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HARDY-SOBOLEV INEQUALITIES FOR VECTOR FIELDS
AND CANCELING LINEAR DIFFERENTIAL OPERATORS

PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

ABSTRACT. Given a homogeneous k-th order differential operator A(D)
on R" between two finite dimensional spaces, we establish the Hardy

inequality
k—1
/ Lt <o / A(D)

and the Sobolev inequality
1Dy <€ [ D)

when A(D) is elliptic and satisfies a recently introduced cancellation
property. We also study the necessity of these two conditions.
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1. INTRODUCTION

Let k € N, and let V, E be two real finite dimensional vector spaces.
Given a homogeneous k-th order differential operator A(D) on R" from V
to E, we address the question of controlling any vector field u € C*°(R™; V')
by the vector field A(D)u, where the vector differential operator A(D) is
defined by

A(D)u = Z Ay [0%u] € C®(R™ E).
o

Here, A, is a linear map in L(V; E), for every a € N" with |a| = k.
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2 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

The classical theory of A.P.Calderén and A.Zygmund asserts that for
every p € (1,00), there exists C' > 0 such that for each compactly supported
smooth vector field u € C°(R"™; V),

/\D%WSC/]MDWP
R” R”

if and only if the operator A(D) is elliptic [11], that is for every & € R™\ {0},
the linear map A(§) := Y oenn jaj=k §¥Aa € L(V; E) is one-to-one [1], §7;
2, definition 6.3; 13| theorem 1; 23, definition 1.7.1]. Examples of first-
order homogeneous elliptic operators are given for V = R by the gradient
operator A(D)u = Vu and for V = A*R" by the exterior differential and
codifferential A(D)u = (du,d*u).

The situation is dramatically different for p = 1 as there is no nontrivial
estimate of the L!'-norm of some component of D¥u by [p.|A(D)u| [L5,16]
22]. This does not end the story however. Even if the quantity [g.|A(D)u]
is strictly weaker than [g.|Du|, it might still be possible to replace the latter
by the former in some inequalities.

A first inequality to which this programme was applied is the Gagliardo—
Nirenberg—Sobolev inequality [12,121]

(/n\u!ﬁ)l_% SC/RR\Du]. (1.1)

The elliptic operators that can replace the derivative were characterized by
a new cancellation condition.

Theorem 1 (Van Schaftingen [30]). Let A(D) be an elliptic homogeneous
linear differential operator of order k on R"™ from'V to E and ¢ € {1, ..., min(k,
n—1)}. The estimate

n \1-%
(/|D“%Wﬂ "gc/|mDML
R” R”
holds for every u € CX(R™; V) if and only if A(D) is canceling.
The new cancellation condition was defined as

Definition 1.1. A homogeneous linear differential operator A(D) on R"
from V to E is canceling if

N A@©V]= {0}
§eR™M\{0}

Theorem [I] covers in particular the classical inequality (L), the Hodge—
Sobolev inequality of J. Bourgain and H. Brezis, and L. Lanzani and E. Stein
[6,[7,17] (see also [4,5,[8,27,28]) and the Korn-Sobolev inequality [25].

In the present work we continue this programme for other classical inequal-
ities in Sobolev spaces. We begin with the classical Hardy inequality: given
n > 2 and k > 1, there exists C' > 0 such that for every u € C°(R™; V),

Dk—l
/ L—;%thgc/|0%h (1.2)
and we address the validity of the following inequality
Dk-1
/ D u@ g <o [ 1Ayl (1.3)
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HARDY-SOBOLEV INEQUALITIES AND CANCELING OPERATORS 3

Remarkably, it also depends on the cancellation condition.

Theorem 2. Let A(D) be an elliptic homogeneous linear differential oper-
ator of order k on R™ from V to E and ¢ € {1,... ,min(k,n —1)}. The

estimate s
Dk
/ D7 u@)] g, < c/ |A(D)ul,

holds for every u € C°(R™; V) if and only if A(D) is canceling.

As particular cases of theorem 2 we have the classical Hardy inequality
(T2), the inequality of V.Maz'ya [9,19]: for every u € C°(R™;R™),

/ %dx < c/ Al + |V dival. (1.4)
n X R”

a new Hodge-Hardy inequality: for every u € C°(R™; A R"),if2</¢<

n— 2,
/ @)l 4, < c/ \du| + |d*ul,

and a new Korn—Hardy inequality: for every u € C°(R"),

[ @l 4o [

where the symmetric derivative is defined as V*u(z) = 5 (Du(z)+ (Du(z))*).
The proof of the sufficiency of the cancellation in theorem [l is quite
different from its counterpart in theorem [l It combines in an original way
the strategy of Bousquet and Mironescu [9] with algebraic properties of
canceling operators [30] and properties of Green functions [14].
The second inequality that we study is the limiting Sobolev inequality
(see for example [I0), chapter 9, remark 13])

sup |u(z)] < C/ | D™ u.
zeER™ R™

We prove a limiting case of theorem [I] that was left open [30], open problem
8.4]. Again, the cancelation property plays a role.

Theorem 3. Let A(D) be a homogeneous linear differential operator of
order k >n on R™ from V to E. If A(D) is elliptic and canceling, then the
estimate

sup [D* (@) < C [ |A(D)ul,

zeR"™ R™
holds for every u € C(R™; V).

Theorem [ covers in particular the estimate of P. Mironescu ||Vul|pe <
C||AZVu| 11 for n € N odd [20]. The proof of theorem B relies on theorem 21

The cancellation is not necessary for the estimate of theorem [3lto hold [30]
remark 5.1]: for example, the differentiation operator on R. is not canceling,
but the inequality ||ul|p~ < ||u/[|z1 holds for every u € C2°(R).

In the scalar case dim V' = 1, the inequalities of theorems [II, 2l and [3] follow
from the Sobolev embedding of W11 (R") in the Lorentz space L#’I(R")
[3,26]

el w7y < DUl .
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4 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

It is not known whether this inequality can be extended to canceling opera-
tors [30, open problem 8.3] as

] .t gy < CIAD )l oy

this inequality would be consistent with theorems [, 2l and Bl

One can wonder whether the ellipticity is necessary in theorem [ as it
is in theorem [[1 ¢ = 1 [30}, proposition 5.1]. In general, this is not the case.
However, when ¢ = 1, the ellipticity is necessary for a scale of Hardy-Sobolev
inequalities.

Theorem 4. Let A(D) be a homogeneous linear differential operator of
order k on R"™ from V to E and let X\ € [0,1). The estimate

]Dkflu]% =

holds for every u € C°(R™; V') if and only if A(D) is elliptic and canceling.

This result is already known for A = 0 [30]. For A € (0,1), the sufficiency
part is a consequence of theorems [l and 2 by the Holder inequality. Alterna-
tively, it can be proved in a more direct way by using the same arguments as
its counterpart in theorem [2 bypassing the more delicate proof of theorem [l

In the limiting case A = 1 in theorem M, the ellipticity condition is not
necessary in theorem 21 This phenomenon can already be observed in the
scalar case: for every u € C°(R3?), one has

/ @)l g, < c/ 1O1u] + (Do, (1.5)
R3 R3

]

and the operator (01, 02) is not elliptic.

We give some partial results concerning the Hardy inequality (L3]) when
the operator A(D) is not elliptic. First the cone

{£ e R" : A(&) is not one-to-one}

should not be too large: for example, it cannot contain a hyperplane. In
particular, the ellipticity condition turns out to be necessary when n =
2. The general problem of writing necessary and sufficient conditions on
A(D) seems quite difficult, we have however written in theorem [B.] such a

condition for an operator A(D) which is a collection of components of first
order derivatives:

A(Dyu(z) = (a1 - Du(@)[ba]. ..., ag - Du()[b]).
2. PROOF OF THE HARDY—SOBOLEV INEQUALITY

In this section, we prove the sufficiency part of theorem 2] and theorem [l
The following proposition gives in fact a more general result:

Proposition 2.1. Let A(D) be a linear differential operator of order k on
R" from V to E and ¢ € {1,...,min(k,n — 1)}. If A(D) is elliptic and
canceling, then for every u € C(R™V) and q € [1,-25), there exists
C € R such that
Dk—ﬁ q 1
(/ ﬂdx)q <c [ |ADu.
R

n ‘x’n_(n_@q Rn
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HARDY-SOBOLEV INEQUALITIES AND CANCELING OPERATORS 5

The first tool that we shall use is the existence of a Green function that
allows to recover D~ from A(D).

Lemma 2.2. Let A(D) be a linear differential operator of order k on R"™
from V to E. If A(D) is elliptic and € € {1,...,min(k,n — 1)}, then there
exists a function G € C®(R™ \ {0}; L(E; Li—e(R™;V))) such that G is
homogeneous of degree £ —n and for every u € C°(R™; V) and z € R",

D*tufw) = [ Gla -~ y)[AD)u(y)] dy.
Moreover,

ﬂ ker G(x) = ﬂ ker A(&)*.
zeR™\{0} £eR"\{0}

Here, L;_¢(R™;V) is the space of (k — ¢)-linear maps from R" into V,
and simply V when ¢ = k. Here and in the sequel, we endow V and E with
an inner product denoted by - and the adjoint is taken with respect to that
fixed Euclidean structure.

The restriction £ < n — 1 is essential as it can be observed when n = 2
and A(D) = A. In that case, the Green function G is not homogeneous of
degree 0.

We use the following convention to define the Fourier transform of a map
ue CP(R™V):

@) = [ ulw)e € da

the map u takes its values in the complezified vector space V & C.

Proof. We define the map H : R"\ {0} — L(F;Lr_¢(R"™;V)), for every
£ € R"\ {0} by

* -1 *
H(E)[e][v1, ., vh—e] = (£ v1) - (€ vp—e) (A(§)" 0 A(§))  [A(&)"[e]]-
The map H is smooth in R™ \ {0} and is homogeneous of degree —¢ > —n.
Hence, H defines a distribution on R™ that we still denote by H and which is
homogeneous of degree —¢ (see for example [14], theorem 3.2.3]). It follows
that H is a temperate distribution. Moreover, the map G : R™ \ {0} —
L(E; Ly_s(R™; V) defined by its Fourier transform G = i~‘H, is smooth in
R"\ {0} [14] theorem 7.1.18] and homogeneous of degree ¢ —n [14, theorem
7.1.16]. Finally, since for every ¢ € R™\ {0}, (A(D)u)(¢) = i*A(&)a(¢), G
satisfies the required identity by definition of H. O

The second ingredient is a duality estimate on A(D)u.

Lemma 2.3. Let A(D) be a linear differential operator of order k on R"™
from V to E. If A(D) is elliptic and canceling, then there exists C € R and
m € Ny such that for every u € C*(R™; V) and every ¢ € C(R™; E),

A ’<CZ/ o)\ 2l | DI () | da

The integer m that appears in the conclusion depends on A(D) and not
only on its order; a rather pessimistic upper bound for m is 2k dim V' [30),
remark 4.1].
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6 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

The proof of this lemma is similar to the proof of [30), proposition 8.9].
The idea of the integration by parts already appeared in the context of
divergence-free vector fields [7, theorem 3; (9% (19, theorem 2; 29, lemma 4.5].

Proof of lemma[2.3. Since A(D) is canceling and elliptic there exist a finite
dimensional vector space F' and a homogeneous linear differential operator
L(D) of order m € N, from F to F such that L(D)o A(D) = 0 and L(D)
is cocanceling [30}, proposition 4.2], that is,

[ kerL(¢) ={0}.
£eR™\{0}
Writing L(D) = Z‘M:m L,0%, by classical properties of linear operators,
there exist K, € L(F; E) for « € N with |a| = m such that
Y KqolLg=idg (2.1)
lo|=m

(a detailed proof has been given in [30, lemma 2.5]). We define now, the
homogeneous polynomial P : R" — L(E; F) of degree m for z € R™ by

P(z) = a|zm %KZ .
By the identity (Z1I), we compute
LD)*(P)= Y La*00*P= ) Ls*oK," =idg* =idg.
la|=m la]=m
For every u € C°(R™; V) and ¢ € C°(R™ E), since L(D)[A(D)u] = 0,
we get
[ o ADyu= [ D) (D) (P

= | AD)u- (LD) (P)le] - LD)"(Ple))

In order to conclude, we note that there exists C' > 0 such that for every
r € R",

(LD) Pp(a)] - D) (Ple) (@) | < (D lefIDip@)) . O
j=1
We can now prove the main result of this section.

Proof of proposition 2l Let G be the Green function given by lemma 221
We choose p € C°(R") such that p =1 on By /4 and suppp C By 2, and we
define G; and Gy for z,y € (R™\ {0}) x R™ with x # y by

Gi(z,y) = p(kyc—|)G(w)

and

||

Ga(z,y) = Gz —y) — p(
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HARDY-SOBOLEV INEQUALITIES AND CANCELING OPERATORS 7
By lemma 2.3 and the homogeneity of G, we have

(e

1
q

/nGl(x,y)[A(D)u(y)] dy‘qm dac)
= (hl G aemoaf LR o)’
gc(/n/Bm "z}m( Ju(y)| dy| de)g.

By the Minkowski inequality (see for example [I8], theorem 2.4]), we get

</R /B B |’i‘|'A( Ju(y)| dy| —dx)_

< faoni(f, H%dx) dy<c' [ |AD)l.

For G2, by the Minkowski inequality again,

(e

. Gela ) A o] oy o)

’Gz(l',y)’q é
< AN K- 24 I
= / n(/Rn || (n=04g dx) [A(D)u(y)| dy.
If z # 0, since Ga(w,-) is continuously differentiable on By, and G is
homogeneous of degree —(n — ¥), if |z| > 2|y|

1yl
while if |z] < 2y,
1
Ga(z,y)| < C—F— .
Galo)] < O

Therefore, since q <

q
[
R

n ‘x’n_(n_@q

1 ly|?
<C / dr + / dz) < '
N ( Bajy| |z _y|(niz)q|x|ni(niz)q R\ By, |z|nta ) N

We conclude that

(e

This completes the proof of the proposition. O

_n_
n—_g?

- Ga(7,y) [A(D)u(y)] dy’ PR d$>

We end this section with the proof of theorem Bl
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8 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

Proof of theorem[3. By proposition 2.1l there exists C' > 0 such that for
every u € C°(R™; V),

k—n+1
/ D@l g <o [ 1AD)l.

On the other hand, we have the classical estimate (see for example [24], §2.3
(18)])
|DFu(0)] < ¢ /

which follows from the integration over § € S~ of the inequality

dz, (2.2)

n ‘x’nfl

d
k—n _ hat k—n < k—n+1 :
| D¥ " u(0)] ‘ - dr(D u(ro)) dr‘ _/R+\D w(rf)|dr

Therefore, we have

|DE="u(0)] < ¢ / IA(D)ul.
Rn
Since this estimate is invariant under translation, the conclusion follows. [J

3. NECESSITY OF THE CANCELLATION CONDITION

In this section, we prove that if the Hardy inequality holds true for an
elliptic operator A(D), then A(D) is canceling.

Proposition 3.1. Let A(D) be a linear differential operator of order k on
R" from V to E, £ € {1,...,min(k,n — 1)} and q € [1,-25]. If A(D) is

4

elliptic and if there exists C' € R such that for every u € C(R™; V)
|DFfu(@)| -\
_ <
then A(D) is cancelling.
Proof. The proof follows the lines of the counterpart of the proposition for
the Sobolev inequality [30, proposition 5.5]. Let e € Necrm (o3 A(E)[V]. Let

1 be in the Schwartz class S(R"™) of rapidly decaying smooth functions be

such that ¢y = 1 on a neighborhood of 0 and define the family (py)x>1 in
S(R") for A > 1 and x € R"™ by

prle) = X 0) - 5-0(5):

The family (px)a>1 is bounded uniformly in L!'(R™) and for every A > 1, px
vanishes on a neighborhood of 0.

We then define a sequence (uy)y>1 in S(R"™, V) in such a way that for
every A>1and £ € R",

B(E) = ()A€ (AQ)" 0 A©) ™ [A()[€]].
Since A(D) is elliptic and homogeneous of order k, uy is well defined as an
element of S(R", V') and moreover, since € € Necrn (0} AE)[V], A(D)uy =
pre. By a classical approximation argument and our assumption, we have
for every A > 1,

DF=4y,
(o tiat )’ < [ o
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HARDY-SOBOLEV INEQUALITIES AND CANCELING OPERATORS 9

If G is the Green function given by lemma [2.2] this reads as

G * x)le
(/n\( pA) ()]

|x|n—(n—£)q

17 . Na )
dz)* < c/ Ipxel = €' (3.1)
R?’L

We claim that for every z € R™\ {0}, lim)_,o(G*py)(z) = G(x). Indeed,
for every A > 1 and z € R"™ \ {0}, we write

Gxpx(z)—G(x) :/ (G(m—y)—G(m)))\"w(Ay)dy—/Rn G(x—y)iw(g).

AT
(3.2)
Since G is smooth on R™\ {0} and homogeneous of degree —(n —¢), there

exists C' > 0 such that for every y € By /2,

n

Clyl

’G(x - y) - G(l’)’ < |x|n_g+1 :

Together with the fact that ¢ belongs to S(R™), this implies that for every
a€ (0,n+1),

[ (6 =)~ )b w) dyf

A"
« B2 ’x‘n—ﬁ—i—l )\a’y‘a

1 1 A"
—i—C// + dy.
@ R"\Bx/2(|x_y|n_£ |x|n_£)>\a|y|a

This gives if a > n,

1

| / (Gl —y) = G(2) A" (Ay) dy| <

)\oz—n’w‘a—ﬁ'

It follows that the first term in the right hand side of ([3:2]) converges to 0.
In order to estimate the second term, we pick a € (¢,n) and write

1 1 1 )\«
[ oe-ngeQal<c | e

1
!
< ¢ )\n—a|x|a—€ '

This completes the proof of the fact that G * p) converges pointwisely to G

on R\ {0}.
By letting A — oo in (B]), we get by Fatou’s Lemma

G(x)le]|? :
(/R |G (2)e]| dl,) < 0.

n ’x‘n—(n—ﬁ)q

Since G is homogeneous of degree —(n — ¢), this implies that G(x)[e] =
0 for every x # 0. In view of the properties of G, we thus have e €
Necrm\ {0y ker A(§)*. Since e € Neerny (o3 A(§)[V], we conclude that e = 0
and this completes the proof of proposition 311 O
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10 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

4. NECESSITY OF THE ELLIPTICITY CONDITION

4.1. The Hardy—Sobolev inequality. The necessity of the ellipticity con-
dition in theorem [ for the inhomogeneous inequality corresponds to the case
p = 1 in the following proposition.

Proposition 4.1. Let A(D) be a linear differential operator of order k on
R" from V to E, p € [1,n) and q € (p, n"pp] If there exists C € R such
that for every u € C°(R™; V),

k—1
(/ |D n( <C/ Dyul? |
Rn |x|n (%—-1)q

then A(D) is elliptic.

Proof. We assume by contradiction that there exist v € V' \ {0} and £ €
R"™\ {0} such that A(£)[v] = 0. Without loss of generality, we can further
assume that [{| = 1. We fix ¢ € C(R") and ¢ € C°(R) and we define
for A > 0 the function uy € C°(R™; V) for every z € R" by

X

(@) = ()& 2.

By the iterated Leibniz product rule for differentiation, if A > 1 and x € R",

D" s (@) = (5) PP e ) \<—( \M()D(Z\Dw )

C/
where we have introduced to alleviate notation the functions § € C.(R")
and 1 € C.(R) defined for y € R™ by 0(y) = ?:1|ng0(y)| and for t € R
by n(t) = Z?;&]Dj ¥(t)|. By the Minkowski inequality and our assumption,
we thus get

£)Dh=Lp(c - )| 1
(/ n (3 ,)x‘"— __(1) z)| )

gc(/RnlA(D)wp)hcf% %dgﬂ); 1)

n )\q|x|n (%

Since A(§)[v] = 0, we have for every z € R",

[A(D)ux(2)| < %”(éyw@)y)(z\w o) =< —0(5)n(& ).

If P¢ denotes the orthogonal projection on § L defined for y € R™ by Pe(y) =
— (& - y)&, we obtain by a change of variable,

C/lp
P <
| Aoy < - [
:Cl/p)\nflfp/

Preliminary version — May 21, 2013 — 1:26
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HARDY-SOBOLEV INEQUALITIES AND CANCELING OPERATORS 11

If we choose R > 0 in such a way that supp @ C Bp and suppn C (—R, R),
then for every A > 1 and y € R",

(5526 + Pelw)) (€ )] < 101 ey e X € -9 (P,

so that, by comparison of integrals, for every A > 1,
/R JAD)usP < 0ar, (4.2)

By the same changes of variables, we also get for every A > 1,

i OEn(E D@ / 0+ P -w)l"
R )\q’x‘n*(gfl)q R» )\qyg-Tyé._i_Pg(y)‘nf(;fl)q

The integrand can be bounded for every a € [0,n — (3 — 1)q], A > 0 and
y € R™ as

|0(52€ + Pe(y))n(€ - )|
N|&Le 4 Pe(y)|"

101 oo ) 17l oo (R)X (= R, R) (€ - ¥)XBr (Pe())

< n(1—%)+q—a
A€y Pe(y)|™ T

If1— (% —1)g < a < 1, the right-hand side is integrable, and thus

/ ‘0(§)77(§ i x)‘q dl‘ < CIIIIA(%—l)q—l—(q—a) (4 3)
Rn )\q’x‘n_(%_l)q - ’ )

Finally by Fatou’s lemma, we have

" z\pk-1 . x)|e

A=vo0 PRET
&Ye . p Dk-1 T
i [ 2L+ B@)DT(E )
A—oo JRn ’%ﬂg + Pe(y)|" r

|0 (Pe () D1 (€ - )
*he

(4.4)
By inserting (£2)) and (£3)) into (@I]) and letting A\ — 400, we deduce since

g>pand a <1< g, in view of (34)

|o(Pe(y)) DR 1ap(€ - y)|*
/ n nf(ﬁfl)q d
|Pe(y)|™ P

y=0.

This yields the desired contradiction because ¥ and ¢ are arbitrary test
functions. O

4.2. The pure Hardy inequality. In this section, we investigate the lim-
iting case p = ¢ in proposition .11
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12 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

4.2.1. Condition on the nonellipticity set. If A(D) is not elliptic, we can
consider the set of those £ € R™ such that A(£) is not one-to-one. We show
that if a Hardy inequality holds for A(D), then this set does not contain any
linear subspace of dimension [n — p].

Proposition 4.2. Let A(D) be a linear differential operator of order k on
R" from V to E. Let p € [1,n). If there exists C > 0 such that for every

ue CPRMV),
Dk—l P
/ ﬂdxﬁC/ |A(D)ul?
N R"
then for every linear subspace I C R"™ such that dim Il > n — p, there exists
¢ € 11 such that A() is one-to-one.

The above proposition implies in particular that the inequality cannot
hold when dimV > dim E. It also shows that when n = 2, the operator
A(D) is necessarily elliptic.

In order to prove proposition [£2], we rely on the following algebra prop-
erty.

Lemma 4.3. Let A(D) be a homogenous differential operator from V to E.
Then there exists a homogeneous differential operator B(D) from V to V
such that

A(D)o B(D)=0
and

toax dim B(¢)[V] = grgg}t dimker A(&).

Proof. Choose &, € R™ such that dimker A(&,) = s := minger» dim ker A(E).
By the fundamental theorem of linear algebra, s = max¢crn dim A(£)*[E].
Define P : V' — V to be a projection on A(&,)*[E] and choose the vectors
e1,...,es € E so that their images A(&.)*[e1],..., A(&x)*[es] are linearly
independent in V. Define now B(§) € L(V; V) by

B(&)*[v] = det(P[A()"[ex]], - .., P[A(E)"[es]])v
+ Z )" det(P[v], P[A(&)*[e1]]; - .., P[A(&)*[ei—1]],

PIA(&) [eira]], - -, PLA(E)" [es]]) A(€)"[ed]
where det is a determinant on A(¢,)*[E] = P(V).
For every ey € E and v € V, we have

s

eo- A©)BE)]] = 3(~1)" det (PIA©)*[eo]l. ..., PLAE) [ei1]),

1=0
PIA(&) [eill; - -, PIA(E) [es]]) A(E) [ed] - v.

Since the right hand side is antisymmetric with respect to the vectors A(§)*[eo], . . . , A(§)*[es]
and dim A()*[E] < s, we have ey - A(§)[B()[v]] = 0 and, since ey €

E is arbitrary, A(§)[B(£)[v]] = 0. In particular, we have for every ¢ €

R", dim B(§)[V] < dimker A(§). Since B(&,)* is one-to-one on ker P and

dimker P = dimker A(&,), we have B(&,)*[V] = ker P and dim B(&,)[V] =

dim ker A(&,).
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Finally, we claim that P(B(£)*[v]) = 0 for every v € V and every £ € R".
Indeed, let wy = Plv] and w; = P(A(§)*[e;]) for i € {1,...,s}. Then

P(B(&)*[v]) = Z(—l)i det (wo, . .., Wi—1, Wit1, ..., Ws)W;.
=0
Since w; € P[V] for i = 0,...,s and dim P[V] = s, we get P(B(£)*[v]) =0
which proves the claim. This implies that B(£)*[V] C ker P = B(&)*[V].
Hence,
dim B(&)*[V] = dim B(&,)*[V].
o dim B(€)"[V] = dim B(&,)"|V]
Since dim B(£)*[V] = dim B(£)[V], this completes the proof of the lemma.
(]

Proof of proposition [{.2 Consider a linear subspace II C R" such that for
every ¢ € I, rank A(£) < dim V. Without loss of generality, one may assume
that II = R™ x {0}. We introduce the linear differential operator on R™
from V to E defined for ¢ € R™ by A'(¢') := A(¢',0). By lemma [£3] there
exists a linear differential operator B’(D’) on R™ from V to V such that
B'(D’) # 0 and A'(D")B'(D’") = 0.

Let v € C(R™;V) be such that w := B'(D')v # 0. For any ¢ €
CP(R™ ™) and A > 0, we consider uy € C°(R™; V) defined for (2/,2") €
R™ x R"™™ by uy(2/,2") = p(z”)w(A\z'). Since A/(D")B'(D’)v = 0, we get

k-1
|A(D)ux(a,2")| < C" Y~ N|DIw(Aa")||[D* 7 o(2")] .
§=0

Whence,

) 1
lim sup <o =m /Rn

By definition of uy, we have

k—1 k—1
)\p(kfl)fm/ [D*w(a)[Ple(2") P dz’ dz’’ < C/// [D" uy (@) [P d

‘:g\#+|xl/|p n ‘x’p

|A(D)uy|P < C'/ |DFLw (") [P| Do (a") P da’ da”.
R

)

By the assumption applied to uy, we thus get

Dkfl N\ |p "\ |p
A—o00 n % + |z"|P

< C/I// |Dk71w(x/)|p|DSD(xl/)|p dCCI dx”.
Rn

We let A go to +o0 and then use Fubini theorem to obtain

1\ |p
/ ()] dz" < C///// \Dgo(x”)]p dz".

|x1/|p n—m

Since this must be true for any ¢ € CZ°(R"™™), this implies that p <
n—m. (|
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14 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

4.2.2. Dimension reduction. In proposition 4.2, we dealt with failure of the
ellipticity because A(&) is not one-to-one. The ellipticy can fail more boldly
when A() = 0 on a (n —m)-dimensional plane. In this case, the validity of
the inequality reduces to that of an inequality on the m—dimensional space.

Proposition 4.4. Let A(D) be a linear differential operator of order k on
R” from V to E. We assume that there exists a vector subspace Il C R"™ of
dimension m € {1,...,n—1} and a linear differential operator A'(D’) of or-
der k onII from V to E such that for any & € R"™, we have A(§) = A'(P(§)),
where P : R™ — 11 is a linear projection onto II. Let ¢ € {0,...,k} and
C eR.

For every u € C*(R™ V),

k— Z
1D ul@)l” d < C D)ul?,
n |ﬂj|gp

if and only if k = ¢ and for every u € C;X’(H; V),

P
/“mﬂ(mgc/pwnmw.
o x|k 0

This proposition generalizes example (L)) given in the introduction.

Proof of proposition [{.4 Without loss of generality, we can assume that II =
R™ x {0} and P(z) = 2’ where we write z = (2/,2") € R™ x R"™"™.

Assume first that the inequality on R™ holds true. For every function
veCPR™V),we CPR"™;V)\ {0} and A > 0, we consider the map
up(z’,2") = v(z")w(Az"). We observe that A(D)uy(2',2") = (A'(D")v)(z")w(Az")
and |DF~tuy (2, 2")| > M=o (2)||DF~“w(A2")|. By inserting this in the in-
equality on R"™, we get

Np| NDk—¢ 1\ |p
ot [ WD g
n ‘(:C’,:C”/)\)‘ p

<c/|A )Pl da’ da”
Then, necessarily, k = ¢ and by letting A to +00, we get

/ I\ |p
/ [v(z)w(2")| A’ dz” < C/ |AI(D/)’U(CCI)|p|ZU($”)|p dz’ dz”
n R’VL

/[P

and the inequality on II now follows from Fubini theorem.
Conversely, assume that k& = ¢ and that the inequality holds on II. For
every u € C°(R"™; V), we have by assumption

|ua!, 2")|P

/M—Eﬁfwfgqéiunmw@mwf.

It follows that

"\ |p
/ [u(’, 27| da’ < C/ u(x’, 2")|P da’ .
R

o G2

We now integrate in 2" to get the result. O
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5. HARDY INEQUALITIES FOR NONELLIPTIC FAMILIES OF OPERATORS

5.1. Direct sum of directional derivatives. We proceed to give a nec-
essary and sufficient condition for a special class of differential operators of
order one:

Proposition 5.1. Let ¢ € Ny, ay,...,ap € V\{0} and by, ..., by € R™\{0}.
The following are equivalent

(i) there exists C' > 0 such that for every u € C°(R™; V),

Ju(z)| : | |
J c;/}{n\al-m(m)[bm’

]

(i1) for every & € R™\ {0} and v € V' \ {0} there exists i € {1,...,L} such
that (a; -v) # 0 and |b;|*€ # (€ - b;)b;.

If the linear differential operator A(D) of order 1 on R" from V to R is
defined for v € V and £ € R" by

A()(v) = ((€ - bi)(ai - v))1<ies

one checks that A(D) is canceling if and only if n > 2 and that A(D) is
elliptic if and only if for every ( € R™ \ {0} and v € R™ \ {0} there exists
i € {1,...,¢} such that (a; - v) # 0 and ¢ - b; # 0, that is, instead of
forbidding the vector b; to be colinear with £, we are prohibiting b; from
being orthogonal to {. In the two dimensional case, the ellipticity condition
is seen to be equivalent to (f) by taking (&) = 0, in higher dimension, the
condition (i) is weaker than the ellipticity.

For instance, when ¢ = dim V' + 1, (i) is satisfied if and only if a4, ..., ay
are £ — 1 by £ — 1 linearly independent and by,...,by are 2 by 2 linearly
independent.

Proof. Assume by contradiction that (i) holds while () is not satisfied. Then
there exist £ € R™ \ {0} and v € V'\ {0} such that for every i € {1,...,¢},
either v - a; = 0 or |b;|%¢ = (b; - €)b;.
For every ¢ € C°(R) and ¥ € C°(R"™), define
un(@) = (& - )P (A([E]*z — (& - 2)€))v

and note that
a; - Dux(x)[bs] = (v - ai)(€ - bi)¢ (€ - 2) p(A(|EPx — (€ 2)8))
+ (v ai)p(& - ) ADP(A([E]Px — (€ - 2)€)) [|€17i — (€ - bi)E].

Now apply (@) to wuy

/ |o(€ - )P (A(E P2 — (€ - 2)9))|

dx
||

<0 [ |6 alA(ePa - (€-2)0) do.
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16 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

By a change of variable, this becomes

| o(€ - @) ([g]x — (€ - )))|
R~ \/lf-w\“r)\ (el = 1€ - )

<0 [ 1€ 2 - (¢ 0)0)) do.

By letting A — oo, we conclude that for every ¢ € C°(R),

“p()’dt<c/\<p (1) dt,
R [t]

which cannot hold.
Conversely, if ({i) holds true, then for every £ € R™\ {0}

{a; = i€ {1,...,0} and |b;]*€ # (€ - b;)b;} (5.1)

generates V. In particular, the set

{ai D1 E {1,...,6}}
generates V. Without loss of generality, we can assume that |b;| = 1 for
every i € {1,...,(}.
In order to prove the corresponding Hardy inequality (i), it is thus enough
to establish that for any u € C°(R™; V) and 1 < i </

/n’az‘ ’( dz <CZ/ laj - Du(x)[b;]| dx .

Consider the case i = 1 and let u € C°(R"; V). By taking £ = by in (5.1)),
we can write a; = Aaa;, +- - -+ Apaj,, for some r € {2,..., 0}, i; € {2,..., ¢},
Aj € Rand [by - b;;| < 1 for every j € {2,...,7}. In order to simplify the

notation, we can assume that (io,...,%3,) = (2,...,r). It follows that
T
ap -u(x) = Z Ajaj - u(z) . (5.2)
j=2

We now estimate

/ 7‘a1.u(x)‘dx§/ lar - u(@)] dx—i—Z/ lar - u(@)] )
no e R\, Bi \ \w!

where for i € {2,...,r},
Bi={zeR" : |z -b| < |z-bif}.
By (52)), this gives

/ lax - u(@)]| ";’(x)'dxg/ Z\A \'“J u( dx—i—Z/ |“1 u@)l g,
n R

n\U BZ] =2

a; - ay - u(x
<Cz/n\3| I +/ |1 dz, (5.3)

Since for every 1 <14 < r, the roles of ¢ and 1 are symetric, we only need to
prove

/ los-u@)] 4 o / a1 - Du(a)[bi]|d (5.4)
B; R”

]
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In view of the identity

0
a1 - u(z) = / D(ar - u)(z + thy)[b1] dt , (5.5)
we have
|a1 u(w dz
/ e dx</ / (a1 - u ;c+tbl)[b1]|dtW
B; T
We complete the proof of the proposition by the next lemma. O

Lemma 5.2. Let b,c € R"\ {0} and define
J={xeR" : |b-z|<|c-z|}.
If |b-c| < |b|?, then for every nonnegative function f € L*(R™),

f(z +1tb) [b[V1B[%[c]* — (b - ¢)°
/ B dtd <2 b — (0 0)? /nf(x)dx

Proof. By the change of variable formula, one has
f x + tb) / /
dt = 5.6
/ N n Dy \y — tb[ (5.6)

Dy={teR : |b-(y—th) < e (y—th)]}.
One notes that for every y € R" and t € R,

where

ly —tb| > \y - |b|2 b‘

and that
(b—c)-y (b+c) -y
D,=3teR : (=7 —t)(t————"—=)>0
Y { < (|b|2—b-c )( |b|2+b-c)— }’
so that by the Cauchy-Schwarz inequality,
c- ([b]*y — (b-y)b)
D =
L e
_ 2‘ ([bPc — (b~ c)b) - (|bI*y — (b~ y)b) ‘
[b]([bl* = (b- ©)?)
< VP = Pl — (- )bl
[bI(b]* = (b~ €)?)

In view of (5.6]), this implies

flz+1tb) | Dy|
/ BT dtg/ni_ b f(y)dy

b|\/|b|?]c|?
<olhd —C ek [ sy

This completes the proof of the lemma. O
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18 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

5.2. Direct sum of general differential operators. We now generalize
the sufficiency part of proposition 5.1l to a more general class of non elliptic
operators.

Proposition 5.3. Consider a linear differential operator A(D) of order 1
from'V to E = FE1 ®--- & Ey which can be written for £ € R™ as

¢
A(E) =D Ai(P(€)) 0 Qi
i—1

where P; € L(R™;R™) and Q; € L(V; V) are projections and A; is an elliptic
linear differential operator of order 1 on II; := P;(R"™) from V; = Q;(V) to

E;.
If g ker Q; = {0} and for everyi € {1,...,¢},

ﬂ ker Q; C ker Q);,
JEL (5.7)
with I; == {j : ker(P;) € ker(P;) and ker(P;)  ker(P;)},

then there exists C' > 0 such that for every u € C°(R™; V),

Ju(z

/n_ﬂdxg Ci/Rn]A(D)u(x)‘dx.

]

The assumption (5.7) implies that A(D) is canceling. Indeed, for every
i € {1,...,0}, either V; = {0} or I; # 0. In the latter case, ker(P;) #
{0}. Hence, there exists & # 0 such that P;({) = 0, which implies that
A [V]IN E; = {0}. If V; = {0}, this is true for any £ € R"™. Since this
holds for every i € {1,...,¢}, A(D) is canceling.

This proposition coincides with proposition[5.Ilin the particular case when
Pi(&) = (£:b;)b; and Q;(v) = (a;-v)a; for ay,...,ap € V\{0} and by,...,bs €
R"™\ {0}. We thus have V; = Ra; and II; = Rb;. Indeed, the assumptions

5:1 ker @; = {0} and ey, ker @Q; C ker @; hold true if and only if the
families {a; }1<i<s, {bi }1<i<¢ satisfy assumption () in proposition [5.I1

As an example, consider the linear differential operator A(D) on R* from
R? to R* defined for &€ = (&1,...,&4) by

&0
&4 &3

This operator, which is not elliptic and cannot be considered in the frame-
work of proposition [B.1], has the form described in proposition 5.3 with
Vi =R(1,0),Vo = R(0,1),V3 = R? and

A1(§1)oQ1=(& 0), Ax&)oQ2=(0 &),

A3(&3,84) 0 Q3 = ( 2 —£§4 ) .

Assumption (B.7)) is satisfied so that the Hardy inequality holds true in that
case.
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Proof of proposition [5.3. The proof is very similar to the proof of proposi-
tion [B.Il. We only outline the main differences. Without loss of generality,
we assume that V; # {0} and II; # {0}. If B, is the orthogonal projection on
ker(P;)*, then there exists a differential operator A; of order 1 on ker(P;)*
from V; to E; such that A; o P; = A; o P;. By construction ker P; = ker P,
and A; is elliptic. We can thus assume without loss of generality that P; is
an orthogonal projection.

Since (i_; ker Q; = {0}, there exists C' > 0 such that for every v € V, we
have

¢
v < CY |Qi(v)
i=1

Thus, we only need to prove that for every ¢ € {1,...,/},

\U)\T &
/" Qi@ 4 - cz/Rn|Aj(Pj(D))Qj(u)(:ﬂ)ldx’ (58)
j=1

||

Consider the case i = 1. We define for j € I; the set B; := {x € R" :
|Pr(z)] < |Pj(z)[}. Since Ny, ker Q5 C ker @1, there exists C' > 0 such
that for every v € V,

Q1(v)] < C Y1Q;(v)

Jj€n
By using this estimate on R™ \ U,¢y, Bj exactly as in proposition B.1] (see
(53)) we are thus reduced to prove the analogue of (5.4]), namely for every
J€nL

[ i )’dx<0/ AL (PD)Q () (@) dr . (5.9)
B

=l
J
Let nqy = dimII;. Consider first the case nqy = 1 : there exists b1 € R",
|b1] = 1 and a linear map a; € L£(Vy; E1) such that for every v € Vi,

A (P(E)[v] = & - braa[v].

Since a; is one-to-one, there exists C' > 0 (not depending on u ) such that
for every x € R"

|Q1(u)(2)] < Claa[Q1(u)(2)]]
By the identity (IBI)J) applied to a1(Q1(u)), we thus get

/B [@Q)@)] <c/ I:vl/ 1AL (PL(D))(Q1(w)(x + thy)] dt.

j le

By the change of variable formula, we get

Q1 (W) ()] dt
/Bj 2] dz < C/ | A1 (P(D ))(Q1(u))(y)|dy/J; o= ton] (5.10)
where

T ={t:|Pi(y —th1)| < |P;(y — th1)l}-

When n; > 2, we introduce the Green function G; corresponding to
A1(Py(D)) on I1; given by lemma[22] which is homogeneous of degree 1—n;.
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20 PIERRE BOUSQUET AND JEAN VAN SCHAFTINGEN

We write every z € R™ as = (y,2) € II; x ker Py:

[l
B ||
B |fyg{i§| m |y_i|n1_1‘A1(P1(D))Q1(u)(t7 z)‘dt

dy
<0 [ 14PN () drds [ Gl

<C

(5.11)

where
B]Z = {y eIl : (y,Z) S B]}

In view of (5I0) and (5.I1]), proposition B3] then follows from the next
lemma. (]

Lemma 5.4. There exists C > 0 such that for every t € Iy, for every
z € ker Py,
dy
<C. 5.12
/B; G, My — (5.12)

Proof. We write II; = (II; N II;) @ IT}, where I} = ker P; N 11, and any
yelly asy =y +y" €Il & (II; N1I;). We thus have

1Py, 2)> =yl = ly]* + [y

Since y” € II; N1, z € ker P; and P; is an orthogonal projection, we have
y" - Pj(z) = 0. This gives

|1Pi(y: 2)° = 1y" + Pi(2)]* = y"]” + |P; ().
Hence, the set B is a cylinder:

B ={yeIli : |y| < |Pj(2)]}.

By a pointwise bound on the integrand, we have

/ dy </ dy
Bz |(y, 2)|ly — ™=t = s [2[1/2|y[V/2]y — ¢m—t

]
By a double application of the Hardy—Littlewood rearrangement inequality
(see for example [I8], theorem 3.4]),

dy dy
/ 1/210,|1/2 ni—1 S/ 1/2(0,11/2((aff 4y my|ni—1
Bz [2[V2y[2 |y — tm Bz [2[V2y[Y2 | (y g = 7)™

</ —dy
= [ 11/2 ~1/2°
Bz [2|1/2|y[m =1/

Since IIy ¢ II;, we have dimII; N1II; < ng, so that the right-hand side
integral is finite. By homogeneity, we thus have

/ dy — C/|Pj(z)|1/2
B [2[1/2y|m 1/ 212

and the conclusion follows. O
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