plans using voxelwise min (CTV)
and voxelwise max (OAR) as well as NTCP comparison. Gr2(3)Xer = grade 2(3)
xerostomia; Gr2(3)Dys = grade 2(3) dysphagia. NTCP magnitude order: Gr2Xer
∼ 30;Gr3Xer ∼ 8;Gr2Dys ∼ 7;Gr3Dys ∼ 1.

Half gantry spacing

Discrete baseline Dynamic baseline Half gantry spacing

Dynamic baselineDiscrete baseline

Figure 6.3: DVH and resulting NTCP comparison between discrete baseline plan
(30 directions and 360 EL), dynamic baseline plan (360 directions, 360 EL) and
filtered plan with half gantry spacing strategy (720→360 directions/EL).
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Filtered|720->360 ELBaseline|360 EL Baseline|180 EL Baseline|120 ELFiltered|360->180 EL Filtered|240->120 EL

Figure 6.4: DVH metrics comparison for different gantry spacing (resulting in
different number of EL) between baseline and filtered plans.

important as the baseline plan deteriorates.

6.4 Discussion and conclusion

In this study, we introduced a dose-based EL selection method for proton arc
therapy treatment planning. This method was integrated directly into a research
version of a commercial TPS, RayStation 2023B. This approach involves increasing
the initial set of EL candidates and then reducing it using a cardinality operator
that constrains the maximum number of EL, either in total or per direction.

The results suggest that there is minimal to no improvement when compared
to a solution that does not filter energy layers, when the initial set of EL is sim-
ply doubled. Additionally, it is expected that the beam delivery time (BDT) will
increase when using two revolutions or finer gantry spacing because it also effec-
tively doubles the number of SU and consequently impacts the gantry rotation
speed. While this might initially seem discouraging, we also observed that the
baseline plans might already be of very high quality, making potential improve-
ments marginal. This observation was further supported when we compared the
plans to discrete arc plans, which are often considered the gold standard for pro-
ton arc therapy planning. The baseline dynamic plans were already quite close
in quality to the discrete arc plans. When applying the dose-based EL selection,
we observed that the filtered plans reduced the plan quality gap to the discrete
arc plan. This suggests that the dose-based EL selection method is effective and
correlates with initial baseline plan quality. If the quality of the discrete arc plan
is already close to that of the dynamic plan, further improvements using a dose-



CHAPTER 6. BRIDGING THE GAP 155

based EL selection may not be expected, as the dynamic baseline plan is already
quite optimal. Another possible explanation could be related to our choice of EL
initialization, which might still be too restrictive and does not provide enough
freedom for the subsequent optimization process.

In addition to the choice of EL initialization strategy, there are other parameters
related to the filtering process that had be considered. These parameters include
whether to state the cardinality as a hard constraint or a soft objective. In the
latter case, a penalty weight must be assigned to control the strength of this
objective relative to the dose objectives. Another important parameter is how
many times to filter EL, whether it should be done in a single step or at regular
intervals. The steepness of the sigmoid function used in the filtering process is yet
another parameter that can be adjusted. Several runs on different disease sites,
although not presented here, have indicated that additional iterations compared
to the baseline plan are required to see some improvements. Therefore, these
numerous parameters must be fine-tuned, which can present a challenge in itself.

Our study has shown that even though we can achieve improvements in plan
quality through dose-based EL selection, it often comes at the cost of increased
BDT, particularly when using strategies involving two revolutions or finer gantry
spacing. This highlights the need for careful consideration of important trade-offs.
Additionally, there may be potential for further exploration of strategies, such as
local constraints with a higher number of initial EL candidates per direction.
However, implementing such strategies requires the formulation of new objective
terms to penalize the number of SU in the arc, in order to avoid excessively large
increases in BDT. This approach has been explored in previous studies [16, 155]
as well as in Chapter 3 of thesis. We made efforts to include a similar objective
term into our study; however, we faced challenges in determining the appropriate
weight for this new term in relation to the sparsity and dose objective functions.
Unfortunately, the results from these attempts were mixed and, as such, are not
reported in this study.

In summary, while our study has shed light on the potential benefits and chal-
lenges of dose-based EL selection in PAT planning, there are still important con-
siderations and trade-offs that must be thoroughly investigated to achieve a well-
balanced and clinically feasible approach.
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Chapter 7

Optimizing efficiency

The content presented in this chapter comes from a manuscript submitted to
Medical Physics under the title: “Faster proton arc optimization and delivery
through energy layer pre-selection and post-filtering”. This work is one of the
main contributions resulting from a stay of three months at RaySearch Laboratories
under the supervision of Erik Engwall.

Authors: Sophie Wuyckens1, Viktor Wase2, Otte Marthin2, Johan Sundström2,
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ries, Stockholm, Sweden. 3 UCLouvain, Institute of Information and Communi-
cation Technologies, Louvain-La-Neuve, Belgium. 4 Ion Beam Applications SA,
Louvain-La-Neuve, Belgium 5 KULeuven, Department of Oncology, Laboratory of
experimental radiotherapy, Leuven, Belgium. 6 Particle Therapy Interuniversity
Center Leuven - PARTICLE, Leuven, Belgium

157



158 CHAPTER 7. OPTIMIZING EFFICIENCY

Summary
Purpose: Proton arc therapy has emerged as a promising approach for faster
treatment delivery in comparison to conventional proton treatments. However,
unexpected prolonged treatment times in several proton arc planning studies have
raised concerns. In this study, we aim to address the challenge of minimizing
delivery time through energy layer (EL) filtering combined with the fast EL pre-
selection, comparing its performance to a baseline approach without filtering.

Methodology: We developed three methods of EL filtering: unrestricted, switch-
up (SU), and switch-up gap (SU gap) filtering. The unrestricted method filters the
lowest weighted EL while the SU gap filtering removes in priority the EL around
a new SU to minimize the gantry rotation braking. The SU filtering removes the
lowest weighted group of EL that includes a SU. These post-processing filters were
used in conjunction with the RayStation dynamic proton arc optimization frame-
work (ELSA). Four bilateral oropharyngeal cancer patients’ data were used for
evaluation. Objective function values, target coverage robustness, organ-at-risk
doses and NTCP evaluations, as well as comparisons to IMPT plans, were used
to assess plan quality.

Results: The SU gap filtering algorithm performed best in three out of the four
cases, maintaining plan quality within tolerance while considerably reducing beam
delivery time. It achieved up to approximately 22% reduction in delivery time.
The unrestricted filtering algorithm followed closely. In contrast, the SU filtering
showed limited improvement, suppressing hardly a few SU without substantial de-
livery time shortening. Robust target coverage was kept within 1% of variation
compared to the ELSA baseline plan while OAR doses slightly decreased in all four
patients. Both arc plans present large reductions in NTCP values for dysphagia
and xerostomia compared to the reference IMPT plan.

Conclusion: This study provides insights to accelerate proton arc therapy delivery
without compromising plan quality. These advancements could enhance treatment
efficiency and patient throughput.
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7.1 Introduction

Over the past decade, proton arc therapy has raised notable attention in the field of
radiation oncology. This treatment technique involves continuous rotation of the
gantry while delivering radiation, similar to Volumetric Modulated Arc Therapy
(VMAT) in photon therapy [124]. The literature has witnessed a substantial
increase in publications related to proton arc therapy between the first one in
1997 [127] and today, with a particular focus on clinical proofs of concept across
various disease sites. Additionally, researchers have been developing treatment
planning algorithms to effectively utilize the new degrees of freedom brought by
the arc delivery.

One of the anticipated advantages of proton arc therapy is the potential for
faster treatment delivery compared to conventional proton treatments as was seen
with VMAT. Several studies have demonstrated that proton arc therapy can re-
duce overall treatment time [176, 179, 177, 174]. Importantly, though, reported
delivery times are often estimated with rough approximations, relying solely on
the total energy layer switching time (ELST), without accounting for the distinc-
tion between upward and downward energy switching, likely due to the limitations
of earlier delivery systems. The arc timing advantage was actually only evident
when ELST fell between 0.5 and 2 seconds, but this assumption for upward en-
ergy switching is not realistic in most of the currently available hardware. This
makes it challenging to draw definitive conclusions based on these estimates only.
Furthermore, contradictory findings have also been reported, where proton arc
therapy exhibited prolonged treatment delivery durations compared to intensity
modulated proton therapy (IMPT) [173, 183], especially in the discrete arc mode
where the delivery entails a large number of fixed-angle fields for which the gantry
needs to come to a full stop at each discrete direction to deliver a number of
stacked energy layers [157]. In the dynamic mode, the prolonged delivery times
stem from a complex combination of several factors, including energy layer switch-
ing time, spot irradiation, gantry rotation, a large number of layers and spots, and
the requirement for accurate delivery from the right directions. Consequently, the
gantry needs to undergo frequent deceleration and acceleration, contributing to
the overall prolonged delivery times.

The scientific community has therefore dedicated efforts to devise approaches
to minimize the delivery time of proton arc plans. One such approach is to formu-
late additional objectives to be minimized, which are surrogate measures of the
delivery time, while simultaneously optimizing the spot weights within an inte-
grated framework [16, 155, 212, 232]. While the concept is elegant in theory, this
approach encounters practical challenges. These include the requirement for sim-
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plified mathematical models to estimate beam delivery time, the need for massive
computational resources and suitable solvers, as well as the necessity for careful
tuning of objective weights. These limitations hinder its practical use and effec-
tiveness in achieving substantial time savings in proton arc therapy planning and
delivery. Another approach involves the pre-selection of a user-defined number
of energy layers using heuristics based on dosimetry [17, 18] or on geometrical
considerations [26, 159], with the intention of controlling the maximum number
of upward energy switches. The spot-scanning proton arc (SPArc) therapy algo-
rithm has demonstrated efficacy across various disease sites, primarily due to its
dose-based approach. However, its main drawbacks are long optimization times
and limited flexibility to select energy switch locations. On the other hand, the
generation of dynamic arc plans with early energy layer selection and spot assign-
ment (ELSA [26]) prior to robust spot weight optimization has been noted for its
fast execution time. This is due to two main factors: firstly, it reduces the spot
weight optimization problem size, and secondly, it reduces the need to compute
dose for a vast number of potential energy layers and spots. However, using these
rapid methods comes at a cost, as it constrains the optimizer’s freedom for the
subsequent dose optimization process.

To reap the benefits of the dose-based and geometry-based approaches, we pro-
pose a hybrid method. Our hybrid approach extends ELSA that rapidly creates an
initial set of energy layers, which are filtered after robust spot weight optimization
to a final set using information from the optimized dose distribution. As a result,
the filtered plan accelerates delivery. This approach is inspired by iterative filtering
step in the SPArc algorithm [17] and the Reverse Greedy algorithm [144] origi-
nally proposed for discrete proton arcs. These algorithms progressively eliminate
the energy layers contributing the least to the plan quality. We have developed and
compared three distinct methods capable of energy layer filtering. These methods
act therefore as post-processing tools that filter after the spot weight optimization
process. Through the implementation of these filtering techniques, our aim is to
enhance the overall efficiency of proton arc therapy delivery.

7.2 Material and methods

7.2.1 Energy layer filtering algorithms

Unlike IMPT plans, where each beam angle is optimized to cover the target
in depth using a decreasing energy sequence, proton arc plans typically adopt a
sector-based approach. Arc beams are divided into sectors, with energy decreasing
within each sector and increasing only between sectors. This design stem from the
anticipated increased time required for upward energy switches. Delivery occurs
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within fixed intervals (centered around a discrete direction) known as control
points across each sector. Although more than one energy layer per discrete
direction could be delivered in practice, doing so would slow down gantry rotation
and compromise treatment efficiency.

The number of sectors in a proton arc plan, which defines the number of switch-
ups (SU) between energy levels, is a carefully studied topic as it directly correlates
with the delivery time for most machines [16, 212, 155, 156]. Researchers have
sought to develop methods of minimizing the number of SU in these plans. The
basic assumption of this conceptual model is that delivery time is proportional to
the irradiation time of each energy layer and the number of switch-ups in the plan.
Therefore, minimizing the delivery time can be achieved by filtering energy layers
and/or reducing the number of SU.

In this study, we developed methods and optimized proton arc plans in a modified
research build of the RayStation dynamic proton arc optimizer. While not exactly
the same as the one showcased in the original publication [26], our approach still
follows the ELSA framework for selecting energy layers based on geometry followed
by the classical spot weight optimization.

Considering an existing arc plan as a starting point (Fig. 7.1(a)), we have devel-
oped three distinct methods that can filter energy layers (EL) and/or reduce the
number of SU as a post-processing step. Assuming N initial energy layers and M
initial SU in the plan, we aim at keeping at most X energy layers or Y SU. The
three methods are summarized below:

1. Unrestricted filtering: This algorithm filters the N −X energy layers with
the lowest corresponding monitor unit (MU) from the plan. By removing
the lowest MU energy layers, we aim to reduce the overall number of energy
layers in the plan while preserving the important dose contributions. In
Fig. 7.1, from (a) to (b) individual holes appear where the lowest EL have
been suppressed.

2. SU filtering: This algorithm filters M − Y SU by deactivating the partial
sectors with the lowest corresponding MU. It iterates through two nested
loops over the energy layers in the plan. It checks if at least one SU occurs
between the two indexed energy layers and verifies that the energy of the
second indexed angle is lower than the energy of the first indexed angle.
When these conditions are met, the algorithm accumulates the MUs of the
energy layers between the two indexes, forming a partial sector. These partial
sectors, containing SU, are then ordered based on increasing MU values. The
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energy layers included in each partial sector are subsequently removed from
the plan. By eliminating the energy layers associated with partial sectors
containing SU and having the lowest MUs, the SU filter effectively reduces
the overall number of SU in the plan. Figure 7.1(c) displays one large hole
between gantry angles ∼100° and 125°, effectively reducing from 5 to 4 SU
in the arc beam.

3. SU gap filtering: This algorithm removes the energy layers with the lowest
MU, similarly to the unrestricted filtering algorithm. The difference is that
this algorithm is restricted to only choose from the energy layers that are
located just before or just after a SU. Note that after an energy layer is
removed to create a gap, the adjacent energy layers on either side of the gap
become the ones positioned just before and just after a SU. The rationale
behind this approach is that the gantry is often forced to decelerate to a
rather low velocity in conjunction with a SU and increasing the corresponding
angular span might mitigate this effect. The algorithm contains a maximum
size of this gap, since at a certain point the gantry will be able to keep a
constant speed and still perform a SU. We establish this maximum gap size,
which is measured in terms of the number of removed layers, as follows:

⌊
tSU + tmean

EL

tSD + tmean
EL

⌋
, (7.1)

where ⌊·⌋ is the floor function, tSU and tSD are the times to switch the energy
upward and downward respectively and tmean

EL is the average irradiation time
per energy layer. Which is to say, this is the ratio between the delivery time
of a layer with an SU and a layer with a SD. Note that this means that
different plans may have different maximum gap sizes.

Each algorithm, depicted in Fig. 7.1, is run multiple times, decreasing mono-
tonically the allotted budget of energy layers (for unrestricted and SU gap filters)
or switch-ups (for SU filtering) in the plan, hereinafter denoted as the MaxBound-
Sequence s. Each element si is the maximum number of EL or SU we want to
achieve after the filtering in the run i. Following each filtering operation indexed
by i, we re-run the spot weight optimization with a reduced number of iterations
to compensate for the loss of monitor units (MU) and to maintain plan qual-
ity. Each filtering run is independent from the others and start from the initial
optimized spot weights of the optimized arc plan.

This strategy allows us to populate a Pareto front for each algorithm tested. A
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(a) Baseline
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(b) Unrestricted filtering
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(c) SU filtering
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(d) SU gap filtering

Figure 7.1: Strategies to filter energy layers (EL) for a random generated case.
(a) Nominal arc plan used as starting point. (b) Unrestricted filtering removes
the 15 lowest MU (EL). (c) SU gap filters the 15 EL that reduce the gantry time
to break before each SU. (d) SU filters the lowest MU partial sector that includes
at least one SU.

Pareto front represents the set of optimal solutions in a multi-objective optimiza-
tion problem, where improving one objective comes at the expense of worsening
another [21, 233, 234]. In this context, the Pareto front generated relates the at-
tainable dosimetric objective values to the necessary dynamic delivery times. By
examining the trade-off between these two sides of the problem, one can select
the most suitable trade-off plan from the Pareto front. Algorithm 4 summarizes
the workflow of the methodology.

7.2.2 Patient data and treatment planning

To demonstrate the efficiency of the algorithms, we selected four patients with
oropharyngeal cancer from an anonymized database obtained from Cliniques Uni-
versitaires Saint-Luc in Brussels, Belgium. The local ethics committee approved
the retrospective use of this database. The choice of oropharyngeal cancer as the
disease site follows from the expectation that proton arc therapy would benefit
to those patients, as compared to conventional treatments, with a lower integral
dose, reduced doses to OAR, and overall less toxicity [179, 157, 187]. Three out
of the four patients were selected from the database based on their higher NTCP
in the IMPT plans for the side effects under consideration. Patient 1 showed the
highest probability for dysphagia (swallowing difficulty) [235] grade 2, patient 2
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Algorithm 4 Filtering algorithm workflow

Input data: Optimized spot weight x∗, N EL, M SU, MaxBoundSequence
s, R runs, filtering algorithm A
Require: {si}Ri=1 : si ≥ si+1∀i ∈ N ▷ Monotonic decreasing sequence
Ensure: x = x∗

1: for i in range(R) do
2: if A is unrestricted or SU gap then
3: Filter N − si EL
4: else if A is SU then
5: Filter M − si SU
6: end if
7: for i in range(n iter) do
8: x← spot weights optimizer(x) ▷ Continue optimization
9: end for

10: save spot weights(x) ▷ Save plan properties
11: x← x∗ ▷ Reset to initial optimized spot weights
12: end for

had the highest probability for dysphagia grade 3, and patient 3 had the worst
NTCP for xerostomia (dry mouth) [236] grade 2 and 3. The fourth patient was
selected randomly from the database.

The patient database comprises IMPT plans manually generated by the same
experienced dosimetrist using a treatment planning protocol to ensure consistency
(see Table SM1 from [237]). These treatments were planned retrospectively in
the treatment planning system (TPS) RayStation 11B (Raysearch Laboratories,
AB). With the four selected patients being bilateral cases, the proton plans were
designed using a simultaneous integrated boost IMPT technique which treats
different target volumes to different dose levels within a single treatment session
without increasing the toxicity [238]. For all plans, we use a constant relative
biological effectiveness (RBE) factor of 1.1. The prescribed dose was 70 Gy(RBE)
to the high-risk clinical target volume (CTV) and 54.25 Gy(RBE) to the low-
risk CTV nodal regions, delivered in 35 fractions. The plan was designed with
four beams at couch and gantry angles of (10°, 60°), (10°, 120°), (350°, 240°),
and (350°, 300°), respectively. A rangeshifter was systematically used for each
beam. Monte Carlo dose calculation and robust worst-case optimization [80] were
employed for the proton plans, considering 21 scenarios (2.6% proton range error
and 4 mm systematic error in all three spatial directions) for the CTV volume, the
spinal cord and the brainstem.
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The proton arc plans, referred to as ELSA plans according to [26], were designed
with a single full arc beam with one-degree spacing between each control point,
resulting in 360 initial energy layers available for optimization. It is worth noting
that the version of ELSA used here is adapted with a more predefined sector length,
which also explains the consistency in the number of SU across the four patients.
They were planned for the study in a research version of RayStation 2023B using
a total of 250 iterations and spot filtration iteration set at 150. Filtered ELSA
plans, employ the same set of objectives and robust settings as the original ELSA
plans which were initially obtained from the IMPT plans. However, in order to
expedite the planning process, the total number of iterations for optimization is
reduced to 50. All plans are normalized to the median dose (D50). The Monte
Carlo (MC) dose calculation was carried out until it reached an uncertainty of
0.5%.

Going back to Algorithm 4, given R = 10 runs, the 360 initial EL and the 16
initial SU in each ELSA plan, we chose the MaxBoundSequence to be 10 evenly
spaced numbers over the interval [350, 200] for the maximum number of allowed
energy layers (Method 1 & 3) and the sequence of numbers decremented by 1 over
the interval [15, 5] for the maximum number of allowed SU (Method 2). These
specific numbers were chosen intentionally to ensure a smooth transition towards
the number of energy layers present in the IMPT plans, which is approximately
160 energy layers.

7.2.3 Treatment plan evaluation

Delivery time

Since the objective of this study is to achieve faster delivery rather than improv-
ing plan quality, it is noteworthy that suppressing energy layers from the initial
set of energy layers is not expected to enhance plan quality. The aim is merely to
minimize the delivery time with precautions to ensure that plan quality remains
comparable to the ELSA baseline plan.

Dynamic beam delivery time (BDT) was calculated using the ATOM1 (Arc
Trajectory Optimization Method) algorithm, an open-source tool [229] published
by RaySearch Laboratories. ATOM is designed to determine a fast plan delivery
while adhering to the mechanical constraints specified by the user. The machine
delivery assumptions utilized in this study are detailed in Table 7.1. We made
these selections based on realistic assumptions rather than referring to a particular
proton machine’s specifications. For example, it is acknowledged that, at present,

1https://github.com/raysearchlabs/ArcTrajectoryOptimizationMethod

https://github.com/raysearchlabs/ArcTrajectoryOptimizationMethod
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Maximum gantry velocity 5°/s
Maximum gantry acceleration 0.5 °/s2

Maximum gantry jerk 0.5 °/s3

Downward energy switching time 0.5 s

Upward energy switching time 5 s

Spot switching time 2 ms

Spot delivery time (per MU) 5 ms

Maximum window size 0.99°

Table 7.1: Machine constraints parameters used for ATOM BDT estimation [229].

switch-up times are typically an order of magnitude higher than switch-down times
in most proton centers due to the magnetic hysteresis effect [18]. Regarding
the maximum gantry velocity, we opted for a slightly more conservative value,
considering that current proton gantries typically rotate at one revolution per
minute. The maximum window size specifies the angular safety tolerance around
each irradiation direction. The selection of ATOM was driven by its utility, given
that no proton arc machine has yet been established and commissioned in clinical
settings; ATOM serves as a reliable estimator at present. Nevertheless, in the final
evaluation, we also provide BDT estimations obtained with ATOM but using the
layer irradiation times and layer switching times based on a simulation of an IBA
ProteusPlus machine using the IBA ScanAlgo system.

Dosimetry

In addition to our primary objective of achieving faster delivery, we have in-
cluded a comprehensive dosimetric evaluation to consider the selected trade-off
from the generated Pareto front. Target coverage is evaluated in the IMPT, ELSA,
and filtered ELSA plans employing the worst-case scenario robustness evaluation
approach. This approach considers 14 different isocenter shifts, comprising 6
points along the main axes and 8 points along the diagonals, which are defined by
the setup uncertainty. Additionally, three density shifts were taken into account,
resulting in a total of 42 scenarios. The assessment of robust target coverage
was based on the criterion of achieving a minimum dose of at least 95% of the
prescribed dose at 98% of the target volumes in a worst-case scenario dose distri-
bution (D98% ≥ 95% Dp). This criterion was applied to both the high-risk and
prophylactic lymph nodal regions, ensuring sufficient dose coverage for these tar-
get areas. Both arc plans (ELSA and filtered ELSA) are compared by evaluating
the deviations in target coverage from the values achieved by the IMPT plan in
the nominal and worst-case scenarios. We also assess the nominal average doses
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received by organs-at-risk in the head-and-neck region using the same comparative
approach. Finally, we have incorporated the evaluation of NTCP for xerostomia
and dysphagia using the models from the Dutch model-based approach [239].
The ∆NTCP is calculated by taking the difference between the arc plans and the
IMPT plan in the nominal scenario for each patient.

7.3 Results

7.3.1 Energy layer filtering algorithms comparison

The plan quality of the three algorithms is compared for each of the four pa-
tients, using the objective function value as a global scalar surrogate of the plan
quality. Figure 7.2 illustrates the evolution of the objective value with respect to
the remaining number of energy layers in the plan, where the maximum number
of allowed EL or SU decreases linearly from right to left. The red star represents
the optimized plan from which EL or SU are filtered. The filtering process is
performed independently for each run, starting from the red star (i.e. the baseline
ELSA plan). The multiple runs for each algorithm form a front, with a pink band
denoting the tolerance range around the initial objective value that should not be
exceeded (above). A tolerance value of 10% is employed in this study.

From the plotted data, it looks like that the unrestricted filtering algorithm
performs better compared to others, with a majority of data points falling within
the tolerance band compared to the other two methods. The SU gap filtering
also shows favorable results, closely following the unrestricted filtering, for patient
1 & 2, with a behavior indicating the importance of preserving energy layers for
optimal plan quality. SU filtering struggles more, as it experiences a rapid increase
in the objective function value. Notably, SU filtering suppresses many more layers
than the other two filters.

Interestingly, the assumption that suppressing more energy layers would lead
to a stronger decrease in BDT is proven incorrect in Fig. 7.3, that illustrates
the true Pareto front. The SU filtering, despite suppressing more energy layers
simultaneously, actually exhibits the smallest reduction in delivery time. On the
contrary, the SU gap filtering effectively reduces the beam delivery time with just a
small number of suppressed energy layers. For instance, in patient 1, implementing
the SU gap filtering and suppressing 44 energy layers in the third run resulted in
an important reduction of the BDT from 422 seconds to 330 seconds. In contrast,
the unrestricted filter required 77 energy layers to be suppressed in the fifth run to
achieve a comparable decrease in BDT (336 seconds). We also observe a decrease
of approximately 30 seconds by only filtering 10 energy layers with the SU gap
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Figure 7.2: Objective function value versus number of energy layers for three
energy layers filtering methods for the four oropharyngeal patients. The unre-
stricted method filters the lowest weighted EL while the SU gap filtering removes
in priority the EL around a SU. The SU filtering removes the lowest weighted
group of EL that includes a SU. The red star represents the baseline plan from
which we filter EL. The tolerance band encompasses data points corresponding
to plans that deteriorates by maximum 10% the objective value from the baseline
plan. Plan quality is deteriorating as more energy layers are filtered from right to
left.

method in patient 4.

Upon closer look at the Pareto front data points within the tolerance band
in Fig. 7.3, the optimal trade-off between plan quality and delivery time can be
determined for each of the four patients. The SU gap filter proves to be the most
efficient for patients 1 and 2, achieving an effective reduction of approximately
22% in beam delivery time by suppressing 44 energy layers in the third run, while
still maintaining plan quality within the tolerance band. It is closely followed
by the simplistic unrestricted filter, which reduces beam delivery time by up to
18% and 15% for patients 1 and 2, respectively. SU gap filtering was also the
best compromise found for patient 4 although it could only decrease the BDT by
6%. Conversely, the SU filter demonstrates limited improvement, as it could only
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Figure 7.3: Pareto front comparing the objective function value versus dynamic
beam delivery for three energy layers filtering methods for the four oropharyngeal
patients. The unrestricted method filters the lowest weighted EL while the SU
gap filtering removes in priority the EL around a SU. The SU filtering removes
the lowest weighted group of EL that includes a SU. The red star represents the
baseline plan from which we filter EL. The tolerance band encompasses data points
corresponding to plans that deteriorates by maximum 10% the objective value from
the baseline plan. Best compromise is circled in red showing the shortest delivery
time with reasonable objective value.

suppress 1, 2, 1 and 1 SU for patients 1, 2, 3 and 4, respectively, without exceeding
the tolerance zone for plan quality. Consequently, the SU filter shows the smallest
gain in beam delivery time. Patient 3 presented a bigger overal CTV, compared to
the three other cases and raised tougher planning challenges. The filtering for this
patient exhibited better results with the unrestricted filtering method. It achieved
a 10% reduction in beam delivery time in the third run. This smaller reduction in
beam delivery time, as the one observed for patient 4, compared to the two first
patients may indicate that more energy layers are required to meet the clinical
goals effectively for these particular patients. Nevertheless, SU gap Pareto front
in patient 4 looks like we could have had filtered a few more energy layers while
staying in the tolerance band. The final best compromises for each patient were
circled in red in Fig. 7.2-7.3.
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Figure 7.4 provides an illustration of the energy layers retained after determining
the best trade-offs for each filtering method, compared to the ELSA baseline plan.
Additionally, relevant metrics are presented to assess the timing results. Notably,
the SU filtering demonstrates a consistent pattern of energy layers suppression
around 270° for all four patients. Furthermore, the removal of the second SU
for patient 2 appears to be symmetrically suppressed relative to the first SU. One
possible explanation for this behavior is that the optimizer tends to avoid shooting
through the shoulders, which may require higher energy levels and deliver higher
dose to the body. Another explanation could be related to the position of the
primary tumor and also the relative position of the OAR to the tumor. The primary
tumor is centrally located for the first three patients while it slightly shifted to
the right for patient 4. In contrast, the unrestricted filter sporadically suppresses
energy layers, resulting in holes across each sector. Moreover, this filter tends to
remove high energy layers. On the other hand, the SU gap filtering displays a
cleaner pattern by sequentially removing energy layers around the SU points. This
method generates gaps primarily in between sector transitions.

After optimizing filtered proton arc plans (filtered ELSA plans) for each patient
and keeping the best compromise found, the next question that arises is whether
these plans can be delivered more rapidly than IMPT plans. In the case of the
IMPT plans, the delivery time is computed for each beam individually, resulting in
what we refer to as static delivery time, as opposed to the dynamic delivery time of
proton arc plans. To enable a fair comparison between static and dynamic delivery
timings, one should consider the manual interventions required between each beam
delivery in the control room and/or treatment room. This includes beam loading
in the console, rotation of the gantry and/or the couch with potential re-imaging
step. Moreover, given that rangeshifters are used for each IMPT beam, extra
caution is needed for the sake of collision. After consulting with two separate
proton centers, we introduce therefore a simulated delay of 60 seconds between
each beam plus a unique additional time of 120 seconds required for the couch-kick
for each of the IMPT plans. Figure 7.5 illustrates this comparison.

Including the simulated delay, all arc plans are faster to be delivered than the
IMPT plans when using the simple static approximation from ATOM. The filtered
ELSA plans lead to considerable improvement compared to the IMPT delivery
time. The biggest improvement is observed for patient 1 and 2 where the filtered
ELSA plans speed up the delivery by 25% and 31% respectively compared to
IMPT. Regarding ELSA baseline plans, they were only able to speed up the delivery
by 5% and 9% for these patients. Patient 3 and 4 show more resistance for the
delivery speed-up but filtered ELSA plans still show an improvement of 15% and
6% compared to IMPT. However, the estimation obtained with a realistic model
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Figure 7.4: Comparison of energy layers kept in the plan after best filtering com-
promise found for the different algorithms. Rows display each patient whereas
columns showcase the filtering algorithm.

from an IBA PPlus system shows the inverse behavior with IMPT plans still faster
to deliver compared to arc plans. The filtering could help to reduce the gap



172 CHAPTER 7. OPTIMIZING EFFICIENCY

Patient 1 Patient 2 Patient 3 Patient 40.0

2.5

5.0

7.5

10.0

12.5
Be

am
 d

el
iv

er
y 

tim
e 

[m
in

]
IMPT
ELSA
Filtered ELSA

Extra intervention time
ATOM - simplified model
ATOM - ScanAlgo

Extra intervention time
ATOM - simplified model
ATOM - ScanAlgo

Figure 7.5: Comparison of beam delivery times between IMPT, ELSA and filtered
ELSA plans for the best compromises found for each patient. Filtered ELSA em-
ployed the SU gap filtering algorithm for patients 1, 2 and 4 whereas unrestricted
filtering was applied for patient 3. Plain bars represent a simplified approximation
of the static BDT (energy layer irradiation time + switching time) used in ATOM
plus (but only for arc plans) the dynamic BDT as computed by the ATOM simu-
lator. Dotted bars represent the static BDT as obtained for an IBA PPlus system
with ScanAlgo combined with (but only for arc plans) ATOM dynamic BDT for
in-between sector transition times.

with the IMPT BDT but there is still some margin left for further improvement.
Using ScanAlgo BDT, filtering the ELSA plan achieved smaller gain in terms of
delivery time (compared with the ATOM estimates) with 13%, 13%, 7% and 4%,
respectively for patient 1, 2, 3 and 4.

7.3.2 Treatment plan evaluation

The previous results can be complemented with a detailed dosimetric evaluation
for each of the best compromises found for each patient and a comparison with
the ELSA baseline plan and the IMPT plan.

Figure 7.6a reports the evaluation results for the CTV targets in terms of D98
in the nominal and worst-case scenario for each patient. The D98 is slightly
reduced in the filtered ELSA plans compared to the ELSA baseline, although the
deviation is minimal, not exceeding 1% for all targets in nominal and worst-case
(corresponding to at most 0.6 Gy). These small reductions is therefore considered
negligible. Both ELSA plans yield comparable or better results compared to the
IMPT plans with most of the data points displayed on the right-hand side of the
plot, bringing higher CTV coverage for arc plans. The clinical goals for target
coverage (i.e., D98% ≥ 95% Dp) in both high-dose and low-dose CTVs were met
for all the patients in the nominal scenario and the worst-case scenario.

Figure 7.6c illustrates the DVH metrics differences with respect to the IMPT
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plan for the OAR included in the clinical goals. Comparing ELSA and its faster
delivered version, it is good that we can maintain OAR sparing and similar target
coverage while reducing the number of energy layers. In the transition from IMPT
to proton arc modality, only patient 3 shows a slight increase in doses to the spinal
cord and brain stem but still under the limit. However, average doses in organs
generally decrease (85% of all data points lie on the left-side of the plot), which
is highly favorable for arc modality in oropharyngeal patients.
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Figure 7.6: Differences in (a) target coverage (D98 - dose received by 98% of the
CTV) (b) clinical planning criteria for the OAR (c) NTCP, between arc plans and
the IMPT plan. (a) Negative differences imply that the IMPT plan was better
than the arc plan in terms of target coverage. (b,c) Negative differences imply
that the arc plan was better than the IMPT plan in terms of dose to OAR and
probability to develop the side-effect (i.e., less dose to the OAR and lower NTCP).
Abbreviations: SMG, submandibular gland; PCM, pharyngeal constrictor muscle.
IMPT NTCP values for the ordered four patients: Grade 2 xerostomia = [43.5,
48.7, 53.1, 2.1], grade 3 xerostomia = [12.1, 14.1, 16.1, 11.6], grade 2 dysphagia
= [44.2, 43,8, 19.3, 17.2], grade 2 dysphagia = [22.6, 24.4, 3.2, 7.1].

Figure 7.6b displays the difference in NTCP relative to the IMPT plan (∆NTCP
= NTCParc - NTCPIMPT). The arc modality substantially decreases the NTCP for
all reported side effects, including grade 2 and 3 xerostomia and dysphagia. This
finding further supports the adoption of proton arc therapy for the treatment of this
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particular cancer site. Moreover, patients 1 and 2, selected for their high NTCP
in the IMPT plan, show a reduction of approximately 5 and 7.5 percentage points
(p.p.) in NTCP for dysphagia grade 2 and 3, respectively. Similarly, patient 3,
chosen for its elevated xerostomia NTCP value, demonstrates a decrease of around
2.5 p.p. in NTCP for the proton arc plans, further highlighting the advantages of
proton arc therapy.

7.4 Discussion

In this study, we presented three post-processing energy layer filters to accelerate
the delivery of proton arc treatment plans for oropharyngeal cancers. These filters
were designed to suppress the low-weighted energy layers or partial sectors in the
arc plans generated with ELSA. Among the three methods, the SU gap filter was
proved to be highly efficient in reducing the dynamic delivery time by suppressing
a minimal number of energy layers. This primarily stems from the inherent design
of ELSA plans, built with equi-spaced sectors and energy layers. Filtering energy
layers around sector transition is intuitively efficient as it gives the system some
additional time to make the energy switch with minimal gantry braking. At first
glance, this method therefore only works for specific proton arc design which limits
the angular spacing to make an energy layer switch. In fact, this is mostly the case
as proton arc plans are generated with a fixed angle spacing. However, it is not
parameter-free as it requires the knowledge of machine-specific parameters (Eq.
7.1) to know maximum how many energy layers it can remove around each sector
transition. The unrestricted filter achieved similar results to the SU gap, although
it required more energy layers to be suppressed for the same reduction in BDT. This
technique is the simplest to set up and was already identified as an efficient mean to
filter proton arc plans [17, 144] but rather focused to have exactly one energy layer
per angle to enable efficient dynamic delivery. Here we look at filtering technique in
the context of plans that already have a single energy layer, and we reduce the total
number of energy layers instead of energy layer per angle. Regarding the SU filter,
despite removing a large number of energy layers (partial sectors), was the least
effective in reducing the BDT. It therefore brings little value. Although we applied
these techniques in combination with ELSA for this particular study, they could
likely be applied to any proton arc plan, offering particular advantages for plans
generated using an energy layer pre-selection method that lacks dose information.
This approach makes a good compromise between rapid pre-selection algorithms
and comprehensive dose-based optimization [16, 155, 212], as the post-filtering
process incorporates dose information.

Pareto plots, showcasing the objective value against the BDT, revealed that
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the SU gap filtering algorithm, which suppressed 44 energy layers out of 360 for
patients 1 and 2, provided the best trade-off between plan quality and delivery
time, accelerating the delivery by ∼100 s. Further removal of energy layers re-
sulted in a serious increase in the objective value, correlating with a degradation
in plan quality. ELSA plans for patient 3 and 4 were harder to accelerate where
the best speed-up gain was about 50 and 30 seconds but removing as few as 44
and 10 energy layers respectively. Both patients had much higher initial number
of spots, attesting for their more complex tumor geometry. Energy layers could
therefore hardly be filtered. Although the choice of a 10% tolerance criterion for
the objective values was arbitrary, further investigation might determine the actual
threshold passed which plan degradation becomes unacceptable. Moreover, addi-
tional iterations may be necessary after the post-processing filter, depending on
the number of energy layers removed from the plan. Ultimately, the Pareto graphs
could be used for MCO-like optimization and thus help the treating physician to
find the best trade-off for each patient.

For the patients treated with IMPT plans, four beams were used with about
40 energy layers each, resulting in a total of 160 energy layers. In comparison,
the ELSA baseline proton arc plans needed 360 energy layers, one for each beam
direction, to achieve a comparable plan quality. This discrepancy might arise
because it is more challenging to combine beamlets from each energy layer in
the arc, ensuring an adequately spread-out Bragg Peak to cover the targets. It
is also important to understand that both the plan quality and BDT heavily rely
on the preliminary energy selection. The angular sampling and sectors count
may not be optimal and could potentially benefit from adjustments that are not
purely geometry-driven. Yet, incorporating dose-based objectives into the initial
energy layers choice can be complex due to the size of the proton arc problem
[212]. Hence, dose-based filtering methods paired with rapid energy layer selection
become pivotal to address the shortcomings of purely geometry-based energy layer
choices.

Our study presents BDT results obtained using the ATOM simulator [229],
but it is important to approach these results with caution, as ATOM uses a
simplified layer delivery and layer switching model that might not correspond to
the exact behavior of most systems. To address this uncertainty, we conducted a
benchmark comparison by incorporating BDT data from an IBA PPLus system.
While there were some differences in the specific numerical values related to BDT
reduction when filtering treatment plans between the two models, we observed
that the overall trends remained consistent. The disparity can be attributed to
the fact that the IBA ScanAlgo system included more static time in its estimates, a
factor directly influenced by the choice of model and parameters. Additionally, the
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dynamic BDT component, associated with rotation movement, was still simulated
using ATOM. This is because, currently, we are unable to provide a validation
of any dynamic BDT model as we still await for the first dynamic arc product
integration in clinical settings. Despite these considerations, we do not anticipate
a substantial impact on the overall reliability of our comparative analysis if a
more refined dynamic model were to become available. Furthermore, it is worth
noting that the current body of literature in PAT planning often employs even
simpler approximations of BDT with no consideration for acceleration or jerk
using in-house models [18]. In this context, ATOM may represent one of the most
advanced algorithms for computing dynamic BDT and most importantly available
open-source. In any case, BDT will inevitably vary for each system in relation to
the delivery assumptions, and yet the conclusions of this study remain valid.

Another key assumption made for the BDT estimation relates to the IMPT plan.
We factored in extra time between each static beam delivery to ensure a more
fair comparison with the arc plans. After consulting with two separate proton
centers about this additional time, we chose the lowest values (i.e. faster IMPT
delivery). This suggests that the difference in BDT between IMPT and arc plans
could be even more pronounced. Moreover, the filtered arc plans further reduced
the BDT, attaining up to a 30% speed-up in comparison to IMPT (using ATOM
estimates), emphasizing the utility of the proposed method. Nevertheless, IBA
ScanAlgo BDT estimates are more pessimistic, hence the proton arc plans take
longer to be delivered compared to ATOM estimates. While filtering narrowed the
gap towards IMPT BDT, there is still room for further optimization in reducing
the delivery time of proton arc plans.

The plan evaluation and robustness analysis demonstrated that the filtered ELSA
plans maintained target coverage with negligible deviations from the ELSA baseline
plans in both nominal and worst-case scenarios. Comparisons with the clinical
IMPT plans, generated by an experienced dosimetrist, showed that both the non-
filtered and filtered ELSA plans outperformed the IMPT plans in most clinical
goals, as observed across all four patients. Additionally, the study of NTCP for
dysphagia and xerostomia further supported the superiority of proton arc therapy
for oropharyngeal cancer. These findings concur with existing publications on
proton arc therapy in this disease site [179, 187].

Methods of layer filtering have already been extensively studied in the context
of IMPT [240, 241, 242, 243]. However, recent advancements in beam energy
layer selection hardware have considerably reduced the impact of suppressing en-
ergy layers in IMPT plans. This raises the question of whether this would also
apply to proton arc plans. Proton arc plans actually involve more energy jumps
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and they must be dynamically delivered. Most machine capabilities face chal-
lenges with achieving the same efficiency for upward energy switching as they do
for downward energy switching. This is due the physical limitations of the mag-
nets, known as the magnetic hysteresis effect, which requires adjustments to the
magnetic field strength for each energy level to guide protons effectively to the
treatment room [149]. In this context, changing energy upwards takes more time,
as it is preferable to complete a full cycle, starting from the highest energy level
and then descending to the desired level. Vendors are aware of this limitation in
dynamic proton arc treatments and are exploring improvements in energy layer se-
lection systems. Potential solutions include the use of achromatic magnets, which
eliminate the need for retuning the entire beamline when switching energy levels,
thereby achieving equal speed in both directions [244, 245, 246, 247]. Another
solution involves dynamic ridge filters that broaden the width of Bragg Peaks and
reduce the number of energy layers required for adequate target coverage [248].
Such advancements would simplify proton arc optimization by reducing the bur-
den of dealing with costly SU in the plan, which is currently a major bottleneck
in proton arc treatment planning.

Nevertheless, despite the complexity of proton arc plans, the implementation of
a post-processing algorithm that filters out the lowest MU-weighted energy layers
can still have a positive impact on treatment delivery. Even a small reduction
in BDT could potentially enhance patient throughput in clinical settings. Fur-
thermore, the integration of delivery-accelerating strategies could be seamlessly
implemented into existing treatment planning systems. It is noteworthy that post-
processing filter, including the subsequent short re-optimization, only takes around
10 minutes for the patients evaluated in this study (with 5 minutes dedicated to
pre-dose calculation which could be cached). This relatively short running time
might fall within an acceptable range of delay for proton treatment planning.

This study selected oropharyngeal cancer patients to showcase the filtering al-
gorithms, as these patients appear to highly benefit in terms of plan quality, even
though the delivery time remains long. However, the proposed post-processing
filters could potentially be applied to other treatment sites with long treatment
times, such as esophageal cancer that has shown very large difference compared to
its IMPT plan counterpart in a recent institutional study [183]. Finally, it is impor-
tant to acknowledge the limitations of this study, including the small sample size
of four patients and the absence of statistical analysis. Nevertheless, this study
provides a proof of concept and lays the groundwork for future investigations.



178 CHAPTER 7. OPTIMIZING EFFICIENCY

7.5 Conclusion
In conclusion, this study introduces energy layer filtering as a post-processing
step of the dose optimization to accelerate the delivery of proton arc treatment
plans. The results demonstrate that these filters effectively reduce beam delivery
times while maintaining plan quality. These methods hold particular promise when
combined with fast energy layer pre-selection techniques for designing arc plans
that lack dose information for their selection. The findings support the use of
proton arc therapy in reducing organ-at-risk toxicity and improving local tumor
control in oropharyngeal cancers. Further research is needed to optimize proton arc
planning and understand the underlying requirements for energy layer selection.
The proposed filters have the potential to enhance clinic efficiency and patient
throughput without compromising treatment quality.
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Unveiling complexity

The content presented in this chapter originates from a manuscript titled “The
proton arc therapy treatment planning problem is NP-hard”, which has been sub-
mitted to the Computers in Biology and Medicine journal and is currently under
revision.
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Summary

Proton arc therapy (PAT) is an advanced radiotherapy technique using charged
particles in which the radiation device rotates continuously around the patient
while irradiating the tumor. Compared to conventional, fixed-angle beam delivery
mode, proton arc therapy has the potential to further improve the quality of
cancer treatment by delivering accurate radiation dose to tumors while minimizing
damage to surrounding healthy tissues. However, the computational complexity
of treatment planning in PAT raises challenges as to its effective implementation.
In this paper, we demonstrate that designing a PAT plan through algorithmic
methods is a NP-hard problem (in fact, NP-complete), where the problem size is
determined by the number of discrete irradiation angles from which the radiation
can be delivered. This finding highlights the inherent complexity of PAT treatment
planning and emphasizes the need for efficient algorithms and heuristics to address
the challenges associated with optimizing the delivery of radiation doses in this
context.
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8.1 Introduction

Proton arc therapy (PAT) is a novel modality in the field of radiation therapy
for cancer treatment. Unlike the conventional intensity modulated proton therapy
(IMPT) that delivers irradiation from a few discrete angles, PAT administers treat-
ments dynamically, which means that the irradiation device (the gantry) rotates
continuously around the patient. This dynamic method allows for irradiation from
dozens to hundreds of discrete directions following a sequence of energy layers or-
ganized in sectors, which define the proton beam range in the patient to effectively
reach and cover the tumor in depth, as illustrated in Fig. 8.1. The anticipated
benefit of such a diverse range of irradiation angles is an increased adaptability to
meet the clinical objectives set by radiation oncologists. The continuous move-
ment also simplifies the treatment workflow as a single field is delivered without
pauses at discrete intervals along the arc.
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Figure 8.1: Dynamic proton arc delivery concept. An arc beam is subdivided
into angular sectors. Each irradiation direction in each sector delivers a unique
energy layer corresponding to a tumor layer. Energy decreases within a sector but
increases in-between.

However, this increase in degrees of freedom introduces significant complexities
into the treatment planning optimization process. While the extended pool of
angles potentially offers greater flexibility, it concurrently demands a meticulous
balancing act. It goes beyond satisfying treatment goals; it also entails optimizing
the total delivery time due to the extensive number of irradiation angles. The quest
for optimal proton arc plans has been a hotbed of research, with various strate-
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gies under scrutiny. For instance, convex optimization techniques predominantly
focus on minimizing a surrogate of the delivery time [16, 155, 156]. Approaches
such as simulated annealing with dedicated neighborhood operators have been ex-
plored, and global optimization strategies have been applied using mixed-integer
programming formulations [249]. Recognizing the sheer scale and intricacy of the
problem, some researchers have proposed heuristics, albeit at the cost of reducing
the overall flexibility [17, 26, 161].

In light of these challenges, the following question emerges: Is the optimization
problem associated with PAT inherently difficult, more formally, is it NP-hard?
This question was initially posed by Wuyckens et al. [212], providing complexity
results and insights in some particular configurations. So far, no complexity proof
for the general PAT problem has been given yet. In this paper, we demonstrate that
the proton arc therapy treatment plan optimization problem is NP-hard indeed.
We use a reduction from a well know NP-hard problem, the vertex cover problem,
hence proving PAT is at least as difficult.

The paper is organized as follows. Section 2 introduces the proton arc therapy
treatment planning problem and a formal mathematical description is provided.
Section 3 proves that this problem is NP-Hard, whereas Section 4 briefly discusses
the implications of this finding and provides some broader perspectives.

8.2 Background
The construction of a proton therapy treatment plan delivered with the most ad-
vanced delivery technique, namely, pencil beam scanning (PBS) [39], is commonly
formulated as an optimization problem in which a set of spots, which are narrow
proton pencil beams, are defined for each specified discrete gantry angle to cover
the target volume. These spots within each angle are organized into energy layers,
as illustrated in fig. 8.2. The energy layer controls the energy level at which the
proton beam irradiates, corresponding to a specific depth within the patient (i.e.,
the higher the energy, the deeper we can reach) whereas each spot represents
a (x,y) location in the tumor targeted by the proton beam. A weight, or beam
modulation factor, is assigned to each spot and directly correlates to the amount
of dose to be delivered for that plan configuration. Beam modulation can be
expressed as d = Ax where each entry in vector d is the dose in a voxel (i.e., a
3D pixel in the planning image), each entry of vector x represents the weight of
a spot, and A is the linear operator that relates the weights to the total dose in
all voxels. Each column of A, thus represents the elementary dose contribution
of a spot to all voxels. Given a plan with S spots and V voxels, A is therefore a
matrix of size V × S.
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Figure 8.2: Proton pencil beam scanning technique. By means of steering magnets
and adequate energy selection system, the proton beam irradiates the tumor spot
by spot and layer by layer.

The details of how the design of a plan is modelled as an optimization prob-
lem varies a lot depending on the problem specific statement and implementation
design choices. We adopt a simplistic, yet realistic, model in this paper. It in-
tegrates a minimum dose constraint on the target volume (TV), ensuring each
voxel in the TV receives at least the prescribed dose p set by the user. Another
common restriction limits the average dose c an organ at risk (OAR) might re-
ceive. Mathematically, the classical proton therapy (IMPT) optimization problem
is formulated as

min
x

f(x) (8.1)

s.t. d = Ax (8.2)

∀i ∈ TV, di ≥ p (8.3)

∀Ω ∈ OAR,
1

|Ω|
∑
i∈Ω

di ≤ cΩ (8.4)

∀s : 1..S, xs ∈ {0} ∪ [ϵ,+∞) . (8.5)

Here ϵ is the minimal intensity a spot can deliver (machine-specific parameter)
and f(x) is a linear function on the spot weights x. For example, if one seeks
the combination of spot weights that meets the prescription p on the TV as well
as the mean dose constraint on the OAR, while minimizing at the same time
the irradiation overhead on normal tissue voxels, then one could define f(x) =
(Ax)TIn, that is, the total irradiation over all the voxels, with In being the
indicator vector such that Inv equals one if v is an normal tissue voxel, and zero
otherwise. This problem boils down to a linear program, which can be solved in
polynomial time.

As already identified in Wuyckens et al. [212], the problem becomes less trivial
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when taking time considerations into account. One aspect to consider is constrain-
ing the BDT to compete with simpler treatment delivery methods that involve
fewer spot candidates. Another important reason for limiting the BDT is to en-
hance patient comfort and reduce potential time-related treatment uncertainties,
such as patient motion. In practice, an optimal arc plan x found for (8.1)-(8.5)
may typically take too long to be delivered by the gantry because many energy
layers and spots must be delivered. The actual BDT is a complex function influ-
enced by a multitude of parameters. It takes into account irradiation parameters
such as the spot scanning time, that is, the time it takes to irradiate a specific
spot. It also depends on electro-mechanical parameters, notably the time it takes
to switch between spots and energy layers (spot and energy layer switching time)
and quantities such as the maximum velocity and acceleration of the gantry to
reach the next irradiation window. This multifaceted nature of BDT may result in
a highly non-convex objective function, making it difficult to evaluate accurately
and hardly tractable for many optimization methods.

While seeking for possible BDT approximation functions, a dominant cause
of time consumption in delivery happens to be the energy layer switching time
(ELST). In order to mitigate it, the community has shown a growing interest in
the energy layer structure of proton arc plans. A common strategy is to impose
that each angle of irradiation be restricted to a single energy layer. Additionally,
there is a deliberate effort to minimize the number of times the energy of the
proton beam increases during the plan delivery. Any change of energy level is
slow indeed, but going upwards turns out to be an order of magnitude slower than
going downwards. For consistency in our discourse, upward energy switching will
be termed “SU” for energy switch-up, thereby matching the nomenclature from
[155]. Given the time concerns of SU, proton arc plans often use a sector-based
representation for the sequence of irradiation angles. Here, each angular sector
follows a decreasing energy pattern, with energy only allowed to increase between
sectors. In this setup, each sector acts as an IMPT beam, aiming to cover the
target in depth as depicted in Fig. 8.1. Conventional IMPT plans usually have
a limited number of beams, typically 2 to 4, and a consistent downward energy
sequence at each angle, and thus they do not face the same challenges with ELST,
making the planning process more straightforward.

The optimization problem stated in Eq. 8.1-8.5 must therefore be refined in the
context of PAT and introduce a new constraint such that the produced PAT plan
will be delivered in a reasonable time, by limiting the number of SU to an upper
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bound k. This leads to the following generalization:

min
x

f(x) (8.6)

s.t. d = Ax (8.7)

∀i ∈ TV, di ≥ p (8.8)

∀Ω ∈ OAR,
1

|Ω|
∑
i∈Ω

di ≤ cΩ (8.9)

θ(y) ≤ k (8.10)

∀s : 1..S, 1

M
xs ≤ ys ≤Mxs (8.11)

∀s : 1..S, xs ∈ {0} ∪ [ϵ,+∞), ys ∈ {0, 1} , (8.12)

where M is a sufficiently large scalar so that ys = 1 if xs ≥ ϵ, zero otherwise
(e.g., M = 1/ϵ). Here y is therefore a binary vector (of redundant variables)
that indicates which spots s are activated (xs > 0) or not. Note that if all spots
of an energy layer are zero, then that energy layer is not used. θ(y) is therefore
the BDT constraint. Because, most research in the field has been focused on the
reduction of SU to approximate and indirectly minimize the BDT, we will define
θ(y) as the function that returns the number of energy SU according to active
spots y.

In 2022, Wuyckens et al. showed that an extension of the PAT problem, in
which there are a lower limit as well as an upper limit on the number of SU is
NP-hard in the general case [212]. In this study we will show that regular PAT
plans are also NP-hard.

8.3 Main results

8.3.1 Hardness of PAT

Given the inherent computational challenges associated with PAT treatment
planning problems, investigating and qualifying its computational complexity be-
comes valuable. In this section, we prove Theorem 8.3.1 by reducing the PAT
problem to the well-known vertex cover problem (VCP).

Theorem 8.3.1. The proton arc therapy treatment planning problem is NP-hard.

Proof.
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The Vertex Cover Problem. The VCP is a classic NP-complete problem
[250]. In its decision version, and given a graph G, the objective is to determine
whether there exists a set of at most K1 vertices such that every edge in the
graph is connected to at least one vertex in the set. The optimization version
hence simply consists in finding a minimal set of such vertices. Formally, the
decision VCP can be defined using binary integer programming as:

∑
i

v′i ≤ K1 (8.13)

v′i + v′j ≥ 1 ∀(i, j) ∈ E (8.14)

v′i ∈ {0, 1} ∀i ∈ V ′ , (8.15)

where V ′ is the set of vertices in G, E represents the set of edges in G and v′i
binary value indicates whether every vertex is either in the vertex cover or not.
We note (V ′, E,K1) an instance of the VCP.

Reduction to the PAT Problem. Consider a particular PAT problem with
a single target voxel representing the tumor. This voxel is situated within the
anatomy in such a way that the sequence of angles requires an increase in energy
along the arc. This need stems from the fact that the target location in depth
increases with the changing gantry angle position, as illustrated in Fig. 8.3. Each
angle in this setup has a single available energy layer, with only one spot.

For each spot s, define a restricting voxel as the first OAR voxel v that, as
we increase the weight of that spot, reaches its maximum dose constraint cΩ as
per Eq. 8.9. This definition is contingent on the assumption that no other spot
contributes to the dose delivered to this voxel v. Referring to Fig. 8.3, the yellow
pixels represent an example of restricting voxels on a 2D slice of a patient X-ray
image.

Let K2 denote the upper limit on the number of SU, and p represent the mini-
mum required dose in the target voxel to satisfy the dose prescription (enforcing
Eq. 8.8). Ensure that the restricting voxels limit the dose to the target voxel to

p
K2+1 per spot. This stipulates that for a set of K2 + 1 spots, each spot must be
at its maximum weight to achieve the target dose p. Consequently, this gives us
a binary decision problem, since each spot either has zero weight or its maximum
weight. Picking an energy layer (and by extension its associated spot) is thus
equivalent to make a SU in the sequence.
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Figure 8.3: The PAT problem instance used in our reduction: One single voxel (red
pixel on patient slice) is irradiated by an increasing energy sequence (green dots).
A restricting voxel (yellow pixel, belongs to left lung) constraints the maximum
spot weight of each spot from each energy layer (EL). Not picking an EL means
removing a costly upward energy switching.

Given the set of binary decision variables yi where yi = 1 indicates the i-
th energy layer is active (i.e., picked) and 0 otherwise, we derive the following
system:

S∑
i=1

yi = K2 + 1 (8.16)

yi + yj ≤ 1 ∀i, j satisfying a mean dose constraint, (8.17)

where the first equality results from the fact that exactly K2 + 1 spots are
required in order to reach the target dose p. To create dose constraints of the
form yi + yj ≤ 1 for pairs of energy layers (for each edge in the VCP, Eq 8.14),
we design an OAR only affected by layer i and layer j. This is visually represented
by the green regions in Fig. 8.4 that uses the ribs as a potential OAR receiving
dose contributions from two unique spots.

The mean dose in this OAR can be written as αiyi+αjyj , with αi and αj being
positive constants. We assert this dose must be less than or equal to c (see Eq.
8.9). Assuming, with no loss of generality, that αi ≤ αj , we get:



188 CHAPTER 8. UNVEILING COMPLEXITY

Target voxel
Ribs

Figure 8.4: Mean dose constraint example: the ribs receive dose contribution only
from two spots (highlighted in green)

yi +
αj

αi
yj ≤

c

αi
.

Consider the case where c = αi

yi +
αj

αi
yj ≤ 1 .

This is true if and only if yi + yj ≤ 1 since
αj

αi
≤ 1 and y can only be 0 or 1

which is now equivalent to the constraint formulated in Eq. 8.17.

Following the system established in Eq. 8.16-8.17, an instance of PAT will be
denoted (f, S, C,K2) where S is the number of spots, C is the number of mean
dose constraints. We now prove that there exists a transformation T (V ′, E,K1) =
(f, S, C,K2), computed in polynomial time, such that

VCP(V ′, E,K1)↔ PAT(f, S, C,K2) ,

that is, there exists a vertex cover for (V ′, E,K1) if and only if there exists a
solution to the PAT instance (f, S, C,K2), as described in program 8.6-8.12. We
set S = V ′ the number of energy layers (or spots) in our problem. Every vertex
in the VCP is associated with an energy layer (or spot) with the subtlety that the
unused energy layers (or spots) represent the selected vertices in the vertex cover,
leading to 1− v′i = yi. Similarly, C = E is the number of mean dose constraints
and each mean dose constraint represent an edge in the VCP. Now, let us set
f(x) = 0 for the decision problem. The resulting transformations are:
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yi + yj ≤ 1 =⇒ 1− v′i + 1− v′j ≤ 1 =⇒ v′i + v′j ≥ 1 . (8.18)

Additionally, the relationship between the summations yields

N∑
i=1

yi = K2 + 1 =⇒
N∑
i=1

v′i = N −K2 − 1 . (8.19)

Setting K1 = N −K2 − 1, we obtain K2(K1) = N −K1 − 1.

If an oracle could determine the PAT decision problem, it would also solve the
VCP efficiently. The relationship between K2 SU for PAT and

∑N v′i vertex cover
in the VCP implies that if the oracle finds a PAT solution with K2 = N −K1− 1
SU, a solution to the corresponding VCP exists. If no PAT solution is identified
by the oracle, then none addresses the VCP either.

We shall now establish that constructing the PAT instance (S,C,K2) from the
VCP instance (V ′, E,K1) can be achieved in polynomial time. Assuming that the
complexity of constructing the PAT instance is dominated by the beamlet matrix
A and the OAR voxels set, we construct:

• The beamlet matrix A, which has dimensions V × S with V = V ′ + 1
(accounting for one restricting voxel per vertex and an additional voxel for
the target) and S = V ′ (representing one spot per vertex). This results in
a complexity of O(V S) = O(V ′ 2).

• The OAR voxel set where one OAR corresponds to one edge in the VCP
and each OAR contains exactly two elements leading to O(2E) = O(E).

Combining these complexities results in a total complexity of O(V ′ 2 + E) =
O(V ′ 2+V ′ 2) = O(V ′ 2), given that E includes at most 1

2V
′(V ′−1) edges in the

graph. The construction can thus be made in polynomial time. Given that the
Vertex Cover Problem is NP-complete, this proves the NP-hardness of the PAT
problem. □

We can also prove Corollary 8.3.1.1.

Corollary 8.3.1.1. The proton arc therapy treatment planning problem is
NP-complete.

Proof. Verifying the validity of a solution x amounts to calculating the dose
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in each voxel of the problem and checking constraints 8.8-8.12, which can be
computed in polynomial O(V S) time, due to the matrix-vector multiplication. □

While the proof presented in section 8.3.1 aimed at demonstrating that PAT is
NP-hard when constraining the number of SU, it is possible that any variant where
one wants to control the plan structure may be proven NP-hard too. The θ(y)
function can be adapted for this purpose. In order to make NP-hardness proofs,
there is no need here to further mathematically define how θ(y) can be computed,
it is sufficient to define what it should return. For example, if one simply wants to
constrain the treatment plan not to use more than K2 spots in total, that is, here
we simply define θ(y) to return the number of active spots. The formulation of our
problem with one single spot per energy layer per direction is directly compatible
with this new problem statement which is in fact even simpler. This obviously
holds if one wants to constrain on the total number of energy layers in the plan.

Note that in our problem setup, the energy level would decrease in the spot
sequence if the gantry rotates in the opposite direction. However, our proof
remains valid for the case when the gantry is allowed to rotate in either direction.
For example, in Fig. 8.3 one could simply extend the plan using mirror symmetry
from the right hand side to the left hand side. That would ensure that there is an
increase of energy when the gantry is on one side of the patient and a decrease
on the other side, no matter which direction the gantry rotates.

8.3.2 Application to heavy ion arc therapy

The extension of arcing techniques to heavy ion therapies, using carbon ions
for instance, has garnered significant attention due to their increased biological
efficiency for radio-resistant cancer treatment [167, 166]. Consequently, we are
led to question whether the NP-hardness proof that was previously demonstrated
for proton arc therapy is also applicable to heavy ion arc therapy.

Heavy ions differ from protons in their interaction with matter, inflicting severe
DNA damages via complex mechanisms. Multiple models have been proposed to
understand and predict the radiobiological effect of heavy ions in matter. The
Relative Biological Effectiveness (RBE) is a concept introduced to quantify the
biological damage caused by a particular type of ionizing radiation compared to
a reference radiation, usually X-rays [36]. The biological effective dose (BED), is
thus calculated as the product of the absorbed dose (in Gy) and the RBE:

BED = Absorbed dose (Gy) · RBE . (8.20)
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In proton therapy, an RBE value of 1.1 is commonly adopted, suggesting that
protons are approximately 10% more biologically effective than photons per unit
of physical dose. For heavy ion therapy, the RBE is significantly higher and fluc-
tuates more noticeably throughout the irradiated volume, necessitating a more
detailed RBE model. In heavy ion beam therapy, the Local Effect Model (LEM)
is a method for converting the physical dose into an effective biological dose, ac-
counting for the increased damage induced by the densely ionizing tracks of ions
[251, 252].

In the context of spot-scanning delivery mode, we can extend our proof by
considering the salient biological aspects and demonstrate Theorem 8.3.1.2.

Corollary 8.3.1.2. The heavy ion arc therapy treatment planning problem is NP-
hard.

Proof. As we revisit the NP-hardness proof for proton arc problem, we realize
that we cannot directly state that the restricting voxels for all spots constrain the
dose to the target voxel to p

K2+1 , due to the variable RBE. We can elucidate this
through a two-spot example.

Suppose the minimum target dose in the voxel is p. Let the previously deter-
mined RBE from each spot be denoted as RBEspot1 and RBEspot2 . Due to factors
such as different beam energies, RBEspot1 and RBEspot2 may not be equal. For
instance, RBEspot1 might be 1.2, while RBEspot2 is 1.4.

To ensure equal biological dose contributions from both spots, we adjust the
physical dose Dspoti from each spot according to:

Dspoti = (RBEt/RBEspoti) ·
p

K2 + 1
, (8.21)

where RBEt is the targeted RBE. This equation means that if the RBE from a
certain spot is higher than the targeted RBE, then we need a lower physical dose
given in that spot (and vice versa) to ensure that the product of RBE and dose is
the same from all spots.

For instance, assuming RBEt = 1.3, p = 2 Gy and K2 = 1, the physical doses
at the two spots in the target voxel are:
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Dspot1 = (1.3/1.2) · 2 Gy

2
= 1.08 Gy

Dspot2 = (1.3/1.4) · 2 Gy

2
= 0.93 Gy .

We verify the biological dose contributions from the two spots as:

RBEspot1 ·Dspot1 = 1.2 · 1.08 Gy = 1.3 Gy(RBE)

RBEspot2 ·Dspot2 = 1.4 · 0.93 Gy = 1.3 Gy(RBE) .

Although the physical doses and RBE values differ for the two spots, they
contribute equally to the total biological dose. This can be generalized to more
than two spots, thereby providing a robust translation of the NP-hardness proof
from proton to heavy ion arc therapy for spot-scanning delivery.

The remainder of the proof proceeds along the lines of what has been previously
established for proton arc therapy. We can therefore claim that heavy ion arc
therapy treatment planning is also a NP-hard problem. □

8.4 Concluding remarks
In this study, we have presented a proof to demonstrate that the PAT problem is
NP-hard, adding to the growing body of knowledge in the field of computational
complexity theory related to radiotherapy planning [253, 254]. Our research not
only confirms the intuition that optimizing PAT plans is a challenging task but it
also raises crucial questions about the practicality of finding efficient algorithms
to address this problem optimally.

The implications of our findings extend beyond theoretical computer science and
have significant ramifications for the clinical application of proton arc therapy. As
the demand for accurate radiation therapy continues to grow, the ability to gener-
ate high-quality treatment plans in a time-efficient manner becomes paramount.
Our results suggest that, from a pure mathematical point of view, finding optimal
proton arc therapy plans may be infeasible in practice for large, complex cases.

However, it is important to note that the NP-hardness of the proton arc prob-
lem should not discourage further research in this area. Instead, it should serve
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as a catalyst for the development of heuristic approaches and approximation al-
gorithms that can provide near-optimal solutions within acceptable time frames.
Collaborative efforts between computer scientists, physicists, and clinicians will
be essential to bridge the gap between the theoretical complexity and the clinical
feasibility of proton arc therapy planning.

While this study predominantly focused on the PAT treatment planning problem,
other variants may probably be proven as NP-hard too. This holds especially true
if they possess certain constraints (or objectives) related to the structure of their
solution and can be reduced from the PAT problem. This raises an intriguing
query: Is there an existing or potentially novel variant of the problem where this
might not hold true? Specifically, can we conceive a “structurally constrained”
PAT with a non-trivial (i.e., non-constant) function θ(y), yet remains resistant
to a polynomial reduction from the PAT problem? If such an exception does not
exist, how might we go about proving this? How can we demonstrate that as long
as θ(y) is not constant, a reduction from PAT is possible?

In conclusion, our study underscores the importance of recognizing the com-
putational complexity of proton arc therapy planning, emphazing the significant
challenge it presents. While NP-hardness implies limitations on potential solu-
tions, it is not insurmountable for the proton arc community. Heuristics such as
the ELSA [26] and SPArc [17] algorithms have shown positive results. We can an-
ticipate improved outcomes for cancer patients through the application of proton
arc therapy by the development of other such algorithms.
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Chapter 9

Conclusion and outlook

Chapter 9 marks the conclusion of this work and offers insights into future direc-
tions and perspectives.

195
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Proton arc therapy represents a natural evolution from the fixed-angle IMPT
modality in cancer radiation treatment, similar to how rotational IMRT arose from
fixed-angle IMRT in photon therapy. However, the technical requirements for
enabling this transition in proton therapy are drastically different and demanding
at all levels. Hardware upgrades are required to enable the accurate delivery of
proton radiation during the continuous rotation of the gigantic gantry, all while
ensuring safety. New software challenges also arise as a direct consequence of
hardware limitations. Recall the unique property of charged particle beams to stop
in matter; energy modulation is required to cover the target volume in-depth. In
most PBS-based systems, this is the role of the energy selection system (ESS)
at the accelerator’s exit and the complex magnet systems from the accelerator to
the patient. However the energy change is not instantaneous and ranges between
a fraction of a second and several seconds, depending on the system and energy
change direction. This technical limitation becomes problematic when delivering a
proton arc plan with hundreds of beam directions, each with numerous energy layer
candidates. Consequently, traditional algorithms used for spot weight optimization
in proton therapy cannot be directly applied to PAT treatment planning. They
must be adapted or entirely re-imagined to account for the new degrees of freedom
associated with PAT and make a thoughtful selection among them to deliver the
plan efficiently and maximize potential clinical benefits.

The primary objective of this thesis was to better understand the optimization
challenges inherent to PAT treatment planning and investigate potential solutions.
Our aim was not to rigorously demonstrate the clinical value of PAT for various
treatment sites. Instead, our focus was on studying the mathematical foundations
of the problem and highlighting the key attributes that define an effective PAT
optimizer.

The contributions can be summarized as follows:

• In January 2020, when starting this thesis, there were very limited optimiza-
tion algorithms available for PAT planning. Actually, there were only three
solutions to address specifically the ELSP and reduce the total number of
EL in PAT plans: the mono-energetic and bi-energetic PMAT [153] and
the SPArc [17] algorithms both published in 2016, and Battinelli’s [144]
2019 masters thesis. Following these breakthroughs, more researchers be-
gan to explore the quest for an optimal PAT treatment planning solution,
including our team. Our research journey was prompted by an important
paper by Gu et al. [16], where they introduced a novel approach that imple-
ments a combined optimization framework. This framework simultaneously
optimizes energy layer sparsity and sequencing alongside traditional spot
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weight optimization. We embarked on this road with the aim of gaining
a deeper understanding of the problem, enhancing the existing methods,
and developing our own novel solvers. This led to the consequent Chap-
ter 3 of this thesis. For this study, we implemented and compared three
in-house PAT solvers that aim at directly solving the ELSP combined with
the dose optimization problem. Although the comparison is mostly quali-
tative with no clinical implications, we believe the study contributed to the
overall understanding of the PAT treatment planning problem. The PAT al-
gorithms development was carried out within the context of the early stage
of OpenTPS [19], which has since evolved into an advanced open-source
research TPS for proton therapy.

• In the integrated framework proposed for solving both the ELSP and dose
optimization in PAT planning, the notion of trade-offs naturally arises. How-
ever, in its current form, the planner is required to manually adjust the
weights of each objective term in the total objective function to reach the
desired balance. Alternatively, it is possible to incorporate a combination
of hard and soft constraints, provided that the solver supports such prob-
lem statement. For instance, one could constrain the ELST to a maximum
value. However, this approach is not straightforward, as there is uncertainty
about whether the constraint might become overly restrictive and hinder
the spot weight optimizer’s ability to meet the dose objectives. Trade-offs
in treatment planning have been a recurring topic in radiotherapy, given the
inherent conflicts between the goals of effectively treating the target while
sparing healthy tissues [116, 208, 255]. Chapter 4 of this thesis employed
an existing method [25] to approximate a Pareto front for multi-objective
optimization. We applied the method to evaluate the trade-off between the
overall plan quality objective and the computed ELST in the PAT plans for
several treatment sites. Although this presented major computational chal-
lenges, this study marked the first attempt to address the PAT problem as
a bi-criteria optimization problem.

• During this thesis, tackling the computational demands of PAT plan opti-
mization became a serious hurdle. While the Python programming language
in the optimization simulations played a role, it was not the sole issue. Ro-
bust optimization was therefore not even considered because of a lack of
computing efficiency. What added to this challenge was the fact that even
industry experts moved away from combined optimization methods utilizing
the whole set of degrees of freedom, favoring heuristic methods for PAT
planning. Seeing this trend, we followed a similar approach. In chapter
5, we developed a method focused on pre-selecting EL, prior to the regular
spot weight optimization, based on geometrical target coverage and a direct
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estimate of the dynamic BDT. Our approach is unique in that it directly
models BDT within the objective function and takes into account the need to
spare the OAR. Other EL pre-selection techniques developed so far primarily
focused on reducing energy SU [153, 26] or minimizing the total number
of EL [159], thus minimizing indirectly the BDT. With this approach, we
successfully generated robust PAT plans that met clinical objectives. We
compared these plans with RaySearch’s dynamic PAT optimizer prototype
(ELSA) [26] and a standard IMPT plan. Our method achieved similar or
slightly better plan quality in terms of OAR sparing, all while substantially
reducing BDT compared to ELSA. The method builds upon existing EL
pre-selection methods, offering distinct strengths due to its direct modeling
of the BDT in the objective function and ability to spare OAR.

• As our research on combined optimization methods for PAT planning (i.e.
dose-based EL selection) gained attention, we began collaborating more
closely with industry experts, specifically RaySearch Laboratories. They
had developed the aforementioned ELSA pre-selection technique, which was
showcased for prostate cancer treatments and achieved very fast computa-
tion times [26]. However, ELSA, as all EL pre-selection methods (including
ours presented in Chapter 5), has potential pitfalls. It pre-selects EL with-
out considering dose information, sometimes resulting in suboptimal PAT
plans failing to fulfill clinical goals. To make better use of PAT DOF, we
brainstormed ways to combine ELSA’s speed with dose-based EL selection
effectively. In chapter 6, we attempted to expand the set of initial EL and
introduce functions to penalize less useful EL during the dose optimization
process. This approach involved modifying RayStation’s source code in a
research build to include a “cardinality” operator, which approximates the
active number of EL for each discrete direction or in total. By minimizing
such function along with the usual dose objectives, low MU weighted EL
were penalized and filtered out at user-defined intervals. Unfortunately, the
results were unsatisfactory, leading us to revisit the concept of EL filtering.
However, this time, we approached it as a post-processing step, which is
the focus of Chapter 7. The objective shifted from enhancing plan quality
to improving the delivery efficiency of ELSA plans, leveraging the dose in-
formation available post-optimization. This work represents an important
milestone in reconciling dose-based EL selection with geometry-based EL
pre-selection, specifically aimed at accelerating delivery and optimization,
and this in a commercial TPS software.

• The final contribution of this thesis is a pure mathematical proof that has
important implications for research in PAT treatment planning. We have
formally demonstrated that the decision problem associated with PAT plan-
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ning, which involves determining if a plan can meet clinical goals while using
a sequence of EL with fewer than x energy SU, is NP-hard. This classifi-
cation places it within a category of computationally challenging problems,
where there is no known algorithm capable of solving all instances of the
problem in polynomial time. This implies that finding an optimal solution
can require exponential time with increasing instance size. While this result
was previously suspected in Chapter 3, we have now provided a comprehen-
sive mathematical proof that identifies the SU constraint as the source of
NP-hardness in the PAT problem. The proof was also extended for heavy
ion arc treatment planning. As a result of these proofs, it becomes clear
that using global optimization algorithms for this problem, which initially
appeared well-suited due to the discrete modeling of EL selection, is not a
practical approach. Instead, it directs researchers towards the development
of approximation methods, heuristics, and problem-specific techniques to
find high-quality solutions within a reasonable time frame. In practice, the
community has already adopted such approaches, and now we have a formal
basis for this choice, aligning theory with practical necessity.

Some perspectives for the work accomplished in this thesis will be discussed in
the next sections by delving into several aspects.

The ideal PAT optimizer

In the context of PAT treatment planning, we need to strike a careful balance
among three key aspects: plan quality, optimization time, and delivery time. This
takeaway is essential for anyone looking to address the PAT planning problem
effectively. Our study demonstrates that combined optimization of a surrogate
for the BDT alongside spot weights can theoretically yield high-quality plans with
reduced numbers of EL and SU. However, the computational demands for dose
computation and optimization with all possible discrete angles and EL candidates
are currently impractical. These demands often result in optimization runs taking
more than an hour for a single non-robust run [16, 155]. So, does this imply that
we should abandon these techniques and exclusively rely on EL pre-selection meth-
ods, which are by design more computationally efficient? This remains an open
question. In my view, the full optimization framework should not be dismissed
before thorough evaluation within high-performance computational environments,
such as commercial TPS. However, this is not a straightforward task, as new objec-
tive functions and solvers would likely need implementation to handle EL sparsity
and sequencing. During my three-month visit at RaySearch, as mentioned earlier,
we made an attempt in this direction, which was summarized in Chapter 6. We
formulated a new objective function that the convex solver could accommodate
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to penalize and filter out the ‘worse’ EL during the spot weight optimization.
The penalizing and filtering processes were applied to a plan that differed from a
baseline plan by employing a half gantry angle spacing or allowing an additional
arc rotation in the opposite direction after the first arc beam was delivered. This
essentially doubled the pool of candidate EL, and we filtered out half of them to
match the number in the baseline plan at the end of the optimization. We tested
this method on oropharyngeal cancer patients whose baseline plans utilized a full
360° arc rotation with 360 EL. Surprisingly, we observed that the dose-based EL
selection method had minimal impact on plan quality. Upon further investigation,
we realized that the baseline plans might have already been of sufficiently high
quality, rendering dose-based EL selection less influential. This has been further
supported when we compared the baseline plans (i.e. dynamic arc) to discrete arc
plans, which may be considered a gold standard in terms of plan quality for PAT
planning. The baseline plans quality was already very close the the discrete plan
one, suggesting that we may had already reached the optimal level of quality. In
my opinion, this method may require further research for treatment sites where
the baseline plan does not meet the desired quality. Nonetheless, the method, as
it stands, substantially increases the BDT due to the finer gantry spacing or addi-
tional arc revolution. The potential benefits must, therefore, be carefully weighted
against the increased delivery time. In this context, EL post-filtering strategies, as
described in Chapter 7, may be found extremely useful in mitigating this increase.
Moreover, when incorporating new objectives into an objective function, typically
expressed as a linear weighted sum in the field, the challenge of manually tuning
the weight of each objective adds complexity to PAT planning, which can lead to
a tedious trial-and-error until finding the right balance of objective. Developing
methods to solve the PAT problem is thus difficult because we aim to maintain
user-friendly simplicity while providing the necessary flexibility for users to make
informed choices. This complexity prompts the question: How can we navigate
the trade-offs between plan quality and BDT effectively? This is where MCO
interactive techniques, commonly known as Pareto surface navigation [208], can
make a difference. MCO is not new to the radiotherapy community and dedicated
features have already been implemented in some clinical TPS to study trade-offs
between dose objectives among the target and nearby OAR. However, its usage
seems to remain relatively underutilized and demonstrated only in a few study
cases [256, 23, 257, 258] mostly centered on IMRT treatments. One of the pos-
sible explanation is that radiation oncologists, who are best equipped to make
such decisions on trade-offs, typically get involved only during the final step of
treatment plan approval and are not actively engaged in the plan optimization
workflow due to their already heavy workload [259].

Now, let us consider the EL pre-selection methods. They effectively address
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two major concerns in PAT planning: optimization time and delivery time. These
methods are usually exceptionally fast because they do not rely on computationally
intensive dose matrix multiplication to select the EL and restrict the subsequent
spot weight optimization to the selected set of EL. Instead, they use simple objec-
tives like geometrical coverage, which can be computed efficiently, to carry out the
EL selection. Since they are heuristics, they can directly minimize a closer estima-
tion of the full dynamic BDT, as demonstrated in Chapter 5, or surrogate of this
time can be constrained through the plan’s design. However, the key challenge
that remains is ensuring high plan quality, which is probably the largest concern. In
several cases, EL pre-selection methods could produce high-quality PAT plans that
meet clinical objectives [26, 159]. But is this sufficient justification for choosing
PAT over conventional IMPT? To address this question, it is essential to subject
EL pre-selection methods to rigorous testing and assess their performance across
larger patient cohorts for each disease site under evaluation. Currently, with lim-
ited available data, I believe we cannot definitively state whether dynamic PAT
plans generated with EL pre-selection offer a clinical advantage over conventional
planning with a small number of fixed-angle IMPT beams. This is an area that
requires further investigation.

However, let us take a step back and draw a parallel with photon treatments.
Tomotherapy (i.e. “slice therapy”), for instance, was developed in the late 1990s
and received FDA clearance in 2002 [260], preceding VMAT, which became more
prevalent in the late 2000s [124]. Tomotherapy combines technologies from IMRT
and CT scanning to deliver highly conformal radiation treatments using a mod-
ulated fan beam and a moving couch, while VMAT involves modulated gantry
rotation speed and dose rate. The introduction of VMAT was primarily driven
by its compatibility with current linac machines and its faster treatment deliv-
ery compared to conventional IMRT and tomotherapy. It was not necessarily
due to dosimetric advantages, as tomotherapy already offered highly conformal
photon therapy but for a higher overall cost [261]. The conformity achieved
with VMAT treatments compared to fixed-angle IMRT is typically equivalent, but
thanks to a larger set of degrees of freedom, VMAT often improves OAR sparing
[136, 137, 138, 139, 140, 141, 142]. With this perspective in mind, we could
view PAT as a modality designed to expedite the treatment delivery workflow
while maintaining high treatment quality, much like VMAT did for photon ther-
apy. If the additional DOF allow us to further improve plan quality, that may be
considered as a bonus.

Now, returning to the EL pre-selection method developed in the context of this
thesis; this work was conducted concurrently with the filtering methods discussed
in Chapter 7 and has only recently been completed. I realized that these two
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approaches could be complementary. We observed that the ELSA EL pre-selection
algorithm [26] studied here is highly dependent on the initial plan’s design. It
might be feasible to combine the concept of generating an ELSA plan with much
finer gantry spacing (resulting in an excessive number of EL) and then filtering the
energy layers using the SU gap method as well as eliminating irradiation directions
that intersect selected OAR, enhancing their sparing and reducing delivery time
simultaneously.

Another promising avenue for PAT optimization is the development of beamlet-
free dose optimization, a technique that combines fast MC dose simulation with
optimization [262]. In this approach, successive proton batches of randomly cho-
sen spots are used to both accumulate the dose and optimize the spot weights
through a stochastic coordinate descent algorithm [263]. By doing so, it bypasses
the computational burden of pre-computing the large beamlet matrix and the
heavy matrix multiplications required for calculating the total dose at each opti-
mization iteration. As a result, it reduces dependence on the initial number of
spots in the treatment plan. The actual extent of its benefit for IMPT treatment
planning, particularly in terms of computational efficiency, is yet to be compre-
hensively demonstrated. It hinges on multiple factors, including the capabilities of
the computing hardware and the specific characteristics of individual patient cases.
Nevertheless, the beamlet-free approach could hold valuable promise, particularly
for PAT plan optimization. This is because when considering all possible EL can-
didates in a PAT plan, the number of beamlets highly increases. In a small study
conducted by our team [249], we demonstrated that the beamlet-free approach
could enhance the computational efficiency of SPArc [17], addressing one of the
major concerns associated with this method – the need to recompute the beamlet
matrix after each splitting operation. Other PAT treatment planning approaches
might also benefit from the advantages of the beamlet-free approach. However,
the challenge of BDT modeling remains. Given that the beamlet-free approach
relies on a gradient-based method and finite differences gradient approximation,
it is unlikely to perform well with non-convex BDT models. To address this chal-
lenge, a method that tracks the activation status of EL and evaluates the spot
contribution to a convex BDT approximation may be necessary. Thus, the choice
between combined optimization and EL pre-selection keeps being an important
decision in PAT treatment planning using the beamlet-free method.

An engineering or software challenge ?
While this thesis has predominantly focused on addressing the software-related
challenges associated with ELST in PAT planning, it is legitimate to wonder
whether efforts should be redirected towards resolving these challenges within
accelerator engineering itself. Given the close collaboration with IBA, we know



CHAPTER 9. CONCLUSION AND OUTLOOK 203

they are well aware of the current software challenge that ELST imposes for arc
planning and are willing to speed it up, especially when it comes to energy SU.
However, the technical implications to improve ELST are becoming increasingly
challenging. Accelerating the ELST largely depends on the specific beamline
configuration and the type of magnets used. In gantry-based proton facilities
combined with a cyclotron technology, the ESS is often installed upstream just
after the extraction of the beam from the accelerator and all bending and focusing
magnets are downstream [264, 265]. As a consequence, at each energy change,
the current in each magnet along the beamline must be adjusted to ensure proper
beam transport to the isocenter. This leads to a lag in the energy layer switching
process which is more critical for SU than SD as completing a full magnet cycle,
starting from the highest energy value and then descending to the desired value,
is preferable for SU.

Research has been exploring achromatic magnets capable of a large momen-
tum acceptance [264, 247]. The momentum acceptance refers to the range of
energy variation that can occur without the need to retune the magnetic field in
the magnets from the entire beamline. With an achromatic magnet, no matter
what energy the beam has, it will be properly guided, eliminating the time issue
associated with ELST [264, 247, 245, 244]. These sophisticated magnets comes
however with a bigger size, price and complexity to set up, hence the initial reluc-
tance of vendors. Bi-directional energy modulation is another recent study that
could merit investigation for PAT delivery [266], as it takes advantage of both
magnet ramping directions to deliver an ascending followed by descending energy
sequence, increasing the delivery efficiency. Additionally, Maradia et al. have
demonstrated the effectiveness of dynamic ridge filters in broadening the Bragg
Peaks, substantially reducing the number of required EL while maintaining optimal
target conformity and sharp distal fall-off [248]. In another study, the same group
also focuses on enhancing beamline transmission efficiency using a wedge instead
of slits in the ESS [267]. This enables faster spot delivery with a higher dose rate
and reducing overall treatment time. Although primarily applied to field-by-field
IMPT delivery, these efforts hold great relevance for PAT, where the goal is to
minimize EL and spots, ultimately reducing BDT while achieving high treatment
quality.

Of course, several treatment machines and models have different ELST limita-
tions [268]. In synchrotron-based facilities, where the beam energy is directly set
at the accelerator, ELST is typically even longer compared to cyclotrons. This
is due to the irradiation being done per spill or cycle [269], which means that
after one EL is delivered, the remaining protons within the synchrotron ring must
decelerate and be discarded before the next EL can be delivered. Conventional
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synchrotrons with single-energy extraction are therefore not well-suited for arc
treatments at first glance. However, multi-energy extraction (MEE) techniques
have or are being developed for proton [270] or heavy ion therapy clinical use
[271, 272]. MEE techniques allow more efficient spill change for each EL delivery,
reaching down duration of hundreds of milliseconds by successively decelerating
particles to the next planned energy. Energy degradors can also be installed down-
stream, before the patient in the beam nozzle [132], allowing for ultra-fast energy
switching. However, particularly for protons, this can substantially broaden the
pencil beam size, potentially compromising the lateral dose fall-off and penumbra
[247]. This approach is therefore mostly considered for heavy ion arc systems
[273], which are sharper and have less scattering. Nonetheless, there is hope that
manufacturers will be able to further reduce the ELST in both directions (up and
down), but this won’t happen overnight and still has physics-related limitations.
If they were to achieve durations of hundreds of milliseconds to align the SU time
with the SD time, it would likely simplify the dynamic PAT optimization problem,
essentially converting it into a discrete optimization one. In this scenario, the
primary focus would be on reducing the total number of EL and spots in the plan
without causing a severe degradation in plan quality. These alternative methods
for EL filtering or sparsity have already been introduced in the field, offering a
more straightforward approach to PAT optimization [144, 159]. In turn, it would
probably render a portion of the research conducted in this thesis obsolete. This
underscores the dynamic nature of science, which continually evolves alongside
advancements in technology.

While much of our previous discussion have centered around the engineering
challenges of gantry-based systems, the emerging interest in gantry-less systems
cannot be overlooked. These systems use a fixed horizontal beam delivery setup,
eliminating the complexities associated with moving a hefty gantry and its asso-
ciated hardware. This naturally raises the question: How can one deliver PAT
with a fixed beamline? Presently, two primary solutions are on the horizon. The
first, still largely in the conceptual phase, involves modulating the field strengths
of compact magnets using concentric coils. This allows for rapid adjustments
in the incident angle of proton beams, effectively removing the need for gantry
and patient rotational systems [274]. The second approach suggests upright pa-
tient positioning systems, a topic that has been thoroughly examined in recent
literature [275, 89, 276]. As the name suggests, these systems position patients
in a reproducible seated, semi-seated or even standing posture, complemented
by dedicated image guidance systems. Combining the upright positioning with
particle therapy is at the center of the table today as rotating the patient in a
treatment chair is expected to be technologically simpler and more cost-effective
than rotating a massive gantry [182]. This would obviously create a particular
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synergistic compatibility for PAT treatments, in particular for facilities that do
not have gantry systems. Additionally, commercial options for vertical imaging
systems become available. Companies such as P-Cure (Shilat Industrial Zone,
Israel) or LEO Cancer Care (Smallfield, Horley, Surrey, UK) now look at how
designing a new radiotherapy therapy center with an upright positioning system
or even retrofitting the upright positioner system to an existing facility. While
the gantry-less approach does not address the ELST challenge for PAT, it offers
solutions to other issues. It could make conventional PT and PAT treatments ac-
cessible to more patients, as it eliminates the need for expensive gantry systems,
ultimately reducing the overall cost of PT treatments and systems maintenance.
This is particularly relevant for heavy ion therapy [277], where gantries are scarce
due to their cost, size, and advanced technology. However, the transition to up-
right positioning systems comes with its own set of challenges, both clinical and
engineering-related as highlighted by Volz et al. [89]. Ensuring accurate and stable
patient positioning is important, and there is still limited data available compar-
ing patient anatomy in supine versus upright positions. Upright treatments may
therefore not be suitable for all patients, potentially excluding those who cannot
be accommodated by chair-based solutions. Nevertheless, if these challenges can
be effectively addressed, upright positioning systems may potentially announce a
paradigm shift in particle therapy.

A clinical perspective

While the primary focus of this thesis was not on demonstrating the clinical value
of PAT, it is undoubtedly a fundamental question that follows the optimization of
treatment plans. In this section, I will present some key clinical aspects of PAT.

First let us recall the primary motivation behind PAT: the DOF. The higher the
number of DOF, the better a treatment can be tailored to meet clinical objectives.
In particular, PAT may allow for higher plan quality by improving the dose distri-
bution and pushing further the conformity, hence reducing the integral dose. The
ability to irradiate from multiple angles may also help either avoid OAR entirely
or better spare them by diluting high doses. Additionally, PAT may have the po-
tential to enhance plan robustness by averaging out uncertainties across the many
beam angles. Another key advantage is the potential simplification of treatment
workflows, as a single arc beam with a single isocenter could be equivalent to
treating with multiple IMPT fields using one or more isocenters.

So now, have we seen these advantages in silico treatment planning studies?

For dynamic PBS-PAT, there have been limited clinical results with robust plan-
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ning, with the Beaumont group being the primary contributor to this research.
They evaluated their PAT algorithm, SPArc [17, 18], across various treatment
sites and observed promising outcomes, including consistent reductions in OAR
doses and integral dose as predicted. According to their results, PAT also tends to
enhance plan robustness, particularly for OAR. However, PAT typically does not
result in large improvements in target CI, HI, or target volume robustness com-
pared to IMPT plans, as detailed in Section 2.4.5. In fact, there are studies (other
than SPArc-based) where target robustness was compromised [26], especially when
evaluating fraction-wise target coverage with repeated CT images [278, 279, 186].
While robustness in PAT was initially considered as a potential advantage, achiev-
ing it seems challenging in practice. This may stem from interlaced spot maps
from many directions, potentially involving more tangential incidence angles com-
pared to IMPT plans with a few beams and stacked energy layers as hypothesized
by Engwall et al. [158]. Consequently, robust optimization should be an essential
component of any PAT optimization approach. PAT may also necessitate the use
of adaptive workflow and strategies to enhance fraction-wise target coverage di-
rectly at the plan design step or during the plan optimization. Nevertheless, these
findings should be taken with caution, given that PAT optimizers are still under
development and may not harness sufficiently the degree of freedom provided by
PAT.

It is important to underscore that these studies have involved relatively small pa-
tient cohorts, making it challenging to draw definitive conclusions. To determine
the necessary dataset size for achieving statistical significance, a power analysis
should be systematically performed [280], which depends on the statistical tests
employed. Furthermore, comparing treatment modalities based on treatment plan-
ning alone is a complex task due to the multitude of factors involved, including
patient-specific variations, biological effects, and the degeneracy of the planning
process, which allows to generate the same dose distribution using various field
arrangements and intensity maps [281]. While dose metrics bring valuable in-
sights into the potential benefits of different techniques, they are not sufficient.
Mazal et al. [182] insisted that future studies should systematically address clin-
ical endpoints through models like TCP and NTCP when evaluating the merits
of PAT. Clinical trials will also be desirable for confirming the impact of these
planning-based findings.

While dynamic PAT optimization would benefit from more systematic studies
involving multiple and larger patient cohorts but also independent studies from
different research groups, it feels like there is some hesitation to move forward
among some people in the field. This can be due to the recognized drawbacks of
existing methods, such as computational demands and limited flexibility. As an
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alternative, assessing the clinical value of PAT through discrete arcs or multi-field
IMPT, which present less challenges to optimize, could provide a benchmark and
a clearer understanding of PAT potential in terms of clinical benefits. Although
discrete arc plans result in longer delivery times compared to dynamic approaches,
they could serve as a transitional phase toward the adoption of dynamic arc ther-
apies. This is especially relevant as discrete arcs could already be delivered at
existing proton centers equipped with gantry rooms. Additionally, not all re-
search or clinical facilities have access to or have developed their own dynamic
arc optimization tools, making discrete arc a more accessible and quicker way to
gather data. Discrete arcs also eliminate the dosimetric uncertainties from the
continuous rotational delivery. Several studies from different research groups have
already started to explore discrete arcs [158, 159] or multi-field IMPT [184, 186]
and demonstrated impressive results, although the patient cohorts remain usually
relatively small. Nevertheless, these studies represent a starting point for explor-
ing the potential of PAT and determining its suitability for various cancer sites.
It is worth noting that discrete arcs could remain relevant even as dynamic arc
delivery becomes available. This could occur if technological advancements allow
for “smoother” discrete arc delivery (i.e. step-and-shoot), through methods like
auto beam sequencing [157], making it competitive in terms of delivery time with
dynamic arcs.

In 2021, an important paper on the roadmap for proton therapy was authored
by renowned experts but barely include any mention of PAT [282]. The ratio-
nale behind this omission was that the paper focused on technical advancements
aimed at improving dose conformity, an aspect that PAT does not convincingly
demonstrate in the current state-of-the-art. IMPT represents a cutting-edge ad-
vancement, excelling in its ability, to optimize highly conformal dose distributions
while using a minimal number of beams. On the other hand, PAT appears some-
what contradictory because it employs many beam angles, potentially creating a
non-negligible low-dose bath (i.e. low dose to high volume of healthy tissues).
Research on clonogenic cell survival has indicated that RBE increases with lower
doses in late-responding normal tissues [283]. The presence of low-dose regions
thus raises concerns within the medical community regarding the potential risk of
secondary cancers, particularly in pediatric patients [284, 285]. Previous studies
[286, 287, 288, 289] have suggested that high total energy deposited in healthy
tissues could contribute to the development of secondary cancers and may be a
good estimator for quantifying cancer induction. However, the results observed
with PAT planning thus far do not support the low-dose bath concern as integral
dose reduction has consistently been observed compared to VMAT and/or IMPT
[175, 174, 178, 179, 26, 184]. In addition, this reduction in integral dose appears
to align with an equal or reduced risk of secondary malignancies, as indicated by
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studies with PS-PAT [171, 169] or PBS-PAT [185] compared to VMAT, IMRT,
or PS-PT depending on the study. Note that these cancer risk predictions rely
on models that are still under investigation. The limited knowledge in this area
is constrained by the amount of data collected within clinical cohorts and their
follow-up periods.

Another aspect of concern with PAT is its potential impact on the patient’s im-
mune system, specifically regarding circulating lymphocytes in the bloodstream.
Ionizing radiation is known to deplete circulating lymphocytes [290, 291], which
has been associated with poor prognoses in various cancer types [292, 293, 294,
295]. This is especially relevant when irradiating brain tumors, where specific
beam arrangement using fixed-angle IMPT can spare major cerebral arteries com-
pletely, while PAT may be more prone to expose them to some low-dose radiation.
Therefore, from an immune response perspective, PAT may not be advantageous
in such cases. Furthermore, because blood is in constant motion, assessing the
impact on the immune system based solely on integral dose is insufficient. Factors
like the transition time of the blood during the irradiation should also be con-
sidered. Tools and models are currently in development to estimate the dose to
circulating blood in radiation therapy [296, 297]. It would be worthwhile to com-
pare their evaluations between IMPT and PAT treatment plans to gain a better
understanding of their respective impacts on the immune system.

Expanding on the topic of biological effects, an aspect disregarded in this thesis,
but of extremely high importance, is the potential of PAT to finely shape the LET
distribution used as a surrogate for RBE in optimization. Research has shown that
the RBE of protons increases with LET [283]. This indicates that protons have
their maximum biological impact when they come to a stop within the target
volume, i.e. in the Bragg peak and the region of rapid dose fall-off. This can
be a problem as high LET regions are often found in normal tissues distal to
the target and shown to correlate with late toxicities [298, 46, 299]. While LET
optimization is gaining consideration for IMPT treatment planning [300, 44, 301],
it has limitations in fully confining high LET contributions within the target or
moving them outside normal tissue [184]. PAT, with its increased DOF, offers
the potential to leverage these limitations and move the high LET components
within the target volume or at least moving them away from critical structures,
sparing healthy tissue even more effectively [163, 161]. As a consequence, PAT
could substantially impact clinical outcomes with LET optimization. However, it
is important to acknowledge that the risks associated with high LET in OAR, such
as potential side effects, are still not fully understood and require further research.
Eventually, we will systematically incorporate the variable RBE model directly into
optimization. This becomes especially important for heavy ions that have much
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higher radiobiological effect prompting the development of heavy ion arc therapy
to exploit the DOF for RBE-weighted dose optimization [167, 165]. Although
variable RBE models are an ongoing area of research whose results should be
approached with caution due to the large uncertainties and variabilities in RBE
estimations and RBE-weighted doses [302].

Several treatment sites may particularly benefit from PAT, and these advan-
tages can be quite specific. Brain cancer patients, for instance, could be one
of the primary beneficiaries of PAT [303, 184]. Brain tumors often involve sen-
sitive cognitive structures located in close proximity to the tumor, such as the
brainstem whose radiation-induced injury can lead to life-threatening neurologic
disorders [304, 305]. In conventional IMPT treatments, achieving proper target
coverage while sparing these OAR can be challenging due to limited degrees of
freedom and result in higher toxicity. There are also concerns regarding a potential
connection between toxicity and LET hotspots in brain tumors [231], which PAT
could potentially mitigate. This becomes especially critical for cases like chor-
doma [306], which require very high doses (greater than 70 Gy), or ependymoma
(∼ 60 Gy) located behind the brainstem [159, 307]. Clinical constraints typically
restrict the dose the brainstem interior can receive to no more than 54 Gy [227],
necessitating a compromise to effectively treat the tumor. Another potential ap-
plication of PAT lies in the treatment of head and neck tumors. These treatments
often involve complex field arrangements and are situated in anatomical regions
with numerous sensitive organs, highly susceptible to radiation-induced toxicities.
A study by de Jong et al. [187] suggested that discrete PAT treatment could
expand the fraction of oropharyngeal cancer patients who could benefit from pro-
ton therapy in model-based patient selection settings [308]. Toxicities such as
dysphagia (difficulty to swallow) or xerostomia (dry mouth) were shown to be
further reduced by the use of PAT [157, 187]. Treatment sites characterized by
challenging motion management (in particular for PT due to range uncertainties),
could be promising candidates for PAT. These sites, often found in the thoracic
region, are difficult to treat due to intra-fraction motion induced by breathing for
instance. Thanks to the additional DOF, PAT may offer advantages in mitigating
the so-called interplay effect [309, 310, 311] between the dynamic beam delivery
and these intra-fraction movements, potentially resulting in more accurate and
effective treatments [175, 176]. In turn, this may eliminate the need for rescan-
ning techniques [312, 313, 314, 315]. Rescanning involves repeatedly scanning
the energy layers of each beam to statistically average the effects of motion. By
eliminating this step with PAT delivery, it could further enhance the speed of
treatment delivery. Nevertheless, further research is required to demonstrate if
the interplay effect may be systematically reduced.
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Finally, when considering treatment delivery time and treatment workflow, it is
common to draw parallels between PAT and VMAT. It is expected that PAT will
streamline treatment procedures similar to how VMAT did compared to IMRT.
However, there are important distinctions to keep in mind. IMPT requires fewer
beams compared to IMRT [316] to achieve high dose conformity because of the
different depth-dose curves of protons compared to photons. As a result, IMPT
plans are typically already quite efficient in terms of total delivery time. The
impact of arcing techniques on PT delivery may thus, not be as profound as
observed for photon therapy. The treatment delivery time data reported in Table
2.1 in Section 2.4.5 generally support this viewpoint, although additional data is
required to draw conclusions.

Regarding treatment workflow, this could be a great advantage for PAT [317],
especially considering that the use of range shifters, which requires to be inserted
and removed with a remote controller, may no longer be necessary to target
shallow tumors with lower energy requirements [157, 179], reducing the over-
all treatment time. Moreover, manual intervention is often necessary in IMPT
workflows to switch between beams, particularly when employing non-coplanar
beams that require couch rotation and potentially intermediate re-imaging steps
for alignment verification. It is worth noting that similar limitations could be ob-
served with non-coplanar arcs, which may be better suited for specific tumor sites.
However, differences between PAT and IMPT workflows may become less mean-
ingful if we move towards auto beam sequencing, eliminating beam loading time
and automating non-safety related user interactions with the treatment software
[157].

The future of PAT

During my PhD research, I encountered various opinions about the potential
benefits of PAT and whether the technological constraints, hardware and software,
required to implement it are justified. The clinical results of PAT have been mixed
thus far, which has led to reluctance in some quarters, in particular attributed to
the low-dose bath. Additionally IMPT is already quite effective, thanks to its
degeneracy. The emergence of FLASH PT [57] has also captured the attention
of many, diverting focus away from PAT and even sparking debates about which
modality is the most promising for the next generation of PT treatments [97].
This raises the question: Is PAT really worth the effort?

In my opinion, this is precisely what science is all about. As long as we have the
resources and capabilities to investigate PAT, we should not hesitate to pursue
it. The rationale behind PAT remains strong and should not be underestimated.
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While challenges persist, they will also evolve alongside technological advance-
ments. The goal is not to prove that PAT will completely revolutionize PT,
replacing standard delivery methods for all tumor sites. Instead, our focus should
be on identifying the specific treatment sites that could benefit the most from
PAT delivery. Will PAT accelerate treatment delivery time? I have reservations
about this, except in some specific disease sites. It will surely simplify the treat-
ment workflow. Will it improve the dose metrics and show clinical significance?
Possibly, but drawing definitive conclusions remains challenging as research on
PAT optimizers is still ongoing. Will it have an impact on radiobiology? Most
likely, given its high flexibility in managing high LET hotspots.

With the imminent arrival of IBA’s DynamicArc® as the first product of its kind,
we should gain further insights into the value of PAT. Furthermore, the prospect
of adopting gantry-less systems could greatly enhance the clinical viability of PAT
for proton therapy treatments. In general, PAT should be viewed as an innovative
addition to the radiation therapy toolbox, with the potential to attract more pa-
tient referrals to PT [187] and ultimately contribute to the global democratization
of PT [13]. In other words, it may broaden the range of patients who can benefit
from PT, leading to better outcomes, and make PT more accessible to individuals
worldwide. In the end, this is what matters the most; create the conditions that
provide the best treatment for cancer patients.

Returning to the main topic of this thesis, the optimization of PAT treatments,
we have accumulated substantial knowledge and proposed various solutions to
address associated challenges. While the quest for the ideal PAT optimizer is
not over, the immediate priority is to gather feedback from planners to refine the
optimizer and generate clinical evidence using larger patient cohorts. Although
minimizing the BDT (or a surrogate) of PAT plans is undoubtedly important
and has been a central aspect in this thesis, it should be considered within the
broader context of clinical treatment. BDT in PT constitutes approximately 20%
of the overall treatment time [318], gaining a few percentage points by using a
more realistic BDT model may not be the most critical factor to increase patient
throughput. However, it could potentially benefit the treatment itself by reducing
intrafraction uncertainties, but this still requires further demonstration.

While minimizing BDT can be achieved using various approximations and surro-
gates, there is also the question of how to report BDT evaluation results, as each
institution usually employs its in-house BDT model. These models can range from
simplistic to highly sophisticated, accounting for irradiation parameters and me-
chanical constraints related to spot-scanning and gantry rotation. Consequently,
it becomes difficult to directly compare results across different research papers due
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to this lack of standardization in BDT modeling. It is essential for the research
community to establish common ground in terms of BDT modeling to facilitate
meaningful comparisons between studies. Machine-specific models [147, 148, 150]
and independent parametric BDT calculators, like ATOM [229], contribute to ad-
dressing this issue and should be further exploited.

In conclusion, PAT shows promise as an alternative to IMPT, offering potential
benefits in terms of dose distribution, biological effects, and overall treatment
workflow. However, its successful integration into clinical practice hinges on the
optimization algorithms effectively balancing the triad of plan quality, delivery
time, and computational efficiency. Designing an optimizer capable of harnessing
the increase of degree of freedom in PAT is a mathematical challenge. Future re-
search should focus on systematically assessing the clinical impact of PAT through
large cohort independent studies and enhancing optimization methods based on
feedbacks from planners. Only after conducting such evaluations can definitive
conclusions be drawn about the efficacy of algorithms and clinical value of PAT.
Finally, this thesis is also an open invitation to optimization experts from out-
side the field of radiotherapy to apply their expertise, contributing to the ongoing
efforts to improve PAT optimization algorithms.
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Supplementary material Chapter 3

A.1 (Hyper-)parameters

In this appendix, the computing performances of each algorithm are analyzed.
The hyper-parameters are identified and carefully tuned to achieve the ArcPT
goals. Several metrics are therefore evaluated. First, the layer sparsity, ideally
aimed at 100%, i.e. at most one energy layer active per beam angle. Secondly,
we seek to minimize as much as possible the number of energy switch-ups as
well as the dose fidelity term to follow the physician’s prescription. Finally, the
homogeneity index (HI = D5-D95) is used to quantify the uniformity of the dose
in the target. It should be as small as possible. In our problem set-up, only a single
clinical objective on the target (uniform dose of 60 Gy) is implemented in the cost
function. For the sake of the analysis, we show results only for the phantom data
set created with 2-mm dose resolution (acceptable in clinic) and comprising 46
beams (step angle = 2◦).

A.1.1 FISTArcPT

The FISTArcPT algorithm minimizes the cost function described in Eq. 3.18.
This parsimonious function is built on several terms with specific purposes, each
controlled by a weighting parameter. By varying the value of these parameters,
different results can be obtained. The physicist can therefore fine-tune these
parameters in order to achieve the primary goals of the treatment under consid-
eration.
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Analysis of weight λ

The first parameter to be analyzed is the weight of the group sparsity term λ.
Recall that we aim at having no more than one energy layer active per beam,
hence 100% in layer sparsity. In Fig. A.1a, it can be seen, that acceptable arc
sparsity is obtained from λ = 1 with good dose homogeneity. Fig. A.1b shows that
the dose fidelity follows the same pattern as the dose homogeneity in Fig. A.1a.
This behavior is expected given the fact that the dose fidelity cost is a squared
norm of the difference between total dose computed and the prescription. It also
shows that λ should not be too low in order to turn off non-interesting layers that
can potentially reduce the number of switch-ups (SU).

(a) Sparsity (red) and D95 (blue)
(b) # of SU (red) and dose fidelity cost value
(blue)

Figure A.1: FISTArcPT metric versus sparsity group weighting λ.

Analysis of weight ϵ

Surprisingly, ϵ has no real impact on this plan. Actually, the indicator function is
not that useful is this specific case. The combination of dose fidelity, sparsity and
energy sequencing already gives an acceptable arc plan. It is only when ϵ > 1.5,
that the plan is affected. In fact, layer sparsity decreases because the re-activation
of layers starts to become more important than the removal.

Analysis of weight γ

Another important parameter to consider is the energy sequencing weight γ.
Results are shown in Fig. A.2 with the sparsity group weight fixed at λ = 1. This
parameter was really hard to tune due to the non-convex nature of the energy
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sequencing term. Its impact was indeed more unpredictable. A value of γ = 0.1
was eventually picked following the results on Fig. A.2. If γ is too large, the
gradient descent is influenced too much by the energy sequencing term and not
enough by the treatment objectives (encoded in the fidelity term) and the sparsity
in layers is difficult to obtain. While if γ is too small, the energy sequencing term
will not have any impact anymore and the energy layer switching time will not be
optimized. Additionally, it is noteworthy to point out the high correlation of ELST
with the number of energy Switch-Up and the HI with the dose fidelity objective
value, which can be visually observed from Fig. A.2.

(a) Sparsity (red) and HI (blue) (b) # of SU (red) and fidelity cost (blue)

Figure A.2: FISTArcPT metric versus energy sequencing weighting γ.

From those results, we decided to fix values for the weighting parameters of
the objective function for the next experiences. Table A.1 summarized the chosen
parameter values.

Parameter
names

λ γ ϵ

Value 1. 0.1 0.1

Table A.1: Tuned parameters in FISTArcPT algorithm.

A.1.2 Local Search

The local search algorithm, even though differing radically from the FISTArcPT,
has also several inputs to tweak and orientate the search in the space of solutions.
Due to the non-deterministic character of LS, each experiment was run 5 times.
Average and standard deviations over these 5 runs are therefore reported.
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Analysis of weight γ

As FISTArcPT, the local search algorithm has a weight controlling the impor-
tance of the energy sequencing term in the objective function. Fig. A.3 illustrates
the impact of γ weight on the number of switch-ups and fidelity term. A value
γ = 50 seems to be the best compromise to have an acceptable ELST and homo-
geneous dose in the target.

(a) ELST (red) and HI (blue)
(b) # of switch-ups (red) and fidelity cost
(blue)

Figure A.3: LS metric versus energy sequencing weighting γ for 5 runs.

Minimum number of active energy layers per beam

We can set a minimum number of energy layers to be activated in each beam
as a hard constraint in the configuration of the LS algorithm. Table A.2 shows
a comparison where the minimum number of active layers in a beam is zero and
situation like FISTArcPT, where the minimum is set to one. It is obvious that
constraining the algorithm to activate at least one energy layer per control point is
really restrictive and suppresses degrees of freedom resulting in higher cost, worse
HI, and worse ELST.

Minimum 0
active layer in each beam

Minimum 1
active layer in each beam

Fidelity cost 1.29± 0.27 1.66± 0.58
D5 - D95 (Gy) 7.04± 1.21 7.79± 1.66
ELST (s) 57.38± 6.86 96.66± 10.66
#Switch-Up 8.60± 1.20 15.00± 2.10

Table A.2: Impact of minimum number of active layer per beam for 5 runs.
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Maximum number of active energy layer per beam

As we have set a minimum of active energy layers per beam, we can also set a
superior limit on this number. Table A.3 summarizes the results. Allowing more
than one layer active per beam gives better dosimetric outcomes and results in a
decreased fidelity cost but at the expense of an increasing energy layer switching
time.

Max 1 active layer
in each beam

Max 2 active layers
in each beam

Max 3 active layers
in each beam

Fidelity cost 1.29± 0.27 1.19± 0.57 0.69± 0.33
D5 - D95 (Gy) 7.04± 1.21 6.62± 1.55 4.81± 1.30
ELST (s) 57.38± 6.86 80.56± 13.36 95.36± 19.64
#Switch-Up 8.60± 1.20 11.20± 2.04 12.80± 2.79
Sparsity (%) 100.00± 0.00 49.13± 7.48 59.57± 10.69

Table A.3: Impact of maximum number of active layer per beam for 5 runs.

Initial temperature and cooling factor

This couple of parameters influence the behavior of local search and are used
to play on the diversification/intensification trade-off. The higher (resp. lower)
the initial temperature (resp. cooling factor), the more iterations between two
resets and, therefore, the higher diversification. On the opposite, a smaller initial
temperature and a higher cooling factor would increase the intensification. The
initial temperature and cooling factor were set according to previous knowledge
to 5 and 0.7 respectively.

Parameter
names

γ minEL in beams maxEL in beams Target weight
Max spot
intensity

Value 50.0 0 1 100.0 20

Table A.4: Tuned parameters in LS algorithm.

From the results obtained in this section, we decided to fix the parameters for
the next experiences. Table A.4 reports their values. In this table, the max spot
intensity refers to maximum value a spot weight can take. We voluntarily limited
it to 20 to avoid hot spot1.

1Edited for published version to better define the max spot intensity.
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A.2 Convergence

For FISTArcPT, the stopping criterion used in the optimization is the maximum
number of iterations. We set it to 1000 to get a good quality and deliverable
plan and achieve good layer sparsity. Fig. A.4 displays the result. Except the
indicator function, all terms involved in the objective function described in Eq.
3.18 are plotted. The total cost in general shows a rapid decrease and then a
smooth convergence and is mainly influenced by the group sparsity term. The
energy sequencing term is more chaotic but still converges after a few hundreds
of iterations.

Figure A.4: Convergence of FISTArcPT
objective function.

Figure A.5: Convergence of 5 runs of LS-
ArcPT with the same input parameters.

Regarding the local search algorithm, the objective function to be minimized
(Eq. 3.22) is simply a quadratic function of the difference between the total dose
delivered to the target and the prescription (omitting the OARs) to which the
ELST and sparsity objectives are added. Fig. A.5 illustrates the evolution of the
cost function for 5 runs. The stopping criterion is a time limit set to 5 minutes.
As expected, the local search is really chaotic at the beginning, exploring solutions
in a large neighborhood but little by little, converges smoothly towards an optimal
solution along with the decrease of the temperature of the system. Compared
to FISTA, the convergence is certainly slower but a rapid solution with specific
properties could potentially be used as input to FISTA.

A.3 Problem scaling

The scale of the problem constitutes a major issue in ArcPT optimization. De-
pending on the resolution and size of the beamlet matrix, the algorithms will
behave in different ways. We decided to pick 9 data samples and to analyze
them: the two extremes and the middle one, i.e. phantoms with 1, 3, and 5 mm
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resolution and with a plan composed of 10, 31, and 91 beams. For the sake of the
comparison, we fixed the maximum number of iterations of FISTArcPT to 1000.
This way, each test run of FISTA determines the time limit to be set in the LS and
MIP algorithm input parameters (though MIP could stop before the time limit if
the optimal solution was found).

As it could be expected, each algorithm behaves in a very different way and this is
summarized in Tables A.5-A.6-A.7. FISTArcPT gets better results in terms of dose
homogeneity (D5 - D95) for lower resolution data samples and smaller number
of beams while on the other side, LS-ArcPT behaves in a complete opposite
way with better results at high resolution with a high number of beams. For both
algorithms, the ELST increases with the number of beams in a logical way and are
quite compatible with each other. The MIP algorithm, on the other hand, does not
follow the same pattern. Indeed, the maximum number of energy upwards switches
has been constrained to 0 instead of being left as an optimization objective, hence
the very low ELST for each test set. As it can be observed in Table A.7, the
MIP gives excellent results in terms of dose homogeneity within the target volume
and this, for any of the test sets. The 5-mm resolution data sets could achieve a
better homogeneity index compared to other resolution sets because the MIP let
us push the constraints on the target coverage harder ([pminT = 60, pmaxT = 60.5]
Gy instead of [58,62] Gy for the others). It can also be noticed that the boxes
regarding the 1-mm resolution data set with 10 beams in the arc are empty. The
reason is that the MIP could not find any feasible solution with the constraints
given even though many combinations were tried.

In terms of optimization time, FISTArcPT behaves as expected because, a
higher number of beams translates into a higher number of beamlets and then a
more computationally expensive gradient. The MIP, for its part, was able to to
give an optimal solution in a shorter time than the duration limit set by the FISTA
algorithm and this, for any of the test sets. Obviously, the resolution also plays a
role in optimization time with higher resolution, i.e. higher number of voxels that
translates in larger optimization time. Despite the fact that this claim is valid for
any of the presented optimization algorithm, the MIP seems to be the one that
could be the most impacted with the time exponentially with the problem size.
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# beams
Resolution 10 31 91

ELST (total)
1 mm 22.5” 32.9” 75.6”
3 mm 29.8” 34.7” 40.2”
5 mm 21.9” 34.1” 40.2”

Optimization time
1 mm 2435” 2595” 3640”
3 mm 180” 500” 1800”
5 mm 60” 160” 860”

D5 - D95 (Gy)
1 mm 5.0 4.7 5.5
3 mm 3.1 3.4 4.0
5 mm 1.6 2.0 2.6

Layer

Sparsity (%)

1 mm 60.0 90.32 92.31
3 mm 50.0 83.87 98.9
5 mm 60.0 90.32 96.7

Table A.5: Summary of FISTArcPT experiences. The poorest resolution and the
lowest number of beams produced the best homogeneity in the target volume.

# beams
Resolution 10 31 91

ELST (total)
1 mm 25.0‘’ 41.4” 56.6”
3 mm 14.6” 16.4” 82.8”
5 mm 13.4” 32.3” 55.4”

D5 - D95 (Gy)
1 mm 9.5 4.6 5.4
3 mm 14.2 6.3 2.9
5 mm 7.8 1.8 1.4

Table A.6: Summary of LS experiences.
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# beams
Resolution 10 31 91

ELST (total)
1 mm / 3” 169.5”
3 mm 2.4” 16.4” 3.6”
5 mm 8.5” 3.6” 3.6”

Optimization time
1 mm / 2041.1” 1357.8”
3 mm 22.3” 65.8” 398.6”
5 mm 2.9” 12.5” 97.8”

D5 - D95 (Gy)
1 mm / 4.1 3.8
3 mm 5.1 5.6 6.2
5 mm 0.7 1.2 2.1

Layer

Sparsity (%)

1 mm / 100.0 78.0
3 mm 100.0 87.1 100.0
5 mm 80.0 100 100

Table A.7: Summary of MIP experiences.
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B.1 MIP model

We represent a specific sequence of energy layers (EL) as a path in a directed
graph, from a source node 0− which has outgoing directed edges (0−, n) to every
EL n ∈ E, to a sink node 0+ which has incoming edges from every EL, passing
by a network of edges that link the ELs altogether: there is an edge (m,n) for
each pair of ELs such that n belongs to a strictly higher beam than m. We note
Eedges the set of all edges that constitute the graph, whereas E− = E ∪ {0−},
E+ = E ∪ {0+}, E± = E ∪ {0−, 0+} denotes the nodes.
Let xj and emn be decision variables such that

• ∀j ∈ S : xj determines the intensity attributed to a spot j ∈ S,

• emn are redundant variables determining whether some energy layer (EL)
switch happens: ∀m,n ∈ E± : emn = 1 if (m,n) ∈ Eedges and layer
n ∈ E+ is activated directly after layer m ∈ E−, otherwise emn = 0.

From [212], the proton arc therapy treatment optimization problem for finding
a single optimal point on the Pareto front can be modelled as a weighted sum
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using a mixed-integer two-index flow formulation

minx1,...,x|S| F (x) := wD f(d) + wT BDT≈(x) (B.1)

s.t. :
∑
n∈E+

e0−n =
∑
n∈E−

en0+ = 1 (B.2)

∀m ∈ E
∑
l∈E−

elm =
∑
n∈E+

emn (B.3)

∀m ∈ E, ∀j ∈ Sm xj ≤ I
∑
l∈E−

elm (B.4)

∀j ∈ S 0 ≤ xj ≤ I (B.5)

∀(m,n) ∈ Eedges emn ∈ {0, 1} (B.6)

where the fidelity term f(d) is represented as follows:

f(d) =
∑

k∈ROI

ukfk(d) (B.7)

s.t. fk(d) = ∥(di − pi)+∥1 (B.8)

d = Ax (B.9)

and the approximation of the irradiation time BDT≈(x) is modeled as:

BDT≈(x) =
∑

(m,n)∈Eedges

cmn emn

s.t. : ∀(m,n) ∈ Eedges emn ∈ {0, 1}

cmn =


6.5 for upwards energy switching

1.6 for downwards energy switching

1.2 for constant energy

B.2 The BCO Pareto approximation algorithm
This appendix provides details on the BCO algorithm through a simple example as
well as a the full description of the equations derived for the Pareto approximation
construction.

Following the path depicted in the binary tree search (dashed nodes in Figure
4.1), we give hereinafter a detailed description of the different steps within the
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Figure B.1: Pareto front geometric construction. Left (iteration 1 & 2): Con-
structing depth 1 on the right hand side branch of the tree depicted in Figure
4.1. Right (iteration 3): Constructing depth 2. Blue: Pareto optimal points (the
red encircled ones are selected for next iteration). Green: upper Pareto quadratic
approximation. Distal points (orange) and their distance (red) to segment lines.

iterations. Iteration 1. The first iteration starts from the parent node where we
compute the so-called anchor points P1

A, P1
C representing the individual minima

of each objective. In the present study, these points are obtained by optimizing
the global objective function with individual weights w = (wD, wT ) for the dose
fidelity objective fD and the BDT≈ objective fT . These weights are set to wA =
(1, 0.001), wC = (0.001, 1), respectively, to avoid too poor quality solutions in
terms of dose coverage. Next, a third (interior) point P1

B is obtained with equal
weights, wB = (1, 1). From these three points, an initial upper Pareto quadratic
approximation is obtained. Using the bounding segment lines between these points
and the tangent line at the interior point, initial lower distal points and their
distance to segment lines PAPB and PBPC (d1left and d1right, respectively) can
be computed by solving the equation system: (see equations B.12 and B.13 in
the formulas below). This step is illustrated geometrically on Figure B.1 (left).
At this stage, the parent node has now two children nodes corresponding to each
distance.
Iteration 2. In the next iteration i = 2, we pick the tree node associated with
the currently largest di−1 distance. In our example, d1right (resulting from P 1

B

and P 1
C) is picked, the new weights to run to obtain a new Pareto optimal point

(P 2
B) are obtained by averaging the weights of P 1

B and P 1
C . The same geometric

construction as in iteration 1 is carried out to compute the segment lines d2left and
d2right.

Iteration 3. As d2right is lower than a predefined tolerance threshold, we then cut
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the current branch (leaf node in tree). The third iteration thus continues with the
tree node associated with d2left. It generates a new point P 3

B (Figure B.1, right)
and so on.

These iterations (summarized in Algorithm 3) are repeated until all distances
di fall below minimal distance tolerance, or the user-specified tree depth Imax is
reached.

In order to mitigate the bias introduced by objectives having different mag-
nitudes, a dimension scaling on the individual objective functions is performed
whenever a new point Pi

B is computed, still following Craft et al. [25] method.

Formulas

The anchor points for input upper Pareto approximation are PA = (xA, yA)
for f(d) and PC = (xC , yC) for BDT≈(x), the single interior point is PB =
(xB, yB). Then the upper Pareto quadratic approximation is

y =
(x− xC)(x− xB)

(xA − xC)(xA − xB)
y1+

(x− xA)(x− xB)

(xC − xA)(xC − xB)
yC+

(x− xA)(x− xC)

(xB − xA)(xB − xC)
yB

The slope of its tangent line is

y′ =
(x− xC) + (x− xB)

(xA − xC)(xA − xB)
yA+

(x− xA) + (x− xB)

(xC − xA)(xC − xB)
yC+

(x− xA) + (x− xC)

(xB − xA)(xB − xC)
yB

The tangent line at the interior point has the slope

y′(xB) =
xB − xC

(xA − xC)(xA − xB)
yA+

xB − xA
(xC − xA)(xC − xB)

yC+
(xB − xA) + (xB − xC)

(xB − xA)(xB − xC)
yB

The tangent line at the interior point is

y − yB = y′(xB)(x− xB)

The initial lower distal point (LDP) to facet PAPB is

Ileft = (xA, yB + y′(xB)(xA − xB)) (B.10)

The initial LDP to facet PCPB is

Iright = (xB +
yC − yB
y′(xB)

, yC) (B.11)
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The equation of facet PAPB is

y − yA =
yB − yA
xB − xA

(x− xA)

that is, in standard form

(yB − yA)x− (xB − xA)y + yA(xB − xA)− xA(yB − yA) = 0

The distance from LDP Ileft to facet PAPB is

dleft =
|(yB − yA)xA − (xB − xA)[yB − y′(xB)(xB − xA)] + yA(xB − xA)− xA(yB − yA)|√

(xB − xA)2 + (yB − yA)2

(B.12)

Similarly, the equation of facet PCPB is

(yB − yC)x− (xB − xC)y + yC(xB − xC)− xC(yB − yC) = 0

The distance from LDP Iright to facet PCPB is

dright =
|(yB − yC)[xB + yC−yB

y′(xB) ]− (xB − xC)yC + yC(xB − xC)− xC(yB − yC)|√
(xB − xC)2 + (yB − yC)2

(B.13)

B.3 Benchmark
For each disease site, IMPT and SPArc dose distributions are shown in Figure B.2.
The DVHs are provided in Figure B.3. To give an appreciation of the MIP plan
quality compared to IMPT and SPArc, a pastel shade band was added on top of
the DVH curves, with a thickness proportional to the range of solutions between
the MIP plans D t and d T.

In Section 4.3, we have argued that the plan parameters for the IMPT and
SPArc plans had to be fine-tuned from those used in the MIP plans, in order to
reach a sufficient target coverage. We provide additional material to support this
assertion. In Table B.1, original plan parameters (used for the MIP plans) and
tuned parameters are listed. Table B.2 reports the target coverage obtained for
each plan and each patient, as well as the initial number of spots at plan creation
and thus available to the optimizer.
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(a) IMPT - Brain (b) SPArc - Brain

(c) IMPT - Lung (d) SPArc - Lung

(e) IMPT - Liver (f) SPArc - Liver

Figure B.2: Optimal dose distributions for 3 patients
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(a) Brain (b) Lung (c) Liver

Figure B.3: DVH comparison between IMPT (solid line), SPArc (dashed line) and
MIP-BCO solutions (filled area)

Plan parameters Disease site Original Tuned

Spot spacing [mm]
Brain

7
5

Lung 7
Liver 5

Layer spacing [mm]
Brain

4
3

Lung 4
Liver 3

Target margin [mm]
Brain

6 7Lung
Liver

Table B.1: Plan parameters for spot placement

Modality IMPT SPArc
Plan parameters Original Tuned Original Tuned

D5-D98 (Gy)
Brain 7.5 3.4 10.9 6.3
Lung 5.1 6.9 4.6
Liver 18.5 5.8 11.8 5.7

# spots
Brain 459 1352 475 614
Lung 312 472 550
Liver 880 2481 1217 2698

Table B.2: Target coverage comparison of plans using original (MIP) and tuned
plan parameters
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This appendix provides a detailed dosimetric comparison for organs-at-risk (OAR)
from the study presented in Chapter 5.

C.1 Organs-at-risk dosimetry

The dosimetric comparison of OAR is shown in the nominal (Table C.1) and
worst-case (Table C.2) scenarios. It compares results obtained with the in-house
energy layer pre-selection (Flexi-Arc), the early layer and spot assignment (ELSA)
pre-selection used to design proton arc plans as well to an IMPT plan. We observe
that the Flexi-Arc plan with 16 sectors is the plan that achieves the lowest dose
reduction to the brain stem and chiasm. For the rest of the OAR, it is more or
less equivalent to the ELSA plan with 2 degree gantry angle spacing. The ocular
system is much better spared in the IMPT plan compared to proton arc plans in
general. Similar conclusions can be made for the worst-case scenario results.
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Flexi-Arc ELSA IMPT

Gantry angle spacing (◦) 1 1 4 3 2
NSectors 8 16 5 5 8

D0.03cc Brain stem interior (Gy) 51.1 49.4 52.0 53.3 51.5 51.1
D0.03cc Brain stem surface (Gy) 54.5 53.2 54.3 54.9 54.7 54.2
D0.03cc Chiasm (Gy) 55.3 54.8 55.2 55.6 55.3 55.5
D0.03cc Optic nerve L (Gy) 53.5 52.9 52.9 52.1 52.4 55.0
D0.03cc Optic nerve R (Gy) 50.9 51.0 53.5 49.5 50.3 53.1
D0.03cc Lens L (Gy) 0.7 0.2 0.5 0.3 0.7 0.0
D0.03cc Lens R (Gy) 0.4 0.2 0.9 1.1 0.3 0.0
D0.03cc Retina L (Gy) 3.0 1.6 3.4 2.9 2.9 0.0
D0.03cc Retina R (Gy) 1.2 0.9 3.1 2.5 1.1 0.0
D40% Hippocampus L (Gy) 1.0 0.9 3.5 3.3 1.1 0.2
D40% Hippocampus R (Gy) 2.1 2.3 4.0 3.2 2.6 0.6
Dmean Eye L (Gy) 0.9 0.6 1.0 1.0 1.0 0.0
Dmean Eye R (Gy) 0.5 0.3 1.0 1.0 0.5 0.0
Dmean Lacrimal gland L (Gy) 0.1 1.1 1.5 2.4 1.0 0.0
Dmean Lacrimal gland R (Gy) 1.0 0.6 0.6 0.6 1.0 0.0
Dmean Cochlea L (Gy) 1.0 0.7 2.0 2.0 1.0 0.0
Dmean Cochlea R (Gy) 0.9 0.8 2.0 2.0 0.9 0.0

Table C.1: Detailed dosimetric comparison for organs-at-risk in the nominal scenario. Abbre-
viations : D0.03 cc = near maximum dose to 0.3 cc of structure/organ, Dmean = mean dose,
D40% = dose to 40% of the volume of both hippocampi, L = left, R = right.
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Flexi-Arc ELSA IMPT

Gantry angle spacing (◦) 1 1 4 3 2
NSectors 8 16 5 5 8

D0.03cc Brain stem interior (Gy) 53.8 52.4 53.4 54.6 54.2 53.9
D0.03cc Brain stem surface (Gy) 55.7 54.3 55.2 55.8 55.7 56.0
D0.03cc Chiasm (Gy) 55.8 55.7 55.9 56.3 55.9 55.8
D0.03cc Optic nerve L (Gy) 54.8 55.3 55.2 54.4 53.7 55.5
D0.03cc Optic nerve R (Gy) 54.0 53.3 56.5 52.8 54.0 54.5
D0.03cc Lens L (Gy) 1.0 0.3 0.9 0.7 1.0 0.0
D0.03cc Lens R (Gy) 0.0 0.3 1.2 1.2 0.5 0.0
D0.03cc Retina L (Gy) 5.3 2.5 4.2 4.9 3.8 0.0
D0.03cc Retina R (Gy) 2.3 1.8 4.2 3.3 1.5 0.0
D40% Hippocampus L (Gy) 1.6 1.5 4.7 4.8 1.8 0.6
D40% Hippocampus R (Gy) 3.5 3.3 5.3 4.5 3.9 1.3
Dmean Eye L (Gy) 1.2 0.8 1.5 1.6 1.4 0.0
Dmean Eye R (Gy) 0.7 0.4 1.3 1.2 0.6 0.0
Dmean Lacrimal gland L (Gy) 0.2 1.5 2.3 3.0 1.2 0.0
Dmean Lacrimal gland R (Gy) 1.4 0.9 0.7 0.9 1.4 0.0
Dmean Cochlea L (Gy) 1.6 1.3 2.8 2.9 1.9 0.0
Dmean Cochlea R (Gy) 1.9 1.5 2.8 3.5 1.6 0.0

Table C.2: Detailed dosimetric comparison for organs-at-risk in the worst-case scenario. Ab-
breviations : D0.03 cc = near maximum dose to 0.3 cc of structure/organ, Dmean = mean dose,
D40% = dose to 40% of the volume of both hippocampi, L = left, R = right.
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