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Abstract

Let (X,Y) be a random vector, where Y denotes the variable of interest possibly
subject to random right censoring, and X is a covariate. The variable Y is a (possible
monotone transformation of a) survival time. The censoring time C and the survival
time Y are allowed to be dependent, and the dependence is described via a known cop-
ula (this also includes the independent case). Under this setting we propose estimators
of certain location and scale functionals of Y given X. We derive their asymptotic
properties, uniformly over the support of X. In particular we derive an asymptotic
representation and the uniform convergence rates for these estimators and their deriva-
tives. We also prove asymptotic results for an estimator of the conditional distribution
(the so-called conditional copula-graphic estimator), which generalizes previous results
obtained by Braekers and Veraverbeke (2005). The results are illustrated by a simula-
tion study.
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1 Introduction

Let (X,Y’) be a random vector where Y denotes a possible transformation of the variable of
interest and X is a covariate. We assume that Y is subject to random right censoring, i.e.
instead of observing Y we only observe (7, A), where T'=min(Y,C), A = I(Y < () and C
represents the censoring time. Let (7}, X;, 4A;), ¢ = 1,...,n be n independent vectors having
the same distribution as (7', X, A).

In the statistical literature it is very common to assume that Y and C are indepen-
dent given X. Under this assumption a lot of work has been done on the nonparametric
estimation of the conditional distribution F'(-|z) = P(Y < :|X = z). We refer to Beran
(1981), Dabrowska (1989), Gonzélez-Manteiga and Cadarso Suarez (1994), Akritas (1994),
Van Keilegom and Veraverbeke (1997a,b), among many others. The nonparametric kernel
estimator in this setting is often referred to as Beran’s estimator, and is a generalization of
the Kaplan-Meier estimator to the inclusion of covariates.

However, in various situations it is unrealistic to assume that Y and C' are conditionally
independent given X. Consider e.g. the situation where a patient decides to leave a medical
study because he or she feels in very good shape and prefers therefore to stop the treatment.
In such a case the censoring time C' will likely be negatively correlated with the survival time
Y. On the other hand we might also have patients who decide to stop a certain treatment
because they are not in good health and would e.g. prefer to change treatment or hospital.
These are patients for which Y and C' will tend to be positively correlated. In addition, in
many situations the strength of the dependence between Y and C' will depend on a certain
number of external factors (or covariates). This motivates us to consider in this paper the
situation where Y and C are dependent given X.

However, in the context without covariates, Tsiatis (1975) showed in his seminal work
that the joint distribution of Y and C' cannot be identified by their minimum and the
censoring indicator when the dependence between Y and C' is unspecified. Crowder (1991)
showed that even when the marginal distributions are known, the joint distribution function
is not identifiable. Tsiatis’ observations have been the starting point for research on how
to modify the model so as to identify the distribution of (Y, C), and a variety of modeling
approaches have been studied in the past. One such approach consists in modeling the
dependence structure between Y and C' by means of a copula function. The advantage of
using copulas is that one only models the dependence structure without affecting the margins
(see Sklar (1959)). Wang (2012) showed that even if we restrict attention to Archimedean
copula functions, the model is in general not identifiable, whereas Schwarz, Jongbloed, and

Van Keilegom (2013) showed that when the margins are known, the copula function can



under certain conditions be identified. When the margins are unknown, Zheng and Klein
(1995) and Rivest and Wells (2001) supposed that Y and C' are dependent via some known
copula and they showed that the marginal distribution of Y and C are identifiable under
very weak conditions. They developed an estimator of the distribution of Y, which they
called the copula-graphic estimator.

In the presence of covariates, Brackers and Veraverbeke (2005) extended the work of
Rivest and Wells (2001) to the case of a fixed design regression model. We follow their ap-
proach, except that we assume that X is random, and we model the conditional dependence

between Y and C' via a known copula C, that is allowed to depend on the value of X :
PY >y, C>cX =z)=C,(1 - F(ylz),1 — G(c|z)),

where 1 — G(c|z) = P(C > ¢|X = xz) is the conditional survival function of the censoring
time C' given X = x. Because of its nice properties and because of the broad range of
different copula structures it covers, we focus attention in what follows on the subclass of

Archimedean copulas, i.e. we assume that

P(Y >y, C>cX =2) = 6;'|6:{1 = Flylo)} +6u{1 - Gen)}|, (1)

for an Archimedean copula generator ¢,, i .e. a function from (0, 1] to IR* that is decreasing,
convex and that satisfies ¢,(1) = 0 and ¢,(07) = +o00. Under these conditions Braekers and
Veraverbeke (2005) proposed the conditional copula-graphic estimator, which generalizes the
Beran estimator to the dependent setting (1.1). Their estimator reduces to Beran’s estimator
when ¢ (-) = —log(-).

Under this setting of dependent censoring described by an Archimedean copula, we are
interested in studying location and scale functionals of Y given X = x, which we will denote
by m(z) and o?(x). Because we are working in a completely nonparametric framework
and because the response is subject to right censoring, we won’t be able to estimate the
conditional mean and the conditional variance in a consistent way. Instead we will assume

that m(x) and o%(z) take the following form:
m(x) :/0 F~Y(s|x)J(s)ds (1.2)
o*(z) = /o [F~'(s|z) — m(m)}QJ(s)ds = /0 F~Y(s|x)*J(s)ds — m(x)?,

where F~1(s|z) = inf{y : F(y|z) > s} is the quantile function of Y given X = z, and J(s)
is a given positive weight function such that fol J(s)ds = 1. Note that the choice J(s) =1

would lead to the conditional mean and variance. But because of lack of data in the right tail



of F(:|z), we will choose J(s) so that no weight is given to the regions where the conditional
distribution cannot be estimated consistently. This form of location and scale functionals
(known as L-functionals) is very flexible and covers a broad range of common functionals
(see e.g. Serfling (1980) to learn more about L-functionals).

The objective of this paper is to propose appropriate estimators of m(x) and o*(z)
and to study their asymptotic properties uniformly in x. These quantities have so far not
been studied in the literature on nonparametric regression with copula dependent censoring.
Indeed, attention has been focused on the estimation of the conditional distribution F'(y|x)
for a fixed value of x and under a fixed design setting. See Braekers and Veraverbeke
(2005), Braekers and Veraverbeke (2008), Gaddah and Braekers (2009) and Gaddah and
Braekers (2010), where the latter three papers assume that the data satisfy a conditional
Koziol-Green model. As a by-product we will also study an estimator of the conditional
distribution F'(y|z). Compared to the aforementioned papers, the main difference is that we
obtain results uniformly in x and y, which are technically harder to prove.

The paper is organized as follows. In Section 2 we define the estimators of m(x) and
o?(x), and state the assumptions that will be needed for the asymptotic results. Section 3
contains the main asymptotic results of this paper. We first study an estimator of the con-
ditional distribution F'(y|z) and we next give an asymptotic representation and the uniform
convergence rates for the estimators of m(x) and o?(x) and of their derivatives. In Section
4 we show the results of a small simulation study. Finally, the appendix contains the proofs

of the asymptotic results stated in Section 3.

2 Definitions and assumptions

We focus in this section on the estimation of the functions m(z) and o?(z) given in (1.2).
These functions depend on the conditional distribution F(:|z), which we need to estimate
first. Braekers and Veraverbeke (2005) defined the so-called conditional copula-graphic esti-
mator of F(-|z):

~

Fgl)=1-0.{ = > [o(H@ 1)) — o (HTI0)] }. (2.1)

T;<y,A;=1

where

H(ylw) = Wil h) I(T; < )



is the Nadaraya-Watson estimator of the conditional distribution H(y|z) = P(T < y|X = )

of T given X =z, H(ylz) =1 — ﬁ(y\x), ﬁ(y‘|x) = limyy,, fAI(t|a7),

K (@ = X0)/h)
S K (2= X;)/ha)

are Nadaraya-Watson weights, K is a probability density function (kernel), and h = h,, is a
bandwidth sequence tending to zero when n tends to infinity. The estimator F(y|z) is an
extension of the Beran estimator in the sense that it allows for dependent censoring, and it
is also an extension of the estimator proposed by Zheng and Klein (1995), since it includes
covariates.

This leads to the following estimators for m(z) and o?(x):

A(z) = /0 Fi(s|z)J(s)ds and 3(z) = /O [F(s]2) — (@) *T(s)ds. (2.2)

Note that these estimators are in the same spirit as the ones proposed by Van Keilegom
and Akritas (1999), who worked under the assumption of conditional independence between
Y and C given X, and who estimated F(-|z) by means of the Beran estimator instead of
the estimator defined in (2.1). Therefore, if we take ¢,(-) = —log(:) in formula (2.1), the
estimators m(z) and 52 (x) reduce to the ones proposed in Van Keilegom and Akritas (1999).

The assumptions below are important for the establishment of the asymptotic results in
Section 3. In addition to the distributions F'(-|z), G(-|z) and H(-|z) already defined above,
they concern the subdistribution H*(y|x) = P(T < y, A = 1|X = z) of the uncensored ob-
servations and the distribution F'x(z) = P(X < z) of the covariate. The probability density
functions of the distribution functions defined above will be denoted by the corresponding
lower case letters. Also, let T, be any value less than the upper bound of the support of
H(-|z) such that inf,er, (1 — H(T,|z)) > 0.

For an arbitrary (sub)distribution function L(y|z) we will use the notations I(y|z) =
L'(ylx) = a%L(y[x), L(y|z) = 2 L(y|z) and similar notations will be used for higher order
derivatives. (In the proofs, the function L(y|z) of assumption (A5) below will be either
H(y|z) or H*(y|z)). We also use the notation L(y|x) =1 — L(y|x) throughout the paper.

(A1) (i) The sequence h, satisfies nh?(logn)~' = O(1) and (nh,) ' logn — 0.

(7i) The support Rx of X is a bounded interval in IR.

(#ii) The probability density function K has compact support [—M, M] for some M >
0, [uK(u)du =0, and K is twice continuously differentiable.



(A2) (i) There exist 0 < sy < s; < 1 such that s; < inf, F(T,|z), s, < inf{s €

[0,1]; J(s) # 0}, s1 > sup{s € [0,1]; J(s) # 0} and inf e g, inf, <s<s, f(F 7 (s|2)|7)
> 0.

(7) The function J is bounded and twice continuously differentiable on the interval
(50, 51), fo s)ds =1 and J(s) >0 forall 0 <s<1.
(A3) (i) The distribution Fx is three times continuously differentiable and inf,cg, fx(z) >
0.
(74) The functions m and o are twice continuously differentiable and inf,cp, o(x) > 0.
(A4) (i) The functions ¢, (u) = Z¢,(u), ¢/(u) and qﬁ(f)(u) exist and are continuous in
(x,u) € Rx x (0,1].
(i4) The functions ¢ (u) = 8m28u2 ¢z (u), o& ( ) and o (u) exist and are continuous
in (z,u) € Rx x (0,1].
(A5) (i
(ii

) L(y|z) is continuous in (x,y).
)

(ii1) L"(y|x) exists, is continuous in (z,y) and sup, , |y>L" (y|z)| < oco.
)
)

L'(y|r) exists, is continuous in (z,y) and sup, , [yL'(y|z)| < oc.
(iv) L(y|z) exists, is continuous in (z,y) and sup,, lyL(y|z)| < oo.

(v

(A6) There exist continuous and non-decreasing functions M; with M;(—ooc) = 0 and
M;(4+00) < 00 (j =1, ...,4) such that

L(y|x) exists, is continuous in (z,y) and sup, , ly?Ly|z)| < co.

|H (y2|z) — H(y1]2)| < [Mi(y2) — Mi(y1)],

|H"(y2|z) — H"(y1]x)| < |Ma(y2) — Ma(y1)l,

PHSJ;M) oH y1|x ‘< | M5(ya) — Ms(y1)|,
k) i k)
ox

‘ < ‘M4 y2) M4(y1)]

forall x € Rx, —00 < y1, Y2 < +00.

Note that assumption (A6) comes from Du and Akritas (2002), and is required to prove an
i.i.d. representation for our estimator F (y|x), whose remainder term is negligible uniformly

in z and y.



The following functions will also be needed in the sequel.

o0 8i) = s d [ L) T < ) = Hsla) | ol
~¢,(H(yla) [[(T < y,A=1) — H'(y|z)]
—/ %((@»MTSaAzn—mwmwﬂw@}

o0

n(T,Alz) = F(y|z))g(T, A, y|z)dy,

C(T,A|x) = /Oo y\x (T,A,y]m)y;(—ﬂ;)(x)dy.

3 Asymptotic results

3.1 Asymptotic results for the estimator of F(y|x)

We start this section with some new results concerning the copula-graphic estimator ﬁ (y|x).
In particular, we will derive uniform consistency rates for ]3 (y|a), for its derivative F(y|z)
and for the ‘derivative’ of order 1+ 9 defined by (ﬁ(y|x) - ﬁ(y|m’))/(z —2/)°. In addition we
will also show an iid asymptotic representation for F(y|z) — F(y|z), and establish the rate
of convergence of the remainder term uniformly in x and y.

These results are useful for establishing similar results for the estimators of m(x) and
o%(z) in the next subsection. In addition, they generalize previous results obtained by
Brackers and Veraverbeke (2005), who focused attention on the estimator F(y|z) itself and
who established the rate of convergence for a fixed value of  under a fixed design setting.

We refer to Subsection 3.2 for additional motivation for studying these results.

Proposition 3.1. Assume (A1), (A3)(i), (A4)(i), and H and H" satisfy (A5)(i,iv,v). Then,

sup sup |F(ylz) — F(ylz)| = O((nh,)"*(ogn)?) a.s.
rERx ygf’z

Proposition 3.2. Assume (A1), (A3)(i), (A4)(i), ¢"(u) exists and is continuous in (x,u),
and H and H" satisfy (A5)(i,iv,v). Then,

sup sup | F(ylz) — E(ylz)| = O((nh3)(logn)'”?) a.s.
TERX y<T,



Proposition 3.3. Assume (A1), (A3)(i), (A4), and H and H" satisfy (A5)(i,iv,v). Then,

Flyle) = Fyle) - Fyle') + F(yl)
sup sup i = O((nh3*2) 12 (logn)¥?) a.s.,
z,x'€Rx ygfx/\fm, |£L’ -z |

for any 0 <9 < 1.

Proposition 3.4. Assume (A1), (A3)(i), (A4)(i), (A6) and H and H" satisfy (A5). Then,

F(ylz) — Flyle) = hh ZK(

) g( Avyle) + By,
where sup,e g, Sup, 7. |Rn(ylr)| = O<(nhn)’3/4(log n)3/4> a.s.

3.2 Asymptotic results for the estimators of m(x) and o2(x)

In this section we will derive some asymptotic properties of the location estimator m(x) and
the scale estimator 7(x) defined in (2.2). In particular, we will show the uniform consistency
rates of m(x), of M/(x) and of (M'(z) — M/ (2"))/(x — 2')°, and of their analogues for . We
will also prove an asymptotic representation for m(x) and o(z). All results will be obtained
uniformly in x € Ry.

These results are important, since they show that with probability tending to one, the
estimators m and & belong to the class CL°(Ryx) of differentiable functions f : Ry — IR

() = f'()]

17 lhss = ma {sup £ )], sup 1 ()]} -+ sup ¥

for which

is bounded by K < oo. This class plays a major role in empirical process theory, since its
covering and bracketing number enjoy nice properties, which are needed to show that the
class is Donsker (see Van der Vaart and Wellner (2000) for more details).

The results have additional value as they are necessary if one is interested in exploring the
asymptotic properties of an estimator of the error distribution in a nonparametric location-
scale regression model of the form Y = m(X) + o(X)e with € and X independent. This is
currently under investigation by the authors, and a research paper is in preparation that will

soon be submitted for publication.

Proposition 3.5. Assume (A1)-(A3), (A4)(i), and H and H" satisfy (A5)(i,iv,v). Then,

(@) sup,cp, [M ‘— 2) "2 (logn)?)  a.s.
w)wmﬁgam—a@wzommu*WmWWﬂ>w&
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Proposition 3.6. Assume (A1)-(A3), (A4)(i), ¢! (u) ezists and is continuous in (z,u), and
H and H" satisfy (A5)(i,iv,v). Then,

(a) SUp,ep, ”ﬁl’(l’) — m'(m)’ = O((nh3)=2(logn)'/?) a.s.

(b) 5D, [7'(@) = o'(2)| = O((h) " (10gn)'/?) a5

Proposition 3.7. Assume (A1)-(A4), and H and H" satisfy (A5)(i,iv,v). Then,

‘ﬁl'(:ic) —m/(z) —m' (') + m'(z') 3420 —1/2 1/2
() sup |z — '] = O((nh;,"?)"“(logn) %) a.s.

(@) — o'(z) — 5(2) + o' ()
(b)  sup = O((nh2*)~2(logn)?) a.s.,

z,x'ERx |CL' - I,|(S

forany 0 <o < 1.

Proposition 3.8. Assume (A1)-(A3), (A4)(i), (A6) and H and H" satisfy (A5). Then,

(a)

(z) — m(z) = nhnfx ZK( >n<Ti,A,~|x> + R (2)

(b)

3a) — o) = — fX ZK( ) (T Adlz) + Ry (@),

where sUp,ep, |Rnj(z)| = <( )’3/4(10gn)3/4> a.s. (1 =1,2).

The latter result is important for obtaining e.g. the asymptotic normality of (nh,,)"/?((z)
— m(z)) and (nh,)"*(G(x) — o(x)) for a fixed z in Ry. More importantly, it can also be
used for constructing asymptotic confidence bands for the true unknown functions m(-) and
o(-), similarly as was done in Claeskens and Van Keilegom (2003) in the context of multi-
parameter local likelihood estimating equations, or for testing hypotheses concerning these

functions.



4 Simulations

In this section we will illustrate the finite sample behavior of our estimators m(z) and o (z) by
means of Monte Carlo simulations. We will compare our estimators with the ones proposed
by Van Keilegom and Akritas (1999). These estimators are based on the assumption that

Y and C' are conditionally independent, and are defined as follows :
1 1
m(z) = / F~Y(s|z)J(s)ds and &*(x) = / [F~(s|z) — 771(93)}2J(s)d3, (4.1)
0 0

where F(-|z) is the Beran estimator :

I {15 T z(T?W)< )

T:<y,A;=1

Fylr)=1-

We expect that when the conditional dependence between Y and C'is strong, the estimators
m(z) and o(z) will behave poorly compared to the new estimators m(z) and o(x), that
take this dependence into account. The results will therefore illustrate the importance of
correctly specifying the dependence between Y and C'. We measure the performance of the
estimators by means of their mean squared error (M SE) and by means of 90% confidence
intervals. The simulations are carried out for samples of size n = 100, n = 200 and n = 400,
and the results are obtained by using 5000 Monte Carlo simulations.

We generate i.i.d. data from the following regression model :
Y =6(X — 0.5)% + 0.5¢4, (4.2)

where X has a uniform distribution on [0, 1] and the error €; has a standard normal distribu-
tion and is independent of X. The censoring variable C satisfies C' = a1 (X —0.5)*4ay+0.5¢5
for certain choices of a; and «s, where €5 is standard normal and independent of X. The
constants aq and ay are chosen so that the global censoring rate is 45% and the local cen-
soring rate (for a fixed value of z) is between 42% and 48%. We further assume that the
dependence between Y and C' given X = x (i.e. the dependence between e; and ey given

X = z) is described via a Gumbel copula :

Co(ur,uz) =exp {— [ — (log ul)W(z) — (log uQ)V(m)]l/V(m)} ,

where y(z) = max(5 — 5z,1). This means that the corresponding Archimedean copula
generator equals ¢,(u) = —(logu)”®. With this construction the conditional dependence
between Y and C' given X = x decreases from strong positive dependence to complete
independence as z goes from 0 to 0.8, and it continues to be independent on [0.8,1]. Note

that Kendall tau’s coefficient decreases from 0.8 to 0.



Note that an equivalent way of writing the estimator o2(z) is
o~ - . 2, =~
3°(x) = > [Vi — m(2)]"AF(Y|2)J (F(Y;x)),
i=1
where AF(Y;|z) = F(Y;|z) — F(Y;"|z), and this is close to
> [¥i = ()P AR (Vi) I (F(Yi[)).
i=1
It can be easily seen that both estimators are asymptotically equivalent under certain con-
ditions on the bandwidth. In the sequel we work with the latter estimator, since simulations
showed that it outperforms somewhat the former (which is not too surprising given that
Y; —m(X;) is a proper ‘error’, whereas Y; — m(x) is not). The same applies to the estimator
o (x), for which we also work with the asymptotically equivalent variant.

For the weights that appear in our estimators m(x) and o(x), and also in the estimators
m(z) and &(z), we use the kernel function K (u) = (15/16)(1 — u?)?*I(Ju] < 1), and we work
with the score function J(s) = (5/4)I1(0 < s < 0.8). For each of the four estimators m, &, m
and o we use a different bandwidth h,,. We explain how the bandwidth for m is chosen, the
bandwidths for the other estimators are chosen in a similar way. To select the bandwidth for

= [V Bli(z)—m(z)2dFx (z)

over a grid of 15 equidistant possible values of h, between 0.05 and 0.40 (note that we

m, we minimize the integrated mean squared error I M SE(m)

do not take into account values of x close to the boundary of the support of X to avoid
boundary effects of the Nadaraya-Watson weights). To calculate this IMSE(m), we use
5000 simulated data sets. For each simulated data set, we compute the integrated squared
error ISE(m) = 09'28[7%(1’) — m(z)]*dFx (), and we approximate I M SE(m) by taking the
average over these 5000 values of ISE(m).

The practical performance of the above bandwidth selection procedure is illustrated in
Figures 1 and 2. The figures show the IMSFE as a function of the bandwidth for each
considered estimator and each sample size. We see that the IMSFE has a convexly shaped
curve and that the optimal bandwidth decreases with the sample size. We also see that
the bandwidths for the estimators of o tend to be larger than those for the corresponding
estimators of m, which is natural since ¢ is constant in our model. Finally, we notice that
the IMSFE-curves for m and ¢ are quite a bit higher than the corresponding curves for m
and o, and also the minimal values of these curves differ quite a lot, which suggests that m
and o are, globally speaking, behaving better than m and &.

Figures 3 and 4 show the MSE of the estimators m(z), o(z), m(x) and o(z) for the
bandwidths that minimize the corresponding IMSFE of these four estimators. As we ex-

pected, the new estimators m(x) and 7(x) outperform the estimators m(x) and o (z), since

10
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Figure 1: IMSE(m) (thick lines) and IMSE(m) (thin lines) for samples of size n = 100
(dotted line), n = 200 (dashed line) and n = 400 (solid line).
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Figure 2: IMSFE(o) (thick lines) and IMSFE(c) (thin lines) for samples of size n = 100
(dotted line), n = 200 (dashed line) and n = 400 (solid line).

the latter are incorrectly assuming that Y and C are independent given X = z for all z,
whereas this is only true for 0.8 < xz < 1. We see how the difference between the estimators
becomes larger as = decreases, i.e. as the conditional dependence between Y and C' given
X = z becomes stronger. The ratio of the two M SE’s can be as high as 9 in case of the
location function m and up to 2.5 in case of the scale function o. Note that for x = 0.8, the
two estimators are not equal in Figures 3 and 4, although m(z) and o (z) reduce to m(z)
and o(z), respectively, when Y and C are conditionally independent. This is because the

bandwidths used to calculate the estimators are not the same, and are in fact determined

11



0.1t 0.1f
0.09} 00of
0.08} 0.08}
0.07} 0.07F
3 0.06] 3 008)
& &
= 0.05f = 0.05
= 005 5
n 0
= 0.04f = 0.04r
0.03} 0.03}
0.02p 0.02f
001F =TT T m-al L 0.01f
—’\
ok . . . 0
0.2 0.4 0.6 0.8 0.2 0.4 0.6 0.8
X X

Figure 3: MSE of m(z) (left panel) and m(x) (right panel) for samples of size n = 100
(dotted line), n = 200 (dashed line) and n = 400 (solid line).

x10°° x107°

161 16F.

14 14¢

MSE(5(z))

Figure 4: MSE of o(z) (left panel) and o(x) (right panel) for samples of size n = 100
(dotted line), n = 200 (dashed line) and n = 400 (solid line).

by the behavior of the estimators for all values of the covariate.

Figure 5 shows the quantiles of order 0.05 and 0.95 of the distribution of m(z) — m(x)
and m(x) — m(x) respectively. The reason why we consider the ‘standardized’ quantity
m(z) — m(x) instead of the more natural quantity m(z), is that in the non-standardized
graph the scale of the vertical axis is much wider, and the curves are therefore very close
together and hard to distinguish. We see that as we are moving to the area of stronger
dependence (small values of z) the new estimator m(z) continues to behave well, while the

estimator m(z) becomes increasingly biased and also slightly more variable. The same can
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be said for the estimators of o(z) shown in Figure 6 (which we do not standardize since the
true o-curve is already constant). Again, the figure shows that the new estimator is only
slightly biased, whereas the estimator o(z) shows consistent biased behavior and slightly

larger variance.
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Figure 5: Quantiles of order 0.05 and 0.95 of the distribution of m(x) — m(x) (left panel)
and m(x) — m(x) (right panel) for samples of size n = 100 (dotted line), n = 200 (dashed
line) and n = 400 (solid line).
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Figure 6: Quantiles of order 0.05 and 0.95 of the distribution of o(z) (left panel) and &(x)
(right panel) for samples of size n = 100 (dotted line), n = 200 (dashed line) and n = 400
(solid line).
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A Appendix : Proofs

Proof of Proposition 3.1. Let x be an arbitrary value in Ry and let y < T,. Throughout
this proof we will use that any random process a,,(z,y) that lies between H (y|x) and H (y|x)

for n large enough, can be a.s. bounded from below for n large enough :
an(z,y) >~y on {(z,y) :x € Ry, y < T} (A.1)

for some y > 0. This follows from the uniform consistency of H(y|z) (see Proposition 1 in
Akritas and Van Keilegom (2001)) and from the definition of 7.
Using similar calculations as in the proof of Theorem 1 in Braekers and Veraverbeke

(2005), we can write
F(ylz) — F(ylo)
= {—cb;l{ = Y [T ) = 0 (T [2) = Waale, ) |}

ot { = X (o)Wt )

T, <y,A;=1
o= [ e maieo} - o { - [ s (u)ir e )
= Q1(z,y) + Q2 y).

Next, we will calculate the order of convergence of each of these terms. Starting with the

second term, we apply the mean value theorem and obtain

Qa(7,y) (A.2)

—1 v~ - v )
g CETy - [ @ il + [ (Tsl)dir )],

where aq(z,y) lies between — [¥_ qﬁé(ﬁ(sﬂx})dﬁ]“(su) and — [Y_ ¢l (H(s|x))dH"(s|x).
By using (A.1) we have that sup,cp, sup,.z |o1(z,y)| is a.s. bounded by sup,cg, |¢,(7)|

for n large enough, and this is finite. From this we conclude that the first factor on the right

hand side of (A.2) is uniformly bounded. Now, by adding and subtracting terms, we further

obtain
Quz.y) = 0@ (,y) + @ (,y)].
where
W) = = [ [oLH 7)) 6 (Hlshe) | 4B ol
@w) = = [ o (HG)d[ R sl) — 1 (sl)]
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Applying the mean value theorem on the term le)(x, y) we get:

&y = - |

—00

Y ~

o1 (aa(w, 9)) [H(s™[2) = H(sle) | " (s]),
where as(z, s) lies between ﬁ(s‘b:) and H (s|z). This gives us that

sup sup |H(y|z) — H(ylx)|.(A.3)

rERX y<T

2(02(7,y))

sup sup ‘ Q

T€RX y<T),  @ERx y<Tu

From Proposition 1 in Akritas and Van Keilegom (2001), we have that

sup ﬁ[(y_]x) — H(y\aﬁ)‘ = O((nhn)_l/2(logn)l/2> a.s.

x7y

Hence, applying (A.1) on the first supremum at the right hand side of (A.3) yields that

sup sup ’Q ) = O((nhn)_l/2(logn)l/2) a.s. (A4)

rERx y<T

For ng) (x,y) we integrate by parts, and using similar calculations as for Qél)(:v, y), we easily
obtain that

sup sup [QF(z.y)| < S (H(yl))| sup sup | B (ylw) — H(yl)|
r€ERx y<T rERx y<f rx€ERx ygfz
(A (ylo))| sup sup | A (ylx) — H(yl)|
TzERx y<T TERX ygfz
- O((nhn)_l/Q(logn)l/Z) a.s. (A.5)
Now, combining results (A.4) and (A.5), yields
sup sup ‘Q2 x,y ‘ = O((nhn)_l/z(logn)l/z) a.s. (A.6)

r€Rx y<T

For Q(z,y), we repeatedly apply the mean value theorem to get

-1 =
Q) = G- o eHTI) - 6 (T (T |2) = Wi, 1))
+ o, (H (T} |2)) Woi(z, )}
2—11

= 20, (qﬁ;l(ag(x,y))) Tigy;;izl Oy (044(1:, Z))Wm(x, hy),

where az(z,y) lies between — > 5., A _; [gbx(ﬁ(T’]x)) - ( (T |z) — m(m h,))] and
— D Ty A= gzﬁ’( (T |2)) Wai(z, hy), and ay(z,i) lies between H(T |z) and H(T |z) —
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Whi(z, hy,). This leads to

sup sup )Ql(xay))
TERX ygf‘z

< %[ inf inf

r€RXx y<T

<¢x1(a3(x7y))>u_1 sup

.TERx,Z‘:l,.‘.n

"oy, i) ‘ZWQxh

The infimum and the supremum are bounded because of (A.1), while > 7 W2 (z, hy)
is of order O((nh,)™!) a.s., since we know from standard kernel smoothing theory that
sup, max;—y__, Wyi(z, h,) = O((nh,)™") a.s. It now follows that

sup sup ‘Ql(x,y)‘ = O((nhn)_l/Q(logn)1/2> a.s. (A.7)
TCRX y<T,
The proof is finished by combining (A.7) and (A.6). O

Proof of Proposition 3.2. Using the notation U(z,y) = ¢.(F(ylx)) and U,(z,y) =
¢.(F(y|r)), we calculate
O [0 - Vae)] = Pl Ela) + b(Fly)
+ (Fla) Fle) - d(Flule)
= (F(ylx))[ﬁ(yl )~ E(yln)] + [6,(F(yle)) — &, (F(yl0)] F(yl)
(a(w, ) [F(ylw) = F(yl)],
where a(z,y) is between %(ykv) and F(y|z). From here we can write

Flyle) - Flylr) = m{ [6,(F(yl)) — 6, (F(yl))] F(yl)

= ala N [F 1) - )] + 5 [U(a) - U]

Hence,

(())
1

— | - D) - oL F )] Pl

~d(ale ) [Fluke) ~ Flolo)] + 5 [Ue0) = Ul |

Hence, it follows from Proposition 3.1 and the conditions on ¢, that the statement of the

proposition follows provided we can show that

sup sup ’
rERX y<T Ox

2.y) = Ulw,y)l| = O((nh2) 2 (10gn)'/?) a.s.
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Consider

sl -t = 5= % {%(ﬁm—u))— (AT ) = Wl 1)}

T;<y,A;=1

+ Y G(H(T) m(xh)]

T:<y,A;=1

|| sl - [ (Fsla)a i)
= Qi(z,y) + Qa2(x,y).

The second term @Qy(x,y) can be further decomposed in the sum of three terms :

W) = —5 [ [T 6I) — 6, (Fsle) | drr 1),

— 00

) = 5 [ GG sle) — B (sl

) =~ [ [ 6I0) — 6, (Fsle) | d[ A4 (sJ) — 1G5l

We will show that Qg)(m, y) is of the desired order. The terms Qéz) (x,y) and Q§3) (x,y) can

be dealt with in a similar way with additional use of integration by parts. Write

(1)
2

- / (61 (1 (sJ) F (sl) + 1, (B (1)) — (T (s|)) H(s|) — &, (B (sl)) | ()

_ +¢ (as(z, s)) [ﬁ(sp@) _F(SLT)} }h“(s|x)ds
_ /OO ¢ (as(z, s)) [ﬁ(sm) - F(s|x)} (%h"(slx)ds,

where a;(z, s) is between H(s|x) and ﬁ(s|x) (7 =1,2,3). From assumption (A4) we know
that sup,cp, sup, .7 |¢"(H (y|7))| < oo and similarly for o) and ¢". Hence, it follows
from Proposition 1 in Akritas and Van Keilegom (2001) that sup,cp, sup, 7, |le)(x, y)| =
O((nh3)~12(logn)'/?) a.s.

To finish the proof it remains to show that Qi(x,y) is of the desired order. We use
the abbreviated notation ﬁm = ﬁ(TAx), ﬁiw = ﬁ(Tﬂx) and similarly for ﬁm and ﬁifx.
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Ql(xa y)
T;<y,A;=1
Ti<y,A;=1

SID SR CACOLANCYSE! gqa;; (o )W, )
T:<y,A;=1

i

+ {d);(ﬁm)wm(x,h )+ ¢, (Hi) Wil )+¢g(ﬁm)wm(:c b Hos
T;<y,A;=1

- {594t )W 1)+ 6 sl 1) Wt ) Wi )

T,<y,A;=1

168 (s (e, 1) W2(a, hn)ﬁm}, (A9)

v,
1
2
where «;(z,i) is between ﬁw and ﬁrx (j = 1,2,3). From Proposition 1 in Akritas and
Van Keilegom (2001) it follows that inf,cg, min,,. 7 a;(z,i) > 0 for j = 1,2,3 and for n
large enough. This together with assumption (A4) i_mplies that

sup  |Qi(z,y)| < C’leQ z, hy,) +C’QZ]WM(:U,hn)\Wm(x,hn)

T€RX :ZJSTI =1

for some 0 < C1,Cy < oo. The first term is of the order O((nh,)™') a.s. because
max; SUp,cp, Whi(,hy) = O((nh,)™') a.s., whereas the second term is O((nhZ2)™!) =
O((nh3)~12(log n)"/?) a.s., since max; sup,cp [Wi(z, hy)| = O((nh2)~1) as. O

Proof of Proposition 3.3. When |z — 2/| > h,,, then Proposition 3.3 is trivially true. In
what follows we consider the case when |z — 2’| < h,,. By using decomposition (A.8) we can

easily see that

|F(yl) = Fyla) — F(yla') + F(yla)|lo — 2

< |Quy) = Q@ y)|lo =217 + | Qalay) - Qe y)|lr — /[ (A10)
+O((nh+2)"Y2(logn)?) a.s.,
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where Q(x,y) and Qa(x,y) are defined in the proof of the previous proposition. For the
first term on the right hand side of (A.10) we use (A.9), which leads to

Q1(I, y) - Ql(‘r/7 y)
T;<y,A;=1

+¢l (ag(l‘, z)) Wi, ) Wiz, hyy) — o (ozg(x’, z)) Wi, hy) W (@', hyy)

#5080 ala )W o B FT ) = 5080 el D)WL V(T

By adding and subtracting terms we can see that the sum of the first two terms of (A.11)

equals

_% Z [gb;’(al(x,i))—cﬁg/(al(%/ai))]wé(%hn)

T;<y,A;=1

-3 3 e D)) = W )
which under assumption (A4) when multiplied with |z—2'|~° is of the order O((nh1*%)~1) a.s.
In a similar way we can show the order of the other terms of (A.11).
By straightforward algebra and assumption (A4) the second term on the right hand side
of (A.10) can be written in terms of ‘ﬁ(y|x) — H(ylz) — H(y|z') + H(y\x’)“x — 2/|7°, which
by Lemma 4.2 in Van Keilegom and Akritas (1999) is of the desired order. O

Lemma A.1. Under the assumptions of Proposition 3.4, we have

sup sup
e€Rx y<T,

/ y [0, (H (t|))— ¢, (H (t]))] d[H* (t]x)— H"(¢]2)] \ = O((nh,)"**(logn)**)a.s.

—0o0

Proof. First note that it follows from Lemma 4.4 in Du and Akritas (2002) that

A~

H(yalx) — Aleler) = H(il2) + H(palo)|

sup sup
r€Rx |M(y2)—M(y1)|<an

= O((nhn)’?’/‘l(log n)3/4) a.s., (A.12)

where a, = O((nh,)""/*(logn)'/?) and M = M; + Ms, and where the functions M; and
M3 come from assumption (A6). Equality (A.12) also holds for H* with the function M =
My + M,. Note that the result in Du and Akritas (2002) is in fact slightly less general, since
they impose that y; and y, are bounded by some finite 7', but it is easy to see that this is by
no means necessary. Further note that after redefining the function M as M := M+ ...+ My,
equality (A.12) holds for both H and H".
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Now, because of assumption (A6) we can partition IR into m = Ca,,' subintervals [t;, ;1]
such that |M(t;1) — M(t;)| < a,. Consequently, we have

N w/(luu»-—¢;(‘uu»}dﬁiwﬂx>—ff%ﬂxﬂ\

sup sup

rERX y<T

< sup sup Z/ t|x ;(F(t\x)))]d[f[“(ﬂx)—H“(t\x)}
2ERX y<Tp | imp

v [ m<mm—%mmmwmwm—mmm\
th(y)

= sup sup | (2,y) + @z, y)|,
z€Rx y<T),

where t) <y < tiy)+1. The term ana(x,y) can be treated in the same way as a1 (z,y), so
we will restrict ourselves to showing that sup . sup, 7 | (z, y)| = O((nhy,)~**(logn)*/*)
a.s. Write

Sup sup | (z, )|

TERX y<T
<<wp§j/‘ (1)) — 64 (F(t2)) — oL (H(tla)) + & (F(t]2))]
T€Rx 5 ti_
d[H"(t|x) — H"(t]z)] ‘
m(z) - o t N
+ sup Z [0 (H (t:]2)) — ¢, (H(t:]))] /t d[H"(t|x) — H"(t]2)]],
where m(x) is such that ¢, < Ty < tye)41. Using the notation JI = {(ti,t2) : M(ty) —

M(ty) < ay, t1,ts < Tx}, we have

sup sup |1 (2, y)|
r€ERXx y<T,c

<2sup sup
TERX (tl,tz)EJgn

o, ([t |2)) - o, ((t]2) — ¢, (H(ta]2)) + 6, (A (ta]))
o, (H(t0) - 0, (F(t]2))|

+Cat

. Sup sup

TERX tEJgn

X sup sup
T€Rx |M(y2)—M(y1)|<an

= Qp11 + Qpi2-

He(t)z) — H*(t1|2) — H(ta]z) + H“(t2|x)(

After applying a Taylor expansion we can bound the second term on the right hand side :

|| < Cat "(&.2)| sup sup H(t\x) H(t|z)
TERx t<T rz€ERx teR
X sup  sup H"(ty|z) — H"(h|z) — H"(t2]) + H" (t2])],

zE€RX |M(y2)—M(y1)|<an
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where &, is between H(t|x) and ﬁ(ﬂx) By Proposition 1 in Akritas and Van Keilegom
(2001) we know that for n large enough there is v > 0 such that inf,p <7 &zl >
a.s., from where we have that sup,.p .7 |#5(&.2)| is a.s. finite. Now, by using Proposition
1 in Akritas and Van Keilegom (2001) and (A.12) to bound the second and third factor
respectively, we get that a2 is of the desired order O((nh,)~*/*(logn)**) a.s. By again
applying a Taylor expansion, we can bound a7 :

lapin] < 2 sup  sup
TERX (tl,tQ)GJffn

! (H(t|2)) [H(t:|2) — H(t:|2)]

—41 (F(t2]2)) [A (tal) — (12}

+sup  sup (6P (&) [Hta]e) — H(ti]2)]”

TERx (t1,t2)6Jgn

0 (o) [H (t2]) — T (121", (A.13)

where &, is between ﬁ(ﬂx) and H (t|x). Following the same argument as for a,,;o, we have
that sup,cp. <7 \¢§5’) (&2)| is a.s. finite. Now, we can conclude that the second term on the
right hand side of (A.13) is of the order O((nh,) 'logn) a.s. by Proposition 1 in Akritas
and Van Keilegom (2001). For the first term on the right hand side, we add and subtract
terms followed by a Taylor expansion, and obtain the following bound :

2 sup  sup
TERX (tl,t2)€J§n

#/(H(t]2)) [H(t2) = H(tale) = Htalo) + H(talo)]|

+2 sup  sup
TERX (tl,tQ)EJgn

Y

6O (€11.10.0) [A (t]2) — H(t1]2)] [H (ta]2) — H(ts))]

where &, 4, » is between H (t;|z) and H(ts|z). Following an analogous reasoning as before we
conclude that sup,cp o7 | (H (t]x))| and sup,cp. SUD(4, 1) ez \¢§,;°’) (&t1.40.2)| are a.s. finite.
The second term above is of the order O((nh,) 'logn) a.s. by the definition of J? and
Proposition 1 in Akritas and Van Keilegom (2001). The first term is of the desired order
O((nh,)~¥*(logn)¥*) a.s. thanks to (A.12). O

Proof of Proposition 3.4. Using a similar decomposition as in the proof of Theorem 1 in

Brackers and Veraverbeke (2005), we can write
F(ylz) - F(ylx)

i=1

where we refer to the aforementioned paper for the precise definition of the remainder terms
R,;(ylz) (j =1,2,3,4). We can easily show that the terms R,,;(y|z), Rn2(y|z) and R,3(y|x)
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are uniformly of the order O((nhn)_1 log n) a.s. by following the same arguments as in
the proof of Theorem 1 in Braekers and Veraverbeke (2005). In fact, the most important
difference with their proof is that we use Proposition 1 in Akritas and Van Keilegom (2001)
(which gives the rate of convergence of H(y|z) — H(y|z) uniformly in 2 and y) instead of
Lemma A.4 in Van Keilegom and Veraverbeke (1997b) (which gives the same result but for
Gasser-Miiller weights and for a fixed value of x). The order of the remainder term R, 4(y|x)
is given by O((nh,)~3/*(logn)*/*) a.s. uniformly in = and y < T, by Lemma A.1.

This together with the uniform rate of convergence of F(y|z)—F(y|z) given in Proposition
3.1, entails that

sup sup \Zwm 2, h)g(Ts A o) | = O () 2 (logn) ') s,

rERX y<Tz i—1

and hence
A<y|x> ~ Flyl)
nhnfx ZK< ) (T;, A, ylz) + O((nhy,) = *(logn)*/*),
since sup,, |fX( ) — [x(x)| = ((TLh ) 1/2(10gn)1/2) a.s. This finishes the proof. ]

Proof of Proposition 3.5. For every x € Rx we can write
+oo N .
m(z) — / / (s|lz) <t < F~Y(s|a))[(F*(s|z) > F~'(s|x)) dt J(s) ds
+oo .
/ / (s|lz) <t < F~Y(sla))[(F*(s|z) < F~Y(s|x))dt J(s)ds
+o00 t|m
/ / (s|lz) > F~(s|x))J(s) ds dt
t|x

-/ m/ ) < P )0t

+o0 t|:c
/ / s)dsdt
F(t|z)

= [ [mruen - L<ﬁ<t|x>>]dt

where L(u) = [}’ J(s)ds for all 0 < u < 1. Using the substitution t = F~!(s|z) we get

i) = m(z) = / [£69) ~ LEE sl dF - sle)

- /01 [L(s) — L(ﬁ(F—l(s]x)‘x))} f(F_1(1$|$)|:E) ds.
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Finally, by using a Taylor expansion, it follows that

sup |m(z) —m(z)|
LL‘GRI

—1 ~

< [ inf inf f(F_l(s|x)|x)] sup J(s) sup sup |F(y|z) — F(y|z)|.
z€Rx s9<s<s1 s0<s<sy TE€Ry F~1(so|lz)<y<F~1(s1]z)

Note that for all z, [F~2(se|z), F~1(s1|2)] C (—o0, T}], since s, < inf, F(T}|z) by assumption

(A2). The result now follows by using again assumption (A2) together with Proposition 3.1.

Part (b) can be shown in a similar way. O

Proof of Proposition 3.6. The proof is very analogous to the proof of Proposition 4.6 in
Van Keilegom and Akritas (1999). The only difference is that we use our Proposition 3.2 for
the uniform rate of convergence of F (y|z) — F(y|z), whereas they use the second statement
of their Proposition 4.3. [

Proof of Proposition 3.7. We follow exactly the same steps as in the proof of Proposition
4.7 in Van Keilegom and Akritas (1999), with the only exception that instead of using their

Proposition 4.4, we use our Proposition 3.3. ]

Proof of Proposition 3.8. Using the notation L(u) = [ J(s)ds we write

—+00

= [l [Pl - #l])ar+ 5 [

—00 —00

7 (8w.)) [Flola) — F(ol)] dy,

with B(z,y) between F(y|z) and F(y|z). By Proposition 3.1, the second term above is
O((nhn)_1 log n) a.s. Using Proposition 3.4, the first term can be written as

+o0o
—i—/_ J(F(y|x))Rn(y|x)dy a.s.

o0

) /_+OO J(F(ylx))g(T;, Ai,ylx)dy

The rate of convergence of the last term above is O ((nh,,) ~*/*(log n)3*) a.s., which completes

the proof for part (a).
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To prove the second assertion in Proposition 3.8, we mimic Van Keilegom and Akritas
(1999) and write

() — olz) = o%(z) — o?(x) B [0(z) — o(z)]

20 (x) 20(x)

It follows from Proposition 3.5 that the second term above is O((nhn)*1 log n) a.s. uniformly

in z € Rx. For the first term, we have similarly as in the proof of part (a),
5%(z) — o*(z) = /0 1 [ﬁ—l(s|m)2 - F—l(spﬂ J(s)ds — [W(x) - m2(m)]
- / LBl - L(Pw)|udy — [72@) - m¥(a)]. (A1)

Now, by a Taylor expansion we have

/+°° [L(ﬁ(mx)) - L(F(y|x))}ydy

[e.o]

= [ i) [Foe) ~ Folo)] vy

[e.9]

1l / 0 w) [L(%yx)) ~ L(F(yl)) | vy

2 [0.9]
+oo T _Xz
= fx Z/ F(ylz)) ( - )g(Ti,Ai,ylx)ydy
+0((nhy)~ 3/4(10gn)3/4) a.s., (A.15)

where v(z,y) is between F(y|z) and F (y|z). In the above, the second equality follows from
Proposition 3.1 and by using the same reasoning as at the end of part (a) of this proof. Next,

we write

m?(z) — m?(x) . (A.16)
— 2m(z) [A(x) - m(x)] + [m(a;) - m(x)}
)

__ 2m(z) nlK(m_Xi)/+OOj(F(y\x))g(Ti,Ai,y\x)dy

b fx () b, o
+0((nhy,)~ 3/4(10gn)3/4) a.s.,

i=

with the last equality following from part (a) and from Proposition 3.5(a). Combining (A.14),
(A.15) and (A.16), we get the result. O
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