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The interaction between the electrons and the lattice vibrations in a solid is responsible for various important
effects, such as formation of polarons, temperature-dependent band gaps, phonon-limited carrier transport, and
conventional superconductivity. Most works assume a linear electron-phonon interaction, where the electron
only interacts with one phonon at a time. However, the validity of this assumption has not been verified in polar
anharmonic materials, where large ionic displacements may invalidate the assumption of linear interaction. Here,
we show that nonlinear electron-phonon interactions contribute significantly to the finite-temperature electron
mobility of the inorganic lead halide perovskite CsPbl;. The effect of nonlinear interaction is taken into account
using the recently derived expression for the long-range part of the one-electron-two-phonon matrix element. We
calculate the electron mobility from first principles within the self-energy relaxation-time approximation, treating
the electron-phonon coupling in the long-range approximation. Despite these approximations, the calculated
mobilities are in good agreement with the available experimental data, while enabling us to isolate and quantify
the contribution of nonlinear electron-phonon interactions relative to the conventional linear coupling. We find
that the one-electron-two-phonon interaction modifies the temperature dependence of the mobility in CsPbl;
and reduces its room-temperature value by about 10%. This sizable contribution results from the combined
effects of strong lattice anharmonicity and large thermal phonon populations, the latter being enhanced by the
low phonon frequencies associated with the heavy constituent atoms. These results identify a regime in which
nonlinear electron-phonon interactions become relevant and indicate that they should be explicitly considered

2,3

for finite-temperature properties of anharmonic halide perovskites.

DOI: 10.1103/j16h-yzky

Halide perovskites [1] are known for their excellent opto-
electronic properties [2—4]. This has led to their usage in the
development of several promising technological applications,
such as solar cells [5-7] and energy-efficient lighting [8,9]. A
particularly important property in the context of these appli-
cations is the charge transport [10], usually quantified by the
carrier mobility u. A deeper understanding of the microscopic
processes that govern mobility is therefore desirable.

In most materials, this microscopic understanding can be
found from the theory of phonon-limited transport [11]. One
assumes that the charge carriers can interact with harmonic
phonons with frequencies wg,, through a linear electron-
phonon scattering process as shown in Fig. 1(a). Then, a
common way to calculate the carrier mobility u is to calcu-
late the electron energies ex,, phonon frequencies wg,, and
electron-phonon matrix elements g, (K, q) from first prin-
ciples [12], and use these to solve the linearized Boltzmann
transport equation for the carrier mobility [11]. However,
many of the assumptions in this theory are not applicable
to most halide perovskites. For example, it has been shown
that several of the halide perovskites are strongly anharmonic
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[13-17], requiring a treatment with renormalized phonon fre-
quencies and spectral broadening, or even the full phonon
spectral function. It has also been suggested that the quasi-
particle picture might not be valid in halide perovskites [15],
requiring a treatment beyond the Boltzmann transport equa-
tion [18]. The violation of these common assumptions makes
comparison with experimental measurements of the mobility
[19-27] difficult.

We show here that another common assumption is violated
in halide perovskites: the assumption of linear electron-
phonon interaction. This approximation is often made out of
necessity, as the electron-phonon matrix elements for higher-
order electron-phonon interactions such as the one in Fig. 1(b)
are not known. Regardless, it has been predicted that some
halide perovskites get significant contributions to the band gap
renormalization from nonlinear electron-phonon interaction
[28,29].

In this Letter, we quantify the effect of the nonlinear
one-electron-two-phonon interaction on the carrier mobility
of cesium lead iodide (CsPbls), a representative inorganic
halide perovskite. There have been several treatments of

©2026 American Physical Society
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FIG. 1. (a) and (b) Feynman diagrams for the linear and lowest-
order nonlinear electron-phonon interaction. In (a), the long-range
approximation amounts to q¢ — 0, and in (b) it amounts to —q; —
(2. (c) and (d) Contributions to the imaginary part of the retarded
self-energy that are taken into account in this article, where (c) is
the Fan-Migdal diagram, and (d) is its nonlinear analog. We do not
include the Debye-Waller diagram since it is real.

nonlinear electron-phonon interaction in the literature in
recent years [30-39], but most focus on lattice model Hamil-
tonians [40-56]. We note that nonlinear interaction should
not be confused with higher-order treatments of the linear
interaction, such as those which include the crossing diagrams
[57,58]. In order to treat the nonlinear interaction from first
principles, we use the recently derived expression for the
dipole long-range part of the one-electron-two-phonon matrix
element g1, (K, q1, q2) [59]. All material properties that
enter this matrix element can be calculated from first prin-
ciples. Since the linear electron-phonon interaction in CsPbl3
is dominated by the long-range contribution [10,25,60], we
expect this analysis to be representative for the full non-
linear one-electron-two-phonon interaction in CsPbl;. We
investigate the accuracy of the long-range approximation fur-
ther in Sec. S3 of the Supplemental Material [61] (see also
Refs. [62,63] therein).

Our aim is to establish physical criteria for determining
when nonlinear electron-phonon interactions can be safely
neglected and when they must be taken into account. Such
criteria provide a useful framework for assessing previous
and future calculations of halide perovskites that include only
linear electron-phonon coupling [10,16,17,64]. To this end,
we investigate the relative contributions of the linear and
nonlinear electron-phonon interaction to the carrier mobility
in the cubic phase of CsPbls;. In order to use the theory
derived in Ref. [59], we use the harmonic and quasiparticle
approximations. As discussed, these are likely poor approx-
imations in CsPbl;. Furthermore, we calculate the mobility
using the self-energy relaxation time approximation (SERTA),
rather than solving the linearized Boltzmann Transport Equa-
tion (BTE) iteratively. While these approximations may affect
the absolute values of the calculated mobilities, they provide a
consistent framework for assessing the relative importance of
linear and nonlinear electron-phonon scattering. Reassuringly,
the resulting mobilities are also in good agreement with the
available experimental data. Potential directions for a relax-
ation of these assumptions are discussed at the end of the
manuscript.

The drift electron mobility u, can be computed with the
linearized BTE [11]:

—e
e — T~ a2 dgk naa n). 1
Heap n,(2m)3 n% /1132 Vire 0, f ) M

Here o, § € {x, y, z} represent Cartesian directions, e is the
elementary charge, n, is the electron density, 7K is the crystal
momentum and is restricted to the first Brillouin zone (1BZ),
n labels the electron bands restricted to the conduction bands,
&kn are the electron band energies, and vk, = %%ﬁ(‘; are the
band velocities. Finally, the most important quantity that ap-
pears in Eq. (1) is the out-of-equilibrium occupation function
0k, f(€xn) due to an applied electric field Eg applied in the
direction B.

In the SERTA [65], the out-of-equilibrium electronic occu-
pation functions reduce to

0

O, f (o) = L @

88k,,

Here, f°(e) is the equilibrium occupation function for the
electrons, which is the Fermi-Dirac distribution. Additionally,
7,.! are the scattering rates of the electrons with the phonons
[11], which can be obtained from the on-shell retarded diago-
nal electron self-energy LR [11]:
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If we were to only use the linear electron-phonon interaction,
we would be able to use the standard expression for the
Fan-Migdal self-energy from Fig. 1(c), written in terms of
Ekn» Wqus aNd gy (K, q) [11]. In that case, the BTE has also
been derived [11] and implemented [66], but this is not the
case for the Hamiltonian that contains a nonlinear electron-
phonon matrix element g1, (K, qi, q2). The advantage of
using SERTA is that it only requires the self-energy, so we
avoid having to rederive and reimplement the BTE. Instead,
we can use the long-range theory from Ref. [59], where the
retarded self-energy was calculated up to lowest order in the
electron-phonon interaction. This gives the Fan-Migdal self-
energy, Fig. 1(c), and a similar term due to the nonlinear
electron-phonon interaction in Fig. 1(d) [59]:
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In this expression, n(fw) is the Bose-Einstein distribution for
phonons, and Q = q + G represents a phonon momentum
extended to the entire reciprocal space R3: This is equivalent
to an integral over q € 1BZ and a sum over reciprocal lattice
vectors G. We note that the integral over Q should decay
quickly and approximately vanish at the boundary of the first
Brillouin zone in order for the long-range approximation to
be valid, so in practice it is irrelevant whether the integration
domain is R® or 1BZ. € and P(w) are material-specific
3 x 3 tensors: &7 is the high-frequency dielectric tensor, and
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Pij(w) is a dimensionless spectral function which represents
the strength of the long-range electron-phonon interaction.
For both tensors, the Cartesian directions i and j refer to the
direction of a constant electric field & or £; which is induced
by the conduction electrons. Using the theory from Ref. [59],
the electron-phonon spectral function can be calculated as a
sum of two contributions. The first contribution is 7;;(w),
which is the contribution from the one-electron-two-phonon
interaction. It originates from the diagram in Fig. 1(d), and is
a continuous spectral function which is defined as [59]

eZ
(W)= ——— d*qY, i (Q)Y " .
Tij(@) oo (2n)? EUZ /IBZ Q¥ i (Y, (@)
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In this expression, Y,,,,;(q) represents the strength of the
long-range interaction between an electron and two phonons,
in branches vy, v, and with approximately opposite momenta
—q; & q2 = q. Itis given in terms of the phonon frequencies

wqy and eigenvectors e.q,(q), and the derivative of the dynam-
3Dm,x/ B (qQ)

ical matrix with respect to the induced electric field —%¢

[59]:
Ry N
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In this manuscript, we focus on the cubic phase of CsPbls. In
this case, €, P(w), and T (w) all reduce to scalars [59]:

é‘?jo = SOOSU, (7)
Pij(w) = P(w)dij, (¥
Tij(@) = T (@)3;. 9

Since these tensors only have a single independent compo-
nent, it is sufficient to align the electric field £ along only one
of the three Cartesian axes. In this manuscript, we arbitrarily
choose &£ along the z direction, meaning that we calculate
T(w) = T.(w) by setting i = j = zin Eq. (5).

The second contribution is R(w), which is the Frohlich-
type contribution from the linear electron-phonon interaction
[67-69]. It is a sum of delta functions at the longitudinal
optical phonon frequencies w, at q = 0 [59]:

e 1Py
2082 Z w

v v

| 2

R(w) =

8w — w,), (10)

where €2y is the size of the unit cell and p, is the mode
polarity, which represents the strength of the long-range

interaction between an electron and one phonon branch v with
momentum q ~ 0 [59]. Once both contributions are known,
P(w) is simply evaluated as the sum of the two:

P(w) = R(w) + T (w). an

We note that q is not restricted to q & 0 in Egs. (5) and (6).
Therefore, to calculate the nonlinear spectral function 7 ()
using Eq. (5), we need the phonon frequencies over the entire
first BZ [see also Fig. 2(b)], despite making the long-range
approximation [59]. This is counterintuitive because for the
familiar linear electron-phonon interaction, only phonons with
q ~ 0 contribute to Eq. (10).

The p, in Eq. (10) can be written in terms of the Born
effective charge tensor and phonon eigenvectors [59,61], and
Y,,1,2(q) can be written in terms of phonon frequencies and
eigenvectors as well as their derivative with respect to an
external electric field [59]. All of these can be calculated
from first principles (see Sec. S2 in the Supplemental Material
[61] and Refs. [70-75] therein), which allows to evaluate the
self-energy in Eq. (4). Finally, in order to compute the electron
mobility in Eq. (1), we need an expression for the elec-
tron bands ¢,. At sufficiently low carrier densities, only the
electronic states close to the conduction band minimum will
contribute. Around the conduction band minimum, CsPbl;
has a single parabolic conduction band:

h2|k|2
Ek =

12
2 12)

where we take m} = 0.17m for the effective band mass of
the electron [10]. We note that at low carrier densities, the
hole mobility is calculated with a similar equation as Eq. (1)
for the electrons, except that we need to use the effective
hole mass m; = 0.16me [10]. Ultimately, the effective band
mass m* only enters the mobility as a prefactor according to
w~ (m*)’% (see also Eq. (S31) in the Supplemental Material
[61]). Therefore, we only need to calculate the electron mo-
bility: The carrier mobility © = u. + w; can then be obtained
as i = pl1 + (m /m 2],

Figure 2 shows the material properties of cubic CsPblj
needed for the retarded self-energy in Eq. (4), calculated
from first principles using the method described in Ref. [59].
These material properties include the phonon frequencies
wqy, the one-electron-two-phonon strengths Y,,,,.(q), and
the electron-phonon spectral function P(w) = R(w) + T (w).
Additionally, we have calculated ¢ = 5.96 for the dielectric
tensor of CsPblj, close to other first principles calculations
in the literature [10,76]. The phonon calculations, with and
without external electric field, were all performed in the har-
monic approximation at zero temperature. This means that
there are imaginary phonon modes in Fig. 2, since the cu-
bic phase is only stabilized by anharmonic effects at finite
temperatures [77]. At lower temperatures, the tetragonal or
orthorhombic phases are stable. However, due to the compu-
tational cost of a larger unit cell with an external electric field,
we are limited to the cubic phase. To calculate the nonlinear
electron-phonon spectral function 7 (w) in Fig. 2(c), we set
Y,,1,-(q) = O for all branches with frequencies w,, < 0.1 THz
in order to circumvent the imaginary branches. The value
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FIG. 2. First principles results for the nonlinear electron-phonon properties of CsPbl; in the cubic phase. (a) High-symmetry Brillouin zone
path for a simple cubic material, with an electric field breaking the symmetry in the z direction. (b) Phonon frequencies wg, of cubic CsPbl;
at zero temperature. The overlaid circles have areas proportional to Y, |¥,.,(q)/?, i.e., the magnitude of the long-range interaction strengths
|Y,7-(q)|> between the phonon (qv) and all other phonons of the form (—qv’). There are imaginary phonon modes because the cubic phase is
unstable at zero temperature: We set Y,,,» .(q) = 0 for any branches with w,,, < 0.1 THz. (c) One-electron-two-phonon spectral function 7 ()
calculated from Eq. (5) and the data from (b). R(w) is shown as a sequence of vertical lines representing the Dirac delta functions, with the
areas under the delta functions indicated for reference. The effect of the one-electron-two-phonon interaction is significantly enhanced at finite
temperatures: This is ultimately due to the very low phonon frequencies of CsPbl; (see main text).

0.1 THz is arbitrarily chosen; later, we show results with
the cutoff varying from 0.05 to 0.2 THz to show that the
qualitative conclusions are independent of this choice. It is not
straightforward to determine how the imaginary modes would
modify the nonlinear electron-phonon spectral function 7 ()
if they were treated within an anharmonic phonon theory. Two
competing effects are expected. On the one hand, including
additional phonon branches would increase 7 (@), since each
branch contributes positively to Eq. (5). On the other hand,
anharmonic renormalization generally shifts phonon frequen-
cies upward, thereby reducing the Bose-Einstein occupation
factors n(fiwg,) entering Eq. (5). The net effect on T (w) is
therefore not known a priori. Nevertheless, we expect the
present calculation to capture the correct order of magnitude
of the nonlinear electron-phonon contribution.

Importantly, the linear electron-phonon spectral function
R(w) is independent of temperature, whereas the nonlinear
electron-phonon spectral function 7 (w) depends on tem-
perature through the Bose-Einstein distributions n(fiwg).
At sufficiently large temperatures kg7 > fiwg,, the Bose-
Einstein distribution satisfies n(fiwg,) ~ kg L 5o that

fiwg, 2

Eq. (5) scales linearly with temperature. CqubI3 has low
phonon frequencies, so all phonons are thermally activated at
room temperature. Additionally, Fig. 2(b) shows that most of
the contributions to 7 (w) come from phonons with frequen-
cies lower than 1 THz. Therefore, we see a strong temperature
dependence in Fig. 2(c). Although 7 (w) is very small at zero
temperature, it is of order 0.1 at room temperature, which
means one needs to look at finite temperature properties of
CsPbl; in order to see the effect of nonlinear interaction. A
similar result is seen for the temperature-dependent band gap
renormalization in methylammonium lead iodide (MAPbI3)
[28].

With the electron-phonon spectral function P(w) from
Fig. 2, we can calculate the SERTA carrier mobility from

Egs. (1)—(12) (see also Sec. S1 in the Supplemental Material
[61] and Refs. [78,79] therein). Figure 3 shows the calculated
carrier mobility. In line with the results of Fig. 2, the effects
of nonlinear electron-phonon interaction are only revealed at
higher temperatures. Above room temperature, the electron
mobility in CsPbl; is reduced by about 10% by the long-
range one-electron-two-phonon interaction. Additionally, the
temperature dependence of 7 (w) in Fig. 2(c) changes the
temperature scaling of the mobility. In the region between
140 and 500 K, the mobility is described by a power-law
fit w ~ T77, but the nonlinear electron-phonon interaction
increases the exponent from y = 0.89 to y = 0.97.

In a previous work [59], we have shown that the contribu-
tion of the nonlinear interaction to the polaron ground-state
energy is only 0.013% in the harmonic semiconductor LiF,
and only 0.077% in the anharmonic perovskite KTaO;. The
much larger, ~10% contribution found here for the mo-
bility of CsPbl; arises from the combined action of three
factors. First, the strong anharmonicity of CsPbl; leads to
large ionic displacements and therefore the nonlinear coupling
matrix elements Y,,,;(q) in Eq. (5) are larger than in LiF or
KTaOs3. Second, mobility is a finite-temperature property, so
thermal phonon populations amplify the nonlinear contribu-
tion through the Bose-Einstein factors n(fiwg,) in Eq. (5).
Third, the low phonon frequencies associated with the heavy
constituent atoms of CsPbl result in large phonon occupa-
tions at room temperature over a broad range of modes. The
nonlinear contribution is therefore expected to become appre-
ciable when strong anharmonicity, finite-temperature phonon
populations, and low-energy phonons occur simultaneously.
Conversely, if one or more of these conditions is absent, as in
LiF or KTaO3, nonlinear electron-phonon effects are expected
to remain small. This provides a simple physical criterion
for identifying materials and finite-temperature properties for
which nonlinear electron-phonon interactions may need to
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FIG. 3. SERTA carrier mobility of CsPbl; as a function of tem-
perature, calculated using Eqs. (S16) and (S31) of the Supplemental
Material [61] and the data from Fig. 2. The solid blue line is
calculated using only the linear electron-phonon interaction from
Eq. (10), and the solid red line is calculated including the one-
electron-two-phonon interaction from Eq. (5). The inset shows the
relative change of the mobility due to the one-electron-two-phonon
interaction, relative to the mobility when nonlinear interaction is
neglected. Calculations are performed using a frequency cutoff of
0.1 THz; the red shaded area shows the result when this cutoff
is varied between 0.05 and 0.2 THz, indicating that the nonlinear
contribution remains significant regardless of this cutoff value. Sym-
bols indicate experimental mobility measurements in CsPbl; (green)
and MAPbDI; (gray): Squares denote single crystal THz conductivity
measurements [25], circles denote thin film time-resolved microwave
conductivity measurements [22], and the triangle denotes a thin film
optical pump measurement [26]. Dashed lines indicate power-law fits
in the region between 140 and 500 K.

be explicitly included, in particular in anharmonic halide
perovskites.

To assess both the strengths and limitations of our
long-range model, we compare our results with a first-
principles calculation including both long- and short-range
linear electron-phonon interactions (Fig. S4 of the Sup-
plemental Material [61]) and with experimental mobility
measurements for CsPbl; and methylammonium lead iodide
(MAPbDI3) [22,25,26]. The mobility of MAPbI; provides a
useful reference because it is likewise largely governed by Pb
and I displacements [10,22,80]. As shown in Fig. 3, the mea-
sured mobilities exhibit considerable scatter; we therefore first
compare their temperature dependence through the power-
law relation o ~ T~Y. The linear long-range model yields
y = 0.89, in good agreement with thin-film measurements
(y = 0.82; y = 0.86). However, transport in polycrystalline
thin films can be strongly affected by grain boundaries, which
are not included in our model. A more direct comparison
is therefore provided by single-crystal measurements. In this
case, the absolute mobility values are comparable to our cal-
culations, whereas the experimental temperature exponent,
y = 1.44, is larger than predicted by the linear long-range
model. Notably, including the nonlinear electron-phonon in-
teraction shifts the calculated temperature dependence toward
the experimental value. In Sec. S3 of the Supplemental

Material [61], we further compare the linear long-range model
with a full first-principles calculation using the complete
linear matrix elements g,.., (K, q), evaluated on 144 x 144 x
144 k-grid and q-grid. The full calculation gives y = 1.16,
confirming that the long-range approximation does not fully
reproduce the temperature scaling, while yielding similar
absolute mobility values. Thus, the approximations adopted
here provide a reasonable estimate of the mobility magnitude
and, more importantly, do not alter our central conclusion
that nonlinear electron-phonon interactions reduce the mobil-
ity by approximately 10%. The remaining discrepancy with
the experiment is likely due to the difference between the
cubic and orthorhombic phases, the neglect of anharmonic-
ity and one-electron-n-phonon nonlinear interaction terms
with n > 3, the long-range approximation, or the use of the
SERTA.

The present work suggests many perspectives for further
research, several of which consist of improving the approx-
imations made in this Letter. These perspectives can be
separated into two distinct categories: improving the calcu-
lation of P(w), and using a more refined theory for electronic
transport. Firstly, the calculation of P(w) can be improved
by including phonon anharmonicity and all orders of one-
electron-n-phonon interactions. Most notably, the results in
Figs. 2 and 3 are based on the harmonic approximation for
the phonons, but CsPbl; is known to exhibit strong phonon
anharmonicity [77]. Since higher-order nonlinear interactions
will involve higher powers of the Bose-Einstein occupation
factors, they are expected to scale even faster with tempera-
ture than the linear and one-electron-two-phonon interaction.
Depending on the prefactors associated with each of these
terms, this scaling may significantly affect the power-law
scaling of electron mobility at room temperatures, similarly to
the result that Fig. 3 shows for the one-electron-two-phonon
interaction.

The second category of perspectives is to take any result
for the long-range electron-phonon spectral function P(w)
as given, and use it to calculate the electron mobility with
more advanced transport theories. One may start from the
self-energy in Eq. (4), written in terms of P(w) and the har-
monic quantities gx, and ¢*. This expression can be used
instead of the Fan-Migdal self-energy to derive the equiva-
lent Boltzmann transport equation [11], or even more general
transport theories that do not make the quasiparticle approx-
imation [18,81]. This may significantly affect the results for
the mobility, even given the same spectral function P(w).

We have shown that carrier mobility in CsPbl; receives a
sizable contribution from nonlinear one-electron-two-phonon
interactions, which are commonly neglected in transport cal-
culations. This contribution arises from the combined effects
of strong lattice anharmonicity, low phonon frequencies,
and the resulting large thermal phonon populations at finite
temperature. These ingredients are characteristic of halide
perovskites and, more generally, of soft polar anharmonic
materials, suggesting that nonlinear electron-phonon effects
may be relevant well beyond CsPbls. Our results there-
fore motivate further theoretical developments capable of
treating nonlinear electron-phonon interactions beyond the
present approximations, including anharmonic phonon renor-
malization, higher-order one-electron-n-phonon processes,
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and short-range coupling. The framework introduced here and
in Refs. [37,59] provides a first step toward such a more
complete description.
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