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Abstract

We present a distributed asynchronous algorithm for solving two-stage stochastic
mixed-integer programs (SMIP) using scenario decomposition, aimed at industrial-
scale instances of the stochastic unit commitment (SUC) problem. The algorithm
is motivated by large differences in run times observed among scenario subprob-
lems of SUC instances, which can result in inefficient use of distributed computing
resources by synchronous parallel algorithms. Our algorithm performs dual itera-
tions asynchronously using a block-coordinate subgradient descent method which
allows performing block-coordinate updates using delayed information, while candi-
date primal solutions are recovered from the solutions of scenario subproblems using
heuristics. We present a high performance computing implementation of the asyn-
chronous algorithm, detailing the operations performed by each parallel process and
the communication mechanisms among them. We conduct numerical experiments
using SUC instances of the Western Electricity Coordinating Council system with up
to 1000 scenarios and of the Central Western European system with up to 120 sce-
narios. We also conduct numerical experiments on generic SMIP instances from the
SIPLIB library (DCAP and SSLP). The results demonstrate the general applicabil-
ity of the proposed algorithm and its ability to solve industrial-scale SUC instances
within operationally acceptable time frames. Moreover, we find that an equivalent
synchronous parallel algorithm would leave cores idle up to 80.4% of the time on
our realistic test instances, an observation which underscores the need for designing
asynchronous optimization schemes in order to fully exploit distributed computing on
real world applications.
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2 I. Aravena, A. Papavasiliou

1 Motivation

The unit commitment problem is a classical problem in the short-term scheduling of
electric power systems. Unit commitment deals with deciding which generating units
will supply energy to a power system over a certain time horizon, so as to minimize
the operation cost while respecting the technical constraints of the power system. The
problem is usually formulated as a mixed integer linear program (MILP) and it is
solved on a daily basis by power system operators worldwide.

In recent years, the integration of significant shares of renewable energy resources
into electric power systems has motivated the industry and academic community to
investigate efficient approaches for scheduling power systems in the presence of uncer-
tainty (see [50] and references therein for a recent survey on the subject). Stochastic
unit commitment (SUC) is a widely studied approach to incorporate uncertainty in
this scheduling problem. SUC can be formulated as the two-stage stochastic mixed
integer program (SMIP) (1)—(4),

N

max Z(ciTv,- +dlw;) (1
i=1

st.uel, 2
(vj,wj))eD;, i=1,...,N 3)
vi—u=0 i=1,...,N 4

where i indexes scenarios, u is the vector of non-anticipative decision variables,
U C R" is a bounded convex set, v; are local copies of non-anticipative variables at
each scenario, w; are recourse variables of each scenario, D; C R"*" j =1,..., N
are bounded non-convex sets and constraints (4) model non-anticipativity constraints.
We assume that the problem satisfies Py, (D;) = ij(’l)j) foranyi, j € {1,..., N},
where Py, is the projection of D; on the coordinates of v;. We later refer to this prop-
erty as weak relatively complete recourse.' Typically, v; corresponds to commitment
variables of thermal generators (binary decisions), but it can also include produc-
tion variables of inflexible generators (continuous decisions). The vector w; includes
commitment variables of fast generators, production variables of all generators and
flows over the network (mixed integer decisions). D; describes the feasible opera-
tion domain for scenario 7 in terms of production constraints (minimum stable level,
maximum capacity, maximum ramp rates, minimum up/down times) and power grid
constraints (power balance, power flow equations, flow limits)./ corresponds to a con-
vex relaxation of the production constraints for variables included in u, U 2 Py, (D;)
for an arbitrarily choseni € {1, ..., N}. See Appendix A for a detailed description of
the SUC model.

Our aim is to solve problem (1)—(4) for real power systems, within the time lim-
its imposed by daily operations. This differentiates SUC from other applications
of stochastic programming in that the typical scale of realistic SUC instances (see

I This requirement is weaker than relatively complete recourse, as defined in [12], which demands that any
feasible first-stage solution leads to a feasible second-stage subproblem for every scenario.
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Asynchronous Lagrangian scenario decomposition 3

[18,42,53]), as measured by the number of variables and the number of constraints
required to describe U/ and D;, is orders of magnitude larger than that of commonly
used SMIP test instances [4]. Furthermore, the computational effort required for opti-
mizing over D; can vary significantly from one scenario to another, as well as for
the same scenario with slight modifications. Therefore, a parallel implementation of
a serial decomposition scheme may perform inefficiently in practice.

In order to overcome these challenges, in this paper we propose an asynchronous
distributed algorithm for solving (1)—(4), and we present a high performance comput-
ing implementation of the algorithm which is used for solving SUC instances of two
industrial-scale systems and the largest instances in the SIPLIB collection [4].

1.1 Relevant literature

Stochastic unit commitment was initially proposed in the seminal work of Takriti et al.
[51] and Carpentier et al. [15] as a methodology for coping with demand uncertainty
in power systems. The scope for application of SUC has, since then, been extended
to renewable energy forecast uncertainty and component failures (referred to as con-
tingencies in the power engineering literature), among other sources of uncertainty in
power system operations.

SUC studies commonly use decomposition methods for handling the scale of the
problem, which increases linearly with the number of scenarios. Takriti et al. [S1] use
Lagrange relaxation of non-anticipativity constraints (i.e. scenario decomposition),
and a progressive hedging heuristic to obtain non-anticipative solutions. Carpen-
tier et al. [15] relax the problem over generators using an augmented Lagrangian.
They maximize the dual function with a proximal point method and recover pri-
mal solutions by allowing demand shedding at a quadratic penalty. Shiina and Birge
[48] use a column generation approach over production schedules, decomposing over
generators and solving the slave production scheduling problems using dynamic pro-
gramming. Cerisola et al. [16] compare scenario decomposition with variants of
Benders decomposition and stress the importance of finding good initial solutions.
Additional decomposition approaches for SUC can be found in [50].

SUC instances in the literature have often been limited to test systems which fall
short of industrial scale instances. In order to advance towards more realistic instances,
several recent studies exploit distributed computing alongside decomposition methods.
Papavasiliou et al. [42] implement scenario decomposition in an HPC cluster to solve
instances of the Western Electricity Coordinating Council (WECC) system with up to
1000 scenarios in at most 24 h within an optimality gap of 1-2.5%. Cheung et al. [18]
decompose the problem by scenarios and use progressive hedging on a multi-processor
workstation and on an HPC cluster to solve instances of the WECC system with up
to 100 scenarios in at most 25 min within an optimality gap of 1.5-2.5%. Kim and
Zavala [28] propose an interior point cutting-plane algorithm to handle dual iterations
in scenario decomposition and solve SUC instances based on the IEEE 118-bus test
system with up to 32 scenarios, using an HPC cluster, in 6 h within an optimality gap
of 0.01%.
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4 I. Aravena, A. Papavasiliou

Other recent methods, which do not exploit distributed computing explicitly, have
also being used to solve large SUC instances. Among them, Schulze et al. [47] use
a stabilized Dantzig-Wolfe decomposition to solve multi-stage SUC instances of the
British system with up to 50 scenarios in 2 h within an optimality gap of 0.1%. van
Ackooij and Malick [53] use primal-dual decomposition along with bundle methods
to solve SUC instances of the French system with up to 250 scenarios within an
optimality gap of 1%, however no solution times are reported.

As our research is focused on making it practical to solve industrial-scale SUC
instances, (i) we present a method capable of solving SUC instances faster than the
state-of-the-art, (i) we release all the industrial-scale test instances used in this study
and (iii) we provide the time it takes to solve them with the proposed method. These
three elements are not found simultaneously in any of the aforementioned studies.

In the broader SMIP class, to which SUC belongs, scenario decomposition has
inspired several different decomposition algorithms. Carge and Schultz [14] propose
a scenario decomposition method where non-anticipativity constraints are gradually
enforced through a branch-and-bound algorithm. Lubin et al. [31] extend the previous
method to a parallel computing setting by solving the dual problems at each node of the
branch-and-bound tree using an interior point solver that exploits the structure of the
problem. Oliveira et al. [40], and references therein, use scenario decomposition and
solve the dual problem using bundle methods. Ahmed [1,2] proposes an alternative
approach for stochastic integer programs where solutions to scenario subproblems
are directly used for primal recovery while, at the same time, these solutions are
separated from subproblems in order to improve the bound of the relaxation. Ryan et
al. [46] develop several improvements over Ahmed’s original algorithm, including a
distributed asynchronous implementation.

Distributed computing has also found applications in stochastic programing outside
the realm of scenario decomposition methods. Lubin et al. [30] propose a distributed
memory simplex algorithm for stochastic linear programs. Munguia et al. [34] pro-
pose a branch-and-bound algorithm for stochastic mixed integer programs on which
each node of the tree is solved using Lubin’s method. Moritchs et al. [33] pro-
pose a nested asynchronous decomposition algorithm for multistage stochastic linear
programs. Chaturapruek et al. [17] propose and prove optimal convergence for asyn-
chronous stochastic gradient descent methods on unconstrained stochastic programs
with strongly convex and differentiable objective functions.

A crucial aspect to scenario decomposition is the method used to optimize the
dual function, which is separable, convex and non-differentiable. Certain specialized
methods allow exploiting the separable structure of the dual function in a distributed
computing infrastructure. Nedi¢ et al. [35-37] analyze incremental subgradient algo-
rithms, on which each update is made along the direction of the subgradient of a part of
the objective function. Coordinate descent methods are a different approach to exploit
the structure of minimization problems for which it is cheaper to compute the gradi-
ent with respect to a subset of variables (coordinates) than it is to compute the full
gradient of the objective. Wright [55] provides a recent survey on coordinate descent
methods. Nesterov [39] provides worst-case complexity results for randomized coor-
dinate descent methods for smooth optimization. Fercoq and Richtarik [23] propose
a parallel synchronous coordinate descent method for minimizing non-differentiable
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Asynchronous Lagrangian scenario decomposition 5

simple composite functions. The authors use Nesterov’s smoothing technique [38] to
obtain a smooth approximation of the non-decomposable part of the objective and
perform a line search separately on each coordinate of each iteration, as proposed
by Tseng [52]. Fisher and Helmberg [24] propose an asynchronous distributed bun-
dle method for non-differentiable convex optimization, where at each step a worker
greedily selects a subset of variables, blocks them from being accessed by the other
workers, and performs a proximal bundle iteration on the selected variables.

1.2 Contributions

Stochastic unit commitment, despite its attractiveness, has failed to become an industry
standard due to several reasons, including the difficulty of solving the mathematical
programs in an operationally acceptable time frame. In the present paper, we aim
at overcoming this challenge by developing an asynchronous scenario decomposition
scheme based on distributed computing. The main innovation of the developed scheme
is that we optimize the dual function using an asynchronous block-coordinated subgra-
dient algorithm. Our algorithm does not require differentiability or strong convexity
assumptions that are commonly used in the literature [17,29,39,55]; it differs from the
algorithm of Fercoq and Richtdrik [23] in that we perform iterations asynchronously
and without the need for line search, which would be prohibitive in our context; and it
requires less serial coordination overhead than the asynchronous bundle method [24].
We provide convergence guarantees for the proposed algorithm based on previous
results for stochastic subgradient methods [21] and incremental subgradient methods
[35-37].

We also perform primal recovery asynchronously and in parallel to the dual itera-
tions, either by recovering solutions from scenario subproblems, as proposed in [1,2],
or by using recombination heuristics, similar to those proposed in [14]. The proposed
asynchronous algorithm allows us to solve limited-size SUC instances faster than the
state-of-the-art [18] and to solve SUC instances for systems larger than the state-of-
the-art [53] within operationally acceptable time frames.

Even though the proposed algorithm is inspired and tailored to SUC, the proposed
framework for asynchronous dual decomposition can be applied in other contexts,
such as temporal or spatial decomposition of unit commitment.

In order to make our numerical experiments replicable, we release all SUC instances
used in the present study [9] (WECC and CWE, see Sect. 6) along with the source
code of our implementation [10].

1.3 Notation and paper organization

Throughout this document we use boldface to denote vectors, lowercase letters to
denote variables and uppercase letters to denote parameters or sets. Additionally, we
use partial indexation of vectors to keep notation simple,i.e. x = [xlT e x;]r and
x; € R,

The rest of the paper is organized as follows. Section 2 introduces the stochastic
unit commitment problem and its scenario decomposition in a stylized fashion. Sec-
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6 I. Aravena, A. Papavasiliou

tion 3 presents the asynchronous distributed block-coordinate subgradient method and
provides convergence results for the dual iterations. Section 4 describes our primal
recovery heuristics. Section 5 describes the HPC implementation of the dual algo-
rithm, where we also cover aspects of communications and load balancing. Section 6
presents the numerical results for the WECC and Central Western European (CWE)
systems. Finally, Sect. 7 presents the conclusions of the study and points to directions
of future research.

2 Scenario decomposition in stochastic programming

Problem (1)—(4) is a general formulation for two-stage mixed integer stochastic pro-
grams with finitely many scenarios and bounded feasible sets [32].

Following [51], we relax problem (1)—(4) by associating multipliers x; to non-
anticipativity constraints (4). We thus obtain the dual problem (5), where fy and f;
are defined according to (6) and (7), respectively.

N
min - fo(x) + ; fix) (5)
N
Jo(x) := suzl/){ <— fo)u (6)
ue i=1
fitxpy:= sup ((¢] +xDHv+dfw)i=1,...,N 7
(v,w)eD;

Scenario decomposition schemes for solving (1)—(4) work by solving the dual
problem (5) and generating primal solutions based on the solution to subproblems
(6) and (7). The objective of problem (5) has a separable structure. Moreover, by
evaluating the component functions fy and f;, i = 1,..., N ata certain X, we obtain
asubgradient of the objective at x. These two properties motivate the use of subgradient
algorithms for solving (5) and evaluating the component functions in parallel in order
to speed up the algorithm [42]. A third important property of problem (5) should be
carefully considered, namely, the differences in evaluation times between component
functions.

In our context, the evaluation of f; at a certain x;,i = 1,..., N, requires the
solution of a large mixed integer linear problem, while the evaluation of fj at a certain
X requires solving a medium-size linear program, hence the evaluation of fy requires
only a small fraction of the time that it takes to evaluate f; for any i . In addition, for a
given X and two component functions f; and f;, the evaluation times of f; and f; can
be dramatically different (we have observed differences of more than 7500%). These
differences in evaluation time can also arise for the same component function evaluated
at two different iterates. Altogether, these differences can render synchronous parallel
algorithms ineffective because the time between iterations is limited by the component

2 This differs from the usual scope of application of coordinate descent methods, where the decomposable
part of the objective is easier to evaluate than the non-decomposable part [23,29,39,55].
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Asynchronous Lagrangian scenario decomposition 7

function which requires the greatest time to be evaluated. The main aim of the present
work is to overcome this limitation.

3 Asynchronous distributed block-coordinate subgradient method

In this section we present a minimization method that exploits the special structure of
(5) in order to effectively harness distributed computing. The proposed method has
been inspired by previous work on incremental subgradient algorithms by Nedi¢ et al.
[35-37].

We replace the non-decomposable component function fy by a smooth approxi-
mation f{', defined in Eq. (8), as done in [23].

N

1
ﬁ%m:=wp(<—§:#)u—§mm—uw@ ®)
i=1

ueld

We show in Sect. 3.1 that smoothness of the non-decomposable part of the objective
is necessary for the convergence of our method. Given p > 0 and certain ug € U, féL
is a convex differentiable function and its gradient has a Lipschitz constant L(’f [38,
Thm. 1]. We then focus on solving problem (9), where X is a convex set, onto which
it is easy to project.

N
gym=ﬁm+2ﬂm ©)
i=
The solution of problem (9) will be an approximate solution to problem (5) [38].
Note that problem (9), as well as problem (5), are non-differentiable convex optimiza-
tion problems.
For ease of presentation, we first introduce a serial variant of the proposed method.
We then generalize it to an asynchronous distributed setting. Proofs for all results
presented in this section are provided in Appendix B.

3.1 Serial method
Let us consider a block version of the randomized coordinate descent method [39] for
minimizing f. At iteration k, with current iterate x*, we select uniformly at random

a block j(k) from {1, ..., N} and compute the next iterate x**! using the following
update rule:

=Py [xk — M1 (’j(k)Vf(fl(xk) +g(j), xlj(k)))] . (10

Here, A is the step size, g(j, x) € df;(x) and /; is a matrix that maps Vfou to its
components relevant to block j,i.e.

Ij= |:0an(2{:_11 ”i) Tnjxn, O"fx(z"N:j“ "i):| ’
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8 I. Aravena, A. Papavasiliou

with 1, xn; corresponding to the identity matrix. Simply put, rule (10) updates the
multipliers by moving them in the opposite direction to a subgradient of the objective
function, restricted to the coordinates related to scenario j(k).

Although f is a non-differentiable function, the update rule (10) is equivalent to
the update rule of the stochastic subgradient method, as in the following proposition.

Proposition 1 Let J be a discrete uniform random variable on the set {1, ..., N}.The
expected direction of update rule (10), }E[IJT (IJVf(f‘ (xk) + g(J, x’j))l x¥1, coincides
with the direction of a subgradient of f at x*.

Note that smoothness of f0“ is a necessary condition for Proposition 1. This can be
understood intuitively by observing that the expectation in Proposition 1 constructs
the expected update direction by concatenating subgradients of f restricted to blocks
of coordinates, which are obtained from different calls to a first-order oracle. The
concatenation of blocks of coordinates of different subgradients of a non-separable
function (e.g. Z?’zl IJ.TIjg«f, where g/ € dfo(x), j = 1,...,N) is not necessar-
ily a subgradient of the function (see Proposition 4, in Appendix B), whereas the
concatenation of blocks of coordinates of the gradient of a differentiable function
(Z?’:l IJ.T I;V f3'(x) = V f}' (x)) results in the gradient of that function.

The stochastic subgradient method and its convergence have been well studied in
the literature, see for instance [21, Thm. 2]. By extension, with an appropriate selection
of the step size Ay (diminishing, nonsummable, square summable), the method defined
by the update rule (10) will converge to an optimal solution with probability 1.

Note that the update rule (10) requires computing the gradient of fé" and a sub-
gradient of f;() at each iteration k. This makes the method more expensive than the
subgradient method when we consider an entire pass over all scenarios, i.e. N itera-
tions of the method, which is the minimum amount of iterations required to update
every block of variables. Nevertheless, since the cost of computing the gradient of fé‘
is almost negligible compared to the cost of computing a subgradient of f; for any 7,
the extra cost in practice would not be noticeable.

3.2 Asynchronous distributed method

The idea behind the asynchronous distributed method is essentially the same as in the
serial method presented in the previous subsection, with the exception that subgradients
of component functions are computed in parallel to the updates. Specifically, following
[37], we use the computation model presented in Fig. 1. In this computation model,
only the Updating system can increase iteration counters, and updates are performed
serially using the information provided by the Subgradient computation system. The
serial nature of the Updating system allows us to describe the algorithm using a single
iteration counter k.

Note that subgradients communicated by the Subgradient computation system to
the Updating system might have been computed at previous iterates. In other words,
the subgradient information available to the Updating system might have delays. We
denote these delays by /(k), the total number of updates since the last evaluation of
the gradient of fOM , at iteration k; and £(j, k), the number of updates to block j since

@ Springer



Asynchronous Lagrangian scenario decomposition 9

k
Lo X ___ N Subgradient
Updating system computation
e oo e ]
Vf[‘f (zk—l(k) system

g(i, 1R

Fig. 1 Computation model for the asynchronous distributed method. At each iteration k, the Updating
system communicates the current iterate xK to the Subgradient computation system. In turn, the Subgradient
computation system communicates back the last computed subgradient for each component function. The
parallelism of this scheme resides within the Subgradient computation system

the last computation of its subgradient, at iteration k. Considering delays, we propose
update rule (11) for the randomized block-coordinate subgradient method:

= py [xk — - Ijr(k) (Ij(k)VfOM(xk_l(k)) +g(j k), xl;_@(J(k)’k)))] . (1D
Here, j(k) is selected uniformly at random from {1, ..., N}. This update rule is an
extension of (10), where we allow for delays in the subgradient information.

The presence of delays implies that Proposition 1 is no longer valid for update rule
(11). Nevertheless, we can use essentially the same idea in order to prove convergence
of the method defined by rule (11) as the one we used in the previous subsection.
That is, we show that the expected update direction coincides with the direction of the
approximate subgradient of the objective function and that the error in the approximate
subgradient vanishes as the iterations advance. In this work, approximate subgradients
are defined as follows.

Definition 1 (Approximate subgradient [45]) Let f be any convex function and let
x € Dom(f). A vector g is called an e-subgradient, or approximate subgradient, of
f at x if there exists € > 0 such that

)= fx)+g"(y—x)—€, VyeDom(f).

Our analysis of the iterates of the asynchronous method is based on the Supermartin-
gale Convergence Theorem [11, Prop. 4.2] (replicated as Theorem 2 in Appendix B
for self-containedness) and the following assumptions:

Assumption 1 (Subgradient boundedness) The subgradients of component functions
are bounded above by some positive constants. In particular, there exist positive con-
stants C and D such that

sup (19S5 (x) +8(j.y))|,=C and  sup [g(j.x;)|, < D.
jefl,...,N} Jjell,...,N}
x,yeX xeX

Assumption 2 (Delay boundedness) There exist a positive integer L (possibly

unknown) such that [(k) < L,VYk = 1,...,00 and €(j, k) < L,Vj =
1,....N,Vk=1,...,00.
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10 I. Aravena, A. Papavasiliou

Assumption 3 (Diminishing-bounded stepsize) The stepsize A; might be a function
of x¥, x¥=1, ..., x, but not of the block coordinate to be updated j (k). Furthermore,
the sequence {A;} is bounded above and below by a deterministic sequence {y}, such
that

. . 1 o0 o0 5
Gy < A < Gy, Vk=m Vk, kz;)yk=00» kZ:OVk < 00,

where G, G, r, g are positive constants.

For SMIP instances, Assumption 1 is ensured by the boundedness of the sets U/
and D;,i = 1,..., N of the primal problem (1)-(4), while Assumption 2 will hold
as long as the evaluation time of all component functions is finite. The selection of a
stepsize which is consistent with Assumption 3 is discussed in Sect. 3.3.

The following lemma conveys the key idea of our analysis and the rest of the proof
follows almost directly from it.

Lemma 1 Let Assumptions 1 and 2 hold. Additionally, let J be a discrete uniform ran-
dom variable on the set {1, ..., N} and Fy = {xk, xk=o xo}. Then, the expected
direction of update rule (11),

BT (1) fE 10y 4 g (g, 570 7,

coincides with the direction of an e-subgradient of f at x*, with

k—1 k—1
e=CLy > Ay +2CDN Y .
m=k—L m=k—L

Lemma 1 shows that the update direction of rule (11) should, on average, be close
to a subgradient of the objective and that the error in the subgradient is bounded by the
sum of the last L stepsizes, hence by choosing a stepsize consistent with Assumption 3
this error will vanish as k grows. In the following, Proposition 2 gives an estimate of the
progress of the asynchronous method at each iteration, based on the result of Lemma 1,
while Proposition 3 presents a straightforward consequence of Assumption 3.

Proposition 2 Let Assumptions 1, 2 and 3 hold and let Fy = {xk, xk=o xO}.
Then, for the sequence {x*} generated by the update rule (11), we have that

Ak

E[llx*T! — yl3|Fe] < Ix* — ylI5 - 2ﬁ(f(xk) — ()

22 C2L6L — 2
+ A+ 2 Xk:LAm 1)
m=k—

k—1
+4CDM Y hm Yy EX.

m=k—L
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Asynchronous Lagrangian scenario decomposition 1"

Proposition 3 Ler Assumption 3 hold. Then, we have

o0 00 00 k—1 00 k—1
Zkk:oo, Zx,§<oo, Zxk Z Am < 00, Zxk Z 22 < o0,
k=0 k=0

k=0  m=k—L k=0  m=k—L
where for notational convenience we let A_; = Xy VI € N.

Finally, in the following theorem, we apply the Supermartingale Convergence The-
orem (Theorem 2, Appendix B) to the results of Propositions 2 and 3 in order to prove
the convergence of the asynchronous method to an optimal solution.

Theorem 1 Let Assumptions 1, 2 and 3 hold, and assume further that the optimal
solution set X* is nonempty. Then the sequence {x;} generated by the randomized
method converges to some optimal solution with probability 1.

The result presented in Theorem 1 extends the state-of-the-art by providing a
convergence guarantee for the asynchronous block-coordinate descent method for
non-differentiable optimization problems with the structure of problem (9) without
the need for a line search on x ;) at each iteration [23,52].

An important remark is that the asynchronous incremental method proposed in [37]
is guaranteed to converge to an optimal solution for both problem (5) and problem
(9), while also exploiting their decomposable structure to a certain extent. We utilize
block-coordinate descent instead of incremental methods for two reasons:

— The choice between incremental and block-coordinate subgradient methods can
have significant implications on the magnitude of delays whenever we are min-
imizing a problem with the structure of problem (9), where a gradient of fé‘ is
much easier to evaluate than a subgradient of f; foranyi = 1,..., N,and X = R”
(unconstrained optimization).

The incremental subgradient method at iteration k selects at random a component
function, j(k) € {0,1,..., N}, and performs an update following the direc-
tion of the computed subgradient for the selected component function. Whenever
j(k) > 1, the algorithm will update block-coordinate j(k), which will cause the
current gradient of f(f‘ and the subgradient f) to gain one unit of delay. On the
other hand, every time j(k) = 0, the algorithm will update the entire vector x,
adding one unit of delay to all the subgradient information available to the Updat-
ing system. This effect, which is unavoidable for the problem structure analyzed
in [37], is undesirable because errors on the update direction depend directly on
the magnitude of the delays.

The block-coordinate subgradient method at iteration k& updates only the coor-
dinates of block j(k) € {1,..., N}, causing the available gradient of fé’“ and
subgradient f;) to gain a unit of delay, but leaving unaffected the rest of the sub-
gradient information available to the Updating system. Moreover, new gradients
for fé‘ can be computed rapidly as iterations advance, which allows us to maintain
small delays throughout the solution process.

— For SMIP instances and, in general, for Lagrangian relaxation of constraints linking
duplicated variables, as the dual multiplier x approaches an optimal value, u and
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12 I. Aravena, A. Papavasiliou

v; start becoming similar for all ;. As a consequence, the gradient of fo“ will tend
to point in an opposite direction to the subgradient of f; foranyi = 1,..., N,
thereby causing the incremental method to be susceptible to oscillations in x.

3.3 Stepsize selection and function value estimation

Although Assumption 3 might seem to restrict the stepsize to a diminishing series
of the type 1/k9, it also allows us to use a stepsize similar to the dynamic stepsize
proposed by Polyak for the subgradient method [43],

_ f(xk)—f* k k
k_ping(xk)”% , g(x)eaf(x ),0<p<2.

In order to use the original Polyak stepsize, we need to know the objective value
at the current iterate f (xk), the optimal value f*, and the norm of the subgradient
at the current iterate ||g(x")||2, none of which are available for the asynchronous
method. Instead, we construct a new stepsize which uses estimates for each of the
aforementioned quantities. An estimate of the current objective, which is also an
upper bound on the objective of the primal problem (1)—(4) , can be obtained at the
cost of evaluating fj as follows:

N
f*) ~ UB —fo([( R N sl ) Z t00) (13

On the other hand, an estimate g; of the subgradient norm can be computed using the
last known subgradients for the component functions:
2 }

Here, o is a small positive constant intended to prevent that g = O (note that, due to
the delays, gx = 0 does not imply that x* is optimal). An underestimate for the optimal
value L By can be obtained from a feasible solution to the primal problem, which is
computed as described in Sect. 4. We assume that this is a strict underestimate, i.e.
0 < f*— LBy for some 6 > 0.1In other words, we assume that strong duality is never
attained for realistic SUC instances.

Using these estimates, we propose the following dynamic stepsize:

Vf“(k l(k) +Z[g~ kl(jk))
j=1

lg(xb) I ~ & = max{

min &, UBy — LBy
= py - i = L (14)
k

where & is a positive constant and py = po/(1 4 rk)4, with pg, r positive constants
and 1/2 < g < 1. The goal of £ is to prevent the method from taking long steps
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Asynchronous Lagrangian scenario decomposition 13

whenever the underestimate of the optimal value is loose. At the same time, we scale
our estimate of the Polyak stepsize by the decreasing sequence py. We do this order to
ensure that the resulting stepsize Ay, defined in Eq. (14), respects Assumption 3. This
can be verified by observing that A, satisfies the following inequality:

0 §
PO " Vk <Ak < po— - Vk-
C o

Therefore, by Theorem 1, the asynchronous algorithm using the proposed stepsize
(14) will converge with probability 1 to an optimal solution.

A diminishing stepsize of type Ax = po/(1 + rk)? is also guaranteed to achieve
convergence under Assumptions 1-3. However, for such a stepsize to work effectively,
it is necessary to determine a ‘good’ initial stepsize pg in absolute terms. The process
of selecting a ‘good’ initial stepsize can require several trial-and-error runs of the
algorithm for every instance to be solved, which would not be possible in an industrial
implementation with a strict time limitation.

By contrast, in order to set the parameters for the proposed stepsize (14), we only
need to decide the proportion py of the Polyak stepsize that we would like to have
at two different iteration counts (e.g. po = 0.5 and ps5o.y = 0.25) and the rate at
which we would like to decrease py (e.g. decreasing with a rate 1/k). Given that these
parameters are scale-free, in the sense that they do not depend on the absolute value of
the objective function, there is no need for trial-and-error runs when using this stepsize
rule in industrial-size applications.

4 Primal recovery

Primal recovery is an essential component of any Lagrangian relaxation method aiming
at solving the original problem. Although there exist exact methods for recovering
primal solutions in the case of linear programs [7], these methods do not extend to the
mixed integer case. Therefore, primal recovery generally relies on heuristics.

In the case of the SMIP instances in this paper, we exploit the weak relatively com-
plete recourse of the problem, i.e. that Py, (D;) = Py, (D;) forany i, j € {1,..., N}.
In other words, any solution to a scenario subproblem v can be used as a candidate
non-anticipative first-stage solution. We can then compute the second-stage cost /; (v)
by solving second-stage problems with fixed v; = v:

hi(@)=c'v4+ min _dlw.
wl|(v,w)eD;

Thus, we obtain a complete primal solution to (1)—(4) and a lower bound on the
objective of (5) [1,2].

Recovering one feasible non-anticipative solution at every dual iteration would
require the solution of N2 second-stage MILPs for every dual pass over data. For
medium to large scenario sets, the computational requirements of primal recovery can
easily become larger than the requirements of the dual algorithm. If both dual iterations
and primal recovery are performed concurrently, primal candidates would need to
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14 I. Aravena, A. Papavasiliou

enter into a queue for evaluation, which will typically grow as dual iterations advance
(assuming similar resources are allocated for dual iterations and primal recovery).
Within this context, we test three rules for determining the order of evaluation of
primal candidates in the queue:

— First-in-first-out (FIFO).

— Random order (RND), motivated by the possibility that a good solution might
appear anywhere in the sequence of solutions to scenario subproblems.

— Last-in-first-out (LIFO). This approach accounts for the fact that, as dual iterations
advance, solutions to scenario subproblems tend to be almost non-anticipative
(vi~vj,i, j=1,..., N). Therefore, scenario subproblem solutions in later iter-
ations could achieve better overall performance.

A different approach towards recovering primal solutions is to create primal
candidates as they are required, by combining the solutions to different scenario sub-
problems. Carge and Schultz [ 14] propose creating primal candidates by first averaging
the solutions to all scenario subproblems and then rounding the result using a heuristic.
We use a variant of this idea, combined with importance sampling (IS), to create primal
solutions. Let V = Py, (D;) for an arbitrarily chosen i € {1, ..., N}. Our recovery
heuristic, then, proceeds as follows:

1. Associate to each scenarioi = 1, ..., N aprobability proportional to an estimate
- k—L(i k)
of its importance, e.g. p; & f;(x; ).
2. Pick a sample of the scenarios of size M < N, using p; as the probability of
sampling scenario i.
3. Average the current scenario subproblem solution v; associated to the sampled
scenarios {i(m), m = 1, ..., M} in order to generate an average v:

| M
V= M Z Vi(m)-
m=1
4. Generate a primal candidate u by projecting the average of step 3 onto V,

i =argmin |u—3|3. (15)
uey

In general, problem (15) follows the form of a modified scenario subproblem,
because V = Py, (D;) = {v € R" | Jw, (v, w) € D;}, for an arbitrarily chosen
i € {l,..., N}. Nevertheless, in most cases YV = U N (Z" x R"™"), where n;
indicates the number of integer first-stage variables. Problem (15) then reduces to a
quadratic version of problem (6), which is smaller and easier to solve than a scenario
subproblem.

The proposed heuristic allows us to create primal candidates that combine the
characteristics that make a solution optimal for a representative subset of the scenarios
while, at the same time, generating different candidates after each dual iteration if
necessary. The latter would not be possible if we were to follow [14], since the average
of the solution to all scenario subproblems does not change significantly from one
coordinate descent iteration to the next.
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Asynchronous Lagrangian scenario decomposition 15

5 High performance computing implementation

Section 3 provides convergence guarantees for the asynchronous dual optimization
algorithm, based on the conceptual distributed computation model of Fig. 1, while
Sect. 4 proposes two primal recovery schemes that can be parallelized. This section
specifies the actual implementation of the algorithm, that is, the different processes
running in parallel and the information to be exchanged between them.

We implement the algorithm using the Master/Slave design presented in Fig. 2.
The Master coordinates the work of all workers, dynamically assigning tasks (solving
optimization problems) to Slaves as the algorithm progresses. Slaves, on the other
hand, limit themselves to perform the tasks demanded by the Master, without a view
of the global progress of the algorithm.

In contrast to the conceptual computation model presented in Fig. 1, in the actual
implementation there is no clear separation between the Updating system and the
Subgradient computation system. The Updating system is contained within the Master.
The Subgradient computation system is split between the Master and the Slaves that
are currently evaluating f(f or fi,i =1,....N.This part of the process shown to the
left of the Master in Fig. 2.

Primal recovery is performed concurrently with dual iterations, using a portion of
the Slaves. This part of the process is shown to the right of the Master in Fig. 2.
Primal recovery evaluates the second-stage cost of primal candidates and, if using the
IS heuristic, it also creates new candidates by projecting averaged first-stage solutions
onto the first-stage feasible set.

Performing dual iterations alongside primal recovery enables the algorithm to con-
tinuously compute upper bounds (dual function evaluations) and lower bounds (primal
recovery) on the optimal value. This allows us to establish a natural termination cri-
terion, UB — LB < €. We can also terminate the algorithm at a certain wall time,
while still returning the incumbent solution and an optimality gap. These termination
guarantees permit the deployment of our asynchronous algorithm in settings with hard
limits on execution time, such as day-ahead unit commitment.

Slave s1 Slave s3
Evaluating . -7 Projecting

f(‘fvfo ‘/’/’:,/’/ onto V ...

(-Z'f) la
Master
TJ‘%KP - v \\::\ R \zfé’ ‘
Slave so BT TRNE é\\‘:\‘\ Slave sy
. Pt L2 “(gey ~~

Evaluating - 90@9\ > E%Q U’VQ (@ -~ Evaluating

Tiky - SN&K 3 2nd stage ...

Fig.2 Execution snapshot of the asynchronous distributed algorithm for stochastic unit commitment. Each
box corresponds to a process and each dashed line corresponds to information that is exchanged between
processes. The Master assigns tasks to each of the Slaves dynamically. Not all types of tasks need to be
present at all times, and there might be several Slaves engaged on the same task, but over different data
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In the following, we detail the internal layout of the Master and Slave processes, and
how they interact with each other. The implementation is based on the SMPS file format
for stochastic programs [26]. In particular, it uses the concepts of CORE problem, time
indexation of variables and constraints (TIME file), and the specification of scenarios
by their differences to the CORE problem (STOCH file). In order to maintain a small
memory footprint, which is critical for solving large SUC instances, only the CORE
problem and the TIME indices are maintained in memory, while the information in
the STOCH file is loaded from the hard drive as needed and purged after it has been
used.

5.1 Slave

The Slave process, presented in Fig. 3, starts by partially reading the instance to be
solved (steps 1-2, Fig. 3): it loads the CORE problem, loads all the information in the
TIME file (time stages of variables and constraints) and gathers information about the
organization of the STOCH file (metadata), e.g. a list of the scenarios and where in
the STOCH file are they located.

The reading process respects the classification of constraints within the CORE file.
In particular, it differentiates between normal constraints, delayed constraints (i.e.
constraints that are necessary for feasibility but are unlikely to be binding, also known
as lazy constraints) and model constraints (i.e. constraints redundant at the optimal
MIP solution, also known as user cuts).> Current commercial MILP solvers can take
advantage of this classification of constraints to speed up the solution process. Note
that, in order to read files with this constraint differentiation, the TIME file must
explicitly declare the time index of rows and columns [26].

After every process finishes the reading step (step 3), the control flow is organized
around a loop within which the Slave receives a task from the Master, executes it,
and communicates back the result. Subproblems in all tasks are formulated either by
modifying the CORE problem, as in steps 6, 10 and 22, or by taking a subset of the
constraints of the CORE problem, as in steps 14 and 18. The transformation of steps
6, 10 and 22 uses the metadata to avoid parsing unnecessary parts of the STOCH file.

There are 5 types of tasks, as well as 1 termination signal, that the Slave can
receive from the Master. Among these, dual scenario corresponds to evaluating a
certain component j € {1, ..., N} of the dual objective for certain multipliers, primal
projection corresponds to projecting an averaged candidate onto the feasible set of
first stage decisions [see Eq. (15)], and second stage scenario corresponds to solving
a recourse problem for a given first stage decision.

The dual fy task involves the following two actions: computing the gradient of
fOM and computing an upper bound. These tasks are merged because they involve
solving very similar mathematical programs, (6) and (8), none of which has a strict
requirement on the frequency with which it must be solved (contrary to the case of
primal projection, which must be solved whenever we need a new primal candidate).
The task uses four pieces of data. The first two, the sum of the current multipliers

3 Delayed constraints and model constraints correspond to the terminology used by Xpress, while lazy
constraints and user cuts correspond to the terminology used by Cplex.
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Fig. 3 Control flow of the Slave process. Continuous lines show the flow of the program, while dashed
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iteration counter k and the candidate index ¢ are dropped because they are not relevant within the Slave
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Z,N: | xi and a center ug, are used to compute the gradient of fo" at the current iterate.
The other two, the sum of certain multipliers y, ZlN:1 ¥;, and the sum of the scenario

component functions of the dual evaluated at y, ZlN: 1 fi(y;), are used to obtain an
upper bound on the optimal value of the original program by evaluating fo(y) and
letting f(y) = fo(y) + ZINZI fi(y;),as indicated in Eq. (13).

The approx dual scenario task has the same objective as the dual scenario task, with
the difference that the former solves only a relaxation of the scenario subproblem. Two
types of relaxation are considered: (i) the linear programming (LP) relaxation, applica-
ble to problems where the sets D; are mixed-integer polyhedral sets, and (ii) the period
relaxation, in which each period of the scenario subproblem is solved independently.
The latter is applicable to problems where sets D; have a multi-period structure, such
as the case of SUC (see Appendix A). The period subproblem is constructed using
the indexation of variables and constraints present in the TIME file. These relaxations
provide cheap subgradient estimates and upper bounds on component functions. They
are used in the initialization procedure described in Sect. 5.3.

5.2 Master

The Master process, presented in Figs. 4 and 5, starts in the same manner as the Slave,
by allocating memory to variables and reading the necessary information from the
CORE, TIME and STOCH files, steps 1-2 in Fig. 4. Note that the Master does not
require further information regarding the subproblems because this is not used directly
for dual iterations or primal recovery.

After reaching the synchronization point, step 3, the Master uses the Slaves to
perform the initialization procedure, step 4, which provides initial values for the sub-
gradients and upper bounds. This step is followed by the launching of the initial batch
of tasks of the algorithm, in steps 5 and 6. We update as many blocks as possible,
launching the corresponding subgradient evaluation tasks. If there are free Slaves
after updating all blocks, we use them to perform primal recovery tasks, so that all
Slaves are assigned to a task. The Master keeps track of the task assigned to each
Slave.

The Master then enters its main loop, which receives the result of a task from Slave
s (step 7), processes it (steps 8—16) and assigns a new task to the Slave s (steps 21—
28). The processing procedure depends on the type of task. For dual fy, we simply
overwrite the gradient of fp and update the upper bound, while for primal projection
we add the new candidate to the list of primal candidates.

The processing of dual scenario tasks requires checking whether the received result
contains new information relative to what is already available to the master before
overriding it (step 11). This is necessary, because as the updates of x are performed at
random, there might be two or more Slaves evaluating the same component function
i, each for a different x;. If the evaluation for an older x; finishes later, it should not
overwrite the subgradient information available to the Master, since this would only
introduce more delays in the subgradient information. Irrespective of its delay, the
result is used in step 12 as a primal candidate as long as the primal recovery heuristic
is not set to importance sampling.
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Fig.5 Control flow of the Master process (cont.)

Second stage scenario tasks, on the other hand, return the second stage cost of a
given first stage candidate solution at a certain scenario (step 14). If the first stage
solution has been evaluated for all scenarios, it is used in step 15 in order to update
the lower bound on the primal objective. Note that we do not assume any order in
the evaluation of first-stage candidate solutions, allowing for primal recovery to be
performed asynchronously on several candidates at the same time.

Once the processing phase is complete, at the top of Fig. 5, the algorithm checks
whether the termination criterion is met and terminates the execution of the Master
and Slaves if that is the case. If the termination criterion is not met, the algorithm will
proceed to decide which task to assign to Slave s. This decision is made according to
the following criteria, in the same order of importance as they are presented:
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1. Use at most N concurrent processes for dual scenario tasks.

2. Maintain the proportion of Slaves engaged in dual iterations as close as possible
to the value of the configuration parameter DualShare.

3. A dual fy task must be executed every certain number of dual scenario tasks.

4. If using the IS primal recovery heuristic, a primal recovery task must be executed
whenever the number of elements left in primal tasks is small enough to
risk primal tasks to be empty before a new candidate is generated.

Before sending the chosen task to Slave s, certain preprocessing steps are required.
In the case of a dual scenario task, a block coordinate descent update is performed
on a random scenario j and, only then, a dual scenario task for scenario j with the
new multipliers is assigned to Slave s. This action (steps 22-23) corresponds to the
updating system of Fig. 2.

Before assigning a second stage scenario task, on the other hand, it is necessary
to check whether there are pending primal tasks to be executed. If this is not the
case, then, in step 25, new tasks are created using the next candidate, which is chosen
according to the order specified by the RecoveryType parameter (FIFO, RND, LIFO,
IS) from the list of pending candidates, primal_ cand, and removed from it. If the
RecoveryType configuration parameter is set to IS, then the most recent candidate in
the list is chosen.

The assigned task is then sent to Slave s and the Master returns to the beginning of
its main loop, where it will wait for the next result.

5.3 Initialization

The main objective of the initialization subroutine, executed by the Master at step 4
(Fig.4),is to obtain cheap estimates of the subgradients of component functions, upper
bounds on the component function values at the initial multipliers x° and, optionally,
an initial set of primal candidates.

The initialization proceeds as follows. First, subgradient estimates and upper bounds
are computed by executing approx dual scenario using the Slaves, for all scenarios
with the initial multipliers. Once the results for all scenarios have been collected, a
dual fy task is executed to obtain a gradient for fo“ and a valid upper bound on the
primal objective.

If the selected primal recovery heuristic is not IS, subgradient estimates can be used
as primal candidates (because of the projection onto V, step 8, Fig. 3) and evaluated
at step 6 of Fig. 4 (if S > N). On the other hand, if the selected primal recovery
heuristic is IS, then at step 6 of Fig. 4 the next primal task would correspond to primal
projection, with averaged candidates generated by the Master on the fly.

Without these subgradient estimates, the first round of updates (step 5, Fig. 4)
would not modify the multipliers, and the computation of the first upper bound would
be delayed until all component functions have been evaluated, that is, at least until the
slowest of all component functions is accurately evaluated. Considering that differ-
ences in evaluation times of component functions observed in real instances can be as
high as 7500%, the lack of an initial upper bound can significantly delay termination
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of the algorithm, even when a good primal candidate and lower bound are already
available.

Note that primal recovery also benefits from the initialization. The reason for this
is that, without the initial set of candidates, primal recovery would be delayed until
the results from the accurate evaluation of component functions f; are returned to the
Master.

6 Numerical results

We implement the proposed asynchronous algorithm as described in the previous
section in C, using Xpress (through its C API) [22] for solving all mathematical
programs and MPI [25] for handling communications between processes.

We test the proposed algorithm on SUC instances of the WECC [42] and CWE [8§]
systems, and on generic SMIP instances from the SIPLIB collection [4]. Sizes and
solution times of scenario subproblems of SUC instances are presented in Table 1,
where it can be observed that the instances used in the present study are at least
as large, or present scenario subproblems as difficult to solve (in terms of solution
time) as the models in the literature. We conduct these numerical experiments using
multiple high-performance computing clusters, the technical specifications of which
are presented in Appendix C.

6.1 Western Electricity Coordinating Council system instances

The WECC system instance [42] is composed of 130 thermal generators, 182 buses
and 319 branches. It features multiarea renewable production with hourly resolution
over a 24 h horizon for 8 representative day types, one weekday and one weekend
day per season. The number of scenarios ranges from 10 to 1000, and each scenario
is associated with different renewable production profiles and contingencies.
Numerical experiments on the WECC system were run on the Cab cluster, hosted at
the Lawrence Livermore National Laboratory. We configure Xpress to solve the root
node in all subproblems using the barrier algorithm, we limit the number of Xpress
threads to 1 and set the termination gap of subproblems to 1%. For all WECC instances,

Table 1 Scenario subproblem sizes and solution times for different instances used in the present study
(highlighted in boldface) and in the literature

Instance Rows Columns Non-zeros Integers Subproblem solution

Time (s) Avg. (max.)

WECC [18] 69,447 28,943 240,724 4080 94 (25.7)
WECC [42] 34,441 23,090 139,394 3074 83 (67.9)
EDF [53] 812,906 73,562 - 26,122 - -

CWE [8] 609,589 390,075 1,941,270 9753 33832 (7851.8)

Subproblem solution times for WECC [42] correspond to a winter weekend instance with 100 scenarios,
while subproblem solution times for CWE [8] correspond to a spring weekday instance with 120 scenarios
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we use 1 core per process, so that S = #Cores — 1, and we limit the run time of the
algorithm to 2 h.

The solution times of the WECC instances are summarized in Table 2 for different
configurations of the asynchronous algorithm. Regarding stepsizes, ‘Dim. 1/k’ corre-
sponds to a stepsize of the type 1/k and ‘Polyak’ corresponds to the Polyak stepsize
defined in Eq. (14), where the diminishing part is set to decrease from 0.5 to 0.25
in 50N iterations with ¢ = 1. Primal solution recovery methods correspond to the
four methods described in Sect. 4. The modification of the DualShare parameter for
1000-scenario instances is motivated by the findings that are presented in Sect. 6.4.

From the perspective of dual optimization, Polyak stepsizes outperform 1/k step-
sizes when considering a 1% termination criterion. In all our instances and test runs,
Polyak stepsizes provided better results without the need for tuning.

For primal recovery, we observe that the three methods that recover solutions
directly from solutions to scenario subproblems (FIFO, RND, LIFO) exhibit simi-
lar performance for the 10-scenario instances. RND and LIFO outperform FIFO on
instances with 100 scenarios. The IS heuristic outperforms its counterparts in all
instances.

The best configuration of Table 2, which is highlighted in boldface, outperforms
the run time reported in [42], in which 1000 scenario instances (23.1 million variables,
35.9 million constraints and 3.1 million integers) were solved in up to 24 h using 1000
cores. Instead, the best performing algorithm in this paper solves the same instance
in less than 2 h using 256 cores. Similar speedups are observed for instances with
fewer scenarios with respect to [42]. The progressive hedging method of Cheung et
al. [18] solves instances of the WECC with up to 100 scenarios within 1.5-2.5%
optimality within 25 min. In comparison, the proposed algorithm solves instances
of similar difficulty in terms of solution time of subproblems (see Table 1) to 1%
optimality in at most 18.7 min and to 2% suboptimality in less than 5 min. We perform
a direct comparison between progressive hedging [ 18] and the proposed asynchronous
algorithm using a subset of the SUC WECC instances. Details of this comparison are
presented in Appendix D. We observe that the proposed method is 4.35 times faster
than the progressive hedging method of [18], though the latter tends to produce better
quality solutions.

Detailed solution statistics per day type for the best configuration are reported in
Table 8, in Appendix E. For ease of replicability, in Table 9, which is also included
in Appendix E, we report the solution statistics for the 10-scenario instances obtained
using a 4-core laptop.

6.2 Central Western European system instances

The CWE system instance is based on [8], with the following adaptations: (i) we
include the commitment of nuclear units (binary variables) and (if) the selection of a
set point for CHP power plants* (continuous variables) as first-stage decisions of SUC.
The system consists of 656 thermal generators, 679 buses and 1037 branches, and it

4 Combined Heat and Power (CHP) plants can vary their production of electricity only within a limited
range for a given production of heat [20].
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Table 3 Solution time statistics

for WECC instances, over 8 N # Cores Solutlo[T tlm.e (s), avg. (max.) —
representative day types 2% Optimality 1% Optimality
30 96 2580.3 (5908.2) 3806.2 (9279.1)
60 192 2563.7 (5593.3) 37742 (8323.4)
120 384 2696.5 (5973.0) 3876.2 (7952.6)

All instances use the Polyak stepsize, the IS primal recovery heuristic,
and a Dual Share parameter setting of 0.75

features multiarea renewable production with quarterly resolution over a 24-h horizon
(96 periods). The problem is solved for 8 representative day types and using 30, 60 and
120 scenarios of renewable production. For all CWE instances, ramp rate constraints
within each hour are declared as delayed constraints. Each scenario subproblem of
the CWE instances is almost one order of magnitude larger, in terms of matrix size,
than the scenario subproblems of the largest instance considered in the SUC literature
[53], see also Table 1.

Numerical experiments on the CWE system were run on the Cab cluster of the
Lawrence Livermore National Laboratory. We configure Xpress to solve the root node
in all subproblems using the barrier algorithm, limit the number of Xpress threads to
2, set the MIP time limit to 1 h and 30 min, and set the termination gap of subproblems
to 1%. Each process uses 2 cores (1 core per Xpress thread) hence § = #Cores/2 — 1.
We set the maximum run time of the algorithm to 6 h. Table 3 presents the summarized
solution statistics for the proposed algorithm on the CWE instances. Detailed solution
statistics per day type are reported in Table 10 of Appendix E.

Solution times are larger that those observed for the WECC, nevertheless they
remain within operationally acceptable time frames for day-ahead scheduling (at most
2 h and 34 min are required for obtaining a solution within 1% optimality). This
increase in overall solution time with respect to the WECC instances results mostly
from the time required for solving dual scenario subproblems which, as shown in
Table 1, is two orders of magnitude larger than for WECC.

These results largely outperform reported solution times for instances of the CWE
system with up to 16 scenarios [44] (also obtained from [8]), on the same computing
environment (Cab cluster). In these references, scenario decomposition along with an
optimal grouping approach achieved solutions within 2% of optimality in 15 h.

6.3 SIPLIB instances

SIPLIB [4] is a collection of SMIPs, provided in SMPS format [27], for testing and
developing numerical methods for solving SMIPs. Two-stage SMIP instances in the
SIPLIB collection include a variable count that ranges from tens up to a few thousand
variables. Each scenario subproblem has constraints, which are much fewer than the
industrial-size SUC instances considered in the previous sections of thie paper. The
SIPLIB problems include from 2 up to 2000 scenarios. We conduct numerical exper-
iments using the largest two-stage SMIP instances in the SIPLIB collection, which

@ Springer



26 I. Aravena, A. Papavasiliou

Table 4 Solution time statistics for largest SIPLIB instances

Instance N Dual k/N Solution LB UB Gap (%)
share time (s)
dcap233_200 200 0.5 58.3 5.37 —1839.33  —1826.28 0.71
dcap233_300 300 0.5 75.3 10.34 — 165559 —1639.14 099
dcap233_500 500 05 200.0 41.75 —1776.39 —1734.02 239
dcap243_200 200 0.5 40.0 3.70 —233449 —2311.16 1.00
dcap243_300 300 0.5 62.8 7.99 —2574.79 —2551.44 091
dcap243_500 500 0.5 146.9 31.59 —2180.31 —2161.58 0.86
dcap332_200 200 05 200.0 17.92 —1061.54 —1050.85 1.01
dcap332_300 300 05 200.0 27.58 —127411 —1241.07 2.59
dcap332_500 500 05 200.0 43.44 —1611.07 —1583.60 171
dcap342_200 200 0.5 34.4 3.32 —1621.95 —1605.93 0.99
dcap342_300 300 0.5 166.6 21.80 —2084.18 —2063.34 1.00
dcap342_500 500 0.5 167.3 38.31 —1916.31 —1899.54  0.88
sslp.5.25.50 50 0.5 57.2 1.91 121.60 122.83 1.00
sslp.5.25.100 100 0.5 28.6 2.82 127.37 128.65 1.00
sslp.10.50.50 50 0.5 20.0 9.42 364.64 368.29 0.99
sslp.10.50.100 100 0.5 27.1 25.32 354.19 357.77 1.00
sslp.10.50.500 500 0.9 27.2 69.99 349.14 352.65 1.00
sslp.10.50.1000 1000 09 20.7 105.90 351.71 355.26 1.00
ss1p.10.50.2000 2000 09 17.8 180.48 347.26 350.77 1.00

All instances use 1% optimality or 200N iterations as termination criterion (Whichever occurs first), Polyak
stepsize, IS primal recovery and 96 cores

originate from two test sets: (i) the DCAP test set includes instances with mixed-
integer first-stage variables and binary second-stage variables, and (ii) the SSLP test
set includes instances with binary first-stage variables and mixed-binary second stage
variables. These experiments are run on the Lemaitre3 cluster hosted at the Université
catholique de Louvain, with Xpress used for solving the root node with dual simplex
and a termination gap of 0.1% for subproblems.

Table 4 presents the solution times and solution quality statistics for the DCAP
and SSLP instances. Here, k/N corresponds to the total number of coordinate descent
iterations normalized by the number of scenarios. For consistency with the rest of the
paper, lower bounds L B and upper bounds U B refer to bounds on the objective values
of the respective problems, which are posed as maximization problems.

We observe that the proposed asynchronous approach fails to achieve the desired
1% optimality gap required for 4 of the 12 instances. This is highlighted in boldface
in Table 4. From the exact solution to these instances [3], obtained using a specialized
branch-and-bound algorithm described in [5], we know that this is due to the fact that
our heuristics failed to detect a primal candidate with an acceptable objective function
value for dcap233_500, dcap332_300 and dcap332_500. Instead, for dcap332_200,
the proposed asynchronous algorithm failed to derive a tight upper bound. All other
DCAP instances were solved to the desired tolerance.
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Table 5 Variation of solution time with the Dual Share parameter setting, which varies smoothly between
its start value (k = 0) and its value after 200 dual passes over data (k = 200N)

Primal recovery Dual share Solution time (s), avg. (max.)
k=0 k =200N 2% optimality 1% optimality

IN 0.1 0.1 150.5 (168.7) 1731.9 (1821.0)
0.25 0.25 78.9 (82.8) 785.7 (807.8)
0.5 0.5 52.5 (55.6) 441.4 (467.6)
0.75 0.75 67.2 (78.0) 307.4 (333.3)
09 09 58.1 (72.3) 291.0 (294.2)

LIFO 0.5 0.5 97.5 (120.0) 529.9 (598.3)
0.75 0.75 92.3 (104.5) 479.9 (624.1)

IN 0.75 0.25 50.9 (59.0) 313.9 (334.5)
09 0.1 66.8 (77.5) 280.3 (320.2)

Results in the table correspond to WECC, spring weekdays, for 100 scenarios. The instance is solved using
96 cores and a Polyak stepsize. Statistics are obtained over 4 runs for each configuration

Regarding SSLP instances, we arrive at a different observation. While we were
able to achieve the desired optimality tolerance and solve problems with up to 2000
scenarios, in terms of solution time the proposed approach is outperformed by an order
of magnitude by the integer L-shaped method presented in [6].

These results validate the correctness and show the general applicability of our
asynchronous algorithm. At the same time, they indicate that, for small-scale problems,
enumerative techniques (such as those presented in [5,6]) should be preferred to our
asynchronous algorithm. On the other hand, for large-scale problems, the proposed
asynchronous algorithm should be preferred, as demonstrated in the previous sections.

6.4 Sensitivity of solution times to the allocation of resources

The Dual Share configuration parameter determines how distributed computing
resources are allocated between tasks related to dual iterations or to primal solu-
tion recovery. This can impact the overall performance of the algorithm significantly,
especially when parallel computing resources are limited.

Table 5 shows how variations in the Dual Share affect run time, with all other
parameters remaining constant. We select the WECC spring weekday instance with
100 scenarios to perform this test. Our choice is due to the fact that it corresponds to a
medium-size instance and has the median solution time among WECC instances with
100 scenarios.

The configuration using the IS primal recovery heuristic (first 5 rows) exhibits an
important improvement in solution time as we increase the Dual Share. For the LIFO
heuristic (6th and 7th row), on the other hand, we observe only a minor improvement
in solution time with the increase of Dual Share. This shows that averaging scenario
subproblem solutions can indeed generate better candidates than simply using scenario
subproblem solutions. We thus avoid the use of computing power in evaluating the
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performance of low-quality primal candidates. This effect was not observed in the 10
and 100-scenario instances of Table 2 because we used almost twice as many cores
as scenarios, allowing FIFO, LIFO and RND to carry out a very large number of
candidate evaluations.

Our implementation gives us the freedom to change the Dual Share during the
solution of an instance, allocating fewer or more resources to dual tasks in ealier iter-
ations. This can be beneficial as the subgradient method achieves fast improvements
during the first iterations, but it becomes slow as it approaches the optimal solution.
Therefore, by starting with a high Dual Share and gradually decreasing it, we can take
advantage of the rapid bound improvement during the first iterations and use more
computing power in later stages in order to recover better primal solutions. Rows
8 and 9 present the results of applying this idea. The improvements with respect to
maintaining a fixed resource allocation, as in all other rows of the table, are modest
because of a combination of factors. During the first iterations, the Polyak stepsize
cannot be computed accurately due to the lack of a good lower bound (see Eq. (14))
and the updates tend to overshoot. On the other hand, during the last iterations, the
IS heuristic encounters difficulties in finding new primal candidates, because the fre-
quency at which we obtain solutions to scenario subproblems decreases with the Dual
Share.

6.5 Parallel computing performance

The performance of a parallel algorithm can be measured against various metrics. We
focus on (i) how the proposed algorithm compares to a synchronous algorithm, i.e. an
algorithm that uses a synchronous method to carry out dual iterations, and (if) how
effectively the proposed algorithm scales up with the number of cores.

Solving the instances used in this work with a fully synchronous algorithm may
require excessive use of computational resources [41]. In order to avoid using addi-
tional computing time for this comparison, we compare the proposed algorithm to a
synchronous algorithm in terms of the idle time of slaves. This can be estimated using
the solution times of subproblems. This information is already available to us from
the experiments of the previous sections. We consider a synchronous algorithm that
solves the dual problem with the subgradient method using min{N, Dual Share x S}
slaves (rounded to the closest integer, if necessary), and that performs primal recovery
synchronously using the remaining slaves. We refer the reader to Appendix F for a
complete description of the procedure that we employ for estimating idle times.

Table 6 presents the estimated idle times of slaves for the described synchronous
algorithm. Note that idle times generally increase with the number of cores, since
with fewer cores tasks can be stacked. In order to obtain a measure of the variation of
idle times with the number of cores, Table 6 includes estimates for the synchronous
algorithm with (i) the same number of cores as the asynchronous algorithm, (ii) half
the number cores of the asynchronous algorithm, and (iii) 1 4+ 2N cores (1 Master,
2N Slaves).

It can be directly observed that synchronous schemes tend to underutilize parallel
computing infrastructure, leaving cores corresponding to slaves idle up to 80.4% of
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Table 6 Estimated idle time of slaves when solving SUC using a parallel synchronous algorithm. Average
and maximum over 8 day types

System N # Cores  Dual share  Synchronous idle time (%), avg. (max.)
Same conditions Half # cores 1 + 2N cores
WECC 10 16 0.5 480 (53.2) 283 (34.5) 542  (592)
100 160 0.5 706 (804) 529 (65.0) 743  (83.3)
1000 256 0.75 376 (57.0) 21.1  (36.9) 854 (924)
CWE 30 96 0.75 364 (47.0) 27.1 (339 465 (53.9)
60 192 0.75 436 (62.2) 334  (473) 533 (672
120 384 0.75 469 (61.2) 363  (46.6) 547 (654)
o
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Fig.6 Parallel efficiency plot of the asynchronous algorithm. Plot drawn using WECC, spring weekdays, 100
scenarios, Dual Share 0.75,Polyak stepsize and IS primal recovery,and 1 process per core (S = #Cores—1).
Wall times are obtained by averaging 4 runs for each core count presented in the plot

the time. For the same problem, the asynchronous algorithm achieves almost zero idle
time (the percentage of time dedicated to solving mathematical programs never falls
below 97%, see Tables 8 and 10 for details). Decreasing or increasing the number of
cores does not change this observation for the synchronous scheme.

In order to determine how well the proposed algorithm scales with respect to the
number of cores, we numerically estimate its parallel efficiency (i.e. speedup divided
by the number of cores) by running the asynchronous algorithm multiple times with
different core counts. The estimated efficiency is presented in Fig. 6. Our baseline is
the serial execution of the asynchronous algorithm, i.e. the method of Sect. 3.1, with
delays in the gradient of the smooth part of the objective and interleaving subgradient
evaluation with primal recovery.

For a small number of cores, low efficiencies result from of the existence of the
Master process, which is not necessary in the serial execution. For instance, in Fig. 6
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with 4 cores, the asynchronous algorithm launches the Master and 3 Slave processes.
Even under ideal conditions, this limits the parallel efficiency to 75%. When the
number of cores is between 0.1N and 1.3N, the algorithm achieves efficiency values
above 90%, peaking around 0.3N with 99.0%. This regime is characterized by very
small lags in the dual algorithm, hence a close to sequential performance, and an
effective performance of the primal recovery heuristic. For more than 1.3N cores, the
efficiency decreases as the IS heuristic experiences difficulties in finding new primal
candidates.

7 Conclusions

We propose an asynchronous dual decomposition algorithm for stochastic unit com-
mitment, in which dual iterations are performed using a block-coordinate subgradient
method, for which we provide convergence guarantees. We also propose primal recov-
ery heuristics and present a high performance computing implementation of the
algorithm. The algorithm is able to solve all instances of WECC and CWE within
operationally acceptable time frames and presents parallel efficiency above 90% when
using between 0.1 N and 1.3N slaves.

We find that synchronous algorithms dramatically underutilize high performance
computing infrastructure, resulting in core idle times of up to 80.4%. This finding
underscores the need for designing asynchronous algorithms in order to tackle indus-
trial scale unit commitment problems.

Future extensions of the present work will focus on the application of the developed
asynchronous decomposition framework for tackling (/) multi-stage stochastic unit
commitment and (ii) detailed deterministic unit commitment problems over large inter-
connected power systems. The latter class of problem includes the exciting prospect of
integrating the optimization of transmission and distribution systems through convex
relaxations of AC power flow constraints [13].

Acknowledgements The authors would like to thank Dr. Vitor de Matos (Plan4 Engenharia) for suggesting
the idea of evaluating primal solutions in reverse order (LIFO), and Dr. Bernard Knueven (Sandia National
Laboratories) for his help in setting up the parameters of progressive hedging for the benchmark presented
in Appendix D. The authors would also like to thank the Fair Isaac Corporation FICO for providing licenses
for Xpress; the Lawrence Livermore National Laboratory for granting access and computing time at the
Sierra, Cab and Quartz clusters; and the the Consortium des Equipements de Calcul Intensif (CECI) for
granting access and computing time at the Lemaitre3 cluster. CECI is funded by the Fonds de la Recherche
Scientifique de Belgique (FR.S.-FNRS) under Grant No. 2.5020.11 and by the Walloon Region.

Appendix
A Formulation of the stochastic unit commitment problem
We model the SUC problem following [42]. Minor extensions have been introduced,

in order to better capture European electricity markets such as the CWE system.
The most important of these extensions is the hybrid time resolution of our model,
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where commitment decisions (ON/OFF) follow an hourly resolution (the resolution
of the day-ahead market in the CWE), whereas dispatch decisions (production and
power flows) follow a quarterly resolution (the resolution of real-time balancing in the
CWE). Other extensions include piecewise linear production cost functions, improved
ramping formulations following [19], and an improved modeling of nuclear and CHP
power plants.

Our complete SUC model is described in the present section, in order to render the
paper self-contained. We use the following notation.

Sets

T6o hourly periods, Tgp = {1, ..., 24}

Tis 15 min periods, T15 = {1, ..., 96}

N Buses

L Lines

G Thermal generators

GSLOW  Slow thermal generators (e.g. coal and CCGT power plants)
GFAST  Fast thermal generators (e.g. natural gas and diesel turbines)
GSTAT  Static thermal generators (e.g. nuclear and CHP power plants)
L(n,m) Lines between buses n and m, directed from n to m

G(n) Thermal generators at node n

1 Scenarios

Feasible operation set of slow or fast generator g at scenario i

8,1
Pg_erT Feasible operation set of static generator g at scenario i
Parameters
(1) Corresponding hour of quarter #,e.g. (5) =2
F Thermal capacity, line /
By Susceptance, line /
n(l), m(l) Outgoing and incoming buses, line /
Dy Demand at bus 7 in period ¢
P, fg Minimum stable level and maximum run capacity, generator g
TL, Maximum state transition level of generator g
R, Maximum ramp of generator g
Ce(9) Production cost function, generator g
K, No load cost, generator g
S¢ Startup cost, generator g
Vv Value of lost load
Lo Outage indicator, generator g, Monte Carlo sample i
{1 Outage indicator, line /, Monte Carlo sample i
Eniit Renewable supply at bus n, Monte Carlo sample i, period ¢
i Probability of Monte Carlo sample i
Variables
vgﬁl . ngﬁ.JJ Commitment and startup, slow generator g, Monte Carlo sample i, hour

T
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vngT Commitment of static generator g, Monte Carlo sample i

pngT Center value of production band of static generator g, Monte Carlo
sample i

zgf\f . zgﬁ.]’ . Commitment and startup, fast generator g, Monte Carlo sample 7, hour
T

Dg.iit Production of generator g, at Monte Carlo sample i, period ¢

Suie Flow through line /, at Monte Carlo sample i, period ¢

On.s.t Voltage angle, bus n, Monte Carlo sample i, period ¢

enit Load shedding at bus n, Monte Carlo sample 7, period ¢

On.it Production shedding at bus n, Monte Carlo sample i, period ¢

ugzrv , ugg Commitment and startup, slow generator g, hour t

ugTAT Commitment of static generator g

q g rar Center value of production band of static generator g

The SUC problem aims at capturing the scheduling problem faced by power system
operators in day-ahead planning. The power system has a fleet of thermal generators
divided in 3 groups: (i) static generators (nuclear and combined heat-and-power units),
(if) slow generators (coal and combined-cycle units) and (iii) fast generators (gas and
diesel turbines). At day ahead, before knowing the net demand of the system and pos-
sible outages, system operators must decide (i) the ON/OFF status and a production
band for static generators and (i) the hourly ON/OFF status of slow generators. In real
time, after the actual net demand of the system and outages are realized, system opera-
tors must decide (7) the quarterly production of static generators within the day-ahead
band, (ii) the quarterly production of slow generators, and (iii) the hourly ON/OFF
status and quarterly production of fast generators, in order to match the net demand at
minimum cost.

We formulate SUC using as basis the generic two-stage SMIP formulation (1)—(4),
repeated here for convenience.

max > (el vi +dl w))
iel

st.ueld
(vi,w,-)eDi, iZl,...,N
vi—u=0, i=1,...,N

In the case of SUC, the blocks of first- and second-stage variables correspond to:

u = (uON, uSU_ ySTAT STAT)’

q
(4 ON SU . STAT _STAT\ \/;

v; = (v(,’i,,), VGV s P ) Viel,
) ON _SU -

w; = (z(,,,-,.), iy Pl F i 0,095 €cis 0(-,i,-)> Viel.

In words, u is the vector of ON/OFF and startup decisions of slow generators, and
ON/OFF and target production decisions of static generators. v; is the local copy of
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u for scenario i. w; is the vector of ON/OFF and startup decisions of fast generators,
real-time production decisions, and power flow decisions under scenario i.

Domain D; enforces the operational limits and physics of the power system under
scenario i . Operational limits of slow or fast generator g under scenario i are described
by Py.;, defined in Eq. (16).

. ON _SU T T T SU ON ON
Pgi = {(v L7 p) € BlTol x BITool  RITsI Ver ZVer — Vg s
T T
SU ON SU ON .
Z Voo S Vg1, Z Voo = 1— Ve 1 DT, vVt € Teo;
o=1-UTg+1 o=t—DT;+1

Bg (1— §g,i) Ver(t) = Pgt = g (1- gg,i) Ve, 1(1)»
ON
gt — Pgi—1 <TLg—(TLg— Rg)Vg,T(t_l)y
Pgi—1—Pgr <TLy—(TLg — Rg)"'giv(t)
Vi e T15] Vg € GSLOW | GFAST
(16)

The constraints correspond to startup, minimum up time, minimum down time, pro-
duction bounds, maximum ramp-up and maximum ramp-down constraints.

Operational limits of static generator g at scenario i are described by PSTAT
defined in Eq. (17).

PéSJT.AT = [(VSTATV pSTAT’ p) €B x R x RI7is! Eg < pgTAT < Fg;
Py =) vy < poi < Po(1—ggi)vg" AT,
pei = py' AT —1/2H, — (P — 1/2 Ho)(1 = &g.), (17)
pes = PTAT £ 1/2H = (P + 1/2 Ho) (1 = £g.) Ve € Tis

Vg € GSTAT

The constraints correspond to limits for target production, ON/OFF limits for actual
production, and lower and upper band limits for actual production. Note that both the
ON/OFF status and target production for static generators are not indexed by time
period, meaning that they are constant throughout the SUC horizon.

Using the previous definitions for P, ; and 735 ITAT , we can describe D; as follows:

— ON SU STAT _STAT _ON SU .
D; = [(0(431‘,.), Vi Ve Py 22000 R0,y Py Fein0cin

SLOW SLOW
i 0(-,1‘,-)) e BIC Teol o BIG Teol o B!

«RIGTATT o BIGFMTIITsol o BIGF5T I Te0l o RIGHTISI o RILIITis

GSTATl

< RINITs! o Rl_{_\’l\Tlsl « R‘_{Y”HS\

ON SU SLOW .
(”(g,i,»’ V(g I’(giv')) € Pei Vg € G
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ON SU FAST.

(z(g,if)’ L(g.i, ) P(gm) €Pgi V8 €G ;
TAT TAT TAT TAT
( s peiAT, p(g,i,.)) e PTAT vg e GSTAT,

frii = Bi(1 = 2.0 (Bnaty.ivt — Omay.int) -
—F < fiit<F VYlelL,teTs;

Z De.ivt +énic + Z Sric+eni

geG(n) leL(-,n)

=Duit Y fuia+onis €N 1€ Tis), (18)
leL(n,-)

Here, we enforce the operational limits of all generators, the DC power flow equations
[49], and active power balance at each bus. Note that we introduce demand and pro-
duction shedding variables in all power balance equations, which ensures that SUC
formulation has relatively complete recourse.

We define U as the linear relaxation of the first-stage constraints in D;, i.e. those
constraints involving only v?% |, 034 |, w37 AT pPTAT Therefore, we can describe
U as in Eq. (19), which 1ncludes only bounds and minimum up- and down time
restrictions.

SLOwW
U= [(uON’ uSU, uSTAT qSTAT) € [0.1]'¢ [ Tsol

GSTATl GSTATl

% [0, 1716 1ITsol 5 10, 1] % R
T
ON ON SU ON
Ugr THUg 71> Z Ugo Slgr
o=1—UTy+1 19

SU
I/lg.[

T
SU ON SLOW .
Z gy <1 —uY pr Vg eG T € Teo;
azrfDTngl

P, < ngTAT SFg Vg € GSTAT]

Finally, the part of the objective function associated with scenario i can be written
as

ciTv,- +diTwi Eﬂi(z Z Ce(pgie) + Z Z (Kg Vgt +Sg g1, r)

geG teTys gEGSLOWU teTe0
GFAST
STAT
P Y [Tk T Y Y v)
geGSTAT neN teTs

This corresponds to variable production costs, fixed and startup costs for slow and fast
generators, fixed costs for static generators, and penalty terms for demand shedding.
All cost components are weighted by the probability of scenario i, 7;.
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B Proofs

Proof of Proposition 1T By inspection we have that,

N
B[00+ t0. )] = LR+ 5 )

Proposition4 Let f : X € R" — R be a non-differentiable convex function, P be
a partition of {1, ...,n} and I,, p € P, be the matrix that maps x € R" into its p
coordinates (i.e. Ipx contains only the p coordinates of x). For any x € X, define

DP(x)={geR"|3g,cdf(x)Vpe P g=) I,g,I}
peP

Then, df(x) € DF(x). Furthermore, the inclusion can hold strictly and g €
DP (x)\d f (x) might not be an approximate subgradient of f at x.

Proof 1tis trivial to observe that the inclusion holds. We proceed to prove the remaining
claims via an example. Consider f : R" — R, f(x) = max{x; + xp, —x] — x2}
at x = 0 and let P = {{1},{2}}. Then, [-1 1] € DP(x) because [—-1 1]T =
[10] g1y [10]7 +[0 1] g2y [0 117, with g1y = [-1 —1] € 3 (0) and g2y = [1 1] €
d f(0). We also have that [—1 17 ¢ 0 f(0), which proves that the inclusion can hold
strictly. Also, note that there is no € > 0 such that

Sy =max{y1 +y2, —=y1 —»} >0+ [-11]y—¢

holds for all y € R, since for any € the inequality is violated at y = [—e¢ €]. Therefore,
[—1 177 is not an approximate subgradient of f at 0, which concludes the proof. O

Proof of Lemma 1 Note that, for the expected direction of update rule (11), we have

N = TR (VA (7)1 (257 0) )| 7]

N (20
— . k—L(j .k
_ (xk _ y)TVf(;L(xk l(k)) + § (x/; _ y])Tg(]7xj (J ))’ Vy cX.
i=1

The first term in the right-hand side of (20) can be expanded as follows:

(xk—y)TVfOM (xk—l(k)) — (xk—l(k)_y)TVféA (xk—l(k)) + (xk_xk—l(k))vaéL (xk)

= (¢ = OV () = VA (1))

@ Springer



36 I. Aravena, A. Papavasiliou

> fo' (&) = fg' )

= (¢ = OV () = V(D))
> fo (&) = fg' )

= [t = v () - v O

> fH(xF) = L) = L xk = kO,

2

In the second line above we use the convexity of fé‘ (x—yTv fé‘ (x) > fél (x) —
f(f (¥)), in the third line we use the Cauchy-Schwarz inequality, and in the fourth line
we use the definition of the Lipschitz constant of the gradient of f}‘. Following a
similar reasoning, each of the terms under the sum on the right hand side of (20) can
be expanded as follows:

k= ypTe(i. ) = (k) = £y
e Ll N VO B T
= fi(x5) = fi(y)) — 2D — X THOR

In the second line above we use Assumption 1. Furthermore, Assumptions 1 and 2
allow us to bound the difference between current and delayed iterates using the stepsize
assumptions. To see this, note the following:

k—1 -1
ka _ ek=tGio ||2 <C Z m < C A
m=k—t(j,k) m=k—L

k—1
e W <t Y a2
m=k—L

=

Using the previous expressions, we arrive to relation (21), which concludes the proof.
N = ) E[1] (19 (510) + g (1,657 9)) | 7]
k—1 k—1 (1)
> fH - fy - (Cng > AL 42CDN ) xm)
m=k—L m=k—L
O

Proof of Proposition 2 Let h; = IJ.T(Iij(f(xk”(k)) + 2(j, xl;fe(j’k))) and J be a
discrete uniform random variable on the set {1,..., N}. Thenforallk = 1,..., 00
and y € X, we have
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2
14 = 313 = | Px ¥ = k] - 3

« 2
< e .
< k= yI3 = 204 (xF — )Tk +22C3,

where in the second line we use the nonexpansive property of the projection. Therefore,
for the expectation conditioned on Fy it holds that

E[Ix5! — yI3|F] < I1x* = yl13 — 206 — »TE[hy|F] + 23C2

Finally, by substituting IE[h J |.7-'k] in the last relation using (21) (Lemma 1) we
obtain the desired inequality. O

Proof of Proposition 3 The first two inequalities follow directly from Assumption 3.
For the third inequality, we have

Zxk Z b < G2Zn Z Yo < GZLZyk L < oo

k=0 m=k—L k=0 m=k—L

For the last inequality above, we use the fact that {y4} is non-increasing. Therefore,

Zm —i—1. Ym < Lyx—r Vk. The same reasoning applies to the fourth inequality of the
present proposition. O

Theorem 2 (Supermartingale Convergence Theorem [11, Prop. 4.2])
Let X¢,Yrand Z;,t =0, 1,2, ..., be three sequences of random variables and let

Fi,t =0,1,2,..., be sets of random variables such that F; C F;y1 forallt.Suppose
that:

(a) The random variables X;, Y; and Z; are nonnegative, and are functions of the
random variables in F;.

(b) For eacht,we have E[X;11|F:] < X; — Y + Z;.

(c) There holds Y 72, Z; < 00.

Then, we have Y oo Y; < 0o, and the sequence X, converges to a non-negative
random variable X with probability 1.

Proof of Theorem 1 From Proposition 2, with y = x*, we obtain

A
E[Ix! — x*13|A] < Ik — x*13 - 2—k(f(x’<) — f(x")

k—1
+AkC2+2 A Z dpy +4CDA D e
m=k—L
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Using Proposition 3 and by the Supermartingale Convergence Theorem (Theo-
rem 2), with probability 1 and for each x* € X*, we have

o0

D o n(f) = f(x) < oo, (22)

k=0

and with probability 1 the sequence {||xk - x*||2} converges to a random variable.
The rest of the proof follows exactly the proof of [35, Prop. 3.4] (see also [21, Thm. 2])
and it is repeated here only for the sake of making the material self-contained.

For each x* € X*, let Qy+ denote the set of all sample paths for which Eq. (22)
holds and {lek —x* |I2} converges. By convexity of f,the set X* is convex, so there
exist vectors vg, v1, ..., v, € X* that span the smallest affine set containing X*, and
are such that v; — vg, j =1, ..., p, are linearly independent.

The intersection 2 = ﬂle 2,; has probability 1, and for each sample path in €2,
the sequences {||x* — v;ll2}, j =0, ..., p, converge. Thus, with probability 1, {x¥}
is bounded, and therefore it has limit points. Furthermore, for each sample path in €2,
by Eq. (22) and the relation Y po Ax = 00, it follows that

liminf = f*,
k— o0

implying that {x¥} has at least one limit point that belongs to X* by continuity of f.
For any sample path in €2, let ¥ and X be two limit points of {x} such that ¥ € X*.
Because the sequences {||xk —v; ||2}, j=0,..., p,converge, we must have

IF—vila=l%—v;ll2. ¥j=0,1,....p.

Moreover, since x € X*, the preceding relation can hold only for ¥ = X by
convexity of X* and the choice of vectors v ;. Hence, for each sample path in ©, the
sequence {x*} has a unique limit point in X*, implying that {x*} converges to some
optimal solution with probability 1. O

C Technical specifications of computation platforms used for the
numerical experiments

This section list the technical specifications of the computers or high performance
computing clusters used in the numerical experiments presented in this paper. Different
clusters were used as they were available to the authors.

Sierra cluster: hosted at Lawrence Livermore National Laboratory (LLNL). Com-
prised of 1944 nodes, each node with 2 x Intel Xeon X5660 processors (6 cores,
12MB cache), totalling 12 cores per node, and 24GB of RAM. Used only for
development and testing.

Cab cluster: hosted at LLNL. Comprised of 1296 nodes, each node with 2 x Intel
Xeon E5-2670 processors (8 cores, 20MB cache), totalling 16 cores per node, and
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32 GB of RAM. Decommissioned in 2018. Used for results presented in Tables 2,3,
5,6, 8 and 10, and Fig. 6.

Quartz cluster: hosted at LLNL. Comprised of 3018 nodes, each node with 2 x
Intel Xeon E5-2695 processors (18 cores, 45SMB cache), totalling 36 cores per
node, and with 128 GB of RAM. Used for results presented in Table 7.
Lemaitre3 cluster: hosted at the Consortium des Equipements de Calcul Intensif
(CECD). Comprised of 80 nodes, each node with 2 x Intel SkyLake 5118 (12 cores,
16.5MB cache), totalling 24 cores per node, and 96GB of RAM. Used for results
presented in Table 4.

4-core laptop: Asus ROG G750JZ, with Intel Core 17 4700HQ processor (4 cores,
6MB cache) and 16GB of RAM. Used for results presented in Table 9.

D Comparison against progressive hedging

This section presents a comparison between our asynchronous algorithm and progres-
sive hedging, as implemented in the software package PySP [54]. We conduct the
comparison using SUC instances for the WECC system with 10 and 100 scenarios.
We excluded 1000-scenario instances from the comparison due to technical difficulties
faced by PySP in scaling to 1000 processes. CWE instances were not considered for
the comparison, due to the long solution times of certain scenario subproblems (up to
12 h). The performance of our asynchronous algorithm in these instances benefited
significantly from the period relaxation of the initialization phase 5.3, for which there
is no counterpart in PySP.

We use the Quartz cluster hosted at the Lawrence Livermore National Laboratory
to conduct the numerical experiments presented in this section. Each experiment uses
1+ N processes (1 Master,S = N Slaves), 1 core per process, and solves subproblems
using the Xpress mathematical programming solver (limited to 2 threads). We set the
parameters of progressive hedging following [18]. In particular, we set the termination
tolerance to 0.01, we set the maximum number of iterations to 100, we select the
value of p using the cost proportional rule [18], and we use the WW extensions for
accelerating convergence [18]. The WW extensions set subproblem optimality gaps
dynamically (e.g. initial subproblem gap: 0.025, final subproblem gap: 0.0001), fix
converged variables and break cycles. For our approach, we use the best configuration
found in the experiments presented in Table 2, with the exception of the optimality
gap of subproblems and the Dual Share, which have been set to 0.005 and 0.75,
respectively.

The results of this experimental comparison are presented in Table 7. On aver-
age, our approach terminates 4.35 times faster than progressive hedging. Progressive
hedging, in most cases, achieves solutions within 1% optimality and its solutions are
than those provided by our approach on ~1/3 of the instances. The quality of these
solutions, however, cannot be verified within the same progressive hedging algorithm
for free (configuring PySP to compute bounds every 10 progressive hedging iterations
increases computation times by 8.5%). Our approach, on the other hand, provides both
primal solutions and optimality gaps continuously, exploiting fully the computational
power at its disposal thanks to its asynchronous nature. Furthermore, we can acceler-
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ate the proposed asynchronous algorithm by allowing it to use more than N parallel
workers. For instance, considering an estimate parallel efficiency of 70% at 2N par-
allel workers (see Fig. 6), making 2N parallel workers available to the asynchronous
algorithm would make it 40% faster than it is with N parallel workers. By contrast,
progressive hedging cannot make use of more than N parallel workers, even if they
are made available to the algorithm.

Overall, these results demonstrate the ability of the proposed asynchronous
approach to solve SUC instances several times faster than the state-of-the-art, while
providing optimality guarantees. At the same time, the good quality of the solutions
provided by progressive hedging suggests directions for the future development of
better primal recovery heuristics.

E Detailed results

This section presents solution statistics per instance for the best configurations found.
Table 8 presents solution statistics for WECC instances using the Cab supercomputer
at LLNL. Table 9 presents solution statistics for WECC instances using a personal
laptop equipped with an Intel Core i7 (4 cores, 8 threads) and 16GB of memory.
Table 10 presents solution statistics for CWE instances using Cab.
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F Estimation procedure for idle times of slaves
F.1 A reference synchronous parallel algorithm

In order to estimate the idle times of slaves in a synchronous algorithm, we first
need to specify the exact algorithm for which we are performing the estimation.
We consider a synchronous parallel algorithm for SMIPs based on the Lagrangian
decomposition presented in Sect. 2. This hypothetical synchronous algorithm uses
the subgradient method to minimize the dual function, as in [42]. Additionally, the
synchronous algorithm uses one of the primal recovery heuristics presented in Sect. 4
to detect high-quality primal candidates.

Let 14 S be the number of parallel workers available for executing the synchronous
algorithm over a SMIP with N scenarios. Then, 1 worker will be used as Master,
DS = min{N, round(Dual Share x S)} workers will be used as Dual Slaves, and
PS = § — DS workers will be used as Primal Slaves.

At each iteration k of the subgradient method, the Master uses the Dual Slaves
to evaluate fo(x*) and f; (xf?) foralli = 1,..., N, and its respective subgradients.
The Master, then, has at its disposal DS Dual Slaves for performing N + 1 > DS
evaluations. The Master performs the required function evaluations using a single
queue of dual tasks, leaving the evaluation of fy(x¥) at the end of the queue (fp is
much easier to evaluate than any f;). At the beginning of the iteration, as all Dual
Slaves have no assigned task, the Master simultaneously assigns the first DS tasks of
the dual queue to the Dual Slaves. The next task in the dual queue is then assigned
to the first Dual Slave to finish its current task, until all tasks are completed, and the
Master can perform the subgradient update in order to obtain x*+1.

Concurrently with carrying out subgradient iterations, the Master uses the Primal
Slaves for evaluating the primal candidates recovered from the scenario subproblems.
This evaluation is carried out sequentially, in the sense that the Master evaluates a
candidate only after completing the evaluation of the previous candidate. However,
due to the abundance of primal candidates, we do not impose any locking mechanism
between subgradient iterations and primal recovery. That is, the synchronous algorithm
can proceed to iteration/ > k even if there are primal candidates derived from iteration
k pending of evaluation. The evaluation of the p-th primal candidate v# requires
evaluating h; (v?) foralli = 1,..., N.If PS < N, these evaluations are carried out
using a single queue of primal tasks, which operates in an analogous fashion to the
dual queue. Once the evaluation of the p-th candidate is complete, the Master moves
on to the evaluation of the (p + 1)-th candidate.

The synchronous algorithm terminates once the upper bound (provided by the sub-
gradient method) and the lower bound (provided by primal recovery) are sufficiently
close, or when a certain number of subgradient iterations have been completed.

By design, the synchronous algorithm described above has smaller or equal idle
times for slaves than synchronous decomposition methods present in the literature
[18,28,42] for the same number of parallel processes. This is because of the unlocked
execution of dual iterations and primal recovery, which contrasts with the methods in
the literature. The latter methods recover primal solutions after each dual/progressive
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hedging iteration or after a predetermined number of dual or progressive hedging iter-
ations. The estimated idle times of slaves for the synchronous algorithm are, therefore,
optimistic approximations for the methods in the literature.

F.2 Estimation of synchronous idle time using execution data of the asynchronous
algorithm

The idle times of slaves in the synchronous algorithm depend on only two factors:
(i) the solution times of the subproblems (either dual subproblems, fo, f;, or second-
stage cost evaluations, 4;) and (i) the order of these subproblems in their respective
queues. We estimate the idle times of slaves by considering both factors as follows.

We estimate the proportion of idle time for the synchronous algorithm using the
recorded solution times of subproblems in the asynchronous algorithm presented in
this paper as proxies for the solution times of the synchronous algorithm. Specif-
ically, for each subproblem s solved by the asynchronous algorithm we record (i)
its Cy € {Dual, Primal}, (ii) its description Dy with Dy € {0, 1, ..., N} for dual
subproblems (indicating which dual function f;,i = 0,..., N was evaluated) and
Dg € {1,..., P} x {1,..., N} for primal subproblems (indicating which function
h;i(vP) was evaluated), and (iii) its evaluation time 7. These quantities are organized
in an ordered list of tuples £ = {(Cs, Dy, Ts), s = 1,2, ...}, where indices s are
assigned according to the termination timestamp of each task. We can think of £ as
the log of the asynchronous algorithm.

The solution times of second-stage cost evaluations can be directly obtained from L.
The solution times of the dual subproblems for the reference synchronous algorithm are
not readily available, because the asynchronous algorithm does not require to evaluate
all component functions over an iteration or a number of iterations. We assume, then,
that the list £ contains at least K > 1 evaluations of each component function f;,
and that the evaluation time of f; in the k-th iteration of the synchronous algorithm,
where k < K, can be approximated by T ) where s(k) indicates the k-th occurrence
of (Dual, i, -) in the list £. Thus, from the execution of the asynchronous algorithm
we obtain estimations for solution times of subproblems over K dual iterations, and
P primal candidate evaluations of the synchronous algorithm.

In order to account for the unknown order in which these subproblems may appear
in the dual and primal queues of the reference synchronous algorithm, we conduct
Monte Carlo simulations of wall time for dual subproblems and second-stage cost
evaluations over their respective slaves. Note that we can simulate the wall time of
dual subproblems separately from that of second-stage cost evaluations, because these
two processes are not locked in the synchronous algorithm.

Let Ws(7, R) be the wall time for executing the set 7 of tasks using S slaves
and where tasks are launched as slaves become available in the order indicated by
the permutation R. Then we can express the expected wall time W for the k-th dual

iteration with respect to all possible permutations of {1, ..., N} with equal probability
as Er[Wik] = Er[Wps({ f1,..., fn, fo}, (R; N 4+ 1))]. We estimate this quantity
for each dual iteration k& = 1,..., K using 1000 different Monte Carlo samples

of permutations, obtaining estimates Wj. Assuming independence of the ordering
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between iterations, we can compute an estimate of the total dual wall time W =
Z,le Wi. At the same time, we can compute the total time actually spent evaluating
dual functions Tp,, by simply aggregating the solution times of dual subproblems up
to iteration K. The proportion of idle time of Dual Slaves T, 5‘321, then, corresponds to

Tidle — 1 — (DS - W)/Tpua-. An analogous procedure is followed for computing the

proportion of idle time in Primal Slaves, T;f:}fn al

Finally, the estimated proportion of idle time of slaves presented in Table 6 is
determined as 7'4¢ = DS/S - T4, + ps/s . Tidle

Dua Primal*
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