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1 Introduction
1.1 Motivation and Contributions

In this paper we study methods to solve nonlinear systems of equations of the
form

F(r) =0, (1)

where F': R™ — R™ is a continuously differentiable mapping. Methods to solve
have a central role in a wide range of computational techniques to solve
real problems (see, e.g., [T4LI8T9,26l28]29,30]). The main iterative method
for solving is the Newton’s method [24]. However, when the dimension n
is large, the computational cost of the Newton’s method can be prohibitive,
since its execution requires the computation of the Jacobian matrix of F(-)
and also the solution of a large-scale linear system at each iteration. These
difficulties motivated the development of derivative-free methods for solving
, i.e., methods that do not require the use of the Jacobian of F(-) neither
the solution of linear systems. In this context, La Cruz, Martinez and Raydan
[16] proposed the Derivative-Free Spectral Algorithm for Nonlinear Equations
(DF-SANE), in which the iterates are defined as follows:

Tyl = + ardy, di € {—O'kF(xk),UkF({Ek)},
with |ok| € [Omin, Omaz), and ag > 0 satisfying

flxp + apdy) < ooy [f(@r—)] + Ok — pai f(2k), (2)

where f(z) = ||F(x)||} for p € {1,2}, {0k}, is a summable sequence of posi-
tive numbers, and M is a positive integer. An accelerated variant of DF-SANE
was recently addressed in [23]. The line search condition allows the selec-
tion of a stepsize ay, for which f(zr41) = f(xr+ardr) > f(xr) and, therefore,
the sequence {f(zx)} may be nonmonotone. As mentioned in [I6], one of the
inspirations for was the nonmonotone line search condition proposed by
Grippo, Lampariello and Lucidi [I1] in the context of unconstrained optimiza-
tion. Another well-known line search strategy for unconstrained optimization
is the one proposed by Zhang and Hager [31]. As a natural development for
nonlinear equations, Cheng and Li [5] presented N-DF-SANE, a variant of DF-
SANE inspired by the Zhang and Hager’s nonmonotone line search. The main
difference is that, at the k-th iteration of N-DF-SANE, the stepsize oy > 0 is
chosen such that

f(:ck + Otkdk) < Cp+0— pozif(xk), (3)
where f(z) = (1/2)[|F(=)|3,

Co = f(xg), Ciy1= M Qr(Cr —;i]:_)l—'_ f(ackﬂ)7
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Qo =1, Qr+1 = MmQr + 1 and n, € [0,1]. In the numerical experiments
described in [5], N-DF-SANE was competitive with DF-SANE, requiring less
function evaluations in the majority of problems tested.

In this work we propose a general class of derivative-free nonmonotone
methods for solving , which includes N-DF-SANE. Specifically, we consider

the nonmonotone line search condition:
fy, + apdy) < f(ak) + vk + O — pai f (), (4)

where {1}~ is a sequence of nonnegative numbers. Similarly to and
([3), condition is also motivated by a nonmonotone strategy originally de-
veloped for unconstrained optimization. In this case, our inspiration is the
nonmonotone line search proposed by Sachs and Sachs [25]. Notice that differ-
ent choices for {vy},~, lead to different methodq’} The goal of our analysis is
to establish worst-case complexity bounds for the number of function evalua-
tions that these methods need to generate an e-approximate stationary point
of the merit function f(-). Assuming that the mapping F'(-) has Lipschitz
continuous Jacobian, we show that the methods in the referred class need at
most O (|log(e)|e™2) evaluations of F(-) to generate z;, such that ¢ (zx) <,
where ¢( ) is defined as

in T W whenever F(x
ooy = min{iFn R henevr i 20,

0, otherwise.

For the case in which F( -) is also strongly monotone, we present two particular
variants that need only O (]log(e)|) function evaluations to generate xj such
that f(zx) = (1/2)[|F(zp)ll5 < e.

1.2 Related Literature

In the context of derivative-based methodﬂ7 iteration-complexity bounds of
o (6*2) have been proved for several Levenberg-Marquardt (LM) methods
with respect to the stropping criterion

17 (@) F(n)ll2 < e, (6)

where J(x) denotes the Jacobian matrix of F(-) at point = (see, e.g., [27[13]
32,12]). In particular, an improved iteration-complexity bound of O (|log(e)l|)
was obtained in [I2] with respect to the stopping criterion

1F(zx)ll2 <€

under an additional regularity assumption about the Jacobian of F'( ). More
recently, an evaluation-complexity bound of O (|log(e)|e~2) was established

1 For example, condition for N-DF-SANE is obtained taking v, = C, — f(zg)
2 By derivative-based methods we mean methods that make explicit use of the Jacobian
matrix of F(-).
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in [I] for a LM variant with respect to the stopping criterion @ Regarding
different types of methods, evaluation-complexity bounds of O (e~2) were ob-
tained in [4] for trust-region and quadratic regularization methods that can
be applied to the minimization of merit functions of the form f(z) = ||F ()|,
with p € {1,2, 00}. In the more restricted setting of Jacobian-free methods’} an
evaluation-complexity bound of O (e2) was proved in [21] for a nonmonotone
method based on structured diagonal Hessian approximations. On the other
hand, in the context of derivative-free methods based on interpolation mod-
els, evaluation-complexity bounds of O (n?|log(e)|e~2) and of O (n?e~%) were
obtained in [I0] and [6], respectively, for derivative-free trust-region meth-
ods that can be applied to the minimization of merit functions of the form
f(z) = ||F(x)|l, with p € {1,2, 00}

To the best of our knowledge, the present work is the first one to consider
the worst-case evaluation complexity of a class of derivative-free nonmonotone
line search methods for nonlinear systems of equations including the method
N-DF-SANE [5].

1.3 Contents
The paper is organized as follows. In Section 2, we analyze the worst-case
complexity of our general class of derivative-free nonmonotone methods. In
Section 3, we present a subclass of methods that includes N-DF-SANE. In
Section 4, we introduce two nonmonotone methods with improved evaluation
complexity for strongly monotone mappings. Finally, in Section 5, we report
numerical results that illustrate our theoretical findings.
1.4 Notations
The symbol || - || denotes the 2-norm for vectors or matrices (depending on the
context). The Euclidian inner product of z,y € R™ is denoted by (z,y). Given
a set X C R™, co(X) denotes de convex hull of X.
2 General Class of Non-Monotone Algorithms
In what follows, we will consider the merit function f: R™ — R given by
1 2
fl@) = SlIF @) (7)

Let us consider the following general algorithm.

3 By Jacobian-free methods we mean methods that only require the results of matrix-
vector products envolving J(z) (x € R™), without the need to store J(x).
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Algorithm 1. (General Non-Monotone Method)

Step 0. Given a starting point zop € R™ and constants 8 € (0,1), 0 <
Omin < 00 < Omaz and p > 0, choose a sequence {ak}kzo of positive

numbers satisfying
“+o0

> 0p <0< +oo, (8)
k=0

and set k := 0.

Step 1. Compute oy, # 0 such that |og| € [Omin, Tmaxz]-

Step 2.1. Set £ := 0 and choose v, > 0.

Step 2.2. If

f(xp — BlonF(ax)) < flan) + v+ 0k — p (897 fl@x),  (9)

then, set £, = ¢, oy, = B%, dj, = —o,F(x},) and go to Step 3. Otherwise,
go to Step 2.3.
Step 2.3. If

f (@ + BlonF (xr)) < fzk) + v + 0k — p (56)2 f(zk), (10)

then set £, = £, oy, = B%, d, = o F(x1,) and go to Step 3. Otherwise, set
{:=/¢+1, and go to Step 2.2.
Step 3. Set 11 = ) + ardy, k:=k+ 1 and go to Step 1.

Remark 1 Notice that Step 1 allows the choice of o < 0. A concrete choice
for o}, is described in Section 5.

Our analysis will be carried out under the assumptions:

A1 The mapping F' : R™ — R” is continuously differentiable and its Jacobian
J :R™ — R" ™ is L j-Lipschitz continuous.
A2 Z;ﬁ% v < v < +00.
A3 The level set L¢(zg) == {x € R" : f(z) < f(xo) + v+ 6} is bounded as
follows
sup{|lx — zo|| : ® € Ls(x0)} = Dy < +00.

Remark 2 Under A3, if € co (Ls(x0)), then ||Z — x| < Dp.

Remark 3 Combining @, , and A2 if {xk}fzo is well-defined, then

k—1 k—1
flar) < flzo) + Y vi+ Y 0i < flao) +v+0,
=0 =0

for all k € {1,...,T}. Thus, we have {wk}zzo C L¢(xo). Consequently, if A3
holds it follows that ||z, — 2g|| < Dg for all & > 0.

Our first result provides a quadratic overestimation for f(-) on the level
set Ly(xo).
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Lemma 1 Suppose that A1 and A3 hold. Then, for function f(-) in (7) we
have

|[f(w) = f(z) = (Vf(z),w—2)] < gllw —z|”, Vzowe Lp(zo),  (11)
where
L = (LyDo+ ||J(z0)[)* + Ly [(LsDo + | J(z0)l]) Do + | F(zo)ll] . (12)

Proof To obtain , it is enough to show that V f(-) is L-Lipschitz contin-
uous on co (L¢(xo)). Given z,y € co (Lf(xo)),

IVF(@) = VW)l = 7(2)" Fla) = J ()" Fy)|
< (@) F(x) = J(@) T Fy)ll + |7 ()" Fy) = J(y) " F(y)]
< @) ) = F@)ll + 117 (@) = J@IE @) (13)

From Al and Remark[2] we get

1@ < [[7(2) = J(@o)ll + |/ (zo) | < Lyl|Z = woll + || (o) |
< LyDo + |[J(wo)l[, VT € co(Ly(xo))- (14)

Thus, by the Mean Value Inequality and , we have
[1F(z) = F(y)ll < (LsDo + [|(zo)|) [l — yll, (15)
and
IEW < I1F(y) = F(zo)ll+[1F(zo)ll < (LrDo + [[J(xo)l]) Do+ [ F (o). (16)
Finally, combining — and Al, we obtain

IVf(x) = V@)l < (LsDo + [[J (o) [)* [l — yll
+ Ly [(L1Do + (| (20)l]) Do + [[F'(zo) [} [l =y,

and so, holds for L given in . O

The next lemma guarantees that the iterates of Algorithm 1 are well-
defined.

Lemma 2 Suppose that A1-A3 hold and let xy, (k > 0) be an iterate in Algo-
rithm 1. If (V f(xg), F(zr)) # 0 and

(Y f(ax), 0% (1))
0 T Lo IF )P

(17)

then

min {f (v + aopF(zk)), f(zr — aokF(zg))} < f(zr) + vi + 0k — pan(a:(k).)
18
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Proof Let us divide the proof in two cases.
Case I: (Vf(xg),oF(xk)) <O.
In this case, we will show that

fa 4+ aopF(wy)) < f(aw) + vk + 0 — pa® f (). (19)
For that, assume by contradiction that is not true, that is,

f(zk + aorF(zy)) > f(zr) + vk + 0k — pa f(zp). (20)
Let us define

&(t) = flak +toF(zr)) — [f(2k) + v + 0, — pt* fai)] -

Then, by (20), we have & (0) = —v, — 6 < 0 < & (a). Consequently, by the
Intermediate Value Theorem, there exists & € (0, &) such that & (&) = 0, that
is,

flag + dopF (k) = f(or) + v + 0k — p(d)Qf(xk). (21)
By Remarkand (21)), we have xy, xy + &op F(xy) € Lf(z0). Then, combining
and Lemma [1} it follows that

—p(@)* f(zx) < flap + aopF (k) — flak)

< &(V f(ar), onF (o)) + 2

o P ()]

— —pif () < (V(an), o F(x)) + 22Tmes | 7 2

s (Vf(as) onF () < (p“(’m) 1F ()2

oo 2AVf(xk),onF(zk) 2V f(zk), onF (k)]
s (p+ LoZ, )| F(@i)l?  (p+ Lo, 1F (z) >

Since a > &, it follows that

2|V f (), onF' (1))
(p+ Log o) 1F () [*

contradicting . Thus, must be true.
Case II: (Vf(xy), 0, F (z1)) > 0.

o>

In this case, we will show that
f(:ck — OtCTkF(LIJk)) < f(xk) + v + O — pa2f(xk). (22)
For that, assume by contradiction that is not true, that is,

flzy — aopF(xk)) > f(or) + v + 0, — pa fxy). (23)
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Let us define
&o(t) = fap — torF (xr)) = [f(zk) + v + 0k — pt* f(21)] -

Then, by , we have &(0) = —vp — 0 < 0 < & (). Consequently, by the
Intermediate Value Theorem, there exists & € (0, &) such that {&3(@) = 0, that
is,

flzx — aorF(xr) = f(zr) + vk + 0k — p(@)* f(x1). (24)
As in Case I, by Remark and Lemma |1} we obtain

—p(@)* f(zx) < fzx — aopF (k) — f(zk)

< ~a(V (@), oeF (@) + 2 oy P

Lao?

= —paf(zr) < —(Vf(zp),0nF (1)) + %HF(M)HQ

— (Vi) ouF(a) < a (5 ) ()

o> 2V ), onF(zx)) _ 20V f(zr), onl (z1))]
O ot Loz IF@)? (ot Lot ) [Flan)P

Since a > @, it follows that

2[(Vf(xr), onF (x1))|
(P + Logao) 1F () 127

contradicting . Thus, must be true. a

o >

From Lemma 2] we can obtain a lower bound for y, in Algorithm 1.

Lemma 3 Suppose that A1-A8 hold and let xy be an iterate in Algorithm 1.
If (Vf(xr), F(x)) # 0, then

Q> min {1, (25)

2ﬂ0'7nin|<vf(xk)7F(zk)>| }
(p+ Lo IF(@)l? ]

Proof If £, = 0, then oy, = 1 and holds. If ¢, > 0, it follows from Step 2
of Algorithm 1 that

min { f(zy + 8% LorF(z1)), f(zx — B4 LonF(zk))} > fan)+ve+0—p (ﬂek_l)2 f(zy)
In view of Lemma we must have

2|(V f(xr), onF' (7))
(p+ Lo, IIF(z)|2

ﬁfk—l >

and so
28|V f(zk), o) F (x1))]

(p+ Lodaa) I1F (@) I
In this case, the conclusion folows from the inequality above and |oj| >
Omin- o

ap = %718 >
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The theorem below establishes that, given ¢ > 0, Algorithm 1 takes at
most O (e72) iterations to generate xj, such that i(zy) <e.

Theorem 1 Suppose that A1-A3 hold and let {1}, be generated by Algo-
rithm 1. Given € > 0, the number of elements of the set

Q(e) = {k : P(zx) > €} (26)
is bounded as follows
“Q(EN < 2(f(9:0) +v+ 9) 2672. (27)
. 1 2/8077Li7L
{1 )

Proof By Steps 2 and 3 of Algorithm 1, Lemma [3| and , if k € 2(e), we
have

Ok + vk + f (k) — flzrg1) > poi fax)

> pmin

p+ Lo2

max

I[E ()1

L (Zom ) O en) o) } @)

1
ZIF 2
SIFaP, (52

max

2BO-min )2 |<Vf(f£k),F(lL'k)>|2
2| F ()2

P . 2Bo'min 2 . |Vf(1?k),F(JUk)>| 2
= {1’ ) }mm{”F(“)" e )
2
— gmin {1, (m> } w(ﬂﬁk)Q (28)
2
> gmin {17 (pfﬁ’;’l) } 2. (29)

Then, combining , and A2, it follows that

2 2
P . Qﬁamin 2 _ P . 2ﬁo-'min 2
i1 (75 ) f - 2)2“““{1’ (e 1

kef2(e

“+o0
<D flar) = fl@r) +vi + O

k=0
—+oo —+oo
< flxo)+ > vk + Y bk
k=0 k=0
< fxo) +v+6.

Therefore, 2(e) satisfies (27). 0
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Remark 4 Let Nj be the number of function evalutions at the k-th iteration
of Algorithm 1. Note that Ny < 2(¢y + 1). If ¥(xy) > € with € € (0, 1), then,
by Lemma and , we have

280 min|(V f(zk), F(x1))] }
(p+ Lodae )| F () |2

o, = B > min{l7

> min {1 2B min |<Vf<xk>,F<xk>>|}
= "(p+ Lo2n) (s Do + [ (o)) Do + [F@o)l]  IF )]
> min {1 2B0mine }
"(p+ Lo2on) (L Do + [T (o)) Do + [F(@o)]]
. 250—m1n = k.
= min {1’ (p+ LoZ,0,) (L Do + [T (20)[) Do + [[F (o) } €= et

Consequently,
2log(kc€)

log(8)

Combining this result with Theorem [1] it follows that Algorithm 1 performs
at most O (|log(e)|e~?) evaluations of f(-) to generate the first iterate xy
for which ¢(xy) < e. Notice that the factor |log(e)| comes from the fact that
the lower bound obtained for a;, depends on €, namely oy = 3% > k.e. This
logarithmic factor can be avoided when F(-) is strongly monotone. Indeed,
under this assumption there exists a real number p > 0 such that

Np <200 +1) <2+

F(x)"J(@r) F(zr) > pllFzo)|* k.

Then, by Lemma [3] we get

o — O, min 2ﬁamzn|<vf(xk)7F(xk)>|
k=F2 {1’ (0 + LoZun) | E @) 2 }
(ot LoZ ) [F@n) 2

2 min ~
> min{l, 502/1} = aq,

that is, we get a lower bound for aj independent of €. In this case, we obtain
the following upper bound for the number of function evalutions at the k-th
iteration:

2log(@)

log(3) ’

which combined with Theorem [I| gives an improved evaluation complexity
bound of O (6_2) for Algorithm 1. In fact, under the same strong monotonicity
assumption, a much better complexity bound can be obtained with suitable
choices of {6} and {vy}. This is the case addressed in Section

Np <200, +1) <2+

Corollary 1 Suppose that A1-A3 hold and let {x}},~, be generated by Algo-

rithm 1. Then {xy} has a limit point * such that ¥ (x*) = 0.
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Proof First, let us show that
lim () = 0. (30)

k—+oco

Indeed, if we assume that does not hold, then there exists € > 0 and a
subsequence {zy, }jEN of {1} such that

Y(ry,) >€, VjeN.

Consequently, for this €, we would have |£2(e)| = 400, contradicting Theorem
Therefore, is true. Since {x1} C Ly (x0), it follows from A3 that {zx}, oy
is bounded. Thus, {x}} possess a subsequence {xy, },. that is convergent, let
us say

lim x, =", (31)

{—+o00
Notice that 9(-) is continuous. Hence, combining and we conclude
that ¥ (x*) = 0. O

Remark 5 If F(z*) = 0 then, by (5) we have ¢(2*) = 0. However, the converse
is not necessarily true. For example, if we consider F' : R? — R? given by

T

F(z) = [sin®*(z1) 22— 1}T, for the point z* = {SZ ;] we have ¢(z*) =0
T

but F(z*) = [; ;} # [0 O]T.

Remark 6 If F(-) is strictly monotone, then J(z) is positive definite for all
x € R™ and, consequently, ¥(z*) = 0 implies that F'(z*). Therefore, when
F(-) is strictly monotone, it follows from Corollary [1| that at least one limit
point of any sequence {z},-, generated by Algorithm 1 is a zero of F(-).

3 A Subclass of Non-Monotone Algorithms

Let us consider now the following algorithmic framework:

Algorithm 2.

Step 0. Given a starting point o € R™ and constants d,,in, 5 € (0,1),
0 < Omin < 00 < Omaz and p > 0, choose a sequence {0}~ of positive
numbers satisfying 75 0 < 0 < +o0. Set Cy = f(x0) and k := 0.
Step 1. Compute o, # 0 such that |ok| € [Omin, Tmaxz]-

Step 2.1. Set ¢ := 0.

Step 2.2. If

f i — BlorF (k) < Ch+ 0, —p (52)2 f(zk), (32)

then set £, = ¢, a = %, dp = —0pF(x1) and go to Step 3. Otherwise,
go to Step 2.3.




12 Geovani N. Grapiglia, Flavia Chorobura

Step 2.3. If

f (o + BlonF(zx)) < Ch + 0k — p (8Y)° Flan), (33)

then set £, = £, oy, = B%, dy, = o F(x1,) and go to Step 3. Otherwise, set
£:=/¢+1 and go to Step 2.2.
Step 3. Set 241 = 2k + agdy, compute dx11 € [min, 1], set

Crkt1 = (1 = 0k41) (Ck + Ok) + Spy1 f(Tht1)s (34)

k:=k+ 1 and go to Step 1.

In Algorithm 2, different choices for dx41, give different non-monotone
terms C} and, consequently, different nonmonotone algorithms. For example,

consider the choice )

Qi+ 1’

where QO = 13 Qk+1 = nka +1 and Nk € [nmirunmaz] with 0 S Nmin S
Nmaz < 1. In this case, we have

Opy1 =

1

k k +oo
Quir =1+ Migmiei ST+ Mhiae €D Mnee = 77—
=0 max

Jj=0 j=0

which gives

6k+1 - Z 1- Nmaz = 5min-

k+1
Moreover, the corresponding update rule for the nonmonotone terms is

Cry1 = (1 = 0p41)(Cr + k) + Opg1 f(Tr41)
@k f(Trs1)
- omQr + 1(Ck T Ok) + MeQr + 1
MeQr(Cr + k) + f(zry1)
Qr+1

This is exactly how the nonmonotone terms are defined in the Algorithm
N-DF-SANE proposed by Cheng and Li [5]. Therefore, N-DF-SANE is a par-
ticular instance of Algorithm 2.

Our next lemma establishes that Algorithm 2 is a particular case of Algo-
rithm 1 with the corresponding sequence {vy} satisfying A2. The proof is an
adaptation of the proof of Theorem 4 in [9].

Lemma 4 Let {Ck},, be generated by Algorithm 2. Then,
Cr = f(xk) + v, VEk, (35)
with

vo=0 and vgy1 = (1 — 5k+1)(f($k-) + v+ Gk) + (5k+1 — 1)f(1‘k+1). (36)
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Moreover, the sequence {vi} -, defined in @) satisfies

Z b < ( - 5"“") (f(x0) + 0) = . (37)

m7,n

Proof Since
Co = f(z0) = f(z0) + 10,
it follows that holds for k = 0. Assume that is true for some k > 0.
Then, by the induction assumption and we have
Crt1 = (1 = 0541)(Cr + Ok) + Opg1 f(T41)
= (1= k1) (f(zr) + vk + Ok) + Ok 1 f (k1)
= f(@p+1) + [(1 = Ok41) (f (k) + Vi + Ok) + (Op1 — 1) f(Th11)]
= f(@k+1) + Vit
that is, also holds for k£ + 1. Therefore, is true.
On the other hand, since
f(@ri1) + virr = Crgr = fan) + v + O — 01 [f(2) + v + 06 — f(@r41)]

we have

Or+1 [f(zr) + vk + 0k — f(zr1)] < (f(@r) + vk + 0k) — (f(Trs1) + Vit1)-

Then, summing up the above inequalities for £ = 0,..., N — 1 and using
flxn) >0and 337 0, < 60, we obtain

N-1 N-1
Z Okt [f(z) + vk + 0k — f(Thy1)] Z flz f@rs1) + Z O
k=0
N-1
+ Z Vg — V41
k=0
N-1
= f(l‘o) — f(l‘N) + Z Hk +l/0 — UN
k=0
+oo
< f(zo) + Y O
< f(zo) + 0. (38)
Combining , and k41 > Spin, it follows that
N N-1 N-1 s
Zuk: Zl/k+1: Z ( k+1)5k+1 [f(xg) + vk + 0 — f(ags1)]
k=0 k=0 k=0 O+1

s N-1
< (5mn> Z Skt [f(2n) + vie + O — f(2r11)]

O
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1- (smln
Because N > 0 is arbitrary, we conclude that 328 vy < <5> (f(zo) +6).

min
O

By Lemma [4] Algorithm 2 is a particular case of Algorithm 1 with {v}
satisfying A2. Combining this fact with Theorem [I] and Remark [ we obtain
the following result.

Theorem 2 Suppose that A1 holds. If A3 holds for v given in then, given
€ > 0, Algoritm 2 needs at most O(|log(e)|e~2) evaluations of f(-) to generate
the first xy such that ¥ () < e.

4 An Algorithm for Strongly Monotone Mappings

Now, let us consider the following instance of Algorithm 1 (with v = 0 for all
k):

Algorithm 3.

Step 0. Given a starting point g € R™ and constants 7,8 € (0,1),
0 < Omin < 00 < Omagz and Og, p > 0, set k := 0.

Step 1. Compute oy, # 0 such that |og| € [Omin, Omaz)-

Step 2.1. Set ¢ := 0.

Step 2.2. If

f (w = BlonF(ay)) < flan) + 60, — p (B°)° flan),

then set £, := ¢, ay = B, dj, = —0, F(x1,) and go to Step 3. Otherwise,
go to Step 2.3.
Step 2.3. If

f (wn + BlowF(wy)) < flan) + 0k — p (8°)° flan),

then set {4, := £, ap = %, dy = 0, F(x) and go to Step 3. Otherwise,
set £ := {4 1 and go to Step 2.2.
Step 3. Set xx1 = xk + agdy, Ok+1 = Y0k, k : =k + 1 and go to Step 1.

To obtain improved complexity results for Algorithm 3, we will use the
additional assumption:

A4. The mapping F' : R™ — R” is strongly monotone, i.e., there exists a real
number p > 0 such that

(F(z) = F))" (x —y) > pllz — y|?, Va,y e R™

Under assumption A4 we can establish an iteration complexity bound of
O (|1log(e)|) for Algorithm 3.
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Theorem 3 Suppose that A1-A4 hold and let {1}, be generated by Algo-
rithm 3 such that a

flzg) >0, Vk=>D0. (39)
Given € > 0, if g < (1 —)e/2 and p € (0,1), then
Flan) < (L= rp)*fleo) +5, Yk =21, (40)
where )
. 2B0minit
K:f:pmln{l, <p—|—_Lo'72naz) } (41)
Consequently,

fo) <e vk @)
Tog(1 — )]
Proof By A4 and Al, we haveEI
vl J(x)v > pllv||3, Vr,v € R™ (43)
Combining , and Lemma it follows that

2ﬁo'min|F(xk)TJ(xk)F($k)| . 2ﬁamin,u
(0 + Lot [ Fan)]? } - mm{l’ (o + Lot,..) } “4)

In view of Steps 2 and 3 of Algorithm 3, by and we obtain

Ok + f(zk) — fzesr) = pai flar) > kg f(azi), Yk > 0.

ag > min {1,

Therefore,
f(@eg1) < (1= wp) f(@r) + 0k, VK =0. (45)
From and 0;41 = 0k, we can see that
k—1

f(:ck) < (lflif)kf(fto)#*eo Z(l*ﬂf)kilij’yj, Vk > 1.
j=0
Since (1 — kg),v € (0,1) and 0y < (1 —v)e/2, it follows that
k-1

+oo
flar) < (L=rp)¥f(wo)+ 00> 7 < (1—rp)¥f(wo)+00) 7
j=0

j=0

b0
L—n
that is, holds. Finally, note that

= (1= Rp)" o) + 7= < (1= k) f (@) + 5,

log(2f(zo)e™ ")

1—kp)* <, Vk> . 46
(1= wpfla) < 5, vk I (46)
Thus, combining (46) and (40), we obtain (42]). O

4 See, e.g., Section 2 in [7].
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Remark 7 By , we have

2 .
o= 2 i, 2 )

p+ Lo?

max

and, consequently, the number N}, of evaluation of f(-) at the k-th iteration
of Algorithm 3 is bounded as follows:

2log  min{ 1, 2B0minp
N < 2 + p + Lagnax (47)
fe log(B)

Note that the upper bound above is independent of e. Combining this result
with Theorem [3] it follows that Algorithm 3 performs at most O (|log(e)|)
evaluations of f(-) to generate the first iterate z, such that f(xy) <e.

Under Assumption A4, if F'(zy) # 0 and o, > 0, we have
(Vf(xg),onF(zg)) >0, Vk.
Then, by the Case II in the proof of Lemma 2] it follows that
f(x — aorF (1)) < fzr) 4 0k — pa® f(z1) (48)

whenever 2[(Vf(xk), o (z1))]
Tk), Ol (Tk
O<a< .
(p+ Loge) |1 F(2k)]?

In particular,

2”'
o<agp+"#’;“ — (). (49)

max
This means that, under A4, Step 2.3 in Algorithm 3 becomes unnecessary,
since we only need to find oy such that

flax — arorF (1)) < f(xk) + 0k — pai f(z).

On the other hand, in view of inequality , each stepsize ay in Algorithm
3 may be interpreted as an estimate to the constant

& = min {1 72507'”"“ } .
o+ LoFas)

Since ay, = B% with £, > 0, the selection of this stepsize completely ignores
the previous stepsize ay_1. This memoryless approach make possible the ac-
ceptance of stepsizes potentially bigger than &, such as a; = 1, which may
accelerate the convergence of f(zy). However, when & is vey small, it follows
from that each iteration of Algorithm 3 may require a very large number
of evaluations of f(-).

These remarks motivate our next algorithm, in which dy, = —o F () for
all k, and the selection of the stepsize at the k-th iteration takes into account
the stepsize from the (k — 1)-th iteration.
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Algorithm 4.

Step 0. Given a starting point xgp € R™ and constants 7,8 € (0,1),
0 < omin < 00 < Omaz and ag, 0, p > 0, set k := 0.
Step 1. Compute o, # 0 such that |ox| € [Omin, Omaz]), and define dj, =
—O'kF(xk).
Step 2.1. Set £ := 0.

2
Step 2.2. If f (zx, + anBidy) < f(ak) + 0k — p (arBY)” f(an),
then set ¢ := ¢ and go to Step 3. Otherwise, set £ := ¢+ 1 and go to Step
2.2.
Step 3. Set wxy1 = Tp+S%di, aprr = a5, Opyr = 0k, k= k41
and go to Step 1.

Remark 8 It is worth mentioning that the line search condition in Step 2.2 of
Algorithm 4 is similar to the one used in the variant of DF-SANE proposed
by La Cruz [17].

From , we can obtain the following lower bound for «y in Algorithm 4.

Lemma 5 Suppose that A1-Aj hold and let {ou},~, be generated by Algo-
rithm 4. If B

flag) >0 fork=0,...,T—1, (50)
then
. 2Umin,u/ .
aj > min {ao, p—!—LU%mx} = (51)
fork=0,...,T.

Proof Inequality is obviously true for £ = 0. Suppose that is also true
for some k, with 0 < k < T — 1. If £, = 0, then by the induction assumption
we have

app1 =B > ap > @,

that is, holds for k& + 1. Now, assume that ¢ > 1. In this case, by the
definition of ¢}, we have

f(@e + appade) > f(@r) + 0k — poi gy f (k). (52)
By and Assumption A4, we also have
(Vf(zr), Far)) # 0. (53)
Then, it follows from A4 and that

20minﬂ
p+ Lo?

Qf41 > .
max

Therefore, also holds for k + 1. O
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In view of Lemma [5| we also can establish an iteration complexity bound
of O (]log(e)]) for Algorithm 4.

Theorem 4 Suppose that A1-Aj hold and let {xk}fzo be generated by Algo-
rithm 4 such that

flzg) >€ fork=0,...,T, (54)

with e > 0. Ifag =1, 0y < (1 —v)e/2 and p € (0,1), then

log (2f(x0)e*1)

T 55
< Tlog(1 - ip) (%)
where
; : 280 min it 2
Ry = pmin {Oéoﬁ, <p—|—Ln;72:az)} . (56)

Proof Combining Steps 2 and 3 of Algorithm 4, Lemma and , we
have

O + f(ax) — flaesr) > p (e B)? flag) > Fpf(xy), fork=0,...,7—1.
(57)
From , the bound follows as in the proof of Theorem a

Remark 9 Note that at its i-th iteration, Algorithm 4 performs at most ¢; + 1
evaluations of f(-). From the definition of a1, we have

log(aiy1) — log(a;)

Li+1=2+
log(3)

Thus, denoting by T (k) the total number of evaluations of f(-) performed
up to the k-th iteration of Algorithm 4 with oy = 1, it follows that

log(c
log(f

~—

log(ag+1) — log(ag)
log(53)

k
Tp(k) = Li+1<2(k+1)+
=0

< 2(k+1)+ . (58)

~

In particular, by Theorem [4] if k is the first iteration for which f(xy) < e,

then T¢(k) < O(|log(e)|), i.e., Algorithm 4 has an evaluation complexity of
O (|log(e)]). Moreover, it also follows from that

1> | 1log(@)

1
plitk) =2 (1 *5) T Eoed)

Therefore, for Algorithm 4, the average number of function evaluations per
iteration is asymptotically bounded by 2, which can be significantly smaller
than Ny, for Algorithm 4 (please, recall Remark .
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5 Illustrative Numerical Results

We performed preliminary numerical experiments comparing the following Oc-
tave implementations:

DF-SANE: the non-monotone algorithm in [I6] that corresponds to Al-

F
gorithm 1 with 6 = m and
Vi = 0<; mgﬁjfzvf—u [f (@r—)] = f(an),
with M = 10.
— N-DF-SANE: the non-monotone algorithm in [5] that corresponds to
F
Algorithm 2 with 85 = m and
1
T ——
T Qe +1

where Qo =1, Qr+1 = NQk + 1 and n, = 0.85.
— NM1: Algorithm 3 with 6y = (1 — ¥)e/2 and v = 0.5.
— NM2: Algorithm 4 with 6y = (1 — y)e/2 and v = 0.5.

In all implementations we consider parameters omin = 107", Oumae = 1010,
apg =009 =1, 8 =0.5and p = 10~%. The spectral stepsize o}, is computed as
n [I6]. Specifically, let

Sk, 8
O = {5k, 81) k>,
<5k7 yk>

where sy = x; — ;-1 and yr, = F(xy) — F(xr—1). We set o, = &3 whenever
|6k| € [Omins Tmaz]- Otherwise, we set

1, if [[F(2e)] > 1,
op = q [|F(ze)| 71 i 1075 < [|[F(xy)]| < 1,
105, it ||F(z)| < 107°.

In our first experiment, we applied codes DF-SANE, N-DF-SANE and
NM1 (with € = 1077) to a set of 33 unconstrained optimization problems
from [22], using the same dimensions as in [9]. Specifically, n ranges from 2
to 20. In our tests, we applied the codes to find zeros of the gradients of the
objective functions. The comparison between the codes was done using data
profiles proposed in [23]. Specifically, let {x}},., be the sequence generated
by solver s € S applied to a certain problem, where § is the set of solvers being
compared. The smallest value of f(-) obtained by any solver in & within a
given budget of uy function evaluations is

o= i, (w760}

k=0,...,ur \ SES
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We declare that the problem was solved by the solver s with tolerance 7 €
(0,1), when this solver generates a point xj such that

fag) = f(a3) = (1= 7)(f(25) — fr)- (59)

Let t, s be the number of function evaluations required by solver s to generate
x}, satisfying for problem p. Then, the percentage of problems solved by
solver s with « function evaluations is given by

number of problems for which ¢, , < «

ds(a) =

Figure [1f contains the graphs of ds(-) for the solvers DF-SANE, N-DF-SANE
and NM1 with respect to 7 = 107° and a budget of py = 1000 function
evaluations. As we can see, NM1 solved more problems than DF-SANE and
N-DF-SANE using the same number of function evaluations.

total number of problems

;
= NM1
==N-DF-SANE
**+*DF-SANE

0.8

06

0.4

g mm———

0.2 I rerenen

== e e e s -
r : -:l-l‘-- lllllllllll
0 \ \ \ \
0 200 400 600 800 1000

Fig. 1 Percentage of problems solved as a function of the number of function evaluations.

In our second experiment, we applied the same three codes to the set of
20 test problem described in [I5]. For all problems we considered n = 540.
Moreover, for NM1 we used € = 10~ 7. Figure 2 contains the data profies for
7 =107° and a budget of s = 1000 function evaluations. Again, NM1 solved
more problems than DF-SANE and N-DF-SANE with the same budget of
function evaluations.
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Fig. 2 Percentage of problems solved as a function of the number of function evaluations.

In our third experiment, we applied codes NM1 and NM2 to solve a non-
linear equation of the form
Vg(z) =0, (60)

with g : R — R given by
g(2) = =3 [ Tog(ma (aD) + (1 = D) log(1 — mq (a?))| + £ Ja13,
i=1

where {(a(i)7b(i))}zl C R™ x {0,1} is the dataset, my(a) = 1/(1 + e~(®2))
is the logistic model, and p > 0 is the regularization parameter. Since g( -) is
p-strongly convex, it follows that F(x) = Vg(z) satisfies

(Fly) = F(z),y —x) > plly — |3, Va,y €R",
i.e., F(-) is strongly monotone. Specifically, we considered the Sonar dataset
8] , with n = 61, m = 208, agi) =1fori=1,...,m and u = 1. As starting
point we used xg = [O e O]T € RO in both codes. The results are presented
in Table [1} where IT(¢) and FE(e) represent the number of iterations and the
number of function evaluations, respectively, required by the codes to generate

the first iterate z, such that f(xg) <e.
As we can see in Table[I] for both codes we have

IT(1079) < ¢xIT(107') and FE(107%) < ¢xFE(10™!) for ¢ =1,...,10.

This result is in accordance with Theorems |3| and @ Moreover, for NM2 we
also have the ralation

FE(10%) ~ 2 x IT(107%) forq=1,...,10,

which was anticipated in Remark [9]
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NM1 NM2

€ IT(e) | FE(e) | IT(e) | FE(e)
10~ 1 223 3178 177 359
102 325 4630 277 560
103 446 6431 395 794
10—1 592 8379 530 1074
10-5 734 | 10411 | 721 1449
10-© 872 | 12555 | 860 1737
107 1034 | 14727 | 1032 2068
10~8 | 1173 | 17148 | 1158 | 2321
10~9 [ 1334 | 19343 | 1384 | 2774
10~10 [ 1483 | 21596 | 1606 3216

Table 1 Numerical results for equation with the Sonar dataset [g].

6 Conclusion

In this paper we investigated the worst-case evaluation complexity of a wide
class of derivative-free nonmonotone methods for nonlinear systems of equa-
tions of the form F(z) = 0. In these methods, the nonmonotonicity is con-
trolled by two summable sequences, {v;},~, C Ry and {0i},~, C Ry \ {0}
that define the line search procedure. We proved that if the Jacobian of the
mapping F(-) is Lipschitz continuous, then the methods in the referred class
take at most O (6_2) iterations to generate xy such that ¢ (zx) < e, where
(+) is a stationarity measure for the merit function f(x) = (1/2)||F(x)||3.
From this iteration-complexity bound we obtained a lim-type global conver-
gence result and also an evaluation-complexity bound of O (|log(e)|e™?). We
showed that our results also apply to the N-DF-SANE method proposed in [5].
Moreover, for the case in which the mapping F'(-) is strongly monotone, we
propose two methods (namely, Algorithms 3 and 4) with evaluation-complexity
of O (]log(€)|). Finally, we presented preliminary numerical results comparing
implementations of Algorithms 3 and 4, and implementations of DF-SANE [16]
and N-DF-SANE [5]. These numerical results confirm our theoretical findings.
The generality of our analysis in terms of possible choices for {vy},., and
{0k}~ allow more freedom for the design of new derivative-free nonmono-
tone methods for nonlinear systems of equations, with worst-case complexity
guarantees.
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