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ON A PECULIARITY OF THE B-GRID

E. Deleersnijder and Jean-Michel Campin

To determine the stability conditions of a nu-
merical scheme, it is customary to examine a lin-
earized version in an unbounded domain. This is usu-
ally referred to as the von Neuman analysis. Although
this technique resorts to many simplifying assump-
tions, it is generally capable of providing a satisfac-
tory approximation to the stability condition of the
original, non-idealized, numerical algorithm. Here, we
ptesent a simple geophysical fluid problem where the
von Neuman analysis provides a stability limit that
is completely irrelevant and, hence, useless.

We consider linear, damped inertia-gravity
waves, which obey the following equations:

on _

(—9?+hv-u—0, (1)
du 2
— +fexu=—gvn+Axg iy, (2)

ot

where ¢ is time; 57 denotes the horizontal gradient op-
erator; 7 and u represent the sea surface elevation and
the horizontal velocity; e, k, f, g, and Ay are the ver-
tical unit vector, the (constant) sea depth, the (con-
stant) Coriolis parameter, the gravitational accelera-
tion, and the horizontal viscosity, respectively.

The domain of interest is assumed to be closed so
that, on its boundary, u must vanish. Hence, if Ay >
0, the total—potential + kinetic—energy of the flow
must decrease until a state of rest is attained. If Ay is
zero, only the component of u normal to the boundary
is prescribed to be zero and the total energy remains
constant as the time increases. It is desirable that
any numerical solution of (1)~(2) exhibit the same
properties. '

We define all variables on the B-grid and we ap-
ply the well known forward-backward scheme to (1)~
(2), i.e., all time derivatives are discretized by forward
differences, the other terms are taken explicitly, with
the exception of the pressure term that is evaluated at
instant t+ At, instead of ¢, At being the time step. In
addition, the Coriolis term is numerically evaluated
by

fe xu—=f[(1-a)ex u(t)+ae x u(t+ At)],
0<axgy, (3)

where a is the “rate of implicitness” of the time dis-
cretization of fe x u. One may believe that, when

a > 1/2, artificial damping is added to the scheme,
which should then become more stable. This seems to
be confirmed by the von Neuman analysis, which for
Ay = 0, leads to the following stability conditions:

a=1/2: At< —, (4)
At<£ ! y (5)

T ¢ fmax0,1- 22F)

a=1:

with ¢ = gh and As = min(Az,Ay)—Az and Ay
denoting the space increments in the direction of the
z— and y— axis, respectively.

As can be seen from (4)—(5), taking o = 1 should
improve the scheme’s stability and, if As®f2/(4c?) >
1, the numerical algorithm should be unconditionally
stable. One may believe that introducing a non-zero
viscosity should not render the scheme less stable.

We have carried out a series of numerical ex-
periments in a square domain of 50 x 50 grid points
bounded by impermeable walls. Very surprisingly, the
numerical results are in marked constrast with what
could be expected from the theoretical stability analy-
sis!

. For Ay = 0 and a = 1, the domain of stability
of the scheme should be delimited by

cat?
fiat? >4 ( T 1) . (6)

The numerical simulations indicate a completely
different stability domain (Figure 1a). If some diffu-
sion is present, the stability domain somewhat ex-
pands but remains much smaller than that corre-
sponding to (6)(Figure 1b).

It is striking to note that, for a = 1/2, the nu-
merical experiments (Figure lc and 1d) lead to a
stability domain that seems to be approximately in
agreement with (4). As a matter of fact, it is only for
a = 1/2 that the scheme presents a large area of sta-
bility. Thus, for all practical purposes, it is clear that
one should only consider a = 1/2.

Can anyone provide a theoretical explanation for
that odd behaviour?
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