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On exponential bistability of equilibrium profiles of nonisothermal
axial dispersion tubular reactors

Anthony Hastir?, Joseph J. Winkin? and Denis Dochain†

Abstract—Sufficient conditions are established for the exponential
stability/instability of the equilibrium profiles for a linearized
model of nonisothermal axial dispersion tubular reactors. The
considered reactors are assumed to involve a chemical reaction
of the form A→ B, where A and B denote the reactant and the
product, respectively, and where the Peclet numbers appearing in
the energy and mass balance PDEs are assumed to be equal. First,
different kinds of linearization of infinite-dimensional dynamical
systems are presented. Then the considered linearized model
around any equilibrium is shown to be well-posed. Moreover,
by using a Lyapunov-based approach, exponential stability is
adressed. In the case when the reactor can exhibit only one
equilibrium, it is shown that the latter is always exponentially
stable. When three equilibrium profiles are exhibited, bistability
is established, i.e. the stability pattern ”(exponentially) stable –
unstable – stable” is proven for the linearized model. The results
are illustrated by some numerical simulations.

Index Terms—Nonisothermal tubular reactor – Nonlinear
infinite-dimensional system – Lyapunov method – Equilibrium
profile – Gâteaux-Fréchet derivatives

I. INTRODUCTION

The time evolution of temperature and concentration in non-
isothermal axial dispersion tubular reactors is governed by the
following nonlinear partial differential equations (PDE)

∂T
∂ t̃ =−v ∂T

∂ z̃ + λea
ρCp

∂ 2T
∂ z̃2 − ∆H

ρCp
k0Ce−

E
RT + 4h

ρCpd (Tw−T ),

∂C
∂ t̃ =−v ∂C

∂ z̃ +Dma
∂ 2C
∂ z̃2 − k0Ce−

E
RT ,

(1)

where T (t̃, z̃)[K] and C(t̃, z̃)[mol/l] represent the temperature
and the reactant concentration inside of the reactor at time
t̃ ≥ 0 and position z̃ ∈ [0,L], respectively. The meaning and
the units of the parameters are summarized in Table I. Note
that, from a physical point of view, the variables T and C
satisfy

0≤ T (t,z), 0≤C(t,z)≤Cin, (2)

for t ≥ 0 and z ∈ [0,L]. Intuitively speaking, the temperature
has to remain above 0K (the absolute zero temperature) while
the reactant concentration cannot exceed its value at the inlet
and cannot be below 0, see e.g. [1]. To the PDEs (1) we as-
sociate some boundary conditions, known as the Danckwert’s
boundary conditions and expressed as λea

ρCp
∂T
∂ z̃ (t̃,0) = v(T (t̃,0)−

Tin),
∂T
∂ z̃ (t̃,L) = 0 and Dma

∂C
∂ z̃ (t̃,0) = v(C(t̃,0)−Cin),

∂C
∂ z̃ (t̃,L) = 0. In order

to work with a dimensionless model, we introduce the change
of coordinates t = t̃ v

L ,z=
z̃
L together with x1 =(T−Tin)/Tin,x2 =
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TABLE I
SYSTEM PARAMETERS.

Constant Unit Description
L m Reactor length

v m
s Fluid superficial velocity

λea kJ
msK Axial energy dispersion coefficient

Dma m2
s Axial mass dispersion coefficient

∆H kJ
kg Heat transfer coefficient

ρ
kg
m3 Fluid density

Cp kJ
kgK Specific heat

k0
1
s Kinetic constant

E kJ
kg Activation energy

R kJ
kgK Gaz constant

h kJ
m2 K s

Wall heat transfer coefficient

d m Reactor diameter

Tw K Coolant temperature

Tin K Inlet temperature

Cin mol/l Inlet reactant concentration

(Cin−C)/Cin,xw = (Tw−Tin)/Tin, which yields the following set
of PDEs

∂x1
∂ t = 1

Peh

∂ 2x1
∂ z2 − ∂x1

∂ z + γ (xw− x1)+δα (1− x2)e
−µ

1+x1 ,

∂x2
∂ t = 1

Pem

∂ 2x2
∂ z2 − ∂x2

∂ z +α (1− x2)e
−µ

1+x1 ,
∂x1
∂ z (t,0) = Pehx1(t,0),

∂x2
∂ z (t,0) = Pemx2(t,0),

∂x1
∂ z (t,1) = 0, ∂x2

∂ z (t,1) = 0,

(3)

where x1 and x2 are the dimensionless temperature and con-
centration, repsectively. The constants µ,δ ,γ and α = k0Lv−1

depend on the model parameters, see e.g. [2], [3]. The key
point in the analysis of that model lies in the relation between
two specific numbers, Peh and Pem. Those are the thermal
and the mass Peclet numbers and represent the ratio between
the convection transfer and the conduction transfer and the
ratio between the convection transfer and the diffusion transfer,
respectively, and are expressed as Peh =

vLρCp
λea

and Pem = vL
Dma

.
In the new coordinates, the variables x1 and x2 have to be
constrained as follows:

−1≤ x1(t,z),0≤ x2(t,z)≤ 1, (4)

with t ≥ 0 and z ∈ [0,1], see (2). The variable xw denotes
the dimensionless coolant temperature and is due to a heat
exchanger that is modeled by the term γ (xw− x1) in equations
(3). In what follows, we shall consider adiabatic conditions,
meaning that there is no heat exchange with the environment
outside the reactor, or equivalently, γ = 0.
As it is highlighted in [2], such reactors can exhibit different
numbers of equilibria (one to three), depending on the param-
eters of the system, more specifically on the conduction and
diffusion coefficients.
Many questions concerning the stabilization of systems like
(3) are of interest in process engineering. In particular, one
could design a control law that stabilizes the system around
an unstable equilibrium profile or even that improves the
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stablity margin of a stable one. In that perspective, the stability
analysis of the equilibria of (3) is the first objective to achieve.
The main difficulty comes from the nonlinearity, which is
due to the Arrhenius law, that models the evolution of the
rate of the reaction as a function of the temperature, namely
α (1− x2)e−µ/(1+x1). Asymptotic stability has already been of
concern in [3], [4] and also in [5], [6] and in [7] where the
asymptotic bistability of the equilibrium profiles is shown,
for equal Peclet numbers. Numerical methods to conclude
stability are proposed e.g. in [8], [9] or [10]. These methods
are based on the Galerkin Residuals Method for PDEs and
consist of a finite dimension reduction of the system (3). The
approach used here studies the exponential stability, instead
of the asymptotic one, for the linearized parameter model.
A complement to the previous references is also the well-
posedness of the linearized model corresponding to (3).
The paper is organized as follows. In Section II, some changes
of variables are introduced and a linearized model correspond-
ing to Equations (3) is built around any equilibrium. Some
useful properties of the equilibria are also developed in order
to show that this linearized model is well-posed in the sense
that the unbounded linear operator describing the dynamics of
the system is the infinitesimal generator of a C0−semigroup. In
Section III, a Lyapunov–based method is developed in order
to get sufficient conditions for an equilibrium profile to be
exponentially stable. Furthermore bistability is established for
the equilibria of (3). The last section of the paper is dedicated
to the illustration of the most important results via numerical
simulations. Note that equal Peclet numbers are considered in
what follows, i.e. Peh = Pem =: Pe =: vL/D, where D will be
called the diffusion coefficient for the sake of simplicity. Note
that L is fixed to one (dimensionless model).

II. LINEARIZED MODEL ANALYSIS

A. Equilibrium profile preliminaries

In this section we aim at giving some introducing results
concerning the existence, the multiplicity and the expression
of the equilibria of (3) in the case of equal Peclet numbers and
under adiabatic conditions, on the basis of [2, Section IV.A].
First note that an equilibrium pair (xe

1,x
e
2) of (3) is solution of

the following two point boundary value problem:
D
v

d2xe
1

dz2 −
dxe

1
dz +δα(1− xe

2)e
−µ

1+xe
1 = 0, dxe

1
dz (0)−

v
D xe

1(0) = 0 =
dxe

1
dz (1),

D
v

d2xe
2

dz2 −
dxe

2
dz +α(1− xe

2)e
−µ

1+xe
1 = 0, dxe

2
dz (0)−

v
D xe

2(0) = 0 =
dxe

2
dz (1).

(5)

First we have the following result that characterizes the
existence and the multiplicity of the pair (xe

1,x
e
2), see [2,

Lemma 4.1].
Lemma 2.1: For some values of the parameters µ and δ , there
exist D∗ large enough, v∗1 > 0 and v∗2 > such that for all D≥D∗;
the system (5) has either
• at least three solutions, if v ∈ (min{v∗1,v∗2},max{v∗1,v∗2}), or
• at least one solution, otherwise.

The proof of this result is based on perturbation theory (see e.g.
[11]) that takes a small parameter into account, which is 1/D
here. Since the diffusion phenomenon has to be considered
large in the analysis, perturbation theory allows to study the
existence and the multiplicity of the equilibria of (3) by

looking at a simplified version with 1/D going to 0. This
yields the following corollary that characterizes approximated
solution of (5), that is solutions of (5) by taking D tending to
+∞, see [2, Corollary 4.1].
Corollary 2.1: Taking into account the existence and the
multiplicity of equilibrium profiles under the conditions of
Lemma 2.1, approximated solutions of (5) are given by

x?1(z) = a− k0L(δ −a)e
−µ

1+a

2D
(1− z)2,x?2(z) = x?1(z)/δ (6)

where a is a solution of the equation v = k0L(δ − a)e
−µ

1+a /a
that corresponds to the approximated form of the velocity.

B. Equilibrium profile bounds

We shall first introduce the following lemma that characterizes
the boundedness of the approximated form of the equilibrium
profiles of (3), given in (6). Note that, since we are considering
equal energy and mass Peclet numbers, one finds the reaction
invariant xe

1(z)−δxe
2(z), that is xe

1(z)−δxe
2(z) = 0 a.e. on [0,1],

see e.g. [3]. In that way, only the temperature equilibrium,
xe

1(z), will be considered. In the sequel, we denote that ap-
proximated form by x?1(z). The exact temperature equilibrium
profile, introduced in the previous subsection, is denoted by
xe

1(z).
Lemma 2.2: The approximated form x?1(z) of a temperature
equilibrium profile for the nonisothermal axial dispersion tubu-
lar reactor (3) is such that −1+η < x?1(z)< δ , a.e. on [0,1],
for some positive constant η , whenever the diffusion coeffi-
cient D is sufficiently large.
Proof: Remember that the function x?1(z) is defined as x?1(z) =

a− k0L(δ−a)e
−µ

1+a

2D (1− z)2 (see (6)) and the approximated form
of the velocity is v? = k0L(δ −a)e

−µ

1+a /a, see1 Corollary 2.1,
where perturbation theory has been used. Since we consider
positive velocities and positive values of the parameter a, it
follows that δ > a > 0. Moreover, 0 ≤ (1− z)2 ≤ 1, which
yields

a−k0L(δ −a)e
−µ

1+a /2D≤ a− (k0L(δ −a)e
−µ

1+a /2D)(1− z)2 ≤ a. (7)

Consequently, a−k0L(δ −a)e
−µ

1+a /2D≤ x?1(z)< δ . Furthermore, ob-
serve that, since 0 < e

−µ

1+a < e
−µ

1+δ for all a > 0, it holds

x?1(z)≥ a− k0L(δ −a)e
−µ

1+δ

2D
>

2aD− k0Lδe
−µ

1+δ +2D−2D
2D

>−1+(2D− k0Lδe
−µ

1+δ )/2D :=−1+η .

To ensure the positivity of η , D has to be large enough, i.e.
there must exist some D? > 0 such that D≥ D?. By ”D large
enough”, we mean D? > k0Lδe

−µ

1+δ /2. Note that η → 1 as
D→+∞, i.e. diffusion is sufficiently dominant.
A result that follows from the previous lemma is that 1/(1+
x?1)∈ L∞(0,1) with ‖1/(1+ x?1)‖∞

≤ 1/η , where ‖ f‖
∞

is given
by inf{M ≥ 0 | | f (z)| ≤M a.e. on [0,1]} in our context, for
f ∈ L∞(0,1). In the next step, the exact form of the equilibrium

1Intuitively speaking, one could say that once the superficial fluid velocity
v? is fixed, a is a parameter that is computed as a root of v? − k0L(δ −
a)e

−µ

1+a /a. The number of roots determines the number of equilibrium profiles,
see subsection II-A and [2] for more details on the existence and the
multiplicity of equilibrium profiles.
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profile xe
1(z) will be characterized in a same manner as for

the approximated one. First note the following result with the
appropriate assumptions (2.1 and 2.2 below), known as the
Regular Perturbation Theorem, see [11, Section 5.2].
Given a function f : H→ H and an initial condition Θ ∈ R2,
we consider the initial value problem

dx
dz

= f (z,x,ε), x(0) = Θ(ε), (8)

where ε is a parameter. Assume that the following conditions
are satisfied :
Assumption 2.1: For ε = 0, (8) has a unique solution on 0≤
z≤ 1, denoted by x0(z). Hence the latter satisfies the equations
dx0
dt = f (z,x0,0), x0(0) = Θ(0).

Assumption 2.2: The functions f and Θ are smooth functions
of their variables for 0 ≤ z ≤ 1, x near x0, and ε near
0. Specifically we suppose that f and Θ are n + 1 times
continuously differentiable in all their variables, so that Θ

admits a series expansion of the form ∑
+∞

k=0 Θkεk.
Theorem 2.1: (Regular Perturbation Theorem) Let Assump-
tions 2.1 and 2.2 hold. Then for sufficiently small ε the
perturbed problem (8) has a unique solution, which is n+ 1
times differentiable with respect to ε . Moreover this solution
admits a Taylor expansion x(z,ε)= x0(z)+x1(z)ε+ · · ·+xn(z)εn+

O(εn+1), where the error estimate holds as ε → 0 uniformly
for 0≤ z≤ 1.
By the Regular Perturbation Theorem, it holds, in our case,

xe
1(z,ε) = x?1(z,ε)+O(ε2), (9)

where ε = 1/D, see [2, Section IV. A.] for detailed arguments
concerning the computation of x?1(z,ε). In order to bound
the exact form of the temperature equilibrium profile, let us
consider the following definition, see [11, Section 5.1.1, Gauge
Functions].
Definition 2.1: Suppose that f and g are smooth functions of
ε for ε near 0, say 0 < ε < ε0. We say that f (ε) = O(g(ε))
as ε → 0 if f (ε)/g(ε) is bounded for all small ε . Thus there
is a constant K > 0 and a sufficiently small constant ε? > 0
such that | f (ε)| ≤ K|g(ε)|holds for all ε ≤ ε?.
By using Theorem 2.1 and Definition 2.1 one gets the follow-
ing theorem, which provides bounds on xe

1(z).
Theorem 2.2: The exact form of a temperature equilibrium
profile for (3) satisfies

−1+ η̃ < xe
1 (z)< δ̃ , (10)

when the diffusion coefficient D is sufficiently large, where
η̃ = η− K

D2 > 0 and δ̃ = δ + K
D2 for some positive constant K.

Proof: By taking (9) into account and the characterization of
O in Definition 2.1, there exist K > 0 and ε? > 0 such that for
a.e. z∈ [0,1], |xe

1(z,ε)−x?1(z,ε)| ≤Kε2, for ε ≤ ε?. This holds
for a.e. z∈ [0,1] since the error estimate is valid uniformly for
0≤ z≤ 1. Consequently we have

x?1(z,ε)−Kε
2 ≤ xe

1(z,ε)≤ x?1(z,ε)+Kε
2. (11)

By using Lemma 2.2, it follows that −1+η−K/D2 < xe
1(z,1/D)<

δ +K/D2, where we have been using the fact that ε = 1/D,
which is equivalent to −1 + η̃ < xe

1(z,1/D) < δ̃ , where η̃ :=
η − K/D2and δ̃ := δ + K/D2. By considering sufficiently large
diffusion, one gets that the constant η̃ is still positive.
Let us characterize the exact form of the velocity in a same
manner as for the temperature equilibrium profile (that de-

pends also on ε). By denoting by v? the approximated form of
the velocity and by ve the exact one, it holds ve = v?+O(ε2).
Otherwise stated, there exist K̃ > 0 and ε̃ > 0 such that
|ve− v?| ≤ K̃ε2 for ε ≤ ε̃ , i.e.

v?− K̃ε
2 ≤ ve ≤ v?+ K̃ε

2, (12)

for ε ≤ ε̃ . In order to get both inequalities (10) and (12)
satisfied, the parameter ε is chosen such that ε ≤ min(ε?, ε̃).
In terms of the diffusion coefficient D, it has to satisfy
D≥max(D?, D̃)where ε? = 1/D?and ε̃ = 1/D̃.

C. Concepts and results on linearization

In order to build a linearized model of (3) around an equi-
librium profile, denoted (xe

1,x
e
2), we introduce the following

variables ξ1 = x1−xe
1,ξ2 = x2−xe

2. For the sake of simplicity
in the notations, we introduce the product space H = L2(0,1)×
L2(0,1)and the function g : D → L2(0,1) defined by g(x1,x2) =

α (1− x2)e
−µ

1+x1 , where the invariant closed and convex domain D
is defined as {(x1,x2) ∈ H|−1≤ x1,0≤ x2 ≤ 1 a.e. on [0,1]}
and represents the physical constraints domain associated to
(3) that are expressed in (4). When one deals with nonlinear in-
finite dimensional systems, different kinds of linearization are
available. Those used here are based on Gâteaux and Fréchet
derivatives. Roughly speaking, the Gâteaux derivative is the
extension of the directional derivative (finite dimensional case)
and the Fréchet derivative is a stronger concept that assumes
that the Gâteaux derivative is the same in all directions. See
e.g. [12] or [13, Pages 6, 7].
Definition 2.2: Let F :D(F)⊂X→X be a (nonlinear) operator
defined on the Banach space X . The operator F is Gâteaux
differentiable at z0 ∈ D(F) if there exists a linear operator
dF(z0) : X → X such that liml→0

F(z0+lh)−F(z0)
l = dF(z0)h, for

every h ∈ D(F) such that2 z0 + lh ∈ D(F).
The operator F is said to be Fréchet differentiable at z0 ∈D(F)
if there exists a bounded linear operator DF(z0) : X→ X such
that, limh→0

‖F(z0+h)−F(z0)−DF(z0)h‖X
‖h‖X = 0. That is, for all h ∈

X such that z0 + h ∈ D(F), F(z0 + h)−F(z0) = DF(z0)h+
w(z0,h), where lim‖h‖X→0 ‖w(z0,h)‖X/‖h‖X = 0.
Fréchet differentiability is often complicated to get, mainly due
to technical difficulties or simply because many nonlinear op-
erators are not Fréchet differentiable since they are unbounded.
For the system (3), we shall linearize the nonlinear operator
g by using a Gâteaux derivative.
Lemma 2.3: The nonlinear operator g introduced above is
Gâteaux differentiable at (xe

1,x
e
2) ∈ D and its Gâteaux deriva-

tive is given by the bounded linear operator dg(xe
1,x

e
2) : H →

L2(0,1)defined for ( ξ1 ξ2 )
T ∈ H by

dg(xe
1,x

e
2)
(
ξ1 ξ2

)T
= α

µ
(
1− xe

2
)(

1+ xe
1
)2 e

−µ

1+xe
1 ξ1−αe

−µ

1+xe
1 ξ2.

Proof: Let us consider ξ = ( ξ1 ξ2 )
T ∈H and xe = (xe

1,x
e
2)∈D.

By computing liml→0
g(xe+lξ )−g(xe)

l , it holds

dg(xe
1,x

e
2)(ξ1 ξ2 )

T = lim
l→0

α
(
1− xe

2
)
(e

−µ

1+xe
1+lξ1 − e

−µ

1+xe
1 )

l
− lim

l→0

αlξ2e
−µ

1+xe
1+lξ1

l

2Note that in the case where D(F) is convex, it is ensured that az0 +(1−
a)(z0 + lh) ∈D(F) for any a ∈ [0,1] if so do z0 and z0 + lh.
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= α
µ
(
1− xe

2
)(

1+ xe
1
)2 e

−µ

1+xe
1 ξ1−αe

−µ

1+xe
1 ξ2.

The linearity of the operator dg(xe) is obtained directly. Its
boundedness is proven in the next subsection.
For a matter of convenience, we denote αµ((1 − xe

2)/(1 +

xe
1)

2)e−µ/(1+xe
1)by gx1(z) and −αe−µ/(1+xe

1)by gx2(z) in the follow-
ing. Note that, with the definition of Fréchet differentiability
introduced above, it can be shown that the nonlinear operator g
is not Fréchet differentiable when considering L2(0,1) as state
space: see the Appendix. Before showing the well-posedness
of the linearized model corresponding to (3), let us consider
the following subsection that consists of making a step further
to show the boundedness of the Gâteaux derivative of the
operator g.

D. Well-posedness of the linearized model

With the notations of Section II-C, the linearized model around
an equilibrium profile is written in its abstract differential form
as {

ξ̇ = Aξ +
(

δdg(xe)I 0
0 dg(xe)I

)
ξ ,

ξ (0) = ξ0,
(13)

where A is the unbounded linear operator defined as Aξ =(
1

Peh
d2ξ1
dz2 −

dξ1
dz

1
Pem

d2ξ2
dz2 −

dξ2
dz

)T
for ξ =

(
ξ1 ξ2

)T in D(A) given by{
ξ ∈ (H2(0,1))2 | dξ1

dz
(0) = Pehξ1(0),

dξ1

dz
(1) = 0,

dξ2

dz
(0) = Pemξ2(0),

dξ2

dz
(1) = 0

}
,

(14)

with ξ1(t,z) = x1(t,z)−xe
1(z)and ξ2(t,z) = x2(t,z)−xe

2(z). According to
e.g. [1], it is well-known that this operator is the infinitesimal
generator of a contraction C0−semigroup. In order to show
that the operator A+( δdg(xe) dg(xe))T is still the generator of
a C0−semigroup, we show the boundedness of the operator
( δdg(xe) dg(xe))T and use the Bounded Perturbation Theorem,
see [14, Bounded Perturbation Theorem]. That operator can
be written as A1 +A2 where A1 =

(
δgx1 (z) 0

0 gx2 (z)

)
and A2 =(

0 δgx2 (z)
gx1 (z) 0

)
.

Lemma 2.4: The linear operator A1 is bounded on H.
Proof: We have to show that there exists some constant c > 0
such that for every ξ = ( ξ1 ξ2 )

T ∈ H,‖A1ξ‖H ≤ c‖ξ‖H . By
taking ξ ∈ H, a straightforward computation of ‖A1ξ‖2

H =
‖(A1ξ )1 ‖2

L2 +‖(A1ξ )2 ‖2
L2 gives

‖A1ξ‖2
H =

∥∥∥∥δα(1− xe
2)e

−µ

1+xe
1

µ

(1+ xe
1)

2 ξ1

∥∥∥∥2

L2
+

∥∥∥∥αe
−µ

1+xe
1 ξ2

∥∥∥∥2

L2
.

By using the fact that ( xe
1 xe

2 ) ∈ D, it holds 0≤ 1− xe
2 ≤ 1 a.e

on [0,1] and e−µ/(1+xe
1) ≤ 1 a.e. on [0,1]. Hence,

‖A1ξ‖2
H ≤

δ 2α2µ2

η̃4 ‖ξ1‖2
L2 +α

2 ‖ξ2‖2
L2 ,

where we have been using the inequality ‖1/(1+ xe
1)‖∞

≤ 1
η̃

for the last inequality (see Theorem 2.2). In this way,

‖A1ξ‖2
H ≤max

{
δ 2α2µ2

η̃4 ,α2
}
‖ξ‖2

H .

It follows that

‖A1‖op ≤

√
max

{
δ 2α2µ2

η̃4 ,α2
}
= α max

{
δ µ

η̃2 ,1
}
.

The boundedness of A2 is established by similar arguments.
Hence the linearized model around an equilibrium, given by
(13), is well-posed.

III. EXPONENTIAL STABILITY

In this section, we shall apply a Lyapunov–type method, see
e.g. [15, Chapters 4 and 5], in order to derive sufficient
conditions for the exponential stability of equilibrium profiles
for the linearized model of (3), i.e. (13). By exponential
stability, we mean that the L2×L2−norm of the state trajectory
of (13) decreases as fast as a decreasing exponential for any
initial condition in the domain of the linear operator that
describes the dynamics, i.e. there exists λ > 0 such that
‖ξ (t, ·)‖L2×L2 ≤ e−λ t‖ξ0(·)‖L2×L2 holds for every ξ0 ∈ D(A) given
by (14).
Let us introduce the change of variables ξ̂1(t,z) =

e−
Peh

2 zξ1(t,z), ξ̂2(t,z) = e−
Pem

2 zξ2(t,z) and recall that we con-
sider equal Peclet numbers. This allows to decouple the PDEs
in the variables ξ̂1 and ξ̂2. Hence stability is adressed by
looking at one parabolic PDE with variable coefficients instead
of two, see [5, Section 2.5.2.1].
Let us define the asymptotic reaction invariant χ(t,z) =
ξ̂1(t,z)−δ ξ̂2(t,z) to obtain the two coupled systems

∂ χ

∂ t = 1
Pe

∂ 2χ

∂ z2 − Pe
4 χ,

∂ χ

∂ z (0) =
Pe
2 χ(0), ∂ χ

∂ z (1) =−
Pe
2 χ(1),

(15)

and 
∂ ξ̂1
∂ t = 1

Pe
∂ 2 ξ̂1
∂ z2 −G2(z)χ−

( Pe
4 −G2(z)−δG1(z)

)
ξ̂1,

∂ ξ̂1
∂ z (0) =

Pe
2 ξ̂1(0),

∂ ξ̂1
∂ z (1) =−

Pe
2 ξ̂1(1),

where G1(z) = gx1 (x
e
1,x

e
2) and G2(z) = gx2 (x

e
1,x

e
2). Let us

define the linear operator A· := 1
Pe

d2·
dz2 − Pe

4 I· on the domain
D(A) given by

{
χ ∈ H2(0,1), dχ

dz (0) =
Pe
2 χ(0), dχ

dz (1) =−
Pe
2 χ(1)

}
.The

following proposition enables us to characterize exponential
stability of the equilibrium profiles of (3) for the linearized
dynamics on the basis of only one parabolic PDE.
Proposition 3.1: Let us consider the operator matrix U =( I 0

I −δ I

)
∈ L(H). The change of variables

(
ξ̂1
χ

)
= U

(
ξ̂1
ξ̂2

)
yields a triangularization of (13). Moreover, the component
χ in the new variables is expressed as

χ(t,z) =
+∞

∑
n=1

ψn φn(z)e−(β 2
n +

Pe
4 )t , (16)

for z∈ [0,1], t ≥ 0 where ψn =
∫ 1

0 f (z)φn(z)dz and f (z) denotes
the initial condition of the variable ξ̂1−δ ξ̂2. The set {φn}n≥1
contains the eigenfunctions of the linear operator A, defined by
φn(z) = Kn[βn

√
Pecos(βn

√
Pez) + Pe

2 sin(βn
√

Pez)]. Note that
{Kn}n≥1 is a set of normalization constants expressed as
Kn = ( 2

β 2
n Pe+Pe+Pe2/4 )

1
2 and {βn}n≥1 are the solutions of the

resolvent equation tan(β
√

Pe) = 4β
√

Pe
4β 2−Pe , see e.g. [16].

Proof: See e.g. [5, Section 2.5.2].
Note that U defines a similarity transformation, i.e. a Banach
isomorphism on H. Then (13), which involves the variables(

ξ̂1
ξ̂2

)
, is equivalent to (13) written in the variables

(
ξ̂1
χ

)
. Con-

sequently, exponential stability of (13) can either be studied in
the first set of variables or in the second one. Since {φn}n∈N is
a Riesz-basis for L2(0,1), it follows from (11) that ‖χ(·, t)‖L2 ≤
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e−(β
2
1 +Pe/4)t‖ f (·)‖L2 , where −(β 2

1 +Pe/4) = supn∈N{−(β 2
n +Pe/4)}is the

growth constant of the semigroup generated by the Riesz-
spectral operator that describes the dynamics (10). This means
that ‖χ(t, ·)‖L2 converges exponentially fast to 0 as t tends to
+∞. Moreover, by using the reaction invariant xe

1− δxe
2, the

stability analysis is based on the following parabolic PDE ∂ ξ̂1
∂ t = 1

Pe
∂ 2 ξ̂1
∂ z2 −q(z)ξ̂1,

∂ ξ̂1
∂ z (0) =

Pe
2 ξ̂1(0),

∂ ξ̂1
∂ z (1) =−

Pe
2 ξ̂1(1),

(17)

where ξ̂1(z, t) = e
−Pe

2 z(x1(z, t) − xe
1(z)) and q(z) = Pe

4 +

k0L
ve e

−µ

1+xe
1(z) −δ

k0L
ve

µ(1−xe
2(z))

(1+xe
1(z))

2 e
−µ

1+xe
1(z) . Let us choose as Lyapunov

functional candidate the function V : L2(0,1)→R, defined by
V (ξ̂1) =

1
2‖ξ̂1‖2

L2 . By differentiating V w.r.t. t along the state
trajectories corresponding to (17), one gets

V̇ (ξ̂1) =
1
2

d
dt

∫ 1

0
ξ̂

2
1 dz =

∫ 1

0
ξ̂1

(
1
Pe

d2ξ̂1

dz2 −q(z)ξ̂1

)
dz.

An integration by parts yields the following form for V̇ (ξ̂1):

−1
2

ξ̂
2
1 (1)−

1
2

ξ̂
2
1 (0)−

1
Pe

∫ 1

0

(
dξ̂1

dz

)2

dz−
∫ 1

0
q(z)ξ̂ 2

1 dz.

According to the Generalized Mean Value Theorem for Inte-
grals, see [17, Theorem 3.3], the first order time derivative of
V takes the form

−1
2

ξ̂
2
1 (1)−

1
2

ξ̂
2
1 (0)−

1
Pe

∫ 1

0

(
dξ̂1

dz

)2

dz−q(c)
∫ 1

0
ξ̂

2
1 dz (18)

for some c ∈ (0,1). Before stating the main result, we shall
prove the following lemma, obtained by exploiting a variation
of Wirtinger’s Inequality, see [18, Corollary 9].
Lemma 3.1: For any continuously differentiable function w on
[0,1],

−1
2

w2(0)≤− 1
4Λ

∫ 1

0
w2(z)dz+

2
π2(2Λ−1)

∫ 1

0
w2

z (z)dz, (19)

for all Λ > 1
2 , where wz := dw

dz for the ease of notation.
Proof: By [18, Corollary 9], it holds∫ 1

0
(w(z)−w(0))2 dz≤ 4

π2

∫ 1

0
wz(z)2dz, (20)

or equivalently∫ 1

0
w2(z)dz≤−w2(0)+

∫ 1

0
2w(0)w(z)dz+

4
π2

∫ 1

0
w2

z (z)dz.

By using Generalized Young’s Inequality [19], it follows that(
1− 1

2Λ

)∫ 1

0
w2(z)dz≤ (−1+2Λ)w2(0)+

4
π2

∫ 1

0
w2

z (z)dz, (21)

for some Λ > 0. To ensure the positivity of 1− 1
2Λ

, we have
to assume that Λ > 1

2 . In this way, one can write (21) as∫ 1

0
w2(z)dz≤ 2Λw2(0)+

8Λ

π2 (2Λ−1)

∫ 1

0
w2

z (z)dz.

Note that by applying similar arguments on the function w̃
defined by w̃(z) =w(1−z),z∈ [0,1], (19) holds also with w(0)
replaced by w(1). We are now ready to give a bound on the
time derivative of the Lyapunov functional. By considering
(18) and by applying Lemma 3.1 to ξ̂1, V̇ is bounded by(

−1
2Λ
−q(c)

)∫ 1

0
ξ̂

2
1 dz+

(
4

π2(2Λ−1)
− 1

Pe

)∫ 1

0

(
dξ̂1

dz

)2

dz.

We shall now choose Λ in such a way that 4
π2(2Λ−1) −

1
Pe = 0,

which yields Λ = 1
2 +

2Pe
π2 > 1

2 . Consequently

1
2

d
dt
‖ξ̂1‖2

L2 ≤−
(

π2

π2 +4Pe
+q(c)

)∫ 1

0
ξ̂

2
1 dz.

By applying Grönwall’s Lemma, see [20, Lemma A.6.7], one
gets

‖ξ̂1(t, ·)‖L2 ≤ e−
(

π2

π2+4Pe
+q(c)

)
t‖ξ̂1(0, ·)‖L2 . (22)

We are now ready to address the exponential stability of the
equilibrium profiles.
Theorem 3.1: A sufficient condition for an equilibrium profile
of (17) to be exponentially stable is that

µ ≤ h̃e(a), (23)

where the function h̃e(a) is defined as (1− f̃ e(a))
2
(r(δ−a−alD)+a)

(δ+ f̃ e(a))a

with f̃ e(a) = k0L(δ−a)e
−µ

1+a

2D −a+ K
D2 ,r =

π2

π2+4Pe +
Pe
4 and

lD =

k0L(δ−a)e

−µ

1+a+ K
D2

a − k0L(δ−a)e
−µ

1+a

a + K̃
D2

k0Le
−µ

1+a+ K
D2

, (24)

where K, K̃ are the positive constants introduced in (10) and
(12), respectively. Note that in the case where inequality (23)
holds, exponential stability is obtained for all D≥max(D?, D̃)
where D? > 0 and D̃ > 0 are sufficiently large.
Proof: Starting from inequality (23), it holds

a
(

µδ +µ f̃ e(a)−
(
1− f̃ e(a)

)2
)

δ −a−alD
≤ r
(
1− f̃ e(a)

)2
. (25)

It follows from inequalities (7) and (11) that a− k0L(δ−a)e
−µ

1+a

2D −
K
D2 < xe

1(z)< a+ K
D2 , a.e. on (0,1), which can be written as

− f̃ e(a)< xe
1(z)< a+K/D2. (26)

Since xe
1(z) < a + K/D2 a.e. on (0,1), it follows that

e−µ/(1+xe
1(z)) < e−µ/(1+a+ K

D2 ) a.e. on (0,1). Combining (25),
(26) and the previous inequality, it follows that

k0Le
−µ

1+xe
1(z)

k0Le
−µ

1+a+ K
D2

a
(

µδ −µxe
1(z)−

(
1+ xe

1(z)
)2
)

δ −a−alD
< r (1+ xe

1(z))
2 ,

or equivalently

k0Le
−µ

1+xe
1(z)
(

µδ −µxe
1(z)−

(
1+ xe

1(z)
)2
)

k0L(δ−a)e

−µ

1+a+ K
D2

a − k0Le
−µ

1+a+ K
D2 lD

< r (1+ xe
1(z))

2 .

By plugging the expression of lD (24) in the previous inequal-
ity, it follows that

k0Le
−µ

1+xe
1(z)

v?− K̃
D2

(
µδ −µxe

1(z)− (1+ xe
1(z))

2
)
< r (1+ xe

1(z))
2 .

By taking into account inequalities (12), it holds 1
ve ≤ 1

v?−K̃/D2 .
Moreover, by dividing the last inequality by (1 + xe

1(z))
2,

one obtains −q(z) + Pe/4 < r where we have been using
xe

1(z) = δxe
2(z). Hence π2

π2+4Pe +q(z)> 0 for a.e. z ∈ (0,1). In
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particular, π2

π2+4Pe +q(c) > 0 for c ∈ (0,1). By using the fact
that (22) holds for all t > 0, it follows that the equilibrium xe

1
is exponentially stable.
Remark 3.1: Note that the condition ”D≥max(D?, D̃)” in the
assumptions of Theorem 3.1 is needed in order to use both
inequalities (11) and (12) that are valid for D>D? and D> D̃,
respectively.
The next step consists in showing that in the case of only one
equilibrium profile, the latter is always exponentially stable
and in the case of three equilibrium profiles, the pattern ”ex-
ponentially stable–unstable–exponentially stable” is exhibited:
see the two next corollaries.
Corollary 3.1: In the case where the nonisothermal axial
dispersion tubular reactor (3) admits only one equilibrium
profile, there exist D? and D̃ sufficiently large such that
this equilibrium profile is exponentially stable for all D ≥
max(D?, D̃).
Proof: First remember the approximated form of the velocity
v? given by k0L(δ − a)e

−µ

1+a /a and remember also that for a
fixed value of v? the number of equilibria is determined as
the number of values of a that reach v?, see the proof of
Lemma 2.2. Hence, looking at v? as a function of a, one has
the following two options:

µδ (µδ −4δ −4)< 0, (27)
µδ (µδ −4δ −4) = 0. (28)

In the first situation, i.e. (27), the first order derivative of v?(a)
with respect to a has no root, meaning that v? has no extremum
and is strictly decreasing, see [2, Section IV.A]. Only one value
of a can reach a fixed value v? (one equilibrium). In the second
case, i.e. (28), the first order derivative of v?(a) with respect to
a vanishes only one time in the interval ]0,δ [, see [2, Section
IV.A] and in particular [2, Equation (15)], wherein it is shown
that the point where dv?

da (a) vanishes is a point of inflexion,
meaning that v? is monotone on ]0,δ [ (only one value of a
can reach a fixed value of v?). To get exponential stability, by
Theorem 3.1, one has to check that µ ≤ h̃e(a). This could be
seen as challenging to show by looking at the expression of
function h̃e(a). Therefore we shall use perturbation theory that
consists of reformulating the problem with a (small) parameter
and then looking at the problem by setting the parameter to
0, see e.g. [11, Regular Perturbation Theorem]. Hence, by
introducing the parameter ε = 1/D, the problem of finding
values of a such that µ ≤ h̃e(a) can be approached by a similar
one by taking ε = 0, i.e.3 µ ≤ δ (1+a)2

a(δ−a) =: h(a). Equivalently
we have

(µ +δ )a2−δ (µ−2)a+δ ≥ 0. (29)

Let us look at the case for which (27) holds. The discriminant
of the second order polynomial in (29), denoted by ρ , is
equal to µδ (µδ −4δ −4), which is assumed to be negative
here. Hence (29) is satisfied for all values of a ∈]0,δ [ and the
corresponding equilibrium profiles are exponentially stable by
Theorem 3.1. In the second case, see (28), the polynomial
in (29) vanishes only one time when a = δ/(2+ δ ) := a?.
For other values of the parameter a, it is positive, leading
to exponential stability of the related equilibria. Note that
the values of the function h(a) characterize the speed of
convergence to 0 (measured by the growth constant). Nearer
a is to 0 or δ , faster the L2−norm of the state trajectory ξ̂1
decreases exponentially fast to 0, as t tends to +∞. The reason

3Setting 1/D to 0 implies that lD = 0,r = 1 and f̃ e(a) =−a.
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Fig. 1. Function h(a) for µ = 6 and δ = 2(ρ = 0, one equilibrium).

0 0.2 0.4 0.6 0.8 1

5

10

15

20

25

30

35

40

45

Fig. 2. Function h(a) for µ = 10 and δ = 1(ρ > 0, three equilibria).

behind is that nearer a is to 0 or δ , faster is the polynomial
in (29) from 0.
The following corollary is dedicated to the case where three
equilibria are exhibited.
Corollary 3.2: In the case where the nonisothermal axial
dispersion tubular reactor admits three equilibrium profiles,
there exist D? and D̃ sufficiently large such that the pattern
”exponentially stable – unstable – exponentially stable” holds
for all D≥max(D?, D̃).
Proof: Similar arguments to those presented in the previous
corollary are used here. In the case where the reactor can
exhibit three equilibria, three values of a can reach a fixed
value of v? meaning that v?(a) has two extrema in the interval
]0,δ [. Mathematically there holds

µδ (µδ −4δ −4)> 0, (30)

see the proof of Corollary 3.1 and [2, Section IV.A] for
the reasoning and calculation details. Once more, exponential
stability is obtained if (29) is satisfied. Since (30) holds,
the second order polynomial in (29) possesses two roots
that are given by a?1 = δ (µ−2)

2(µ+δ ) −
1

2(µ+δ )

√
µδ (µδ −4δ −4)and a?2 =

δ (µ−2)
2(µ+δ ) +

1
2(µ+δ )

√
µδ (µδ −4δ −4). Hence values of a in the interval

]0,a?1[ or in ]a?2,δ [ lead to exponentially stable equilibria.
Since a?1 and a?2 are also roots of the first order derivative
of v?, the intervals ]0,a?1[, [a

?
1,a

?
2] and ]a?2,δ [ denote the three

zones where the first, the second and the third equilibrium
profiles are located, respectively, see the expression and the
shape of v?(a). It follows that the first and the third equilibria
are exponenially stable. For establishing the instability of the
second equilibrium, we refer to [5, Section 2.5.2.].
Illustrations of function h(a) are depicted in Figures 1 and 2,
for one equilibrium and three equilibria, respectively.
Remark 3.2: The convection-reaction-diffusion model is an
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intermediate model between the plug flow reactor model (when
the diffusion coefficients are 0) and the CSTR model described
by ODEs (the diffusion coefficients ”are infinite”), see e.g.
[21]. From [5], the plug flow reactor model can exhibit only
one equilibrium profile while the CSTR may exhibit three. In-
tuitively, the reason why considering D≥max(D?, D̃) is quite
natural here since there should exist a diffusion coefficient
above which the tubular reactor can exhibit multiple equilibria
and below which the reactor exhibit only one equilibrium,
see [3]. Moreover, in the case where the diffusion coefficients
vanish, the only equilibrium profile that is exhibited is expo-
nentially stable, see e.g. [22].

IV. NUMERICAL SIMULATIONS

This section is devoted to the illustration of the pattern
highlighted above in the case when the reactor admits three
equilibrium profiles. The parameters that have been chosen
are the following : µ = 10,δ = 1,v = 1,1∗10−3,D = 10,k0 =
1,L = 1. The L2−norm of the state trajectory ξ̂1(t, ·) as a
function of time is depicted in Figures 3, 4 and 5 for the
three different equilibria, respectively, by using a numerical
integration of the linearized PDE (17). Moreover, the relative
error between the estimate found on the L2−norm of the state
trajectory ξ̂1(t, ·), see (22), is also depicted in Figures 6, 7
and 8 (where RHS stands for Right-Hand Side), in order to
illustrate the efficiency of the estimation.

V. CONCLUSION AND PERSPECTIVES

In this paper, the stability analysis of a linearized model
of a nonisothermal axial dispersion tubular reactor has been
performed. After linearization, the model has been shown well-
posed. Then sufficient conditions are given for an equilibrium
profile of the linearized system to be exponentially stable.
By characterizing the different equilibria, it has also been
shown that, in the case when the reactor can exhibit only one
equilibrium profile, the latter is always exponentially stable
and in the case of three equilibria, the pattern ”exponentially
stable–unstable–exponentially stable” is highlighted, which is
called bistability. The main contributions concern the well-
posedness of the linearized model but mostly the type of
stability that is proven and from this point of view, this paper
extends previous results of [5, Section 2.5.2.].
Note that imposing the equality between the Peclet numbers
Peh and Pem is quite a strong assumption since it entails that
the condition Dma = λea

ρCp
holds true. This condition may be

seen as restrictive from a physical point of view since Dma
and λea are diffusion coefficients that model two completely
different kinds of diffusion. However, studying exponential
stability of the linearized system when the Peclet numbers
are different is really challenging from a mathematical point
of view. In this case, the asymptotic reaction invariant χ (see
(16)) is not available anymore, which entails that no model
reduction can be performed. Moreover, note that even the
analysis of the existence and the multiplicity of the equilibrium
profiles in the case of different Peclet numbers remained open
for many years and is now quite a newly solved question, see
[2]. To the best of our knowledge, the question of asymptotic

stability in the case of different Peclet numbers is also still
open. Hence the extension of the results on linearized stability
to the case of different or close Peclet numbers could be
considered for further research.
Furthermore, as indicated in Section II, one can linearize a
nonlinear infinite-dimensional system either by means of a
Gâteaux or a Fréchet derivate, but linearization with Fréchet
derivative is not always possible, depending on the properties
of the nonlinear operator. However Fréchet differentiability of
the nonlinear operator with some more assumptions, see [12],
could lead to conclusions on the stability of the nonlinear
system (3). In that way, the next objective should be the
investigation of local exponential stability or local instability
of the nonlinear system by using such tools.
This analysis is a preliminary step before building control laws
in order to stabilize the system around an equilibrium profile.
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APPENDIX

Here we aim at showing that the nonlinear operator g defined
in Section II-C is not Fréchet differentiable at an equilib-
rium xe. Therefore we shall consider the nonlinear operator
F : K → L2(0,1) defined by F(x) = (1− x)e

−1
1+x for x in

K :=
{

x ∈ L2(0,1),0≤ x(z)≤ 1 a.e. on [0,1]
}

. This nonlinear
operator could be viewed as a simplification of g in one direc-
tion with all the constants equal to 1 for the ease of calculation.
Without loss of generality, we shall consider the null function
of L2(0,1) as equilibrium profile. In the following result, it is
shown that F is not Fréchet differentiable at 0. This is the main
reason of considering a Gâteaux linearization of the nonlinear
operator g in Section II-C.
Proposition A.1: The nonlinear operator F is not Fréchet
differentiable at 0.
Proof: Suppose, for the sake of a contradiction, that F is
Fréchet differentiable at 0. Since it is also Gâteaux differen-
tiable at 0 (see Lemma 2.3) the corresponding derivatives are
equal. Remark that the Gâteaux derivative of F at xe in the di-
rection h∈ L2(0,1) is given by dF(xe)h=

(
−e

−1
1+xe + 1−xe

(1+xe)2 e
−1

1+xe
)

h.
By looking at that derivative for xe ≡ 0 ∈ L2(0,1), one gets
that dF(0)≡ 0∈L(L2(0,1)). It follows that the corresponding
Fréchet derivative DF(0) is the null operator on L2(0,1).
Because of the Fréchet differentiability of F at 0, the relation
lim‖h‖L2→0

‖F(0+h)−F(0)−DF(0)h‖L2
‖h‖L2

= 0 holds for every h ∈ K, i.e.

lim
‖h‖L2→0

‖(1−h)e
−1

1+h − e−1
χ[0,1]‖L2/‖h‖L2 = 0, (31)

where χ[0,1] denotes the characteristic function of the interval
[0,1]. Let us consider the sequence of L2(0,1)−functions
{hn}n∈N defined by hn(z) = 1

n χ[0,1− 1
n ]
(z) + χ[1− 1

n ,1]
(z), for n ∈ N.

Remark that hn ∈ K for each n ∈ N. Moreover,

‖hn‖2
L2 =

∫ 1− 1
n

0

1
n2 dz+

∫ 1

1− 1
n

dz =
n2 +n−1

n3 . (32)

It is obvious that limn→+∞ ‖hn‖2
L2 = 0. Hence (31) implies that

lim
n→+∞

‖(1−hn)e
−1

1+hn − e−1χ[0,1]‖L2

‖hn‖L2
= 0. (33)
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Fig. 3. L2−norm of ξ̂1 for a = 0.079 (1st eq.).
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Fig. 4. L2−norm of ξ̂1 for a = 0.328 (2nd eq.).
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Fig. 5. L2−norm of ξ̂1 for a = 0.749 (3rd eq.).
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Fig. 6. Relative error between the RHS of (22)
and the L2−norm of ξ̂1 for a = 0.079 (1st eq.).
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Fig. 7. Relative error between the RHS of (22)
and the L2−norm of ξ̂1 for a = 0.328 (2nd eq.).
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Fig. 8. Relative error between the RHS of (22)
and the L2−norm of ξ̂1 for a = 0.749 (3rd eq.).

Let us compute ‖(1−hn)e
−1

1+hn − e−1χ[0,1]‖2
L2 =: Sn. It holds

Sn =
∫ 1

0

(
e

−1
1+hn(z) − e−1

χ[0,1](z)− e
−1

1+hn(z) hn(z)
)2

dz

=
∫ 1− 1

n

0

(
e
−1

1+ 1
n − e−1− e

−1
1+ 1

n
1
n

)2

dz+
∫ 1

1− 1
n

(
e
−1
2 − e−1− e

−1
2

)2
dz

= e−2 + e
−2n
1+n

(n−1)3

n3 − 2e−2+ 1
1+n (n−1)2

n2 . (34)

Combining (34) with (32) yields

‖(1−hn)e
−1

1+hn − e−1χ[0,1]‖2
L2

‖hn‖2
L2

=
n3e−2 +(n−1)3e

−2n
1+n −2n(n−1)2e−2+ 1

1+n

n2 +n−1
.

It follows that limn→+∞

‖(1−hn)e
−1

1+hn −e−1χ[0,1]‖L2
‖hn‖L2

= e−1, which is a
contradiction since (33) holds.

REFERENCES

[1] M. Laabissi, M. Achhab, J. Winkin, and D. Dochain, “Trajectory
analysis of nonisothermal tubular reactor nonlinear models,” Systems
and Control Letters, vol. 42, no. 3, pp. 169 – 184, 2001.

[2] A. Hastir, F. Lamoline, J. Winkin, and D. Dochain, “Analysis of
the existence of equilibrium profiles in nonisothermal axial dispersion
tubular reactors,” IEEE Transactions on Automatic Control, vol. 65,
no. 4, pp. 1525–1536, 2020.

[3] D. Dochain, “Analysis of the multiplicity of equilibrium profiles in
tubular reactor models,” IFAC-PapersOnLine, vol. 49, no. 18, pp. 903
– 908, 2016, 10th IFAC Symposium on Nonlinear Control Systems
NOLCOS 2016.

[4] I. Aksikas, J. Winkin, and D. Dochain, “Asymptotic stability of infinite-
dimensional semilinear systems: Application to a nonisothermal reactor,”
Systems & Control Letters, vol. 56, no. 2, pp. 122 – 132, 2007.

[5] A. Varma and R. Aris, Stirred pots and empty tubes, C. R. Theory, Ed.
Prentice-Hall, 1977.

[6] N. R. Amundson, “Some further observations on tubular reactor stabil-
ity,” The Canadian Journal of Chemical Engineering, vol. 43, pp. 49–55,
April 1965.

[7] D. Luss and N. R. Amundson, “Some general observations on tubular
reactor stability,” The Canadian Journal of Chemical Engineering,
vol. 45, pp. 341–346, December 1967.

[8] Y. Nishimura and M. Matsubara, “Stability conditions for a class of
distributed-parameter systems and their applications to chemical reaction
systems,” Chemical Engineering Science, vol. 24, pp. 1427–1440, March
1969.
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