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Introduction

Insurance pricing and risk management are fundamentally data-driven activities.
Insurers rely on large portfolios of policyholders to assess risk, estimate expected
losses, and set premiums that ensure portfolio balance and profitability. Each
policy is typically described by a combination of numerical variables (such as age,
income, or claim history) and categorical attributes (such as gender, geographic
location, or vehicle characteristics). These datasets are inherently structured and
heterogeneous, combining mixed data types, high-cardinality categorical variables,
non-Gaussian marginals, and missing values. Dependencies between features are
rarely linear, and interactions between risk factors can be complex.

While modern machine learning methods are well suited to model complex, non-
linear relationships within such data, their direct application to insurance raises
significant challenges. Black-box predictions may achieve high accuracy but pro-
vide limited insight into how risk is distributed across the portfolio, complicating
both regulatory compliance and strategic decision-making. In particular, actuarial
models must be interpretable in the sense that the contribution of individual risk
factors to the predicted premium must be identifiable and defensible, so that actu-
aries can identify unusual risk patterns, and justify pricing decisions to regulators
and management.

In practical actuarial work, modeling choices are driven by multiple, often com-
peting objectives. Beyond predictive accuracy, actuaries must ensure that models
are consistent with established principles of risk sharing. Premiums must remain
adequate at the portfolio level, ensuring that expected claims and expenses are
covered while maintaining competitiveness. Certain policyholder characteristics
may be legally restricted, even if they improve accuracy, and even when excluded
from the model, correlated variables can implicitly reproduce their effects. These
constraints become more pronounced as insurance data grow richer. Telematics
generate increasingly granular behavioral information. While such data can refine
risk estimation, they also amplify segmentation, potentially leading to extreme
premium dispersion and weakening the mutualization principle that underpins in-
surance. At the same time, regulatory frameworks such as the RGPD impose re-
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strictions on data usage, and retention, reinforcing the need for transparent and ac-
countable models. The tension between personalization and solidarity thus emerges
as a central structural challenge in modern actuarial science. This tension is further
reflected in the lack of consensus between fairness criteria. Individual fairness re-
quires that similar policyholders receive similar premiums, emphasizing consistency
at the micro level and coherence in the local geometry of the risk space. Group
fairness, by contrast, focuses on aggregate outcomes across predefined protected
groups, seeking to prevent systematic disparities in pricing distributions.

Actuarial modeling is therefore inherently normative. It reflects not only sta-
tistical regularities observed in data, but also societal choices about risk pooling,
mutualization, and fairness. The challenge is to reconcile statistical rigor with
these ethical and regulatory constraints, creating models that are simultaneously
predictive, explainable, and aligned with the principles of equitable risk allocation.

This thesis argues that many of the current difficulties (i.e., how insurance
data are represented, how risk heterogeneity is structured, and how fairness con-
straints are imposed on pricing models) in actuarial machine learning are too often
addressed independently. Representation learning is developed without regard to
fairness, fairness corrections are applied without reconsidering the underlying data
structure, and segmentation is treated as a purely exploratory task disconnected
from pricing objectives. This fragmentation limits both the interpretability of ac-
tuarial models and their effectiveness for portfolio management, risk monitoring,
and regulatory reporting.

Outline of the thesis

This thesis investigates how modern statistical and machine learning methodologies
can be adapted to address three tightly connected actuarial problems: (i) the
representation and segmentation of heterogeneous insurance data into meaningful
latent risk profiles, (ii) the limitations imposed by data availability and privacy
regulations, such as the RGPD, and (iii) the design of pricing models that remain
compatible with legal and ethical fairness requirements while maintaining portfolio-
level balance.

The thesis adopts a progressive, problem-driven approach. Each chapter ad-
dresses a specific limitation encountered in the analysis of insurance portfolios and
motivates the methodological developments of the subsequent chapters. In doing
S0, it aims to reconcile predictive accuracy, interpretability, and fairness within a
coherent actuarial framework. By positioning the work at the intersection of data
science, actuarial methodology, and regulatory compliance, the thesis highlights
both the technical and societal relevance of modern insurance modeling.

The thesis is divided into two conceptual blocks: representation of risk hetero-
geneity, and fair insurance pricing.
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I. Modeling risk heterogeneity

This first part addresses a foundational actuarial question: how is risk heterogeneity
structured within large and complex insurance portfolios before pricing takes place?
Rather than treating heterogeneous data as a preprocessing inconvenience, the
following chapters consider representation as a primary modeling object. Through
distance-based clustering, continuous latent embeddings, and probabilistic mixture
modeling, this part develops progressively richer frameworks for uncovering latent
risk profiles in mixed-type insurance data. The objective is not only dimensionality
reduction, but the construction of meaningful and interpretable representations
that can serve as a basis for segmentation and downstream pricing decisions.

Chap 1. Heterogeneity as a first-order actuarial problem

A defining characteristic of insurance data is their heterogeneity. Portfolios combine
continuous variables with a variety of marginal distributions, and high-cardinality
categorical attributes, often with missing values and complex dependency struc-
tures. Despite this, much of the actuarial literature continues to rely on prepro-
cessing pipelines and modeling choices that are inherited from numerical settings
and only imperfectly adapted to mixed-type data.

The thesis begins by treating heterogeneity not as a nuisance to be engineered
away, but as a first-order modeling challenge. Before prediction or pricing can take
place, insurers must understand how policies relate to one another and how risk is
structured across the portfolio.

Chapter 1 addresses this foundational problem through unsupervised clustering
of mixed-type insurance data. By introducing a novel dissimilarity measure based
on Burt distance, the chapter demonstrates how classical clustering algorithms
can be systematically adapted to heterogeneous portfolios while preserving depen-
dencies between categorical modalities. This contribution establishes a geometric
framework for comparing insurance policies, scalable to realistic portfolio sizes and
compatible with multiple clustering paradigms.

While Burt clustering reveals group-level structure, it remains inherently lim-
ited. It often produces discrete assignments, and does not offer a continuous notion
of similarity suitable for downstream modeling. These limitations motivate a shift
toward latent representations.

Chap 2. Latent representations

To move beyond explicit distances and hard partitions, the thesis next considers
representation learning approaches that allow insurance data to be embedded into
lower-dimensional latent spaces.

Chapter 2 introduces Variational AutoEncoders (VAEs) as a tool for learn-
ing continuous latent representations of heterogeneous insurance portfolios. This
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chapter positions representation learning as more than a technical convenience.
The latent space becomes a modeling object in its own right, encoding similari-
ties between policies and enabling the generation of synthetic insurance data. The
proposed framework addresses practical actuarial concerns, including mixed data
types, and the need for preprocessing non-Gaussian marginal distributions through
quantile transformations.

By enabling both dimensionality reduction and data synthesis, this chapter
responds directly to emerging challenges in actuarial practice related to data avail-
ability, privacy regulation, and portfolio simulation. At the same time, it exposes
a key limitation of purely latent representations. They often lack direct actuarial
interpretability and do not naturally translate into identifiable risk profiles.

Chap 3. From representations to interpretable risk profiles

Interpretability is not an optional feature in actuarial modeling, it is a requirement.
Risk segmentation must be explainable.

Chapter 3 addresses this requirement by reframing insurance segmentation as
a probabilistic mixture problem. By adapting Latent Dirichlet Allocation (LDA)
to structured insurance data, the chapter introduces a soft clustering framework
in which each policy is represented as a mixture of latent risk profiles. This ap-
proach captures overlapping risk characteristics, accommodates missing data, and
produces directly interpretable outputs in the form of modality distributions.

In contrast to both hard clustering and neural embeddings, this framework
explicitly models uncertainty in segmentation and aligns naturally with actuarial
concepts of partial risk membership. Importantly, it establishes a probabilistic
bridge between representation and pricing. Policies are no longer assigned to a
single class, but characterized by weighted exposure to multiple latent risk profiles.

II. Fairness in insurance pricing

Building on the risk representations developed in Part I, this second part turns to
the central actuarial task of premium allocation under legal and ethical constraints.
As pricing models become increasingly complex, the tension between predictive
accuracy, regulatory compliance, and fairness intensifies. The chapters in this part
investigate how fairness considerations can be integrated into actuarial modeling,
first through post-processing distributional corrections and subsequently through
the direct incorporation of competing fairness paradigms within a unified Bayesian
framework. Together, they examine how different fairness interventions reshape
portfolio outcomes and how these interventions can be reconciled with the principles
of mutualization and actuarial balance.
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Chap 4. Pricing under fairness constraints

Once risk has been represented and structured, the central actuarial task remains
the allocation of premiums. However, modern pricing models must satisfy anti-
discrimination regulations.

Chapter 4 confronts this challenge directly by developing a solidarity-based
post-processing framework for premium prediction models. Focusing on demo-
graphic parity as a group fairness criterion, the chapter introduces a gradient-
based correction using the Energy distance to align premium distributions across
protected groups. This approach allows multiple sensitive attributes to be handled
simultaneously and proposes a post-hoc autocalibration step to preserve portfolio-
level balance.

Starting from unconstrained premium estimates, fairness is introduced through
an iterative correction procedure whose effect can be quantified at each step. The
resulting premium adjustments are therefore directly observable and attributable to
the fairness intervention, allowing the impact of demographic parity on individual
and portfolio-level premiums to be explicitly analysed.

This chapter makes a normative claim. In insurance pricing, fairness cannot
be reduced to the exclusion of sensitive variables. Instead, it must be addressed
at the level of outcome distributions, in a manner consistent with the mutualiza-
tion principles underlying insurance. Nevertheless, post-hoc group-level corrections
raise rightful deeper questions about coherence with the existing regulation, gener-
alization to the insurance market, and the interaction between competing fairness
notions.

Chap 5. A unified framework for competing fairness notions

The final chapter addresses these questions by embedding fairness interventions
directly into the structure of the pricing model.

Chapter 5 develops a Bayesian non-parametric framework based on Generalized
Gaussian Process Regression that integrates multiple fairness paradigms within a
single model. Rather than advocating for a single definition of fairness, or ap-
ply successive post-hoc corrections, the chapter provides a unified setting in which
actuarial, individual-level, and group-level fairness criteria can be implemented,
compared, and evaluated jointly. By modifying kernel structures and objective
functions, the framework accommodates best-estimate, unaware, aware, (hyper-
aware), and corrective pricing.

Unlike the post-processing framework of Chapter 4, fairness interventions are
incorporated directly within the estimation procedure. As a result, fairness af-
fects not only the premium estimate itself but the entire predictive distribution,
including both predictive means and predictive uncertainty. The framework there-
fore allows the impact of fairness interventions on risk assessment and uncertainty
quantification to be studied jointly. Furthermore, multiple fairness notions can be
incorporated simultaneously within a single constrained learning procedure, allow-



6 Contents

ing their interactions to be analysed directly rather than through a sequence of
successive corrective adjustments.

This contribution moves beyond the prevailing fairness-accuracy trade-off nar-
rative. It demonstrates that fairness interventions reshape portfolio outcomes in
distinct ways and that their actuarial implications cannot be understood in isola-
tion from model structure and uncertainty.

Thesis contributions

Collectively, the chapters of this thesis establish a structured approach to actuarial
modeling that integrates data representation, segmentation, uncertainty, and fair-
ness. By systematically connecting unsupervised learning, probabilistic modeling,
and fair regression, this work provides methodological tools for actuaries navigating
the increasing complexity of data, regulation, and societal expectations in modern
insurance markets.

The chapters of this thesis are based on a series of peer-reviewed journal articles
and ongoing research contributions. Chapter 1 is published as “Insurance Analytics
with Clustering Techniques” by Jamotton, Hainaut, and Hames (2024) in Risks.
Chapter 2 is published as “Variational AutoEncoder for Synthetic Insurance Data”
by Jamotton and Hainaut (2024) in Intelligent Systems with Applications. Chap-
ter 3 is published as “Latent Dirichlet Allocation for Structured Insurance Data”
by Jamotton and Hainaut (2026¢) in Annals of Data Science. Chapter 4 is pub-
lished as “A Multivariate Energy-based Fairness Adjuster for Premiums” in the
North American Actuarial Journal. Chapter 5 titled “A Multi-Criteria Fair Gaus-
sian Regressor for Insurance Pricing” represents ongoing work and is included in
this thesis as a work in progress.



Part 1

Modeling risk heterogeneity






Chapter 1

Insurance analytics with clustering techniques

The K-means algorithm and its variants are well-known clustering techniques. In
actuarial applications, these partitioning methods can identify clusters of policies
with similar attributes. The resulting partitions provide an actuarial framework
for creating maps of dominant risks and unsupervised pricing grids. This research
aims to adapt established clustering methods to complex insurance datasets con-
taining both categorical and numerical variables. To this end, we propose a novel
approach based on Burt distance. We begin by reviewing the K-means algorithm
to establish the foundation for our Burt distance-based framework. We then ex-
tend the scope of application of the mini-batch and fuzzy K-means variants to
heterogeneous insurance data. Additionally, we adapt spectral clustering, a tech-
nique based on graph theory that accommodates non-convex cluster shapes. To
mitigate the computational complexity associated with spectral clustering’s O(n?)
runtime, we introduce a data-reduction method for large-scale datasets using our
Burt distance-based approach.

Charlotte Jamotton, Donatien Hainaut, and
Thomas Hames (Sept. 2024). “Insurance An-
alytics with Clustering Techniques”. In: Risks
12.9, p. 141. 18SN: 2227-9091. DOI: 10.3390/
risks12090141

1.1 Introduction

Cluster analysis is among the most widely used techniques in statistical data anal-
ysis and machine learning. It aims to uncover group structures within a dataset
by grouping objects (e.g., insurance policies) into distinct clusters. These clusters
are formed so that they are as heterogeneous as possible, while objects within a
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cluster are as homogeneous as possible. In actuarial applications, clustering can
help identify dominant groups of policies. The resulting clusters can be further
used to create maps of insured risks and unsupervised pricing grids.

Although clustering techniques have been extensively studied in fields such as
image processing, interest in their application to actuarial research was slower to
emerge. Early notable contributions include G. J. Williams et al. (1997), who ap-
plied K-means to identify policyholders with high claim ratios in a motor vehicle
insurance portfolio, and Hsu et al. (1999), who introduced self-organising maps
(SOMs) for knowledge discovery in insurance policy data. More recently, Hainaut
(2018b) compared the effectiveness of K-means and SOMs in discriminating mo-
torcycle insurance policies, based on the analysis of joint frequencies of categorical
variables.

Originally designed for numerical settings, conventional clustering methods are
not well suited to the mixed-type nature of insurance datasets. Specifically, K-
means relies on Euclidean distance, a dissimilarity measure for vectors in R™. To
address this limitation, Z. Huang (1997) introduced the K-modes algorithm. It
substitutes Euclidean distance with Hamming, a dissimilarity measure for binary-
coded categorical variables. Z. Huang (1998) later extended their approach to
mixed-type data with the K-prototypes algorithm, a hybrid method combining K-
means and K-modes using a weighted sum of Euclidean and Hamming distances.
In the actuarial literature, Abdul-Rahman et al. (2021) used K-modes as a bench-
mark for their decision tree classifier in customer segmentation and profiling for life
insurance. Similarly, Gan (2013) benchmarked K-prototypes against their Kriging
method for valuing variable annuity guarantees. Yin et al. (2021) extended K-
prototypes to spatial data in life insurance, while Zhuang et al. (2018) adapted
it to account for missing data and reduce the method’s sensitivity to prototype
initialisation. More recent adaptations have incorporated Gower (1971) distance,
an alternative to Hamming, into K-medoids (Gentle et al. 1991) to handle mixed
data types. For applications in insurance, see also Campo et al. (2024), Debener
et al. (2023), and Gan and Valdez (2019).

Clustering techniques are not limited to centroid-based methods such as K-
means. In Weiss (1999), Weiss had already stressed the appeal of eigenvector-based
methods for segmentation. The simplicity and stability of eigendecomposition al-
gorithms are often cited as advantages of spectral clustering. For further details,
readers may refer to J. Shi et al. (2000), A. Y. Ng et al. (2001), and Belkin et al.
(2001). Luxburg (2007) also provides a concise step-by-step tutorial on the graph-
theory foundations of spectral clustering. Recently, Mbuga et al. (2021) extended
spectral clustering to heterogeneous datasets by defining a global dissimilarity mea-
sure using a weighted sum.

Addressing mixed-type datasets remains challenging. M. Wei et al. (2015) dis-
cuss the difficulties of developing linear combinations of distances to handle such
data effectively. Rather than adapting the dissimilarity measure in K-means for
categorical data, P. Shi et al. (2022) proposed to first project categorical data into
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Euclidean space via categorical embeddings and then apply standard K-means
clustering. Xiong et al. (2011) adopted a different approach with their divisive hi-
erarchical clustering algorithm specifically designed for categorical objects. Their
method starts with an initialisation based on Multiple Correspondence Analysis
(MCA), and employs the chi-square x? distance between individual objects and
sets of objects to define the objective function.

The aim of this chapter is to adapt well-established clustering methods (such
as K-means, its variants, and spectral clustering) to complex insurance datasets
containing both categorical and numerical variables. The primary challenge lies in
defining an appropriate distance measure between insurance policies characterised
by mixed data types. To achieve this, we propose a novel approach based on Burt
distance.

This study contributes to the literature by introducing Burt distance as a novel
dissimilarity measure for clustering heterogeneous data. We evaluate our approach
by benchmarking it against standard clustering methods, including K-means, K-
modes, K-prototypes, and K-medoids, using a motor insurance portfolio. Unlike
Hamming distance, our Burt distance-based framework accounts for potential de-
pendencies between categorical classes (modalities). Moreover, our approach offers
a more scalable alternative to the computationally expensive Gower distance, par-
ticularly when handling insurance portfolios with thousands of policies described
by multiple attributes. We also empirically validate the applicability of our Burt
approach to K-means variants (mini-batch and fuzzy) and spectral clustering. Fi-
nally, we introduce a data-reduction method, based on our Burt-adapted K-means,
to mitigate the computational complexity associated with spectral clustering O(n?3)
runtime.

The outline of the chapter is as follows. In Section 1.2, we provide a holis-
tic overview of the unsupervised K-means algorithm and its K-means++ heuristic
to establish the foundational concepts and notations for our Burt distance-based
framework. We empirically assess the performance of our proposed Burt distance-
based K-means, comparing it with K-modes (Hamming distance) for categorical
data, K-means (Euclidean distance) for numeric data, K-prototypes (Euclidean and
Hamming distances), and K-medoids (Gower distance) for mixed-type data, using
a motor insurance portfolio. In Sections 1.3.1 and 1.3.2, we adapt the mini-batch
and fuzzy K-means variants to our Burt approach. The mini-batch extension is
particularly well-suited to address computational challenges associated with large-
scale insurance datasets, while fuzzy K-means, a soft form of clustering in which
each object can belong to multiple clusters, is better aligned with the actuarial
perspective on policy classification. Finally, in Section 1.4, we adapt spectral clus-
tering to our Burt framework and propose a prior data-reduction method using
Burt-adapted K-means to mitigate the computational complexity of spectral clus-
tering’s eigendecomposition for large-scale datasets.
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1.2 K-means clustering

1.2.1 A holistic overview

Consider a set of n numeric objects, denoted as X = {x1,...,x,}, where each
x; € R™ and let K < n be an integer. The K-means algorithm (Hartigan 1975)
seeks to partition the dataset X into K disjoint clusters, {Sy},_ . The optimal

partition is obtained by minimising the intraclass inertia I, 1n Eq (1.2.1) while
maximising the interclass inertia I.. in Eq. (1.2.5).

The intraclass inertia I, is the sum of the individual cluster inertia, defined as
I, in Eq. (1.2.2), weighted by their relative size 1|S,,]:

a—Z'S'u— S Y dlwen (1.2.1)

u=la; €S,

The inertia of cluster S, denoted I,,, is the sum of the dissimilarity measure d(-)
between each point x; € S, and the cluster centroid ¢, normalised by the cluster
size |Sy[:

L=Y% |Sl‘ d(xs, c) (1.2.2)

x; €Sy

The centroid (or centre of gravity) of cluster S, is a m-vector ¢, = (cy1,-- -, Cum)
defined as the geometric centre of the objects in Sy:

Cu = |S| Z z; . (1.2.3)

X, €S,

In K-means, the dissimilarity measure d(-) is the squared Euclidean distance:

m
d(x;, cy) wa cu’j . (1.2.4)
7j=1

The interclass inertia I.. is defined as the inertia of the cloud of centers of gravity:

1 n
» ith ¢ = — . 1.2.5
(eu,c) with e - Z:c ( )

qu

Optimising such an objective function is known to be computationally challenging
(NP-hard). Nonetheless, efficient heuristics exist that rapidly converge to a local
optimum. The most widely used approach is an iterative refinement technique,
known as K-means, detailed in Algorithm 1. Given an initial set of K random
centroids ¢1(0), ..., cx(0) and a given distance d(-), Algorithm 1 seeks to partition
the dataset into K clusters {S1(0),...,Sk(0)} according to the following rule:

Sy = {:cl eX ‘ u = argmin d(:ci7cu) }
ue{l,....K}
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Algorithm 1 alternates between two steps:

1. Assignment step: At iteration e, each observation x; is assigned to the cluster
Su(e) whose centroid ¢, (e) is closest.

2. Update step: The K centroids (¢,),_;.x are updated to the new cluster
means (cy(e+ 1)), 1.5

At each iteration, the intraclass inertia decreases. This iterative process contin-
ues until convergence, that is, until cluster and/or centroid assignments no longer
change.

Algorithm 1: K-means clustering.

Data: Data set X', number of clusters K
Initialisation

Random initial centroids ¢1(0),...,cx(0)
L Set iteration counter e + 0
while not converged do

fori=1tondo
Assign point x; to closest cluster:

Su(e) = {mi ex ’ u= argmin d(x;,cy(e)) }
ued{l,....K}

for u =1 to K do
Update centroid:

1
u 1) = i
cule+1) |Su(e)|mv€zs:(e)ac

Compute total distance (objective function):

K
Jtotal — Z Z d(z;, e (e + 1))

u=1 miesu(e)

e+—e+1

The K-means++ algorithm (Arthur et al. 2007), detailed in Algorithm 2, offers
an alternative to the centroids’ random initialisation. The centroids obtained from
Algorithm 2 are subsequently used as the starting values for the standard K-means
iterative optimization procedure detailed in Algorithm 1. K-means++ has been
shown to improve both the running time and the quality of the final clustering
solution. However, K-means remains an heuristic. There is no guarantee of finding
a global optimum, and the seed value may influence the results.
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Algorithm 2: K-means++ initialisation of centroids.

Data: Data set X, number of clusters K
Initialisation
| Select first centroid ¢; € X uniformly at random. Set C = {¢;}

for u =2 to K do
for:=1tondo
Compute distance of x; to the set of chosen centroids:

d(z;,C) = Iniél d(xz;,c)

ce

Select next centroid ¢, at random from X with probability:

Pi=—=nr———, t=1,...,
Zz’:l d(wiac)

| Update set of centroids: C < C U {c,}

As mentioned in Section 1.1, standard K-means cannot handle categorical data
because its Euclidean measure of dissimilarity in Eq. (1.2.4) is appropriate only
for numerical variables. The following Section 1.2.2 introduces Burt distance as a
measure of dissimilarity for clustering non-numeric data.

1.2.2 Burt distance for categorical data

Let us first introduce a non-life insurance portfolio from the Swedish insurance
company Wasa. The dataset is available on the companion website of the book
by Ohlsson et al. (2010) and contains motorcycle insurance data from 1994 to 1998.
Each policy is characterised by two quantitative and three qualitative rating factors.
The quantitative variables are the insured’s age and the age of their vehicle. The
categorical variables, described in Table 1.A.1 (in Appendix), are the policyholder’s
gender, geographic location, and vehicle power class (determined by the power-to-
weight ratio in KW x100/vehicle weight in kg+75, rounded to the nearest integer).
The database also contains for each policy the number of claims, the total claim
costs, and the contract period. After removing contracts with null duration, the
database counts 62436 insurance policies.

The categorical rating factors (in character-based format) must be pre-processed
into a machine-processable (numeric) form. Let us denote by mc,t the number of
categorical variables, and by mg; the total number of modalities across all categor-
ical variables. The categorical rating factors can be one-hot encoded in an n x mg;
super-indicator matrix:

D = (di;)

i=1,...,n;j=1,...,mo1’

where d; ; = 1 if the i-th policy is characterised by the j-th modality, and d; ; = 0
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otherwise.

Example 1.1. For illustration, consider policies described by the gender (M =
male or F = female) and education level (H = high school, C = college, or U =
university), such that mc,y = 2 and mgy = 5. If the first policyholder is a man
with an undergraduate degree and the second is a woman with a graduate degree,
the first two rows of matrix D are represented as in the disjunctive Table 1.1.

Gender Degree
Policy M F H C U

1 1 0 0 1 0
2 0 1 0 0 1

Table 1.1: Example of a disjunctive table with a binary variable (Gender) and an
ordinal variable (Degree, with three modalities).

As mentioned in Section 1.1, Z. Huang (1997) addressed the limitation of K-
means by introducing K-modes, which substitutes Euclidean distance in the K-
means algorithm with Hamming distance, a dissimilarity measure specifically de-
signed for binary-coded categorical variables. This distance measures dissimilarity
by counting the number of different bit positions in two bit strings, specifically the
u-th centroid and the i-th policy bit strings:

mo1

d(@i en) = Ui # cuj} (1.2.6)

Jj=1

Hamming distance is a simple measure of discordance between observations. There-
fore, it fails to discriminate between observations that are relatively close or far
from each other. Our proposed Burt distance addresses this issue by studying joint
frequencies in modalities. Specifically, Burt distance considers the co-occurrence
of modalities by using a contingency table (Burt 1950). In this table, defined as
an mg1 X mop1 Burt matrix B, each entry represents the number of policies, n, .,
that share both modalities r and c:
B = (nTvC)T,czl ..... mo1

This symmetric Burt matrix, illustrated in Table 1.2, is directly related to the
disjunctive table D through the following mathematical relationship:

B=D'D.

By definition, B is composed of mgat X Mcay blocks By for b0 = 1,..., mcas
and the sum of elements within a block By is equal to the number of policies, n,
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inside the insurance portfolio X'. The row-wise sum of n, . is equal to:

Ny, = Z Ny c = Meat Ny - (127)

Because of the symmetry of the Burt matrix, we infer that:

n..= Z Npc = Meat Ne,c - (1.2.8)

r=1,...,mo1

By construction, blocks By for b = 1,...,mea are diagonal matrices. Diagonal
entries contain the number of policies, respectively, described by the modalities
1,...,my of the b-th categorical variable.

Example 1.2. In our example, we have ny; +no2 =n and ng3+ng44+mns5 =n.
Here, n1,; and ny 2 count the total number of men and women in the portfolio,
whereas n3 3, 14,4 and ns 5 count the number of policyholders with, respectively, a
high school, college, or university degree.

M F H C U

Gender 1.1 0 ni3 N4 N5

M

F 0 no2 mn23 MNoa Nogs
Degree H n31 ng 2 n33 0 0

C N4,1 Ny 2 0 Ny 4 0

U 0 0 ns5.5

Ns1  MN52

Table 1.2: Burt matrix for the disjunctive Table 1.1.

In the same manner as Hainaut (2018b), we evaluate the level of dependence
between modalities with a chi-square x? distance (Burt 1950; Nishisato 1985).
Intuitively, the distance between two modalities is measured by the sum of weighted
gaps between joint frequencies with respect to all modalities. In that respect, the
chi-square distance between rows r and r’ of B is defined as:

mo1 2
2y =3 - (“ - ") rr’ € {1 mor}. (1.29)

—1 T.,c \Mr,. Topr

5

We recall that K-means is a centroid-based clustering algorithm that relies on
minimizing dissimilarity measures to determine cluster assignments. Bregman di-
vergences are the only distortion functions for which such centroid-based clustering
schemes are possible (Banerjee et al. 2004). As we favour the Euclidean divergence
for its simplicity, we replace the original joint frequency values n, . in B with their

weighted values nTWC

n, ,.:=———— forr,c=1,...,mp1 .
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Given the row-wise and column-wise sums in Eq. (1.2.7) and Eq. (1.2.8),

Ny
o= "¢ forr,c=1,...,mo1 -

T,C
’ Meat+/Mrr Te,c

1 1
With the diagonal matrix C = diag (nllz ..nmglmm), the weighted Burt matrix,
BW | is equal to:

1
BY = CBC.
Mecat
Since each modality j = 1,...,mq; is represented by its corresponding row r =
1,...,mo1 in BW that is, by a vector in R™o! | each policy can be projected in Burt

space by taking the centre of gravity Di,,BW /Meat of its modalities in D;_, whose
Burt coordinates are stored in the corresponding rows of BW. This is illustrated
in Fig. 1.1 in the case of three modalities.

Policy with

BW features 2 and 3
o 2 1/2 (BY + BYY)
Policy with R TN PO 7
features 1 and 2 R S Bgf/.
1/2(BY +BY) - '\
) \ z
. \ e
. . .
\ e
\ 7
- ' //
Bl «__ \ 7
\\\\ \\ //
\\\ \ //
\\\ \ //
\\\\ P

Figure 1.1: Hlustration of two policies in Burt space with three modalities.

Burt distance between the i-th and i’-th policies is then given by:

d(i,i/) = ||Di,.BW/mcat - Di’,.BW/mcat

|, - (1.2.10)
Note that the proposed approach is closely related to Multiple Correspondence
Analysis (MCA), as both methods are based on the disjunctive matrix D, the
Burt matrix B, and the chi-square geometry associated with categorical data.
However, the two methodologies target different objectives. In MCA, the objective
is to construct a low-dimensional Euclidean representation of categorical modalities
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that preserves (as closely as possible) the chi-square geometry of the full disjunc-
tive representation. The resulting coordinates are typically obtained via a spectral
decomposition and are used for dimensionality reduction and interpretation of asso-
ciations between modalities. Whereas, the approach adopted here does not perform
any dimensionality reduction. Instead, each policy is represented directly in the
full weighted Burt space through the centre of gravity of its associated modali-
ties (obtained by averaging the corresponding rows of the weighted Burt matrix).
Clustering is then implemented on these policy-level representations, to construct
a partition based on Euclidean proximity in this constructed feature space rather
than recovering the principal axes of association between modalities.

We adapt the K-means Algorithm 1 to our Burt distance-based framework as
follows. Each policy is projected into Burt space and identified by its centre of
gravity D; BW /mca;. The new centroids ¢, (e + 1) of S, (e), previously defined as
in Eq. (1.2.3), are now defined as the following mg;-vector:

1
D, BW )
S 2 DuBY /e
:ciESu(e)

cule+1) =

The Euclidean distance, defined in Eq. (1.2.4), is replaced by the Burt distance,
defined in Eq. (1.2.10). Note that the Burt-based distance in Eq. (1.2.10) measures
similarity between policies through the co-occurrence patterns of their associated
modalities. Two policies are considered close when their modalities exhibit simi-
lar co-occurrence structures with all other modalities in the dataset. This notion
of similarity is inherently relational and does not encode any intrinsic ordering
between modalities of the same categorical variable, since such modalities are mu-
tually exclusive and therefore never co-occur. As a consequence, ordinal structure
within a categorical variable cannot be directly captured in a row or column-wise
interpretation of the Burt matrix. While ordinal distances could in principle be in-
troduced through alternative encodings, such approaches become problematic in a
multivariate setting, as they may induce inconsistent scaling across variables, gen-
erate artificial co-occurrences, and distort the interpretation of Burt entries. Mixed
approaches combining ordinal distances with Burt-based representations are pos-
sible but typically require additional weighting schemes to ensure comparability
across heterogeneous metrics. In this work, we chose to retain a purely Burt-based
representation in order to preserve cross-variable co-occurrence information, which
is empirically important in the insurance context.

To benchmark this newly defined Burt distance-based K-means, we first imple-
ment K-modes on the categorical data (Gender, Zone, and Class) from the Wasa
insurance dataset. To implement K-modes, the dissimilarity measure d(-) in K-
means Algorithm 1 is simply replaced by Hamming distance defined in Eq. (1.2.6).

Table 1.3 reports the policy allocation, the dominant modalities, as well as the
average claim frequency associated with each cluster. The dominant modalities are
identified as the dominant representative(s) in each cluster. A quick analysis reveals
the most and least risky driver profiles. The riskiest category, with an average



1.2. K-means clustering 19

claim frequency of 1.94%, contains a majority of vehicles with the highest ratio of
power (EV ratio 25-). The lowest claim frequencies (0.6-0.785%) correspond to a
majority of women living in small towns or in the countryside (zone 3 and 4).

Cluster % of policies Gender Zone Class Frequency (%)

6 282 K 4 5 0.6003
1 573 K 4 3 0.6270
5 277 K 3 [3,4] 0.7855

10 1339 M 2,4] 4 0.8559
3 17.03 M 4 3 0.8919
2 20.61 M 3 3 0.9374
9 19.99 M 3,4 5 1.0532
7 273 K 2 [3,4] 1.2236
8 506 M 2 1 1.8256
4 988 M 24] 6 1.9443

Table 1.3: Summary of K-modes clustering (with Hamming distance) results ap-
plied to policy data characterised by three categorical variables. The table reports
cluster sizes, dominant features, and average claim frequencies per cluster.

If we use the average motor claim frequency per cluster as a predictor X we can
estimate the goodness of fit of the partition with the Poisson deviance defined in
Eq. (1.2.11). The deviance is the difference between the saturated and partitioned
model’s log-likelihood. If N; and v; are, respectively, the number of claims and the
duration (exposure) of the i-th contract, the Poisson deviance is defined as:

- Vi < \ivi
Dpoisson = QZNZ. (l)\i _ <log sl 1) I{Ni21}> . (1.2.11)
i—1 Ni Ni

The Poisson deviance, AIC, and BIC are reported in Table 1.4. Both AIC and BIC
are computed with a number of degrees of freedom equal to 10 x 16 (# of clusters
x # of modalities).

Deviance 6576.31
AIC 8244.88
BIC 9691.58

Table 1.4: Statistics of goodness of fit obtained by partitioning the categorical data
into 10 clusters with K-modes.

We now implement our Burt distance-based K-means on the same set of cate-
gorical variables (Gender, Zone, and Class). Table 1.5 reports the policy allocation,
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the dominant modalities, and the claim frequency associated with each cluster. For
each cluster S,,, the dominant modalities are identified either as the cluster’s most
common representatives, as in Table 1.3, or as the ones whose Burt coordinates
are closest, in terms of the £2—norm, to the cluster centre:

argmin |lc, — B
je{1,....mp}

, forb=1,...,mca,
2

w
(40 )

where my, are the number of modalities of the b-th categorical variable.

The average claim frequency per cluster is more heterogeneous (from 0.38%
up to 3.08%) than in Table 1.3 (0.62-1.94%). The most and least risky driver
profiles appear more clearly defined. The riskiest category, with an average claim
frequency of about 3%, much higher than with Hamming distance, contains a
majority of vehicles in the central and semi-central parts of Sweden’s three largest
cities (zone 1). The cluster with the second-highest claim frequency (on average)
also has a majority of vehicles with high power (class 4-6) driven in suburbs plus
middle-size cities (zone 2), whereas the lowest claim frequencies are characterised
by vehicles in small towns and the countryside (zone 4 and 6).

Cluster % of policies Gender Zone Class Frequency (%)

2 821 M 4 3 0.3811
9 1227 M 4 [4, 5] 0.5051
1 8.95 M 6 3, 5] 0.6808
4 643 K 4 3,5 0.6813
7 458 M 2 3 0.8621
6 1182 M 4 [1, 6] 0.9237

10 875 K 2,3 [3,4] 1.0144
5 1681 M 3 3, 5] 1.0825
3 1094 M 2 [4, 6] 2.1482
8 1123 M 1 3, 4] 3.0878

Table 1.5: Table summary of Burt distance-based K-means clustering results (pol-
icy allocation, dominant features, and average claim frequencies per cluster) applied
to policy data characterised by three categorical variables.

The deviance, AIC, and BIC are reported in Table 1.6. Both AIC and BIC are
computed with a number of degrees of freedom equal to 10 x 16 (# of clusters x
# of modalities). The goodness of fit is clearly better than the one obtained using
K-modes with Hamming distance in Table 1.4.
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Deviance 6350.04
AIC 8018.61
BIC 9465.31

Table 1.6: Statistics of goodness of fit obtained by partitioning the categorical data
into 10 clusters with Burt distance-based K-means.

1.2.3 Burt distance for mixed data types

We have both theoretically and empirically demonstrated that Burt distance is a
favourable alternative to Hamming distance for clustering categorical data. In the
following, we show that our Burt distance-based approach also improves partition
quality when handling heterogeneous datasets, outperforming K-prototypes and
K-medoids. We first illustrate empirically, using the standard K-means algorithm,
that the unsupervised discretisation of continuous variables, required for our Burt
approach, does not negatively affect the method’s goodness of fit.

We start by applying the standard K-means algorithm to the numeric rating
factors (owner’s age and vehicle age) in the Wasa dataset. Fig. 1.2 shows the 10
clusters in a two-dimensional space with the owner’s and vehicle ages on the axes.
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Figure 1.2: Nlustration of the partitioning of the numeric data into 10 clusters with
the K-means algorithm (using Euclidean distance).

The deviance, AIC, and BIC are reported in Table 1.7. Both AIC and BIC are
computed with a number of degrees of freedom equal to 10 x 2 (# of clusters x #
of numeric variables).
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Deviance 6097.18
AIC 7485.75
BIC 7666.59

Table 1.7: Statistics of goodness of fit obtained by partitioning the numeric data
into 10 clusters with the K-means algorithm (using Euclidean distance).

Table 1.8 reports the claim frequency, the percentage of policies, and the domi-
nant modalities associated with each cluster. The riskiest category, with an average
claim frequency of around 4%, is characterised by young or less experienced drivers
(aged 23-29) of recent vehicles with high ratio powers (class 3-6), whereas the clus-
ter with the lowest claim frequency (around 0%) is made up of middle-aged males
(48-62 years old) driving classic cars (38+ years old) with low ratio power (class 1).
We also observe that clusters with the lowest claim frequencies have a majority of
insureds living in smaller towns or the countryside (zones 3 and 4), while clusters
with the highest claim frequencies additionally include a majority living in suburbs
or middle-sized cities (zone 2).

Cluster % of policies Gender Zone Class Owner’s age Vehicle age Frequency (%)

5 200 M 3,4 1 48, 62] (38, 48] 0
9 485 M 3,4] [3,4] [0, 48] [21, 26] 0.2035
2 15.16 M 3,4] [3,5 [48, 53] 13, 17] 0.3698
10 6.46 M 3,4 [3,5 [60, 66] [12, 18] 0.45
3 14.94 M 3,4 [3,5 [42,47] 13, 17] 0.51
7 209 M 2,4 1 [28, 43] 37, 48] 0.5106
6 1354 M 2,4] [3,4] [44, 49] [1, 5] 0.8667
8 11.65 M 2,4 [3,4 [50, 55] [1, 5] 0.9183
4 1442 M 2,4 [3,5] [25,32] 12, 16] 1.5317
1 1489 M 2,4] [3,6] [23,29] (1, 7] 41332

Table 1.8: Table summary (policy allocation, dominant features, and average claim
frequencies per cluster) of K-means applied to data with two continuous variables.

To apply our Burt-based K-means framework, we first discretise the continuous
variables using univariate K-means clustering. The owner’s age and vehicle age
are partitioned into four and three clusters, respectively, resulting in the intervals
[16,35), [35,47), [47,58), [58,93) for owner’s age and [0,11), [11,29), [29,100) for
vehicle age. The use of an unsupervised discretisation is motivated by the skew-
ness and presence of extreme values, particularly in vehicle age. While univariate
discretisation ignores potential interactions between rating factors, embedding the
resulting categorical (discretised) representation into Burt space allows us to cap-
ture pairwise associations between variables in the transformed space.

The deviance reported in Table 1.9 is similar to that obtained with non-discretised
numeric data in Table 1.7. AIC and BIC are computed with 10 x 7 degrees of free-
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dom (# of clusters x # of modalities). For comparison, the residual deviance of a
GLM model fitted to the same categorical classes is equal to 6 094.49.

Fig. 1.3 displays the 10 clusters in a two-dimensional space, with the hard-edge
cutoffs reflecting the discretisation process.

Deviance 6097.51
AIC 7586.08
BIC 8219.01

Table 1.9: Statistics of goodness of fit of the Burt distance-based K-means applied
to data with two discretised continuous variables.
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Figure 1.3: Illustration of the partitioning of the discretised numeric data (pro-
jected in Burt space) into 10 clusters with the Burt distance-based K-means.

Table 1.10 summarises the claim frequency, percentage of policies, and domi-
nant modalities for each cluster. Policy allocation and the two riskiest categories
are broadly consistent with Table 1.8, though small differences are observed. No-
tably, Burt-adapted K-means better identifies the link between low ratio power
and smaller claim frequencies. The two lowest-frequency clusters are the only ones
labelled with class 1 (lowest ratio power), which was not the case in Table 1.8.
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Cluster % of policies Gender Zone Class Owner’s age Vehicle age Frequency (%)

9 2.66 M 34 1 [35,46] [29,46] 0.2207
10 276 M 24 1 [29,52] [29,45] 0.3083
3 1531 M 34] [35] [47,52] [13,17] 0.3257
2 1523 M [34] [3,5] [42,46] [12,17] 0.4080
7 6.41 M [34] [35] [58,63] [13,17] 0.4560
6 12.96 M [24] [35] [47,52] [1,6] 0.9060
5 10.46 M [24] [34] [42,46] [1,5] 0.9150
8 469 M [24] [34] [58,62] [1,5] 0.9444
4 1432 M [24] [35] [25,32] [12,16] 1.5324
1 1521 M [24] [3.6] [23,29] [1,7] 4.0664

Table 1.10: Table summary (policy allocation, dominant features, and average
claim frequencies per cluster) of Burt distance-based K-means applied to two dis-
cretised continuous variables.

We assess the discretisation required by our Burt framework on a simulated
dataset to further validate our findings. We generate 1000 observations from two
continuous variables X; and Xs. The simulated data points, illustrated in Fig. 1.4,
are such that we can visually identify two distinct clusters. We categorize each
variable, as required by our Burt approach, with the standard K-means algorithm
(unsupervised approach) in 10 categories. We then apply our Burt distance-based
K-means to the discretised data. Fig. 1.4 shows that our Burt approach was effec-
tively able to identify the two clusters.

6 ® ©  Cluster1
o © Oy :O ® Cluster2

Feature 2

Feature 1

Figure 1.4: Clustering results obtained with the Burt distance-based K-means
algorithm on a simulated dataset.
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We can now benchmark our Burt distance-based K-means against K-prototypes
(linear combination of Euclidean and Hamming distances) and K-medoids (Gower
distance). Z. Huang (1998) extended K-modes (Z. Huang 1997) to handle mixed
data types with the K-prototypes algorithm. This hybrid method combines K-
means and K-modes by using a weighted sum of Euclidean distance for numeric
data and Hamming distance for categorical data:

d(@i )= Y (@wij—cuy)+8| Y Waij#cus}|

jE€numeric jEbinary

where 8 € R is a weighted factor that controls the relative importance of cate-
gorical variables with respect to numerical ones. Table 1.12 presents the clustering
results obtained by applying K-prototypes with g = 1 to the Wasa insurance port-
folio, which contains two continuous and three categorical features. As reported in
Table 1.11, the riskiest cluster is once again characterised by younger drivers of ve-
hicles with high power-to-weight ratios (classes 5 and 6), while the cluster with the
lowest claim frequencies consists mainly of ancient vehicles (23+). Nevertheless,
no clear patterns seem to emerge from the cluster analysis.

Cluster % of policies Gender Zone Class Owner’s age Vehicle age Frequency (%)

13 445 M 4 [14]  [39,51] [23,30] 0.1754
5 350 M 34] 1 [30,53] [38,46] 0.2280
15 794 M 3 3 [43,53] [13,19] 0.3010
11 928 M 4 3 [51,62] [1,16] 0.3856
14 924 M 4 5 [43,55] [12,17] 0.3888
4 507 M 4 2 [45,60] [13,19] 0.5943
12 582 K 4 [3.4]  [33,46] [12,18] 0.5985
7 9.01 M 23] 4 [43,52] [1,17] 0.6748
2 456 K 1,2 3 [24,48] [1,16] 1.2525
6 485 M [2,6] 6 [45,54] [1,8] 1.3813
9 530 M 4 [14]  [18,29] [12,17] 1.5103
1 737 M 1 3 39,50] [0,15] 1.6583
3 841 M 4 3 [21,29] [1,6] 2.2660
8 857 M 2 5 [24,34] [1,17] 2.5845
10 6.63 M 3 6 [23,29] [6,13] 3.8295

Table 1.11: Table summary of K-prototypes clustering results (dominant features
and average claim frequencies per cluster).

Moreover, the deviance, in Table 1.12, is worse than the one obtained when
clustering only quantitative variables. One can eventually consider adjusting g in
order to minimize the deviance, but we failed to find a value of § that significantly
improved the results for the Wasa dataset.
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Deviance 6161.47
AIC 8050.04
BIC 10491.35

Table 1.12: Statistics of goodness of fit obtained by partitioning the mixed-type
dataset into 15 clusters with the K-prototypes algorithm.

We further benchmark Burt-distance based K-means for mixed data types with
K-medoids (Gentle et al. 1991). Unlike K-means, it selects actual data points
(medoids) as the cluster centers, making it more robust to noise and outliers.
When dealing with mixed data types (numerical and categorical), Gower distance
is commonly used as the K-medoids dissimilarity measure. It computes the distance
between two objects as a combination of dissimilarities across all variable types.
Formally, Gower distance is defined as:

1 N o s

d (i, xir) = m Z 55]2)/61511)’ ’
j=1

(4)

where m denotes the number of features, d;”;, is the normalised distance for the

j-th feature, and 51(31), is an indicator function that equals 1 if the j-th feature is
comparable for both observations, and 0 otherwise.

Gower distance requires computing pairwise dissimilarities between all n ob-
servations. This results in the calculation of %n (n — 1) pairwise distances, which
scales quadratically with the size of the dataset. When working with an insurance
portfolio, this rapidly becomes computationally prohibitive. On the Wasa dataset,
computing the Gower distance matrix took approximately 25 minutes. The ex-
haustive search for optimal medoids, and the complexity of handling mixed data
types, led to an additional 26 minutes to run the K-medoids algorithm with the
pre-computed distances. Moreover, the resulting deviance, in Table 1.13, is even
worse than the one obtained with K-prototypes in Table 1.12.

Deviance 6290.92
AIC 8179.49
BIC 10620.80

Table 1.13: Statistics of goodness of fit obtained by partitioning the mixed-type
dataset into 15 clusters with the K-medoids algorithm (using Gower distance).

The disappointing results obtained with K-prototypes and K-medoids lead us to
apply our Burt distance-based K-means on the Wasa dataset with two discretised
continuous variables and three categorical variables. As reported in Table 1.14,
we obtain a greater heterogeneity between clusters, with average claim frequencies
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ranging from 0.25% up to 8%. The first four riskiest categories are characterised
by a majority of young drivers (22-29 years old). The differences in the vehicle
ages are also more defined between clusters, with the oldest vehicles assigned to
the cluster with the smallest claim frequency, and more recent vehicles assigned to
clusters with higher claim frequencies. Vehicles with the lowest power ratio (class
1) are also exclusively represented in the cluster with the smallest claim frequency
(see cluster 16), whereas vehicles with the highest power ratio (class 6) are only
represented in clusters with higher claim frequencies (see clusters 11, 6, and 14).
The cluster with the highest claim frequency (see cluster 1) is also exclusively
labelled with vehicles in central and semi-central parts of Sweden’s three largest
cities (zone 1). The under-representation of female drivers in the portfolio is also
reflected in the dominant gender (mostly men) associated with each cluster.

Cluster % of policies Gender Zone Class Owner’s age Vehicle age Frequency (%)

13 483 M 34 1 [35,55] [29,46] 0.2512
2 986 M 4 [4,5  [40,52] [12,17] 0.3141
3 952 M (1,3 [35] [47,52] [13,17] 0.3225

10 760 M 23] [3,5] [42,46] [12,17] 0.4842
9 809 K 34] [3,5] [25,51] [13,17] 0.5647
5 577 M 4 3,5]  [47,55] [1,6] 0.5936
7 919 M [34] [35] [58,62] [1,17] 0.6645
8 423 M 4 [3,5]  [25,34] [11,16] 0.8449
4 6.46 M (1,3 [34] [42,46] [1,5] 1.0119

12 6.83 K 34] [34] [24,52] [1,6] 1.2278

15 723 M 23] [34] [47,52] [1,5] 1.2402

11 580 M 23] [3,6] [24,31] [11,15] 2.0485
6 438 M 4 [3.6]  [22,29] [1,7] 2.3001

14 6.56 M 23] [3,6] [23,29] [1,8] 4.2849
1 3.66 M 1 [3.4]  [25,31] [1,9] 8.0840

Table 1.14: Table summary of Burt distance-based K-means on mixed data types
(dominant features and average claim frequencies per cluster).

The deviance, AIC, and BIC are reported in Table 1.15. Both AIC and BIC
are computed with 15 x 23 degrees of freedom (# of clusters x # of modalities).
The deviance, measuring our model’s goodness of fit, is clearly better than the one
obtained with K-prototypes or K-medoids. In comparison, the deviance of a GLM
model fitted to the same dataset is around 5824.

Deviance 5978.96
AIC 8017.53
BIC 11136.99

Table 1.15: Statistics of goodness of fit obtained by partitioning the mixed-type
dataset into 15 clusters with the Burt distance-based K-means algorithm.
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Note that we chose the number of clusters K based on the marginal gain of intra-
class inertia and the marginal reduction in deviance. As illustrated in Fig. 1.B.1
(in Appendix), the marginal gain of inertia and the marginal reduction in de-
viance (averaged over fifteen seed values) become limited above a certain number
of clusters. Given the size of our motorcycle portfolio (60 000+ policies), we chose
K =15 in order to get closer to the GLM deviance (5823.66) while still effectively
summarizing the large amount of information in our data.

1.3 Burt-adapted K-means variants

In this Section, we extend the scope of application of our Burt framework to K-
means variants, namely the mini-batch and fuzzy K-means. The mini-batch ex-
tension is particularly suited to address computational challenges associated with
large-scale data, a common issue with insurance datasets, whereas fuzzy K-means
is a soft form of clustering (each object can belong to multiple clusters).

1.3.1 Mini-batch K-means

The K-means algorithm stores the entire dataset in main memory, which can be-
come computationally costly when handling large datasets. The mini-batch K-
means algorithm was proposed as a solution by Sculley (2010). This extension uses
small random batches of data with a fixed size. In each iteration, a new random
sample from the dataset is used to update the clusters. This process continues
until convergence. The specifics of how we adapted the mini-batch variant to our
Burt framework are outlined in Algorithm 3 (in Appendix).

Empirical evidence suggests a substantial reduction in computational time,
though often at the expense of partition quality. Fig. 1.5 compares the runtime,
with respect to the number of clusters, of our Burt-adapted mini-batch K-means.
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Figure 1.5: Partition quality (solid lines) measured by the average deviance over 10
random seeds, and runtime (dashed lines) with respect to the number of clusters.
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While the discrepancy in partition quality (between the standard K-means and
its mini-batch variant) remains small, the difference in computational time grows
noticeably. The mini-batch algorithm exhibits a relatively stable runtime, while
K-means becomes increasingly time-consuming. However, the overall gain in com-
putation time is still limited (both algorithms complete within a few seconds). To
observe significant gains in computation time, mini-batch K-means would need to
be tested on a larger dataset than the Wasa dataset used here.

We applied the mini-batch algorithm to the Wasa dataset using Burt distance,
defined in Eq. (1.2.10), with batch sizes of 5000 policies. As described in Sec-
tion 1.2.3, continuous variables are discretised. Table 1.16 presents the results for
15 centroids. The mini-batch K-means runs faster and gives approximately the
same results. We observe more or less the same dominant modalities discovered in
Table 1.14.

Cluster % of policies Gender Zone Class Owner’s age Vehicle age Frequency (%)

6 371 M 4 1 (35, 64] 13, 48] 0.2625
11 794 M 4 34]  [47, 59] [12, 17] 0.2759
2 331 M 1,3 1 29, 60] 29, 45] 0.4523
10 691 M 4 [5,6]  [22, 46] 12, 16] 0.5052
15 6.77 M (14] [34] [42, 46] [12, 17] 0.5295
8 8.06 K 3,4] [3,5] [25,51] 13, 17] 0.5661
5 985 M 4 3 47, 55] 1, 5] 0.6560
9 858 M [1,2] [3.6] [47, 54] 13, 17] 0.7156
3 544 M 3 3 23, 63] 13, 17] 0.7496
14 826 M 24] [3,5]  [42, 46] 1, 6] 0.9482
12 558 M 23] 5 24, 52] 13, 17] 1.0196
7 682 K 34] [34] [24,52] (1, 6] 1.2301
4 581 M 23] [45] [47, 53] 1, 7] 1.6504
1 489 M 4 [4,6]  [22, 28] [5, 10] 3.2768
13 8.07 M 1,3]  [35] [23,29] (1, 6] 5.9861

Table 1.16: Burt-adapted mini-batch clustering. Policy allocation, dominant fea-
tures, and average claim frequencies per cluster.

The deviance, reported in Table 1.17, is slightly higher than that of a seg-
mentation based on the Burt-adapted K-means algorithm. Note that this minor
reduction in cluster quality may be due to the increased presence of noise in the
mini-batch algorithm.

Deviance 6049.68
AIC 8088.25
BIC 11207.71

Table 1.17: Statistics of goodness of fit obtained by partitioning the dataset into
15 clusters with the Burt-adapted mini-batch K-means.
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1.3.2 Fuzzy K-means

The K-means algorithm, often referred to as hard clustering, attempts to partition
a dataset into K distinct clusters. Each data point is assigned to the cluster whose
centre is the nearest and may only belong to one cluster. In contrast, the fuzzy
K-means algorithm proposed by Dunn (1973) and later improved by Bezdek et
al. (1984) is known as soft clustering, as it allows data points to belong to more
than one cluster. Given a finite set of data, the algorithm returns two outputs.
First, a set of K cluster centers {ci,...,cx}, and second, a partition matrix W,
which contains the membership values w; , fori =1,...,nandu=1,..., K. Like
K-means, fuzzy K-means aims to minimize the intra-cluster variance:

n K
arg min E E wi, d(xi, cu)
i=1 u=1

where
1

= —.
. a—1

The hyper-parameter o« € RT determines the level of cluster fuzziness. A large

o results in smaller membership grades w;,, and hence fuzzier clusters. In the

limit o = 1, the memberships, w; ,, converge to 0 or 1, which amounts to crisp

partitioning.

The arbitrary centroid initialisation and the pre-specified number of clusters
both retain their significant influence over the final partition. The Burt-adapted
fuzzy K-means is detailed in Algorithm 4 (in Appendix).

We apply the Burt-adapted fuzzy K-means to the Wasa insurance dataset. We
once again discretise the continuous variables as explained in Section 1.2.3. We run
the algorithm with a fuzziness parameter of a = 1.20. The policies are assigned
to the most likely cluster (highest w;, for w = 1,...,K). Note that, if we set
« = 2, which is a standard level of fuzziness in the literature, several clusters are
not assigned any policies, but some policies have a non-null probability of belonging
to them.

Table 1.18 reports the most frequent features and the average claim frequency
in each cluster. We find similar profiles to those found in Table 1.14 with more
recent (older) vehicles with higher (lower) ratio power driven by younger (older)
policyholders in clusters with higher (lower) claim frequencies on average.

The deviance, in Table 1.19, is better than that of the mini-batch K-means,
and remains quite close to the one obtained with our Burt-adapted K-means.

Wi,
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Cluster % of policies Gender Zone Class Owner’s age Vehicle age Frequency (%)

2 516 M 4 3,5]  [47,52] [12,17] 0.2604
7 472 M 34] 1 [35,60] [29,46] 0.2992
14 821 M 23] [35] [47,52] [13,17] 0.3552
6 492 M 4 3,5]  [41,46] [12,18] 0.3586
9 6.02 M 3,4] [3,5] [58,63] [13,17] 0.4490
12 760 M 23] [3,5]  [42,46] [12,17] 0.4842
4 378 M [24] 3 [47,52] [1,5] 0.6654
10 440 M 24] [34]  [58,62] [1,5] 0.8285
1 423 M 4 3,5]  [25,34] [11,16] 0.8449
11 14.88 K 34] [34] [24,51] 1,17] 0.8598
3 847 M 24] [35]  [42,46] [1,6] 0.9340
5 729 M [24] [45]  [47,52] [1,7] 1.0891
13 444 M 4 3,6]  [22,29] [1,7] 2.2784
15 708 M 23] [35] [2532] [11,15] 2.4298
8 880 M 2,3 [3,6] [23,29] [1,7] 5.7983

Table 1.18: Burt-adapted fuzzy clustering. Policy allocation, dominant features,
and average claim frequencies per cluster.

Deviance 6026.25
AIC 8064.82
BIC 11184.27

Table 1.19: Statistics of goodness of fit obtained by partitioning the dataset into
15 clusters with the Burt-adapted fuzzy K-means.

1.4 Burt-adapted spectral clustering

Since K-means relies on Euclidean distance, each iteration partitions the space into
(hyper)spherical clusters. This makes K-means unsuitable for detecting clusters
with non-convex shapes. For example, in Fig. 1.6, K-means fails to distinguish
the inner and outer rings or the upper and lower moons of the circular and moon-
shaped data. This poor clustering performance stems from the fact that the natural
clusters do not form convex regions. By exploiting a deeper data geometry, spectral
clustering (J. Shi et al. 2000; A. Y. Ng et al. 2001; Belkin et al. 2001) addresses the
lack of flexibility of K-means in cluster boundaries. While K-means attempts to
associate each cluster with a hard-edged sphere, spectral clustering embeds the data
into a new space derived from a graphical representation of the dataset. Applying
the K-means algorithm to this representation bypasses the spherical limitation, and
results in the intended non-convex cluster shapes.
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Figure 1.6: Illustration of the partition of non-convex data (left) with the K-means
(middle) and spectral clustering (right) algorithms. Each cluster is identified by a
color. The centroids are represented with a diamond shape.

The graph theory is the core component in the graph representation of the
dataset. As illustrated in Fig. 1.7, an undirected graph G = (V, E, W) is defined
by three elements:

1. a set of vertices V = {v;},_; , where each vertex v; represents one of the

n data points in the dataset;

2. a set of edges E = {e; s : v; +— vy} whose entries are equal to 1 if two
vertices v; and v, are connected by an undirected edge e; ;-, and 0 otherwise;

3. aset of weights W = {w;; : w; # 0 if v; +— vy } that contains the similarity
between two vertices linked by an edge.

E and W can both be represented as n x n matrices. The matrix W is often
referred to as the weighted adjacency matrix A.

The dataset X = {x1,...,x,}, where &; € R™, can thence be represented as
a graph G = (V, E, W) by first associating each data point x; with a vertex v;. A
measure of similarity is then defined between two data points 7 and 7. A common
choice is the Gaussian kernel:

S(i,i') = exp (—‘W> 7 (1.4.1)

«

where o € RT is a tuning parameter. Two highly similar data points are connected
by an edge e; with a weight w; equal to their similarity measure, while data
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Figure 1.7: Vertices, edges, and weights of a graph.

points with low similarity are considered disconnected. Various methods exist for
constructing a pairwise similarity graph. Notably, the e-neighborhood graph, the
(mutual) k-nearest neighbor graph, and the fully connected graph (where all points
in the dataset are connected).

In the e-neighborhood graph, points are connected if the pairwise distance be-
tween them is smaller than a threshold €. In practice, we keep edges with similarity
above exp (—e/a), and set all other similarities to zero.

In the (mutual) k-nearest neighbor graph, the vertex v; is connected to vertex v,/
if vy is among the k-nearest neighbors of v;. Since the neighborhood relationship is
not symmetric, and the graph must be symmetric, we need to enforce the symmetry.
The graph is made symmetric by ignoring the directions of the edges, i.e., by
connecting v; and vy if either v; is among the k-nearest neighbors of v;; or vy is
among the k-nearest neighbors of v;, resulting in the k-nearest neighbor graph.
Alternatively, the connection is made if v; and v;; are mutual k-nearest neighbors,
resulting in the mutual k-nearest neighbor graph.

Note that the choice of rule for constructing the graph influences the edge matrix
and may affect the resulting clusters. In our analysis, we chose to construct the
similarity graph using a symmetric k-nearest neighbor graph specified in Python
through the spectral clustering implementation from the scikit-learn package.

To work with the graph representation, we apply the graph Fourier transform,
which is based on the Laplacian representation, denoted L, of a graph G, given by
the difference between its diagonal degree matrix D and adjacency matrix A:

L=D-A, (1.4.2)
where the degree matrix D is the diagonal matrix defined by:

} : . ./
Dii = Wi D” =0 fori 7& T,
,i/

and the adjacency matrix is given by:

w; ¢ 1if vertices v; and v; are connected

1,0 [ 7 )

Ajyr = '
0 otherwise.
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The quantity D;; represents the degree of a vertex v;, that is, the total weight
of edges connected to v;. In the unweighted case, this reduces to the number of
neighboring vertices connected to v;.

The matrix L, defined in Eq. (1.4.2), is called a graph Laplacian. This termi-
nology comes from the analogy with the classical Laplace operator in continuous
spaces, which measures how a function varies locally around a point. Similarly, the
graph Laplacian measures how a function defined on the vertices of a graph varies
across neighboring vertices.

To better understand this, consider a function f : V — R assigning a real
value to each vertex v; of the graph. If two connected vertices have very different
function values, the graph Laplacian produces a large variation term. Conversely,
neighboring vertices with similar values produce a small variation.

This analogy becomes particularly intuitive for discrete periodic functions. Con-
sider a function taking values at times 1,2,..., N with periodic boundary condi-
tions. Such a structure can naturally be represented by a ring graph, as illustrated
in Fig. 1.8, where the first and last vertices are connected to reflect the periodicity.

U1

Un v,

Figure 1.8: Ring representation of a period with N steps.

In Fig. 1.8, none of the vertices have edges to themselves, so diagonal elements
of A are 0. Because our graph is undirected, F;;; = E;;. In the resulting Laplacian
matrix, the diagonal entries are the degrees of the vertices, and the off-diagonal
elements are the negative edge weights:

2 0 0O 0 1 00 2 -1 0 0
L=10 2 0 :]_|1 0 1 - |1-1 2 -1

0 0 2 0 0 1 01 o -1 2 -1

0 0 2 0 1 0 0 -1 2

The role of the graph Laplacian becomes clearer when interpreting it as an operator
acting on functions defined on the vertices of the graph. Let

J= (f(vj))_jzl,A..,N’
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represent the vector of function values evaluated at the vertices of a graph G.
Its product with the graph Laplacian Lf, corresponds precisely to the second-
order finite difference derivative of the function f(.). This operation plays a key
role in analysing the graph’s structure, as the partitioning of the graph (includ-
ing determining the number of clusters) can be inferred from the eigenvalues and
eigenvectors of the graph Laplacian matrix, a process known as spectral analysis.

Since L is a symmetric matrix, it can be decomposed using eigenvalue decom-
position L = UXU " where U is the matrix of eigenvectors, and ¥ is a diagonal
matrix containing the eigenvalues. As the Laplacian is positive semi-definite, all
its eigenvalues are nonnegative. Moreover, because each row of L sums to 0, the
constant vector 1 satisfies L1, implying that 0 is always the smallest eigenvalue of
L.

The analysis of the eigenvalues provides useful insights into the graph’s struc-
ture. Specifically, the multiplicity of the zero eigenvalue reflects the number of
disconnected components in the graph, giving a way to partition the graph. For
instance, if all vertices are disconnected, all eigenvalues will be zero. As edges
are added, some eigenvalues become non-zero, and the number of zero eigenvalues
corresponds to the number of connected components in the graph. To illustrate
this, consider the graph in Fig. 1.9, composed of K disconnected sub-graphs. In
this case, the Laplacian matrix will have K zero eigenvalues, indicating that the
graph consists of K independent components.

Vl VZ VK

Figure 1.9: Graph with K sub-graphs.

Beyond identifying the number of connected components, the eigenvalues of
the graph Laplacian provide information about the density of the connections.
The smallest non-zero eigenvalue, known as the spectral gap, indicates the overall
connectivity density of the graph. A large spectral gap suggests a densely con-
nected graph, while a small spectral gap implies that the graph is close to being
disconnected. Thus, the first positive eigenvalue offers a continuous measure of the
graph’s connectedness. Moreover, the second smallest non-zero eigenvalue, often
referred to as the Fiedler value or the algebraic connectivity, is particularly use-
ful for partitioning the graph. This value approximates the minimum graph cut
required to divide the graph into two connected components. For example, if the
graph consists of two groups of vertices, V; and V3, connected by an additional
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edge (as shown in Fig. 1.10), vertices v; and vg on either side of the cut can be
assigned to V; or V5 by analyzing the values in the Fiedler vector.

U1
Uy

Vi v,
Figure 1.10: Two weakly connected sub-graphs.

For graphs consisting of K well-separated clusters (i.e., weak inter-cluster con-
nectivity), the first K eigenvectors associated with the zero eigenvalue are ap-
proximately piecewise constant on the connected components (Paccanaro 2006).
In other words, vertices belonging to the same component (i.e., points belonging
to the same cluster) have identical coordinates in the spectral embedding. Intu-
itively, since the eigenvectors of zero tell us how to partition the graph, the first K
columns of U (the eigenvectors’ coordinates) correspond to the indicator vectors of
the connected components (i.e., clusters).

Proposition 1.1 (Piecewise constancy of eigenvectors.). Let G = (V, E) be an
undirected weighted graph with non-negative weights (wy > 0) and let L=D — A
denote its graph Laplacian. Suppose that G consists of K connected components
Vi,...,Vik. Let U € R™E contain an orthonormal basis of the eigenspace corre-
sponding to the eigenvalue 0. Then, Meild et al. (2001) showed that the eigenvalue 0
has multiplicity K, its eigenspace is spanned by the indicator vectors 1v,, ..., ly,,
and the spectral embedding defined by the rows of U,

V; Ui" € RK s
is constant on each connected component, i.e.
Ui, = Uy, forall vi,vy € V.

Consequently, the connected components of G can be recovered by clustering the
row vectors of U. The proof is given in Appendix 1.D

In practice, the component structure is unknown (i.e., the K clusters are not
identified). For graphs consisting of K well-separated clusters, the Laplacian can
be interpreted as a perturbation of the ideal block-diagonal case. In this setting,
the first K eigenvectors remain approximately piecewise constant (see, e.g., Meild
et al. (2001)). Hence, the rows of the truncated eigenvector matrix provide low-
dimensional representations of the vertices, and clustering these representations
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yields an approximation of the underlying partition. This motivates the spectral
clustering procedure described in Algorithm 5 in Appendix.

As demonstrated by Luxburg (2007), spectral clustering’s performance is su-
perior to other widely used clustering algorithms, particularly due to its ability to
accommodate for non-convex cluster shapes. To illustrate this, we apply spectral
clustering to the circular dataset introduced earlier in this Section, which consists
of 1200 data points (800 in the outer ring, and 400 in the inner circle).

For this analysis, we construct a graph using the mutual k-nearest neighbors
with £ = 20 and set the similarity parameter to & = 1. The left plot of Fig. 1.11
clearly shows that spectral clustering effectively identifies the distinct inner and
outer rings of the dataset. In the right plot, we present the coordinates of all
pairs of eigenvectors, (U; 1, Ui,2)z’=1,...,1200' Consistent with the above property, we
observe in the right plot of Fig. 1.11 that the eigenvector coordinates for points
within the same cluster are identical (they are superimposed).
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Figure 1.11: (Left) Partition of a non-convex dataset with spectral clustering.

(Right) Pairs of eigenvectors’ coordinates (U 1,Us2),_; .-

In real-world applications, performing spectral clustering on large datasets
presents significant challenges, primarily due to the rapid growth in the size of
the edge and weight matrices (E,W). When only few vertices are connected, it is
possible to represent (F, W) as a sparse matrix, where most elements are zero, thus
saving memory and computational resources. An alternative approach to manage
this complexity consists of first using the K-means algorithm to reduce the number
of data points to a manageable number of centroids, and then perform spectral
clustering on these centroids. Fig. 1.12 demonstrates the effectiveness of this ap-
proach. The figure shows the 100 centroids obtained from applying K-means to
the original dataset of 1200 points, along with their corresponding cluster. The
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right plot illustrates the coordinates of the pairs of eigenvectors, (U; 1,U;2), for i
ranging from 1 to 100, reflecting the results of the spectral clustering applied to
these centroids.
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Figure 1.12: (Left) Spectral clustering partitioning of a non-convex dataset that
has been preliminarily reduced with the K-means algorithm. (Right) Pairs of eigen-

vectors’ coordinates (U;1,Ui2);_; .-

To conclude this Section, we apply the spectral clustering algorithm to the Wasa
insurance dataset. We first convert the variables driver’s age and vehicle age into
categorical variables, as described in Section 1.2.3.

We then compute the disjunctive table D and the weighted Burt matrix BW
using Burt distance. Following the procedure outlined in Section 1.2.2, each insur-
ance policy ¢ = 1, ..., N characterised by multiple modalities is represented by its
centre of gravity in Burt space, i.e., ©; — Di,‘BW/mcat.

The dataset contains 62 436 contracts. We reduce its dimension by applying our
Burt distance-based K-means algorithm with 1500 centroids. We then construct a
graph based on these centroids using the mutual k-nearest neighbors (with k& = 70)
and a similarity parameter & = 1. We run the spectral clustering algorithm on this
reduced dataset with K = 15 clusters.

Table 1.20 summarizes the results, including the policy allocation, the dominant
features, and the average claim frequency for each cluster. The application of
spectral clustering to the reduced dataset, processed through our Burt distance-
based K-means, demonstrates its effectiveness in discriminating between drivers
with different risk profiles.

Notably, unlike K-means (and its mini-batch and fuzzy variants), spectral clus-
tering can identify a greater number of clusters predominantly consisting of female
drivers, who are underrepresented in the insurance portfolio. Additionally, the
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allocation of policies differs significantly from previous results, with the cluster
exhibiting the lowest claim frequency containing the majority of policies (approxi-
mately 40%). This indicates that spectral clustering effectively identifies the rarety
of claim events. Table 1.21 further supports our method’s efficacy, achieving rea-
sonable goodness of fit in terms of deviance.

Cluster % policies Gender Zone Class Owner age Vehicle age Frequency (%)

5 4018 M 4 3,5]  [42,53] [12,18] 0.3785
4 228 M 34 1 [60,66] [1,45] 0.4424
7 404 K [24] [3,5] [23,33] [13,17] 0.6854
9 6.04 K 3.4] [34]  [42,50] [1,16] 0.7040
2 178 K 34] [3.6] [23,54] [6,11] 1.1766
14 1034 M 1,3 [35] [44,52] [1,5] 1.2747
1 543 M 14 3 [24,60] [1,5] 1.4537
6 956 M 23] [4,6] [25,55] [12,16] 1.5390
12 489 M 4 [4,5]  [21,58] [2,11] 1.5788
3 471 M [24] 6 [28,57] [7,11] 1.7313
10 164 K 14 3 [24,54] [1,5] 2.1993
15 156 M 23] [45] [28,58] 2,3] 2.6608
13 1.66 M [24] [24] [23,57] 1 3.1749
11 149 M 1 34]  [28,33] [1,5] 6.5044
8 440 M 2,3  [4,6] [24,27] [4,11] 6.6864

Table 1.20: Burt-adapted spectral clustering on the Wasa dataset preliminarily
reduced with the Burt-adapted K-means algorithm. Dominant features and average
claim frequencies per cluster.

Deviance 6069.01

Table 1.21: Statistic of the goodness of fit obtained by partitioning the dataset
into 15 clusters with the Burt-adapted spectral algorithm.

1.5 Conclusion

This research chapter explores a Burt distance-based approach to extend the scope
of well-established clustering techniques to actuarial applications. The main chal-
lenge consists in defining Burt distance as a dissimilarity measure between obser-
vations characterised by both numerical rating factors and categorical classes.
Our empirical analysis reveals that our Burt distance-based K-means is able
to identify relevant clusters of policies. Numerical tests and benchmarking against
K-means, K-modes, K-prototypes, and K-medoids demonstrate the robustness of
our proposed method on categorical, continuous, and mixed data types. We further
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assess the applicability of our Burt approach to K-means variants. The mini-batch
variant was shown to be particularly suitable for large-scale insurance portfolios.
The second variant, based on fuzzy logic, allows for an observation to belong to
multiple clusters. Our numerical experiment reveals that both Burt-adapted vari-
ants give consistent results on our dataset.

In the last part of this chapter, we adapt spectral clustering to our Burt ap-
proach. It requires a graphical representation that is particularly costly in terms of
computer resources when analyzing large datasets. We address this drawback by
introducing a data reduction method using our Burt-adapted K-means algorithm
with a large number of centroids. Numerical tests reveal that this approach is also
competitive in terms of deviance.

By leveraging these different clustering techniques, we intend for practitioners to
gain deeper and more meaningful insights into the underlying structure of complex
insurance datasets.
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1.A Tables

Rating factor Class Class description
Gender M Male (ma)
K Female (kvinnor)
Geographic area 1 Central and semi-central parts of Sweden’s three

largest cities

EV ratio 9-12
EV ratio 13-15
EV ratio 16-19
EV ratio 20-24
EV ratio 25+

2 Suburbs plus middle-sized cities

3 Lesser towns, except those in classes 5 or 7

4 Small towns and countryside

5 Northern towns

6 Northern countryside

7 Gotland (Sweden’s largest island)
Vehicle class 1 EV ratio 1-5

2 EV ratio 6-8

3

4

5

6

7

Table 1.A.1: Description of the modalities of the categorical rating factors Zone,
Class, and Gender, from the motorcycle insurance dataset by Ohlsson et al. (2010).

1.B Figures
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Figure 1.B.1: Burt distance-based K-means metrics. Left plot: evolution of the
total intra-class inertia. Right plot: evolution of the deviance.
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1.C Algorithms

Algorithm 3: Mini-batch K-means algorithm.

Data: Dataset X', number of clusters K, batch size npatcn

Initialisation
Initialize centroids {c,(0)}X ; (e.g., randomly from X)
Initialize cluster counts N, + 0, u=1,..., K

Compute Burt transformed observations x; = DZ-,,BW [Meat
L Set iteration counter e < 0
while not converged do
Sample a mini-batch M C X of size npatcn
Initialize empty batch clusters S, < 0, u=1,..., K
for x; € M do
Assign point to nearest centroid:

u(i) = argmin d(x;, cy(e))
ue{l,...,.K}

Update assignment:

Su(iy < Su@y U {zi}

for u =1 to K do
if |Sy| > 0 then
Compute mini-batch centroid:

1
batch E
C = = Z;
u |Su| g

Update cluster count:
Ny < Ny + |S4]
Update centroid using incremental moving average:
cule+1) = (1= nu(e)) cule) +1mule)ey™™
where

_ 15l
nu(e) - Nu

efse
| cule+1) < cyule)

geleJrl
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Algorithm 4: Fuzzy clustering.

Data: Dataset X', number of clusters K, fuzziness a > 1
Initialisation
Randomly select K initial centroids ¢1(0),...,ck(0)
L Set iteration counter e + 0
while not converged do
fori=1 tondo
Update membership of x; to each cluster u =1,..., K:

1

K d(mi »Cu (e)) %
2=t (m)

wiu(e) =

for u=1 to K do
Update centroid of cluster u:
Z?:l w?u(e) Di,-BW/mcat

culet )= S wd (e)
i=1 Wi (€

C;)mpute total weighted distance:

n

K
dtotal(e +1) = Z waﬁu(e) d(xi, cu(e + 1))

u=11i=1

e+ e+1

Algorithm 5: Spectral clustering.
Data: Dataset X
Initialisation
| Represent X as a graph G = (V, E, W)
Calculate the Laplacian matrix L =D — A
Compute the eigendecomposition L = USU T
Fix k and construct U®*) € R™** from the eigenvectors corresponding to
the k£ smallest eigenvalues

Apply K-means (Algorithm 1) to the rows Ul-(f) , fori=1,...,n

Output: Assign each data point to the cluster corresponding to Ui(”?)
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1.D Proofs

Proof of Proposition 1.1. If G is connected (with K = 1), then for any u satisfying
Lu =0 (i.e., u is an eigenvector with 0 eigenvalue),

n
uw' Lu = Z wiir (u; — ui/)2 )

iyi'=1
Since all weights w;;» are non-negative, the quadratic form equals zero if an only if:
wiir (u; — m:)2 =0 foralls,q .

This condition is met whenever the two vertices u;, u; are disconnected (i.e., w;;y =
0). Thus whenever the two vertices are connected (i.e., w; > 0), we must have
u; = uy. By connectivity, this implies that w is constant on V. Hence, for K =1,
the nullspace of L is one-dimensional and spanned by 1.

If G consists of K > 1 connected components Vi,..., Vi, then after ordering
vertices according to component (i.e., sub-graph) membership, the Laplacian takes

block-diagonal form:
Ly ... 0

L= : IR
0 ... Lg
Each block Ly, corresponds to a connected graph and therefore has a one-dimensional
nullspace spanned by the constant vector on Vj. The nullspace of L is the direct
sum of these subspaces and thus has dimension K. A basis is given by the indicator
vectors 1y, .

Let U contain an orthonormal basis of this eigenspace. Each column of U is
constant on every Vi. Hence, for any two vertices v;, v;; € Vi, their row represen-
tations coincide:

Uy, =Uy,. .

Therefore, the spectral embedding maps all vertices of the same connected com-
ponent to the same point in RX. Clustering the row vectors of U thus exactly

recovers the connected components.
O



Chapter 2

Variational AutoEncoder for synthetic insurance
data

This chapter explores the application of Variational AutoEncoders (VAESs) to in-
surance data. Previous research has demonstrated the successful implementation
of generative models, especially VAEs, across diverse domains such as image recog-
nition, text classification, and recommender systems. However, their application to
insurance data, particularly heterogeneous insurance portfolios with mixed contin-
uous and discrete attributes, remains largely unexplored. This study provides novel
insights into the use of VAEs for unsupervised learning tasks in actuarial science,
including dimensionality reduction and synthetic data generation. We propose a
VAE model with a quantile transformation for continuous (latent) variables, a re-
construction loss that combines categorical cross-entropy and mean squared error,
and a KL divergence-based regularisation term. The architecture of our VAE cir-
cumvents the need to pre-train or fine-tune a neural network to encode categorical
variables into n-dimensional representative vectors within a continuous vector space
of dimension R". We assess the model’s ability to reconstruct complex insurance
data and generate synthetic insurance policies using a motor portfolio. Our exper-
imental results demonstrate the potential of VAEs to address challenges associated
with data availability in the insurance industry.

Charlotte Jamotton and Donatien Hainaut (2024).
“Variational AutoEncoder for Synthetic Insurance
Data”. In: Intelligent Systems with Applications
24, p. 200455. 1SSN: 2667-3053. pOL: 10.1016/
j.iswa.2024.200455
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2.1 Introduction

The insurance industry relies heavily on data to accurately assess its risk expo-
sure, which ultimately determines the success of any business model built on risk
management. However, insurance data often contains sensitive personal informa-
tion, such as the policyholder’s name, address, or gender, which are subject to
regulatory requirements'. Simply removing these identification factors does not
guarantee complete anonymisation of the data. Moreover, the more data we con-
ceal, the less valuable information is left for future analysis. This data anonymity
issue has sparked interest in synthetic data and its associated deep learning-based
generative models.

A generative model, or synthesis, is trained to generate artificial data that repli-
cate the structure and characteristics of the original dataset. Therefore, statistical
analysis performed on authentic or synthetic data should yield sensibly comparable
results. In actuarial science, such generative processes could provide access to un-
limited data that mimics the risk profiles of actual policyholders. Compliance with
privacy data regulations becomes less of a concern, as computer-generated data
is no longer personally identifiable information or associated with a data subject.
Synthetic data could also serve as a valuable insurance tool in situations where
actual data is unavailable (as is often the case when designing a new product) or
to correct biased training datasets. For example, skewed representations with re-
spect to gender, race, or other minority groups could be mitigated by generating
additional representative policies.

The two most prominent approaches to generative modelling are Generative Ad-
versarial Networks (GANs) (I. J. Goodfellow et al. 2014) and Variational Autoen-
coders (VAEs) (Kingma et al. 2013). Both have demonstrated success in generating
realistic images, text, and audio. While GANs are often praised for their ability
to generate high-quality visual samples, they are also singled out for their time-
consuming iterative optimisation. VAEs, on the other hand, are known for their
relatively straightforward implementation and hyper-parameters setup, as well as
their explicit inference network and tractable likelihood, though they tend to gen-
erate blurry or fuzzy outputs (see, e.g., Zamany et al. (2022)). The bottleneck
architecture, unique to autoencoders, led us to prioritise VAEs over the computa-
tionally expensive GANSs in this research chapter. The appeal of a bottleneck layer
stems from the manifold hypothesis, which suggests that although data may have
hundreds of dimensions, its intrinsic structure can be sufficiently described in a
lower-dimensional space. This manifold learning approach is analogous to human
perception, where we focus on core features rather than all intricate details (e.g.,
we do not recall every aspect of a dog appearance to recognise or distinguish it from
a cat, we focus on core characteristics instead). This hypothesis is the motivation

IThe EU General Data Protection Regulation (GDPR) on data protection and privacy, and the
European Court of Justice ruling in the Test-Achats case (C-236/09) concerning sex discrimination
came into effect in 2018 and 2011, respectively.
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behind dimensionality reduction techniques such as Principal Component Analy-
sis (Abdi et al. 2010), t-distributed Stochastic Neighbour Embedding (Maaten et
al. 2008), or autoencoders (often defined as non-linear PCA). Ideally, when applied
to insurance data, an autoencoder should learn some compressed representation of
policies’ descriptive attributes, and policyholders with similar risk profiles should
be mapped to nearby points in the latent space, facilitating clustering or the gen-
eration of new, meaningful policies.

In actuarial literature, Neural Networks (NNs) have predominantly been used
for supervised learning, with only a few exceptions. For example, Hainaut (2018b)
and Denuit, Hainaut, et al. (2019a) explored the predictive potential of unsuper-
vised self-organising maps for non-life insurance data. Early works on supervised
actuarial applications Hainaut (2018a), Noll et al. (2018), and Ferrario et al. (2018)
trained networks to learn a mapping f : & — ), where X is an insurance port-
folio defined by n policies and m rating factors (e.g., driver age, years of driving
experience, vehicle brand), and Y is either a continuous (claim frequency) or dis-
crete (number of claims) target. In contrast, the unsupervised learning approach
adopted here seeks to learn and understand the structure of the inputs themselves,
rather than trying to map inputs to target.

This chapter aims to find a low-dimensional representation of heterogeneous
tabular insurance data (i.e., to reduce and blur the rating factors space) and to use
the decoder network to generate synthetic insurance policies. Our contributions
are as follows:

1. The application of a Variational AutoEncoder, a Bayesian extension of the
classical autoencoder (Kramer 1991), to insurance data.

2. A quantile transformation to pre-process multi-modal, non-Gaussian data.

3. An all-in-one training of a VAE for heterogeneous data (no need to pre-train
layers to fine-tune a numerical representation for the categorical attributes)
with a loss function that combines a reconstruction loss, mixing categorical
cross-entropy and mean squared error, with a Kullback-Leibler (KL) diver-
gence regularisation term.

4. The generation of high-quality synthetic insurance policies using a quantile
transformation of the latent space.

The chapter is structured as follows. Section 2.2 reviews the state of the art. Sec-
tion 2.3 introduces the VAE model and motivates its use as a generative process.
Section 2.4 presents our main contributions and adjustments to the classical VAE.
Section 2.5 details the experimental setup and results. Subsection 2.5.1 describes
the heterogeneous insurance portfolio used to evaluate the quality of our VAE
model. Subsection 2.5.2 reviews the model architecture and hyperparameters setup,
evaluates the reconstructed portfolio’s quality and latent space structure, and il-
lustrates the impact of introducing the quantile transformation. Subsection 2.5.4
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investigates whether our VAE can generate high-quality synthetic insurance port-
folios characterised by discrete and continuous variables. Section 2.6 concludes. To
the best of our knowledge, the use of quantile transformations and Variational Au-
toEncoders for such unsupervised learning tasks (i.e., dimensionality reduction and
synthetic data generation) in actuarial science has not been previously explored.

2.2 Related works

Generative modelling from learned latent representations is a central application
of Variational AutoEncoders (VAEs) (Kingma et al. 2013). This technique plays
a crucial role in many sectors, including insurance, where accurate risk assess-
ment, modelling, and decision-making require access to high-quality, diverse, and
representative data. Over the years, researchers have developed various data aug-
mentation techniques to expand datasets while preserving the underlying structure
of the original data.

In natural language processing, J. Wei et al. (2019) proposed text augmen-
tation techniques such as replacing or inserting random words in a sentence to
create new contexts and improve text classification models. Similarly, Xie et al.
(2020) used unsupervised data augmentation techniques for text classification, in-
cluding back translation and paraphrase generation, to improve model robustness
through consistency training. In computer vision, Krizhevsky et al. (2017) em-
ployed simple data augmentation techniques, such as horizontal flipping, random
cropping, and zooming, to create mirror images and simulate positional variations,
and improve the generalisation performance of deep Convolutional Neural Net-
works (CNNs). Similarly, Simard et al. (2003) discuss elastic distortions, such as
rotation (to simulate different viewing angles), scaling, and translation to expand
image datasets applied to CNNs. While these traditional methods can increase
dataset size, they often fail to capture complex structure and dependencies within
the data. Advanced generative approaches, such as Generative Adversarial Net-
works (GANs) (I. J. Goodfellow et al. 2014) and VAEs (Kingma et al. 2013), have
shown promise in overcoming these limitations. For comparative reviews of deep
generative models, including VAEs, GANs, normalising flows, and energy-based,
and autoregressive models, we refer to Bond-Taylor et al. (2022) and Chakraborty
et al. (2024), which also cover GAN variants, latent architectures, validation met-
rics, and application domains.

In recent years, numerous VAE variants tailored to specific applications have
been introduced. Real-world applications of VAEs span healthcare, finance, natural
language processing, and computer vision. In medicine, VAEs have been used
for disease diagnosis (Garcia-Ordéas et al. 2020; Mansour et al. 2021), detection
of abnormal lesions or pathology in brain MR images (Steinmann et al. 2021;
Baur et al. 2019), patient monitoring (Miotto et al. 2016), drug discovery (Lim
et al. 2018; Song et al. 2022), and discrete molecule data generation (Kusner,
Paige, et al. 2017). In finance, they have been used for fraud detection (Alazizi
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et al. 2020; Tingfei et al. 2020), risk assessment (Mancisidor et al. 2021), and
portfolio optimisation (Duan et al. 2022; C. Zhang et al. 2020). In natural language
processing, VAEs are used for text generation (Semeniuta et al. 2017; W. Wang
et al. 2019; X. Zhang et al. 2019), text classification (W. Xu et al. 2017), sentiment
analysis (Wu et al. 2019; Lu et al. 2020), recommender systems (X. Li et al. 2017),
and machine translation (Pagnoni et al. 2018). In computer vision, applications
include image synthesis (H. Huang et al. 2018), object recognition (B. Li et al.
2019), and image captioning (Shen et al. 2020).

A direction of research of particular interest for actuarial applications is the in-
tegration of heterogeneous data into the VAE architecture. This typically involves
using separate encoding pathways for each data type before merging them in the
latent space, often with constraints to enforce domain-specific properties. By inte-
grating such domain knowledge, VAEs can learn more meaningful representations
and capture relevant dependencies between diverse data types. Despite significant
progress, challenges remain when applying VAEs to real-world insurance datasets
due to their disparate nature (i.e., continuous, (positive) numerical, binary, multi-
nomial, or ordinal) with a variety of marginal distributions (e.g., multi-modal or
long-tailed).

The presence of mixed-type values, and more specifically categorical rating fac-
tors, has already been addressed in the actuarial literature by Noll et al. (2018)
and Ferrario et al. (2018) through entity embeddings (Guo et al. 2016) or joint
embeddings (Delong et al. 2023). However, these approaches require pre-training
layers to fine-tune numerical representations for categorical features, which in-
creases model calibration time as the number of categorical variables grows. This
does not align with our intention to train an all-in-one unsupervised autoencoder.

Several works (Nazabal et al. 2020; Ogretir et al. 2022; Antelmi et al. 2019) have
instead integrated heterogeneous and incomplete data directly into VAE designs
using various likelihood models. Foundational studies (L. Xu and Veeramachaneni
2018; L. Xu, Skoularidou, et al. 2019) explored the generation of (medical and
educational records) mixed-type tabular data. They address imbalanced categori-
cal variables with a conditional generator and training-by-sampling. They further
tackle the challenges associated with multi-modal non-Gaussian continuous vari-
ables via mode-specific normalisation using Gaussian mixture models (Bishop et al.
2006). While effective, this normalisation scheme increases input dimensionality
by the number of Gaussians used to approximate each variable’s distribution.

Nazabal et al. (2020) and Ma et al. (2020) proposed hierarchical two-stage
VAES for supervised tasks, modelling heterogeneous likelihoods at the bottom
level with independent Deep Neural Networks (DNNs) and capturing statistical
dependencies at the top level with a shared DNN. Similarly, Suh et al. (2016) use
Gaussian copulas to model local dependencies. Ogretir et al. (2022) took the idea
a step further by designing a VAE model for time-series and longitudinal datasets,
modelling temporal dynamics with auxiliary covariates. Antelmi et al. (2019) tack-
led the interpretability issues of the latent space by introducing constraints on
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latent representations to disentangle single-channel contributions while accounting
for latent relationships across heterogeneous features.

Despite these advances, dealing with multi-modal marginal distributions and
the associated mode-seeking behaviour of the KL divergence remains largely unad-
dressed, with the exception of Bishop et al. (2006) who proposed the mode-specific
normalisation mentioned above. In this chapter, we propose a quantile transfor-
mation of the continuous variables as well as a novel synthesising approach (that
also makes use of the quantile transformation) to tackle the collapse of the ap-
proximate posterior distribution towards a single mode and the biased generation
of samples towards this specific mode. By applying the quantile transformation
at both input and latent levels, we not only succeeded to capture the multiple
modes of the original continuous variables distributions in the reconstructed and
synthetic datasets, but we also maintain the deviance performance of a regression
model (GLM) trained on the synthetic data for predicting the claim frequencies of
the original data.

2.3 Variational AutoEncoder

2.3.1 Introduction

An autoencoder (Kramer 1991) is a pair of two connected feed-forward Neural
Networks (NNs), the encoder and the decoder. The encoder network takes in
an input (e.g., insurance policies) and maps it into a compressed representation,
the latent encoding. This encoding contains enough relevant information for the
decoder to convert it back to the original input. Formally, the encoder network
learns a non-linear transformation,

€¢:X—>Z,

parameterised by ¢ that maps each input vector @ of dimension m from the original
high-dimensional input space X to a lower-dimensional latent space Z. The latent
encoding,

z=ey(2),

is a low-dimensional representation of the original input. Conversely, the decoder
network learns a non-linear transformation,

de:Z—)X,

parameterised by 6 that projects the latent codes z of dimension d < m back into
the original high-dimensional input space X. This transformation takes the latent
vector z as input to reconstruct the original input data,

ilA,':de(z).
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The autoencoder,
f (@) =do (e (2))

illustrated in Fig. 2.3.1, is trained as a whole to minimise the difference between
each input « and its reconstruction &.

>
o
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dg(z)

z=ey (%)

o
(&
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Figure 2.3.1: Architecture of a shallow autoencoder.

The traditional encoder network projects each input vector € X (e.g., each in-
surance policy) to a single latent value z; for each encoding dimension j =1,...,d.
Therefore, each sample x is encoded independently of other samples, even if they
are from the same class or distribution (e.g., have similar vehicle characteristics
and risk profiles). This makes the latent space unlikely to be continuous, where
policies with similar risk profiles may be mapped to very different or distant la-
tent encodings. It becomes problematic when the decoder network is used as a
generative model. If the latent space has discontinuities or gaps and a variation
is sampled from there (i.e., from outside the manifold of the latent codes), the
decoder will not be able to generate meaningful or realistic outputs because it was
never trained with encoded vectors coming from that region of the latent space so
it has no idea how to deal with it. The regularity that is expected from the latent
space of a generative model can be expressed through two properties:

1. Continuity: The transformation ey : X — Z should ensure that (dis)similar
samples « have (dis)similar latent vectors z. Similarly, the transformation
dg : Z — X should ensure that two close points in the latent space have
similar contents once decoded. In actuarial terms, this ensures that policies
that depict the same vehicle characteristics or risk profile have very close
representations in the latent space and similar contents once decoded.

2. Completeness: A point sampled from the latent space should give meaningful
and realistic content once decoded.
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Kingma et al. (2013) and Rezende, Mohamed, and Wierstra (2014) introduced the
Variational AutoEncoder (VAE) as a Bayesian extension to the autoencoder (Kramer
1991) to address this shortcoming. The NNs of their Bayesian model, illustrated in
Fig. 2.3.2, learn a probabilistic (instead of deterministic) representation of the data
points in the latent space. This approach should improve the decoder’s robustness
to small changes in z.

X Mz (X) % =de(z)

z ~ NV (,(x), 0,(x)) -

_

OO

O-0O00

O
+O
©

QO

Figure 2.3.2: Architecture of a shallow Variational AutoEncoder with a Gaussian
prior.

Nevertheless, such a probabilistic approach comes with its fair share of set-
backs, and their solutions. Modelling the true probability distribution p (x) over
the limited set of insurance policies X = {x1,...,x,} is a tedious and challeng-
ing task (which involves, e.g., modelling complex correlations between the rating
factors). Instead of directly learning pg (x) (where 6 is the true, but unknown,
set of parameters), we can introduce (unobserved) vectors z and define a condi-
tional distribution, denoted pg (z|z), from which we assume the data points x; are
generated.

We can further introduce a prior distribution over z, denoted as pg (2). The
latent codes z will be sampled from that distribution, which is assumed to follow
an isotropic standard multivariate normal distribution:

Do (Z) = N(Z | OaI) ) (231)

where I is the identity matrix of dimension d x d.

We can only observe x, but we would like to infer the characteristics of z. In
other words, we want to compute the (true) posterior distribution pyg (z|x). Using
Bayes theorem,

po (x|2) po (2) = po (®, 2) = po (2]) po () , (2.3.2)
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we have

po (x]2) po (2)
pe ()

where py (2, z) denotes the joint distribution. To obtain the true data distribution

pg (), we need to marginalise over the latent codes z. The marginal likelihood of

x for a candidate set of parameters 6 is defined (Kingma et al. 2013) as the integral

over the generative model py (x|z) pg (2):

po (z]x) = (2.3.3)

po () = / po (. 2) dz = / po (2]2) ps (2) d. (2.3.4)

In practice, the use of non-linear deep neural nets makes the integral of the marginal
likelihood intractable (i.e., no analytical solution) and the true posterior distribu-
tion py (z|x) unknown. While Generative Adversarial Networks avoid the integral
in Eq. (2.3.4) altogether, Variational AutoEncoders use an approximation of the
true, but unknown, posterior with a recognition model and a maximisation of the
log-likelihood lower bound (found by variational inference).

2.3.2 Variational approximation of the posterior

The exact posterior py (z|x) is approximated with a tractable distribution known
as the variational or approximate posterior g4 (z|«). In machine learning, a prob-
abilistic encoder network e, (also called recognition model) is used to learn the
set of variational parameters ¢ such that the tractable g, (z|x) is used to perform
approximate inference of the intractable posterior distribution py (z|x). The pa-
rameters ¢ of the recognition model ey are learned jointly with the parameters 6
of the generative model dy. Since the prior py (2) is assumed to follow an isotropic
Gaussian distribution, the encoder network will output two parameters, the mean
p. and covariance matrix .. Formally, the approximate posterior is assumed to
follow an isotropic multivariate Gaussian distribution of dimension d:

@ (zlz) = N (2| p (), 2. (%)) (2.3.5)
where g, (z) € R? and ¥, (x) = 021 € R*? are such that:
frz1 () oy () - 0
Mz (:B) = , X (:E) = .
fhz,a (2) 0 - o2y
The variational parameters p, (z) and X, (x) are the outputs of a single layer
neural network:
hz U (Wliﬂ + bl) 5
M (.’B == W2hz + b2 )
InX, (x) = diag (Wsh, + b3) ,

_
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where U is an element-wise activation function (e.g., sigmoid, rectified linear unit,
scaled exponential linear unit, etc.), W is a weight matrix, and b is a bias vector.
To ensure the positivity of a2, the encoder network is asked to output its logarithm
(the network may otherwise learn (by back-propagation) negative values for a?2).

2.3.3 Variational lower bound

Recall that we would like to approximate some posterior distribution py (z|x) with a
tractable distribution g (z|x) and make this approximate inference model gy (z|x)
as close as possible to the true, but intractable, posterior py (z|x). Mathematically,
we can find such an approximation by deriving a variational lower bound that will
make the likelihood function, in Eq. (2.3.4), tractable. Such a scheme involves the
Kullback-Leibler (KL) divergence. This divergence is a measure of dissimilarity
between two probability distributions. If p(y) and ¢(y) are two densities, their
reverse KL divergence from the approximate ¢ to the true p, written as Dk, (¢ || p),

is defined as:
Dk (q11p) = Ey~gq [ln ;gﬂ = /Q(Z/) In (ZE‘Z;) dy .

Proposition 2.1. The marginal log-likelihood is equal to the following sum.:

In (pg (x)) = Dk (g5 (2]2) || po (2]x)) + L (236, 0) , (2.3.6)
where L is called the variational lower bound:
L(x;0,9) =Ky, [~Ingy (2]z) +1Inpg (x,2)] . (2.3.7)

The proof (Kingma et al. 2013) is given in Appendiz 2.A.

The first term in Eq. (2.3.6) is the KL divergence of the approximate from the
true posterior. It is intractable due to pg(z|x). However, since the KL divergence
is a measure of the difference between two probability densities, it is always posi-
tive. Therefore, the marginal log-likelihood (or evidence) is lower bounded by the
variational lower bound L:

Inpg () > L(x;0,0) = Eq, [~ Ingg (2|x) +Inpe (x,2)] .

Therefore, minimising the KL divergence between the exact posterior py (z|z) and
the variational g4 (z|) is equivalent to maximising this variational lower bound £
during the training process. As a result, the complex inference problem is reduced
to a simpler optimisation problem:

0,6 = L(z;0,0) .
) argrg%xm;( (x;0,0)

This is often referred to as the Evidence Lower Bound Optimisation, denoted as
ELBO (x; 0, ¢). The closer the evidence’s lower bound is to the marginal likelihood,
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the closer the variational approximation will be to the true posterior distribution.
For optimisation, it is convenient to rewrite this variational (tractable) lower bound
L (x;0, ) in the following way:

L(x;0,9) =Eq, [-Ingg (z|x) +Inpg (2) + Inpg (z, 2) — Inpy (2)]
e [ gzl (@ 2)
S e R e
= —Dxuw (g4 (2[Z) || po (2)) + Eq, [Inpp (z|2)] . (2.3.8)

The first term in Eq. (2.3.8) is the KL divergence of the approximate posterior
(i.e., the distribution of the encoder outputs) from the prior distribution pg (2) =
N (2]0,I). Both of these functions are assumed to follow an isotropic Gaussian
distribution and admit a closed-form solution.

Proposition 2.2. The KL divergence involved in the definition of the variational
lower bound is equal to:

Dt (a5 (21) 110 (2)) = 5 3 (02 (@) + po (2)° = (1402, () )

k=1

N | =

where d is the dimension of the latent space. The proof is given in Appendix 2.A.

The KL divergence term in Eq. (2.3.8) may be interpreted as a regulariser or
encoding error. It penalises the learned distribution ¢4 (z]x) when it diverges too
much from the true prior distribution py (z). This penalty term enables the use of
the decoder network as a generative model. Because the probabilistic autoencoder
model maps each data point onto a distribution instead of a single point in the
latent space, the variational encoding covers an area whose centre and size are
controlled by the means and standard deviations.

However, if the outputted means are significantly different and the standard
deviations are too small, there may still be some gaps in the latent space, leaving the
decodable latent space discontinuous, which is precisely what we want to avoid. By
introducing the KL divergence as a regulariser, we force the encoder to find latent
vectors that approximately follow a standard Gaussian distribution, encouraging
the latent vectors to occupy a more centralised and uniform location. This should
help to meet the regularity requirements of the latent space.

While the KL divergence should ensure that the latent distribution is similar
to the prior distribution, we do not want to end up describing every observation
using the same unit Gaussian as this would treat every observation as having the
same characteristics and fail to describe the original data. The second term in
Eq. (2.3.8) prevents that by encouraging the decoder’s output & to reconstruct the
original input @. Formally, it represents the cross-entropy of pg(x|2z) w.r.t. gy:

Ey. lpoelz)] = [ np(els) as(zlo) dz.



56 Chapter 2. Variational AutoEncoder for synthetic insurance data

The cross-entropy of a random variable is the level of uncertainty inherent in the
variable possible outcome and may be interpreted as a reconstruction loss. Sta-
tistically speaking, the decoder should parameterise a likelihood distribution that
places enough probability mass on the true data. While the KL divergence in
Eq. (2.3.8) admits an analytical expression (see Proposition 2.2), the reconstruc-
tion loss in Eq. (2.3.8) is usually approximated by L simulations:

L
1
Eq, [Inpy(xz|z)] = I Zlnpg (:B|Z(l)) , (2.3.9)
=1

where z() ~ g, (z|2) = N (2 | pro(x), 2. (x)). This random sampling of the latent
codes z | illustrated in Fig. 2.3.3, requires some extra attention.

Encoder network m Sample z from Sample X from
q¢(Z|X) \ N(Hzlx' z|x x|z ~ N(Au'x|zr x|z
Decoder network
po(x|2)
a/' XIZ

Figure 2.3.3: Illustration of the sampling process for a Gaussian encoder and de-
coder. The random node is represented by a circle.

2.3.4 Reparameterization trick

During the training process, each network parameter is evaluated with respect to
the final output loss using a technique known as back-propagation. The random
sampling of the latent code z() ~ ¢4 (z|z) is making the lower-dimensional space
stochastic. However, NNs cannot back-propagate through stochastic nodes. Luck-
ily, there exists a reparameterization trick, illustrated in Fig. 2.3.4, which suggests
that instead of randomly sampling z from a Gaussian probability density, the la-
tent codes can be sampled from an auxiliary random noise € ~ A (0, I') shifted by
the latent means vectors p, () and scaled by the covariance matrix X, (x):

z=py(x)+ V. (x)©0e, e ~N(0,I).

While the error term & introduced is stochastic, the node z is now deterministic,
enabling the back-propagation through it. Mathematically, we can now optimise
L with respect to the parameters ¢ = {u, X} of the variational posterior using the
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back-propagation technique. € and ¢ are obtained by maximising,

Z E(m;&,qS) = Z l Dy, (Q¢(z|$) ||p9(z))

rzcX reX

L
1 !
+L;1np9(azz())], (2.3.10)
where z() = p (x) + /2. (x) ©c® and €D ~ N (0, ).

Encoder network

15 (2I%) S

\ Decoder network —p R
Pe(X|2)

2:z|x

Figure 2.3.4: Illustration of the reparameterization trick. The random node is
represented by a circle.

This random generation of z with € ~ N (0,I) implies the encoding varies,
for the same input «, in every single pass through the sampling layer, even if
the means and standard deviations remain the same. This allows the decoder to
be exposed to a range of encoding variations for the same input during training.
Consequently, the decoder learns that all nearby points in latent space should
refer to a sample of the same class. By doing so, we are essentially enforcing a
continuously meaningful latent space representation. As a result, every point close
to the encoded location of one of the input policies will be decoded to something
similar to that original policy, thereby making the VAE highly suitable for the
generation of new samples. The number of simulations L in the gradient estimator
in Eq. (2.3.9) and Eq. (2.3.10) can also be set to 1 as the decoder is already exposed
to variations (and the mini-batch size will be set large enough).

2.4 Heterogeneous data

The VAE model we have just defined was first designed by Kingma et al. (2013)
with continuous variables in mind, for applications like image generation where
the input and output variables are continuous pixel values. This creates challenges
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for the model application to real-world datasets (e.g., insurance portfolios), which
contain various types of features (i.e., (positive) numerical, binary, multinomial,
and ordinal) with a variety of marginal distributions (e.g., multi-modal, long-tail).
In the following subsections, we will address and discuss the challenges related to
mapping categorical variables to numeric vectors, the multi-modal distributions of
continuous variables, and the need for the reconstruction loss to reflect the hetero-
geneity of the input data. In summary, we propose to handle such heterogeneous
datasets as follow:

1. For categorical variables (binary, ordinal, or multinomial):

(a) Dummy encoding before inputting them into the encoder network.

(b) Each set of dummy variables corresponding to the same categorical vari-
able is passed through a softmax activation function in the output layer
of the decoder network.

2. For continuous variables:

(a) Quantile (non-parametric) transformation to ensure a uni-modal normal
distribution before inputting them into the encoder network.

(b) Min-max scaling to the range (—1,1) to match the range of the tanh
activation function used in the output layer of the decoder network.

3. Reconstruction loss: We introduce a weighted combination of mean squared
error and categorical cross-entropy (minimised during training) to account
for the different distributions of the pre-processed continuous and categorical
variables.

2.4.1 Dummy encoding and softmax activation

Deep learning models require all inputs to be numeric. However, insurance poli-
cies are known to also contain information in categorical forms (e.g., geographic
location, vehicle power, brand, or colour). Whether nominal (e.g., colour) or or-
dinal (e.g., vehicle power), categorical variables must be encoded to numbers to
train any deep learning model. Methods that map a set of alternative values are
very few. Dummy encoding is one of the most common and simplest approaches
to represent categorical variables numerically. It maps each modality to a binary
vector, as illustrated in the following example.

Example 2.1. For each distinct modality in the categorical column Zone, a new
dummy column is created, such that:
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Zone — Zone,; Zoney Zones Zoney Zones Zoneg Zoney

3 0 0 1 0 0 0 0
7 0 0 0 0 0 0 1
1 1 0 0 0 0 0 0
4 0 0 0 1 0 0 0
6 0 0 0 0 0 1 0

Table 2.4.1: Dummy encoding of the nominal variable Zone with seven modalities.

One of the main issues with dummy encoding is that the dimension of the
resulting sparse binary vectors scales linearly with the number of categories present
in the data. Additionally, introducing new categories requires retraining the model
completely as the new binary vectors and their corresponding input nodes should
also be introduced. Moreover, since binary vectors lack semantic significance at
the encoder’s input layer, the model may struggle to capture the data underlying
structure and understand relationships or similarities between different categories
based on their dummy representations.

Entity embedding (Guo et al. 2016) has been gaining momentum in the data
field for addressing some of the weaknesses of dummy encoding. By learning low-
dimensional dense vector representations of categories, embeddings aim to capture
semantic relationships between categories and further offer the benefits of a uni-
form mapping and a smaller vector space than dummy encoding. Yet, to produce
the best numerical representation of a categorical variable, entity embeddings are
computationally intensive, and fine-tuning the NNs hyper-parameters can quickly
become time-consuming compared to the ease of implementation of dummy encod-
ing. Furthermore, even entity embedding takes the detour of an ordinal or dummy
encoder before passing the so-encoded input into a set of layers. As pointed out
by Richman (2020), the first layer of an autoencoder learns a representation of all
of the input attributes that is comparable to an embedding layer. For more de-
tails, we refer to Delong et al. (2023), who recently proposed a joint embedding to
learn the numerical representation of categorical rating factors and fed it, together
with the original numerical features, as inputs of a neural network for a supervised
learning task on insurance data.

Vector quantisation via codebooks (Wu et al. 2019) is conceptually related to
entity embedding, as both approaches involve learning low-dimensional represen-
tations of categorical variables. However, they differ in their underlying objectives
to address the weaknesses of dummy encoding. While entity embedding overcomes
the inability of dummy encoding to capture semantic relationships between cate-
gories based on their dummy representations, vector quantisation via codebooks
focuses on the scalability issue of dummy encoding. By using a fixed set of rep-
resentative vectors, known as a codebook, the model generalises well to unseen
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categories by mapping them to the nearest vectors in the codebook and, therefore,
does not require retraining the model when new categories are introduced, unlike
dummy encoding.

Although alternative encoding methods like entity embedding or codebook
quantisation may enhance learning with VAEs, they add complexity to the model
architecture and training procedure. Moreover, these methods do not address at
once all the weaknesses associated with dummy encoding. When considering the
trade-offs between simplicity, interpretability, and performance, dummy encoding
is still a reasonable choice for representing categorical variables in machine learning
models, especially when the number of categories is relatively small. Furthermore,
the interpretability of the binary vectors can be valuable for understanding and
analysing the latent space of the VAE.

It is worth mentioning that the choice of the encoding method (dummy en-
coding, entity embedding, or vector quantisation) is part of a pre-processing step
applied to the data before inputting it into the encoder network of the VAE. Some
authors (Oord et al. 2017; Jang et al. 2016) took the idea of handling categorical
variables one step further by introducing the Vector Quantised Variational Au-
toEncoder (VQ-VAE) and Gumbel-softmax trick approach, both of which involve
major changes in the latent space assumptions. Given the exclusively categori-
cal nature of their input data, they propose discrete latent representations with
categorical posterior and prior distributions instead of the traditional continuous
learning representations (with a Gaussian prior). Although the use of discrete la-
tent representations has been shown (Oord et al. 2017; Jang et al. 2016) to be a
more natural fit for many applications inherently discrete (e.g., language, speech,
images), there is no theoretical evidence that switching to a categorical latent
representation with categorical prior and posterior distributions could supersede
the traditional continuous latent representations when dealing with heterogeneous
datasets containing both categorical and continuous data.

Our intention to develop a straightforward and all-in-one unsupervised autoen-
coder led us to select dummy encoding as a baseline approach to map our cat-
egorical variables to numeric vectors and to focus on the traditional continuous
latent representation (with a Gaussian prior) to study the impact of introducing a
quantile transformation (see following subsection 2.4.2) on the reconstructed and
synthetic data.

Given the choice of dummy encoding to transform the categorical variables, we
opted for softmax activation functions for the decoder. Because our VAE archi-
tecture jointly models the categorical and continuous variables in the input data,
the decoder’s output layer will be sliced to extract the values corresponding to all
modalities of the same categorical variable. Each slice will be individually passed
through a softmax activation function, as illustrated in the following Fig. 2.4.1.
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X
)
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Figure 2.4.1: Example of the slicing technique applied on the decoder output of the
Variational AutoEncoder with two categorical variables Colour and Gender whose
categories Red (R), Black (B), White (W), and Female (F), Male (M), are dummy
encoded. The darker nodes represent continuous variables (see subsection 2.4.2).

2.4.2 Quantile transformation, min-max scaling, and tanh
activation

In addition to the categorical variables pre-processing, scaling continuous features
has been shown to benefit NNs optimisation by increasing the speed of conver-
gence of the gradient descent and preventing the optimisation from getting stuck
in a local optimum (see, e.g., LeCun et al. (2012) and I. Goodfellow et al. (2016)).
Standardisation and normalisation are the two most common approaches to scale
continuous variables. However, in real-world datasets, continuous variables come
in many forms (i.e., skewed, long-tailed, multi-modal). The challenges of training
NNs on multi-modal distributions have already been highlighted in the literature.
Among others, Pascanu et al. (2013) discussed how the vanishing gradient problem
is exacerbated by multi-modal distributions, leading to gradient saturation and
slow convergence. Non-normal, skewed, and long-tailed distributions can further
affect the distributional assumptions of our model and the balance of our training
samples, which can eventually impact the model’s performance and generalisation.
In summary, if the input distributions are multi-modal and/or non-Gaussian, the
learned latent space might fail to effectively capture all the modes or the complex-
ities of the data, resulting in incomplete, blurred, and/or biased reconstructions of
the original input.

Moreover, if at least one of the latent encoding dimensions were to capture
and reproduce all the modes present in the data distribution, another issue related
to the use of the KL divergence would arise. If the true posterior distribution
of the latent variables given the input data, denoted as p(z|x), is also multi-
modal (i.e., it has multiple distinct peaks or modes), minimising the reverse KL
divergence (during the training process) can lead to the collapse of the approximate
posterior distribution towards a single mode. This will result in generated samples
being biased towards a specific mode, neglecting the other modes of the true data
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distribution. This mode-seeking behaviour of the KL divergence can further impact
the generation of new data points. Researchers have proposed various techniques to
address this issue and encourage the model to capture and generate samples from
multiple modes. Some of these techniques include using alternative divergence
measures like the Jensen-Shannon divergence (Deasy et al. 2020), incorporating
adversarial training (Mescheder et al. 2017), employing more flexible generative
models like Normalising Flows (Rezende and Mohamed 2015), or introducing a
mode-specific normalisation (L. Xu and Veeramachaneni 2018). The representation
of a continuous column after applying this mode-specific normalisation becomes the
concatenation of a normalised vector «; ; = (2;; — n&)/4¢r and mg; binary vectors
indicating which of the k Gaussian N (1, ¢x) each value x; ; belongs to. Such a
normalisation further increases the (already significant) input dimension by the
number of Gaussians used to approximate the multi-modal distributions.

To address these challenges, we propose a quantile transformation to compel
continuous variables to follow an uni-modal normal distribution. Compared to
the aforementioned techniques, our non-parametric quantile transformer does not
require significant changes in the VAE architecture, maintains the numeric input
dimension, tends to spread out the most frequent values, smooth out unusual dis-
tributions, and is less sensitive to outliers than more traditional scaling methods.

Definition 2.1 (Quantile transformation to a standard Normal distribution). Let
X be a continuous random variable with cumulative distribution function (CDF):

Fx(z)=P(X <x).

The quantile transformation of X to a standard Normal random variable is defined
by:
X' =T(X) =0 (Fx(X)),

where @1 denotes the quantile function (inverse cumulative distribution function)
of the standard Normal distribution.

The transformation T'(X) = ®~!(Fx (X)) is based on the probability integral
transform. Specifically, if X is a continuous random variable with cumulative
distribution function Fx, then the transformed variable U = Fx(X) follows a
uniform distribution on the unit interval U ~ U(0, 1). Indeed, for every u € [0, 1],

P(U <u) =P(Fx(X) <u) =P(X < Fx'(u)) = Fx(Fx'(v) = u,

which is precisely the cumulative distribution function of a uniform random variable
on [0, 1].

The second step of the transformation maps the uniform variable U into Gaus-
sian space through the inverse standard Normal cumulative distribution function:

X' =07 1U).
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Since ® is the cumulative distribution function of the standard Normal distribution,
P(X'<a2')=P(® '(U) <) =P(U < ®(2')) = (2'),

for all 2’ € R. Consequently,
X'~ N(0,1).

Therefore, the overall transformation,
X = Fx(X) — & 1(Fx(X)),

maps any continuous random variable X, regardless of skewness, heavy tails, or
multimodality, into a random variable with standard Normal distribution while
preserving the ordering of the observations.

In practice, this non-linear transformation is applied independently to each fea-
ture X; € X. Since the true distribution Fx; is generally unknown, it is estimated
empirically from the training data using sample quantiles and empirical percentiles.
More precisely, the observed feature values are first ranked in ascending order in
order to construct an empirical cumulative distribution function Fy,. Each obser-

vation is then mapped to its corresponding cumulative probability, U = F x; (X5),
thereby transforming the original feature into an approximately uniform random
variable on the unit interval U ~ U(0,1). In a second step, the uniformly dis-
tributed variable U is mapped to a target distribution through the corresponding
quantile function. In the case of a Gaussian target distribution, the transformation
is given by

X, =o' (U)=a"" (FX]. (Xj)) ,

where ®~! denotes the inverse cumulative distribution function of the standard
Normal distribution. Consequently, the transformed feature approximately follows
N(0,1). More generally, the same framework may be used to map the data to any
prescribed target distribution by replacing ®~! with the corresponding quantile
function. Note that, because the empirical cumulative distribution function is
estimated on a finite sample, observations lying below or above the fitted data range
are mapped to the lower and upper bounds of the target distribution, respectively.

The complete quantile transformation procedure towards a Gaussian distribu-
tion is detailed in Algorithm 6 in the Appendix.

After applying the quantile transformation, we further apply min-max scaling
to each normally transformed variable X ]’ This scaling ensures that the trans-
formed values of each variable fall within the range (—1,1) across all policies.
Mathematically, for each 7;:

v mgj — min(X]‘)
v max(X}) — min(X})

X(bs—bi)+bi, for b, = —1,b, =1,

where min(X}) and max(X7) respectively denote the minimum and maximum val-
ues of the j-th continuous variable across all policies.
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The range (—1,1) was chosen based on the activation function used in the
output layer of our decoder network. While a min-max scaling to the range (0,1)
could be considered together with a sigmoid activation function, the hyperbolic
tangent (tanh), whose range is from -1 to 1, is often recommended over the sigmoid
function for having stronger (and non-biased) gradients (see, e.g., LeCun et al.
(2012)). Because our VAE architecture jointly models the numerical and categorical
variables contained in the input data, the decoder’s output layer will be sliced to
extract the values corresponding to the continuous variables before passing them
through a tanh activation function (see darker nodes in Fig. 2.4.1).

2.4.3 Heterogeneous reconstruction loss

Recall that the parameters of the VAE are trained using a negative log-likelihood
(reconstruction loss) with a regulariser (KL divergence):

L
S L(@i0.0)=Y (—DKL (as (zI2) 1o () + 7 > Inpy (a:|z<l>)> .
=1

reX xrzeX

During the training, the error calculated by this loss function £ (x; 0, ¢) is propa-
gated backward through the network to update the network and variational param-
eters (0, ¢) and eventually find the optimal values (i.e., the values that minimise
the error). Therefore, £ (z; 0, ¢) plays a crucial role in the model’s convergence. Its
purpose is dual. First, the KL divergence regulariser term encourages the VAE to
learn a continuously meaningful latent space, which enables the generation of new
meaningful policies. Second, the reconstruction loss Inpy (w|z(l)) encourages the
VAE to learn a latent space that captures the salient features of the heterogeneous
insurance portfolio which enables its reconstruction given its latent representa-
tion. In other words, optimising the reconstruction log-likelihood and regulariser
simultaneously encourages the latent state to have distributions close to the prior
N (0,1) but deviating when necessary. The -VAE model proposed by Higgins et
al. (2017) offers a way to control the balance between reconstruction accuracy and
latent space disentanglement by introducing a hyper-parameter 8 > 1 to increase
the weight on the KL divergence term. While this hyper-parameter 5 can easily
be introduced into our loss function, choosing an appropriate value for it would
introduce additional tuning challenges, and better disentanglement may come at
the cost of blurrier reconstructions (Higgins et al. 2017).

While the KL divergence admits an analytical expression (see Proposition 2.2),
the reconstruction loss In py (sc|z(l)) can easily be transformed depending on the
distribution assumption of the decoder outputs, and the choice of the decoder de-
pends upon the nature of our input X. Because we assume X to be a real-world
dataset containing various types of features with various marginal distributions,
the decoder output, and the associated reconstruction loss, should reflect its het-
erogeneity.
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After pre-processing (normal quantile transform), each continuous variable is
assumed to follow a uni-modal Gaussian distribution. Maximising the likelihood
of a model whose predictions are assumed to follow a Gaussian distribution is
equivalent to minimising mean squared error. In addition, each dummy encoded
categorical variable is treated as a multi-class classification problem. Maximising
the likelihood of a model whose predictions are assumed to follow a multinomial
distribution is equivalent to minimising categorical cross-entropy (also called soft-
max loss). To this end, we propose a reconstruction loss that combines the mean
squared error and the categorical cross-entropy.

Mathematically, if @ is a vector in R™»=m 3 natural choice for the decoder is
the multivariate Gaussian distribution with, e.g., a diagonal covariance structure
(to reduce the number of parameters to estimate),

po(x|z) = N (2| pa(2), 2 (2))

where p, (z) € R™mm and X, (2) = 02 (z) I € R™mumXMuum are the outputs of a
single layer neural network with weights W and biases b:

h, = SELU (Wiz +by) ,
Mo (Z) = tanh (Wth + bg ) y
In ¥, (z) = diag (tanh (W3h, + b3)) ,

o (2) 02,(z) .. 0

Het e (2) 0 s Jg1mnunﬂ (2)

and the Scaled Exponential Linear Unit (SELU) (Klambauer et al. 2017) and hy-
perbolic tangent (tanh) activation functions are respectively defined as:

tanh (x) =

SELU(z) = \x ifx >0 with A~ 1.05 e’ —e "
SELU(z) = Ma (e — 1) ifx <0 witha~1.67" er +e

In this case, the probabilistic decoder has density:

exp (4 Ty o sla))

2 k=1 gw,k(z)Z
p9 ($|Z) - 1 m 2 ’
(271—) 5 Mnum k:n;m Ux7k (Z)
with a log-likelihood equal to:
num Mnpum 1 Mnum — Uy
Inpoelz) = =20 10 (2) — L3 o () — 2 3 ChteklZ)
2 2= 2 oual2)
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If we both consider a Gaussian encoder and decoder, network parameters are ob-
tained by maximising:

> L(xs0,0) =) ( Dxr(gs(2|2) || po(= Zlnpe (z[z") )

rxeX xceX
1
=D 5> (Lol (@) —of y(@) — i ()
xcX k=1
+ Z lZL: mnum n(2r) — fnim lna z(l
xcX L =1 2
2 k=1 Ug,k(z(l))

where
20 — = s ( \/7 0N

Maximising the log-likelihood In py (:c|z) of a model whose predictions are assumed
to follow a Gaussian distribution is equivalent to minimising the mean squared
error:

7 Mnpum

Lusw =Y Y [l — a4

i=1 j=1
In parallel, let  denote the dummy-encoded vector of a categorical variable with ¢
modalities. A natural choice for the decoder distribution is the multinomial model:

p(x|z) = H ,

where y(z) = (y1 (2),...,y. (2) are the outputs of a single layer neural network:

h, =SELU (W;z + by),
y(z) = softmax (Wah, + by) ,

where the softmax activation function,

softmax (x) = <61> , (2.4.1)
Jj'=1

c T
Y5 _q et

is applied to the output scores inferred by the NN for each class ¢ = 1,...,c in the
multi-class variable X.
The likelihood is then equal to the categorical cross-entropy:

Inp(zlz) = Xj_1z;In (y;(2)) . (2.4.2)
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Since the categorical variable is dummy encoded, there is only one element, de-
noted z*, in the target vector @ = {x1,..., 2.} which is not zero. We can rewrite

Eq. (2.4.2) as follow:
e
1 =ln|=——] .
np(z[z) =In <Z;—1 61’j>

Maximising the likelihood of a model whose predictions are assumed to follow a
multinomial distribution is equivalent to minimising this categorical cross-entropy.

Note that while softmax activations provide a convenient mechanism for recon-
structing categorical variables, they treat ordinal variables as nominal categories
and therefore do not explicitly account for the ordering between modalities. Future
research could investigate ordinal-specific decoder formulations, such as cumulative
logit decoders (Gutiérrez et al. 2015), CORAL-type architectures (Cao et al. 2020),
or distance-based reconstruction losses, which incorporate the ordinal structure di-
rectly into the learning process.

The architecture of our Variational AutoEncoder is detailed in Algorithm 7 in
Appendix. For the probabilistic encoder, we use a single hidden layer with Gaus-
sian output. For the probabilistic decoder, we propose a combination of Gaussian
and multinomial outputs, depending on the data type (continuous or discrete).
The algorithm starts drawing batches by taking the first M instances (first batch)
from the randomly shuffled dataset, calculates the average error, and updates the
parameters. This completes one training step (i.e., one iteration or gradient up-
date). When all batches have been drawn from the training dataset (i.e., the model
has been trained on the entire dataset), that concludes one epoch.

2.5 Model training

2.5.1 Motor insurance portfolio

In our application, each policy in the Swedish insurance company database (Ohls-
son et al. 2010) is described by two continuous variables, the policyholder’s age
and its vehicle age, and by three categorical variables, the gender (with two modal-
ities), zone (with seven modalities), and class (with seven modalities), detailed in
Table 1.A.1. The portfolio further contains, for each policy ¢ = 1,...,n, an ordinal
variable reporting the number of claims N; € {0, 1,2}, and a continuous variable v;
indicating the contract duration (exposure). After selecting contracts with a du-
ration v; € ]0,12] months, the dataset counts n = 62289 policies. As expected for
a motor portfolio it is highly imbalanced, with zero claims accounting for 98.95%
of the policies, one claim for 1%, and two claims for 0.05%.

The age, vehicle age and contact duration all follow a multi-modal distribution
(see Fig. 2.5.1). We use the quantile (non-parametric) transformation, detailed in
Algorithm 6, to map the values of each continuous variable to an uni-modal nor-
mal distribution. We then apply a min-max transformation to scale the normally
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distributed data to the range (—1,1). The distributions before and after scaling
are showed in Fig. 2.5.1.
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Figure 2.5.1: Distributions of OwnersAge, VehicleAge, and Duration before (top
row) and after (bottom row) preprocessing. The preprocessing consists of a nor-
mal quantile transformation followed by min-max scaling to the range (—1,1).
Histogram bars are shown in gray with overlaid black density curves.

The categorical variables Zone, Class, Gender and NumberClaims are dummy
encoded with, respectively, 7, 7, 2, and 3 dummy columns. A quick analysis of
our insurance tabular data reveals (see Fig. 2.5.2) a highly imbalanced dataset in
which the number of policies in one modality (e.g., male policyholders) greatly
outnumbers the policies in another (e.g., female policyholders). Vehicles with the
highest power ratio (i.e., Class 7), as well as Northern geographic locations (Zone
5, 6, and 7) are also strongly under-represented.
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Figure 2.5.2: Distributions of the categorical variables in the dataset. Each bar
represents the count of observations in the corresponding category.
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When dealing with imbalanced data, controlling the model architecture and
hyper-parameters setup like the batch size can play an important role in the per-
formance of the model (i.e., reconstruction accuracy, and synthetic data quality)
and its ability to learn a meaningful latent space. If certain classes are under-
represented in the training subsets, whose size are determined by the batch size
hyper-parameter, the latent space representation may not be well-distributed or
separated for the different classes, leading to challenges in generating diverse and
high-quality samples for the minority classes. To ensure each training subset in-
cludes enough representative examples from the minority classes, we recommend
the use of smaller batch sizes as larger batch sizes might inadvertently amplify the
influence of the majority class(es) and lead to poor performance on the minority
class(es). In the following subsections, we find that choosing a moderate batch size
of 256 ensures minority classes representation while still remaining within accept-
able computation time (around 20 minutes). The ability of our VAE to handle
imbalanced classes, that is, its ability to reconstruct and generate new policies rep-
resenting all classes, including those with fewer observations, is illustrated in the
following subsections in Fig. 2.5.4 and Fig. 2.5.9. The following subsection 2.5.2
further details the hyper-parameters set up and model architecture that lead to
the model performance.

2.5.2 Model architecture and hyper-parameters set up

We train our Variational AutoEncoder model (see Algorithm 7) on the pre-processed
insurance portfolio with n = 62289 rows, muyum = 3 quantile and min-max trans-
formed columns, and mg; = 19 dummy columns. The architecture of our encoder
and decoder networks, as well as the values of the key hyper-parameters involved
in the training of our VAE are listed in Tables 2.5.1 and 2.5.2.

Experimentation and tuning are often necessary to find optimal values for these
hyper-parameters depending on the input data and its complexity, and the desired
properties of the learned latent space. Since our VAE is trained to learn to recon-
struct the input, the input and output space are both of dimension m = 22 (i.e., the
first layer of the encoder and the last layer of the decoder both have 22 neurons).
Our intention to build a simple and straightforward autoencoder led us to choose
a shallow architecture with a single hidden layer in the encoder NN. The mapping
of the original input to the latent space is done through the use of a SELU activa-
tion function. By definition, an activation function determines whether a neuron
should be activated by combining the sum of the weighted inputs and a bias term.
SELUs are activation functions that induce self-normalisation (i.e., automatically
converge to a zero mean and unit variance) and are a common choice for NNs, not
only because they help alleviate the vanishing gradient problem (like ReLUs), but
also because they cannot die (contrary to ReLUs). SELUs can also get below 0,
allowing the system to have a zero average output, which can improve the speed
of convergence (Glorot et al. 2011).
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The input portfolio is thence mapped to its latent representation through a
single hidden layer with a SELU activation function and a Lecun normal initializer.
The variational parameters are initialised with zeros (for the means), and a small
constant value set to 0.1 (for the log variances).

Encoder network  Bottleneck layer Decoder network
Number of layers 1 1 2
Neurons per layer 22 15 (22, 22)
Activation function(s) SELU - (SELU, tanh / softmax)
Weight initialisation LeCun normal u=0,0=01 (LeCun normal, Xavier)

Table 2.5.1: Neural network architecture and configuration of the encoder, bottle-
neck, and decoder components (see Fig. 2.B.1 in Appendix).

The latent (hidden) representation space is typically referred to as a bottleneck
layer, as it contains fewer neurons than the layer below or above it (Tishby et al.
2000). This encourages the NN to learn a compact but meaningful representation
of the data.

In the instance of motorcycle insurance policies, the latent encoding may contain
a hidden representation of the vehicle characteristics and its owner’s risk profile.

The choice of setting the latent space dimension to 15, thereby reducing the
dimension of about 1/3, is based on an extensive analysis of the quality of both the
reconstructed and synthetic data. The metrics and visualisations used to choose
the latent space dimension are detailed in the following two subsections for the
optimal value of d = 15.

Figure 2.5.3 gives some insights into this choice by showing the evolution of the
Poisson deviance with respect to the latent space dimension d. This deviance met-
ric evaluates the quality of the reconstructed portfolio by estimating the goodness
of fit of a GLM model trained on the reconstructed insurance portfolio to pre-
dict the claim frequencies of the authentic policies. To train our regression model
(GLM) on the reconstructed portfolio, we extracted the covariates Zone, Class,
Gender, OwnersAge, and VehicleAge from the decoder’s output. We first discre-
tised the continuous variables OwnersAge and VehicleAge before dummy encoding
all covariates. We regressed the target variable NumberClaims (extracted from the
decoder’s output) given the dummy encoded covariates with a sample weight equal
to the Duration (also extracted from the decoder’s output). We can then use this
trained GLM as an estimator to predict the claim frequencies \; of the original
portfolio and compute the Poisson deviance, defined as:

~ Vi » S\'V'
Droisson = QZNZ. (1)\2_ _ <10g Gk 1) I{Ni21}> . (2.5.1)
i=1 N; Ni

where N, /v; are the observed claim frequencies of the authentic policies (obtained
by dividing NumberClaims by Duration in the original dataset) and A; are the
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predicted frequencies of the original policies estimated by the GLM trained on the
reconstructed policies. The closer this deviance is to the deviance of a GLM trained
on the original portfolio, i.e., 5961.84, the better our reconstruction quality is.

To give some insights into the impact of the latent space Z dimension d on
the reconstruction quality (measured by the Poisson deviance in Fig. 2.5.3), we
provide a brief analysis of its impact on the quality of the reconstructed categorical
variables.

With d = 1, only the most represented modality in each categorical variable
(see Fig. 2.5.2) is reconstructed. When we increase the Z dimension to two, our
model is able to reconstruct additional categories (Zone 2, Class 1, 3, 5, and 7).

With d = 3, while almost all modalities of the variable Class are reconstructed
(except Class 2, with the second lowest number of observations), only Zone 4, Male,
and 0 reported claims are reconstructed.

With d = 4, we start to see real improvements in the categorical variables
reconstruction (all modalities of the variable Class, Gender, and Zone, except Zone
7 with the lowest number of observations, are reconstructed). As we increase the
Z dimension to five, six, and seven, we improve the miss-classification error, yet,
we still fail to reconstruct Class 2, with the second lowest number of observations.

As of d = 8, the model is able to reconstruct all modalities. However, the
reconstructed portfolio still deviates too much from the authentic as the GLM
trained on the reconstructed fails to accurately predict the claim frequencies of
the authentic portfolio as illustrated in Fig. 2.5.3 (increase in deviance of 51.55%).
We first observe a deviance drop, with a deviance closer to the reference value of
5961.84, with d = 10, 11, and 13. Starting from d = 15 (chosen as the optimal
value), the deviance stabilises.
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Figure 2.5.3: Evolution of the Poisson deviance of a GLM model trained on the

reconstructed insurance portfolio to predict the claim frequencies of the authentic
policies, with respect to the latent space Z dimension d € (8,21).

Our decoder mirrors the architecture of the encoder but operates in reverse,
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generating outputs that match the input data. The latent space is mapped back
to the initial space with a SELU activation function and a Lecun normal ini-
tializer. Because of the heterogeneity in the distributions of our input data (see
Section 2.4.3), the decoding layer outputs are sliced before being passed through
tanh and softmax activation functions with Xavier initializers in the final layer of
our decoder (as illustrated in Fig. 2.4.1 and Fig. 2.B.1).

Hyperparameter Value
Optimiser (RMSprop) learning rate  0.001
Batch size 256
Number of epochs 75

Table 2.5.2: Choice of the optimiser, its learning rate, and the gradient descent
hyper-parameters.

The RMSprop optimiser with default learning rate value o = 0.001 (which
determines the speed of the optimiser’s descent on the error curve) gave better
results on our training data than the often-recommended Adam optimiser. The
main hyper-parameters of the (mini-batch) gradient descent optimisation algorithm
are the batch size and the number of epochs. The larger the datasets, the more
time-consuming and computationally expensive each training step becomes. In
Keras, batches of the randomly shuffled dataset are used for each gradient update.
Smaller batch sizes (e.g., 16, 32, 64) introduce more noise and randomness to the
(more frequent) parameter updates, which can have regularising effects and improve
the model’s generalisation and, therefore, the quality of synthetic policies. However,
training with smaller batches requires more iterations and may take longer overall.
Conversely, larger batch sizes (e.g., 128, 256, 512, 1024) can accelerate training
but may result in less noisy weight updates and potentially hinder the model’s
generalisation. After experimenting with different batch sizes and monitoring the
model’s performance (i.e., reconstruction accuracy, latent space properties, and
synthetic data quality), we find that a batch size of 256 and 75 epochs ensure
that each batch provides enough representative examples from the minority classes
while remaining within acceptable computation time (around 20 minutes).

2.5.3 Reconstruction quality

Thanks to the KL divergence regularizer term in the loss function, our VAE was
able to learn multivariate independent latent variables. As shown in Fig. 2.C.1 in
Appendix, the linear correlations between the latent encodings are close to 0. The
latent variables are also centred around 0 with standard deviations close to 1 (see
Table 2.D.1 and Fig. 2.C.2 in Appendix).

Thanks to the reconstruction loss, which allows for deviations from the unit
Gaussian prior to capture the data most salient features, we also observe that
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policies which reported 1 or 2 motor claims are concentrated towards a lower region
of the latent space and that their mean and variance also slightly deviate from the
standard values of 0 and 1 as illustrated in Fig. 2.C.2 in Appendix. This enabled
our VAE model to reconstruct the original data fairly accurately.

To evaluate the quality of the reconstructed data, a reverse scaling is applied to
the decoder’s output &. A reverse dummy encoding is applied to the reconstructed
categorical classes, and a reverse min-max transformation followed by a reverse
quantile transformation is applied to the reconstructed continuous variables. As
shown in Fig. 2.5.4, the frequency of each observed category in the reconstructed
data matches that of the original data. Fig. 2.5.5 also shows that the densities of
the original and reconstructed continuous data are almost perfectly overlapping.
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Figure 2.5.4: Comparison of real (light blue) and reconstructed (dark blue) cate-
gorical data distributions (frequency of each observed category).
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Figure 2.5.5: Comparison of real (light blue) and reconstructed (dark blue) con-
tinuous data distributions.

The visual comparison between Fig. 2.5.5 and Fig. 2.5.6 illustrates the posi-
tive impact of introducing and applying a quantile transformation on the continu-
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ous variables (following non-Gaussian multi-modal distributions), before inputting
them into the encoder network. Without applying our normal quantile transfor-
mation on the inputted continuous variables, the distributions of the reconstructed
variables (in dark blue) clearly fail to capture the two modes of the original Vehi-
cleAge’s distribution and the multiple modes of the original variable Duration.
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Figure 2.5.6: Reconstructed (in dark blue) Duration, OwnersAge and VehicleAge
without quantile transformation compared to their real distributions (in light blue).

The impact of introducing a quantile transformation on the multi-modal input
variables is even more pronounced when comparing the synthetic data distribu-
tions in Fig. 2.5.7 and Fig.2.5.10 (obtained in subsection 2.5.4 by feeding random
noises to the decoder’s network). When training our VAE on our pre-processed
data without a normal quantile transformation scaler, the synthetic distributions
(in dark blue) in Fig. 2.5.7 completely fail to reproduce the modes of the origi-
nal distributions (in light blue). As illustrated in Fig.2.5.10, the normal quantile
transformation we proposed to scale our continuous input data greatly improves
the distributions of the synthetic continuous data.
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Figure 2.5.7: Synthetic (in dark blue) Duration, OwnersAge and VehicleAge with-
out quantile transformation compared to their real distributions (in light blue).

2.5.4 Synthetic data generation

As motivated in Section 2.3, the trained decoder network can be used as an un-
supervised generative model to create new insurance policies that mimic the real
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policies patterns. This can become a valuable tool when real-world data is diffi-
cult to collect. Whether the data is real or artificial is irrelevant; what matters
are the structure, statistical characteristics, and patterns inside the data. Ideally,
synthetic data should preserve the data distributions and correlation structure.

In their seminal papers, neither Kingma et al. (2013) nor Rezende, Mohamed,
and Wierstra (2014) seem to specify the best way to generate new data points. In
their research on 3-VAE, Higgins et al. (2017) do mention that the most informative
latent units of 5-VAE have the highest KL divergence from the unit Gaussian prior,
confirming at least that the posterior distribution does not perfectly match the
Gaussian prior p(z) ~ N (0,I) and the difference matters. As illustrated in the
left plot of Fig. 2.5.8, although the latent variables are roughly centred around
0 with standard deviations close to 1 (see Table 2.D.1 in Appendix), they do
not necessarily fit neatly into a standard bell curve. Applying a normal quantile
transformation ®~! (F(Z)) to each latent variable Z ensures their densities are
bell-shaped (see right plot of Fig. 2.5.8).
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Figure 2.5.8: Densities of the d = 15 latent variables, before and after normal
quantile transformation.

With that knowledge in mind, we generate new policies by first sampling from
the prior distribution p(z) ~ A (0,I). By doing so, samples z from the whole data
distribution are drawn. Because of the non-bell shaped distributions of the latent
codes z, sampling from N (0, I) might fail and under-sample or omit some regions
of the true distribution, over-sample others, and even provide inputs not covered
by the aggregate posterior. Therefore, we propose to apply the inverse quantile
transformations of the latent variables to the normally distributed samples z.

The new samples z are then fed as input to the decoder. The quality of the
so-generated synthetic policies is evaluated with respect to the statistical character-
istics of the original portfolio. Fig. 2.5.9 and Fig. 2.5.10 show that the distributions
of the synthetic data match those of the original data. The ability of our VAE model
to generate new policies representing all classes, including those with fewer obser-
vations (e.g., Class 7 or Zone 7), was achieved thanks to the model architecture
(including the heterogeneous reconstruction loss with a categorical cross-entropy
for categorical variables) and the hyper-parameters setup (including the choice of a
moderate batch size to include enough representative examples from the minority
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classes in the training subsets) detailed in the previous subsection 2.5.2.
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Figure 2.5.9: Comparison of real (light blue) and synthetic (dark blue) categorical
data distributions (frequency of each observed category).

As mentioned at the end of the previous subsection 2.5.2 and illustrated in
Fig. 2.5.10, the normal quantile transformation we introduced and applied to scale
our continuous variables (before inputting them into the encoder network) greatly
improved the similarity between the synthetic continuous variables distributions
and the original ones.
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Figure 2.5.10: Comparison of real (light blue) and synthetic (dark blue) continuous
data distributions.

This visual analysis of the quality of our synthetic data is further supported
and verified by a wide range of measures. We first evaluate the ability of our VAE
model to capture pairwise correlations between continuous variables by computing
Pearson and Spearman correlations. Table 2.5.3 shows that the original correlations
between continuous variables are preserved in the synthetic dataset. The scores in
Table 2.5.3 were obtained by computing 1 — 0.5 |corr*®®! — corpsynthetic|
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OwnersAge VehicleAge
Pearson p  Spearman r; Pearson p Spearman 7

Real 0.0755 0.0671 - -
VehicleAge Synthetic 0.0770 0.0777 - -

Score (%)  99.9243 99.4729 - -

Real 0.1173 0.1694 —0.0278 0.0787
Duration Synthetic 0.1334 0.1689 0.0526 0.0608

Score (%)  99.1948 99.9766 95.9783 99.1068

Table 2.5.3: Pearson and Spearman correlations between real and synthetic con-
tinuous data.

The synthetic and original continuous data distributions are further compared
using the Kolmogorov-Smirnov (KS) statistic-based metric. The results are re-
ported in Table 2.5.4. The output values are pretty close to 1, indicating that the
distributions (the real CDFs and the synthetic CDFs values) are almost identical,
verifying our visual analysis.

Variable KS metric

OwnersAge 0.9779
VehicleAge 0.9856
Duration 0.9863

Table 2.5.4: Kolmogorov—Smirnov statistic-based similarity metric between real
and synthetic continuous variables.

The quality of the synthetic categorical data is checked using the Chi-Squared
test-based metric. The results reported in Table 2.5.5 are once again an indication
of the high-quality of our synthetic data. Note, however, that due to the low number
of policies (25 out of 62289) with two reported claims, we often fail to generate
qualitative artificial policies with two claims (hence the 67% for the NumberClaims
modalities coverage).

Zone Class Gender  NumberClaims
Chi-squared test statistic ~ 0.9852 0.9815 0.9954 0.9977
Modality coverage (%) 100.0000  100.0000 100.0000 67.6667

Table 2.5.5: Chi-squared test statistics and modality coverage between real and
synthetic categorical variables.
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The boundaries adherence and statistical similarities reported in Table 2.5.6 are
also verified. All synthetic data are within the minimum and maximum bounds
of the real data, and we observe highly similar values for the mean, standard
deviations, and different quantiles.

OwnersAge VehicleAge Duration
Real Synthetic Real Synthetic Real Synthetic

mean 42.5438  42.8047  12.5584  12.6940 1.0079 0.9938
std 12.9549  12.9445 9.6846 9.6192 1.0621 0.9759
min 16.0000  16.0000 0.0000 0.0000 0.0027 0.0027
Statistical similarity = 25% 31.0000  31.0000 5.0000 6.0000 0.4904 0.4959
50% 44.0000  44.0000  12.0000  12.0000 0.8877 0.9178
5% 52.0000  53.0000  16.0000  17.0000 1.0000 1.0000
max 92.0000  83.0000  99.0000  87.0000  11.9945  11.7653

mean 0.9966 0.9986 0.9988
Statistical score std 0.9999 0.9993 0.9928
median 1.0000 1.0000 0.9975

Table 2.5.6: Statistical similarity between real and synthetic continuous vari-
ables. For each statistic ¢, the associated score is defined as 1 — ||t“%ll —
tsynthetic ||/(maXreal _ minsynthetic)_

We further compare the contingency similarity of the categorical variables in
Table 2.5.7. These scores were obtained by means of a contingency table, which
displays frequencies for combinations of two categorical columns.

Zone Class  Gender

Class 0.9581 — -
Gender 0.9796 0.9738 -
NumberClaims 0.9843 0.9797 0.9931

Table 2.5.7: Contingency score between real and synthetic categorical variables.

To evaluate whether our synthetic insurance portfolio could be used as a sub-
stitute for the original portfolio in actuarial analyses, we compare the Poisson
deviance in Eq. (2.5.1) obtained with two different GLMs.

The first GLM is trained on the original insurance portfolio X and is used
to predict the claim frequencies :\iGLMl of the original policies ¢ = 1,...,n. By
replacing in Eq. (2.5.1) the observed claim frequencies N;/v; by the number of
claims in the original variable NumberClaims divided by the policy’s exposure in
the original variable Duration, and i by the predicted claim frequencies S\iG’LMl,
we obtain a Poisson deviance equal to 5691.01.

The second GLM is trained on the synthetic portfolio X* and is used to predict
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the claim frequencies ):iGLMQ of the original policies ¢ = 1,...,n. We were able
to fit a GLM to the synthetic data because both the continuous variable Duration
and the variable NumberClaims were fed as input to our VAE. By replacing in
Eq. (2.5.1) the observed claim frequencies N;/v; by the synthetic variable Number-
Claims divided by the synthetic variable Duration (extracted from the generative
decoder’s output), and Ai by the predicted claim frequencies X?LM2 of the original
policies, we obtain a Poisson deviance equal to 5961.84. Table 2.5.8 reports the
Poisson deviances and the difference (in %) from the reference Poisson deviance
obtained with the first GLM. The smaller this variation (%), the more our syn-
thetic insurance portfolio can be considered a strong substitute for the real one.
Fig. 2.C.4 in Appendix illustrates the aforementioned results; subject to the same
estimator (GLM), predicted claim frequencies from the authentic and synthetic
portfolios should be close to the first bisector.

We further assess the quality of the reconstructed portfolio by fitting a third
GLM on the reconstructed portfolio X" and by predicting the claim frequencies
/A\iGLM3 of the original policies i = 1,...,n. By replacing in Eq. (2.5.1) the observed
claim frequencies N;/v; by the reconstructed variable NumberClaims divided by
the reconstructed variable Duration (extracted from the decoder’s output), and
Y by the predicted claim frequencies ;\?LMS of the original policies, we obtain a
Poisson deviance equal to 5713.09, which is relatively close to the Poisson deviance
obtained with the first GLM. This strengthens our previous quality analysis of the
reconstructed portfolio.

Data type GLM model Poisson deviance % difference
Real data 1 5691.01 -
Synthetic data 2 5961.84 4.76 %
Reconstructed data 3 5713.09 0.39 %

Table 2.5.8: Poisson deviances for GLM models on real, synthetic, and recon-
structed data.

While a low reconstruction error indicates that the VAE has successfully learned
the underlying data distribution, it does not in itself guarantee privacy protection.
In particular, generative models may still exhibit memorisation effects, where a
fraction of synthetic records are exact or near-exact replicas of real observations.

In our experiment, the fake and original portfolio both contain 62289 policies.
In the fake portfolio, 2.55% of the fake policies are duplicates and 97.45% of the
policies are unique. Among the unique fake policies, 1.82% were identified as direct
copies of real policies, which corresponds to a potential risk of re-identification and
therefore constitutes a privacy concern.

It is important to distinguish between memorisation risk and formal privacy
guarantees. The former can be assessed empirically using nearest-neighbour com-
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parisons, distance-based matching criteria, or membership inference attacks, while
the latter requires explicit mechanisms such as differential privacy. Several privacy-
preserving extensions of VAEs have been proposed, including differentially private
VAEs (DP-VAEs) (Weggenmann et al. 2022), which inject calibrated noise into the
training procedure or modify the optimisation objective to ensure formal privacy
guarantees. However, such approaches typically introduce a trade-off between pri-
vacy and utility, as stronger privacy constraints tend to reduce the fidelity of the
generated data and may impact downstream predictive performance.

2.6 Conclusion

This chapter explored the application of VAEs for multi-type insurance data. The
study’s objective was to leverage the power of VAEs to extract a meaningful and
low-dimensional representation of an insurance portfolio to generate artificial data.
Thanks to our quantile transformations and NNs architecture, we successfully gen-
erated realistic and diverse samples of synthetic insurance policies characterised
by multinomial and multi-modal non-Gaussian variables. The ability of our VAE
to uncover the underlying structure in the input data offers a promising avenue
for insurance companies to enhance their decision-making processes by facilitat-
ing tasks such as risk assessment and claim prediction while overcoming privacy
concerns associated with the use of authentic policyholder information. Although
VAEs assure a bright outlook for insurance analytics, there are still challenges to
overcome. In particular, the research highlighted the significance of appropriate
model architecture and hyper-parameters tuning to achieve optimal results. Care-
ful consideration should be given to the selection of activation functions, layer
sizes, regularisation techniques, and optimisation algorithms to ensure the effective
training and performance of VAEs on insurance data.

Note that, given the moderate dimensionality of the portfolio analysed in this
study (22 encoded variables and approximately 60000 observations), a standard
VAE appears sufficiently flexible. Future work could nevertheless investigate non-
parametric extensions such as stick-breaking VAEs, not because of sample size
limitations, but because they allow the complexity of the latent representation to
adapt automatically to heterogeneous insurance portfolios. This may be particu-
larly beneficial when modelling portfolios containing numerous latent risk segments
or richer sources of information such as telematics, text, or claims histories.

For future research, the latent codes obtained from our VAE model could also
serve as a valuable input for a subsequent unsupervised regression step (e.g., clus-
tering), provided that the target variable (e.g., NumberClaims) is withdrawn from
the encoder’s input. By utilising the blurred latent representation of the original
rating factors in a downstream task, the direct and explicit usage of sensitive at-
tributes, such as gender or ethnicity, in the subsequent regression task could be
avoided. Finally, our generative model could also be adapted and conditioned on
a modality or a target value to generate new additional representative policies.
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2.A Proofs

Proof of Proposition 2.1. As [ q4(z|x)dz = 1, the marginal log-likelihood is rewrit-
ten as follows:

tnpol@) = [ g (<l2) Inpo(@)dz.

Given that pg(x) = % (Bayes theorem), we can develop the integral in the

following manner:
Inpg(x) = /q¢(z|x) (Inpg(x,z) —Inpy(z|x))d=
= /q¢(z|m) (Inpg(x, z) —Ingy(zlz) + Ingy(z|x) — Inpe(z|x)) dz

- [t (G55 ) o=+ [ i (G55

= Dxw (g0 (2[x) || po(2|2)) + L(2:6, ) -

O
Proof of Proposition 2.2. By definition, the KL divergence is:
Dxr (g5(z|2) || po(2)) = Eq, [Ingg(z|@)] — By, [Inpy(2)]
where the densities are equal to:
ex 7LZTZ
pg(z) = % >
2
(2]) o)
gp\Z|T = .
(2”)‘”2\/1_[2:1 )
A direct calculation allows to infer that for z € R<:
d d 2
d 1 ) 1 (2 — pz ()
Eg, (Ingy(z]z)) = Eg, ) In (27) — 3 ;hlaz,k(w) 3 ; W
d d 2
d 1 9 1 (2 — pz(2))
-5 In (27) — 3 Z Ino; p(x) - 51[*]% ; o r(@)?
d 1 2 1 Zl 1 Zd:E (Zk - Hz,k(x))Q
=—In(27m)— = na —_—
2 2 — 96 02716(:13)2

—_

d 2
= —5 In (27‘(’) - 5 kgl (1 + lna'z,k(w))
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and
Ey, (Inpe(z)) = Eqy, {—Z In (27) — ;sz]
1
k=1
_ 1 (2 ) 1 d ( 2 2
=5 @n) = 53 (0:4(@) +pes(@)’)

2.B Algorithms

Algorithm 6: Quantile transformation of a continuous feature to a stan-
dardized Normal distribution.
Input: Observed values {x1,z32,...,2,} of a continuous variable X
Initialisation
Sort the observations in ascending order: Ty < S T

| Choose the number of quantiles n,

for j =1 to n, do

) — 1
Define evenly spaced probability levels: u; < h
. —
Compute empirical index: k; < u;j(n — 1)
i |k;]
5j — ]fj — gj

Define empirical quantile by linear interpolation:

qj = (1= 0)Tt;41) + %t 42)
for i =1 ton do
Find j such that ¢; < z; < gj41

Ti — gy
Ujr1 — uy)
P qj( j j

u; < min(1, max(0,u;)) (clipping)
2z + ®71(u;) where @~ denotes the quantile function of A'(0,1)

Set T'(X) = 2;5 , with 2 = %Z?:l Zi, O, = ﬁ 2?21(2'7 —2)?
Output: Transformed variable T'(X) with approximately standard
Normal distribution

Ui<—Uj+




2.B. Algorithms

83

Algorithm 7: Variational AutoEncoder for a heterogeneous insurance
portfolio.

Input: Insurance portfolio X € R™*™ consisting of n policies with myum,
continuous and me,s categorical rating factors: X = {x1,...,x,}

Pre-processing

for j=1,..., M do

Dummy-encode categorical variable j:

2® {2, a9}, 2 e {0,1).
for k=1,...,muyum do
Apply quantile transformation and min-max scaling to numeric
variable j:

X} — min(X7)

X' — &Y F(X; X" 2
A (F(X3)), A max(X})—min(X;-)

-1

Initialisation
Set hyperparameters: learning rate «, batch size M, epochs N

| Initialise encoder and decoder parameters (¢, §)
while parameters (6, ¢) not converged do
Sample a mini-batch M = {@1,...,xp} € X;
for x € M do
Compute encoder outputs: (u,logo?) <+ ey(x)
for/=1to L do

L Sample latent variables: z() « u+ o ®e®, €V ~ N(0,1)
Compute numeric reconstruction loss:

L
1 2
Loum E l§_1 Hxnum — tanh(dg(z(l))num)H

Compute categorical reconstruction loss:

L mcat Cj

1 ,
L ¢ 7 Z Z Z x;-],) log softmax(dg(zg))j/

1=1 j=1 j/=1

Compute KL divergence: Lk, —% 251):1 (1 +logo? — o2 — u?l)

Compute gradients: Vg@,EM (M;6,9)
Update parameters:

0 0—aVy Y (L™ +2L5)
reM

G ¢—aVy Y (L™ + 2L + BLiL)
reM

Output: Trained encoder and decoder parameters (¢, 6).
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Figure 2.C.2: Scatter plot of the latent means (left) and standard deviations (right)
between the observed values of two latent variables Z; and Z;.
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and Zj.



2.D. Tables

87

L
0.84
A4 (trained on authentic data)
e ), (trained on synthetic data)
/|
0.6 1 7/
o]
©
o
© 044 4
T /7
£ d
g 7/
n L] 4
4
'. /
/
d
0.2 .
F A4
/4
0.0
0.0 0.2 0.4 0.6

Authentic data

Figure 2.C.4: Proximity to the 1st bisector of the synthetic and authentic predicted
claim frequencies, where A\; and Ay denote the average claim numbers estimators re-
spectively calibrated on the authentic 22uthentic and synthetic xiymhem data (where

%

1 and k denote the i-th and k-th policyholder in the authentic and synthetic portfo-
lio). The light blue dots refer to the pair of points (Ay (z?uthentic) |\ (gsynthetic))
and the darker blue dots refer to the pair of points (Ay (z?uthentic) [\, (geynthetic)),

2.D Tables

Zy Zy  Zz  Za Zs Zg Z7 Z3

Zn Zi  Zws L Zis

Mean

Standard deviation

-0.04 0.00 0.01 0.02 -0.01 -0.00 -0.02 0.01
1.00 1.00 099 1.00 1.01 1.00 1.00 1.00

0.00 -0.00 0.00 -0.00 0.00
1.00 1.00 1.00 1.00 1.00

Table 2.D.1: Latent means and standard deviations.






Chapter 3

Latent Dirichlet Allocation for tabular insurance
data

This chapter explores the application of Latent Dirichlet Allocation (LDA) to struc-
tured tabular insurance data. LDA is a probabilistic approach initially developed
in Natural Language Processing (NLP) to uncover the underlying structure of (un-
structured) textual data. It was designed to represent textual documents as a
mixture of latent topics, and topics as mixtures of words. This study introduces
LDA’s document-topic distribution as a soft clustering tool for unsupervised learn-
ing tasks in actuarial science. By defining each topic as a risk profile, each insurance
policy as a document, and each modality of categorical covariates as a word, we
extend LDA’s application beyond textual data. Our experimental results and anal-
ysis highlight how the modelling of policies based on topic cluster membership, and
the identification of dominant modalities within each risk profile, can give insights
into the prominent risk factors contributing to higher or lower claim frequencies.

Charlotte Jamotton and Donatien Hainaut (Feb.
2026¢). “Latent Dirichlet Allocation for Struc-
tured Insurance Data”. In: Annals of Data Sci-
ence. ISSN: 2198-5812. DOI: 10.1007/s40745-
026-00674-8

3.1 Introduction

Insurance companies manage large portfolios of policies, each described by nu-
merous policyholder features and policy information. These datasets are typically
structured in tabular form, where rows represent individual policies and columns
correspond to covariates. Tabular insurance data often consist of a heterogeneous
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mix of numerical variables (e.g., insured age, policy duration) and categorical vari-
ables (e.g., geographic location, gender, vehicle type). This mixture presents several
challenges. Numerical variables may require scaling, discretisation, or standardiza-
tion, depending on the model’s distributional assumptions. Categorical variables
also pose unique challenges due to their often qualitative, and high-cardinality
nature Avanzi et al. (2024). Missing values further complicate preprocessing. Ac-
curately representing these variables in machine-processable form is critical, as they
directly influence risk assessment and pricing decisions.

Current practice in actuarial machine learning often relies on one-hot encoding
to pre-process categorical variables. While simple and interpretable, this approach
can lead to high-dimensional sparse representations, making models harder to in-
terpret and potentially limiting predictive performance. Embeddings (Richman
2020) and other dimensionality reduction methods have been proposed in actu-
arial applications as an alternative to encode categorical variables directly into
numeric, machine-processable representations (P. Shi et al. 2022). These meth-
ods also address challenges of high cardinality by capturing similarities between
categories in a lower-dimensional space. For example, Campo et al. (2024) first ad-
dressed the challenges of hierarchically structured nominal risk factors by proposing
a top-down partitioning algorithm that groups similar categories and generates fea-
tures for each hierarchical level. Their approach reduces the effective number of
categories, and improves differentiation between high and low risk groups. This
method has been extended by Richman and Mario V. Wiithrich (2024) using multi-
dimensional, multi-level random-effects embeddings, regularized according to the
hierarchical structure of the risk factor. Similarly, Wilsens et al. (2024) apply
entity embeddings in a hierarchical setting combined with a top-down clustering
algorithm to reduce both within-level dimensionality and overall granularity.

In parallel, clustering and segmentation methods have been applied to iden-
tify groups of similar policyholders and define homogeneous risk profiles. For in-
stance, Gan and Valdez (2019) applied clustering to telematics-based motor insur-
ance data to uncover latent driving behavior segments, Campbell (1986) proposed
an integrated clustering approach combining policy attributes and claims expe-
rience for risk differentiation, and Yao (2016) developed a clustering framework
to identify natural groupings of policyholders for improved predictive modelling.
More recent studies have explored clustering for mixed-type insurance data, includ-
ing Yin et al. (2021), who applied k-prototypes to life insurance portfolios with nu-
meric, categorical, and spatial variables, and Zhuang et al. (2018), who compared
multiple clustering algorithms for auto insurance customer segmentation. How-
ever, traditional approaches such as K-means or hierarchical clustering assign each
policy to a single cluster, failing to model uncertainty in cluster membership and
ignoring the overlapping nature of policyholders’ risk profiles. Probabilistic and
soft clustering approaches have been applied to actuarial problems to address this.
For example, nonparametric approaches for actuarial data compression (O’Hagan
et al. 2016), topic-based finite-mixture models that jointly cluster textual and loss
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information (Hou et al. 2024), and fuzzy C-means variants adapted for fraud de-
tection or semi-supervised segmentation (Koc et al. 2024; Hashemi et al. 2023;
Oskouei et al. 2024).

The Latent Dirichlet Allocation (LDA) introduced by Blei et al. (2003) as an ex-
tension to Hofmann (1999) probabilistic Latent Semantic Analysis (pLSA), offers a
promising framework that accommodates heterogeneous portfolios, variable-length
policies, missing values, and soft cluster membership to generate interpretable la-
tent risk profiles. Originally developed for topic modelling, LDA represents each
document as a mixture of topics, where each topic is a distribution over words.
Under the Bag-of-Words (BoW) assumption, the sequential arrangement of words
within a document, as well as the order of documents within the corpus can be
disregarded Xuan et al. (2014). According to de Finetti’s theorem, the distribution
of any set of exchangeable random variables can be represented as a mixture of dis-
tributions of independent and identically distributed random variables. Therefore,
assuming exchangeability for documents and words within documents amounts to
considering a mixture model for both. The three-level Bayesian LDA generative
model (Blei et al. 2003) is built around this exchangeability assumption. By mod-
elling each document as a mixture of latent (hidden) topics and each topic as a
mixture of words, LDA attempts to capture the underlying distributional struc-
ture of textual documents. This probabilistic, soft clustering framework allows
documents to simultaneously belong to multiple topics in varying proportions.

While Yibo Wang et al. (2018) demonstrated that applying LDA to unstruc-
tured textual claim descriptions improves fraud detection in automobile insurance,
its potential for structured categorical insurance data remains largely unexplored.
In their survey on categorical data processing, Hancock et al. (2020) recognised the
research potential of applying Yibo Wang et al. (2018) technique to other types of
insurance data. The ongoing research to develop more efficient and effective encod-
ing methods for handling categorical data in machine learning lead us to consider
the application of the LDA model on categorical and discretised numeric rating
factors.

Using the terminology specific to the LDA model, each policy  characterised
by Ny categorical (and discretised numeric) variables can be viewed as a set of
words or modalities {x1,z2,...,2y,}. An insurance portfolio (corpus) X could
thus be interpreted as a collection of D policies (documents) {x1,Z2,...,Zp}
depicting K different risk profiles (topics) denoted {z1, 22,...,2zK}. Instead of
modelling topics over words as in text data, LDA would model risk profiles over
modalities. A risk profile (topic) would then be defined as a probability distribu-
tion over modalities (words). The so-called topic-word fj and document-topic 6,4
distributions could be respectively renamed risk profile-modality and policy-risk
profile distributions. The order of policies within a portfolio is inconsequential,
and the modalities characterising each policy are also exchangeable (it does not
matter if the gender of the insured appears before or after its geographic location).
Therefore, the BoW’s exchangeability still holds for both policies (documents) and



92 Chapter 3. Latent Dirichlet Allocation for tabular insurance data

modalities (words within a document).

The policy-topic 64 distribution can be used to summarise and organise insur-
ance policies into a smaller set of prominent risk profiles (topics), defined by a list
of most-likely (or dominant) modalities, e.g., young drivers of high-power vehicles
in the riskiest profile. This corresponds to the definition of cluster analysis (Jain
et al. 1999). LDA is to textual documents what soft clustering is to numeric ob-
servations. In actuarial literature, clustering has been applied to identify groups
of policyholders with similar technical attributes (e.g., their car model) and build
predictive models (see e.g., Gan and Valdez (2019), Campbell (1986), and Yao
(2016)). However, when dealing with insurance policies, the crisp cluster assign-
ments of standard clustering algorithms amounts to classifying each policy into a
single group. This approach fails to reflect the policy attributes that may over-
lap with different groups. Whereas LDA’s probability distribution 64 over K risk
profiles, given a policy d, assigns cluster membership weights to each policy topic.
This is the definition of fuzzy (or soft) clustering (M.-S. Yang 1993).

Compared to deep learning embeddings, LDA offers several practical advantages
for actuarial applications. While neural embeddings (Richman 2020) can capture
complex interactions between categories, they are typically optimized for predictive
performance in downstream tasks. LDA, by contrast, provides interpretable topic
distributions, requires fewer hyperparameters, can be applied directly to categorical
and discretised numeric variables without requiring additional encoding or neural
network architectures, and naturally supports soft clustering, which aligns with
the overlapping risk characteristics often observed in insurance portfolios. LDA is
therefore directly suited for policy segmentation.

Moreover, in LDA the number of words (modalities) in each document (policy)
can differ. This property allows LDA to be flexible enough to model documents
(policies) of varying lengths, while still effectively discovering topics (risk profiles)
that are common across the entire corpus (insurance portfolio). This characteris-
tic of LDA’s hierarchical model is of interest to model policies containing missing
values. While incomplete data analysis has already been addressed in the litera-
ture by K. W. Ng et al. (2008), who introduced grouped Dirichlet distributions to
analyse incomplete categorical data, or Dinh et al. (2021), who proposed a cluster-
ing algorithm to group mixed numerical and categorical data with missing values,
to name a few, the management of missing values in actuarial applications is not
strongly developed.

In this chapter, we contribute to the actuarial literature by (i) extending LDA
to structured categorical (instead of unstructured textual) insurance data, (ii) in-
troducing the LDA document-topic distribution as an unsupervised soft clustering
tool for policy segmentation, and (iii) demonstrating its empirical performance on
realistic insurance portfolio scenarios. To the best of our knowledge, it is the first
application of LDA to structured, non-textual, insurance data.

The chapter is organised as follows. Section 3.2 introduces the LDA model as a
soft clustering tool for structured insurance data. Section 3.2.1 sets the notations.
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Section 3.2.2 and Section 3.2.3 detail the generative process and the variational
inference method (Hoffman et al. 2010) used to derive the model’s approximate
posterior. Section 3.3 presents our experiment settings and results and compares
our approach with the Burt-adapted fuzzy clustering (Jamotton, Hainaut, and
Hames 2024). Section 3.4 concludes with insights and potential extensions.

3.2 Methods

Fig. 3.2.1 illustrates the workflow of the LDA modelling framework. First, the
insurance portfolio X is represented as a collection of policies, each expressed as
a sequence of modalities. Second, LDA is applied to uncover latent risk profiles
(topics) explaining the distribution of observed modalities. Finally, the posterior
distributions of the latent variables are approximated using variational Bayes (VB)
optimisation, yielding interpretable per-policy risk profile (topic) mixtures. The
framework produces a soft clustering of policies in a low-dimensional latent risk
space, which can be used for predictive premium modelling.

Insurance portfolio
(collection of sequences of modalities)

Y
ELatent Dirichlet AIIocation]

(generative model)

Y
Policy—Topic mixtures
(latent risk profiles)

Y
Downstream use:
risk profiling / premium modelling

Figure 3.2.1: Overview of the proposed modelling framework. The insurance port-
folio is represented as categorical policy data, encoded into modalities, processed
through the LDA generative model, and inferred via VB. The resulting topic mix-
tures define latent risk profiles for downstream actuarial use.

Note that LDA is closely related to classical credibility theory (Bithlmann et al.
2005). Note that LDA is closely related to classical credibility theory (Biithlmann
et al. 2005). In both frameworks, policyholders are modelled through latent risk
profiles that create partial pooling across observations. In LDA, the policy-specific
mixture plays a role analogous to a latent risk profile, with modality occurrences



94 Chapter 3. Latent Dirichlet Allocation for tabular insurance data

conditionally independent given this latent structure. Similarly, in credibility mod-
els, individual risk parameters are treated as random effects drawn from a pop-
ulation distribution, and posterior estimates combine individual experience and
collective information. This shrinkage effect is structurally similar to the Dirichlet-
multinomial updating mechanism in LDA, where posterior topic proportions com-
bine observed evidence (data) with prior population-level structure. LDA can be
viewed as a multivariate generalisation of credibility-style hierarchical modelling,
where dependence comes from shared latent risk components rather than explicit
correlation structures.

3.2.1 Notations

Before introducing the Latent Dirichlet Allocation (LDA) framework, we define
the main notations and concepts used throughout this chapter. For reference, Ta-
ble 3.A.1 summarises the key mathematical symbols used throughout the chapter,
together with their actuarial interpretation.

Let X denote a tabular insurance portfolio (corpus) of dimension D x C' consist-
ing of a collection of D insurance policies (documents) and C' categorical variables
(e.g., policyholder’s gender, geographic location, vehicle colour, etc.):

X:{ml,...,a:D}.

Each policy (document) @ in the insurance portfolio can be described as a finite
sequence of Ny words, representing the categorical or discretised numeric rating
factors of the policy, often referred to as modalities (e.g., female, west, grey, etc.):

x={r1,...,2N,} -

The insurance portfolio (corpus) can further be characterised by its vocabulary
size, V = ZCC=1 m., which is equal to the number of unique modalities, m., across
all C' categorical variables.

Each policy & is modelled as a mixture #(1*5) over the K latent risk profiles
(topics), each capturing a co-occurrence pattern of modalities across policies.

We denote x4, the nth modality of the dth policy. 84 denotes the topic distri-
bution (or mixture of risk profiles) for policy d. Similarly, z4, is a latent variable
indicating the risk profile (topic) assigned to the nth modality of the dth policy.
Each risk profile £ = 1,..., K will be described by a mixture B,(:XV) over all V
modalities (words). In other words, Bx = (Bk1,. .., Bky|) denotes the multinomial
distribution of modalities under risk profile k, where ) S, = 1. By doing so,
LDA estimates which latent topics (risk profiles) are important for a particular
policy, and which modalities (words) are important for a particular risk profile
(topic).

Under these notations, the goal of the LDA model is to estimate the posterior
distributions of the latent variables z and 6 given the observed modalities and
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hyperparameters («,n). a and 7 are the Dirichlet hyperparameters controlling, re-
spectively, the concentration of 64 (policy—topic mixtures) and 8 (topic-modality
distributions). The next Section formalizes the corresponding generative process.

3.2.2 Generative process

The LDA generative process, illustrated in Fig. 3.2.2, works as follows. For K pre-
specified risk profiles (topics), LDA assumes the dth policy x4 € X with length Ny
is generated in the following steps (Yi Wang 2011; Carpenter 2010; Darling 2011):

1. For each risk profile k = 1,..., K, Bx ~ Dy ()
2. For each policyd=1,...,D

(a) 0a ~ Dx (a)
(b) for each modality x4,
i zgn ~ Mk (1, Qd)
. an|zdn ~ Mv (1, Bz,,)

In the first step, a risk profile-modality (topic-word) distribution Sy is drawn for
each risk profile k over the vocabulary V from a V-dimensional Dirichlet distribu-
tion Dy () with hyperparameter 7. Each element Sy ,, in 8 indicates a probability
of a modality n for this topic k. The higher the i value, the more likely each risk
profile (topic) is to contain a mixture of most of the modalities and not a single
modality specifically. Note that a slight drawback of LDA is that we have to specify
upfront the number of topics to group the set of documents into. Setting a small
number of topics K typically leads to fairly general risk profiles that are mixtures
of more specific sub-risk profiles (Krestel et al. 2009). Fukuyama et al. (2022) ad-
dressed this by introducing a topic alignment method to find an optimal number
of topics.

In the second step, the risk profiles proportions 6, are sampled for each policy
d over the available K risk profiles from a K-dimensional Dirichlet distribution
Dk («) with corpus-level hyperparameter «. Each element 04 in 6, indicates a
probability of a risk profile k for this policy d. The higher the a value, the more
likely each policy is to contain a mixture of most of the risk profiles and not a single
risk profile specifically. This policy-specific risk profile matrix 8 = (01,...,0p) €
RPXK can be further interpreted as a low-dimensional representation of each policy
in the risk profiles space, and ultimately as a soft clustering tool.

A latent topic (risk profile) assignment zg, € {1,..., K} is then sampled for
each modality z4,, n = 1,..., Ng in the dth policy from a K-dimensional Multino-
mial distribution Mg (1,64) over the K topics parameterised by the topics weights
04.

Finally, the observed modality x4, is sampled given the sampled risk profile
Zdn from a V-dimensional Multinomial distribution My (1, 8, ) parameterised by
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B4, following the standard LDA generative process. In insurance data, modalities
within a categorical variable are mutually exclusive. Each modality x4, should then
be sampled from a subset V(") C V containing only the unique modalities of the
corresponding categorical variable. Formally, this can be written as:

(n)
J}dn‘zdn ~ My n) (1,,8;/;n ) . (3.2.1)

For example, if the first categorical variable, n = 1, is the geographic location
(West, East, or Central) of the policyholder, V) should only contain the identifiers
of the modalities West, East, and Central. While Eq. (3.2.1) reflects the practical
restriction of sampling for insurance data, LDA is not used in this work as a
generative model for data synthesis but rather as a latent representation framework
to encode categorical insurance variables and derive risk profiles. Consequently, we
never actually sample x4, from the model. Therefore, all subsequent joint and
marginal distribution formulas are defined over the full vocabulary V', ensuring
formal consistency with the standard LDA framework.

'7'—*
o e [ @,

D

Figure 3.2.2: Representation of the smoothed LDA generative process. The
top rectangle defines the topic-level parameters, the inner rectangle defines the
modality-level parameters, and the outer rectangle defines the policy-level param-
eters. We can only observe z (filled with grey).

The LDA generative process described and illustrated above results in the fol-
lowing joint distribution (Yi Wang 2011; Carpenter 2010; Darling 2011):

K D Ny
p (.’E, 2, 97 ﬂ‘aa 77) = H p (5k|n) H p (9d|a) H p (xdnwdv B) ’ (322)
k=1 d=1 n=1

where the modalities = are the only observable data and z,6,3 are the latent
(hidden) variables. When marginalising over topic assignments z, the modalities
(words) distribution is given by a mixture of weights p (z4y|04) and components

p(xdn|zdnaﬁ):
p(xdn|0d7ﬂ) = Zp(xdn|zdn,ﬁ)p(zdn|0d) s

such that the joint distribution in Eq. (3.2.2) becomes:

K D Ny
p(x,2,0,8la,n) = [ 2 Beln) [ ] pOale) [T p @anlzan, B) p (zanl6a) . (3.2:3)
k=1 d=1 n=1
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where 3}, and 6,4 are sampled using Dirichlet probability distributions (see Eq. (3.B.1)
and (3.B.2) in Appendix 3.B for detailed formulas) and zg4, and x4, |24, are sam-
pled using Multinomial probability distributions (see Eq. (3.B.3) and (3.B.4) in
Appendix 3.B).

While LDA’s goal is to uncover the latent topics z, we can only observe .
Therefore, we need to reverse the generative process described above to learn the
posterior distribution p (z, 6, 8|z, @, n) of the latent variables zg4, 64, and Sj given
the evidence (i.e., the observed data x) and the Dirichlet hyperparameters a;, 1.
This amounts to solving the following equation (Darling 2011):

p(z,2,0,Bla,n)
fa,@szzeman)

The numerator of this conditional Eq. (3.2.4) can be expanded given Eq. (3.B.1),
(3.B.2), (3.B.3), and (3.B.4) as follows:

p(2,0,Blz, a,n) =

(3.2.4)

K D Ny
p(x,2,0,8la,n) = [] p Beln) [] 2 (Bale) ] p @an|zan, Brx) p (2anl0a)
k=1 d=1 n=1

it )i

where,
% K
r (Zv:l nv) r (Zk:l ak)
= qV K
[To=i I'(M0) Tli=y I (o)
is a constant, and @ = I{x g, = v, 24, = k} is an indicator function.
The denominator of the conditional Eq. (3.2.4) is intractable due to the cou-

pling of the latent variables 6 and § in the summation over topics in the marginal
likelihood:

[ [ Er@zosan —c/Hﬁ"”‘l/eﬁeszIﬁHH Brabar)”

n=1k=1v=1

)

There are two families of techniques to derive a (tractable) approximate poste-
rior distribution, that are, the Markov Chain Monte Carlo (MCMC) sampling
approaches and the VB optimisation approaches (Yi Wang 2011; Carpenter 2010;
Darling 2011). Although the choice of a simplified parametric distribution intro-
duces bias, VB is empirically shown to be faster than and as accurate as MCMC
whose stochastic nature and iterative sampling process often require longer con-
vergence time (Hoffman et al. 2010). To efficiently fit models to larger collections
of documents, Hoffman et al. (2010) developed an online VB algorithm based on
online stochastic optimisation. It is implemented in the Scikit-learn library in
Python (Pedregosa et al. 2011) and detailed hereafter.
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3.2.3 Variational posterior and ELBO

A variational posterior distribution ¢ (2,6, 8|¢,7,A), illustrated in Fig. 3.2.3, is
introduced to approximate the intractable posterior p(z,0, 8|z, a,n). Under the
mean-field assumption, this joint distribution of latent variables ¢ (z, 8, 5|®,~, \)
can be factorised into three mutually independent marginal distributions:

K D Ng
q(2,60,87,A) = [T ¢ Belx) [T ¢ Oalrva) [T ¢ (zanldan) - (3.2.5)
k=1 d=1

- n=1

parameterised by three variational parameters:
. /\_k> of length V for topic k =1,..., K;
¢ non-negative (and does not sum to 1) %) of length K for policyd=1,...,D;
e non-negative ¢ of size D x V x K with Zszl bavk = 1,Vdv.

Br and 64 are sampled using Dirichlet probability distributions (see Eq. (3.B.5)
and (3.B.6) in Appendix 3.B for detailed formulas) and zy, is sampled using a
Multinomial probability distribution (see Eq. (3.B.7) in Appendix 3.B).

O
B
ao—» 4
C :

Figure 3.2.3: Representation of the variational distribution to approximate the
posterior in the smoothed LDA model. We can only observe z (filled with grey).
The variational parameters are framed with lozenge-shapes.

Ne—>»
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Note that de Finetti’s theorem states that an infinitely exchangeable sequence
can be represented as a mixture of conditionally i.i.d. random variables. The key
implication is that exchangeability does not imply marginal independence. Instead,
it guarantees the existence of a latent structure such that observations become in-
dependent once conditioned on it. In LDA, this structure is represented through
the policy-topic mixture 84 and the topic-modality distributions 5. Each modality
T4n is generated by first sampling a latent topic assignment z4n, and then sampling
ZTan- As a result, the z4yn are conditionally i.i.d. given 64, and the observed modal-
ities xgn are conditionally i.i.d. given the latent structure (64, 3). Conditional
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independence holds in the same spirit as random-effects or credibility models. Any
remaining dependence reflects potential model misspecification, meaning that con-
ditional independence should be interpreted as a modeling approximation rather
than a literal property of the data-generating process.

The variational parameters are estimated by minimising the Kullback-Leibler
(KL) divergence KL (¢(z,0, 86,7, A) ||p (2,0, 8|z, a,n)) between the variational
approximation ¢ and the true posterior distribution p:

. q(%&ﬁl@%ﬂ”

min § E, |log ———————= . 3.2.6
“ { q[ p (2,0, Blz, a,n) (326)

Minimising Eq. (3.2.6) is equivalent to maximising the evidence lower bound (ELBO):

L(d,7, N o,m) = Eg[lnp(z, 2,0, 6| a,n)] —Eq[lng(z,0,5]¢,v, )],

derived from the marginal log-likelihood In p (x|, ) using Jensen’s inequality (see
Appendix 3.C for detailed derivations).

To maximise the ELBO with respect to the variational parameters ¢,y and A,
we first maximise £ with respect to ¢4,x. This is a constrained maximisation since
>k Gdvk = 1Vdv. We form the Lagrangian by isolating the terms which contain
®a4vr and by adding the appropriate Lagrange multipliers:

K
Ligyon] = Pavk (Eq [In Bry] + By [InOgr.] — In pgor) + Akagmnge (Z Ddvk — 1>

k=1

oL
=Eq [In Biy] + Eq [Ingx] — (In pgor + 1) + )\Il;agrange .
OPduk

Setting the gradient to zero and solving for ¢4k, we get the update rule for ¢g,x:

Qdvk X €XP (Eq [ln Bkv] + Eq [ln Gdk]) . (327)

We then maximise the ELBO with respect to vg:

v
Liyg) = (Z Ny Pdvk + (o — ’de)) ( (var) <Z ’de)) a (yax) + cst
v=1
v

= (oo (Sra)) (B o).

v=1

where the digamma function ¥(-) is the derivative of the logarithm of the Gamma
function, and is used to compute expectations of logarithms of Dirichlet-distributed
variables in closed form.

Setting the gradient to zero and solving for 4, we get the update rule for 4y :

Yk = o+ Z Nv Pdok - (3.2.8)
v=1
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The number of times policy d is assigned to topic k is thus equal to the Dirichlet
prior « plus the weighted sum of the number of times each modality in d is assigned
to topic k, where the weight ¢4,x is the probability that modality v in policy d
belongs to topic k.

We finally maximise the ELBO with respect to Ag,:

D \4
(Z Navbavk + (1 — m)) (w (ko) =¥ (Z m)) +b (ko) + cst
d=1 v=1

L]

oL D ) yad
. (; Ny Pdvie + (1 — )\k:v)) (ip (Ako) =¥ (Z‘; Akv)) :

Setting the gradient to zero and solving for g, we get the update rule for Ag,:

D
Ay =1+ Z Ndv Pduk - (3.2.9)
d=1

Similarly to the interpretation of 741, the count of modality v in topic k is equal
to the Dirichlet prior n plus the weighted sum of modality count v in each policy
d, where the weight ¢4, is the probability that modality v in document d belongs
to topic k.

Given the updates rules for the variational parameters ¢,y and A (see Eq. (3.2.9),
(3.2.8), and (3.2.7)), the online VB EM steps for solving LDA are detailed in Al-
gorithm 8 (Hoffman et al. 2010).

3.3 Results and discussion

3.3.1 Experimental design

We aim to assess the validity, consistency, and interpretability of the proposed
LDA-based soft clustering approach for structured insurance data, and to bench-
mark its performance against both a Generalized Linear Model (GLM) and a Burt
adapted fuzzy K-means. The evaluation focuses on two distinct insurance portfolios
differing in size, target distribution, and data structure.

We consider a loan default portfolio containing 25917 policies, and a motor
insurance portfolio containing 62 289 policies. Each portfolio includes a combina-
tion of categorical, binary, and continuous covariates, as detailed in Tables 3.3.1
and 3.3.1. Continuous variables are discretized into four categories using their em-
pirical quartiles (25th, 50th, and 75th percentiles). This transformation converts
continuous features into categorical modalities, which is required by both the Burt
matrix representation and the LDA framework, as these methods operate on dis-
crete categorical data. The text descriptions in the loan dataset are not used for
LDA training.
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For both datasets, the observations are randomly partitioned into an 80% train-
ing subset and a 20% test subset (Table 3.3.2). All model fitting is performed
exclusively on the training subset, and the test subset is used to evaluate the out-
of-sample goodness of fit.

For each portfolio, we train multiple LDA models with the number of topics K
varying from 2 to 40. Each model is initialized using symmetric Dirichlet priors on
the topic-word and document—topic distributions. The hyperparameters are held
constant across runs to ensure comparability. For reference, a GLM is fitted using
the same training data, where categorical (and discretised) variables are one-hot
encoded. The Burt adapted fuzzy K-means is trained under the same conditions,
with K set to match the LDA topic count.

Model performance is evaluated on the test subsets using the deviance of the
assumed target distribution, that is, Binomial deviance for the loan portfolio and
Poisson deviance for the motor portfolio. Each observation is assigned to the topic
(or cluster) of maximum posterior probability max(64), from which the predicted
frequency ¢y is derived as the empirical mean of targets within the same cluster.
The resulting cluster-level predictions are compared across models to assess fit
quality.

To assess interpretability, the top modalities and average numeric values per
topic are analyzed and visualized. All results (deviance values, boxplots, and clus-
ter compositions) are reported on the test sets, unless otherwise stated.

3.3.2 Datasets

We use two distinct insurance portfolios to evaluate the validity and consistency
of the LDA model across various types of covariates with a variety of marginal
distributions and different assumptions regarding the target variable’s distribution.
The first dataset is a loan default portfolio with 25917 policies described by four
continuous variables (discretised into four distinct groups based on their 25th, 50th,
and 75th percentile), two binary variables, six categorical variables (i.e., structured
data) and a claim description provided by the borrower (i.e., unstructured data)
detailed in Table 3.3.1. The target variable takes two possible values (Charged Off
or Fully Paid) and is assumed to follow a Binomial distribution.

Continuous variables Min Max Mean Std
Loan amount 500 35000 113699 7274.1
Interest rate 5.42 24.4 11.95 3.60
Annual income 400 3900000 68854 59173
Revolving utilization 0 99.9 48.49 28.22

Table 3.3.1: Description of the loan portfolio variables with summary statistics.
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Categorical variables Modalities (proportion)
Inquiries 0 (48%), 1 (27%), 2 (15%), > 3 (10%)
Region East (51%), West (29%), Central (20%)
Purpose Debt consolidation (47%), Other (19%), Credit card (13%),

Home improvement (7%), Major purchase (5%), Small business (5%)
Grade 1-10 (56%), 11-20 (34%), 21-35 (10%)
Home ownership Rent (48%), Mortgage (44%), Own (8%)
Verification status Not verified (45%), Verified (32%), Source verified (23%)
Term 36 months (76%), 60 months (24%)
Public records 0 (95%), 1-3 (5%)
Loan status (target) Fully Paid (85%), Charged Off (15%)

Table 3.3.1: Description of the loan portfolio variables with summary statistics
(continued).

To validate the results obtained with this first database and check their re-
producibility, we use a second insurance portfolio that contains information about
motorcycle insurance policies over the period 1994-1998 (Ohlsson et al. 2010). Ta-
ble 3.3.1 gives the description and basic summary statistics of the two quantitative
variables and the three categorical variables describing each policy. The target
variable (number of claims) is assumed to follow a Poisson distribution. Given the
exposure of each policy, we will predict its claim frequency (i.e., the ratio between
the number of claims and the contract duration). In the following analyses, the
policyholder’s age and its vehicle’s age are categorised into respectively nine (< 19,
20 — 29, 30 — 39, ..., 80 — 89, > 90) and four (0 — 4, 5 — 10, 11 — 20, > 21) dis-
tinct groups. This motorcycle portfolio contains 62 289 insurance policies, which is
double the number of observations in the loan dataset.

Categorical variables Modalities (proportion)
Gender M (85%), K (15%)
Geographic area 1 (13%), 2 (18%), 3 (20%), 4 (39%),
5 (4%), 6 (6%), 7 (1%)

Vehicle power -5-1 (11%), 6-8 (8%), 9-12 (30%), 13-15 (19%),
16-19 (18%), 20-24 (13%), 25+ (1%)

Continuous variables Min Max Mean Std
Owner age 16 92 4254 12.95
Vehicle age 0 99 1256 9.68

Table 3.3.1: Description of the motorcycle insurance portfolio attributes with sum-
mary statistics (Ohlsson et al. 2010).
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Target variables

Claim frequency 0 182,51 0.028 0.947
Exposure 0.002 11.99 1.008 1.06
Number of claims 0 (99.89%), 1 (0.101%), 2 (0.0004%)

Table 3.3.1: Description of the motorcycle insurance portfolio attributes with sum-
mary statistics (Ohlsson et al. 2010) (continued).

3.3.3 LDA soft clustering for structured data

As explained in Section 3.2, by considering each distinct value of the categorical
(and discretised numeric) rating factors as a word, we can extend the scope of
application of the LDA model to structured data and use the document-topic ma-
trix (P> K) as a soft clustering tool where k = 1,..., K are the topic clusters and
d=1,...,D are the observations we want to cluster.

For each insurance portfolio introduced above, a LDA model is trained using
80% of the dataset. The model’s goodness of fit is then evaluated on the remaining
20% of the dataset. This train-test split, displayed in Table 3.3.2, is essential for
assessing how well the model generalises to unseen data. Given the learned param-
eters from the trained model (i.e., the topic-word and policy-topic distributions),
we can infer the risk profiles distributions fgnew of these unseen (new) insurance
policies (in the test set) using the optimised posterior distribution ¢ (9).

Train set (80%) Test set (20%)

Loan 20733 5184
Motor 49 831 12458

Table 3.3.2: Number of observations (insurance policies) in the training-testing
subsets.

To evaluate the goodness of fit of the models, each policy is assigned to the topic
for which it has the highest relative probability max (64). The quality of the topic
clustering can then be evaluated with the Binomial deviance for the loan dataset
and with the Poisson deviance for the motor dataset. The Binomial deviance is
defined as:

Do 1.9 =23 (s () + (- (122)) . wa)

st —Yd

where y, is the observed loan default probability of the dth policy, and ¢4 is the
predicted loan default probability of the dth policy (which is equal to the average
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number of defaults of all policies assigned to the same (topic) cluster as the dth
policy). The Poisson deviance is defined as:

D
N v 2
Droisson (y, y) = Q;Nd (J\]—d)\d - (hl (M)\d) + 1) H{Nd>1}) ) (332)

where Ny and vy are respectively the number of claims and the exposure of the
dth policy, and Aq is the predicted claim frequency (which is equal to the average
number of claim frequencies of all policies assigned to the same (topic) cluster as
the dth policy).

For each portfolio, we trained around 40 different LDA models (by increasing the
number of topics K) on the structured covariates in the respective training subset
(80%) of each portfolio. Fig. 3.3.1 shows the evolution of the Binomial (left plot)
and Poisson (right plot) deviances with respect to the number of topics K € (2,40)
used to fit these LDA models. The orange lines represent the evolution of the
deviances on the train sets, whereas the green lines represent the evolution of the
deviances on the test sets. We observe a general (but not smooth) decrease in the
deviances when the number of topics K increases, especially for the motor portfolio
(see right plot of Fig. 3.3.1) which contains more observations (see Table 3.3.2). In
the following analyses, all results (including goodness of fit or deviance values) are
evaluated on the test sets, unless otherwise specified.
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Figure 3.3.1: Evolution of the LDA Binomial (left plot) and Poisson (right plot)
deviances with respect to the number of LDA topics K € (2,40).

If we chose to train our LDA model with K = 15 topics on a subset (80%) of the
loan portfolio (in Table 3.3.1), we get a Binomial deviance equal to 4221.52 (with
15 distinct §4). In comparison, a GLM trained on the same subset (80%) of the loan
portfolio (with the difference that the discretised and categorical covariates are one-
hot encoded) gives a lower (and better) deviance equal to 4030.3. The granularity
of the GLM (4809 distinct §q) is however much higher than LDA clustering (15
distinct §4). Note that a separate validation set or cross-validation procedure would
typically be used to tune K. However, in this structure discovery application, K
was chosen as a compromise to be sufficiently large to capture meaningful structure
in the data, while remaining small enough to ensure a concise analysis of cluster
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composition. Fig. 3.3.1 illustrates how the low number of observations in the test
set of the loan portfolio leads to non-negligible variability in the predictive accuracy
out-of-sample.

While the use of LDA’s document-topic distribution as an unsupervised soft
clustering tool is not as competitive in terms of deviance as a standard GLM
on our loan portfolio, we still observe in Table 3.3.3 that the LDA approach
gives some insights into the prominent risk factors contributing to higher or lower
claim frequencies. This table 3.3.3 gives a summary of some of the most com-
mon modalities (in columns titled term and sub_grade) and average numeric
values (in columns int_rate and revol_util) in each topic cluster. The topic
clusters (as well as the corresponding figures) are ordered by increasing (aver-
age) number of loan defaults (see Frequency column). The categorical variables
home_ownership, verification_status, purpose, region, inq_last_6mths, and
pub_rec are omitted from Table 3.3.3 as none of their respective categories (modal-
ities) has a consistent association with higher or lower loan default rates (see
Fig. 3.D.1 in Appendix). The continuous variables loan_amnt and annual_inc
are also omitted as no increasing (or decreasing) trend with the default rate is
observed (see Fig. 3.D.2 in Appendix).

The column titled % of policies displays the size of each cluster (i.e., number
of policies relative to the portfolio size). We observe that nearly 50% of the total
observations are in the first three clusters with the lowest number of defaults.
Insurance claims are often considered as rare events due to their low probability
of occurrence. In the context of clustering, the data may naturally exhibit an
imbalanced distribution, where the majority of policies are assigned to lower-risk
clusters with a lower likelihood of defaults.

Topic % of policies Term Sub-grade Interest rate  Revolving utilization Frequency (%)
1 0.77 36 months 1-10 6.86 37.0 0.0500
2 37.21 36 months 1-10 8.55 36.61 0.1032
3 11.94 36 months 1-10 9.53 45.77 0.1066
4 2.37 36 months 1-10 9.64 30.24 0.1138
5 4.53 36 months 1-10 9.61 46.26 0.1404
6 2.22 60 months 1-10 10.53 43.29 0.1565
7 3.49 36 months 11-20 11.68 55.09 0.1602
8 10.07 36 months 1-10, 11-20 12.78 67.04 0.1686
9 1.58 60 months 11-20 11.86 51.17 0.1829

10 2.72 36 months 21-35 15.04 62.26 0.1844
11 7.99 36 months 1-10, 11-20 12.34 57.26 0.1932
12 9.43 36 months 11-20 12.54 51.81 0.2331
13 0.33 36 months 11-20 15.17 63.44 0.2353
14 1.60 60 months 11-20, 21-35 15.22 61.08 0.2530
15 3.74 60 months 21-35 15.33 72.80 0.2835

Table 3.3.3: Some of the most common modalities and average numeric values in
each topic cluster obtained with the LDA soft clustering model on the test set
(20%) of the loan portfolio. The table is ordered by increasing (average) number
of loan defaults.
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We observe in Table 3.3.3 and in the left plot of Fig. 3.3.2 that the two topic
clusters with the highest number of defaults have the highest number of long-term
(60 months) loans. Moreover, the topic cluster characterised by the lowest number
of loan defaults exclusively consists of short-term loans. We also observe in the
right plot of Fig. 3.3.2 a decline in the number of policies characterised by lower
grades (1-10) and an increase in the number of policies characterised by higher
grades (11-20, 21-35), when the default rate increases.

Cluster distribution in term Cluster distribution in sub_grade
100% 100%
80% 80%
o o
g 60% term g 60% i"—gﬁ%&
€ w36 months G
H g w1120
L w60 months £
& 0% & a0% 2135
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12345678 9101112131415 12345678 9101112131415
Topic cluster Topic cluster

Figure 3.3.2: Topic cluster distribution in the categorical variables term and
sub_grade. The topic clusters are ordered by increasing (average) number of loan
defaults, as in Table 3.3.3.

With regard to numeric covariates, we observe in the left plot of Fig. 3.3.3
an upward trend where higher interest rates are associated with topic clusters
characterised by higher default rates. This increase with the probability of loan
default is also observable, but less pronounced, in the right plot of Fig. 3.3.3 for
the revolving line utilisation rate.
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Figure 3.3.3: Boxplot of the numeric variables int_rate and revol_util by topic
cluster. The topic clusters are ordered by increasing (average) number of loan
defaults, as in Table 3.3.3.
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To confirm LDA’s ability to model the underlying structure of structured in-
surance data, we train our LDA model on a subset (80%) of the motor portfolio
introduced above (in Table 3.3.1). To strike a balance between capturing the
underlying data structure and maintaining a manageable number of clusters for
analysis, we chose to set the number of topic clusters K to 10. With K = 10, the
Poisson deviance is equal to 1276.51 (with 10 distinct §4). In comparison, a GLM
trained on the same subset (80%) of the motor portfolio (with the difference that
the discretised and categorical covariates are one-hot encoded) gives a deviance
equal to 1339.84 (with more than 1269 distinct §4). With a quite lower level of
granularity (10 versus 1269 distinct §4), the LDA clustering model results in a
significantly lower deviance than the one obtained with a GLM, which was not the
case in our loan portfolio analysis. This suggests that LDA is better at accurately
capturing the underlying structures of larger insurance portfolios. The following
analysis of the topic clusters composition, summarised in Table 3.3.4, further high-
lights LDA’s ability to give insights into the prominent risk factors contributing to
higher or lower claim frequencies. This Table 3.3.4 gives a summary of some of the
most common modalities (in columns titled Zone, Class and Gender) and aver-
age numeric values (in columns OwnersAge and VehicleAge) in each topic cluster.
The topic clusters (as well as the corresponding figures) are ordered by increasing
(average) motor claim frequencies (see Frequency column).

Topic % of policies Zone Class Gender OwnersAge VehicleAge Frequency (%)
1 7.53 4 1 M 48.17 32.19 0.13
2 14.44 4 3,4 M 46.20 14.50 0.29
3 6.01 4,1 3 K 45.00 6.62 0.52
4 15.61 4 6, 3 M 56.46 14.00 0.61
5 8.35 4,2 4 M 46.50 13.00 0.79
6 8.01 4,1 3,4 M 32.80 15.00 1.20
7 1342 2,3 3 M 50.79 2.00 1.38
8 7.71 3,6 5 M 47.18 15.00 1.54
9 10.05 4,3 6, 3 M 35.69 6.00 2.03

10 8.87 4,2 5,4 M 26.75 8.00 4.89

Table 3.3.4: Most common modalities and average numeric values with LDA soft
clustering (motor portfolio). The table is ordered by increasing (average) motor
claim frequencies.

Cluster 3, with the third lowest number of claims, has an interesting gender
make-up. While all other clusters have a male dominating gender, cluster 3 has
the largest proportions of females (see right plot of Fig. 3.3.4). It is also the cluster
with the largest number of insureds located in Sweden’s three largest cities (see
the proportion of Zone=1 in the left plot of Fig. 3.3.4).

The left plot of Fig. 3.3.5 also highlights the differences in age distribution
across topic clusters. It is interesting to note that the topic cluster associated with
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Cluster distribution in Zone Cluster distribution in Class Cluster distribution in Gender
100% A 100% 100%
80% 7 Zone 80% Class 80%
1 1
[} -2 Y -2 Y
2 60% - 2 60% g 60% Gender
2 s 3 2 s 3 2 K
g 4 3 43 —M
& 40%- 58 400 58 400
6 6
7 7
20% A 20% 20%
0% 0% 0%
12345678910 12345678910 123456780910
Topic cluster Topic cluster Topic cluster

Figure 3.3.4: Topic cluster distribution in the categorical variables Zone, Class
and Gender. The topic clusters are ordered by increasing (average) motor claim
frequencies, as in Table 3.3.4.

the highest claim frequency is exclusively characterised by younger (less experi-
enced) policyholders (26-27 years old), and is amongst the most concentrated age
distribution. Insurance premiums for less experienced drivers are typically higher
due to their perceived higher risk profile. We also observe in the right plot of
Fig. 3.3.5 that the topic cluster associated with the lowest claim frequency consists
of policies with the oldest vehicle’s ages (can refer to collection vehicle) with a
very large majority of low EV ratio <5 (see middle plot of Fig. 3.3.4). Collection
vehicles might be driven less frequently, reducing the likelihood of accidents.
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Figure 3.3.5: Boxplot of the numeric variables OwnersAge and VehicleAge by
topic cluster. The topic clusters are ordered by increasing (average) motor claim
frequencies, as in Table 3.3.4.

The following Table 3.3.5 provides a summary comparison of the goodness of fit
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obtained with our LDA soft clustering approach on both (test sets of) the insurance
portfolios in Table 3.3.1 (loan portfolio) and Table 3.3.1 (motor portfolio).

Loan Motor
# of topic clusters K 15 10
# of policies in the test set 5184 12458
Deviance type Binomial Poisson
LDA deviance 4221.52 1276.51
GLM deviance 4030.30 1339.84

Table 3.3.5: Summary of the LDA goodness of fit results on the test sets.

3.3.4 Burt adapted fuzzy (or soft) K-means

In this Section, we compare our LDA soft clustering approach to the Burt adapted
fuzzy (or soft) K-means (Jamotton, Hainaut, and Hames 2024). In this Burt
framework, categorical data are mapped to numeric vectors as follow:

1
BY = QCBC, (3.3.3)

where ¢ is equal to the number of categorical (and discretised numeric) variables, B
is equal to the product of the disjunctive matrix D and its transpose, and the diag-
onal weight matrix C contains on its diagonal the number of policies characterised
by the ith modality, denoted by n;;. For more details, we refer to Jamotton, Hain-
aut, and Hames (2024). For a survey of other state-of-the-art mixed data clustering
algorithms, see Ahmad et al. (2019). The following Fig. 3.3.6 shows the evolution of
the Binomial and Poisson deviances with respect to the number of fuzzy K-means
clusters. The decrease in deviance appears smoother with the Burt approach than
with LDA for the loan portfolio (see left plot of Fig. 3.3.1), despite the low number
of observations for the loan portfolio out-of-sample.
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Figure 3.3.6: Evolution of the Binomial (left plot) and Poisson (right plot) de-
viances with respect to the number of K-means clusters K € (2,40) in our Burt
adapted fuzzy K-means.
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If we train our Burt adapted fuzzy K-means on the same subset (80%) of the
loan insurance portfolio (in Table 3.3.1) as in the LDA approach, with a number of
fuzzy cluster K = 15 (equals to the number of topic clusters in the LDA approach),
we get a Binomial deviance (on the test set) equal to 4 095.31 (with 15 distinct ).
In comparison, the GLM deviance was equal to 4030.3 (with 4809 distinct §q)
and the LDA deviance was equal to 4221.52 (with 15 distinct §4). The following
Table 3.3.6 reports some of the most common modalities and average numeric
values in each topic cluster.

While the Burt and GLM approaches outperform LDA in terms of deviance
in this loan portfolio analysis, we observe that the Burt and LDA models give
similar insights into the prominent risk factors contributing to higher or lower claim
frequencies. Similarly to LDA, the left plot of Fig. 3.3.7 highlights the majority
(minority) of long-term loans in the clusters associated with higher (lower) default
rates. Unlike what we observed in the LDA approach, the first cluster, associated
with the lowest default rate, is not exclusively characterised by long-term loans (but
still consists of a large majority of long-term loans). Conversely, Burt appears to
discriminate better than LDA between different grades. The column sub_grade in
Table 3.3.6 displays a consistent evolution of the grade sub-classes with the increase
of default rate. This majority of lower (higher) grades in clusters associated with
lower (high) default rate is visually confirmed by the right plot of Fig. 3.3.7.

Topic % of policies Term Sub__grade Int_rate Revol util Frequency (%)
1 7.14 36 months 1-10 6.42 17.85 0.0459
2 6.17 36 months 1-10 6.64 33.28 0.0531
3 8.20 36 months 1-10 7.53 19.30 0.0847
4 4.98 36 months 1-10 9.16 36.56 0.0930
5 5.59 60 months 1-10 9.91 33.14 0.1034
6 8.16 36 months 1-10 10.31 51.08 0.1064
7 6.67 36 months 1-10 9.86 53.32 0.1098
8 7.64 36 months 1-10 9.88 49.55 0.1111
9 8.55 36 months 11-20 13.09 71.45 0.1580

10 7.79 36 months 11-20 12.79 55.82 0.1683
11 6.96 36 months 11-20 13.64 61.82 0.1717
12 6.23 36 months 11-20 12.82 53.21 0.2415
13 5.63 60 months 11-20 15.62 70.47 0.2432
14 6.15 60 months 21-35 17.71 71.01 0.3009
15 4.13 60 months 21-35 16.52 53.79 0.3178

Table 3.3.6: Dominant modalities and average numeric values (from the loan
database) of the continuous variables with K-means Burt adapted soft cluster-
ing. The table is ordered by increasing (average) number of loan defaults.
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Figure 3.3.7: Cluster distribution in the categorical variables term and sub_grade.

The clusters are ordered by increasing (average) number of loan defaults, as in
Table 3.3.3.

In Fig. 3.3.8, the upward trend in both the interest rate and revolving line
utilisation rate appears to be more consistent than the one observed in the LDA
approach in Fig. 3.3.3.
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Figure 3.3.8: Boxplot of the numeric variables int_rate and revol_util by clus-
ter. The clusters are ordered by increasing (average) number of loan defaults, as
in Table 3.3.3.

However, note that the size of the different clusters is more or less the same
(see column titled % of policies in Table 3.3.1). Whereas in the LDA approach,
the first three topic clusters already accounted for 50% of the entire portfolio (and
reflected the rarity of insurance claims).

To be consistent with the LDA analysis in Section 3.3.3, we also train our
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Burt adapted fuzzy K-means model on a subset (80%) of the motor portfolio (in
Table 3.3.1), with the same number of fuzzy clusters K = 10 as the number of
LDA topic clusters. It results in a Poisson deviance equal to 1273.37 (with 10
distinct §4), which is quite close to the one obtained with the LDA approach
(1276.51 with 10 distinct §4) and still better than the one obtained with the GLM
(1339.84 with more than 1269 distinct §4). While both approaches seem to be
able to distinguish high-risk groups from the low-risk groups, the LDA approach
produces a higher degree of heterogeneity between the clusters with significantly
different claim frequencies. While the average claim frequency of the first four
clusters are quite similar in the Burt approach, ranging from 0.42% up to 0.49%
(see Table 3.3.7), we observe in the LDA approach in Table 3.3.4 an average claim
frequency of 0.13%, 0.29%, 0.52%, and 0.61% in the first four clusters.

Cluster % of policies Zone Class Gender OwnersAge VehicleAge Frequency

1 9.35 4 1 M 42.94 29.46 0.42
2 14.54 4,3 3,4 K 41.53 11.25 0.45
3 759 4 3,4 M 46.20 7.50 0.46
4 13.78 4 53,4 M 47.00 14.00 0.49
5 787 3 5,3 M 44.94 15.00 0.57
6 6.62 4,2 3,4 M 53.50 6.00 1.01
7 15.77 2,1 3,5 M 47.40 15.50 1.16
8 712 4,3,2 3 M 46.24 2.67 1.20
9 991 4,3,2 4,5 M 36.50 2.00 3.35
10 745 4,3 6,5 M 25.50 7.00 4.80

Table 3.3.7: Dominant modalities and average numeric values of the continuous
variables (from the motor database) with K-means Burt adapted soft clustering.
The table is ordered by increasing (average) motor claim frequencies.

Nevertheless, the dominant categories and average numeric values obtained
across the hardened fuzzy clusters in Table 3.3.7 are highly similar to our LDA
topic clusters analysis in Table 3.3.4. The evolution of the numeric variables with
respect to the clusters average claim frequency in Fig. 3.3.9, as well as the cluster
distribution in the categorical variables in Fig. 3.3.10 are also quite similar to that
of the LDA approach. For example, the first cluster (associated with the smallest
claim frequency) is once again characterised by older vehicles (see right plot of
Fig. 3.3.10) with the lowest power class (see middle plot of Fig. 3.3.9). Whereas,
the cluster with the highest claim frequency exclusively consists of young (less
experienced) drivers (around 25), as illustrated in the left plot of Fig. 3.3.10, and
has the largest proportions of higher power vehicles (see middle plot of Fig. 3.3.9).
The cluster distribution in the Gender variable (see right plot of the following
Fig. 3.3.9) is particularly interesting as one cluster (with the second lowest claim
frequency on average) contains the majority of the female policyholders in the
portfolio, while all other clusters predominantly (if not exclusively) consist of male
policyholders.
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Figure 3.3.9: Cluster distribution in the categorical variables Zone, Class and
Gender. The clusters are ordered by increasing (average) motor claim frequencies,
as in Table 3.3.7.
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Figure 3.3.10: Boxplot of the numeric variables OwnersAge and VehicleAge by
cluster. The clusters are ordered by increasing (average) motor claim frequencies,
as in Table 3.3.7.

The following Table 3.3.8 provides a summary of the goodness of fit obtained in
our LDA and Burt soft clustering approaches on both (test sets of) our insurance
portfolios.

While the LDA-based soft clustering approach does not systematically outper-
form classical models such as the GLM or the Burt adapted fuzzy K-means in
terms of deviance, its practical relevance resides in the interpretability and dimen-
sional reduction it provides. For instance, in the loan portfolio, the LDA model
exhibits a higher Binomial deviance than the GLM. However, it reduces the predic-
tion space to only 15 interpretable topic clusters. This compression facilitates the
identification of high and low-risk groups and the visualisation of prominent risk
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Loan Motor
# of topic clusters K 15 10
# of policies in the test set 5184 12458
Deviance Binomial  Poisson
LDA deviance 4221.52 1276.51
Burt deviance 4095.31 1273.37
GLM deviance 4030.30 1339.84

Table 3.3.8: Summary of the goodness of fit results on the test sets.

factors, providing insights into the latent structure of insurance portfolios. More-
over, while Burt clustering was initially designed for constructing discrete pricing
grids, LDA provides a more detailed representation of portfolio structure, focusing
on explainability of underlying risk drivers rather than purely segmentation-based
pricing performance.

The residual heatmaps Figures 3.D.3 and 3.E.3 in Appendix further illustrate
model performance beyond overall deviance. Fig. 3.D.3 corresponds to LDA residu-
als, and Fig. 3.E.3 to Burt residuals. The marginal histograms (top and right) show
similar marginal distributions (e.g., policyholder’s age, and vehicle age), meaning
both models are evaluated on the same range of input features. Differences in the
residual pattern stem from the model behavior, not from data imbalance. In the
visualizations, the left plot corresponds to the loan portfolio and the right plot to
the motor portfolio, with the continuous predictors densities highlighting regions
with more concentrated data where residuals are smaller and more stable. No sys-
tematic patterns in residual y — ¢ magnitude are apparent in either portfolio across
covariate combinations, indicating that predictions remain well-calibrated across
the feature space. Larger residuals are observed mainly in low-density regions,
reflecting the reduced number of observations rather than model misspecification.
These visual diagnostics support the quantitative deviance comparisons reported
in Table 3.3.8.

3.4 Conclusions

In this chapter, we introduced LDA’s document-topic distribution as an unsuper-
vised soft clustering tool and extended LDA’s probabilistic framework, initially
developed for unstructured text data, to tabular insurance data. To model (struc-
tured) discrete covariates in tabular insurance portfolios, we defined each topic as
a risk profile, each insurance policy as a document and each modality of the cat-
egorical and discretised numeric rating factors as a word. Much like the original
fuzzy K-means, the soft clustering ability of LDA allows to model each policy by
a topic cluster membership. Through the identification of dominant modalities
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within each topic cluster, insurers can gain insights into risk factors contributing
to higher or lower claim frequencies (e.g., default rates).

Our experimental results and analysis showed that the use of LDA’s document-
topic distribution as an unsupervised soft clustering tool is effective at organising
insurance policies characterised by categorical (and discretised numeric) variables
into a smaller set of prominent risk profiles (topics). While it did not show to
always be as competitive in terms of deviance, comparative analyses with the Burt
adapted soft clustering approach still supports the effectiveness of LDA in capturing
the underlying structure within structured insurance data.

Building on the findings of this study, several prospects for future research
are apparent. First, hybrid approaches that integrate LDA with embedding-based
methods (e.g., word or entity embeddings) could enhance the representation of com-
plex interactions among risk factors, capturing subtle dependencies across modali-
ties that pure LDA may overlook. Such approaches may allow insurers to leverage
both probabilistic topic structures and continuous latent representations for more
accurate risk profiling. From a predictive modelling perspective, LDA provides a
latent simplex embedding 6 for each policy, while 8 defines the semantic basis of
that embedding. Downstream regression models could be built either on 6 directly
or on # projected through g into a risk-weighted feature space. Finally, the inher-
ent flexibility of LDA in handling varying document lengths suggests potential for
addressing heterogeneous datasets with missing values, or combining discrete and
continuous variables via hybrid discretisation or embedding techniques. Moreover,
dynamic or sequential LDA variants could be applied to better understand how
risk profiles develop over time, capturing evolving risk patterns. Collectively, these
extensions could strengthen LDA’s utility for predictive modelling and actuarial
insights.
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3.A Notations

Symbol Mathematical definition Actuarial interpretation

X Set of all policies {xy,...,zp} Insurance portfolio

T4 dth policy with N4 modalities  Individual policy characteristics

Tan nth modality of policy d Value of a risk factor (e.g., driver age group)

% Set of all unique modalities Collection of all covariate levels

K Number of latent topics Number of latent risk profiles

B Topic—modality distribution Distribution of risk factor combinations in risk profile k&
04 Policy—topic mixture Policy’s mixture of latent risk profiles

Zdn Latent topic assignment Risk profile linked to modality x4,

@ Dirichlet prior for 64 Regularity of portfolio-level risk heterogeneity

n Dirichlet prior for 5 Smoothness of risk factor representation within a profile

Table 3.A.1: Summary of notation and actuarial interpretation.

3.B Sampled distributions
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3.C ELBO derivation

The marginal log-likelihood is defined as:

tnp(elan) =l [ 3726, fla ) o, (3.C.1)
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where p (2, 2,0, Bla,n) is the joint distribution of observed variables x and latent
variables z, 6, 8. We introduce the variational distribution ¢ (z, 8, 8|¢,~, \) defined
in Eq. (3.2.5) and obtain the lower bound from Jensen’s inequality:

(2,0, Bl9,7, 2

do
q(z,0,8l0,7, )

Inp (x|, n) zln/Zp(x,z,9,5|a,n)

e [Q(Z‘ﬁvﬁlﬁ’y,)\)
! p(x,z,G,ﬁlam)]
z Fa [“q(z,e,mm N
=E, [Inp(z,2,0,B8la,n)] — Eq[Ing (20,5, v,N)]
=L(o,7, A\ aum)

where the under-script ¢ is a short form for ¢ (z, 0, 8|¢, v, A). From Bayesian rules,
we have:

L(p,v, A a,n) =—=KL(q(z,0,8|0,7, M) |lp (2,0, Bz, ,m)) +Inp (x| a,m) .

The variational form of the marginal likelihood in Eq. (3.C.1) is then equal to:

Inp(z|a,n) =L(p,7, \a,n) + KL (q(2,0,8|6,7,A) |Ip (2,0, Blz,a,n)) .

To facilitate calculations (and coding), the tractable lower bound L (¢, 7, \; a,n)

in Eq. (3.C.2) is reorganised using the complete model in Eq. (3.2.3) and the

variational distribution in Eq. (3.2.5):

L (0,7, A a,n) =Eq [Inp (B]n)] + Eq [Inp (0]a)] + Eq [Inp (z[2, 5)] + Eq [Inp (2]6)]
—Eq [Ing (BIN)] = Eq [Ing (6]7)] — Eq [Ing (2[¢)] -

We now expand the expectations above to get the complete objective function

(ELBO) as functions of the variational parameters. In Hoffman et al. (2010), the

per-corpus terms are brought into the summation over policies, and are thus divided
by the number of policies D, such that the ELBO is equal to:
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where a (Yar) = InI" (yar)—In I (Zﬁzl ’de/), b(Agw) =InT" (Agy)—InT (ZX,:l )\kv/>,
E, Inba) =¥ (yar) — ¥ (25:1 7dk/>7 and E, [In Bry] =¥ (M) — ¥ (Z}J/,:l )\kv/).

3.D LDA soft clustering

Algorithm 8: Online variational Bayes for LDA (Hoffman et al. 2010)

Initialisation
Define iteration weight:

A _
Pt = (TO + t) H7
where 75 > 1 is the learning offset, ¢ is the EM iteration number, and

k € (0.5,1.0) is the learning decay.
Define convergence condition:

K
1
e Z |change in 4| < 107°.
k=1

| Randomly initialize variational parameter A.
while not converged do

// E-step

Initialize v, = 1 for all k;

repeat
Compute

Fuu o exp (Eq[In o] + Eqfin O]

and normalize over k;
Update

v
Yk = o+ Z Ny Ptok-

v=1

until convergence;
// M-step
Compute :
)\krv =n+ Dntv¢tvk-

Update variational parameter:

A (1=p)A+ pt:\.

6utput: 5,0
Compute £ for diagnostics.
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Figure 3.D.1: Topic cluster distribution (from the LDA approach) in the cat-
egorical variables home_ownership, verification_status, purpose, region,
ing_last_6mths, and pub_rec. The topic clusters are ordered by increasing (av-
erage) number of loan defaults, as in Table 3.3.3.
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Figure 3.D.2: Boxplot of the numeric variables annual_inc and loan_amnt by topic
cluster (LDA clustering approach). The topic clusters are ordered by increasing

(average) number of loan defaults, as in Table 3.3.3.



120 Chapter 3. Latent Dirichlet Allocation for tabular insurance data

250
2.25 ¢ 0.8
. 08
.
2.00 - 06
0.6
175
o <
2 . e o3 £
€ 150 o -1 0.4
£ o 2
= ‘ 0.2 <
125 Ri
02
:
1.00 . 00
.
0.0
0.75 M
050
00 05 10 15 20 25 30 35 20 3 40 50 60 70 80
loan_amnt OwnersAge

Figure 3.D.3: Heatmap of residuals (y — ) across two continuous predictors, over-
laid with the density of the predictors. No systematic pattern in residual magnitude
is apparent. Larger residuals are more frequent in low-density regions due to fewer
observations. Left plot: loan portfolio. Right plot: motor portfolio.
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number of loan defaults, as in Table 3.3.6.
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Fairness in insurance pricing






Chapter 4

A multivariate Energy-based fairness adjuster
for premiums

Fairness in insurance pricing has received increasing attention, particularly in light
of regulations calling for non-discriminatory premium estimation such as the EU
Gender Directive (2012). This research focuses on removing structural bias in pre-
dicted premiums as a solidarity-driven fairness concept. We propose a gradient-
based distributional adjustment designed to mitigate disparities across protected
groups. The method relies on the Energy distance, a multivariate metric that en-
ables the joint alignment of predicted premium distributions across multiple sen-
sitive attributes (including non-binary ones) simultaneously. To maintain overall
prediction balance, a post-hoc autocalibration step corrects biases in the total pre-
dicted number of claims. In addition, the method supports fairness adjustments
for new policyholders without requiring retraining of the underlying fairness model.
We evaluate the proposed methodology in a car insurance pricing setting, where de-
mographic factors such as age and gender are commonly used for risk assessment
and premium determination. Results show that the method effectively reduces
group-level disparities while retaining a significant share of predictive accuracy.

Charlotte Jamotton and Donatien Hainaut (2026b).
“A Multivariate Energy-based Fairness Adjuster
for Premiums”. In: North American Actuarial
Journal. 1SSN: 1092-0277. DOI: 10.1080/10920277 .
2026.2705183

4.1 Introduction

A key characteristic of the insurance industry is its inverted production cycle.
Ideally, premiums should be a function of the insured’s risk, but this risk is un-
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observable when the contract is signed. Therefore, to set the premium that must
be paid upfront, insurers instead rely on salient (and observable) features that
correlate with the insured’s risk. However, some of these rating factors, such as
gender and ethnicity, are prohibited under anti-discrimination laws. While policy-
makers seek to ensure that insurers do not make distinctions based on these legally
prohibited characteristics (Avraham 2017, p.2), the law of insurance underwriting
inherently grants insurers the authority to discriminate because it makes statistical
sense to do so (Gandy 2016). This phenomenon, often described as an injustice by
generalisation (Schanze 2013), is rooted in the assumption that individuals meet
the average characteristics of the risk group to which they belong. This assump-
tion lies at the core of the mutualization mechanism in insurance pricing, where
risks are segmented into homogeneous rate-making classes or risk pools, imposing
a form of solidarity among policyholders with similar risk profiles. Nonetheless,
as Charpentier (2023, p.11, p.241-242) argues, individuals should not be treated
differently because of their group membership, particularly when that membership
is assigned at birth, as in the case of gender or ethnicity.

The seemingly incompatible notions of actuarial pricing and fairness present
significant challenges for actuaries, who must comply with anti-discrimination reg-
ulations while still differentiating risk based on relevant characteristics. Moreover,
the concept of discrimination itself is complex, multifaceted, and subject to in-
terpretation (Edwards 2007), making its identification in insurance particularly
difficult. As Charpentier (2023, p.1-10) explains, achieving fairness in insurance re-
quires integrating justice and ethics into data-driven pricing models. For a broader
discussion on the legal, economic, and ethical aspects of discrimination in actuarial
pricing, we refer to Frees et al. (2021) and Charpentier (2023).

In recent years, the rise of big data and advances in machine learning tech-
niques have further exacerbated these ongoing questions about fairness in insur-
ance. While insurers are prohibited from directly discriminating based on spe-
cific policyholder attributes, simply removing these sensitive variables from pricing
models does not entirely eliminate the risk of discrimination. This raises a critical
question (Tschantz 2022). If insurers are not allowed to directly discriminate based
on gender, why are proxy variables, such as vehicle power which correlate with and
indirectly infer gender, still permissible?

In the actuarial literature, recent studies by Lindholm, Richman, Tsanakas,
and Mario V. Wiithrich (2022b) and Charpentier et al. (2023) have proposed dif-
ferent post-processing approaches to mitigate both direct and indirect discrimina-
tion in insurance pricing. Lindholm, Richman, Tsanakas, and Mario V. Wiithrich
(2022b) and Lindholm, Richman, Tsanakas, and Mario V. Wiithrich (2024b) indi-
vidual fairness method aims to address proxy discrimination, commonly referred
to as confounding bias in causal theory (O. Coté et al. 2025). Inspired by post-
stratification techniques, it consists of averaging over sensitive information and a
change of measure to prevent implicit inference of protected characteristics. Con-
versely, group fairness methodologies, such as those using Wasserstein barycenters



4.1. Introduction 127

proposed by Charpentier et al. (2023) and extended by Hu et al. (2023) and Hu
et al. (2024), aim to align outcome distributions across protected groups so that no
association exists between sensitive information and premiums. According to O.
Coté et al. (2025, p.10), these so-called corrective premiums offer the most stringent
mitigation of indirect discrimination. A comprehensive review and classification of
existing fairness methodologies in insurance can be found in Xin et al. (2023) and O.
Coté et al. (2025).

In this chapter, we focus on Demographic Parity (DP), a solidarity-driven group
fairness criterion, to remove structural bias in predicted premiums. Although EU
regulations on gender-neutral pricing align more closely with an individual fairness
perspective, we argue that DP is more consistent with the risk pooling mechanism
inherent in insurance pricing. In practice, insurance contracts are typically priced
using regression models (Denuit, Hainaut, et al. 2019d), such as Generalized Linear
Models (GLMs), which assign a limited set of unique premiums to a much larger
pool of policies. In other words, the risk assessment and premium allocation are not
individualised but structured around groups with shared characteristics. By adopt-
ing DP, we ensure that the probability of receiving a given premium level becomes
independent of demographic attributes such as gender, promoting fair treatment
across groups in line with the risk pooling principle. We acknowledge that different
theoretical and practical considerations may support alternative fairness criteria.

The main contributions of this paper are threefold. First, we propose a gradient-
based fairness correction using the Energy distance to reduce disparities across
multiple sensitive attributes simultaneously, including non-binary variables. The
multivariate nature of the Energy distance is a key advantage of our approach. It
allows for simultaneous fairness adjustments across protected variables with dif-
ferent numbers of sensitive classes, such as gender (binary) and discretised age
(multi-class), and is therefore order-independent. Second, we introduce a post-hoc
autocalibration step (Denuit, Charpentier, et al. 2021) to correct biases in the to-
tal predicted claim count after fairness adjustments. Third, we design a simple
out-of-sample mapping mechanism to apply fairness corrections to new policyhold-
ers. Note that, while several recent approaches, including individual fairness and
counterfactual fairness methods (Kusner, Loftus, et al. 2017; Grari et al. 2020;
Fahrenwaldt et al. 2024), can generalise fairness adjustments to new observations,
our contribution lies in providing a straightforward mapping mechanism that en-
ables the out-of-sample transformation of premiums without re-optimising fairness
corrections for each new policyholder. In the machine-learning literature, post-hoc
corrections have similarly been shown to enforce group-fairness constraints without
retraining (Hardt et al. 2016; Pleiss et al. 2017).

The chapter is structured as follows. Section 4.2 introduces notations and
defines Demographic Parity (DP) as a group fairness criterion. Section 4.3 presents
the theoretical justification for choosing the Energy distance and its relationship to
other statistical distances. Section 4.4 details the gradient-based adjustment, the
autocalibration procedure, and the out-of-sample mapping. Section 4.5 evaluates
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the methodology in a car insurance pricing setting, demonstrating its effectiveness
in reducing group-level disparities while preserving a substantial share of predictive
accuracy.

4.2 Notations and definitions

Consider an insurance portfolio represented as a tabular dataset X = {x1,...,x,}
with n policies (rows) and m rating factors (columns). Each policy i = 1,...,n
is described by a vector of characteristics &; = (z1, ..., Zim) € R™. We partition

the m rating factors into two disjoint sets. The set of allowed covariates A C
{1,...,m}, and the set of prohibited (or discriminatory) covariates D C {1,...,m},
such that AUD = {1,...,m} and AND = @. For each policy i, we denote by
A; = (@ij) je 4> and D; = (zi5) the subvectors of allowed and prohibited rating
factors, respectively.

For every policy i, we observe the number of claims N; (count data) reported
during its contract duration (or exposure) v;. Although we present the notations
using claim counts N, the methodology applies to any real-valued insurance re-
sponse. Throughout the analysis, we will often refer to the claim frequency per
unit of exposure, defined as the ratio A\; = N;/v;. Counts are low-support integers
(typically 0-3), while A is continuous on [0, N/ min(v)], more stable, and more
interpretable for illustrating fairness adjustments.

In actuarial pricing, the objective is to approximate the (unknown) condi-

tional expectation of the response variable Y given the available rating information
(A, D):

jeD

1 (A, D) =E[Y[(A,D)] . (4.2.1)

In the empirical analysis presented in Section 4.5, we use a Light Gradient Boosting
machine (Light GBM) to model the premium best-estimates # (A, D) for the (true)
pure premium (A, D) defined in Eq. (4.2.1). This best-estimate predictor uses
all available features, including the protected attributes D. Although it is statis-
tically optimal (because it exploits all predictive information), it is also directly
discriminatory by construction. In this chapter, we focus on Demographic Parity
(DP), a solidarity-driven group fairness criterion, to remove structural bias from
predicted premiums.

Definition 4.1 (Demographic Parity). Demographic Parity (DP) is a group fair-
ness criterion that requires the conditional distribution of the premiums to be
identical across all protected demographic groups. For two groups a and b in the
support of D,

P(#(A,D)|D=a)=P(#(A,D)|D=0b) . (4.2.2)

In practice, DP ensures that no protected group receives systematically different
pricing. See Xin et al. (2023) for alternative group fairness criteria definitions.
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In a regression setting, violations of Eq. (4.2.2) can be quantified by a statistical
distance between the conditional distributions #(A, D) | (D = a) and 7(A, D) |
(D = b). Many distances may be used to quantify disparities across protected
groups, including divergences (e.g., Kullback-Leibler) or optimal-transport metrics
(e.g., Wasserstein). As detailed in Section 4.4, we propose the use of the Energy
distance, defined in Section 4.3, to align the group-conditional distributions of
predicted premiums in order to satisfy the DP condition in Eq. (4.2.2).

4.3 Measures of disparities

In this section, we review several distances and divergences commonly used to
quantify discrepancies between probability distributions, with a particular em-
phasis on their suitability for gradient-based fairness correction. We discuss the
Kullback-Leibler divergence, the Wasserstein distance, the Cramér distance, and
its multivariate extension i.e., the Energy distance. Their respective properties and
limitations motivate our choice of the Energy distance for enforcing DP in premium
predictions.

4.3.1 Classical distances and divergences

In machine learning, Kullback et al. (1951) divergence is among the most widely
used measures of dissimilarity between two distributions.

Definition 4.2 (Kullback-Leibler Divergence). For probability distributions P and
Q@ with densities p and ¢, the Kullback-Leibler (KL) divergence is defined as:

_ [ p(U))
s (P1Q) = [ ptuytog (4 ) o

As a measure of relative entropy, the KL divergence does not account for the
geometric proximity between outcomes. For example, consider an actuarial pric-
ing context where p(u) assigns a 0.01% probability to a premium level u = 100,
while g(u) assigns the same probability to w = 101. Despite the two premiums
being very close, the KL divergence treats them as entirely different outcomes.
To address this limitation, researchers (Peyré et al. 2019; Panaretos et al. 2019)
have turned to alternative distance metrics that consider the underlying geometry
between outcomes, such as Wasserstein.

Definition 4.3 (Wasserstein Distance). For two probability distributions P and
@, the Wasserstein distance of order p, also known as the Earth Mover distance
when p = 1, is defined as (Kantorovich et al. 1958):

W,(P,Q) = ( inf )/|u—v||pd’y(u,v)>l/p, (4.3.1)

YED(P,Q
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where T'(P, Q) denotes the set of all joint distributions for the pair (U, V) with
marginals P and @, respectively. The infimum in Eq. (4.3.1) is taken over all
possible couplings (defined below) v € T'(P, Q) ensuring that the optimal transport
plan minimises the cost of transporting mass from u to v (Villani 2009).

Definition 4.4 (Coupling). A coupling of two probability distributions P and @
is any joint distribution 7 on (U, V') such that U ~ P and V ~ Q. The set of all
such couplings is denoted I'(P, Q) (Villani 2009; Santambrogio 2015).

The Wasserstein distance accounts for the underlying geometry between out-
comes through the transport cost ||u —v||?. However, a key drawback for optimisa-
tion is that W), does not satisfy the unbiased sample gradients property (Bellemare
et al. 2017), one of three key properties (the other two being sum invariance and
scale sensitivity) in machine learning when using a distance as a loss function.

Definition 4.5 (Unbiased Sample Gradients). Let d(P, Q) be a statistical diver-
gence. We say d has unbiased sample gradients if, for all m independent samples

u,, drawn from P, the expected gradient of the sample loss 6 — d (Pm, Qg) sat-
isfies (Bellemare et al. 2017, p.3):

Eu,~p | Vod (PnsQo)] = Vod (P.Q) -

Bellemare et al. (2017) show that the Wasserstein distance lacks unbiased
sample gradients, leading to convergence issues and motivating Cramér (1928) dis-
tance as an unbiased alternative. This problem was further addressed by Genevay
et al. (2017) via the Sinkhorn divergence, and confirmed in practice for minibatch
optimisation by Fatras et al. (2019).

Definition 4.6 (Cramér Distance). For one-dimensional distributions P and @
with cumulative distribution functions (CDFs) Fp and Fg, Cramér (1928) distance
is defined as the ¢3-distance:

grao- [

o0

|Fp(u) — Fo(u)) dz. (4.3.2)

Its square root is a member of the £, family of metrics:

6@ = ([ IFetw) - Fotu)” ds ) ” (43.3)

— 00

Interestingly, for one-dimensional distributions P and @, the p-Wasserstein dis-
tance in Eq. (4.3.1) can be expressed in terms of the quantile functions F;l and
Fél (Panaretos et al. 2019):

W, (P,Q) = (/01 P ) - FQl(u)‘pdu)l/p. (4.3.4)



4.3. Measures of disparities 131

For p = 1, Eq. (4.3.4) simplifies to the ¢;-distance, a member of the ¢, family
defined in Eq. (4.3.3) like the square-root of the Cramér distance:

Wi(P,Q) /01 ‘Fgl(u)fFél(u) dx
+oo

— [ 1w - Fofu)ldo
= gl(PvQ)

Besides accounting for the underlying geometry between outcomes (like Wasser-
stein and unlike KL), the Cramér distance also possesses desirable optimisation
properties, including unbiased sample gradients (unlike Wasserstein), sum invari-
ance, and scale sensitivity, making it more suitable for gradient-based learning
than the Wasserstein metric. The following property establishes that the squared
{5-distance admits unbiased sample gradients, as demonstrated in Appendix 4.A.

Proposition 4.1 (Unbiased sample gradient of the squared ¢5-distance). Let P be
a probability measure and let {Qg}y.q denote a parameterized family of probability
measures, with cumulative distribution functions Fp(u) and Fg,(u), respectively.
The gradient of the squared {s-distance between P and Qg satisfies the following
identity (Bellemare et al. 2017, p.15):

Vo l3(P,Qo) =Euy, ~p {Ve 1% (mee” ,

where P, denotes the empirical measure based on m independent samples drawn

from P.

4.3.2 Energy distance

Although the Cramér distance combines the best of KL and Wasserstein, it is
limited to univariate distributions. In the context of actuarial fairness, real-world
scenarios often involve multiple sensitive attributes. A key observation by Székely
(2003) is that £3(P,Q) in Eq. (4.3.2) can be rewritten as:

6BP,Q)=E[lU-V| - LiE[lU-U'|] - iE[V - V'[],

where |.| denotes the absolute value for scalars u,v € R, and U’ and V' are in-
dependent and identically distributed copies of U and V. As shown by Székely
(2003), replacing absolute values by Euclidean norms || - || generalises Eq. (4.3.2)
to higher dimensions, known as the Energy distance.

Definition 4.7 (Energy Distance). For d-dimensional independent random vari-
ables U, V', the Energy distance (for the Euclidean metric) is defined as:

E(P,Q) =2Eu~py~o[IU — V]
—Eupunp[lU=U'|] —Evy [V -V|]. (4.3.5)
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In each expectation the relevant draws are independent (independent pairs for the
within-distribution terms and independent cross draws for the first term).

For univariate distributions, the equivalence £(P,Q) = 2(3(P, Q) is proved
in Appendix 4.A. Like Cramér distance, the £-distance admits unbiased sample
gradients, as formally demonstrated in Appendix 4.A.

Proposition 4.2 (Unbiased sample gradient of the £-distance). Let U ~ P,
V ~ Qg, and let U ~ P, denote m independent samples drawn from P. The
gradient V of the Energy distance € (P, Qg) with respect to 6 satisfies the following
identity (Bellemare et al. 2017, p.15):

Vo & (P.Qo) = Eu,r [V (P Q)] |
showing that £ admits unbiased sample gradients.

The &-distance also retains a strong connection to optimal transport. The
Wasserstein distance in Eq. (4.3.1) can be defined in terms of expectations over
coupled random variables U ~ P and V ~ Q:

1/p
( inf /||u—v||pd7r (u,v))
YEN(P,Q)

inf E o - vir] v
= 11 ~TT - .
YEN(P,Q) v

WP(Pa Q)

As discussed in Sejdinovié et al. (2013), the Energy distance can be equivalently
represented in the integral form. The first expectation in Eq. (4.3.5) may be written
as the iterated integral:

Borv~allV = VI = [ ([ lu=vlQuw) pas).

Given that U and V are independent, the joint law of (U, V') is the product measure
P ® Q. By Fubini/Tonelli the iterated integral equals the integral with respect to
the product measure P ® Q:

/ / lu—v] Q(dy) P(dr) = / lu—oll (PEQ)(dz dy) = Equvypoo[lU—-V]] -
uJy Uxy

Consequently, Eq. (4.3.5) is equivalently written as:

E(P,Q) =2Ewv)~reo[IU = VI|l] —=Epep[l|lU —U'l]] —Eqgeq[llV —V'|l].

The last two expectations are already written as expectations under (U, U’) ~ PQP
and (V, V') ~ Q®Q to emphasize that those terms depend only on the marginals P
and Q. The product measure (joint law) P® (@ is an element of the set of couplings
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I'(P, Q). The usual Energy distance is closely related to the 1-Wasserstein distance
evaluated at the independent/product coupling v, = PR Q € T'(P,Q):

E(P,Q) = 2Ew,v)mry, [IU=VI] = Epep[lU U] - Eqeel[lV - V'|].

As noted by Duong et al. (2022), both the Wasserstein and Energy distances can be
interpreted as the energy required to move one probability distribution P to another
Q. The Wasserstein distance measures the cost of the optimal transport plan,
whereas the Energy distance considers the cost of a random (maximum-entropy)
transport plan. In the following Section 4.4, we introduce a gradient-based fairness
correction mechanism based on the Energy distance.

4.4 Enmnergy gradient fairness adjuster

As outlined in Section 4.2, our goal is to mitigate group-level disparities across
G > 2 protected groups by enforcing DP. More specifically, we seek to align the
conditional distribution of predicted premiums 7#(A, D) across all values of the
sensitive attribute(s) D. The Energy distance provides a differentiable and geo-
metrically meaningful measure of disparity, making it particularly suitable for this
type of gradient-based fairness correction.

4.4.1 Gradient-based fairness correction

Let U,V € R? be two independent random variables drawn from distributions
P and @, respectively. Given samples {u;};*, and {vj} ©, in RY the Energy
distance, defined in Eq. (4.3.5), admits the empirical estimate:

3

Ny Mo
E(P,Q) = DDl =yl
n“n”i 1j=1
o 1 Ny
EOI LIS SIE] (141)
“ i=1 j#i i=1 j#i

with the pairwise Euclidean distance defined as:

(wir — 'Ujk)Q-

M=

[wi = vl =

k=1

We propose a fairness correction based on the Energy gradient that iteratively
nudges the distributions of U and V toward each other. For an observed pair
(u;,v;), the gradients of the pairwise norm with respect to a component u;; or v

are:
Ollwi — vj|| _ wir — vir  and Ollwi —vjll _  yse —ujie
duiy, [|w; — vyl vjk [v; — will
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Hence, the gradient of the Energy distance with respect to individual observations
{wi}iy and {v;}7, is:

LE(P,Q) = Z ' Z
nunv i— ||vj - u’l” n2 i— ||v] - vZH

By iteratively updating U and V via gradient descent, we progressively align their

distributions:
(et B 90) Vvé(P,Q) (4.4.2)
yetn | = (@ VVE(P Q) h

where 7 is the learning rate and e indexes the iteration (epoch).

Example 4.1 (Two sensitive groups). For G = 2 groups (e.g., gender), let U =
Ffemale ad V' = fale, with d = 1. Eq. (4.4.2) can be rewritten as:

~(€)
~fair(e+1) _ [ Mfemale | _ vfl’femaleg(P’ Q)
. < 8 ) o(Voiind)) (443

male

For G > 2 groups, the premium vector can be partitioned as:

. _ (G {757\ _ (U
T ={fgl,_1 = ({ﬂ'g} . = (V) . (4.4.4)

Note that the ordering of dimensions is not meaningful. Dimensions can be treated
as exchangeable.

Example 4.2 (More than two sensitive groups). Consider the protected attributes
D include both the policyholder’s gender D; € {female, male} and his age group
D, € {young, middle-aged, senior}, leading to G = 6 distinct groups (e.g., young
female, middle-aged male, etc.). Given that G = 6, U and V are both 3-dimensional
variables in R*, with d = 3, where {u;1}}", represents the young female premi-

”LG/2J+1
ums, {vj,1};=

premiums, etc

the young male premiums, {u;2};”?, the middle-aged female

Since the vectors 7, sizes ny, may differ across groups g € (1,...,G), we ac-
count for unequal group sizes by sampling equal-sized subsets from U and V at
each iteration (see Proposition 4.2). Moreover, to ensure pairwise comparisons are
made not only within the same age category (e.g., comparing young female with
young male, and middle-aged female with middle-aged male, etc.) but across dif-
ferent pairs (e.g., comparing young female with senior male), a uniform random
permutation (Knuth 1981), denoted T, is applied to U (or V equivalently) at each
iteration e.
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Algorithm 9 below is a pseudo-algorithm outlining the procedure. The premium
predictions 7 are adjusted iteratively using gradient descent (via backpropagation)
over multiple epochs until the fairness loss function is minimised. The gradient
VL = VE is computed via automatic differentiation (using loss.backward in
PyTorch).

Algorithm 9: £-based fairness adjuster
Data: = {#,}o_
Initialisation: #7(0) « {7} |

fore=1to E do
Partition predictions as in Eq. (4.4.4):
T T [ ~fair [G/2] Ny Xd
UT(e—1) « {7 (e - 1)}g=1 € R
_ ~ fair _ G ny Xd
Vie—1) «{@," (e 1)}g:LG/2J+1 eR
Compute pairwise distances from Eq. (4.4.1):

distrry ¢ 72 S S /S (ine — 1) — vjile — 1))

NuNy

distur < 55 20 24 \/ZZ:1 (wik(e — 1) = uji(e — 1))*
distyy n%z] 2 Zj;éi \/22:1 (vik(e — 1) —vjn(e — 1))2

Compute Energy distance fairness loss:

»Cfair(e) « 2 -distyy — distyy — distyy

Compute gradient VLg,ir(e) w.r.t. U(e — 1), V(e — 1) using Eq. (4.4.2)
via automatic differentiation and update predictions:

A fair U(e) _ U(e - 1) . VU(efl)cfauir(e)

e (o) = (Ve ) -7 (S zms)

end

return 7% (F)

4.4.2 New policyholders

We further propose a mechanism to adjust predictions for new policyholders, so
that we do not need to retrain the entire fairness adjuster. For each policyholder in
the set used to train the fairness adjuster model, an individual fairness correction
factor ~; is defined as:

~ fair
T

Vi =

Ay

where 7; is the original predicted premium before fairness adjustment, and 7" is
the fairness-adjusted premium. This correction factor ~; quantifies the individual
adjustment required for fairness. We train a random forest regressor fy to predict

~; based on the policyholder’s features (A;, D;):

¥ = fo (As, Dy).
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This model learns how different features influence fairness adjustments. For a new
policyholder with features (Anew, Dnew), the fairness correction factor is predicted
as:

’A)’new - fO(AneW; Dnew)-

The initial regression model (e.g., Light GBM) predictions 7i,ey are then adjusted
using this factor: _

ﬁf}ifv = Tnew 'AYnew~
As showed in Section 4.5.3, this mechanism assigns to new policyholders premiums
that align with the fairness correction learned during the fairness adjuster training.

4.4.3 Post-hoc autocalibration

Finally, note that the regression models (particularly tree-based boosting) used
to predict the premium best-estimates 7 (A, D) often exhibit imbalances between
predicted and actual claims total. Such discrepancies can adversely affect the
financial stability of an insurance portfolio.

A model is globally unbiased when the expected value of the predicted premiums
matches the expected value of the actual outcomes Y:

E[# (A, D) =E[Y].

A model is locally unbiased when, for every specific value s of the predicted pre-
miums:

EY|#(A,D)=s]=s.

Deviations from these conditions indicate that certain segments may be under-
priced or overpriced, with substantial implications for insurance pricing strategies.

Denuit, Charpentier, et al. (2021) address these calibration issues by propos-
ing a local regression technique to correct model bias. The expected actual loss
E[Y|# (A, D)] is first estimated using local regression techniques on {(# (a;, d;) ,yi)}-
The predictions 7 are adjusted with a multiplicative factor A\, (s) derived from the
local regression estimates:

E[Y]# (A, D) =s]

Aa(s) = s

BC

The balance corrected premiums 7% are then given by:

#BC =\, (7 (a,d)) - 7 (a,d) .

As illustrated in Section 4.D, the balance correction is applied after the fairness
adjustment, thereby ensuring that the final adjusted premiums accurately reflect
the underlying risk across different segments:

7i,faur, BC _ )\i{alr (ﬁ_falr) A ﬁ,falr )
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4.5 Results

In this Section 4.5, we empirically evaluate the approach proposed in Section 4.4.
In Section 4.5.1, we first introduce the datasets and their key characteristics. In
Section 4.5.2, we model the premium best-estimates # (A, D) using a tree-based
boosting model (LightGBM). In Sections 4.5.3 and 4.5.4, we adjust the premium
best-estimates for fairness across two and six protected demographic groups, and
correct for the balance bias.

4.5.1 Datasets

To evaluate the proposed methodology, we first simulate a motor insurance portfo-
lio X of n = 100000 policies. Table 4.5.1 displays a sample of five policies, where
each column corresponds to a rating factor. In this case study, the policyholder’s
gender and age, two key risk factors in motor insurance, are considered as prohib-
ited variables D = (Dy, Ds). For each policy, we observe the number of claims
N; € {0,1,2,3} reported during its contract duration (or exposure) v; € (1,365)
measured in days. As the majority of policies report zero claims (see Table 4.B.1
in Appendix), the count variable N is highly zero-inflated.

Throughout the analysis, we work with the claim frequency per unit of exposure
Ai = N;/v;. Note that we assume that the models predictions A (per unit of
exposure), are the so-called premium best-estimates 7 (A, D).

Income Age Power Education Location  Type Gender Ethnicity

1 37047.85 27.48 Low High School Urban Sports M American
2 14426.15 24.31 High Bachelor Suburban SUV M Asian

3 25834.59 28.24 Medium High School Suburban SUV F European
4 51670.00 32.62 Low Master Urban Sports M American
5

28547.69 26.45 High PhD Rural Sedan F African

Table 4.5.1: Illustrative sample of five policies from the simulated motor insurance
portfolio.

To gain further insight into the dataset, Fig. 4.B.1 and 4.B.2 in Appendix
illustrate the distributions of the rating factors, presented in Table 4.5.1, with
respect to the variable of interest V. Fig. 4.B.1 reports average claim counts
across various categories, while Fig. 4.B.2 shows the empirical distributions of age
and income across N € {0,1,2,3}.

Note that the synthetic portfolio was generated using a combination of marginal
distributions and dependency structures. For example, vehicle power class and
vehicle type were generated using gender-dependent probabilities, while geographic
location was generated conditionally on ethnicity. Income was constructed as a
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function of age, education, gender, ethnicity, location, vehicle characteristics, and
their associated multiplicative effects, creating a network of dependencies among
variables.

Interaction effects were also deliberately introduced when generating claim fre-
quencies. Examples include Gender x Age, Age x Vehicle Type, Vehicle Power
Class x Age, Geographic Location x Vehicle Power Class, and Education x In-
come. These interactions create non-linear relationships between protected and
non-protected variables, such that seemingly legitimate rating factors become sta-
tistically associated with protected attributes. As a result, several risk factors act
as proxy variables for protected characteristics. For instance, vehicle type and
power class indirectly encode information about gender, while geographic location
partially reflects ethnicity.

Because claim frequencies depend on these interacting factors, discrimination
can emerge indirectly even when protected attributes are excluded from the pricing
model. This design provides a realistic setting for evaluating fair actuarial mod-
els, as it reproduces both direct and indirect pathways through which sensitive
information can influence premium predictions.

To evaluate whether the gradient-based fairness correction maintain its effec-
tiveness beyond controlled simulation settings, we also consider a real-world car
insurance portfolio publicly available at Roy (2021). After removing observations
with missing values, the working dataset consists of 8 149 complete policies. Each
contract is assigned a unit exposure v; = 1, and the observed number of past ac-
cidents is used as the claim count, denoted N;. Accordingly, we define the claim
frequency as A\; = N;/v;, which we model under a Poisson specification consistent
with classical actuarial frequency modelling.

Table 4.5.2 presents four representative observations to illustrate the struc-
ture of the dataset. Each policy is described by two continuous variables (credit
score and annual mileage) and a set of categorical attributes capturing demo-
graphic, socio-economic, and vehicle-related characteristics. These include the
policyholder’s gender and race (the sensitive attributes in our analysis), age, driv-
ing experience, education level, income class, household composition, postal code,
vehicle type, and traffic violations (speeding and DUI).

Age Gender Race Driving Exp. Education  Income Credit Score
1 65+ female  majority 30y+ university upper class  0.592
2 4064 female majority 20-29y high school middle class 0.654
3 2639 female minority 10-19y none poverty 0.422
4

16-25 female majority 0-9y high school poverty 0.344

Table 4.5.2: Tlustrative sample of four policies from the car insurance portfolio
publicly available at Roy (2021).
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For each dataset, we split the observations into three disjoint sets. A GLM
and a Light GBM are trained on 60% of the data (in-sample training set) to obtain
baseline predictive models for discriminatory premiums. The trained GLM and
Light GBM models are used to predict discriminatory premiums on a first out-of-
sample test set (with 20% observations). These discriminatory premiums are then
corrected for fairness and balance (post-hoc autocalibration). A Random Forest
model is finally trained on the first out-of-sample set to approximate the mapping
from features to corrected premiums. This allows prediction of fairness-adjusted
premiums for a held-out second out-of-sample test set (also with 20% observations),
representing new policyholders not used in the training or correction stages.

The analysis presented in the following sections on the simulated data is re-
produced for the real-world dataset in Appendix 4.F. As in the simulated study,
enforcing DP leads to a clear fairness-accuracy trade-off. While the adjustment
successfully reduces dependence between premiums and protected characteristics,
it deteriorates predictive performance and increases claim count overestimation.
The loss in accuracy is particularly pronounced when DP is enforced jointly across
gender and ethnicity, as the (already limited) number of observations are further
partitioned into smaller protected groups, reducing the reliability of the estimated
group-specific distributions. The subsequent autocalibration step partially recovers
actuarial balance and predictive accuracy without affecting DP.

4.5.2 Best-estimates

We consider a Generalized Linear Model (GLM) and a boosting algorithm (Light-
GBM) to model the premium best-estimates #. The boosting model is tuned via
lightgbm and optuna, with optimal hyper-parameters reported in Table 4.C.1.

Fig. 4.5.1 compares predicted and observed claim frequencies across 10 quantile
bins. Bars represent total exposure within each bin, while the solid and dashed
lines show the predicted \ and observed A frequencies, respectively. A closer align-
ment between the two lines across bins indicates superior model performance. The
GLM (left plot) systematically under- and over-predicts frequencies in several bins,
whereas Light GBM (right plot) aligns much more closely with the empirical fre-
quencies across all bins.

The Poisson deviance (a likelihood-based measure of predictive accuracy) is
widely used to evaluate claim count regression models. It is defined as:

IS n Vi ~ Vi ~
DPoisson (Aa )\) - 2ZN7 (MA’L - <1n (MAZ) + 1) H{N121}> B (451)
i=1

where N;, v;, and \; are respectively the ith policyholder’s observed number of
claims, observed exposure, and estimated claim frequency (per unit of exposure).
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Figure 4.5.1: Comparison of predicted and observed claim frequencies per unit
exposure across 10 quantile-based bins of predicted frequency. The solid line shows
the estimated frequency A from the model, while the dashed line shows the observed
frequency A computed from the data. The bars indicate the total exposure in each
bin. Left plot: GLM; right plot: LightGBM.

Table 5.4.1 confirms that Light GBM has a lower deviance than the GLM, re-
flecting its ability to better capture the variation in the data by modelling nonlin-
ear relationships and interactions more effectively than GLM (which is restricted
to linear relationships unless explicitly specified).

Model Poisson deviance
GLM 6625.6248
Light GBM 6539.1550

Table 4.5.3: Comparison of Poisson deviance values on the first out-of-sample test
set for the GLM and the Light GBM. Lower deviance indicates a better fit to the
observed claim frequencies.

Fig. 4.5.2 further illustrates the distribution of predicted premiums and high-
light differences in risk allocation between the two models.

Given the models predictions A, the probability of observing exactly ¢ claim(s)
is given by Poisson probability mass function (pmf):

(i) e
c!
with P(N; > 0) = 1 —P(N; = 0) = 1 — e~*:. Summing these probabilities over all
policies yields the expected total claim count for each claim level c. Table 4.5.4 com-

pares observed and predicted counts. Although Light GBM better fits the quantile
patterns (see Fig. 4.5.1) and deviance metrics (see Table 5.4.1), it overestimates by

f(ca)‘i) :P(NZ:C) =

)
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Figure 4.5.2: Histogram comparison of predicted premiums 7 for the GLM (left)
and Light GBM (right). The plots illustrate the distribution of predicted premiums
and highlight differences in risk allocation between the two models.

13 the total number of policies with at least one claim ¢ > 0. This overestimation
bias is a well-known consequence of minimising the Poisson deviance outside the
canonical GLM setting (Denuit, Charpentier, et al. 2021).

¢ Observed GLM LightGBM GLM gap LightGBM gap
0 18719 18717.5133 18705.6169 -1.4867 -13.3831
1 1221 1213.9650  1224.7363 -7.0350 3.7363
2 56 65.2688 66.5456 9.2688 10.5456
3 4 3.1122 2.9848 -0.8878 -1.0152
>0 1281 1282.4867  1294.3831 1.4867 13.3831

Table 4.5.4: Comparison between observed and predicted claim counts for the
LightGBM and GLM. The column ¢ denotes the number of claims per policy,
and the gap columns show the difference between predicted and observed counts
within each group. The aggregated row (¢ > 0) summarises the total predicted
versus observed claim counts for policies with at least one claim. Highlighted value
indicates the total gap.

We can further check the estimation bias by running a simple Poisson regression
of the intercept (Bo = —2.0023) and consider its prediction per unit of exposure
A =7 = 0.13502 as the true premium mean. In Table 4.5.5, we compare it with the
GLM and Light GBM average premium values T = % Sy i (Denuit, Charpentier,
et al. 2021). While both models are close to the true premium mean 7 = 0.13502,
Light GBM does slightly overestimate the average premium.

The negative bias (or overestimation) observed in the Light GBM predictions
can be corrected with a multiplicative factor E [Y|# (X) = F; ' (u)] /F; ' (u) pro-
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posed by Denuit, Charpentier, et al. (2021). This balance correction, detailed in
Appendix 4.D, is as key post-hoc step of the fairness adjustment presented in the
following Sections 4.5.3 and 4.5.4.

Statistic GLMg, GLM LightGBM
Mean 7 0.1350 0.1350 0.1363
10% Quantile — 0.0602 0.0391
90% Quantile — 0.2288 0.2115

Table 4.5.5: Summary statistics of the expected premiums 7 for the baseline
intercept-only GLM (GLMg, ), the full GLM, and the Light GBM.Missing quantiles
for GLMg, are denoted by — because it produces a constant expected premium
across policies. The highlighted value indicates that the Light GBM’s mean predic-
tion diverges from the baseline mean.

The best-estimate premiums 7 (A, D), presented in Section 4.5.2 and in Ap-
pendix 4.D, are discriminatory with respect to sensitive attributes such as gender.
Following the theoretical framework outlined in Section 4.4, our goal is to en-
force DP by aligning the distributions of predicted premiums across G > 2 demo-
graphic groups. We first illustrate this mechanism for a binary sensitive attribute
in Section 4.5.3, and extend the approach to settings where G > 2 in Section 4.5.4.

4.5.3 Fairness adjustment G=2

In the binary setting G = 2, the predicted (discriminatory) premiums 7 are parti-
tioned into two demographic groups {ﬁg}le corresponding to g = {Female, Male}.
These premiums are iteratively adjusted using algorithm 9 to equalise not only the
means, but also the dispersion and overall shape of their distributions.

Fig. 4.5.3 illustrates the distributions of predicted premiums before and after
fairness adjustment across the two demographic groups. Solid lines correspond to
the original discriminatory premiums, while dashed lines represent the premiums
after fairness correction.

Prior to adjustment, the distributions clearly differ between genders, with fe-
males (in red) concentrated in the lower-premium range and males (in blue) in the
higher range, reflecting gender-based pricing differences.

After fairness adjustment, the distributions for both groups nearly overlap,
demonstrating that our Energy-based fairness correction effectively mitigates gender-
based disparities.
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Figure 4.5.3: Kernel density estimates (KDEs) of predicted premiums by gender.
Solid lines represent the original Light GBM discriminatory premiums, while dashed
lines correspond to the fairness-adjusted premiums. The male group is shown in
blue, the female group in red, and the overall portfolio in black.

Enforcing independence between premiums and gender (a key risk factor) con-
strains the predictions and prevents the model from fully exploiting gender-related
risk information. As illustrated in Fig. 4.5.4, the model inevitably sacrifices some
predictive accuracy to enforce DP. As later detailed in Table 4.5.10, the deterio-
ration in predictive accuracy remains however modest, with a +0.62% increase in
deviance relative to the GLM benchmark.
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Figure 4.5.4: Evolution of the fairness loss (in Eq. (4.3.5)) and the Poisson deviance
loss (in Eq. (4.5.1)) over training epochs.

While the fairness adjustment inevitably alters the original premium distribu-
tion, Fig. 4.E.1 in Appendix illustrates the crucial role of the intra-group terms
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E[|U — U’||] and E[||V — V’||] in our fairness adjustement. Omitting these terms
collapses the distributional spread (see last column), and leads to highly concen-
trated premium with unnaturally sharp and narrow peaks. This results in a poor
model accuracy, as the fairness-adjusted premiums do not respect the natural dis-
tributional spread of the initial (discriminatory) premiums 7. Including these intra-
group terms (see middle column) preserves the predictions dispersion, reflecting the
model’s capacity to actuarially discriminate between policyholders, thereby ensur-
ing a meaningful DP adjustment, and highlighting the suitability of the Energy
distance for this type of distributional fairness correction.

Tables 4.5.7 and 4.5.6 further reveal that the fairness adjustment also leads to
an increase in the overestimation of the overall claim count (from 13 to 19), and
to a larger deviation from the true mean p = 0.13502.

Fair
Statistic GLMg, LightGBM LightGBM
Mean 7 0.1350 0.1363 0.1366
10% Quantile — 0.0391 0.0587
90% Quantile — 0.2115 0.2050

Table 4.5.6: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg,), the standard Light GBM, and the fairness-adjusted Light-
GBM. Highlighted values indicate divergence from the target mean premium, in-
dicating the effect of fairness adjustment.

Fair Fair
¢ Observed LightGBM LightGBM LightGBM gap LightGBM gap
0 18719 18705.6169 18699.0905 -13.3831 -19.9095
1 1221 1224.7363  1234.2958 3.7363 13.2958
2 56 66.5456 63.7865 10.5456 7.7865
3 4 2.9848 2.7249 -1.0152 -1.2751
>0 1281  1294.3831  1300.9095 13.3831 19.9095

Table 4.5.7: Comparison of observed claim counts with predictions from standard
LightGBM and fairness-adjusted Light GBM. The gap columns show the difference
between predicted and observed counts. Highlighted values indicate the aggregated
total gaps, illustrating the impact of the fairness adjustment on total balance.

In Fig. 4.5.5, a noticeable drop below the diagonal is observed (right plot) for
higher levels of s, which may explain the increased negative bias detected after
fairness adjustment in Table 4.5.6. A detailed view of the local bias is provided in
Fig. 4.E.2 (in Appendix).
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Figure 4.5.5: Visualisation of s — E[Y|# (X)) = s] before and after fairness adjust-
ment (FA) across the gender variable.

The negative bias (or overestimation) observed in the fair Light GBM predictions
can be corrected using the multiplicative bias-correction factor proposed by Denuit,
Charpentier, et al. (2021) detailed in Appendix 4.D:

E [Y]# (X) = Fy' ()
FZ' (2) 7

T

and estimated using a local GLM smoother with bandwidth o = 0.16.

Table 4.F.5 reports summary statistics before and after bias correction. The
average premium shifts from 0.1366 to 0.1351, bringing it close to the reference
mean 0.13502.

Fair Fair BC
Statistic GLMg, LightGBM LightGBM LightGBM
Mean 7 0.1350 0.1363 0.1366 0.1351
10% Quantile — 0.0391 0.0587 0.0461
90% Quantile — 0.2115 0.2050 0.2035

Table 4.5.8: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg, ), standard Light GBM, fairness-adjusted LightGBM, and bias-
corrected fairness-adjusted Light GBM. Highlighted values indicate divergence from
the target mean premium, illustrating the effect of fairness adjustment and subse-
quent bias correction.

Table 4.5.9 shows the improvement in predicted claim counts. The gap in the
number of policies with at least one claim drops from 19.91 to 5.55.
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Fair Fair BC Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM gap LightGBM gap
0 18719 18699.0905 18713.4489 -19.9095 -5.5511
1 1221 1234.2958  1221.2914 13.2958 0.2914
2 56 63.7865 62.5397 7.7865 6.5397
3 4 2.7249 2.6244 -1.2751 -1.3756
>0 1281  1300.9095  1286.5511 19.9095 5.5511

Table 4.5.9: Comparison of observed claim counts with predicted claims from the
fairness-adjusted Light GBM before and after bias correction. The gap columns
show the difference between predicted and observed counts. Highlighted values
indicate the aggregated total gaps, illustrating the reduction of prediction bias
after applying balance correction.

Table 4.5.10 summarises the Poisson deviance values. We note that the fair-
ness—accuracy trade-off manifests at two distinct levels. First, a slight degradation
in predictive accuracy (individual deviance fit) from 6539.155 to 6666.717 imme-
diately after the fairness adjustment. The fairness correction inevitably reduces
predictive accuracy to some extent, as the optimisation process prioritizes DP over
likelihood-based fit. Enforcing independence between premiums and gender (a key
risk factor) further prevents the model from exploiting gender-related risk infor-
mation. Second, a minor imbalance in aggregate calibration (alignment between
predicted and observed total claims shown in Table 4.5.7). To address the latter,
we introduced an additional post-hoc step, which partially restores, not only the
actuarial balance, but also the predictive accuracy (6654.98) that was temporarily
reduced by the fairness correction, without affecting fairness, as shown in Fig. 4.5.6.

Model Poisson Deviance A GLM A LightGBM
GLM 6625.6248

Light GBM 6539.1550 —1.3051%

LightGBM BC 6542.6450

Light GBM fair (gender) 6666.7170  40.6202% +1.9507%
Light GBM fair BC (gender) 6654.9800 40.4430% +1.7713%

Table 4.5.10: Poisson deviance comparison at the same evaluation stage (out-
of-sample 1) for the generalised linear model (GLM), bias-corrected (BC), and
fairness-adjusted versions of the LightGBM model. Lower deviance indicates a
better fit to the observed claim frequencies. A percentages compare each fairness
(and balance) corrected model relative deterioration with the GLM and Light GBM.

Fig. 4.5.6 shows the local redistribution of density after balance correction
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(dotted lines). It further confirms that, even after balance correction, fairness
is maintained as the conditional premium densities for both gender groups remain
well-aligned.
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Figure 4.5.6: Kernel density estimates (KDEs) of predicted premiums by gender.
Solid lines represent the original Light GBM discriminatory premiums, dashed lines
the fairness-adjusted premiums, and dotted lines the fairness-adjusted and balance-
corrected premiums. The male group is shown in blue, the female group in red,
and the overall portfolio in black.

Table 4.5.11 summarises several keys fairness metrics discussed in the litera-
ture. These include the Wasserstein distance W), (U, V) extensively studied by Hu
et al. (2023), Hu et al. (2024), Charpentier (2023), and Charpentier et al. (2023),
and inspired by Chzhen et al. (2020), the MMD and Sinkhorn divergence S.(U, V)
proposed by Oneto et al. (2020), as well as widely adopted metrics in the statisti-
cal and causal theory (see e.g., Charpentier (2023) and Deka et al. (2023)) such as
the Group Fairness in Expectation Agpg and Statistical Parity Agp. We further
provide the Wasserstein barycenter and MMD-based adjustments benchmarks for
comparison in Appendix 4.G. The comparison with the Wasserstein benchmark
highlights important differences in how DP is enforced. Although both meth-
ods reduce group disparities, the Wasserstein correction achieves parity through
quantile-level redistribution, resulting in larger distortions among high-risk poli-
cyholders and weaker rank preservation. In contrast, the proposed energy-based
adjustment results in larger distortions among lower-risk policyholders, better pre-
serves the original risk ranking, and achieves stronger conditional parity for high-
risk policyholders.
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Metric with U = Apemale and V' = fntale #  gfair, BC

WU,V = 2E[||U—V||] —IE[HU— U'||] —E[Hv— V'H] 0.042704  8e-06
(p=1) 0.064760 0.001529

: 1
WalU.V) = (infrer@) B IU = VIF) (p=2) 0.070531  0.002113

MMD?(U, V) = E[k(U,U")] + E[k(V,V")] — 2E[k(U, V)] 0.205325 2e-06
Se—01(U,V) =W (U, V) = sW(U,U) — sW(V,V) 0.028611  2.2e-05
Agrr = [E[U] - E[V]| 0.062959  0.000155
Agp = sup, |P(U < 5) — P(V < 5)| 0.396203  0.030354

Table 4.5.11: Comparison of key fairness metrics before and after £-based fairness
adjustment and balance correction. MMD is computed using a Gaussian RBF
kernel k(u,v) = exp (—|lu — v||?/ (20?)) with fixed bandwidth o = 0.1.

For new policyholders, we extend this methodology by applying an individual
correction factor -;, as outlined in Section 4.4.2. A random forest regressor learns
the mapping from policyholder characteristics to correction factors, generalising
the fairness adjustment mechanism beyond the dataset (out-of-sample 1) used to
train the adjuster.

Fig. 4.5.7 shows that the adjusted predictions for new policyholders (out-of-
sample 2) remain consistent across sensitive groups with the results observed in
Fig. 4.5.6, with only minor deviations.
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Figure 4.5.7: Kernel density estimates (KDEs) of predicted premiums by gender for
new policyholders. Solid lines represent the Light GBM discriminatory premiums,
and dashed lines the fairness-adjusted premiums. The male group is shown in blue,
the female group in red, and the overall portfolio in black.

Table 4.5.12 summarises the Poisson deviance results before and after fairness
correction on the new test set (out-of-sample 2) with 20000 policies. The fair
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Light GBM model exhibits slightly higher deviance than the unconstrained Light-
GBM on both out-of-sample sets (+1.95% and +2.60% relative to Light GBM),
consistent with typical accuracy—fairness trade-offs. All models, including GLM
and baseline Light GBM, deteriorate when predicting genuinely new policyholders
(A of +3.8-4.13%), indicating that a portion of the deviance increase for the new
policyholders (from +1.95% to +2.60%) stems from intrinsic out-of-sample diffi-
culty rather than instability introduced by the fairness mechanism (Hainaut 2025).

in-sample out-of-sample 1 out-of-sample 2 A
GLM 19997.9223  6625.6248 6880.0621 +3.8102%
Light GBM 19539.5379  6539.1550 (-1.3051%)  6809.2512 (-1.0292%)  +4.1304%
LightGBM fair — 6666.7170 (+1.9507%) 6986.1686 (+2.5982%) +4.7917%
(+0.6202%) (+1.5422%)

Table 4.5.12: Poisson deviance comparison across models: (i) in-sample (training)
set (n = 60,000) to fit the discriminatory GLM and Light GBM models, (ii) a
first out-of-sample (test) set (n = 20,000) to predict discriminatory premiums and
correct for fairness and autocalibration, and (iii) a second out-of-sample (test) set
(n = 20,000) of new policyholders, for which corrected premiums were predicted
using a Random Forest trained on the first test set. Percentages in parentheses
compare each model with the GLM and Light GBM at the same evaluation stage.
A measures the relative deterioration when moving from the first to the second
out-of-sample (new policyholders).

4.5.4 Fairness adjustment G>2

As discussed in Section 4.4, our £-adjuster can simultaneously adjust premiums
across more than two sensitive groups. For G > 2, the predicted premiums &
are partitioned into G vectors {ﬁ'g}g:l’_“G of sizes ny organized in d-dimensional
variables U and V as in Eq. (4.4.4). In this setting, equal-sized samples are drawn
from each group in U, and for each group in V. A uniform random permutation is
also applied to ensure the pairwise comparisons span all group combinations (see
algorithm 9).

Fig. 4.5.8 illustrates the fairness adjustment of 7 across six demographic groups,
determined by the policyholders’ gender (female or male) and age (young, middle-
aged, or senior). The solid lines correspond to the initial predicted premiums
partitioned into G demographic groups {frg}szl. The overlapping dashed lines

fair
9
that after adjustment, the dashed lines largely overlap within each gender-age

pairing, indicating that the £-adjuster has effectively reduced disparity across these
six groups, while preserving the spread of the initial distribution (in black).

correspond to the corresponding fairness adjusted premiums {7 }5:1’ We observe
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Figure 4.5.8: Kernel density estimates (KDEs) of predicted premiums by gender
and age group. Solid lines represent the LightGBM discriminatory premiums,
and dashed lines the fairness-adjusted premiums. The male groups are shown
in blue, the female groups in red, and the overall portfolio in black. The color
shades correspond to age groups. Histogram correspond to the overall empirical
frequencies of female, male, and overall discriminatory premiums.

Tables 4.5.13 and 4.5.14 reveal that the fairness adjustment leads to a signifi-
cant underestimation (around —42) of the overall number of claims, and a larger
deviation from the mean value.

Fair Fair
¢ Observed LightGBM LightGBM LightGBM gap LightGBM gap
0 18719.0 18705.6169 18761.1463 -13.3831 42.1463
1 1221.0  1224.7363  1178.2408 3.7363 -42.7592
2 56.0 66.5456 58.1117 10.5456 2.1117
3 4.0 2.9848 2.4107 -1.0152 -1.5893
>0 1281.0  1294.3831  1238.8537 13.3831 -42.1463

Table 4.5.13: Comparison of observed claim counts with predictions from standard
Light GBM and fairness-adjusted Light GBM. The gap columns show the difference
between predicted and observed counts. Highlighted values indicate the aggregated
total gaps, illustrating the impact of the fairness adjustment on total balance.
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Fair
Statistic GLMp, LightGBM LightGBM
Mean 7 0.13502 0.136334 0.129824
10% Quantile 0.039125 0.061754
90% Quantile 0.211547 0.203506

Table 4.5.14: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg, ), standard Light GBM, and fairness-adjusted Light GBM. High-
lighted values indicate divergence from the target mean premium, illustrating the
effect of fairness adjustment.

For o = 0.02, we manage to significantly improve the underestimation after
balance correction. In Table 4.5.15 we observe a smaller divergence from the true
mean g = 0.13502, from 0.1298 to 0.1341, and in Table 4.5.16 we observe a decrease
in the overall overestimation from —42 to 6.94 claims.

Fair Fair BC
Statistic GLMp, LightGBM LightGBM LightGBM
Mean 7 0.13502 0.136334 0.129824 0.134132
10% Quantile 0.039125 0.061754 0.107966
90% Quantile 0.211547 0.203506 0.160423

Table 4.5.15: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg, ), standard Light GBM, fairness-adjusted LightGBM, and bias-
corrected fairness-adjusted Light GBM. Highlighted values indicate divergence from
the target mean premium, illustrating the effect of fairness adjustment and subse-
quent bias correction.

Fair Fair BC Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM gap LightGBM gap
0 18719.0 18761.1463 18712.0574 42.1463 -6.9426
1 1221.0  1178.2408  1230.1127 -42.7592 9.1127
2 56.0 58.1117 55.8166 2.1117 -0.1834
3 4.0 2.4107 1.9556 -1.5893 -2.0444
>0 1281.0  1238.8537  1287.9426 -42.1463 6.9426

Table 4.5.16: Comparison of observed claim counts with predicted claims from the
fairness-adjusted LightGBM before and after bias correction. The gap columns
show the difference between predicted and observed counts. Highlighted values
indicate the aggregated total gaps, illustrating the reduction of prediction bias
after applying balance correction.
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Table 4.5.17 summarises the deviance loss before and after fairness adjustment
(for G = 2 and G = 6) and balance correction. As expected, the deviance de-
teriorates much more when adjusting across six demographic groups (gender and
age jointly) compared to two (gender only). This reflects the increasing difficulty
of aligning multiple conditional premium distributions simultaneously, especially
when these attributes are strong predictors. The post-hoc autocalibration step
does recover a non-negligible portion of predictive accuracy. For example, for the
six-group setting, the deviance decreases from 7341.93 to 6891.32 after balance
correction (i.e., +4% relative to the GLM benchmark), showing that the post-hoc
calibration mitigates a substantial share of the initial accuracy loss.

Model Poisson Deviance A GLM A LightGBM
GLM 6625.6248

Light GBM 6539.1550 —1.3051%

Light GBM BC 6542.6450

LightGBM fair (gender) 6666.7170  4+0.6202% +1.9507%
Light GBM fair BC (gender) 6654.9800 +0.4430% +1.7713%
Light GBM fair (age & gender) 7341.9258 +10.8111% +12.2764%
Light GBM fair BC (age & gender) 6891.3200  +4.0101% +5.3855%

Table 4.5.17: Poisson deviance comparison across models at the same evaluation
stage (out-of-sample 1). A percentages compare each fairness (and balance) cor-
rected model relative deterioration with the GLM and Light GBM.

Insurers should be aware that the fairness adjustment may disproportionately
affect smaller or extreme subgroups. Table 4.5.18 presents the Poisson deviance for
each gender—age subgroup, comparing the baseline Light GBM predictions with the
fairness-adjusted and balance-corrected models. The relative change (%) in Poisson
deviance quantifies the trade-off between enforcing DP and preserving predictive
accuracy across demographic group. Fairness adjustment alone deteriorates de-
viance for all groups, with the largest relative increases observed for young males
(23.36%) and senior females (24.71%). This reflects that substantial redistribution
of predicted premiums is needed in these groups with higher-frequencies to achieve
fairness, which naturally affects predictive accuracy.

Applying the post-hoc balance correction substantially mitigates these increases.
For example, young males’ deviance increase drops from 23.36% to 2.37%, and
young females’ from 21.10% to 1.35%. Similarly, middle-aged and senior male
groups also see their relative increases fall below 5%, indicating that the BC step
effectively restores predictive accuracy (while retaining the fairness adjustment).

Interestingly, the post-hoc balance correction slightly amplifies the increase in
deviance for middle-aged and senior female policyholders. This highlights the diffi-
culty of retaining predictive accuracy for lower claim frequency groups (see darker
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red KDEs in Fig. 4.5.8 where a substantial mass of the initial premium distributions
is around 0).

Overall, the results highlight that, although fairness enforcement inevitably
perturbs the original predictions, especially for groups with higher claim frequencies
(i.e., young policyholders), the post-hoc autocalibration mitigates much of the
associated loss.

Fair Fair BC
Gender Age group n  LightGBM LightGBM LightGBM % Fair % Fair BC
Female Middle-aged 3,391 708.7603 812.7800 820.6330 14.6763% 15.7843%
Female  Senior 2,636 451.4856 563.0406 572.7071 24.7084%  26.8495%
Female Young 4,049 1,631.4034 1,975.6220 1,653.4445 21.0995% 1.3510%
Male Middle-aged 3,328  1,184.7231 1,384.3420 1,204.5646 16.8494% 1.6748%
Male Senior 2,644 849.8874 974.0947 886.5005 14.6146% 4.3080%
Male Young 3,952 1,712.8952 2,113.0673 1,753.4705 23.3623% 2.3688%

Table 4.5.18: Poisson deviance by demographic group for LightGBM, fairness-
adjusted LightGBM, and fairness-adjusted LightGBM with balance correction
(BC). Percentage increases relative to Light GBM are shown for both adjustments.

Calibration tables in Appendix 4.E further show the impact of fairness correc-
tions by subgroup. For senior policyholders, females (Table 4.E.3) experience a
substantial degradation in calibration after fairness adjustment, with deviations of
—103.00 (¢ = 0), whereas males (Table 4.E.6), despite being similarly represented,
show negligible changes (2.78). This also reflects that substantial redistribution
of predicted premiums is needed in the lower claim frequencies groups (see senior
and middle-aged KDEs in Fig. 4.5.8) to achieve fairness, which naturally affects
calibration.

4.6 Discussion

In this chapter, we introduce a novel gradient-based group fairness correction using
the multivariate Energy distance to enforce demographic parity and reduce group-
level disparities across multiple sensitive attributes simultaneously. The multivari-
ate nature of the Energy distance is a key advantage of our approach. It allows for
simultaneous fairness adjustments across protected variables with different num-
bers of sensitive classes, such as gender (binary) and discretised age (multi-class),
and is therefore order-independent.

As expected, the loss in accuracy increases when the number of demographic
groups grows, reflecting the greater difficulty of simultaneously aligning multiple
conditional premium distributions, especially when enforcing fairness for key risk
factors, such as gender and age in car pricing. However, the predictive accuracy is
partially recovered through a post-hoc autocalibration step (Denuit, Charpentier,
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et al. 2021) introduced to correct biases in the total predicted claim count after
fairness adjustments.

We further introduce a simple out-of-sample mapping mechanism to apply fair-
ness corrections to new policyholders. While the random forest used to map pol-
icyholder characteristics to individual correction factors does require training, it
is important to distinguish this lightweight post-processing step from retraining
the underlying pricing model. The Light GBM estimator and gradient-based fair-
ness correction are not refitted once the fairness-adjusted premiums have been
produced. As with any predictive model, some degradation is observed when mov-
ing to genuinely new policyholders, but our results indicate that this deterioration
is comparable to the baseline in/out-of-sample gap observed for both GLM and
unconstrained Light GBM models.

While gradient descent introduces an optimisation layer, the process remains
transparent and explainable to regulators for several reasons.

First, the Light GBM model that provides the initial discriminatory premium
predictions is itself a standard, interpretable model in actuarial practice, with
feature importances and partial dependence plots readily available to explain its
drivers.

Second, the fairness adjustment is applied as a post-hoc correction, rather than
as an in-processing constraint embedded inside the model fitting. We believe this
distinction is important for transparency. In-processing methods typically mod-
ify the loss function or introduce latent constraints during training, making each
change in the predictions less interpretable. In contrast, in our post-processing
setup, the correction is defined by a single, well-specified quantitative objective,
that is, minimising the Energy distance between conditional premium distribu-
tions across sensitive groups. At every iteration, the magnitude and direction of
the adjustment can be quantified as a deterministic transformation of the original
predictions, allowing practitioners to track (and justify) fairness improvements step
by step.

Moreover, this Energy distance itself has a well-established statistical inter-
pretation as a measure of disparity between distributions. The between-group
term encourages the alignment of premiums across groups (reducing disparities be-
tween U and V'), while the within-group terms preserve the internal variability of
each group. This structure ensures that the correction smooths inter-group differ-
ences (improving inter-group fairness) without collapsing intra-group heterogene-
ity /diversity, thereby maintaining portfolio diversity and the credibility structure
of the premiums.

Third, the post-hoc autocalibration step (following Denuit, Charpentier, et al.
(2021)) adds a local GLM correction to the adjusted premiums. GLMs are a well-
documented and interpretable regression framework in actuarial practice, and this
step systematically restores balance with actual claims while preserving actuarial
soundness.

We believe that the combination of these sequential steps makes the contribu-
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tion of each fairness or calibration correction transparent.

Besides this transparency concern, another practical challenge in fair insurance
pricing arises when protected attributes are not available. Recent works have ad-
dressed this issue explicitly. For instance, Gabric et al. (2024) propose a variational
Bayesian framework for discrimination-free pricing in the absence of observed sen-
sitive attributes, while T. Zhang et al. (2025) consider settings where sensitive
attributes are available only in a noisy or privatized form. These approaches high-
light an important distinction between fairness under full observability and fairness
under partial access to protected information.

In the context of the proposed energy-distance-based framework, the case of
noisy or privatized sensitive attributes can in principle be accommodated by re-
placing exact group membership with its observed corrupted counterpart, leading
to fairness constraints defined over induced noisy group partitions. However, the
resulting fairness penalty is then aligned with the distribution of the observed
(noisy) attribute rather than the true latent protected attribute, introducing an
additional layer of measurement error.

By contrast, the fully unobserved case is fundamentally more challenging. In the
absence of any direct information on protected attributes, enforcing group-wise dis-
tributional alignment requires introducing additional modelling assumptions, such
as latent group structure or the use of proxy variables correlated with the protected
attribute. This includes approaches where sensitive attributes are inferred from ob-
servable features (e.g., name or location based inference as in the Colorado BIFSG
framework), but such strategies raise well-known concerns regarding identifiability,
stability, and the normative validity of the resulting fairness guarantees, since the
fairness constraint becomes dependent on an estimated rather than observed pro-
tected structure, which may itself embed bias and introduce additional layers of
uncertainty.
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4.A Proofs

Proof of Proposition 4.1. The Cramér distance is unique among /5 distances as its
sample gradient is an unbiased estimator of the population gradient. This property,
established by Bellemare et al. (2017, p. 16), is crucial in stochastic gradient-based
optimisation when probability measures are used as loss functions.

Let P be a probability distribution, and let {Qs},.g denote a differentiable
parametric family of probability measures with cumulative distribution functions
Fp(u) and Fg,(u). The squared ¢y distance admits the representation:

—+o0

BP.Qn) = [ (Fo,w - Fa(w)*du

—00
By definition, differentiating with respect to 6 gives:

+oo

Vo (2(P, Qo) = Vg / (FQG (u) — Fp(u)>2du.

—0o0

Under the hypothesis that the convergence of the square follows from the conver-
gence of the ordinary values (see e.g., the Leibniz rule under dominated conver-
gence), we may swap differentiation and integration:

+o0 2
= / Vg (FQG (u) - Fp(u)) du.
Application of the chain rule of differentiation then gives:
+oo
= / z(FQ9 (u) — Fp(u)) Vo Fo, (u) du.

By Lemma 1 in Bellemare et al. (2017, p. 14), we replace the true CDF Fp(u) by
its expected empirical CDF Ey,,~p[Fp (u)]:

+oo
_ / 2(FQ9 (u) - Eu, ~p[Fp (u)]) VoFo, (u) du.
—o00
By linearity of expectation:

400
_ / 2By, p(Fa, (u) ~ Fp, (1)) VoFa, (u) du.

— 00



4.A. Proofs 157

By Fubini’s theorem (Royden et al. 1988), we interchange the order of integration
and expectation:

+oo
~5u,r [ 2(Fouw) - Fp, ) VaFo, () du
=Ey,.~pP {Ve 1% (Pwu Qe)} .

O

Proof of Proposition 4.2. Following Bellemare et al. (2017, p. 16), the Energy dis-
tance between two probability measures P and QQy is defined as:

E(P,Q) =2E|lU - V|| -E|U - U'| - E|V - V|,
where X ~ P, Y ~ Qg,and U’, V' are independent copies of U and V/, respectively.
For the empirical measure Pm, we write Uy, ~ P,,. The gradient of £ (P, Qg) w.r.t.
0 is:

Vo E(P, Qo) = Vo(2E|U - V|| ~E|U — U'|| ~E|[V - V")
= VG E||U — V|| - Vo E|U — U'|| — V4 E||[V — V.

Since E||U — U’|| does not depend on 6, this simplifies to:
=2VoE|lU - V| = Vo E|[V - V'|.
Similarly, for the empirical measure P,,, we have:
Vo £ (P, Q) = Vo (2B — V|| = B[O — Uy, ]|~ E[V ~ V')
=2V E|U — V| — Vo E[[V - V|
All together, we have:

Vo E(P,Qo) =Eu,,~p Vo &(Pn, Qo)
AVYE|U = V| = VoE|V = V| = 2By, ~pVo E|U — V|| = Vo E|V = V|
VoE|U - V| =Eu,,~pVeE|U,, — V|.

Under the assumption that Vy and the expectation over U, commute, we have:

VoE|U - V| = VoEu,,~pE|T,, — V]|.
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Under the independence of the variables with Pm and Qg, we have:

= VoEu,~rEE, 5 u—V].

m

Finally, given that the expected empirical distribution is P, we find:

= Vg]EuNp EHU — VH
=VyE|U-V]|.

O

Proof of equivalence with the Energy distance. In the univariate case, Székely (2003)
established that the Energy distance and the ¢3 distance are linearly related:

B(P,Q) = S E(P,Q).

Let P and @ be probability distributions on R with cumulative distribution func-
tions Fp and Fg, respectively. In one dimension, the Euclidean norm ||z — y||
reduces to the absolute value |x — y| for scalars x,y € R. Therefore, the Energy
distance can be expressed as:

E(P,Q) = 2]E{|U— V\] —E“U— U'|} —E[\V— V’|] ,

where U,U’ ~ P iid. and V,V’' ~ @Q i.i.d., with all pairs independent. By
definition of the expectation of functions of independent random variables:

Bo-vi= [ [ - vldraaw).
E[U - U'|] = /Z /O; lu — u'| dP(u) dP().
BV v = [ [l vldewdaw)

It is well-known that (Székely 2003), in one dimension, the expected absolute dif-
ference can be expressed in terms of the squared difference of the CDFs:

o0

E[jU - V]| = /OC () + Fo(u) — 2Fp(u) Fo(w) ) du = / () - FQ(U))2 du

— 00 — 00
[e )

E[U - U] = /OO (Fr(u) + Fo(u) ~ 2p(w)”) du = / (28p(w) — 26p(w?) du

— 00 —00

B[V — V'|] = /Oo (2FQ(u) - 2FQ(u)2) du.

— 00
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Substituting these results into the definition of Energy distance gives:
E(P,Q) =2E[U - V| - E[U - U] - E[[V = V']]
= / [QFP(U) + 2Fo(u) — 4Fp(u) Fy(u)

— 00

— (2Fp(u) — 2Fp(u)?) — (2Fq(u) — 2FQ(U)2)} du

_ / - [~ 4Fp(u) Fo(u) + 2Fp (u)* + 2Fg(w)*] du

— 00

=2 /00 [— 2Fp(u)Fg(u) + Fp(u)® + FQ(u)Q} du

— 00

:2/OO (Fp(u) —FQ(u))Qdu

—00

=203(P,Q).

4.B Datasets

Number of claims  Count Percentage

0 93,535 93.53%
1 6,109 6.11%
2 335 0.34%
3 21 0.02%

Table 4.B.1: The table reports the number of policies and the corresponding per-
centage for each observed claim count N; € {0,1,2,3} in the synthetic motor
insurance portfolio. As shown, the majority of policies have zero claims, highlight-
ing the rarity of the event.
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Figure 4.B.1: Average number of claims per policyholder for each category of the
discrete rating factors in the simulated motor insurance portfolio. Categories within
each factor are sorted in descending order of claim frequency to highlight the most
at-risk segments.
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Figure 4.B.2: Density distributions of the continuous rating factors (age and in-
come) stratified by the number of claims N; € {0, 1,2,3} in the simulated motor
insurance portfolio. These plots show how the distribution of continuous covariates
varies across different claim counts.
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4.C Best-estimates

Parameter Value Description

learning_ rate 0.0099  Step size shrinkage used in each boosting step
to prevent overfitting. Smaller values make
learning more conservative.

feature_ fraction 0.9368  Fraction of features randomly selected for each
tree (column subsampling), used to prevent
overfitting.

bagging_fraction 0.6151  Fraction of data randomly selected for each

bagging iteration (row subsampling), helps re-
duce variance.

bagging_ freq 4 Frequency of bagging; LightGBM performs
data subsampling every 4 boosting iterations.

lambda_ 12 2.5348e-05 L2 regularization term on weights to prevent
overfitting (ridge penalty).

min_ sum__hessian__in_ leaf 0.7570  Minimum sum of instance Hessians (second-

order gradients) in a leaf; larger values can
make the model more conservative.

max__depth 6 Maximum depth of each tree; limits model
complexity and helps control overfitting.
min_ gain_ to_ split 0.4139  Minimum gain required to make a further par-

tition on a leaf; acts as a regularization term
to control splitting.

min_ data_in leaf 74  Minimum number of data points allowed in a
leaf; prevents overly specific leaf nodes.

num__leaves 51  Maximum number of leaves per tree; controls
model complexity and expressiveness.

objective poisson  Objective function optimized by the model;
here, a Poisson regression suited for count
data.

Table 4.C.1: Optimized Light GBM hyperparameters using optuna and their de-
scriptions.

4.D Best-estimates autocalibration

The negative bias (or overestimation) observed in the LightGBM predictions in
Table 4.5.5 can be corrected using the multiplicative bias-correction factor proposed
by Denuit, Charpentier, et al. (2021):

E[Y|# (X) = F;' (2)]

T

F, ' (x) ’

s

(4.D.1)

estimated using a local smoother with bandwidth o« = 0.25. This correction reduces
global bias while preserving the Poisson deviance (barely increases from 6539.15 to
6542.64).
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Table 4.D.1 reports summary statistics before and after bias correction. The
average premium shifts from 0.1363 to 0.1346, bringing it close to the reference
mean.

BC
Statistic GLMg, LightGBM LightGBM
Mean 7 0.1350 0.1363 0.1346
10% Quantile — 0.0391 0.0374
90% Quantile — 0.2115 0.2003

Table 4.D.1: Summary statistics of the expected premiums 7 for the baseline
intercept-only GLM (GLMg, ), the Light GBM, and the bias-corrected Light GBM.
Highlighted value indicates the shift in deviation from the baseline mean premium,
illustrating the effect of bias correction.

Table 4.D.2 shows the improvement in predicted claim counts. The gap in the
number of policies with at least one claim drops from 13.38 to —1.37, effectively
removing the systematic bias.

BC BC
¢ Observed LightGBM LightGBM LightGBM gap LightGBM gap
0 18719 18705.6169 18720.3746 -13.3831 1.3746
1 1221 1224.7363  1211.9909 3.7363 -9.0091
2 56 66.5456 64.7117 10.5456 8.7117
3 4 2.9848 2.8178 -1.0152 -1.1822
>0 1281  1294.3831  1279.6254 13.3831 -1.3746

Table 4.D.2: Comparison of observed claim counts with predicted claims from
Light GBM before and after bias correction. The columns gap show the difference
between predicted and observed counts. Highlighted value indicates the reduction
of prediction bias after correction.

Fig. 4.D.1 displays histograms of premium predictions before and after bias
correction.
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Figure 4.D.1: Histogram comparison of predicted premiums 7 for the Light GBM
before (left) and after (right) balance correction.

Fig. 4.D.2 illustrates how the mapping s — E [Y|# (X) = s] moves closer to the
first bisector (i.e., true mean) u () = E[Y|X = z] after correction.
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Figure 4.D.2: Visualisation of s — E[Y|% (X) = s| before (left plot) and after
(right plot) bias correction (BC). « is a smoothing hyper-parameter in the locfit
package in R, and the diagonal corresponds to 7 = p.

Overall, the autocalibration step successfully realigns the Light GBM predic-
tions with the true mean while maintaining predictive performance (measured by
the Poisson deviance). This balance correction is a key post-hoc step of the fairness
adjustment.
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4.E Simulated dataset
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Figure 4.E.1: Visualisation of the role of the intra-group variability terms IE[HU —
U’||] and E[||[V — V'|[] in the fairness adjuster.
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Figure 4.E.2: Visualisation of the local bias E [Y|# (X) = F; ' (z)] /F; " (2) before
and after fairness adjustment (FA).

Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM A A Fair A Fair BC
0 3711 3723.96 3795.55 3786.66 12.96 84.55 75.66
1 324 306.64 241.02 250.56 —17.36 —82.98 —73.44
2 14 17.58 11.92 11.37 3.58 —2.08 —2.63
3 0 0.78 0.49 0.40 0.78 0.49 0.40

Table 4.E.1: Young-females calibration table showing the observed number of
claims and the predicted counts from the Light GBM, the fairness-adjusted Light-
GBM, and the bias-corrected and fairness-adjusted LightGBM, along with the
differences between predicted and observed counts.

Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM A A Fair A Fair BC
0 3281 3271.76 3180.63 3172.47 -9.24 -100.37 -108.53
1 105 115.35 200.10 208.72 10.35 95.10 103.72
2 3 3.77 9.85 9.47  0.77 6.85 6.47
3 2 0.12 0.41 0.33 -1.88 -1.59 -1.67

Table 4.E.2: Middle-aged-females calibration table showing the observed num-
ber of claims and the predicted counts from the Light GBM, the fairness-adjusted
LightGBM, and the bias-corrected and fairness-adjusted LightGBM, along with
the differences between predicted and observed counts.
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Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM A A Fair A Fair BC
0 2576 2569.34 2473.00 2465.42 -6.66 -103.00 -110.58
1 56 65.09 155.14 162.94  9.09 99.14 106.94
2 4 1.54 7.54 7.38 -2.46 3.54 3.38
3 0 0.04 0.31 0.26 0.04 0.31 0.26

Table 4.E.3: Senior-females calibration table showing the observed number of
claims and the predicted counts from the Light GBM, the fairness-adjusted Light-
GBM, and the bias-corrected and fairness-adjusted LightGBM, along with the
differences between predicted and observed counts.

Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM A A Fair A Fair BC
0 3579 3584.58 3707.25 3697.33 5.58 128.25 118.33
1 355 343.67 232.74 243.22 —11.33 —122.26 —111.78
2 17 22.57 11.51 11.05 5.57 —5.49 —5.95
3 1 1.13 0.48 0.39 0.13 —0.52 —0.61

Table 4.E.4: Young-males calibration table showing the observed number of claims
and the predicted counts from the LightGBM, the fairness-adjusted LightGBM,
and the bias-corrected and fairness-adjusted Light GBM, along with the differences
between predicted and observed counts.

Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM A A Fair A Fair BC
0 3093 3090.95 3122.93 3116.95 —2.05 29.93 23.95
1 224 224.27 194.96 201.64 0.27 —29.04 —22.36
2 10 12.22 9.69 9.08 222 —0.31 —0.92
3 1 0.54 0.41 032 —-0.46  —0.59 —0.68

Table 4.E.5: Middle-aged-males calibration table showing the observed number of
claims and the predicted counts from the Light GBM, the fairness-adjusted Light-
GBM, and the bias-corrected and fairness-adjusted LightGBM, along with the
differences between predicted and observed counts.
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Fair Fair BC
¢ Observed LightGBM LightGBM LightGBM A A Fair A Fair BC
0 2479 2465.02 2481.78 2473.23 —13.98 2.78 —5.77
1 157 169.71 154.28 163.03 12.71 —2.72 6.03
2 8 8.88 7.61 7.47 0.88 —0.39 —0.53
3 0 0.38 0.32 0.26 0.38 0.32 0.26

Table 4.E.6: Senior-males calibration table showing the observed number of claims
and the predicted counts from the Light GBM, the fairness-adjusted LightGBM,
and the bias-corrected and fairness-adjusted Light GBM, along with the differences
between predicted and observed counts.

4.F Real-world dataset

The analysis presented in Section 4.5 on simulated data is reproduced for the real-
world dataset introduced in Section 4.5.1, which is partially synthetically generated
according to its Kaggle description.

4.F.1 Best-estimates

We consider a boosting algorithm (Light GBM) to model the premium best-estimates
7. The boosting model is tuned via lightgbm and optuna with optimal hyper-
parameters reported in Table 4.F.1.

Parameter Value , Parameter Value
learning_rate 0.0164 | min sum _hessian_in_ leaf 0.0002
feature_fraction 0.8795 | max_ depth 7
bagging fraction 0.8946 | min_ gain_ to_ split 0.3384
bagging freq 1 | min_data_in_leaf 35
lambda_ 12 1.1452¢-09 | num_ leaves 30

Table 4.F.1: Optimized LightGBM (with poisson objective) hyperparameters using
optuna. Their descriptions are detailed in Table 4.C.1.

Fig. 4.5.1 compares predicted and observed claim frequencies across 10 quantile
bins. Bars represent total exposure within each bin, while the solid and dashed lines
show the predicted X and observed A frequencies, respectively. A closer alignment
between the two lines across bins indicates superior model performance.
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Figure 4.F.1: Comparison of predicted and observed claim frequencies per unit ex-
posure across 10 quantile-based bins. The solid line shows the estimated frequency
) from the model, while the dashed line shows the observed frequency A. The bars
indicate the total exposure in each bin. Left plot: GLM; right plot: Light GBM.

As observed in Table 4.F.2, Light GBM has a slightly higher deviance than the
GLM. In the analysis on simulated data, we observed the opposite.

Model Poisson deviance
GLM 1436.7176
Light GBM 1476.3945

Table 4.F.2: Comparison of Poisson deviance values, defined in Eq. (4.5.1), on
the first out-of-sample test set for the GLM and the Light GBM. Lower deviance
indicates a better fit to the observed claim frequencies.

Fig. 4.F.2 illustrates the distribution of predicted premiums and highlights dif-
ferences in risk allocation between the two models. Since the predicted premiums
correspond to Poisson count estimates, many values (in the first histogram bin)
are close to zero (but strictly positive). For readability, all visualisations are based
on the transformed scale log(1 + \;).
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Figure 4.F.2: Histogram comparison of predicted premiums 7 for the GLM (left)
and Light GBM (right). The plots illustrate the distribution of predicted premiums
and highlight differences in risk allocation between the two models.

4.F.2 Fairness adjustment G=2

In the binary setting G = 2, the predicted (discriminatory) premiums 7 are parti-
tioned into two demographic groups {ﬁg}le corresponding to g = {female, male}.
These premiums are iteratively adjusted using algorithm 9 to equalise not only the
means, but also the dispersion and overall shape of their distributions.

Fig. 4.F.3 presents the cumulative distributions of predicted premiums for the
overall portfolio and for the male and female subgroups, before (solid lines) and
after (dashed lines) the fairness adjustment. All predictions are visualised on the
transformed scale log(1 + 5\1) While the analysis on the simulated portfolio in
Section 4.5.3 relied on standard (non-cumulative) kernel density estimates, the
cumulative KDEs in Fig. 4.F.3 allow for a better comparison of the distributional
shift across groups, particularly in the lower premium range where many values
are close to zero.

Before the adjustment, the cumulative distributions differ noticeably between
genders. The cumulative curve for females lies above that for males (i.e., female
policyholders have lower predicted premiums on average than males). After the
fairness adjustment, the cumulative distributions for both groups (dashed lines)
nearly coincide, indicating that our Energy-based fairness correction effectively
mitigates gender-based pricing disparities.
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Figure 4.F.3: Cumulative kernel density estimates (KDEs) of predicted premiums
(on the transformed scale log(1 4 );)) by gender. Solid lines represent the original
LightGBM discriminatory premiums, while dashed lines correspond to the fairness-
adjusted premiums. The male group is shown in blue, the female group in red, and
the overall portfolio in black.

Enforcing independence between premiums and gender (a key risk factor) con-
strains the predictions and prevents the model from fully exploiting gender-related
risk information. As illusrated in Fig. 4.F.4, the model inevitably sacrifices some
predictive accuracy to enforce DP.
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Figure 4.F.4: Evolution of the fairness loss (i.e., the Energy distance in Eq. (4.3.5))
and the Poisson deviance loss (in Eq. (4.5.1)) over training epochs.

Table 4.F.3 shows that the fairness adjustment also leads to an increase in the
overestimation of the overall claim count (from 44 to 81). However, we also observe
in Table 4.F.4 that the fairness adjustment leads to a smaller deviation from the
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true mean p = 1.0119.

Fair
¢ Observed LightGBM LightGBMy¢,;, LightGBM gap LightGBM gap
0 951 906.9875 869.6073 -44.0125 -81.3927
1 272 304.0601 318.1396 32.0601 46.1396
2 154 188.3684 208.1326 34.3684 54.1326
3 101 106.6544 117.8240 5.6544 16.8240
4 62 58.4609 61.4248 -3.5391 -0.5752
5 36 31.6624 30.2977 -4.3376 -5.7023
6 28 16.8910 14.1690 -11.1090 -13.8310
7 12 8.7817 6.2518 -3.2183 -5.7482
8 8 4.3992 2.5920 -3.6008 -5.4080
9 4 2.1040 1.0082 -1.8960 -2.9918
>0 679.0 723.0125 760.3927 44.0125 81.3927

Table 4.F.3: Comparison of observed claim counts with predictions from standard
Light GBM and fairness-adjusted Light GBM. The gap columns show the difference
between predicted and observed counts. Highlighted values indicate the aggregated
total gaps, illustrating the impact of the fairness adjustment on total balance.

Fair
Statistic GLM;, LightGBM  LightGBM
Mean T 1.0609 0.9983 1.0119
10% Quantile — 0.0099 0.0099
90% Quantile - 2.6672 2.4771

Table 4.F.4: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg,), the standard Light GBM, and the fairness-adjusted Light-
GBM. Highlighted values indicate divergence from the target mean premium, in-
dicating the effect of fairness adjustment.

The negative bias (or overestimation) observed in the fair Light GBM predictions
can be corrected using the multiplicative bias-correction factor proposed by Denuit,
Charpentier, et al. (2021):

E[Y|# (X) = F;' (2)]

T

F, ' (x) ’

s

(4.F.1)

estimated using a local smoother with bandwidth o = 0.16. Table 4.F.5 reports
summary statistics before and after bias correction. The average premium shifts
from 1.0119 to 1.0397, bringing it close to the reference mean.
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Fair Fair BC
Statistic GLMg, LightGBM LightGBM LightGBM
Mean 7 1.0609 0.9983 1.0119 1.0397
10% Quantile — 0.0099 0.0099 0.0000
90% Quantile — 2.6672 2.4771 2.5625

Table 4.F.5: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg, ), standard Light GBM, fairness-adjusted Light GBM, and bias-
corrected fairness-adjusted Light GBM. Highlighted values indicate divergence from
the target mean premium, illustrating the effect of fairness adjustment and subse-
quent bias correction.

Table 4.F.6 summarises the Poisson deviance values. We note that the fair-
ness—accuracy trade-off manifests at two distinct levels. The fairness correction
inevitably reduces predictive accuracy, as the optimisation process prioritises DP
over likelihood-based fit. The post-hoc autocalibration step partially restores, not
only the actuarial balance, but also a share of the predictive accuracy (1667.6080)
that was initially reduced by the fairness correction, without affecting fairness, as
shown in Fig. 4.F.5.

Model Poisson Deviance A GLM A LightGBM
GLM 1436.7176

Light GBM 1476.3944  +0.0276

Light GBM fair (gender) 1793.9142  40.2486 +0.2151
Light GBM fair BC (gender) 1667.6080 4-0.1607 +0.1295

Table 4.F.6: Poisson deviance comparison at the same evaluation stage (out-
of-sample 1) for the generalised linear model (GLM), bias-corrected (BC), and
fairness-adjusted versions of the LightGBM model. Lower deviance indicates a
better fit to the observed claim frequencies. A = (a — b)/b values compare each
fairness (and balance) corrected model relative deterioration with the GLM and
LightGBM.

Fig. 4.F.5 shows the local redistribution of density after balance correction (dot-
ted lines). Even after balance correction, fairness is maintained as the conditional
premium densities for both gender groups remain well-aligned.
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Figure 4.F.5: Cumulative kernel density estimates (KDE) of predicted premiums
by gender. Solid lines represent the original Light GBM discriminatory premiums,
dashed lines the fairness-adjusted premiums, and dotted lines the fairness-adjusted
and balance-corrected premiums. The male group is shown in blue, the female
group in red, and the overall portfolio in black.

Table 4.F.7 summarises several keys fairness metrics discussed in the literature
(see dicussion related to Table 4.5.11).

Metric with U = ftemale and V = fnale T fair, BC
Wi (U, V) 0.883082 0.175620
Wy (U, V) 1.264377 0.306100
MMD?*(U, V) 0.037794 8.2 x 1075
Agre = |[E[U] — E[V] 0.760072  0.001787
Agp =sup, |P(U < s) — P(V < s)| 0.335124 0.017543
Se=0.1(U,V) 0.701744 0.000864

Table 4.F.7: Comparison of key fairness metrics before and after £-based fairness
adjustment and balance correction. MMD is computed using a Gaussian RBF
kernel k(u,v) = exp (—|lu — v||*/ (20%)) with fixed bandwidth ¢ = 0.1.

For new policyholders, a random forest regressor learns the mapping from poli-
cyholder characteristics to correction factors, as outlined in Section 4.4.2. Fig. 4.F.6
shows that the adjusted predictions for new policyholders (out-of-sample 2) remain
consistent across sensitive groups with the results observed in Fig. 4.F.5.
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Figure 4.F.6: Cumulative kernel density estimates (KDEs) of predicted premiums
by gender for new policyholders. Solid lines represent the Light GBM discrimina-
tory premiums, dashed lines the fairness-adjusted premiums, and dotted lines the
fairness-adjusted and balance-corrected premiums. The male group is shown in
blue, the female group in red, and the overall portfolio in black.

Table 4.F.8 summarises the Poisson deviance results before and after fairness
correction on the new test (out-of-sample 2) set with 1630 policies. The transi-
tion from out-of-sample 1 to out-of-sample 2 reveals a nearly negligible change in
loss (from 1793.91 to 1794.33). Both out-of-sample sets contain only n = 1,630
observations, which naturally induces some instability. With such small test sam-
ples, even moderate changes in the composition of policyholders between the two
out-of-sample sets can produce nontrivial fluctuations in deviance after fairness
correction.

4.F.3 Fairness adjustment G>2

For G > 2, the predicted premiums # are partitioned into G vectors {frg}g’;l of sizes
ng organized in d-dimensional variables U and V' as in Eq. (4.4.4). In this setting,
equal-sized samples are drawn from each group in U, and for each group in V. A
uniform random permutation is also applied to ensure the pairwise comparisons
span all group combinations (see algorithm 9).

Fig. 4.F.7 illustrates the fairness adjustment of 7 across four demographic
groups, determined by the policyholders’ gender (female or male) and ethnicity
(minority or majority). The solid lines correspond to the initial predicted pre-

miums partitioned into G demographic groups {frg};l:l. The overlapping dashed

. . . . . ~fair 4
lines correspond to the corresponding fairness adjusted premiums {Wf]alr}g:1' We

observe that after adjustment, the dashed lines largely overlap within each gender-
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in-sample  out-of-sample 1 out-of-sample 2 A
GLM 4019.5312  1436.7176 1380.0193 -3.9464%
Light GBM 3814.3971 1476.3945 (40.0276)  1440.2732 (4+0.0437) -2.4466%
LightGBM fair — 1793.9142 (+0.2151)  1794.3334 (+0.2458) -0.0234%
(+0.2486) (+0.3002)

Table 4.F.8: Poisson deviance comparison across models: (i) in-sample (training)
set (n = 4,889) to fit the discriminatory GLM and Light GBM models, (ii) a first
out-of-sample (test) set (n = 1,630) to predict discriminatory premiums and correct
for fairness and autocalibration, and (iii) a second out-of-sample (test) set (n =
1,630) of new policyholders, for which corrected premiums were predicted using
a Random Forest trained on the first test set. Values in parentheses compare
each model relatively (i.e., (a — b)/b) with the GLM and LightGBM at the same
evaluation stage. A = (a — b)/b measures the relative deterioration when moving
from the first to the second out-of-sample (new policyholders).

ethnicity pairing, indicating that the £-adjuster has effectively reduced disparity
across these four groups.
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Figure 4.F.7: Kernel density estimates (KDEs) of predicted premiums by gender
and age group. Solid lines represent the Light GBM discriminatory premiums, and
dashed lines the fairness-adjusted premiums. The male groups are shown in blue,
the female groups in red, and the overall portfolio in black. The lighter color shade
corresponds to the minority group.
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Table 4.F.9 reveals that the fairness adjustment actually mitigated the deviation
from the mean value.

Fair
Statistic GLMpg, LightGBM LightGBM
Mean 7 1.0609 1.0119 1.0597
10% Quantile 0.0099 0.2556
90% Quantile 24771 2.2170

Table 4.F.9: Summary statistics of expected premiums 7 for the baseline intercept-
only GLM (GLMg, ), standard LightGBM, and fairness-adjusted Light GBM. High-
lighted values indicate divergence from the target mean premium, illustrating the
effect of fairness adjustment.

Table 4.F.10 summarises the deviance loss before and after fairness adjustment
(for G =2 and G = 4). We observe overall a relatively stark deterioration in pre-
dictive accuracy following fairness adjustement, especially when adjusting across
four protected groups. In the simulated study, model adjustment relied on 100 000
policies (with 60% for training and 20% for testing). Here, however, fairness ad-
justments are derived from only 1630 policies in the first out-of-sample set, further
split across two or four sensitive groups, leaving roughly 400 premium predictions
per group. Using such small group-specific samples to estimate conditional distri-
butions and to enforce DP clearly leads to poor predictive accuracy (in terms of
Poisson deviance).

Model Poisson Deviance A GLM A LightGBM
GLM 1436.7176

Light GBM 1476.3944  40.0276

Light GBM fair (gender) 1793.9142  +0.2486 +0.2151
Light GBM fair BC (gender) 1667.6080  +0.1607 +0.1295
LightGBM fair BC (gender & ethnicity) 4718.2180  +2.284 +2.1958

Table 4.F.10: Poisson deviance comparison at the same evaluation stage (out-
of-sample 1) for the generalised linear model (GLM), bias-corrected (BC), and
fairness-adjusted versions of the LightGBM model. Lower deviance indicates a
better fit to the observed claim frequencies. A compare each fairness (and balance)
corrected model relative deterioration with the GLM and Light GBM.
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4.G  Wasserstein and MMD benchmarks

To further benchmark the proposed gradient-based fairness correction, we compare
it against two post-processing baselines. First, against a distributional alignment
method based on kernel density estimation, optimal transport barycenters, and
quantile remapping, Second, against a maximum mean discrepancy (MMD)-based
gradient adjustment applied directly on the predictions. Both approaches enforce
DP by reducing distributional discrepancies between the conditional predictive
distributions of men and women after training (here, Light GBM predictions).

4.G.1 Wasserstein (OT)

Because predictions lie in [0, 1], we estimate bounded densities using a logit-transformed
kernel density estimator:

fa(m) = exp (KDE(logit(n))) (r(1 —m))~', G e W, M.

From these KDEs we compute empirical PDF fy, fay and CDF Fyy, Fis estimates.
Before applying optimal transport correction, a simple baseline consists of scal-
ing each group’s predictions to match the global mean:

ﬁ_scaled = A

TG

This ensures equal means but leaves distributional differences largely untouched,
precisely the limitation the barycenter method addresses.

Let wy, wys be empirical group weights. For each group CDF (F(), define the
barycentric target distribution F* through a pair of reference-specific barycenters:

Fy (%) = Fy (m), ™ = wyT + UJ]\/[FJ\?(FW(W))7

Fi (7)) = Fa(m), ™ = wyrm + ww Fyp' (Fag (7).

Both constructions lead to the same Wasserstein barycenter F*, whose density f*
is obtained by differentiating the monotone transport map. This F* acts as the
demographically fair predictive distribution toward which both groups are trans-
ported.
For each individual prediction 7;, we first compute the group-specific empirical
quantile:
U; = Fg(ﬁ'i).

We map it through the opposite group’s inverse CDF:

Te(#:) = Fg ' (us).
We then construct the barycentric transport map:

ﬁ'zfalr = wg, T + wC;,Tg(ﬁi).
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This yields a set of adjusted predictions 7™ whose distribution matches the

barycenter F*. In practice, this approach nearly eliminates discrepancy:

W (Ffall‘ F]{?ir) ~ 07 F‘%ir ~ FJf&ir ~ F*.

4.G.2 MMD-based gradient fairness adjustment

As a second baseline, we implement a gradient-based fairness correction driven by
the Maximum Mean Discrepancy (MMD) between group-conditional predictions.
Both the Wasserstein-OT approach and the MMD gradient method aim at en-
forcing DP at the distributional level, but while the former constructs an explicit
transport map between empirical distributions, the latter performs iterative RKHS
alignment in prediction space.

Let M ={#; : S; = M} and W = {#; : S; = W}. The squared MMD between
the two groups under an RBF kernel k,, is:

MMD?*(W, M) = E[ko (W, W")] + E[ko (M, M")] — 2E[k, (W, M)] .
We minimize this quantity by directly updating predictions via gradient descent:
7 7 — V2 MMD?*(W, M),

where 7 is a step size.
The corresponding gradients for individual samples in group M and W are given

2 L. L.
Viem = ——3 o2 E (i — 7o ) ko (7i, 7ir) + nMnWJQ E ko (%i, 75) s
7

View = — 02 E wy — )k (75, 750) + prae——) E 7tj — i)ko (5, 75) -

nynw

This procedure iteratively adjusts predictions such that the RKHS embeddings of
both groups become aligned, yielding:

MMD (72l zfairy 0.

Note that while MMD is a well-established discrepancy measure, the empirical
MMD requires all pairwise kernel evaluations between samples across and within
groups, resulting in O(n?) complexity per iteration. Although approximations
such as mini-batch MMD or random Fourier features can reduce computational
cost, they introduce additional stochastic variance in the estimated discrepancy. In
practice, these approaches require careful tuning of batch size, learning rate, and
kernel bandwidth. These parameters are known to strongly affect both convergence
stability and the quality of the resulting alignment.
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Given that our goal is not to design a large-scale stochastic optimization pro-
cedure, but rather to evaluate MMD as a deterministic distributional alignment
baseline, we adopt the full-batch formulation to ensure numerical stability and
reproducibility.

We further fix the kernel bandwidth to 0.0622. It is a median heuristic band-
width choice, which is one of the most standard (and surprisingly effective) ways
to set the kernel scale in MMD.

We first evaluated the MMD gradient adjustment using a learning rate n of
0.01. This configuration required approximately 143 minutes for 500 iterations
and resulted in only marginal changes in the group distributions, which exhibited
only a slight convergence toward each other. Increasing the learning rate to 0.1
still did not yield meaningful overlap between the marginal distributions after 500
iterations. For comparison, the energy-based gradient method converged in fewer
than 70 iterations under the same experimental setting with n = 0.001. Further
increasing the learning rate to 1.0 led to faster displacement of the distributions
(124 minutes for 500 iterations), with the marginals beginning to overlap. However,
the resulting alignment remained insufficient to achieve DP at a level comparable
to the energy-gradient method. Finally, we chose to set the learning rate to 1.5, to
improve distributional alignments.

In this setting, MMD-based gradient alignment exhibits slower convergence and
higher sensitivity to optimization hyperparameters compared to energy-distance-
based corrections.

4.G.3 Results

As shown in Table 4.G.1, the discriminatory model exhibits a positive group mean
difference, indicating that men tend to receive higher premium than women. The
energy-based adjustment removes the mean disparity exactly, outperforming both
MMD and Wasserstein. Wasserstein slightly over-corrects the gap and produces
a negative mean difference (—0.0054), whereas MMD slightly undercorrects it
(40.0008). Although the Wasserstein barycenter enforces equality of marginal dis-
tributions by construction, it requires the numerical inversion of empirical CDFs.
This step is inherently less stable, especially in sparse regions or in the presence of
heavy tails (common in insurance data). The fact that MMD is kernel-based may
also explain the residual differences, as further reductions in marginal discrepancies
become increasingly difficult.
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Model Group mean difference (men — women)
Light GBM 0.0630
Energy Light GBM 0.0000
Wasserstein Light GBM -0.0054
MMD LightGBM 0.0008

Table 4.G.1: Group mean differences (men — women) for predicted claim frequen-
cies. Positive values indicate that men have higher predicted frequencies than
wormen.

Fig. 4.G.1 shows the different effects of the fairness adjustments per group.
Both methods reduce premiums for men while increasing premiums for women.
In the lower and middle quantiles, the Wasserstein-corrected premium (solid line,
with crosses) are overall slightly closer to the observed discriminatory predictions
(dotted line). Wasserstein adjustment, however, introduces a stronger distortion
in higher frequencies bins. MMD adjustments induce similar stronger distortions
than Energy ones in the upper tails. Overall, women see substantially higher
premiums than originally, while men receive lower premiums. This highlights a
trade-off between overall distributional parity and extreme per-group distortions,
particularly for high-risk policyholders.
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Figure 4.G.1: Comparison of predicted and observed claim frequencies by gender
per unit exposure across 10 Light GBM quantile-based bins. The dashed line shows
the observed frequency A computed from the data. The solid line shows the esti-
mated frequency A Energy-based adjustments are indicated by circles, Wasserstein
adjustments by crosses, and MMD by diamonds. Colors differentiate gender.

Fig. 4.G.2 further shows a comparison of original and adjusted predicted premi-
ums for male and female policyholders. The energy-based adjustment leads to only
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mild distortion in the tail, and its group-specific effects look stronger for men (fur-
ther from the diagonal). MMD clearly leads to the strongest adjustments for men
(further from the diagonal) in the lower and mid-tail. In contrast, the Wasserstein
adjustment leads to a stronger deformation of the upper tail, reflecting a heavier
redistribution of extreme values. Unlike Wasserstein-based corrections, which ex-
plicitly couple quantiles across groups and induce visible redistribution in the tails,
MMD and Energy do not enforce a structured cross-group matching of quantiles,
leading to less pronounced adjustments in the extremes of the distribution.
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Figure 4.G.2: Scatter plot of original discriminatory premiums and adjusted pre-
miums for male and female policyholders. Each point represents an individual
prediction, with the x-axis showing the original Light GBM-predicted premium 7«
and the y-axis showing the corresponding adjusted premium. Energy-based ad-
justments are indicated by circles, Energy-based and BC-corrected by squares,
Wasserstein barycenter by crosses, and MMD by diamonds. Colors differentiate
gender: blue for male and red for female. The dashed black identity line indicates
perfect preservation of the original discriminatory predictions. Subsampling (10%
of points) is applied for visualization clarity.

Table 4.G.2 provides a quantitative assessment of how disruptive each correction
is with respect to the original risk differentiation. Fairness adjustments should
mitigate unfair dependence on protected attributes without disrupting the core
risk ranking. High-risk policyholders should still receive higher premiums than
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low-risk ones. Otherwise, this would break actuarial credibility, tariff stability, and
portfolio steering, leading to anti-selection and misaligned underwriting incentives.
The Spearman (1904) rank correlation between the discriminatory and adjusted
premiums in Table 4.G.2 show that all corrections affect the initial ordering of risks.
The energy-based adjustment preserves it slightly more effectively (p = 0.8604)
than the Wasserstein barycentric correction (p = 0.8266). Wasserstein barycen-
ters enforces equality at each quantile level. This can locally reorder individuals,
especially in distributional tails, leading to more pronounced rank distortions.

Model Spearman p
Energy Light GBM 0.8604
Wasserstein Light GBM 0.8266
MMD LightGBM 0.8615

Table 4.G.2: Spearman rank correlation between discriminatory and adjusted pre-
mium.

Table 4.G.3 further reports the rank correlation by gender. Because Spearman
correlation only depends on ranks, values close to 1 indicate that the transforma-
tion applied by each method is almost monotone within each group. This is exactly
what happens here. All methods act essentially as group-specific monotone recal-
ibrations, especially Wasserstein, so they do not meaningfully reorder individuals
within the same gender.

Model Men Women
Energy Light GBM 0.9998  0.9998
Wiasserstein LightGBM  1.0000  1.0000
MMD LightGBM 0.9999  1.0000

Table 4.G.3: Spearman rank correlation between discriminatory and adjusted pre-
mium, by gender.

Fig. 4.G.3 evaluates conditional DP:
E [ﬁfair‘melh Qﬁ} =E [ﬁfair|womena qﬁ'} ) (4G1)

where 7, are the Energy, Wasserstein, or MMD corrected premium, and g; are
the quantiles of the original discriminatory premium.

This shows local fairness, not just global parity.

The Wasserstein and Energy-corrected premium show mild differences in the
middle quantiles. Wasserstein stays consistently negative across all upper quantiles,
showing persistent conditional disparity across premium levels. This indicates that
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women tend to receive slightly higher predicted premiums than men, but the devia-
tion is stable across the risk spectrum. Whereas Energy returns toward zero in the
upper tail, improving conditional parity. Energy seems to better enforce parity for
higher-risk policyholders. The MMD curve shows stronger non-monotonicity across
the risk spectrum, with relatively large negative disparities in mid-quantiles (down
to approximately -0.10) followed by partial recovery in the upper tail (similarly to
Energy).
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Figure 4.G.3: Conditional demographic parity gaps (men — women) by discrimi-
natory premium quantile for each fairness method. Negative values indicate higher
predicted premiums for women.

These empirical differences are consistent with the theoretical properties of the
metrics.

The Energy distance acts as a global discrepancy measure. It integrates dis-
tributional differences over the entire support. Since the upper tail typically rep-
resents only a small fraction of the probability mass (5% here), its contribution
to the Energy distance gradient is small, implying that the optimisation primarily
aligns the bulk of the distribution.

The Wasserstein distance, in contrast, operates directly on quantile differences,
giving each quantile, including extreme ones, equal weight in its objective. As
a result, any misalignment in the far right tail contributes proportionally to the
objective, forcing the correction to act more aggressively on large predicted values.

The Maximum Mean Discrepancy (MMD) sensitivity is strongly governed by
the choice of kernel bandwidth. Small bandwidth translates to very local, almost
point matching, alignments. Whereas large bandwidth translates to very global,
almost mean matching alignments. Consequently, MMD can induce stronger lo-
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calised adjustments than Energy, particularly in low-density or mid-tail regions,
while remaining less disruptive in the extremes than Wasserstein.

Hence, from a distributional standpoint, the Energy distance preserves the ex-
tremal structure more faithfully, the Wasserstein distance enforces stricter quantile-
level parity at the cost of stronger distortions in the tail, and MMD provides
a kernel-based comparison that can capture both local and global discrepancies
without explicit quantile coupling.

Note that both energy-based and MMD-based gradient adjustments are un-
constrained functional perturbations of the prediction surface, meaning they do
not inherently enforce positivity of the output. Since premiums are updated via
gradient-driven corrections, sufficiently large updates (especially in sparse regions
or tails) can in principle push some corrected values below zero unless an explicit
positivity constraint is imposed (e.g., floor constraint or a log-link parameterisa-
tion in the case of count data). In our experiments, we verified that no negative
premiums were produced after applying the corrections.



Chapter 5

A multi-criteria fair Gausstan regressor for
insurance pricing

This chapter studies how multiple notions of fairness can be incorporated into a
single Bayesian non-parametric regression framework for insurance pricing, with a
focus on claim frequency modeling under a log-link. We consider a Generalized
Gaussian Process Regression (GGPR) model for count data with risk exposure
and introduce fairness interventions in its architecture. Specifically, we address
notions of individual fairness by altering the kernel structure to control the simi-
larity between policies (e.g., to mitigate omitted variable bias). We also address
group-level fairness by enforcing demographic parity through constraints affecting
the posterior. This modified GGPR architecture allows us to jointly enforce mul-
tiple fairness notions within a single probabilistic model. We empirically explore
trade-offs with portfolio balance to prevent systematic overpricing or underpricing
at the portfolio level, and how different fairness criteria interact when combined.
The results highlight the importance of adopting a multi-criteria, context-aware
approach to fairness in insurance pricing.

Charlotte Jamotton and Donatien Hainaut (2026a).
“A Multi-Criteria Fair Gaussian Regressor for In-
surance Pricing”. In: working paper. DOIL: None

5.1 Introduction

Insurance pricing is fundamentally concerned with the accurate assessment of risk.
Modern actuarial practice increasingly relies on big data and flexible machine learn-
ing methods to capture complex non-linear interactions in claim data (Barry et al.
2020). While these models often improve predictive accuracy (Y. Yang et al. 2017),
they may rely on complex interactions with proxy variables, raising concerns about
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discrimination. In response, a growing body of actuarial research (Fahrenwaldt
et al. 2024) has borrowed concepts from algorithmic fairness and causal theory,
including demographic parity, counterfactual fairness, and omitted variable bias
(often referred to as proxy discrimination in the actuarial literature), to question
whether algorithmic pricing models amplify, perpetuate, or mitigate existing soci-
etal inequalities. As noted by O. Coté et al. (2025, p. 2), the insurance literature
struggles with a lack of conceptual consensus, with fairness terms frequently used
inconsistently across normative, regulatory, and modeling assumptions (Dolman
et al. 2021).

A key difficulty is that fairness in insurance pricing is a multidimensional con-
cept, spanning legal compliance, ethical acceptability, statistical properties, and
market outcomes. As a result, fairness notions are not merely normative choices
about what constitutes unjust discrimination, but technical constraints with direct
implications for insurance markets, affecting pricing strategies, portfolio compo-
sition, and market share. Moreover, competing definitions and criteria, such as
individual versus group fairness, causal versus statistical notions of discrimination,
proxy versus direct discrimination, are often mutually incompatible. Therefore,
different fairness criteria and methodologies are defended as the correct solution,
yet there is still no consensus on a single approach that aligns with both regulatory
constraints and actuarial soundness.

This chapter adopts a deliberately neutral stance. Rather than committing
to a single notion of fairness, we propose a framework that embeds multiple fair-
ness paradigms into the mathematical structure of a single regression model. Our
objective is not to resolve the fairness debate normatively, but to provide an ex-
perimental setting in which the practical implications and trade-offs of competing
fairness notions can be studied side by side.

We focus in particular on the tension between actuarial, individual, and group
notions of fairness, which correspond to different levels at which equity can be
defined and enforced.

Classical actuarial fairness is rooted in the principle of risk equivalence. Policy-
holders with identical risk profiles should, in expectation, pay identical premiums.
This notion is closely tied to portfolio balance, mutualization, and insurer sol-
vency, as it ensures that premiums remain aligned with underlying risk. However,
actuarially fair pricing does not address fair treatment across protected groups.

A prominent strand of the literature adopts individual-level notions of fairness,
focusing on the elimination of proxy discrimination. Lindholm, Richman, Tsanakas,
and Mario V. Wiithrich (2024b) and related work propose a discrimination-free
pricing based on inverse probability weighting and sensitivity-based corrections.
In such approach to fairness, individuals with identical observable characteristics
receive identical premiums, regardless of their group membership. This eliminates
direct discrimination, and mitigates omitted variable bias. Nevertheless, it does not
fully address indirect discrimination, as the observed covariates still encode struc-
tural inequalities. Consequently, group-level disparities in premiums may persist.
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In other words, it fixes the statistical bias, but not the societal bias embedded in
the data.

To explicitly control for such disparities, group-level notions of fairness must
be considered, such as demographic parity. Early actuarial contributions by Hu
et al. (2023) and Hu et al. (2024) use optimal transport tools, such as Wasser-
stein barycenters, to enforce group fairness. Demographic parity imposes equality
of outcomes across protected groups, independently of their risk profiles. While
often viewed as ill-suited to insurance pricing (Lindholm, Richman, Tsanakas, and
Mario V. Wiithrich 2024b), as it directly discriminates, it can be interpreted as
a solidarity-driven criterion or a form of positive discrimination, introducing in-
tentional redistribution across groups. From an actuarial perspective, enforcing
demographic parity aligns with principles of collective risk sharing and induces
cross-subsidization, as low-risk groups may overpay while high-risk groups are
subsidized. This weakens the direct link between premiums and risk, creating
a trade-off between fairness and actuarial adequacy. Such distortions may impact
profitability and generate adverse selection, as mispriced risks self-select across
competing insurers.

A series of papers by O. Coté et al. (2025) and M.-P. Coté et al. (2026) em-
phasize the importance of causal theory and market-level implications of fairness
corrections, showing that portfolio-specific fairness does not necessarily extend to
market-wide equity and may exacerbate adverse selection in competitive settings.

Together, these contributions highlight fundamental disagreements not only
about what constitutes fairness, but also about at which level (individual, portfolio,
or market) it should be enforced.

Fair pricing is further complicated by regulatory constraints. Under the Afford-
able Care Act in the United States, health insurers are restricted to a small set
of rating variables, prioritizing solidarity over risk-based pricing. In jurisdictions
such as Colorado, insurers are prohibited from using ethnicity data while still be-
ing required to prove the absence of discriminatory outcomes, creating an implicit
demand for inference and counterfactual fairness audits.

These regulatory paradoxes underscore the impracticality of committing to a
single fairness notion. Instead, insurers must navigate a complex landscape where
fairness is enforced differently depending on legal, social, and market contexts.

Despite the variety of fairness approaches proposed in the literature, imple-
mentations typically rely on a single criterion. Moreover, fairness is usually en-
forced through post-processing adjustments rather than embedded within the pric-
ing model, limiting transparency into how fairness constraints interact with model
uncertainty, nonlinearity, and predictive structure. These limitations motivate a
unified modeling framework in which multiple fairness criteria can be jointly incor-
porated.

To structure this landscape, we adopt the typology introduced by O. Coté et al.
(2025), which classifies fairness interventions into five families (best-estimate, un-
aware, aware, hyperaware, and corrective). Additional insights are drawn from Xin
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et al. (2023), who systematically contrast individual and group fairness criteria un-
der different regulatory regimes, and from sensitivity-based analyses (Lindholm,
Richman, Tsanakas, and Mario V Wiithrich 2026) which further sharpen the dis-
agreement regarding proxy discrimination and causal relevance.

To study these competing fairness notions, we require a predictive model that
can capture non-linear dependencies of the response (such as claim amounts, claim
counts, or claim frequencies) on multiple rating factors and that can also embed
multiple fairness interventions directly into its architecture.

Traditional regression models often rely on parametric assumptions, where the
actuary specifies a fixed functional form of the mapping relating the covariates to
the target variable. For instance, Generalized Linear Models (GLMs) are widely
used in pricing motor and health insurance, where claim frequency is modeled using
a Poisson distribution with a log-link function to ensure portfolio-balance (Denuit,
Hainaut, et al. 2019¢). Similarly, Generalized Additive Models (GAMs) extend
GLMs by allowing smooth, non-linear effects of predictors, such as driver age or ve-
hicle power, using spline-based components (Denuit, Hainaut, et al. 2019b). While
these approaches are interpretable and statistically efficient, they require substan-
tial prior knowledge about the data-generating process and involve model selection
procedures to ensure the most appropriate model is retained.

When the true relationship between features and the outcome is complex or un-
known, non-parametric regression offers a more flexible alternative. Methods such
as splines or kernel regression can capture arbitrary non-linear patterns by defining
local smoothing over the covariate space. In insurance, kernel methods have been
used for tasks like claim cost reserving (Shim et al. 2011; Hiabu 2016) and mortality
modeling (Risk et al. 2024). However, such methods depend on design choices like
knot placement or bandwidth selection, which are often heuristic and sensitive to
input dimensionality. More recently, regression trees, random forests, and gradient
boosting machines (e.g., XGBoost, Light GBM) have gained popularity in actuar-
ial modeling due to their ability to model complex interactions without explicit
specification of the functional form (Denuit, Hainaut, et al. 2020; Chevalier et al.
2025). These ensemble methods have proven effective in various insurance tasks,
including pricing (Henckaerts et al. 2021), mortality forecasting (Bjerre 2022), and
fraud detection (Taha et al. 2020).

A third alternative is to adopt a Bayesian non-parametric strategy, and di-
rectly model the unknown underlying function. Bayesian non-parametric methods
like Gaussian processes (GPs) place a prior distribution directly over the space of
functions, allowing the data to inform both the shape and complexity of the model.
In other words, rather than assuming a fixed functional form, we formulate the un-
certainty about the mapping into a prior over mappings and then use Bayes rule
to reach the posterior. As a distribution over functions, a GP does not require an
explicit parametric form and yields a posterior that reflects both prior beliefs and
empirical evidence. This makes it particularly suitable for capturing complex, non-
linear relationships in insurance data where model uncertainty is a central concern.
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In insurance applications, GPs have been used in mortality modeling (Ludkovski
et al. 2018), claim reserving (Ang et al. 2022), and option pricing (Hainaut and
Vrins 2024; Hainaut 2026).

We contribute to the actuarial literature as follow. First, we extend the applica-
bility of GPR to realistic insurance settings by building a balance-corrected claim
count model with exposure, relying on Generalized Gaussian Process Regression
(GGPR) for non-Gaussian data. In particular, we build on existing work on GGPR
for Poisson and Tweedie-type likelihoods with offset terms, which has been shown
to provide a flexible alternative to GLMs in frequency modeling for insurance port-
folios (see, e.g., B. Wang et al. (2014), Lloyd et al. (2015), Rigby et al. (2005), and
Hainaut and Denuit (2025)). This balance-corrected extension (bGGPR) is essen-
tial to ensure that fairness corrections remain compatible with standard actuarial
practice. Second, rather than committing to a single criterion a priori, we show how
a wide range of fairness criteria, spanning both individual and group-level notions,
can be incorporated into a single FairGGPR model through targeted modifications
of the kernel structure and objective function. Third, we assess these fairness in-
terventions both individually and jointly, comparing their effects side by side on
standard fairness and accuracy metrics, and on the overall balance between col-
lected premiums and incurred claim. Lastly, we examine a strategic question that
has received comparatively little attention in the literature (M.-P. Coté et al. 2026).
Can fairness enforcement benefit insurers financially? Using simulated portfolios,
we show how fairness interventions and the proportion of protected policyholders
influence the aggregate balance between collected premiums and incurred claims
in distinct ways, with potential implications for policyholder retention and market
share. This perspective moves beyond the traditional fairness-accuracy trade-off by
highlighting how fairness enforcement may shape portfolio and market dynamics
rather than acting solely as a regulatory constraint.

To the best of our knowledge, this is the first work that integrates multiple
fairness criteria within a single Bayesian non-parametric model. By doing so, we
provide a framework through which fairness definitions can be compared, and eval-
uated according to the specific objectives and constraints faced by insurers and
regulators, challenging the common binary framing that one fairness notion must
be chosen over another.

The remainder of the chapter is organized as follows. Section 5.2 introduces
the balance-corrected Generalized Gaussian Process Regression (bGGPR) model
for Poisson count data with risk exposure and sets up the notations. Section 5.3
presents the multi-criteria FairGGPR model and details how different fairness cri-
teria are integrated within its Bayesian architecture. Section 5.4 reports empirical
results, focusing on fairness-accuracy trade-offs, and portfolio balance. Section 5.5
concludes by discussing implications for insurers and regulators, and by arguing
for a context-dependent application of fairness criteria in insurance pricing.
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5.2 bGGPR for log-link counts

This Section introduces the balance-corrected Generalized Gaussian Process Re-
gression (hbGGPR) for Poisson count data with exposure, which is particularly
relevant for modeling insurance claim frequencies. The GGPR was initially pro-
posed by Chan et al. (2011) where only similarity between risk profiles matters.
GGPR applies to response obeying a distribution in the Exponential Dispersion
(ED) family, exactly as with GLMs and GAMs. The GGPR was recently adapted
by Hainaut and Denuit (2025) to account for policies with different exposures to
risk, like the coverage duration. This is important for actuarial applications where
exposures often play a major role, as they reflect the volume of the risk. We further
extend it to ensure aggregate balance at the portfolio level.

5.2.1 Poisson frequency model with exposure

Consider an insurance portfolio X = {x1,...,x,}, where each policy i =1,...,n
is described by a vector of rating factors @; = (zi1,...,Zim). These covariates are
partitioned into a set of allowed covariates A and a set of prohibited or sensitive
covariates D, with AUD = {1,...,m} and AND = &. We write a; = (xij)jeA and
d; = (a:ij)j ¢p the corresponding subvectors. In this Section, the (b)GGPR model
is formulated using the full set of available covariates X = (A, D) € R™*™. In the
next Section, we explicitly distinguish between allowed and protected attributes in
order to introduce fairness modeling constraints.

Proposition 5.1. Let N denote the number of claims reported by a policy over an
exposure period v > 0. Conditionally on the covariates x, we assume a Poisson
model with exposure:

N |z ~PAax)),

where A(x) > 0 is the claim intensity per unit of exposure. Define the key ratio:

N
Y = —
v

)

which represents the claim frequency per unit of exposure. Since N = vY takes
values in N, the conditional probability mass function of Y is induced by that of N :

(vA(z))"
(vy)!

which is a density in the ED family (Wuthrich et al. 2021) as shown in Proof 5.A.1
in Appendiz.

Py | ) = B(N = vy | @) = exp(—vA(@))

The objective is to approximate the (unknown) conditional expectation of the
response Y ~ P (A (x)v) given the covariates to derive the amount of pure pre-
mium:

px) =EY | z] =+ (0(z)) = A=),
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with () = In A(x) and ~/(-) = exp(+).
Remark 5.1 (Generalization to the ED family). While we present the notations us-

ing count data, the methodology can be generalized to Gamma or Inverse Gaussian
distribution for claim severities.

To model the conditional mean (), we introduce a latent function g(-) defined
on the log scale:
Inpu(z) = g(x) + ¢, e~N(0,02) .

This formulation induces nonlinear dependence of the claim frequency on the co-
variates through a kernel function (similarity matrix), while retaining the inter-
pretability of a log-link model.

Proposition 5.2. Let g = (g(z1),...,9(x,))| € R™ denote the latent function
values at the n training inputs. Under the Gaussian Process (GP) prior, g follows
a multivariate Gaussian distribution with n-mean vector 0 and n xn Gram matriz:

C(X,X)=K(X,X)+02I,,

where K (X, X) € R™" is the kernel matriz with entries [K(X, X)] i

i,j=1,...,n, and o is a small scale variability. See Proof 5.A.1 in Appendiz.

= k(wiij)f

5.2.2 Posterior inference via Laplace approximation

Given observations (key ratios) y = (y1, . . . ,yn)T and exposures v = (vy, ..., yn)T,

the conditional log-likelihood takes the Poisson form:

n

np(y | g) = vi(yigi — exp(g:)) + c(yi, vi),
i=1

where ¢(-) collects terms independent of g. The posterior density of the latent
vector g is then:
p(gly, X) xp(y|g)plg | X).

Because the key-ratio Y follows a non-Gaussian distribution, the Poisson likeli-
hood is not conjugate to the Gaussian prior. Therefore, the posterior distribution
of the latent function g is analytically intractable (since it is no longer Gaussian)
and must be approximated. Following C. K. Williams et al. (2006), we approx-
imate the posterior using a Laplace approximation. Specifically, the posterior is
approximated by a Gaussian distribution centered at its mode:

(g |y, X) =~ N(g, 5g).-

The n-dimensional mean vector § is equal to (see Proof 5.A.1):

g= argmgX{w (@}, (5.2.1)
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with
Vv(g)=v' (yog-exp(g) - Lig'C(X,X) g,

where © denotes the Hadamard product. The n x n covariance matrix ¥4 is given
by the inverse negative Hessian of the log-posterior evaluated at g (see Proof 5.A.1):

- (C(X, X) '+ H (g))fl, (5.2.2)

with the n x n diagonal matrix H (§) = diag (v ® exp (g)).
The optimization problem defining ¢ in Eq. (5.2.1) is typically solved using
Newton-Raphson iterations with g(® =1In (1 Y. y;):

gl = gli-1) _ (V% (g(j—l)))’lvw (g(j—l)) 7 (5.2.3)
where the gradient Vi) (§U~1)) takes the following simple form:
v (9970) =v (y—exp (997V)) - C(X. X) 'gu Y,
and the Hessian is equal to:
V2 (g“—l)) — _diag (1/ ® exp (g(j—n)) —o(x,x)"!

——H (gV7V) - Cc(x, %)

5.2.3 Prediction and premium estimation

Proposition 5.3 (New Policy). Let x, denote a new policy (out-of-sample) with
kuw = k(zs, ) € R. Let ky = k(x., X) € RY" denote the vector of similarities
between x. and the training inputs X :

ki = k(zs, X) = (k(zs, 1), ..., k(Ts, T0)) ,

and k] € R™ ! its transpose. Under the Laplace approxzimation, the predictive
distribution of the latent variable g. = g(x.) is approximately Gaussian,

ge | 20, X,y = N (m, 52),
with
m. = k,C(X,X) g,
§2 = kuw — ki (O(X, X) + H(g) ™) k]

See Proof 5.A.1 in Appendiz.
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Remark 5.2 (Interpretation of the predictive equations in Proposition 5.3). The
predictive mean m, can be understood as a regularised similarity-weighted average
of the latent risk values g (estimated from the training portfolio). The vector k, =
k(zx., X) determines how strongly each past observation influences the prediction at
., while the matrix C'(X, X)~! corrects for dependencies between training points
induced by the kernel, preventing redundant or highly correlated observations from
being over-weighted. In this sense, the prediction at x, is obtained by aggregating
information from training policies that are most similar to x.. The predictive
variance s2 quantifies the remaining uncertainty. It can be interpreted as the prior
uncertainty k.., reduced by the amount of information explained by similar training
points. Hence, the variance decreases when x, is well represented in the training
set and increases when the policy lies in a sparsely populated region of the feature
space.

Transforming back to the original scale, the predictive mean, that is the estimate
of the key ratio Y, satisfies:

E[Y. | @., X, y] = Elexp(g.)] = exp(m. + §57) ,

which corresponds to the log-normal moment correction induced by the exponential
link. This quantity provides an estimate of the pure premium per unit of exposure.
The corresponding expected claim count is:

E[N: |z, X, y] = v, exp(m* + %si) .

This transformation back to the original scale introduces a log-normal correc-
tion term exp(m, + 3s2), which implies that both the estimated risk level and
its uncertainty contribute positively to the final premium. In particular, higher
epistemic uncertainty leads to higher expected premiums, reflecting a risk-loading
effect induced by the probabilistic model.

Remark 5.3 (Pure premium). In the remainder of the article, we write #(x,) =
E[Y. | ., X, y] for the pure premium, i.e., the expected loss per unit of exposure,
excluding any loading factors (such as expenses, risk margins, or profit loadings).

In Algorithm 10 below, we detail the pseudo-code corresponding to the GGPR
model for count data under a log-link specification. Note that, in practice, the
Hessian matrix is never explicitly inverted. Instead, all linear systems are solved
using Cholesky decompositions together with Woodbury-type identities to ensure
numerical stability and scalability.
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Algorithm 10: GGPR for log-link count data
Data: Training data X, frequencies y, exposures v, kernel k(-,-)
Compute Gram matrix: C = K(X,X) + 021,
Initialize latent function: §(®) = In (% > yl)
for j =1,2,... until convergence do
Compute gradient: Vi)(g¥=V) =v o (y —exp(gV—)) —C~1gu-b
Compute Hessian: HU—Y = —diag(v ® exp(g¥—")) — C~1
Update latent mode using Newton-Raphson:
g = glu=b — (HG-D) " vy (gu-D)

Compute posterior covariance: ¥, = (C~! + diag(v ® exp(§)))
Predict new policy z.: ke = k(z4, X), kix = k(zs, z4)
Compute predictive mean and variance of latent function:

-1

me =k, C'g, s =ke—k (C+H Y k.

Compute predictive premium (key ratio): #, = E[Y] ~ exp (m. + 1s2)
Compute expected claim count: E[N,] = v, 7.

Remark 5.4 (Kernel choice). Throughout this work, we use the squared exponen-
tial kernel due to its smoothness and universal approximation properties. While
more elaborate kernel constructions may be preferable for mixed continuous and
categorical data, kernel engineering is not the focus of this study and is left for
future work. It is defined as:

1
k(z,@') = o7 exp (—%zﬂx - ac'2) , (5.2.4)

where || denotes the squared Euclidean distance, O'ch controls the marginal

variance of the latent function, and ¢ represents the characteristic length scale
governing smoothness. Larger values of ¢ induce smoother functions, while smaller
values allow for more rapid local variation. The optimal set of hyper-parameters
0= {UJ%, £} is estimated by minimizing the Poisson deviance with the Nelder-Mead
algorithm (Nelder et al. 1965) as further detailed in Section 5.4.

- |I?

5.2.4 Portfolio balance

In insurance pricing, portfolio balance (or portfolio-level calibration) requires that
the total predicted number of claims across all policies matches the total observed
number of claims. Formally, if N; denotes the observed claims and v; the exposure
for policy 4, a model is portfolio-balanced if:

n n
§ Vi}/i = E Niv
i=1 i=1
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where Y; is the predicted claim frequency. This actuarial property ensures that the
insurer’s total expected losses are consistent with the realized experience, and is
critical for regulatory and solvency compliance (Lindholm and Mario V Wiithrich
2025).

Proposition 5.4 (Portfolio balance in GGPR). Let N; denote the number of
claims for policy i, v; its exposure, and Y; = N;/v; the claim frequency. Under
the GGPR for log-link counts, let g denote the Laplace posterior mode. Define the
predictive claim frequency using the log-normal correction:

5 explmi + 7).

where m; and s? are the posterior predictive mean and variance of the latent g;.
Actuarial fairness at the posterior mode holds if C~'g sums to zero:

Z v;exp(gi) = ZNi s.t. 1;';0_1.@ =0. (5.2.5)
i=1 i=1
It follows that the GGPR predictions Y; do not satisfy this equality:

i vY; # i N;.
i—1 i=1

See Proof 5.A.2 in Appendiz.

Proposition 5.5 (Balance-corrected GGPR (bGGPR) at training points). Let
g denote the Laplace posterior mode and define the predictive premiums at the
training points:

#(g) = exp(g + L diag(Ty)), Ty = (C' +diag(v © %)) .

Define the portfolio balance functional:
n n
$(9) =Y viti(@) — > _ N
i=1 i=1
Starting from §\©) = g, consider the iterative updates:

GED Z g0 4 Agh),

where the correction is given by the Gaussian process projection:

Agh) = 5u® (uwﬁzgu(k))*lb(k)’
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with: " "
u =vor@Eh), bV =3 Ni=) wri(g").
i=1 i=1

Then, under mild regularity conditions, the sequence (§*)) converges locally to a
fized point satisfying:
o(g") =0,

i.e., the predictive premiums satisfy portfolio-level calibration:

Z Vﬁi(g*) = Z N;.
i=1 i

See Proof 5.A.2 in Appendiz.

Note that this is not a post-hoc correction. It can be interpreted as an ap-
proximate inference procedure in a constrained Gaussian process. Fach update
step k corresponds to conditioning the Gaussian process g ~ N (g, Xg) on a linear
pseudo-observation of the form:

uMTg =pk),
In this sense, the iterative projection:
Agh) = 0™ (u<k>ngu<k>)*1b<k> 7

is exactly the posterior mean of the GP conditioned on the linear observation.
Equivalently, the augmented Gram matrix:

am _ | Bg Sgul®)
u(k)ng u(k)TZgu(k) ’

represents the joint covariance of (g,u*)Tg), and conditioning on u®Tg = p(¥)
produces the same projection. Thus, each iterative step minimally adjusts the
GP posterior in Mahalanobis distance while enforcing the linearized portfolio-level
calibration.

In Algorithm 11 below, we detail the pseudo-code corresponding to the bGGPR
model for count data under a log-link specification satisfying portfolio balance.
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Algorithm 11: Balance-corrected GGPR (bGGPR) for log-link count
data
Data: Training data X, frequencies y, exposures v, kernel k(-, -)
Output: Predictive premium 7, satisfying portfolio-level calibration
Compute Gram matrix: C = K(X, X) + 021,
Initialize latent function: §(® =log(L 3" | ;)

1
n
for j =1,2,... until convergence do
Compute gradient: Vi (g¥—1) =v o (y — eg(rU) —C1gl-1

Compute Hessian: HU—1 = — diag (1/ ® eg(J_l>) o1
| Newton update: () = gli=1) — (H(j—l))flvw(g(ﬁ‘—l))

Compute Laplace posterior covariance: ¥4 = (Cil + diag (1/ ® eg))_l
if balance correction then
Compute training-point premiums: 7 = exp (g + % diag(Eg))
Compute balance residual: b=>"" | N; — Y " | v#;
Define constraint direction: u=v ©® &
Compute GP projection: Ag = Zu(uTEu)_lb
Update latent mode: g <+ g + Ag
B Update covariance: ¥4 = (C‘l + diag(v © eg))f1
For a new policy z., compute: k, = k(z., X), ks = k(xy, x)
Predictive mean and variance:
m.=kIC1g,  $2=ke—k (C+H ) 'k
Predictive balance corrected premium:
o = exp(m. + 352), E[N.] = vif.

5.3 Multi-criteria FairGGPR

Fairness in actuarial pricing involves multiple, often incompatible notions, and
most existing approaches address them in isolation. From an actuarial perspec-
tive, premiums must additionally satisfy portfolio balance to prevent systematic
overpricing or underpricing at the portfolio level (see Section 5.2.4). Fairness in-
terventions generally violate this condition unless explicit rebalancing constraints
are imposed (see e.g., Jamotton and Hainaut (2026b)).

In this Section, we detail the introduction of fairness notions within the GGPR
for log-link count data presented in Section 5.2. We first review existing fairness
definitions organized into five families (best-estimate, unaware, aware, hyperaware,
and corrective) by O. Cété et al. (2025). We control notions of individual fairness
through the similarity matrix, and impose group-level fairness as expectations or
covariance restrictions on posterior moments of g (similarly to balance correction
in Section 5.2.4).
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5.3.1 Fairness families

Let Y € Ry denote the target loss variable (i.e., the claim frequency per unit of
exposure), A € A the vector of permitted rating factors, and D € D the vector
of protected attributes. We assume a latent risk function g(z), with * = (a, d),
and a pricing rule 7(-) derived from the predictive distribution of g. The different
fairness families correspond to alternative ways of satisfying fairness in the pricing
rule.

Definition 5.1 (Best-estimate premium). A best-estimate premium uses all avail-
able information (A, D) and is sufficient for both A and D:

B8 (A, D) = E[Y | A, D].

The best-estimate premium corresponds to the classical actuarial principle of
risk classification, where premiums reflect the expected loss conditional on all ob-
servable risk characteristics. From a predictive standpoint, this rule is statistically
optimal. However, the explicit use of protected attributes introduces direct dis-
crimination whenever D is causally or associatively linked to Y. Such directly
discriminating pricing is typically prohibited by fairness regulations.

Definition 5.2 (Unaware premium). An unaware premium excludes protected
attributes D:
7Y(A) =E[Y | A].

Although unaware pricing appears fair by construction, it generally suffers from
omitted variable bias. When causal structures such as A < D — Y are present,
the permitted variables A may act as proxies for D, inducing indirect discrimi-
nation. This phenomenon has been extensively documented in both econometrics
and algorithmic fairness (see e.g. Barocas et al. (2016) and Kusner, Loftus, et al.
(2017)).

Definition 5.3 (Aware premium). An aware premium uses only permitted features
A while correcting for the confounding effect of D:

72 (A) = Ep[E[Y | A, D]].

Aware premiums eliminate direct discrimination and correct for omitted vari-
able bias by marginalising over D. The discrimination-free pricing framework
of Lindholm, Richman, Tsanakas, and Mario V Wiithrich (2022a), Lindholm,
Richman, Tsanakas, and Mario V. Withrich (2024b), and Lindholm, Richman,
Tsanakas, and Mario V Wiithrich (2024a) provides an actuarial formulation of this
approach. However, 74(A) may still be statistically associated with D, leading to
residual disparate impact through A (O. Coté et al. 2025, p.57).

Definition 5.4 (Hyperaware premium). A hyperaware premium predicts only the
component of Y that is independent of D:

(A) = E[Y*P | 4],
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where Y2 denotes a component of Y statistically independent of D.

Hyperaware pricing aims to remove both direct and indirect pathways from D
to Y by predicting only the component of the target variable Y that is condition-
ally independent of the sensitive attribute D, while restricting inputs to allowed
features A. Unlike the aware model, which adjusts for omitted variable bias in a
predictive sense, the hyperaware model attempts to target the fair signal in Y, i.e.,
the variation in Y that is invariant under changes in D. Formally, we consider the
decomposition:

Yy =Y+l 4ylp,

where Y 1P is the component of Y orthogonal (independent) to D, and YD is the
component of Y explained by D.

However, since Y P is not directly observable, this decomposition is only well-
defined under additional (strong) assumptions, and fairness improvements are dif-
ficult to quantify robustly. For these reasons, we chose not to model a hyperaware
premium in this work. Hyperaware models nevertheless serve as an important
conceptual bridge toward corrective pricing.

Definition 5.5 (Corrective premium). A corrective premium uses only the com-
ponent of A independent of D:

r9(AtP) = E[y | AtP], AP 1 D.

Corrective premiums explicitly enforce independence between premiums and
protected attributes, typically achieving demographic parity:

79(A+P) L D.

This may require corrective direct discrimination, which remains controversial from
a legal standpoint but may be justified when addressing structural inequalities. One
can say that this corrective premium is fair because it avoids historically accurate
direct discrimination and disparate impact through A. Recent approaches include
distributional alignment via optimal transport and Wasserstein barycenters Hu et
al. (2023) and Hu et al. (2024).

Fig. 5.3.1 summarizes the different fairness families positions along a trade-
off surface between predictive accuracy, individual fairness, and group-level parity
constraints.
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Predictive accuracy

Best-estimate

Aware Unaware

Hyperaware

Corrective

Individual fairness Group fairness

Figure 5.3.1: Positioning of fairness families within the trade-off between predictive
accuracy, individual fairness, and group fairness. Best-estimate models maximize
predictive accuracy but rely on sensitive attributes, leading to low fairness. Un-
aware models remove the sensitive attribute but suffer from information loss and
provide limited fairness guarantees. Aware and hyperaware approaches improve
individual fairness while maintaining good predictive performance, although they
do not fully eliminate group disparities. Corrective methods enforce group fairness
through redistribution, at the cost of predictive accuracy and individual-level con-
sistency.

5.3.2 Multi-criteria FairGGPR for log-link counts

These different fairness notions are enforced by altering the kernel architecture or
by introducing constraints on the predictive distribution.

Remark 5.5 (Use of the non-balance corrected GGPR for presentation). For clarity
and to simplify the notation, the fairness interventions are presented in this Section
using the non-balance corrected GGPR, but they can also be directly applied to
the balance-corrected GGPR, as shown in the empirical results in Section 5.4.

Proposition 5.6 (Best-estimate kernel). The best-estimate kernel is defined as:

1
EBE(x, 2') = 0? exp (—%2”58 - :B,||2> , (5.3.1)

where x contains all available rating factors, including protected attributes, to en-
code similarity between policies.
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Proposition 5.7 (Best-estimate GGPR premium). Let ¢, denote a new policy
with best-estimate kernel vector:

EBE = k(x,, X), EBE = k(. z.).

Under the Laplace approzimation (with canonical link), the best-estimate GGPR
premium corresponds to the baseline, unconstrained GGPR for log-counts:

™8 (x.) = E[Y. | 2., X,y] ~ exp(mlF + Ls7PF),
with:
mBE — BE (CBE)_lgBE’
R (RN TP L N ISl
where the best-estimate Gram matriz is:
CBE =621, + KBE.

If policies @ and x’ are similar then the corresponding 7 () and 7 (z’) will be
strongly similar. Since the best-estimate kernel, in Eq. (5.3.1), uses all attributes,
even small changes in d can lead to large changes in k (x, '), explicitly discrimi-
nating.

The kernel architecture can be modified to enforce fairness, especially individual
fairness, which requires that similar individuals should be treated similarly (i.e.,
receive similar premium). Translated into the kernel language, if individuals « and
a’ are similar, except in the sensitive variables space, then k (x, 2’) should remain
high. This leads us to the unaware and aware kernels.

Proposition 5.8 (Unaware kernel). The unaware kernel is defined as:

1
kY(a,a’) = 0]20 exp (—%QHa - a'|2) , (5.3.2)

where a contains allowed rating factors.

The unaware kernel ensures that, different sensitive values do not affect simi-
larity, that is, regardless of d #d’, a = a’ = k = 1.

Proposition 5.9 (Unaware GGPR premium). Let a, denote a new policy with
unaware kernel vector:

kE = k(a*7A)a klj* = k(a’*va’*)'

Under the Laplace approzimation (with canonical link), the unaware GGPR pre-
mium corresponds to the baseline best-estimate GGPR for log-counts, but restricted
to the allowed (non-sensitive) input variables:

Y (a.) = E[Ys | a., A,y] ~ exp(m} + 3s2Y),
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with:

where the unaware Gram matriz is:
U 2 U
C =0l +k".

While the unaware GGPR removes direct dependence and discrimination on
sensitive attributes D, through the kernel architecture in Eq. (5.3.2), it does not
fully address discrimination. This is because ignoring sensitive attributes does not
eliminate their indirect influence on non-sensitive features, a phenomenon known
as proxy discrimination or omitted variable bias.

Proposition 5.10 (Aware kernel). Let x = (a,d) denote the full feature vector,
where a are allowed attributes and d sensitive attributes. The aware kernel is
defined as the population-averaged kernel:

k*a,a') = Eqa [k°%((a,d),(d,d))], (5.3.3)

where the expectation is taken with respect to the empirical distribution of the sen-
sitive attributes.

The aware kernel measures similarity between two individuals by averaging the
best-estimate kernel over the distribution of sensitive attributes.

In practice, the expectation in Eq. (5.3.3) is approximated by Monte-Carlo
sampling. Let {d(m)}mzl,..., s be independent and identically distributed samples
from the empirical distribution of D. The aware kernel admits the approximation:

M
1
A AP BE (m) 1 g(m)
K (a,a!) ~ Mﬂ;k ((a,d ),(a,d ))
Proposition 5.11 (Aware GGPR premium). Let a. denote a new policy with
aware kernel vector
k2 = kA (a., A), kA = kA (ay, ay).

Under the Laplace approximation (with canonical link), the aware GGPR premium
corresponds to the baseline best-estimate GGPR for log-counts, but with the kernel
averaged over the sensitive attributes:

(@) = E[Y. | av, A y] ~ exp(m? + 1s2%)
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with
md =k (CY) g,
-1
A= kh - kMM HEY ) R
where the aware Gram matrix is defined as:
C* =o2I, + k™.

The approach is inspired by the discrimination-free insurance pricing proposed
by Lindholm, Richman, Tsanakas, and Mario V Wiithrich (2022a). In their frame-
work, fairness is enforced by averaging predicted premiums over sensitive attributes,

7_rfair(a) =Eq [ﬂ'BE(CL, d)] ,

which can be interpreted as a post-stratification step applied after model estima-
tion. Post-hoc averaging, as considered here by Lindholm, Richman, Tsanakas,
and Mario V Wiithrich (2022a), removes explicit dependence on d at the level of
point predictions (by averaging pointwise expected premiums over the sensitive
attributes) but it understates predictive uncertainty by ignoring variability arising
from marginalization over sensitive attributes.

In contrast, the aware GGPR integrates out sensitive information at the kernel
level (into the similarity measure), prior to posterior inference. This affects the
covariance structure of the latent function and, consequently, both posterior mean
and uncertainty. As a consequence, predictive uncertainty under aware GGPR
reflects both the conditional variability given sensitive attributes and the additional
uncertainty arising from marginalizing over them. This distinction can be made
explicit using the law of total variance:

Var® (g,) = Eq[Var(g. | a.,d)] + Varg[E(g. | a.,d)].

Proposition 5.12 (Corrective GGPR). Under the Laplace approximation with
canonical log-link, the corrective GGPR premium is defined as:

7(x,) = E[Y, | 2., X, y] = exp(mg + %szc>,
with:
m{ = k! C™'g",
-1
20 =k — k] (C+ H@GO) )k

Let g denote the Laplace posterior mode and define the predictive premiums at the
training points:

#(9) = exp(g + 3 diag(Xy)) , Yg = (C7'+diag(v ® eg))fl.
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Let D € R™*? denote the matriz of d sensitive attributes, and define the centered
matric:
D.=C,D, Cn=1I,—11,1].

Define the corrective function:
$(g9) = D. 7 (g).
Starting from §\°©) = g, consider the iterative updates:
gEt = g L Ag®),
where the correction is given by the Gaussian projection:
AgH) =55 )BT (JR) 34707 (—qﬁ(é(’“))) :

with:
J® = D[ diag(#(g™)).

Then, under mild regularity conditions, the sequence (§*)) converges locally to a
fized point g€ satisfying:

#(g®) =0, i.e., D! #(g%) =0.

This ensures that the empirical covariance between the predictive premiums and the
sensitive attributes is zero. See Proof 5.A.2 in Appendiz.

Remark 5.6 (Multiple sensitive variables). The construction naturally extends to
multiple sensitive variables (d > 1).

Remark 5.7 (Linear independence). The corrective intervention can be interpreted
as a second-order relaxation of demographic parity. It removes only linear depen-
dence between the protected attribute and the predictions, and is therefore weaker
than full demographic parity, which requires equality of the conditional distribu-
tions. See Definition 5.5.

Remark 5.8 (Joint calibration and fairness). Both portfolio-level calibration and
corrective fairness can be combined in one step, without iterative sequential pro-
jections. The full derivation and the associated augmented Gram matrix represen-
tation are provided in Proposition 5.15 in Appendix.

In Algorithm 12 below, we detail the pseudo-code corresponding to the FairGGPR
model with corrective intervention for count data under a log-link specification. It
can be combined with best-estimate, unaware, or aware kernel specification, and
balance correction.
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Algorithm 12: Corrective FairGGPR for log-link count data
Data: Training data X, frequencies y, exposures v, sensitive attributes D,
kernel k(-,-)
Output: Predictive premium #, satisfying Cov(D,#) =~ 0
Compute Gram matrix: C = K(X,X) + 021,
Initialize latent function: §(® =log(L 3" | v)

1
n
for j =1,2,... until convergence do
Compute gradient: Vi (g¥v—1) =v o (y - eg(]_l)) —Cc1glu-b

Compute Hessian: HU—1 = — diag (1/ ® eg(j_l>> o1
| Newton update: §i) = gU=1 — (H(j—l))_1v¢(g(j—l))

Compute Laplace posterior covariance: ¥4 = (C‘l + diag (1/ ® eﬁ))_1
if corrective then

Compute training-point premiums: 7 = exp (g + % diag(EQ))
Center sensitive attributes: D, = D — E[D]

Compute fairness violations: b = —D] #

Define constraint directions: J =& ® D,

Compute GP projection: Ag = EQJ(JTEQJ)_lb

Update latent function: g <+ g + Ag

Update posterior covariance: Xy = (C~! + diag(v ©® eg))f1

For a new policy z., compute:
ko = k(x,, X), kyw = k(24, 24)
Predictive mean and variance:
me=k]C'g, P =ku—kl (C+H ) L
Predictive corrective premium:

. = exp(m., + %si) , E[N.] = v 7.

5.4 Results

In this Section, we evaluate our approach on a non-life insurance portfolio, available
on the companion website of the book by Ohlsson et al. (2010).

First, we assess the predictive performance of the balance-corrected Generalized
Gaussian Process Regression (bGGPR) model for claim frequency by benchmarking
it against well-established regression approaches in the actuarial literature, namely
the Poisson Generalized Linear Model (GLM) and a Poisson gradient boosting
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model implemented with Light GBM. This comparison focuses on the goodness-of-
fit and calibration of the resulting pure premiums. Each model is trained on a
set with 20 000 observations randomly sampled from the portfolio, while predictive
performance is evaluated on a disjoint test set with 15000 policies to assess the
models’ ability to generalize to unseen risks.

Second, we analyze the impact of introducing and combining different fair-
ness notions into the (b)GGPR in terms of predictive accuracy, and fairness. We
benchmark our FairGGPR with a post-processing fairness approach where GGPR
predictions are adjusted a posteriori using Wasserstein barycenters.

Finally, we extend the analysis to a set of simulated insurance portfolios rep-
resenting alternative insurers. These portfolios share the same risk characteristics
and data-generating process, but differ in their proportions of sensitive attributes.
This controlled setting allows us to examine the robustness of the different fairness
criteria to changes in portfolio composition and to assess whether certain fairness
definitions are more advantageous than others (e.g., in terms of portfolio retention)
depending on the underlying demographic structure of the protected population.

5.4.1 Regression models

We consider a non-life insurance portfolio with n = 47839 individual policies. For
each policy ¢, we observe a vector of two continuous (policyholder’s age and vehi-
cle age) and three categorical (gender, geographic area, and vehicle power) rating
characteristics @;, an exposure period v; € (0,1], and an observed claim count
N; € N. We assume that, conditionally on x;, the claim count follows a Poisson-
type structure N; | @; ~ Poisson(v;A;) where \; denotes the claim intensity per
unit of exposure. To estimate 5\2-7 we consider three regression models. A classical
Generalized Linear Model (GLM), a gradient-boosted decision tree model (Light-
GBM), and the (b)GGPR adapted to Poisson data with different risk exposures.

The baseline model is a Poisson GLM with log-link function. The conditional
mean is specified as:

E[N; | ;] = viexp(x; B),

or equivalently,
In\; =z 8.

The exposure v; enters the model as an offset, ensuring interpretability in terms of
frequency per exposure unit. The parameter vector 3 is estimated by maximum
likelihood.

While a GLM is actuarially fair by construction on the training set (i.e., the total
predicted claim count equals the total observed count), it has limited flexibility.
To capture nonlinearities and higher-order interactions between rating factors, we
also fit a Poisson gradient boosting model using Light GBM. The model assumes
In\; = f(=x;) where f is an additive ensemble of decision trees trained under a
Poisson loss function, with exposure incorporated as an offset. Hyperparameters
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(including tree depth, learning rate, number of leaves, and regularization terms)
are tuned using an optuna study (see Table 5.B.1), with the Poisson deviance on
a disjoint validation set as the optimization criterion.

As a flexible non-parametric alternative, we consider the (b)GGPR model de-
tailed in Section 5.2. The kernel hyperparameters O, defined in Eq. (5.2.4), are
tuned on the baseline GGPR model (Algorithm 10) by minimizing the Poisson
deviance on a validation set using the Nelder et al. (1965) algorithm, and then
held fixed for all FairGGPR variants. The evolution of the Poisson deviance on
the validation set with respect to the kernel hyper-parameter values is reported in
Fig. 5.4.1. The resulting best-estimates are log ¢ = 2.69 and log a? ~ 4.61.

The length-scale ¢ controls the smoothness of the latent function (i.e., the rate
at which dependence between policies decreases as their covariates differ). A large
¢ indicates that policies with similar characteristics remain strongly correlated, im-
plying a smoothly varying claim frequency surface without abrupt changes in risk.
Whereas, the relatively large variance parameter JJ% reflects substantial heterogene-
ity in the latent log-intensity, allowing the Gaussian process to capture meaningful
nonlinear differences in risk across the portfolio. In actuarial terms, premiums vary
smoothly but flexibly across the feature space.

Validation deviance
NN ® ® o ®
© VW O O = =B
o u © u o u

~
©
v

X
XXX el e X X

©
pat
«

©
it
o

Validation deviance
N ® ®
© o
o S

-
©
o

~
©
vl

=}
a

XXX X e onx

le 115 2:0 25 3:0 -1 6 i é é 4 5
Lengthscale log(f) Variance log(0?)
Figure 5.4.1: Evolution of the Poisson deviance on the validation set with respect
to the kernel (left) length-scale log ¢ and (right) variance log O'J% hyper-parameters
for the baseline GGPR model applied to log-count data.

Fig. 5.4.2 assesses local calibration across the risk spectrum. Policies are parti-
tioned into ten quantile-based groups according to their predicted claim frequency
\; on the test set (see Fig. 5.B.1 in Appendix for the training set). A well-calibrated
model should be characterized by close alignment between predicted (solid lines)
and empirical (dashed lines) frequencies across all bins.
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Figure 5.4.2: Observed versus predicted claim frequencies (per unit exposure) by
risk score bins on the test set (out-of-sample). For each quantile-bin, bars represent
the total risk exposure (contract duration), while lines show the predicted claim fre-
quency and the corresponding empirical frequency computed from observed claims.

Overall goodness-of-fit is assessed in Table 5.4.1 using the Poisson deviance:

D= QZ [Nilog ( Nf ) — (V; _Vij\i)] ;
i=1

Vi

with the observed number of claims N;, the observed risk exposure v; and the
predicted claim rate i (i.e., predicted claim frequency per unit exposure). Lower
deviance indicates a better fit to the observed claim counts. Overall, the deviance
values are of comparable magnitude across models, indicating that all approaches
achieve a similar level of global goodness-of-fit. In-sample, Light GBM attains the
lowest deviance, reflecting its greater flexibility and ability to closely adapt to the
training data. The GGPR and its balance-corrected variant have a slightly higher
deviance, consistent with the stronger regularisation imposed by the Gaussian pro-
cess prior. Out-of-sample, bGGPR achieves the lowest deviance, followed closely
by its non-balance corrected version and the GLM.
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in-sample out-of-sample

GLM 1651.3378 1151.6595
LightGBM  1638.0187 1160.5905
GGPR 1663.3374 1152.8628
bGGPR 1663.0289 1151.4493

Table 5.4.1: Poisson deviance values on the training set (in-sample) and test set
(out-of-sample). Lower deviance indicates a better fit to the observed claim counts.

We further assess calibration by comparing observed and predicted numbers of
claims both in-sample in Table 5.4.2 and out-of-sample in Table 5.4.3. It highlights
over or under-prediction across claim counts and overall totals. As established in
Proposition 5.4, portfolio balance is not guaranteed in the GGPR.

In-sample, Table 5.4.2 shows that the Poisson GLM reproduces the total num-
ber of observed claims exactly, because of maximum likelihood estimation under
a log-link which enforces portfolio-level balance. The bGGPR satisfies the same
property. Despite this global constraint, both models exhibit misallocation across
claim counts. All models overpredict single-claim policies (N = 1) and under-
predict double-claim policies (N = 2). The deviation is stronger for GGPR and
LightGBM, suggesting higher flexibility leads to over-dispersion in the tail alloca-
tion. The presence of small positive mass at 3 claims (unobserved in data) reflects
model-implied tail risk, with magnitude decreasing from GLM to bGGPR.

N Observed GLM Light GBM GGPR bGGPR
1 172.00 183.18 189.49 191.47 184.44
2 18.00 6.55 5.86 5.81 5.39
3 0.00 0.26 0.21 0.18 0.16

Total ~ 190.00 190.00 (0.00) 195.57 (+5.57) 197.46 (+7.46) 190.00 (0.00)

Table 5.4.2: Observed vs predicted (in-sample) claim counts. Differences between
predicted and observed total counts are in parentheses.

Out-of-sample, Table 5.4.3 shows that none of the models preserve total bal-
ance (including GLM, despite the fact that it is, by designed, actuarially fair in-
sample). All models systematically overpredict total claims, with the magnitude
seemingly increasing with model flexibility. The GLM exhibits the smallest devi-
ation (+13.79), followed by the bGGPR (+15.15). The same structural pattern
observed in-sample persists out-of-sample (i.e., overprediction of single-claim poli-
cies, underprediction of double-claims, and small but non-zero mass assigned to
N = 3 despite no observed occurrences).
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N Observed GLM LightGBM GGPR bGGPR
0 0.00 0.00 0.00 0.00 0.00
1 118.00 138.70 143.67 146.28 140.91
2 12.00 4.89 4.41 4.41 4.10
3 0.00 0.19 0.15 0.13 0.11

Total 130.00 143.79 (+13.79) 148.24 (+18.24) 150.82 (+20.82) 145.12 (+15.12)

Table 5.4.3: Observed vs predicted (out-of-sample) claim counts. Differences be-
tween predicted and observed total counts are in parentheses.

5.4.2 FairGGPR models

In the previous section, we benchmarked (b)GGPR for log-count data against GLM
and Light GBM. We now move on to the empirical evaluation of FairGGPR models,
where kernel specifications (best-estimate, unaware, or aware) can be combined
with objective specifications (corrective and/or balance-corrected). We analyse
their impact on the distribution of predicted claim frequencies, predictive accuracy,
portfolio balance, and measures of fairness. We benchmark these FairGGPR models
against a post-hoc Wasserstein barycenter correction. For simplicity, we consider
the binary gender as the single sensitive variable. However, FairGGPR can work
with continuous or multi-categorical sensitive attributes, as well as with multiple
sensitive variables simultaneously.

In Appendix, Fig. 5.B.2 (in-sample) and Fig. 5.B.3 (out-of-sample) show the
actual versus predicted claim frequency by the FairGGPR models using the three
kernel specifications (best-estimate, unaware, and aware), each estimated with and
without balance correction. Fig. 5.B.4 (in-sample) and Fig. 5.B.5 (out-of-sample)
show the plots for the corrective FairGGPR models, again considering the three
kernel specifications and both with and without balance correction.

Table 5.4.4 reports the Poisson deviance for all models. Using the best-estimate
GGPR as the baseline, most FairGGPR models show a moderate degradation in
predictive performance out-of-sample (but sometimes improve in-sample). Despite
strong in-sample performance, aware models exhibit poorer generalization out-
of-sample. Whereas unaware and corrective variants appear more stable. The
balance correction (hbGGPR) has a very marginal impact on deviance. Note that
Wasserstein method relies on a post-hoc transformation, so it does not yield a
meaningful notion of out-of-sample generalization, and is therefore not evaluated
on the test set.
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GGPR bGGPR
in-sample out-of-sample | in-sample out-of-sample

best-estimate 1663.3374 1152.8628 1663.0289 1151.4493
unaware 1669.5150 1166.5473 1669.2486 1165.2124
aware 1650.3395 1176.5964 1644.1029 1165.7397
corrective 1672.2900 1167.7510 1672.2847 1167.6140
unaware corrective 1683.6704 1164.5599 1683.6548 1164.3945
aware corrective 1655.9780 1176.4261 1648.4006 1180.8334
post-hoc Wasserstein  1671.6923 - - -

Table 5.4.4: Poisson deviance values on the training (in-sample) and test (out-of-
sample) sets across all FairGGPR models.

Tables 5.4.5 and 5.4.6 report the empirical covariance between predicted fre-
quency rates and gender. The observed empirical covariance (49.06 in-sample and
48.11 out-of-sample), serves as the baseline, quantifying the linear dependence of
claim frequency on gender in the raw data. All predictive models reduce this
dependence to varying degrees.

Best-estimate models in Table 5.4.5 reduce covariance relative to observed but
still retain significant gender dependence. Specifically, in-sample, GGPR achieves
24.82, slightly lower than GLM, and its balance-corrected variant (bGGPR) further
reduces covariance to 23.91. Out-of-sample, these reductions persist, though co-
variance values drop slightly more for Light GBM (12.14) and bGGPR (17.79). The
lower empirical covariance observed for Light GBM may be interpreted as a conse-
quence of its non-linear, piecewise-constant prediction structure and the aggrega-
tion of multiple weak learners, which may mitigate the linear dependence between
predictions and the protected attributes. In contrast, GLMs impose an additive lin-
ear structure that can directly induce linear dependence on the protected attribute
by construction, while Gaussian process regression induces smoother functional
dependence through the kernel. However, this ranking is not necessarily intrinsic
to the models and may depend on the dataset and on the fact that covariance
captures only linear association.
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in-sample out-of-sample

Observed 49.0608 48.1125
GLM 26.4114 19.4085
LightGBM  16.3529 12.1426
GGPR 24.8253 18.4702
bGGPR 23.9070 17.7878

Table 5.4.5: Empirical covariance dC,\ between predicted frequency rates and
gender for baseline and best-estimate models.

FairGGPR models in Table 5.4.6 show a drastic reduction in gender depen-
dence. The unaware and aware models reduce in-sample covariance to 4.97 and
5.38, respectively. Their balance-corrected (bGGPR) variants provide marginal ad-
ditional improvement. Out-of-sample, unaware and aware covariances drop further
to 2.46 and 2.80 (with balance-corrected variants remaining similar), showing that
these FairGGPR models generalize well to unseen data in reducing gender bias.
As expected, corrective models all achieve zero in-sample covariance (up to nu-
merical precision), therefore removing gender dependence. Balance correction does
not alter these values in-sample because both corrective and balance adjustments
are enforced simultaneously in the latent function space via the augmented Gram
matrix. Out-of-sample, covariance slightly deviates from zero.

GGPR bGGPR
in-sample out-of-sample |, in-sample out-of-sample

best-estimate 24.8253 18.4702 23.9070 17.7878
unaware 4.9706 2.4643 4.7954 2.3769
aware 5.3799 2.8004 4.7129 2.8036
corrective 0.0000 -1.3438 0.0000 -1.3385
unaware corrective 0.0000 -0.7581 0.0000 -0.7556
aware corrective 0.0000 -0.8950 0.0000 -0.5026
post-hoc Wasserstein 4.4572 - - -

Table 5.4.6: Empirical covariance dC,\ between predicted frequency rates and
gender for baseline (b)GGPR and FairGGPR, models.

Tables 5.4.7 and 5.4.8 report in-sample calibration (see Tables 5.B.2 and 5.B.3
for the corresponding out-of-sample analysis). In Table 5.4.7, all non-balance cor-
rected models (BE, U, A) exhibit systematic overestimation of the total number
of claims. The deviation is moderate for BE and U (47.46 and +6.93, respec-
tively), but substantially larger for the aware model (415.02). This overestimation
is primarily driven by the N = 1 class, where predicted counts exceed observed
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values across all models, while the NV = 2 class is consistently underestimated. This
imbalance suggests a misallocation of mass toward more frequent claim counts (al-
ready observed in GLM and Light GBM). As expected, the balance-corrected (BC)
models fully remove the aggregate bias, as totals exactly match observed counts.
This correction works as a global rescaling and does not fully eliminate class-level
discrepancies. The overestimation at N = 1 and underestimation at N = 2 persist
(at reduced magnitude). Hence, the BC models improve marginal calibration but
do not fundamentally alter the distributional shape.

N  Obs BE BE, BC U U,BC A A, BC

1 172 191.47  184.44 191.12 184.58 198.61 184.46

2 18 581 539  5.64  5.27 6.21  5.38

3 0 018 0.16 017  0.15 0.19  0.16
Total 190 197.46 190 196.93 190  205.02 190
A +7.46 0.00 +6.93  0.00 +15.02  0.00

Table 5.4.7: In-sample calibration by number of claims of the best-estimate (BE),
unaware (U), and aware (A) models, with and without balance correction (BC). A
shows deviations from the total observed counts.

Table 5.4.8 shows that corrective models (C) substantially improve calibration
already prior to BC. The total deviations become negligible (+0.81 for C and +0.95
for U,C), indicating that the corrective fairness intervention actually mitigates
miscalibration (e.g., with the aware kernel specification). As before, BC enforces
exact total calibration for all corrective variants (without affecting independence).

N  Obs C C,BC U,C U,C,BC A, C A C,BC
1 172 185.53 184.77 186.3978  185.4894 194.0641  185.2648
2 18 5.13 5.09 4.46 4.42 5.01 4.62
3 0 0.14 0.14 0.09 0.09 0.12 0.11
Total 190 190.81 190 190.95 190 199.19 190
A +0.81 0.00 +0.95 0.00 +9.19 0.00

Table 5.4.8: In-sample calibration by number of claims of the corrective (C) best-
estimate (BE), unaware (U), and aware (A) models, with and without balance
correction (BC). A shows deviations from the total observed counts.

Tables 5.B.2 and 5.B.3 in Appendix show a degradation in calibration when
moving out-of-sample (as also observed with the GLM, despite the fact that it is,
by designed, actuarially fair in-sample).
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We further analyse miscalibration across gender to assess whether certain mod-
els disproportionately affect one protected group relative to the other.

Table 5.4.9 reports in-sample calibration (absolute) deviations from the ob-
served counts across gender for best-estimate models. Note that absolute devia-
tions are systematically larger for males than for females, both in overestimation
(N = 1) and underestimation (N = 2). This is expected given the substantially
larger size of the male subgroup.

At the aggregate level, the GLM achieves perfect calibration for both genders.
Light GBM and GGPR both exhibit imbalances, but driven by different deviations.
LightGBM overestimates females (+6.58), less represented in the portfolio, while
slightly underestimating males (—1.01). GGPR, on the other hand, overestimates
both groups, with a larger deviation for males (45.22) than for females (42.25).
Aggregate miscalibration are then largely explained by errors in the female sub-
group for the Light GBM, and male subgroup for the GGPR model.

The bGGPR improves aggregate calibration, reducing deviations to +1.40 for
females and —1.40 for males. This symmetric structure reflects the global rescaling
induced by BC. Note that the balance correction operates as a global rescaling
that enforces aggregate calibration at the portfolio level. It does not explicitly
depend on the sensitive attribute (gender), but instead adjusts predictions propor-
tionally across all observations. As a result, the impact of BC is driven by the
dominant (male) subgroup, both because it represents the majority of the portfolio
and because it exhibits the largest absolute deviations. Consequently, the global
correction induced by BC primarily reduces errors for males in our example. This is
clearly visible when comparing the deviations with the basic GGPR. For instance,
at N =1, the deviation for males decreases substantially (from +15.58 to +9.38),
while the reduction for females is more limited (from +3.89 to +3.07). A similar
pattern holds at the aggregate level, where the total deviation for males shifts from
+5.22 to —1.40, whereas the adjustment for females is smaller (+2.25 to +1.40).
Hence, although BC is group-agnostic, it effectively corrects the dominant source
of miscalibration, which in this case corresponds to the male subgroup.

Observed GLM Light GBM GGPR bGGPR
N Female Male Female Male  Female Male Female Male
1 18 / 154  +1.62 +9.56 +8.05 +9.44 +3.89 41558 +3.07  +9.38
2 2/ 16 -1.63 -9.82 -1.49 -10.65 -1.65 -10.54 -1.67 -10.93
3 0 +0.008 +0.255 +0.011 +0.195 +40.006 +0.173 +0.005 +0.155

Total 20 / 170 0.00 0.00 +6.58 -1.01 +2.25 +5.22  +1.40 -1.40

Table 5.4.9: In-sample deviations from observed counts by number of claims and
gender. Female values are shown in blue, male values in red.

Out-of-sample results are presented in Table 5.4.10. The comparison between
the GLM and bGGPR is particularly meaningful because, by design, the GLM and
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bGGPR are both calibrated in-sample. However, this total balance property does
not generalize out-of-sample, but the bGGPR is comparable to the GLM level of
miscalibration out-of-sample.

Observed GLM Light GBM GGPR bGGPR
N Female Male Female Male  Female Male Female Male
1 6/ 112 +9.85 4+10.85 +14.50 +11.18 +11.67 +16.61 +11.00 +11.91
2 0 +0.33 +0.18 +0.43 +0.14 +0.31 +0.12 +0.29 +0.11
3 0 +0.008 +0.185 +0.010 +0.140 +40.006 +0.121 +0.005 +0.108

Total 6 /124 +10.18 +3.61 +14.93 +330 +11.99 +884 +11.30 +3.82

Table 5.4.10: Out-of-sample deviations from observed counts by number of claims
and gender. Female values are shown in blue, male values in red.

Tables 5.4.11, 5.4.12, and 5.4.13 report the in-sample deviations by gender
across the different FairGGPR models. In the basic GGPR, males exhibit the
largest overestimation, driving most of the aggregate miscalibration in-sample (see
Table 5.4.9). In Table 5.4.11, we observe that unaware and aware models (without
BC) shift deviations toward females (especially at N = 1), so the largest absolute
errors are no longer with males (initially with higher claim frequencies on aver-
age in the discriminatory models). The aware variants generally produce slightly
higher overestimation for females compared to the unaware variants, reflecting the
marginalization over the gender in the kernel structure. As expected, the BC vari-
ants rebalance the miscalibration between the two protected groups.

Observed U U, BC A A, BC
N Female Male Female Male Female Male Female Male
1 18 / 154  +14.64 +4.48 +13.52 -0.94 +15.78 +10.83 +13.45 -0.99
2 2/ 16 -1.20 -11.16 -1.25 -11.48 -1.13 -10.66 -1.23 -11.39
3 0 +0.019  +0.147 +0.017 +0.133 +40.023 +40.173 +0.020 +0.137

Total 20 /170 +13.46  -6.52 +12.28  -12.28 +14.68 +0.35 +12.24 -12.24

Table 5.4.11: In-sample deviations by number of claims and gender for GGPR
unaware (U), unaware BC (U, BC), aware (A), and aware BC (A, BC) variants.
Female values are shown in blue, male values in red.

Table 5.4.12 shows that corrective models miscalibration is quite balanced
across gender at the aggregate level, except for the aware corrective model that
overestimates female (because of the kernel marginalization), but BC in Table 5.4.13
perfectly rebalance these deviations.
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Observed C U, C A C
N Female Male Female Male Female Male
1 18 / 154  +16.26 -2.73 +16.24 -1.84 +17.66  +4.41
2 2 / 16 -1.15 -11.72 -1.25 -12.29 -1.15 -11.83
3 0 +0.020 +0.118 +0.014 +0.080 +40.018 +0.100

Total 20 /170 +415.14 -14.33 414.82 -14.05 +16.52  -7.32

Table 5.4.12: In-sample deviations by number of claims and gender for non-BC
corrective variants: best-estimate corrective (C), unaware corrective (U, C), and
aware corrective (A, C). Female values in blue, male values in red.

Observed C, BC U, C, BC A, C, BC
N Female Male  Female Male  Female Male
1 18 /154 +16.12  -3.35 +16.07  -2.58 +15.99  -2.72
2 2/16 -1.15 -11.76 -1.26 -12.33 -1.22 -12.16
3 0 +0.020 +0.117 +0.014 +0.079 +0.017 +0.092

Total 20 /170 414.99 -14.99 +414.82 -14.82 +14.78 -14.78

Table 5.4.13: In-sample deviations by number of claims and gender for balance-
corrected (BC) corrective variants: corrective BC (C, BC), unaware corrective BC
(U, C, BC), and aware corrective BC (A C, BC). Female in blue, male in red.

To further illustrate the impact of fairness adjustments, we report in Fig. 5.B.6
and Fig. 5.B.7 in Appendix scatter plots of predicted premiums against the GGPR
baseline. These figures highlight the deviations induced by the different fairness
interventions, including visual comparison with the Wasserstein benchmark.

Finally, we provide in Appendix 5.C additional analyses illustrating the eco-
nomic effects of fairness interventions. We simulate multiple insurers with different
proportion of protected policyholders to evaluate the impact of fairness interven-
tions on market share, adverse selection, and the relative profitability of insur-
ers under competition. Overall, these simulations reveal that fairness strategies,
particularly aware interventions, can become economically advantageous as the
protected group represents a larger share of the portfolio, whereas corrective or
unaware strategies are often costly or unstable.

Note that the three corrective kernel formulations correspond to different fair-
ness interpretations and lead to different trade-offs between risk prediction and
fairness. The best-estimate kernel preserves the most actuarial information. The
unaware kernel removes the protected attribute from the similarity structure, which
prevents direct discrimination on the protected attribute at the kernel level, that is,
no direct dependence on D but proxy pathaways through A still exist. The aware
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kernel instead marginalises over the protected attribute within the kernel construc-
tion, aiming to mitigate proxy effects while preserving more risk structure. Overall,
the kernel specification governs the statistical learning of risk.

In all cases, when combined with the corrective intervention enforced at the
posterior level, protected information is reintroduced to define the projection that
enforces zero linear dependence between predictions and D. The final predictor is
therefore explicitly shaped using protected group membership. As a result, the final
predictive outcome reflects a combination of the kernel-induced fairness structure
and the posterior fairness constraint that aims to satisfy demographic parity, and
these two levels should be interpreted jointly rather than independently as they
interact through the posterior inference process and jointly determine the final
premium estimates.

Which kernel is most appropriate therefore depends on the regulatory and mar-
ket context, as well as the desired balance between actuarial accuracy and fairness
requirements. The framework is intended to compare these options in a consistent
Gaussian process setting, rather than to prescribe a single optimal choice.

5.5 Discussion

This work proposes a framework for a multi-criteria Fair Generalized Gaussian
Process Regression (FairGGPR) model adapted to count data with heterogeneous
risk exposure, as commonly encountered in insurance pricing and frequency model-
ing. By embedding several fairness notions directly into the probabilistic learning
architecture, the proposed approach moves beyond single-criterion corrections and
post-hoc adjustments.

A key contribution lies in the adaptation of fairness constraints to the gener-
alized GP setting, where the response variable follows a Poisson distribution and
the risk exposure enters through the canonical log-link. Fairness is enforced on the
latent intensity function.

Within this modeling choice, multiple fairness criteria are formulated, either
as kernel architecture modifications, or as constraints on the posterior predictive
distribution. This allows multiple fairness criteria to be combined within a sin-
gle model, yielding a multi-criteria FairGGPR that trades-off predictive accuracy,
smoothness, and several fairness objectives simultaneously. These constraints are
enforced during training, rather than applied post-hoc, and can be generalized
out-of-sample.

The empirical results show several key findings. First, fairness interventions can
be introduced without overly affecting predictive performance. Poisson deviance re-
mains comparable across best-estimate and FairGGPR models, both in-sample and
out-of-sample. Second, unaware and aware kernels reduce the empirical covariance
between predicted premiums and gender relative to best-estimate models, while
corrective models achieve zero covariance by construction. These effects persist
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out-of-sample, indicating that fairness corrections generalize beyond the training
data.

From an actuarial perspective, the proposed framework offers several advan-
tages. First, fairness corrections are interpretable as controlled deviations from the
best-estimate posterior. Second, each fairness criterion corresponds to a clearly
defined mathematical object (e.g., covariance with a sensitive attribute, or dis-
tributional alignment across groups). Moreover, the ability to combine multiple
fairness criteria and sensitive attributes within a single probabilistic model reflects
the multi-dimensional nature of discrimination in real-world pricing systems.

Overall, this chapter demonstrates that fairness can be embedded directly into
the probabilistic learning mechanism. By jointly accounting for count data, ex-
posure, and multiple fairness interventions within a single model, this framework
provides a flexible foundation for fair insurance pricing.

Future research may extend this framework to severity modeling, and further
dynamic portfolio settings. In particular, we have explored dynamic portfolio set-
tings in which fairness is enforced under different portfolio composition. Prelimi-
nary results suggest that different fairness interventions can have diverse impacts
on adverse selection and market share, depending on the proportion of protected
policyholders.

Another interesting direction for future work concerns model simplification and
interpretability. The complexity of GP models may limit their practical adoption.
It would be valuable to investigate whether the corrected predictions obtained from
the proposed framework can be approximated by simpler models, such as gener-
alized linear or additive models. Such approximations could provide interpretable
surrogates that retain the fairness and calibration properties of the original model
while being easier to implement and communicate in practice.
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5.A Proofs

5.A.1 GGPR
Proof of Proposition 5.1. Recall that a density in the ED family admits the repre-

sentation 0(X) (0(X))
Y —
¢/1/ + C(ya ¢? V)) ’

where 6 is the canonical parameter, v the cumulant function, ¢ the dispersion
parameter, and ¢ a normalizing term independent of 6.

For the Poisson model, the dispersion parameter is ¢ = 1 and the canonical
link is logarithmic. Define:

p(y|X)=eXp<

0(X) :=In\X).
The cumulant function corresponding to the Poisson exponential family is:
v(0) =exp(0),  Y(0)=exp(d), A(n)=Inp
Substituting (X ) = In A(X) and ¢ = 1 into the ED form yields:

y0(X) —~(0(X
¢/v

Choosing the normalizing term:

) =vyln A\(X) — vA(X).

C(ya ¢a V) = - ln((l/y)') + vy In v,
we obtain:

p(y | X) = exp(ryln A(X) — vA(X) — In((vy)!) + vyInv)
WAX)™

= exp(—VA(X)) (l/y)'
U

Proof of Proposition 5.2. Let X € R"*™ be the training set and let ® be a (design)
kernel matrix: .
o=[p(x1),....,0(zn)] €R™™.

The Bayesian linear regression model can be expressed as:
g = dw +¢, 6NN(0,O’TQLIn),
with a Gaussian prior on the weights:

w~N(0,%,,),
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Conditioned on w, the likelihood is Gaussian,
gl X, w~N(Qw,o21,).
The marginal mean of g | X is obtained by iterated expectation:

Elg | X] =Eu[E[g | X, w]]
= Ew[Pw] = PE[w] = 0.

The marginal covariance follows from the law of total covariance:

Covig | X] = Covy[E[g | X, w]] + E[Covig | X, w]]
= CoVe [Pw)] + Eoy[02 1]
=& Cov[w]®" + 021,
=0%,0" +o21I,
=K +o.1,
=C(X,X).

Since the marginal mean and covariance fully characterize a Gaussian distribution,
it follows that:

gl X NN(QK n o,%In), K=oy, o7,
or equivalently,
9| X ~N(, C(X,X)).
O

Proof of Eq. (5.2.1). Assume the latent vector satisfies g | X ~ N (0,C(X, X)),
where C'(X, X) = K + 021, Tts density is:

1
(S}
(2m)"?|C(X, X)|1/2

plg | X) = XP(—%QTC(X»X)AQ) :
Taking logarithms and dropping terms independent of g yields:

Inp(g | X)=-1g"C(X, X)"'g + const.
By Bayes’ rule, the posterior mode g satisfies:

g = arg max {lnp(y | g) +Inp(g | X)}

= arg max {lnp(y lg9)— 39" C(X, X)_lg} :
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For a Poisson likelihood with exposure vector v, the log-likelihood is:
np(y |g) =v' (y©g—exp(g)) + const.
Defining: 1(g) =v' (y © g — exp(g)) — %gTC(X, X)flg, we obtain:
g = argmax ¢(g).
O

Proof of Eq. (5.2.2). Under the Laplace approximation, the inverse covariance ma-
trix is given by the negative Hessian of the log-posterior evaluated at the mode g:

—V2Inp(g | y. X)|
= —V?(9).
For a Poisson likelihood with exposure vector v, the objective function v satisfies:
V@) =vien@) -r (yogd) +359 C(X,X)g.

Taking the second derivative yields:

yo! )
g g9=4g

~V?(g) = diag(v © exp(g)) + C(X, X) ™"

Therefore, the n x n covariance matrix is:
-1
Sg = (C(X, X) ™" + diag(v © exp(9)))

where H(g) = diag(v ® exp(g)) denotes the Hessian of the negative log-likelihood.
U

Proof of Proposition 5.5. Let g = (g(x1),...,g(x,))" denote the latent function
values at the training inputs X = (x1,...,x,). Under the Gaussian process prior,
the joint distribution of (g, g.) is:

()~ ("5 1))

where k. = k(x., X) and k.. = k(z., T.).

For non-Gaussian likelihoods, the posterior distribution of g is analytically in-
tractable. Under the Laplace approximation, the posterior is approximated by a
Gaussian:

q(g ‘ an) zN(gaEQ)a

where g is the posterior mode and:

5= (00X, X) + Hg)
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with H(g) denoting the Hessian matrix of the negative log-likelihood evaluated at g.
The predictive distribution of g, is obtained by marginalising over the approximate
posterior ¢(g | y, X):

p(gs | 4, X) = / p(gs | 9)alg | v, X) dg.

From the joint Gaussian prior, the conditional distribution of g, given g is (see
Proposition 5.13 in Appendix):

p(g-19) = N (k.C(X. X) g, e = k.C(X, X) 'R )
The predictive mean is therefore given by:
ms = Ey(gly, x) [E(9« | 9)]

= Ey(gly,x) k*C(X,X)_lg}

= k.C(X, X) ' Byg1y x)9)

=k CO(X,X) g
Using the law of total variance:

5% = Eq(gly,x)[Var(g« | 9)] + Var,(gly, x)[E(g: | 9)]-
The first term is constant with respect to g and equals:
Ey(gly.x)[Var(g. | 9)] = ke — k.C(X, X) 'K/
The second term is:
Vaty(gly. ) [E(9. | 9)] = Varg(gly, x) [1.C(X, X) g
= kC(X,X)'2,0(X, X) k]
Combining both terms yields:
§2 =k — b O(X, X) 7'k + £C(X,X)7'8,0(X, X) k]
Substituting ¥4 = (C’_1 +H )_1 and applying the Woodbury identity gives:
cl—Ccls,0 = (C+H )T
Therefore:
2 =k — ks (C(X,X) + H(g)*l)_lkj.

The predictive distribution of the latent function value at X, is therefore:

g |, X,y = N(m., 52),

with m, and s2 as stated in Proposition 5.3.



5.A. Proofs 223

Proposition 5.13 (Predictive distribution in kernel form). Let k(z,, X) = ¢(z,)  S.®T
denote the cross-kernel between a mew input x, and the training data, and let
K = ®X.®". Then the predictive distribution for a new output g, is:

g* | w"mX)y?g NN(/”'*703)7
with:
Hx = k(m*>X)(072;In + K)ilgv

0? = k(xy, 2:) — k(zs, X) (021, + K)f1

E(X,x.,).

Proof of Proposition 5.13. Starting from the posterior predictive mean in feature
space (see Proposition 5.14 in Appendix):

o(x) w=02p(x.) A'® g.

Applying the Woodbury identity:
A7 = (020 o+ 5, =%, - 5,07 (621, + 8%, 87) 0%,

yields:
¢(@) w=0.20(.) AdTg

=020 (x)" (zm — 5@ (021, + <I>zmc1>T)‘1cbzm) oTg

= 0720(2.) 2@ g — 0720 (2.) 8@ (021, + 0, 8) T 0%, 0 g.
We introduce the 1 X n cross-kernel k£ and n x n kernel K matrices:

k(z,, X) = ¢(x,) Spn®, K=0%,3".

The predictive mean becomes:

d(@,) " = 0,2k, X)g — 0, 2k(ws, X) (021, + K) ' Kg.

We factor out the cross-kernel term k(x., X):

d(x) W = (2, X)o,2 [In (oI, + K) "

K}g.
Using the identity (021, + K)il(UfLIn + K) = I,,, we simplify the brackets:

'K = (021, + K) (02, + K — K)
= (021, + K) ' 02I,

=202, + K) .

I, (021, + K)
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We get the final predictive mean in kernel form:

d(xs) W = k(zs, X)(02I, + K) 'g.

This is the standard Bayesian linear regression predictive mean expressed in terms
of kernels.
Similarly, the predictive covariance ¢ (w*)TA_lgb (x.) is equal to:
6(@.) A6 (@) = 0 () (Sm — Zn® (621, + 0,07) BT, ) 6 ()
— p(@.) So(@.) — ¢(@s) 8@ (021, + B%,, 0T B, h(w.)
= k(zs, z2) — k(ze, X) (021, + K) k(X, ),

where k(X,x,) = k(z., X)". The final predictive covariance in kernel form is
equal to:

d(x) A o) = K@y, x2) — k(zs, X) (021, + K) k(X 2).

This is the Bayesian linear regression predictive variance in kernel form. The
predictive distribution of scalar g, for a new policyholder x, in Gaussian Process
is formally defined as:

-1
p(g* | m*aXayMQ) :./\/(k(:c*,X)(criIn +K) g,

E(xy, ) — k(z,, X) (021, + K)

-1

E(X,x,)).
O

Proposition 5.14 (Posterior distribution in feature space). Let g(z) = @(x)Tw
be a finite-dimensional feature representation of the latent function, with design
matriz ® € R™™™ evaluated at the inputs X = (x1,...,&y). Assume the Gaussian
prior:

w~N(0,%,,),

and the Gaussian likelihood:
y| o, w~N(Pw,021,).
Then the posterior distribution of w is Gaussian,
w|®y~N(w, A7),

with
A=020"0+%,  w=A"b=A4"10,20"y.
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Proof of Proposition 5.14. We condition on the feature matrix & = ®(X) rather
than directly on the inputs X. Recall that the density of an m-dimensional mul-
tivariate normal distribution NV (u,%,,) is given by:

pw) = (21) " |2 exp (L (w — ) T8 (w — )
We assume a zero-mean Gaussian prior on the weights w € R™:
w~N(0,%,,),
with density:
p(w) = (2m) " S0 | exp(~ w5 w)
x exp(—%wTE;Llw) .
The likelihood is similarly assumed Gaussian:
y| o, w~N(Pw,021,),

with density:
_n —1/2 1 -1
bl | ®w) = 20 2L, exp (50 - 20) (20) " (0 - @)

1
X exp (—M(y —dw) (y-— ‘I’w)) .

Ignoring terms not depending on w), the posterior density is proportional to:
p(w | @, y) xp(y| P w)p(w)
1 1 _
X exp ((m(y —dw)' (y-— dw) — i'wTEm 1'w>) .

Expanding the quadratic in the exponential, we get:

1 1
p(w | ®,y) x exp (—22 (yTy —2w' d Ty + wT<I>T<I>w) — 2wTZm_1w>
Gn
1 1
= exp (—NyTy + ngw—rfb—ry — iw—r (U;2®Tq> + Em_l) w>
On
1
= exp (consty +bTw— 2'uJTAw> ,

where
A=020"0 42 L eR™™,  b:=0,20"y cR™.
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We drop const,, since it collects terms not depending on w. The posterior is now
proportional to:

1
p(w | ®,y) x exp (—2wTAw + bT'w> .

To identify the posterior distribution, we complete the square. For symmetric
positive-definite A,

—Iw T Aw+b"w=—3(w - A7) A(w — A7 'b) + 1bTA .

Defining;: B
w:=A"1b= (020" d+ %) o020y,

we obtain:

1
p(w | ®,y) x exp (—2wTAw + bTw>

Hence the posterior w | y is Gaussian with covariance A=! € R™*™ and mean
weR™:
w|®,y~N(w,A").

O
5.A.2 FairGGPR
Proof of Proposition 5.4. The posterior mode § maximizes the log-posterior:
U(g)=v (yog—exp(g) -39 C'g.
The first-order condition (gradient of ¢) at the mode is:
Vi(g) =v © (y —exp(g)) —C~'g =0.
Summing over all policies and left-multiplying by 1, :
Z v; (yZ — exp(f]i)) - 120*1g =0. (5.A.1)
——

=1 term 2

term 1

In Eq. (5.A.1), the first term can be interpreted as the force applied by the
portfolio experience (claims), which may deform the latent risk surface so that
predictions match observed claims.
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Whereas, the second term, can be interpreted as the force applied by the prior
to instore smoothness in the latent risk surface since the matrix C' encodes the
covariance structure between policies, so that policies with similar characteristics
have similar latent risks. The precision matrix C~! therefore penalizes deviations
from this smooth structure.

A useful geometric analogy, illustrated in Fig. 5.A.1, is to view the GP prior
as a network of elastic springs linking similar policies. If the latent risk surface
fitted by the claim experience assigns very different risks to policies with similar
characteristics, the springs exert forces pulling the surface back toward a smoother
configuration.

Figure 5.A.1: Tlustration of Eq. (5.A.1). Each node represents a policy’s latent
log-frequency g;. Data forces nodes toward observed claims. Prior forces similar
policies toward each other according to the kernel C', enforcing smoothness. Springs
indicate similarity (thicker = more similar characteristic, stronger pull).

Exact calibration at the posterior mode follows if C 1§ sums to zero:

n

Zl/i exp(g;) = Z N; st. 1)C7 g =o. (5.A.2)
i=1

i=1

Even if Eq. (5.A.2) holds, the predictive frequency at each point nonetheless in-
cludes the posterior variance term:

A

Y, = exp(m; + %sf) > exp(9;),
where m; = g; and s? = diag(C~! + diag (v ® exp (g)))‘1 at training points. So
summing over the portfolio:

n

i viY; > i viexp(gi) ~ Y Ni.
i=1 i—1

i=1

This shows that the GGPR predictions break portfolio-level calibration.
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Proof of Proposition 5.5. Let g denote the Laplace posterior mode and define the
predictive premiums at the training points:

7(g) = exp(g + 5 diag(g)) ,

where:

n

g =argmax {¢(g)}  with ¥/(g) = > (Nigi —vie?) — 19" C™ g,

=1
Sy = (C' + diag(v @ e9)) .

We define the portfolio-level calibration function:

?(g) = ZVﬁi(ﬁ) - ZNi,

where #;(§) = exp (gi + %(EQ)M.). This is nonlinear in § because of the exponen-
tial link and the covariance dependence. Therefore, we need to solve ¢(g) = 0
iteratively. We thus do a first-order Taylor expansion of ¢ around §(*):

3™ + Ag) ~ 6(g®)) + Vo(g™)  Ag.

Setting ¢ = 0 gives the linearized constraint:

Vog™h) Ag = —e(g™).

By the chain rule:

agj =1
with: s o(Sy)
T . 1 9)ii
=7 | 6 + 5 ,
where §;; denotes the Kronecker delta. Differentiating the covariance matrix gives:
8(29)“ 2
= —(Xg); vied.
agj ( 9)7,] J

This expression is exact but dense and costly to evaluate for large n. Using the
chain rule and neglecting higher-order dependence of ¥4 on g, we approximate:

Vo(g") ~ul v o (gh).
We thus seek the minimal correction satisfying:

T A
ul) Ag = —g¢(g")).
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If all elements of the vector g were independent and had unit variance, we could
just use the usual Euclidean norm for the size of a change Ag:

1Ag)* =) (Ag)’

i

However, in a GP, elements of g are correlated, so changing one might affect others.
Moreover, some elements have larger uncertainty than others (i.e., larger diagonal
entries in X)), so a change Ag; in a component with larger variance is somehow
less significant than the same change in a small variance element. Intuitively, it
is easier to shift the predictions of points with high posterior variance (e.g., spare
data regions) than points with low posterior variance (e.g., well-supported regions).
To account for both correlation and variance, corrections Ag are instead measured
using the posterior uncertainty >:

1Agl5-1 = AgTE ™ Ag.
Hence, Ag®) is the solution to:

rgign Ag'E7'Ag st u(k)TAg = —¢(Q(k)). (5.A.3)
This is the smallest possible linear correction along the gradient direction to satisfy
the portfolio-level calibration in the Laplace approximation. It is such that the
balance correction preserves the original structure in regions where the model is
most confident.

The solution to Eq. (5.A.3) is the classical projection (solved using Lagrange
multiplier):

Ag®) = s (u(k)TZu(k)>71 (—¢(g(k)>) .
O

Proof of Proposition 5.12. Let g denote the Laplace posterior mode and define the
predictive premiums at the training points:

7(g) = exp(g + 3 diag(%y))
We define the corrective function with respect to the sensitive variables D:
9(9) = D ®(9).

where D, = C, D with centered matrix C,, = I,, — %lnl;r . This is nonlinear in
g because of the exponential link and the covariance dependence. Therefore, we
need to solve ¢(g) = 0 iteratively. We thus do a first-order Taylor expansion of ¢
around g*):

3™ + Ag) ~ 6(g®)) + Vo(g™)  Ag.
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Setting ¢ = 0 (to impose zero empirical covariance) gives the linearized constraint:

Vo™ ) Ag = —p(g™).

By the chain rule:
oo O

dg; ° dg;’
Neglecting higher-order dependence of the posterior covariance on g, the Jacobian
simplifies to a diagonal sensitivity structure, yielding:

Vo(g"W) ~ J® = D[ diag(#(g™)).
We thus seek the minimal correction satisfying:
T Ag = —4(g™").
As in the GP setting, corrections are measured using the posterior uncertainty:
IAg[3-1 = AgTE7 Ag.
Hence, Ag®) is the solution to:

min Ag'S7Ag st JMAg = —o@").
g

The solution is the generalized projection:
-1
Ag® = xg®T (J<k>gj(k>T) (_¢(g<k>)) .
O

Proposition 5.15 (Joint calibration and fairness as constrained GP projection).
Portfolio balance and independence from sensitive attributes have linearized mo-
ment constraints of the form:

¢(g) =0,

where ¢(g) € R'T? stacks the calibration and fairness functionals:

s = [Goe)] = (5= B

Linearizing around %) yields the joint constraint:
T Ag = —p(g™),

where the augmented Jacobian is given by:

k) — [uj(f]z;} e RO+Dxn.
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with
u® =vor@h),  J® =D diag# ("))

The minimal Mahalanobis correction is then obtained by solving:

min  Ag'S:'Ag st JFAg=—¢(g"),
Ag 9

which yields the projection:
89 = 2, 0T (JOEGTHT) ™ (—o(g ).
Equivalently, this update corresponds to conditioning the Gaussian posterior:
g~ N(g.%)
on the joint linear pseudo-observation:
J®(g - ") = —e(a™).
This admits a GP interpretation through the augmented Gram matriz:

ow [ g B JWT
= Ly, Jex, w7

which represents the joint covariance of (g, ¢(g)). Conditioning on ¢(g) = 0 yields
the same posterior mean.
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5.B Results

Parameter Value Description

Best value 0.05169 Objective metric (e.g., validation loss) achieved in
the best trial

Std. Dev. 0.00607 Standard deviation of the objective metric across
cross-validation folds

learning_ rate 0.00315  Step size applied at each boosting iteration

feature fraction 0.8925  Fraction of features randomly selected for building
each tree

bagging  fraction 0.9662  Fraction of data randomly selected for each iteration
(subsampling)

bagging_ freq 6 Number of iterations between each bagging opera-
tion

lambda_ 12 0.00155 L2 regularization term applied to leaf weights

min_sum_hessian_in_ leaf 48.31 Minimum sum of second-order gradients (Hessians)
in a leaf to allow a split

max_ depth 8 Maximum depth allowed for each tree

min_ gain_ to_ split 0.296 Minimum gain required for a split to be performed

min_data_in_leaf 43 Minimum number of data points required in a leaf

num_ leaves 233 Maximum number of leaves in a single tree

Table 5.B.1: Best Light GBM hyperparameter configuration and performance from

the optimization study.



5.B. Results 233
—e— Estimated A 008 —e— Estimated A !
1400 1400 1 I 0.08
o Observed A - Observed A /
oor
1200 100]
Foos
. 006 5.
1000 § g 1000 1 2
. oos § . g
5 5
§ : § H
+ 800 = 4
£ Loos 8 g 0oed
£ §
a £ a E
w0 - w0 £
o o
w0 002 w0 Loon
2004 oot 200
000 000
o o
B T B T I I R A R I
(a) GLM (in-sample) (b) LightGBM (in-sample)
ool ™ Estimated A ? loos ool — Estimated A ? loos
«- Observed A «- Observed A
1200 1200
006 ocs
J z ] 3
1000 5 1000 5
s 3 S 2
£ wo £ o]
g o g oud
a £ a E
w0l £ w0 £
o o
w0 tocz w0} 002
0] 0]
0.00 0.00

(¢) GGPR (in-sample)

(d) bGGPR (in-sample)

Figure 5.B.1: Observed versus predicted claim frequencies (per unit exposure) by
risk score bins on the training set (in-sample). For each quantile-bin, bars represent
the total risk exposure (contract duration), while lines show the predicted claim fre-
quency and the corresponding empirical frequency computed from observed claims.
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Figure 5.B.2: Actual vs predicted claim frequency for best-estimate, unaware, and
aware FairGGPR models with and without balance correction.
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Figure 5.B.4: Actual vs predicted claim frequency (in-sample) for corrective
FairGGPR models, with best-estimate, unaware, and aware kernel, with and with-
out balance correction.
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Figure 5.B.5: Actual vs predicted claim frequency (out-of-sample) for corrective
FairGGPR models, with best-estimate, unaware, and aware kernel, with and with-
out balance correction.
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N Obs BE BE, BC U U, BC A A BC
1 118 146.28 140.91 146.58  141.57 152.34  141.66
2 12 4.41 4.09 4.35 4.06 4.86 4.28
3 0 0.13 0.11 0.12 0.11 0.15 0.13
Total 130 150.82 145.1236 151.0582  145.74 157.3533  146.08
A +20.82 +15.12 +21.06 +15.74 +27.35 +16.08

Table 5.B.2: Out-of-sample calibration by number of claims of the best-estimate,
unaware, and aware GGPR models (with and without balance correction). A shows
deviations from the total observed counts.

N Observed ¢ C,BC UC UCBC AC ACBC
1 118 14231  141.72 14242 14173 149.42 141.83

2 12 3.97  3.94 3.4352 340  4.05 3.60

3 0 010 010 00711 0.07  0.10 0.08
Total 130  146.38 145.76  145.93 14520  153.58 145.52
A +16.38 +15.76  +15.93  +1520 42358  +15.52

Table 5.B.3: Out-of-sample calibration by number of claims of the corrective best-
estimate, unaware, and aware GGPR models (with and without balance correc-
tion). A shows deviations from the total observed counts.
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Figure 5.B.6: Scatter plot of predicted premiums (in-sample) for each FairGGPR
model against the GGPR baseline (no fairness intervention). Each point corre-
sponds to an individual policy. Deviations from the identity line indicate the
magnitude and direction of fairness adjustments. The Wasserstein benchmark is

included for comparison.
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Figure 5.B.7: Zoomed-in version of Fig. 5.B.6 restricted to the region of low pre-
miums. This view highlights the concentration of the distribution near zero and
allows for a more precise visualization of small deviations between models.

5.C Market simulation scenarios

Insurers are concerned that enforcing fairness in pricing may affect their profit,
solvency, portfolio retention, and overall competitiveness. In particular, if fairness-
adjusted premiums lead to higher prices for low-risk policyholders (and lower premi-
ums for previously overcharged groups), competitors with different portfolio com-
position (and eventually different fairness strategy) could offer lower premiums and
attract these lower-risk policyholders.

The idea of this Section is to introduce a decision layer that evaluates economic
performance of fairness interventions under different portfolio compositions. In
other words, when does a fairness intervention become commercially advantageous
for an insurance company (over another) depending on the portfolio proportion of
protected policyholders?

To do so, we simulate different insurers with different portfolio compositions.
That is, we chose a different value for the proportion p € [0,1] of the protected
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class in their respective portfolio.

We evaluate them under different fairness strategies, comparing their profit and
risk. This allows us to study when a fairness strategy outperforms another (e.g.,
when the protected group is larger) and adverse selection effects. This is a key
insurance insight as an unfair model may offer better pricing and therefore attract
profitable risks whereas a fair model may lead to pooled pricing and attract worse
risks.

5.C.1 Settings

We simulate a non-life insurance portfolio of arbitrary size n = 10000 using a Pois-
son frequency model. Each policyholder is characterized by a set of allowed pricing
features A and a binary protected attribute D € {0,1}. The features are the
age of the policyholder Age ~ U(18,80), its vehicle power Power ~ N (100, 202),
its geographic location Region € {0, 1,2} with probabilities (0.5,0.3,0.2), and the
protected attribute D ~ Bernoulli(0.3). To introduce indirect discrimination, we
induce dependence between D and the risk profile by shifting the region variable
Region « min(Region + D, 2). The continuous variables (age, power) are stan-
dardized, and the categorical region variable is one-hot encoded (with one level
dropped). The latent log-intensity is defined as:

f(A,D) = —-3.0+0.02(Age — 40) + 0.01(Power — 100) + 0.3 Region + 0.4 D.
The claim frequency is then:
A = exp(f(A,D)).

This specification incorporates a direct effect of the protected attribute (0.4D),
and an indirect effect through correlation with region. Each policy is associated
with an exposure v ~ U(0.5,1.5) and the number of claims is generated as:

N ~ Poisson(rl), y= -

To simulate distinct insurers, we resample the portfolio with a chosen proportion
p=P(D = 1) € {0.2,0.5,0.8} of protected individuals (p = 0.2 corresponds to
a portfolio where the protected group is underrepresented, p = 0.5 to a balanced
portfolio, and p = 0.8 to a portfolio where the protected group is the majority).
From a market perspective, varying p reflects insurers specializing in different seg-
ments, which is key to studying competitive dynamics and adverse selection. From
a fairness modeling perspective, the choice of these proportions is intented to cap-
ture the effects of different fairness strategies (i.e., best-estimate, unaware, aware,
each with and without corrective adjustments) on risk retention, adverse selection,
profit, and overall competitiveness.
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Remark 5.9. All models are estimated without balance correction, so differences
in profitability directly reflect social fairness constraints rather than portfolio-level
recalibration adjustments.

For each strategy, we compute the insurer’s profit ) ", v;m; (1+¢) —v;y; with load-
ing factor ¢ = 0.1, its loss ratio LR = ), v;9;/> ., v;m;, and the training deviance
(which measures the quality of the model fit).

We simulate a competitive market in which multiple insurers, each applying a
different pricing strategy, compete over a common pool of policyholders. For a given
portfolio composition p, all insurers evaluate the same set of risks, but compute
premiums according to their respective fairness strategy. Each policyholder is
assumed to select the insurer offering the lowest premium:

choice; = argmin v;m;;(1 + £).
J

This allows us to isolate the impact of different fairness strategies and portfolio
composition on the insurer’s market share and profit under competition.

5.C.2 Results

Table 5.C.1 summarizes profit and loss ratio by strategy and portfolio composition.
The best-estimate model (highlighted in grey) corresponds to actuarial pricing
without any fairness intervention. The last column reports relative profit differences
with respect to this baseline.

We first observe that the aware kernel strategy achieves, quite consistently,
the highest profit across all portfolio compositions. Second, enforcing corrective
fairness is costly. The impact is particularly pronounced when combined with
the unaware kernel and p = 0.5, where profitability drops sharply and the loss
ratio exceeds 1. Third, the effect (and cost) of fairness depends on the portfolio
composition. As the proportion of protected individuals increases (from p = 0.2 to
p = 0.8), all strategies become more profitable. For instance, the aware model with
correction yields only an 8.6% gain at p = 0.5, but a 32.3% gain at p = 0.8. The
gap between corrective and non-corrective strategies also narrows as p increases,
but the relative ranking remains stable across p. The aware model dominates,
followed by the best-estimate and unaware models.

Overall, these results highlight how the relative profitability of fairness strate-
gies depends on market composition. In particular, strategies enforcing fairness
may become advantageous when the protected group represents a large share of
the portfolio.
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Profit Loss Ratio
Strategy p=02 p=05 p=08, p=02 p=05 p=038
Aware 233.10  260.15  293.93 0.884 0.894 0.905
Aware corrective 181.40 195.14  264.03 0.924 0.938 0.921
Best-estimate 160.49 179.74  199.52 0.942 0.949 0.960
Best-estimate corrective | 130.48 130.57  179.64 0.968 0.986 0.972
Unaware 145.76  163.76  185.80 0.954 0.961 0.968
Unaware corrective 96.38 99.32 154.08 0.999 1.011 0.988

Table 5.C.1: Profit and loss ratio by strategy across different portfolio compositions
p (no balance correction). The baseline best-estimate GGPR is highlighted in grey.

Table 5.C.2 summarizes the average performance of each fairness strategy across
all portfolio compositions. First, the aware model achieves the best overall per-
formance, with the highest average profit, lowest deviance, and lowest loss ratio.
Second, corrective fairness interventions systematically deteriorate performance.
For all kernel types, introducing correction reduces profit, increases deviance, and
raises the loss ratio. This confirms that enforcing fairness through demographic
parity limits the model’s ability to differentiate risks. Third, the unaware model
performs worse than the best-estimate benchmark, both in terms of profitability
and model fit. This highlights the cost of excluding relevant information. Finally,
the variability of profits (as measured by the standard deviation) is higher for cor-
rective strategies, suggesting it may also introduce greater instability in pricing
outcomes across different portfolio compositions.

Overall, these results reinforce the distinction between individual fairness by
kernel design and group fairness by corrective projection, with the former achieving
superior economic and statistical performance.

Strategy Profit (mean) Profit (std) Deviance Loss ratio
Aware 262.39 27.35 4482.27 0.894
Aware corrective 213.53 38.84 4543.50 0.928
Best-estimate 179.92 17.62 4673.01 0.950
Best-estimate corrective 146.90 27.14 4743.80 0.975
Unaware 165.11 18.04 4733.61 0.961
Unaware corrective 116.59 29.12 4804.73 0.999

Table 5.C.2: Average performance across simulations and portfolio compositions
(no balance correction). The unconstrained best-estimate model is highlighted in

grey.

Table 5.C.3 summarizes profit under competition as a function of the proportion
of protected policyholders. Each line corresponds to a pricing strategy. Each block



244 Chapter 5. A multi-criteria fair Gaussian regressor for insurance pricing

corresponds to a different portfolio composition.

In this specific simulation setting, the best-estimate model achieves relatively
high market shares but generates low profit under competition (probably because
it underprices risk and attract higher-risk policyholders). Fairness strategies, par-
ticularly the aware interventions, become increasingly profitable as the proportion
of protected policyholders increases. Corrective fairness strategies display a non-
linear behavior. They may reduce profitability when the protected group is small,
but become economically dominant when the protected group constitutes a large
fraction of the portfolio. Those are great illustrations of how the economic via-
bility of fairness interventions depends on portfolio composition. Finally, unaware
strategies (i.e., simply ignoring the sensitive variables) systematically underper-
form, both in terms of profitability and stability, confirming that ignoring relevant
structure in the data can lead to severe mispricing and unsustainable portfolios.

Profit (comp.) Market share
Strategy p=02 p=05 p=08 p=02 p=05 p=038
Aware 74.34 65.18 127.66 0.140 0.110 0.175
Aware corrective 74.69 94.37 156.79 0.140 0.189 0.262
Best-estimate -4.28 23.67 12.66 0.261 0.240 0.103
Best-estimate corrective | -32.13 -56.76 -61.63 0.081 0.147 0.156
Unaware -18.72 -18.68 -2.72 0.121 0.075 0.035
Unaware corrective -184.11 -228.37 -267.46 0.257 0.239 0.268

Table 5.C.3: Profit and market share under competition (averaged over simula-
tions). The baseline best-estimate GGPR is highlighted in grey.

These results illustrate the emergence of adverse selection effects. Pricing
strategies that are more granular may attract lower-risk individuals, while fairness-
constrained strategies may attract higher-risk portfolios. The simulation highlights
a key trade-off between fairness and profitability. While unconstrained models
achieve better individual risk differentiation, fairness strategies can become eco-
nomically competitive depending on the market composition. Overall, the results
demonstrate that fairness is not only a regulatory or ethical constraint, but also a
strategic variable influencing market share and competitive positioning.



Discussion

This thesis set out to model heterogeneous insurance tabular data in a way that
is interpretable, statistically robust, and compliant with evolving fairness require-
ments. Instead of treating clustering, representation learning, and fairness inter-
ventions as separate problems, the thesis argues that they should form a single
modeling pipeline. Across five research chapters, this work progressively builds a
framework linking data heterogeneity, probabilistic modeling, and fair pricing.

Chapters 1 to 3 focus on the latent representation and segmentation of hetero-
geneous insurance portfolios.

Chapter 1 introduces a Burt distance-based extension of classical clustering
algorithms, to better measure dissimilarity for mixed categorical and numerical
insurance data. The successful adaptation of K-means variants, fuzzy clustering,
and spectral clustering demonstrates that classical unsupervised methods can be
made actuarially meaningful.

Chapter 2 moves onto continuous latent representations using Variational Au-
toEncoders. Unlike distance-based clustering, VAEs provide a generative and prob-
abilistic embedding of insurance data. The ability to generate realistic synthetic
policies addresses a practical constraint of actuarial modeling, that is, data avail-
ability under privacy regulation. At the same time, this chapter highlights an im-
portant methodological trade-off. While neural latent representations can capture
complex interactions, they are sensitive to design choices and require hyperparam-
eter tuning to remain stable and interpretable.

Chapter 3 brings back the importance of interpretability by adapting Latent
Dirichlet Allocation to tabular insurance data. By modeling policies as mixtures of
latent risk profiles, the LDA framework reconciles soft clustering with probabilistic
interpretability. Compared to neural embeddings, this approach yields directly
interpretable modality distributions, aligning segmentation outputs with actuarial
reasoning about rating factors.

Taken together, these three chapters establish a first key insight of the thesis,
that is, risk heterogeneity must be structured before it can be regulated. Without
a representation of mixed-type data, any downstream adjustment (e.g., fairness
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interventions and pricing adjustments) becomes difficult to justify or control.

Chapters 4 and 5 address fairness in the pricing mechanism.

Chapter 4 introduces a gradient-based fairness correction using the multivariate
Energy distance to enforce demographic parity across multiple sensitive attributes
simultaneously. The post-hoc method aligns premium distributions between groups
while preserving variation within each group, and it does so in a way that does not
depend on the order of corrections. The addition of autocalibration ensures that
fairness adjustments did not break actuarial balance.

Post-hoc and group-level correction remain restrictive choices. Chapter 5 there-
fore goes one step further by embedding multiple fairness notions directly into a
single model in a Poisson setting. Using a Bayesian non-parametric approach based
on Generalized Gaussian Process Regression, different fairness criteria are included
as part of the learning process itself. The transition from post-processing correc-
tion to in-model fairness embedding reflects a conceptual progression. Fairness is
not merely a constraint to be satisfied, but a modeling choice that reshapes the
risk landscape.

The thesis contributes to actuarial science in five ways. First, it proposes a
scalable clustering framework, based on Burt distance, to identify risk profiles in
mixed-type insurance data. Second, it develops a VAE architecture adapted to
multi-modal non-Gaussian actuarial data for representation learning and synthetic
data generation. Third, it extends the use of LDA to structured insurance data as
a probabilistic soft clustering framework for interpretable risk profiling. Fourth, it
designs a multivariate, order-independent gradient-based fairness correction using
Energy distance with autocalibration. And finally, it builds a multi-criteria fair
Generalized Gaussian Process Regression model for log-link count data that embeds
fairness interventions directly in the Bayesian learning mechanism.

Whether through Burt distance, latent neural embeddings, probabilistic topic
mixtures, or kernel functions in GGPR, the structure imposed on the data funda-
mentally determines downstream pricing and fairness behavior. Representation is
not neutral. It encodes assumptions about similarity, heterogeneity, and interaction
between rating factors.

Several limitations must be acknowledged. First, the empirical analyses focus
mainly on claim frequency modeling. Extending, for example, fairness integration
to joint frequency-severity modeling may introduce additional trade-offs. Second,
hyperparameter sensitivity in deep generative models can be an issue, especially in
practice where reproducibility and stability are critical. Finally, fairness definitions
remain normative choices. This thesis does not try to resolve the philosophical
debate between competing fairness notions. Instead, it provides tools to implement
and compare them in a consistent way.
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