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Abstract. Let L be a connected finite type graded Lie algebra. If dim L = ∞
and gldim L < ∞, then log index L = α > 0. If, moreover, α < ∞, then for

some d,
∑d−1

i=1 dim Lk+i = ekαk , where αk → log index L as k → ∞ .

We work with graded vector spaces V over a field k of characteristic �= 2 and
denote by V(p,q) the subspace {Vi | p < i < q }. The logarithmic index of any graded
vector space V is defined by

log index V = lim sup
k

log dimVk

k
,

and an infinite sequence (qi) is a quasi-geometric growth sequence for V if for some
fixed n, qi < qi+1 ≤ nqi, for all i, and if

log dim Vqi

qi
−→ log index V .

Now consider graded Lie algebras as defined in [4]; in particular we suppose
[x, [x, x]] = 0, x ∈ Lodd, if char k = 3. L is connected finite type (a cft graded Lie
algebra) if L = {Li}i≥1 and each Li is finite dimensional. The global dimension
(gldim L) and depth of a cft graded Lie algebra, L, are defined, respectively, by

gldim L = max{ k |Extk
UL(k, k) �= 0 }

and
depth L = min { k |Extk

UL(k, UL) �= 0 } .

It is easy to see that depth L ≤ gl dim L.
Our main result reads:

Theorem. Suppose L is a cft graded Lie algebra and dim L = ∞. If gldimL < ∞,
then log index L > 0. If, moreover, log index L < ∞, then for some d,

d−1∑
i=1

dim Lk+i = ekαk , where αk → log index L , as k → ∞ .
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Remark. Theorem 3 of [5] establishes the same conclusion when the hypothesis
gldimL < ∞ is weakened to depth L < ∞, but certain additional growth conditions
on L are assumed.

Now suppose X is a simply connected topological space with each Hi(X; Q)
finite dimensional. Then the loop space homology, H∗(ΩX; Q), is the universal
enveloping algebra of a cft graded Lie algebra LX , isomorphic to π∗(ΩX) ⊗ Q.

Corollary. If dimLX = ∞, gldimLX < ∞ and log index LX < ∞, then for some
d,

d−1∑
i=1

dim πk+i(X) ⊗ Q = ekαk ,

where αk → log index LX as k → ∞. In particular
∑d−1

i=1 dim πk+i(X) ⊗ Q grows
exponentially in k.

Proof of the Theorem. First we establish

Lemma 1. An infinite-dimensional cft graded Lie algebra L of finite global dimen-
sion has a quasi-geometric growth sequence.

Proof. We use the same argument as in the proof of Theorem 2 in [5]: Put m =

gldim L, a =
(

1
2(m+1)

)m+1

and α = log index L .
The Cartan-Eilenberg-Serre cochain complex C∗(L) is in fact a Sullivan algebra

([3]) of the form
∧

(sL)#, (sL)# denoting the dual of the suspension of L and
∧

V
denoting the free graded commutative algebra on V . The differential in

∧
(sL)#

increases the length of word gradation by 1 and so gives a second gradation H(p)

in H(
∧

(sL)#). As shown in [1], Extp
UL(k, k) ∼= H(p), and so our hypothesis implies

H(p) = 0, p > m.
Note that for each k, C∗(L≥k) is obtained from C∗(L) by dividing by the ideal

generated by elements in (sL)# of degree ≤ k. Since gldim L≥k ≤ m it follows
that these quotient cochain complexes also satisfy H(p) = 0, p > m. The argument
of [2], section 4, can therefore be applied verbatim to

∧
(sL)# (with cat

∧
X ≤ m

replaced by gldim L ≤ m) to conclude that α > 0.
The same argument in the proof of Theorem 2 in [5] now shows that each L

has a quasi-geometric growth sequence. Let ni be an increasing sequence such that
(dim Lni

)
1

ni converges to eα. By starting the sequence at some nj we may assume
dim (L)ni

> 1
a , for all i. Thus the formula in ([2], top of page 189) gives a sequence

ni = q0 < q1 < · · · < qk = ni+1 such that qj+1 ≤ (m + 1)qj and such that
(
dim Lqj

) 1
qj+1 ≥ (a dimLni

)
1

ni+1 , j < k .

Hence interpolating the sequences ni with the sequences qj gives a quasi-geometric
growth sequence (rj). �

We now revert to the proof of the Theorem. Since gldim L < ∞ we may choose a
non-zero element x ∈ L of even degree d. Let N be the sub-Lie algebra of elements
of degree > d that commute with x. Then

gldimL ≥ gldim (kx + N) = 1 + gldim N .

If log index N = log index L = α, then certainly dim N = ∞, and so N satisfies
the hypotheses of the Theorem. By induction on global dimension it satisfies the



GROWTH OF LIE ALGEBRAS OF FINITE GLOBAL DIMENSION 1577

conclusion. In particular, if α < ∞, then for some d,
d−1∑
j=1

dimNk+j = ekβk

with βk → α. Write
d−1∑
j=1

dimLk+j = ekαk .

Then αk ≥ βk and lim sup αk = α because α = log indexL. Thus αk → α, and the
Theorem holds in this case.

Lemma 2. There is a sequence of finitely generated sub-Lie algebras E(i) ⊂ L such
that log index E(i) → α.

Proof. Otherwise for some ε > 0 we have log indexE ≤ α − ε for every finitely
generated sub-Lie algebra E ⊂ L. Construct an increasing sequence of finitely
generated sub-Lie algebras, F (i), and increasing sequences (ki) and (�i), as follows.
Set F (0) = 0, and if F (i) is constructed choose ki and �i so that

(i) dim F (i)k < ek(α−ε/2) , k ≥ ki ,
(ii) dimL�i

≥ e�i(α−1/i),
(iii) �i > (m + 1)ki.

Then let F (i + 1) be the sub-Lie algebra generated by F (i) and L�i
.

Now let F =
⋃

i F (i). Since dimF�i
≥ e�i(α− 1

i ) it follows that log index F = α.
Moreover, because F ⊂ L, gldimF ≤ m. Thus by Lemma 1 there is an infinite
sequence qj such that for all j, qj < qj+1 ≤ (m + 1)qj and dim Fqj

≥ eqj(α−ε/2).
In particular we may choose i and j so that qj ≤ ki < qj+1. But then qj+1 ≤
(m + 1)qj ≤ (m + 1)ki < �i, and it follows that Fqj+1 = F (i)qj+1 . This implies that
dim Fqj+1 < eqj+1(α−ε/2), a contradiction. �

Finally, we complete the proof of the theorem. It remains to consider the case
log index N < log index L. Let E(i) ⊂ L be finitely generated sub-Lie algebras such
that log index E(i) → log index L. Moreover, gldimE(i) ≤ m and, according to
Lemma 1, each E(i) has a quasi-geometric growth sequence. Since E(i) is finitely
generated, Theorem 3 of [5] applies and states that for some di,

log dim E(i)(k,k+di)

k
converges to log index E(i).

Fix ε > 0 and choose i so that log index E(i) ≥ α− ε/4. Then choose k0 so that

log dim E(i)(k,k+di)

k
≥ α − ε/3 , k ≥ k0 .

This implies that k0 extends to an infinite sequence (k�) such that k� < k�+1 <
k� + di and such that

log dimLk�

k�
≥ α − ε/2, � ≥ 0 .

On the other hand, since log index N < log index L we may assume (for k0 suffi-
ciently large and ε sufficiently small) that

∑
j≤di/d

dim Nk�+jd ≤ 1
2

dimLk�
, for all � .
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Since N = (ker adx)>d we have

dimLk�+pd ≥ dimLk�
−

p−1∑
j=0

dim Nk�+jd ≥ 1
2

dimLk�
, p ≤ di/d .

It follows that for p ≤ di/d and k� sufficiently large

log dim Lk�+pd

k� + pd
≥

log 1
2 + log dim Lk�

k�
· k�

k� + pd
≥ α − ε .

This establishes the Theorem. �

References

[1] H. Cartan and S. Eilenberg, Homological algebra, Princeton University Press, 1956.
MR0077480 (17:1040e)

[2] Y. Felix, S. Halperin and J.-C. Thomas, The homotopy Lie algebra for finite complexes,
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