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Abstract

In this paper, we have proposed a (state, input)-disturbed CSTR (sidCSTR) model that considers unknown but bounded
fluctuations in kinetics, flow rates, and heat exchange. A feedback control law is developed that stabilizes the sidCSTR system
to reach noise-to-state exponential stability (NSES). The lower bound of the distribution for the state of the NSES sidCSTR
system is analyzed both from the probability domain and the time domain. The performance and the validity of the proposed
method are demonstrated using a case study dealing with a second-order reversible reaction.
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1 Introduction

Continuous stirred tank reactors (CSTRs) are a class
of widely-used reactors in chemical industrial processes.
To reach the optimal performance, the CSTR process of-
ten requires to run at unstable operation conditions. The
investigations on stabilization of CSTRs around an un-
stable steady state thus become rather active during the
past decades, including input /output feedback lineariza-
tion (Adebekun & Schork, 1991), nonlinear PI control
algorithm (Alvarez-Ramirez & Femat, 1999), passivity-
based control (Ramirez, Gorrec, Maschke, & Couenne,
2016), Lyapunov-based control (Hoang, Couenne, Jal-
lut, & Gorrec, 2012), etc.

The above studies on CSTRs were made basically
for deterministic systems. However, in practice this
process is inevitably affected by disturbances. Poly-
merization is a typical example that the disturbances
can directly affect the probability distribution of the
molecular weight of the polymer particle; for instance,
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this happens in an emulsion or a mass polymer re-
actor. In this case, the stochastic approaches should
be a good selection, which motivates us to consider a
stochastic model and stabilization strategy for CSTRs.
It was Aris & Amundson (1958) that first studied a
linearized CSTR model where the stochastic process
with a Gaussian distribution was used to model the
reactor temperature and flow rates. Later, Pell & Aris
(1969) studied the local stochastic behaviors of a ran-
domly disturbed chemical reactor through simulations
on a hybrid computer. Ligon & Amundson (1981) made
a further step on finding the relationship between the
random input and reactor performances from the anal-
ysis of the frequency domain. Recently, Fokker-Planck
(FP) theory was applied to assessing the effects of
the fluctuations on the dynamics of chemical reactors
(Ratto, 1998, Baratti, Tronci, Schaum, & Alvarez, 2016),
for which the complicated FP equations are solved to
obtain the stationary distribution.

Despite the encouraging progress made on modeling
the real CSTR within the stochastic framework, little
attention has been paid to the issues on how to depict
the stability of general CSTRs in the stochastic sense,
and further on how to control them for stabilization pur-
pose. For these reasons, the current work builds a CSTR
model with state and input subject to the fluctuations,
referred to as the (state, input)-disturbed CSTR (sid-
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CSTR) in the context, and further applies the concept
of noise-to-state exponential stability (NSES) (Deng &
Williams, 2000, Fang & Gao, 2020) to developing a con-
troller. The main contributions include: (1) presenting
the modeling framework for general CSTRs with kinet-
ics (reaction temperature), flow rates and heat exchange
subject to unknown noises; (2) based on the phenomenon
of non-vanishing noise in the model of sidCSTRs, ap-
plying the notion of NSES to depicting their stable be-
havior and further to developing a controller for them;
(3) analyzing the impact of fluctuations on the lower
bound of states of the sidCSTR both from the proba-
bility domain and from the time domain. Although no
new theoretical contribution is added in comparison to
the earlier work (Fang & Gao, 2020), the current study
is of great significance in practice as an application pa-
per. More specifically, the proposed method can be used
to the reacting systems with the distribution function of
the product, such as polymerization.

The rest of the paper is organized as follows. Section
2 reviews some basic concepts about NSES. In Section
3, the model for sidCSTRs is set up. Then a controller
is developed to stabilize sidCSTRs in the sense of NSES
in Section 4. This is followed by an experimental simula-
tion, including a case study on a sidCSTR system with a
second-order reaction and comparisons with other con-
trollers in Section 5. Finally, Section 6 concludes the
paper. The proofs of some results and more simulation
cases are presented in the Supplement materials.

Notation: K: a continuous function v: R>g — R>q is
class K if it is strictly increasing and y(0) = 0. Kuo: if
v € K and Ili)rgofy(x) = 00. KL: a continuous function
B: R>g x R>o — Rxq is class KL if for each fixed ¢,
B(-,t) € K and for each fixed x, 5(z, -) is decreasing and
tli}r{)loﬂ(x, t) = 0. || - ||#: the Frobenius norm of a matrix

A € R™*" is defined as | Al = \/Z:il 2= lass

1¢4: 1p, is called indicator function, if event {-} hap-
pens, its value is 1, otherwise 0. W_1: W_; is called
Lambert function in the lower branch, and for any real
number x > —e~ !, there is = W_;(x)e”-1(*) and
W_i(z) > —1. 1,,: a p-dimensional vector with all ele-
ments being 1.

2 Preliminaries

In this section, some basic concepts and results about
the noise-to-state stability are recalled. Consider a non-
linear stochastic differential system written in the sense
of It6 (Mao, 2011):

dz = f(x)dt + h(z)X(t)dw, (1)

where x € R", t € R>( are the state and time, respec-

tively; f : R™ — R™, h : R™ — R™*" are both local Lip-

schitz continuous functions so that there is a local solu-
tion for the equation; w is a R"-valued standard Wiener
process defined on a complete probability space, with a
covariance matrix 3(¢) € R™*" that is a non-negative
definite bounded matrix but unknown.

Let 0,, € R™ be the equilibrium of the underlying de-
terministic system, i.e., f(0,) = 0,. If R(0,) = Oy, xr,
then the stochastic system has vanishing noise, and 0,, is
the equilibrium of the stochastic system. It is possible to
achieve stability in probability at 0,,. However, in many
cases h(0,,) # O, x,, which means the stochastic system
has non-vanishing noise, and 0,, is not the equilibrium.
It is impossible for this class of systems to be stable in
probability (Khasminskii, 2011). To overcome this puz-
zle, the notion of noise-to-state (exponential) stability,
which illustrates the boundedness of the state of the sys-
tem (1) in probability, is developed and presented in the
following definition (Deng & Williams, 2000).

Definition 1 The stochastic system (1) is noise-to-state
stable (NSS) if Ve > 0, there exist § € KL and vy € Ko,
such that

P{llzls < Allzoll2,t) + Ve =1 -2 (2)

for allt > 0 and any xo € R"\{0,}, where

Ymaz =Y ( sup ||2(s)2(s)T||f) )

0<s<t

NSS essentially demonstrates the system state to be
bounded by the amplitude of the initial state and the size
of the function related to the noise covariance matrix.
The following proposition provides a sufficient condition
to suggest NSS.

Proposition 1 (Adapted from (Deng & Williams,
2000)) For the stochastic system (1), suppose there
exists a C* function V : R" +— Rsq and K func-

tions a1, e, az and vy such that aq(||x)2) < V(x) <
as(|lx||2) and for all non-negative definite matriz 3(t),

T 2
V(@)L 5L f@) + g { h@s) s hais |
< —as(llzl) + A (IS 1) ®

then the system is said to be NSS and V(x) is called
a mnoise-to-state Lyapunov function. Particularly, if
asg(||lzll2) > aV(x) for some positive constant a, then
the system is said to be NSES.

3 Dynamics of sidCSTRs

In this section, we will set up a sidCSTR model. Con-
sider a CSTR with constant reaction volume V', constant



pressure P, p chemical components Xy, ---, X, and [ re-

actions Z1, - - - , %, with the ith reaction written as
P
. /
%1' . ZZjin :szin,
=1 j=1
where z;;, 2 ]Z € Z>g are the stoichiometric coefficients.

To control the temperature T', the CSTR is equipped
with a surrounding jacket, in Wthh the cooling/heating
fluid flows for heat exchange. The dynamics can be de-
duced from the mass and energy balances by considering
the following assumptions:

A.1 The reaction mixture is ideal and incompressible.

A.2 At the inlet of the reactor, every component X is fed
at temperature 7' and molar concentration ¢*. In
addition, there are p — 1 species fed to the reactor.

A.3 The reaction kinetics obeys the Arrhenius law, i.e.,
the forward and backward reaction rates of %; follow

Ey y
wi:mMmm( RT)HP ",
—_— —————

kfi (T) (4)
Ty, = kObiexp( ) m_,c jz”,

RT

ko, (T)

where Ejy,, Fy, are the reaction activation energies,
koy,, ko, are the kinetic constants, and c; is the mo-
lar concentration of component X i evaluated by the

molar mass N; according to ¢; =

A .4 The heat flow exchanged with the Jacket is represented

by Q = AS(T,, — T) with Ty, the jacket temperature,
A the heat transfer coefficient and S the heat transfer
area.

A.5 There are slight fluctuations on every inlet and outlet

volume flow rates, on every chemical backward and
forward reaction rates as well as on the heat exchange.
All fluctuations are supposed to be standard Wiener
processes, labeled by wy € RP, wy, ws € R!, wy € R,
respectively. They act on the corresponding objects
in proportion to their respective noise intensities py :
RZO — Rg}()p, P2, P3 RZO — RIZXOZ, P4 RZO — Rzo,
which are unknown, i.e., () is an arbitrary unknown
but bounded matrix-valued function.

A.6 The total mass in the reactor is considered as a

constant, i.e., there exits a positive vector W =
(wr, ... ,wp)T and a positive constant M, such that
WTIN =M.

Basically, the assumptions A.1, A.2, A.3, A4 and
A.6 are all borrowed from the paper (Hoang, Couenne,
Jallut, & Gorrec, 2011), also often emerging in many
CSTR related papers. Except A.2, the others are com-
pletely the same with the reported ones. In A.2, we

added a constraint that “there are p — 1 species fed
into the reactor”, which looks restrictive. The main
purpose is to make it convenient to design the con-
troller. Actually, this point is also required in (Hoang,
Couenne, Jallut, & Gorrec, 2011), given in Proposi-
tion 3 there, but not specially given as an assumption.

p—1
A6 suggests N, u For the first p — 1
species, we use letters Wlth bar to identify the cor-
responding vectors, such as N = (N, --,Np_1)7,
¢n o= (b, .- ,c';nfl)—r. By denoting Z = [zl (p—1)x1s
z' = [Z;‘i](p—l)xl, ¢y = diag( 1CZ]1 aH§:1C§jl)a
& = diag(H?zlc;;1,~-- ,H?z JJ ) and ky(T) =
(ks (T), - kg (), Ko(T) = (R, (T), - o (T),

we can write the dynamic equation (including mass
balance and energy balance evaluated by the internal
energy U) of the sidCSTR in the It6 form to be

[ Hi(y) Clp-1yxp — $1p Opa
dy = ( 0 dt+ (Uin—‘}pU)T 1 X

—_——
f(y) _9(y)
@\ oy, [ Co-n—¥1] VAVB O,
: W L, T o7
Q - of o 1
——
u(y) h(y)
pl(t) Op><l Op><l Op dw1
Oixp p2(t) Oixi O dws
Oixp Oixi p3(t) O dws |

0 0 0 pat) duwy

(1)

(5)

where y = (N7, U)" is state, A, B with each element

e ii
Api = (21 — Z;“-)l_[?:lcjJ and Bki_: (2 — zki)Hg?:lc;J
(k=1,---,p—1,i=1,---,1), Cp_1)xp wWith the jth
row vector C’ = cme—r , €5 is a p-dimensional unit vector

with the jth element to be 1 while others to be 0, U™
is the inlet internal energy vector and fi(y) = (Z —

2"\ (Epky(T) — &k (T))V

The equilibrium of the deterministic part of Eq. (5),
denoted by y*, is termed as a steady state and satisfies

F) +9y)u(y’) =0, and u(y”)#0,.

This suggests that h(y) does not vanish at y*. Thus,
this kind of sidCSTR systems is essentially a stochastic
system with non-vanishing noise.



4 Noise-to-state exponential stabilization for
the sidCSTR system

In what follows, we manage to realize noise-to-state
exponential stabilization of sidCSTRs. The proofs of
Lemma 1, Proposition 2 and Lemma 2 are provided
in the Supplement materials.

Lemma 1 The matriz g(y)g(y)
where g(y) is defined in Eq.(5).

is positive definite,

Proposition 2 The feedback control law

u(y) =9g(y) (gw)g(y) ) ' (—fly) - Ky)  (6)

stabilizes the sidCSTR system governed by Eq. (5) in the
sense of NSES, where y = y — y* and K is positive
definite.

Remark 1 A look at the feedback law FEq. (6) implies
that an analytical control law can be obtained regardless
of the statistical properties of noise. Moreover, the com-
putational burden is relatively low, mainly for a matriz
inversion, which is very different from offset-free MPC
that often needs to solve complicated nonlinear optimiza-
tion problems with a high computational burden. In addi-
tion, the proposed method can quantitatively analyze the
impact of noise on the state from the probability domain
and time domain.

Remark 2 Notice that there are possibly other uncer-
tain parameters that are not considered during model-
ing, such as reaction rate constant, reaction activation
energy, etc, which will result in plant-model mismatch.
However, the modeling and stabilizing methods can still
work if considering those parameters. By analogous set-
ting to the parameters given in A.5, they are easy to be
involved in the model, but the model will be more com-
plicated. Besides, although the proposed controller lacks
certain robustness to plant-model mismatch, this impact
can be weaken by using a relatively large gain matriz K.
We can infer it from proving Proposition 2. Then the
state of the system may be maintained within the desired
bounded area as much as possible. Naturally, it needs a
high cost of control.

For the sidCSTR system that is controlled to reach
NSES, we first show the probability distribution of the
state is bounded by a particular function, which is re-
lated to the initial state and noise function. The follow-
ing lemma is helpful to serve this purpose.

Lemma 2 For a noise-to-state exponentially stabilizing
sidCSTR, for anyt > 0, yo = yo — y*, there is

VGO < i o+ (- 05 (@)

With Yomas = ésummzﬂuw(y*) + (B supl|ST| )3,
t>0 t>0

Then applying the Markov inequality ! to Eq. (7), for

any r > \/ﬂgﬂo, we get

PGl < 7} = PIVED) < 37}

E[V(y(t
57"
>1 e %t ['yngo - fil%n'aX] + 5717max
iy - 7/.2 .
¢1(r)

Clearly, ¢ (r) > 0 holds when 72 > g/ 9o, which means
the state is bounded in probability. If we set ¢1(r,) =
¢ € (0,1) and

1

(€70 Yo — € max] € Ymax \ 2

r, = 1 ) (9)
-t

it depicts that at time ¢ the state will stay in a region of

radius r, in probability of at least ¢.

From Eq. (9), we can observe that when other param-
eters are fixed, y will be closer to y* as sup||SX " ||+ de-
creases at some fixed time. In addition, from Eq. (8), we
can infer that as sup|| XX T || 7 increases, the lower bound
of the probability in which the state belongs to ||y]l2 < r
will become smaller. Similarly, when yo becomes larger
while other parameters are fixed, ¢ (r) will be smaller,
and vice versa.

We then analyze the boundedness of the state of the
controlled sidCSTR system in time domain. Based on
our recent work on NSES (Fang & Gao, 2020), we intro-
duce a distribution-like function

T
D(r) = liminf/ L) <rds; (10)
0

T—o0

which estimates the mean residence time proportion of
a trajectory staying in the closed ball along the whole
time horizon.

Proposition 3 (Fang & Gao, 2020) For a NSES system
(1), V7 > ala ™ Ymas) (Koo function) we have

T
D)z Jmmf | 1y @y<a @
oy 11
S Iaen e

! The Markov inequality states that for any random variable

X and any constant C' > 0, P{||X|| > C} <E(||X]|)/C.



This theorem gives a lower bound function of D(r),
1,2

which is deterministic. By setting a(r’) = 37'° and

Viy) = %ngﬂ, for any 7’ > /€ ymax we have
/2

£ Ymex . a.s., (12)
“W_i(—e2)+1n

In

7./2
€ Ymax

¢2(r’)

where ¢5(r') is a lower bound of D(r"). Further, a for-
mula for the time proportion ¢ € (0,1) and the corre-
sponding radius 7/, is also given by

’I’/L = \/glfymax 'eXp(*%_LW—l(7672))v (13)

saying that the trajectory will fluctuate in the region
lgll2 < ' with the time ratio to be no less than ¢. Com-
paring ¢o (") with ¢1 (1), we can find the former is related
to sup||EX T || but independent of the initial state yo. If
other parameters are fixed, the trajectory y(t) will fluc-
tuate in the region ||y M < r’ with a larger time propor-
tion ¢ (r’) as sup||XX ' || 7 becomes smaller. This means
that once y(t) goes out the region, it will come back to
the region soon.

In summary, for the noise-to-state exponentially stabi-
lizing sidCSTR system, its state is shown to be bounded
both in probability domain and in the time domain.
Through the specific expressions of ¢;(r) and ¢o(r'), it
is clear to see how the quantities (i.e., yo,sup||ZX "] #)
affect the state of the sidCSTR. Therefore, the above
analysis provides a theoretical basis to understand the
stochastic phenomena of CSTRs.

5 Experimental simulation
5.1 Case study

In this section, we apply the proposed controller to a
sidCSTR system where a second-order reversible reac-
tion A 2 2B takes place and only the pure A component
is fed into the reactor.

From the mass conservation 2N4 + Ng = 20’“ V., we
get 2dN4 = —dNp. Then the reduced dynamic equatlon
with respect to state y = (Na,U) T has the It6 form

B ci}‘“ —ca 0 qin
s (A1) ()
v

ey —caV AV 0
+<CA, €A —CeAV Cp )Zdw, (14)

ur-u
L (I (I

() L o - T
where % = (kope” AT cy — koge” Frcp,0)', ¥ =

diag(p1, p2, p3, pa) and dw = (dwy, dws, dws, dwy) "

The related parameters values are: Heat capacity

Cp,,Cp, = 10,5J/K/mol; Reference internal en-
ergy Ua,.,Up,., = 5000,1000J/mol; Molar gas con-
stant R = 8.314J/K/mol; Reference temperature

Tret = 300K, AS = 600J/K/s; Ef, E, = 10°,88900.,
kof, koo = 1.8 x 1013571, 3.4 x 10°1/(mol.s). The cur-
rent task focuses on stabilizing the unstable steady
point in the sense of NSES, which is denoted by
x* = (U*,N,*,Np*)". The reactor operates under
the initial conditions 7', Ty, T\, = 310,330, 345.6K;
g = 0.65220/s; Nag, Npo = 1000,1600mol; i} =
18mol/l; V' = 100Il. By setting the manipulated vari-
ables ¢ = 2I/s and T}, = 300K at the steady state, it is
easy to calculate the concerning steady state point to be
x* = (7.896 x 10°,1164.4,1271.2) T, and T* = 344.6K.
We consider two cases with different noise intensities,
including ¥; = diag(0.09,4 x 107°,107°,0.2) in Case
1 and ¥y = diag(0.3,4 x 1074,1075,0.5) in Case 2.

Based on the proof of Proposition 1, we set V(y) =
1 [(Na = N3)? 4 (U — U*)?] and the gain matrix to be
K = diag(K;, K2) = diag(0.02,0.03), and then design
the following controller in terms of Eq. (6)

in in -1 —-E 9 _Er

g™ =V () —ca) ' (—koe e+ kore BT cy
—Ki(ea —¢y))

Q =—Ka(U—-U") = g"(575).

The manipulated variable Ty, is thus calculated as

Ko (U —=U*) — inU™—U
Ty = 2( )\) v +T.

Further, from Eq. (S3) we obtain

. 1 L2 T
LV < 2K,V (y) + 2||22T|f\/1(y*) + (%g
1
(15)
where I(y*) = [(L205)2 4 (cf — WSEENYE

N3®/V4+1, L =4.29 x 10%5.

By combining Egs. (15), (8) and (12), we have two
lower bound functions in the sense of probability domain
and of time horizon to be

—FK1t AT #\2
bur) = — © [(Nao — Na )2

r

-5+l (16)

+ Uy — U*)? — 0]
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Fig. 1. Time evolution of (a) N4 and Ng, (b) input volume flow, and (c) temperature and jacket temperature in Cases 1 and
2. (d) Blue dashed line, red dashed line represent log(||g||2 + 1) in Cases 1 and 2, and blue solid line, red solid line represent

the bound log(r'o.5 + 1) in Cases 1 and 2.

and

2ln' —Ino
~W_i1(—e2)+2Inr’' —Ino’

where o = —\/ e 1pn\/

To observe converging behaviors of this system, Fig.
1. (a) and (c) exhibit the responses of the molar mass
and temperature to time affected by different noise in-
tensities, respectively. As one can expect, there are small
fluctuations around the steady point (7%, N%, Nj) "
the trajectories (T, Na, Np) as the controller is put into
force, which shows the controlled sidCSTR is noise-to-
state exponentially stable rather than converging to the
steady state in probability. Basically, from ¢t = 200s
the state vector (T, Na,Np) stays in a bounded re-
gion around the steady state. These phenomena sug-
gest that the proposed controller is qualified for noise-
to-state exponentially stabilizing the sidCSTR system.
We also present the evolution of the manipulated vari-
ables ¢'™ and T, in Fig. 1. (b) and (c). In like manner,
they will fluctuate around the setting values ¢ ~ 2 and
T, =~ 300 as the state enters into the bounded region
around the steady state. Moreover, by comparing Case
1 and 2, and further by Eq. (16), we can find that at

pa(r') = ' > \o, (17)

4 2
POMIYLS

t = 200s, r50%,1 approaches to 6.1296 x 10% in Case 1
and 75092 approaches to 1.1 x 10° in Case 2, which
illustrates the state vector (T, N4, Np) stays in the re-
gion [|gl2 < 6.1296 x 10* more than 50% probability
at t = 300s in Case 1 while the state stays in the re-
gion |lg]l2 < 1.1 x 10° more than 50% probability at
the same time in Case 2. This result is consistent with
our conclusion that the state will be more far away from
the steady state as the noise intensity becomes larger
at the given time. A look at the trajectory of this con-
trolled system in the time horizon by Eq.(17) suggests
Thov.a A 1.3285 % 10° and 7y, , = 3.3898 x 10° in Case
1 and 2, respectively, which agrees with the fact that
the greater the noise intensity is, the greater fluctuations
the trajectory exhibits. Besides, since the order of mag-
nitude of ||g|2 at t=0 is about 10% which is very large
in comparison to the disturbances, the fluctuations on
the evolution of ||yl are not obvious. So we choose the
logarithmic form of ||y||2 instead of ||y||2, and further,
log ||y||2 is replaced by log(||yl|2 + 1) as ||y||2 may equal
to 0 at some time. Fig. 1. (d) demonstrates the evolution
of log(]|y]|2 + 1) influenced by different noise intensities,
implying the boundedness of the state in time domain,
from which we can see that the states in Case 1 and 2
are bounded by 770,  and 750, with more than 50% of

the time, respectively. More case studies may be found
in the Supplement materials.



5.2 Comparisons with other method

The performance of the controller Eq. (6) is further
exhibited by comparing it with another one. Here, we se-
lect a passivity-based controller (PBC) as a comparison.
By constructing the synthetic input-output pair

. . in . . T
U = (qm(cfl‘ —ca)V + (kpck — ket )V?2, Ui‘;qu + Q) ,

V=(ca—c,U-U""

and using the previous same Lyapunov function, we de-
sign the passivity-based controller as Y = —K ), which
induces the Lyapunov function subject to

1 T~
LV <UTY —kiVEea —c4)? + Ko U + Ymax

2
= —yTKy — kaQ(CA - 02)2 + Ymax (18)
< —2 x min &-I—k —EK }K V(y)+
> V2 f 9 25 9 2 Yy Ymax

. 2 T 5
with max = 3187 2/ Iwe) + (ZE2T )3,

Under the same parameter conditions given in sub-
section 5.1, we can compute the gain matrix to be K =
diag(K1, K3) = diag(173.311,0.03), and further present
the stabilizing results in Fig. 2. Here we only make ex-
periments under the noise intensity of Case 2. From this
figure, it seems difficult to say which controller is better.
We further compare them from the gain cost, the con-
vergent radius and the dependence on the assumption
A.2. A large advantage of the PBC is that it can work
in no need of A.2. However, it needs larger control gain
Ky : 0.02 vs. 173.31. Moreover, the convergent radius
can be computed to be 6.4474 x 105/1.2015 x 10° for
Eq.(6)/the PBC using Eq. (15)/Eq. (18), beyond which
LV < 0. This implies that the convergence region by Eq.
(6) is smaller than that by the PBC. Since the assump-
tion A.2 is easy to operate, Eq. (6) looks more competi-
tive than the PBC for sidCSTRs.

6 Conclusions and future research

We present a modeling framework and a stabilizing
strategy in the sense of NSES for the stochastic CSTR
process. The main conclusion includes: (1) a sidCSTR
model is proposed that considers unknown but bounded
fluctuations in kinetics, flow rates and heat exchange; (2)
a feedback control law is developed that stabilizes the
sidCSTR system to reach NSES; and (3) the lower bound
of the distribution for the state of the NSES sidCSTR
system is analyzed both from the probability domain
and the time domain.

It should be noted that the above conclusions are
reached only from simulation results rather than solid

1700

N through (6)
N

i
1600 Np through (6)

1500 -
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Fig. 2. Comparisons of state responses between different con-
trollers in Case 2: (a) molar mass; (b) temperature.

experiments, so their practical applications are still im-
mature. We need to make more solid experimental verifi-
cation in the future. In addition, how to tune the control
parameters for better controller performance or how to
design a new nonlinear feedback law that fully utilizes
the property of NSES is another point of our future re-
search.
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Supplement Materials

S.1 Proofs of some results
S.1.1 Proof of Lemma 1

Denote the left upper part of g(y) by A(y), ie.,

Ay) = C'(p_1)xp - %1; with each row

in
Ai=(=ciy =y —Ci)ixp.

ith element

Clearly, if A(y) is full row rank then g(y) is full row
rank, which implies g(y)g(y) " is positive definite. Thus
we only need to prove A(y) has full row rank, which
is equivalent to proving that > ©_, ' \;A;. = 0 holds if
and only if \; =0,i =1,--- ;p— 1 After some simple
calculations we get A\;¢;* = Z?;i Ajcj,i=1,--- P 1.
According to A.2 that there are p—1 species with ¢;" > 0,
and consider the original p species has been reduced to
p — 1 in the current state vector, we assume that there
is only one c}cn = 0 and the remaining p — 2 species
with c;“ > 0 for j # k. Since )\jci]n = \gc® = 0 and
cij“ > 0 for j # k, we get A\; = 0. Further, based on
S PTINje; = Acl = 0 and A; = 0 for j # k, there is
Ak = 0 since Agcx = 0, which completes the proof. O

S.1.2 Proof of Proposition 2

Let V(y) = %ﬂ—r?j be the noise-to-state Lyapunov
function. Utilizing Eq. (3) and the feedback law of Eq.
(6), we can compute L[V (y(t))] for this system, which
has the first part to be

(Z8) (g0 =-7KT G
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and the second part to be

2
S @)S0) G s 0)

1 p—1 Uln -U p—1 )
=52 L+ Y A (=)’
#i
p—

j=1 i=1,i
1
Z Zji = 2ji)
Jj=1
]1 2211
X (H§:1Cj P%"‘H? sz)
1
S*IIEZTH;VI (v)
<3257 VI T )
I'(|lyll2)
1 _ _
1(QHZZTIIF)+I’(||y||2)9(f'(||y||2))

1
SIS T, (2)

K3
l
i=1

1
+ plpzc + p4+2

VI /T )

1 _
§§IIEET||f9

U—U

where I( ) Z [( ) +Zz 11;ﬁjcl +( -
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AR
+| ? 1(231—2 )2 VQHp 2Z”] )1, L is the Lipschitz

constant. § € K, and 9( ) =73 $(s2+2s/I(y%))?, 26
is the minimum eigenvalue of matrix K. The first in-
equality follows from the Cauchy-Schwarz inequality *
and the second inequality holds since I(y) is Lipschitz
continuous in y. Finally, combing Egs. (S1) and (S2)
yields

I’2+2\/ I)E T

Vst o o Z2IEET I
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YUIEOO )
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According to Eq. (3) in Proposition 1, the controlled
sidCSTR system is NSES. O

< -
< -

! Cauchy-Schwarz inequality states that for all vectors wu,
veER™, (u'v)? < (u'u)(v'v).
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Table S1. Initial conditions and setpoint values

Symbol Value Symbol Value Symbol Value
Cp,»Cpp 75.24, 60J /K /mol T Ty, Two 310, 350, 455.865K U*, T* 2187J, 331.792K
YA, pr UB, o 0, -4575J /mol gr 2.4561 x 10" °m3/s  V*, T} 0.001m?>, 300K
kog, ko (0.12,1.33) x 103/s N0, Npo 1, 1mol N4, N5  1.312, 0.688mol
Ey, By 72331.8, 74826] /mol ¢!} 2000mol/m?3 /s g 9.15 x 10~ %m3 /s
Tyrot 300K S 0.05808J /K /s / /
S.1.8 Proof of Lemma 2 Fig. S1 exhibits the responses of the state of this
sidCSTR system along time with the above con-
Let t, = min{t,7.} with 7, = inf{s > 0 troller. We consider two different noise intensities:

lgll2 > r}, then in accordance with Dynkin’s formula
(Dynkin,1965) and inequality (S3) we have

E[V(g(t,)e*"]

=V@w+Ed§%%qvwmn+%V@@»®1
SV@h>+E¢A 25 (|62 | -)ds]
< 3BT+ Bl — 1120 (54

Further by letting » — oo, we get the result. a

S.2 More simulation experiments

In this section, we use another case of sidCSTR in-
cluding a first-order reversible reaction A = B to verify
the proposed stabilizing method.

The dynamics takes

kope™ T cg — kope— FF g 0
RT — RT Cy — C
dy = 0be CB 0f€ CA th_'_( Ain A )
0 T2 1
Vv
—_————
f(y) 9(y)
in in _ —caV Vo
s[4 apq [ A A TA OB Sdw,
Q =20 0 1
N——
u h(y)

where some related parameters values are listed in Table
S1. We also select the noise-to-state Lyapunov function
as V(y) = 1 [(Na— N3)?+ (U —U")?] and the gain
matrix as K = diag(Ky, K3) = diag(0.02,0.012), then
the controller, in terms of Eq. (6), follows

. . Eyp By
¢ = V(R —ca) H(~kope FTep + kope  RTchy
_Kl(CA - Cj‘)),

Q =-Ky(U-U*)— g™ (LY.

v

Similar to the first case presented in Section 5, we can de-
rive the expressions of T, L[V (x)] and the lower bound
functions ¢1(r) and ¢5(r), accordingly.

one is X1 = 107° x diag(0.2,20,1,1), the other is
¥y = 107° x diag(0.8, 300, 60, 50), labeled by Case 1
and Case 2, respectively. As expected, the states, N4,
Np and T, (Fig. S1 (a) and (b)) exhibit convergent
tendency on the whole, but appear oscillating around
the setpoints from the local viewpoint. The phenomena
are more obvious in the case of large noise intensity. We
also present the evolution of the manipulated variables,
displayed in Fig. S1 (c) and (d). Fig. S2 demonstrates
the evolution of log(||y||2 + 1) influenced by different
noise intensities, implying the boundedness of the state
in time domain, from which we can see that the states
both in Case 1 and 2 are bounded by 7540, ; and 75 ,
more than 50% of the whole time, respectively. These
phenomena suggest again that the proposed controller
is valid to stabilize the studied sidCSTR system in the
sense of NSES.
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Fig. S1. The evolution of state and manipulated variables for the sidCSTR system: A = B
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Fig. S2. The evolution of ||y||2 + 1 in the logarithmic
form and the bound log(r'g5 + 1) in Case 1, 2



