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ABSTRACT

An extension of fluctuation–dissipation theorem is used to derive a “speed limit” theorem for nonlinear electronic devices. This speed limit
provides a lower bound on the dissipation that is incurred when transferring a given amount of electric charge in a certain amount of time
with a certain noise level (average variance of the current). This bound, which implies a high energy dissipation for fast, low-noise operations
(such as switching a bit in a digital memory), brings together recent results of stochastic thermodynamics into a form that is usable for practi-
cal nonlinear electronic circuits, as we illustrate on a switching circuit made of an nMOS pass gate in a state-of-the-art industrial technology.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0152883

Electronic circuits operate at an energetic cost—under the form
of dissipation in resistive parts of the circuit—which brings technologi-
cal or economical costs (need for cooling, large batteries, etc.) as well
as ecological issues.1 The search for more energy-efficient devices
sometimes runs into the problem of reliability, as the intrinsic noise
level may be become non-negligible at low voltages.2–5 In parallel,
there is a quest for theoretical lower bounds on dissipated energy and
noise valid for a range of physical systems (electronic or else) fulfilling
certain tasks, notably related to computation. One early such bound is
Landauer’s bound,6 which states that erasing a bit necessarily dissi-
pates an energy kT ln 2, in whatever technology.

Stochastic thermodynamics7 offers a recent framework where
bounds beyond Landauer’s can be formulated and proved rigorously
for broad classes of physical systems. Such bounds include the thermo-
dynamic uncertainty relations,8,9 which state that stationary systems
exhibiting a low level of noise must necessarily dissipate a lot—in other
words, suppressing noise is costly. Another family of bounds, the (clas-
sical) speed limits,10 provide specific trade-offs between the time of an
operation (e.g., writing a bit into a memory) and its dissipation, quan-
tifying precisely the well-known observation that fast operations cost
more.

The existing speed limits are not always straightforward to use
for electronic circuits, as they rely on assumptions on the form of noise
(e.g., discrete jumps) not always satisfied in practice. A recent speed
limit11 is naturally applicable to electronic circuits but does not take

noise into account, missing an essential component of the dissipa-
tion–time–noise trade-off.

We propose such a trade-off applicable to any linear or nonlinear
resistive device, regardless of the noise model. It is a relationship
between the total average charge passing through a nonlinear resistive
device over a time interval, the energy dissipated in the device, and the
total noise (variance) over that interval.

We suppose that the nonlinear device is purely resistive with neg-
ligible internal dynamics but is otherwise arbitrary. The device is
embedded into an arbitrary circuit. For illustrative purposes and with-
out loss of generality, we assume the simple circuit represented in
Fig. 1. This circuit may, for instance, be interpreted as writing a bit
from logical 0 to logical 1 by transferring a certain amount of charge
into the capacitance.

A (nonlinear) resistive device at temperature T is intrinsically
noisy due to the random agitation of the charge carriers (electrons).
Indeed, when subjected to a constant voltage difference dv applied
externally during a time dt, it is traversed by a random charge Dq, dis-
sipating on the way an energy DEdissip ¼ Dq dv. Charges during dis-
tinct time intervals are statistically independent, i.e., the noise on
current is white (possibly Gaussian, or Poisson, or else).

For a linear device, mean and variance of Dq are related by the
celebrated fluctuation–dissipation theorem,12 which translates into the
also famous Johnson–Nyquist formula13,14 for a linear resistor, holding
for all equilibrium (dv ¼ 0) and non-equilibrium conditions.15
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Arbitrary nonlinear devices follow a more general relationship linking
all moments, the fluctuation relation,16 a consequence of which is the
thermodynamic uncertainty relation:8,17

EfDEdissipg
kT

� 2
EfDqg2

VarfDqg : (1)

In (1), both the mean EfDqg and the variance VarfDqg are propor-
tional to Dt (due to whiteness of the noise), hence both sides of (1)
scale as/ Dt. It was shown that the relation is tight (i.e., is an equality)
if the random fluctuations are symmetric around the mean, e.g., for
Gaussian fluctuations.17

When the voltage across the device is time-varying (non-station-
ary conditions, for instance, in a switching digital circuit) and random,
we may still apply (1) to a small or infinitesimal interval dt within the
whole time interval ½t0; t0 þ Dt� and conditionally to a given value
dvðtÞ. This leads naturally to, for any voltage difference dvðtÞ ¼ dv
over any infinitesimal time interval ½t; t þ dt�,

EfdEdissipjdvðtÞ ¼ dvg
kT

� 2
EfdqjdvðtÞ ¼ dvg2

VarfdqjdvðtÞ ¼ dvg : (2)

Because we are interested in the unconditional mean dissipation
EfdEdissipg ¼ EdvEfdEdissipjdvðtÞ ¼ dvg (where Edv refers to aver-
aging over all values of dv), we may write

EfdEdissipg
kT

� 2Edv
EfdqjdvðtÞ ¼ dvg2

VarfdqjdvðtÞ ¼ dvg

( )
: (3)

However, we would like to obtain an expression involving uncondi-
tional means and variances, more accessible and interpretable than
their conditional variants.

To that purpose, we can define a scalar product between arbitrary
(square integrable) real-valued functions f ðdvÞ and gðdvÞ,

h f jgi ¼ Edvff ðdvÞgðdvÞg: (4)

As all scalar products, it satisfies the well-known Cauchy–Schwarz
inequality h f jf i � h f jgi2=hgjgi. Let us define f � EfdqjdvðtÞ ¼ dvg=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarfdqjdvðtÞ ¼ dvg

p
and g �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarfdqjdvðtÞ ¼ dvg

p
and apply

Cauchy–Schwarz inequality. We recognize h f j f i as the r.h.s. of (3), up
to the factor of 2. Furthermore, we observe from the law of total vari-
ance that

Varfdqg ¼ EdvVarfdqjdvðtÞ ¼ dvg þ VardvEfdqjdvðtÞ ¼ dvg
¼ EdvVarfdqjdvðtÞ ¼ dvg þ Oðdt2Þ;

the latter term being, thus, negligible. We finally get

EfdEdissipg
kT

� 2
Efdqg2

Varfdqg : (5)

Integrating (5) over the whole time interval ½t0; t0 þ Dt�, we obtain a
lower bound on dissipation, which is our first main result

EfDEdissipg
kT

� 2
ðt0þDt

t0

Efdqg2

Varfdqg : (6)

In (6), EfDEdissipg is the average energy dissipation over the whole
time interval ½t0; t0 þ Dt�, i.e.,

EfDEdissipg ¼
ðt0þDt

t0

EfdEdissipg ¼
ðt0þDt

t0

EfdqðtÞ dvðtÞg dt: (7)

We can relax further this inequality by applying again the
Cauchy–Schwarz inequality. We now use the scalar product h f jgi0

¼
Ð t0þDt
t0

f 0g 0dt on real-valued functions f 0ðtÞ and g 0ðtÞ of time over
the interval ½t0; t0 þ Dt�. We apply it to f 0ðtÞ � EfdqðtÞg=ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

VarfdqðtÞg
p

and g 0ðtÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
VarfdqðtÞg

p
to obtain

EfDEdissipg
kT

� 2
EfDqg2ðt0þDt

t0

Varfdqg
¼ 2

EfDqg2

VarfdqgDt
; (8)

which is our second main result. The time-averaged variance Varfdqg
is
Ð t0þDt
t0

Varfdqg=Dt. Although this bound is not as tight as (6), it
may prove easier to evaluate and interpret in many cases. In particular,
Dq ¼

Ð t0þDt
t0

dq in the numerator is the total charge passed through
the device over the interval, which is usually the quantity of interest.

In summary, for a given Dq, fast charge transfer (low Dt) and/or
low-noise process (small Varfdqg) implies large dissipation. The rela-
tionship (8) can, indeed, be seen as a novel speed limit relation: passing
a certain charge Dq over a device with a typical level of noise Varfdqg
within a duration Dt necessarily dissipates an energy that is inversely
proportional to Dt. This speed limit differs from other recent speed
limits recently obtained that also obtain a 1=Dt behavior. For instance,
most speed limits18 only apply to discrete jumps of charges (e.g., shot
noise), while we cover all noise sources, discrete or continuous with a
single formula. Let us also mention the recent deterministic speed
limit11

DEdissip � DEdissip;min �
Dq2

�G Dt
; (9)

which does not directly take noise into account. In (9), �G denotes the
time-averaged conductance of the driving device.

Finally, we also see that for a given Dt, a low noise level (low vari-
ance) can only be obtained at the cost of high dissipation. Our bounds
(8) and (6), thus, express a trade-off between speed, dissipation, and
noise for an arbitrary nonlinear resistive device.

Our preliminary application is the case where the driving device
in Fig. 1 is a linear resistor of conductance G, which can be covered
in detail analytically. From Ohm’s law, EfdqðtÞjdVðtÞ ¼ dVg
¼ GdVdt. Johnson–Nyquist’s formula13,14 is an electrical equivalent
of Einstein’s diffusion law,19 and an avatar of the general fluctuation–
dissipation theorem,12 stating here that VardqðtÞ ¼ 2kTGdt.

Note in passing that Johnson–Nyquist’s formula is often
expressed in the electronic literature for the stationary random current

FIG. 1. Charging a capacitance through some (possibly nonlinear) dissipative noisy
device.
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iðtÞ ¼ dq=dt for a constant dV. This current is defined (as a random
function of time) only in a weak sense, i.e., if we limit it to a finite fre-
quency bandwidth Df . The variance is then VarfiðtÞg ¼ 4kTGDf . In
this case, we can interpret the current defined by iðtÞ ¼ dqðtÞ=dt (for
a small, non-infinitesimal dt) as being limited to the frequency band
½0; 1=2dt�.

The system is, thus, a linear system with an external driving
vINðtÞ and an internal noise, described by a linear stochastic differen-
tial equation (a Langevin equation more precisely), which can be
solved explicitly. In this context, (2) is satisfied with equality, and our
main result (8) becomes

DEdissip � DEdissip;min ¼
EfDqg2

GDt
; (10)

which is precisely (9), the minimum dissipation from the deterministic
speed limit,11 for a constant capacitance load and by identifying
�G ¼ G. In the linear case, thanks to Johnson–Nyquist’s noise model (a
specific case of the fluctuation–dissipation theorem) turning (1) and
(2) into equalities, our bound coincides with a deterministic treat-
ment.11 We shall now see it is not the case in a nonlinear case.

Because the scope and the significance of our main theoretical
results (8) and (6) are only fully appreciated in circuits involving a
nonlinear device, we illustrate their application to the circuit of Fig. 2:
a constant capacitor is charged through a pass gate, implemented with
a MOS (metal–oxide–semiconductor) transistor. The simulated signals
and extracted quantities are depicted in Fig. 3. The charging process is,
without loss of generality, here ensured by the linear input voltage
ramp of amplitude VDD ¼ 1V sketched in Fig. 3(a), corresponding to
the supply voltage of the used CMOS technology. The bit writing oper-
ation is assumed finished when vOUTðtÞ reaches V1 ¼ 80%VDD

[shown in Fig. 3(a)].
In the most advanced technologies favored for digital circuit

design,20 the noise model of the transistor can be very complex (since,
in the charge-based modeling approach, it depends on the small-
dimension effects part of the deterministic static model21) and not
known in an insightful closed form. We, therefore, avoided to resort to
a simplified and inaccurate analytical model of the transistor and we
have performed SPICE noise simulation in the time domain (Fig. 3),
compatible with the process design kit provided by the semiconductor
foundry.22

Industrial simulators, such as EldoVR , provide a transient noise
analysis tool.5 All noise sources are modeled as Gaussian, irrespective
of existing discussions of the physics origin of the thermal noise and

the thermodynamic inconsistency of the pure Gaussian model.15,17

Individual noise source are dynamically generated in the time domain
according the compact model of the device, and the noise is then han-
dled as any other electrical signal during a transient simulation.

The intrinsic noise is the noise generated by the MOS transistor
of Fig. 2. Within SPICE formalism, the intrinsic noise of the MOS
transistor, which is the noise produced by the device itself, is modeledFIG. 2. nMOS pass gate driving a capacitor.

FIG. 3. Transient noise simulation of the bit writing. Circuit parameters: 28 nm FD-SOI
regular-Vth nMOS of minimal dimensions L ¼ 30 and W ¼ 80 nm; T ¼ 25 �C;
VDD ¼ 1 V; C ¼ 1 fF; and input rise time tr ¼ 10 ns. Bandwidth of generated noise:
fmax ¼ 200 GHz and dt ¼ 2:5 ps. (a) Voltage signals; (b) current trace; (c) statistics of
dqðtÞ empirically estimated from 1000 sample paths (left); and normalized dissipation
vs ratio Efdqg2=Varfdqg of (6) (right).
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as a current Gaussian fluctuation. One sample path of i(t) (among
1000 generated and processed) is represented in Fig. 3(b), as well as
the empirical mean. Whereas the physical white noise is, neglecting
quantum effects, of infinite bandwidth, the noise is generated within a
specified finite bandwidth, denoted fmax, for the transient simulation.
The fmax must be selected in order to capture the dominant effect of
the thermal noise on the charge transfer, extracted as about 200GHz,
beyond the bandwidth of the circuit of Fig. 2 for different vIN from 0
to 1V.

We have recorded 1000 sample paths (or trajectories or traces) of
the voltage and current signals simulated in the time domain. A speci-
fied fmax imposes a constraint on the (maximum) simulation time step
(dt) to be used:5 dt ¼ 1=ð2 fmaxÞ, according to Shannon–Nyquist sam-
pling theorem. The time step dt ¼ 2:5 ps is small enough to be
numerically assimilated to an infinitesimal time interval, both to com-
pute the charge increment

dqðtÞ ¼ iðtÞ dt ¼ C ðvOUTðt þ dtÞ � vOUTðtÞÞ;

and the different integral quantities. The sample mean and variance
[of i(t) in Fig. 3(b) and of dqðtÞ in Fig. 3(c)] are unbiased empirical
estimators,23 and the variability observed for these statistics in Figs.
3(b) and 3(c) could of course be reduced at the expense of an increased
number of simulated paths.

In Fig. 3(c), we first depict the empirical estimators of the two
important quantities of (6), EfdqðtÞg2 and VarfdqðtÞg (left y axis).
Generally, we expect from the relations (8) and (6) that the ratio
Efdqg2=Varfdqg predicts the trend of the evolution over time of the
dissipation, i.e., the dissipation is locally large when the intrinsic noise
fluctuations (relative to the average instantaneous charge transfer) is
low (and conversely). The discrepancy over time between the actual
energy dissipation and the ratio Efdqg2=Varfdqg (right y axis) tells
us how tight we can expect the lower bounds (8) and (6) to be (see
coming results) and thereby assesses the energy efficiency of the charge
transfer through the nonlinear dissipative device (of some intrinsic
noise level) for the considered input signal and speed.

By inspecting first Fig. 3(a), we can basically distinguish two
regimes of the different energy efficiency for the charge transfer, char-
acterized by a larger or lower conductance of the nonlinear driving
device. For the (important) special case of the MOS transistor (Fig. 2),
the regime may be referred to as inversion level (or region).21 In the
first (I) regime, the charging process is efficient in the sense that
vOUTðtÞ closely follows vINðtÞ (the so-called quasi-adiabatic condi-
tions24,25) and the dissipation is low. For the case illustrated in Fig. 3,
the speed of the charging process, dq=dt, is low and constant during
regime I, which simplifies the interpretation of the general results (8)
and (6). The transistor is in strong inversion, meaning that it is highly
conductive and also that the intrinsic current noise is large.21 This is,
indeed, what we observe in Figs. 3(b) and 3(c): VarfiðtÞg [or
VarfdqðtÞg] is large and drops gradually (while EfdqðtÞg2 does not
vary much). In the second (II) regime, the transistor falls in weaker
inversion (low conductance) and vOUTðtÞ painfully follows vINðtÞ11
(“the nMOS is not good at passing a 1”20). The dissipation is large [see
the gray shark-fin-shaped peak in Fig. 3(c)] as evidenced by the high-
amplitude intrinsic noise fluctuations in this regime. We believe that
this circuit application highlights the existing correlation between fluc-
tuation and dissipation trend, yet in dynamic and nonlinear condi-
tions. Finally, let us emphasize that, in Fig. 3(c), the discrepancy

between actual dissipation and Efdqg2=Varfdqg becomes significant
after 10 ns, precisely when the charge transfer gets even more
inefficient.

In Table I, we summarize the dissipation-related quantities
extracted from the transient simulation presented in Fig. 3. The
expected or average dissipation, computed according to the definition
(7), is the reference value to which we compare our different lower
bound. These are listed in the ascending order in Table I, which is con-
sistent with their order of appearance in the text.

The integral bound (6) is lower than the actual dissipation only
by a factor of 4.4. At the light of Fig. 3(c), we have attributed such dis-
crepancy to the second regime of the charging process, where the
nMOS transistor becomes highly inefficient in fully passing a logical 1.
The worsened conductivity (larger dissipation) is correlated with a
lower noise level, reality reflected in the relationship (6).

Importantly, the reported discrepancy reveals the non-
Johnson–Nyquist nature of the noise fluctuation–dissipation process
of the nonlinear device17 (as opposed to the linear resistor). We know
that the shot noise model is consistent with a MOS transistor opera-
tion in weak inversion.21 In the case of shot noise,17 the relation (1) is
loose by a factor of 4 for a voltage difference dV � 200mV (i.e., about
eight times the thermal voltage kT=qe, see Fig. 1 in Ref. 17) which is
broadly consistent with our numerical observations. This shows that
the fact that even though our bound holds for any model of noise, dif-
ferent models will make the bound more or less tight.

The lower bound (8) is, as announced earlier and here verified
experimentally, less tight than (6) as lying more than one order of
magnitude below the dissipation.

To conclude, we have exploited the theoretical framework of the
stochastic thermodynamics to propose noise–dissipation relations
valid for in non-equilibrium and non-stationary conditions, relevant
for switching digital circuits that are strongly nonlinear. Two different
lower bounds were provided for the energy dissipation. The relations
involve the time-varying statistics of the noise over the charge transfer
process. We have applied and discuss them over linear and nonlinear
dipoles. The quantitative analyses deduced from the simulations are
insightful about the physical origin of the noise, that cannot merely be
pure Johnson–Nyquist noise for nonlinear dissipative devices.17

Further work would deepen this aspect, in link with recent noise mea-
surement and modeling work,2,5 and would extend the mathematical

TABLE I. Actual energy dissipation compared to the different lower bounds derived
or referred in this paper. All the quantities were extracted from the simulation of Fig.
3, notably Dt � 40 ns defined at V1 ¼ 80% VDD.

Energy dissipation Value ðkTÞ

Actual EfDEdissipg
Equation (7) 6919

Speed limit bounds of this article
Integral Eq. (6) 1568
Equation (8) over ½t0; t0 þ Dt� 375

Deterministic speed limit11

Equation (9) 213

Applied Physics Letters ARTICLE pubs.aip.org/aip/apl

Appl. Phys. Lett. 122, 263507 (2023); doi: 10.1063/5.0152883 122, 263507-4

Published under an exclusive license by AIP Publishing

 18 Septem
ber 2023 17:29:08

pubs.aip.org/aip/apl


formalism to more complex circuits with multiple dissipative and
dynamic components (e.g., CMOS logic gates).
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