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Abstract

If T is a semi-abelian algebraic theory, we prove that the category BornT

of bornological T-algebras is homological with semi-direct products. We
give a formal criterion for the representability of actions in BornT and, for
a bornological T-algebra X, we investigate the relation between the repre-
sentability of actions on X as a T-algebra and as a bornological T-algebra.
We investigate further the algebraic coherence and the algebraic local carte-
sian closedness of BornT and prove in particular that both properties hold
in the case of bornological groups.

Introduction

Let C be a category with pullbacks. We consider its fibration of points (see [5])
whose stalk at an object X ∈ C has for objects the pairs s, p : A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq X with
ps = idX . The arrows are the morphisms g : A′ qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A making both triangles
commute.

A′ qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
g

A pg = p′, gs′ = s
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The inverse image functor f ∗ of that fibration along a morphism f : Y qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X

f ∗ : Pt(X) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Pt(Y )

is simply pulling back along f .

• The category C is protomodular (see [5]) when these functors f ∗ reflect iso-
morphisms.

• The category C is algebraically coherent (see [10]) when these functors f ∗

preserve jointly strongly epimorphic pairs.

• The category C is locally algebraically cartesian closed when these functors
f ∗ have a right adjoint.

Let us recall that in the presence of coproducts, a family (fi : Ai
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq B)i∈I is jointly

strongly epimorphic when the corresponding factorization f : +i∈I Ai
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq B of

(fi)i∈I is a strong epimorphism. Since a functor with a right adjoint preserves
colimits, local algebraic cartesian closedness implies at once algebraic coherence.

Semi-abelian categories have been introduced in [14]; in that case the functors
f ∗ above are monadic. In a semi-abelian category C, considering for f a morphism
0 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X from the zero object, an action of the object X on an object Z is just
an f ∗-action in the sense of monads. Actions on Z are representable when the
functor Act(−, Z) : C qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Set, mapping an object X on the set of actions of X on
Z, is representable. In the case of groups, actions on Z are represented by the
group Aut(Z) of automorphisms and in the case of Lie algebras, by the Lie algebra
Der(Z) of derivations.

Algebraic coherence is studied in [10], where it is proved in particular that all
categories of interest in the sense of Orzech (see [16]) are algebraically coherent.
Local algebraic cartesian closedness is studied in [13], where it is shown in par-
ticular that the categories of groups and Lie algebras satisfy that property. In all
these cases, it is proved that, with the notation above, it suffices to require the
property in the case Y = 0, in which case the inverse image functor f ∗ is simply
the kernel functor

Ker : Pt(X) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq SetT,
(
p, s : A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq X
)
7→ Ker p

A bornology on a set X consists of a family of so-called bounded subsets of X,
so that subsets and finite unions of bounded sets are bounded, and containing the
singletons. The morphisms between bornological sets are the mappings preserving
boundedness. We write Born for the corresponding category. Given an algebraic
theory T, a bornological T-algebra is a T-algebra provided with a bornology which
makes the T-operations bounded. We write BornT for the category of bornological
T-algebras and bounded T-homomorphisms.

We prove first that, given a semi-abelian algebraic theory T, the category
BornT is homological in the sense of [6], and thus, in particular, regular and
protomodular. We prove further the monadicity of the functors f ∗ as above and
investigate the representability of the corresponding actions. We investigate as
well the algebraic coherence and the local algebraic cartesian closedness of BornT.
In fact, we look for criteria telling us when these properties carry over from SetT

to BornT. We prove that this is in particular the case when T is the theory of
groups.
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1 The category of bornological sets

This section lists some useful basic properties of the category of bornological sets;
various results are borrowed from the first chapter of [3].

Definition 1 A bornological set (X,B) is a set X provided with a family B (called
a bornology) of so-called bounded subsets, in such a way that:

[B1] a subset of a bounded subset is bounded;

[B2] a finite union of bounded subsets is bounded;

[B3] the bounded subsets cover X.

A bounded map f : (X,B) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq (Y, C) between bornological sets is a set theoretical
mapping f : X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Y preserving bounded subsets: B ∈ B implies f(B) ∈ C.
We shall write Born for the category of bornological sets and bounded maps.

Of course Axiom [B3] could equivalently be replaced by the requirement that
every point is bounded. A finite subset is thus bounded for whatever bornology
and moreover, the finite subsets constitute the smallest bornology on a given set.
The largest bornology on a set X is the set P(X) of all its subsets. Moreover,
the bornology generated by a family D of subsets of X is the set of all subsets of
finite unions of singletons and elements of D.

Proposition 2 The category Born of bornological sets is topological over the cat-
egory Set of sets.

Proof For every family (Xi,Bi)i∈I of bornological sets, every set Y and every
family of mappings fi : Y qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Xi, the initial bornology on Y is constituted by those
subsets U ⊆ Y which are mapped on a bounded subset by each fi, just because
direct images commute with (finite) unions.

On the other hand, for every family (Xi,Bi)i∈I of bornological sets, every set
Y and every family of mappings fi : Xi

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Y , the final bornology on Y is that
generated by all the fi(U), for all i ∈ I and all U ∈ Bi. �

Proposition 2 implies thus in particular that, in BornT, limits and colimits
are computed as in Set and provided, respectively, with the initial or the final
bornology for the canonical morphisms of the (co)limit.

Corollary 3 In the category of bornological sets,

1. the regular monomorphisms are the injections s : S qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X where S is equipped
with the induced bornology;

2. the regular epimorphisms are the surjections p : (X,B) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq (Y, C) such that
the bounded subsets in C are exactly the subsets p(U) for all bounded subsets
U ∈ B.

Proof By “induced bornology” on S, we mean of course the bornology on S
constituted by the traces of the bounded subsets of X. �
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Proposition 4 In the category Born of bornological sets, finite limits commute
with filtered colimits.

Proof Let D be a finite diagram shape and E a filtered diagram shape. Given
a functor F : D × E qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Born, we must prove that the canonical comparison mor-
phism in Born

colim E∈E limD∈D F (D,E) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq limD∈D colim E∈EF (D,E)

is an isomorphism. But we know already that it is an isomorphism of sets, since
limits and colimits in Born are computed as in Set. So it remains to prove that a
bounded subset of the right-hand object is also bounded in the left-hand object.

By Proposition 2, a subset U in the finite limit is bounded precisely when each
pD(U) is bounded in the colim E∈EF (D,E). By the same result, each pD(U) is
contained in a finite union of images of bounded subsets arising each one from
some F (D,E). But the finiteness of these unions, together with the finiteness of
D, implies the existence of some step E ∈ E where the whole situation can be
lifted and a corresponding bounded subset of limD∈D F (D,E), whose image in the
left-hand colimit contains U . Thus U is bounded in that colimit. �

Proposition 5 The category of bornological sets is regular and every regular
equivalence relation is the kernel pair of its cokernel.

Proof Consider the following pullback, where p is a regular epimorphism.

(P, E) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
g

(X,B)

q

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p

(Z,D) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
f

(Y, C)

Of course, q is a surjection. Given a bounded subset W ⊆ Z, we have f(W ) ∈ C
and, by Corollary 3, f(W ) = p(U) for some U ∈ B. Therefore W ×Y U is bounded
in (P, E) and is mapped on W by q.

Next, coequalizers and kernel pairs are computed as in Set and kernel pairs
in Born have the bornology induced by that of the product. One concludes by
Corollary 3. �

It should be noticed that Born is not an exact category, since an equivalence
relation provided with a bornology weaker than that induced by the product
cannot be a kernel pair.

Proposition 6 The category of bornological sets admits a classifier of regular
subobjects.

Proof This is simply the two points sets Ω = {0, 1} with its only possible
bornology: every (finite) subset is bounded. For every morphism ϕ : X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Ω in
Born, pulling back the “true morphism” along ϕ yields a subobject of s : S qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X
provided with the induced bornology, thus a regular subobject.
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S qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq 1

s

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

t t(?) = 1

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqϕ Ω

Conversely, every regular subobject is recaptured in that way when taking for ϕ
its characteristic mapping. �

Proposition 7 The category of bornological sets is cartesian closed and, even,
locally cartesian closed.

Proof Cartesian closedness is proved in [3]. Given two bounded sets Y and Z,
ZY is the set Born(Y, Z) of bounded maps equipped with the equiboundedness
bornology : a subset H ⊆ Born(Y, Z) is bounded if and only if, for every bounded
subset B ⊆ Y ,

H(B) =
⋃
h∈H

h(B)

is bounded in Z.
Let us infer the local cartesian closedness. Let us view a mapping p : X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq I

as a family (Xi)i∈I of subsets, with of course Xi = p−1(i). In Born/I, the product
is the pullback X ×I Y qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq I. For r : Z qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq I and q : Y qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq I we define

(Z, r)(Y,q) =
∐
i∈I

Born(Yi, Zi)

where Yi ⊆ Y and Zi ⊆ Z are equipped with the induced bornologies. We choose
as bounded subsets H ⊆ (Z, r)(Y,q) those H satisfying, for every bounded subset
B of Y , that

H(B) =
∐
i∈I

⋃
hi∈H∩Born(Yi,Zi)

hi(B)

is bounded in Z. This is trivially a bornology.
Consider now a morphism f : (X, p)×(Y, q) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq (Z, r) in Born/I, which restricts

thus as a bounded morphism fi : Xi × Yi qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Zi for each i ∈ I. By cartesian
closedness, this yields corresponding bounded morphisms f̄i : Xi

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Born(Yi, Zi).
Glueing these together over I, we obtain a mapping f̄ : (X, p) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq (Z, r)(Y,q) and
we must prove that it is bounded. Given a bounded subset A ⊆ X

f̄(A) =
∐
i∈I

{fi(a,−) | a ∈ Xi ∩ A}.

To prove that f̄(A) is bounded, choose a bounded subset B ⊆ Y .

f̄(A)(B) =
∐
i∈I

fi(A ∩Xi ×B ∩ Yi) = f(A×I B).

This subset is bounded because f is bounded. Conversely, if f̄ is bounded, it
suffices to read this last formula from right to left to conclude that f is bounded.

�
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All this allows us to conclude that:

Theorem 8 The category of bornological sets is a quasi-topos. �

Let us make clear that Theorem 8 is not the one proved in [1] and [12]: what
is called bornological set in these papers is generally called Kolmogorov set in
functional analysis, that is, a bornological set with the additional requirement that
a subset is bounded as soon as every sequence in it is bounded. The corresponding
category is then a Grothendieck quasi-topos, that is, a category of separated objects
on some site. This is not the case of the category Born, as the following counter-
example shows.

Counterexample 9 The category of bornological sets is not locally presentable.

Proof If Born was locally presentable, every bornological set X would be a
quotient of a coproduct

∐
i∈I Gi

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X of objects Gi chosen in a fixed family G
of strong (thus regular) generators. Choosing a regular cardinal α strictly bigger
than the cardinal of whatever generator in the family G, the bornology of X would
be generated by subsets of cardinality strictly smaller than α. This is impossible
if X is chosen with cardinal bigger than α, with all its subsets bounded. �

2 Bornological algebras

Proposition 10 Let T be an algebraic theory. The category BornT of bornological
T-algebras is topological over the category SetT of T-algebras, while the forgetful
functor BornT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Born is monadic and preserves filtered colimits.

Proof Only the case of filtered colimits requires a proof; the rest follows from
Proposition 2 and the Taut Lift Theorem (see [18]).

Consider a filtered diagram (Xi,Bi)i∈I in BornT and its colimit (X,B) in Born.
Let us observe that (X,B) is at once a bornological T-algebra. First X is a T-
algebra, because filtered colimits in SetT are computed as in Set. It remains to
prove that all T-operations on X are bounded. If α is an n-ary T-operation, we
must prove that α(B1, . . . , Bn) is bounded, for all choices Bi in B. But each Bi

is contained in a finite union of Bi,ji ∈ Bji . By filteredness, all these Bi,ji can be
mapped at a same level Bk, where the bounded condition for α holds. This forces
the conclusion. �

Corollary 11 Let T be an algebraic theory. The free T-algebra on one generator,
equipped with the bornology of finite subsets, is a generator in BornT. �

Proposition 12 Let T be an algebraic theory. The category BornT of bornological
T-algebras is regular and the forgetful functor BornT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Born preserves coequaliz-
ers of kernel pairs.

Proof This is Theorem 5.11 in [4]. �
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Corollary 13 Let T be an algebraic theory. A morphism f : A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq B in BornT

is a regular epimorphism if and only if the underlying mapping is a surjective T-
homomorphism and B is provided with the quotient bornology, that is, the bounded
subsets of B are exactly the direct images of the bounded subsets in A.

Proof By Propositions 10, 12 and Corollary 3. �

Proposition 14 Let T be an algebraic theory. The category BornT of bornological
T-algebras is well-powered and co-well-powered.

Proof By Proposition 10, monomorphisms are injective. Thus a bornological
T-subalgebra of a bornological T-algebra A is (up to isomorphism) constructed
on a subset of A. There is only a set of such subsets and, for each of them, only
a set of bornologies on it. Thus BornT is well-powered.

Next if f : A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq B is an epimorphism in BornT, it is an epimorphism in SetT by
Proposition 2. But the category SetT is locally finitely presentable and therefore,
co-well powered (see 1.58 in [2]). So again, up to isomorphism, we have only a set
of possible T-algebras B and, on each of them, only a set of bornologies. �

Let us now provide an explicit description of the coproduct bornology in BornT.

Proposition 15 Let T be an algebraic theory and (Ai,Bi)i∈I a family of bornolog-
ical T-algebras. The bornology of the coproduct A = +i∈I(Ai,Bi) in BornT is the
bornology B in A generated by the subsets

α(B1, . . . , Bm) =
{
α
(
σi1(b1), . . . , σim(bm)

)
| ∀j bj ∈ Bj

}
where

• α is an m-ary operation of the theory T;

• σij : Aij
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq +i∈IAi is the canonical morphism of the coproduct in SetT, with

ij ∈ I and j = 1, . . . ,m;

• Bj ⊆ Aij is Bij -bounded, with ij ∈ I and j = 1, . . . ,m.

Proof First, we must prove that the operations of A are bounded. For this
choose a k-ary operation β. An elementary bounded subset B of Ak has the form
(see Proposition 2)

B = α1

(
B

(1)
1 , . . . , B(1)

m1

)
× · · · × αk

(
B

(k)
1 , . . . , B(k)

mk

)
with each αt a mt-ary operation and each B

(t)
mj bounded in Amj

. We must prove
that β(B) is bounded in A. It suffices for that to consider the operation

γ
(
x
(1)
1 , . . . , x(1)m1

, . . . , x
(k)
1 , . . . , x(k)mk

)
= β

(
α1

(
x
(1)
1 , . . . , x(1)m1

)
, . . . , αk

(
x
(k)
1 , . . . , x(k)mk

))
and observe that

β(B) = γ
(
B

(1)
1 , . . . , B(1)

m1
, . . . , B

(k)
1 , . . . , B(k)

mk

)
.
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Next the canonical morphisms σi : Ai
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq +Ai are bounded: it suffices to apply

the construction above to the 1-ary identity operation of the theory.
Finally given a bornological T-algebra A and bounded T-homomorphisms

fi : Gi
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A, we must prove that the corresponding factorization f : +i∈IAi

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A
is bounded. It suffices to prove that the image by f of a basic bounded subset
α(B1, . . . , Bm) of +i∈IAi as above is bounded in A. But

f
(
α(B1, . . . , Bm)

)
=

{
f
(
α
(
σi1(b1), . . . , σim(bm)

)) ∣∣∣∀j bj ∈ Bj

}
=

{
α
(
fσi1(b1), . . . , fσim(bm)

) ∣∣∣∀j bj ∈ Bj

}
=

{
α
(
fi1(b1), . . . , fim(bm)

) ∣∣∣∀j bj ∈ Bj

}
= α

(
fi1(B1), . . . , fim(Bm)

)
and this last subset is bounded in A because each fij is bounded and the operation
α is bounded on A. �

In some cases of interest, the general description as in Proposition 15 can be
further improved. This is the case for groups.

Lemma 16 The bornology of a bornological group G is generated by the so-called
“symmetric” bounded subsets B ⊆ G, that is, those bounded subsets B containing
0 and stable for the opposite operation.

Proof The opposite operation is bounded, thus given a bounded subset B, the
subset −B = {−b | b ∈ B} is bounded. Therefore B = B∪{0}∪(−B) is bounded
and contains B. �

Lemma 17 The bornology of a finite coproduct G1 + · · · + Gn of bornological
groups is generated by the subsets

B1 + · · ·+Bm = {b1 + · · ·+ bm ∈ G1 + · · ·+Gn | b1 ∈ B1, . . . , bm ∈ Bm},

where each Bi is a symmetric bounded subset of some Gj.

Proof Let us make clear that n and m are two arbitrary natural numbers: several
Bi – or at the opposite, none – can be chosen bounded in a same given Gj.

The result follows at once from Proposition 15 and Lemma 17. �

3 Semi-abelian bornological algebras

Theorem 18 Let T be a semi-abelian algebraic theory. The category BornT of
bornological T-algebras is homological (see [6]).

Proof The category BornT is regular by Proposition 12 and admits the singleton
as a zero-object. Since protomodularity is a purely finite limit condition, it follows
by a classical Yoneda argument; let us recall it.

Given f : H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq G in BornT, we must prove that the pullback functor

f ∗ : Pt(G) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Pt(H),

between the corresponding categories of split epimorphisms, reflects isomorphisms.
So let u be such that v = f ∗(u) is an isomorphism.
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Viewing this situation in the semi-abelian category SetT, we know already that u
is an algebraic isomorphism. We must prove that it is also an isomorphism at the
level of bornologies.

For every bornological set X and every bornological T-algebra E, the set
Born(X,E) of bounded mappings, provided with the pointwise operations, is at
once a T-algebra. This process Born(X,−) preserves limits so that, applied to the
diagram above, we get that Born(X, u) is an isomorphism in the protomodular
category SetT, because so is Born(X, v). It remains to choose X = A to get that

Born(A, u) : Born(A,C) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Born(A,A)

is an isomorphism in SetT. Therefore the identity on A corresponds to a bounded
mapping w : A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq C such that uw = idA. Since u is a bijection, we get w = u−1

proving that u−1 is bounded. �

Theorem 19 Let T be a semi-abelian algebraic theory. The category BornT has
semi-direct products.

Proof Considering the category Pt(G) of points (= split epimorphisms) over
an object G ∈ BornT, it suffices to observe that for every morphism f : H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq G,
the pullback functor f ∗ : Pt(G) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Pt(H) is monadic. (The case H = 1 suffices
already; see [5].)

The functor f ∗ has a left adjoint, namely, the pushout along f . It reflects
isomorphisms by protomodularity of BornT (see Theorem 18). By the Beck crite-
rion, it remains to prove that f ∗ preserves the coequalizer of reflexive pairs. This
is the case because f ∗ preserves these coequalizers in SetT and preserves regular
epimorphisms in BornT. �

4 On the representability of actions

Given two objects G, X in an homological category with semi-direct products,
the actions of G on X are the MG-algebra structures on X for the monad MG of
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Theorem 19. These actions can equivalently be presented as the split extensions
of X by G, that is the situations

X k qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A
s

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p
G, k = Ker p, p = Coker k, ps = idG.

Let us write SplEx(G,X) for the isomorphism classes of such split extensions. This
extends at once as a contravariant functor SplEx(−, X), acting by pullbacks on
the variable G. The actions on X are said to be representable when this functor
SplEx(−, X) is represented by an object Act(X). In the case of the category
of groups, Act(X) is the group of automorphisms of X while in the case of Lie
algebra Act(X) is the Lie algebra of derivations. The representability of actions
for bornological groups and bornological Lie algebras follows from more general
consideration in [7].

We shall first generalize to BornT the following result, which can be found in
[8].

Theorem 20 Let C be a locally presentable semi-abelian category in which finite
limits commute with filtered colimits. The following conditions are equivalent:

1. The actions on an object X are representable.

2. The functor SplEx(−, X) transforms binary coproducts in binary products.

Proof See Theorem 5.8 in [8]. �

Of course, when we say that the contravariant functor SplEx(−, X) preserves
some colimit, we mean that it transforms that colimit into a limit.

Lemma 21 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The functor SplEx(−, X) preserves the initial object.

Proof The only possible split extension of X by 0 is

X X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq 0

from which the result. �

Lemma 22 Let T be a semi-abelian algebraic theory and X, G two bornological
T-algebras. Given a split extension of X by G in SetT,

X k qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A
s

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p
G

there exists at most one bornology on A which turns this diagram into a split
extension of X by G in BornT.

Proof Computing the kernel of p is pulling back the zero subobject along p.

10



X +G

�
��

�
��

�
��

�
��

��
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

σX

�
�
�

�
�
�qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

θ

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k
A

�
�
�
�
�
�
�
�
�
�
�
�
��
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

σG

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s

0 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq G

In a protomodular category, when pulling back a split epimorphism (p, s), the
pair (k, s) is strongly epimorphic (see Lemma 3.1.22 in [5]). In other words, the
corresponding factorization θ of k and s through X +G is a strong epimorphism.
Considering such a situation in BornT, θ is a strong, thus regular, epimorphism
(see Proposition 5). Therefore the bornology on A is necessarily the quotient
bornology corresponding to θ, which depends only on the bornologies of X and
G. �

Let us make clear that Lemma 22 says that the bornology indicated is the only
possible one, but it does not say that it always produces a split extension. This
lemma is just a “uniqueness result”.

Corollary 23 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The functor SplEx(−, X) transforms bijections into injections.

Proof Of course there is no restriction in supposing that the bijection G qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq G′

below is a set theoretical identity. We must thus consider the following situation
in BornT where i = 1, 2, G and G′ have the same underlying T-algebra, and the
same upper row is obtained by pullbacks, from both lower rows.

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k
A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

p
G

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
ki

Ai qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

si

pi
G′

This implies at once A1 = A = A2, p1 = p = p2, s1 = s = s2. By Lemma 22, the
two lower rows are isomorphic in BornT. �

Lemma 24 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The functor SplEx(−, X) preserves coequalizers of kernel pairs.

Proof Consider a kernel pair (u1, u2) and its coequalizer q

R
u1

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

u2
G

q qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq H.

11



We must prove to have an equalizer in Set

SplEx(H,X)
SplEx(q,X) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq SplEx(G,X)

SplEx(u1, X)
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

SplEx(u2, X)
SplEx(R,X).

The proof of Lemma 5.6 in [8] applies as such. Let us recall it.
We prove first the injectivity of SplEx(q,X). For that we consider the following

diagram

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
ki Ai qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
si

pi
R

u′1

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

u′2 u1

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

u2

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k′
A′ qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s′

p′
G

q′

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

q

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k

A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

p
H

where i = 1, 2 and the rows are split extensions of X, each being obtained by
pullback from the previous one. Since qu1 = qu2, the two upper rows, for i = 1, 2,
coincide. But q′ is a regular epimorphism by Proposition 5, while (u′1, u

′
2) is

the kernel pair of q′ because (u1, u2) is the kernel pair of q. Therefore q′ =
Coker (u′1, u

′
2). So the lower row is recaptured by a coequalizer process from the

upper part of the diagram. This proves that if two lower rows yield the same upper
part of the diagram, they are isomorphic. This is just rephrasing the injectivity
of SplEx(q,X).

To check the universal property of the equalizer, let us work on the same dia-
gram, starting with the central row yielding isomorphic upper rows by pullbacks.
Of course we construct the lower row by coequalizers. We get at once ps = idH .
Next, by a well-known Barr–Kock result (see Example 6.10 in [4]), the square
qp′ = pq′ is a pullback since so are the upper squares. But then Ker p′ is isomor-
phic to Ker p, yielding the lower left-hand square with k = Ker p. Thus the bottom
row is a split extension of X by H mapped on the middle row by SplEx(q,X). �

Corollary 25 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The functor SplEx(−, X) preserves regular epimorphisms (i.e. transforms
them into regular monomorphisms). �

Lemma 26 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The functor SplEx(−, X) preserves the coequalizers of those pairs of mor-
phisms which admit a common section.

Proof In BornT, let q = Coker (u, v) with s a common section of u and v, thus
us = idH = vs.

12



L qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

u

v

� �
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
q

G

p

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

w p1

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

p2

R qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq r H ×H
@
@
@
@
@
@

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

i

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

t

R

We write p1, p2 for the two projections of the product H ×H and w for the fac-
torization yielding p1w = u, p2w = v. We consider further the image factorization
w = rp of w and write R for the sub-T-algebra R of H × H provided with the
induced bornology. Thus i, as a mapping, is the identity on the set R.

Since s is a common section of u and v, the diagonal ofH is contained inR, thus
also in R. Thus R and R are equivalence relations, because every protomodular
category is a Mal’tsev category (see Proposition 3.1.19 in [5]). Since p and i are
epimorphisms (see Proposition 10), q = Coker (u, v) implies q = Coker (p1t, p2t).
And since R is a regular equivalence relation, by Propositions 5 and 10, it is the
kernel pair of its coequalizer.

We know by Lemma 24 that the functor SplEx(−, X) preserves the coequal-
izer q = Coker (p1t, p2t). By Corollaries 25 and 23, SplEx(−, X) transforms both
morphisms p and i into monomorphisms. Therefore

Ker
(
SplEx(u,X), SplEx(v,X)

)
= Ker

(
SplEx(qp1, X),

SplEx(qp2, X)
)

= SplEx(q,X).

This concludes the proof. �

Lemma 27 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The functor SplEx(−, X) preserves filtered colimits.

Proof This is just rephrasing the fact that a filtered colimit of split extensions
remains a split extension, just by Proposition 4 and because filtered colimits
commute with kernels and pullbacks in SetT. �

We are now ready to prove the expected formal representability criterion.

Theorem 28 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra. The following conditions are equivalent.

1. The actions on X are representable.

2. The functor SplEx(−, X) preserves binary coproducts.

13



Proof A covariant functor F : C qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Set to the category of sets is representable
when the singleton 1 admits a universal reflection along F :

C
(
ρ(1), X

) ∼= Set
(
1, F (X)

) ∼= F (X).

We know that this is the case when C is complete, F preserves limits, and the
solution set condition holds. But via the so-called “special adjoint functor the-
orem”, the solution set condition can be replaced by well-poweredness and the
existence of a cogenerator.

In our case, the functor SplEx(−, X) is contravariant. We know that the cat-
egory BornT is cocomplete (see Proposition 10), co-well powered (see Proposi-
tion 14) and admits a generator (see Corollary 11). Thus the representability of
SplEx(−, X) reduces to the preservation of colimits.

First, an arbitrary coproduct is the filtered colimit of its finite sub-coproducts.
By Lemmas 21 and 27, the preservation of all coproducts reduces thus to the
preservation of binary (and thus finite) coproducts.

One concludes by Lemma 26 and the classical theorem attesting that every
limit can be reconstructed via two coproducts and the coequalizer of a pair of
morphisms between them, admitting a common section. The existence of this
common section is generally not pointed out in the classical presentation of this
theorem, but is trivial.

Indeed writing the statement as one usually does, that is in the case of the
limit of a functor F : D qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq C, the diagram that one constructs is

F (d1f)

�
�
�
�
�
�
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

pd1f

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

pf

limF ∼= Ker (α, β) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k
∏
D∈D

F (D) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

α

β

∏
f∈D

F (d1f) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
γ

∏
D∈D

F (D)

pd0f

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

pf

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

pidD

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

pD

F (d0f) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
F (f)

F (d1f) F (D)

where d0f and d1f indicate respectively the domain and the codomain of f . It
is well-known that limF can be recaptured as Ker (α, β). But α and β admit
trivially the common retraction γ. �

5 A criterion for lifting the representability of

actions

Putting together Theorems 20 and 28, we have thus, given a semi-abelian algebraic
theory T and a bornological T-algebra X:

14



• the actions on the T-algebra X are representable if and only if the functor

SplEx(−, X) : SetT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Set

preserves binary coproducts;

• the actions on the bornological T-algebra X are representable if and only if
the functor

SplEx(−, X) : BornT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Set

preserves binary coproducts.

One would like to investigate when the representability of actions on X in SetT

implies the representability of actions on X in BornT.
To facilitate the language, let us introduce a point of terminology.

Definition 29 Given a semi-abelian algebraic theory T and a bornological T-
algebra X, let us call “test diagram on X” a commutative diagram in BornT having
the following shape:

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k1 A1 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
s1

p1
G1

τ1

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σG1

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k
A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

p
G1 +G2

τ2

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

σG2

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k2

A2 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s2

p2
G2

and such that

• the upper and the lower rows are split extensions in BornT;

• A is equipped with the quotient bornology for the morphism

(k, s) : X +G1 +G2
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A

(as in the proof of Lemma 22);

• the central row is a split extension in SetT;

• in SetT, the upper and the lower rows are obtained by pullbacks from the
central one.

It is probably useful to draw further the following diagrams, for i = 1, 2:
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X +Gi

�
�
�
�
�
�

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

σi
X

θi

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq @
@

@
@

@
@

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σi
Gi

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
ki Ai qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
si

pi
Gi

τi

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

�


qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

idX + σGi

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σGi

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k
A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

p
G1 +G2

@
@
@
@
@
@

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σ̃X
θ

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq �
�

�
�

�
�

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σ̃G1+G2

X +G1 +G2

where thus θi = (ki, si) and θ = (k, s).

Lemma 30 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra such that the actions on X are representable in SetT. Given a “test diagram
on X”, the following conditions are equivalent:

1. the central row is a split extension in BornT;

2. the bornology of X is that induced by the bornology of A;

3. the two right-hand squares are pullbacks in BornT;

4. the bornology of Ai is induced by that of A.

Proof Of course if the central row is a split extension in BornT, k = Ker p and
X is provided with the bornology induced by that of A (see Corollary 3 and
Proposition 10).

If the bornology of X is induced by that of A, consider the following diagram

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
ki Ai qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
si

pi
Gi

ui

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k′i Pi qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
ti

qi
Gi

ri

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σGi

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k
A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

p
G1 +G2
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where the lower right square is a pullback, k′i = Ker qi and ui is the factorization
of the commutative square pτi = σGi

pi through this pullback. By the short five
lemma, ui is an isomorphism and thus the squares pτi = σGi

pi are pullbacks.
Next if these squares are pullbacks and U ⊆ Ai is such that τi(U) is bounded

in A, then σGi
pi(U) = pτi(U) is bounded in G1 + G2. But since σGi

admits a
retraction (namely, the factorization of the identity on Gi and the zero morphism
on Gj), σGi

is a regular monomorphism and thus Gi has the bornology induced
by that of G1 + G2. And since σGi

pi(U) is bounded, so is pi(U). So τi(U) and
pi(U) are bounded, so that U is bounded (see Proposition 2). This proves that
Ai has the bornology induced by that of A.

Finally if Ai has the bornology induced by that of A, since X itself has the
bornology induced by that of Ai, then X has the bornology induced by that of
A. But in SetT k = Ker p and p = Coker k, while in BornT k is now a regular
monomorphism and p a regular epimorphism. Thus k = Ker p and p = Coker k in
BornT. �

Criterion 31 Let T be a semi-abelian algebraic theory and X a bornological T-
algebra such that the actions on X are representable in SetT. The following con-
ditions are equivalent:

1. the actions on X are representable in BornT;

2. for every “test diagram on X”, the equivalent conditions of Lemma 30 are
satisfied.

Proof Giving the top and bottom row of a “test diagram on X” is giving in
BornT two elements in SplEx(Gi, X), i = 1, 2. By Theorem 28, we must prove that
this corresponds to a unique element in SplEx(G1+G2, X), that is to a middle row
in BornT, recapturing the other two rows by pullbacks in BornT. By assumption
on X, such a middle row exists and is unique in SetT.

By Lemma 22, the only possibility for a bornology on A making the central
row a split extension of X is precisely that as indicated. Let us first observe
that, when A is provided with that bornology, all the arrows of the diagram are
morphisms in BornT, so that the diagram is a “test diagram” for X. Since k = θσ̃X
and s = θσ̃G1+G2 , k and s are bounded. To prove that p is bounded, it suffices to
prove that pθ is bounded. For that, it suffices further to prove that the composites
with the canonical morphisms of the coproduct are bounded. And indeed

pθσ̃X = pk = 0, pθσ̃G1+G2 = ps = idG1+G2

thus p is bounded. To prove that τi is bounded, it suffices to prove that τiθi is
bounded. This is the case since

τi ◦ θi = θ ◦ (idX + σGi
).

So, all the arrows of the diagram are bounded and we have a “test diagram” for
X.

The equivalent conditions in Lemma 30 are now precisely the required condi-
tion for the representability of actions on X in BornT (see Theorem 28). �
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Corollary 32 Let T be a semi-abelian algebraic theory. The representability of
actions in SetT is a necessary condition for the representability of actions in BornT.

Proof Let us recall that the forgetful functor from BornT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq SetT is topological
(see Proposition 10) and so admits a left adjoint F , namely, the functor which
equips a T-algebra Y with the bornology of finite subsets. As a left adjoint, this
functor preserves colimits. Given a T-algebra Z ∈ SetT, we have the following
situation

SetT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqF
BornT

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

SplEx(−, Z)

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

SplEx(−, F (Z))

Set

Observe that this diagram is commutative up to isomorphism, that is

SplEx
(
F (H), F (Z)

) ∼= SplEx(H,Z)

for every T-algebra H ∈ SetT. Indeed given a split extension in SetT

Z qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq C qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq H

and writing F for the bornologies of finite subsets,

F (Z) = (Z,FZ) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq (C,FC) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq (H,FH) = F (H)

is a split extension in BornT and, by Lemma 22, this is the only possible one.
But we know that F preserves colimits. When BornT is action representative,

SplEx(−, F (Z)) is representable thus preserves colimits, so that the composite
SplEx(−, X) preserves colimits as well. Therefore SetT is action representative
(see Theorem 20). �

6 A necessary and a sufficient condition for the

representability of actions

Let us first observe an obvious necessary condition.

Proposition 33 Let T be a semi-abelian theory such that actions in BornT are
representable. In that case, given two split extensions in BornT

X ki qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Ai

si
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

pi
Gi, i = 1, 2

the pair (k1, k2) satisfies the following regular amalgamation property: the pushout
of (k1, k2) is constituted of two monomorphisms in BornT which are regular in Born,
that is, carry the induced bornology.
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Proof Let us go back to Criterion 31 and the test diagram of Definition 29, which
we build from the ingredients in the statement of the present proposition; let us
write (S, t1, t2) for the pushout. We get a factorization l

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k1 A1

k2

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

t1

A2
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

t2
S

A
A
A
A
A
A
A
A
A
A
A
A
AA

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

τ1
HHH

HHH
HHH

HHH
HH

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

τ2

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

l

A

Thus lti = τi with τi a monomorphism, proving that ti is a monomorphism. But
still by Criterion 31, Ai has the bornology induced by that of A, thus is a regular
monomorphism in Born. But Born, as a quasi-topos, is coregular (see Theorem 8
and [15]); so τi = lti is regular, ti is a regular monomorphism in Born and thus Ai

has the bornology induced by that of S. �

Let us recall the following result, which is Proposition 6.3 in [8].

Proposition 34 Let T be a semi-abelian theory. Suppose that for every two split
extensions of X in SetT

X ki qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Ai

si
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

pi
Gi, i = 1, 2.

given the pushout (S, t1, t2) of (k1, k2)

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k1 A1

k2

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p p p p p p p p p p p p p p p p p p p p p p p p p p p p qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
n

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

t1

A2
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

t2
S

the diagonal n is a normal monomorphism in SetT. Under these conditions, ac-
tions on X are representable in SetT. �

Of course as observed in [8], in the situation of Proposition 34, a result anal-
ogous to our Proposition 33 forces t1, t2 to be monomorphisms.

The situation of Proposition 34 implies a first interesting step in the search of
a criterion for the representability of actions in BornT.
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Theorem 35 Let T be a semi-abelian theory satisfying the conditions of Propo-
sition 34. Then the necessary condition of Proposition 33 is also sufficient for the
representability of actions on X in BornT.

Proof Let us thus assume the necessary condition of Proposition 33 and the
conditions of Proposition 34. Together, these conditions imply that n is a normal
monomorphism in SetT providing X with the bornology induced by that of S.
Thus n is a kernel morphism in BornT and therefore, n is in BornT the kernel of
its cokernel.

We can now consider the diagram

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k1 A1 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
s1

p1
G1

t1

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σ1

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq n
S qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

(t1s1, t2s2)

(σ1p1, σ2p2)
G1 +G2

t2

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

σ2

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k2

A2 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s2

p2
G2

One has of course
(σ1p1, σ2p2) ◦ (t1s1, t2s2) = idG1+G2

as observed when composing with σ1, σ2. One has also

(σ1p1, σ2p2) = Coker n.

Indeed, first
(σ1p1, σ2p2)n = (σ1p1, σ2p2)t1k1 = σ1p1k1 = 0.

Next if z : S qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Z is such that zn = 0, then

zt1k1 = zn = 0, zt2k2 = zn = 0

from which one gets factorizations zi : Gi
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Z such that zipi = zti. This yields

a further morphism (z1, z2) : G1 +G2
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Z such that

(z1, z2) ◦ (σ1p1, σ2p2) = z.

So indeed (σ1p1, σ2p2) = Coker n and since n is a kernel, n = Ker (σ1p1, σ2p2).
So the middle row is a split extension of X. Now since the three rows are short
exact sequences and the left vertical morphisms are isomorphisms, the right-hand
squares are pullbacks.

So, given two split extensions of X by G1 and G2, we have constructed a split
extension of X by G1+G2. Such an extension is unique, by the uniqueness in SetT

and Lemma 22. This proves that the functor SplEx(X) transforms the coproduct
G1 +G2 into a product and we conclude by Theorem 28. �
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Corollary 36 Let T be a semi-abelian theory. In BornT, suppose that for every
pushout square

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k1 A1

k2

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

@
@
@
@
@
@

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

n

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

t1

A2
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

t2
S

if k1, k2 are kernels of split epimorphisms, then the diagonal n is a kernel as well.
Then BornT is action representative.

Proof Just observe that, in the proof of Theorem 35, we have only used the fact
that n is a kernel in BornT. �

Corollary 37 Let T be a semi-abelian theory giving rise to a “category SetT of
interest” in the sense of Orzech (see [16]). Then BornT is action representative if
and only if the necessary condition of Proposition 33 holds.

Proof This follows from Example 6.8 in [8]. �

In particular, Corollary 37 applies to the cases of groups, Lie algebras, rings,
and so on ... and to every theory obtained from these by adding axioms.

So probably one could introduce the following definition.

Definition 38 A category with pushouts is said to satisfy the amalgamation
property for strong monomorphisms when, given a pushout diagram

A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
f

B

g

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

h

C qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k

D

if f and g are strong monomorphisms, then h and k are strong monomorphisms
as well.

For the needs of this paper, one could even restrict our attention to the case
where f and g are kernels.

We have thus proved the following theorem:

Theorem 39 Let T be a semi-abelian theory giving rise to a “category SetT of
interest” in the sense of Orzech (see [16]). When BornT satisfies the amalgamation
property for strong monomorphisms, BornT is action representative. �
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7 Amalgamation of bornological subgroups

This section is devoted to proving the amalgamation property for strong monomor-
phisms in the category of bornological groups. Via Theorem 39, this provides an
alternative proof (see [7]) of the representability of actions. But the amalgamation
property is in itself interesting and worth being mentioned.

Proposition 40 The category of bornological groups satisfies the amalgamation
property for strong monomorphisms.

Proof Let us consider the following pushout square in the category of bornolog-
ical groups

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k1 A1

�
�
�

�
�
�

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

σ1

k2

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

A1 + A2

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s1

�
�
�
�
�
�

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

σ2

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

q

A2
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq s2 A1 +X A2

with k1 and k2 strong monomorphisms, that is, inclusions with the induced bornol-
ogy. By the classical amalgamation property for groups, we know already that the
bounded mappings s1, s2 are injective: we must prove that they give rise as well
to induced bornologies. For this we shall use the construction of the pushout as a
quotient of the coproduct: σ1 and σ2 are the canonical inclusions of the coproduct
and q = Coker (σ1k1, σ2k2) is the quotient morphism. The morphisms σi are split
monomorphisms, because the category is pointed, thus are strong monomorphisms
and yield the induced bornology.

The challenge is to prove that given U ⊆ A1 +XA2 bounded, then U ∩Ai ⊆ Ai

is bounded as well (i = 1, 2). But A1 +X A2 carries the final bornology for q, thus
U = q(V ) with V ⊆ A1 + A2 bounded. Of course

U ∩ Ai = s−1i (U) = σ−1i q−1(U) = σ−1i q−1q(V ) = σ−1i (V )

where V is the saturation of V for the equivalence relation given by the kernel pair
of q. Unfortunately, V has no reason to be bounded: it can of course be presented
as a union of “translations” of V , but a priori an infinite union. Since σi carries the
induced bornology, the thesis reduces to proving the existence of some bounded
subset W ⊆ A1 + A2 such that U ∩ Ai ⊆ W ∩ Ai; V cannot work since it has
no reason to be bounded, so we are faced with the challenge of constructing an
adequate bounded subset W .

By Proposition 15, the bounded subset V ⊆ A1 + A2 is contained in a finite
union of basic bounded subsets. We can of course split U in as many subsets,
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each one contained in one of the basic subsets of the union, work separately on
each piece and perform the union of the various (finitely many!) results. In other
words, there is no restriction in supposing that V is contained in a basic bounded
subset as described in Proposition 15. Such a basic bornological subset has thus
the form α(Bi1 , . . . , Bin) with Bik bounded in Ajk (jk = 1, 2). Now since we are
looking for an inclusion U ∩Ai ⊆ W ∩Ai, there is no restriction at all to enlarge
the size of W , thus the size of the various Bik . To achieve this consider first

C1 =
⋃
{Bik | jk = 1}, C2 =

⋃
{Bik | jk = 2}.

Next since − : Ai
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Ai is bounded, −Ci is bounded and we define further

Di = Ci ∪ (−Ci) ∪ {0}.

We still want D1 and D2 to contain the same elements of X. But since ki is a
strong monomorphism, thus yields the induced bornology, Di ∩X is bounded in
X and thus bounded in both A1, A2. We consider therefore

E1 = D1 ∪ (D2 ∩X), E2 = D2 ∪ (D1 ∩X).

We have so a bounded subset Ei to be used in all the components corresponding
to an occurrence of Ai. Ei contains 0, is stable under the opposite −a and E1, E2

contain the same elements of X.
But it is not yet enough. Instead of the original sequence of Ajk with corre-

sponding bounded subsets Bik , we consider all the possible sequences (i1, . . . , in),
with ik = 1, 2, and we define

W1 =
⋃

(i1,...,in)

Ei1 + · · ·+ Ein , ik = 1, 2.

This is thus a finite union of basic bounded subsets as in Proposition 15. Since Ei

is stable under opposites, we have simply used the addition at each place instead
of addition and subtraction. Oh yes, W has been given an index 1 ... because
this is only the first step of the construction. Notice already that V ⊆ W thus
U = q(V ) ⊆ q(W ).

We know also how q(W ) is constructed: take all the formal expressions of the
elements of W as sums of n elements chosen in the various Eik , but allow now to
combine the elements of X with both the elements of A1 and A2. In A1 +A2 this
is impossible: you have two copies of each element of X, one in A1 which can only
be combined with elements of A1, a second one in A2 which can only be combined
with elements of A2. But given an element

a1 + . . .+ an ∈ Ei1 + · · ·+ Ein

if am = x ∈ X ⊆ A1 and you need to consider x as being in A2, just observe
that exactly the same sum appears as another element of W1, but this time with
x ∈ X ∈ A2: this is just because W1 has been constructed using all the possible
sequences of indices 1, 2, while E1 and E2 contain the same elements of X. So,
inside W1, using a different element having exactly the same formal expression,
you can perform a first reduction of that element. And of course you can always
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perform a reduction by adding two consecutive terms appearing in the same Ai.
Let us thus perform one reduction (just one) on each element of W1 ... every time
this is possible. If no reduction is possible, it does not matter.

But the addition +: Ai × Ai
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq Ai is bounded, so that

Fi = Ei ∪ (Ai + Ai) ⊆ Ai

remains bounded. Perform on F1, F2 the same constructions as earlier on C1, C2

and get so a second bounded subset W2 ⊆ A+B. All the formal elements of A+B
obtained via a first reduction (= adding two elements of A1 or two elements of
A2, including the case of elements in X which have possibly been re-labeled), all
these elements are now in W2. And everything has been done to allow a second
reduction, every time such a reduction is possible.

And you repeat the process iteratively, with successive bounded subsets W3,
W4, and so on. Of course after n steps, no element of the original W1, thus no
element of V , will still admit a reduction. This means that if a formal element of
V , when viewed in q(V ), turns out to be an element of a ∈ Ai, then the formal
element of A + B reduced to the single letter a belongs to Wn. This is precisely
saying that q(V ) ∩ Ai ⊆ Wn ∪ Ai, that is, U ∩ Ai ⊆ Wn ∩ Ai. �

Corollary 41 The category BornGr is action representative. �

8 Algebraic coherence

Proposition 3.13 in [10] proves that in the context in which we are working,
namely, finitely cocomplete homological categories, algebraic coherence reduces
to the following property. Given the following commutative diagram, where the
three columns are kernels of split epimorphisms

H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq u
K qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq v

L

h

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

k

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

l

A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
ιA A+X C qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

ιC
C

p′

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s′ p

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s p′′

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s′′

X X X

the pair (u, v) is jointly strongly epimorphic. In this diagram, A+XC indicates the
pushout in C of s′ and s′′, which yields at once the coproduct (p, s : A+XC qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq X)
of (p′, s′ : A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq X) and (p′′, s′′ : C qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq X) in Pt(X).

Lemma 42 Consider a semi-abelian algebraic theory T such that SetT is alge-
braically coherent. Given in BornT the diagram above, there exists further in BornT

a commutative diagram
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H + L qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
σH+L

X +H + L

(u, v)

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

r

K qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
k

A+X C

where r is a regular epimorphism, k and σH+L are strong monomorphisms, and
(u, v) is surjective.

Proof In the homological category BornT (see Proposition 18) we have the pull-
backs

H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq h
A K qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq k A+X C L qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq l

C

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p′

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s′

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

p′′

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

s′′

0 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X 0 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X 0 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X

and therefore the pairs (h, s′), (k, s) and (l, s′′) are jointly strongly epimorphic
(see [5], Lemma 3.1.22). The following arrows are thus strong epimorphisms in
BornT :

(s′, h) : X+H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A, (s, k) : X+K qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A+XC, (s′′, l) : X+L qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq C.

This allows constructing further the following commutative diagram

X qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
σL
X X + L

σH
X

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

(1) σX+L

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

(s′′, l)

X +H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq σX+H
X +H + L C

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

(s′, h)

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

r

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

ιC

A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq ιA A+X Cp p p p p p p p p p p p p p p p p p p p p p p p p p p p qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq
y

Y
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where all the morphisms σ indicate canonical inclusions of coproducts. In partic-
ular, the rectangle (1) is a pushout. Notice that r is the composite

X +H + L
idX + (u, v) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X +K

(s, k) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A+X C.

But since SetT is algebraically coherent, (u, v) is a strong epimorphism in SetT;
thus also idX + (u, v) is a strong epimorphism in SetT. So we know already that
this composite r is a surjective morphism in BornT.

For r being a strong epimorphism in BornT, it remains to prove that A+XC has
the final T-bornology for r with respect to the topological functor BornT qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq SetT.
For this choose y ∈ SetT such that yr ∈ BornT. Then

yιA(s′, h) = yrσX+H , yιC(s′′, l) = yrσX+L

from which yιA and yιC lie in BornT, because (s′, h) and (s′′, l), as strong epimor-
phisms, yield final T-bornologies. And since the pushout A +X C has itself the
final T-bornology for (ιA, ιC), this proves that y ∈ BornT. That is, finality of r
follows from finality of the pair (ιA, ιC) and of the morphisms (s′, h), (s′′, l).

It remains to observe that the diagram in the statement is commutative, which
is immediate when composing with the two injections of the coproduct. As a
kernel, the monomorphism k is strong, while σH+L admits a retraction, because
the category BornT has a zero object, and thus σH+L is strong as well. �

Lemma 42 forces the expected result in the case of bornological groups. Al-
though it follows from Proposition 5.3 of [13], via Proposition 7 above, that the
category of bornological groups is locally algebraically cartesian closed and hence
by Theorem 4.5 of [10] it is algebraically coherent, we give a direct proof which we
think could possibly be more easily adapted to other locally algebraically cartesian
closed varieties;

Theorem 43 The category BornGr of bornological groups is algebraically coherent.

Proof We apply Lemma 42 to prove that (u, v) is a strong epimorphism in BornGr,
that is, K has the final T-bornology for (u, v). Let U ⊆ K be a bounded subset:
we must prove that it is the image of a bounded subset of H + L. By stability of
boundedness for subsets, this is equivalent to proving the existence of a bounded
subset of H + L whose image contains U . And since H + L has the bornology
induced by that of X+H+L, the challenge is finally to exhibit a bounded subset
W ⊆ X +H + L such that U ⊆ (u, v)

(
W ∩ (H + L)

)
.

For simplicity of the notation, let us write h, k, l and σH+L as set theoretical
inclusions. Since U is bounded in K, U is bounded in A +X C. Since r yields
the final T-bornology, there exists a bounded subset V ⊆ X + H + L such that
r(V ) = U ⊆ K.

By Lemma 15, V is contained in the union of finitely many bounded subsets
Vi of the form B1 + · · · + Bn, where each Bi is a symmetric bounded subset of
X, H or L. Putting Ui = U ∩ r(Vi), we can argue on each of these sub-situations
and perform at the end the union of the finitely many results so obtained. In
other words, there is no restriction in assuming at once that U = r(V ) with
V ⊆ B1 + · · ·+Bn and each Bi is bounded symmetric in X, H or L.
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But since the bounded subset W we are looking for can be as big as we want
(we need U ⊆ W ∩ (H + L)), there is no restriction in increasing further the size
of the Bi’s. We define DX , DH and DL to be each the (finite) union of all the Bi

corresponding respectively to a bounded subset of X, H, L. And so we consider
further

V ⊆ B1 + · · ·+Bn ⊆ D1 + · · ·+Dn

where each Di is DX , DH or DL, according to the case.
Choose now an element z ∈ U = r(V ). There exists thus an element y ∈ V

such that r(y) = z. Since (u, v) is surjective, there exists also an element y′ ∈ H+L
such that (u, v)(y′) = z, but in fact we need to construct explicitly such a y′ from
the given y, in order to handle properly the arguments of boundedness.

Since V ⊆ D1 + · · · + Dn, the element y can be written as a formal sum of
n elements in DX , DH , DL. Let us write further each of the n terms of the sum
under the form xi + hi + li, with thus two of the three terms equal to zero:

y = (x1 + h1 + l1) + . . .+ (xn + hn + ln), xi ∈ DX , hi ∈ DH , li ∈ DL.

But by construction

r(y) = s(x1) + h1 + l1 + · · ·+ s(xn) + hn + ln.

Since H, K, L are the kernels of p′, p, p′′ and ps = idX , we obtain further

0 = p(z) = pr(y) = x1 + · · ·+ xn

since z ∈ K.
It is now an easy game to compute that in X +H + L

y = x1 + h1 + l1 + . . .+ xn + hn + ln

= (x1 + h1 − x1) + (x1 + l1 − x1)
+
(
(x1 + x2) + h2 − (x1 + x2)

)
+
(
(x1 + x2) + l2 − (x1 + x2)

)
+
(
(x1 + x2 + x3) + h3 − (x1 + x2 + x3)

)
+ · · ·

· · ·
· · ·+

(
(x1 + · · ·+ xn) + ln − (x1 + · · ·+ xn)

)
+(x1 + · · ·xn).

Observe that the last sum does not matter, since x1 + · · ·+xn = 0 because z ∈ K.
Of course in A or C, each individual line would yield an element of H or L,
since these are normal subgroups. But in X + H + L each line remains a formal
composite of elements in X and H, or X and L.

Now on X we have the operations

x′1 + x′2, x′1 + x′2 + x′3, . . . x′1 + · · ·+ x′n

and these operations are bounded mappings, since X is a bornological group. This
allows defining a new bounded subset

EX = DX ∪ (DX +DX) + (DX +DX +DX) + · · ·+ (DX + · · ·+DX) ⊆ X,
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where the last parenthesis has n terms.
But on A we also have the operation

β : A× A qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq A, (a1, a2) 7→ a1 + a2 − a1.

That operation is bounded since A is a bornological group. But H (via the
inclusion k) and X (via the inclusion s) are subgroups of A with the induced
bornology: indeed k is a kernel and s has the retraction p. And since H is a
normal subgroup of A, β(a1, a2) ∈ H as soon as a2 ∈ H. The same considerations
can be made with C. Since H and L have the bornologies induced by those of A
and C, we obtain new bounded subsets

EH = DH ∪ β(EX , DH) ⊆ H, EC = DL ∪ β(EX , DL) ⊆ L.

Let us come back to y ∈ V , which is a formal sum of n elements in DX , DH ,
DL. In the expression as above of the element y, all the individual lines that we
have exhibited, when computed in A or C, yield elements of H or L, since these
are normal subgroups. The formal sum of these lines, computed in A or C, yields
thus a new element y′ ∈ H + L ⊆ X + H + L, different from y in X + H + L,
but whose formal expression in A +X C is exactly the same as that of y; thus
r(y′) = r(y) = z.

We have just seen that replacing DX , DH , DL by EX , EH or EL, we still obtain
a bounded subset W = E1 + · · · + En of X + H + L (with, again, each Ei equal
to EX , EH or EL, according to the case). But in our expression of y as above,
each individual line, computed in A or C, lies now in EH or EC , according to the
case. And thus y′ ∈ EH + EL ⊆ W ∩ (H + L). Since H + L has the bornology
induced by that of X + H + L (σH+L is a strong monomorphism), W ∩ (H + L)
is bounded in H + L and z = (u, v)(y′) ∈ (u, v)

(
W ∩ (H + L)

)
. This proves that

U ⊆ (u, v)
(
W ∩ (H + L)

)
, with W ∩ (H + L) bounded in H + L. �

9 Local algebraic cartesian closedness

We recall that BornT is locally algebraically cartesian closed when all inverse image
functors of its fibration of points admit a right adjoint. And it suffices to check
this in the case of the inverse image along a morphism 0 qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq X, that is, for the
kernel functors on the categories Pt(X). We recall (see the introduction) that this
property is stronger than algebraic coherence. Let us first reduce the problem to
a property of finite coproducts.

Proposition 44 Given a semi-abelian algebraic theory T, the category BornT is
locally algebraically cartesian closed if and only if every kernel functor

Ker : Pt(X) qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq BornT, (p, s : qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq X) 7→ Ker p

preserves binary coproducts.

Proof The local algebraic cartesian closedness of BornT means thus that these
kernel functors have a right adjoint, which implies at once that they preserve finite
coproducts.
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Conversely, notice first that the categories Pt(X) in BornT are trivially cocom-
plete, since so is BornT. They admit a generator, namely

X + F (1)
σX

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

(idX , 0)
X

where F (1) is the free T-algebra on one generator, provided with the bornology
of finite subsets. These categories Pt(X) are also well-powered since so is BornT

(see Proposition 14). Thus by the special adjoint functor theorem, the existence
of a right adjoint to the functors Ker reduces to the preservation of colimits. Let
us recall also that the categories Pt(X) remain homological (see [5]).

Since finite limits commute with filtered colimits in BornT (see Proposition
10), the same arguments as in the proof of Theorem 28 reduce the problem to
proving the preservation of the coequalizers of those pairs of morphisms admitting
a common section.

First, since the category BornT is regular (see Proposition 12) and since taking
the kernel is computing the pullback over 0, the kernel functors preserve regular
epimorphisms. But the kernel functors preserve trivially kernel pairs; together
with the preservation of regular epimorphisms, this forces already the preservation
of coequalizers of kernel pairs.

Let us now work in the protomodular category Pt(X) and consider q =
Coker (u, v), with s a common section of u and v, thus us = idH = vs.

L qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

u

v

� �
qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

s

H qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq
q

G

p

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

@
@
@
@
@
@qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

w p1

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

p2

R qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq r H ×H
@
@
@
@
@
@

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqqq

i

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

qqqqqqqqqqqqqqqqqq qqqqqqqqqqqqqqqqqq

t

R

We write p1, p2 for the two projections of the product H × H in Pt(X) and w
for the factorization yielding p1w = u, p2w = v. We consider further the image
factorization w = rp of w and write R for the sub-T-algebra R of H×H provided
with the induced bornology. Thus i, as a mapping is the identity on the set R.

Since s is a common section of u and v, the diagonal ofH is contained inR, thus
also in R. Thus R and R are equivalence relations, because every protomodular
category (see Proposition 18) is a Mal’tsev category (see Proposition 3.1.19 in
[5]). But p (regular epimorphism) and i (bijection) are epimorphisms in BornT,
thus q = Coker (u, v) implies q = Coker (p1t, p2t). And since R is an equivalence
relation provided with the induced bornology, by exactness of SetT, it is the kernel
pair of its coequalizer. We know already that the functor Ker preserves the
coequalizer q = Coker (p1t, p2t) of that kernel pair and transforms p into a regular
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epimorphism. But in SetT, the functor Ker transforms the isomorphism i into
an isomorphism, proving that in BornT, Ker i is both a monomorphism and an
epimorphism. Thus Ker (ip) is an epimorphism in BornT and therefore

Coker
(
Ker u,Ker v

)
= Coker

(
Ker (p1tip),Ker (p2tip)

)
= Coker

(
Ker (p1t) ◦ Ker (ip),Ker (p2t) ◦ Ker (ip)

)
= Coker

(
Ker (p1t),Ker (p2t)

)
= Ker

(
Coker (p1t, p2t)

)
= Ker q

= Ker
(
Coker (u, v)

)
�

Corollary 45 Let T be a semi-abelian theory such that SetT is locally algebraically
cartesian closed and BornT is algebraically coherent. Then BornT is locally alge-
braically cartesian closed as well.

Proof With the notation of Lemma 42, we have this time by assumption that
(u, v) is an isomorphism in SetT and a regular epimorphism in BornT. Hence
(u, v) is both a monomorphism and a regular epimorphism in BornT, thus an
isomorphism. As the comment at the beginning of Section 8 indicates, this means
precisely that the functor Ker preserves binary coproducts. One concludes by
Proposition 44. �

As mentioned above the following theorem follows also from Proposition 5.3
of [13] via Proposition 7.

Theorem 46 The category BornGr of bornological groups is locally algebraically
cartesian closed.

Proof By Corollary 45, Theorem 43 and [13], where it is proved that the category
of groups is locally algebraically cartesian closed. �
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[12] L. Español and L. Lambán, On bornologies, locales and toposes of M-sets,
Journal of Pure and Applied Algebra 176 (2002) 113–125

[13] J.R. Gray, Algebraic exponentiation in general categories, Applied Categor-
ical Structures 22 (2014) 305–310

[14] G. Janelidze, L. Márki and W. Tholen, Semi-abelian categories, J. Pure
Appl. Alg. 168 (2002) 367–386

[15] P. Johnstone, Sketches of an elephant Volume 1, Clarendon Press (2002)

[16] G. Orzech, Obstruction Theory in algebraic Categories I, Journal of Pure
and Apllied Algebra 2, (192), 287–314

[17] J. Penon, Sur les quasi-topos, Cahiers de Topologie et Géométrie Dif-
férentielle Catégoriques 18, no 2, (1977), 181–218

[18] O. Wyler, Taut lift theorem, Archiv der Mathematik 22 (1971) 7–17

31


