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Abstract

An important challenge in Lot Sizing faces to decision makers when there are
capacity constraints. Decisions related to these problems have a direct impact
at the operational level of the company, and consequently, they have an effect
over the global performance of the company. One of the capacity constraints
in Lot Sizing Problems arises when the machines produce with variable pro-
ductivity. It means that their production capacity changes over time.
Moreover, when the production capacity decreases over time, it is vital to stop
the production line and fix the machines to bring them back to full productiv-
ity. Thus, another problem is about the maintenance scheduling. Given that
the machines do not work during the maintenance period, it is important to
synchronize maintenance and Lot Sizing decisions. Taking into consideration
the company’s freight, transportation decisions should be incorporated into the
model as well in order to exploit the freight efficiently. The latter aspect adds
to the complexity of the problem significantly.
Throughout this thesis, we aim to propose an improved formulation to deal
with Dynamic Productivity Lot Sizing Problem (DPLSP) by extending tradi-
tional approaches provided for the Capacitated Lot Sizing Problems (CLSPs).
Many of these problems are hard and hence are unlikely to admit polynomial
time solutions. Therefore, we approach DPLSP based on the already exist-
ing common sense or specialized heuristics for CLSPs. Because of the non-
increasing capacity assumption we apply in our model, it is vital to integrated
the aforementioned problem with the maintenance scheduling in order to bring
the machines back to their full productivity. Specifically, in this research we
plan to cope with a single (multi)-product(s), single (multi)-machine(s) CLSP,
as a basic production/inventory problem with decreasing capacity. Then, we
plan to synchronize maintenance and transport aspects to best satisfy the de-
mand, while minimizing the total cost of the process.
We propose two types of algorithms to solve such an integrated problem. The



first algorithm (off-line algorithm) is suggested when the demand is determin-
istic. We exploit MIP-based Fix-and-Optimize heuristic which results is com-
pared to the results obtained using the MIP solver. The second algorithm which
called online algorithm is propounded when the demand is not known in ad-
vance. The effectiveness of the proposed online algorithms is measured by
their competitive ratio, defined as the ratio between the maximum number of
the demands can be satisfied and that of a hypothetical offline algorithm (Dy-
namic Programming) which knows the entire sequence of requests in advance
and chooses its actions optimally.
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Chapter 1

Introduction

Quality and maintenance are amongst the most important concerns of every

production system. In the current competitive world, high quality is at least

as important as low price. Renovation of the machinery in production systems

along with the advancement of technology enables them to retain their com-

petitive feature in terms of quality. Nevertheless, technological advancement

does not guarantee that the machinery do not break down during their life. A

machine’s condition can turn into an out-of-control condition gradually or at

once. This implies that the products would not have their potential perfect

quality. Besides, such situation questions the validity of the utilized lot siz-

ing model, in that the portion of defective products in each lot increases, and

the nominal production capacity of the machine decreases. The probability of

shifting to an out-of-control condition will be diminished by scheduling peri-

odic inspection and performing maintenance.

1
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The objective of maintenance scheduling is to achieve the best timing to per-

form the maintenance actions in order to minimize the total maintenance cost.

On the other hand, the objective of production planning is to minimize the

total production and inventory costs while satisfying the demand for all prod-

ucts. Since production planning and maintenance scheduling are interdepen-

dent they usually cannot be planned sequentially, though many companies do

it. Although the resulting model is more complicated, the synchronization

between production planning and maintenance scheduling induces significant

reduction in total cost incurred by production interruptions, delays, and re-

planning.

During the last few decades, exhaustive research has been carried out in the

realm of lot sizing problem and EMQ (Economic Manufacturing Quantity) as a

classic model has been exploited to develop more complicated realistic models

by relaxing its underlying assumptions. The developed models mainly stand

on the fact that the lack of maintenance not only yields low quality products,

but also decreases the productivity of the machinery. Therefore, maintenance

is an inevitable measure to avoid defect products and capacity reduction.

Although Iravani and Duenyas [2002] have demonstrated that making mainte-

nance and production decisions separately can be rather costly and that there

are significant benefits for making these decisions in an integrated fashion, the

author’s survey of the literature did not discover a study that deals, in partic-

ular, with an efficient formulation for (non-cyclic) maintenance and the effect

of production interruptions as a result of maintenance on the lot sizing prob-

lem. In this thesis we are going to fill this research gap by developing some
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efficient models. In spite of the fact that the essential assumption in the con-

sidered models is the same (the demand is time varying), they are distinctive in

receiving the data for the future requests. Their objective is to schedule main-

tenance and fulfill the requests when the demand is given ahead of time (first

models) or while there is no knowledge about the future requests (last model).

For the known demand, we consider an integrated capacitated lot sizing and

maintenance scheduling problem for which the motivation is inspired from a

real production problem in Cement Industry. For the second assumption, when

the demand is not known in advance, we consider different random instances of

integrated production planning and maintenance scheduling problems to solve

which different randomize and deterministic online algorithms are proposed.

The key contributions and findings of this research are as follows:

• We have developed a dynamic capacitated lot sizing and maintenance

scheduling model with decreasing capacity. The novelty of this model

is that it includes the capacity reduction and maintenance scheduling

constraints.

• We have adapted the existing Fix-and-Optimize approach of Sahling

et al. [2009] for the MIML-CLSP and combined it with a maintenance

scheduling and transportation problem. We have found, at least for the

considered class of MILML-CLSP instances, this yields better results

than the off-the-shelve solver.

• We have applied the competitive analysis of on-line algorithms to the

maintenance scheduling problem in which the demand in uncertain.
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The structure of this chapter is as follows. The next section is the key section

which describes the problem and discusses the integrated maintenance and pro-

duction planning problem with non-increasing capacity. The general goals of

our research and the motivation are also clarified in this section. In the second

section the different types of maintenance are considered. Finally, in the last

section the outline of the thesis is presented.

1.1 Motivation and Problem Statement

A strong motivation for the topic of the thesis has been inspired from a real

production planning problem in the Cement Industry. Calucem was founded

in 2006, which is located in Pula, Croatia. It is one of the leading suppliers

of calcium aluminate cement, supplying high quality and specialty cement to

both the refractory and building chemistry industries. Calucem exports cal-

cium aluminate cements from Croatia to more than 60 countries worldwide.

The positive sales trends and capacity utilization of the facility in Croatia have

helped reinforce its position as the second largest manufacturer and supplier of

calcium aluminate cement.

In this section, a global view of the different parts of the production process at

Calucem is described.

1.1.1 Raw Material

At Calucem, different types of raw materials are used in the cement process

such as Limestone, Bauxite, Coal, Alumine, etc. Each of the different types
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of raw materials is available from one or several distinct sources. For each of

these sources, the price as well as the possibilities and cost of shipment may

vary. Moreover, all sources can only provide a limited amount of material per

month. for each source, there are several modes of transportation depending

on their availability. At Calucem, the storage of raw material consists in a

number of bunkers and open air spots around the site. Each of these bunkers

or spots has a limited capacity, and can hold only certain types of raw material.

Furthermore, a limestone quarry, which is also the main provider of limestone,

can be used for extensive storage of extra material. This spot has a virtually

unlimited capacity at the scale of of the cement plant, but the drawback is an

extra cost due to the transportation to and back from the mine.

1.1.2 Kilns and Clinkers Procedure

A kiln 1 is an L-shaped furnace fed with raw material and coal, and yielding

melted clinker. As illustrated in Figure 1.1, the kiln is mainly made of refrac-

tory bricks. Raw materials are brought through the upper opening, where they

are preheated by combustion gases before stacking up. On the opposite end,

coal dust is injected under pressure into the kiln and brings the temperature to

1400−1500◦C. This causes the raw materials to decompose, releasing mainly

steam and CO2, and to melt. This liquid is then collected as melted clinker,

cooled down and stored.

The high temperature gradually weakens the kiln’s wall. Moreover, the capac-

ity of the kiln decreases gradually because of the deposit in its bottom. So, it
1An industrial oven
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FIGURE 1.1: Capacity evaluation
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becomes necessary to perform a global maintenance of the kiln either because

the productivity is too low, or because of the rifts in the walls. During such

maintenance, obviously the kiln cannot produce anything. The duration of a

maintenance is 3 or 4 weeks, and only a limited number of kilns can be under

the maintenance at the same time.

Moreover, the productivity of the kiln might be lower in the first periods fol-

lowing a maintenance (ramping up). As Figure 1.2 shows, a production cycle

begins with a new system (in-control state), in which the kiln starts with a

fraction of the nominal capacity to produce items of acceptable quantity and

quality. After a few periods, it is able to reach its full capacity. Gradually,

the productivity reduces over time, and at some point it becomes better to shut

down the plant completely for a maintenance (out-of-control state), and restore

the capacity to its nominal value. Then a new cycle begins. At Calucem, 8 kilns
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FIGURE 1.2: Capacity evaluation

of approximately the same capacity are in use. The different types of cements

are stored in 13 silos, 2 of large capacity and 11 smaller ones, and they are

dedicated to specific types of clinkers.

1.1.3 Shipments Planning

Calucem produces 7 types of cement which are shipped to the client all over

the world by sea transportation. The cost and the capacity of transportation

varies over time because the company does not control the shipment opera-

tions. In particular, small ships with relatively high cost are available all-year

round, while there are a few opportunities per year of cape-size boats, with

much higher capacity and smaller per unit cost if fully loaded. Calucem’s aim

is to best satisfy the demand in the different final product types, while mini-

mizing the total cost through the process. This includes potential compromises

between shipping the products early or late with some penalty, and shipping it

in an expensive way versus storing it longer on site to take advantage of a cheap

vessel to come, among others. The Calucem’s customers are mostly located in

Europe and the United States of America. There is a local final product stock
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in Pula, which is managed by the company. Two other stocks are located in

Sweden and USA.

A major problem with the current planning system of the company is that

maintenance scheduling is done without taking into account the downstream

transportation which results in substantial cost increases. So, the models we

develop in this thesis aim at synchronizing maintenance and cheap transport to

best satisfy the demand in the different final product types, while minimizing

the total cost throughout the process. Therefore, the most important process in

our research are the production process in the kilns and the transportation one.

1.2 Types of Maintenance

Maintenance is defined as a set of actions taken to prevent equipment from

failing or to repair normal equipment degradation. The need for maintenance

is predicated on actual or impending failure. Ideally, maintenance is performed

to keep equipment and systems running efficiently, at least for the design life of

the component(s). The design life of most equipment requires periodic main-

tenance. Belts need adjustment, wheel alignment needs to be maintained, and

proper lubrication of rotating equipment is required. In some cases, certain

components need replacement, (e.g., a wheel bearing on a motor vehicle) to

ensure the main piece of equipment (in this case a car) lasts for its design life.

Anytime we fail to perform maintenance activities intended by the equipment’s

designer, we shorten the operating life of the equipment. But what options do

we have? Over the last 30 years, two approaches have been developed about

how maintenance can be performed to ensure equipment meets its design life.
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Rather than waiting for a component to fail (reactive maintenance), we can uti-

lize proactive maintenance, which is performed without being caused by some

form of failure.

1.2.1 Reactive Maintenance

Reactive maintenance is basically the “run it till it breaks” maintenance mode.

No actions or efforts are taken to maintain the equipment, as the designer orig-

inally intended to ensure design life is reached. Advantages to reactive main-

tenance can be viewed as a double-edged sword. If we are dealing with new

equipment, we can expect minimal incidents of failure. According to reactive

maintenance, we should not expend manpower dollars or incur capital cost un-

til something breaks. Since there is not any associated maintenance cost, this

period could be regarded as a money-saving time. In reality, the cost during the

time of saving maintenance is more compared to that under a different main-

tenance approach. This is due to the fact that while waiting for the equipment

to break down, it wears out with a higher rate. Hence, the ramification could

be more frequent replacements, and so more cost. The failure of one piece of

a machine could expedite the failure of other pieces. This incurs a cost which

could be avoidable if the maintenance program was more proactive.
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1.2.2 Proactive Maintenance

Proactive maintenance primarily focuses on determining the root causes of

machine failures, and dealing with the issues before problems occur. Proac-

tive maintenance is often seen as a money-saving approach, because it allows

the company to avoid machine failures and solves issues before they become

problems. The goal of proactive maintenance is to view machine failures and

similar problems as the anticipated problems to deal with before occurrence.

one form of Proactive Maintenance is called Condition-Based Maintenance

(CBM) based on which this research is defined. CBM typically involves active

monitoring of the state of the equipment and predicting the systems’ ability

to perform without failure. When the condition is deemed too low, a main-

tenance is performed and the machine is restored to its nominal state [Garg

and Deshmukh, 2006]. With CBM, organizations perform maintenance only

when needed to prevent operational deficiencies or failures, to eliminate costly

periodic maintenance, and to significantly reduce the likelihood of mechanical

failures.

The objective of any form of maintenance is to buy the reliable utilization of

a machine for some period of time. To achieve this objective, two other ob-

jectives should be pursued. First, we need to ensure that the reliability of the

machine is as high as possible for the entire period of utilization. Second, little

should be paid for each period of utilization. When considering the former
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objective, achieving the utilization using proactive maintenance as the mecha-

nism of choice is likely to lead to higher reliability. However, the cost of re-

active maintenance is much greater than a form of proactive maintenance pro-

viding an equivalent period of machine utilization Hu et al. [2012]. Therefore,

taking into account proactive maintenance in maintenance scheduling usually

provides more benefits than reactive maintenance (although the latter cannot

completely be eliminated).

1.3 Outline of the Thesis

The main question which we try to answer during this research is ”what is

the best time to do the maintenance?”. In order to do so, we consider two

situations; the known and the unknown demand. The first part of the thesis

(Chapter 2 & 3) is devoted to the integrated problem of production planning,

maintenance and transportation scheduling when the demand is known in ad-

vance. The second part (Chapter 4) is dedicated to the integrated problem of

production planning and maintenance scheduling when the future demand in

unknown. Below, we provide an outline of each chapter.

Chapter 2 demonstrates that integrating maintenance scheduling and produc-

tion planning can lead to substantial savings. However in these works the

associated optimization problems are solved by enumerating all (exponentially

many) maintenance schedules. This has led these researchers to either solve

instances of very small sizes, or consider cyclic maintenance schedules only to

limit the possibilities to a small (polynomial) number. We show here how to

formulate these problems as (strong) mixed-integer linear programs, and then
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solve them using off-the-shelve MIP solvers. We demonstrate the efficiency

of the proposed approach to solve problems of up to 10 products and 24 time

periods, sizes that were simply unreachable before. We also illustrate the value

of using non-cyclic maintenance schedules when the demand varies over time,

with savings of up to 41% compared to cyclic schedules.

In Chapter 3, we characterize an improved formulation for DPLSP, as an exten-

sion of CLSP, and develop a Fix-and-Optimize heuristic to solve a multi-item,

multi-machine, multilevel capacitated lot sizing problem (MIML-CLSP). The

problem also includes condition-based maintenance and transportation sched-

ules. The proposed model simultaneously determines the production plan, the

timing of maintenance and the transportation decisions. The objective is to

minimize the total production, maintenance, and transportation costs, while

satisfying the demand of all products over the entire horizon without backlog-

ging. In computational experiments the superiority of our Fix-and-Optimize

heuristic over the MIP solver using various formulations and other classical

heuristics is demonstrated.

In the second cluster, Chapter 4, we distinguish two classes of algorithms im-

plemented to solve integrated lot sizing and maintenance problem with uncer-

tain parameters, namely online algorithms and offline algorithms. Our main

contribution is the application of competitive analysis of online algorithms to

the mentioned problem. In computational experiments we compare the effi-

ciency of two randomized online algorithms using different distributions for

the arrival of the demands. The three studies presented in Chapter2-4 are cur-

rently in the process of getting published in scholarly journals.

After summarizing the main idea of the thesis in the beginning of Chapter 5,
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we conclude by pointing out the main research findings, and topics for possible

future research linked to the integrated problems presented in Chapters 3 and

4.





Chapter 2

Solving integrated production

and maintenance planning

problems by MIP modeling

2.1 Introduction

Performing maintenance of productive equipment is a standard and natural

practice in almost all industries. Without maintenance equipment will usually

gradually consume more raw material and energy, operate at lower speed, lead

to more defect products or to more down-time. The increase of consumption

in raw material and energy, the increase of defect products and the corrective

maintenance after failure will all increase the production cost per unit, while

the lower speed of operation, the increase of defect products and the increase

15
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of down-time after failures will all decrease the nominal production capacity of

the production system. Therefore, performing regular preventive maintenance

to restore the equipment to an ’as-good-as-new’ state is usual practice in most

production systems. However, performing a maintenance is itself costly be-

cause it might necessitate the usage of specialized equipment or human skills

and will also usually lead to a duration of reduced or zero capacity. Therefore

plant managers do not want to perform maintenance too often either.

Lot sizing is the optimal timing and sizing of production lots in the face of dy-

namic, time-varying demand. The most important feature of lot sizing models

are economies of scale related to production. More precisely, larger batches

lead to lower production cost because of the presence of fixed costs, or to

higher production capacity through the reduction of setup times. So the key

trade-off in lot sizing models is between just-in-time, low-inventory but high-

cost production plans, and production plans in large batches leading to low

production cost and high capacity utilization but high inventory. Production

planning generalizes lot sizing by also considering multiple products and mul-

tiple machines. An excellent reference book on this topic is Pochet and Wolsey

[2006].

Maintenance scheduling and production planning are interdependent because

the former essentially determines the production capacity that is used as in-

put data of the latter. However, performing these two functions sequentially

remains the usual approach in the industry, probably for simplicity and the

belief that the inefficiency is small among other reasons. Nonetheless, it has

been known since at least the work of Iravani and Duenyas [2002] that making

maintenance and production decisions separately can be rather costly and that
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there are significant benefits for making these decisions in an integrated fash-

ion. The reason is intuitive. If the maintenance schedule is determined without

taking into account the full knowledge available about time-varying level of

customer demand, it could be that a machine is in maintenance status during a

period where full capacity is most needed.

This chapter of the thesis makes the following contributions. We give the first

Mixed Integer Linear Programming (MILP) formulation for non-cyclic main-

tenance and the effect of production interruptions as a result of maintenance

on the lot sizing problem. We also provide several alternative capacity mod-

els (i.e. different ways in which production decisions influence the production

capacity) that substantially broaden the range of applicability of the proposed

models. Next we show that these MILP formulations enable us to solve much

larger problem instances than could previously be solved. Finally, we demon-

strate the benefits of allowing non-cyclic maintenance schedules over cyclic

ones.

The structure of this chapter is as follows. In the next section a brief literature

review of the related works is given. Section 3 is the key section and presents

the integrated maintenance and production planning problems and several vari-

ants and extensions, each time with the associated MILP formulation. An il-

lustrative example is presented in section 4. Finally, we report on extensive

computational experiments in section 5.
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2.2 Literature Review

During last decade and even today, reactive maintenance or proactive mainte-

nance have been existing widely in mechanical industry. The impact of ma-

chine breakdown and CM on the economic lot sizing decisions was first con-

sidered by Groenevelt et al. [1992a]. The subsequent literature has not been

plentiful [Chakraborty et al., 2008], and has mostly been devoted to integrated

production planning and maintenance scheduling where failure rate is deter-

ministic or stochastic. The constant failure rate was considered by Groenevelt

et al. [1992b] where it is assumed that a certain fraction of the items produced

will be diverted to the safety stock in order to satisfy the demand during repair

time of the machine. Since then several researchers [Kim et al., 1997] have

extended the above seminal work to fit into various realistic situations. Various

probability functions have been considered to reflect stochasticity of failure

rates among which general distribution [Ben-Daya, 2002, Wang and Meng,

2009, Chakraborty et al., 2008], exponential distribution [Lee and Rosenblatt,

1989, Groenevelt et al., 1992a, Berg et al., 1994, Lin and Gong, 2006], Weibull

distribution [Fituhi and Nourelfath, 2012, Lin et al., 2011], Gamma distribution

[Aghezzaf et al., 2007] are the most frequent ones. Stochasticity of integrated

production planning and maintenance scheduling, on the other hand, can be

attributed to the required repair time to bring a machine back into an in-control

state where distribution function of the repair time is exponential [Berg et al.,

1994], or uniform [Chakraborty et al., 2008, Kim et al., 1997].

Maost researchers have considered cyclic (or periodic) maintenance in their

PM models [Aghezzaf et al., 2007, Grigorieva et al., 2006]. In periodic PM we
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deal with optimizing how often each task in a set of predefined tasks should

be executed. In comparison, there is a relatively limited literature on models

presenting a general (not necessarily periodic) preventive maintenance policy

[Fituhi and Nourelfath, 2012, Aghezzaf and Najid, 2008]. The objective of

these models is to determine either the best time for doing preventive replace-

ments by new items, i.e., perfect PM [Yao et al., 2004], or the optimal sequence

for imperfect maintenance actions [Levitin and Lisnianski, 2000].

Since the integrated maintenance scheduling and production planning falls in

the realm of combinatorial optimization, developing efficient solution meth-

ods is as important as developing efficient models. Hence, beside mathemati-

cal programming-based approaches [Ashayeri et al., 1996, Chakraborty et al.,

2009, El-Ferik, 2008, Lee and Chen, 2000], Lagrangian relaxation and decom-

position technique [Aghezzaf and Najid, 2008] are used to find bounds for

these problems. Moreover, meta-heuristics [Sortrakul et al., 2005, Levitin and

Lisnianski, 2000] have been extensively used to find good quality solutions.

In Ashayeri et al. [1996] a mixed integer linear programming model is devel-

oped to simultaneously plan preventive maintenance and production on mul-

tiple production lines, where each line has one bottleneck machine. The pro-

posed model only indicates whether or not to produce a certain product in a

certain period on a certain production line. The model schedules production

jobs and preventive maintenance jobs, while minimizing costs associated with

production, back orders, corrective maintenance and preventive maintenance.

A branching solution procedure is suggested and its performance is discussed.

The model presented in Lee and Chen [2000] deals with the scheduling of pro-

duction and preventive maintenance on a set of parallel machines where each
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machine must be maintained once during the planning horizon. The objective

is to schedule jobs and maintenance activities so that the total weighted com-

pletion time is minimized. They studied two cases; in the first, the machines

can be maintained simultaneously if necessary, and in the second only one ma-

chine can be maintained at any given time. They showed that, even when all

jobs have the same weight, both cases of the problem are NP-hard. They also

proposed a branch-and-bound algorithm based on column generation for solv-

ing both cases of the problem.

Sortrakul et al. [2005] have used Genetic Algorithm (GA) to solve the model

of Cassady and Kutangolu [2005] in which they have proposed an integrated

maintenance planning and production scheduling for a single machine, in order

to find the optimal PM actions and job sequence minimizing the total weighted

expected completion time.

Fituhi and Nourelfath [2012] have considered an integrated non-cyclic preven-

tive maintenance and tactical production model for a single machine which

determines simultaneously the optimal production plan and the instants of pre-

ventive maintenance actions. The problem is solved by enumerating all possi-

ble maintenance schedules in which the number of possibilities increases expo-

nentially. They show substantial benefits for allowing non-cyclic maintenance

schedules compared to cyclic ones.

2.3 Problem Statement

The exponentially decreasing capacity model that we consider is very similar

to the one discussed in Aghezzaf et al. [2007], where they present a natural
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model of production with preventive maintenance. In the latter work, the prob-

ability of machine failure and loss of capacity increases over time, unless a

preventive maintenance is performed. Since everything is dealt with in expec-

tation, they eventually obtain a model with capacity decreasing exponentially

over time, until maintenance is performed. Because they only consider cyclic

maintenance schedules, there are only as many different maintenance sched-

ules as time periods. An efficient solution procedure is then to enumerate all

possible maintenance schedules. As we consider general (non-cyclic) main-

tenance, there are an exponential number of possible schedules. Therefore

enumerating all maintenance schedules will not be an efficient approach in our

case.

In our model, the deterioration of the equipment is modeled by a gradual re-

duction of the capacity. This is used to take various effects into account like

increased defect products, decrease of production rate or increased needs of

corrective maintenance after failure. Since we assume in the model that we

know the capacity of the equipment at all times, the model we consider is closer

to the concept of CBM. However, CM is also taken into account (although in

expectation only) by the gradual reduction of capacity.

2.3.1 Mathematical Models

We consider a single machine on which a set of products P must be produced

during a given planning horizon T consisting of N fixed periods with length

τ , i.e., T = Nτ . For each product i ∈ P , a demand dit must be satisfied at

the end of period t ∈ T . The machine has a nominal capacity cmax which
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decreases exponentially at rate 0 ≤ α ≤ 1 in a production cycle. It is also

assumed that if maintenance is performed in period t ∈ T it starts from the very

beginning of period t. Our integrated maintenance and production problem

consists of a multi-product single-machine capacitated lot sizing problem and

a maintenance problem. The decisions involve determination of lot sizes in

each period and the periods in which maintenance is performed. Our objective

is minimizing the total production, inventory, set up, and maintenance cost,

while satisfying the demands for all products over the planning horizon. The

required sets, parameters, and decision variables used in our model are the

following.

Sets and Parameters

T : Set of periods in the planning horizon

P : Set of products

α: Capacity reduction coefficient

τ : Length of each period

fit: Fixed production cost of product i in period t

pit: Variable production cost per unit of product i in period t

hit: Inventory holding cost per unit of product i by the end of period t

dit: Demand for product i in period t

mt: Maintenance cost in period t

cmax: Maximum (nominal) capacity of the machine

Decision variables

xit: Lot size of product i in period t

Iit: Inventory level of product i at the end of period t
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ct: Available capacity in period t

yit:


1 if product i is produced in period t

0 otherwise

zt:


1 if maintenance is performed in period t

0 otherwise

2.3.1.1 The Integrated Non-cyclic Maintenance and Production Model(NCMP)

min
∑
t∈T

(
∑
i∈P

(fityit + pitxit + hitIit) +mtzt) (2.1)

Subject to:

xit + Ii,t−1 = dit + Iit ; ∀t ∈ T , i ∈ P (2.2)

xit ≤ (
∑

s∈T,s≥t
dis)yit ; ∀t ∈ T , i ∈ P (2.3)

∑
i∈P

xit ≤ ct ; ∀t ∈ T (2.4)

ct = max(αct−1, cmaxzt) ; ∀t ≥ 2 (2.5)

xit ≥ 0 , Iit ≥ 0 , ct ≥ 0 , yit ∈ {0, 1} , zt ∈ {0, 1} ; ∀t ∈ T, i ∈ P (2.6)

The objective function (2.1) consists of the total production, inventory, set up,

and maintenance costs. The first set of constraints (2.2) is the flow conservation

constraints defined for all products i ∈ P and all periods t ∈ T . They guar-

antee that summation of the available inventory of a product and its produced

quantity in each period is sufficient to satisfy demand of the pertinent period;

the remainder inventory is obviously stocked for the subsequent periods. The
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second set of constraints (2.3) enforces xit = 0 if yit = 0 and does not impose

a constraint on xit if yit = 1. In these constraints the quantity
∑

s∈T,s≥t dis is

an upper bound for xit. Constraints (2.4) are the capacity restrictions defined

for each period. They guarantee that the produced quantity in each period

does not exceed the available capacity in the related period. Constraints (2.5)

describe the evaluation of the capacity. If zt = 0 and no maintenance is per-

formed, ct decreases exponentially at a rate of α. If zt = 1 and maintenance is

performed, ct is restored to the nominal capacity cmax.

Note that the same problem without maintenance and given fixed capacities

ct is the well-known multi-item big-bucket lot sizing problem. It is strongly

NP-Hard, and can be very difficult in practice [Miller et al., 2003].

The non-linear capacity function(2.5) can be linearized as follows.

ct ≤ cmax ; ∀t ∈ T (2.7)

ct ≤ αct−1 + cmaxzt ; ∀t ≥ 2 (2.8)

2.3.1.2 More Complex Capacity Models

We describe here more complicated capacity models, and show that the pro-

posed approach can accommodate many different situations. In particular, we

consider situations where the capacity decrease depends on the previous pro-

duction level, on the presence of a set up, or also follows an arbitrary given law

between maintenances (i.e. other than exponential).

In some situations when a single machine is used to produce different products,

the capacity of each period depends not only on the capacity of the previous
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period but also on the type of products and their lot sizes. For example, a kiln in

Cement Industry can be used to produce various types of cement. Each product

has its own composition, and has a specific affect on capacity reduction. It can

be mathematically modeled as:

ct = max(αct−1 −
∑
i∈P

βixi,t−1, cmaxzt) ; ∀t ≥ 2 (2.9)

Where capacity is additionally reduced by a term proportional to the produc-

tion level xi,t−1 and a given parameter 0 ≤ βi ≤ 1. This constraint is linearized

by following the same technique we used for constraint (2.5):

ct ≤ cmax ; ∀t ∈ T (2.10)

ct ≤ αct−1 −
∑
i∈P

βixi,t−1 + cmaxzt ; ∀t ≥ 2 (2.11)

In lot sizing models, it is necessary to accurately model capacity utilization

to obtain feasible production plans. This often requires one to model the ca-

pacity consumed when a machine starts a production batch, or when a machine

switches from one product to another. In these cases, we obtain so-called set-up

or start-up time models, changeover time models, or models with sequencing

restrictions. In some applications, there is wear-and-tear especially when the

equipment is started up. This is typical in the case of engines. To incorporate

this into our model we introduce a new binary variable wt equal to 1 if the

equipment is started up in period t. Following Pochet and Wolsey [2006] (page
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323), the start-up can be modeled as:

wt ≥ yit − yi,t−1 ; ∀i, t (2.12)

Indeed, a start-up has to be incurred if production of some item i occurs in

period t, but not in period t-1. Then our capacity function can be altered as

follows:

ct = max(αct−1 − γwt−1ct−1, cmaxzt) ; ∀t ≥ 2 (2.13)

where 0 ≤ γ ≤ 1 is a non-negative coefficient represents loss of capacity. This

can be similarly linearized as

ct ≤ αct−1 − γc′t−1 + cmaxzt ; ∀t ≥ 2 (2.14)

where

c′t = ctwt ; ∀t (2.15)

Constraint (2.12) forces wt = 1 if yit = 1 and does not enforce any value on

wt if yit = 0. The capacity in period t (ct) is the maximum value of cmax and

(α− γ)ct−1 if wt = 1 and the maximum value of cmax and αct−1 if wt = 0.

c′t ≤ ct ; ∀t (2.16)

c′t ≤ cmaxwt ; ∀t (2.17)

c′t ≥ 0 ; ∀t (2.18)

c′t ≥ ct − cmax(1− wt) ; ∀t (2.19)
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The set of constraints (2.16)-(2.19) linearizes constraint (2.15). They enforce

c′t = ct if wt = 1 and c′t = 0 if wt = 0.

Constraints (2.11) and (2.14) can of course be combined to obtain the more

general form:

ct = max(αct−1 −
∑
i∈P

βixi,t−1 − γc′t, cmaxzt) ; ∀t ≥ 2 (2.20)

In some applications, the required time to do maintenance is more than one

period, i.e., for a couple of periods during maintenance there is no production.

Since the required time for maintenance might occupy a few full periods plus

a fraction of one period, the capacity of the first possible period after main-

tenance might be a fraction of the nominal capacity. For instance, in Cement

Industry the maintenance actions take more than 2 weeks. Moreover, after the

maintenance the kiln cannot produce with its full capacity.

We introduce the following new parameters to model these features:

pk: the percentage of the nominal capacity available after k periods after the

start of the last maintenance

Let us define the following new variable:

wtk:


1 if in period t, the last maintenance is performed in period k (k ≤ t)

0 otherwise

and the associated constraint

wtk = wt−1,k(1− zt) ; ∀t > k (2.21)
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Constraint (2.21) forces wtk = 0 if zt = 1, which means that the last mainte-

nance in period t has been performed in the same period. The linear constraints

(2.22)-(2.25) are equivalent to the set of the non-linear constraint (2.21) show

this point better.

wtk ≤ wt−1,k ; ∀t > k (2.22)

wtt = zt ; ∀t > k (2.23)

wtk ≤ 1− zt ; ∀t > k (2.24)

wtk ≥ wt−1,k − zt ; ∀t > k (2.25)

The general capacity function can then be written as follows:

ct = (p1wtt + p2wt,t−1 + p3wt,t−2 + ...)cmax (2.26)

It implies that if we are in period t and maintenance is performed in this period

then the capacity in period t is p1cmax , i.e., the machine has restored p1% of

its full capacity.

2.3.1.3 Cyclic Maintenance Schedules (CMP)

Several authors have described similar problems but with the additional restric-

tion that the maintenance schedule must be cyclic. For all the capacity models

presented, we show how to model this situation by adding the following con-

straints:

zt + zt+k ≤ zt+2k + 1 ; ∀t ∈ T , t+ 2k ≤ Nτ (2.27)
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zt + zt+k ≤ zt−k + 1 ; ∀t ∈ T , t− k ≥ 1 , t+ k ≤ Nτ (2.28)

The set of constraints (2.27),(2.28) forces maintenance in period t+2k and t−k

when maintenance occurs in period t and t + k. Therefore, only maintenance

schedules of the form τ, τ + δ, τ + 2δ, τ + 3δ, . . ., where δ is the periodicity

and τ ≤ δ is the period of the first maintenance, are feasible in this model.

Clearly, a cyclic schedule is somewhat contradictory to the idea of a CBM,

where the decision to perform a maintenance depends on the actual state of

the machine. However, it is interesting to see that modeling cyclic schedules

is rather simple, and we also use it in the next sections to compare our models

and results with earlier works.

2.4 Numerical Example

We illustrate our modeling and algorithmic approach on a numerical example

taken from Aghezzaf et al. [2007]. Let us consider a production process with

the planning horizon of 10 production periods, each with an available maximal

capacity of cmax = 50. The machine has to produce two kinds of products in

lots so that the demands are satisfied. For each product, the demands (d), set

up (f ), production (p), holding (h), and maintenance costs (m) are presented

in Table 2.1. The demands have been generated randomly in a specific range.

TABLE 2.1: Problem data for numerical example

Product dit fi pi hi m
1 (0,30) 40 10 2 50
2 (0,30) 40 10 2 50
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The value of using non-cyclic maintenance action when the demand varies

from one period to another is illustrated. To get the optimal solution, this prob-

lem is solved with a linear mixed integer solver (Xpress). The following are

the summary results for CMP and NCMP (Table 2.2).

TABLE 2.2: Optimal production and maintenance planning for CMP and
NCMP

CMP NCMP
Period x1t x2t y1t y2t zt x1t x2t y1t y2t zt

1 16 19 1 1 1 16 19 1 1 1
2 27 12.4 1 1 0 22 9 1 1 0
3 32 0 1 0 0 27 0 1 0 0
4 0 25.6 0 1 0 21 29 1 1 1
5 11 34 1 1 1 0 22 0 1 0
6 38 0 1 0 0 26.4 0 1 0 0
7 0 32 0 1 0 11.6 14 1 1 0
8 20 0 1 0 0 20 30 1 1 1
9 25 23 1 1 1 16 23 1 1 0
10 0 0 0 0 0 9 0 1 0 0

Total cost 4041.6 3990.8

For 10 periods, we have only 10 possible cyclic maintenance schedules know-

ing that a maintenance is operated at the beginning of the planning horizon

(z1 = 1). The total cost of an optimal integrated production and cyclic mainte-

nance plan is 4041.6 and is obtained forZ = (1, 0, 0, 0, 1, 0, 0, 0, 1, 0). In other

words, the optimal integrated production and cyclic maintenance plan suggests

that a maintenance is performed for the machine every 4 periods. On the other

hand, if we remove the periodicity constraint in CMP, the total cost of an opti-

mal integrated production and non-cyclic maintenance planning is 3990.8, and

it is obtained for the combination of Z = (1, 0, 0, 1, 0, 0, 0, 1, 0, 0). The op-

timal total cost obtained for NCMP is then lower than that for CMP. In fact,

the removal of the maintenance periodicity constraint reduces the total cost by

1.26% in this case.
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In order to validate the results of our modeling approach, we use the solution

algorithm in Aghezzaf et al. [2007] where the integrated maintenance and pro-

duction problem is solved by enumerating all possible maintenance schedules.

Table 2.3 shows the results of implementing the latter algorithm for our exam-

ple.

TABLE 2.3: Optimal production and maintenance planning for each main-
tenance senario

Available capacities
Period k = 1 2 3 4 5 6 7 8 9 10

1 50 50 50 50 50 50 50 50 50 50
2 50 40 40 40 40 40 40 40 40 40
3 50 50 32 32 32 32 32 32 32 32
4 50 40 50 25.6 25.6 25.6 25.6 25.6 25.6 25.6
5 50 50 40 50 20.5 20.5 20.5 20.5 20.5 20.5
6 50 40 32 40 50 16.4 16.4 16.4 16.4 16.4
7 50 50 50 32 40 50 13.1 13.1 13.1 13.1
8 50 40 40 25.6 32 40 50 10.5 10.5 10.5
9 50 50 32 50 25.6 32 40 50 8.4 8.4

10 50 40 50 40 20.5 25.6 32 40 50 6.7
Maintenance cost 500 250 200 150 100 100 100 100 100 50
Production cost 3800 3808 3846 3891.6 - - - - - -

Total cost 4300 4058 4046 4041.6 - - - - - -
- infeasible solution

Unsurprisingly, the CMP by our modeling and Aghezzaf et al. [2007] both

yield the same results indicated in Table 2.3. However, the optimal solution in

Aghezzaf et al. [2007] is determined by varying the length of maintenance (k)

as a parameter and solving 10 optimization problems whereas the cycle length

is implicitly incorporated into our proposed model as a decision variable. This

implies that our optimization problem is required to be solved only once.
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2.5 Computational Experiments

In the previous sections, we have proposed novel MIP models for integrated

lot-sizing and maintenance scheduling. In this section, our goal is to evalu-

ate the performance of the proposed algorithmic approach (use a MIP solver

to solve the proposed models). The computational experiments are divided

into two parts. In the first part, sensitivity analysis is performed for NCMP1

in order to study the effect of changes of different parameters on the quality

of the solution found (measured by the duality gap obtained at the branch-

and-cut procedure) and the number of nodes. Moreover, the impact of adding

Multi-Commodity (MC) formulation and Wagner-Whitin (WW) constraint for

different sets of parameters is considered. In the second part, we compare the

impact of using MC formulation for the other CM and NCM problems.

2.5.1 NCMP

In order to validate these conclusions, we have randomly generated many in-

stances by varying some important parameters of the problem. Six parameters

are considered for the analysis: number of products P , number of periods in

the planning horizon T , capacity tightness w, the exponential decrease rate of

capacity α, the set up cost f , and the maintenance cost m. The number of

product P is selected from {5,10}, the number of periods T is selected from

{12,24}. The demand for each product is assumed to be a random number in

[0,40].
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The factor w is introduced to control the capacity tightness. The nominal ca-

pacity is calculated according to
∑

i∈P,t∈T di,t/T ∗ w, so that values of w

slightly above 1 imply a tight production system. The cost structure is as-

sumed to have the following properties: the set up cost for each product fit is

selected randomly from two different intervals [300,500] for low set up cost

problem and [5000,8000] for high set up cost problems. The maintenance cost

is selected randomly from [300,500] for low maintenance cost problems and

[5000,8000] for high maintenance cost problems. The production cost is zero

and holding costs are uniformly equal to 1.

For each combination of set up cost, maintenance cost and capacity tightness

5 test problems are generated. Each test problem is solved within a time lim-

itation of 600 seconds to obtain the best feasible solution (ZBS) and a lower

bound (ZLB) on the optimal of the problem. The duality gap is computed as

follows:

Duality Gap =
ZBS − ZLB

ZLB
∗ 100% (2.29)

Xpress-MP 7.8 using default settings is used to solve the problems on a single

processor with 4Gb of RAM and clocked at 2.5GHz. Table 2.4 and Table 2.5

show the summary of the results obtained for model NCMP for different values

of α and w.

The main message to be taken from Table 2.4 is that these medium-sized

problems can all be solved to optimality in a few seconds to minutes. Moreover

very high quality solutions are always available after a few seconds.

Other interesting aspects to notice are the following:
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TABLE 2.4: Computational results of the medium size data set for NCMP

Case Problem
T P α w fit mt Node Time(s) Gap(%)

1 12 5 0.8 1.6 [300,500] [300,500] 10641 23.78 < 0.01
2 12 5 0.7 1.6 [300,500] [300,500] 23414 99.52 < 0.01
3 12 5 0.8 1.2 [300,500] [300,500] 50897 327.98 < 0.01
4 12 5 0.7 1.2 [300,500] [300,500] 70796 557.95 < 0.01
5 12 5 0.8 1.6 [5000,8000] [300,500] 1991 3.61 < 0.01
6 12 5 0.7 1.6 [5000,8000] [300,500] 784 1.44 < 0.01
7 12 5 0.8 1.2 [5000,8000] [300,500] 16419 59.16 < 0.01
8 12 5 0.7 1.2 [5000,8000] [300,500] 13552 52.15 < 0.01
9 12 5 0.8 1.6 [300,500] [5000,8000] 18244 51.88 < 0.01

10 12 5 0.7 1.6 [300,500] [5000,8000] 8187 25.57 < 0.01
11 12 5 0.8 1.2 [300,500] [5000,8000] 78880 620.86 < 0.01
12 12 5 0.7 1.2 [300,500] [5000,8000] 34363 172.9 < 0.01

• when the ratio of set up cost to maintenance cost is very high the problem

is easier to solve (e.g. case 1 vs. case 5 & 9),

• for different setup and maintenance costs, a faster rate of decrease of ca-

pacity (smaller α) is accompanied with a reduction in running time(e.g.

case 9 vs. case 10),

• when setup cost is as large as maintenance cost, a faster rate of capacity

reduction makes the problem more difficult to solve(e.g. case 1 vs. case

2),

• tightly capacitated systems are much more difficult to solve.

2.5.1.1 Wagner-Whitin Inequalities

To solve larger instances, it is necessary to improve the formulation of the prob-

lem. A well-known way to tighten the formulation of lot sizing problems is to
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add the so-called Wagner-Whitin (WW) inequalities to the original problem

[Pochet and Wolsey, 2006]:

Ii,t−1 ≥
l∑

u=t

(di,u(1−
u∑
v=t

(yi,v))) ; ∀t ∈ T , t ≤ l ≤ t+M (2.30)

2.5.1.2 Multi-Commodity formulation

The other way to tighten the formulation of the original problem is to use the

Multi-Commodity formulations. For lot sizing problems, this strong extended

formulation has proved successful in a number of cases Pochet and Wolsey

[2006]. We introduce the following variables:

xmitr: Lot size of product i in period t to satisfy the demand of period r

IMitr: Inventory level of product i at the end of period t after production to

satisfy the demand of period r

The resulting Multi-Commodity formulation is as follow:

xmitr + IMi,t−1,r = dirδtr + IMitr(1− δtr) ;

∀t ∈ T , r ∈ T , i ∈ P with t ≤ r
(2.31)

xmitr ≤ diryit ; ∀t ∈ T , r ∈ T , i ∈ P with t ≤ r (2.32)

xit =
∑
r∈T

xmitr ; ∀t ∈ T , i ∈ P with t ≤ r (2.33)

xmitr ≥ 0 , IMitr ≥ 0 ; ∀t ∈ T , r ∈ T , i ∈ P (2.34)
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where δtr = 1 if t = r and δtr = 0 otherwise. The first set of constraints 2.31

are flow balance constraints. Constraint 2.32) is the tightened variable upper

bound constraints, and the last one (2.33) links the original production variable

to the corresponding MC variables.

We now experiment with instances with 10 items and a planning horizon of 24

periods. The other parameters are similar as before. For each combination, 5

test problems are solved by setting 600 seconds as the maximum running time.

The results in Table 2.5 demonstrate that increasing the number of periods and

products have significant effects on the gap. According to Table 2.5, tighter

capacity (w = 1.2 compared to w = 1.6) yields larger average gaps when

set up cost is at least as large as maintenance cost. On the other hand, tighter

capacity yields smaller average gaps when set up cost is less than maintenance

cost. Moreover, decreasing the value of α seems not to have much impact

on the average gap. The results indicate that adding MC formulation to the

original problem yields better solution and smaller gap for all the instances,

however using WW constraint as an additional constraint results a better value

for the lower bound in some instances.

2.5.2 Computational results for other CMPs with NCMPs

In this section, we experiment with the more complex capacity models of sec-

tion 2.3.1.2. Our goal is to see whether the same performance can be expected

as for the more basic capacity models. Again, we attempt to solve large in-

stances with 24 time periods and 10 different products with the time limitation

of 600 seconds. The results can be found in Table 2.6. β̄i corresponds to the
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rate of capacity decrease per unit of production, γ is the relative decrease of

capacity per set up, and p̄k shows the average of the percentage of the capacity

available after k periods after the last maintenance. Each line of the table cor-

responds to the average of 5 randomly generated instances. We also run each

instance twice: once where general non-cyclic maintenance is allowed, and a

second time where cyclic maintenance is imposed. Also, we experiment the

impact of adding WW inequalities to improve the formulation.

The results indicate that

• More complicated capacity models do not make the problem more diffi-

cult (the gaps are similar),

• Multi-Commodity formulations substantially improve the results.

• Based on our experience with instances of smaller size, it is likely that

the solutions obtained are close to optimum, even if the resulting gaps

remain substantial (i.e. for small size instances, the optimum solution is

usually found quickly, and the bulk of the computational time is used to

improve the lower bound and prove optimality).

• when demand and costs are dynamic, using cyclic maintenance schedule

can result in a total cost increase of up to 11% compared to non-cyclic

maintenance schedules.
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Chapter 3

Integrated production,

maintenance and

transportation planning by a

fix-and-optimize heuristic

3.1 Introduction

Production planning consists in deciding how to transform raw materials or

semi-finished products into final products in order to satisfy the demands while

minimizing the total cost. Determining the quantity to produce for each item in

each time period (Lot Sizing) is one of the most important problems in tactical

production planning. Since the seminal papers by Wagner and Whitin [1958]

41



Fix-and-Optimize Heuristic 42

and Manne [1958] in the late 1950s, a lot of research has been done on lot

sizing problems. The single-item problem has been given special interest for

its relative simplicity and for its importance as a subproblem of some more

complex lot sizing problems.

In industrial contexts, lot sizing problem would be more complicated if there is

a resource limitation (Capacitated Lot Sizing Problem (CLSP)). Indeed, CLSP

deals with determining production quantities to satisfy demands where capac-

ity of the production system is limited. In the literature, there are numerous

articles dealing with CLSPs. Two general categories are available: single-

level problems, where the demand for each item is independent of the de-

mands for others, and multiple level problems, where the product structure

consists of parent-component relationships, making the demand for interme-

diate and lower level items dependent on the demand for end items in higher

levels. Within each category, problems can be constrained/unconstrained by

resources. In sum, such classification results in four categories: single-level

uncapacitated (SL-ULSP), single-level capacitated (SL-CLSP), multilevel un-

capacitated (ML-ULSP), and multilevel capacitated lot sizing problems (ML-

CLSP). In addition, each of these categories can be considered as single (multi)-

item or single (multi)-machine lot sizing problems [Bahl et al., 1987]. A gen-

eral overview of lot sizing problems can be found in Pochet and Wolsey [2006].

The production planning problem considered in this chapter is well positioned

in their classification as a multi-item multi-machine multilevel capacitated lot

sizing problem (MIML-CLSP).
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The multi-item capacitated lot sizing problem (MI-CLSP) is a well known op-

timization problem that finds a wide variety of applications in real world prob-

lems. The problem consists in determining the quantity (lot sizes) and timing

of production for several final products over a number of finite production peri-

ods to satisfy a given demand for each product in each period and to minimize

the total cost. At each period, the production and holding cost functions are

given, and the amount of production is subject to a capacity limit. This problem

is NP-Hard in the strong sense [Chen and Thizy, 1990]. Hence, the problem

is challenging from the computational point of view and yet interesting from

the real world applicability perspective. When multiple parallel machines are

available, the lot sizing problem does not only includes the timing and level of

production, but also the allocation of production to the machines. The problem

is complex as any product can be processed on any machine but with different

process rates and costs.

This chapter proposes a MIP formulation and a Fix-and-Optimize heuristic for

integrated MIML-CLSP, maintenance, and transportation problem. The model

assumes that the machines used in the production process have limited capac-

ity which decreases over time as a function of the previous capacity, the type

of products, and their lot sizes produced in the previous period. We develop

a mathematical programming-based heuristic that iteratively tries to improve a

given feasible solution using a neighborhood search strategy.

The outline of this chapter is as follows. In the next section a brief literature

review of the related works is given. Section 3 describes the problem and a

MIP formulation of the MIML-CLSP is presented. In section 4 we present
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the Multi-Commodity reformulation of the problem which is used in the com-

putational experiments. The heuristic algorithm to solve the problem is intro-

duced in section 5. To analyze the performance of the heuristic, we compare

the results obtained by our fix-and-optimize heuristic with the hybrid heuristic

proposed by Melo and Wolsey Melo and Wolsey [2012] and a truncated MIP

solver which are shown in section 6.

3.2 Literature Review

Plenty of works have been devoted to MI-CLSP, starting from the work of

Trigeiro et al. [1989]. Exact solution methods are developed by Pochet and

Wolsey [1991], and Belvaux and Wolsey [2001] through strengthening the LP

formulations with valid inequalities and then using a mixed integer program-

ming (MIP) solver. The second group of exact methods uses extended refor-

mulations of the model, which basically adds new variables to the problem

to strengthen it. Eppen and Martin [1987] have proposed the shortest path

reformulation which is equivalent to the facility location reformulation but is

smaller in size.

Because of the difficulty of MI-CLSPs, exact methods are not always able to

solve instances of moderate size to optimality. Therefore, the use of heuristics

and metaheuristics as solution methods for this problem is justified. Buschkuhl

et al. [2010] have classified the heuristics used to solve MI-CLSPs into five

major categories: mathematical programming-based heuristics such as Relax-

and-Fix heuristic (R&F) [Stadtler, 2003], Fix-and-Optimize heuristic (F&O)

[Pochet and Wolsey, 2006, Helber and Sahling, 2010, Sahling et al., 2009],
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Lagrangian-based heuristics like Lagrangian relaxation [Trigeiro et al., 1989,

Tempelmeier and Derstroff, 1996, Brahimi et al., 2010] and Lagrangian de-

composition [Millar and Yang, 1994], decomposition and aggregation heuris-

tics [Ozdamar and Bozyel, 2000], greedy heuristics [Nascimento et al., 2010],

and metaheuristics such as Variable Neighborhood Search (VNS) [Hindi et al.,

2003], Simulated Annealing (SA) [Ozdamar and Bozyel, 2000], Tabu Search

(TS) [Hung et al., 2003], and Genetic Algorithm (GA) [Ozdamar and Bozyel,

2000].

Stadtler [2003] has proposed a MIP-based heuristic that solves a series of sub-

problems through internally rolling schedules with time windows. While lot

sizing decisions are made sequentially within an internally rolling planning in-

terval (or lot sizing window), and capacities are always considered over the

entire planning horizon. For each submodel a model formulation based on the

“Simple Plant Location” representation is developed and a MIP solver is used

to solve the subproblems.

The seminal work of Trigeiro et al. [1989] illustrates how Lagrangian relax-

ation coupled with subgradient optimization can be used to solve small-medium

size instances of MI-CLSPs. For each Lagrangian vector, they have applied a

dynamic programming algorithm to independently solve to optimality a series

of uncapacitated lot sizing problems, one for each item. If the Lagrangian

solution is not feasible, a smoothing procedure is applied in order to restore

feasibility whenever possible.

Tempelmeier and Derstroff [1996] have tackled MI-CLSP in decomposing the
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original problem in a set of uncapacitated problems that are solved to optimal-

ity. They have solved MI-CLSP as the core planning step of the broader Mate-

rial Requirements Planning (MRP) system and considered the multi-level ver-

sion of the problem, where one item is composed of a number of sub-assembly

operations.

The approach presented by Hindi et al. [2003] is interesting for its use of a

metaheuristic within a Lagrangian relaxation scheme which is solved via sub-

gradient optimization. The algorithm uses a smoothing heuristic embedded

into a Lagrangian relaxation scheme coupled with a variable neighborhood lo-

cal search. The solution found by the smoothing scheme is further improved

by taking it as a starting point for VNS algorithm. Hung et al. [2003] have

solved CLSP with backlogging with an improved TS method. Neighboring

solutions are generated by modifying the current setup pattern. The remaining

LP is solved to optimality and post-optimization information is used to conduct

the next move.

Pochet and Wolsey [2006] have described an improvement heuristic similar to

R& F heuristic, which they call ”exchange”. It differs from R& F heuristic in

that it does not relax the binary setup variables in the subproblems. At each step

except a limited set of integer variables that are related to the subproblem at

hand and are considered as decision variables, other integer variables are fixed

at their best value found in the previous iterations. Each iteration deals with

a new subproblem with a different subset of integer variables to be optimized.

Note that when the last partition is solved, and in case that a better solution

is found, this exchange procedure can be repeated (i.e., each subproblem may

be solved more than once) until a local optimum is reached. Normally, this
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procedure needs to be given a feasible starting solution. The same approach

is used in Helber and Sahling [2010] and Sahling et al. [2009] for multilevel

CLSP, where the authors call it Fix-and-Optimize heuristic.

3.3 The Mathematical Model

We consider a production line consisting of parallel machines on which a set

of products P must be produced during a given planning horizon T . For each

product i ∈ P , a demand dit must be satisfied at the end of period t ∈ T .

Each time period represents a week. The machines have a nominal capacity

cmax which decreases exponentially with coefficient βi related to the quan-

tity of product i. In order to construct the initial basic model, we assume that

if a maintenance action is performed in period t ∈ T it starts from the very

beginning of period t. Our integrated problem consists of a multi-item multi-

machine capacitated lot sizing problem, a maintenance problem and a trans-

portation problem. The decisions include determination of lot sizes in each pe-

riod, the periods in which maintenance is performed, the periods in which the

transportation is done, and the type of the vessel used for transportation in that

period. Furthermore, because of using the full capacity of the cheapest vessel

the trade off between the inventory level in the production site and inventory

level in the customer site (after transportation) is considered. Our objective

is minimizing the total production, inventory, setup, maintenance, and trans-

portation costs while satisfying the demands for all products over the planning

horizon. Hereinafter, the required sets, parameters, and decision variables to

construct our model are explicitly defined.
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Sets and Parameters

T : Set of periods in the planning horizon

P : Set of products

K: Set of machines

V : Set of vessels to transport final products

β: Capacity reduction coefficient of quantity of products

t′: the number of periods in which the capacity of the kiln in increasing p′j : the

percentage of the available capacity j periods after the last maintenance

fkt: Fixed production cost of machine k in period t

pit: Variable production cost per unit of product i in period t

hit: Inventory holding cost per unit of product i by the end of period t

dit: Demand for product i in period t

mkt: Maintenance cost for machine k in period t

ck,max: Maximum (nominal) capacity of machine k

cvvt: Capacity of vessel v in period t

svvt: Shipping cost for vessel v in period t (per ton)

tvvt: Transportation cost for vessel v in period t

hvit: Inventory holding cost per unit of product i in period t after transportation

Decision variables

xikt: Lot size of product i on machine k in period t

xtivt: Lot size of product i is transported using vessel v in period t

Iit: Inventory level of product i at the end of period t after production

ITit: Inventory level of product i at the end of period t after transportation

ckt: Available capacity of machine k in period t

c′kt: Available capacity of machine k in period t when the capacity decreases
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yikt:


1 if product i is produced on machine k in period t

0 otherwise

zkt:


1 if maintenance action for machine k is performed in period t

0 otherwise

wtkj :


1 if in period t the last maintenance on machine k is performed in period j

0 otherwise

vvt:


1 if vessel v is used in period t

0 otherwise

ekt:


1 if the capacity of machine k is decreasing in period t

0 otherwise

The MIML-CLSP Model

min
∑
t∈T

∑
v∈V

∑
k∈K

∑
i∈P

(fktyikt+pitxikt+hitIit+htitITit+mktzkt+svvtxtivt+tvvtvvt)

(3.1)

Subject to:

∑
k∈K

xikt + Ii,t−1 =
∑
v∈V

xtivt + Iit ; ∀t ∈ T , i ∈ P (3.2)

∑
v∈V

xtivt + ITi,t−1 = dit + ITit ; ∀t ∈ T , i ∈ P (3.3)

xtivt ≤ (
∑

s∈T,s≥t
dis)vvt) ; ∀t ∈ T , i ∈ P , v ∈ V (3.4)
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∑
i∈P

xikt ≤ ckt ; ∀t ∈ T , k ∈ K (3.5)

xikt ≤ cmaxyikt ; ∀t ∈ T , k ∈ K , i ∈ P (3.6)

ckt =

t∑
j=t−t′

(p′t−j+1wt,k,j)cmax + c′kt ; ∀k ∈ K , t ≥ 2 (3.7)

t∑
j=t−t′

wtkj + ekt = 1 ; ∀k ∈ K , t ≥ 2 (3.8)

∑
k∈K

zkt ≤ 2 ; ∀t ∈ T (3.9)

∑
i∈P

xtivt ≤ cvvtvvt ; ∀t ∈ T , v ∈ V (3.10)

wtkj = wt−1,kj(1− zkt) ; ∀t > j , k ∈ K (3.11)

xikt ≥ 0 , xtivt ≥ 0 , Iit ≥ 0 , ITit ≥ 0 , ckt ≥ 0 , c′kt ≥ 0 , yikt ∈ {0, 1} ,

zkt ∈ {0, 1} , wtkj ∈ {0, 1} , vvt ∈ {0, 1} , ekt ∈ {0, 1} ;

∀t ∈ T , i ∈ P , k ∈ K
(3.12)

The objective function (3.1) minimizes the total production, inventory, setup,

maintenance, and transportation costs. The first set of constraints (3.2),(3.3)

are the flow conservation constraints defined for all products i ∈ P and all

periods t ∈ T . They guarantee that summation of the available inventory of

a product and its produced quantity on all machines (the transported quantity

using all vessels) in each period is sufficient to satisfy the demand of the per-

tinent period; the remainder inventory is obviously stocked for the subsequent

periods.
∑

v∈V xtivt in constraint (3.3) shows the demand in constraint (3.2).

The set of constraints (3.4) enforce xtivt = 0 if vvt = 0 and do not impose
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any value on xtivt if vvt = 1. In these constraints the quantity
∑

s∈T,s≥t dis

is an upper bound for xtivt. The set of constraints (3.5)-(3.6) are the capacity

restrictions defined for each machine k ∈ K in each period t ∈ T . They guar-

antee that the produced quantity on a machine in each period does not exceed

the available capacity of that machine in the related period. They also ensure

that a machine is set up to produce product i ∈ P in period t ∈ T , if the prod-

uct is produced in this period. Constraint (3.7) corresponds to the upper bound

for each capacity in each period. Since the capacity function consists of two

increasing and decreasing parts, constraint (3.8) determines the specific part

of the function used in each period t. The number of machines which can be

maintained simultaneously is limited through constraint (3.9). The capacity of

vessel v ∈ V in period t ∈ T is restricted through constraint (3.10). Constraint

(3.11) forces wtkj = 0 if zkt = 1, which means that the last maintenance in

period t has been performed in the same period.

wtkj ≤ wt−1,kj ; ∀t > j + 1 , t > 1 , k ∈ K (3.13)

wtkt = zkt; ∀t > j + 1 , t > 1 , k ∈ K (3.14)

wtkj ≤ 1− zkt; ∀t > j + 1 , t > 1 , k ∈ K (3.15)

wtkj ≥ wt−1,kj − zkt ; ∀t > j + 1 , t > 1 , k ∈ K (3.16)

The set of constraints (3.13)-(3.16) shows the linear form of constraint (3.11).

Since the capacity function in constraint (3.7) consists of two phases, increas-

ing phase after performing maintenance and decreasing phase after reaching
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the full capacity, we define a binary variable ekt which determines the capac-

ity function used in each period. ekt = 0 implies the capacity increasing to

reach its full capacity and ekt = 1 shows the capacity decreases over time un-

til the kiln is turned off in order to perform the maintenance. This decision

variable has a direct impact on the capacity function (3.7) and transforms it to

a nonlinear constraint. However, capacity function (3.7) can be linearized as

follows.

c′k,t ≤ (ck,t−1 −
∑
i∈P

βixik,t−1) ; ∀t ∈ T , k ∈ K (3.17)

c′k,t ≤ ektcmax ; ∀t ≥ 2 , k ∈ K (3.18)

3.4 Multi-Commodity formulation

We now present a Multi-Commodity (MC) formulation for the MIP problem

we have considered in section 3. For lot sizing problems, this strong extended

formulation has proved successful in a number of cases Pochet and Wolsey

[2006]. We introduce the following variables:

xmiktr: Lot size of product i on machine k in period t to satisfy the demand of

period r

xtmivtr: Lot size of product i for transportation using vessel v in period t to

satisfy the demand of period r

IMitr: Inventory level of product i at the end of period t after production to

satisfy the demand of period r

ITMitr: Inventory level of product i at the end of period t after transportation
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to satisfy the demand of period r

The resulting Multi-Commodity formulation is as follow:

∑
k∈K

xmiktr + IMi,t−1,r =
∑
v∈V

xtmivtr + IMitr ;

∀t ∈ T , r ∈ T , i ∈ P with t ≤ r
(3.19)

∑
v∈V

xtmivtr + ITMi,t−1,r = dirδtr + ITMitr(1− δtr) ;

∀t ∈ T , r ∈ T , i ∈ P with t ≤ r
(3.20)

xmiktr ≤ diryikt ; ∀k ∈ K , t ∈ T , r ∈ T , i ∈ P with t ≤ r (3.21)

xtmivtr ≤ dirvvt ; ∀v ∈ V , t ∈ T , r ∈ T , i ∈ P with t ≤ r (3.22)

xikt =
∑
r∈T

xmiktr ; ∀k ∈ K , t ∈ T , i ∈ P with t ≤ r (3.23)

xmiktr ≥ 0 , xtmivtr ≥ 0 , IMitr ≥ 0 , ITMitr ≥ 0 ;

∀t ∈ T , r ∈ T , i ∈ P , k ∈ K
(3.24)

where δtr = 1 if t = r and δtr = 0 otherwise. The first two sets of constraints

(3.19)-(3.20) are flow balance constraints on production machines and trans-

portation vessels. The next two (3.21)-(3.22) are the tightened variable upper

bound constraints, and the last one (3.23) links the original production variable

to the corresponding MC variables.
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3.5 The Fix-and-Optimize algorithm

Since the problem we consider in this chapter is strongly NP-Hard, we expect

the solution time to optimality to increase exponentially with the size of the

problem. However, we might be able to quickly solve instances of small sizes.

The basic idea of Fix-and-Optimize heuristic [Sahling et al., 2009] is to solve

a series of MIP problems derived from MIML-CLSP in an iterative fashion. In

each subproblem most of the binary variables are tentatively fixed to 0 or 1.

Only a subset of binary variables of the original problem is treated as decision

variables and are optimized using a standard MIP solver. Since the number of

free (i.e. not fixed) binary variables of the subproblem is much smaller than

the original problem, the solution time for a subproblem is much smaller. The

optimal solution of the subproblem yields a new temporary solution for the

free binary variables of the current subproblem. Some of them are fixed in

successive subproblems when a new subset of binary variables is optimized.

In each subproblem the complete set of continues (i.e. not fixed) decision

variables are considered. The major advantage of F&O heuristic is that in each

iteration a feasible solution is obtained. The notation used for defining sets of

F&O variables is given as follows.

Sets and Parameters

Φφ ; ∀φ ∈ {y, z, v}: Set of the variables

Φopt
φ ; ∀φ ∈ {y, z, v}: Set of index combinations for which binary variables

are optimized in the current subproblem.

Φfix
φ ; ∀φ ∈ {y, z, v}: Set of index combinations for which binary variables
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are fixed in the current subproblem.

Φy : {(i, k, t) : i ∈ P, k ∈ K, t ∈ T}

Φz : {(k, t) : k ∈ K, t ∈ T}

Φv : {(v, t) : v ∈ V, t ∈ T}

ȳikt: Values to which the binary variable yikt is fixed.

z̄kt: Values to which the binary variable zkt is fixed.

v̄vt: Values to which the binary variable vvt is fixed.

Model MIML-CLSP-SUB

By using the above notation, the subproblem for a given set of fixed binary

variables can be stated as follows. Minimize objective function (3.1) subject to

constraints (3.2)-(3.18) and the additional constraints (3.25)-(3.27).

yikt = ȳikt ; ∀(i, k, t) ∈ Φfix
y (3.25)

zkt = z̄kt ; ∀(k, t) ∈ Φfix
z (3.26)

vvt = v̄vt ; ∀(v, t) ∈ Φfix
v (3.27)

These additional constraints suffice to limit the optimization of the binary vari-

ables to the set (3.28):

Φopt
φ = (Φφ) \ Φfix

φ ; ∀φ ∈ y, z, v (3.28)
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3.5.1 Definitions of subproblems

F&O heuristic is based on decompositions of the original problem that results

in multiple subproblems with a smaller number of binary variables. The nu-

merical effort to solve each subproblem depends on the number and the type

of binary variables considered simultaneously. An increasing number of free

binary variables solved to optimality in each subproblem raises the required

solution time. Therefore, the definition of subproblems is important. We de-

fine four different strategies to identify the binary variables considered in the

current subproblem.

1. Time decomposition: Each subproblem corresponds to a time-window

of 2 consecutive periods. In each subproblem all binary variables are

treated as free and optimized while all the others are fixed. The subprob-

lems are considered in ascending order of time periods 1,...,T .

2. Product decomposition: There is one subproblem for each product. In

each subproblem, only the setup variables yi,k,t related to a given product

i are free and optimized, all other binary variables are fixed. In particular,

all periods t ∈ T and machines k ∈ K are treated in each subproblem.

3. Resource decomposition: In each subproblem, only the setup variables

yi,k,t of products that are manufactured on a given machine k within a

time period of τ consecutive periods are free and optimized. All products

i ∈ P requiring machine k are considered in each subproblem.

4. Vessel decomposition: This is a subproblem where only but all the trans-

portation decisions are free and optimized.
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Each type of decomposition reflects a specific perspective on the overall opti-

mization problem. For example, Figure 3.1 exemplifies the principle of F&O

algorithm showing the iterations (subproblems) of the product decomposition

for a small example with 4 products [Lang and Shen, 2011]. In each Iteration,

FIGURE 3.1: Fix-and-Optimize algorithm with product decomposition

only the set up variables of a single product are optimized, and the other vari-

ables are fixed to 0 or 1.

The decomposition types can be combined in different ways. Based on the

preliminary results obtained from solving different instances, the following six

variants are chosen for our proposed algorithm:

1. Variant 1 (T): Time decomposition only.

2. Variant 2 (TR): Time decomposition first, then resource decomposition.

3. Variant 3 (PRT): Product decomposition first,then resource decomposi-

tion, finally time decomposition.
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4. Variant 4 (TPVR): Time decomposition first, then product decomposi-

tion, thereafter vessel decomposition, finally resource decomposition.

5. Variant 5 (PVTR): Product decomposition first,then vessel decomposi-

tion, thereafter time decomposition, finally resource decomposition.

6. Variant 6 (TR-PVTR): Variant 2 for some fixed amount of time (70 sec-

onds) first, then Variant 5.

We observed that it can be worthwhile to treat each subproblem more than

once, in particular until a local optimum is reached, which suggests an iterative

layout of the heuristic.

3.5.2 Iterative Algorithm

The basic structure of our F&O algorithm is outlined in Algorithm 1. The

algorithm starts by generating an initial feasible solution which yields an initial

objective value Znew. In order to obtain the initial feasible solution, we assume

that each setup variable for all products on all machines in each period is equal

to 1 (yikt = 1), and all vessels are available during all time periods (vvt = 1).

Since the maintenance action can be done at most for two machines at each

period (3.9), the maintenance is scheduled on the machines every 7 periods in

order to have enough capacity to satisfy the demands. After the initialization,

all binary variables are fixed to their values in that solution. Therefore, the

algorithm iterates through the ordered set of subproblems until it reaches the

last decomposition order. Then it terminates and reports the solution that leads

to the local optimum Zold. In our algorithm, all problems and subproblems
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are not solved to optimality, but a relative MIP gap tolerance of 0.04 is used.

The solution yields an objective function value Z that is at least as good as

the currently best value Zold. In each iteration, a new solution is accepted if it

yields lower cost than the current solution.

Algorithm 1 Fix-and-Optimize Heuristic Algorithm

(status, solution)← Generate Initial Solution ()
if Status = No Feasible Solution Found then

(status,�); return
else

repeat
Determine Objective Function V alue Z
Znew ← Z
Φfix
φ ← Save Decision V ariables′ V alue ∀φ ∈ {y, z, v}

for s ∈ LS (List of Subproblems) do
Zold ← Znew
Determine Φfix

φ ∀φ ∈ {y, z, v}
Φopt
φ = Φφ \ Φfix

φ ∀φ ∈ {y, z, v}
(status, solution)← solve problem
if status = Feasible Solution then

Z ← Objective Function V alue
if Z < Zold then

Znew ← Z
Update Solution V alues

end if
end if

end for
until Stopping Criterion is Met return (status,solution)

end if
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3.6 Computational Experiments

The goal of these computational experiments is twofold:

• To compare the performance and the quality of the solution found with

a MIP solver with other solution methods proposed in the literature as

well as the proposed MIP heuristic run for the same amount of time.

• To determine the best combination and order of the various types of

proposed decompositions (Time, Resource, Product, Vessels) within a

fixed time budget.

More specifically, we compare the result of different variants of F&O heuristic

of section 3.5.1 with the result of the following solution methods:

• run the MIP solver on formulation (3.1)-(3.18) for a limited amount of

time and report the best solution found (Solver).

• run the MIP solver on the stronger multi-commodity formulation of Sec-

tion 4 for a limited amount of time and report on the best solution (MC)

and best lower bound (LB-MC) found.

• LP-based heuristic of Melo and Wolsey [2012].

We could not obtain sufficient data for solving the real-world MIML-CLSP

application in Cement Industry due to difficulties of gathering the required

data and reasons of confidentiality. Hence, we generated problem instances
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randomly, while trying to make their structure as realistic as possible, setting

capacities rather tight. A total number of 100 different problem instances of

small size, 10 different problem instances of medium size, and 100 different

problem instances of large size with up to 20 periods, 7 products, 8 machines,

and 6 vessels are grouped into three classes as described in 3.1. For each

TABLE 3.1: Dimensions of the test sets

Instances Time Period Products Kilns Vessel types
small size 100 12 4 1 1

medium size 10 20 4 3 3
large size 100 20 7 8 6

product, the demand, set up, production, holding, transportation and mainte-

nance costs are drawn randomly from a Uniform distribution with the param-

eters presented in Table 3.2. The factor w is introduced to control the capac-

ity tightness. The nominal capacity is then calculated according to equation∑
i∈P,t∈T d(i, t)/NT/NM ∗ w, so that values of w slightly above 1 imply a

tight production system. We set an absolute time limit for the MIP heuristics

TABLE 3.2: Problem’s data

Parameter Value
w 1.5
βi (0,0.3)
dit (0,40)
fit (300,500)
pit 0
hit (50,100)
mt (1000,2000)
cvvt (15000,25000)
svvt (10,20)
tvvt (10,20)
hvvt (50,100)
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to 10 minutes. Xpress-MP 7.4 with default settings is used as our MIP solver.

The experiments are run on a single processor with 4GB of RAM clocked at

2.5GHz.

To compare different methods across the different instances, the objective val-

ues obtained from all algorithmic approaches are normalized by dividing by

the best solution known for each instance. The results we obtained are sum-

marized in Figures 3.2 and 3.3, one for each instance class. Each curve cor-

responds to one heuristic approach. The curve corresponds to the average of

the 10 instances for the medium size and 100 instances for the large size of

the problem class. The curve gives, over time, the average of the (normalized)

solution cost obtained by the corresponding heuristic. The average does not

take into account the instances for which no solution has been found yet. This

explains why the curve can sometimes increase.

A first qualitative observation that we made while running our experiments is

that the heuristic of Melo and Wolsey [2012] regularly fails to provide feasi-

ble solutions to the problem. Indeed, this solution method relies on the LP

relaxation solution values to fix some binary variables to zero. But the LP

relaxation is typically weak and substantially overestimate the capacity avail-

able. The fixing then renders the problem infeasible due to lack of capacity.

We tried various small modifications of these heuristics, but without being able

to overcome this issue.

A second observation is that during the first 400 seconds, the multi-commodity

formulation, while making the LP relaxation stronger, is penalizing. However,

it outperforms the solver after 600 seconds for the large size data set. For the
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larger instances, the solver fails to find a feasible solution during the first min-

utes. And when it finds one, it is of extremely poor quality. The reason is

that already solving the LP relaxations can take one minute, and no substantial

enumeration can be done within this time period. Therefore the only feasible

solutions reported by the MIP solver are those found by the built-in heuristics

at the root node, and these are typically of bad quality (high cost). For the

MC reformulation, the number of instances on which the average value of the

normalized objective function is calculated are shown at three time points in

(Figure 3.3).

The solver is capable to solve all the small size instances to optimality at

most in 7 seconds, where the average computation time is less than 3 seconds.

Therefore, there is no need to use heuristic approaches for these instances of

small sizes. Compared to our heuristic, the solver obtains better solutions only

for 40% of the medium size instances. Nevertheless, the solver is the loser

against our heuristic in 95% of the large size instances. Our experimental

results show that the larger the size of the problem is, the less efficient the em-

ployed solver is.

As it is shown, for both classes of instances most of the variants of F&O heuris-

tic provide high quality results for the MIML-CLSP with respect to both so-

lution time and solution quality. However, the superiority of F&O is more

visible for the large size instances (Figure 3.3). Comparing F&O variant that

only uses time decomposition (variant 1) to that which employs time and re-

source decompositions (variant 2), we found that the resulting solution quality

was much worse. Therefore we decided to discard this variant from the rest
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of our computational experiments for the second class of instances. Further-

more, during the first 70 seconds, variant 2 results in better solution but finally,

variant 5 converges to 1 faster than the other variants. So, we have decided

to combine these two variants which has been defined as variant 6. It means

that during the first 70 seconds, variant 2 is executed and variant 5 is used for

the rest of the time. For the first class of instances which is more easier to

solve than the second one, variant 5 outperforms variant 6. However, the com-

bination of both variant 2 and variant 5 leads to better solution for the second

class of instances. For the second class, the solver obtains much better solution

quality during the first 70 seconds but all the variants lead to better solution for

the rest of the time.

3.6.1 Initial Feasible Solution

As it is described in section 3.5.2, the proposed Fix-and-Optimize heuristic al-

gorithm starts with an initial feasible solution and iterates through the ordered

set of subproblems until it reaches the last decomposition order. One approach

for obtaining an initial feasible solution is to fix some binary variables to the

predefined values which results were shown in Figures 3.2 and 3.3. Another

method to define the initial solution is to run the MIP solver for the couple of

seconds and then continue with the proposed F&O heuristic for the remaining

time.

To evaluate the performance of the proposed method to obtain the initial feasi-

ble solution on the solution quality of F&O heuristic, we have randomly gen-

erated 10 different problem instances of large size with up to 20 periods, 7
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products, 8 machines, and 6 vessels. we apply the most efficient variants of

the F&O heuristic from our previous computational experiments to solve the

instances. First, we run the solver for 100 seconds, then the F&O heuristic

continues solving the instances for the remaining 500 seconds using the initial

feasible solution obtained by the solver at the 100th second (The results ob-

tained by assigning 100 (resp. 500) seconds to the solver (resp. F&O heuris-

tic) are superior to those obtained when the times are considered 50 (resp. 550)

seconds. Therefore, only the results of the former time division are reported.)

The results have been compared to those of the F&O heuristic with the prede-

fined initial feasible solution which are shown in Figure 3.4. In order to make

the chart more visible, we have removed the curve related to the lower bound

obtained via adding the multi-commodity formulation to the original problem.

At the beginning, the lower bound is equal to 0.56 and after the time limitation

of 600 seconds, it converges to 0.58. Moreover, we have added another figure

(4.1) with the zoomed in curves to see better what happens between the differ-

ent strategies.

The results indicate that:

• The XXX100 strategies outperform the XXX strategies, for XXX equal

to TPVR, PVTR or TR-PVRT. Therefore, using the MIP solver to gen-

erate good initial solutions pays off for all F&O variants. In other words,

the strategies built in the solver to generate from scratch feasible solu-

tions are better than trying to improve a bad feasible solution by F&O.

• The XXX100 strategies eventually (after 600 seconds) outperform the

solver, even though they are identical up to 100 seconds of time. This
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means that it pays off to try hard improving already good solutions by

F&O, rather than trying to generate other, better solutions from scratch.

In the terminology of heuristics, intensification seems to be a better gen-

eral strategy than diversification within this time span (100 to 600 sec-

onds).

• The above two points are consistent with the fact that F&O is a local-

search heuristic: it tries to modify slightly an existing solution to im-

prove it.

• Regarding the order in which the decompositions in F&O should be run,

the results we get are consistent with the previous results on the large

instances. It seems that the time (T) and resources (R) decomposition

are good at finding the ”low-hanging fruits”, and should be run first to

generate the quicker gains first. The other decompositions should be run

later to obtain further, but smaller, gains.
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Chapter 4

On the online maintenance

scheduling problem

4.1 Introduction

Online algorithms have received considerable research interest during the past

15 years. An online algorithm receives a sequence of requests and performs

an immediate action in response to each request. They arise in any situation

where decisions must be made and resources allocated without knowledge of

the future. The performance of online algorithms is usually evaluated using

competitive analysis. Online algorithms are contrasted with offline algorithms,

which receive the entire sequence of requests in advance. An offline algorithm

takes an action in response to each request, but the choice of each action is

based on the entire sequence of requests. In other words, an offline algorithm

71
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knows the entire sequence of requests beforehand and chooses its actions opti-

mally.

It is obvious that the ignorance of the future is a great disadvantage in many

systems. Thus, online algorithms will often perform much worse than their

offline counterparts. In analyzing online algorithms, we usually, do not really

care about the running time. The source of hardness here is lack of informa-

tion, not complexity assumptions like P 6= NP . The effectiveness of an online

algorithm is measured by using the concept of competitiveness, defined as the

ratio between the objective value computed by the online algorithm and the

objective value obtained by an optimal offline algorithm. An optimal online

algorithm is then the one whose competitive ratio is closest to one. An online

algorithm is c-competitive if for each input instance the objective value of the

”schedule” produced by the algorithm is at most c times larger than the optimal

objective value.

One important (and exclusive) distinction in online algorithms is, whether the

algorithm is randomized or deterministic. A randomized online algorithm is

an algorithm that uses random numbers to influence the choices it makes in

the course of its computation. Thus, its behavior (typically quantified as run-

ning time or quality of output) varies from one execution to another even with

a fixed input. However, deterministic online algorithms produce on a given

input the same results following the same computation steps. Randomized al-

gorithms are often conceptually very easy to implement. At the same time they

are in run time often superior to their deterministic counterparts.
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Online algorithms have been studied in many application areas including re-

source management in operating systems, data structuring, scheduling, net-

works, and computational finance. One famous example for an online problem

is the ski rental problem. A skier must decide every day he goes skiing, whether

to rent or to buy skis, unless or until he decides to buy them or stop skiing. The

skier does not know how many days he can ski, because the weather is un-

predictable. Call the number of days he will ski d. The cost to rent skis is 1

unit, while the cost of buying skis is b. The best possible deterministic online

algorithm is to rent skis for b − 1 days and buy them if he/she wants to ski a

day b. This algorithm is 2-competitive (for large b). However, there exists a

randomized algorithm that achieves a competitive ratio of 1.58 (by randomly

buying skis earlier).

4.2 Motivation and Problem Statement

The problem that we consider here is the scheduling of a condition-based main-

tenance for a machine or a server. In many industrial processes, a machine has

to undergo a maintenance at the latest after a fixed number of running hours or

production amount for example. This can be a contractual obligation towards

the manufacturer for a warranty to stay valid, or a general rule to guarantee a

high enough quality of the process. When the machine is in maintenance, the

service it provides is interrupted. Therefore, it is better if the demand for the

service provided by the machine is constant over time, to have as few mainte-

nances as possible, and to only perform maintenance when absolutely required.

However, when the demand is time-varying, it could be profitable to anticipate
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the timing of the maintenance to schedule it during a period of low demand.

In the problem we consider here, the demand is uncertain and not known in

advance. Therefore it is not obvious if and why anticipating the maintenance

could be profitable. Our goal is to define the simplest model possible that cap-

tures the problem we just described. Therefore we also assume that the pro-

ductivity of the machine is very high and it can serve requests instantaneously.

We also assume that there is no inventory, and during the period when the ma-

chine is undergoing maintenance, demand is simply lost.

Uncertainty is often a key aspect of operations research problems. It natu-

rally arises in areas like finance, manufacturing, supply chain and transporta-

tion. For problems involving decisions over time, uncertainty often arises from

the sequential nature of the data. Examples of this phenomenon include: the

periodic control of inventory in retailers, when facing uncertain demands for

their products; the changes in portfolio investment, when facing an uncertain

market trend; and the allocation of monthly household income, when facing

time-varying possibilities for investment or consumption. In all these prob-

lems, decisions are taken as some sequential data (demand, market value and

investment/consumption opportunities, respectively) is being revealed.

To address uncertainty, operations research has used several models (e.g. stochas-

tic, robust and recourse models Ben-Tal and Nemirovski [2002], Shapiro et al.

[2009]) and methods (e.g. sensitivity analysis and statistical methods Bertsi-

mas and Tsitsiklis [1997], Shapiro et al. [2009]). In this work we rather use the

on-line paradigm and the associated competitive analysis (see below for formal

definitions). This approach is especially suited when uncertainty is very high

and the sequential nature of the process under consideration is key.
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One particular approach to optimization under uncertainty shares several char-

acteristics with competitive analysis. Robust optimization [Kouvelis and Yu,

1997, Ben-Tal and Nemirovski, 2002] addresses the general problem of opti-

mizing a function over some domain under the assumption that the parameters

defining the function and/or the domain fall in a certain set “around” the nom-

inal value. The objective is to find a solution that is close to optimal for any

choice of the parameters in this set.

Multi-stage robust optimization captures many features of on-line algorithms,

sharing with competitive analysis the absence of any distributional assumption,

the better tractability with respect to their stochastic counterpart and the pro-

duction of very conservative solutions.

However, in robust optimization the aim is to minimize the objective func-

tion in absolute terms, while in competitive analysis the minimization is taken

relative to the off-line optimum. This makes both approaches quantitatively

incomparable.

4.2.1 Competitiveness and randomization

Formally, an on-line problem for an optimization problem is defined by a set

of requests R, a set of actions A, and a set of cost functions ct : Rt × At →

R+
0 ∪ {∞} for each period t ∈ N. An algorithm A for this problem receives

a sequence of requests r = (r1, r2, . . . , rn) and replies with a sequence of

actions A(r) = (a1, a2, . . . an), incurring in a cost cn(r,A(r)) that is to be

minimized or maximized. However, if A is an on-line algorithm, the actions

at must not depend on future requests or actions {rt′ , at′} with t′ > t.
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We say that an on-line algorithmA for a minimization problem is c-competitive

if it always produces solutions whose cost is not larger than c times the off-line

optimum, this is:
cn(r,A(r))

mina cn(r,a)
≤ c, for all r.

Competitiveness can be seen as a two-player game between the online algo-

rithm (who chooses actions) and an adversary (who chooses requests). They

play alternating actions and requests, the algorithm trying to minimize the

competitive ratio for the sequence of requests in play, the adversary trying to

maximize it. The adversary plays optimally at the instance achieving the mini-

mum competitive ratio possible for the algorithm. For maximization problems,

an analogous definition exists. A c-competitive algorithm for a maximization

problem is one that always produces solutions whose cost is at least c times the

off-line optimum. Note that c ≥ 1 for maximization problems, while c ≤ 1 for

minimization problems.

4.2.2 Competitiveness and operations research

Online algorithms have been applied to combinatorial optimization problems

[Ascheuer et al., 1999], with potential applications to the operations research

field. For example, online versions of bin-packing [Seiden, 2002], facility lo-

cation [Meyerson, 2001, Fotakis, 2008] and maximum matching [Karp et al.,

1990, Feldman et al., 2009] and maximum weighted independent set in ma-

troids Babaioff et al. [2007] have been studied in the competitive setting. Tra-

ditional scheduling is another area where competitive analysis is widely used

[Albers, 1999, Imreh, 2009, Chekuri et al., 2001].
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However, outside any of these two research areas, competitive analysis has

seen little applications. Ball and Queyranne [2009] consider the reservation of

seats in airplanes. Several authors have considered lot-sizing during the last

30 years [Bitran et al., 1984, Vachani, 1992, Van den Heuvel and Wagelmans,

2010]. To the best of our knowledge, this work is the first to apply competitive

analysis to maintenance scheduling.

4.3 On-line maintenance scheduling

In maintenance scheduling, the uncertainty usually comes from the (unknown)

time to next failure. In this case it is fairly realistic to assume that past behavior

of similar machines provide good estimates for building a stochastic model. In

the maintenance scheduling problem we introduce here, the uncertainty as in

the problem discussed before, is about the arrival of customers or demand.

4.3.1 The on-line maintenance scheduling problem

A machine faces a sequence of service requests at times {ti}i=1..n, sorted in

increasing order. At any time, the machine can be either operational or un-

der maintenance status. When a service request arrives, the machine serves

it instantaneously if it is operational, otherwise the request is discarded. The

machine can serve at most L requests in a row before needing a maintenance.

The maintenance resets this counter, but it leaves the machine in maintenance

status for the T units of time after it starts (we could assume T = 1 without

loss of generality, but we keep T for notational clarity). The objective of the
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problem is to define a maintenance scheduling plan that maximizes the number

of service requests processed by the machine. We consider an on-line model

where a maintenance decision at time t must be taken without any knowledge

about future service requests {ti : ti > t}.

Note first that the off-line problem is easily solved in polynomial time using

dynamic programming as follows. Let H(i) be the optimal solution value up

to time ti (including request i). The optimal solution value is then H(n). Be-

cause the maintenance restores the machine to its initial state (regardless of its

previous condition), the following recursion holds: H(i) = max0≤j<i(H(j)+

min(L,N(tj + T, ti))), where N(t, t′) denotes the number of requests in the

interval (t, t′] and H(0) = t0 = 0.

In the on-line setting, let us consider NAT the most natural deterministic algo-

rithm that places a maintenance directly after L requests have been served.

Theorem 4.1. NAT is L/(2L− 1) > 1/2-competitive, and this bound is best

possible for deterministic on-line algorithms.

Proof. We first prove the lower bound. Let {ti}i=1..n be an arbitrary instance,

and let {si}i=0..m be the maintenance finishing times placed by NAT , with

the convention that s0 = 0 and sm+1 =∞.

We prove that the competitive ratio holds for each interval (si−1, si], thereby

proving the result. In the last window (sm,∞], NAT serves all requests and

the claim holds.

So let us fix i ≤ m. In the interval (si−1, si], NAT serves L requests including

the last one at si − T , then misses some (say M ) requests in (si − T, si]. If

M < L, the claim holds. Otherwise, the number of requests in the interval
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[si − T, si] is M + 1 including one at si − T . But any algorithm can only

satisfy L of these requests, since any maintenance initiated within that interval

will finish after si. Therefore, in each interval (si−1, si], the optimal solution

serves at most L− 1 + L requests and the result follows.

We can obtain an upper bound on the optimal competitive ratio for this problem

by considering the behavior of an arbitrary deterministic algorithm against the

following family of instances. Let us fix T = 1 and, for k ∈ {0, . . . , L − 1},

let Jk be the instance composed by L − 1 service requests, one at each of

the times in {i/L : i = 1, . . . , L}, followed by L service requests placed

simultaneously at time 1 + (k − 0.5)/L. In instance Jk, it is impossible to

serve the k + 1th request and the L simultaneous ones because their arrival

differ by 1 − 1/2L < 1. Therefore the optimal solution of instance Jk serves

L+ k requests.

We can make the following observations about these instances {Jk} and an

on-line algorithm that is optimal for them.

• All instances are indistinguishable until time 1.

• The algorithm will perform exactly one maintenance, and w.l.o.g. at

times {i/L : i = 1, . . . , L}.

The algorithm that places a maintenance at i/L for i = 1, . . . , L achieves a

competitive ratio of i/(L+ i−1) on Ji−1. Therefore a best possible determin-

istic algorithm for this family of instances is to place a maintenance at time 1

and is L/(2L− 1)-competitive.

However, a better algorithm can be obtained using randomization.
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4.3.1.0.1 Algorithm 1 : Let xi be i.i.d. random variables with the follow-

ing distribution. It takes value j ∈ {K, . . . , L − 1} with probability 1
L and

it takes value L with probability K
L . We iteratively place a maintenance each

time we have served xi requests (incrementing i after each maintenance).

Theorem 4.2. Algorithm 1 is c-competitive for c = 2KL+L(L−1)−K(K−1)
2L(L+K−1) . The

best value forK is 1−L+
√

2L(L− 1) rounded up or down, with c and 1−K
L

converging to 2−
√

2 ≈ 0.585 when L→∞.

For the analysis of this algorithm, the following lemma is crucial:

Lemma 4.3. There is an instance {t′i}i=1..n achieving the worst competitive

ratio for Algorithm 1 , such that some fixed optimal solution OPT serves all

requests.

Proof. Let {ti}i=1..n be an arbitrary worst instance for Algorithm 1 , and OPT

be a sequence of optimal maintenance times. Starting from I ≡ {ti}i=1..n, let

us build a modified instance I ′ ≡ {t′i}i=1..n′ , by deleting all the requests placed

during maintenance times established by OPT. Clearly, OPT serves in I ′ as

many requests as in I . On the other hand, for a fixed choice of the random

numbers sampled by Algorithm 1 , the maintenances on I ′ are always shifted

forward with respect to their corresponding maintenances in I , implying that

the algorithm serves in I at least as many requests as in I ′. It follows that I ′ is

also a worst instance.
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We remark that Lemma 4.3 only works for the worst case instances of Algo-

rithm 1 (or similar algorithms differing only by the distributions from where

xi’s are sampled).

Proof. of Theorem 4.2 Consider an arbitrary worst-case instance for Algo-

rithm 1 that satisfies the conditions described in Lemma 4.3. We can partially

describe this instance by a sequence {ai}i=1..m, that captures the total number

of service requests between consecutive maintenances of an optimum OPT.

Note that OPT serves exactly
∑m

i=1 ai requests and also that, for every i the

service requests associated to ai and ai+1 are separated by at least T units of

time. Note also that ai is always bounded by L, otherwise the sequence cannot

induce a worst-case instance. Let c be an arbitrary lower bound on the optimal

competitive ratio of Algorithm 1 .

In the sequence {ai}i=1..m, suppose k and l are the largest indices so that

a1+a2+. . .+ak−1 ≤ K and a1+a2+. . .+al−1 < L. To make the exposition

simpler, in the remaining of the proof we assume that a1+a2+. . .+ak−1 = K

(this assumption can be easily removed). Let A =
∑

i≤l ai and Q =
∑

i>l ai.

Algorithm 1 serves at least:

K

L
(L+ cQ) +

L−1∑
i=K

i

L
+ c

L−K
L

Q+
∑

k≤i<j≤l

ai
L
aj

 (4.1)

requests. The first term corresponds to the event x1 = L. The second term cor-

responds to the requests served in the first maintenance cycle when x1 < L.

The term c
(
L−K
L Q+

∑
k≤i<j≤l

ai
L aj

)
corresponds to the requests served in

the remaining maintenance cycles when x1 < L. More specifically, in the
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event that the first maintenance finishes before the block aj , the algorithm will

capture at least caj of that block in expectation. Then it suffices to observe

that this event has probability
∑

k≤i<j
ai
L . The bound critically uses the fact

that requests corresponding to different blocks of requests ai are separated by

at least T units of time.

The worst-case instances will minimize
∑

k≤i<j≤l aiaj subject to the con-

straint
∑

i≤l ai = A. Our claim is that the minimum of this expression is

always achieved when the full set of requests in {ai}i=k..l (with a total of

A− (k − 1) requests) is concentrated in the blocks ai with highest index pos-

sible. More precisely, the minimum is attained when al is maximized, al−1 is

maximized subject to the choice for al and so on. Since al is upper bounded by

L, it follows that al = L and al−1 = (A−(K−1)−L)+ = (A−L−K+1)+ ≥

(A− L−K + 1).

Plugging the previous bound in (4.1), we conclude that Algorithm 1 serves at

least:

K +
cKQ

L
+
L(L− 1)−K(K − 1)

2L
+ cQ− cKQ

L
+ c

A− L−K + 1

L
L =

c(Q+A) +
2KL+ L(L− 1)−K(K − 1)

2L
− c(L+K − 1)

requests as a function of A. Choosing c = 2KL+L(L−1)−K(K−1)
2L(L+K−1) guarantees

that Algorithm 1 serves at least c(Q + A) requests. The maximum of c as a

function of K, is achieved at the positive root of −K2 + 2(1−L)K +L2 − 1

which is equal to 1− L+
√

2L(L− 1).
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4.3.1.0.2 Upper bounds We can obtain an upper bound on the optimal

competitive ratio for this problem by considering the same family Jk as above.

Again, these instances are indistinguishable until time 1 and an optimal ran-

domized algorithm will place exactly one maintenance at time i/L for some

i = 1, ..., L. Therefore such an algorithm can be characterized by probabili-

ties {pi}i=1..L that the algorithm places its maintenance at time i/L. From the

algorithm performance on Jk, it follows that

max f : f ≤
∑L

i=1 ipi + L
∑k

i=1 pi
L+ k

for all 0 ≤ k ≤ L−1,
L∑
i=1

pi = 1, pi ≥ 0

is an upper bound in the competitive ratio achievable by any on-line algorithm

for this problem. The dual of this linear program is

min z : z ≥
L−1∑
k=0

iyk +

L−1∑
k=i

Lyk for all 1 ≤ i ≤ L,
L−1∑
k=0

(L+ k)yk ≥ 1, yi ≥ 0.

Noting that
∑L−1

k=0 i+
∑L−1

k=i L = L2 and
∑L−1

k=0 (L+ k) = (3L2 −L)/2, it is

easy to check that the solution(
yk = y ≡

(
3L2 − L

2

)−1

for all 1 ≤ k ≤ L, z = L2y

)

is feasible for the dual problem, implying that z = z(L) is an upper bound in

the competitive ratio. Therefore we obtain:

Theorem 4.4. No randomized algorithm for the on-line maintenance schedul-

ing problem can be f -competitive, for f > 2L
3L−1 .
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Note that the optimal primal solution of the above LP is pL = L+1
3L−1 and pi =

2
3L−1 for i < L. This suggests the following algorithm that we will test in the

following section.

4.3.1.0.3 Algorithm 2: Let xi be i.i.d. random variables with the following

distribution. It takes value j ∈ {1, . . . , L − 1} with probability 2
3L−1 and it

takes value L with probability L+1
3L−1 . We iteratively place a maintenance each

time we have served xi requests (incrementing i after each maintenance).

4.3.1.0.4 Discussion about the case L = 2. We now make a few observa-

tions for the problem with L = 2, trying to improve the lower bound of 0.75

and maybe match the upper bound of 0.8. We initially restrict our attention to

instances of the type of Lemma 4.3 (batches of 1 or 2 requests separated by T

units of time).

The upper bounds obtained is based on the instances 1 and 1 − 2. One pos-

sible algorithm would iteratively proceed as follows: with probability p serve

two requests then maintain, and with probability (1 − p) serve one request,

maintain, then serve two requests, then maintain. For p = 0.6, this achieves

the desired competitive ratio of 0.8 for these two instances. However, it only

achieves (0.6∗ (2 + 2.4) + 0.4∗3)/5 = 0.768 for the instance 2−1−2. Opti-

mizing for p against these 3 instances, one obtains p = 2/3 and a competitive

ratio of 7/9 ≈ 0.777. It can easily be checked by hand that this competitive

ratio is achieved for all instances with maximum three batches of size 1 or 2.

Since Lemma 4.3 still applies for this algorithm, and one iteration of the al-

gorithm can only cover maximum three batches, an inductive argument easily
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proves the result that this algorithm yields a competitive ratio of 7/9 for L = 2.

Obviously, one could try to generalize this idea and hope to improve the result

further.

Another idea is embodied in the following algorithm: with probability 0.4, per-

form action A1, and with probability 0.6 perform action A2, then iterate (each

random decision being independent). Action A1 is the following sequence:

serve one request, then place a maintenance. If by the time the next request

arrives, you observe that you could not have delayed the maintenance to serve

one more request and maintain before serving the current one, then serve two

requests and place a (second) maintenance (and iterate). In the other case, do

nothing (and iterate). Action A2 is to serve two requests then place a mainte-

nance (and iterate).

We could not find any instance for which this last algorithm achieves a com-

petitive ratio worse than 0.8. However, Lemma 4.3 does not apply anymore

because the number of requests served between two maintenances depends not

only on the randomization, but also on the instance itself. That makes the proof

of a competitive ratio harder.

Table 1 summarizes the bounds obtained with randomized algorithms.

4.4 Computational Experiments

The results of the previous sections shed some light on the behavior of two

on-line algorithms compared to the optimal solution in the worst case. Of

course, in practice, we might not only be interested in the worst-case but also

in the other (better) cases. More precisely, we might want to know whether,
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TABLE 4.1: Upper and lower bounds obtained on the competitiveness for
the on-line maintenance scheduling problem.

L LB UB L LB UB
1 1 1,000 11 0,606 0,688
2 0,777 0,800 12 0,604 0,686
3 0,667 0,750 13 0,603 0,684
4 0,65 0,727 14 0,602 0,683
5 0,633 0,714 15 0,6 0,682
6 0,625 0,706 16 0,599 0,681
7 0,619 0,700 17 0,598 0,680
8 0,614 0,696 18 0,598 0,679
9 0,611 0,692 19 0,597 0,679
10 0,608 0,690 ∞ 0,585 0,667

for certain classes of instances, we should expect the worst case or something

substantially better.

In this analysis, we will look at the following instance classes. We also justify

each particular choice. We normalize T = 1.

• POI(λ): in this class, the requests arrive following a Poisson process

with parameter λ. This is the standard assumption when the request

arrivals are independent of each other. We expect these instances to be

fairly easy for on-line algorithms in general.

• T -UNI(α): in this class, batches of requests arrive, spaced by T = 1

units of time. Each batch is composed of U [α,L] requests spaced very

close to each other in time (ε units of time). The class is specified by

the value of α. This type of instances constitute the worst case instances
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in the analysis of Theorem 4.2. Therefore we expect that this type of

instances will be favorable to Algorithm 1 .

• POI(λ)-UNI(α): in this class, batches of requests arrive following a

Poisson process. Each batch is composed of U [α,L] requests spaced

very close to each other in time (ε units of time). The class is specified

by the values of α and λ. This is an intermediate class between the two

first. It is also a realistic model for request arrivals.

The online algorithms we want to compare are the (deterministic) Algorithm

NAT (ALG3), and the two randomized Algorithm 1 (ALG1) and 2 (ALG2).

The results are given in Table 4.2. For each class we generated 100 instances

of 1000 requests. We then ran each algorithm once, and computed the optimal

solution as well. We report the average competitive ratio for each class and

each algorithm. From the results we can conclude the following:

• ALG2 performs worse than the other ones for all problem classes, in-

cluding UNI. This might suggest that the upper bound result is loose,

and that the probability distribution coming from the upper bound proof

does not generalize to other instances than the specific ones used in the

proof. So we are not going to comment on this algorithm further.

• ALG1 and AGL3 perform much better than their worst case guarantee

(0.58 and 0.5 respectively) for most problem classes.

• The instances POI(λ) are fairly easy for all 3 algorithms (they all achieve

0.94 or higher). The deterministic algorithm 3 performs marginally bet-

ter than the other two.
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TABLE 4.2: The average performance measures for different distribution-
parameter settings

Distribution Performance Measures
I100 I20

ALG1 ALG2 ALG3 ALG1 ALG3
POI 10 0.942 0.938 0.958 0.922 0.945
POI 4 0.959 0.949 0.965 0.947 0.956
POI 1 0.989 0.985 0.991 0.984 0.985

POI 10-UNI[33,99] 0.806 0.649 0.914 0.56 0.646
POI 4-UNI[33,99] 0.779 0.653 0.876 0.605 0.737
POI 1-UNI[33,99] 0.740 0.645 0.790 0.626 0.671

POI 10-UNI[66,99] 0.782 0.618 0.839 0.562 0.579
POI 4-UNI[66,99] 0.806 0.644 0.861 0.639 0.681
POI 1-UNI[66,99] 0.749 0.639 0.753 0.626 0.638

POI 10-UNI[90,99] 0.772 0.688 0.785 0.512 0.553
POI 4-UNI[90,99] 0.811 0.619 0.846 0.602 0.620
POI 1-UNI[90,99] 0.728 0.607 0.630 0.584 0.461

POI 10-UNI[95,99] 0.803 0.678 0.888 0.594 0.583
POI 4-UNI[95,99] 0.802 0.662 0.829 0.641 0.633
POI 1-UNI[95,99] 0.712 0.609 0.689 0.586 0.542

UNI[33,99] 0.654 0.572 0.621 0.597 0.593
UNI[66,99] 0.651 0.582 0.611 0.604 0.600
UNI[90,99] 0.614 0.540 0.549 0.560 0.546
UNI[95,99] 0.613 0.539 0.528 0.552 0.524

• The instances T -UNI(α) are harder than POI(λ)-UNI(α), which are then

harder than POI(λ) for all three algorithms.

• Algorithm 1 performs better than the other two algorithms for instances

T -UNI(α). This is not too surprising since the parameter of Algorithm

1 is optimized for that kind of instances.

• Regarding instances POI-UNI, the results are mixed. Whenever the time

between the arrival of batches is high (λ = 1), and the size of the batches
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is high, ALG1 tends to outperform ALG3 in expectation. In the other

cases, we get the opposite behavior.

Of course, these results are not too surprising. It only makes sense to anticipate

a maintenance when there are periods with very low demand long enough to

place a maintenance separating periods with lots of requests. Besides, these

results give information about the performance in expectation, and it might be

interesting to understand better the shape of the distributions.

Therefore, we have also computed the average of the 20th percentile (worst

instances) for ALG1 and ALG3 for each class. We can see that indeed, as

is suggested by the better competitive ratio, ALG1 looks better compared to

ALG3 when looking at the worst cases. That is, ALG1 is more robust. A

secondary observation is that when ALG1 performs better in expectation, it al-

ways performs substantially better in the worst instances (20th percentile). On

the other hand, there are instance classes where ALG3 performs substantially

better in expectation, while performing not much better in the worst instances.

This suggests that for these problem classes, the deterministic algorithm ALG3

is especially performing well on the easy or favorable instances.

To analyze this in more details, we plot in Figures 4.1-4.3 the histograms for

3 instance classes (500 instances for each class), that are representative of the

behavior we could observe more generally.

Figure 4.1 gives the empirical distribution for class POI1-UNI90, for which

ALG1 performs well. It can be seen that the shape of the two distributions

are similar, with ALG1 shifted to the right. The only qualitative difference is

for the worst case instance: ALG3 has a substantial number of instances with
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a competitive ratio between 0.5 and 0.6 while ALG1 has a much thinner tail.

This is to be expected since ALG1 is 0.58 competitive, while ALG3 is 0.5

competitive.

FIGURE 4.1: The empirical distribution for class POI1-UNI90

Figure 4.2 shows the empirical distribution for class POI1-UNI66. ALG1 and

ALG3 have very similar distributions vanishing at 0.5 and 1.

FIGURE 4.2: The empirical distribution for class POI1-UNI66



Online Algorithm 91

Figure 4.3 shows the empirical distribution for class POI4-UNI95. Here we see

that ALG3 gets nearly the optimal solution in many cases, contrary to ALG1.

In these instances, the time between the arrival of batches is smaller than T on

average, so that it is not often that anticipating a maintenance can pay off. In

other words, placing a maintenance will always mean losing many requests,

so that serving L requests before placing a maintenance is often the (close to)

optimal decision.

FIGURE 4.3: The empirical distribution for class POI4-UNI95

To conclude, we can say that the randomized ALG1 is more robust and per-

forms in expectation better or nearly as well as the more natural algorithm

ALG3, except for instances with the following characteristics: irregular ar-

rivals with very high arrival rates periods separated with idle or very calm

times, but where the duration of these calm periods are themselves irregular

and frequently shorter than the duration of a maintenance. In these cases, an-

ticipating the maintenance can be costly compared to the more natural deter-

ministic algorithm.





Chapter 5

Conclusions

In this thesis we studied two types of problems to answer the question of ”what

is the best time to do the maintenance?”. For the first problem addressed in

Chapter 2 and 3, we considered an integrated production planning and main-

tenance scheduling in which the capacity of the machines decreases over time

and there is enough information about the future demand. For the second prob-

lem addressed in part 2 (Chapter 4) of the thesis, we provided algorithms to

obtain the best schedules for doing the maintenance actions when the demand

is not known in advance. In this chapter we discuss theoretical and practical

implications for each part of the thesis and future research directions.

93
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5.1 Theoretical and Practical Implications

This thesis contributes to the scientific discussion by providing novel models

and solution methods for the integrated production planning and maintenance

scheduling problems. Our proposed approaches lead to better utilization of the

production capacity and better allocation of maintenance scheduling, which

consequently, vouch the lower total cost and higher service level by increasing

the number of the satisfied requests.

Findings of Part 1

We have proposed several models for multi-item, single-machine capacitated

lot sizing problem joint maintenance scheduling problem that has applications

in many different areas. The motivation comes from a production system in

Cement Industry, but the model can be used to represent many other aspects

like the increase of defect products and the increase of downtime from correc-

tive maintenance. We have described several models, mostly differing by the

way capacity is impacted by production decisions. In the most general model,

it is assumed that the capacity of the machine in each period is a function of

the capacity of the previous period, lot size of the previous period and the pres-

ence of a setup in the previous period. These models are naturally formulated

as the non-linear mixed integer optimization programs, then, some lineariza-

tion techniques are proposed to to solve them them as the linear mixed-integer

programs.

Our results show the value of using non-cyclic maintenance actions versus the
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cyclic ones when the demand varies from one period to another. This advan-

tage is considerable from both aspects of cost and solution time. While the

existing solution methods in the literature enumerate all the possible schedules

to solve the aforementioned problems (which is time consuming for large size

problems), our proposed methodology solves the problem by only one imple-

mentation. In order to tighten the formulation and improve the quality of the

solution (duality gap), the impact of adding some valid inequalities such as

Wagner-Within inequalities and Multi-Commodity formulations for the large

size instances of the problem is considerable.

Moreover, we have presented a Fix-and-Optimize heuristic to solve the multi-

item, multi-machine multilevel CLSP joint CBM and transportation problem

in which the capacity reduction follows the general formulation. The perfor-

mance of the proposed algorithm is considered through different classes of

instances close with different parameters. The results show that using a MIP

solver suffices to obtain the optimal solution in 3 seconds, however, its effi-

ciency for the large size instances with the parameters close to those of the real

problem in Cement Industry is questioned. The solution approach based on

Fix-and-Optimize consistently yield high-quality solutions in moderate time,

and is superior compared to truncated MIP solver for realistic amount of time.

Findings of Part 2

Our contributions are summarized as follows. We presented a new, very simple

on-line problem that captures an essential aspect of maintenance scheduling

under uncertainty: how to avoid placing a maintenance when the machine is
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most needed. Despite its simplicity, we have not been able to fully character-

ize optimum on-line algorithms. We provide a best possible 0.5-competitive

deterministic algorithm, and give lower and upper bounds of 0.585 and 0.667

(in the limit) on the competitive ratio of randomized algorithms. The gap we

obtain leaves room for improvement. In our view, improving either the lower

or the upper bound will need to specifically consider algorithms that take into

account what has happened before the last maintenance.

We also empirically tested the performance of the on-line algorithms for sev-

eral specific request distributions. These demonstrated that the randomized

algorithm tailored to behave well in the worst cases, also performs surprisingly

well in absolute and in relative terms for most problems classes.

5.2 Future Prospects

Many future research perspectives exist for integrated capacitated lot sizing

problems and maintenance scheduling when the capacity decreases over time.

This section discusses some of the potential research categorized into three

streams. First, we discuss challenges related to integrated CLSP and main-

tenance scheduling with stochastic parameters. Then, we discuss about the

difficulty of adding another assumption about the capacity reduction in real

problems. Finally, we discuss potential directions related to the improvements

of the solution methods for such a problem.
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• Stochastic parameters: decision makers may face uncertainty in the in-

formation when they organize the activities at a company. In Lot Siz-

ing problems, uncertainty pertains to demand, lead time, capacity, etc.

Hence, when a company faces uncertainty in its production/inventory

decisions it might lead to an increase in the total costs, reduction in the

service level and quality of the products, and necessity of resorting to

safety stocks. Approaches dealing with lot sizing problems over a dis-

crete planning horizon with stochastic demand are rare. In this realm,

some approaches have been developed for the uncapacitated version of

the problem. We believe there is a strong industrial need to develop

approaches for solving integrated lot sizing and maintenance schedul-

ing problems where the production capacity decreases, and the company

faces stochastic demands over a discrete time horizon.

• More complex capacity function: the general capacity function consid-

ered in Chapter 3 assumes that the capacity of the machine in each period

is a function of the capacity and the lot sizes of the previous period. In

lot sizing models, it is necessary to accurately model capacity utilization

to obtain feasible production plans. This often requires one to model the

capacity consumed when a machine starts a production batch, or when a

machine switches from one product to another. In the application of the

aforementioned Cement Industry in Chapter 3, the presence of a setup

in the previous period in not considered. Indeed, a start-up has to be

incurred if production of some item i occurs in period t, but not in pe-

riod t-1. Future work will address the case of adding the binary start-up

variable to the general capacity function, which makes the MIML-CLSP
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formulation much more relevant for the industrial application and also

more complex.

• Solution methods: despite the success of our heuristic method compared

to exact methods, a solution method still needs to be devised for the

generic integrated lot sizing and maintenance problem. Moreover, work-

ing on the better initial feasible solution to implement the proposed Fix-

and-Optimize heuristic can result in better implementation of the pro-

posed F&O heuristic.
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