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Abstract. Nowadays, k-means is probably the most well-known and most 

popular clustering method in existence. This work evaluates if a new, 

autonomous, kernel k-means approach for graph node clustering coupled with 

the modularity criterion can rival the well-established Louvain method. We test 

the algorithm on social network datasets of various sizes and types. The new 

method estimates the optimal kernel or distance parameters as well as the 

natural number of clusters in the dataset. Results indicate that this new black-

box algorithm manages to perform on par with the Louvain method given the 

same input. 
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1 INTRODUCTION 

Identifying user- or item-clusters has been of interest in many fields for various 

reasons [46]. Specifically, in data mining and data analysis applications, 

grouping similar items or users together can lead to interesting and useful 

insights (see, e.g., [1]). Moreover, in social network analysis, researchers more 

and more use segmentation to analyze groups, direct contacts, indirect 

relationships, etc. Social network analysis shows connections between nodes 

with ties, edges, or links. The nodes can be individual users or items linked in 

the network; the ties or links are relationships and interactions [23]. 

A very popular clustering method is the k-means algorithm, as it is easy to 

understand, implement, and able to run with reasonably limited 

computational resources. To address the shortcomings of using a k-means on 

a graph structure, approaches such as kernel k-means were developed [47]. 
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Kernel k-means can use various kernels derived from the distance-based or 

proximity-based data, and is particularly useful in community detection, that 

is, finding similar nodes in a given graph and grouping them together [47]. 

Today, the k-means algorithm is probably the most popular clustering 

algorithm in existence. In this work we evaluate if a simple kernel k-means 

coupled with modularity criterion—introduced by Newman and Girvan [38, 

37]—can choose parameters and the natural number of clusters on its own, 

such that it manages to rival the Louvain method. 

We show that with a properly chosen distance used for the clustering, 

kmeans indeed does just as well (but not better) than the Louvain method, 

when compared using statistical measures and rank-comparison in community 

detection. 

Brief related work and contributions. Varying the graph node distance 

between a graph’s nodes can have a substantial influence on clustering 

effectiveness. As shown in prior work [26, 44], modern graph distances can 

improve clustering solutions. However, clustering using a kernel k-means 

approach still suffers a major drawback, in that the k-means algorithm always 

requires that the number of clusters is given. 

The modularity criterion is a standard measure for community detection in 

various fields, including social network analysis [16]. While modularity has its 

limitations (see, e.g., [19]), it is generally accepted that by maximizing 

modularity a reasonable good community structure can often be obtained 

[32]. Furthermore, there are attempts to alleviate its limitations [39, 32]. As 

such, modularity should be of interest for clustering tasks and indeed, there 

have been many proposals to use the modularity criterion in clustering (see, 

e.g., [5, 3]). However, combining the modularity criterion with recent 

developments in graph distances and applying this combination in order to 

empirically analyze the effects this could have on clustering has—to the best 

of our knowledge—not yet been done. 

Following up on our prior work of empirically testing new distances [44], 

we address the discussed shortcomings of using kernel k-means clustering 

typically encountered. In this work we therefore: 

- propose automatic kernel parameter tuning, in order to improve 

clustering quality, without requiring user interaction, using the 

modularity criterion, 
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- identify the natural number of clusters present in a dataset, using also 

the modularity criterion, without knowledge of the (correct) number of 

clusters beforehand, 

- finally, compare this improved kernel k-means approach, using the 

kernels presented in our previous work [44], as well as additional kernels 

[26], to the Louvain method [2]. 

2 THEORETIC BACKGROUND 

Let G = (V,E) be a graph consisting of a set of n vertices V and an edge set E. A 

cost matrix C consists of non-negative scalars cij ≥ 0, which represent the cost 

of following the edge linking nodes i and j. If not defined in our problem, we 

can compute a cost matrix from an adjacency matrix A, using the relation cij = 

1/aij, where aij are the elements in A indicating the affinity between nodes i 

and j. Also, we can derive G’s Laplacian matrix as L = D − A, where the diagonal 

matrix D = Diag(ATe) contains the column sums of A with a column vector full 

of ones, e, and transpose AT. 

In the following we briefly present the kernels and distances used in our 

experiments. We transform distances and dissimilarities into a kernel K using 

the relationship K  H∆(2) H, with the centering matrix H = I − En (see 

[4]); E is an n × n matrix full of ones and n is the number of nodes; ∆(2) is a 

square distance or dissimilarity matrix. 

Shortest-path (SP) distance. This distance is one of the most popular distances 

available. It is defined as the distance of the shortest-path between two nodes. 

For details on this distance, please refer to the literature (e.g., [13]). 

Randomized shortest-path (RSP) dissimilarity. This dissimilarity interpolates 

between the shortest-path distance (see, e.g., [29, 40, 49]) and half the 

commute-time distance based on a pure random walk. The random walker 

adopts a randomized strategy biased towards the paths with lowest cost ([29, 

40], see also [20]). The randomized shortest-path cost corresponds to the 

expected cost over all paths connecting these two nodes. With the cost matrix 

C, the transition probability matrix of the natural random walk P = D−1A, and 

the inverse temperature β = 1/T parameter we can define the matrix W = 

exp(−βC) ◦ P, where ◦ marks element-wise multiplication. Using this matrix we 

define the fundamental matrix of the killed, but non-absorbing Markov Chain 

Z = (I−W)−1, and furthermore the matrix S = (Z(C ◦ W)) ÷ Z, where ÷ marks 
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element-wise division. This step enables us to compute the expected cost of 

hitting walks as C¯ = S−edT
S. Recall, that e is a column vector of ones and here, 

dS is a vector of the diagonal elements of S. We can then symmetrize to obtain 

the dissimilarity matrix: 

 ∆RSP = (C
¯ 

+ C
¯T)/2. (1) 

Free energy (FE) distance. This distance is based on the minimum Helmholtz 

free energy or potential distance. This minimization of free energy can be 

considered as a regularized version of the Randomized shortest-path (RSP) 

dissimilarity. [29] Here, the random walker finds a compromise between the 

expected cost and predictability (entropy). We define the matrices C, W, Z, and 

parameter β as we did for the randomized shortest-path above and compute 

the free energy between all pairs of nodes Φ = −log(Z Diag(Z)−1)/β. 

Symmetrization then yields the free energy distance matrix [22, 29]: 

 ∆FE = (Φ + ΦT)/2. (2) 

Sigmoid commute-time (SCT) similarity. This similarity or kernel has already 

proven useful in clustering applications [47, 48]. It is obtained by applying a 

sigmoid transformation [41] on the commute-time kernel. The kernel is 

derived from the average commute time a random walker takes, when starting 

in one node i, going to another node j, and then back to the starting node i, 

hence commuting. Using the Moore-Penrose pseudo-inverse L+ of the 

Laplacian matrix L, with a normalizing factor σ set to the standard deviation of 

the elements of L+, and α as a parameter (see also [47, 20]), we define it using 

the sigmoid function s(x) = 1/(1 + exp(−αx/σ)) as: 

 KSCT = s(L+) (3) 

Corrected commute-time (CCT) distance. As the commute-time similarity 

tends have certain drawbacks on large graphs, [45] proposed a correction term 

leading to this distance. Using a matrix similar to the modularity matrix, we 

define M = D D , where d is a vector of the diagonal elements 

of 

D, vol(G) is the volume of the graph, i.e., the sum of all elements of the adjacency 

matrix A, and I is the identity matrix. As for the SCT kernel, α is a parameter 

and σ is a normalizing factor. We then derive the corrected commute-time 

kernel with sigmoid transformation as follows ([45], see also [20]): 
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 KCCT = s(HD MD ) (4) 

Communicability (Com) kernel. This kernel is also known as the exponential 

diffusion kernel and is based on the communicability distance [30, 21, 18]. The 

communicability between a graph’s two nodes i and j is the weighted sum of 

all walks starting at node i and ending in node j. More importance is attributed 

to shorter walks than to longer ones. The kernel is defined by the following 

equation: 

 KCom = expm(tA), t > 0 (5) 

Matrix-Forest (For) kernel. This kernel is also known as the Regularized 

Laplacian kernel and is based on the regularization of the graph Laplacian [9, 

10, 43]. It is defined as follows: 

 KFor = (I + tL)−1, t > 0 (6) 

Heat kernel (Heat). This kernel is also known as the Laplacian exponential 

diffusion kernel [11]. The idea of the heat kernel stems from classical physics 

where the diffusion of, e.g., heat is described by the heat equation, from which 

this kernel can be derived: 

 KHeat = expm(−tL), t > 0 (7) 

Plain walk kernel (Walk). This kernel is also known as the Neumann kernel and 

has originally been proposed to compute document similarity [27], but has 

equally been applied in the context of link analysis in social network analysis 

[25]. It is also closely related to the Katz similarity [28] and the walk distance 

[8]. Note that ρ is the spectral radius of the adjacency matrix A, i.e., the 

absolute value of A’s largest eigenvalue ρ(A) = maxi(|λi|) for A’s eigenvalues 

λ1,...,λn: 

 KWalk = (I − tA)−1, 0 < t < ρ−1 (8) 

Logarithmic kernels. The four kernels presented just beforehand equally exist 

in logarithmic form. We refer to [6, 7, 8] as well as the indicated references for 

details. Note that ln indicates application of element-wise natural logarithm. 

Log. Communicability [26]: KlCom = ln(expm(tA)), t > 0 (9) 

Log. Heat [26]: KlHeat = ln(expm(−tL)), t > 0 (10) 

Log. Forest [7]: KlFor = ln(I + tL)−1, t > 0 (11) 
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Log. Walk [8]: KlWalk = ln(I − tA)−1, 0 < t < ρ−1 (12) 

3 METHODOLOGY 

In this section we present the clustering methods we investigate as well as 

their runtime parameters employed in the experiments. We test the following 

techniques: 

- an enhanced kernel k-means approach, that employs the modularity 

criterion to estimate the optimal kernel or distance parameters as well as 

the natural number of clusters, 

- the Louvain method [2], which also estimates the natural number of 

clusters on its own, 

on 15 graph datasets, the smallest of which (Zachary’s Karate club, [50]) 

contains 34 nodes. The largest graph (a Newsgroup graph, [34, 47] with five 

classes) contains 999 nodes. We analyze a total of nine Newsgroup datasets 

(400 to 999 nodes). The remaining are the classical Football [23] and political 

blogs [31] datasets, and finally, three artificial Lancichinetti-Fortunato-

Radicchi (LFR) graphs [33]. 

3.1 Kernel k-means coupled with modularity criterion 

This method is an extension of the kernel k-means algorithm. This extended 

method optimizes kernel parameters and automatically estimates the natural 

number of clusters present in the dataset. The kernel k-means algorithm itself 

is the same as in our previous work, see [44], and corresponds to a two-step 

iterative algorithm based on a distance—or dissimilarity—matrix instead of 

features. Given a meaningful, symmetric distance matrix ∆, containing the 

distances ∆ij, the goal is to partition the nodes by minimizing the total within-

cluster sum of distances. For details, see [47, 20]. 

The change between the standard kernel k-means and the kernel k-means 

coupled with modularity criterion is found in the two step approach of the 

latter, which is more easily explained using the flowchart in Figure 1. As shown 

in this flowchart, prior to the actual clustering step, the optimize parameters 

step is executed. For the present case we (very verbosely) test 77 kernel 

parameters and 2 to 18 clusters per kernel and dataset. We then identify the 

optimum by choosing the kernel parameter and number of clusters 

combination which shows the highest modularity. The chosen kernel 
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parameter and the identified number of clusters are passed to the kernel k-

means algorithm, which is run in the actual 

options 

Fig.1. Kernel k-means coupled with modularity criterion flowchart. 

clustering step. The results obtained from the actual clustering step are 

analyzed and discussed in the following Section 4. 

Let us briefly elaborate on the details of the kernel k-means approach. For 

both the optimize parameters and the actual clustering steps it is important to 

keep in mind that as the kernel k-means approach depends on a random 

initialization of prototypes, it is necessary to test multiple trials with different 

initializations. Among these trials we keep the partition showing the lowest 

within-cluster sum-of-distances. It is furthermore necessary to average the 

results to account for variance in the results and we thus repeat the trials 

procedure multiple times. As shown in Figure 1 for the optimize parameters 

step, we execute 10 runs, consisting of 10 trials each, while for the actual 

clustering step, which generates the final results, we conservatively choose to 

take the average of 50 runs, each of which consists of 50 trials. 

The kernel k-means coupled with modularity criterion approach is tested 

using the 13 different kernels, described in Section 2. The aforementioned 77 

kernel parameters are tested for each of the 13 kernels. Note that all the 

compared methods find a natural number of clusters. 
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3.2 Louvain method 

The idea behind the Louvain method [2] is to first perform an iterative local 

optimization (see, e.g., [17]) for seeking local minimum of a specific criterion 

(step 1) – in our case, the modularity criterion [38, 37, 36, 35]. Then, the 

second phase, called the nodes aggregation or coarsening, step whose 

purpose is to build a new agglomerated graph (step 2), is performed. These 

two steps are repeated until no further improvement of the employed 

criterion can be achieved. The details are described in the original work [2]. 

The Louvain method [2] was used as a baseline comparison method and it 

equally determines the natural number of clusters for each dataset by itself. 

We denote this method with the label LVN. 

3.3 Evaluation methods 

To compare the algorithms’ performance, we compute three metrics for all 

datasets and methods: the adjusted rand index (ARI) [24], the normalized 

mutual information criterion (NMI) [12, 15] as well as the classification rate 

(CR). Furthermore, we run a Friedman-Nemenyi test-based [14, 15] multiple 

comparison test [15], which allows for the aggregation of results over multiple 

datasets, therefore comparing the differences for all algorithms 

simultaneously. Similarly, we perform two-by-two Wilcoxon signed-rank tests 

(see, e.g., [42]) to ascertain individual algorithms’ performances in a one-on-

one rank comparison to identify in a meaningful manner if one algorithm 

statistically significantly outperforms another. We compare the kernel k-

means coupled with modularity criterion with its different kernels to the 

Louvain method. 

4 RESULTS & DISCUSSION 

Both clustering methods—kernel k-means coupled with modularity criterion 

and the Louvain method—were run on the graph-based community datasets 

and ARI, NMI, and CR metrics were computed for all of them. We give the raw 

numbers for the NMI in Table 1, the results for the ARI and CR show a very 

similar pattern and we thus omit those here. The results of the Friedman-

Nemenyi multiple comparison test are shown in Figures 2 and 3, and discussed 

below, as are the results of the two-by-two Wilcoxon signed-rank tests. 
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Table 1. Normalized Mutual Information (NMI) 
Dataset SCT CCT FE RSP SP Com For Heat Walk lCom lFor lHeat lWalk LVN 

football 0.908 0.889 0.884 0.884 0.812 0.545 0.293 0.492 0.749 0.598 0.424 0.583 0.249 0.698 lfr1 0.976 0.990 0.981 0.983 

0.890 0.052 0.027 0.051 0.003 0.475 0.500 0.511 0.485 0.962 lfr2 1.000 1.000 1.000 1.000 0.986 0.147 0.164 0.266 0.694 

0.481 0.478 0.449 0.682 0.823 lfr3 1.000 0.997 1.000 1.000 0.989 0.087 0.130 0.159 0.502 0.520 0.379 0.376 0.729 0.827 

news2cl1 0.608 0.638 0.584 0.581 0.434 0.018 0.032 0.032 0.249 0.291 0.243 0.253 0.462 0.573 news2cl2 0.356 0.396 0.359 

0.346 0.296 0.008 0.027 0.100 0.394 0.584 0.123 0.207 0.233 0.432 news2cl3 0.579 0.584 0.590 0.598 0.616 0.333 0.053 

0.117 0.357 0.682 0.553 0.611 0.496 0.586 news3cl1 0.697 0.706 0.702 0.696 0.660 0.096 0.032 0.125 0.245 0.489 0.471 

0.478 0.748 0.699 news3cl2 0.656 0.689 0.711 0.706 0.572 0.068 0.035 0.040 0.294 0.345 0.343 0.281 0.572 0.661 news3cl3 

0.642 0.605 0.681 0.678 0.720 0.067 0.031 0.033 0.380 0.295 0.255 0.248 0.423 0.673 news5cl1 0.641 0.643 0.648 0.651 

0.614 0.087 0.019 0.032 0.284 0.259 0.273 0.291 0.504 0.684 news5cl2 0.616 0.630 0.643 0.633 0.596 0.185 0.026 0.024 

0.291 0.345 0.214 0.234 0.374 0.634 news5cl3 0.573 0.624 0.615 0.571 0.480 0.034 0.021 0.021 0.369 0.300 0.337 0.281 

0.383 0.572 polblogs 0.556 0.556 0.567 0.568 0.549 0.423 0.322 0.641 0.298 0.511 0.550 0.527 0.577 0.597 zachary 0.832 
0.724 0.838 0.832 1.000 0.262 0.395 1.000 0.875 1.000 0.866 1.000 0.697 0.982 

 

 

Fig.2. Friedman-Nemenyi multiple comparison test aggregating results of all datasets for the 

individual algorithms based on NMI. A higher rank, i.e., a bar shifted to the right, indicates better 

results; the length of the bars shows the significance interval. If these bars do not overlap the 

rank is considered significantly different. 
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Fig.3. Friedman-Nemenyi multiple comparison test aggregating the results of all datasets for 

the six best algorithms. A higher rank, i.e., a bar shifted to the right, indicates better results; the 

length of the bars shows the significance interval. If these bars do not overlap the rank is 

considered significantly different. 

In the following we present and discuss the results based on an analysis of 

the NMI. As mentioned before, the results from the NMI, ARI, as well as CR 

metrics show very similar patterns, and we thus restrict the analysis to 

NMIbased results. 

It remains difficult to identify one “best” clustering distance. Not 

surprisingly, the results in Table 1 show that the datasets have a significant 

impact on clustering quality. Overall, it is however safe to say, that based on 

the multiple comparison using all methods—with the exception of the 

logarithmic communicability and logarithmic walk kernels—the modern FE, 

CCT, RSP, SCT kernels outperform the competition to a statistically significant 

degree. Comparing only these best kernels amongst each other (cf. Figure 3) 

confirms, that the most modern kernels (FE, CCT, and RSP) have an edge on 

the competition. A two by-two Wilcoxon signed-rank test, comparing the NMI 

for the FE-distance to the five best competitors (that is, SCT, CCT, RSP, SP and 

LVN) shows, that the FE-distance based kernel manages to outperform the 

SCT- and SP-distance to a statistically significant degree (both p < 5 × 10−2), but 

not the others (CCT, RSP and LVN). 

Comparing the results in Table 1 to those in [44] shows that the lack of the 

true number of clusters has a detrimental effect on clustering quality, which 

also cannot be compensated by optimizing kernel parameters per dataset. This 

behavior should however be expected, as thus far no method has been found 

to deliver perfect clustering results, especially with limited to no knowledge on 

the data. 
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However, when comparing to the Louvain method, given the same 

information, i.e., the lack of the true number of clusters, the kernel k-means 

with modularity criterion approach manages to perform on par, or even 

outperform the Louvain method, albeit not to statistically significant degree. 

When comparing only the six best algorithms in a multiple comparison as 

shown in Figure 3, the simple FE kernel based k-means obtains results 

equivalent to the Louvain method. 

5 CONCLUSION AND FUTURE WORK 

This work presents a novel method for executing clustering in a black-box 

fashion, while making use of recent advances in graph distances. We compare 

13 different graph kernels and the Louvain method. The k-means clustering 

performance depends on the dataset, but obtains results equivalent to, and 

thus rivals, the Louvain method almost all of the time, without needing 

additional input parameters. The method instead optimizes each kernel’s 

parameters and predicts the number of clusters in the dataset based on 

modularity. The results are strongly influenced by the choice of kernel, with 

the most modern FE, CCT, and RSP kernels showing the best results. 

Future work will focus on (1) refining kernel parameters’ search space in 

order to increase estimation speeds, and (2) further tune the algorithm to 

better handle unknown datasets. 
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