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Abstract

This paper investigates the hedging of equity-linked life insurance portfolio for loss-averse insurers. We con-
sider a general arbitrage-free financial market and an actuarial market composed of n—independent policyholders.
As the combined market is incomplete, perfect hedging of any actuarial-financial payoff is not possible. Instead,
we study the efficient hedging of n—size equity-linked life insurance portfolio for insurers who are only concerned
with their losses. To this end, we consider stochastic control problems (under the real-world measure) in order
to determine the optimal hedging strategies that either maximize the probability of successful hedge (called
quantile hedging) or minimize the expectation for a class of shortfall loss functions (called shortfall hedging).
We show that the optimal strategies depend both on actuarial and financial risks. Moreover, these strategies
adapt not only to the size of the insurance portfolio but also to the risk-aversion of the insurer. Under the
additional assumption of complete financial market, we derive the explicit forms of the optimal hedging strate-
gies. The numerical results show that, for loss-averse insurers, the optimal strategies outperform the optimal
mean-variance hedging strategy, demonstrating the relevance of adopting the optimal strategy according to the

insurers’ risk aversion and portfolio size.

KEYWORDS: Efficient hedging, Super hedging, Incomplete market, Insurance portfolio, Loss-averse.

1 Introduction

Equity-linked life insurance contracts are characterized by their dependence on both hedgeable and non-hedgeable
contingent claims. While the pricing and the fair-valuation of these contracts have been widely discussed in the
literature, see among others [1, 10, 12, 27|, the question of hedging, especially for loss-averse insurers, receives less
attention. Nevertheless, this question is an essential one and is very important, if not more important than the
question of pricing, as the insurance market is by definition incomplete. A perfect hedging strategy for any financial-
insurance payoff does not exist, and therefore insurers are exposed to losses. The life insurers’ profit and loss (P&L)
depends both on the observed mortality of their portfolio and on how they invest the premiums received, which is the
only thing they can control. The insurers must therefore think about how they will invest all the premiums received

s0 as to honour their obligations to their policyholders and to minimize their losses, whatever adverse situations arise.

Different hedging approaches for equity-linked life insurance portfolios have been proposed in the literature. [21, 22]
first introduced risk-minimizing hedging strategies based on quadratic hedging criteria. These risk-minimizing hedg-
ing results were then extended to other models and frameworks: [29] considered an incomplete financial market,
[9] assumed systematic mortality risk, and [6] considered partially observable market models. Other approaches for

hedging equity-linked life portfolios were also examined: [23] studied hedging strategies associated with financial
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variance and standard deviation principles; [3, 12] introduced convex hedging strategies; [2] studied robust hedging
strategies for an insurer seeking to maximize its profit; and more recently, [4, 7] investigated loss-averse convex
hedging approaches for insurers giving more importance to losses than to gains. Note that, as hedging of insurance
portfolios is closely related to asset and liability management (ALM), we can also refer to [16, 19] that study optimal
ALM strategies in expected utility frameworks. Nevertheless, the question of the optimal hedging of life insurance
portfolios, considered as a whole, for loss-averse insurers that only focus on losses has not yet been addressed. This
paper, therefore, aims to fill this gap. For this purpose, we will consider insurers who give absolutely no satisfaction
to profits and whose sole aim is to minimize their losses. This framework can be seen as the limiting case where
the coefficient of loss aversion tends towards infinity. For this type of insurer, on the one hand, it is important to
consider the global hedging of the portfolio and not individual hedging for each contract composing the portfolio;
on the other hand, it is important to determine the optimal strategy by formulating the problem in terms of the

real measure P, so as to include all possible situations, even the most severe, that insurers may have to face.

To reflect the profile of insurers who are concerned with the downside only, we consider the partial hedging of
equity-linked life insurance portfolios using shortfall loss functions. The partial hedging strategies studied in this
paper therefore aim to either maximize the probability of successful hedge (called quantile hedging) or minimize a
function of the shortfall loss (called shortfall hedging) under the real measure P. These hedging techniques were
primarily studied by [14, 15] and then extended to several fields and settings. In incomplete financial markets, [18]
extended the strategy in a stochastic volatility environment, and [24] extended it to rough volatility models. In
defaultable markets, such as the insurance market, [25, 30] considered the partial hedging of defaultable claims,
while in actuarial sciences, [20] studied the efficient hedging of life insurance contracts. However, these different
approaches, in defaultable markets, essentially consider only one default risk and not multiple default risks. In
practice, insurers mutualize their risks by considering sufficiently large portfolios. The study of optimal hedging for

portfolios subject to default therefore seems very relevant.

To the best of our knowledge, this paper is the first to investigate the optimal hedging of n-size life portfolio
for loss-averse insurers that only focus on their losses. To this end, we consider quantile and shortall hedging
approaches applied in a general financial-actuarial mathematical framework. Although [20] discussed the risk-
management of a life insurance portfolio in the context of quantile hedging, the optimal strategy is never deduced.
Moreover, as the quantile hedging approach does not control the severity of the losses, it is quite interesting to
also consider shortfall hedging strategies for insurers seeking to control the size of the loss. The hedging problem
considered is thus formulated as a stochastic control problem with a stochastic target that depends both on financial
risk (the value of the financial payoff) and actuarial risk (the number of alive policyholders). Based on the theory of
super-replication, initially introduced by [8, 13], we show that optimal strategies are equivalent to (super) hedging
strategies of modified payoffs that depend on both financial and actuarial risks. Moreover, we prove that the optimal
strategies adapt to the size of the portfolio as well as to the insurers’ aversion. Assuming, additionally, that the
financial market is complete, we deduce explicit forms for the hedging strategies. Finally, we demonstrate through
numerical results that optimal strategies outperform the mean-variance hedging strategy, showing the relevance of
using the right strategy depending on the size of the portfolio and the risk aversion of the insurers, especially if the

size of the portfolio is large.

The paper is outlined as follows. In Section 2, the mathematical framework for financial and actuarial markets
is presented, and the hedging problem is posed. In Section 3, we consider the quantile hedging approach, deduce
the optimal (super) hedging strategy, and provide the explicit form of the optimal strategy in complete financial
markets. Then, in Section 4, we consider the class of shortfall hedging problems in order to determine hedging



strategies that account for the size of the losses. As for the quantile hedging case, we characterize the optimal
strategies and deduce, in complete financial markets, the explicit forms of strategies for shortfall and quadratic
shortfall losses. Finally, in Section 5, we provide numerical applications in a Black and Scholes framework and

compare the optimal strategies with the mean-variance hedging strategy.

2 Mathematical framework

In this paper, we work with a financial market composed of two traded assets: a risky asset S := (S;);>0 and
a risk-free asset B := (By);>0- The financial market probability space is given by (Q/,F/, P/) equipped with a
filtration (.th )t>0 satisfying the usual conditions. We make the assumption that the financial market is arbitrage-
free. Under this assumption, we know that there exists a set of equivalent measures under which the discounted

value of the risky asset is a martingale. This set is denoted by Qf such that
! I oo ’ S : !
Q7 :={Q’ : equivalent to P’ and B is a martingale under Q’ }.

Our aim in the following is to consider the optimal hedging of insurance-financial payoffs by trading in the financial
market. In this sense, we consider a self-financing hedging portfolio denoted by V' := (V;);>0 and defined, for ¢ > 0,
by

dB
dVy = (Vi — gtSt)Ft + &:dSt, (1)
t

‘/0:1}07

on (Qf, F/, PF), where ¢ := (&)¢>0 is an admissible dynamic hedging strategy i.e. £ is a F/ —progressively measur-
able process such that, for all ¢t > 0, E(V;?) < +oc. At this early stage, we can first consider the hedging of purely
financial payoffs of the form Hp € .7-"% with 7" > 0 a fixed maturity. As the financial market can be incomplete, not
every contingent claim Hp € ]-'{1 can be perfectly replicated by a hedging portfolio, but super-replicating hedging

strategies exist. As shown, for example, in [8, 13], for a T—maturity given claim Hp € ]-'%, if

H
vo= sup E9’ (T),
Qfegf

then there exists a super-replicating hedging strategy i.e.
J¢e Ast. Vo> Hp P —as.

where A is the set of all admissible hedging strategies valued in R. In particular, if in addition the financial market

is assumed to be complete, such that the set of equivalent measures reduces to a singleton, i.e. Qf = {Qf }, then

~ HT
_ EQf -1
Vo <BT ) )

3¢e Ast. Vo= Hp PP —as.

for

a perfect hedging strategy exists i.e.

and the value at time ¢ € [0, T] of the perfect hedging portfolio is given by

~¢ [ B
V, = B9 (B;HTlftf).



We now introduce the life insurance market, described by the probability space (Q%, F%, P*) equipped with a
filtration (F7),~,- We assume that the remaining lifetime of an z—year-old individual is a random variable denoted
by 7, and defined on (Q2, Fe, P*). The mortality rate is noted (fg+():>0 and the probability of survival from age
z till age z + ¢, for t > 0, is noted ;p, := ET" (exp (— fot u$+sds> ) We assume that the insurer has a n—size
portfolio with policyholders from the same cohort, such that for i = 1,...,n, x; =  and g, ++ = fz4¢. In this case,
the remaining lifetime of the i*” policyholder is denoted by 7; and 74, ...., 7, are assumed to be independent. If we
define, for i = 1, ..., n,

Nti = 1>

then the total number of policyholders remaining at time ¢ is defined by
n
N, = Z NI
i=1

In the following, we will focus on the combined model denoted (2, F, P), which is defined as the product space of
the two individual spaces, financial and actuarial. We let Q := Qf x Q® and P := P/ ® P®. The o—algebra F is
generated by all subsets of null-sets from F®® F/ and the associated filtration is denoted by (Ft)y>0- We make the
standard assumption that actuarial and financial risks are independent. In this setting, 7/ and F @ martingales are
martingales in (2, 7, P). Even if the financial market is assumed to be complete, the combined market is incomplete
since the mortality risk cannot be perfectly hedged. Therefore, we know that the pricing measure is not unique and
that there exists a class of equivalent martingale measures denoted by Q such

Q :={Q : equivalent to P, and % is a martingale under Q}.

For any contingent claim of the form g(St, N7) € Fr, with T' > 0 a fixed maturity and g(x,y) a positive function
increasing in y, we can characterize the super-replication price as the super-replication price of a f:’;—measurable
payoff. This is the purpose of the next proposition.

Proposition 1. Let g(x,y) a positive function increasing in y, then
S, N S
sup B9 <g( X T)> = sup E9f (g( T’n)>.
QeQ Br Qfeo’ Br

Proof. The proof relies on Propositions 12 and 13 in Appendix 7.1. First, by independence between financial and

actuarial probability spaces, we observe that
g(St, N a(g(ST, N
sup E®? (( T7 T>> = Sup sup E‘Qf®Q ( ( T, T))7

Qe Br QfeQf QueQn Br

where Q% is the set of measures equivalent to P®. Then, on the one hand, since g(x,y) is growing in y and Np < n,
we observe that, for all Q7 € Q7,

sup ERIeQ" (g(ST’NT)> < EQr (g(STm))
QeeQe Br Br

On the other hand, using Proposition 13, for ¢ > —1, for all F{'—adapted process (h¢)¢>o such that for V¢ > 0,

h; > —1 almost surely and for all Qf € Qf, there exists an equivalent martingale measure Q- € Q such that

: Qne g(STaNT) _ Qy g(ST7n)
SEHJIE ( BT = b BT '



Therefore, we have that, Q' € QFf,

sup B OQ° (9(ST7NT)) _ gQ <9(5T,n))
Qaega BT BT

and we easily conclude that

sup B <g(ST’NT)> = sup EY (g(ST’n)>.
QeQ Br Qfeof Br

O

Suppose now that the insurer guarantees to its policyholders a stochastic positive amount Hp € ]-"7’: if they are alive
at a predefined maturity 7" > 0. In this case, the total liability of the insurer at maturity is given by

H%Otal = Np x Hy € Frp.

To meet its liabilities, the insurer constructs a hedging portfolio denoted by V and driven by an admissible hedging
strategy ¢ that evolves as (1). In the best of all possible worlds, the insurer would like to find a strategy that
perfectly replicates its liabilities. Due to the incompleteness of the global market, perfect hedging strategy does not
exist for any contingent claim H%Ot’” € Fr. However, if

HTotal SuprEQf EQf <7’l X g;:)7
vg = sup EQ< ; > = ) ) (2)
QeQ T EQf(nXIIg;) if Qf:{Qf}.

then there exists a super-replicating hedging strategy i.e.
3¢e Ast. Vp > HE P — q.s.

The super-replication price of the total liability (2) is actually too expensive, even if the financial market is complete,
to be competitive in practice, which is why the insurer is not going to build the super hedging strategy. In fact, the
premium that the insurer has to charge its policyholders for super hedging is the price of the same product without
the mortality risk. Policyholders would therefore have no interest in choosing the insurance product over the financial

product since the financial product is less risky for them and, consequently, the insurer would not have any business.

In what follows, we will assume that the insurer sells its life product at a total price V{ such that

Vo < SUPgseor EQ’ (n X g;) and that this agent is loss-averse. So, instead of seeking to maximize the final value

of its P&L and therefore its profit, its main aim is to limit the events leading to losses and also to control the size
of these losses. Based on its own risk aversion, the insurer can define an efficient hedging strategy.

On one hand, the insurer can seek to maximize the probability of successful hedge. Thus, in this case, the insurer
constructs a strategy to maximize the probability (under P) that the terminal value of the hedging portfolio is
above the total payoff. From a mathematical point of view, the problem reduces to the following stochastic control
problem:

P(Vip > HTotal 3
pna (Vo = Hp*™), (3)

under the initial constraint
vy < V.

On the other, the insurer can seek to minimize the loss resulting from the hedging operation. In this case, the



insurer constructs a strategy to minimize the expectation of a class shortfall loss functions. This problem can be

written as stochastic control problem of the form:

o 27 (o(Ee - v ) ) (1)

with L € C', under the initial constraint
v < Vp.

Such hedging strategies are called quantile hedging or shortfall hedging strategies and were initially studied by
Follmer and Leukert in [14, 15]. The difference with the Follmer and Leukert setting is that here we have both
financial and actuarial risks. Note that [20] has already studied efficient hedging of equity-linked insurance contracts
and has shown that the optimal quantile hedging strategy, when n = 1, is the quantile hedging strategy of the purely
financial payoftf Hr € ]-':f« (without actuarial risk). However, although the risk management of portfolios is discussed,
the optimal hedging strategies are not deduced when n > 1.

In the following, we will study quantile and shortfall hedging strategies applied in the context of hedging a n—size
life insurance portfolio for n > 1. Under suitable hypotheses, the stochastic control problems studied in this paper
can be solved using dynamic programming techniques like solving the Hamilton-Jacobi-Bellman (HJB) equation
as it was done in [18, 24]. Nevertheless, instead of applying those techniques, we will use the super hedging
theory to characterize the optimal strategies. In this sense, we will transform stochastic control problems into
static optimization problems. This allows us to derive that optimal hedging portfolios are actually the (super)
replication hedging portfolios of }'%—measurable modified payoffs. Moreover, when the inital super-replication
prices of modified payoffs are attainable for an equivalent measure in Q7. then we can deduce explicit forms for the
optimal strategies. The advantage of this approach, compared with dynamic programming techniques, is that it
allows to easily characterize the strategies, and as soon as the financial market is complete, explicit forms of optimal

hedging strategies can be deduced even if the financial framework is not Markovian'.

3 Optimal quantile hedging strategy

In this section, we solve the introduced quantile hedging problem (3). To this end, we introduce the sets of sucessfull
financial hedge A4,..., A, € ]-":fi defined as

Ai = {VT > Z"E[T}7 1= 17...,7’L,

and we show that the dynamic optimization problem (3) is equivalent to a static optimization problem that allows
to characterize the optimal strategy.

Theorem 2. Let p; :== P(Nyp =1i) and A} € .7-'7]:, i =1,...,n the solutions of the following problem

n
max EP(Z]lAi X pi> + po, (5)
A, AnEFS, Aip1 CA; P

under the constraint

H ok ¢ (Hy &
Q T — Q T W
sup F < X 1n,.>1 E ]lA,;) sup F <>< E ]1Ai>§vo.
QeQ Br = P ofeaf Br &~

IThere exist different non-Markovian complete financial markets, such as, for example, fully-endogenous rough volatility or path-
dependent volatility models.



Let €21 denote the (super) replicating hedging strategy for the modified payoff
HPZ™ = Hp x> 1. (6)
i=1

Then (Vy, 9 solves the stochastic control problem defined by (3), and

n
max __ P(Vp > Hp*'') = EP(Z La; x pi> +Po-
voERL, EeA s.t. vo<Vp =1 !

Proof. 1) Let us denote a solution to the Problem (5) by A* € Fi, i = 1,...,n such that A7, C A For any
admissible hedging strategy with vy < Vj, we first observe that the associated success set is given by

Lvrzagorsty = Inr=0 D Livezi iy Lne=i)-
i=1

Moreover, we have that, P—almost surely,

VT Z H%—‘Otal 1{VT2H:11:0tal}

= Hr X Nr 1y >Hyr xNr}
Nt
= Hp X Iny>1 Y Lvesi me)-

i=1

Therefore, for A; = {VT > iHT} € ]-"% such that A;11 C A;, we observe that,

1% H T,
& T T
Vo > vy > sup B <> > sup B¢ <BT X Liny>1y E 1Ai>,

QeQ T QeQ -1
H n

= sup B (T XZ]IA'L)
QreQfs Br =

for any @ € Q, since nonnegative local @Q—local martingale V is super martingale, this implies

E" (1{VT>H%“W}> = EP(Z]lAi X Linp=ip + ]l{NT—O})

=1

< EP(Z]IA; X ]l{NT:i} + 1{NT—O}> (7)

i=1
n

EP(Z Ly; % pi) + Po,
i=1

and thus

n
max _ P(Vp > HE™ < EP<Z Ta- X pi) + po. (8)
voERY, EEA s.t. vo<V) = !

2) Let now consider the hedging strategy ¢9F € A associated the (super) hedging for the modified payoff HJQH =

n Q HQQH
Hr x Y1) Tax such that supgreor E97 |

) < Vp. In this case, if we denote V7 the portfolio with initial value



Vp that evolves according to the hedging strategy ¢9¥ | we have that
VT > ngHa

P—almost surely.
The corresponding maximal “success set” satisfies

EP (1{VT>H%Otal}> Z EP (1{H$H2H%‘otal})

=E" Tine=0y + Linp>13 Uqarxr Las ZNTHT}>

|
=

i=1

! (]l{NT—O} + D Dvp—iy X ]1{HT1A;>HT}>

n
=E" Z]I{HTﬂAszT} X pi) + po
i=1

Fori=1,...,n, let define A; € ]-"% such that
Ai = {HT]IA: > HT} D) A:

and 1211'_;'_1 - 1211
Thus, we deduce that

E? <11{VTZH%M,}) > EP<Z 1 x pi) + po (9)
i=1
> EP(ZHA; sz) + po-
i=1
Combining (7), (8) and (9), we have that
ma P(V- >HTotal :EP< 14 x z>+
U0€R+7€€A}S(.t. UOSVO ( = T ) ; A"’ P Po
:EP <]]'{VT>H%Otal}) 5
and the optimality of the strategy (Vj,£2H) in Problem (3) follows. O

Remark 3. The existence of a solution to the problem (5) follows from the Proposition 14 in Appendix 7.2.

The previous theorem shows that the optimal quantile hedging of a n—size life insurance portfolio is linked to a
(super) replication strategy of a modified financial payoff that takes into account the actuarial risk through the
probabilities p; := P(Np =), i = 1,...,n. In general, for an incomplete financial market, we cannot unfortunately
deduce the explicit form of the optimal sets A¥, i = 1,...,n solving problem (5). However, if the financial market

is assumed to be complete, or more generally, if there exists an equivalent martingale measure Q/ € Q/ such that,
for all sets Aq,..., A, € }"%, A1 CA;,

o (Hr _ < _of (Hr o
sup E (BTXZnAi)_E (BTXZHAJ,

Qfeof i=1



then we can deduce the explicit form of the optimal sets A} associated with the optimal quantile hedging strategy.

This is the purpose of the next proposition.

Proposition 4. Supppose that 3Q7 € Qf such that, Zy = de |T and for all sets Aq,..., A, € .7-"{;, A1 C A,

- H n
sup B’ ( Zm);ﬂf(;;xzn,%),
i=1

Qfegf

then the optimal solution to the problem (3) is such that

n
max  P(Vp > HEWl) = EP<Z Las x pZ-) + 1o
vo€ER Y, E€EA s.t. o<V -

where

with:

. 2 io1Py
oan:mln(n,p"ﬂ)”l,..., =),

. . e Pj
o fori=1,..,n—1, o = max (aiH?mlnkL“,i (%J;ilj) ),

e \*is such that

Moreover, the optimal hedging strategy 9 is the admissible strategy associated to the (super) hedging of the
modified payoff Hr x 37" | T:.

Proof. By Slater’s condition (see for example Theorem 3.11.2 in [28]), strong duality holds and the constrained
optimization problem (5) is equivalent to

n B HT n
i EP 1a X p; AV - EQ(ZE T4

) "7A7L€~F7f‘7Ai+lgAi i—1

or
n

n
Hr =
min max EP< 14, xp;) “AEY < X ]lAv) +po+A Vg
AERY A, Ap€FS Aipr CA ; e Br ; '

Furthermore, as A;,..., A, € ]—'% such that for i =1,...,n—1, A;11 C A; and A € Ry, we observe that,
EP i]lA,Xpi —)\EQf &Xi‘ﬂf‘.
1 BT v 1
" ZnA «pi— A Zp L XZM)

-~ H ~ H -~ H
P _ =T _ =T _ or
=F (]lAl(pl )\ZTBT—f—lAZ(pQ )\ZTBT—f—...-i-lA (pn )\ZTBT> )))
. H - H Hr
P T T
<E ( M( /\ZTBT+]lA2(/\)(p2—)\ZTBT+...+]lgn(/\)(pn AZTBT> >>>

A\ = {pn > ) ZTE} (10)

with



and fori=1,...,n—1,

_ n . H n
Ai(\) = {pi + Z Tz,00pPi 2 AZT?Z <1 + Z ]IA]»(,\)> } (11)

j=it+1 j=it1
In this case, by taking A5 (), ..., AL () € ]-'qf such that

)

AT = [ 40, (12)

j=1
as fori=1,..,n—1, A7 ;(\) € Aj()), we deduce that, for A € Ry,

. H
max EP<Z]lAi Xpl.) B (BT x zhi)
T =

Al,...,AnE]:,{w, Ai+1 CA;

=1
(N N e (Hr N
=E (;hm) ><p1> \NE <BT x;h:(x))-

Moreover, by duality, we obtain that

EP(ZHA; Xpi) + o
i=1

n _ Hr
i 27 (v ) e (15 (S

n . B ;[ H
EP<ZHA:<») X p) +po + A <Vo - E9 (B; x ZM;(»)))
=1

i=1

n n
_ H
zEP<§ La; Xpi) +po+ A" (VO—EQ’“(B; x ) 11,4;))
=1

i=1

ZEP(Z Tax x pz‘) + Po,

i=1
then, we have that A7 = A(\*), i = 1,...,n with the optimal constant A\* that satisfies”

n

- s Hp
Vo= B9 (BT x ZﬂA:u*))-
i=1

We conclude that

n n
_ Hy
i EP (> 14, xp; S Sl 14,
B, o mex (Z Ai sz) +po+ A (Vo B ; Ai

i=1
rl\ « (v o (Hr 5
=F Z]lAj(A*)Xpi +po+)\ Ww—-F ?TXZHA:(A*)
i=1 i=1

EP(ZHA; XPi) + Ppo.
i1

2The constraint Vo < EQ7 (n X g—;) ensures that A* € Ry

10



Finally, using together (10), (11) and (12), by defining the constants

Pn + Pt E?_1Pj>
2 PR ] b
n

o, i= min < s

and fori=1,....,n — 1,

Di +Di—1 Z;:z bj 23:1 pj)>

o 1= max <ai+1,min (pi, 5 T ;

we can easily deduce that

- H
Ay = {an >\ x ZTB'j;},

and fori=1,...,n — 1,

R i p T p. . H
A*z{max(aiﬂ,min(pi,p P 1...,2] 2 j,Z].l ]>> > A XZTT}

¢ 2 1—1 )

Z;—kpj ~ Hr
=q{m it1, mi _ >N X Zp—».
{ ax<a+1 k=11,1.1.,i<z—k+1>>_ % TBT}

In addition, the optimal hedging strategy ¢ is the admissible strategy associated to the (super) hedging of the
modified payoff Hy x 377" | Ta:. O

Remark 5. The result of Proposition 4 can obviously be applied as soon as the financial market is complete since,
in this case, Qf = {Qf}, but also in some incomplete markets if, for all A4,..., A, € ]-'%, A;+1 C A;, the modified
payoff Hp X Z?:l 14, is almost surely upper bounded and the set Q/ is weakly compact as mentioned in [5].

From Proposition 4, we deduce that, if the financial market is complete, then the optimal quantile hedging strategy
of insurance-financial payoffs is equivalent to a perfect hedging strategy of a sum of knock-out financial options.
This strategy therefore generalizes the "pure" quantile hedging strategy?®, taking into account the actuarial risk. In
particular, if n = 1, the two strategies coincide, and we recover the result deduced in [20]. We can also observe
that, when n > 1, the strategy associated with the quantile hedging of n x Hyp is optimal only if Vi € {1,...,n},
«; = «, which is very unlikely to occur, especially when n is large. Therefore, in general, the quantile hedging
of n x Hp is not the optimal strategy, and it is preferable for the insurer to adopt the optimal quantile hedging
strategy deduced for a n—size portfolio. Moreover, the possible mean-variance hedging approach (see 3, 12]), which
consists of perfectly hedge the contingent claim n X7 p, X Hrp, is not optimal either on the basis of the criterion of
maximizing the probability of successful hedge. In the numerical results, we compare the different hedging strategies
to quantify the difference between them.

4 Optimal shortfall hedging strategy

In the previous section, we showed how to deduce the optimal quantile hedging strategy associated with the hedging
of a life insurance portfolio. However, the main drawback of such hedging strategy is that it does not control the
severity of the loss when the final value of the hedging portfolio is not sufficient to totally hedge the total payoff
HZEetal This quantile hedging approach therefore suffers from the same issue as optimal dynamic asset allocations
under value-at-risk constraint (see [17]), and this can lead to very large losses. Therefore, in order to control the size

of the shortfall loss, the insurer might be motivated to minimize the expectation of a class shortfall loss functions.

3Strategy associated to the quantile hedging of Hp € .7-'7{
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To this end, we will solve in this section the introduced shortfall hedging problem (4). As in the previous section,

we introduce auxiliary ]-"%—measurable variables ¢, ..., ¢,, defined such that

0, if Vo < (i — 1) Hy
¢;Hr := { Hy if Vi > iHrp (13)
Vr — (Z — I)HT if (’L — 1)HT < Vp <iHrp,

where ¢; can be interpreted as the success ratio for the hedging of the i** financial contingent claim Hz. Using
these introduced variables, we show that the dynamic optimization problem (4) is equivalent to a static optimization

problem that enables us to characterise the class of optimal shortfall hedging strategies.

Theorem 6. Let p; := P(Np =1i) and ¢} € .7-'7]:, i =1,...,n the solutions of the following problem

n i
min EF i x L Hr(l— ¢y _ , 14
P15, In €ER,Pip1<¢i, po=1 (;p (]z_; r( %i {05 1}))> (14)

with
R = {QS :Q — [0, 1],.77]: - measurable}

under the constraint

Hr S s (Hy &
sup B9 ( —* E il{g, 1= ) = sup E© (T iLig, = ) <V.
Qeg (BT i:l(b tomt Qfegf Br ;(b {$ima=1} | =70

Let ¢35 denote the (super) replicating hedging strategy of the modified payoff

Hi" = Hp x> ¢lig: 1y (15)
i=1

Then (Vy, €51 solves the stochastic control problem defined by (/), and

min EP(L( (HE — v, )):EP( ixL( Hr(l— ¢y — ))
o (1 (R S b 3 Hrl1 = 6i1ies o)

Proof. 1) Let us denote a solution to the Problem (14) by ¢; € R, i = 1,...,n such that ¢;,, < ¢;. Firsly, for any

admissible hedging strategy with vy < Vj, we can observe that

(H%:Otal — VT)+ = Hpr Ny — min {VT,NTHT}
NT n
= ZHT — Zmll’l {VT7iHT}]1{NT_i}'
=1 =1
For i = 1,...,n, we postulate that
(I)iHT := min {VT7iHT},

with
d; € {d) : Q — [0,14], ]-"% - measurable}

12



such that P—almost surely
Qi1 > Py,

and then
NT n
(H = Vr)y => Hp—> ®Hrl{n,—.
i=1 i=1
Moreover, for i = 1, ...,n, we observe that, for ¢; defined by (13),
(®; —®;1)Hr = ¢;Hr

such that
¢; € {d) : Q —0,1], ]-'% — measurable}

and P—almost surely

Pit1 < ¢;.

Thus, for ¢ = 1,...,n, we can rewritte ®; as

O, = Z¢j1{¢j_1:1},

j=1

with ¢g := 1. In this case, we deduce that
NT n
L((Hg:otal _ VT)+) = L(ZHT — Z (I)zHT]l{NT_z}>
i=1 i=1
Nt
(Bt )

=1

Moreover, as we have that
Nt
min {VT, HTNT} = Z Hroilgy, -1y,
i=1

then
Nt

Vr > Z Hroilyy, =13,
i=1

and we observe that

V; Hp <&

7 T T

Vo > vy > sup E9 <B> > sup E¢ (BT E ¢z‘]1{¢i1—1}>7
i=1

QeQ T QeQ
_ o (Hr )
= sup F —_— ilip, =
Qreos <BT ;(b {pi_1=1}

for any @ € Q, since nonnegative local Q—local martingale V' is super martingale. This implies that
Nt
B (e - v ) ) 2 B (2 S - ot ) ) )
i=1
= EP(ZPZ X L(ZHT(:[ - ¢;]1{¢jl—1}))>7
i=1 j=1

13



and thus

min _ET (L((H%mfal — VT)+)> > EP(ZPi X L(
vo€ER Y, E€A 5.t. ve<V)p i=1

2) Let now consider the hedging strategy ¢ € A associated to the (super) replicating hedging of the modified

payofft HPt' = Hp x 371, ¢i1g: 1) such that supgreor EQf( o

ZilHﬂl—sb;fﬂw;l—u)))- (16)

j=1

< V,. In this case, if we denote Vi the

portfolio with initial value V, that evolves according to the hedging strategy ¢, we have that

VT 2 Hjs"'Ha

P—almost surely.
The expected shortfall loss of this hedging strategy satisfies

o (et - v, ) ) < 27 (1 (g - i), ) ) (17)

Nt
_ P (L(ZHT(l - ¢§ﬂ{¢:_11})))
=1

Combining (16) and (17), we have that

n %

Vo, €A at. Vo<t ( (( T )+ ;p 1 (1= ¢jlpr =13)

Jj=

=E" (L ((H%Otal - VT)+) ) ;

and the optimality of the strategy (Vj,£%H) in Problem (4) follows. O

Remark 7. From Proposition 15 in Appendix 7.2, the existence of a solution to the problem (14) is guaranteed.

As for the quantile hedging problem, the previous theorem shows that the optimal shortfall hedging of a n—size life
insurance portfolio is linked to a (super) replication strategy of a modified financial payoff that takes into account
the actuarial risk through the probabilities p;, = P(Ny = i), ¢ = 1,...,n. In general, we cannot unfortunately
deduce the explicit form of the optimal ]—"%—measurable variables ¢, ¢ = 1,...,n solving problem (14). However,
as for the quantile hedging problem, if there exists an equivalent martingale measure Qf € Q7 such that, for all

¢17 7¢n S Rv ¢i+1 S (b’iv (bO = ]-7

s (Hp ~f n
sup EQ <B§: Zd)i]]'{(ﬁil:l}) = EQ (HT X Z (vbi]l{tbil:l})’ (18)
=1

Qfegf i=1

then we can deduce the explicit form of ¢}, i = 1,...,n in some particular optimal cases. This is the purpose of
the next sections. In the following, we will solve the problem (14) when the condition (18) holds. Firstly, we will

consider the linear case where L(z) = x and then we will generalize the strategy for a general convex function L.

14



4.1 Minimizing the expected shortfall

In this section, we consider the linear case where L(z) = x. In this particular case, the hedging problem reduces to

min ~ EP((HF — vy, ),
vo€ERY, EEA s.t. 1<V

under the constraint
vy < V.

that is equivalent to the optimization problem (14) with L(z) = z. The next proposition states the optimal hedging
strategy that minimizes the expected shortfall when the (super) replication price of the modified payoff is attainable.

Proposition 8. Supppose that 3Q7 € Of such that, Zr = %h and for all ¢1,...,¢n € R, piv1 < &4, G0 =1,

s Hp & 5f -
sup E9 (Bz:ngi]l{dn_l_l}> = B9 (HT X Z@]l{@_l_l}),
i=1

Qfeof i=1

then the optimal solution to the problem (/) for
L(z) =z,

1s such that

min EF <(H$0“” - VT)+> = EP<Zp,; (
=1

vo€ERL, (€A s.t. vo<Vo

where
n

Z

j=i

with \* such that

n

_ 5r ( Hrp

Vo = E€ ( x ]lA*).
Moreover, the optimal hedging strategy £ is the admissible strategy associated to the (super) hedging of the modified
payoff Hy x 370, T ax.
Proof. By Slater’s condition, strong duality holds and the constrained optimization problem is equivalent to

n i H n ~
i EP . X Hy(l—¢il, _ A EQ(ZE Ay = Vo)),
ot B (o (S0 et ) ) (5 (GE 0t o -

j=1

or

n n % ~ HT n ~
EP H ; X i | — min max EP [ H ’ Ay o1y — AN Zp— Lo — + 2V
< T;p ) AERY ¢1,..,0n ER,Pi41<¢i, do=1 ( sz Z¢] {¢5-2=1) TBT ;(Z) {d)ll_l})) 0

i=1  j=1

n n n ZT B
—EP H i X 1 | — min max EP( H illey . — == + A\Vs.
( sz ) AERL @1,..,0n ER i1 < s, Po=1 ( T<;¢ {($i1=1} (;pj BT)) 0

i=1

15



Let ¢1, ..., ¢ € R with ¢g = 1 and ¢;11 < ¢;. In this case, for any A € R, we have that

n " Z
EF <HT(Z Pilip 1=1} (ij - Bi))
i=1 J=t

VA Z
EP<HT(¢1<ZMAl;mﬂ{%_l}(ZpiAB§+...+¢,L1{¢M_1}< —)\B—T) )))
=1 L
<EP<HT(1A1(A)<ZI%—>\+]1A2A)<sz—>\+ 14,00 (00 —)\*) )))
i=1 Br Br

n

(S Z
Hr ) 97 (A (ij_)\Bi))
Jj=t

i=1

P

with
An() = {pn >\ j}, (19)

fori=1,...,n—1,

{sz Z Aj(zn:pk>zA(1+ anlmj)gi}, (20)

j=i+1 k=j j=i+
such that

and ,
N =]T1a0 (21)
j=1

Therefore, for A € Ry, since ¢; () € R such that ¢, ;(\) < ¢7()), we easily deduce that

ZT
EP(H 1
b1, 7¢neRI%1fl<¢’u¢O 1 ( T(Z¢z {¢i1= 1}(2]9] BT)>
P ~ - Zr

i=1 =i

Moreover, using similar arguments than in the proof of Proposition 4, ¢ = ¢ (\*) where the optimal constant A\*

satisfies? .
[/ 2 H - * () *
7 = B9 (B; <367 (n >>.
i—1

Hence, we conclude that

n [ H n _
i EP ;X Hr(l—¢il, _ A EQ(ZE Ay -V
NERy G1,.mmsbn €Rotbrgn Sos: b=1 (ZP (Z (1 — ¢; {¢J_1_1})>)+ ( BT;¢ (6ia=13 — Vo

=1

:EP(iZ:';pi X (ZHT (1= @3N ) lgge (A*)—l})))
:EP<§;pi x (ZHT(1—¢§1{¢;1=1})>)~

Jj=1

4The constraint Vp < EQf ( X g—;) ensures that A* € Ry
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Finally, using (19), (20) and (21), we can deduce that, for i = 1,...,n,
(rb;k = ]lA;‘a

with
\ - I
SR OIS 3]
and therefore

n 1
min EP ([ (gLt vy, ):EP 1—14)H )
voER,, EEA s.t. vo<Vp <( T T)+ ;p Z( AJ') T

j=1

Furthermore, the optimal hedging strategy ¢ is the admissible strategy associated to the (super) hedging of the

modified payoff Hy x Y | Ta;.

O

As for the quantile hedging problem, we observe that the optimal shortfall strategy for a n—size portfolio generalizes

the “pure” shortfall hedging strategy deduced in [15]. In particular, if n = 1, the two strategies coincide. When

n > 1, we prove that the optimal shortfall hedging strategy should depend on both financial and actuarial risks and

that the insurer has a strong interest in following the optimal strategy.

4.2 Minimizing the expectation of the class of convex shortfall loss functions

In this section, we consider a more general case where the function L is assumed to be convex. The next proposition

states the optimal hedging strategy that minimizes the expectation of a convex function of the shortfall.

Proposition 9. Supppose that 3Q7 € Of such that, Zr = %h and for all ¢1,...,¢n € R, piv1 < &4, o =1,

f - ol -
sup EQ (HT X Z¢iﬂ{¢q‘,—1—l}> = EQ (HT X Z¢i1{¢i—l—l})'

Qfegf i=1 i=1
If there exists ¢7, ..., ¢;, € R such that ¢7,, < ¢; that solve the system of n—equations given by
P - : ! Zy .
E (HTH{¢:_1—1}1{HT¢;>0} (;pj x L (HT;(I - (;52]1{%1_1})) L BT)> —0,i=1,..n,
with ¢5 =1 and \* € Ry such that

n

=, ol HT «
Vo =E“ (BT X Zd)i]l{¢;«l_l}>v
i=1

Then, the optimal solution to the problem (/), for a convex function L, is such that

min EP (L ((H%Oml — VT)+>> = Ep(g;pi L(HT i(l - ¢>;f11{¢;1_1})>>

voER, E€EA s.t. vo<Vp =

Proof. By Slater’s condition, strong duality holds and the constrained static optimization problem (14) is equivalent
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to

9

n 5 Hr n _
i EF x L H 1—ilgy _ Zr | == Ay 1) —
TS S O SR U YRR RS L C M RO

i=1 j=1

=L(¢1,-,0n3A)

For a given A € Ry, since L is convex, using a first order condition, if there exists ¢j(A), ..., ¢} (A) € R such that
i1 (A) < ¢F(A) that satisfy
OL(PT(A), s 87,(A); A)

59, =0,i=1,...n, (23)

then
L(P15-wOn3 A) = L(PT(A), oy P (A)5 A).

min
D15, Pn ER,Pi41< i, Ppo=1

Moreover, we observe that, for ¢1()), ..., ¢5(A) € R such that ¢}, ;(\) < ¢7()), the condition (23) is equivalent to
u / d Zr
EP (HT]I{d);‘1()\)—1}]1{HT¢:(>\)>0}(ZPJ x L <HT Z(l — ¢Z(}\>]l{¢:l()\)_1})> - A BT)> = 0, 1= 17 ceey N (24)
j=i k=1

Finally, we have that, if there exists ¢7()), ..., ¢;(A) € R such that @7, ;(\) < ¢;(A) that satisfy (24), by strong
duality,

n

: P
max min E i X L| Hp
AERY @15, €ER,Pi+1<0¢i, po=1 <iz_;pl (

=L(¢T(A7), -, &7 (A");

:EP<§n:pi X L(HT
=1

Msx

(- ¢j1{¢j1_1})> + >\<ZT (g; Z ¢iﬂ{¢i1—1}) - %))
=1 i=1
")

(2

<
Il

>~

(1- ¢>§]1{¢;1=1}))-

j=1

Thus, ¢ = ¢F(A\*) with the constant \* € R, satisfying
[/ f H S * () *
Vo = E9 (Bi X i (A )11{¢>;1(A*)—1}>,
i=1

and the Theorem (6) guarantees that

%

Z(l - ¢§1{¢;1—1})>-

Jj=1

min EF <L<(H§£0ml - VT)+>> = EP<Zpi X L<HT
=1

vo€ER,, E€A s.t. vo<Vp

O

The previous proposition gives a system of equations characterizing the optimal solution for a convex loss function.
In general, this system is not solvable. However, if n = 1 or L’(.) is linear then we can deduce the explicit form of
the optimal solution. As the case n =1 is similar to the classical shortfall hedging problem treated by [15], we will

only consider the linear case L'(z) = x.

Corollary 10. Supppose that 3Q7 € Qf such that, Zy = %h and for all ¢1,...,0n € R, dix1 < @4, oo =1,

f - ) ~
sup EQ (HT X Z¢iﬂ{¢i—1—1}) = EQ (HT X Z¢i]l{¢i—1—1})'

QIeQt i=1 i=1

18



For a quadratic function L(x) = %xz, the optimal solution to the problem (4) is such that

min EP (; ((H%”otal _ VT)+)2> =EP (; ;pi (HT Z;;(l — ¢;>>2)

vo€RG, E€EA s.t. 1<V}

where:

o ¢4 =1and

N Z
ot =1-— (pBTIZT A 1) on{Hrp > 0},

e Forie|[l,..,n—1],

i 1 A7 -
ot (1 (gt (- 32 ) 1))t
j=iJ

j=it1

with

)\*Z n n
Ai{BTHTTg ) zpk}.

j=i+1k=j

e )\* such that

Moreover, the optimal hedging strategy ¢ is the admissible strategy associated to the (super) replicating hedging
strategy of the modified payoff Hy x Y1 | &7.

Proof. This result is a direct consequence of Proposition 9. Consider the f%—measurable variables ¢7, ..., ¢} defined
such that

N Zp
=1 — — Alon{Hy >0
on pn BrHr {Hr ;
and for ¢ € [1,...,n — 1],
f =1 — 1—0%) x A1) on{Hr > 0}. 25
" zy_ipj(BTHT > (e {Hr > 0} (25)

In this case, we have that ¢7,...,¢;, € R and ¢;,; < ¢;. Moreover, using the recursive form (25) of ¢;, we can

check that ¢7, ..., ¢} solve the system of n—equations given by
n 7 ~
" « Zr :
o <HT]1{¢;-*1—1}]1{HT¢:>0} (ij X (HTZ(I - ¢kﬂ{¢zl—1})> - A -BT)> =0,i=1,..,n,
j=i k=1

with ¢ = 1. In addition, the optimal constant A\* is such that®

n

o Qf HT %
Vo=FE (BT X ;¢i1{¢Z1—1}>
- Hr n
=g’ ( X f)
i ;qs
Hp

5The constraint Vo < EQ’ (n X E) ensures that A* € Ry
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Thus, we find ¢7, ..., ¢}, € R and ¢}, < ¢; and that satisfy (22) when L'(x) = x. From Proposition 9, we conclude
that

2 n % 2
1 1
min EP( = ( (HEt — v )):EP( i(H 1— ¢ lrye _ ))
vo€RY, E€A s.t. vo<Vp (2 (( T T)+ ;p 2 sz:;( ¢J {¢7i—1*1})
n 1 7 2
_ P o e
=2 (o (mr 0 - 6)) )
1= J=

Finally, we can go a step further and deduce the explicit form of ¢f. By using the recursive relation (25) and the
fact that, fori =1,....,.n—1:

o if 7 =1, then ¢ ; =1,

e if 0 <¢;f <lthen¢; ; =1and ¢; =0forj=1i+1,.,n,

o if 7 =0 then ¢; ; <1,

we can deduce that for i =1,...,n — 1,

n

1 \NZ
= tat i (1= (s (o = m) 1)) entin > 01
j=itj

j=it1

with

)\*ZT n n
A; = < .
{BTHT - Z Zpk}
Jj=i+1 k=j
Finally, the optimal hedging strategy £°* is the admissible strategy associated to the (super) hedging of the modified
payoff Hr x > 1" | ¢r. O

Once again, we observe that the shortfall hedging strategy with a quadratic loss function generalizes the classical
quadratic shortfall hedging strategy when n = 1 (see [15]) and that the optimal strategy adapts to the size of the

portfolio n.

5 Application in Black and Scholes model

The various optimal strategies deduced in this paper, for loss-averse insurers, admit some explicit forms as soon as
the financial market is assumed complete. We now illustrate these strategies through numerical results. For the
sake of simplicity, we consider a simple Black and Scholes model for the financial market, but the optimal strategies
can be applied in more sophisticated models, such as, for example, local volatility models, fully-endogenous (rough)
stochastic volatility models, or path-dependent volatility models. Thus, in this section, we consider a financial
market composed of the two traded assets that satisfy, for ¢ € [0, T, the following dynamics:

dB, = rB; dt,

and
dSt = [,LSt dt + O'St th,

on (Qf, Ff, Pf), with r € R the risk-free interest rate, i > 7, ¢ € R, respectively the return and the volatility of

the risky asset, and (W})o<i<7 is a standard Brownian motion defined on P/ This financial market is abritrage-free
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and complete. Therefore, we know that there exists a unique equivalent martingale measure denoted by Qf and

characterized by the following change of measure, for ¢ € [0, 7],

. dQf
Ze=gph
_ _ 2
Cexp = BTy, L=
o 2 o2

= K % S;(H*T)/U2.

As the Black and Scholes market is complete, we also know that for any contingent claim of the form Hr = f(Sr) €
}"{1, we can construct a hedging portfolio (V,2%)g<;<7 driven by a hedging strategy (££°)o<i<r such, P/ —almost

surely,
VS = f(Sr)

with for ¢ € [0, 77,
‘/tBS — EQf <e—r(T—t)HT|]:tf)

and B
s _ Vi

t = TSt
For the insurance market, we assume that the mortality rate pi, 1 is deterministic such that rp, = exp (— fOT ,qudt) ,
Nrp ~ Bin(n,rp,;) and for i = 1,...,n, p;, = P(Nyr =1) = (?) . X (1 —7 p)" . In the numerical results, we will
vary the survival probability rp, in order to analyze its effect on the hedging strategies.
We assume that the insurer has sold a life insurance product guaranteeing a stochastic positive amount at maturity
given by a call payoff
Hr = (St — Keau)+,

and at an initial price®
57,
TPz X EQ (6 TT(ST — Kcall)+)v

In this case, the initial constraint on the value of the hedging portfolio is given by
= 3,
Vb =N X 7Pz X EQ (6 TT(ST - Kcall)+)-

We now construct the efficient hedging strategies (quantile/shortfall) for this type of n—size portfolio in a Black

and Scholes setting. To this end, we consider three different loss-averse insurers:

1. A risk-averse insurer who seeks to avoid as much as possible the events of losses, but who does not particularly

intend to control the size of thoses losses. For this agent, we consider the quantile hedging approach.

2. An insurer who controls the size of the losses and minimizes the expected shortfall loss. For this agent, we

consider the shortfall hedging approach.

3. An insurer who minimizes the expected shortfall loss while also controlling the variance of this loss. For this

agent, we consider the quadratic shortfall hedging approach.

6Without loss of generality, we assume that the insurer does not consider safety-loading for the mortality risk.
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Note that for the numerical results, without loss of generality, we consider the following parameters for the Black
and Scholes model:
So =100, r = 0.02, = 0.06, o = 0.2.

5.1 Quantile hedging

Let us consider the quantile hedging of a n—size life insurance portfolio with call payoff as stochastic maturity

*
79

value. From Proposition 4, we know that the success sets A}, i = 1,...,n, are given by

- H
A = {ai > )\ ><ZTB;}

S;u—r)/az

rT
:{6 X o X I

Z )\*(ST - Kcall)-i—}a

In general, we cannot obtain a more explicit expression for the modified payoff Hrp Z?:l L ar. Nevertheless, assuming
that 1 — r = 02 holds, we can rewrite A},i = 1,...,n such that

Al = {ai x C* x St > (ST — Kcall)+}

with C* := f‘(r; satisfying

In this particular case, the modified payoff becomes
Hyp x Y Lar = (Sr — Kean)4 »_La
i=1 i=1

(ST = Keau) X 187> Ko} M{Keau>S7(1-C* xa)}

I

s
Il
-

(ST - Kcall)—i— x 1

Keall }
1-C*xa; I°

{Sr<

I

Il
_

K3

We therefore observe that the modified payoff associated with the quantile hedging of the n—size portfolio with call
option is equal to a sum of up-and-out call options with out strikes larger than K,.,;. Moreover, as in Black and
Scholes model, the price of up-and-out call options admits a closed form, the initial value of the modified payoff as
well as the optimal quantile hedging loss are obtained by closed formula, and we can therefore easily deduce the

optimal constant C*.

Remark 11. In the case u — r # o2, we can use a stochastic algorithm (see Appendix 7.3) to deduce the optimal

constant C*.

To illustrate the efficiency of the optimal quantile hedging strategy with numerical results, we will benchmark it
against the optimal mean-variance hedging strategy that is well known in actuarial sciences (see for example [3, 12]).
This benchmark strategy consists of a perfect hedge of the financial payoff given by n x rp, x Hp. Note that the
probability of sucessful hedge for the benchmark strategy can be easily deduced and is given by

P(vBench > gTotaly — P(Np < n x rp,) P(HE' > 0) + P(HE"! = 0).
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Comparison of quantile hedging strategy for ATM call and n = 100, T'= 10 with Vj = n X 79, X BSeu

Optimal quantile hedging strategy for n-size insurance portfolio
—— Mean-variance hedging strategy
0.95

e o 14
® o ©
3 & S

P(Vy> Ny x Hry)

e
S
&

0.70

Figure 1: Success probability for the optimal quantile hedging strategy and the the benchmark strategy for ATM
call payoff with respect to 7p, with n = 100, T = 10 and Vy = n x 1p, x EQ’ (e "T(Sp — Kean)+)

’ ‘ (VT HTotal) ‘

7P, | Optimal quantile hedging | Mean-variance hedging
0.9 0.9794 0.6544
0.8 0.9695 0.6503
0.7 0.9611 0.6493

Table 1: Comparison of success probability for the optimal quantile hedging strategy and the benchmark strategy
for ATM call payoff with n = 250, T'= 10 and Vy = n x 7p, X EQf(e_7'T(S’T — Keanl)+)

Figure 1 and Table 1 compare the probability of successful hedge with respect to the survival probability rp, for
ATM call. We observe that, in terms of success probability, the optimal quantile hedging strategy outperforms the
mean-variance hedging strategy. We observe that it is therefore in the insurer’s interest to implement the optimal
strategy instead of the benchmark strategy if it wants to maximize its probability of successful hedge. The optimal

strategy is actually the best trade-off between actuarial and financial risks.

Comparison of quantile hedging strategy for ATM call and 7 = 100 with Vo =n X 7p, X BS..;

—— Optimal quantile hedging strategy for n-size insurance portfolio
—— Mean-variance hedging strategy

09

0.8

0.7

P(Vp> Ny x Hr|Np x Hr>0)

0.6

TPz

Figure 2: P(Vy > HZEotl|gLotal > () for the optimal quantile hedging strategy and the the benchmark strategy
for ATM call payoff with respect to 7p, with n = 100, 7' = 10 and Vy = n x 1p, X EQf(e_’"T(ST — Keal)+)
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’ ‘ P(VT Z H%’otal|H%“otal > O) ‘

7P, | Optimal quantile hedging | Mean-variance hedging
0.9 0.9721 0.5308
0.8 0.9586 0.5252
0.7 0.9471 0.5238

Table 2: Comparison of P(Vy > HEetel|gTotal > () for the optimal quantile hedging strategy and the benchmark
strategy for ATM call payoff with n = 250, T = 10 and Vy = n x 7p, x E@’ (e7"T(S7 — Kean)+)

Notice that the payoff H%°!! can be zero, for example if St < K_.u, the probability of successful hedge is au-
tomatically greater than P(St < K q). It is therefore interesting to look at the probability of successful hedge
when the insurer has to pay an amount to its policyholders, i.e. P(Vp > HEetal|gLotal > (). Note that it is easy
to deduce that the optimal hedging strategy maximizing P(Vy > HE°'%) is the same as the one that maximizes
P(Vp > HEetel|gTotal - (). Figure 2 and Table 2 compare this probability for different survival probabilities.
These success probabilities, knowing that H%°/! > 0, further underline the outperformance of the optimal strategy
over the benchmark strategy. We observe that when the insurer has to pay something, i.e. H-°'% > 0, then with
the mean-variance approach, in almost 50% of cases, the insurer will experience a loss, whereas with the optimal

approach, this probability of loss is considerably reduced.

We can also analyze the effect of the portfolio size n. Figure 3 compares the effect of the size of the portfolio
on the hedging strategy for a fixed survival probability rp, = 0.9. We observe that by increasing the number of
policyholders in the portfolio, the gap between the optimal strategy and the benchmark strategy increases. As
the gain from adopting the optimal strategy compared to the benchmark strategy increases with the size of the
portfolio, it is in the insurer’s interest to follow the optimal strategy, especially if it has a sufficiently large portfolio.
In addition, the larger the portfolio, the higher the probability of successful hedge from the optimal strategy. It is

therefore in the insurer’s interest to have a large portfolio.

Comparison of quantile hedging strategy for ATM call and ;p, = 0.9, T= 10 with Vj =n X 1p, X BS..
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o
o
)

—— Optimal quantile hedging strategy for n-size insurance portfolio
—— Mean-variance hedging strategy
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o
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Figure 3: Success probability for the optimal quantile hedging strategy and the benchmark strategy for ATM call
payoff with respect to n with rp, = 0.9, T =10 and Vp = n X pps x EQf(e*TT(ST — Keat)+)
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5.2 Shortfall hedging

Let now consider that the insurer minimizes the expected shortfall of its n—size portfolio with call payoff. In this

case, from Proposition 8, the optimal sets A}, for i = 1,...,n, are given by
Al = >N =
T2V
- MNEK i) /o2
{2 Trst )
j=i

= {ST > Kz}7
with m = &7 K, = ——%— for i = 1,...,n and C* satisfying

( Z:;L:’L pj)

The modified payoff becomes
Z Hrla: = (ST — Kean)+ Z La;
i=1 i=1
= (57 = Keau)+ % Uis> k)
i=1

We observe that the modified payoff associated with the optimal expected shortfall hedging is decomposed as a
sum of up-and-in call options. If we compare the modified payoff with that for quantile hedging, we can see that
they are very similar. Instead of sum of up-and-out call options for the quantile hedging strategy, we have a sum of
up-and-in call options for the shortfall hedging strategy. This is simply explained by the fact that having up-and-in
options instead of up-and-out makes it possible to limit losses in the event of default, which is the aim of the
shortfall strategy.

Comparison of hedging strategy for ATM call and n = 100, 7= 10 with Vj =n x ¢p, X BS.a

180 —— Optimal shortfall hedging strategy for n-size insurance portfolio
—— Mean-variance hedging strategy

160

+)

140

E((Ny x Hy— Vy)

100

80

60

05 0.6 0.7 0.8 0.9
TPz

Figure 4: Expected shortfall for the optimal shortfall hedging strategy and the benchmark strategy for ATM call
payoff with respect to 7p, with n =100, T' = 10 and Vy = n X 7p, X E? (e "I (Sp — Keant)+)
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EP <(H’1’I:otal _ VT)+)

7P, | Optimal shortfall hedging | Mean-variance hedging
0.9 141.89 169.37
0.8 190.22 226.19
0.7 219.09 259.27

Table 3: Comparison of the expected shortfall for the optimal shortfall hedging strategy and the benchmark strategy
for ATM call payoff with n =250, T' = 10 and Vp = n X 7p, X EQf(e*TT(ST — Keat)+)

Let’s now illustrate, with numerical results, the optimal shortfall hedging strategy for a n—size life insurance port-
folio with Hy = (St — Kecan)+. We consider the same parameters as for the quantile hedging results. Figure 4
and Table 3 compare the expected shortfall with respect to the survival probability rp, for ATM call. We observe
that, in terms of expected shortfall, the optimal shortfall hedging strategy also outperforms the benchmark strategy
(mean-variance approach), and the gap is more prononced for low values of 7p,.. We conclude that it is therefore
in the insurer’s interest to choose the optimal strategy instead of the benchmark strategy if it wants to minimize

the expected shortfall loss.

We can also analyze the effect of the portfolio size n. Figure 5 compares the effect of the size n of the portfolio
on the hedging strategy for a fixed survival probability rp, = 0.9 in terms of expected shortfall loss. We observe
that by increasing the number of policyholders in the portfolio, the gap between the optimal strategy and the
mean-variance strategy increases. As the gain from adopting the optimal strategy compared with the benchmark
strategy increases with the size of the portfolio, an insurer with an aversion to shortfall losses should follow the

optimal shortfall strategy, especially if it has a sufficiently large portfolio.

Comparison of hedging strategy for ATM call and ;p, = 0.9, T= 10 with Vj =n X yp, X BS..

—— Optimal shortfall hedging strategy for n-size insurance portfolio
—— Mean-variance hedging strategy
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Figure 5: Expected shortfall for the optimal shortfall hedging strategy and the benchmark strategy for ATM call
payoff with respect to n with 7p, = 0.9, T =10 and Vy = n x 7p, X EQf(e_’“T(ST — Keal)+)

5.3 Quadratic shortfall hedging

Finally, let us consider that the insurer minimizes the expected quadratic shortfall loss of its n—size portfolio. From

the Corrolary 10, we know that the optimal }'%fmeasurable variables ¢}, i =1, ..., n, satisfy

(ﬁ;;HT =Hp — (C S;(uir)/gz A\ HT) on {HT > 0},

n
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and for ¢ € [1,...,n — 1],

* 1 * —(p—r)/0? -
(z)i HT = ]lAiHT + ]lAZ? HT - an C* x ST — Z ijT A HT on {HT > O},
j=i P j=it1
with
A;

— {C* ng(ﬂ—r)/a'z S i ipkHT}

j=i+1 k=j
and C* such that

n
Vo = EQf (erT X Z QS:HT)
i=1

Unfortunately, even if i = r+02, we cannot obtain a more explicit form of the modified payoff. Therefore, to deduce
the optimal constant C*, we use a stochastic algorithm (see Appendix 7.3) and the optimal quadratic shortfall loss
is computed via Monte Carlo method. Let’s now compare the optimal quadratic shortfall hedging strategies with

the mean-variance hedging strategy. To this end, we consider the same setting as before.

Comparison of hedging strategy for ATM call and n = 100, T= 10 with Vi, =n x 7p, X BS.q

140000 —— Optimal quadratic shortfall hedging strategy for n-size insurance portfolio
—— Mean-variance hedging strategy
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Figure 6: Expected quadratic shortfall for the optimal quadratic shortfall hedging strategy and the benchmark
strategy for ATM call payoff with respect to rp, with n = 100, T = 10 and Vy = n X pp, ¥ E? (e "T(St — Kean)+)

EP <%(H%’otal o VT)%.)

7P, | Optimal quadratic shortfall hedging | Mean-variance hedging
0.9 44854.92 122 567.58
0.8 63370.48 221346.01
0.7 83314.77 294 329.04

Table 4: Comparison of the expected quadratic shortfall for the optimal quadratic shortfall hedging strategy and
the benchmark strategy for ATM call payoff with n = 250, T = 10 and Vj = n X 7p, X EQ’ (e "T(Sp — Kean)+)

Figure 6 and Table 4 compare the expected quadratic shortfall with respect to the survival probability 7p, for ATM
call. We observe that, in terms of quadratic shortfall loss, the optimal strategy outperforms the benchmark strategy.
As for the two other hedging strategies, we conclude that it is therefore in the insurer’s interest to implement the
optimal strategy instead of the benchmark strategy if it wants to minimize the expected quadratic shortfall loss.
Note that the discrepancy between the 2 strategies is even more significant than for the shortfall hedging case,
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especially for low values of 7p,.

Figure 7 compares the effect of the size n of the portfolio on the expected quadratic shortfall loss for a fixed survival
probability 7p, = 0.9. Once again, we notice that the gap increases with the size of the portfolio, and thus, if the

portfolio is large, the insurer should therefore opt for the optimal strategy if it is averse to quadratic shortfall losses.

Comparison of hedging strategy for ATM call and 7p, = 0.9, T'= 10 with Vj = n X 1p, X BS.u
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Figure 7: Expected quadratic shortfall for the optimal quadratic shortfall hedging strategy and the benchmark
strategy for ATM call payoff with respect to n with 7p, = 0.9, T = 10 and Vp = n x 7ps x E?' (67" (S1 — Keau)4)

Finally, we compare the different hedging strategies. To better analyze the quadratic shortfall hedging strategy,
we can split the expected quadratic shortfall loss in terms of the quadratic mean and variance of the loss. Table
5 compares the different strategies using several metrics for fixed portfolio size n and survival probability 7p,.
Firstly, we clearly observe that even if the optimal quantile hedging strategy maximizes the probability of successful
hedge, this strategy does not control the size of losses at all, and by following this strategy, the insurer is exposed
to infrequent but very large losses, as revealed by comparing the expected shortfall and quadratic shortfall against
other strategies. Next, the optimal shortfall strategy is effectively the one that minimizes the expected shortfall,
but we can see that the variance of this shortfall can be significant. At last, we observe that, as expected, the
optimal quadratic hedging strategy appears to be the strategy leading to the best low mean-variance trade-off for
the shortfall loss.

Hedging strategy P(rr <0) | EP <(7TT)+> vF <(7rT)+> EF <(7TT)3_>

Opt. quantile 0.9794 4691 528 328 227 550335619
Opt. quad. shortfall 0.5661 164 62763 89709
Opt. shortfall 0.5945 141 82936 103071
Mean-variance 0.6844 169 214432 245135

Table 5: Comparison of the hedging strategies for ATM call payoff with w7 := HZEZ° — Vi 7p, = 0.9, T = 10,

n =250 and Vp =n x rpgy X EQf(e*TT(ST — Keal)+)

6 Conclusion

This paper investigates the efficient hedging of equity-linked life insurance portfolio. To this end, we consider loss-
averse insurers and a general financial-actuarial framework. As the insurers are assumed to be loss-averse, their

main goal is to minimize either the events leading to losses or the size of these losses. Therefore, we focus on optimal
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quantile and shortfall hedging strategies and posed the hedging problems as stochastic control problems. Based on
the theory of super-replication, we are able to characterize the optimal strategies and show that these strategies
depend not only on financial and actuarial risks but also on the size of the portfolio as well as the risk aversion
of the insurers. Moreover, for complete financial markets, we deduce explicit forms for these optimal strategies
that can be easily interpreted. Numerical results show satisfying results since, depending on the risk-aversion of
the insurers, the optimal strategies outperform the mean-variance hedging strategy. Hence, it demonstrates the
relevance of using the right optimal strategy for a given risk-aversion and portfolio size. Nevertheless, in the case
of incomplete financial markets, we are not able to derive the explicit forms for optimal strategies. As mentioned
in different papers [18, 24], it is actually difficult to derive explicit forms for partial hedging strategies in this type
of market. Future research could therefore study possible approximations of the optimal strategies in incomplete
financial market setting as well as deep hedging techniques applied in the context of efficient hedging of insurance

portfolios.

7 Appendix

7.1 Equivalent Martingale Measures in combined market

Proposition 12. For i =1,...,n, suppose that

t
M} = (1 - N}) - / N pigyw du,
0

M, = M.
i=1
and (L});>0 such that
dL} = L™ h; dM;, (26)
Lh =1,

for a given F{—adapted process (hi)i>o such that for all t > 0, hy > —1 almost surely. Then, for all F*—adapted
processes (hi)i>o and Q' € Qf there exists a probability measure denoted by Q" such that

d h
di |t =Lz, (27)
with Z{ = ‘;%\t and
Q" e Q.

Proof. Let (ht);>0 be a Fi'—adapted process such that for all ¢ > 0, h; > —1 almost surely and @ € Qf such

that ZJ = %h. For i = 1,...,n, using the Doob-Meyer decomposition of (N});>0, we observe that (M]):>¢ is

a Ff—martingale and, as M; = > ., M], M, is also a F{—martingale. Since, (L');>o with L} = 1 is a strictly
positive F*—martingale and (Zif)tzo with Zg = 1 is a strictly positive Ff —martingale, we have that, for 0 < ¢ < s,

EP(L} Zi|Fo) = EP (L} F3) EY (2] | F])
= L?Zf,

and in particular,
EF(Lrzf) =1.
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Hence the change of measure (27) is well defined and as (LZ;);>o is a strictly positive process, the probability

measure Q" is equivalent to P. Moreover, we observe that, for 0 < s < t,

EF (LhZ{ S |]-"5)

£ (51) -
LQZ'S
f S| f
e B (4517
Lt z{
St
— EQr | 2L\ FS
(Bt |]:S>
_ 5
=3
We conclude that <g§) N is a martingale under Q" and then, as Q" ~ P, Q" € Q. O
t>0

Proposition 13. For ¢ > —1, for all F{*—adapted process (hi)i>o such that ¥t > 0, hy > —1 almost surely and for

all financial martingale measure Qf € QF, consider the probability measure Q- such that

ths

dP |t = Ll}fl th7

with Zf = ?lQT“t’ (L)>0 defined by (26) and (h$)i>0 := ((1 + €)hs 4 €)i>0. Then,

th S Qv

and

lim E9" <f<ST,NT>) = E% <f<ST,n>>.

e——1

Proof. Let ¢ > —1, consider a given Ff—adapted processes (h;);>o such that for all ¢ > 0, h; > —1 almost surely
and a financial martingale measure @ € Qf. As (hf);>0 = ((1+¢)h; +¢)i>0 is F—adapted such that for all t > 0,
h; > —1, using Proposition 12, we have that

th € Q.

We observe that, by indepedence between actuarial and financial risks,
EQ’L5< (S, Ny ) ZEQ’L ( ST,¢)> X Qne (Np = 1)
= ZEQf< f(St,i ) X Qne (Np = 1).
Using Ito’s lemma, we obtain that

) t
Lie =[] +nrs) =N exp ( — / h, ,uHuNudu).
. 0
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Therefore, under @y, for i =0, ...,n, we have

Qns(Np = i) =E9* (1{n,—iy)
=EP (L Zr1 (ny—i})

n ) T
=B’ (]l{NT_i} H(1 + hf—j)l_Ng exp ( - / hs, Mw+uNudu>)-
0

Jj=1
In particular, for i = n, we obtain

n T
Qns (N7 =n) =E" <]]'{NT—71} H(l + h'Erj)l_Ng exXp (_ / hs, :um+uNudu)>
0

J=1

T
:EP <]1{NT_TL} exp ( — ’/l/ /lqc_i_uhi)du))
0
T
=E" <]1{NT—7L} exp ( - n/ frotu((1+ €)hy + 5)du>)-
0

By monotone convergence, we have

e—~—1

T
lim Qpe(Ny =n) = EP (]I{NT_n} exp (n/ u$+udu)>
0

=1

9

and thus for i =0,...,n — 1,
lim Qp(Np =1) =0,

e——1

We easily conclude that

n

lim E9" (f(ST, NT)) => EY (f(STJ')) x lim Qpe (N7 =1)

e——1
=0

= E9r (f(ST,n)>.

7.2 Existence results for solutions to static optimization problems

Proposition 14. There exists a solution A= (fll, ,fln) € }"% such that Ai+1 - /L-, t=1,....,n—1 to the problem

max EP(Z]lAi X pz‘> + Do, (28)

Aty AnG}-qu Ait1CA; i—1

under the constraint .

Hp _
su EQf(x ]1A,> <V 29
Qfe%f Br ; )= (29)

Proof. The proof is just an adaptation of the proof of Proposition 3.1. in [15]. Let define R™ := {(]IA1 sl )| 4; €
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]-'%, A1 CALi=1,...,n— 1} and . In this case, we can rewritte the problem as

n
EP T X s
max (Zg pl> +po.

i=1

under the constraint

Hr <~ -
Joall (e i) < V.
sup (BTX;‘G)_VO (30)

Qfegf

Let Ry the elements of R™ satisfying (30) and consider (g, )m>1 @ maximizing sequence for (28) in Rj. Using

Lemma A.1.1. in [11], we can choose G, € conv(gm, gm+1,-..) such that (Gm)m>1 converges P—almost surely to

g € R". Therefore, we have that, by dominated convergence theorem’,

Ep(zgmxm)womaxfs (Zgixpz')wLpo:EP(ZéiXpi)+po
=1 =1 =1

as m tends to infinity. Moreover, by Fatou’s lemma, for all Q7 € Q7 we observe that
H - H -

EQ (T X g ) < lim inf EQ’ (BT X gm) < Vo,
T i=1

then
jeRp

and the existence of a solution to the problem (28) with constraint (29) follows. O

Proposition 15. There exists a solution (;NS = (gb?l,...,q;n) such that (;NSz € R and él > (;NSi,l, i =1,...,n, to the

problem

min i X L Hp(1 - 91 31
G1rerrsbn ER Gi 11 <1, Po=1 (Zp (Z (1= ¢ils,.= 1}))> (81)

j=1
with
R = {¢ : Q= [0, 1],]—'{« - measurable}

under the constraint

Hp
su EQf( 1 ) <V 32
o, Z¢ {$i—1=1} 0- (32)

Proof. The proof is just an adaptation of the proof of Proposition 3.1. in [15]. Let define R™ := {gb = (P1, s On) s €

R, di < i1, =1, ,n} In this case, the problem is equivalent to

b5 (Enes{Sm0-one )

j=1

under the constraint

Hr
su EQf< 1 ) <V 33
Qfegf Z¢ {pi1=1} 0- (33)

Let R{ the elements of R™ satisfying (33) and consider (g, )m>1 a minimizing sequence for (31) in Rf{. By using

“Since Vm > 1,Vi=1,...,n,0< g, <1
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similar arguments than in the proof of Proposition 14, we can easily deduce the existence of a solution to the
problem (31) with constraint (32). O

7.3 Stochastic algorithm for root finding

Assume that we want to find the root for a function of the form h(\) = E¥(H(), Z)) with A € R and Z a random
variable defined on a fixed probability space (2, F,P). To this end, we can determine a stochastic algorithm
that will converge (from any strating point) to A\*. The stochastic algorithm can be seen as an extension of the

Newton-Raphson algorithm.

Algorithm 16. Let (Z,),>1 simulations of Z and (yn)n>1 @ deterministic sequence such that 27217” = +o00,
Y ons1Vn < +00. We consider a stochastic sequence (A\n)n>0 defined on (Q, F, P) and propose the following algorithm
for root finding of h(\) = EF(H(\, Z)):

)\n+1 - )\n - 7n+1H(>\n; Zn+1)7 (34)
Ao €EL?(P).

Proposition 17. (Robbins-Monro algorithm, see Corollary 6.1 in [26])
Assume that the mean function h(\) = E¥(H(\, Z)) is continuous and satisfies

VAER, A# X, A=X)h(N) >0
Suppose furthermore that Ao € L*(P) and that H satisfies
VAER,|[H(A, Z)|l2,p < C(1+ [A]).

Assume that (vp)n>1 satisfies

Z’Yn = +o00, 27721 < +o0.

Then (An)n>1 defined in (34) is such that
An 225 N5

and in every LP(P), p € (0,2).
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