ANALYZING NMR SPECTROSCOPY WITH MORLET WAVELET
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ABSTRACT mother waveleg(t) is

The time-scale representation of the Morlet wavelet trans- 1 : i

form is studied on characterizing NMR signals. By an an- S(1,8) = ZT\/‘?‘/ S(w)G* (aw)e“ dw, (1)
alytical analysis and simulations, the wavelet shows &-sati '

factory performance even when a baseline, an additive GaugthereS(w) is the Fourier transform of the signalijs a dila-
sian noise and a solvent are presented in the signals. It cdion parameter is a translation parameter agd(aw) is the
also cope with non-Lorentzian lineshapes which commonlgomplex conjugate of the Fourier transformggf). Given a
occur due to inhomogeneous distribution of molecules in d.orentzian signa$(t), namely

substance. These results signify the Morlet wavelet trans-

form as a potential tool to quantifg vivo NMR signals. s(t)

S(w) = 2mAd?3(w— (ws+Di)), (2)

Ae Dig(wst+o)

1. INTRODUCTION
whereD and ¢ are the damping factor and the phase of the

A nuclear magnetic resonance (NMR) signal is acquiresignal, the Morlet wavelet transform sft) is

when the nuclei in a substance are excited by a radio fre- _ _

quency pulse, and re-radiated. This results in an expalenti S(r,a) = +@aAeé%e PTEXTG;) (a(ws+ Di))
decaying sine wave, which has a so-called Lorentzian line- = s(1)G}y(a(ws+Di)), (3)
shape in the frequency domain. The frequency of the signal

is dependent upon the nucleus and therefore typical to eaathere

substance. The amplitude in the time domain, i.e. the area ,

1

in the frequency domain, depends on the amount of those ou(t) = _e*—zzi t kot
nuclei, which can then relate to the concentration of the sub 2no
o ; . )
stance [1]. Therefore, a good quantification technique-is es Gu(w) = e*%(w*ko)Z’ @

sential for the interpretation of the NMR signals.

For this purpose, a number of techniques have been prgs the Morlet wavelet whose frequency and width are denoted

posed to use in both time or frequency domains (see [2, 3]hyky ando. It can be seen that the modulusf, a) is max-
There also exists the wavelet transform which is known fot

L s A 2imum, i.e. ZS(1,a) — 0, when<.G — 0. Given a condition
its time-scale representation. Analyzing in the two doreain 22503 da

. ~F ; g . thata € [0 and an assumption that > D, the maximum can
makes it beneficial to the Fourier transform which gives only; o o .
spectral information. In addition, a small perturbationaof be found along the scat = ko/ ws which then gives

signal will result in a small, local modification of the wagel 0a,D\ 2
transform. G'(ar(ws+Di)) = exp(—) , (5)
Among several categories of the wavelet transform, the V2

continuous wavelet-based techniques [4, 5] can estimate tr%l
frequency and amplitude of the spectral line directly from
phase and modulus of the wavelet transform and no linear oaD\2
model is needed as in those of the discrete wavelet trans- S, (1) = \/a_rexp<—> s(1), (6)
form [6]. This paper will exploit such property of the con- V2

tinuous wavelet transform, the Morlet wavelet in particula . . . . -
and focus on the problems such as a baseline, a solvent alfg@iso identical to the signalt) scaled by a coefficient of

non-Lorentzian lineshapes which commonly appear in NMR? Still-unknownD. Next, consider the phase of the Morlet
wavelet transform along the ridge,

nd consequently

spectroscopy.
LS (T) = wT+@
2. METHODOLOGY 9
ws = Elsa:(r)- (7)

In order to characterize a signal, the wavelet-based tech-
niques first detect the frequencies in NMR signals and thehat is, the instantaneous frequency on the ridgef the

estimate the amplitude at each detected frequency. Morlet transform isws. By Eq. (7), the phase can also be
The wavelet transform of a signs(t) with respect to a
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Figure 2: Derived damping factor and amplitude of a signal
o5t T _A=20A=20 | with D=1.5,A=2, andws = 32 rad/s, aty. Same paramteres
__A=20,A =10 asin Fig. 1.

A1=10, A2:20

w=k0/a

Knowing D can now lead to the estimation of the ampli-
tude resonanca of the signal, i.e.

A=|s(t)|e. (9)

frequency (rad/s)
u
o

The Morlet wavelet is the most frequently used in prac-
tical because of its simple numerical implementation awed th
vanishing of the third-order differentiation of its phasanc
also simplify the computation [5]. If the signal also incasd

. .
0.05 0.1 0.15 0.2

dilation parameter (a) anoise, [4] suggested averaging the instantaneous freguen
(b) on the ridge, i.e.
Figure 1: (a) Phase of the wavelet transforng(f) with cws Q, = 1 /To+T Qa(1)dT
T /5 ’

=32 and 64 rad/s and (b) its instantaneous frequencies: Note

0 =1,ky=5,F=256, =1024. ) .
ko s whereQ,(1) = %453,(1). Fig. 3 shows that the averaging
gives a more stabl® as it creates a wider range of steady

Roints alonga. Note that Eq. (6) differs from the literature

recovered, if needed. This method is also applicable to : )
n-frequency signal if its frequencies agefficientlyfar away a\r’ygécgn%pgéﬁgrphﬂetzr%e wavelet transform by the Taylor se-

from each other tha* (aw) can treat each spectral line inde-
pendently [7] as illustrated in Fig. 1 when the instantarseou o
frequency of the wavelet transform converges to the two fre2.1 Apodization

quencies of a signal. Fig. 1 (b) also shows that Eq. (7) work?n general, using the Fourier transform to analyze a signal

not only on the ridge, but also for a wide range & On h its due to di te imol tat
a condition that two frequencies are very close to each oth&?" Nave erroneous resufts dué to discrete impiementation,
e.g. aliasing, picket-fence effect, etc. Basically, thisams

(this also depends on the sampling frequency), increaking t " .
frequency of the Morlet functioky can better localize and that the sampling frequencyd) and the length of the sig-
distinguish the overlapped frequencies nal () need to be carefully selected. The problem becomes
Next consider the modulus of thé wavelet transformTOre Severe when two frequenpies are cllose together. To
' Msolve this, the frequency resolution can be increased ly zer

alongar, padding the signal. However, it may introduce the ring-
2 ing effect which is another consequence of a finite data set.
1Sy ()] = \/a—rexp(ﬂD> Is(7)| Techniques such as decay padding, data-tapering window
V2 or wrap-around can be applied to reduce this boundary ef-

1 oaD\?2 fect [8]. In NMR spectroscopy, the Gaussian or Lorentzian
In|S, (1)) = =lnha+ (—) +InA-Dr. window is commonly used and such windowing process is
2 V2 known as apodization. For the continuous wavelet transform
That is the boundary effect increases linearly wihwhich can be
' seen as a cone in Fig. 1 (a) and Fig. 2. However, by uSing
0 outside this cone, there is no need to apply a tapering window
D = —5 IS (1)l (8)  to the signal.
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Figure 3: The instantaneous frequency of a signal of 32 rad/s \
with SNR=10 (additive complex Gaussian noise with=
0.079) derived by the Morlet wavelettat 4.7 s. Note:o=1, i \
ko=5, Fs=800,1=1024.
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2.2 Basdine

A baseline corresponds to underlying broad resonances of
large molecules, known as macromolecules, and lipids. It
can affect the characterization of an NMR signal when the
Fourier transform is used. Here, the baseline is modelled by
cubic splines to study the performance of the wavelet trans-
form. Fig. 4 shows that the baseline has no effect with the
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derived frequency or amplitude. In fact, Fig. 5 tells us that O o1 ok o7 ok o5 om 07 om os
the baseline has its effect only at the edge of the transform. dilation parameter (a)
Although the spline is used to simplify the problem, if the (b)

real baseline satisfies an assumption that it converges much

fast_er than the actual signals, _using the wavelet_transform igure 4: (a) The Fourier transform of a 32-rad/s signal with
derive the frequency and amplitude of an NMR signal shoul aseline and its instantaneous frequency in (b). Parameter

still work without removing the baseline beforehand. used are the same as in Fig. 1. The baseline is modelled by a

2.3 Solvent cubic spline.

The Morlet wavelet transform sees the signal at each fre-
guency individually, therefore it can work well even if the °~
amplitude at each frequency is hugely different, which nor- .
mally occurs when there is a peak of solventin the signal. A:
an example, the Morlet wavelet transform has been appli
to a signal

S(t) _ 10%78.5tei32+efl.5tei6(1+e70.5tei9(1
+eftei120_,’_ef2teil5(17

as seen in Fig. 6. Itis a signal with an amplitude of 100

g:h?:azr ][?:é E :r?éjiejé i‘liﬁ\é\l;‘:ﬁ'c—ll(—)hsee T(')gg ;?%[{tr‘]‘gre Basri‘ngﬁtiﬁigure 5: The magnitude of the wavelet transform of a pure
aforementioned method, the amplitude of 1 can be extracte%z_rad/S signal (left) and the signal with baseline (right)
as 0.98, 0.91, 0.99 and 0.97 respectively. The error ranges

within 1.2-8.9%, without any preprocessing. . o
° yprep 9 are other sources, such as inhomogeneous distributiore of th

3. NON-LORENTZIAN LINESHAPE molecules, Doppler shift or site differences of molecutes i

' the solution, that can cause the inhomogeneous broadening.
The Lorentzian lineshape assumes that the homogeneotikese effects are typically modelled by a Gaussian lineshap
lifetime broadening and pure dephasing are equally con9]. Since the inhomogeneous broadening is often signifi-
tributed from each individual molecule. However, molesule cantly larger than the lifetime broadening, the Gaussize li
have different relaxation rates in general. In additioer¢h shape is often dominant.
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That is, at the scale;, the Morlet wavelet transform of the
Voigt lineshape is also a Gaussian function with the same
width as that of the Gaussian lineshape but shifted in tinde an
amplitude modified. Its instantaneous frequency is alsakqu

to ws along the ridgey;, as shown in Fig. 7 (a). In addition,
the second derivative of the modulus of the wavelet transfor
can be used to described the second-order broadening of the
lineshape, i.ey, either it is Gaussian or Voigt by

amplitude
o o o
B (=2 (o] =
T

o
)

o
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y=- - . (14)
Figure 6: The Fourier transform of a signal with different (j—rzzln|SG,a,(r)|) 1+ o2a2
amplitudes and the extracted spectrum by the Morlet wavelet
This is confirmed by the convergence to the same value for
both lineshapes in Fig. 8 (a).

3.1 Gaussian and Voigt lineshapes bo'slined

' . : . 3.2 Kubo'slin e
Let us define a pure Gaussian function with a frequency at ) a _
ws as The interaction between homogeneous and inhomogeneous

ss(t) = Ae ot (10) broadening of the lineshape depends on the time scale. For
’ example, if the relaxation timél) is much longer than any
wherey is a Gaussian damping factor. By solving the Gauseffects modulating the energy of a molecule, the lineshape
sian integral, its Morlet wavelet transform at the scale=  will approach the homogeneous lineshape. On the contrary,
Ko/ ws is then if T, is short, the lineshape is likely to be Gaussian. In [10],
a so-called Gaussian-Markovian modulation, namely

Sea (1) = kA ke’ gt (11) ,
' _< 7thl+yt .

where s(t) =Ae ¥ (€ )e'wst, (15)
a is used to account for this time scale. The paramgtir
kp = m inversely proportional tdl, and ¢ is the amplitude of the

solvent-induced fluctuations in the frequencyalf y/¢ <

k, = 27V27 1, the lineshape becomes Gaussian whereas 1 leads

2yoa; +1 to Lorentzian. Solving Eq. (15) seems to be complicated,

which is also a Gaussian function at the frequ This though may be possible. However, the Morlet’s instanta-
queasy neous frequency at the scae = ko/ws is still capable of

new Gaussian function has its instantaneous frequency equc?eriving thews, even better than the Gaussian lineshape, as
to . Therefore, similar to _the process of the Lorentzu’;mshown in Fig ’7 (a). The damping parameters can alsd be
lineshapeA andy can be achieved as follows: ' '

derived by a linear relation wittf—r IN|Sc4 (T)|, as seen in

' =9
1. Findey = 5T€SG’3'(T)' Fig. 8 (b), whereas relates directly to‘% In|Sga (7).
2. Findy from 251n[Sg 4 (T)]-
3. FindA from the calculatedss andy. 4. CONCLUSION

Note that the scale, = ko/cws does not give exactly the This paper presents an analytical analysis of the Morlet
maximum modulus of the wavelet transform but it is acceptwavelet transform to quantify NMR signals. The wavelet
able on a condition that € [0 andws > D. works well with Lorentzian, Gaussian, Voigt and Kubo line-

On the other hadn, if the lineshape is intermediate beshapes. It is also efficient when baseline, noise or solvent
tween a Gaussian and a Lorentzian form, the spectrum cairesented in the signals. Now, the method is under devel-
be fitted to a convolution of the two functions. Such line-oped for use irin vivo signals acquired by our partners at
shape is known as a Voigt profile. It can be used to resolveJCBL (Lyon) and EPFL (Laussane).
the lineshape into homogeneous (Lorentzian) and inhomo- Acknowledgmerithe work is parts of the Advanced Sig-
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s (t) = Ae We Dtgext, (12)  project.eu. The authors would also like to thank Prof.
Graveron-Demilly, H. Ratiney and S. Cavassila, our pagner
is at UCBL for their invaluable advice, and V. Mlynarik and C.
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Figure 7: (a) The comparison of the instantaneous frequendyigure 8: (a)ﬁThe Gaussian damping factor derived from Eg.
of the Morlet wavelet transform of a signal of a frequency(14) and (b)3; In|Ss 5, (T)| with respect to Kubo'y.

60 rad/s with different lineshapes, e.g. Lorentz#) =
e g8 Gaussiars(t) = e &5 \oigt s(t) = e tet*6d
and Kubos(t) = e 0256 -1+ g6X att= 47 s. The modulus
of the Morlet wavelet transform of each lineat= ko /60 is
in (b). Note:o=1, ky=15,Fs=800,1=1024.
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