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Abstract—In this paper, we present the fusion of passive Time-
Difference-of-Arrival (TDoA) and active monostatic radar mea-
surements in the context of single object localization and tracking.
We assume a target equipped with a wireless transmitter so that
the passive-TDoA and active-radar sensors can simultaneously
detect it. For the localization problem, we base our approach on
the Constrained-Weighted-Least-Squares (CWLS) method, which
has better accuracy than the Least-Squares (LS) and Weighted-
LS approaches. Nevertheless, CWLS suffers from estimation bias
when the measurement noise is large. We show that it is possible
to reduce such a bias by using both TDoA and monostatic radar
measurements. For the tracking problem, we base our approach
on Bayesian filtering. Therefore, we detail the TDoA, radar and
combined measurement models required for the filtering process
regardless of the Bayesian Filter implementation. We show
that the combined measurements result in enhanced tracking
capabilities, e.g., improved reliability and larger tracking area
compared to the radar-only case. In addition, we present other
possible combinations of radar and TDoA measurements that
one could encounter in practical scenarios. Finally, we present
experimental results to validate and support our work.

Index Terms—TDoA, radar, sensor fusion, CWLS, Localiza-
tion, Tracking.

I. INTRODUCTION

Localization and tracking play an important role in current
applications such as traffic control, surveillance, autonomous
driving, etc. In fact, they are not problems fully independent
from each other. For instance, localization is used in the initial-
ization stage of any tracking application, which can be critical
in some cases leading to several issues, such as increased num-
ber of false tracks or divergence of the filter [1]. In addition,
one could classify the localization/tracking approaches into
passive or active. On the one hand, passive approaches do not
interact with the target and have become important in wireless
networks. For instance, positioning reference signals (PRS) are
included in the protocols to support device localization based
on the estimation of the signal Time of Arrival (ToA) [2]. On
the other hand, active approaches use extra useful information
by interacting directly with the target. For instance, active
radar sensors measure directly the target kinematics. In that

Brussels, Belgium
philippe.dedoncker @ulb.be

Brussels, Belgium
francois.horlin@ulb.be

respect, this paper is an attempt to show the data-fusion
benefits of two specific passive and active sensors such as
Time Difference of Arrival (TDoA) and monostatic radar.

TDoA measurements are used to estimate the transmitter
position when it is not time-synchronized to the infrastructure,
which is usually the case in wireless networks. Consequently,
a linear system is constructed by squaring and rearranging the
TDoA measurements considering time offset and transmitter
position as unknown variables [3]. That linear system is
traditionally solved using the Weighted Least Squares (WLS)
method; however, the estimates are imprecise and sensitive to
noise. Another approach is the Constrained Weighted Least
Squares (CWLS) that includes an additional constraint based
on the target position and its distance to the reference Base
Station (BS) [4]. This approach greatly improves the precision
but reduces the accuracy, since bias is introduced to the system
due to several reasons such as large noise, unknown weighting
matrix, intrinsic non-linearity of the problem, etc., [5]. There-
fore, as it will be shown later on, TDoA approaches alone do
not provide reliable estimates.

Current active-radar sensors have become popular in many
applications due to their improved range resolution (up to the
centimeter scale in Frequency Modulated Continuous Wave
(FMCW) radars) and angle measurements capabilities (multi-
antenna radar) [0]. Nevertheless, radars have a limited Field
of View (FoV) that limits their use only to their surroundings.
Such a FoV depends on different aspects such as transmit
power, antenna gains, radar cross-section, etc. Moreover, it
might be a limiting factor when part of the target trajectory
happens outside the radar FoV.

On the one hand, multiple fusion approaches involving
passive TDoA with other passive sensors have been proposed
in the literature [7], [8], [9], [10]. For instance in [7], TDoA
and Frequency Difference of Arrival (FDoA) are combined
as a way to estimate not only the target position but also
its velocity. In [8], [9], the use of TDoA and Angle of
Arrival (AoA) is addressed to improve localization accuracy.
Additionally in [10], both FDoA and AoA are used together
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with TDoA to combine their already mentioned advantages.
On the other hand, active radars and TDoA are combined
in [11]. More precisely, TDoA and FDoA are purely estimated
from the multistatic radar signals and not from a different
sensor. Later, those estimates are used to estimate the target
kinematics using the WLS method. Nevertheless, the fusion
between passive TDoA and active radars has been somehow
overlooked in both theoretical and practical studies.

In this paper we address the fusion of TDoA and monostatic
radar measurements for single-object localization and tracking.
Therefore the contributions of this paper are threefold:

o We build a unified model for the localization using both
TDoA and active monostatic radar measurements. We
rely on the CWLS method and show that such a fusion
approach can help to greatly reduce the estimation bias
inherent to the method.

o We describe the necessary steps to combine TDoA and
active monostatic radar measurements for tracking appli-
cations. We show that the benefit of such a fusion is to
reach the accuracy delivered by the radar while ensuring
the track continuity thanks to the TDoA technology.

o Lastly, we present experimental results to validate our
analysis. We consider not only common fusion cases
but also other interesting measurement combinations that
could arise in practical scenarios, where a single tech-
nology is not necessarily sufficient to localize a device.
For instance, TDoA and range only, or TDoA of only
three BSs and radar range only, etc.

II. SYSTEM MODEL

For the sake of simplicity, we consider that all sensors are
placed in a 2D plane. We assume that a target is detected by
a monostatic radar and is equipped with a wireless transmitter
that emits beacons at a regular basis. With such considerations,
we proceed to describe the TDoA and radar models separately.

A. TDoA model

The transmitter beacons are received at M time-
synchronized BSs. Each BS-i, located at the known position
si(i =1,2,...M), measures the transmitter beacon ToA. The
transmitter is located at an unknown position u = [z, y]”
inside the area delimited by the BSs. Notice that the trans-
mitter is not time-synchronized with the BSs. Thus, the ToA
measurements include a common yet unknown time offset 7,
which is removed by using TDoA measurements. Notice that a
Range Difference of Arrival (RDoA) measurement is equal to
the TDoA multiplied by the propagation velocity c. Therefore,
we refer to RDoA and TDoA measurements interchangeably
herein.

The TDoA measurement for BS-i and BS-1 is defined as:

7’7',71 = (7’1;+d0)—(7‘1+d0)+ni71, i:2,3,...,M (1)

where 7; = ||lu —s;||, do = ¢ and n; 1 = n; — ny, with n;
being the ToA-measurement noise at BS-i.

By taking the square of (1) and rearranging the terms as
done in [5], [3], we obtain:

7"1‘2,1 +|s1 ||2 stiHQ +2(s; — sl)Tqu 211 = 2ring 1+ nfl

2
Such an expression is known as the TDoA error equation and
has the advantage of being linear in u and 7;. In order to use
the CWLS approach, (2) is rearranged as follows:

7’1-2’1—||Si — 51||2—|—2(si—Sl)T(u—sl)—}—Qrurl = 27’17711'71. (3)

Notice that the second-order noise term nfl is neglected

considering a sufficiently high SNR, which is a common
practice in the literature [5].

The resulting linear system of equations is constructed by
gathering all TDoA measurements as:

hr — Grér = Brnr, “)
with the unknown vector 87 = [(u — s;)7r;]7 and matrices
2
r31-lIs2-s1]| (s2-s1)" 12
hy = : Gr=-2|
rdr1-llsar—s1 |’ (sn-s1)”
A1-lIsa—s| Sp—S1 T
By =2diag([ra .. .7TM]) and ny =[ng;1... nM,l]T.

The TDoA noise vector ny is assumed to be Gaussian

distributed with zero mean and covariance matrix
Qr = diag([03...0%;]) + 021p-11%, |, where o? and

1,,_1 are the ToA-noise variances and (M-1)-dimensional
all-one vector, respectively [12], [13].

B. Radar model

We consider a monostatic radar equipped with a linear-
antenna array at the receiver located at sgp = [zg,ygr]T. It
provides the detected target range rr and radial velocity vy
and azimuth angle a . That is, we assume the radar data at
the radar detection output. Similarly to [14], the radar data rg,
vr and ap can be expressed as:

’I"R:HU—SRH-FHT 5 VR :<V?ur>+nv

_ 5
(y yR) (5)

ar = arctan + ng

r— TR
where v = [v,,v,]7 is the target velocity; ({.)) denotes the
inner product and u, is a radial unitary vector defined as u, =
\Illll::g\l' All additive noise terms, n,., n, and n,, are assumed
mutually independent Gaussian distributed with zero mean and
variances o2, o2 and o2, respectively. Notice that the radar
only detects the target when this is inside its FoV, that is
defined as FoV := {(rg,ar)|rr < rmaz N — Gmaz < QR —
g S d)TVL(L(L'}’ Where r’max and ¢7TL(L.’L' are maXImum range and

angle values viewed from the radar.

III. LOCALIZATION
A. TDoA - Localization

The system of equations (4) can be solved using the WLS
method [3]. However, the CWLS approach is usually more
accurate at a cost of introducing bias in the system [4],
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[5]. In short, 1 can be estimated by solving the following
constrained optimization problem:

éT = min (hT - GTOT)TWT(hT - GTGT)
o1 (6)
st. 05207 =0
with Wy = (BT(;]TP)T)i1 and X = diag([l, 1, 71])
Notice that the constraint comes from the fact that
r? = (u—s;)T(u—s;). An efficient yet iterative way
to solve (6) was introduced in [4]. Notice that By is initially
unknown, and thus it is initialized as an identity matrix and
reevaluated at each CWLS-iteration.

B. Radar - Localization

The target position u, using only radar, can be computed:
u = rp [cos(ag) sin(ag)]’ + sg. (7)

Notice that such an estimation is a trivial conversion of Polar
to Cartesian coordinates. However, the fusion of radar and
TDoA data is not straightforward.

C. TDoA and Radar - Localization

To merge both sensor data into a single system of equations,
we perform the following two steps. First, we use the AoA-
linear approximation introduced in [8], [9] as:

[sin(ag) — cos(ag)](u—sg) = rgn,. (8)

Second, we constrain the radar to be located at the same
location as the reference-BS, i.e., sg = s;. Rearranging
the terms to have an unknown vector 8z = [(u — sg)Trg|"
results into the following radar linear system of equations:

hr — Ggrfr = Bgrng, )
with vectors hg = [07r]7, ng = [ny 1]’ and matrices

—sin(agr) cos(agr) 0} B — {TR 0}

0 0 I e VRS |
Notice that (9) is an undetermined system of equations due to
the increase in unknown variables compared to (7).

Lastly, a joint TDoA-radar system of equations can be
constructed by concatenating (4) and (9). Consequently, the
unknown vector @ = 6 = @ can be estimated from

6= min (- G6)"W(h — Go)
st. 8726 =0

with h=[bl b}, G=[GIGLT, WwW=BQB)!
and  block-diagonal  matrices B = diag({Br,Br}).
Q= diag({QTv 0'3, UE})

Notice that (10) has the same form as (6); hence the CWLS-
iterative approach can also be used to find the solution. In
addition, we would like to highlight two benefits of using this
approach.

o First, the bias due to the use of CWLS-approach is
reduced, since B is partially known at the first CWLS it-
eration. This is not the case for the TDoA-CWLS in (6),
where Br is completely unknown at the first iteration.

Gpr =

(10)

e Second, such an approach simplifies the analysis for
different TDoA and radar combinations, as it will be
described in Section V-B. Lastly, the constraint imposed
on the radar position, i.e., sg = s1, can be lifted by
adding a second radar; however, such an approach is not
presented in this work.

IV. TRACKING

Single Object Tracking (SOT) is usually accomplished by
means of Bayesian filtering, which is mainly composed of a
prediction step followed by a correction step. Since the main
focus of this paper is to show the benefits of TDoA-radar
fusion, we detail only the process and measurement models to
be used, rather than to describe the Bayesian filtering in detail.
In addition, we refer the reader to [ 5] for specific details about
the implementation of Bayesian filtering approaches.

A. Process Model

Similar to Section III, we assume a single target/transmitter
in the scene. Therefore, we define x = [ziyy]T as the
state vector, where (x,y) and (&,¢) are the target Cartesian
position and velocity, respectively. The state vector at time
instant k£ + 1 can be deduced from the previous time instant k
as Xp+1 = ApxXp + Wy, where Ay is the transition matrix
and wy, is a zero-mean Gaussian-noise vector with covariance
matrix ;. Ay and X are given by the chosen process model
(e.g., Constant Velocity Model (CVM), Constant Acceleration
Model (CAM), etc.). We kindly refer the reader to [16] for
more details on such process models.

B. Measurement Model

It defines a mapping from the state space to the mea-
surement space, i.e., z = g(Xy) + Vi, where z and g(.) are
the measurement vector and function, respectively. v, is a
zero-mean Gaussian noise vector with covariance matrix Q.
Notice that ¢g(.) and Qy are defined by the type of available
sensors at a specific time instant k. Therefore, we define g(.)
and Q) for the possible scenarios.

1) TDoA model: All available TDoA measurements defined
in (1) are gathered resulting in

(1)

gr(xi) = [re,1(xx) ... TMJ(X]C)]T

and the measurement covariance matrix Qj; = Qr, as defined
in Section II-A. Notice that x, is explicitly written to highlight
the dependence of r; 1 on xy.

2) Radar model: All radar measurements, defined in (5),
are gathered as

gr(xx) = [rr(xk) vr(Xk) ar(xk)]T, (12)

and the measurement covariance matrix is defined as
Qi = Qrx = diag([02,02,02]). Notice that different from
the localization case explained in Section III, the radial veloc-
ity is also taken into account as an extra measurement.
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Experimental localization results: a) CWLS-estimated x and y-coordinates for a particular realization. Experimental Error-CDF considering all

realizations for b) CWLS and WLS methods. c) additional considered scenarios. All Error-CDF curves are computed with only data inside the radar-FoV.

3) TDoA and Radar model: When both sensors detect
the target, the measurement model is the concatenation of
both previous models, i.e., g(xx) = [g7(xx) gr(xx)]T with
measurement covariance matrix Qj being block-diagonal as
Qi = diag({Qr,x, Qr.i })- Notice that for the tracking case,
the radar is not restricted to be placed at the same location as
the reference BS, as it was in the localization case.

V. EXPERIMENTAL RESULTS

A measurement campaign was conducted in Belgium -
Nivelles city. A general overview of the scenario is shown
in Fig. 2; where all sensors were placed in a real roundabout.
One transmitter is placed on top of a car equipped with a GPS
sensor that records the position every second. The car moves
in a counterclockwise direction along the roundabout as it is
depicted in Fig. 2, where the initial position is denoted by a
big-star marker. Notice that our analysis can be extended to a
multiple object scenario after addressing the data association
problem; however, we analyze only the SOT case to better
show the fusion benefits.

The transmitter sends an OFDM-frame every 10 ms over
a 20 MHz bandwidth at a 2.35 GHz carrier frequency. The
infrastructure is composed of M = 6 time-synchronized BSs
placed at the positions given in Table 1. Each BS samples the
received signal at 100 MHz and obtains ToA measurements
in two stages as done in [17]. First, a rough ToA estimate is
obtained by correlating the received and transmitted signals.
Second, a sub-sampled ToA refinement is estimated using a
parabolic interpolation around the correlation maxima.

Separately, an off-the-shelf FMCW radar (WR1843BOOST)
is placed at the same location as BS-1, with orientation
angle %W. The radar-FoV is shown in Fig. 2a as the light-
green circular sector. The radar provides detections every

T = 100 ms; consequently, the ToA measurements are
TABLE I
BSS LOCATIONS
BS-id 1 2 3 4 5 6
x;|m -12.64 | -13.99 -1.79 16.69 17.84 6.35
yilm 13.91 -8.37 -16.94 -8.79 4.19 15.40

decimated to match the radar data rate. The radar is configured
with a single transmitter and 4 receivers enabled, 600 MHz
bandwidth, 77 GHz starting frequency, 128 samples per chirp
and 128 chirps per frame. The radar detections are computed
following the procedure explained in [14]-Section-II-A. Lastly,
notice that the target trajectory goes inside and outside the
radar-FoV but never leaves the delimited area by the BSs.
That is, we are able to collect TDoA measurements all along
the target trajectory but not for the radar sensor.

A. Localization Results

The transmitter positions are estimated using TDoA, radar
and both sensor measurements, as explained in Section III. To
compare objectively the different methods, we define the Root
Squared Positioning Error (RSPE) as RSPE = ||i1 — ugps]|,
where 1 is the estimated position and ugpg is the position
provided by the GPS sensor. Fig.1b and Fig.1c present the
RSPE-CDF curves for different cases considering all the
realizations. We refer to this curves as error CDF.

We first address the drawback of using TDoA-only ap-
proaches. On the one hand, Fig.1b shows that the simplest
approach of TDoA-WLS, which solves (6) ignoring the con-
straint, provides large localization errors. The estimation error
increases together with the TDoA-measurement error. As a
result, the associated error CDF presents only one mode.
On the other hand, TDoA-CWLS provides better estimates
for small TDoA-errors, compared to TDoA-WLS; however,
the error dramatically increases when the measurement noise
is above a certain threshold. As a result, the TDoA-CWLS
associated error CDF presents multiple modes at 2 and 17
meters, which puts in evidence the presence of bias in the
estimates. Therefore, it is clear that TDoA-measurements
alone do not always provide reliable estimates.

We now proceed to highlight the benefits of the fusion. The
iterative CWLS approach presents estimation bias, since the
weighting matrix B of (6) is completely unknown. Different
from the bias reduction algorithm proposed in [5], we propose
to use radar measurements to make B of (10) partially known
for the radar part and thus, reducing the bias introduced by the
CWLS method. As a result, the radar and fusion error-CDF
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curves in Fig.1b present only one mode, showing that the bias
has been vastly removed.

It must be noticed that the fusion for localization is possible
whenever both TDoA and radar measurements are available,
i.e., only inside the radar FoV. In addition, we present in
Fig. la the x and y-coordinate estimates for a particular
realization to better observe the impact of fusion. The bias
is evident for the estimates using only TDoA measurements
(blue “), e.g., at 8, 22, and 33 seconds. The estimates using
both TDoA and radar measurements (green ‘+’) present a
greatly reduced bias for the same time instants (8, 22, 33
seconds). However, they are only available once the target
enters the radar FoV. Whilst the localization results of fusion
and radar are quite similar, the fusion strategy could allow
tracking in a bigger FoV than the radar-FoV, as it is shown
in Section-V-C.

B. Localization Results for Additional scenarios

There are multiple interesting ways to combine the radar
and TDoA measurements. Nevertheless, we analyze only three
cases herein:

e Case 1: All M=6 BSs and only the radar range rp
are available. Whilst it is enough to use only TDoA
measurements to estimate the transmitter position, using
TDoA and radar range combined reduces the bias.

e Case 2: Only three BSs (1, 3 and 5) are enabled and
radar measurements rr, ap are provided.

e Case 3: Only three BSs (1, 3 and 5) are enabled as in
case-2; however, only radar range rp is available. Notice
that localization is not possible with radar alone.

Notice that case-1 and case-3 assume a single antenna mono-
static radar. It implies that the hardware and processing
requirements are simpler for such type of radars and thus,
it could lower the cost of sensor deployment. In case-2 and
case-3 localization using TDoA alone might not find a unique
solution.

All error-CDF curves for cases 1,2 and 3 are shown in
Fig 1c. The error-CDF of fusion is also shown for reference.

Notice that all curves are unimodal which indicates a bias
reduction thanks to the partially known weighting matrix B.
Case-1 performs worse than the fusion since it only uses
the radar-range rr measurement. However, it performs better
than TDoA-alone shown in Fig 1b and it does not present
a dramatic increase of error. Moreover, case-2 performs the
closest to the fusion, which reveals the importance of the radar
measurements. Interestingly, case-3 is still able to localize the
target with reduced precision.

C. Tracking results

Since the measurement models are nonlinear as de-
scribed in Section IV, we implemented the well-known
Unscented Kalman Filter (UKF) [15]. We choose the CVM
as process model used in the prediction step. We ex-
pect the maximum change in velocity during one time
interval T to be Auvpq: =2 m/s. Consequently, we set
Ow = AUpaq /T = 20 m/s? that is needed to construct the
CVM model [16].

The hyper-parameters needed in the correction step are cho-
sen as follows. Since the TDoA measurements are decimated
to match the radar data rate, the remaining ToA samples are
used to estimate the ToA-noise variances ‘71'2,1@- Due to the
car dimensions and radar configuration, the radar detections
fall over multiple range/radial-velocity/angle bins. Therefore,
instead of setting the noise variances equal to the radar cube
resolutions, we empirically set them to the values that work
the best in all measurements, that is o, = 0.5 m, g, = 2 m/s
and o, = 0.0349 rad.

Notice that no data-association algorithm is used since we
study a SOT scenario. We implemented an oversimplified
track management approach, since the target enters and leaves
the radar FoV. In short, a track is, respectively, accepted or
terminated after receiving or missing measurements for five
consecutive time instants.

Fig. 3a shows the error-CDF curves of tracking using TDoA,
radar and both sensor measurements. The error-CDF using
radar is similar to the one using both TDoA and radar;
however, the main difference is the track continuity that we
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Fig. 3. Experimental tracking error-CDF considering all realizations for a)
TDoA, Radar, and both Fusion; b) additional TDoA-Radar combination cases

explain as follows. Fig. 2 shows the tracking results in the
zy-plane for a particular realization. Due to the radar FoV,
it is not possible to track the target at all times using only
radar measurements. Moreover, every time the target enters
into the radar FoV, the track management assumes a new
identity for the track, as seen in Fig. 2b. Such track-continuity
problem is not present in the TDoA case, as shown in Fig. 2a.
However, the filter initialization might be inaccurate due to
the localization using only TDoA, due to estimation bias
as seen in Section V-A. The use of both radar and TDoA
measurements eliminates the track continuity problem and
reduces the inaccuracy of initialization, as seen in Fig. 2c.

Lastly, Fig. 3b shows the error-CDF curves for the ad-
ditional cases. The reasoning is similar to the localization
case except for two main differences. First, cases 1,2 and 3
perform tracking in the area surrounded by the BSs; whereas
in the localization, case 2 and 3 are only possible inside the
radar FoV. Second, case 2 no longer performs the closest to
the fusion case as in the localization, since tracking outside
the radar FoV is done only with only 3 BSs which reduces
the performance as shown in Fig. 3b.

VI. CONCLUSIONS

In this work, we described a simple yet effective fusion
of TDoA and monostatic radar measurements. We not only
addressed the localization but also the tracking application.
We highlighted the fusion benefits such as bias reduction

in the localization case and track continuity in the tracking
application. Experimental results support our claims. Lastly,
our future work is directed towards showing the fusion benefits
in a multiple object scenario. For instance, high localization
bias could lead to wrong/false tracks initialization.
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