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ARTICLE INFO ABSTRACT

At high homologous temperature, plastic flow of a polycrystalline material can be mediated by self-diffusion and
grain boundary sliding, rather than by dislocation glide. The effective viscosity of the polycrystal depends on the
underlying mechanisms as well as on the microstructure. Simple expressions relating the shear viscosity to lattice
and grain boundary diffusion coefficients were proposed in pioneering contributions by Nabarro (1948), Herring
(1950) and Coble (1963). While these models remain widely used today to deduce the dominant mechanism
based on the observed dependence of viscosity on grain size, a number of questions remain open. The present
work revisits Nabarro—Herring—Coble creep using a micromechanical approach and variational principles. We
focus on a random polycrystal of equiaxed grains deforming by coupled lattice and grain boundary diffusion and
grain boundary sliding. We show that the classical results of Herring and Coble correspond to upper bounds on
the shear viscosity, and obtain complementary lower bounds. Our results shed new light on these classical results
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and question the validity of the common interpretation of the dependence of viscosity on grain size.

1. Introduction

Nabarro (1948) and Herring (1950) were the first to propose that,
under low stress, creep of a polycrystalline solid can proceed without
dislocation activity by diffusional flow from grain boundaries under
normal compression toward grain boundaries under normal tension.
Owing to the linear dependence of the diffusion potential on the stress
normal to a grain boundary (Herring, 1950; 1971; Green, 1970; Balluffi
et al., 2005), such a deformation mechanism should bring about a
linearly viscous macroscopic behaviour. According to Herring’s model
(Herring, 1950), if diffusion occurs only through the bulk of the lattice,
the macroscopic viscosity is proportional to the square of grain size.
Noticing that diffusion at low homologous temperature may be re-
stricted to a thin layer close to grain boundaries, Coble (1963) com-
plemented Herring’s model by showing that viscosity should then vary
as the third power of grain size. The Nabarro-Herring—Coble (NHC)
creep model has been very widely adopted in the materials community
and the pioneering papers of Nabarro, Herring and Coble remain today
very commonly cited in the literature, in particular in relation to the
grain-size dependence of creep rate and sintering rate.

Based on these papers, many authors have worked out models for
establishing the link between the macroscopic creep rate and the me-
chanisms underlying NHC creep (Gibbs, 1966; Green, 1970; Raj and
Ashby, 1971; Beere, 1976; 1977; 1978; Spingarn and Nix, 1978;
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Greenwood, 1985; 1992; Pan and Cocks, 1993; Burton, 1994; Cocks,
1996; Mori et al., 1997; Keblinski et al., 1998; Mori et al., 1998a; Onaka
et al., 1998; Mori et al., 1998b; Onaka et al., 2001; Kim et al., 2003;
2004; Wei et al., 2008; Wang et al., 2011; Hotzer et al., 2019). The
objective of the present paper is to shed a new light on the dependence
of NHC creep rate on material parameters via the use of variational
principles, which define upper and lower bounds for the macroscopic
viscosity, G, of a polycrystal (Needleman and Rice, 1980; Cocks, 1994).
Although reference to such bounds has already been made in connec-
tion with modelling of diffusional deformation (Ashby et al., 1978;
McMeeking and Kuhn, 1992; Cocks, 1996), what these bounds imply
for NHC creep has not been thoroughly analysed yet. It will be shown
that the NHC model actually corresponds to an upper bound for G, and
that complementary lower bounds can also be obtained. The results will
question in particular the validity of the classical interpretation of the
dependence of viscosity on grain size.

The basics of the NHC creep mechanism are that a velocity differ-
ence between adjacent grains in direction normal to grain boundary can
arise via the emission or absorption of vacancies at grain boundaries,
where all sources and sinks of vacancies are supposed to be localised. At
the microscopic scale, the mechanism can be apprehended in terms of
climb of grain boundary dislocations (GBDs) (Gleiter et al., 1968)
having a Burgers vector perpendicular to the boundary. The rate-gov-
erning parameters of dislocation climb are the vacancy diffusivities, in
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Fig. 1. (a) An aggregate of grains subject to a macroscopic strain rate E or a macroscopic stress S via prescribed velocity or prescribed traction boundary conditions
applied to the external surface A. The aggregate contains grains with total volume V meeting at grain boundaries with total surface A,. (b) Deformation of the
aggregate is mediated by surface diffusion along the grain boundaries, lattice diffusion within the grains and sliding along grain boundaries.

the bulk of the lattice and in a layer of thickness § along the grain
boundary. Ashby and co-workers have discussed in terms of GBDs the
imperfect character of the grain boundary as source and sink of va-
cancies, which brings about departure from purely Newtonian viscous
behaviour (Ashby, 1969; 1972; Arzt et al., 1983).

However, Lifshitz (1963) was the first to emphasize the fact that it is
not possible to account for the component of velocity difference parallel
to grain boundary if emission/absorption of vacancies is not accom-
panied by sliding along grain boundaries. He proposed to represent the
resistance to grain boundary sliding by a linear law:

g, = nAv,, (@]

where o, is the shear stress tangent to grain boundary, Av, is the tangent
component of the grain velocity difference, and 5 is a friction coeffi-
cient. It follows that macroscopic viscosity involves, in addition to the
dissipation considered by Herring and Coble, a contribution due to
resistance to grain boundary sliding. If 5 is large, dissipation could
become dominated by the latter contribution and viscosity would then
tend to vary linearly with grain size.

At the microscopic scale, the mechanism of grain-boundary sliding
can be apprehended in terms of glide of GBDs having Burgers vector
parallel to the boundary (Ashby, 1972; Crossman and Ashby, 1975;
Bilde-Sgrensen and Smith, 1994). The friction coefficient 5 should then
be linked to the critical resolved shear stress for GBD glide, which is
largely unknown and not accessible experimentally. In early models,
authors circumvented this difficulty by advocating that dissipation due
to grain boundary friction should be negligible with respect to dis-
sipation due to diffusion because GBD glide amounts to the displace-
ment of a collection of atoms at the scale of lattice parameter whereas
GBD climb requires vacancy diffusion at grain scale (Gibbs, 1968;
Burton, 2002). However, as noticed by Beere (1977, 1978), periodic
arrays of parallelepipeds deforming according to the NHC mechanism
would collapse like a pack of cards if boundary friction stresses were
null. Analyses taking full account of the coupling of diffusion and
frictional sliding at grain boundaries were proposed by Mori et al.
(1998a,b) and Onaka et al. (1998, 2001) and by Kim et al. (2004,
2005a, 2005b, 2009).

Beside the role of boundary friction forces, question marks also
aroused from experimental observations revealing that the magnitude

of (i) grain boundary sliding measured by line tracing methods
(Gifkins and Langdon, 1970) and (ii) grain elongation measured after
superplastic forming are, respectively, larger and smaller than what
should correspond to the NHC mechanism. This issue led Cannon
(Cannon, 1972) to introduce the distinction between two types of grain
boundary sliding: “Lifshitz sliding”, which is the sliding required for the
respect of compatibility conditions between adjacent grains during the
NHC deformation mode, and “Rachinger sliding”, which brings about a
different deformation mode involving grain rearrangement by relative
motion of grains that remain equiaxed (Rachinger, 1952). Like most
former models in literature, the present paper considers only Lifshitz
sliding. Extension of the approach to Rachinger sliding will be the
subject of another paper.

After introducing in Section 2 the governing equations describing
local and effective flow behaviours of polycrystals, we present in
Section 3 the basics of the variational formulation of the problem,
which brings to the concepts of kinematic/upper bounds and statical/
lower bounds for the shear viscosity. In Section 4, these concepts are
applied to the modelling of deformation of a randomly isotropic poly-
crystal in conditions of coexistence of lattice diffusion and grain
boundary diffusion. Like in Herring’s model, the representative unit cell
is taken to be a spherical grain. Variational principles yield expressions
for the dependence of upper and lower bounds of G on grain size, lattice
and grain boundary diffusion coefficients D; and Dy, and friction coef-
ficient 5. Whereas the upper bound expression largely agrees with
former models in the literature, the expression for the corresponding
lower bound has not been reported previously. The results are discussed
in Section 5, which focuses in particular on the dependence of the grain
size sensitivity exponent on 7.

2. Governing equations
2.1. Local behaviour

We consider a dense aggregate of rigid grains deforming by a
combination of diffusional creep and grain boundary sliding (Fig. 1a).
Diffusion in the bulk of the grains is mediated by a vacancy-exchange
mechanism, and we neglect the creation and annihilation of vacancies
within the bulk. The driving force for atomic diffusion is the gradient of
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the difference between the chemical potential of the atoms, y4 and that
of the vacancies, py. Introducing the diffusion potential u = u, — uy,
we express the lattice (volumetric) diffusion flux (in units of length/
time) as (Herring, 1950):

. Dy

J = _k_TV:u’ @)
where k is Boltzmann’s constant and T is the absolute temperature. The
lattice diffusion coefficient D; (in units of lengthz/time) is related to the
vacancy diffusion coefficient Dy by D; = Dy X;,, where Xy is the atom
fraction of vacancies (Balluffi et al., 2005). We assume that variations of
Xy throughout the crystal are small, and treat the diffusion coefficient
D; as a constant. Assuming that diffusion is in quasi steady-state, the
equation of conservation of atoms writes:

Vij =0 3

It follows from Egs. (2) and (3) that V2u = 0 in the bulk of a grain. The
diffusion potential on the boundary is related to the normal stress o, by
(Herring, 1950; 1971):

u=p — Qo — uy = py — Qoy, 4

where (4 is a reference chemical potential (usually taken as the free
energy per atom in an infinitely-extended, vacancy-free crystal) and Q
is an average volume per atom. In the rest of the paper, we will set
u; = 0, without loss of generality. Expression (4) describes the reduc-
tion in potential energy of the system due to the insertion of an atom
below the boundary under traction. The second equality in Eq. (4)
follows from the assumption that grain boundaries act as ideal sources
and sinks for vacancies, so that the vacancies are maintained at their
equilibrium concentration near the interface and y,, = 0 (Balluffi et al.,
2005).

The grain boundary is considered to consist of a thin layer of
thickness § in which the diffusion coefficient Dy (in units of lengthz/
time), is different from the lattice diffusion coefficient D;. The volu-
metric diffusion flux inside the grain boundary (in units of length/time)
is given by:

. 6Dy,

b = _k_TVSM’ (5)
where V; denotes the gradient operator on the grain boundary surface
and p is given by Eq. (4). Conservation of matter at grain boundary
junctions requires that:

2dym =0, ®)

where the summation extends over the grain boundaries meeting at a
junction and m is the outward normal to the arc of intersection within
the grain boundary plane of each participating grain facet.

The difference of velocity, Av, between adjacent grains in the di-
rection normal to the grain boundary is supposed to have only two
possible origins: the normal component of j; on the surface of each
grain, and the divergence of jj, in the grain boundary surface:

Av, = _(il(+) _jl(—) )n — Vs'jb , @

where the superscripts (—) and (+) refer to the two adjacent grains and
n is the outward normal to grain (—) pointing towards grain (+), see
Fig. 1b. The tangential difference of velocity, Ay, between adjacent
grains is supposed to be linearly related to the tangential stress on the
grain boundary surface:

Ay, = lo'z,
i ®
where 0, is the shear stress on the surface and 7 is a friction coefficient
characterising the sliding mechanism operating at microscopic scale.
The field of stress must satisfy mechanical equilibrium in grain in-
terior, V-o = 0, and tractions must equilibrate at grain boundaries:
(¢ — o™).n = 0. We also assume that the internal grain-boundary
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tensions are at equilibrium. Mechanical boundary conditions can be
written in terms of prescribed velocity or prescribed traction compo-
nents on the external surface of the aggregate. Chemical boundary
conditions can be specified in terms of prescribed net flux or prescribed
diffusion potential on the external surface.

2.2. Effective behaviour

The effective behaviour of the aggregate is described by the re-
lationship between the average (macroscopic) strain rate E and the
average stress S in a Representative Volume Element (RVE) of the ag-
gregate. We focus on steady-state creep, i.e. we assume that all transient
contributions to stress and diffusion fields during initial elastic loading
of the polycrystal have relaxed. Relaxation kinetics towards steady-
state was previously investigated in 2D by Mori et al. (1998a) and
Onaka et al. (1998). Accounting for the velocity discontinuity at the
grain boundaries, the macroscopic strain rate is defined as:

. 1
Eij = W ./; (vinj + ani) dA (9)

1
= W ‘/;b (Av,-nj + Aani) dA (10)

where V is the total volume of the aggregate, A denotes the external
surface of the aggregate and A, denotes the grain boundary area, see
Fig. 1a. In the case of deformable grains and when the velocity field is
continuous, the first equality is equivalent to the usual definition of
macroscopic strain rate as the volume average of the microscopic strain
rate. The second equality is obtained using the divergence theorem and
accounting for the rigidity of the grains.

The macroscopic stress is defined as:

1
Sy =55 J, (B + T da an

1
=S 12)

where X; is the position vector and T; = g;n; the traction vector on the
external surface of the aggregate. The second equality follows from the
equilibrium of tractions across grain boundaries and the condition of
mechanical equilibrium in the grain interior.

In a classical micromechanics approach, the effective behaviour of
the aggregate is obtained as follows. In the case where the macroscopic
strain rate E is prescribed, velocity boundary conditions are chosen
such that equality (9) is satisfied. After solving the boundary-value
problem, the macroscopic stress S is calculated using Eq. (12). Alter-
natively, in the case where the macroscopic stress S is prescribed,
traction boundary conditions are chosen such that equality (11) is sa-
tisfied. After solving the boundary-value problem, the macroscopic
strain rate E is calculated using Eq. (10). We assume that Hill’s con-
dition holds (Hill, 1967):

VS E = j; Tv dA, 13)

which states the equality of the macroscopic and average microscopic
powers expended in the RVE. This condition is satisfied by affine ve-
locity boundary conditions for a prescribed strain rate, v = E-x on A,
and by uniform traction boundary conditions for a prescribed macro-
scopic stress, T = S-n on A.

We verify that the effective behaviour resulting from the local
equations summarised in Section 2 is incompressible. According to
Eq. (10), the volumetric strain rate is related to the normal velocity
discontinuity at grain boundaries by:
VEkk = ‘/:‘;b Av,, dA. (14)
Using the continuity equation (7) and the divergence theorem, we ob-
tain:
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VEy = frb =Y Gy -m)dL + fv Vi dv as)
=0. (16)

In writing Eq. (15), we have implicitly assumed zero-net lattice and
boundary flux boundary conditions. The first term on the right-hand
side vanishes according to Eq. (6) and the second term vanishes ac-
cording to Eq. (3). Incompressibility implies that, for prescribed strain
rate, the macroscopic stress can only be calculated up to an un-
determined hydrostatic stress. If the aggregate is isotropic, the effective
behaviour is fully characterised by the macroscopic shear viscosity G,
defined as:
S S

2B;  2E a”n
where the notation (-)’ refers to the deviatoric part of a second-order
tensor. The macroscopic bulk viscosity K is infinite.

3. Variational principles

The governing equations presented in the previous section can be
recast in variational form. The kinematic variational principle given
below was first derived by Needleman and Rice (1980) for coupled
grain-boundary diffusion and dislocation-mediated plasticity. Several
variations were subsequently proposed to also describe grain-boundary
sliding (McMeeking and Kuhn, 1992), interface reaction (Cocks, 1994)
and lattice diffusion (Cocks, 1996). Complementary statical variational
principles were derived by Cocks (1994, 1996). The variational prin-
ciples form the basis of Galerkin-type finite-element procedures for si-
mulating the evolution of material surfaces at microscopic scale, see for
example Pan and Cocks (1993), Suo (1997), and Cocks et al. (1998) or
more recently Wei et al. (2008). Here, we use variational principles in
order to obtain bounds on the effective shear viscosity.

3.1. Kinematic variational principle

Consider an aggregate subject to prescribed velocity boundary
conditions on the portion Ay of its external surface, and to prescribed
traction boundary conditions on the portion Ar of its external surface,
such that Ay UAr = A and Ay N Ar = @. The kinematic variational
principle states that, among all the kinematically admissible velocity
fields and diffusion flux fields, the actual fields minimise the following
functional:

1 _
I—W—;LTT-vdA,

(18)
where W is a dissipation potential given by:
w= Ll f L ave f (”—ij by + 1n<Avt>2)dA].
v| Jv 2 ap A \ 2 Q6D, 2
19

The second term of Eq. (18) represents the potential energy of the ap-
plied tractions, with T the prescribed traction vector on A7. An ad-
missible velocity field is such that its gradient vanishes in the grain
interior (rigid grains), and such that the normal velocity jump across
grain boundaries is related to the diffusion flux fields by the continuity
condition (7). The velocity field should also comply with the prescribed
velocity on Ay. An admissible lattice diffusion flux field is divergence-
free in the grain interior; an admissible grain boundary flux field is such
that condition (6) is satisfied at the grain boundary junctions. The proof
that the functional (18) is stationary for the exact fields can be found in
McMeeking and Kuhn (1992) and Cocks (1996), and elements of the
proof are provided in Appendix A.1.

The kinematic minimum principle is analogous to the Potential
Energy Theorem for elastic solids (Duvaut, 1990; Doghri, 2000). In the
context of thermodynamic extremal principles (Fischer et al., 2014), the
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kinematic variational principle corresponds to the Minimum Principle
for the Dissipation Potential”, and we refer to Fischer et al. (2014) and
Hackl and Fischer (2008) for a comparison of this principle to other
thermodynamic extremal principles.

We consider the situation where the macroscopic strain rate E is
prescribed via velocity boundary conditions on the external surface of
the aggregate. In this case A = Ay and Ar = @, and thus I =Y.
Evaluation of the dissipation potential for the exact fields together with
Hill’s condition (13) leads to the equality (see Eq. (72) in Appendix
A.1):
v=1sE=cEE

2 (20)
Let W° be the value of the dissipation potential calculated for ad-
missible, not-necessarily exact fields. By analogy with Eq. (20), we
define the corresponding estimate of the shear viscosity, G*, as:

ye = GYE: E. 21)

According to the minimum principle, ¥ < ¥¢, and therefore G* con-
stitutes an upper bound on the shear viscosity: G* > G.

3.2. Statical variational principle

Consider again an aggregate subject to prescribed velocity boundary
conditions on the portion Ay of its external surface, and to prescribed
traction boundary conditions on the portion Ay of its external surface.
The complementary statical variational principle states that, among all
admissible fields of stress and diffusion potential, the actual ones
minimise the functional:

1 i}
J_q>—;j;vT~vdA,

(22)
where the dual dissipation potential ® is given by:
1 1 D 1 6D, 1,
d=— ———Vu-Vu dv + ——Viu-Viu + —o; |dA |.
AV Lb(zng HOHE
(23)

In the second term of Eq. (22), v represents the prescribed velocity on
Ay. An admissible stress field satisfies the conditions of mechanical
equilibrium in the grain interior and across grain boundaries. It also
satisfies the traction boundary conditions on Ar. An admissible field of
diffusion potential is such that u = —Qo, on the grain boundary. The
proof that the functional (22) is minimised for the exact fields is out-
lined in Appendix A.1. The statical variational principle is analogous to
the Principle of Maximum Complementary Energy in elasticity
(Doghri, 2000).

In the case where the macroscopic stress S is prescribed via traction
boundary conditions on the external surface, Ar = A, Ay = &, and
therefore J = ®. Evaluating the dual dissipation potential for the exact
fields and using Hill’s condition (13) leads to (see Eq. (74) of Appendix
A.1):

la. S8
== 24)
Let ®* be the value of the dual dissipation potential calculated for
admissible, not-necessarily exact fields. By analogy with Eq. (24), the
corresponding estimate G~ of the shear modulus is defined as:
_sts
TR (25)
Since ® < ®*, it follows that the shear viscosity G~ calculated from ®*
constitutes a lower bound on the actual shear viscosity G: G~ < G.

In Appendix A.2, it is shown that the exact shear modulus of an
aggregate subject to affine velocity boundary conditions is larger or
equal to the exact shear modulus of the same aggregate subject to
uniform traction boundary conditions. This result is analogous to the

o*
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corresponding result for the elastic modulus of random aggregates, see
e.g. Huet (1990). As the number of grains in the random aggregate
increases, the discrepancy between the moduli obtained with the two
types of boundary conditions decreases as the effective behaviour be-
comes less sensitive of the detail fo the applied boundary conditions. By
definition, the effective behaviour of a true RVE of the microstructure
should be independent of the type of boundary conditions.

4. Model for isotropic polycrystal

We consider a randomly isotropic polycrystal with equiaxed grains
and we assume that grain boundaries are randomly distributed and on
average oriented perpendicular to the line joining the centres of gravity
of two adjacent grains. Consequently, we consider as representative
unit cell a spherical grain with radius R and volume equal to the
average grain volume which is in contact with an identical spherical
grain at each point of its surface (McMeeking and Kuhn, 1992). The
spherical grain model is convenient to illustrate the variational prin-
ciples because it is amenable to simple analytical treatment. It also
allows us to establish connections with classical results for Nabarro—
Herring and Coble creep (Herring, 1950; Coble, 1963), which also re-
lied on the spherical grain geometry, as well as more recent results by
Onaka et al. (2001) who also accounted for non-zero friction coeffi-
cient. We will show that these classical results can be recovered as
special case using the kinematic variational principle. In addition, new
lower bounds based on the statical variational principle will be derived.

The spherical unit cell is represented in Fig. 2. The Cartesian com-
ponents of the unit vector n normal to the representative sphere write

sin 0 cos ¢
n=|sinfsing |,
cos 6 (26)

whereas the components of a unit vector t, and t, tangent to the grain
boundary in the longitudinal and azimuthal directions write

cos 6 cos¢ —sing
to=|cosBsing |, ty=]| cos¢
—sinf 0 27)

4.1. Kinematic bound

We first consider the case where the macroscopic strain rate is
prescribed, and aim at estimating the corresponding macroscopic shear
viscosity using the kinematic variational principle (Section 3.1). The

unit cell

Fig. 2. Unit cell containing one representative spherical grain. Grain bound-
aries are randomly distributed on the unit cell surface and oriented perpendi-
cular to the line joining the centres of two adjacent cells.
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macroscopic strain rate is chosen of the following form:

E
00
E= E 4

0 -5 0

0 0 E (28)

Then, according to Egs. (19) and (21), an upper bound for the shear
viscosity is obtained as:

2w
36 (29)

where W is expressed as:

Gt =

VY = ¢+ 9 + Y9

1 kT 1 kT
= — [ —jjdv+ — [ ——j,j, dA
Vs -/;c 20p)1 2V ‘[40 208D, J
1

1
+— —n(Av,)? dA,
2 Jag 277( 1)

(30)
which should be calculated for a set of admissible velocity and diffusion
fields compatible with the macroscopic strain rate. Compared to the
general expression (19), the additional (1/2) pre-factor in front of the
surface integrals accounts for the fact that contact points on the unit cell
surface are shared between two grains.

A simple trial velocity field is obtained by assuming that the relative
motion of the centres of adjacent grains comply with the macroscopic
strain rate (Fleck et al., 1992; McMeeking and Kuhn, 1992):

Ay, = ZRgE,J n;. (31D

This choice indeed satisfies equality (10), taking A, as the area of the
spherical unit cell and accounting for the fact that contacts points are
shared between two grains. (Note that in the spherical grain model,
external boundaries of the aggregate are not represented and Eq. (9)
cannot be used.) The normal and tangential components of Av are
calculated as

3 . 1
Av, = Av-n = =RgE|cos20 + —
" 2 ¢ ( 3) (32)

and

3.
Av, = Av-ty = —=RGE sin 26.
t <] 2 G (33)
Admissible diffusion fluxes in the lattice and on the grain boundary
surface must be proposed in such a way that the continuity condition
(7) is satisfied. For the spherical unit cell model, this condition parti-
cularises as:

Av, = 2j, — Vi, B34

since two identical grains meet at each contact point on the unit cell
surface. We consider a class of trial diffusion fluxes of the following
form:

3 . 1
j.(r, ) = —arE|cos20 + —
Jn(r0) =4 ( 3)

(35)
i (r, 0) = —%arE' sin 26 36)
Jip(r, 8) =0 37)
and
o (©) = SBRIESING0).  Jyy () = 0 39

where @ and f are constant parameters. It can be verified that the trial
lattice flux (35)-(37) is divergence-free and satisfies the symmetry
condition j; (0, ) = 0. On the other hand, the trial grain-boundary flux
(38) satisfies the symmetry condition jj, (0) = jj, (/2) = 0. These fluxes
satisfy the continuity condition (34) provided that the parameters a and
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B are related by:
a—-p=1 39

Each pair (a, f8) satisfying the above constraint thus leads to admissible
diffusion flux fields compatible with the prescribed velocity dis-
continuity.

Inserting expressions (35)-(38) into expression (30), the diffusion
contribution to the potential W is calculated:

1 kTR ..
Y=+ ¥, = ——GEz(ia2 + ﬁz),

5 Q8D 4A (40)

where we introduced the notation A = D;Rs/8D,. The diffusion con-
tribution to the upper bound on the viscosity is in turn calculated from
Eq. (29):

G+_2_lpd_ikTRé(

3 2 2)
=24 —a? + g2).
4= 35 " 1saep,\an” TP )

Grain boundary sliding bring an additional contribution to the po-
tential (30), which, using Eq. (33) expresses as:
9

Y, = —E’Rgn.
sl 10 et} ( 42)
According to Eq. (29), the contribution of grain boundary sliding to the

upper bound of viscosity is thus:
29 3

Gi === = ZyRg,
4TS T s (43)

which is independent of the choice of parameters a and f.

The optimal (i.e. lowest) upper bound on the shear viscosity is ob-
tained by finding the parameters a and 3 which minimise the potential
(40) under the constraint (39). This is easily achieved using a Lagrange
multiplier, and leads to:

3\t 3a 2A\7!
“‘(”E) ’ﬁ‘_ﬂ‘_(”?)' 44)

The diffusion contribution to the upper bound on the shear viscosity is
illustrated in Fig. 3 as a function of parameter a, for different value of A.
The optimal value of a (indicated by a circle on the figure) shifts from
a = 0 for A— 0 (grain boundary diffusion-dominated, 8 = —-1)toa =1
for A— oo (lattice diffusion-dominated, § = 0).

Q6D
G;<k71‘R£>
1.0 .
— A =0.01
08 — A=0.1
. A=
— A=10
0.6 — A =100 -
0.4 |
0.2 |
0.0 . : —
—0.5 0.0 0.5 1.0 1.5 2.0

Fig. 3. Diffusion contribution to the upper bound on the shear viscosity as a
function of parameter a, for different values of the ratio A = D;R/8Dy,. The
optimal value of a, leading to the lowest upper bound, is indicated by a circle
for each value of A.
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Using the optimal choice of parameters (44) in Eq. (41) and adding
the sliding contribution (43), the lowest upper bound on the shear
viscosity is finally obtained:

-1 3
1 ( 2A) kTR; 3 R

Gt=Gf +Gj=—|1+ + =7Rg.
T Qép, | 51

3

(45)

When A>> 1, grain boundary diffusion is negligible relative to lattice
diffusion, and the viscosity reduces to:

kTRE(1 3
G =—¢ (— + g’h)’

QD; \10 (46)
with 7, = n(%). The first term on the right-hand side of Eq. (46)
(lattice diffusion contribution) is identical to the result of

Onaka et al. (2001), who used the same kinematic boundary conditions
at the grain boundary and based their analysis on the concept of So-
migliana’s dislocations. Compared to these authors, our result for G is
however larger by a factor of two. The reason is that Onaka et al. did
not consider the factor 1/2 in front of the surface integral in Eq. (30). If
grain boundary friction is neglected (n = 0), the result (46) also re-
covers Herring’s result:

G _ 1 kTR
Herring — 10 QD[ ) (47)

(cf. Eq. (11) of Herring, 1950). Herring considered the problem of a
spherical grain subject to affine velocity boundary conditions and re-
presented the stress using spherical harmonics.

When A « 1, lattice diffusion is negligible relative to grain boundary
diffusion and the viscosity reduces to:

G+_kTR§(1 3 )

= _+_
b= QaD,\15 5 (48)

with r}b=n(%) =mn/A. With respect to the result of
G

Onaka et al. (2001), our result for G} is larger by a factor of two, for the
same reason as mentioned below Eq. (46). If we further neglect grain
boundary friction (n = 0), our result is close to the results of Coble who,
via some approximations, obtained (cf. Egs. (13) and (14) of
Coble, 1963):

8 m kT _; 1 kT _;

Goopo = o K ps L KT ps
Coble = 3748 QD, ©  17.7 Q8D, ©

(49)

In Appendix B.1 we show that the trial fields (35)-(38) with optimal
parameters (44) constitute an exact solution to the boundary-value
problem of a single spherical grain subject to prescribed interface ve-
locity discontinuity of the form (32) and (33), in the sense that it is
possible to calculate corresponding fields of diffusion potential and
stress that satisfy all the constitutive and equilibrium equations in the
grain. It is also verified in Appendix B.1 that the macroscopic deviatoric
stress calculated from the shear viscosity (45) as $’ = 2G*E coincides
with the macroscopic deviatoric stress calculated by integrating the
surface tractions according to Eq. (11).

4.2. Statical bound

We next consider the case of a prescribed deviatoric macroscopic
stress of the form:

s
-5 00

5=lo -2 o
0 0 S (50)

and seek to find lower bounds on the shear viscosity using the statical
variational principle (Section 3.2). Lower bounds on the shear viscosity
are obtained from the potential ® given by Eq. (23), which for the
spherical unit cell is calculated as:



L. Brassart and F. Delannay

1 1 D 1 1 6D,
o = — [ ——Lvuvudv+— ——=Vu-Viu dA
VG-/vlzng KK 2VG'/1I4c;ZQkT sV
1 1
+ — —a? dA,
2V Y46 2n (51)

where p and o, are admissible diffusion potential and tangential stress
fields in equilibrium with the macroscopic stress. According to Eq. (25),
the lower bound on the shear modulus for the macroscopic loading (50)
is given by:

_ s

8D (52)

We consider a uniform trial stress within the grain, so that the
traction field on the grain surface is simply given by:

T; = SU n;. (53)

Normal and tangent components of T are calculated as:

38 1
,=Tn=o0,="— 20 + —
n=og 4(cos 3) 54)

and

TI=Ttg=0= —%S sin 26. (55)
The normal traction on the boundary in turn sets the trial field of dif-
fusion potential on the boundary: u = —Qo, = —QT,. The choice (54)
and (55) thus fully specifies the contributions of grain boundary dif-
fusion and sliding to the potential ® in Eq. (51). On the other hand, an
admissible trial diffusion potential field within the bulk should ensure
continuity of the diffusion potential, i.e. it should be such that:
u(Rg, 6) = —%QS(cos 26 + %) and g—’;(Rg, 6) = %QS sin26. A para-

metrised set of trial fields satisfying these two conditions is given by:
= EQ—frz(—l cos26 + y) - iQS()/ + l)

2 RZ 2 2 6 (56)
where v is an adjustable parameter. In the bulk, the gradient of the trial

field of diffusion potential (56) is calculated as:

Viu = 30752}’(—lc0s26 + y)
R\ 2 (57)
Vou = EQ—S: sin 26.
2 R (58)
The functional ® in Eq. (51) is then calculated as:
o= B0 | ﬂA(l + a2+ 4—7/) + 21
kTRZ™ \10 ~ 40 3 40, (59)
Lower bounds on the shear viscosity then follow from Eq. (52):
3 -1
- = TR E+2A(1+4y2+4—y)+él :
QD \ 5 5 3 5, (60)

The optimal (i.e. highest) lower bound is obtained by finding the value
of the parameter y that minimises the potential ® given by Eq. (59).
This leads to

A (1)

The evolution of the lower bound for G (60) as a function of the
parameter v is illustrated in Fig. 4, for , = 0.2. The optimal value of v,
leading to the highest lower bound, is indicated by a circle on the
figure.

For the optimal choice (61), the potential reduces to:

QsD, S2(2 | 4 11
= 5”S—3—+—A+——,
kT RE\5 157 " 107,

(62)

and the corresponding optimal lower bound is given by:
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v
Fig. 4. Lower bound on the shear viscosity as a function of parameter vy, for

7, = 0.2 and different values of the ratio A = D;R/8Dj. The optimal value of v,
leading to the highest lower bound, in indicated by a circle for each value of A.

kTR B
o= (2 B 2L

T a5 5 sy, (63)

In the limit where grain boundary diffusion is negligible relative to
lattice diffusion, A< 1 and shear viscosity is dominated by lattice dif-
fusion and grain boundary sliding:

KTRZ !
A
QDZ 5 5771

(64)

In the limit where lattice diffusion is negligible relative to grain
boundary diffusion, A>1 and shear viscosity is dominated by grain
boundary diffusion and sliding:

KTRZ !
Gy = KRg(12 | 3
Q(SDb 5 Snb

(65)

In Appendix B.2, we show that the trial field of diffusion potential
corresponding to the optimal value (61) of the parameter vy is an exact
solution to the boundary-value problem of a single spherical grain
subject to prescribed tractions of the form (53), in the sense that it is
possible to calculate lattice and grain-boundary diffusion fluxes that
satisfy the constitutive relations and such that the lattice diffusion flux
is divergence-free in the grain interior.

5. Discussion

In the previous section, we used kinematic and statical variational
principles to identify optimal upper and lower bounds on the shear
viscosity of random aggregates represented by the spherical unit cell
model. These optimal bounds were further shown to correspond to
exact solutions of the boundary-value problem of a single spherical
grain subject respectively to affine velocity jumps or uniform tractions
on the grain boundary surface. Because of the spherical grain shape and
simplified representation of grain-to-grain interactions through point
contacts randomly distributed on the sphere surface, compatibility of
velocity jumps and equilibrium of surface tractions across grain
boundaries are also automatically fulfilled. In contrast, in a realistic
random geometry of faceted grains, stresses corresponding to affine
trial velocity jumps would not be equilibrated. Conversely, velocity and
diffusion flux fields corresponding to uniform stress trial fields would
not satisfy compatibility of deformation and conservation of mass. This
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Table 1

Effective shear viscosity G in the lattice diffusion-dominated (DR > éD;) and
grain boundary diffusion-dominated (DR <« 6Dp) regimes, as predicted by
different models.

DR > 6Dy, D{Rg < 6Dy
Upper bound 1 kTRZ KTR3,
1556 3 12% , 3
0 ap T 57Re 5o, T 57R6
Lower bound son -1 (EQEDIJ 3 )‘1
SKIRE " S1RG S kIR S1RG
Herring (1950) 1 kTRZ
10 QD
Coble (1963) 1 kTR(37
17.7 Q3D

is analogous to Voigt and Reuss bounds on the elastic modulus of het-
erogeneous media.

As illustrated below, the modulus corresponding to the spherical
grain subject to affine velocity jump, Eq. (45) is larger or equal to the
modulus corresponding to the spherical grain subject to uniform trac-
tion boundary condition, Eq. (63). This is consistent with the result
established in Appendix A.2. The existence of two distinct values of the
effective shear viscosity indicates that the spherical unit cell model does
not constitute a RVE of the aggregate. Indeed, by definition, the ef-
fective behaviour of a RVE should be independent of whether macro-
scopic stress or macroscopic strain is prescribed. Mechanical analysis on
a proper RVE is needed to assess whether a mean estimate between
these two results would constitute an accurate estimate of the actual
response of random aggregates of faceted grains.

A summary of our results in the two limiting regimes (lattice dif-
fusion-dominated and grain boundary diffusion-dominated regimes) is
presented in Table 1. Fig. 5 shows normalised optimal upper and lower
bounds on the shear viscosity drawn from Egs. (46) and (64) (lattice
diffusion-dominated, Fig. 5a) or Egs. (48) and (65) (grain boundary
diffusion-dominated, Fig. 5b) as a function of the dimensionless friction
parameters #; or 1, Note in particular that #; or ;, increase when grain
size decrease. Also note the different normalisation used for both the
friction coefficient and the viscosity in terms of powers of Rg. 1; or 7
can be interpreted as the ratio of a characteristic time for grain
boundary sliding 7y = 2% (i.e. the timescale for relaxation of tan-
gential stresses under an applied strain in the absence of diffusion) to a

QD
G (1:1‘}\’%’.)
0.5 ; ; ; T T

Lattice diffusion

0.4 G} 1

0.3+ G

0.1 J

large grains

0.0 ‘ ‘ : :
0.0 0.1 0.2 0.3 0.4 0.
ob,
M= 17Ra"

(a)

small grains

0.6

wt
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T e . . RE .
characteristic time for diffusion in the lattice, 7 = FCI;’ or along grain

b dari ReRG
oundaries, 7, = ?Fb

As lattice diffusion dominates at large Rg, a decrease of Rg brings
about a transition from Fig. 5a to b around R = 5%, for which 7, = 5.
This threshold also corresponds to 7, = 7,, which depends on the ma-
terial properties. For example, if 5%? = 107% m, the threshold occurs at

R =1 um, and if n% =107 m, it corresponds to 7, = 7, = 0.1: the
relevant parts of the curves are then the range #; < 0.1 in Fig. 5a and
the range 7, > 0.1 in Fig. 5b. The threshold corresponding to
Rg = 1 um moves to the right if # is larger. Reliable experimental data
on the value to be postulated for the grain boundary friction coefficient
n in polycrystals are very scarce. As mentioned in the Introduction,
arguments linked to the mechanisms of climb and glide of GBDs suggest
that, for common grain sizes, ;< 1 and 7, < 1. Nonetheless, #; and 7,
can become large in nanomaterials. As an example, from creep tests on
ZrO, at 1400 °C under 3 MPa, Kim et al. (2004) estimated 7, = 0.5 for
ZrO, when R; = 0.35 um (on the basis of a two-dimensional model
assuming a regular hexagonal lattice of grains). Hence, the range of
scale chosen for the abscissae in Fig. 5 can be considered relevant for
nanostructured materials.

For a fixed grain size, upper and lower bounds both monotonically
increase with #. In Fig. 5a, the upper bound coincides with Herring’s
result for 7, = 0 and increases linearly with #; with a slope of 3/5. In
Fig. 5b, the upper bound is close to Coble’s result for 5, = 0 and in-
creases with the same slope. This follows from the kinematic approach,
according to which the tangential velocity is prescribed, and the con-
tribution of grain boundary sliding to macroscopic stress scales linearly
with the friction coefficient. In contrast, the lower bound is a non-linear
function of the friction coefficient, with G| = G, =0 for 7, =17, =0
and G| = gk%? or G, = %I;TTI;% when #; or g, — °o. These two limits
respectively correspond to infinite and zero tangential velocity dis-
continuity at the grain boundary under prescribed tangential stress. The
uncertainty on the mean estimate between the bounds is particularly
large when 5; or 5, tend to zero (if # = 0, a domain of dominance of
lattice diffusion always prevails below a certain threshold).

Interestingly, there is a particular value of the friction coefficient at
which the curves for the two bounds are tangent to one another:

1kTRZ 5
Gr=6 ==-—5=2(G", _,=7R
! Y) 2( 1y=0 = MRe (66)
Q6D
o)
0.5 T T T T T
Grain boundary diffusion
0.4} J
G/
0.3+ |
Gy
0.2+ 1
0.1} J
large grains small grains
0.0 : : : : :
0.0 0.1 0.2 0.3 0.4 0.5 0.6
QD,
M = kmﬁaﬁ

(b)

Fig. 5. (a) Bounds on the shear viscosity drawn from Eqs. (46) and (64). (b) Bounds on the shear viscosity drawn from Egs. (48) and (65).
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1
when 7, = -, and

_ 1KTR}

Gt =Gy =~
b= P T 6 sD,

5

= E(G;)nb:o =1Rg 67)
when 7, = % The condition for the tangency of the curves is discussed
in Appendix Appendix C. It is shown that there is a particular value of 5
for which the traction field calculated when boundary velocity jumps
are prescribed by macroscopic strain rate is identical to the traction
field corresponding to prescribed uniform tractions, and vice versa. For
that particular value of 7, the affine relation (31) between velocity and
macroscopic strain rate and the uniform traction condition (53) hold
simultaneously. The velocity jump vectors and traction vectors are then
parallel to each other, and the shear viscosity is G = 7R, independent
of the value of other material coefficients. The particular value (66)
coincides with the ”unrelaxed” solution obtained by Herring by si-
multaneously assuming uniform stress and strain rate within the grain
(see Eq. (7) in Herring, 1950). For steady-state creep, our results show
that this particular solution can be recovered for a particular value of
the friction coefficient .

We investigate the scaling of the shear viscosity with grain size by
fitting Eqgs. (46), (64), (48) and (65) with a power law in terms of the
grain size. Specifically, the dependence on #; or 7, of the apparent grain
size sensitivity exponent p was calculated via the relationship

. _dInG' _ dG/" Rg
Pr = dnrs T dRg Gt (68)

and the like for the other bounds. The results are presented in Fig. 6. For
zero grain boundary friction, G;" scales with the square of the grain size
(Herring’s result), whereas G; scales with the third power of the grain
size (Coble’s result). In the limit of high #; or 5, the upper bound is
dominated by grain boundary sliding and scaling exponent p tends to 1.
In the same limit, sliding becomes effectively inoperative in the lower
bound and the scaling exponent tends to 2 or 3. The mean between the
two curves varies in the ranges 1.5 = p; = 1.4 and 2 = p, = 1.8. These
curves cast doubt on the validity of the method of identification of the
dominant creep mechanism based on the grain size dependence of creep
rate: dominance of lattice diffusion if p = 2; dominance of grain
boundary diffusion if p = 3; dominance of grain boundary friction
forces if p = 1. Experimentally, p values close to 2 were much more
frequently reported than p values close to 3 (Coble, 1963; Cannon and

Lattice diffusion

G/

large grains

0 L L
0.0 0.2 0.4 0.6
oD
= TR

(a)

small grains
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Sherby, 1977; Cannon and Langdon, 1988; Mishra et al., 1988; Wang,
2000; Ruano et al., 2003).

In the literature, most experimental studies of creep under low stress
reported creep rates significantly higher than the predictions of
Herring’s and Coble’s models (Cannon and Sherby, 1977; Cannon and
Langdon, 1988; Mishra et al., 1988; Wang, 2000). It may be tempting to
link this discrepancy to the outcomes of the present work showing that
classical models provide only an upper bound for shear viscosity and
that the lower bound may be very low if the friction coefficient 7 is
small. Unfortunately, very little is known today about the value to be
ascribed to 7. In addition, in many cases, microstructural observations
after creep testing or after superplastic straining showed evidence of the
occurrence of Rachinger sliding (usually referred to as “grain boundary
sliding (GBS)”) (Wang, 2000; Chokshi, 2002; Ruano et al., 2003).
Meaningful comparison with experimental creep data then requires a
model involving the possibility of a strain contribution due to GBS.
Forthcoming work will aim at addressing this issue as well as the effect
of grain shape anisotropy and the difference between the present model
and previous models based on periodic lattices of grains in two- or
three-dimension (Gibbs, 1966; Raj and Ashby, 1971; Beere, 1976; 1978;
Spingarn and Nix, 1978; Greenwood, 1985; 1992; Burton, 1994; Kim
et al., 2003; 2004).

6. Conclusion

By revisiting classical models for NHC creep under the light of
variational principles, the present work reveals that the widely ac-
knowledged Herring’s and Coble’s predictions for viscosity dominated
by lattice and/or grain boundary diffusion are actually upper bounds
arising from the use of affine trial velocity discontinuity at interfaces,
and that conversely lower bounds can be accessed via the use of uni-
form trial stresses in the grains. To the best of our knowledge these
lower bounds have not been identified earlier in the literature. If the
grain is represented by a sphere, the lowest upper bound and the
highest lower bound are two independent exact solutions of the gov-
erning equations within the grain. The existence of such bounds chal-
lenges the validity of the classical method of identification of the
dominant creep mechanism from the grain size sensitivity exponent.
The work also emphasizes the role of grain boundary friction in diffu-
sional viscosity.

3 . .
Grain boundary diffusion

Gy

21 J
p

+

Th
1 4

large grains small grains
0 : :
0.0 0.2 0.4 0.6
Q3D
M = k.TRéﬂ

(b)

Fig. 6. (a) Grain size sensitivity exponent of the bounds (46) and (64). (b) Grain size sensitivity exponent of the bounds (48) and (65).
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Appendix A. Variational formulations of the boundary-value problem
Al. Principle of virtual powers

Consider a polycrystalline aggregate occupying a volume V with external surface A. The aggregate is subject to prescribed traction T on A, and
to prescribed velocity ¥ on Ay, with Ay U Ay = A and Ar N Ay = @. Let o and ¢ be normal and tangential interface stresses in equilibrium with
traction T* on the external surface. Let Av; and Avf be normal and tangential interface velocity jumps kinematically compatible with velocity v on
the external surface. The Principle of Virtual Powers expresses as (Needleman and Rice, 1980; McMeeking and Kuhn, 1992; Cocks, 1996):

_/; T*v¢ dA = Lb (orAvs + o Avf)dA.

(69)
Using the divergence theorem together with relations (3), (4), (6) and (7), Eq. (69) can be rewritten as:
fT*deA f Jl Vu*dV+f (——V,u +o*,Av,)dA

(70)
In this expression, u* = —Qo, on A, and j and j; are related to Av; by Eq. (7) on A, with V:j = 0 in the grain interior. We have also assumed that

the net fluxes (j -n) and (j; -n) vanish on the external surface.

Following Cocks (1996), let us identify the traction T*, stress ¢ and diffusion potential u* in Eq. (70) with the exact fields, and identify the
compatible fields of velocity v, diffusion fluxes j and j;, and velocity jump AvS with small perturbations &v, dji, 8j, and §Av, about the exact
solution. In particular, the perturbation §v vanishes on Ay. Then, relation (70) becomes:

kT _
vl = [ ——j,-gj, dV + &, + 1AVSA - [ Tév=o,
S ap” ¥ f (QaD s Gy + AV v[) j;r Y 71)

where we have also used the constitutive relations (2), (5) and (8). This expression shows that the functional I defined by Eq. (18) is stationary for the
exact fields. It can also be shown that the stationary point corresponds to a minimum, see McMeeking and Kuhn (1992) for the proof. In the
particular case where A = Ay and Ar = @, evaluating the principle of virtual powers (70) for the exact fields also gives the following equality:

. kT . . 2
L T-v dA = _/1; apit i dv + f (951) o dy + n(Av) ) =2V, o2
Let us now identify the compatible velocity and diffusion fluxes in Eq. (70) with the exact fields, and identify the equilibrated fields of traction,

stress and diffusion potential with small perturbations 6T, di, and §o, about the exact solution. In particular, the perturbation 8T vanishes on Ar.
Then, relation (70) yields:

V&I = V SVu dV + Y s, 8T =0,
f pOVR f(QkT Ky OVHs U‘) -L.v 73)

where we have used the constitutive relations (2), (5) and (8). This expression shows that the functional J defined by Eq. (22) is stationary for the
exact fields. It can also be shown that the stationary point corresponds to a minimum. In the particular case where A = Ar and Ay = @, evaluating
the principle of virtual powers (70) for the exact fields gives the following equality:

2
Tv -Vu dV + \A/AA +—dA=2Vv:I>.
'/:1 vda f QkT KK f (QkT HevsH 7 ) 74)

It can further be shown that I + J = 0 for the exact fields. From Egs. (18) and (22), direct calculation gives:
1 kT . . 1 kT )
Va+J) = E'/“/Q_D[hw dv + 5'/' (QéD‘lb]b +7;(Av[))

8D, 2
Vu-Vu dv + — Vsit- Vs + — |dA
kaT““ f(QkT”“ n)
—‘/;FT-vdA—‘/;VTq?dA. 75)

Using the constitutive relations (2), (5) and (8), the latter equation becomes:

V(I+J)=f J W dv+f ( wy+qu[) —j;T-v dA, 76

which vanishes by virtue of the principle of virtual powers (70) calculated for the exact fields. It also follows that ¥ + ® = % [4 T-vdS = S: E, where
the last equality follows from Hill’s condition (13).

A2. Comparison of the effective moduli for affine and uniform traction boundary conditions

We use the variational principles to show that the effective shear modulus for an aggregate subject to affine velocity boundary conditions is larger
or equal to the modulus of the same aggregate subject to uniform traction boundary conditions. The proof follows Huet (1990), who demonstrated
the analogous result in the context of elastic heterogeneous media.

Let us consider two distinct boundary-value problems for the same aggregate:

1. Problem 1: the aggregate is subject to affine boundary conditions of the form v, = E;-x on A. Solution fields for this problem are written v1, ji1, jp1,

10
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o, and y;.
2. Problem 2: the aggregate is subject to uniform traction boundary conditions of the form T = S,-n on A. Solution fields for this problem are written
V2, Jiz2, Jb2, 02 and pi.
Using the fields o, and y, as admissible fields in the statical variational formulation of Problem 1 (Section 3.2), we have the following inequality:
— Jilon, u,] < =hilow, uyl = Lvy, jiy iy 1 77)

where we also used the result I; + J; = 0 for the exact fields of Problem 1. From the definition (22) of the functional J, the left-hand side of Eq. (77)
can be rewritten as:

1 1 D
=Jloy ] = - ;[ fv EQ—I{ITVuZ-VuZ av
1 5Db 0'[22
+ ‘/:‘b (EQ—kTVs#z'Vs#z + P A — L (Syn)-v; dA
= = O,f0,, u,| + Sy E,
= - ﬁ + Sz: El,
4G, (78)

where we also used Egs. (9) and (24). In the latter equation, G, is the effective shear modulus for Problem 2. On the other hand, the right-hand side of
Eq. (78) can be expressed as:

L[y gy dp ] = Wilve s dp ] = GEp: Ey, (79)
with G; the effective shear modulus for Problem 1. Inserting Eqs. (78) and (79) into Eq. (77) gives the inequality:

Sz:Sz . . .
— ———= + S, E; < G,E;: E;.
4G2 2 1= 1£1 1 (80)

For a fixed value of Ej, it is easily verified that the left-hand side of the above inequality reaches a maximum for S, = 2G,E, (i.e. when the applied
macroscopic stress for Problem 2 coincides with the macroscopic stress in Problem 1). For this particular value of S,, the inequality (80) becomes:

G,E,: E, < G,E;: E,. (81)
This shows that the shear modulus of an aggregate subject to uniform traction boundary conditions is lower or equal to the modulus of the same
aggregate subject to affine velocity boundary conditions. The equality holds when the relationship between macroscopic stress and strain rate does
not depend on the type of the boundary conditions, which is expected to occur when the aggregate is sufficiently large (i.e. contains a sufficiently
large number of grains) and is statistically representative.

Appendix B. Exact solutions of the boundary-value problem for a spherical grain

B1. Prescribed velocity jump at grain boundary

Using the optimal parameters (44), the diffusion flux field in the bulk lattice (35) and (36) becomes:

3 3\ . 1
. (r,0)==1+ — Elcos26 + —
I (- ©) 4( ZA) r( 3)

(82)
i (r, 8) = —3(1 + i)flrE sin26
Jelrs ©)=—7 2A ' (83)
and the surface flux (38) along the grain boundary becomes:
1 207,
o = ——|1+ — | RGEsin20.
e 2( 3 ) ch s 84)
The diffusion potential in the bulk lattice is obtained by integrating Eqs. (82) and (83):
-1
u(r, ) = —ik—T(l + i) FZE(COSZQ + l) + Cy,
8 D, 2A 3 (85)

where C; is an integration constant. Integration of Eq. (84) along the grain boundary provides the following expression of the diffusion potential on
the surface:

-1
u(®) = —lk—T(l + E) REE cos28 + C,,

4 8Dy, 3 (86)

where C, is another integration constant. Continuity of the diffusion potential at the grain boundary requires the two integration constants to be
related by:

1 3\, kT
C=—-—=(14+—=| REE— +C.
2 8( ZA) ¢Fp, Tt (87)

Thus, the diffusion potential is only known up to an integration constant, which can be chosen arbitrarily. As we show below, the choice of the
integration constants sets the value of the mean macroscopic stress. The optimal choice of parameters (44) is actually the only one for which

11



L. Brassart and F. Delannay Mechanics of Materials 137 (2019) 103106

continuity of diffusion potential on the boundary can be enforced.
In terms of C,, the normal stress on the boundary, ¢, = —u/Q is given by:

-1
o, = lk—TRéE(l + E) cos26 + Sy,
4 Q8D, 3 (88)
where Sy = —C,/Q. On the other hand, the tangential stress is obtained from Egs. (8) and (33) as:
3 .
o = —EnRGE sin 26. (89)

Egs. (88) and (89) set the traction vector on the grain boundary. For any choice of Sy, it is always possible to find a field of stress within the grain that
satisfies the equilibrium equation V-o = 0 and that is compatible with the boundary traction.
The macroscopic stress can be calculated from the interface stresses (88) and (89) using Eq. (11), giving

3 2A'KTREE 1 ..
Sn=Sp=-——[1+= — Z7RE + S,
n e 20( 3 ) Qsp, 5’ ° (90)
1 2AN'KTREE 2 .
S33=—(1+—) —C%" 4+ Z9RE + S,
20 3 QsD, 5 91
and the mean macroscopic stress is given by:
“LKTREE
Sm= —i(l + E) —C7 1S,
12 3 ) QAD, (92)

It can be verified that the deviatoric macroscopic stress S = Sj; — S,,6; obtained from Eqgs. (90) and (91) coincides with the macroscopic deviatoric
ij>
One can always choose the constant Sy such that the macroscopic mean stress vanishes and § = §":
1 (1 2A )—lkTRgE
T 12 3) QAD,’ (93)

stress calculated from the viscosity, S; = 2G*Ey;, with G* given by Eq. (45), regardless of the choice of S.

So

For this choice of Sy, the interface stresses (88) and (89) particularise as:

kTREE -1
o, = L ¢ (1 + %) (00826 + l),
4 Q6D 3 3

94

3 -
o= —EnRGE sin 26. (95)

Note that the choice of Sy does not affect the tangential stress due to sliding, whose contribution to the macroscopic stress is always purely deviatoric.
B2. Prescribed tractions at grain boundary

Using the optimal value (61) of parameter v, the diffusion potential (56) becomes:

3QS8 1
,0) = ——— 2(cosze + —).
u(r, 6) iz 3

G (96)

The optimal value (61) is the only one that ensures that V2u = 0. The corresponding diffusion flux field in the bulk lattice is calculated from the
constitutive relation (2):

Jy (@, 0) = iﬂ%r(cos 26 + %)

2kT RE 97)
Je(r, 6) = —Eﬂﬂ—fr sin 26,
2kT RS (98)
which is divergence-free. The surface flux along the grain boundary is obtained from relation (5):
(@) = 39D S e
2 kT Rg (99)
Normal and tangential velocity jumps are respectively calculated from the continuity condition (34) and the constitutive relation (8):
Av, = 2&Q—f(l + E)(cosze + l)
2 kT RE 3 3 (100)
Av, = _38 sin 26.
47 (101)

The traction field on the grain surface is prescribed by Eq. (53) and corresponds to a uniform stress in the grain. It follows from the above
considerations that expression (96) for the diffusion potential is the exact solution of the spherical grain problem under prescribed traction at grain
boundary. One can also verify that the macroscopic strain rate obtained by using the latter two equations into Eq. (10) is deviatoric and coincides
Sij

with the macroscopic strain rate calculated directly from the lower bound, Ej; = o

12
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Appendix C. Point of tangency of upper and lower bound curves

By comparing the stresses (94) and (95) under prescribed velocity conditions to the stresses (54) and (55) under prescribed tractions at grain
boundary, we find that the two solutions are compatible (i.e., affine velocity jump at the interface and uniform stress within the grain occur
simultaneously) only if the following condition is met:

E
1(1+£) kTR

=% 3 ) op, (102)

Conversely, comparison of the velocity jumps (100) and (101) under prescribed tractions to the velocity jumps (32) and (33) under prescribed
velocities leads to the exact same condition. It thus follows that the solutions under the two considered loading conditions coincide for the particular
value (102) of #, and so does the effective shear viscosity.

Condition (102) can be particularised to the two limit cases:

e Lattice diffusion-dominated (A — «):

o, 1
TetRg ~ T W (103)

® Grain boundary diffusion-dominated (A — o):

Q6D,
kTR

1
T (104)

It can also be verified that, for the particular value (102) of #, the interface velocity vector and traction vector are parallel, i.e.

% = AT:’ = constant. Here, the constant is set by the friction coefficient itself, according to the model of grain boundary sliding (8):
T = 7Av. (105)

Using relation (105) into expression (11) of the macroscopic stress, and accounting for expression (10) of the macroscopic strain rate, one directly
obtains:

S = 2R¢nE;. (106)

The same result is obtained by first inserting relation (105) into expression (10) of the macroscopic strain rate and then identifying the macroscopic
stress using Eq. (11). The shear viscosity is thus given by G = nRg, independent of the type of boundary condition and the value of other material
properties.
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