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Touch-surface multi-stroke gestures, as well as freehand drawings, are typically acquired by devices and
sensors as a suite of timestamped points on a plane. This Cartesian coordinate system, although useful for
computation like complexity analysis, gesture classification and recognition, becomes complex and inefficient
when gestures need to be visualized and directly manipulated for editing. To address these challenges, a
new mathematical representation of these gestures via a Bézier curve is defined to initiate a model-based
approach for gesture direct manipulation (e.g., cut, copy, paste, translate, scale, rotate, deform, crop, compose,
decompose). SketchADoodle, an Android-based mobile application for drawing, gesturing, demonstrates
how the pseudo-code of the Bézier-based operations are engineered for real-time direct manipulation. We
release the programming code for further development of gesture-based user interfaces based on Bézier curves.
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1 INTRODUCTION

Touch-surface multi-stroke gestures [29, 56] are involved in a wide variety of gesture-based user
interfaces [38, 43], ranging from 2D menu items [2] and motion gestures [3] to 3D object manipu-
lation [4, 8], Computer-Aided Design (CAD) [19], and geometric modelling [14]. In these fields,
a gesture is often captured as a sequence of timestamped spatial points, perhaps associated with
some actions:
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𝐺 = {𝑝𝑖=(𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 , 𝑡𝑖 )},∀𝑖 ∈ 𝑛={1, ..., 𝑛} (1)

where (𝑥𝑖 , 𝑦𝑖 , 𝑧𝑖 ) ∈ R3 are the 3D coordinates of each gesture point, and 𝑡𝑖 is the timestamp.
When a gesture is issued on a touch-surface, 𝑧𝑖 is not recorded. This simple representation serves
as the basis for raw gesture capturing and for sending them to stroke-gesture recognizers, such
as $P+ [51] (the most accurate recognizer for the moment), $Q [52] (the fastest recognizer for the
moment), G-Gene [11], and !FTL [50] to name a few. This bitmap representation remains suitable
for any internal machine processing and computation, such as gesture analysis, classification, and
recognition [3, 23]. However, when it comes to visualizing and rendering such stroke gestures
for direct manipulation, especially for editing, the bitmap representation is no longer convenient
because the sampling is discrete, not continuous, thus preventing the end user to logically edit
them. For example, cutting a gesture into two parts requires point re-sampling to determine the
cutting point, which was possibly not captured during gesture acquisition; composing two gestures
to form a new one is almost impossible apart from reissuing it completely.

Historically speaking, the Rotate-Scale-Translate (RST) paradigm [28] became a de facto standard
to manipulate gestures in a 2D space: from two reference points captured or more, meaningful
parameters of a gesture are computed to ensure rotation (relying on angular data), scaling (based on
length ratio), and translation (linked to the barycenter of the translation). These three fundamental
operations can be effectively performed by any stroke gesture. Invariance with respect to translation,
scaling, and rotation is crucial to maintain when a gesture captured on one device should be
effectively and efficiently compared against reference gestures belonging to the training set.
All recent stroke-gesture recognizers, such as $Q [52], ensure RST invariance, control them or

both, such as !FTL [50]. RST processes only geometrical data [12] in an efficient way. For example,
moving an object using two fingers on a touch-surface, represents and produces four Degrees-of-
Freedom (DoF): two translations, one rotation, and one scaling. RST can be even extended to more
DoF, such as for 6 DoF [34] or by applying it on an axis to manipulate the object [4].
While RST still represents today an attractive method to perform computations on stroke-

gestures by matrix transformations on points, it is not so convenient for other end-user operations,
such as editing, cutting, copying, pasting, deforming, and composing gestures: calculating matrix
transformations in real-time is cost-expensive [14] and could induce latency increasing the re-
sponse time. Some operations like composition and decomposition are hard to achieve with these
transformations, they are error-prone due to rounding error, and they create artificial points [20].
Various model-based approaches have been introduced to manipulate 2D objects in a logical

way, such as Bézier curves [7], Bézier surfaces [35], B-Splines [14], or Non-Uniform Rational B-
spline (NURBS) surfaces [19]. Thanks to these model-based approaches, 2D contents are logically
manipulated: deforming a shape relies on manipulating varying logical parameters of the model,
such as moving the control points of a Bézier curve. Such a curve relies on a limited number
of control points to edit the gesture either globally or locally, which enables efficient computer
visualization and control flexibility. However, manipulating an underlying model, as induced by
these approaches, could become resource consuming and complex to understand, design, and
develop. The user interface designer and/or developer should possess a thorough understanding of
the mathematical representation and operations to optimally process 2D contents [53].
To address the aforementioned challenges, this paper applies Bézier curves to represent, store,

and manipulate touch-surface multi-stroke gestures to benefit from the advantages associated to
a model-based approach and provides a series of high-level algorithms to visualize and directly
manipulate gestures at a higher level of abstraction than the RST method. In this way, visualizing,
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editing, and composing such gestures are becoming possible in a logical way while not suffering
from the underlying complexity.

To this end, the contributions of this paper are as follows:
C1. We revisit the concept of Bézier curves in the light of multi-stroke gesture to transform the

RST representation into an analytical form by Bézier curves.
C2. We define a set of algorithms for common gesture operations, such as draw, move, rotate,

resize, compose, slice, colorize at a higher level of abstraction than with RST [28]. For each
algorithm, the method is described, the pseudo-code is provided and explained to facilitate
reusability.

C3. We present SketchADoodle, an Android-based mobile application developed in Java that
demonstrates the engineering of the above contributions into a drawing application that is effi-
cient enough to run smoothly on an average smartphone. This application can be downloaded
from the Android Play repository.

C4. The core library for the drawing abstraction containing the algorithms described in this
document was translated to JavaScript and released on GitHub.

The remainder of this paper is structured as follows: Section 2 discusses the related work by
providing the background required for the contributions and compares the bitmap-based approach
(RST) with our vector-based approach (Bézier curve); Section 3 elaborates on constraints and design
considerations raised by a model-based approach for direct manipulation of multi-stroke gestures
by Bézier curves; Section 4 describes the implementation of SketchADoodle, an Android-based
mobile application for drawing, gesturing, which demonstrates how the pseudo-code of Bézier-
based operations could be engineered in a user interface; Section 5 reports on the results obtained
by a task-based evaluation of SketchADoodle by new end users; Section 6 concludes the paper by
summarizing the contributions and discusses some future avenues to this work.

2 RELATEDWORK AND BACKGROUND

Our work mainly touches two scientific areas: geometric modelling [14] based on Bézier curves
[34, 35] and stroke-gesture manipulation, which are respectively discussed in the next two sub-
sections with a focus on how Bézier-related work may be exploited in gesture manipulation, such
as vector drawing. The final subsection compares how operations could be performed either with a
bitmap-based approach with RST [28] against the vector-based approach with Bézier.

2.1 Bézier Curves and B-Splines

Drawing a curve in a vector-based approach typically relies on Bézier curves. A Bézier curve of a
degree 𝑛 [7] is defined by 𝑛+1 points 𝑃𝑖 = (𝑥𝑖 , 𝑦𝑖 ), the first and the last points being considered as
the starting point and the ending point of the curve. The remaining 𝑛−1 points are called control
points as they act as magnets to control the curve: the curve naturally tends to be attracted by
them and moving the control points directly modifies the curve. Fig. 1a-b illustrates the process of
drawing a Bézier curve of degree two, which have three control points. The first and second control
points define a segment of line, and the second and third control points define a second segment.
For any 𝑡 ∈ [0, 1], we have get two points on these segments by using 𝑡 as a proportion over them.
These two points define a segment of line, and recursively we obtain a point on that segment by
considering 𝑡 as a proportion over it. This point is on the quadratic Bézier curve defined by the
control points for the parameter 𝑡 . This process is applied recursively for Bézier curves of orders
higher than two. Formally, a Bézier curve for the control points 𝑃 = (𝑃𝑖 ) = (𝑃0, ..., 𝑃𝑛) is defined by:
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𝑃 (𝑡) =

𝑛∑
𝑖=0

𝐵𝑛𝑖 (𝑡) • 𝑃𝑖 ∀𝑡 ∈ [0, 1] (2)

where the Bernstein polynomials are defined by [27]:

𝐵𝑚𝑖 (𝑢) =
(
𝑚

𝑖

)
𝑢𝑖 (1 − 𝑢)𝑚−𝑖 (3)

The higher the degree of the Bézier curve, the more complex the curve shape can be. A very high
degree Bézier curve could be advantageously replaced by a sequence of curves (e.g., Fig. 1c) of a
more limited degree, generally 3, where the ending point of a curve coincides with the starting point
of the next curve, which determines a B-spline [14]. We adopt the same approach, but with B-splines
composed of quadratic Bézier curves only to simplify the algorithms, to make their computation
faster, and to allow users to issue curves in any order, direction, or position.

Favreau et al. [20] performed a significant step in pursuing the goal of transforming bitmap-based
inputs into vector-based curves. Previous algorithms for this problem tend to produce complex
drawings composed of many short curves and many control points, especially with thick or sketchy
lines. They proposed the first vectorization algorithm that balances fidelity to the bitmap input
with the simplicity of the output, as measured by the number of curves and their degree. By
casting this trade-off as a global optimization, less curves are produced with more accuracy. It also
disambiguates curve topology at junctions by favoring the simplest interpretations overall. [16].

Eigenwillig et al. [18] extended the problem of snap rounding from straight-line segments [25] to
Bézier curves of arbitrary degree, and thus the first method for geometric rounding of curvilinear
arrangements. From a set of intersecting Bézier curves, they computed a geometric rounding of their
true arrangement, with an acceptable precision. The underlying deformation of the arrangement set
all Bézier control points at integer points and comes with the same geometric invariance properties
as in straight line snap rounding: during rounding, objects do not move further than the radius of a
pixel, and features of the arrangement could collapse but do not invert.

Yap et al. [55] introduced the first subdivision algorithm for efficiently compute the intersection
of two Bézier curves 𝐹 , 𝐺 , possibly with tangential intersections. Based on geometric separation
bounds, and using a criterion for detecting non-crossing intersection of curves, their algorithm is
adaptive in that it exploits exact float computations. In contrast, most other algorithms assume 𝐹 ,𝐺
to be relatively prime. Cheng et al. addressed the problem of efficient clipping of Bézier curves [13],
which is a fundamental contribution to cut a Bézier curve at any point in a logical manner.

In conclusion, there are several contributions that effectively and efficiently solve the direct
manipulation of such curves, but limited to one operation at time or a small set of operations (like
[16], while we need integration of these operations for direct manipulation. For this purpose, we
identified several implementations of such operations on Bézier curves that will be transposed,
revisited, and modified for our purpose of gesture direct manipulation.

2.2 Gesture Manipulation

The bitmap format (Eq. 1) is the predominant representation in many environments for various
types of gesture manipulation, particularly design [3], gesture recognition [2, 8, 11, 26, 51, 52],
and development [36, 37], for composition [46], but not really for direct manipulation. Two ex-
ceptions exist for gesture recognition where the initial bitmap format is transformed into vectors:
PennyPincher [47] transforms pairs of points into vectors to compute a scalar product between
them; !FTL [50] considers subsequent sets of three points to form a triangle and compute the Local
Shape Distance (LSD) between the reference and the candidate. Others also privilege a model-based
approach for handling gestures [21], such as Proton++ [26], GestIT [46], and GestUI [38].
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None of these environments exploit Bézier curves for uni-stroke or multi-stroke gestures. Several
successful works exist however that rely on Bézier curves for recognizing other types of gestures
(e.g., hand poses) or for calculating other types of analysis (e.g., classification). Shin et al. [45] present
a hand gesture recognition system for exploring large registered 3D data sets. A geometric method
using Bézier curves is used for the trajectory analysis and gesture classification and recognition from
trajectories based on variations in hand speed. The recognition rate reported from the experiment
is on average beyond 97%.

Operations Bitmap-based Vector-based
Drawing simple shapes (lines,
curves, rectangles, circles, text,
etc.)

Yes Yes

Editing individual objects (move,
reshape, rotate, resize, change col-
oring, etc.)

No: objects drawn are fused
on the underlying bitmap,
and they do not exist by
themselves.

Yes: all objects drawn exists by
themselves and can be modi-
fied.

Editing a region of the drawing
(select an area and cut/copy/paste,
rotate, resize, blur effect, white bal-
ance manipulation, noise reduc-
tion, special coloring effects, etc.)

Yes: bitmaps are matrixes of
color dots well suited for
these manipulations.

No: the colors of individual ob-
jects can be manipulated; how-
ever, it is specific to each object
and not a region of the draw-
ing.

Coloring closed areas
Yes: bucket tool fills a region
defined by pixels of the same
(or close) color.

No: once again, the fill color if
individual objects can be ma-
nipulated; however, it is spe-
cific to each object and not a
region of the drawing.

Table 1. Comparison of bitmap-based vs. vector-based representations.

Rashid et al. [40] also recognize hand gesture by modelling them through Bézier curves. Firstly,
a skin-based hand segmentation is performed using a normal Gaussian distribution. Then, the
hand centroid points are identified and fitted with Bézier curves. These subsequent points are
finally concatenated to build the full Bézier descriptors, that are further classified by Hidden
Markov Models (HMM) using Left-Right Banded (LRB) topology. The control points of the resulting
Bézier curves therefore correspond to the various centroid points (i.e., control points). Au et al. [4]
handle multi-touch gestures, but for transforming 3D objects in a constrained way. Shen et al. [44]
improve the problem of memory storage occupied with the current method of multi-touch gesture
recognition by relying on a quadratic Bézier curve.

Quadratic Bézier curves are also investigated for face and hand gesture recognition [17]. Firstly,
face and hands images are extracted by skin color and their centroids are tracked by a special
Greedy Exchange algorithm. Then, the centroids are similarly fitted into a quadratic curve and six
invariants from this quadratic curve are computed. In this case, a gesture feature vector composed
of 6𝑛 invariants is constructed, where 𝑛 is the number of the strokes.
Sapek [41] is able to recognize a gesture from points sequences encoded according to Eq. 1

without any marker indicating the starting and ending points of a stroke. Their points are fitted
into a Bézier curve with constant memory usage by computing a least-squares method.
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0,
25

(a) (b) (c) (d)

Fig. 1. Creation of a Bézier curve with three control points: (a)-(b); (c) B-Spline of degree three; (d) Rotation

of a bitmap-based representation.

2.3 Comparison of Bitmap-based vs. Vector-based approaches

Two main types of drawing applications exist on computers (Table 1):

(1) Bitmap-based drawing applications applying the RST paradigm [28], like Gimp [49] and
Photoshop [1]. At their core, they manipulate a rectangular matrix of dots represented by
points, where each dot holds its own color.

(2) Vector-based drawing applications like Inkscape [48] and CorelDraw [15], which manipu-
late mathematical objects like vectors and splines. At their core, they turn drawings into
computational problems, with properties such as precision, compactness and editability [20].

Both approaches actually work very well, albeit differently. They have their individual strengths
and weaknesses (Table 1). For example, simulating a paint brush is straightforward in bitmap-based
applications, but hard to edit apart from fine-grained point editing. Contrarily, editing the objects
shape in vector-based applications is easier, while editing colors at the pixel level is not possible.

Indeed, the bitmap-based approach represents an object by a fixed matrix of pixels. To rotate part
or whole of the object, the corresponding part in the matrix should be rotated as well (Fig. 1d). The
rotated dots must be projected back onto the fixed matrix of pixels. For most angles, no one-to-one
matching between the initial and the final matrices exist, which introduces visual artefacts, like
an aliasing effect. The problem for scaling is similar: for most scale sizes, there is no one-to-one
matching.
Vector-based approaches do not have this limitation. The transformations are applied on the

mathematical object describing the shapes, with a precision as high as needed. What the user
sees is the projection of the resulting shape on the matrix of pixels of the screen. However, the
bucket tool purpose is to fill an area of pixels of the same color, which is not well suited for a
vector-based approach. This article contributes an algorithm that overcomes this difficulty. This
drawing abstraction is implemented for mobile devices, which gives an access to multi-touch.
Moreover, the algorithms should be designed for limited memory and CPU capabilities such as
found on mobile devices.

Both approaches are fundamentally based on how a drawing, a gesture is internally represented
inside the application and the tools provided by the application reflect their intrinsic capabilities.
In this work, we create an alternate drawing abstraction trying to get closer to how young

children would draw using their school tools. Typically, they have pencils to draw lines, they have
scissors and glue that serve as their version of cut and paste. They also like to paint completely
enclosed areas in different colors. And because we are creating a digital version of this drawing
approach, it would be nice to propose manipulations of the drawing that would not be possible in
the real world. We decided to focus our drawing abstraction on the set of tools explained in Table 2.
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Operations Real World Bitmap-based Vector-
based SketchADoodle

Freehand
drawing Pen Yes Yes

Yes:

Color
enclosed
areas

Pen Yes: bucket tool No

Yes: The area pointed by the user

is filled

Cut Scissors
Yes: free
selection+cut and
paste

No

Yes: The underlying picture is cut

along the line

Move and ro-
tate

The cut
figures are
moved and
rotated by
hand

Partial: free
selection + move
and rotate but
yields aliasing

Yes

Yes: A multitouch interaction al-
lows moving and rotating objects

Resize Not possible

Partial: free
selection+resize
but yields
aliasing

Yes

Yes: A multitouch interaction al-

lows resizing objects

Group Glue stick No Yes

Yes: All objects in contact with the
line are grouped together. They
will move, rotate, and scale to-

gether
Table 2. Transposition of operations from the real world to bitmap-based vs. vector-based approaches.

3 DIRECT MANIPULATION OF MULTI-STROKE GESTURES USING B-SPLINES

For our purpose, gestures or freeform drawings are captured using B-Splines that are a succession
of Bézier curves. Internally, B-Splines are represented by the coordinates of their control points.
All operations performed by an end user on the multi-stroke gesture, say compose two gestures, is
therefore transposed into a corresponding operation performed on this representation, say slice
one B-Spline at some control point to form two new and independent B-Splines.
For this purpose, Table 2 gives an overview of such operations by comparing its real-world

representation, its typical implementation found in bitmap-based and vector-based approaches, and
our capability to perform the same operation. These operationswill be detailed one by one in the next
subsections by motivating their need, introducing the algorithm to support it, and the pseudocode
of these algorithms. This pseudocode will then service in implementing SketchADoodle, an
Android-based mobile application that will be discussed in Section 4.
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3.1 Freehand Drawing

When an end user issues a gesture on a touch-surface, only points are captured by the device with
some lag [9] depending on the capturing device, which may affect the system response time, and
the end-user’s perception of it. To achieve the illusion that a line is drawn following the movement
of a gesture, we could join all points by successive segment of lines. This yields a problem if the
sampling of points is too low as the smooth curve appears as a bumpy poly-line. This problem is
even worse for SketchADoodle as it is possible to scale up any drawn curve: no sampling can
stay good enough under sufficient scaling up. We solve this issue by fitting the captured points to a
B-Spline as they keep their smoothness when scaled up or down. The problem of fitting points to
B-Spline is well studied [13, 24, 57]. However, these algorithms yield to several problems for our
purpose. Firstly, if we apply the fitting while the user is still drawing, the same part of a gesture
can be interpolated by different B-Splines over time, yielding to strange visual effects that are
potentially confusing for the end user. Secondly, if we wait for the user to complete its gesture
before doing the fitting, what do we display during the drawing itself? Finally, these algorithms
can be cost intensive yielding to slow response times on low-end devices.
To solve these issues, a streaming algorithm [5] processes points as they arrive. As the user

is inputting points 𝑃𝑖 , the algorithm fits them on the fly to a Bézier curve until the curve is no
longer considered accurate enough. The last fitting Bézier curve is then added to the B-spline, and
the corresponding points are removed from 𝑃 . More formally, let 𝐵 the target quadratic B-spline
defined by the control points 𝐵0, 𝐵1, ..., 𝐵𝑙𝑒𝑛𝑔𝑡ℎ (𝐵)−1 so that each Bézier curve of index 𝑖 in 𝐵 is
defined by (𝐵𝑖×2, 𝐵𝑖×2+1, 𝐵𝑖×2+2). Two successive Bézier curves 𝑖 and 𝑖+1 share the common point
𝐵𝑖×2+2 = 𝐵 (𝑖+1)×2 so that they appear as a continuous spline. The corresponding pseudocode is
FreeHand () (Fig.2), which consists in an event-based loop simplified as a while loop (lines 2-19).
We define | | as the Append operator (line 4). The algorithm splits the shape drawn into two parts: a
B-spline 𝐵 and a sequence of segments of lines 𝑃 . At line 5, 𝑃 is fitted to the Bézier curve 𝐵𝑇 . If
the fitting is not good enough according to the 𝐷 distance function defined further (line 6), the
previous fitting to 𝐵 is added and the corresponding points from 𝑃 (lines 6-16) are removed. 𝛾 is
an arbitrarily chosen value: a high value accommodates more points in a fitting which makes the
B-spline smoother, but less accurate. Inversely, a low value makes the B-spline more accurate, but
less smooth. Lines 18 and 19 provide the user with a continuous visual feedback by drawing 𝐵 and
𝑃 . When the user stops, lines 21-28 ensure that all remaining points in 𝑃 are fitted to a curve added
to 𝐵, thus completing the operation.

3.2 Fitting

The pseudocode of Fitting (P) (Fig. 3) creates a quadratic Bézier curve fitting the points 𝑃 . The
parametric quadratic equation for the Bézier curve is:

𝐶 (𝑡) = 𝐶0 × 𝑡2 +𝐶1 × 𝑡 × (1 − 𝑡) +𝐶2 × (1 − 𝑡)2 (4)

The extreme points of the curve (𝐶0 and𝐶2) are set to the extreme points of 𝑃 (𝑃0 and 𝑃𝑙𝑒𝑛𝑔𝑡ℎ (𝑃 )−1)
[12]. For 𝐶1, we force the curve to pass by the middle point of 𝑃 : we approximate 𝑡 as the relative
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FreeHand ()
1 𝑃 ← ∅, 𝐵 ← ∅
2 while the user is drawing do
3 let 𝑋 the new input point
4 𝑃 ← 𝑃 | | 𝑋
5 let 𝐵𝑇 ← 𝑓 𝑖𝑡𝑡𝑖𝑛𝑔(𝑃)
6 if 𝐷 (𝐵, 𝑃) > 𝛾 then
7 let 𝑃′ ← (𝑃𝑖 |𝑖 ∈ {0, 𝑙𝑒𝑛𝑔𝑡ℎ(𝑃) − 2})
8 // 𝑃′ is a copy of all points of 𝑃 except the last one.
9 let 𝐵𝑇 ′ ← 𝑓 𝑖𝑡𝑡𝑖𝑛𝑔(𝑃′)

10 if 𝐵 = ∅ then
11 𝐵 ← 𝐵𝑇 ′

else
13 𝐵 ← 𝐵 | | 𝐵𝑇 ′1 | | 𝐵𝑇 ′2

end
15 𝑃 ← 𝑃 \ (𝑃′𝑖 |𝑖 ∈ {0, 𝑙𝑒𝑛𝑔𝑡ℎ(𝑃′) − 2})
16 // Remove all points from 𝑃 belonging to 𝑃′ except the last one to keep the connection to 𝐵.

end
18 draw B-spline 𝐵
19 ∀𝑖 ∈ {1, 𝑙𝑒𝑛𝑔𝑡ℎ(𝑃) − 1} , 𝑑𝑟𝑎𝑤 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 (𝑃𝑖−1, 𝑃𝑖 )

end
21 if 𝑙𝑒𝑛𝑔𝑡ℎ(𝑃) > 1 then
22 let 𝐵𝑇 ← 𝑓 𝑖𝑡𝑡𝑖𝑛𝑔(𝑃)
23 if 𝐵 = ∅ then
24 𝐵 ← 𝐵𝑇

else
26 𝐵 ← 𝐵 | | 𝐵𝑇 1 | | 𝐵𝑇 2

end
end

29 draw B-spline 𝐵

Fig. 2. Free Line Drawing Algorithm.

position of this point on the length of all the segments of 𝑃 (lines 3 to 5) and then solving for 𝐶1
(line 7).

Fitting (P)
1 let 𝐶0 ← 𝑃0
2 let 𝐶2 ← 𝑃𝑙𝑒𝑛𝑔𝑡ℎ (𝑃 )−1
3 let 𝐷𝑇 ← ∑𝑖<𝑙𝑒𝑛𝑔𝑡ℎ (𝑃 )−1

𝑖=0 𝑑 (𝑃𝑖 , 𝑃𝑖+1) // 𝑑 is the Euclidian distance between two points
4 let 𝐷𝑀 ← ∑𝑖<𝑓 𝑙𝑜𝑜𝑟 ( (𝑙𝑒𝑛𝑔𝑡ℎ (𝑃 )−1)/2)

𝑖=0 𝑑 (𝑃𝑖 , 𝑃𝑖+1)
5 let 𝑡 = 𝐷𝑀

𝐷𝑇

6 let 𝑃𝑡 ← 𝑃𝑓 𝑙𝑜𝑜𝑟 (𝑙𝑒𝑛𝑔𝑡ℎ (𝑃 )−1)/2)
7 let 𝐶1 ← 𝑃𝑡/(2 × 𝑡 × (1 − 𝑡)) −𝐶0 × 𝑡/(2 × (1 − 𝑡)) −𝐶2 × (1 − 𝑡)/(2 × 𝑡)
8 return (𝐶0,𝐶1,𝐶2)

Fig. 3. Fitting Algorithm.
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D (B,P) (Fig. 4) computes a distance between the Bézier curve 𝐵 and the set of points 𝑃 . Since
there are many ways to define this distance, we selected one that is efficient and good enough for
our purpose. 𝐷 returns the maximum Euclidean distance between each point 𝑝𝑡 in 𝑃 and their
equivalent point on 𝐵. By computing the ratio between the sum of euclidean distances for all
segments in 𝑃 up to the point 𝑝𝑡 and the total Euclidean distance for all successive segments of 𝑃 ,
we obtain an estimated 𝑡 for the equivalent point on 𝐵 to 𝑝𝑡 .

D (B,P)

1 return𝑚𝑎𝑥 (∀𝑗 ∈ {1, 𝑙𝑒𝑛𝑔𝑡ℎ(𝑃) − 2} : 𝑑 (𝑃 𝑗 , 𝐵 𝑗 ) ) where 𝐵 𝑗 = 𝐵

( 𝑗−1∑
𝑖=0

𝑑 (𝑃𝑖 ,𝑃𝑖+1)
length(P)-2∑

𝑖=0
𝑑 (𝑃𝑖 ,𝑃𝑖+1)

)
Fig. 4. Distance Algorithm.

3.3 Translating, Scaling, and Rotating Gestures

A nice property of the Bézier curves is that their affine transformations follows exactly the affine
transformations of their control points. Therefore, implementing the basic affine operations is
resumed to applying them on their control points. A mouse pointer can drag any control point from
one position to another, which can be described as a displacement vector between the two positions.
When a multi-point interaction is possible, from the displacement of only two points, we can
compute translating, scaling, and rotation in a straightforward way. Fig. 5 depicts this phenomenon
where a user dragged a gesture from (𝐴, 𝐵) to (𝐶, 𝐷). 𝐸 is the translation of 𝐵 by the vector ®𝐴𝐶 .
The shape should be moved along the vector ®𝐴𝐶 , rotated by 𝜎 , and scaled by 𝑑 (𝐶, 𝐷)/𝑑 (𝐴, 𝐵).

A

B

C
D

E

Fig. 5. Affine transformations for translating two control points of a Bézier curve.

To achieve a direct manipulation behavior, the algorithm transitions automatically between an
interaction based on one or two control points, i.e., using one or two fingers on a multitouch device.
The implementation is based on the state design pattern [22]. In a system where the same action
results in different execution paths depending on the state of the system, the state design pattern
uses dynamic binding to objects implementing each state instead of bare if statements on a state
value. The implementation benefits from a clearer code where each state’s specific behavior is
isolated into its own object.

For the purpose of our user interface, we have three states depending on the number of control
points currently active: zero, one, or two. The possible actions are: down (add one control point),
move (move any of the control points), and up (remove a control point).

MoveResizeRotate () (Fig. 6, 7, and 8) is an event-based loop organized by the state value. The
interaction begins when a first point is given to the interaction (lines 7-11 of Fig. 6). The function
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getObject (line 10) determines the topmost object at position (𝑥,𝑦) which is the object pointed to
by the user.

MoveResizeRotate () initialization and NONE state
1 let 𝑠𝑡𝑎𝑡𝑒 ← 𝑁𝑂𝑁𝐸

2 let 𝑥0, 𝑦0, 𝑥1, 𝑦1 ← 0
3 let 𝑜𝑥0, 𝑜𝑦0, 𝑜𝑥1, 𝑜𝑦1 ← 0
4 let 𝑠ℎ𝑎𝑝𝑒 ← ∅
5 when 𝑠𝑡𝑎𝑡𝑒 is 𝑁𝑂𝑁𝐸 :
6 event 𝑑𝑜𝑤𝑛(𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥) :
7 if 𝑖𝑛𝑑𝑒𝑥 = 0 and 𝑔𝑒𝑡𝑂𝑏 𝑗𝑒𝑐𝑡 (𝑥,𝑦) <> ∅ then
8 𝑥0 ← 𝑥

9 𝑦0 ← 𝑦

10 𝑜𝑏 𝑗𝑒𝑐𝑡 ← 𝑔𝑒𝑡𝑂𝑏 𝑗𝑒𝑐𝑡 (𝑥,𝑦)
11 𝑠𝑡𝑎𝑡𝑒 ← 𝑀𝑂𝑉𝐸

end
13 event𝑚𝑜𝑣𝑒 (𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥) : ∅
14 event 𝑢𝑝 (𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥) : ∅

Fig. 6. The Interactive algorithm for move, resize, and rotate to ensure translation, scaling, and rotation.

MoveResizeRotate () MOVE state
1 when 𝑠𝑡𝑎𝑡𝑒 is𝑀𝑂𝑉𝐸 :
2 event 𝑑𝑜𝑤𝑛(𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥):
3 if 𝑖𝑛𝑑𝑒𝑥 = 1 then
4 𝑥1 ← 𝑥

5 𝑦1 ← 𝑦

6 let 𝑜𝑥0 ← 𝑥0, 𝑜𝑦0 ← 𝑦0, 𝑜𝑥1 ← 𝑥1, 𝑜𝑦1 ← 𝑦1 // save as reference
7 let 𝑟𝑒 𝑓 𝑂𝑏 𝑗𝑒𝑐𝑡 ← 𝑐𝑜𝑝𝑦 (𝑜𝑏 𝑗𝑒𝑐𝑡)
8 𝑠𝑡𝑎𝑡𝑒 ← 𝑆𝐶𝐴𝐿𝐸𝐴𝑁𝐷𝑅𝑂𝑇𝐴𝑇𝐸

end
10 event𝑚𝑜𝑣𝑒 (𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥):
11 if 𝑖𝑛𝑑𝑒𝑥 = 0 then
12 𝑚𝑜𝑣𝑒 (𝑜𝑏 𝑗𝑒𝑐𝑡, 𝑥 − 𝑥0, 𝑦 − 𝑦0)
13 𝑥0 ← 𝑥

𝑦0 ← 𝑦

end
16 event u𝑝 (𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥):
17 if 𝑖𝑛𝑑𝑒𝑥 = 0 then

𝑜𝑏 𝑗𝑒𝑐𝑡 ← 𝑁𝑂𝑁𝐸

end

Fig. 7. Algorithm for interactive translate, scale, and rotate.

When a single point is moved, we compute a delta between its last and new coordinates and
apply this delta to the selected object (line 10-15 of Fig. 7). When a second point is added to the
interaction (lines 2-9 of Fig. 7), the two control points are saved as the reference points for the
move, scale, and rotate operations, along with a reference copy of the selected object. These points
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MoveResizeRotate () ScaleAndRotate state
1 when 𝑠𝑡𝑎𝑡𝑒 is 𝑆𝐶𝐴𝐿𝐸𝐴𝑁𝐷𝑅𝑂𝑇𝐴𝑇𝐸 :
2 event 𝑑𝑜𝑤𝑛(𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥) : ∅
3 event𝑚𝑜𝑣𝑒 (𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥):
4 if index = 0 then
5 𝑥0 ← 𝑥

𝑦0 ← 𝑦

end
8 if index = 1 then
9 𝑥1 ← 𝑥

𝑦1 ← 𝑦

end
12 𝑜𝑏 𝑗𝑒𝑐𝑡 ← 𝑐𝑜𝑝𝑦 (𝑟𝑒 𝑓 𝑜𝑏 𝑗𝑒𝑐𝑡)
13 𝑚𝑜𝑣𝑒 (𝑜𝑏 𝑗𝑒𝑐𝑡,−𝑜𝑥0,−𝑜𝑦0)
14 𝑠𝑐𝑎𝑙𝑒 (𝑜𝑏 𝑗𝑒𝑐𝑡, 𝑑 ((𝑥0, 𝑦0), (𝑥1, 𝑦1))/𝑑 ((𝑜𝑥0, 𝑜𝑦0), (𝑜𝑥1, 𝑜𝑦1)) )
15 let 𝑜𝑎 ← 𝑎𝑛𝑔𝑙𝑒 ((𝑜𝑥1, 𝑜𝑦1), (𝑜𝑥0, 𝑜𝑦0), (𝑜𝑥1, 𝑜𝑦0))
16 let 𝑎 ← 𝑎𝑛𝑔𝑙𝑒 ((𝑥1, 𝑦1), (𝑥0, 𝑦0), (𝑥1, 𝑦0))
17 𝑟𝑜𝑡𝑎𝑡𝑒 (𝑜𝑏 𝑗𝑒𝑐𝑡, 𝑜𝑎 − 𝑎)
18 𝑚𝑜𝑣𝑒 (𝑜𝑏 𝑗𝑒𝑐𝑡, 𝑜𝑥0, 𝑜𝑦0)
19 event 𝑢𝑝 (𝑥,𝑦, 𝑖𝑛𝑑𝑒𝑥):
20 if 𝑖𝑛𝑑𝑒𝑥 = 1 then
21 𝑠𝑡𝑎𝑡𝑒 ← 𝑀𝑂𝑉𝐸

end

Fig. 8. Interactive translate, scale, and rotate Algorithm.

correspond to points 𝐴 and 𝐵 of Fig. 5. The reference points and object avoids floating point issues
that would arise from continuously transforming the original object. When one of the two points
is moved (lines 3-18 of Fig. 8), the selected object is transformed. First, we restore the reference
object (line 12), then we center the object according to the first reference point (line 13), scale it
(line 14), rotate it (lines 15-17), and finally move it to its correct position (line 18).

3.4 Glue Tool

The glue tool consists in two actions: firstly, finding elements designated by the user and, secondly,
grouping them together so that they behave as one. The second point is just an issue of using a
proper data structure. The elements manipulated by the editor should not just be B-splines, but
collections of B-splines. Elements glued together are put in the same collection. When moved,
scaled or rotated, the affine transformations are applied to the whole collection. The first point is
dependent on how we let the user select elements. To simulate a glue tape, we let the user draw a
segment of line between two points. All elements that intersect this segment of line should be glued
together. A Bézier spline intersects a segment of line if any of its curves intersects this segment.
There exist many approaches to solve this problem [16, 54, 55]. The problem can be even solved
directly analytically because we are just intersecting a segment of line to a quadratic Bézier curve.
However, this yields to two problems when run on a low-end device:

(1) Floating point arithmetic has approximation errors; in some case these errors can be big
enough to fail the computation.
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(2) Floating point arithmetic can be time consuming; this is heavily dependent of the type of
operations that is used and the performance of the hardware running it. In particular, the
operations required for an analytical solution where often too slow on real mobile devices.

There are several tricks that we can use to accelerate the computation of this algorithm:
• Bézier curves are so that they are fully contained in the bounding box defined by their control
points. Consequently, a quick check can eliminate the possibility of an intersection if the
bounding box does not intersect the segment [54].
• De Casteljau’s algorithm [39] decomposes a Bézier curve into a B-spline composed of two
Bézier curves [6]. This algorithm can be applied iteratively on the individual curves of the
B-spline as many times as we want. Consequently, we can create a B-spline composed of
Bézier curves as small as we want. A small enough Bézier curve is very close to the segment
defined by its start and end points. In fact, when rendered on an actual screen, a small enough
Bézier curve will be drawn on the exact same pixels as the segment of line defined by its
start and end points. In other words, we can turn a B-spline into a succession of segment
of lines that look exactly the same to the end user due to the way they are rendered on
the screen. Computing if two segments of line intersect each other is faster than solving
quadratic equations, and yields less errors due to floating point approximations. Of course,
the transformation of the B-spline into lots of tiny segments takes time, but the result can be
cached in memory and reused many times. In practice, the cached version is created when
needed, by any tool that has a use for it, and invalidated when the object is scaled or rotated.

The pseudocode ApproximateCurveBySegments (curve,tolerance) (Fig. 9) transforms a
Bézier curve into a collection of segments according to a provided tolerance. In practice, tolerance
is determined by the pixel density of the screen. segmentsCount is the number of segments used to
approximate the curve, and is incremented at each iteration (line 4). Lines 5-8 creates the segments,
by adding intermediate points directly from the parametric equation of the Bézier curve (Fig. 10).
Line 9 computes an error value, by the sum of the Euclidean distances between the middle of each
segment and their equivalent point on the curve. The algorithm stops when 𝑒𝑟𝑟𝑜𝑟 is above the
𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 (line 10). For simplicity, this algorithm returns the first failed approximation; in practice
this approximation is good enough for our application.

ApproximateCurveBySegments (curve,tolerance)
1 let 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡 ← 1
2 let 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 ← ∅
3 repeat
4 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡 ← 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡 + 1
5 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 ← (𝑐𝑢𝑟𝑣𝑒0)
6 for 𝑖 ← 1 to 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡 do
7 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 ← 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 | | 𝑝𝑜𝑖𝑛𝑡𝑂𝑛𝐶𝑢𝑟𝑣𝑒𝐴𝑡 (𝑐𝑢𝑟𝑣𝑒, 𝑖/𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡)

end

9 let 𝑒𝑟𝑟𝑜𝑟 ←
𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡∑

𝑖=1
𝑑

(
𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝑖−1+𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝑖

2 , 𝑝𝑜𝑖𝑛𝑡𝑂𝑛𝐶𝑢𝑟𝑣𝑒𝐴𝑡

(
𝑐𝑢𝑟𝑣𝑒, 𝑖×2−1

𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠𝐶𝑜𝑢𝑛𝑡×2

) )
until 𝑒𝑟𝑟𝑜𝑟 < 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒

11 return segments

Fig. 9. Approximate a Bézier curve by segments
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pointOnCurveAt (curve,t)
return

((1 − 𝑡)2 × 𝑐𝑢𝑟𝑣𝑒𝑥0 + 2 × (1 − 𝑡) × 𝑡 × 𝑐𝑢𝑟𝑣𝑒𝑥1 + 𝑡2 × 𝑐𝑢𝑟𝑣𝑒𝑥2 ,
(1 − 𝑡)2 × 𝑐𝑢𝑟𝑣𝑒𝑦0 + 2 × (1 − 𝑡) × 𝑡 × 𝑐𝑢𝑟𝑣𝑒𝑦1 + 𝑡2 × 𝑐𝑢𝑟𝑣𝑒𝑦2 )

(5)

Fig. 10. Get a point on a Bézier curve

3.5 The Bucket Tool for Coloring

In a bitmap drawing application, the bucket tool changes the color of all pixels that are in contact
of the same color (or within a threshold). As we are using a vector-based approach, this algorithm
must be adapted. To be as close as possible to the usual bucket tool behavior, we decided to use a
mixed approach between a bitmap-based algorithm and a vector-based one.

Firstly, we use the classic flood fill algorithm on a bitmap version of the drawing. This algorithm
is slightly modified to capture the bordering pixels of the flooded area. Secondly, we walk these
pixels matching them to the actual splines they correspond to. When passing from one spline to
another, we figure out the intersection point between them and use de Casteljau’s algorithm the
keep the relevant part from each spline. This walking creates a new closed spline which contains
the flooded area. Finally, to give consistency to the result, we glue together the flooded area and all
the curves that are in its contact.
Let us cover these steps in more details: the first step is the flood fill algorithm. Internally, we

have a repository containing all the B-splines of the current drawing. For simplicity, we assume
this repository is an indexed array. Instead of running the flood fill algorithm on a rendering of the
real drawing, we run it on a buffer where all elements are drawn using a color that is their index in
the repository, starting at 1. In other words, the color of a pixel in the buffer is the index of the
element in the repository for which this pixel was drawn for. No element is drawn with the color 0
which is the color that has to be filled.

0 1 2 3 4 5 6 7 8 9
0 1 0 0 0 0 0 0 3 0 0
1 1 2 2 2 2 2 2 2 2 2
2 0 1 0 0 0 0 0 3 0 0
3 4 1 0 0 0 0 0 3 0 0
4 0 1 4 0 0 0 0 0 3 0
5 0 1 0 4 4 0 0 0 3 0
6 1 0 0 0 0 4 4 4 4 3
7 1 0 0 0 0 0 0 0 0 3

In the above example, there are four splines and the user has selected the pixel (4, 3) as the
starting point for the flood fill. This point is displayed in bold for readability. The version of our
algorithm is modified in a single way: each time a pixel different than 0 is met, we append the
coordinates and the color to an edge collection.
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0 1 2 3 4 5 6 7 8 9
0 1 0 0 0 0 0 0 3 0 0
1 1 2 2 2 2 2 2 2 2 2
2 0 1 0 0 0 0 0 3 0 0
3 4 1 0 0 X X X 3 0 0
4 0 1 4 0 0 0 0 0 3 0
5 0 1 0 4 4 0 0 0 3 0
6 1 0 0 0 0 4 4 4 4 3
7 1 0 0 0 0 0 0 0 0 3

We assume that the flood fill algorithm goes right first ; by symmetry it does notmatter. Eventually,
the algorithm meets the color 3 at position (7, 3) and appends ((7, 3), 3) to the edge collection.

0 1 2 3 4 5 6 7 8 9
0 1 0 0 0 0 0 0 3 0 0
1 1 2 2 2 2 2 2 2 2 2
2 0 1 0 0 0 0 0 3 0 0
3 4 1 X X X X X 3 0 0
4 0 1 4 0 0 0 0 0 3 0
5 0 1 0 4 4 0 0 0 3 0
6 1 0 0 0 0 4 4 4 4 3
7 1 0 0 0 0 0 0 0 0 3

Once an edge is met, the flood fill algorithm fills the same line in the other direction. Eventually,
it meets another edge pixel and appends ((1, 3), 1) to the edge collection.

0 1 2 3 4 5 6 7 8 9
0 1 0 0 0 0 0 0 3 0 0
1 1 2 2 2 2 2 2 2 2 2
2 0 1 X X X X X 3 0 0
3 4 1 X X X X X 3 0 0
4 0 1 4 X X X X X 3 0
5 0 1 0 4 4 X X X 3 0
6 1 0 0 0 0 4 4 4 4 3
7 1 0 0 0 0 0 0 0 0 3

Eventually, the flood fill algorithm completes, and the edge collection contains all the border
pixels and their respective colors. To be able to walk around the edges, we first need to split them
into tracks (Fig. 11) that are composed of pixels that are neighbours of each other (lines 5-9 of
Fig. 12 and Figure 13). Also, each track stays on the same colour for as long as possible: the tracks
stay on the same color at first (lines 2-6 of Fig. 11) before being merged together (lines 7-13). In the
example, we have these tracks:

0 1 2 3 4 5 6 7 8 9
0 1 0 0 0 0 0 0 3 0 0
1 1 2 2 2 2 2 2 2 2 2
2 0 1 X X X X X 3 0 0
3 4 1 X X X X X 3 0 0
4 0 1 4 X X X X X 3 0
5 0 1 0 4 4 X X X 3 0
6 1 0 0 0 0 4 4 4 4 3
7 1 0 0 0 0 0 0 0 0 3
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2:16 Donatien Grolaux et al.

Starting from (7, 3), the first track is of color 3 and goes downwards. This track is followed by the
track for the color 4, then 1, then 2, and then finally a track of a single pixel of color 3. Finally, these
tracks are merged together when the ending of a track is contiguous to the starting of another.

EdgesToTracks (edges)
1 let 𝑡𝑟𝑎𝑐𝑘𝑠 ← ∅
2 while 𝑒𝑑𝑔𝑒𝑠 ≠ ∅ do
3 let 𝑡𝑟𝑎𝑐𝑘 ← 𝑐𝑜𝑛𝑠𝑢𝑚𝑒 (𝑒𝑑𝑔𝑒𝑠)
4 𝑒𝑑𝑔𝑒𝑠 ← 𝑒𝑑𝑔𝑒𝑠 \ {𝑝 ∈ 𝑡𝑟𝑎𝑐𝑘}

𝑡𝑟𝑎𝑐𝑘𝑠 ← 𝑡𝑟𝑎𝑐𝑘𝑠 | | 𝑡𝑟𝑎𝑐𝑘
end

7 foreach 𝑎 ∈ 𝑡𝑟𝑎𝑐𝑘𝑠 do
8 foreach 𝑏 ∈ 𝑡𝑟𝑎𝑐𝑘𝑠 | 𝑏 ≠ 𝑎 do
9 if 𝑎𝑏𝑠 (𝑎𝑙𝑒𝑛𝑔𝑡ℎ (𝑎)−1𝑥 , 𝑏0𝑥 ) < 2 𝑎𝑛𝑑 𝑎𝑏𝑠 (𝑎𝑙𝑒𝑛𝑔𝑡ℎ (𝑎)−1𝑦 , 𝑏0𝑦 ) < 2 then
10 𝑡𝑟𝑎𝑐𝑘𝑠 ← 𝑡𝑟𝑎𝑐𝑘𝑠 \ 𝑎 \ 𝑏 | | 𝑐𝑜𝑛𝑐𝑎𝑡 (𝑎, 𝑏)

end
end

end
14 return tracks

Fig. 11. Transform the edges of a flood fill into tracks.

Consume (edges))
1 let 𝑡𝑟𝑎𝑐𝑘 ← (𝑒𝑑𝑔𝑒𝑠0) // track starts with first element of edges
2 𝑒𝑑𝑔𝑒𝑠 ← 𝑒𝑑𝑔𝑒𝑠 \ (𝑒𝑑𝑔𝑒𝑠0)
3 let 𝑝𝑜𝑖𝑛𝑡 ← ∅
4 repeat
5 𝑝𝑜𝑖𝑛𝑡 ← 𝑓 𝑖𝑛𝑑𝑁𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟𝑃𝑜𝑖𝑛𝑡 (𝑒𝑑𝑔𝑒𝑠, 𝑡𝑟𝑎𝑐𝑘𝑙𝑒𝑛𝑔𝑡ℎ (𝑡𝑟𝑎𝑐𝑘)−1)
6 if 𝑝𝑜𝑖𝑛𝑡 ≠ ∅ then
7 𝑡𝑟𝑎𝑐𝑘 ← 𝑡𝑟𝑎𝑐𝑘 | | {𝑝𝑜𝑖𝑛𝑡}
8 𝑒𝑑𝑔𝑒𝑠 ← 𝑒𝑑𝑔𝑒𝑠 \ {𝑝𝑜𝑖𝑛𝑡}

end
until 𝑝𝑜𝑖𝑛𝑡 = ∅

11 return track

Fig. 12. Follow the edges to create a track of pixels of the same colour.

FindNeighbourPoint (edges,pa)
1 foreach pb∈ 𝑒𝑑𝑔𝑒𝑠 do
2 if 𝑎𝑏𝑠

(
𝑝𝑎𝑥 , 𝑝𝑏𝑥

)
< 2 𝑎𝑏𝑠

(
𝑝𝑎𝑦, 𝑝𝑏𝑦

)
< 2 𝑝𝑎𝑐𝑜𝑙𝑜𝑟 = 𝑝𝑏𝑐𝑜𝑙𝑜𝑟 then

3 return 𝑏

end
end

6 return ∅
Fig. 13. Find a neighbour point among the edges.
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0 1 2 3 4 5 6 7 8 9
0 1 0 0 0 0 0 0 3 0 0
1 1 2 2 2 2 2 2 2 2 2
2 0 1 X X X X X 3 0 0
3 0 1 X 5 5 5 X 3 0 0
4 0 1 X 6 0 5 X X 3 0
5 4 1 X 6 6 6 X X 3 0
6 1 4 X X X X X X 3 3
7 1 0 4 4 4 4 4 4 0 3

The next step consists in walking along these tracks, finding the parts of the B-splines corre-
sponding to the pixels of the tracks, and stitching them together. Several edge cases need to be
considered, such as when an inside area is excluded from the flood fill, a small island is delineated
above by two splines (5 and 6). The flood fill algorithm tracks them as a second track separated from
the first one. The graphical toolkit supports filling B-splines with exclusion zones. The algorithm
generates a data structure that contains the B-splines corresponding to all the tracks (Fig. 14).

CreateFilledArea (tracks, repository)
1 // repository is an array of the existing B-splines
2 let 𝑎𝑟𝑒𝑎 ← ∅
3 foreach 𝑡𝑟𝑎𝑐𝑘 ∈ 𝑡𝑟𝑎𝑐𝑘𝑠 do
4 𝑎𝑟𝑒𝑎 ← 𝑎𝑟𝑒𝑎 | | 𝑐𝑟𝑒𝑎𝑡𝑒𝐶𝑙𝑜𝑠𝑒𝑑𝐵𝑆𝑝𝑙𝑖𝑛𝑒 (𝑡𝑟𝑎𝑐𝑘, 𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦)

end
6 return 𝑎𝑟𝑒𝑎

Fig. 14. Aggregate the closed B-splines together.

For a given track, we have a sequence of pixel coordinates and the index of the B-spline they
correspond to in the memory repository where the drawing is stored. However, the pixel coordinates
are not accurate positions of the B-spline points. Indeed, they are the coordinates of the projection
of these points on the matrix of pixels of the device screen. Although finding the real point on a
B-spline analytically is feasible, we prefer approximating the segments for efficiency (Fig. 9). In
SketchADoodle, this approximation is saved in a cache. Fig. 15 returns the point on a B-spline
closest to a reference point. The B-spline is first decomposed into a collection of segments (line 1),
and the function returns the closest point to the reference point among all the segments (lines 2-3).
Fig. 16 returns the point on a segment closest to a reference point. First, it projects the reference
point on the line defined by the segment (lines 1-5), and restricts the response to the extreme points
of the segment if the projection is outside (lines 6-12) of it.

ClosestPoint (bspline,x,y)
1 let 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 ← 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝐶𝑢𝑟𝑣𝑒𝐵𝑦𝑆𝑒𝑔𝑚𝑒𝑛𝑡𝑠 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒, 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒)
2 let 𝑝𝑜𝑖𝑛𝑡𝑠 ← {∀𝑠𝑒𝑔𝑚𝑒𝑛𝑡 ∈ 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠 : 𝑐𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡𝑂𝑛𝑆𝑒𝑔𝑚𝑒𝑛𝑡 (𝑠𝑒𝑔𝑚𝑒𝑛𝑡, 𝑥,𝑦)}
3 return 𝑝𝑜𝑖𝑛𝑡 : 𝑑 (𝑝𝑜𝑖𝑛𝑡, (𝑥,𝑦)) =𝑚𝑖𝑛𝑝∈𝑝𝑜𝑖𝑛𝑡𝑠𝑑 (𝑝, (𝑥,𝑦))

Fig. 15. Get the point on the B-spline closest to (x,y).
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ClosestPointOnSegment (segment,x,y)
1 let 𝑥1, 𝑦1 𝑡ℎ𝑒 𝑏𝑜𝑡𝑡𝑜𝑚 𝑙𝑒 𝑓 𝑡 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜 𝑓 𝑡ℎ𝑒 𝑠𝑒𝑔𝑚𝑒𝑛𝑡

2 let 𝑥2, 𝑦2 𝑡ℎ𝑒 𝑡𝑜𝑝 𝑟𝑖𝑔ℎ𝑡 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 𝑜 𝑓 𝑡ℎ𝑒 𝑠𝑒𝑔𝑚𝑒𝑛𝑡

3 let 𝑡 ← ( (𝑥−𝑥1)×(𝑥2−𝑥1)+(𝑦−𝑦1)×(𝑦2−𝑦1))
(𝑥1−𝑥2)2+(𝑦1−𝑦2)2

4 let 𝑐𝑥 ← 𝑥1 + 𝑡 × (𝑥2 − 𝑥1)
5 let 𝑐𝑦 ← 𝑦1 + 𝑡 × (𝑦2 − 𝑦1)
6 if 𝑐𝑥 < 𝑥1 𝑜𝑟 𝑐𝑦 < 𝑦1 then
7 return (𝑥1, 𝑦1)

end
if 𝑐𝑥 > 𝑥2 𝑜𝑟 𝑐𝑦 > 𝑦2 then

10 return (𝑥2, 𝑦2)
end

12 return (𝑐𝑥, 𝑐𝑦)
Fig. 16. Get the point on the segment closest to (𝑥,𝑦).

By following a track, the algorithm can detect a jump from a B-spline to another. On the example
above, the track will jump from color 3 at (8, 6) to color 4 at (7, 7). There is probably an intersection
between these B-splines and this point is where we should end B-spline 3 and start B-spline 4.
Fig. 17 returns the intersection between two B-splines that are closest to a reference point. First,
line 1 captures all possible intersections between the B-splines. If there is at least one (line 2), then
we get closest one to the reference point (line 3) and check if that point is close enough to the
reference point to be valid (line 4). Indeed, if the point is too far away from the reference point,
then the intersection found is not where the jump between the B-splines takes place. Fig. 18 returns
all possible intersections by computing all intersections between all the possible combinations of
the segments of line.

Intersection (bspline1, bspline2, x, y)
1 let 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠 ← 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝐴𝑙𝑙 (𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑒𝐶𝑢𝑟𝑣𝑒𝐵𝑦𝑆𝑒𝑔𝑚𝑒𝑛𝑡𝑠 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒1, 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒) ,

approximateCurveBySegments(𝑏𝑠𝑝𝑙𝑖𝑛𝑒2, 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒)
3 if 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠 ≠ ∅ then
4 let 𝑝𝑜𝑖𝑛𝑡 : 𝑑 (𝑝𝑜𝑖𝑛𝑡, (𝑥,𝑦)) =𝑚𝑖𝑛𝑝∈𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛𝑠𝑑 (𝑝, (𝑥,𝑦))
5 if 𝑑 ((𝑥,𝑦), 𝑝𝑜𝑖𝑛𝑡) < 𝑡𝑜𝑙𝑒𝑟𝑎𝑛𝑐𝑒 then
6 return (𝑝𝑜𝑖𝑛𝑡𝑥 , 𝑝𝑜𝑖𝑛𝑡𝑦, 𝑡𝑟𝑢𝑒)

end
end

9 return (0, 0, 𝑓 𝑎𝑙𝑠𝑒)
Fig. 17. Get the intersection between two B-splines closest to (𝑥,𝑦).

IntersectAll (segments1, segments2)
1 return {𝑝𝑜𝑖𝑛𝑡 : ∃ 𝑠1 ∈ 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠1 𝑎𝑛𝑑 ∃ 𝑠2 ∈ 𝑠𝑒𝑔𝑚𝑒𝑛𝑡𝑠2 𝑎𝑛𝑑 𝑝𝑜𝑖𝑛𝑡 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑠1 𝑎𝑛𝑑 𝑠2}

Fig. 18. Get all intersection points between the two list of segments.

A track can jump from one B-spline to another even in the absence of an intersection between
them if they are close enough that there is no gap at the pixel level. This situation is detected
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when there is no intersection between the B-splines close to the jump point. In that situation, the
algorithm stitches the gap by adding a small segment of line. A quadratic Bézier curve is reduced
to a segment of line if the middle control point is colinear and inside the two others (Fig. 19).

Segment (x1,y1,x2,y2)

1 return
(
(𝑥1, 𝑦1),

((
𝑥1+𝑥2

2

)
,

(
𝑦1+𝑦2

2

))
, (𝑥2, 𝑦2)

)
Fig. 19. Creates a Bézier curve matching a segment of line.

With these functions in mind, the general idea of turning a track into a closed B-Spline is (Fig. 20):

(1) Start from the first point of the track (lines 1-5).
(2) Stay on the current track until there is a jump to another B-spline (line 7).
(3) Detect the intersection (line 8) and add the relevant part of the first B-spline to the closed

B-spline (line 10). In the absence of intersection, stitch the two B-splines (lines 12-15).
(4) Jump on the new B-spline and loop to 2 until the track is completely traversed (lines 6-21).
(5) Add the rest of the current track (lines 22-23).

Finally, Fig. 21 returns a B-spline that is cut from another B-spline at two reference points. Lines 1
and 2 obtain the Bézier curve for the two reference points, and their respective 𝑡 on these curves.
𝑐𝑢𝑟𝑣𝑒𝐹𝑜𝑟𝑃𝑜𝑖𝑛𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒, 𝑥, 𝑦) is similar to 𝑐𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒, 𝑥,𝑦) but instead of returning the
point on the B-spline, 𝑐𝑢𝑟𝑣𝑒𝐹𝑜𝑟𝑃𝑜𝑖𝑛𝑡 returns the Bézier curve where (𝑥,𝑦) is closest to and the
𝑡 value for that point on this curve. Line 3 detects the direction of the reference points on the
B-spline: if the two Bézier curves are different and the first one is before the second one in the
B-spline, then we create the 𝑜𝑢𝑡 B-spline accordingly (lines 4-5). If the two Bézier curves are the
same (line 9), then we cut this curve accordingly (line 10). Finally, in all other cases, we just apply
this algorithm on the reverse of the B-spline.
This algorithm uses 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝑅𝑖𝑔ℎ𝑡 (𝑐𝑢𝑟𝑣𝑒, 𝑡) and 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝐿𝑒 𝑓 𝑡 (𝑐𝑢𝑟𝑣𝑒, 𝑡). They apply de

Casteljau’s algorithm [6] at 𝑡 on the curve and return respectively the curve split after or before 𝑡 .
The algorithm of 𝑐𝑟𝑒𝑎𝑡𝑒𝐶𝑙𝑜𝑠𝑒𝑑𝐵𝑆𝑝𝑙𝑖𝑛𝑒 (𝑡𝑟𝑎𝑐𝑘, 𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦) is incomplete: a B-spline can intersect
itself, which is not taken into consideration here. In the real implementation, 𝑔𝑒𝑡𝐶𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡 also
returns the index of the Bézier curve inside the B-spline. Jumping from index 𝑖 to index 𝑖+1 or 𝑖−1
is normal as the track follows the B-spline in the same or opposite direction. If the jump is higher,
then we met an intersection of the B-spline with itself which is treated similarly to an intersection
between two different B-splines.
And finally, to achieve an intuitive behavior, the closed B-spline is automatically glued to all

other splines that were tracked so that they now act as a group.
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createClosedBSpline (track, repository)
1 // 𝑡𝑟𝑎𝑐𝑘0 is the first point of the track
2 // each 𝑝𝑜𝑖𝑛𝑡𝑐𝑜𝑙𝑜𝑟 is the index of the B-spline in the repository
3 let 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 ← 𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦𝑡𝑟𝑎𝑐𝑘0𝑐𝑜𝑙𝑜𝑟
4 let (𝑠𝑡𝑎𝑟𝑡𝑥, 𝑠𝑡𝑎𝑟𝑡𝑦) ← 𝑔𝑒𝑡𝐶𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, 𝑡𝑟𝑎𝑐𝑘0𝑥 , 𝑡𝑟𝑎𝑐𝑘0𝑦)
5 let 𝑜𝑢𝑡 ← ∅
6 ∀ 𝑝𝑜𝑖𝑛𝑡 ∈ 𝑡𝑟𝑎𝑐𝑘 \ 𝑡𝑟𝑎𝑐𝑘0
7 if 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 ≠ 𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦𝑝𝑜𝑖𝑛𝑡𝑐𝑜𝑙𝑜𝑟

then
8 let (𝑥,𝑦, 𝑓 𝑜𝑢𝑛𝑑) ← 𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛(𝑐𝑢𝑟𝑟𝑒𝑛𝑡, 𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦𝑝𝑜𝑖𝑛𝑡𝑐𝑜𝑙𝑜𝑟 , point𝑥 , 𝑝𝑜𝑖𝑛𝑡𝑦)
9 if 𝑓 𝑜𝑢𝑛𝑑 then
10 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑐𝑢𝑡𝐵𝑆𝑝𝑙𝑖𝑛𝑒 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, 𝑠𝑡𝑎𝑟𝑡𝑥, 𝑠𝑡𝑎𝑟𝑡𝑦, 𝑥, 𝑦)

else
12 let (𝑐𝑥, 𝑐𝑦) ← 𝑐𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, point𝑥 , 𝑝𝑜𝑖𝑛𝑡𝑦)
13 let (𝑛𝑥, 𝑛𝑦) ← 𝑐𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡 (𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦𝑝𝑜𝑖𝑛𝑡𝑐𝑜𝑙𝑜𝑟 𝑡, point𝑥 , 𝑝𝑜𝑖𝑛𝑡𝑦)
14 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑐𝑢𝑡𝐵𝑆𝑝𝑙𝑖𝑛𝑒 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, 𝑠𝑡𝑎𝑟𝑡𝑥, 𝑠𝑡𝑎𝑟𝑡𝑦, 𝑐𝑥, 𝑐𝑦)
15 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, 𝑐𝑥, 𝑐𝑦, 𝑛𝑥, 𝑛𝑦)

end
17 𝑐𝑢𝑟𝑟𝑒𝑛𝑡 ← 𝑟𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦𝑝𝑜𝑖𝑛𝑡𝑐𝑜𝑙𝑜𝑟
18 𝑠𝑡𝑎𝑟𝑡𝑥 ← 𝑛𝑥

19 𝑠𝑡𝑎𝑟𝑡𝑦 ← 𝑛𝑦

end
end

22 let (𝑐𝑥, 𝑐𝑦) ← 𝑐𝑙𝑜𝑠𝑒𝑠𝑡𝑃𝑜𝑖𝑛𝑡 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, current𝑙𝑒𝑛𝑔𝑡ℎ (𝑐𝑢𝑟𝑟𝑒𝑛𝑡 )−1𝑥 , current𝑙𝑒𝑛𝑔𝑡ℎ (𝑐𝑢𝑟𝑟𝑒𝑛𝑡 )−1𝑦 )
23 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑐𝑢𝑡𝐵𝑆𝑝𝑙𝑖𝑛𝑒 (𝑐𝑢𝑟𝑟𝑒𝑛𝑡, 𝑠𝑡𝑎𝑟𝑡𝑥, 𝑠𝑡𝑎𝑟𝑡𝑦, 𝑐𝑥, 𝑐𝑦)

Fig. 20. Create a closed B-spline according to a track.

cutBSpline (bspline,x1,y1,x2,y2)
1 let (𝑐𝑢𝑟𝑣𝑒1, 𝑡1) ← 𝑐𝑢𝑟𝑣𝑒𝐹𝑜𝑟𝑃𝑜𝑖𝑛𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒, 𝑥1, 𝑦1)
2 let (𝑐𝑢𝑟𝑣𝑒2, 𝑡2) ← 𝑐𝑢𝑟𝑣𝑒𝐹𝑜𝑟𝑃𝑜𝑖𝑛𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒, 𝑥2, 𝑦2)
3 if 𝑐𝑢𝑟𝑣𝑒1 < 𝑐𝑢𝑟𝑣𝑒2 then
4 let 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝑅𝑖𝑔ℎ𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒𝑐𝑢𝑟𝑣𝑒1, 𝑡1)
5 ∀𝑖<𝑐𝑢𝑟𝑣𝑒2−1

𝑖=𝑐𝑢𝑟𝑣𝑒1+1 : 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑏𝑠𝑝𝑙𝑖𝑛𝑒𝑖
6 𝑜𝑢𝑡 ← 𝑜𝑢𝑡 | | 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝐿𝑒 𝑓 𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒𝑐𝑢𝑟𝑣𝑒2, 𝑡2)
7 return 𝑜𝑢𝑡

end
9 if (𝑐𝑢𝑟𝑣𝑒 = 𝑐𝑢𝑟𝑣𝑒2 𝑎𝑛𝑑 𝑡1 ≤ 𝑡2) then
10 return 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝐿𝑒 𝑓 𝑡 (𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝑅𝑖𝑔ℎ𝑡 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒𝑐𝑢𝑟𝑣𝑒1, 𝑡1), 𝑡2)

else
12 return 𝑐𝑢𝑡𝐵𝑆𝑝𝑙𝑖𝑛𝑒 (𝑟𝑒𝑣𝑒𝑟𝑠𝑒 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒), 𝑥1, 𝑦1, 𝑥2, 𝑦2)

end

Fig. 21. Cut a B-spline at points (𝑥1, 𝑦1) and (𝑥2, 𝑦2).
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3.6 The Scissor Tool

To cut a drawing, the end-user draws a segment of line. All objects in the drawing repository that in-
tersect the segment are cut by it. Cutting open B-splines is easy: by simplifying
getIntersection (bspline1,bspline2,x,y), we obtain 𝑔𝑒𝑡𝐼𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛 (𝑏𝑠𝑝𝑙𝑖𝑛𝑒, 𝑠𝑒𝑔𝑚𝑒𝑛𝑡, 𝑥,𝑦). At each
intersection point, we use 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝑅𝑖𝑔ℎ𝑡 (𝑐𝑢𝑟𝑣𝑒, 𝑡) and 𝑑𝑒𝐶𝑎𝑠𝑡𝑒𝑙 𝑗𝑎𝑢𝐿𝑒 𝑓 𝑡 (𝑐𝑢𝑟𝑣𝑒, 𝑡) to split the
B-spline in two or more parts recursively. For closed B-splines, we also need to close back the parts
that are cut by stitching at the cut points using 𝑠𝑒𝑔𝑚𝑒𝑛𝑡 (𝑥1, 𝑦1, 𝑥2, 𝑦2).

4 IMPLEMENTATION OF SKETCHADOODLE

Now that we have exposed the various algorithms for direct manipulation of multi-stroke gestures
by Bézier curves and their corresponding pseudocode, this section demonstrates how to implement
them in SketchADoodle, an Android-based mobile application for drawing and capturing gestures.
The name SketchADoodle has been chosen for combining two concepts: a sketch consists of a
rapidly executed freehand drawing that is not intended as a finished work, often consisting of a
multitude of overlapping lines, whereas a doodle is often considered as a small mindless sketch.

SketchADoodle is accessible as follows:
• It can be freely downloaded from the Google Play store at https://play.google.com/store/
apps/details?id=com.grayswindle.sketchadoodle.
• A YouTube video demonstrating its usage is accessible at https://youtu.be/91slSprZsrI.
• A presentation of its functionalities is summarized in https://www.slideshare.net/jeanvdd/
sketchadoodle.
• The algorithms described in this paper were ported to JavaScript and can be also accessed
and downloaded from GitHub at https://github.com/GrolauxDonatien/SketchADoodleJS.

The UML V2.5 Class Diagram [10], as defined by OMG1, reproduced in Fig. 22, provides an
overview of SketchADoodle’s main classes and relationships. As required by the Android SDK,
𝑀𝑎𝑖𝑛𝐴𝑐𝑡𝑖𝑣𝑖𝑡𝑦 is the class that manages the main screen of the application.𝐷𝑟𝑎𝑤𝑖𝑛𝑔𝐴𝑟𝑒𝑎 is a custom
𝑉𝑖𝑒𝑤 that occupies most of the screen. This class displays the current drawing, and receives the
touch events generated by the user. As the action of each touch heavily depends on the active tool,
𝐷𝑟𝑎𝑤𝑖𝑛𝑔𝐴𝑟𝑒𝑎 forwards the events to a class representing the active tool at the time.
𝑇𝑜𝑜𝑙𝐿𝑖𝑠𝑡𝑒𝑛𝑒𝑟 defines the four events the tools are interested in. The first three (𝑢𝑝 , 𝑑𝑜𝑤𝑛, and

𝑚𝑜𝑣𝑒) correspond to touch events. The last one (𝑜𝑛𝐷𝑟𝑎𝑤 ) allows the tool to draw on top of the
current drawing. For instance, the glue tool draws a rectangular shaped gluing tape over the
current drawing while the user is dragging his finger. All these classes have a reference towards the
𝑈 𝐼𝑀𝑜𝑑𝑒𝑙 class. 𝑈 𝐼𝑀𝑜𝑑𝑒𝑙 has a role similar to a view-model of the MVVM software architecture
by encapsulating the data required by the view. This class implements the observer pattern for
the model of the UI state: which tool is selected, what is the current line color, etc. 𝑈 𝐼𝑀𝑜𝑑𝑒𝑙 also
provides a reference towards the 𝑅𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦 class that contains the data specific to the current
drawing, and the methods for its manipulation. It plays a role similar to a use case controller by
providing the high level commands used by the UI layer.
Internally, each drawn object is of one of three types: a B-Spline, a closed B-Spline with an

inside color and optionally one or more exclusion zones (also defined by closed B-Splines), or a
composition of them. The mathematical parts of the algorithms are delegated to the 𝐵𝑒𝑧𝑖𝑒𝑟𝑇𝑜𝑜𝑙𝑘𝑖𝑡
class while the manipulation of the repository data structure is kept in 𝑅𝑒𝑝𝑜𝑠𝑖𝑡𝑜𝑟𝑦. This separation
allows unit testing the algorithms of 𝐵𝑒𝑧𝑖𝑒𝑟𝑇𝑜𝑜𝑙𝑘𝑖𝑡 independently of the whole application. In
practice, this proved to be very beneficial: even if an algorithm is mathematically proven correct,

1See http://www.omg.org/spec/UML/2.5/
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its realisation using floating-point calculus can yield errors in edge cases. Debugging tools helps
a lot in identifying precisely the specifics of these errors. Even if Android Studio is a very good
IDE with an advanced debugging tool, having to run the whole application on a mobile phone (be
it a real or an emulated one) makes the debugging session unnecessarily slow and inconvenient.
As the application is written for Java, it was easy to isolate the edge cases and create unit tests
specifically for them, and run them natively on a proper computer. This paper focuses mainly on
the algorithms provided by 𝐵𝑒𝑧𝑖𝑒𝑟𝑇𝑜𝑜𝑙𝑘𝑖𝑡 , however we also describe the way 𝐻𝑎𝑛𝑑𝑇𝑜𝑜𝑙 transits
between different states depending on the number of fingers in action by the user.
The algorithms introduced in Section 3 are further refined in the SketchADoodle application

to improve their overall efficiency and usability as follows (Fig. 23):

MainActivity

+ onCreate(savedInstanceState)
+ onToolChange()
...

DrawingArea

+ onTouchEvent()
+ onToolChange()
+ onDraw(canvas)
...

<<interface>>
ToolListener

+ up(event)
+ down(event)
+ move(event)
+ onDraw(canvas)

HandTool

- state

DeleteToolBucketTool GlueToolCutTool LineTool

Repository

+ iterator()
+ count()
+ clear()
+ delete(x,y)
+ cut(segment)
+ glue(segment)
+ getShapeAt(x,y)
+ floodfill(x,y,color)
...

BezierTookit

+ scale(points) <<static>>
+ move(dx,dy) <<static>>
+ scale(factor) <<static>>
+ rotate(angle) <<static>>
+ fitting(points) <<static>>
+ approximateCurveBySegments(curve,tolerance) 
<<static>>
+ pointOnCurveAt(curve,t) <<static>>
+ edgesToTracks(edges) <<static>>
+ consume(edges) <<static>>
+ findNeighbourPoint(edges,pa) <<static>>
+ createFilledArea(tracks,repository) <<static>>
+ closestPoint(bspline,x,y) <<static>>
+ closestPointOnSegment(segment,x,y) <<static>>
+ intersection(bspline1,bspline2,x,y)  <<static>>
+ intersectAll(segments1,segments2) <<static>>
+ segment(x1,y1,x2,y2) <<static>>
+ createClosedBSpline(track,repository) <<static>>
+ cutBSpline(bspline,x1,y1,x2,y2) <<static>>

<<interface>>
ShapeInterface

+ getDistance(x,y)
+ getControlPoints()
+ move(dx,dy)
+ scale(factor)
+ rotate(angle)
+ draw(canvas)
+ cut(line)
...

BSpline

- points
- lineColor

FilledBSpline

- points
- lineColor
- backgroundColor

ShapesComposite

- shapes

0..*

UIModel

- repository
- color
- strokeWidth
- strokeEffect
- tool

+ getters
+ setters
+ addListeners
...

Fig. 22. UML class diagram of SketchADoodle.
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Undo

Freehand drawing

Fill with color

Move/Resize/Rotate

Cut

Delete

Glue

Stamp/Copy

Palette

Color picker

Fig. 23. SketchADoodle and its tools corresponding to operations.

• Undo operations are implemented thanks to the Memento pattern2, a software design pattern
restoring an object to its previous state via rollback [22].
• The free hand drawing tool supports an arbitrary number of touches which draw their own
independent B-spline.
• The move, resize and rotation tool supports all variations of touches. For example, one can
start dragging a shape with the left finger, add the middle finger to initiate a rotation, lift the
left finger and move the shape using the middle finger, add back the left finger and so on.
• Splines are drawn with a configurable width, color, and style. In particular, the algorithms
described in this paper do not take the width into account.
• The scissor tool has a rectangular shape instead of a line with no depth. With a line, a B-spline
cut in two results in two B-splines that are so close together they still look like a single one.
This was rather confusing for users. Using a rectangle instead of a line removes a whole
part of the B-spline and the result is more obvious. The implementation involves cutting
according to the four sides of the rectangle, and remove the parts left under it.
• Because the drawing abstraction is unusual w.r.t. other applications, the first time a tool is
selected a small animation is played that exemplifies its use. We used the interpreter design
pattern to implement a tiny language that supports these animations.

The implementation is also optimized for speed and memory usage:

• We have already addressed the approximation of B-splines by collections of segments of
line. For all B-splines, the application creates and caches the approximations on demand, and
invalidates them when moved, scaled, or rotated.
• Frequently, the algorithms look for intersections between two B-splines. Bézier curves are
so that they are fully contained in the bounding box of their control points. Consequently,
two Bézier curves cannot intersect if their bounding boxes are not intersecting. The same
conclusion holds for two B-splines. Computing a bounding box is very fast and checking that
two boxes intersect each other is also very fast. The implementation uses this fact to avoid
unnecessary computations when possible.
• The implementation uses the right data structures for the right use. For example, findNeigh-
bourPoint looks like an exhaustive search over a list. In fact, the information is directly
available on the buffer onto which we ran the flood fill algorithm. For a given point, we just
need to check the points directly above, below, at the left or at the right.

2See http://w3sdesign.com/?gr=b06&ugr=proble
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• Weused the Android Profiler3 software to detect bottlenecks and correct themwhen necessary.
For example, we detected that the reference flood fill algorithm implemented at first was very
memory intensive. On slower devices, this algorithm would take up to 5 seconds to fill an area
roughly the size of the whole screen (worst case scenario). Consequently, we implemented a
well-known variation of the algorithm where a single object manages a contiguous line of
pixels instead of having an individual object for each pixel. The speedup is around 10 times
faster in practice.

The current implementation exhibits a satisfactory behavior in most cases, even on slower
devices. For simple drawings, most operations complete almost instantly (<300ms), and at worst
stay reasonably fast (<1000ms). As the drawings become more complex (hundreds of B-splines),
the response time starts declining depending on the CPU of the device and the memory available.

5 EVALUATION OF SKETCHADOODLE

As pointed out in Section 4, SketchADoodle’s response time remains below 300 ms most of the
time on a normal smartphone and below 1000 ms on a low-end device. In order to test this fluidity
and the overall usability of SketchADoodle as an application implementing multi-stroke gestures
by Bézier curves, we conducted a user study based on a task to determine to what extent they
assess the results. This section therefore describes the method followed for this user study, reports
on the results, and discusses its output.

5.1 Method

5.1.1 Recruitment. We conducted a user trial of 𝑁=26 participants (11 females, 15 males), aged
between 19 and 66 years (𝑀=32.54, 𝑆𝐷=11.53 years), who were recruited from a database of
volunteers, employees of our organisation, students coming from computer-related disciplines
(e.g., digital strategy or ECG’2020 conference) and having different ages and backgrounds. Some
participants were invited via e-mail to participate in the experiment: an e-mail was sent to them
along with an introduction text about the problem (scenario), instructions about the task to be
performed with the SketchADoodle application, and a form to fill-in the IBM PSSUQ (Post-Study
System Usability Questionnaire) questionnaire [31], an evolution of the IBM CSUQ questionnaire
[30]. Other respondents were not submitted to any selection procedure, apart from checking that
they are a regular smartphone user and no hand disability (e.g., a dexterity problem) is self-reported.

5.1.2 Consent. Each participant performed the experiment in a controlled environment : a quiet
office environment. Prior to the task, each participant was welcomed, had the process explained to
them, signed a GDPR-compliant consent form, and filled in a questionnaire on their demographic
background.

Student
27%

Executive
15%

Employee
46%

Independent
4%

Retiree
4%

Unemployed
4% Profession

Female
42%

Male
58%

Gender

0

5

10

15

20

25

7654321

Usage frequency

Computer Smartphone Tablet Game Kinect

Fig. 24. Distribution of the population sampling in the experiment: (a) by profession, (b) by gender, (c) by

frequency of device usage.

3See https://developer.android.com/studio/profile/android-profiler
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5.1.3 Demographic measurements. Through a demographic questionnaire, the participants were
asked to provide some personal information for statistics such as age at the time of the experiment,
gender, profession, domain of activity, their background. Each participant was also asked to self-
report her familiarity with five devices (1=minimum, 7=maximum, on a Likert scale [33]): computer,
smartphone, tablet, game console, Kinect-like device. All participants revealed a frequency of device
usage matching the desired profile: they are all sufficiently frequent computer users, particularly
the smartphone (Fig. 24).

5.1.4 Training. After the questionnaire was completed, the participant installed SketchADoodle
from the Android Play Store on her smartphone to preserve familiarity with the device. Each
participant spends up to 5 minutes to get acquainted with SketchADoodle, but could finish early
if she wanted.

Fig. 25. Main steps of the task scenario.

5.1.5 Task. Participants were instructed to perform a task comprised of the following steps:

(1) Perform the drawing scenario (Fig. 25): draw a cat’s face using the Freehand drawing; paint
the interior with the bucket fill tool; draw two separate green cat eyes outside the face; drag
them on their very right position on the face; glue them on the face to create a complete face;
rotate the resulting face downside using the Resize tool; issue an Inuktitut4 word as specified;
save the results into a file sent to the experimenter using the Share tool. Drawing a cat was
assumed to be a familiar animal that does not require any pre-requisites.

(2) Fill a IBM PSSUQ form: this questionnaire [31] enables participants to express their level of
satisfaction with the usability of the setup and the testing process. This 16-question ques-
tionnaire has been empirically validated with a large number of participants on a significant
set of stimuli [32], it is widely applicable for any interactive system [31], it benefits from a
proved 𝛼 =0.89 reliability coefficient between its results and the perceived system usability
[30], and a rigorous procedure for administrating this questionnaire is recommended and
followed [42].

5.2 Results

Each session is observed by the experimenter equipped with a chronometer to capture the task
completion time. The task completion rate is measured in percentage (%) with respect to the goal
of completing the entire task. Each IBM PSSUQ closed question is measured using a 7-point Likert
scale [33] (1=strongly disagree, 2=largely disagree, 3=disagree, 4=neutral, 5=agree, 6=largely agree,
7=strongly agree) and the following measures are computed: system usefulness (SysUse: Items 1-6),
quality of the information (InfoQual: Items 7-12), quality of the interaction (InterQual: Items 13-15),
and system quality (Overall: Items 1-16). The answers provided by participants are entered into a
MS Excel Spreadsheet.

4One of the principal Inuit languages of Canada spoken in all areas north of the tree line, including parts of the provinces of
Newfoundland and Labrador, Quebec. Source: https://en.wikipedia.org/wiki/Inuktitut. This word was selected as it was
expected to be unknown by participants and to issue gesture recognition based on another software, which is outside the
scope of this paper.
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Fig. 26. Distribution of IBM PSSUQ answers and aggregated metrics.

5.3 Discussion

Overall, all participants succeeded to complete the scenario (for all of them, the task completion
rate is 100%) in a reasonable amount of time between 3 minutes and 15 minutes. (𝑀=6.42 minute,
𝑆𝐷=3.76 minute). Fig. 26 shows the distribution of participants’ answers per IBM PSSUQ question,
ranging from Q1 to Q16. The average values of these questions are then aggregated into the
four PSSUQ metrics, which are computed in the right part: SysUse (𝑀=5.41, 𝑆𝐷=0.59), InfoQual
(𝑀=4.89, 𝑆𝐷=0.78), InterQual (𝑀=5.51, 𝑆𝐷=0.57), and Overall (𝑀=5.24, 𝑆𝐷=.66), all computed with
a 95% interval of confidence (𝛼=.05). A general observation of Fig. 26 suggests that the subjective
satisfaction of participants involved in the experiment follows a rather positive trend. In particular,
“Q1. Overall, I am satisfied with how easy it is to use this system.” suggests that the general attitude
of participants regarding the whole process supported by SketchADoodle could be interpreted
as satisfying (𝑀=5.81,𝑀𝑑=6, 𝑆𝐷=0.72) with respect to the goal of the question Q2 “It is simple to
use this system.” which no “very bad” score has been given by nobody, which is also the case of
Q3 “I can effectively complete my work using this system.” and Q5 (“I am able to efficiently complete
my work using this system.”. For the error management, some users found it difficult to correct
their errors because they could not find the correct information by (“Q7. The system gives error
messages that clearly tell me how to fix problems.” and (“Q8. The information (on-screen messages and
guidance or other documentation) provided with this system is clear.” However, the limitation of the
error management, in addition to “the easy way to use the system”, participants also shows that
the interface of this system is pleasant with their all positive answer in Q13 and a vast majority of
positive trend in the “Q14.I like using the interface of this system.”
This is also confirmed by the relatively acceptable scores aggregated in the 4 categories, i.e.,

System usefulness, quality of the information,quality of the interaction and system quality, from
the PSSUQ questionnaire [30]. Indeed, the results of the presented analysis show that the average
score for all categories is between 4.8 and 6. Overall, participants did appreciate the easy use and
quality interaction they have had. All values are beyond the threshold of 4 (which represents a good
value), but below 5 (which represents an excellent value in average), a range that is empirically
assessed as positive [42].

6 CONCLUSION AND FUTUREWORK

In this paper, we first revisited the concept of Bézier curves to characterize touch-surface multi-
stroke gestures and to store them into a new Bézier-based data structure that is different from the
traditional bitmap-based approach. This characterization was not just for expressing gestures as
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vectors instead of points, but mainly to engineer their real-time manipulation and editing by end-
users, which was not doable with the bitmap representation. For example, simple editing operations
like cut, crop, deform, compose, decompose are hardly achieved in the bitmap representation:
it is nearly impossible to cut a multi-stroke gesture into pieces without interpolating points in
an intelligent way and it is even more complicated to select several strokes and to compose
a new gesture by concatenating them. All these operations, particularly those requiring direct
manipulation, are made possible thank to the Bézier structure, which then required to invent a
new set of algorithms working on the Bézier curves for the purpose of gesture manipulation and
engineering. We therefore defined a set of algorithms for common gesture operations, such as
draw, move, rotate, resize, compose, slice, colorize at a higher level of abstraction than with the
bitmap representation. For each algorithm, the method is described, the pseudo-code is provided
and explained to facilitate reusability. To demonstrate such an engineering of gesture operations,
we developed SketchADoodle, a free-to-download Android-based mobile application developed in
Java that is efficient enough to run smoothly on an average smartphone. To foster reusability of this
engineering approach, the core library for the drawing abstraction containing the algorithms (some
being new, some others being adaptation of existing algorithms [6]) described in this document
was translated to JavaScript and released on GitHub. We make no claim that our approach is better
or worse than other Bézier-based approaches which are popular in commercially available vectorial
drawing applications. These software are developed for another purpose. We however show that our
approach can accommodate the real-time constraints imposed by direct manipulation of gestures,
which was not permitted in the same way by bitmap-based approaches.

In order to investigate these capabilities, we are for the moment creating several vocabularies of
gestures, some of them being compositions of some others, rescaling, or rotations, or more complex
combinations. For instance, several alphabets are representative candidates for this purpose, such
as the Moore alphabet and the Inuktikut language.
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